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The random walk penalised by its range 3

1. Introduction
1.1. Main results

Let P be the law of the discrete-time simple random walk (S,,),en on Z%, d > 1,
starting from the origin. Let N be a positive integer. In [Bol94], Bolthausen proposed
the following model for a self-attractive random walk: let us denote by Ry the set
of the points visited by the random walk until time N and by |Ry| its cardinality.
We define a new probability on the set of the N—steps trajectories by setting

dPy 1
(1.1) ar TNGXP(_|RN|>a
where the normalization factor (or partition function) Zy is given by
(1.2) Zy = E(exp(— |Ryl)).

Clearly, Py favours configurations where the trajectory is localised on a small number
of points. Bolthausen asked what can be said about a typical realisation of Py. The
question is particularly natural from the point of view of large deviations theory.
Indeed one of the early successes of the theory, due to Donsker and Varadhan [DV75],
was a determination of the first order asymptotics of the partition function Zy:

(1.3) Zy = exp (—(1+ o(1))xaN"/*+?),

for some x4 > 0 depending only on the dimension. Bolthausen was able to show
that in dimension d = 2, under Py a typical trajectory localises on a Euclidean
ball of radius approximately po N'/4 for some constant p, > 0. His analysis strongly
suggests that in general dimensions d > 3, a similar result holds except that the
walk now localises on a ball of radius approximately pgN (@2 where pg > 0 is a
specific constant depending only on the ambient dimension d.

The main goal of this paper is to verify Bolthausen’s conjecture. Bolthausen
actually provided support for his conjecture by showing that two (admittedly crucial)
estimates implied the conjecture in general dimension d > 2; these two estimates
were in turn proved for d = 2. The two Theorems 1.1 and 1.2 below provide a proof
of these two estimates in the general case d > 3, thereby proving as a corollary
of Bolthausen’s paper [Bol94| that his conjecture is true and hence completing his
programme. We now state below these two results from which Bolthausen’s conjecture
follows.

We suppose without loss of generality that

n — NY@+2)
is an integer. We define the local time Ly as
N-1
Vo eZzZd LN(x) = Z 1{Sk=x}-
k=0
We define the continuous rescaled version ¢ of Ly by

d

(1.4) VoreR Iy(x) = %LN(LHSEJ)
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4 N. BERESTYCKI & R. CERF

For x € R%, we let ¢, be the principal eigenfunction (normalised so that ||¢,||3 :=
Jra @2 = 1) of —A in B(z, pg), with Dirichlet boundary conditions. We denote by
L*(R?) the set of the integrable Borel functions on R¢ and we use the standard norm:

vieD®) flh = [, 1f@)de.

The first result below is a quantitative shape theorem in the L' sense for the local
time profile at time N.

THEOREM 1.1. — Let L,, be the set of functions defined by
L, = {e e L'RY) : |||, =1, £ >0, inf [ECHE = 1/n1/800} .
For n large enough, we have
(1.5) E(e_‘RN‘;KN €£n> < exp<—ndxd—nd_1l7>
where 4 Is as in (1.3).

The upper bound obtained in formula (1.5) is in fact negligible compared to the
partition function Zy. This is a consequence of another result of [Bol94] which is
recalled in Proposition 2.1.

The second main result says that if x is such that £y is close to (¢,)? in the L
sense above, then actually almost all of the ball of radius pgn around x has been
filled by the range of the walk. More precisely, set

1
2
gloc,ac = { HEN - <¢m) Hl < W } .
For k > 0 and = € RY, we define
R o= { YV z € B(z,pan(l —n™")), {In(2) > 0}.
This is the event that the ball of radius pgn(1 —n~") around =z is filled.

THEOREM 1.2. — There exists k > 0 such that, for any a > 0,

B (7 G (Ri)?) = o).

Together with Bolthausen’s results [Bol94, see p. 877, immediately below Conjec-
ture 1.3], Theorems 1.1 and 1.2 immediately imply the following Corollary 1.3, which
is the main conclusion of our paper.

COROLLARY 1.3. — Let us denote by B(xz,r) the d dimensional Euclidean ball
centered at x of radius r. There exists a positive constant pg, which depends only on
the dimension d, such that, for any € > 0, as N — 00,

PN< J2eR? B(z,psl—e)N#2)NZ! C Ry C B(x, pa(l +5)Ndi2)) o1

We mention here a result obtained along the way, which we feel is interesting in its
own right. This is a Donsker—Varadhan large deviation estimate which is valid for the
random walk in the full space Z¢, and so bypasses the assumption of compactness
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The random walk penalised by its range 5

for the state space which underlies [DV75]. Let D be an arbitrary finite subset of
Z%. For t € N, we define

7(D,t) = inf {k>1: Ly(D) =t}
and we set

7(D,t)—1

VexeD LtD(ZE) = LT(D,t) = Z ]-{Sk::c}-
k=0

The function LY is a function from D to N. We shall work in the functional space
¢1(D) equipped with the norm

Vel (D) |fllip = > If(2).

zeD
For a function f : Z¢ — R, we define
1
(16) EfD) =5 X (f) - fE)P

y,2€Dily—z|=1
We define D as
D = DU{:L‘EZd:EI yeD |x—y|:1}.
When D = Z¢ we will simply write || f||; and E(f).
THEOREM 1.4. — Let C be a closed convex subset of (*(D). For any t > 1, we
have

: L p .1
inf P, (tLt € C, 7(D,t) < oo> < exp ( —t hHelfC 55(@, D)) :

zeD

1.2. Heuristics

We begin a discussion of the above results (such as Corollary 1.3) with a rough
heuristics explaining where the limit shape comes from. Note that a random walk
will stay in a box of diameter n for duration N with probability approximately
exp(—O(N/n?)), since it may leave this box with positive probability every n? units
of time. On the other hand, the energetic contribution to (1.2) of such configurations
is of order exp(—n?). Balancing entropy and energy, we expect that the trajectories
that contribute most to (1.2) are such that n =< N'/(9*2) which explains the scaling
in Corollary 1.3. We now discuss this in a bit more detail, but still ignoring many
technical details.

If U ¢ R% is an open bounded subset, and n = N2 ig ag above, then the
probability for the random walk to remain in nU for a long time N is approximately
exp(—AyN/(2n?)), where Ay is the principal eigenvalue of —A in U with Dirichlet
boundary conditions on OU. Hence the contribution to (1.2) coming from trajectories
staying in nU should be well approximated by exp(—n?(A\y/2 + |U|)), where |U] is
the Lebesgue measure of U. Using the Faber-Krahn inequality, it can be seen that
infy{A\y/2+ |U|} is attained when U is a Euclidean ball of radius r, say. The radius
r can then be determined by noting that principal eigenvalues obey diffusive scaling,
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6 N. BERESTYCKI & R. CERF

i.e., Ap(r) = A/r?, where \ is the principal eigenvalue in the unit ball. Hence, if wq is
the volume of the unit ball, we deduce that r = p, is obtained as the minimiser of
the following functional:

212

A ) 1/(d+2)

A
Pd = argmin{+wdr‘izr>0} = (
dwd

The constant p; is the one which appears in the theorem. As already mentioned,
Bolthausen proved the corresponding result in two dimensions [Bol94]. The main
problem to extend Bolthausen’s proof to dimensions 3 and higher was to extend
Lemma 3.1 and Proposition 4.1 from his paper [Bol94]. The rest of his proof is
written for arbitrary dimensions d > 3 and it is solely the statement of these two
lemmas which depend on d being equal to 2 in his proof.

[Bol94, Lemma 3.1] can be seen as a quantitative Faber—Krahn inequality on the
torus, saying that if a set U is not far from minimising A\y;/2 + |U| then U itself is
not far from a Euclidean ball. Unfortunately, such an inequality is not available yet
in dimensions three and higher. Even an analogue of the quantitative isoperimetric
inequality on the torus has not been proved so far. Therefore we cannot use the
standard projection of the random walk on the torus, as in Bolthausen’s proof. This
creates a serious difficulty. Indeed, as far as the probabilistic estimates on the local
time are concerned, it is very convenient to work on the torus: the state space of
the walk becomes compact and one can readily use the classical large deviations
estimates of Donsker and Varadhan [DV75]. The good news is that a quantitative
Faber-Krahn inequality has been proved recently in R? by Brasco, De Philippis and
Velichkov [BDPV15]. Ultimately, we are to use this inequality. Therefore we have
to deal with the random walk in the full space and we cannot afford the luxury of
projecting its trajectories on the torus. A key point to carry out this program is
to develop the relevant large deviations estimates. Indeed, the random walk being
transient, the classical Donsker—Varadhan theory cannot be applied directly.

Warning

In the probability literature, one usually works with the half-Laplacian A /2, which
is the infinitesimal generator of the Brownian motion. In Bolthausen’s paper, the
notation A\(G) corresponds to half of the quantity defined above. We choose here to
stick to the convention employed in the papers on the Faber-Krahn inequality.

1.3. Relation with other works

A Brownian analogue of Corollary 1.3 was proved in dimension d = 2 by Sznit-
man [Szn91] using the method of enlargement of obstacles. Very briefly, the starting
point of this method (adapted to the discrete setting of this paper) consists in
viewing the weighted probability measure Py as the annealed probability measure
corresponding to a random walk in a random medium in which there is an obstacle
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The random walk penalised by its range 7

at every site with probability 1 — e~'. Note that e~#~| then corresponds to the
annealed probability that the walk has not encountered any obstacle for time N.

A refinement of this method enabled Povel [Pov99] to establish the same result
in dimension d > 3. It is important to note however that in the continuum, one
cannot of course hope that the range of Brownian motion will fill a ball completely —
there will always be small holes. For this reason, both results in [Szn91] and [Pov99]
are restricted to a statement of the so-called confinement property, i.e., a statement
that the range is contained in a ball of the appropriate radius (corresponding to
R = pgn(l + ¢) in our setup). The question of whether the range will visit any
macroscopic ball within this ball of radius R is only addressed tangentially, see
e.g. [Szn91, Theorem 4.3] and the discussion at the end of Section 1 in [Pov99.
Needless to say, the method of enlargement of obstacles is very different from the
strategy employed by Bolthausen in [Bol94]. Curiously, neither [Szn91] nor [Pov99]
discuss what their results imply for the discrete case, though both briefly mention
the paper [Bol94].

At the time we were finishing this paper, we learnt of the independent and nearly
simultaneous work of Ding, Fukushima, Sun and Xu [DFSX18], who obtained an
alternative proof of Corollary 1.3. In fact, their result implies a more precise control
on the size of the boundary Ry under Py, showing that with high probability,
|0RN| < (logn)°n?~! for some ¢ > 0 and all for all N large enough. Their starting
point is the paper of Povel [Pov99], whose results are used freely in the discrete
setting rather than in the continuum. (As pointed out in [DFSX18|, a translation of
Sznitman’s method of enlargement of obstacles to a discrete setup was undertaken
previously in [Ant95] — interestingly this predates [Pov99]). Given this, what remains
to be proved is that the range of the random walk covers all of the ball of radius
pan(1l —¢), i.e., our Theorem 1.2. Hence the overlap with our paper is reduced to the
proof of this theorem, which occupies Section 8 of this paper. The major differences
with the approach of [DFSX18] can be summarised as follows:

— once we have proved Theorem 1.1, we know a bit more than the confinement
property, since we know that the local time profile is close in the L! sense to
the eigenfunction. This implies in particular that mesoscopic balls are visited
frequently, a step which is therefore easy for us (Lemma 8.2) but which
requires an argument in [DFSX18] (more precisely, the authors of [DFSX18]
argue that if a ball is not frequently visited it must be close to the boundary).

— We have found a way to control uniformly the probability that a given set of k
points is avoided by the random walk in such a mesoscopic ball. Surprisingly,
the control we get here is good enough that it works for any configuration
of points, no matter what its geometry, and depends only on its cardinality.
This is a major technical difference with [DFSX18] where the bound given
depends on how many points in the set are far from one another. The key
additional idea which allows us to do this here is to partition the points
in the set according to their distance to the boundary and only consider
points at a given distance from the boundary, where this distance is chosen
to maximise the number of such points. This results in an arguably simpler
line of reasoning from the conceptual point of view.

TOME 4 (2021)



8 N. BERESTYCKI & R. CERF

We also mention the related work [BY13] which was the initial motivation of our
investigation. In this paper, the penalisation by the range e~/#~! is replaced by the
size of the boundary of the range e~1?%~|  This turns the random walk into a polymer
interface model. A conjecture in [BY13] states that a shape theorem takes place on
the scale n = N/ instead of n = N'/(¢*2)_ This shape could then be thought of
as a Wulff crystal shape for the random walk. Despite partial results in [BY13], this
conjecture remains wide open at positive temperature. However, in the limit of zero
temperature (for a more general model where the boundary size is measured through
i.i.d. random variables attached to edges), Biskup and Procaccia [BP18, BP16] were
able to prove this conjecture. Observe that the random media representation which
is the starting point of the method of enlargement of obstacles is not available for
such a model.

Finally, for another approach to large deviations without compactness, see [MV16].

Acknowledgements

We thank the authors of [DFSX18] for useful discussions regarding their work. Part
of this research was carried out when NB was a guest at Ecole Normale Supérieure,
Paris, whose support and hospitality is gratefully acknowledged. We warmly thank
the Referees for their precise reading and their numerous comments which helped
to improve the paper.

2. Further results and organisation of the paper
2.1. Preliminary lower bound on the partition function

To explain some further details about our approach (including intermediate theo-
rems of interest in their own right, see below), it will be useful to start by recalling
the following lower bound due to Bolthausen on the partition function which is a
quantitative improvement on the result of Donsker and Varadhan.

Let n be an integer such that n?2? = N. Without loss of generality, we can assume
that V is such an integer power, and we do so throughout the paper.

PROPOSITION 2.1. — There exists a constant ¢ € R, which depends on the
dimension d only, such that, for N large enough, we have

ZN = exp < - and - cnd_1>

where
A d
Xd = —5 T Wdpy
Pd

is the same constant which appears in (1.3).

Proof. — See [Bol94, Proposition 2.1] (note that the proof is valid in any dimen-
sion). O
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The random walk penalised by its range 9

2.2. Upper bound on the numerator

Once we have a lower bound on the normalizing constant, the main problem is to
obtain an adequate upper bound on the integral of exp ( — |RN|) over an arbitrary
event A. We can then rule out those events A for which we can obtain an upper
bound which is negligible compared to the previous lower bound. Throughout the
computations, we use the following convention. For A an event, we write

(2.1) E(exp(— |RNy);A> _ E(exp(— \RN|)1A>.

The central object in our study is the local time of the random walk, defined as
N-1

(2.2) Ve eZ' Ly(x) = Y s —u}-
k=0

Our estimates will involve its square root, which we denote by fy:

(2.3) VreZ® fy(z) = /Ly(x).

In order to compare functions to one another, we will make use of various /? norms,
which, unlike Bolthausen [Bol94|, we take to be unscaled. Thus we define, for a
function f :Z? — R,

1/p
(2.4) 1fllp = (Z If(w)\p) -

z €74

A fundamental step in the proof of Theorem 1.1, which takes up a substantial portion

of this paper, is the following quantitative result which allows us to get an upper
bound on (2.1).

THEOREM 2.2. — Let F be a collection of functions from Z* to R*. For any
k > 1, we have, for n large enough,

E(e—\RNI; fn € ]-") < exp (—mnd) ~+ exp (nd_1/8 — inf { ‘ {x €Z%: hiz) >0 H
- 12v (1—nt1) <max( £(Vh) - n;/s,o>>2
< })
LY pl/ie '

1
chel(ZY, h>0,3 feF Hh—Nf2

2.3. Organisation of paper

Sections 3, 4, and 5 are devoted to the proof of Theorem 2.2. Sections 6 and 7
explain how to deduce Theorem 1.1 from Theorem 2.2. Section 8 deals with a proof
of Theorem 1.2.

As the proofs are rather lengthy, let us sum up the main steps of the proofs.

TOME 4 (2021)



10 N. BERESTYCKI & R. CERF

(i) (Section 3) We estimate probabilities of the form P(||Ly — ¢*|l1,p <T) for
some small I, where || f||1,p is the norm of the function f restricted to D. To
this end, we develop a new type of large deviations estimates for the random
walk (Theorem 1.4, see Section 3.4 for its proof). In fact, that result involves
the infimum over a set of admissible starting points. In order to apply it to
the random walk starting from the origin, we have to introduce a correcting
factor, which however does not destroy the leading term in the estimates
(Section 3.5). N

(ii) (Section 4.1) We show that, up to events whose Py probability is negligible,
for some ¢ > 0, we have |Ry| < cn?. This is a direct consequence of the
definition of Py. ~

(iii) (Section 4.2) We show that, up to events whose Py probability is negligible,
for some k > 1, we have £(fy) < kn?lnn, where £ is the Dirichlet energy.
First we estimate the probability that fy is equal to a fixed function f. This
estimate relies on the classical martingale used by Donsker and Varadhan. We
then bound the number of functions satisfying the constraint supp f < cn.

From now onwards, we need only to consider trajectories satisfying the
points (ii) and (iii). Having a control on the Dirichlet energy yields automat-
ically a control on the norm in ¢* (Z4), where 2* = 2d/(d — 2), via a discrete
Sobolev—Poincaré inequality. We will use the three bounds

o« < cpsVEnlnn,

E(fny) < kn®lnn, |Ry|<en, | fn

to develop an adequate coarse—grained image of the local time.

(iv) (Section 4.3) We partition the space into blocks of side length n. We focus
on the blocks B such that | fyl|l2- 5 = on¥?" 1. The exponent d/2* + 1
corresponds to the typical situation for a block actively visited by the random
walk until time N: the number of visits per site should be of order n?, so fy is
of order n throughout the block. We keep record of the indices of these blocks.
More precisely, we denote by X the set of the centers of these blocks; of course
the set X depends on fy and is random. We denote by £ the union of these
blocks and by D the region E enlarged with all the blocks on the frontier.
We control the norm of fy outside the region E. This is done with the help
of a discrete Poincaré-Sobolev inequality and the control of the ¢** norm:

> (fN(x))z* < Cd(52*nd+2*>1_2/2* (nd + kn? lnn) :

r€ZI\E

(v) (Section 4.4) We introduce a length scale M. We partition the space into
blocks B'(x) of side length M. We perform a local average of fy on each
such block and we get a function fy . We control the norm of the difference
fn — fn ™ with the help of a discrete Poincaré-Wirtinger inequality.

