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1350 C. AUDIARD

1. Introduction
1.1. Everything in a toy model

Consider the simplest hyperbolic initial boundary value problem (IBVP)

O + Opu(z,t) =0, (z,t) € (RT)?
u(z,0) = ug(x),
u(0,t) = g(t)

When (ug,g) € L*(RT)?, the solution is piecewise defined: u(x,t) = uo(x — t) for
r—1t>0,g(t—x)for x —t <0, it belongs to C;L*.

It is well known that the smoothness of (ug, g) is not enough to ensure the smooth-
ness of u, compatibility conditions are required: for k € N, u € ﬁ;‘-”:OCg H*J if and
only if

(u0,9) € (HY)" and ¥ j < k=1, uf) (0) = (~1Yg(0)

These compatibility relations are trivial here due to the solution formula, but are
more generally derived considering u (and its derivatives) at the corner x =t = 0,
and writing 0%u|,—olt=0 = 0*u|i=o|z=0- A basic rule of thumb being that for some
regularity to hold, any compatibility condition that makes sense should be true.
For fractional regularity, not much changes except in the notoriously pathological
case s = 1/2[Z]. Indeed even if there is no trace in H'/?(R*), the gluing of two
functions in H'/2(R*) is not H'/2(R). The simplest way to see this is to consider
the map f € L*(R) — f(-) — f(—) € L*(R"). It is continuous L?(R) — L*(R™)
and H'(R) — H}(R*') hence HY?(R) — [L*(R"), H{(R")]i/2 by interpolation.
The interpolated space is the famous Lions—Magenes space HSf(]R*), and it is
different (algebraically and topologically) from H'/2(R*): by interpolation of Hardy’s

inequality, any function f € H&é%R*) must satisfy

f*(x)

R+ i

dr < o0,

this is obviously not the case for functions merely in H'/2(R*+) (pick for example 1/(1+
x?)), see Section 2 for more details on these spaces.

For the regularity of solutions of the BVP, this adds a “global” compatibility
condition

|9(x) — uo(z)?

dx < oo.

ue CLHY(RY) & (ug, g) € HY*(RY) and

Our aim here is to extend these observations for general hyperbolic boundary value
problems.
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Sharp regularity for hyperbolic BVP 1351

1.2. Settings and results

Let © be a smooth open set of R?, we consider first order boundary value problems
of the form

Lu = ((9t - Zj’lzl Ajﬁj) U= 07 (l’,t) S Q X Rzr’
(1.1) Bulpg = g, (z,t) € 02 x R/,
U|y—o = ug, = € Q.

The index ¢ in R; has no meaning except to emphasize the time variable. The A;’s
are ¢ X ¢ matrices depending smoothly on (z,t), B is a smooth b X ¢ matrix, b is the
number of boundary conditions.

For data (ug,g, f) € L?(Q) x L*(092 x R}) x L*(R} x Q), the well-posedness of
such hyperbolic BVP has been obtained in a large variety of settings, that we will
only shortly mention. After the pioneering results of Friedrichs [Fri58] for symmetric
dissipative systems, Kreiss [Kre70] proved the well-posedness of the BVP with zero
initial data in the strictly hyperbolic case (3 A;§; has only real eigenvalues of
algebraic multiplicity one) under the now standard Kreiss—Lopatinskii condition on B.
In Kreiss’s framework, the case of L? initial data was then tackled by Rauch [Rau72].
Well-posedness of BVP hyperbolic with constant multiplicities was later obtained
by Métivier [Mét00] (zero initial data), the author then proved well-posedness with
L? initial data [Aud11]. A further generalization was obtained by Métivier [Mét17]
for a new class of hyperbolic operators, larger than the constant multiplicities ones.
He also gave a new proof, both more general and simpler, of well-posedness with L?
initial data.

For more references and results, in particular for characteristic BVP (that we do
not consider here) the reader may refer to the book [BGS07].

Let n be a normal on 02, the problem (1.1) is said to be noncharacteristic
when )~ A;n; is invertible on 0X2. For non characteristic boundary value prob-
lems, the main reference on the smoothness of solutions is the classical paper
of Rauch and Massey [RM74], where, under no specific assumption (except of
course well-posedness), the authors prove that the solution of (1.1) belongs to
NE_oC (RS, H*(Q)) when (ug, g, ) € H*(Q) x H**1/2(0Q x RY) x H¥(Q x R/)
and satisfy natural compatibility conditions that we describe now. For concise-
ness, when there is no ambiguity we will usually denote H* instead of H¥(X),
X =0,00 xRS, QxR A

We denote A = 3" A;0; and define inductively v; the formal value of (0)u)|;—o by

Vg = Up, Vjy1 = (&fatu) =0 = th(Au + f)le=0
J ; )
= Z (‘;) <3§A|t:0> vj— + 0} fli=o-
1=0

The first order compatibility condition is Bug|ag = ¢|i=o and the generic compatibility
condition of order j is

(1.2)

. iy |
(1.3)  Compatibility at order j: & 'glico =Y (J ] )(8£B)vj_1_l|ag.
1=0
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1352 C. AUDIARD

Note that (1.3) makes sense as soon as (ug, g, f) € (H®)*>, s > j — 1/2. If the
smoothness of the data is j —1/2,j € N* we define a special compatibility condition
: when Q = R%! x R*, denote x = (2/, 24); the condition is Compatibility at order
j—1/2:

=0

L8 o gl - (z () <aiB>vj_1_l<x',t>) € Hiy? (R x (B)).