(vi) (Section 5.1) We discretise next the values of the functions fy ' over the
blocks B(z) which are included in E with a discretisation step n > 0. This
way we obtain a function " fy ™, which is the coarse grained profile.

ANNALES HENRI LEBESGUE



The random walk penalised by its range 11

At this point, we can write
B(e ™ fy e F) < X B(e ™ fy e FT M =),
X9

where the summation extends over the admissible set of blocks X and pro-
files g. Whenever Tfy™ = g, we can show that | fxy — glla.p < To, and
|Ly — ¢*|l1,p < Ty, where [y, T’y are explicit functions of N.

(vii) (Section 5.2) We apply our large deviations inequality to bound the expecta-

tion

E(e‘lRNl; HLN — gQH < Fl) .
To do so, we approximate the cardinality of the range |Rx| by the cardinality
of the points where the coarse grained profile is quite large. The resulting
upper bound depends on an infimum over a set of functions A defined on the
domain D, and more specifically on their Dirichlet energy inside D.

(viii) (Section 5.3) With the help of a truncation and the control of the 2" norm
outside F, we relate the Dirichlet energy in the full space to the Dirichlet
energy restricted to D. This involves essentially a discrete integration by
parts.

(ix) (Section 5.4) We use the inequality proved in Step (ix). This way we get
an upper bound involving the Dirichlet energy in the full space, however we
have to work further to get rid of the truncation operator. After some tedious
computations, we obtain an upper bound depending only on the collection F.
We plug this upper bound in the previous sums. It remains only to count
the number of terms in the sums. We choose finally the parameters M, d,n
adequately to get the desired upper bound.

2.3.1. Main steps in the proof of Theorem 1.2.
We fix a mesoscopic scale m = n'=2® where x > 0 is a small parameter. Suppose
Gloc,» holds and take x = 0 without loss of generality. We aim to show that the
ball of radius m around a point z in the desired range B(0, pgn(1 —n~")) is entirely
visited.

(i) (Section 8.1) We first note that deterministically on G, o, the walk spends a
lot of time in B(z, m). This is because otherwise there would be a polynomial
error in the L' distance between £y and (¢,)%.

(i) (Section 8.2) We show that under Py there are many disjoint portions of
the walk of duration m? where the walk starts and ends inside the bulk of
the ball (say, B(z,m/2)) and never leaves B(z, m) throughout this interval
of time. We call such a portion a bridge. To do so we use a change of measure
argument whose cost (i.e., the value of the Radon—-Nikodym derivative of
this change of measure) is comparable to the entropic term in the partition
function Zy: that is, of order exp(—(A\/2p2)n?). Since on G, o the size of
the range |Ry| is also essentially deterministically lower bounded up to a
small error, the energetic term e 1"~| together with the cost of the change
of measure is of order at most Zy, which allows us to compare effectively

TOME 4 (2021)



12 N. BERESTYCKI & R. CERF

Py to this new measure. A technical difficulty is that the change of measure
technique is better implemented in continuous time rather than discrete time.
Once we work under this change of measure, it is easy to check that the
number of bridges is as desired: indeed, every time the walk is in the bulk of
the ball, there is a decent chance that the next m? units of time will result in
a bridge. Moreover, by Step 1 we control the number of trials, so ultimately
the desired result follows from standard large deviations for Binomial random
variables.

(iii) (Section 8.3) We fix k > 1 and a set X of k points in B(z,m), and try to
estimate the Py probability that & is avoided by the walk. We can condi-
tion on everything that happens outside of B(z,m); on the event that the
range avoids exactly the set X the size of the range is then deterministic.
Furthermore, if we condition on the number and endpoints of the bridges the
probability that all the bridges avoid X is exactly the product for individual
bridges to avoid X'. Hence the probability that the range restricted to B(z,m)
is strictly smaller than this ball can be written as a sum over £ > 1, and over
all subsets X" of size k of the product of probabilities that bridges avoid X.

(iv) (Section 8.4) To estimate the latter we need to control transition probabilities
for bridges that are uniform in the starting and end points of the bridge. It is
here that it is useful to have taken the starting and end points of the bridge
in the bulk of the ball B(z,m/2) and not near the boundary. This shows in
particular that the probability for a bridge to find itself at a specific point
at distance r from the boundary at some specific time which is neither close
to the start or the end of the bridge, is proportional to (r/m)?. This follows
essentially from a gambler’s ruin probability argument.

(v) (Section 8.5) By the previous step it suffices to estimate the probability that
a given bridge avoids X. We aim to find a bound that is uniform on the
geometry of X and depends only on the number of points k£ in X'. Intuitively,
the easiest configuration to avoid is when & is clumped together as a solid
ball of radius R = k'/¢, so this should provide a lower bound on the desired
probability. In that case our estimates on the transition probabilities from
the previous step show via a moment computation that the probability for a
bridge to hit X' should be at least km?~?/R? = k'~2/4m2~? independently
of the geometry of X (ignoring boundary effects). This turns out to be true
and can be deduced relatively easily from the fact that the Green function of
the random walk in Z¢, d > 3, is essentially monotone in the distance. (Such
arguments can be used to prove isoperimetric inequalities for the capacity of
a set, but we did not include this here for the sake of brevity).

In order to deal with boundary effects, in a way that is still uniform in the geometry
of X, we divide the ball B(z,m) into concentric annuli A; at distance 27 from the
boundary of the ball (j > 1). If all the points of X were in the annulus A; it would be
possible to control the boundary effects in a uniform way. Indeed the expected time
spent in X would be, by the gambler’s ruin estimate from Step (iv), proportional to
r?2 where r = 27 is the distance to the boundary. However the expected time spent in
X starting from a point in X would also be bounded by a factor proportional to r?
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as well using Step (iv) again. Hence the 72 terms cancel in the moment computation,
and we could use the above bound. When & is not contained in a single annulus A;,
we can instead consider X; = X N A;, where A; is chosen so that it contains most
points of X'. Then since it suffices to hit &}, we can apply the above lower bound
with k replaced by |X}|. By the choice of j, this is at least k/logm instead of k. It
turns out that plugging this extra logarithmic factor does not substantially alter the
conclusion.

3. Martingale estimates
3.1. The classical martingale

The crucial ingredient to derive the relevant probabilistic estimates on the random
walk is the family of martingales used by Donsker and Varadhan, which we define
thereafter. Let u be a positive function defined on Z¢. To the function u we associate
the function V defined on Z¢ by

VeeZ' V(z) = — > u(y) .

yEZd, |Z‘_y‘ =1

For n > 0, we set

n—1 U(Sk) )
M, = u(Sy,) .
() s
We claim that the process (M, )nen is a martingale. Indeed, for any n > 0,

E(M,|So. ... Sum1) = (:1-[:0 3((2)) E(u(S,)| Sns)

)
- (”ff 5((?’;))) V(Sn1) = My

k=0

In the same way, if the random walk (S,,),en starts from an arbitrary point x € Z4,
and if we denote by P, and FE, the associated probability and expectation, then,
under P,, the process (M, ), e is again a martingale.

3.2. The fundamental inequality

Since (M), en is a martingale, then
(3.1) E.(My) = E.(My) = u(x).
Let us express My with the help of the local time Ly:

= eX n u<Sk) u
e p<o§<N1 wsw) o)

= eX n u(y u
= p(yeZZdl V(y)LN(?/)) (Sn).
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14 N. BERESTYCKI & R. CERF

Since |Sy — So| < N, then
u(Sn) = inf{u(y): |y —z| < N}.

Reporting this inequality in the martingale equality (3.1), we get the following
fundamental inequality.

LEMMA 3.1. — For any N > 1, any z € Z¢ and any positive function u defined
on Z¢, we have

uly) i
(p(zl Vi ))) S Bl uly) = <N

3.3. Estimate for a fixed profile

For f a function from Z? to R, we define its discrete Dirichlet energy £(f) by

&) = X (fw) - )"

2d
y,z €24
ly—2|=1

In this section, we shall prove the following estimate for the probability that the
square root of the local time is equal to a fixed profile.

PROPOSITION 3.2. — Let ¢ be a function from Z¢ to [0, +oo[ such that

Y. oy)? =

yezd

For any N > 1, any « €]0, 1, we have

P(fn =9¢) < ¢LO> exp (—;S(qb) + oz\/N‘Tppng )

Proof. — To bound the probability P(fy = ¢), we proceed as follows. Let « €]0, 1]
and let u : Z¢ —]0, +00| be the positive function defined on Z? by

VyeZ' u(y) = max (¢(y),oz> .

Obviously, we have

y y
(exp (ygdl WLN ))) > P(fn = ¢) exp (ygdl @ )

Since the random walk starts from 0, then fy(0) > 1, so we need only to consider
functions ¢ such that ¢(0) > 1. In this case, we have u(0) = ¢(0) > a. Applying the
fundamental estimate of Lemma 3.1, we get

- cb() u(y)
P(fy =¢) < — ( > In (y) )

y€ezZd
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Next, we have, for y € Z¢,

) R, Viy) —u(y) Aju(y)
nyy = (” uly) ) S )

where A; is the discrete Laplacian operator, defined by

Asu(y) = V(y) —uly).

Reporting in the previous inequality, we arrive at

Pfv=0) < Wesp ( > Al“(”ob(y)?) -

yGZd U(y)

We evaluate next the sum in the exponential. For y € supp ¢, we have ¢(y) > 1 > «,
whence ¢(y) = u(y), therefore

s AW - S Au(y) )

y €z u(y) y Esupp ¢
- Y T (- ) oty
Yy Esupp ¢ zi|lz—y|=1

/N
]
|
]
=

-
O
|
-
S
+
S
ASE
S

= X e+ X (aly) - o))

Y,z €supp ¢ y €supp ¢
ly—z|=1

= Y () -0) ta Y 6.

Y,z €supp ¢ y Esupp ¢
ly—z|=1

Moreover

( > ¢(y)> <( > ¢(y)2> [supp ¢| = Nsuppg|.

y €supp ¢ y €supp ¢

Putting together the previous inequalities, we obtain the inequality stated in the
Proposition 3.2. 0

3.4. Donsker—Varadhan estimate for the random walk in the full space

In order to estimate the probability that Ly belongs to a ball centered at a fixed
function g2, we develop here a deviation inequality, valid for any value of N and for
any convex set of functions. This deviation inequality is stated in Theorem 1.4 of
the introduction and we prove it here. We use the notation introduced just before
the statement of Theorem 1.4.
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16 N. BERESTYCKI & R. CERF

Proof. — Let u be a positive function defined on Z? and let x € Z%. Let (M,,)nen
be the martingale constructed with the function v and the random walk (S),)nen;,
defined in Section 3.1. We first remark that 7(D,t) is a stopping time for (M, ),en.
Indeed, the event { 7(D,t) = n } is measurable with respect to L, (D), hence also to
S1, ..., S-1. We apply next the optional stopping theorem. Let t,n > 1, we have

Ex<Mn/\T(D,t)) - Ew(MO) = U(l’) :

We note simply 7 instead of 7(D,t) and we bound from below the lefthand member:

(3.2) Eo(Myp.) > E, (Mnmlmo)

=F, ( exp ( Z (ln 5%;)) Ln/\T(y)) u(SmT)lT@O) )

y €24

From now onwards, we suppose that the function u is superharmonic on Z4\ D, i.e.,
we suppose that u is such that

(3.3) VyeZ\D uly) > V() = o5 X ulz).

z€24
ly—2[=1

We denote by St the collection of the positive functions u defined on Z¢ which
satisfy (3.3). The superharmonicity of u implies that

(3.4 S (i) > T (0 )

yEZ3 yeD

Reporting inequality (3.4) in inequality (3.2), we get

ulx) > Ex(exp (z (ln %) an(y)> u(San) .

yeD

On the event 7 < 0o, we have
VyeD lim Lunr(y) = Le(y) = LP(y), lim Syar = S;.
By Fatou’s lemma, we have

u(z) > E( exp (2 (15%/))) L?@)) u<sf>17<oo) |

yeD

Yet S, belongs to D, thus

(3.5) u(x) > <yi£fD u(y)) E, ( exp (Z <ln ;j((@;))) L?(y)) 1T<OO) :

yeD

Recall that
E:DU{xEZd:EI yeD |x—y|:1}.
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Taking now the infimum over x € D, we obtain

. uwy)\ :p
(3.6) xlgfﬁ Em( exp (Z <1n V(y)) L, (y)) 1T<OO) < 1.

yeD

We proceed by bounding from below the lefthand member of (3.6) as follows: for
any = € D,

(3.7) E( exp (;}(m %ﬁ) L?@)) 1T<oo)

> Ex<exp (Z <ln U((Z;))> LtD(y)) ;T < oo,llfo) € C)

yeD

<

I~

. (y) (1 D )
> f | t P (-L eC, < )
o (590 P (“wy) o) | e (Gl € <o
Let us define
) 1
(3.8) o (C) = wlng P, (tL? eC, 7< oo> :

Whenever 7 < oo, the function %LtD belongs to the set M;(D) defined by

M,(D) = {¢€€1(D): Y ¢(x)=1VzeD O<¢(m)<1}.

zeD

Therefore we can replace the set C' by its intersection with M;(D) in formula (3.7)
and the previous inequalities yield that

(3.9) & (C) < exp (— t  inf > (ln uy) ) g(y)) :

g€CN M (D) V(y)

This inequality holds for any function u in S*. In order to get a functional which is
convex, we perform a change of functions and we set ¢ = Inu. We denote by T the
image of ST under this change of functions, i.e.,

T = {lnu:u€§+}.
We rewrite inequality (3.9) as follows: for any ¢ € T,

(3.10)
) 1
¢ (C) < exp _tgeclﬂn]El(D) y;)—ln 24 ng exp (¢(2) _Cb(y)) 9(y)
ly—z|=1

We define a map ® on 7 x M;(D) by

2o.0) = Y -l or X e (66) o) | o)
\yz—ilzzl
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18 N. BERESTYCKI & R. CERF

Optimizing the previous inequality (3.10) over the function ¢, we get

(3.11) & (C) < exp (—t sup inf ) q)(gb,g)).

deT geCnM;

The map ® is linear in g. We shall next prove that it is convex in ¢. In fact, the
convexity in ¢ is a consequence of the convexity of the functions ¢ € R — exp(t) and
t € RT — —In(t). The delicate point is to check that the domain of definition of ®
is convex. This is the purpose of the next Lemma 3.3.

LEMMA 3.3. — The set T is convex.

Proof. — Let ¢, 1) belong to T and let «, 8 €]0, 1] be such that o+ § = 1. There
exist u,v € §" such that ¢ = Inwu, ¥ = Inv, whence

ag+ [ = In (uo‘vﬁ) ,

and we have to check that w = u®v”® is in S*. Let y be a fixed point in Z¢\ D.
We apply the discrete Holder inequality to the functions u®, v#, with respect to the
measure v, which is the uniform measure on the neighbours of y,

1
= 55 5,27
"
ly—z|=1

and with the exponents p =1/, ¢ = 1/5. We obtain

[uee? v, < (/udl/y>a</vdl/y>ﬁ.

This inequality can be rewritten as

a B
LY @) < | Y| |5y X v
il . < | = 4 .
deezd deeZd deezd
ly—z[=1 ly—z|=1 ly—z| =1
We finally use the fact that u, v are superharmonic to conclude. 0

Since the set D is finite, the set (D) is finite dimensional, and the map @ is
continuous with respect to g and any norm on ¢*(D). Similarly, for any ¢ € T and
g € My(D), the quantity ®(¢,g) depends only on the values of ¢ on the set D,
which is finite, thus the map ® is also continuous with respect to ¢ and the ¢! norm.
Moreover the set C'N M;(D) is compact and convex (these are essential conditions
in order to apply the minimax theorem). Therefore, by the famous minimax theorem

(see [Fanb3]),

3.12 su inf P(p,g9) = inf sup P(¢,q9).
( ) d)el’;’ geCNMi(D) (¢ g) geCNMi(D) ¢€I7)_ (¢ g)
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Let us fix g € C'N M;(D) and let us bound from below sup, 7 ®(¢, g). Let us fix
¢ € T, we have, by convexity of — In,

26.0) >~ | X |50 3 e (6()  0) | 9(0)

yeD z€24
ly—z[=1

Using the inequality —In(t) > 1 — ¢ for t > 0, we get

(3.13) #(6.0) 2 1= % | 55 3 exp (612) ~ o) | o0
ly—z|=1

Let € be such that
0<e< min{g(m):xED,g(m)>O}.
We define next an adequate function u.. The entrance time Ty of D is
Ty =inf {n>0:8,€D}.
We define

VeeZ' ul(z) =E, <\/max (S7), )‘T0<oo).
With this definition, we have that
VeeD wulr) =, /max (g(x),s) .

We claim that this function u. belongs to S*. Obviously it is strictly positive every-
where. The function u, is harmonic on Z%\ D, hence it is also superharmonic. We
apply inequality (3.13) with the function ¢.(z) = Inu. and we get

1 us(2)
sup B(¢, g) > (b 9)=1— > = > 9(v)
$eT yeD,g(y) >0 2d zez? ue(y)
ly—z[=1
1 u:(2)
(3.14) =l= > 52 9(y)
' y€D,g(y)>0 "7 zez? | /max (g(y),e)
ly—z[=1
1
=1-2 55 2 uw()/9(v)
yeD z€z4
ly—z[=1

This inequality holds for € > 0 sufficiently small. We send next € to 0. We have
VoeZl limous(x) = FE, < 9(St,) | To < oo) :
€—

Passing to the limit as € goes to 0 in inequality (3.14), we get

(3.15) supCIJ ®,9) Z 2d Y E, (\/ (St,) | To <oo> g(y) .

z€Z%
ly—z|=1
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20 N. BERESTYCKI & R. CERF

Let us introduce the hitting time 77 of D as
T =inf {n>1:8,€D}.