For general smooth €2, (1.4) is defined similarly through local maps and a partition of
unity: near the boundary (2 is diffeomorphic to (a part of) R4~1 x R* thanks to some
map P, one simply requires (1.4) to stand for g(®(z’,0),¢), (v; 0 (2, t))o<i<j-1.

Note that due to Hardy’s inequality, the j* condition implies the condition of
order j —1/2.

DEFINITION 1.1. — For 0 < s < 1/2, no compatibility conditions are required,
we say that any data in (H®)? satisfy the compatibility conditions of order s.

Ifs=k+60, —1/2 <0 <1/2, k € N*, 0 # 1/2, we say that data (ug, g, f) € (H®)?
satisfy the compatibility conditions at order s when (1.3) is satisfied for 1 < j < k.

If s = k — 1/2, the compatibility conditions are satisfied at order s when (1.3) is
true for 1 < j < k—1 and (1.4) is true for j = k.

A strong L? solution of (1.1) is a function u € C;L?* such that there exists a
sequence u,, of smooth solutions of (1.1) with data (uon, gn, fn) that converge to
(ug, g, f) in L?, and for any T > 0, ||u — w,||co.r),22) — 0.

ASSUMPTIONS 1.2. — We need the smoothness of ) and the well-posedness
of (1.1):

(1) 09 is a smooth hypersurface with normal n, parametrized by local maps
(0i(YNi<j<s ¥ € R and ¢;(y',ya) = ¢;(y') + yan(¢;(y')) are local
diffeomorphisms V; — U;, with (R xR**)NV;) C Q, and U/_,U; D 9.
We do not assume that the U; are bounded sets, but Dcpj,Dgpj_l must be
uniformly bounded, and d(2\ Ulm(y;), 092) > 0.

(2) The boundary is uniformly not characteristic, in the sense that Y A;n; is
invertible on 0, and the inverse is uniformly bounded.

(3) For data (ug, g, f) € (L?)?, there exists a unique strong L* solution™ to (1.1)
that satisfies the semi-group estimate for v large enough

(1.5) e ulleqoa.c2) + le™ " uloal 2 @axo.)
- ef'Y'f L2([0.4] %0
SJ ||u0||L2(Q) + |€ v g|L2(3Q><[0,T]) + || || ([0,¢]x )

ﬁ

We use the convention that norms inside the domain are denoted || - || while
norms on the boundary are denoted | - |.

(1) This assumption can be somehow weakened, as it is classical that in this framework, weak
solutions are actually strong, see [LP60].
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We point out that a consequence of the semi-group estimate is the resolvent
estimate: for v large enough (larger than for (1.5))

(1.6) 7”6_%“”%2(ng:) + |€_Wtu|8Q|QL2(aQX]Rj)

N

This is readily obtained by squaring (1.5) for some fixed 79, multiplication by
e~20=)t 4 > ~ and integration in ¢. Higher regularity versions of the resolvent
and the semi-group estimates are a bit more delicate to state. We define weighted
Sobolev spaces HS in Section 2, the weighted resolvent estimate is then

112
(L.7) Al + lelonl; < ol oy + lalh + =

||6”tf||%2>

S (H%H%Z(Q) + |6_7t9|22(6QxRt+) +

The main point of this estimate is that the v factor allows to absorb commutators
in a priori estimates. Moreover, it implies the following (simpler to read) estimate
—yt, 112 - 2
(1.8) e 7t“”}ﬁls(ﬂxﬂw) + le ’Ytu|39’HS(6Q><]R+)
2 —yt 12 - 2
S luollzrsq) + le 7t9|Hs(anR+) +le ,thHHS(QXRﬂ‘

We shall not need something as precise for the semi-group estimate: let s = k+60, k €
N, 0<60<1,0+#1/2, then

k B .12 _ 2
09 2100 g s+ o

He(oaxks) + He_%f‘ 2 :
Both estimates should be modified when s = k + 1/2, k € N: it is necessary to add
in the right hand side the H(%2 norm of dFg — Sk (];)(aéB)vk_l_l, see page 1366 for
details. This is the (implicit) convention that we use in Theorem 1.4, we refer to the
proof for more details.

An interesting related feature is that the constant in < can not be uniform in 6,

it blows up as  — 1/2 and estimates (1.7), (1.9) are actually not true for § = 1/2.
We can now state more precisely the regularity result of Rauch and Massey:

THEOREM 1.3 ([RMT74]). — For any k € N, if (ug, g, f) € H*(Q) x H*1/2(9Q x
Ri") x H*(Q x Rf) satisty the compatibility condition up to order k, the solution
of (1.1) belongs to Ns_,C{ H*~7.

S luollirs o) +le ™™g

The only suboptimal part of the theorem is the regularity assumption on g. This is
due to the fact that the theorem is deduced from the homogeneous case g = 0 with a
lifting argument. It was already pointed out at the time by the authors that it could
be improved (without proof), but quite unfortunately the result that remained in the
literature is the suboptimal one, see for example the reference book [BGS07], and in
somewhat different settings the lecture notes [Mét01] or the interesting discussion
in the introduction of [IL21], where optimal results are obtained in dimension 1 and
an integer index of regularity.
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1354 C. AUDIARD

Our result is that the same property holds with boundary data in H* instead of
H*1/2 moreover we allow k to be any nonnegative real number rather than an
integer.