Notice that the entrance and hitting time are equal whenever the starting point is in
74\ D. However, if the starting point belongs to D, then Ty = 0 and T} > 1. With
the help of 77, we rewrite formula (3.15) as

(316) sup @(6,9) > 1- ZE (\/?T T0<OO> 9(y)
:1—2 ZPy(STIIZ‘T0<OO)\/@\/.@.

yeD zeD

Using the time reversibility of the random walk (.S,,), en, we have
(3.17) Vy,2€D Py(Sy=z|Th <o) = P.(Sp, =y|Th < ),

whence

(3.18) Z;) Z;)Py(STl = z‘TO < oo)g(z)
Z Z (STl—y’T0<oo) Zg

ze€D yeD ze€D

The identities (3.18) yield that

(319) 1— 3 3 B(Sn = 2| Ty < 0)/u(2)\/a(v)

=3 %, X R(sn =2 <) (ot - o)

yED zeD
Reporting (3.19) in (3. 16) we get

(3.20)  sup ®(¢,9) Z > P (STl -7 ‘ To < Oo) (F F)

peT yED z€D

Now, for any y, z € D such that |y — z| = 1, we have
1
Py(ST1 :z‘TO < oo) > 20
thus we have the lower bound

20 swee) > Y o (Voe) - Vi) = 3¢ (VeD)

y,z€D
ly—z|=1
Taking the infimum with respect to g € C' N M;(D) and coming back to inequal-
ity (3.11), we obtain the desired result. O
To clarify the proof of Theorem 1.4 it may be useful to consider the finite Markov
chain on D obtained from the simple random walk on Z¢ by restricting it to the
times when it visits D. This is the Markov chain where the transition probabilities
are given by

Q(yv 2) = Py(ST1 = Z)
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On the vertices y for which all neighbours are in D, this chain coincides with the
simple random walk. However all the vertices on the boundary of D are also connected
to one another, and this chain can jump from any boundary vertex to any other
boundary vertex. Such a jump corresponds to an excursion of the simple random
walk away from D.

The right hand side of (3.20) is nothing but the Dirichlet energy for this Markov
chain. Inequality (3.21) shows that the Dirichlet energy of this Markov chain for a
function g : D — R is always lower bounded by the Dirichlet energy £(g; D). Indeed,
we can simply restrict the sum to the transitions on Z? and ignore the additional
connections along the boundary.

In fact, this argument reduces the simple random walk on the infinite state space
Z¢ to a finite state space, in a way that is conceptually reminiscent of the compacti-
fication arguments employed to use Donsker—Varadhan large deviation estimates in
Bolthausen’s work [Bol94] and many other works on large deviations. However, the
advantage of this approach is that it does not alter significantly the geometry of the
ambient space. This allows us to use functional inequalities that are more readily
available in R¢ than on a torus.

3.5. Correction for the origin

The problem with the inequality of Theorem 1.4 is the presence of the infimum
over z € D. In order to go around it, we shall take advantage of the fact that
our trajectories are constrained to have a range of cardinality less than cn?. We
first bound from below the probability to travel between an arbitrary point of the
range and the origin. To this end, we shall use a standard estimate on multinomial
coefficients, that we recall next.

LEMMA 3.4. — For any k > 1, r > 2, any ky,..., k. € {0, ..., k} such that
ki+ ... + k. =k, we have
1 k! " ki k; r
—In——— “In- < —(lnk+2).
P P | S gk )

Proof. — The proof of this estimate is standard (see for instance [EI06]). Setting,
for k € N, f(k) =Ink! — kInk + k, we have

k! "
_ | — |
In okl In k! Z':lenkz.

r

= klnk —k+ f(k) = > (kilnk; — k; + f(k:))
— —ikilnlz—i-f(k)—if(ki)-

Comparing the discrete sum
Ink! = Z Ink

1<i<k
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to the integral flk Inz dx, we see that 1 < f(k) <Ink+2 for all £ > 1. On one hand,
fk)=> f(k) < mk+2—7r<r(nk+2),
i—1

on the other hand,

T

fR)=> flki) > 1= (Ink;+2) > 1-2r—rlnk > —r(lnk +2)
i=1 i=1
and we have the desired inequalities. 0
The box of side length r» > 0 centered at the origin is the set
A(r) = {(xl, cxg) ERYY €L, - d) —T/2<$i<7”/2}.

With the help of Lemma 3.4, we obtain the following lower bound for the symmetric
random walk.

LEMMA 3.5. — Let ¢ > 0. There exists ¢ > 0 such that, for n large enough,

Vie{n a1 Vaed(md),
P.(S, =0)+ Py(Sk_1 =0) > exp (—c'nQd/k) ,

Proof. — Let x = (z1, ..., x4) € A(cn?) and let k € {ndTL, ... ndt2}. We have

1 k!

PoS=0) = RS =2) = 2 i b

i1y ia

J1, - dd
where the sum runs over the indices 71, ji, ..., %4, jq such that
W= =1, ld—Ja=Ta, Uu+tji+ - +iatja=Fk.
The index i; corresponds to the number of moves associated to the vector (1,0, ..., 0),
the index j; to the number of moves associated to the vector (—1,0, ..., 0), and so
on. This set of indices is empty in the case where k and x; + ... + x4 don’t have the

same parity, that is why we have to consider the sum P,(Sx = 0) + P.(Sk_1 = 0).
To simplify the discussion, we assume that the term P,(Sp = 0) is non—zero. We
will get the desired lower bound by considering only one term in the sum, the term
corresponding to

ko ko ox . ko xq ko g

NEg Tt T Ty T g T T g T
To be precise, we should take integer parts in the above formula, but this would
become a bit messy, so we do as if all the fractions were integers. We get that

1 k!

20d  2)\2d 2/ 20d  2)\2d 2/

ANNALES HENRI LEBESGUE



The random walk penalised by its range 23

Taking the In and using the inequality of Lemma 3.4, we obtain

bk ow I koox Lz
e A T2 2B Codink +2
2 2d+2>n 2d 2/<:)+<2d 2)n<2d 2/<:> dlnk +2)
d T dzx; T
> i AR
>3 (5 )+ (- 5)m(r-°
ok ox\ /dxy ;)\ [ dz;
> AT _(_ _
g Z(2d+2>(k:> ( 2)( ) 2d(Ink +2)

> zdj (Z)ﬁ —2d(nk+2) > —d(Z) (en®)? — 2d(Ink + 2).

) —2d(Ink +2)

Using the hypothesis on k, we conclude that
n2d
InPy(Sp = 0) > —d> (k) —2d((d+2)lnn +2).

Since n%¢/k > n%2 > n, then for n large enough, we obtain the desired estimate. [

We will use Lemma 3.5 together with the next proposition in order to have a
deviation inequality for the trajectories starting from the origin. The idea is to
let the random walk evolve naturally over a certain time interval, so that it has a
chance to visit all the points of D, and in particular the point of D realizing the
infimum in the inequality of Theorem 1.4. Of course, we are forced to introduce a
correcting factor, but we will adjust our parameters so that this correcting factor is
not disturbing.

PROPOSITION 3.6. — Let D be an arbitrary subset of Z% and let g be a function
in ¢*(D). Let k,t be positive integers with k < t. Let r > 0. For any x € D, we have
‘ 1

2P (|-
1, x(t
P(| L0 -0

Proof. — Let s,t be such that 0 < s < t. We have

LY - ¢

< —, T <X
1,D t—k )

Po(Sk = 0) + Pu(Sp_1 = 0)

<T,7'<oo> <
1,D

1 1 1 1 1 1
HLtD—LSD HLtD— ~LP —LP —-LP
(3.22) S 1,D t s 1,D S S 1,D
’ 1 1 t—s t—s
< ’ ——|t+ < 2
t S S S

Let o € Z% be an arbitrary starting point. Let also 7 > 0 and let g be an arbitrary
function from D to R. We condition on the state visited by the random walk at
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time t — s, we apply the strong Markov property and we use twice the inequal-
ity (3.22) to get:

1
(3.23) Pz(’LtD—g2 <7< oo)
t 1,D
L/ p D 2 t—
> ZPZ/ St*S:ya ;(Lt _Ls>_g <r—2 , T <00
1,D
y€ezd )
1 t—

> > 1.7336(5,5_8:y)PyQLf—g2 <r—2 8,7‘<OO)

ez s 1,D

1 t—
> P.(Si—s :0)1[’<Ht[/f)—g2 <r—4 S, T < oo)
1,D

It might happen that P,(S;_s = 0) vanishes if |z|; and ¢ — s don’t have the same
parity. To avoid this nasty detail, we apply the inequality with s 4+ 1 instead of s.

Noting that
t—s—1 < t—s

AN 9

s+ 1 S

we get

1
P$ (HtLtD - 92

<r,7<00
1,D

1
- s -0 o ([lad -

t—s
<r—4 , T <00|.
1,D s

Summing this inequality and inequality (3.23), and setting k = ¢t — s, we obtain, for
any 0 < k < t,

1
2P, (HtLtD —g°

<7< 2
1,D

(Po(Sk = 0) + Po(S1 = 0)) P (\HLD —

k
<r—4——-—17<00|.
1,D t—k

We finally make the change of variable ' = r — 4% and we obtain the desired
inequality. U

4. A priori estimates
4.1. Control of the range

We shall obtain a control on the size of |Ry|. Let ¢ > 0. We write
exp(—cn?)

Bow (~ )

From [DV79, Theorem 1], there exists a positive constant k(1,d) such that

ﬁN<’RN‘ > cnd) <

lim — nE(exp (—|Rxl)) = —k(1,d).

N—oo fn,d
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We conclude that, for any ¢ > 0 and for N large enough, we have
(4.1) ﬁ’N< |Rn| > cnd) < exp ( —(c— Qk(l,d))nd> :

4.2. Control of the Dirichlet energy

We shall obtain a bound on £(fy) conditionally on the size of |Ry|.

PROPOSITION 4.1. — Let ¢ > 1 and k > 1 be such that /2 — 4dc > 0. For n
large enough, we have

P(E(fw) > mn'lun, |Ry] < en’) < exp (= (5~ 4de) n'lnn)
Proof. — Let \,c > 0. We write
P(&(fx) = M, [Ry| < en') = 3" P(fy = ¢),
¢

where the summation extends over the profiles ¢ : Z¢ — [0, +-00| such that
00) =1, > 6(y)* = N, [suppo| <en', E(¢) =M.
yezd

For such a profile ¢, we have, thanks to the inequality of Proposition 3.2:
N A
P(fy=¢) < —exp (—Qnd + oNNcnd> .
o

For the probability P(fx = ¢) to be positive, it is necessary that supp ¢ is a connected
subset of Z? containing the origin, and that 1 < ¢(y)? < N for all y € supp ¢. The
number of possible choices for the support of ¢ is bounded by (cd)C"d, where ¢4 is a
constant depending on the dimension d only. Once the support is fixed, the number
of choices for the profile ¢ is bounded by N en’ Tn the end, the total number of
profiles ¢ satisfying the previous constraints is bounded by (c¢yN )C”d. Therefore

N
P(E(fN) > A, |Ry| < cnd) < (ch)C”dE exp (—;nd + Oz\/Ncnd> .

We choose av and A of the form
|
a = M, A= klnn.
n

Recalling that n?*t2 = N, the previous inequality can be rewritten as

P(S(fN) > rkn?Inn, |Ry| < cnd)

nd+3 . Koy ;
< exp(cn <1ncd+(d—|—2)lnn)——n Inn++/cn lnn)
Inn 2
< exp ( — (; — 4dc> ndlnn> ,
where the last inequality holds for n large enough. O
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4.3. High density blocks

We divide Z? into boxes called blocks in the following way. The box of side
length r» > 0 centered at the origin is the set

A(r) = {($1, Lz ERY YL, -, d} —7‘/2<xi<r/2},
Let n be a positive integer. For 2 € Z?, we define the block indexed by z as
B(z) = nz+ A(n).

Note that the blocks partition R?. We perform here a deterministic construction on
any function f : Z% — R* in order to record the blocks where the function f has a
high density. This construction will be applied to build the coarse grained profile of
the function fy. Let f be a function from Z¢ to R*. Let n > 1, § > 0. We recall the
notation 2* = 2d/(d — 2) and we define

X(f,6) = {a:e 2 Y (fw)” = 52"nd+2*}.
y € B(z)

The exponent d + 2* corresponds to the typical situation for a block actively visited
by the random walk until time N: the number of visits per site should be of order
n?, so fy is of order n throughout the block. The blocks corresponding to vertices
outside of X(f,d) are low density blocks. Our goal is to control the total contribution
of these blocks to the 2*—norm of f.

LEMMA 4.2. — There exists a constant c; depending on the dimension d only
such that, for any function f from Z¢ to R*, we have

2% X a1-2/2¢ (1 2

S S () < el ) (1) ).

n
z€Z4\ X(f,9) yeB(z)

Proof. — Let f be a function from Z? to R*. Let z € Z¢. We write

(4.2) > (fw) = ( ) (f(y))Q*)lz/T( > (f<y>)2*)w.

y € B(z) y € B(z) y € B(z)

To control the last factor, we apply the discrete Poincaré—Sobolev inequality stated
in Corollary C.11:

2/2* )
(Z (f<y>)2) < (crs? (4l + B |

(4.3) y € B(z)
1 2
< 2(cps)’ <n2(||f’|2,B(x)> + 5(f»B($))> :
If 2 does not belong to X (f,d), then we have

(4.4) > (f(y))Q* < 6t

y € B(z)
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Plugging inequalities (4.3) and (4.4) into (4.2), we obtain

> (1) < (52*nd+2*)1‘2/2*2<cps>2(ni(Hfrlz,m))? +e<f,B<x>>) .

y € B(z)

Summing this inequality over the blocks outside of X (f,d), we get the estimate
stated in the lemma. 0J

4.4. Local averaging

In order to build a coarse grained image of the local time, we shall perform a
local averaging. The averaging operation is deterministic, so we define it here for
any function f : Z% — R. Let M be an integer which is a divisor of n. Let f be a
function from Z? to R. To f we associate a function f™ obtained by performing
a local average of f over boxes of side length M. Let us define the function f™
precisely. For z € Z¢, we define the block indexed by z of side M as

B'(z) = Mz + A(M).

We define a function TM from Z% to R which is constant on the blocks B’ (x),z € VAS
by setting

VeeZ! VyeB(z) My =

Yo f(z

z€ B'(z)

\B’

We have

@s) |7, = ¥ (FU@)

x €74

— }%dﬂy@ﬁ’(vy

We shall next bound the ¢2 norm of the difference between f and f™. Let z € Z%.
We apply the discrete Poincaré~Wirtinger inequality stated in Corollary C.12 to the
function f and the block B'(z):

(=7

We sum over z € Z%:

(Jr=7"1,)" < (Merw)” X €. B @) < (Mepw) ().

zeZd

> f ) <Y Y (1) =113

z€B'(z ze€Zd z€B'(z)

2, B'(z) ) (M ch)QS(f’ B'(z)).

Taking the square root, we conclude that

(4.6) |F=7Y], < Mepwi/E(F).
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5. Upper bound: proof of Theorem 2.2

We start here the proof of Theorem 2.2. Let ¢ > 1 and k > 1. We consider the
event

{ (fy) < sntlnn, |[Ry| < d}.

Let F be a collection of functions from Z? to R*. The estimate on the range (4.1)
and Proposition 4.1 yield that, for n large enough,

(5.1) E(e fy € F) < E(e7™; fy € F, A)
+ exp ( — (¢ — 2k(1, d))nd) + exp ( - (; - 4dc> n? lnn) :

From now onwards, we focus on estimating the term E(6*|RN|; fv € F,A). So we

suppose that the event A occurs and we deal only with trajectories of the random
walk belonging to A. Applying Corollary C.13, we have

(5.2) HfN o < CPS\/Qd(c:(fN) < Cps\/Qd/indlnn.

We apply next the deterministic construction of Section 4.3 to the function fy. The
corresponding set X (fx,0) satisfies:

(5.3) X (fn,9)| 0% 0™ < ([l fwl2
Therefore, combining inequalities (5.2) and (5.3),

1 z 1 . .
(5.4) ‘X(fN,(S)‘ < W(cjaS\/Qd/indlnn) < ﬁ(CPS)Q (2dr Inn)*/2.

In addition, since the range Ry is connected and has cardinality at most cn?, then
certainly the set X (fy,d) is included in the box A(3cn?~1); otherwise, the range
Ry would contain a vertex which is outside the box A(3cn?) (when coming back
to the original lattice, the scale is multiplied by n), and a connected set containing
0 which exits the box A(3cn?) must contain a path of length at least 3cn?/2. We
denote by X(N,§) the collection of the subsets X of Z? satisfying these constraints.
There exists a constant ¢y depending on the dimension d only such that, for n large
enough,

(5.5) ’X(N, 5)‘ < exp (cho) ,
where

1
(5.6) Co = 52 k*(Inn)®.

We decompose the expectation according to the value X of X in X(N,0):
(5.7 E(e™lifveFrA) = Y E(e™fy e F A X(f,0) = X).
X € X(N,5)

We fix next X € X' (N, ) and we shall estimate the probability appearing in the sum.
We perform the local averaging on fy, thereby getting the function fy ™. Using
inequality (4.6), we have

(58) Hf]\/—fi]\[]MH2 < MCPW\/E(fN) < MCvaIindlIln.
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5.1. The coarse grained profile

We build here the coarse grained image of the local time. Since M is a divisor of n,
then each block B(z), for z € Z¢, is the disjoint union of the blocks B'(y), y € Z,

which are included in it. Let us make this statement more precise. For z € Z?, we
denote by Y (z) the subset of Z? defined by:

Y(z) = {yez': By C Blx)}.
With this definition, we have
veeZ' Bz)= |J Bly).
yeY(2)

We recall that the norm | - |« is defined by

v($17"'7$d)€Rd |($17"'7xd)|00 = lrélzaé{d|xl|

For X a subset of Z¢, we define
X=XU{zez\XIyeX |r—ylo=1}.
We have the simple bound
(5.9) X < 341X].
We define also
Y(x) = U Y.

zeX
Since the blocks B'(z), z € Z%, are pairwise disjoint, we have
V(X)) x [AMM)NZ¢) < |X] x [A(n)nZ,
whence, using inequality (5.9),

3dnd
X

—

d
n —
(5.10) Y(®) < 1 1% <

We take now X = X(fx,0). The function fy is constant on each block B'(y),

o~

y € Y(X), and
VeeZd 0< fnM(x) < sup ful(y) < VN

y € Z4

We shall work in the domain

(5.11) D= Bw= U BW.