THEOREM 1.4. — Let s=k+0 ¢ RY, ke N, 0<0 < 1. If (ug, g, f) € H*(Q) x
H*(0Q x Rf) x H*(Q x R]") satisfy the compatibility condition up to order s, the
solution of (1.1) belongs for any T > 0 to H*(Q x [0, T]) N (NY_,C7([0,T], H¥7(2))),
and satisfies estimate (1.7) and (1.9) for ~y large enough.

The proof when s is an integer is quite similar to the original argument of Rauch
and Massey. Actually the fact that we handle directly nonzero boundary data leads
to some slight simplifications due to the fact that it allows to avoid a reduction to the
case where B is constant. The fractional case is essentially an interpolation argument,
however it is not trivial due to the presence of the compatibility conditions. For
example, in the model case described earlier instead of interpolating [L? x L? H! x
H']p one must identify [L? x L? {(ug,g) € H'(RT) x HY(RT) : un(0) = g(0)}s.

The literature on such problems is not very rich. Another related problem is the
interpolation of Sobolev spaces with boundary conditions, that are in some sense
between H*® and H. This issue appeared quite long ago for elliptic equations on non
smooth domains or parabolic problems, see e.g. the last section of [Gri67], [LM68b,
Sections 14-17 of Chapter 4] (where most of the identification problems were left
open), or the more recent (and much more involved) book [Amal9], in particular
VIII.2.5. Due to the highly technical flavour of this last reference (anisotropic Besov
spaces are studied), degenerate cases (in our settings s € N+1/2) are not considered.
The Schrodinger equation on a domain and related interpolation problems were also
studied by the author in [Aud19], where the natural spaces for the boundary data
are Bourgain spaces.

1.3. Plan of the article

Section 2 is devoted to notations and a brief reminder on interpolation. The proof
of Theorem 1.4 is then organized in three sections : in Section 3 we recall a standard
smoothness result for the pure boundary value problem posed for ¢ € R, due to
Tartakov. For completeness, we include a sketch of proof that follows an argument
of the (unfortunately depleted) book [CP81]. Theorem 1.4 in the case s integer is
proved in Section 4. An important point is a basic lifting lemma which proves to be
also useful for the general case. In Section 5, smoothness is first proved for 0 < s < 1
with an interpolation argument, then for any s with a non trivial differentiation
argument.

2. Notations and basic results
2.1. Basic notations

Proofs are often reduced to the case = R4~! x R*. In such settings, we denote
the variable x = (2/, 74) 2’ € R%"!. The variables 2/, t are called tangential, while x,
is the normal variable.
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Partial differential operators acting on functions of (x,t) are written as 0%, a €
N1 by convention agy, is the order of differentiation in time. A multi-index, or a
differential operator, is said to be tangential when ay = 0.

We denote [Ly, Lo] = L1 Ly — Lo Ly the commutator between two linear operators.

2.2. Sobolev spaces

() is assumed to be a smooth open set as in the assumption 1 page 1352. The
Sobolev spaces H*({2), are defined when s is an integer as

{ eL?: |ul. = Z/|@O‘u| dx<oo}
la| < s

When s is not an integer, they are defined by (complex) interpolation, H® =
[L?, HF], sk for any integer k larger than s. This definition does not depend on £.

The Sobolev spaces for functions defined on Q x R/ are defined in the same way,
Sobolev spaces on the manifold 92 (or 092 x [0,7]) are defined thanks to local
charts® .

Hi(Q) is the closure of C2°() for the H*(2) norm. We do have [L?, HI] = H; for
0 < s < 1, except for s = 1/2, where Hy/> = H'/? and [L?, H] oli2 = Hy? is different
algebraically and topologically from H'/2. It is a Banach space endowed with the
norm

o

2 _ 2
el e = ullfe + [

where d is the distance to 02 (see [LM68a]). An essential fact, regularly used in the
article, is that if Xy, X; are Banach spaces, an operator T': Xy, — L? X; — H}

maps [Xo, Xi]1/2 to H&f. For example, u € H*(R?) — u(2’, 24) — u(2', —x4) maps
HY2(RY) to Hy* (R x RY).
The weighted Sobolev spaces HS are defined as follows :

DEFINITION 2.1. — When s is a nonnegative integer we define H:(Q x R") as
the set of functions in L? such that the following norm is finite

= X e,

la|<s

|

When s is not an integer, H; is defined by complex interpolation : if k is an integer
larger than s, HY = [L2, Hﬂs/k
H3 (09 x RQL) is defined similarly.

When s is an integer, it is a straightforward consequence of Leibniz formula
Hle M) = % ( )( 7)ie™"0/""u that the H? norm is equivalent to |le™ul|gs,
though with constants that depend on ~, hence the H? spaces coincide algebraically
and topologically with the set of functions such that e™'u € H*.

(2) Most references, e.g. [LM68a, Chapter 1], assume the boundedness of €, but everything works
similarly in our settings.
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1356 C. AUDIARD

2.3. Traces

Sobolev spaces on 9f) are defined with local maps. The trace operator is a contin-
uous surjective morphism:

HS(Q) — Hk<s—1/2 Hs_l/Q_k(aQ)v
u — (8ﬁu\@g)k<

Y

s—1/2

where 0,, is the normal derivative on 0f2.
For functions defined in H*(§2 x R™*), the trace operator on 92 x R™* and Q x {0}
is more subtle, the map

H (25 RY™) = (TTp<smryg HV27 (00 x RE™))
(2.1) X (k< smrje HV27R (@ x {0}))

k k
u — (anu|8§2><R+*7 atu|ﬂx{0})k<s—1/2’

is continuous but not surjective: if s ¢ N, local compatibility conditions between
(gr,vr) € (TTH*"V27F(0Q x Rf™)) x (T H*Y/?7*(Q2 x {0})) are required as follows
(see [LM68b])

(2.2) Vk+j<s—1, gkl = Ohvslon.

In the case s = 1, and Q = R%! x R**, surjectivity requires the global compatibility
condition

(2.3) vo(a', 1) — gola’, t) € Ho*(092).

This condition extends to smooth €2, see the short comment after (1.4).

Provided such compatibility conditions are added, the trace map is a surjection
and has a right inverse, this very well known fact will be proved later in the article
in some basic cases where it is needed with more precise estimates.

3. Regularity for the pure boundary value problem

Consider the boundary value problem

Lu=f, (x,t) € QxRS
(3.1) Bulpa = g,
U‘t:() = 0.

When g, f can be smoothly extended by 0 for t < 0, the smoothness of u is well
known [CP81, Tar72]. The classical proof is done by first studying the pure boundary
value problem posed on ¢ € R, the case t € R™ is then deduced by an extension by 0
for t < 0. We give here a minor variation of this argument that directly tackles (3.1).

ProprosiTION 3.1. — Let k € N. If the extension of f and g by 0 for t < 0
belongs to H*, then for v large enough the solution of (3.1) satisfies estimate (1.7)
with ug = 0, s = k, in particular, (e "*u, e "ulaq) € H¥(Q x R) x H*(0Q x R;),
and u € H*(Q x [0,T]) for any 0 < T < oc.
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Proof. — The classical plan is to straighten the boundary through local maps,
then use a tangential regularization. It is done by induction on &, it suffices to prove
the final step where we assume v € H*"}(R? x R;") and prove u € H*.

We fix local maps ¢; as in Assumption 1. Let (1);)o<;<s be a partition of unity
associated to QU (U;Im(y;)).

We denote the new variable y = (v, ya), u; = (¢Y;e7"u) o ¢;, and ug = ou, L; =

o+v+Y, (Zk Ak(Dy@j)i’kl(y)) 0y,. For 1 < j < J, u; satisfies

Lju; + ([v0j, Lle™"u) 0 p; = e (45 f) 0 @
(3.2) =[5, (Y, ya, t) € R X RY x RS,
Bl;(y', 0))u;(y, 0,8) = e (19) (5 (¥, 0), 1) == g;-
This is still a non characteristic BVP, indeed Dy;(y’,0) = (Dy#; n), the last column
n is a vector orthogonal to the previous columns hence (Dp)~! is of the form (), in
particular the matrix in factor of 9,, is -, Axny, which is invertible by assumption.
For simplicity we still denote B for B o ¢;(-,0).
The regularization procedure was introduced by Hérmander [Hor66): for v €
L*(RP), p > 1, define

2 e AT
Hs9(RP) — /RP ”U(f)l 1+ ‘55‘2

Let p € C(RP), such that [p(¢)] < [€]™, m > k and p does not cancel on a
neighborhood outside 0 (for example take m > k even, py € C° with [, podx # 0
and set p = A™?(py)). Define p. = p(-/e)/eP. It is an exercise in calculus that for
0 < s < k—1, an equivalent norm to || - || gs.s -uniformly in o- is

HU‘ df —5§>0 H’Ul %{34-1.

. 1/2
3.3) vl + [ flo*pellz : )~ o]l
(3. L 0 pe L2 2sH1) (1 + 62/e2) ¢ He0(RP):

Friedrich’s lemma can be generalized in such settings: for P a first order differential
operator with smooth coefficients

1 1 de
2 2
(3.4) Jy WP perlolfs g gy - Mol

For details, we refer to [CP81, Chapter 2, Section 6].

We shall use tangential mollifiers p.(2',t) for the functions u;, 1 < j < J, and full
mollifiers p.(z,t) for ug in the following way : g is extended by 0 outside €2, for ¢
small enough, p. * ug is supported in €2 x R;, we choose such .

Everything in (3.2) is extended by 0 for ¢ < 0. Note that due to the assumptions
on f, g, the extensions of (f;, g;) are still in H*. We apply p.* to (3.2) for 1 < j < J:

Lipe xuj = pe * f; — pe * [0, Lj] e uo p; — [pex, L] e My,

(3.5) 5 = B
(pe * uj) ly=0 = pe * gj — [pe*, Bluy|, -

We have p. * u; € L*(R;, H*(R4 x R})), its H! regularity is deduced from the

Yd’
boundary being non characteristic with the following standard argument: the right

hand side of the first equation in (3.5) is in L?(R?* x R* x R;"), hence
(3.6) Oy, (peuj) =T (pe * uj) + Rj,
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1358 C. AUDIARD

with 7" a tangential differential operator and R; € L*. This implies p. *xu; € H', and
we can use the resolvent estimate (1.6):

Yl * will2a + |pe * ujl7a

2 _ 2 2
< e Jillze £ 1lpe * [¥5, Lyl e w0 @il 2 + Illpe, Ly w7
~ o

+ |pa *g; — [p€*7B] uj|22 :

Multiplying by e=2~1 (1 + (§/€)?) ", integrating in £ and using Friedrich’s lemma (in-
equality (3.4)) with s = k — 1, we have
2 —~t 2

. + i L e Y u o . B
B37) s ucra + s lpns 5 Lol M Dl P00 Allimncns e,
The commutator [¢;, L;] is the multiplication by a smooth matrix 6;, note that
since 1; only depends of the space variables, [¢;,0;] = [¢;,7] = 0, in particular is
independent of 7. Due to the special structure of the local maps, ;' o ©; has the
form (¢; ;(v'), ya) hence