~

zeX yeY(X)
We define also the set

(5.12) E= |J B,

We apply Lemma 4.2 to fx. Recalling that
(Ixll)" = N = n*, &(f) < an'ln,
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we obtain

(5.13) > (fN(:c))2 < cd(62*nd+2*)172/2* (nd + kn? lnn) :

z €ZI\E

We discretize next the values of the functions Fv M. Let n > 0. We define the function
Mfx ™ by setting

Voeezt TiyMa) =9 U}fNM(x)J )

The function 7fy ™ restricted to D, denoted by "fy™|p, is the coarse-grained
image of the function fy. By construction, we have

veez! [fxM() "I "(@)| < 0,

whence, using inequalities (5.4) and (5.9) (recall that our ¢” norms are unscaled, see
the definition in formula (2.4)),

- - 2 —
(HfNM =1 fNMH2D> < 77| X|n
(5.14) ’ .
< 23 = 27/2 d
Putting together inequalities (5.8) and (5.14), we see that, on the event X (fy,d) = X,
we have

(5.15) | £x ="M, < To.

(cps)? (k1nn)

where

(5.16) Iy = MepwVendlnn + (772 34

1 2+ 2+/2 d 12
57 (cps)” (klnn) n)

The function 7 fy |p belongs to the collection G of the functions which are constant
on each block B'(y), y € Y(X), and with values in the set

N
{kn:kEN,O<k<\/n_}.

Using inequality (5.10), a simple upper bound on the cardinality of G is given by

3dpd
(5.17) gl < (“f)

— X
- (\/N ) ara X
X n .
Notice that the collection G depends on fy only through the set of blocks X (fx,9).
More precisely, once we know that X(fn,d) = X, then G depends only on X and
the parameters M, n, so we write G = G(X, M, n). We come back to equation (5.7)
and we decompose further the expectation as follows:

Y (X)]

(518) E(e ™ fy € F, A X(fn,0) = X)
< > E(e_‘RNl;fNG}", A, X(fn,0) = X, 77fiNM|D=9)-

9€G(X, M,n)
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Our large deviations inequality will involve the local time Ly, so we try to estimate
| Ly — ¢?|l1. p once we know that fy ™ |p = g. Let g € G(X, M, n). By the Cauchy-
Schwarz inequality,

|y =, , = |/ =, , < Ifv = gllon Ifn + gllap -
Suppose that " fy ™|p = g. Thanks to inequality (5.15), we have
(5.19) lgllz.0 < lfwllep+lg = fyllep < VN +Ty.
Setting I'y = I'o(2v/N 4 T), we deduce from the previous inequalities that
2
(5.20) v =g HLD < Ty

Inequality (5.18) and the above inequalities yield that

(5:21) E(e7 fy € F, A, X(fn,6) = X)
< Y B(e™hifveF, A X(fx.0) =X, | Ly — *llip <T1).

g€G(X, M,n)
llgll2, p < VN +Tg

5.2. Continuation of proof of Theorem 2.2

We still fix g € G(X, M, n). We come back to equation (5.21) and we estimate the
expectation

B(eR £y € Fy A X(fx,6) = X, [ Ly — ¢lln < T1).

We need first to bound from below |Ry| when Ly is close to g Let A > 0. If z € D is
such that ¢(z) > X and |Ly(z) — g*(x)| < A/2, then certainly Ly(z) > 0. Therefore

Byl > [{z€D: g% @) >\ |Ln(z) — *(2)] < M2}
> ‘{xED:g%x)}AH—H:EED:‘LN(x)—QZ(x)‘E)\/ZH.

Moreover, by Markov’s inequality,

(5.22)

{re D bxt) -] 2 2} | < §ex 7],
We conclude that

(5.23) E(e7 fy € F, A, X(fn,0) = X,

Ly — 92H1,D < Fl)

< exp (—’{xED:g2(I)>)\H+2/\Fl> x P(B),

where B is the event defined by

(5.24) B— {fN € Fo A X(fn:6) = X, Ly — lho < T } .
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It remains to estimate the probability P(B), for which we ultimately wish to use
Theorem 1.4. Recall the set E from (5.12). Then we have

(5.25) |Lnllio = | Lnlle = |Lnlli = |Ln]l, 20\ -

We estimate ||Ly||1,z4\p in the next Lemma 5.1.
LEMMA 5.1. — For n large enough, we have || Ly||1 z4\p < I'y where
Iy = 69 n®2(cgrlnn)¥? .

Proof. — We use Holder’s inequality with the exponents 2*/2 and d/2 to write

aheos < Y Y (@)

zeZi\X y€B(z)

2/2*
2+ 1-2/2*
< ( Z Z (fN(?/)) ) ’SUppr\E‘ .
z€Z4\X y€B(z)
Moreover, on the event A, we have
[supp fx \ B| < [supp fi| < e
Using also inequality (5.13), we conclude that ||Ly : ||1,z4\p < T O
It follows from inequality (5.25) and Lemma 5.1 that
P(B) = P(B,|Lylip > N-T3) = > P(B,||Lylp=t).

N-To<t<N
Now, if || Ly|l1,p = t, then 7(D,t) < oo and Ly(y) = LP(y) for any y € D, thus

1Ly — ¢*lhp = IL7 = 9*lh.p
and we obtain the bound
(5.26) P(B)
< Y P(fveF A X(fx,0) =X, |L = ¢*lp <T1, 7 <o0).
N-To<t<N
Let us fix ¢ such that
(5.27) N-Ty,<t<N.

The time has now come to make specific choices for the parameters o, M, n, A intro-
duced in the course of the proof (recall that A was introduced in (5.22)). We suppose
that

1 1
(5.28) § = A

, M =n", n=—, \A=n",
n”

where «, (8, 7, p are positive exponents, which satisfy furthermore

ne

*

2
(5.29) <1, 504—7<B, a<df,1+B<p, 2—4da/d<p, p<2.

These conditions imply that, as N or n goes to oo,

(5.3()) T, In nd/2+ﬁ’ I, In nd+1+5’ Ty In nd+274a/d’

n—o0 n—oo n—oo
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where ~, means that the logarithms are equivalent. In particular, we have

FO Fl FQ nd+1
5.31 —— =0, ——=0, ——=0 0
( ) \/N ) N Y N Y Fl % 9
whence for n large enough
(5.32) Ty <VN, TIy<30WN, n¥!'<Dy<n®™?, Ty,<N/2.

We apply Proposition 3.6 with 7 = 'y /t, and k = [T |: for any z € D, we have

1 1 r
P(”L? —¢lip<Ty, 7< oo) = P(HLJ;3 — g’ <L r< oo>
7 t t” lhyp 1
1 1 I, I,
[l < T <)

~

Py(Sir,) = 0) + Po(Sir, -1 = 0)
Moreover, using (5.27) and (5.31), for n large enough,
Iy 4 I' oIy T

+ ~ ~
t t—1I t—1I4 t

Since |Ry| < en?, then the range Ry is included in the box A(2cn?) and its trace on
the renormalized lattice is included in the box A(2cn®~!). The set D is obtained by
enlarging slightly this trace and then coming back to the original lattice, hence it is
included in the box A(3cn?). We bound the denominator with the help of Lemma 3.5
(notice that n?™! < T'; < n9*?) and we take the infimum over z € D:

(5.33) P(|LP - g2H17D <Ty, 7 <o0)

n2d 1 1
<2 / inf P, HLD—2
p( Lm)i?n (t c Y

For k € N and r > 0, we define the closed convex set

Ty
< —, 7<) .
1,D t

<7
1,D }

We apply the deviation inequality of Theorem 1.4 to the set C(g,t, 71 /t):

Ty )
<—,7< @
1,D t

Clg k) = {h c ((D): Hh _ ]192

1 1
(5.34) inf P, (HtLP S

zeD t

< exp (—t inf ;8(\/5, D)) )

The previous inequalities (5.33) and (5.34) yield that

(5.35) P( HL? - gQHLD <Ty, 7 < o)

2d

< 2exp|d n inf
T | heC(g,t,7T1/t)

;5(\/%, D)) .
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We deal next with the infimum in the exponential. Our first goal is to obtain a bound
which depends on N (and not on t). Let h € C(g,t,7T'1/t). We have

1 1 1 1
Y
H N 1,D tJ 1,D 7 TN 1,D

T (1 1],

<7l w 1l

Now, from (5.27), we have

‘1 1‘_N—t< T,

t NI Nt = N(N-Ty)°

Therefore, using the inequalities (5.19), (5.27) and (5.32), we get

1 Ty Iy 2
h——g*| < Fo+ VN
(5.36) H N7 1,D t +N(N—F2)(O+ )
) Ty 4T 141, &8I
< + < + )
N-TIy N-1I, N N
Setting
14T, 8T,
N) = -2

we conclude that
Ty
Clgt,— | C C(g, N,T’(N)) )
t
Recalling that t > N — I'y, inequality (5.35) now implies

P(JE2 s, <o 7<)

2d

n
< 2 exp (c/

[T1]

The good point is that this upper bound does not depend any more on ¢. Plugging
this upper bound in equations (5.23) and (5.26), we obtain

_ (N —T) inf { ;5(\/%, D) :he C(g, N, () }) |

204

(5.37) E(e_lRN‘;B) < 2(F2+1)exp<—‘{x€D:g2(x)2)\}‘—1- ;)

7’L2d

[T

Our next goal is to remove the dependence on ¢ in the upper bound. We wish to
obtain an upper bound which depends only on the set F. To do so, we shall control
the Dirichlet energy & (\/E, D) restricted to D with the help of the Dirichlet energy
& (\/ﬁ) in the whole space. Of course, this creates a correcting factor, which we study
in the next section.

/

b = (V=) in { ;5(\/& D):he (g, Nr(V) }).
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5.3. Truncation

We first define a truncation operator associated to the set X. Let ¢ : R? — [0, 1]
be a function such that

e supp ¢ C A(7/4),

e ¢ is piecewise affine on A(7/4) \ A(5/4),

e ¢ is equal to 1 on A(5/4),

e the gradient of ¢ has Euclidean norm less than 4 on A(7/4) \ A(5/4).
To the set X, we associate the function ¢x defined by

Vy €zt ¢X(y):max{¢(y/n—x):xEX}.
By construction, we have
(5.38) supp ¢x C U A(nz,2n) C D,

rxeX
where the domain D was defined in (5.11). Let f be any function in ¢*(Z%). We
define the function ¢x f by setting
VyeZ' (oxf)y) = ox(w)f(y).

If f is a function in £(D), we extend f outside D by setting f(z) = 0 for x € Z%\ D
and the previous definition still makes sense. We recall that the set F is defined
in (5.12).

PROPOSITION 5.2. — Let f be any function in ¢*(D). We have the inequality

E(f,D) = (maX <\/5(¢Xf) _inHQ,D\EaO)) -

Proof. — Since the support of ¢x f is included in D (see the inclusion (5.38)), then
we have

E@xf) = E0xfD) = 57 X (6x)f) —6x(2)())
i
1 2
-% T (ox@)(F0) - 1)) = (6x(2) - 6x0) /()
ly—z[=1
=5 £ ((6x0) (1)~ 1)+ (6x(2) ~ 6xt)) 1)
ly—z|=1

—20x(9)(£(9) = £(2)) (6x(2) — 6x(0)) /(=) ).

From the definition of ¢x, it follows that if |y — z| = 1, then |px(2) — ¢x(v)| < 4/n,
and ¢x(2) = ¢x(y) unless both y, z are in D\ E. Therefore we have the following
bound:

4

E(oxf) < E(f, D)+ (fl)z > Mg 3 Fw) - 1|1
iy
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Using the Cauchy—Schwarz inequality, we get

Z\ fw) = f(2)] |£(2)]
gt

yzeD\E y,z€ED\ E
ly—z|= ly—z|=1

< V24E(f, D\ EW2||flbove = 2d\/E(£, D) | flape -

Reporting in the previous inequality, we have

£(ox1) < EG.D)+ 5 (IFl.075)” + VEG D)l o1 o

= (VEGD)+ lois)

from which we deduce easily the inequality stated in the proposition. O

5.4. End of proof of Theorem 2.2

We come back to inequality (5.37). We wish to obtain an upper bound which
depends on the set F and not on g. We know that fy belongs to F, so we pick a

function h in C (g, N,r(N )) and we try to control the distance between %LN and
P3h. We write

1 1 1
| =i < | in = g L| +[okin -

and we control separately each term. For the first term, we use the fact that ¢x is
equal to 1 on F and Lemma 5.1 to get

1 1 [y
(5.39) HNLN_ N¢§<LN X < HNLNHI,Zd\E < N
For the second term, we have, recalling that supp ¢x C D and the definition of B
n (5.24), and using (5.36),

[kt —ain] < |Ev—t]
540 <5t wol, o lwe -l
< 1;\; + r(N)
Inequalities (5.39) and (5.40) together yield
(5.41) HNLN _ ¢>XhH 2 Loy,

N
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Furthermore, we have, by inequalities (5.20) and (5.41),

L 5 H I, 1 H 1 2
—q° — oy h < ||—=¢g°— =L + |[—=Ly — o5 h
HNg Ox 1.D N NN 1,D NN Ox 1,D
(5.42) r r r
< L2yt N) .
N + N + N + 7(N)
Let us set
FQ Fl 16F1 9F2
4 'y = = 4+ 2— N) < —.
(5.43) 3 N + N + 7(N) N + N

We work next on the first term in the exponential appearing in (5.37). For any
f € (1(D), we have

Ha:ED:g?(x)>/\H > HmGD:f(m)gi\i" f(x)_92]§[x) <J)\\[}|
2‘{xEDif(x)B?\?\}‘—erD:'f(m)_;gQ(x) 22{}'

Moreover, by Markov’s inequality,

Hx e D:|j() 10

A}
>
N

<
A

whence

erD:gz(asDAH > erD:f@)}?\)f\H _];fo_]bgz

1,D

Let h € C(g, N,r(N)) and let us apply this inequality with f = ¢%h. Together with
inequality (5.42), we obtain

HxéD:g%x)})\}’ >

{xeDz(&h)(@ > 2A}| -,

Taking the supremum over h in C(g, N,r(N)), we get

HxéD:g%x)})\}‘

> sup{|{a:€D:(¢§(h)(:v) > N}’:heC’<g,N,r(N)> } —]Irg.
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Plugging this into inequality (5.37), we arrive at

N 2 2d
E(e“RM;B) < 2(Tg + 1) exp <F3 Ik J

A A |y
—sup{‘{xED:(qﬁ%{h)(x) > i\i\}‘:hEC@,N,T(N))}

et { S0y g 0r) )

N 2F1 n2d
< 2(I 1 —I — 4
(T + )exp(A st T

_inf{HIED:(gbg(h)(x) > ?}’—I—N;FQé’(\/ﬁ,D):heC’(g,N,T(N)) })

Let again h € C’(g, N, r(N)). We apply Proposition 5.2 to the function f = v/h:

EWh,D) > (max< g(ng\/E)_iH\/EHZD\E,O)) :

Now, using inequalities (5.39), (5.40) and (5.43), we get

2
(IVR]l2, 0\ &)
1 1 Iy Iy
Al D\ E H N 1,D\E+HN M|y 2 N+7’( )+N 3
We conclude that
N 2r n2d
5.44) E(e 1BN1B) < 2(Ty + 1 A el
i) B(e58) < 2t e (s 5y

—inf {erD:(qb?Xh)(:v) > 2]3}
+ N;F2<max< E(pxVh) — 4\7/5_3,0))2 che C(g,N,’r(N)) }) .

Our next goal is to remove the term 2A/N appearing in the infimum. Let us fix again
hedC (g, N,r(N )) We define an auxiliary function h by setting

VreZ' h(z) = (max(gf)x\/ﬁ(z)— ?,0))2.

Let also define

A= {erd:¢X\/ﬁ(x)> i\)f\} = {erd:B(:r;)>O}.

Obviously, we have A C D (since supp ¢x C D) and

4] < {xGD:qﬁg(h(x)}?\)f\H.
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We have then

5(\/i>=21d > (@-M)z

y,zEZd
ly—z|=1
2
1 2 1 2\
= 27 yy;A <¢X\/ﬁ<y) — (bX\/E(Z)) + dyeg;gA <¢X\/E(y) - N)
ly—el =1 2| =1
< E(oxvh).

We conclude that

2
2\ N-T 44T
(5.45) |{$€D:(¢§(h)(x)2N}’+ 5 2 (max( E(opxVh) — f,O))
2
~ N-T = 44T
{xEZd:h(x)>0}‘+ 5 2(max( 5(\/2)— \{1_3,0)) .
We evaluate next the distance between h and Ly /N. To that end, we introduce the

function

>

=

g 1 1 2\ ’
VeelZ NLN(Q:)— (max(mf]v(x)— N,O)) :

and we write

—~—

~ 1
h——L
NN

e~

1 1
—Ly — =Ly

<
N N

~ 1
4 h— —L
(5.46) H NN 1

+
1

1

We shall control the first term with the help of the following Lemma 5.3.

LEMMA 5.3. — For any s,t > 0, any a > 0, we have

(max (Vi —a.0)) ~ (max (v5—a.0))

Proof. — If \/t > /s > a, then

(max (Vi = ,0)) ~ (max (v5—a,0))

= (Vi-a) = (vs-a)
—t—s—2a(Vt—+/5) <t—s.

2

< |t —s].

2
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If Vt > a > /5, then
(max <\/¥—a,0)>2 - (maX (\/E—a,0)>
= (Vi-a) < (Vi-v5)

= ( L=s )2 < (t—s)(HS <t—s.