J
e " uo p; = Vibiui(pii(¥'), ya) + juo o ;.
1

Thanks to composition rules (in H*°, again see [CP81]),

|ws il e Mo gy s S O luillommss + ol arsrs

=1

For ~ large enough, this can be absorbed in (the sum over j of) the left-hand side
of (3.7):

~Y

J J 2 2 J

j + ||u _

(38) j :')/HujH%Qkalj + "l,l,j‘?«_[k,L(s < Zl ||f]||Hk . ” 0||Hk 1,6 + Z ‘gjﬁ-{k
Jj=1 1

It seems “moral” that noncharacteristicity should imply the same bound for ||u; || ge-1.,
however the H*~% norm is a non local norm for functions defined on R? x R;, hence
such an assertion is not clear. Instead we first obtain interior estimates with similar,
simpler computations

(3:9) Yuollr-1.
_ ol + e dhou
~ gl

2

Hkq,zs’ Supp(ﬁfbov) cQ, % = 1 on supp(¢y).

Decomposing again %u = Z;}:O {/)vowju, and following the same lines that led to (3.8),

2 ZJ Hf”zk + Huon k—1,6 J
L2fk-1,8 S e v f "’21:’93"%{'6-

(3.10) XJ: v ot o g;
j=1
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Sharp regularity for hyperbolic BVP 1359

A simple consequence of the definition of the H*(R,, x R¥1 x R;) spaces is that
for any tangential differential operator D of order 1 and s > 1

1
(3.11) |D0]ess S =0l

Hs-16 + CHU||LZ(Ryd,Hsflﬁ(Rthd*l))'

Now for j > 1, each function ¥y1);u o ¢; is compactly supported in R4 x R x R,
its extension by zero to y; < 0 is smooth, and on its support L; is (uniformly) non
characteristic, hence we can use an argument similar to the one for the H! regularity
for pe % u; (see (3.6)) combined with estimate (3.11) to deduce

T 2 < Lfill e + llwollFe-1s | <~ o 2
(3.12) > v H?/Jo%’u ° %” s S Y + 2 gl + Yllullze-
=1 1
Note that the term y|le™"ul|? .1 is present due to the factor v in the definition
Y

of L;. Thanks to the induction assumption, this lower order term is bounded by
1gll3,5-1 4 [l f[I7,+-1. Putting together (3.8), (3.9), (3.12) we have

J J
(Z ||uj||2L2Hk—1,5 + ”uOH?{k—Ls) + Z |Uj|%{k—1,6 < HG_’th‘
1 1

Letting 6 — 0 we have u; € L?H*, 1 < j < J and uy € H*. Normal regularity
is finally gained thanks to the uniform non characteristicity. Estimate (1.7) is then
easily obtained by differentiation (which can now be done) and use of the L? resolvent
estimate (1.6). O

2
o T le g3

4. Smoothness of the IBVP: the integer case

We assume in this section that (ug, g, f) € (H*)3 satisfy the compatibility condi-
tions (1.3) up to order k, and we prove Theorem 1.4 in these settings.

To prove that u € ﬂ?ZOC’tj H*J | the strategy is to use the regularity for the pure
boundary value problem by subtracting an approximate solution (actually a Taylor
expansion at t = 0) to u. For technical reasons, it is necessary to use much more
regular data that satisfy compatibility conditions to higher order. The construction
of such data requires the following lifting lemma that is also used in the next section.

LEMMA 4.1. — For m € N, there exists a lifting map R,, : H*(0Q) — H™*s+1/2
(092 x R;), continuous for any s > 0 such that
(41> a;angh:O =9, aszg|t:0 = 07 j <m+s, ] 7£ m,
and for r < m+ 1/2, ||| Rm|||z2—ar << 1 is arbitrarily small.

Proof. — Up to the use of local maps, the problem is reduced to 9 = R?! and
to construct a lifting valued in H™*+1/2(R%! x R,). The variables are denoted
(', 1).

We choose x € C®(R) such that x¥)(0) = 0, k # m, x™(0) = 1. We use the
Fourier transform on R?! x R, and denote ¢ the dual variable of 2/, 7 the dual
variable of ¢, and A is a large parameter to fix later:
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cauivalently s (Ron(o)(€,8) = Sn7e00a(0), (6) = 1+ I

The trace relations (4.1) are obvious from the second formula. The H™**+%/2 norm
is easily bounded

HngH%{me/z(Rd) = / W(T/()(\éf;;()rljg(f)‘ <<€>2_‘_7_2)m+5+1/2 dédr

/'X i |9m+1) (€0 (14 2272))" " denie)ar

22 2)m+s+1/2

< [aer e [1xmr AT e

< Allglle-

With the same computation

~12 2 2 2

2(m r)+1 )\2m+1 N >\2 m—r)+1°

| Byl

It is therefore sufficient to choose A large enough to ensure the smallness of
[ Rl 22 mr- O

LEMMA 4.2 (Construction of smooth compatible data). — Let k > 0, (uo, g, f) €
(H*)3 satisfying the compatibility conditions up to order k. For any m > k, there
exists (Uon, Gn, fn) € (H™)? satisfying the compatibility conditions up to order m,
and such that

[t02 9, 1) — (ttns g o)l g — 0.

Proof. — By density of smooth functions, there exists a sequence (ug n, gn, frn) €
(H>)3 converging to (ug, g, f) in (H*)3. We denote v;,, the corresponding functions
n (1.2). For 7 > 1 the “compatibility error” is defined as

i—1

, J ;
Ejmn = a1?_19n|t:0 - Z (?) (QfB) Uj—l—l,n’@(l-

1=0
Due to the compatibility conditions and continuity of traces we have

V1<j<k, [lgjnllgrsss —n 0.

As a consequence, given a lifting operator R;_; as in Lemma 4.1, | Rj_1€,| g+ —» 0.
For k < j < m, ¢, is not small in any Sobolev space, nevertheless from Lemma 4.1
there exists a lifting R;_; ,, such that ||R;_1 &, ||z < 1/n. We then define

— > Riia(ejn).
j=1

This choice ensures that compatibility conditions are satisfied by (uon, Gn, fn) up to
order m and ||g, — g|| g+ — 0. O
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4.1. Proof of Theorem 1.4 (integer case)

Proof. — We follow the notations of Lemma 4.2; v;,, are smooth functions defined
by (1.2) for smooth data (ug, gn, fn). We define the approximate solution
m—1 tj
opo(.8) = 3 0 (@)x{8), X € C(RY), X = 1 near 0.
j=0J
We solve then
Lwn = fn - Luapp,na
wn't:O = 07
Bwn =0gn — Buapp,na
By construction, the data (0, g, — Buappn, fn — LUappn) are smooth and it is easily
seen that 8/ (g, — Bugppn) =0, A (fn — Lugpp,) =0, j < k+1 provided m > k + 4.
Hence according to Proposition 3.1, the solution w, belongs to H**2, this implies
by Sobolev embedding w,, € ﬂfiéC’g H**t1=3_ Therefore u,, := w,, + Ugpp,n 15 also in
ﬂfiongHk“_j, and it is a solution of (1.1) with data (., gn, fn)-
Using a differentiation argument similar to the proof of Proposition 3.1, but much
simpler since no regularization is needed, we see that u, satisfies (1.9):

k .
D3 G

e

Hk> ’

as well as (1.7). The same estimates, applied to u, — u,, (p,q) € N?, show that (u,)
is a Cauchy sequence in ﬂfZOCtj H*=3 but since (u,,) converges (in L?) to the solution
w of (1.1) with data (uqg, g, f), this ensures that u € ﬂfzngHk_j. The estimate (1.7)
is then an elementary differentiation argument : tangential regularity is obtained
directly by differentiation (which is now legal) and use of the L? estimate, while
normal regularity uses the non characteristicity.

S <HU0,nHH’“(Q) + ‘e‘“gn HE(0QXR,

O

5. Regularity for positive s

For ease of presentation, we only detail the case ) = R?~! x R*. The general case
can be obtained by using a partition of unity as in the previous section.

In this section, we follow the (non standard) convention that H{ is Hy?ifs =1/2.

Under such settings, we can assume that A, is invertible and A;" is uniformly
bounded. Furthermore since B : R? — R® has maximal rank b, there exists a smooth
basis of Ker B (as a smooth vector bundle over the contractible space R4™! x R;")
that we denote (ki,---k,_p). A basis (v;)1<;<p of (KerB)* is then obtained easily:

B

~ Kt -
B=1| . is an isomorphism R? — R?, we can choose v; = B~ *(e;), 1 <j < b.

t
kg
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We remind that compatibility conditions of order s = k460, k€ N*, 0 <6 <1 are
defined as follows:

(1) If 6 < 1/2, then compatibility conditions (1.3) up to order k are satisfied.
(2) If > 1/2, then compatibility conditions (1.3) up to order k + 1 are satisfied.
(3) If 6 = 1/2, compatibility conditions up to order k are satisfied and

fi

2

S (k=1
85719(95’7%) - Z ( j ) (@ZB) (Akflfjuo + kalfjf‘tzo) \(55/, fl?d)
=0

dx
—d < 0.
Tq

5.1. The case 0 < s <1

We define
{ Xo = LA(Q) x L? (02 x R} ) ,
Xy = {(uo,9) € H'(Q) x H' (00 x Rf) : Buglog = glio} x H'
From the previous section, the map (ug, g, f) — u solution of (1.1) is continuous
Xo x L* = C,L? and
Xy x H' (Qx RY) = CH' N C L2,

Let us define for 0 <6 <1

Xy = {(uo, g) € (H 9>2 . the compatibility condition of order 6 is satisﬁed} ,

(note that compatibility conditions of order less than 3/2 do not involve f).
Both the semi-group estimate (1.9) and the resolvent estimate (1.7) follow from
an interpolation argument if we can prove that

(51) X@ == [Xo,Xl}g.
More precisely, since the resolvent estimate implies for s = 0, 1
PN Fa |
Yulls + luloalzs S [ (uo,eg)| + -
: . e L M
el + ool 5 €O (0.0 "9) [, + ==
the interpolation identity (5.1) implies
2 o e 1l
(5:2) el + Tulonly <€) (0. e g)[, + ==

(a better estimate would require to use weighted X? spaces, a course that we chose
not to follow).
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5.2. Proof of (5.1)

Proof. — Consider the map (z € Q — wug(z)) = (z € Q — B(a', x9)uo(x)
:= tg(z)). Since B is smooth and invertible for any (z/,z4) € R¥! x R*, the
map is an isomorphism (H*(Q2))? — (H*(£2))?, and the compatibility condition of
first order can be rewritten