In each case, we obtain the desired inequality. O

2

Now, thanks to Lemma 5.3 applied with
1
a=/2\/N, t=¢%h(z), s= NLN(QS) :

we have

~ 1
h— —L
NN

1

Bh(w) = 3 In ()| = [ich - 5

¢%h — —Ly

<
N 3

?

N

<X
1

x €74

1

where the last inequality is a consequence of inequalities (5.41) and (5.43). We deal
finally with the second term of formula (5.46). We set @ = 1/2A/N and we define
1
B = {xEZd:NLN(:I:)>a2}.
We have
11 1
NLN — NLN + Z NLN(Q:)

x € Z4\B

S |(pdvia) o) - Lw(

1 z€B

<X

reB

<3CLZ

reB

1
2 2
a _2amfN(x) +a ‘Suppr‘
1

VN

< 3afsupp fy|

fr(z)| + ag‘supp fN‘

1 1/2

NLN X —i—aQ‘suppr‘

2\ 2\ 2cA
< 3\/ﬁcnd—|—ﬁcnd < 4\/%,

where the last inequalities come from the fact that, on the event A, the range of the
random walk has cardinality at most cn?, and that \/n? = n?=2 goes to 0 as n goes
to co. Plugging the previous inequalities in inequality (5.46), we obtain that

2cA
< Ty+ 4|52
1 n

We conclude that, if h € C(g, N,T(N)) and fy € F, then h € V(F,T4, N), where

2e\
Ty = Ty +4/ ==,
n

1/2

|
h— —I
H NN

ANNALES HENRI LEBESGUE



The random walk penalised by its range 41

and
1
V(F,T,N) = {heel ()3 reF |h-5r < r}.
1
Together with inequalities (5.44) and (5.45), we obtain finally that

E(e"RM;B)

N 2r 2d
< 2Ty +1)exp (Fg—i- ek R VY {

A A T ]
4?,0))2 :heV(F,Ty,N) }) .

R (mx( e(vi) -

We have reached our goal, indeed, this last upper bound depends only on the set F
and it is uniform over g € G(X, M, n). We report this upper bound in the successive
decompositions in sums presented in formulas (5.7) and (5.21). These two formulas
imply that

E(e’lRm;fN eF,A < ‘X(N,d)) X ‘Q(X, M,n)) X sup E(e"RM;B),

where the supremum is over X € X (N,¢) and g € G(X, M,n). Using the combina-
torial bounds (5.4),(5.5),(5.17), and recalling the definition of Cj given in (5.6), we
have, for some constant c¢; depending on the dimension only,

nd

— ¢4C;
’X(Nﬁ)‘ < exp <Cd00); 1G] < <\/T]N) M

{xEZd:E(x)>O}’

Together with our upper bound on the last expectation, this yields

(5.47) In E(e"RM;fN € F,A) < C, —inf { ‘{x e 2% : h(z) > 0}‘+

N;FQ (max( g(ﬁ) _4?’0)) :EEV(.F,F4,N)}7

where

n? N 21 n2d

N
C1 = caCo+ —caCp In <\/77_> + In (Z(Fg + 1)) +—I3+—+¢

Md A A Ty
We compute the asymptotic expansion of these different terms in powers of n. Re-
calling the definitions of Cy and I's given in (5.6) and (5.43), we obtain, using (5.28),

(5.48) O ng}oo ne2 Ty nigoo nf-1 4 pald
Together with the relations (5.30), this yields

In addition, we have

F4 }g nﬂfl + n74a/d _i_np/Zfl.
n—00
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We make next a specific choice for the values of the exponents, which satisfies the
constraints stated before . However we do not try to look for the best possible
exponents. So, we choose

d d? 15

3

With this choice, we obtain that

In — In In — In —
Cl o nd 1/8 : Iy, ~ nd+5/3 7 F3 2 on 1/4 : I, ~ n 1/16 )
n—00 n—00 n—00 n—00

The equivalents above are logarithmic, however, by perturbing slightly the values of
the exponents «, (3,7, p, we can ensure that, for n large enough,

C(1 < nd_1/87 FZ g Nn_1/47 4\/ F3 g n_1/87 F4 < n_1/16'

Plugging these inequalities in (5.47), we obtain finally the statement of Theorem 2.2.

6. Continuous version of Theorem 2.2
6.1. Linear interpolation

We need a version of Theorem 2.2 in which the discrete Dirichlet energy is replaced
by the continuous one, so that we can use quantitative versions of the Faber—-Krahn
inequality. The first step is to transform the local time into a function defined
continuously everywhere on RY. We will state such a version in Theorem 6.2. We
start preparing for this result. B

Let f be a function defined on Z? with values in RT. We define a function f on R?
by interpolating linearly f successively in the d directions of the axis. More precisely,
we set fo = f and for all (z1, ..., 74) € Z9,

Vael0,1] fl(omjl +(1—a)(zy+1),z9, ..., :cd)

= Oéfo(.fEl,U..., ﬂfd)—{—(l —Ck)fo(l’l +1, ey .CEd).
We define iteratively, for 2 < k < d, for all (a1, ..., zp_1) € RFL for all (zy, ..., z4)
c Zd—k—i—l
Vae [O, 1] fk(xl, ce oy L1, TR + (1 — Oé)(ﬂ?k + 1), Thaly--- ,QZd)
=afp-1(z1, .o, Tpo1s oo, Ta) (L= @) fia(@n, o mem + 1, @)
and finally f = f,;. Let C be the unit cube
C = {x:(xl, coxg) ERYI0 L2 < 1, léigd}.

Let us denote by D? the union of all the lines parallel to the axis which go through
the points of Z?. We make the following observations relating f to f.
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LEMMA 6.1. — The function f is continuous on R? and C* on R? \ D?. We have
(6.1) [ J@de =% f),
Re z€Z4

(62) | fapde< ¥ g2,

(6.3) /R d

Proof. — With the help of a standard induction, we get the following formula
for f:

V(oo ya) €27 Y (21,0, 2a) € (Y1, Ya) +C

V@] do < dg ()

flay, ... zq) =
Z f(yl +E1, .5 Yd Tt Ed) H ((1 - €k)(1 — (7 — yk)) + en(zy — yk)) :
€1,...,£4€{0,1} 1<k<d

Let us compute the integral of f over R?. We have

/Cf(x)dx B /c)<x1<1 ( (/ogxd@f(x)dxd) )dwl'

Let us fix (71, ..., z4_1) € [0,1]¢"! and let us compute
/ f(xla"wxd)dxd:
0<zy<1

/ ((1 — :L‘d)fdfl(l‘l, ey LTg—1, 0) + -’Edfdfl(xly ey Lg—1, 1)) d.’L’d
0<$d<1

1

= 2(fd—1(1317 ceey LL’d_l,O) + fd_l(l’l, ey .Td_l,l)) .

[terating this computation, we obtain

~ 1
/Cf(x)d:p: 5 > f(x, ..., xq) .

T1,...,2d € {071}

Each point of Z belongs to 2¢ integer translates of C, therefore

| i@ =% [ f@dr= ¥ f@
yezd ‘¢ zezd
which proves (6.1). Inequality (6.2) is proved in the same way, by using d times the
convexity of the function ¢ — t? in the linear interpolations. Our next goal is to
compute the integral of (V£)? over R% Let us first compute its partial derivatives.
For simplicity, we deal with the derivative with respect to the last variable x4, and

we consider only the points z in the unit cube C:

of d—1
af(q;) = Z Ddf(gl, ey 5d—1) H ((1 - €k) (1 - SL’k) + 5k$k) ,
Ld 61,...,6(1,16{0,1} k=1
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where we define, for e, ..., g4 € {0,1},

Ddf<€1, ...,gd,l) = f(al, ...,5d,1,1) - f(sl, ...,ed,l,()).

We apply Fubini’s theorem to write

/<aagi( >) de = Y Daf(er, .., ea1)Daf (), - gl y)

€1, €d—1 €{0,1}
e, .l €{0,1}

dl:[l (/01 ((1 - 5k)(1 — SUk) + €k$k> ((1 — 52)(1 — :Uk) + 52:@) d:ck) .

k=1

We compute the value of the integrals. For €, € {0,1}, we have

[ (091 ser)(a-20 ) )i = o).

where ¢ is the Kronecker symbol. Next, we have the bound

/(; (gil( )) dr < > (Ddf(el, sd_1)> 1;[615(1+5 er€k))

€1y, €41 €{0,1}
€hsennel_ €{0,1}

= > (Ddf(el, ...,5d1))2.

€1, €d—1 €{0,1}

Next, we sum the previous inequality over all integer translates of the unit cube C.
We obtain

L (§£<x>)2 = 2 [ () w

< Z 2d 1 Z <f<y1+517"'7yd1+5dlayd+1)

yezd €1,..,€d—1 €{0,1}

— f(y1 + €15y Yd—1 T 5d—layd)>2

=Y (f(yl, s Yasyat 1) =y yd_l’yd))z'

y € Z4

Summing finally the integrals associated to each partial derivatives, we conclude
that

/Rd]vffdx < dE(S).

Notice that, in the definition (1.6) of £, each edge of the lattice appears twice in the
summation. This proves (6.3), which finishes the proof of the lemma. U

ANNALES HENRI LEBESGUE



The random walk penalised by its range 45

6.2. Rescaling

We denote by ZZ the lattice Z? rescaled by a factor n: Z¢ = 179 We shall
simultaneously rescale the space by a factor n and the values of Ly by a factor
nd/N = 1/n%. Starting with the local time Ly, which is a function defined on Z¢,
we define the function ¢, on R by setting

d
n
(6.4) VeeR? Iy(x) = NLN(LM:J).
For ¢ a continuous function from R? to R, we define its support as
supp g = {SE eR’: g() #0},

and we denote by |supp g| its Lebesgue measure.
Here is a continuous analogue of Theorem 2.2.

THEOREM 6.2. — Let us denote by D% the union of all the lines parallel to the
axis which go through the points of Z®. Let L be a collection of functions from R¢

to R* such that HEHQ =1 for ¢ € L. For any k > 1, we have, for n large enough,

E(e“RM;EN € £) < 3exp (—Fmd) + exp (znd—1/8_

, 1 ) > Vd )
ndlnf{‘suppg‘+2d(1—n 1/4)<max< /Rd‘Vg’ d:r—nl/s,0>)

1
. g is continuous R? — R* and C*° on R*\ — D,
n

< 3 :
ORI })

Proof. — Let us define formally the operator which transforms the function fy into
{y asin (6.4). To a function f: Z? — R*, we associate a function ®,,(f) : R — R*
by setting

(6.5) VreR! &.(f)(z) = %(f({nmj))z.

With this definition, we check that ¢, = ®,,(fx). Therefore
Bty e £) = B fy € F),
where F is the collection of functions defined by

F=0L) = {f:2' >R, a,(f)eL}.

Jlel |g*—¢

We apply the upper bound of Theorem 2.2. For h a function from Z? to R*, we
denote its support by

supph = {xGZd:h(x)séO}.
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Let k > 1. For n large enough, we have
E(e"Rm; Iy € E) < exp (—/md) +
exp (nd—l/S — inf { ‘supp h‘ + ];[ (1 — n—1/4) <max < 5(\/@ — n91/8’ O>>2

2| < 1
1 = opl/i6 )

In the infimum appearing above, we can limit ourselves to functions h for which the
infimum is of order n¢, otherwise the exponential becomes negligible compared to
the first term exp(—#n?). The relevant functions h should be such that

chel (2,3 feF H

(6.6) ‘ supp h‘ 2kn? 5(\/@ < 3K .

n2
We make also the change of function h — h%. We obtain that, for n large enough,

(6.7) E(€7|RN|;£N € E) < 3exp (—Fmd)

d-1/8 _ . N —1/4 1 ’
+exp (n —mf{‘supph‘—l—Q(l—n /)<max< €<h)—n9/8,0>>

supph‘ 2kn? €(h) < 3—’1

)
n2

< 1
<))

We apply now the linear interpolation procedure described in Section 6.1 to the
function h appearing in the above infimum. Since ||f?||; = N for any f € F, the
constraint on the function A implies that

the (2%, h>0,

1
3 2 - r2
fer ‘h Nf

(6.8)

bl -1 <

n1/16

Starting from a function h in ¢*(Z%), we apply the interpolation procedure and we
obtain a function i in L?(R?) which satisfies, according to inequalities (6.2) and (6.3),

~ ~12
(6.9) Rl ooy < Whlles, [ V[ dr < ag@m).

We wish to obtain an infimum involving only continuous functions, so we have to
get completely rid of the discrete function h. Therefore we should control | supp £ |
and the distance between h and the set £. Let us start with |supp h|. The linear
interpolation % of A is non—zero only in the unit cubes having at least one vertex in
the support of h, therefore

(6.10) ’{xERd } |supp h | +

| <
HxEZd\supph Ty esupph | — yYloo < }‘
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Notice that we use | - | to denote the Lebesgue measure for a continuous set and the
cardinality for a discrete set. Each point z of Z? admits 3¢ points y € Z? such that
|z — y|oo = 1, therefore

(6.11) HxERd:E(x)>OH < (3d+1)‘supph‘.

This inequality will be useful, however we need a better lower bound for ‘supp h ‘,
therefore we need a better upper bound on the last term in inequality (6.10). This is
a delicate matter. Our strategy is to use the bound on the discrete Dirichlet energy
to control this boundary term, and to do so, we truncate the function at a fixed level
A > 0. Since h(z) is a linear interpolation between the 27 values of h at the vertices
of the unit cube containing x, we have

(6.12) ’{xERd:E(x)>)\H<‘supph‘
—i—‘{xGZd\supph:ElyESupph 7 — yloo < 1, h(?J)?AH.

Let C be a unit cube with vertices in Z% such that one vertex z of C' is not in supp h
and another vertex y of C satisfies h(y) > A. Then there exist two vertices z/,y" of
C which are nearest neighbours and which satisfy

/ / )\

and the contribution to the discrete Dirichlet energy £(h) of the edges belonging to
the boundary of C' is larger or equal than

1 ) N2 1 A2
() =) > S

An edge belongs to at most 297! unit cubes. The number M of cubes making such
a contribution satisfies therefore

1A 1

gpigit S €
Moreover the last term in inequality (6.12) is bounded from above by M22¢. Taking
into account the bound on £(h) given in (6.6), we conclude that

(6.13) ‘supph’ > erRd:Tz(:z:)>)\H — M2*

~ d25 3k
d.
In order to delay the rescaling of the space, we define an intermediate operator
® acting on the functions as follows. To a function f : Z¢ — R*, we associate a

function ®(f) : RY — RT by setting

veeR  #(@) = (£(l2)))

We rewrite (6.5) with the help of ® as follows:

(6.14) VeeRY  O,(f)(2) = %@(f)(nx).
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Let now f be an element of F such that
I
=57,
By definition of F, we have that @, (f) € £. On the one hand, we have
1 1

©15)  [em) - 5o v < 77

1
= opl/16 e

h? —

2_i 2

N

N
On the other hand, we have

(6.16) ‘

LiRY) ‘

e = Lo

VeeZ' D(x) = {yE]Rd: ly] :x}.
We can rewrite the previous integral as

L1(R4) B Z /D(z)

oy [? —h(LyJ)2’ dy

<Y sw |h(y)? - h(@)?

rezd YED(z)

< > Qdmax{‘h(y)Q—h(2)2‘ y,2 € D(2)NZ% |y — 2| :1}

x €74

W2 — o(h h(@)? — h(|z))"| de.

Let us define

mn)P?—mm

< Y2 Y |h)? - =)
zezd y,2 € D(z)NZ?
ly—z[=1
<2 3 |hly) = h(z)| x |hly) + h(2)
ly,ze‘ZdI
y—z|=

1/2 1/2

<2 Y |h(y) - hz) > |hly) + k()

y, 2 €74 y,z€ 24
ly—z|=1 ly—2|=1

1/2
< 22(2d€(h)) 8|l 2z -

Using inequalities (6.6) and (6.8) (remember that we changed h into h? just after-
wards), we obtain that

| ]

(6.18) ‘W—@m)

LIRY) n
Combining this inequality and inequality (6.15), we conclude that, for n large enough,
1 02d V3K n 1 2

n

72
h* — N(p(f) nl/16 = 1716

In addition, the function h has bounded support and it is continuous on R?. Let us
denote by DY the union of all the lines parallel to the axis which go through the
points of Z2. The function h is also C* on R?\ D?. Thus we can take the infimum

(6.19) ‘

< 3247

L1(R4)
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over the set of functions having these properties. We are now ready to substitute h
to h in inequality (6.7). We bound from below the infimum in the exponential with
the help of inequalities (6.9), (6.11), (6.13) and (6.19):

(6.20) E(e’lRN‘;EN € £) < 3exp (—/md)

+ exp (nd_l/g— inf{’ {xERd:lNL(x)>)\}‘

d2**3k N . 1
e O Yy /4
32 n2+ 5 (1 n )(max( p

. b is continuous R — R* and C* on Rd \ D%,

2
1
da: 9/8,0)>
2
<
f) Limdy S ni/6 })

We are almost done. We make a change of scale in order to replace F by L in the
infimum. To the function h : R? — R*, we associate the function h, : RY — R*
obtained by rescaling the space by a factor n and the values by n%/?:

- 1
/R a——
N (

)suppﬁ’ < <3d+1) 2ent 3 feF ‘

VzeR? h,(z) = n¥?h(nz).

We have then

‘suppﬁn’ = nd‘
(6.21) ‘ {xERd:ﬁ(as) >>\} ’ = nd‘ {xERd:fzn(aﬁ) >nd/2)\}

o

Moreover, using the identity (6.14), we see that

th(x)’2 dr = nd/Rd ‘nVﬁ(nx)‘zdm‘ = n? /Rd ‘Vﬁ(z)fdx.

(wm‘ﬁ—%m

L1(R4)
- 1
= [ W= S o(f)
Rd

(nz)? — () (na) =

dx:‘

LM(RY)
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Remember that F = @, (L), thus ®,(f) € £ whenever f € F. The identities (6.21)
and (6.22) allow to rewrite (6.20) as follows:

(6.23) E(e"RN‘;EN € L) < 3exp(—rn®)+

exp (nd_l/g — inf {nd‘ {x e R?: hy(x) > nd/Q)\} ‘

2
d2*¢3k N 1 1 ~ 2 1
Bl A TN & IR v = =
2 2 + 5 (1 n ) max e /Rd th) dx Y 0

- 1 -
. hy is continuous RY — R* and C* on R\ —D, ‘ supp h,, ’ < (3d + 1) 2K,
n

2
< .
Ly 0t/ })

Itel |h2—t

_dt1
We choose A =n~"2 and we set

VreRY g(z) = max (ﬁn(x) - \/1%,0> .
This function g satisfies
‘{xeRd E()>nd/2A}‘ erRd g(x)>0}’,
(6.24) 1/16 / o do > / o de

/Rd]wn] dr > /Rd\vg] dz

Moreover we have

(6.25) H92 — g(:zc)2 - ’dm

L' (RY)

\

+

supp i )"”)

Supp g DW +

L2(R) (

Hg e (

supp E D 12

((3d +1)2k)

L2 ]Rd<

1/2
< .

é\%%\ S\ S\

ANNALES HENRI LEBESGUE



The random walk penalised by its range 51

Plugging the inequalities (6.24) and (6.25) in the infimum of (6.23), we get, for n
large enough,

E(e“RM;EN € ﬁ)

< 36xp(—mnd) + exp (nd1/8 — inf {nd‘ supp ¢ } — d2%43knd1

2 _n1/4)<max (M [

g

2
2 1

3
<—— ).
Liey 0t/ })

For n large enough, this inequality can be rewritten as in the statement of Theo-
rem 6.2. U

1
. g is continuous R — R and C®on RN\-D? 3 (€ L
n

7. Application of the quantitative Faber—Krahn inequality
7.1. Statement

A crucial ingredient to extend Bolthausen’s result to dimensions d > 3 is the
quantitative Faber-Krahn inequality. Currently, the best version of this inequality is
due to Brasco, De Philippis and Velichkov [BDPV15]. A weaker version was proved
before by Fusco, Maggi and Pratelli [FMP09], and we could very well rely on this
weaker version to achieve our goal. Let G’ be an open subset of R? having finite
Lebesgue measure. Let A(G) be the first eigenvalue of the Dirichlet-Laplacian of G,
defined by

\NG) = mf{ /G\vufdx; lullac = 1}.

Recall that our notation differs from Bolthausen’s by a factor 1/2: the notation A\(G)
in [Bol94] is half of the quantity defined above.
To control the distance of G to a ball, we define the Fraenkel asymmetry

AG) = inf{ ‘ﬁg|3| : B ball such that |B| = |G| } :

where GAB is the symmetric difference between the sets G and B.

THEOREM 7.1. — There exists a positive constant o, which depends on the
dimension d only, such that, for any an open subset G of R? having finite Lebesgue
measure, we have, for any d dimensional ball B,

GIING) = [BIN(B) = 0 A(G)?.

This result is proved by Brasco, De Philippis and Velichkov [BDPV15]. With
the help of this quantitative Faber—Krahn inequality, we shall prove the crucial
Lemma 7.2, which is the d dimensional counterpart of lemma A.1 in Bolthausen’s
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paper [Bol94]. Let A4 be the principal eigenvalue of —A in the unit ball B(0, 1) of
R?, let wy be the volume of B(0,1), and let us define

1
A @2
Pa = dgwd ’

Let G be an open subset of R? having finite Lebesgue measure and let » > 0 be such
that |G| = r9wy. The classical Faber—Krahn inequality states that

Ad

5
T2

(7.1) AG) =

while the inequality of Theorem 7.1 can be rewritten as

(7.2) AG) > :2<Ad+UA(G)2> .

(wq)?/
By the classical Faber—Krahn inequality, we have

1 Ad
— > rd :
|G| + 2d/\(G) > rwg + 5,2

Let us define

Ad
2dr?

The function ¥ admits a unique minimum on R* at r = p,;. The constant g is
defined through the variational formula

(7.3) Vr>0 o(r) = rtwg +

1
Xq = inf { |G| + Q—d)\(G) : G open subset of Rd} :

We conclude from the previous inequalities that

d
d+2 (Mg 4+2 2
Xda = —5— <d2> (wa)d+2 .

Let ¢ be the eigenfunction of —A in B(0, pg) with Dirichlet boundary conditions
associated to Ay and normalized so that ||¢|ls = 1, ¢ > 0. We extend ¢ to R? by
setting it equal to 0 outside B(0, py). For x € R we denote by ¢, the translate of
¢ defined by

VyeR! ¢,(y) = oy —).

We state next the counterpart of Lemma 7.2 [Bol94, Lemma A.1 of Bolthausen’s
paper]. The difference is that we work in dimensions d > 3 and in the full space rather
than in the torus. The spirit of the proof is exactly the same as in Bolthausen’s case,
the major new input is the quantitative Faber—-Krahn inequality. Equipped with this
powerful inequality, the proof becomes more transparent than Bolthausen’s proof,
which contains somehow a two—dimensional version of a quantitative isoperimetric
inequality.
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LEMMA 7.2. — If g: RY — RT is C™ and such that ||g|lo =1, g > 0, and if
— inf |lg— o,
e = inf g~ 6l > 0
is small enough, then
1 2 18
‘{9>0}‘+ﬁ Rd’Vg‘ dv > xq+¢7°.

Proof. — There are many constants involved throughout this proof. So we denote
by ¢ a generic positive constant which depends only on the dimension d, and we
warn that of course the value of ¢ changes from one formula to another! Let g be a
function as in the statement of the lemma and let us set

G={zeR:gx)>0}.

We need only to consider the case where |G| < oo and the function g is such that

6]+ 55 [ [V6[ dr < 20

The Sobolev inequality implies then that there exists a constant cs(d) depending on
the dimension only such that

(7.4) ol < estd) [, (4 +[ o[} do < es(@)(1+ adxa).

Let r > 0 be such that |G| = 7%w,. Applying inequality (7.2) to the set G, we obtain
1 2 d 1
(75) |{g>0}] +ﬁ/Rd‘Vg‘ dv > 1%a+ 5 NG)
o A(G)? o A(G)?
M+ ST 2 I
2dr? < 4T ) ) i)+ 2dr2(wg) 21’

where 9(r) is the function defined in (7.3). We recall that the function ¢ admits
a unique minimum at r = p,; and moreover ¢”(p;) > 0. Therefore there exist two
positive constants 7, ¢ such that n < pg/2 and

(7.6) Vr€lpa—npa+nl0r) = ©(pa) +clr—pa)?.

For ¢y > 0 small enough, we can take 7 sufficiently small to ensure that we have in
addition

> wad +

VreRN\lpa—n/2,pa+n/2[0(r) > ¥(pa) + (0)*.

In particular, the inequality stated in the Lemma 7.2 holds if ¢ < gy and if r does
not belong to the interval |ps — /2, pa +n/2[. From now onwards, we suppose that
e < g9 and we consider only the cases of sets G such that p; —n/2 <r < pg+n/2.
From inequality (7.6), we see that we need only to consider the case where

(7.7) c(r —pa)? < &%,
Recalling that ¢(r) > xq4, it follows from (7.5) that if
o A(G)? S B
8d(pa)*(wa)?/d ~ 7
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then the inequality of the Lemma 7.2 is satisfied. From now onwards, we consider
only the cases of sets G satisfying

1
(7.8) AG) < \/Sd(pd)Q(wd)Q/de‘*S = e,
o
Therefore there exists xy € R? and ry > 0 such that
(7.9) ‘GAB(ZL‘O,TO)’ < (2pq)%wae® < ™.
This inequality, together with inequality (7.7), imply that
(7.10) ‘7’0 - pd‘ < e,

Let 6 > 0. We shall compare [za Vg‘Qd:E with A(B(xo,ro + 6)) To this end, we

truncate smoothly the function g as follows. Let A be a C™ function from R? to
[0, 1] satisfying

VreR? h(z) =

1 if x € B(xo,10)
0 ifx¢& B(xe,r0+9)’

as well as the following bound on its gradient:
vz eR! |Vh(z)| < g
We set g = hg and we estimate the Dirichlet energy of g as follows. Let
A = B(xg,m0+9) \ B(xg,70),

we have

(7.11) /]R V[ da = /B(m,nn

2 2
</ V[ d + / V| g dw + / 2hg|Vh| |Vg|da.
R4 A A

2, c\?2 9
/‘Vh‘ g dr < () / g dz.
A ) ANG

Yet, using (7.9), we have

Vo[ de + /A\V(hg)fdx

Moreover

(7.12) [ANG| < |G\ Blwo,mo)| < e,

and, by Holder’s inequality,
(7.13) / ¢ dr < g% dx
ANG

G\B(z0,70)
3 1
< (foota) L < gl

G\ B(zg, 10)
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We control the last integral of (7.11) as follows:

(7.14) /AQ|hg| Vi [Vg|dr < 2% - 9Vg| du

<25l @) ([ ot ae)

We plug these inequalities in (7.11). Together with inequality (7.4), we obtain
12 6

(7.15) /Rd ’Vﬁrdaj < /Rd ’Vgrdx + 6857 —I—C%

The end of the argument is the same as in [Bol94, Lemma A.1]. We denote by 50
the normalized eigenfunction in B(xzg,ry + ¢), that is,

R /2
V€ Blro,ro+0) do(z) = (Topi 5) qﬁ(ropi(s(x—a:o)) |

With a change of variables, we obtain that

/Rd (QAS())Q de =1
fulwafas = (C25) L

We have then, using (7.12),

and

2
dx .

(7.16) [{g>0}+ 21d/]R \vg\2dx
> ’B(wo,ro)‘ — e 4 — / ’Vg‘ d:z:—c—ci:
‘B mo,r0—|—5 2d/ ‘ng)o‘ de — c6 — ce*

812 86

_,_7 (’Vg‘ - ’V%‘ ) Ty s
By inequality (7.10), we have
(7.17) o+ 06— pa| < e 456

Thus, for € and § small enough, the value 7o+ d belongs to the interval |pg —n, pg+n[
and we can apply (7.6) to get

(7.18) ’B xo,ro+5)’+ ’V%’ dr = P(ro+9) > ¢(pd)+c(r0+5—pd)2.

To estimate the second 1ntegral in (7.16), we proceed as in [Bol94, Lemma A.1].
We denote by 415 the difference between the first and the second eigenvalues of the
Laplacian in B(zg,ro + 6). We have

L (s -8 > o=
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Again, since 9 + ¢ belongs to the interval |pg — 1, pa + n[, which is included in
1pa/2,3pa/2|, there exists a constant ¢ > 0 depending on the dimension d only such
that 012 = ¢. Moreover we have

e < llg = uolly < llg—3lly + 7= o, + ||d0 — b0
Now, thanks to inequalities (7.4) and (7.13),

gz = 2 2 12
lo =313 = [, (@-mg)de < [ gdw<e.

Z0,70)

g "

Using the fact that the eigenfunction ¢ has bounded support and is Lipschitz, we have

H(Eo — P

2
2

B /Rd (<7’0pji (5>d/2¢(rop—i 5(3: B x0)> N ¢<x o mo)) 2 dx
) -

< c(r0+(5—pd)2.

The previous inequalities yield

21d/Rd (‘ng - ‘Vﬁgor) de > c(s — ce®? — C(T0‘|‘5—,0d)2>2.

Reporting in the inequality (7.16), and using inequalities (7.17) and (7.18), we get

’{g>0}‘+21d/Rd‘Vg‘2dx

812 86

2
> Y(pa) + C<C€ — ce'? — 0(6824 + 5)2) — b — et — Csy T O

Choosing § = €3, we conclude that, for e small enough,
1 2 9
‘{g>0}’+2—d Rd‘Vg’ dr > xq+ ce”.

Therefore the inequality stated in the lemma is satisfied for € small enough whenever
the conditions (7.7) and (7.8) are fulfilled. O

We shall extend slightly Lemma 7.2, in two ways. First, we will relax the condition
llgll2 = 1, second, we will consider functions which are not C* on the whole space,
but on the complement of a countable union of lines. We could probably reach the
Sobolev space W12(R%), however this won’t be necessary for our purpose.

COROLLARY 7.3. — Let D be a subset of R which is a countable union of lines.
Let ¢ > 0. If g : R* — R* is continuous and C*° on R4\ D, and if

1—e¥ < lglls < 1+, VzeR? ||g—dulls > 2¢,

then, for € small enough,

‘{9>0}\+21d Rd]Vg\de > xqa+¢e".
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Proof. — The condition on the regularity is not problematic, in fact the proof of
Lemma 7.2 can be used to deal directly with these functions. The only thing we
need to do is to rescale the function g in order to have a function of L? norm one,
for which we can use Lemma 7.2. So let g be a function satisfying the hypothesis of
Corollary 7.3 and let us set

1

h=——g
g1l

We have obviously ||h||; = 1. Moreover, for any x € R?,

€ < ||g_¢ac||2 < ||g_h||2 + ||h_¢x||2

< [1= ol + W=l < < 4 = ).

We can thus apply the inequality of Lemma 7.2 to h. Moreover, we have

{h>0}+ o 'Vh’ dx—\{g>0}\+ H e /

< <1_<‘{Q>0}‘+ ‘Vg‘ dx)

In the end, we get that, for € small enough,

‘{g > O}‘ ‘Vg’ de > ( 549)2 (xd—|—548) ,

and the last term is larger than yq + % for ¢ sufficiently small. O

7.2. Application of Faber—Krahn: proof of Theorem 1.1

The time has come to apply the quantitative Faber—Krahn inequality to the random
walk in order to prove Theorem 1.1. Note that Theorem 1.1 is the analogue of [Bol94,
Proposition 3.1].

We shall apply Theorem 6.2 to the set L£,,. To this end, we consider a function
g satisfying the constraints of the infimum appearing in Theorem 6.2. So, let g be
a continuous function R — R* such that g is C* on R\ 1D, and there exists
t € L, satisfying

3

<
LYRI)  pl/16°

|o* - ¢
This implies in particular that

3

L= < lol, < 1+ o
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Since ¢ belongs to £, then we have, for any z € R?, for n large enough,

s < 0= @, < o=, + o - @7
< o+ [ lo— i x|g+ ou] do
< o + o= ulls x g + 6l

3

< T + 3llg — Pull2-

It follows that, for n large enough,
1
VzeR! |lg— ol > L 1/800 °

We apply the inequality of Corollary 7.3 to g with €% = 3/n!/16. For n large enough,
we have

(7.19) ‘{g>0}’+21d/Rd‘Vg’2dm>Xd+nll/16.

In order to exploit the inequality of Theorem 6.2, we will first restrict the set of the
functions g which are relevant in the infimum. Let x > 1 and let § > 0 be such that

Mg\ 472
— > 2K.

wd(zcs) "
Let us set

G = {IGRd:g(x)>0}.

Let r > 0 be such that |G| = r%w,. By the classical Faber-Krahn inequality (7.1),
we have

[ 19o de > 2@ (o)’ > 2 (1- 25)
Suppose that
/ ‘Vg)Q dr < 9.
R4

We would then have, for n large enough,

) A, ) A, /2
7“2%, |G| = war >wd% > 2k,

and for such a function g, the functional in the infimum is larger or equal than 2k.
This will also be the case if the Dirichlet energy of g is too large, say larger than
4drk. So, up to terms which are negligible compared to exp(—xn?), we can restrict
ourselves to functions g such that

0 < / ‘ngdm < 4dk.
R
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We have then, for n large enough,

2
(7.20) (max (H/Rd ‘Vg‘de — T;{Z,O)) > /]Rd ‘Vgr dx — i\ﬁ@
1

2
> /Rd‘Vg’ dw—m.

We apply Theorem 6.2 and we use inequality (7.20) to simplify the infimum. We
have, for n large enough,

E (e"Rm;fN € En) < 4dexp (—/{nd)

1
2dnt/9

< 3
Lirdy | n/16 [ ]

+ exp (2nd—1/8 —n (1 — n—1/4) inf{ ‘Supp g‘ + 21d y ‘ngdﬂf _

1
. ¢ is continuous R — R and C®on RN\-D* 3 ¢ € L ||g*°—¢
n

We can finally use inequality (7.19)! We obtain

E(e_‘RM;EN € ﬁn)

1 1
_od d-1/8 _ _d (1 _ , . —1/4 _
< 4exp( KN )—i—exp (2n n (1 n ) (Xd+n1/16 2dn1/9>> .

By choosing k > xg4, for n large enough, we obtain the statement of Theorem 1.1.

8. Filling the ball and proof of Theorem 1.2

We now come to the proof of Theorem 1.2. We will show that with high probability
under Py a ball of approximately the right radius is entirely filled. The analogue of
this result in [Bol94, Proposition 4.1] , is however only valid for d = 2, whereas the
proof below holds for any d > 2. Fix € R%, and let

Groe,» = {||tw = (62)?], < 1/n°}

with s = 1/800 is as in Theorem 1.1 and we recall that the rescaled local time profile
{y is defined in (6.4). For x > 0 and z € R,

Re o= { VzeB (:L’,pd(l - n‘“)) NZ%, In(z) > O}.

This is the event that the Euclidean ball of radius pgn(1 —n~") around nz, restricted
to the unscaled lattice Z?, is filled by the walk. The main result of this section, which
is the analogue of [Bol94, Proposition 4.1], is the following.

THEOREM 8.1. — There exists k > 0 such that for all n (or equivalently N ) large
enough,
1
ZnE (7% Groe, i (R 2)°) < exp(—n”).
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8.1. Time spent in mesoscopic balls

We recall that constants C', ¢ > 0 denote constants depending only on the dimen-
sion, whose precise numerical value is allowed to change from line to line. We will
use Landau’s notations O(+), o(-) where the implicit constants are allowed to depend
on the dimension only. The notation <, 2, =< denote inequalities and equality up to
constant respectively: thus a,, < b, means a,, < Cb, for some constant C' (depending
only on the dimension). x will be a small parameter eventually chosen in a way that
depends only on the dimension, so at the end of the proof we will be able to absorb
its value in a generic constant ¢ > 0, but we will refrain from doing so during the
course of the proof.