Bugloq = gli—o < BB~ Buglaq = gli—o < (fb 0) Uoloa = gli—o, With Uy = Bu,
I, is the identity matrix of size b. Similarly the compatibility condition of order 1/2

is (1 0)tp(x) — g(a', 2q) € He) (R x RY)
This transformation “diagonalizes” (5.1) in the following sense : set for 0 < 0 < 1

{(Uo,g) S He X H0 : u0|xd:0 =9|1;:0} if 6 > 1/2,

2
Yy = (uo,g) € H? x H : / o', 2a) = 9(', 2a) dr < ooy if 6 =1/2,
RA—1 xR+ T4

HY(Q) x H?(0Q x R,), if 0 < 1/2,

where uy and g are now scalar functions. We are reduced to prove

[L2 x L2 H' x Hl]e = H? x H°, [V}, Y1]s = Vs

By definition [L?, H']y = H?, so the first equality is trivial. In the second case,
surprisingly, we were not able to find results in the literature except in the simplest
case 0 < 1/2, which is in [LM68b, Section 14]. O

LEMMA 5.1. — For 6 < 1/2, [Yy,Y1]o = Ye.

Proof. — The following inclusions are clear : H} x H} C Y1 € HY(Q)x H* (002 xR™).
On the other hand, for § < 1/2 we have [L? H}ly = H® ([LM68a, Chapter 1
Section 11]), and we can conclude

H x H? = [L2 x L? H} x H(ﬂe C [Yo, 4], © [L2 x L2, H' x Hl]e = H x H.
O

LEMMA 5.2. — For 0 < 6 < 1, there exists a universal (independent of 6) opera-
tor R

R: Yy — H*Y2(QxRY), V0<O<1.

Proof. — This is a result due to Grisvard [Gri67], for completeness we include a
simple proof. Given (ug, g) € (H%)?, from Lemma 4.1 there exists an operator Ry, :
g — Ry(g) € H"/2 which is independent of . By construction, Ryg|—o — uo € HY.
If = 1/2, we also notice

Rbg(a:/,y, 0) - Uo(xl, flfd) = Rb!}(x/a L, 0) - 9(33’73%1) +9(9€/7$d) - Uo(iﬂ/, xd) .

HééQ by interpolation Héfby assumption

If there exists an universal lifting Ry : HE(Q) — {u € H*Y2(QxR)| u|sq = 0}, R
can be defined as R(ug, g) = Rpg + Ro(uo — Rpgli=0) so we focus on the construction
of RQ.
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For uy € HJ (H&éz for & = 1/2), we extend it as an odd function of x4, I(ug)
defined on R%. The map I : HY(R?¥ x RT) — H(R?) is continuous as it is clearly
the case for 6 = 0, 1. Define now

Ri(I(u0)) (&, 8) = x(()8) I (o) (€),

where y is as in Lemma 4.1. According to the proof of Lemma 4.1, Ryo [ : H? —
HO*1/2(R?xR*) is continuous, moreover by construction R;ol(ug) is an odd function
of x4, therefore necessarily R; o I(ug)|s,—0 = 0. Thus by taking the restriction on
R*™ x R} X R, Ry := Ry oI solves the problem. O

PROPOSITION 5.3. — For 0 < 0 < 1, [Y,Y1]s = Yp.

Proof. — On one hand, the map (ug,g) — uo(z’,z4) — g(2',24) is continuous
Y; — H{ for i = 0, 1, therefore by interpolation it is continuous [Yy, Yi]g — H§. This
gives the first inclusion

On the other hand, from Lions—Peetre reiteration theorem, for any 0 < s,6 < 1
[[3/07 }/1]57 }/1]9 = [Yb7 Y1]0+s(170)-

If we have for some s < 1/2, [Y,,Y1]yp D Yyisa-0) for any 0 < 6 < 1, then by
reiteration this implies [Yp, Y1]g = Yj for 6 > s. On the other hand, the case 6 < s is
contained in Lemma 5.1.

For any 0 < r < 1 we define the map

e R (0 B7) = T(0) = (o )

It is easily seen that Tr is continuous H*? — Y; and H'/?*> — Y, for 0 < s < 1/2.
As it is well known that [H*T1/2 [3/2), = H'/?T0+(1=9)s e deduce by interpolation

Tr: HY2H0-0)s+0 [HS+1/2, Hg/ﬂe — [Ys, Yi]e is continuous.

We observe now that the lifting R from Lemma 5.2 is a right inverse for Tr: for fixed
0<s<1/2andany 0 <60 <1, we have Tro R = I;: Ypis-0) — Yois(1—p). Since
R maps Yy s1-g) to H¥E=0+01/2 this implies

Yoisi-0) C [Ys, Yilos

which was the required converse inclusion. 0

5.3. The case s > 1

We denote s = k46, 0 < 6 < 1. According to the integer case, we already have
u € NC*JHI. For any tangential multi-index « of order k (that is, ag = 0, |a| = k),
0“u satisfies

L(0"u) = 0“f + [L, 0%u,
(54) B@O‘u|ag = 8“9 + [B, 8"]@4\39,
O%uli=o = La(uo) + L5, (f)le=0-

where L, L/, are differential operators of respective order o, « — 1. Regularity will
again be obtained by regularization of the data, we distinguish three cases:
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5.3.1. The case 0 < 0 < 1/2

With the same argument as in the integer case (note that the condition 6 < 1/2
allows to use Lemma 4.1), there exists regularized data (ug,, gn, fn) € (H*1)3,
converging to (uo, g, f) in (H*)? that satisfy the compatibility conditions up to order
k+1. The corresponding solution w,, belongs to ﬂ’é“Ctj H**1=J 50 that we may apply
the resolvent estimate (1.7) to 0%u,, with s = 6, combined with basic trace estimates
and the commutator estimate /[0, Liun||go < [[wn | ms:

”fn”%{g + [[un| %{;j

i1+ llgnl

(5.5) MOl < Ilriol s

Due to the boundary being non characteristic, we deduce as for the integer case
(note that the fractional regularity gained here includes conormal regularity) for -y
large enough only depending on s, that we have the resolvent estimate

Y

?{S + Hgn‘ %13

2
Yl Hs S lluol
With the resolvent estimate available, the semi group estimate is now an immediate
consequence of the case 0 < s < 1 applied to (5.4):

2

le 0wl , o S Nutollizeqey + 152l

S Huo,anqs(m + || fal

%1;7([0,T]><Q) + [I[0%, L]“n”%[ﬁ(m[o,:r]) + [ gn|

2
Hs

Hs([0,7]xQ) T ||9n”§13-

Normal regularity is obtained thanks to the boundary being non characteristic as
in (3.6).

Letting n — oo, we deduce that e™"u is in H*(RT x Q) N (N5_ C7 (R, H*1(Q2))
and satisfies the semi group estimate and the resolvent estimate.

5.3.2. The case 1/2 <60 < 1

This can be done with exactly the same argument. Actually, the construction of
regularized data (g, gn, ) € (H*1)3 that satisfy compatibility conditions up to
order k + 1 and converging to (ug, g, f) in (H®)? is even simpler. Indeed (ug, g, )
satisfy compatibility conditions up to order k+1, hence any regularization of (ug, g, f)
satisfies

k=1 /.
VI<j<k+1, |0/ golimo — > (‘;) (OéB) Vj—1-1n]00 —n 0,
1=0

=E€j5.n Hsfj+1/2

and it suffices to modify g, as g, — d, where 9, is a function in H MO0 x R)) that
satisfies for 1 < j <k + 1, 8§_15n|t:0 =Ejn
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5.3.3. The case § = 1/2

When s = k + 1/2, the compatibility conditions are satisfied in particular up to
order k. From the previous study, we have e™"u € (Nf_(C/H*~7) 0 H**? for any
6 < 1/2, with the estimate

e s < CON 0.0, Dl

e "u ,
X g
(Nk_oC Hi+0=j

Of course this is not enough to conclude, but the estimate can be sharpened: apply
estimate (5.2) to (5.4) for § < 1 and any tangential multi-index o € N%, |a| = k,
this reads

2 N ||f||fq§+9 + ||U||§I$+e

10 ullzyy < || (Lato + i flimo, e (09 + [B. 0" ulon) )| Y

Recall that the compatibility conditions at order j are
: =1/
V1 < ] § k, dfflg]tzo — Z <l> (aiB) ’(}j,171|89 = 0,
1=0
and at order k + 1/2
k() NN / 12 (mpd—1 +
g’ t) — (D ] (@B) v—1—1(2',t) | € Hy (R x (R )) :
1=0
As a consequence, for any j < k+ 1 and any f € N1 |3 =k + 1 — 7,

J

(5.6) 050/ 'g(a! t) — " (J ; 1) (0/B) vj—11(a', 1) € Hof® (R x RY).

-1
1=0
Furthermore, e 'u € H*(Q x R;), hence for any multi-index of order k — 1

(5.7) Heﬂt@au\xd:o - eﬂtaauh:o‘

1/2 _
Hyp? (RA-IxRF) ™

HE (R x(RF)2)
Now to make (5.4) more explicit, let us write 9% = (‘3585,, B e N B =k — 5.
Then 9%ul—g = d0v; € H/?(R¥! x RT), the compatibility condition of order 1/2
for (5.4) is thus

e (0% + [B, 0% ulaq) — Bd v, € H? (Rd’l X R*) :

With basic computations, we now check that it is implied by (5.6),(5.7):

e (0% + [B, 0% ulaq) — B,
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— 85, (Be”t&{ubg) + e’”tBa"‘u]aQ

J ; J
=e ((3&9 — 85, Z (?) <8§B) vj_l) — af, Z

1=0
+ {B, 85,} 6_7t6£u|39 — [B, 85,} V.
For j < k, due to the compatibility condition (5.6), in the last equality, the first term
in the first line is in HééQ. The H&éQ norm of the second term is easily controlled by
writing

e_vtag_lubg —v;=e " (ﬁtj_lubg — Uj_l) + (1 — e‘“’t) (I

the first term can be bounded thanks to (5.7) while for the second one we simply
use (1 —e )/t < 1. The same argument is used for the second line. We deduce that
for 6 < 1/2, o tangential, |a] < k

o 112
7o UHHQ(QX]R”

ko (k
<€) 90Dl ey + -3 () @08) 11
7\l .
o
Loul

Using that the boundary is non characteristic, we recover
bk

9=, (l) (0} B)vk-1-1
0

This estimate is uniform in § < 1/2, we deduce that the same estimate holds for
0 = 1/2. Finally we deduce that the semi group estimate is true with the same
argument as for the end of the case 0 < § < 1/2 : consider the problem (5.4), since
the commutator [L, 3%]u belongs to H'/2, the semi group estimate of the case s = 1/2
can be applied to bound ||0%ul|¢,g1/2, o any tangential multi-index of order k, the
normal regularity follows from the usual argument.

This ends the proof of Theorem 1.4.

7||u||il§+9(QxR:r) 5 ||(u0aga f)||(Hk+1/2)3 +

HégQ(RH XR+)
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