Without loss of generality we take x = 0 in the rest of the proof of Theorem 8.1;
write Gjoe and R, for Gioe. » and R, .. Fix z € B(0, pgn(1—n"")). We let m = pgn' =2~
where £ is sufficiently small; m is a mesoscopic scale (quite close to n) and our first
task will be to control the amount of time spent in a ball of that scale around the
point z. Let

B = B(z,m)NZ*
be the discretised ball of radius m around z. Note that B C B(0, pgn(l — n="/2)).
The idea will be to condition on some information outside B including the local time
of the random walk on every site outside of B. Let B° denote the ball of radius m/2
around w, i.e., B® = B(z,m/2) N Z%.

We make the following simple deterministic observations (recall that we expect
Ly(x) to be typically of order n? at any point in the bulk of Ry).

LEMMA 8.2. — If G, holds, then necessarily, for some sufficiently small but fixed
k and 6 > 0 depending only on the dimension d, we have
(8.1) Ly(B°) > omn?=2%.
Furthermore,
(8.2) |Rn| > wqlpgn)? — en®—¢

where ¢ depends only d.

Proof. — Let ¢ = ¢*. Note that as z — 9B(0, pg), for some constant C' > 0
depending only on the dimension,

(8.3) ©(z) ~ Cd(z)?, where d(z) = distga(z,dB(0, pg)).
Indeed recall that ¢, the first eigenfunction in B(0, pg), has nonzero normal derivative
on 0B(0, pa).

Let y € B. Then dist(y, 0B(0, pan)) = pan'~*/2 and so d(y/n) > pa/(2n”). Now
suppose for contradiction that Ly (B°) < dmn?~2¢. Then necessarily, by definition
of £y as a function on R¢ in (6.4),

1 Ly(B°) d, 2 d -2
In(y)dy < —— L AP K § (d+1)r
/( o ~(y)dy yEZdZmBO i3 N (Y) i (m/n)™n pan

whereas

m d 2%k C d+2w B .
/(BO/ )@(y)dy = Wy (%) Cpin~ % /4 = ( il d> n—2(d+1)s
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Thus if we take § = Cp3t2w, /234,

Cpdt2 B .
1N =l = ‘/ (5o )KN(y)dy— (BO/ )(p(y)dy‘ > ( Al )n 2(d+1)r

Hence if k is small enough that 2(d + 1)k < s we see that this cannot hold at the
same time as Gjoe. This shows (8.1) with thls choice of parameters.
The proof of (8.2) follows a similar argument. O

8.2. Bridges in mesoscopic balls

Let us call an interval of time [tq,t5] a bridge if X[t1,t3] C B and X, X, € B°.
(We warn the reader that this differs from the more standard notion of bridge). We
call a = Xy, and b = X, its endpoints and ¢, — t; its length; note that we require
that a,b € B be far away from 0B; in fact we require them to be in B°. We will
consider bridges of length at least m? and our first goal will be to show that there
are sufficiently many such disjoint bridges.

Let Gy = Gy s be the event that there are at least adn®~2*m?=2 bridges of length
m?, where ¢ is as in Lemma 8.2, and where a is a suitable constant depending also
only on the dimension, which will be chosen below.

LEMMA 8.3. — We can choose k sufficiently small and a > 0, depending only on
the dimension, so that

E (€7|RN|; gloc ; (gbr>c> < ZN exXp (_Cndi&ﬁ) 9
for some constant ¢ > (0 depending only on d.

Proof. — We already know that the walk spends at least dn2~2*m¢ units of time

in B°. Roughly speaking, every time the walk is in B° there is a positive probability
that during the next m? units of time, the walk stays in B and its position at the
end of this interval is again in B°, thereby completing a bridge; independently of
the past. So we wish to use standard Chernoff bounds for deviations of binomial
random variables. In order to implement this strategy, we must however take care
that we are working under the weighted probability measure Py and not P. We
will deal with this complication by performing a suitable change of measure (which
as it turns out is essentially the same as the one used by Bolthausen in his proof
of [Bol94, Proposition 4.1]). The first step will be to work in continuous time rather
than discrete time. By Lemma 8.2 (and more precisely (8.2)) we write

E (e Gloe 5 (Gr)°) < exp (—walpan)® + en® =) P(Guoc ; G5,
and we interpret the event in the right hand side of the above inequality as an event
for the jump chain of a continuous Markov chain whose jump rates from x to y is
1/(2d) if x and y are neighbours and zero else. Let (Xt7 ¢t > 0) be this process, let P
denote its law and let J(X) be the jump chain of X. Set Gloc = - {J(X X) € Gioc} and,
similarly, Gy, = {J(X) € Gy }. Then P(Gioc'; (Gor)®)) = P(Groc: (Gor)°)-

Define a modification ¢ of ¢ as follows:
o) = p(x) +n"; = € B(0, pa)
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n="%/2

const.

Figure 8.1. Choice of function h: as desired, h decreases from n=" ton="/2 over
[p, p + 1]. This requires the area above the red function on the right hand side
(its derivative) to be less than n=" /2. The value of the constant in the right hand
side is the normal (radial) derivative of ¢. To achieve this, the second derivative
will be at most < n”, as claimed in (8.4).

We will also define (5 outside of B(0, pg) so that it is positive everywhere and also in
such a way that it is reasonably smooth near the boundary of that ball (indeed, if we
do not take a positive function we cannot use it to change the underlying probability
measure). Of course we could set qz~5 to be constant outside of that ball, equal to its
value on the boundary, but this turns out to not be sufficiently smooth; in particular
the Laplacian on this sphere would be too large.
Instead we define
¢(x) = h(|=])
where
b pa, pa+1] = [n7"/2,n7"]
is a smooth monotone decreasing convex function such that its derivative at 1 + pqy
is 0 while its derivative at p, is the radial derivative of ¢ on 0B(0, pg), and such that
d? < 5
84) z€ [iffdm dI?h ~
It is elementary to check that such a function h exists, so that gg is well defined (see
Figure 8.1 for an illustration of the function qg and its derivative).
With the help of QNS we can define a new probability measure Q to be the law of
the Markov chain whose transition rates are given by

¢(y/n)
¢(x/n)
whenever x # y are neighbours in Z%, and ¢(z,y) = 0 otherwise. Note that since QNS
is positive, () is indeed equivalent to P and furthermore, letting tn be the first time

q(z,y) =
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X has jumped N times,

dP o (Xo/n N Avd -

(85) i :,V(AJO/>€Xp (/N,IVQS(XS/H) d8> .
dQly, ¢ (X /n) 0o ¢

(See, e.g. [RW00, IV, (22.8)]). Here recall that A, is the discrete Laplacian, i.e. 2d

times the generator of the Markov chain X under P.

Step 1. — We will argue that

(86) E (67‘RN| ; gloc ; (gbr)c) < ZNeiNl_SK + ZNegnd_E@ (QNZOC; (Gbr)c) .

Essentially the proof consists in analysing carefully the integral in (8.5). We follow
roughly the arguments [Bol94, see equations (4.3) and (4.4)], with additional details.
We start by observing that if 2 € B(0, pgn) N Z% is such that all its 2d neighbours
are also in B(0, pgn) N Z<, then by a Taylor expansion,

Al /n) = Miola/n) = £ Ad(e/n) + O (n°?)

= —L(b(:c/n) +0 (n’?’)

2n?
A~ -3 —2-x
:—@¢(x/n)+0(n )—i—O(n )

Assume that x < 1 without loss of generality so that O(n=3) = O(n=27%). Hence if
furthermore x € B(0, pgn(1 — n=%%%)),

%

(8.7) ¢WMA

< n—2—n+0.9f-ﬁ < n—?—O.ln

~Y

2n2

using (8.3).
Furthermore, for any other z,

Aig(/n)| S n 2

by (8.4) (where the implicit constant depends only on ¢ and so on the dimension),
so that

Ao A
q%(x/n) t52

for such z, and the same remark holds about the implicit constant.
Combining (8.7) and (8.8), it follows that

(8.9) /O A iif (X./n) ds

= (A /2)’;’2 +0 (Tyn™201) + o(nm“EgN <B (0, pan (1~ n”))))

where for a set A C Z% and a time t > 0, Ly(A) = f! 1(%,eayds is the local time of

< n—2+2m

~

(8.8)

X (in continuous time) in the set A up to time ¢.
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Set A= Gjpe N (gbr)c. Set A’ to be the event
fT; tn — N’ < NiF E;N (B (O,pdn(l - n‘o'g’“‘)c) < Nn~ 2%,
Then, still writing Ry for the range of the (continuous time) walk at the time ¢y of
its Nth jump,
(8.10) Ep (e"RN| ,j) < Ep (e"RM ;j’) +P (ﬂ\j’) :

We bound separately each of those terms. We start with the first term. On A’, we
see that

[ 2 () s = (A2 0 (49 1.0 (029 1.0 09

so that if k < e/(d + 2) (which implies k < 10¢), all error terms are
O (nd—(d+2)fe> < nd—
and thus, plugging into (8.5), and using the fact that

max ¢ <1, min ¢ > n~ "
B(0, pg) ¢ B(0, pa) ¢ ’

as well as the already established lower bound of Proposition 2.1 on Zy,
Ep (e"RN| ;j’) < nfexp ( — wd(pdn)d — (\/2)n? + 2nd7€>@ (ﬂ')

(8.11) < Zye oG (A)

< Zne®™ " Q(Goc : (Gor)°)-
Let us now deal with the second term in (8.10). We have,
(8.12) P(A\A) < P(|ix — N|= N'™7)

+ P (Lgy (B (0, pan (1 = n7%))") = Nn721% Gu, ) .

Now, standard Chernoff estimates for exponential random variables show that
(8.13) P ([fiy = N| = N'™%) < exp (—eN'—)
for some constant ¢ > 0. Furthermore, on G,., deterministically we have

Ly (B (O, pan(l — n—0.9n)c) < Nn~22%,

since otherwise, reasoning as in Lemma 8.2,

In(y)dy = n~?*"  while *(y)dy < Cuwgn™ 2™

/B(o,pd(1n0~9~))c /B(O,pd(lno'g'“))c

and we would deduce that for n large enough, ||[{x — ¢?|| > n~%3* which by definition
cannot take place on G, if kK < 5/2.3 (with s = 1/800 as in Theorem 1.1. Hence

(8.14) P (Lgy, (B(0,pan (1=n""))") = Nn 2% Gy )

LN”—ZZNJ
P Z Xz > Nn—Q.lH
=1
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where X; are independent unit exponential random variables. Hence for all n (or
equivalently N) large enough,

LNTL72.2NJ I.Nn72.21-ij
P ( Xz Nn—z-lﬁ) <P ( Xz an—”H)
i=1 =1

< exp (—CNH_Q'%) < exp <—N1_3H) ,

for some constant ¢ > 0, by elementary Chernoff estimates for exponential random
variables. Hence by (8.14),

P (ng (B (O,pdn (1 — n_0‘9“>)c) > Nn~ 2%, Gloc) < exp (—N1_3”> .
Plugging into (8.12), we deduce that if  is sufficiently small, for all N large enough,
P(A\ A) <exp (—Nl’“) :

Since Zy = exp(—0O(n?)), we deduce that
(8.15) P(A\ A) < Zyexp (-N'7).
Combining (8.15), (8.11) and (8.10), we obtain
Ep (6_‘RN| s Gloc ; (gbr>c) < Zye ™ 4 Zye™ 7 Q (gloc; (gbr)c) ;

as desired in (8.6).

_Step 2. — Now it remains to show that Groe N Gy s overwhelmingly likely under
(. More precisely, we will argue that

(8.16) Q((Gnr)" : Groe) < exp (—en® **m*2) .

We claim that every time the walk is in B°, there is a probability bounded below by
a constant p, say, depending only on the dimension, such that under @, the walk will
perform a bridge of duration m? (recall that this means the walk remains in B for the
next m? jumps and ends up in B° again after this time), uniformly over the initial
position in B° of the walk. To see this, note that ming, ¢ = (1 —o(1)) maxp,, @, o0
that the Radon—Nikodym derivative dQ / dP during an interval of time consisting of
the first m? jumps of the chain (call this time £,,2) is at least

Q > w exp (fmz inf A—i(b(x n))
dP ~ maxp/, ¢ t€B ¢
7

(8.17) _
> (o) e (~Ov2+01) "% ).

n2

Now, under P, #,,» < 2m? with probability at least 3/4, if m (equivalently n or
N) is large enough. Moreover, the probability of making a bridge of duration m?,
under P, is clearly at least p for some constant p > 0 depending only on d. Since
the latter event depends only on the jump chain and the former event depends only
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on the time parametrisation, which are independent processes under P, we conclude
from (8.17) that for any a € B°,

@a (X [O,fm2} is a bridge) > Ep L@;X {O,me] is a bridge
* \dP

a

> (1+0(1))Ep, <exp (—(/\/2 + 0(1))15;:22;t~m2 <2m? X {O,fmz} is a bridge))
> (3/4)(1+ 0(1)) Pa (X [0,2,2] is a bridge) > (3/4)p(1 + o(1)).

Hence Q,(X10,1,,2] is a bridge) > p/2 for n large enough; thereby proving what we
desired (with p replaced by p/2, a distinction which is of no consequence in the rest
of the argument).

Since we know by (8.1) that on Gioe, the total amount of discrete steps in B° (and
hence in B) is deterministically at least dm?n?~%¢ and each time the walk is in
B there is a probability p/2 (under Q) to make a bridge over the next m?2 jumps,
we deduce that the number of bridges stochastically dominates a binomial random
variable of parameters (6m?=2n?2% p/2), under Q). More precisely, let

f(s,t) := number of jumps by X during (s,t],

and define the sequence of stopping times:

Ulzinf{t>O:)A(/tEB°};

T = inf{t >0:t(o1,t) = m2} /\inf{t >0 X, ¢ BO};
then inductively, for ¢ > 2:

g; = mf{t > Tio1 - j(‘“t S BO} s

T :inf{t >0:8(oy,t) = mz} /\inf{t >0, X, ¢ Bo}.
Let

& = Lo, rymm2y; 121
be the Bernoulli variable which is the indicator of the event that the ¢th trial rgsults
in a bridge. Then note that by Lemma 8.2, if j = [dm?~*n*~"|, then 7; < ty no
matter what on Gj,.. Hence if S = Y7 | &, then
{S > ((5p/4)md’2n2’2“} C Gor

where the constant a > 0 defining Gy, is taken to be a = p/4.
Moreover by the Markov property and the above,

Q& = 1[(X¢, t < 0y)) = p/2.

Hence S dominates stochastically a Binomial random variables with parameters j
and p/2. By standard Chernoff bounds for binomials, for some constant ¢ > 0, we
deduce that

Q((Gir)": Groe) < exp (—en® 2m2),
which shows (8.16).
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Plugging (8.16) into (8.6), we deduce
B (7175, G (G)) < Zoy (¢ o entFementHm ).

Since m = pgn'™%, ¢ is fixed (by Lemma 8.2) in a way that depends only on the
dimension, and we are free to choose k as small as we want, we can choose it so that
n?=2vmd=2 = nd=% is much greater than n?== (i.e., we assume 65 < ¢) and then for
all n large enough we have

E (€_|RN| s Gloc ; (gbr>c) < Iy (6_N1_5H + €_Cn2_2ﬂmd_2) < Zne ™

This completes the proof of Lemma 8.3. 0

8.3. Conditioning and summation

Call P* the conditional probability given the local time at every site in Z¢\ B. Let
k>1, X ={x, ..., x} C B beasubset of k distinct points in B and let By be the
bad event that the range in B avoids exactly those k points, i.e., Ry N B = B\ X.
Note that

|B|

(8.18) {B ¢ Ry} C (Go)°U | U Bxngu).

k=1 XCB;|X|=k
So we are led to try and analyse expectations of the form

Z1NE [€_|RNHBC|E* [e—‘RNmB‘lBXmgMH

where X C B and |X| = k > 1 is arbitrary between 1 and |B|. The key will be the
following estimate:

LEMMA 8.4. — For constants C, ¢ depending only on the dimension d,

2—2K
n k

m?2 (log m) 2+10d

We defer the proof of Lemma 8.4 and instead show how it implies Theorem 8.1.
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Proof of Theorem 8.1, assuming Lemma 8.4. — Using (8.18) and Lemma 8.3, we
see that since |Ry N B| < | B,
1 Ry
ZTVE (6 1gzoclB¢RN)

o |B] 1 c
LY Y B[R [Py, g, ]
k=1 X CB,|X|=k

d—6k ‘Bl 1 c 7Cﬂ
<e ™ +C Z Z ~ E €—|RNmB |6—|B|+ke 2 (log m) 21104
k=1 XCB,|X|=k “N

e 4 § 1B eke_cmif? [e"RNq
h k 7
k=1 N

d
. d—6r s |B‘ n2-25k
<e ™ C k(1 — )
€ + kz::l ( L ) exp ( ( Cm2(log m)2+10d)
Now note that on the one hand, the entropic factor satisfies

<|‘§|> < (wdmd)k — edelogm )

2

On the other hand since m = pgn'~2%, we have that

n2_2”/ (m2(log m)2+10d) Z nz"”/(log n)2+10d '

This is of course much greater than the exponential factor in the entropic term of
C'logm, and so altogether the above series is exponentially decaying. Hence we can

conclude that
1 — K
Z—NE (e RN1910613¢RN) < Cexp(—n®)
where k£ > 0 and C depend only on the dimension. Summing over all O(n?) possible
centres of the ball B and using a union bound we immediately deduce the statement

of Theorem 8.1. O

8.4. Transition probabilities for bridges

We now start the proof of Lemma 8.4. The idea is to show that for each bridge of
duration at least m? there is a good chance of hitting our k points. For this we will
need the following bounds on the heat kernel of bridge; we will now further condition
on the endpoints of the bridge. Let P?~% " denote the law of a bridge of duration
T starting from @ € B and ending in b, i.e., simple random walk starting from a,
conditioned to be in b at time 7 and to remain in B throughout [0, 7]. Implicit in
this notation is the fact that P*(X, = b) > 0, i.e., the parity of b — a is the same
as 7.

We start with the following Lemma 8.5.
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LEMMA 8.5. — Suppose dist(z,0B) = r with 1 < r < m. Then if s < m?,

(8.19) ﬂ@ﬁﬂcmx%.

The right hand side is essentially the familiar gambler’s ruin probability in one
dimension. Here it is important that we use a curved ball B and not a box (otherwise
if  is near a corner the probability would be much smaller). This lemma could be
deduced from [LI1.10, Proposition 6.9.4] but we choose to include a proof in order to
make the presentation as self-contained as possible.

Proof. — The lower bound follows easily from an eigenvalue estimate and optional
stopping: let A}, denote the principal eigenvalue of the (discrete) Laplacian —A;
in the ball B with Dirichlet boundary conditions. Let ¢} is the corresponding
eigenfunction, normalised so that m=¢ Y, .5 #(x) = 1. Then note that

1
(1= Ap)°
is a nonnegative martingale. Apply the optional stopping theorem at the bounded
stopping time 7 A s (where 75 is the first time the walk leaves B) to see that

_ 1 H¢1 oo Pe(TB > 5)
op(x) = mE (¢119(Xs)1r3>s) < B(l Ty

Now, we have already mentioned that AL =< 1/m? (with implied constants depending

as usual only on the dimension) so that when s < m?,

95(7) S 05l Pe(Ts > 5).

Moreover, using [Bol94, Lemma 2.1], and using known properties of the principal
eigenfunction in the continuum (namely that there is a radial derivative on the
boundary of the ball), we see that

Oh(a) S — +0(1/m) S

Since furthermore the principal eigenfunction on the unit ball in the continuum is
bounded, using again [Bol94, Lemma 2.1}, we deduce the lower bound

M, = ¢p(Xs), s=0,1,...

r

m

T
8.20 Pt >s) 2 —,
(8.20) (7B S%vm

which gives the desired lower bound.

In the other direction, let © be the hyperplane tangent to the ball B closest to the
point x. Let H denote the half space in the complement of 7 that contains x, and
let 77 be the normal vector to w. Let 7 = inf{t > 0: X, ¢ H}, and note that since
BCH,

P(TB > S) < P(TH > 8).
We will show that
(8.21) P(tg > s) Sr/m.

Consider first the case where r = dist(z, 9B) > logm. Then, using a KMT approxi-
mation (strong coupling with Brownian motion), see [LL10, Theorem 7.1.1], there
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is a d-dimensional Brownian motion (W¢, ¢ > 0) such that if s < m? then for some
constant C' > 0,
sup |[W; — X;| < Clogm

t<s

on an event F; of probability at least 1 —m™!. Let

Wtd—WfiJ]

0OSC = sup
0<t<s

and note that on an event E, of probability at least 1 — O(m)e~(8™)/2 > 1 — 1 /m,
osc < logm.

Let 7~ denote a hyperplane parallel to 7 at distance C'logm from 7 such that 7~ in
the half space which does not contain B. Let T, - denote the first (continuous) time
when W< hits 7—. Then on E, N Ey, 7y > s implies T,,- > s and hence

P.(ty > s) < Pu(Tr- > s) + P.(EY) + P.(ES) < 2/m+ P, (T~ > s).

Using rotational invariance of Brownian motion and projecting onto 7, letting
W = W! be a standard one-dimensional Brownian motion and using the reflec-
tion principle,

PoTs- > 8) = Pryciogm(W;: = 0 forall 0 < ¢ < s) < T+leogm.
Since we assumed initially that » > logm we see that the right hand side above is
= r/m and so this proves the upper bound in this case.

Now suppose that r < logm. Let 7+ denote another hyperplane parallel to 7, also
at distance logm from 7 but such that 7 is contained in the half space containing
B (and in particular, 7" intersects B). Let S be the slab comprised between 7 and
7t and let 7¢ = inf{t > 0: X; ¢ S} denote the first time the walk leaves the slab.
Then note that if the walk has left S by time s/2, it must do so by hitting 7% before
7 and must then avoid 7 for at least s/2 units of time. Of course, s/2 =< m? hence
using the result in the case already proved that r > logm, since 7™ is at distance
logm from T,

logm

(8.22) P.(ty > 8) < Pu(1s > 8/2) 4+ Pu(7e+ < TH)

Let us bound the first term in the right hand side above. Note that the slab S has a
width equal to logm by definition. Hence every (logm)? units of time, the walk has
a probability bounded below by p > 0 to exit S. We deduce that

Pu(rs > 5/2) < (1 — p)Ll/2/ogm)?]

and since s < m” we see that this decays faster than any polynomial in m and hence
in particular is O(1/m). Moreover, we claim that
r

2

(8.23) P (Tpe+ < 7)< og m

so that, combining with (8.22), we get P(tg > s) < r/m as desired. To see (8.23),
let 2’ be the point at which 7 is tangent to B and consider the martingale

Mt, = (Xt —l'/) 'ﬁ,
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that is to say, the (signed) distance to the plane 7 of the walk X;. Note that this
is indeed a martingale since X is a martingale and the projection onto 7 is a linear
operation. Apply the optional stopping theorem at the time 74 = Ty A7+, If 79 = 71
then [M | < 1, whereas if 75 = 7+ then [M.; —logm| < 1. Consequently,

r=01)(1— Py(1e+ < 7)) + (logm + O(1))Pp(7r+ < Tr)
from which it immediately follows that
r+ O(1)
Py(7x S————~
(Tt < TH) logm 1 O(1)
which proves (8.23). As explained, the Lemma 8.6 follows. O

We will also need a slight improvement of this estimate where the end point is
specified. (This would also follow from [LL10, Proposition 6.9.4.] but as above we
prefer to provide our own proof).

LEMMA 8.6. — In the same setting as Lemma 8.5, We have
dist(x,0B) dist(z,0B)
Vi Vi

Furthermore if z € B° and t < m? is such that P,(X; = z) > 0, the same inequality
holds with < replaced by 2.

P,(X[0,t] C B; X, = z) S t79/?

Proof. — This uses a simple time reversal argument as well as the Markov property.
Split the interval [0, ¢] into three intervals of length ¢/3 each (for this argument we
can assume without loss of generality that ¢/3 is an integer). Observe that the process
(Xi—s : 0 < s < t) is also by a reversibility a random walk which given X; = z will
be starting from z. Hence, using the standard fact that P, (X, = 2') < t~%2 for all
t>1and 2,2 €72,

P.(X][0,t] € B; X; = 2)

< > P(X[0,/3) C B; Xys =a') P (X[0,/3] C B; Xy5 = )
z', 2’ €B

x P (Xyy3 = 2z X[0,t/3] C B)
< > P(X[0,/3] C B; Xys = a') P (X[0,/3] C B; Xy5 = 2)

z' 2 €B

x P. (X3 = 2 X[0,¢/3] C B)

1
< Y ) P, (X[0,4/3] C B; Xy = 2') x a5 X P (Xijs = 2';X[0,/3] C B)
LS
<t¥2P,(X]0,t/3] C B) P.(X]0,t/3] C B)
dist(z, 0B) dist(z, 0B)
Vi Vi
by (8.21), as desired. When z € B° and t < m? the opposite inequality holds

using the lower bound in Lemma 8.5, and the fact that a Brownian bridge from a
point in B(0,1/2) to another point in B(0,1/2) has a probability bounded below

< t*d/2
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to stay in B(0,1) throughout, uniformly in the endpoints of the trajectory within
B(0,1/2). O

The estimate we will rely on is the following:

LEMMA 8.7. — Let t > 2 and x € B with dist(x,0B) = r with 1 < r < m. Then
if 7 = m?, uniformly in a,b € B°, and s € [1/4; 7/2],

1 /r\2
8.24 PeobT(X, =) > — <)
(8.24) (Xo=2)2 — (=

if the parity of x — a is the same as s. Moreover, in that case, uniformly in a,b € B°,
and s € [1/4;7/2], 1 <t < 7/4, 1 <r < m, the following holds: let A = {z € B :
r < dist(x,0B) < 2r} be the annulus at distance r. Then for any x € A,

(8.25) P (X oy € AIX =) S rP(logt) %/t
Proof. — Observe that, uniformly in a,b € B°,
1
P(X,=0b,X[0,7] C B) < P,(X, =b) < "y

since a Brownian bridge from one point in a ball to another point in a ball has positive
probability to stay in that ball throughout. Thus using Lemma 8.6 and reversibility
(and noting that the parity of b — x is the same as 7 — s under our assumptions),

Py(X, = 2;X[0,5] C B) x Py(X,_, = b; X[0,7 — 5] C B)
1/md
o Po(X.=a; X[0,5] € B) x L2

Pa—>b;T(XS — lL‘) —

md m

which proves (8.24).
For the upper bound (8.25), observe that by the Markov property, if 7/ =7 — s,
P.(X; € A; X[0,7] C B; X,» =)
P,(X[0,7] C B; X, = b)

P (X, € AlX, =2)=P" 7T (X, € A) =

Consider first the denominator. Observe that by Lemma 8.6, since b € B° and
7 =< m?,
Pu(X[0,7] € B: Xp = b) = = =
x ) ) T m md
Now consider the numerator and suppose we condition on X; = y € A. Since
s € [7/4,7/2] we have 7" = 7 — s € [1/2,37/4]. Hence since we also assume that
t < 7/4 we deduce that 7/ — t € [7/4,7/2], and hence 7/ — ¢t < 7/ < 7. From this, it
is not hard to see that
r 1

Py(X(0,7 =] € B Xy =) = — .
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Consequently the numerator satisfies
1
Py(X, € A; X[0,7] C B; Xo = b) < %713 (X, € A; X[0,4] € B)

<—— 3 P(X, =y, X[0,1] € B).

yeA

Now, if |y — 2| < t/2(logt)'* then we use Lemma 8.5 to obtain that

r 1
m md

2
Py(X, =y, X[0,4] € B) < 7; —d/2,

and since #{y : |y — z| < t"/?(logt)'*} < t¥2(logt)'%, the contribution to the sum
from such points is at most
2

> Py(X, =y, X[0,t] € B) < %(log £)10

y € Asly—z| < (log )10
Now if |y — z| < t'/?(logt)'?, then
Pe(X: =y, X[0,1] € B) < Pe(X; = y)
and so summing over all such y, the contribution is at most

P, (1X, — x| > t"2(log 1)) < exp (—(logt)*/2) = o(1/t) S r*/t

using elementary Chernoff large deviation bounds for sums of i.i.d. random variables.
Hence
r?(log t)1%4

yeA
and so the numerator satisfies

1 1 t 10d
P.(X; € A; X[0,7) C B; X, =b) < Liﬂ‘

mmd t
Combining with the bound on the denominator, we deduce
2(]og £)10d
Pa—>b;T(XS+t c Ale — .1;) < T(Of)
as desired. 0

8.5. End of proof of Theorem 8.1

We now start the proof of Lemma 8.4. Decompose the ball B = B(0,m) into
dyadic annuli

A; = {y € B : dist(y,0B) € [27; 2j+1)}; 0 < j < logy(m)

Given our point configuration X of £ disjoint points in B, let X; = X' N A;; let j be
such that | ;| is maximal. Then note that

k

~ logm’

%] =2
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We will show that any bridge of duration 7 = m? has a probability bounded below
uniformly in its endpoints a, b to visit &;. Given a bridge X of duration 7, let

T/2
L(&X;) :/7_/4 Lx,ex, ds

denote its local time spent in & during its second quarter.

LEMMA 8.8. — Uniformly over a,b € B°,

k
(log m)2+10d

Pa—m;T(L(-XTj) > 0) Z
Proof. — We use the trivial identity for nonnegative random variables:
E(X)
P(X>0)= "=
( ) E(X|X >0)

Hence we need an upper bound on E*~%7(L(X;)|L(X;) > 0) and a lower bound on
B UT(L(A;)).
We start by the lower bound. Using (8.24),

r

E*7NT(L(A) 2 I?QI(T/‘*)nflLd (m>2

2

where 7 = 2. On the other hand, for the upper bound we can apply the Markov
property at the first hitting of X; and (8.25) to deduce that

T/4
EHb;T(L(Xj)|L(2g)>0) < sup  sup Y / PO (X = y| X, = x)dt
0

86[7/477—/2] wer yGXj

/4
< sup  sup P YT(X, € Aj| X = x)dt
se[r/4,7/2] z€Xx; JO

)10d

T/4 2.2
§1+// r*(logt
2

p dt < r?(logm)' 104,

Taking the quotient of these two terms, we deduce

k
(log m)>+10dypd

as desired. O

We are now able to complete the proof of Lemma 8.4.

PrhT(L(X) > 0) 2

Proof. — Proof of Lemma 8.4. On Gy, there are at least cn?>~2*m?=2 bridges of
length m?, by definition of this event, where ¢ depends only on the dimension.
When we condition on the endpoints of the bridges they are independent of each
other and of anything else under P*. Hence, using Lemma 8.8, and the inequality
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1 —2 < e ® valid for all z € R,

n2—2nmd—2

gbr; BX (1 (log m) 2+10dmd>
k 2—2Kk, d—2
eXp (_Cmd(logm)2+lodn m )
2—2k
< xp (g k)

Since on this event |Ry N B| = |B| — k, Lemma 8.4 follows. O
As explained this also finishes the proof of Theorem 8.1.

N

Appendix A. Functional inequalities on the rescaled lattice

Let 2 € R? and r > 0. The cubic box centered at x of side length r is

Az, r) = {y:(yl, oy ERY: —r/2 <y — 1 < /2, 1 <i<d}.
Let n > 1. We denote by Z¢ the lattice Z? rescaled by a factor n:
Zd — lzd

Let z € Z% and r a rational number such that nr is an odd integer. We define the
discrete box A, (x,r) as

Az, 1) = ANz, 7)NZ2,
We rewrite first the general discrete Poincaré-Sobolev inequality proved by Bessemou-
lin-Chatard, Chainais-Hillairet and Filbet (see [BCCHF15, Theorem 3]) in the
particular case of a box and a cubic mesh and for the exponent
2d
d—2
THEOREM A.9. — [Discrete Poincaré-Sobolev inequality] Let f be a function

from A, (z,7) to R. There exists a constant cpg = cpg(x,r,d) which depends on
x,r,d such that

2* =

L

( >l )

yEAp(z,7)
1 2
1 ? 1 2
2
<cPs( > nd!f(y)\) ters| Y 5 (W) - f2)
Y€ An(x,7) y‘,zefl\n(lw/,r)
y—z|=1/n

We rewrite now the discrete Poincaré-Wirtinger inequality proved by Bessemoulin—
Chatard, Chainais—Hillairet and Filbet (see [ BCCHF 15, Theorem 5]) in the particular
case of a box and a cubic mesh and for the exponent 2.
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THEOREM A.10. — [Discrete Poincaré—Wirtinger inequality| Let f be a function
from A, (x,r) to R. There exists a constant cpy = cpw(x,r,d) which depends on
x,r,d such that

( > ;(f(y)—ff) < cpw > ndlz(f(y)—f(z))2 7

Y € An(z,7) ylyz _621\2(190/;)
where
R |
f= (Y yegz,r) f(y)

In general, the constants cpg, cpyy depend on both z € Z¢ and r. However, the
lattices Z2 being invariant under a translation by an element of Z<, these constants
are the same for all points x € Z¢. From now onwards, we suppose that z = 0. Let
us examine the dependence of the constants cpg, cpyy with respect to r. Let f be a
function defined on A, (x,r) with values in R and let us set

Ve, (01) gx)= f(rz).

We apply the inequality stated in Theorem A.10 to g:

1 2\ 2 1 2

-7 < ,1,d —_— - ,

(yeg;(o,l) (nr)? (g(y) 9) ) 0 ) y,ze%r(o,n (rr )2 (g(y) g(z))
ly—z|=1/(nr)

and we rewrite everything in terms of the function f:

1 1

g = (m“)d yeA§(0,1)f(Ty) = (m“)d yelgz(o,r)f(y) =f,
> (-9 = X (fw-7),
y € Anr (0,1) y €Ay, (0,r)
> (9l —9(2))2 = Y (fw —f(z))Q.
b e On

We obtain the following inequality for the function f:

N

(Z id(f(y)—f)Z) <emOLdr| X (- 16)
Yy € An(0,7) y[;it (10/772 )

We conclude that cpw (0,7,d) = cpw (0,1, d)r.
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Appendix B. Inequalities on the original lattice

We shall adopt a slightly different viewpoint to apply these inequalities. Instead of
rescaling the lattice by a factor n, we will consider functions defined on the lattice Z4
but on boxes of side n. We shall deduce the relevant inequalities from the previous
ones by a simple change of variables y — ny. More precisely, let z € Z¢ n > 1 and

let f be a function from A(z,n) N Z< to R. Let A, (x/n, 1) be the box
An(z/n,1) = Aa/n,1)NZ2.
We define a function f,, on A, (a: /n, 1) by setting

Vye An(a:/n, 1) faly) = f(ny).

We apply then the inequalities stated in Theorems A.9, A.10 to the function f,, and
we rewrite everything in terms of f. We first introduce some notation before stating
the inequalities. Let f be a function defined on a subset D of Z?¢ with values in R.
For p > 1, we define its p—norm over D

£l = (Z \f(y)\p)p

yeD

and its Dirichlet energy over D

D) =55 X (f)- ()"
nyZ\E:Dl

We recall that the exponent 2* is equal to 2* = 2d/(d — 2). The Poincaré-Sobolev
inequality stated in Theorem A.9 yields the following inequality in a box of side n.

CoROLLARY C.11. — Letx € Z% n > 1 and let f be a function from A(x,n)NZ%
to R. There exists a constant cpg which depends on the dimension d only such that

1
17l ey < eps (11l + 240 A m) )

The Poincaré-Wirtinger inequality stated in Theorem A.10 yields the following
inequality in a box of side n.

COROLLARY C.12. — Letz € Z% n > 1 and let f be a function from A(z,n)NZ?
to R. There exists a constant cpy, which depends on the dimension d only such that

Hf —?HQ’A(%H) < ncPW\/ZdE(f,A(:L‘,n)),

where

fzrjd S f).

yeA(z,n)

Finally, if we send n to oo in the inequality of Corollary C.11, we get the following
result.
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COROLLARY C.13. — Let f be a function defined on Z% with values in R having
finite support. There exists a constant cps which depends on the dimension d only

such that
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