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of interest from both the theoretical and the applied viewpoints. In this paper we are interested
in the relationship between the perimeter (resp. the total curvature, related to the Euler
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factor), whereas the total curvature is not. We illustrate all our results on different examples
of random fields.

RESUME. — L’étude de la géométrie des ensembles d’excursion des champs aléatoires 2D
est une question importante tant d’un point de vue théorique qu’appliqué. Dans cet article
nous nous intéressons a la relation qu'il existe entre le périmetre (resp. la courbure totale,
liée a la caractéristique d’Euler par le théoréme de Gauss—Bonnet) des ensembles d’excursion
d’une fonction et de sa discrétisée. Nous utilisons une formulation faible de cette quantité
vue comme une fonction qui & un niveau lui associe le périmeétre (resp. la courbure totale) de
I’excursion correspondante. Nous nous intéressons également a un cadre stochastique ou les
fonctions sont remplacées par des champs aléatoires. Nous montrons en particulier que, sous
des hypotheéses de stationarité et d’isotropie sur le champ aléatoire, en moyenne, le périmetre
est toujours biaisé (avec un facteur 4/m) contrairement & la courbure totale. Nous illustrons
nos résultats sur différents exemples de champs aléatoires.

1. Introduction

Understanding the geometry of excursion sets of random fields is a question that
receives much attention from both the theoretical and the applied point of view
(see [AdI00] for instance). This is partly due to numerous applications in image
processing [Ser82, Wor96| for pattern detection, segmentation or image model un-
derstanding. Moreover, important strong results have been already obtained es-
pecially for smooth Gaussian and related fields [ATO07]. This allows to consider
some geometrical characteristics of a given image considered as the realization of
a random field, related to Minkowski functionals in convex geometry [SKMS87] or
Lipschitz—Killing curvatures in differential geometry [Th&08]. Roughly speaking, the
considered quantities are the surface area, the perimeter and the Euler character-
istic, i.e. the number of connected components minus the number of holes (also
related to the total curvature), of a black-and-white image obtained by thresholding
a gray-level image at some fixed level, corresponding to an excursion set. There
exists an abundant literature studying these geometrical features, let us cite for
instance [AW09, DBEL17, EL16, KV18, LR19]. Most of these mentioned results rely
on strong assumptions on the smoothness of the underlying random fields.

But when making numerical computations in applications, we rarely have access
to functions defined on a continuous domain U, we rather have access to the function
taken at points on a discrete grid. The main example is the one of digital images
that are made of pixels, where the excursion sets are obtained through discrete sets.

The link between the discrete geometry of a set and its “true” underlying continuous
geometry has of course been already studied a lot in different fields: for instance in
discrete geometry [KSS06, Sval4, Svalb], in systematic sampling [GJ87], in digital
topology [Gra71, Pra07] or in mathematical morphology [Mat75, Ser82]. This list is
far from being exhaustive.

This discretization procedure also induces a switch of functional framework since
piecewise constant functions instead of smooth ones have to be considered. For the
perimeter, the nice functional framework of functions of bounded variation [AFP00]
allows to unify both approaches by considering perimeter as a function of the level
and adopting a weak formulation [BD16].
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The effect of discretization 1297

In our previous paper [BD20], we have introduced functionals that allow us to give
(weak) formulas not only for the perimeter but also for the total curvature (related
to the Euler Characteristic, by Gauss-Bonnet Theorem) of the excursion sets of a
function defined on an open set of R?. More precisely, the framework is the following.

Let U = (0,T)* with T > 0, be a square domain of R% Let f be a real-valued
function defined on R?, and such that for almost every ¢, the boundary of the
excursion set above level ¢ in U is a piecewise C? curve that has finite length and
finite total curvature. For ¢t € R, we denote the excursion set of f above the level ¢ by

Ef(t) = {=; f(x) > t} C R

Under suitable assumptions on f, we define the level perimeter integral (LP) and
the level total curvature integral (LTC) of f, as the functional defined for every
h € Cy(R), the space of bounded continuous functions on R, by

LP(h,U) ::/Rh(t) Per (E;(t),U) dt

and
LTC,(h,U) := /R h(t) TC (DE,(t) N U) dt,

where, denoting by H! the 1-dimensional Hausdorff measure, we have
Per (E¢(t),U) = H' (OE;(t) N U)

and TC is the total curvature of a curve. It is defined, for any piecewise C? oriented
curve I' by

TC((T) = /HF(S) ds—i—Zozi,

where kr is the signed curvature of I' defined at regular points, and «; are the turning
angles at the singular points (corners) of I'. Thanks to the Gauss-Bonnet theorem,
the total curvature of the positively oriented curve 0FE(t) is closely related to the
Euler characteristic of E¢(t) (see [DC76, p. 274] for instance). Considering for i the
constant function equal to 1, we will simply denote
LP;(U) :=LP;(1,U) and LTC;(U):=LTC;(1,U).

By the coarea formula (JAFP00] or [EG92]), LP;(U) is equal to the total variation
of fin U.

To have all three Minkowski functionals (or Lipschitz Killing curvatures), we could
also define the level area functional as,

LA, (h,U) = /R h(t)L (E;(£) NU) dt,

where h now needs also to be integrable, h € L'(R), and £L(FE) denotes the Lebesgue
measure (area) of a set E. Now, this level area can be written as

LA, (h,U) :/h(t)E(Ef(t)ﬂU) dt:/Rh(t)/UIf(x)>tdxdt

= U/_fo(:) h(t) dt dz :/U(H(f(x)) — H(—0)) du,
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1298 H. BIERME & A. DESOLNEUX

where H is any primitive of h. Here the integral LA that was defined on the levels
t € R has been rewritten as an integral on the domain U. This can also be done for
LP and LTC. More precisely, for the level perimeter, when f € C'(R), we obtain
in [BD16] the following formula, for h € Cy(R),

(1.1) LPs(h,U) = [ () IV (@) da,
and in particular
(1.2) LP/(U) = LP;(1,U) = [ V()] da,

that is the coarea formula.
For the level total curvature, when f € C*(R), we obtained in [BD20], for h €

Cy(R),

(13)  LTC;(hU) = —/U

V@)t Vi(x)*
Vi@ V()]

h(F()) D2 (). ( ) Lo o d,

and in particular
Vi)t Vf()*
V(@) V()]

where if u and v are two vectors of R? the notation D?f(x).(u,v) stands for
u'D? f(x)v where here D?f(x) is seen as a 2 x 2 symmetric matrix.

We also obtained explicit formulas when f is no more smooth but piecewise con-
stant on nice sets (it is then called an elementary function) in [BD20, Equation (17)
for LP and (18) for LTC]. We investigate in this paper how this point of view can
be adapted to functions that are piecewise constant on a regular tiling, where the
geometry of the tiling will also play an important role. Despite the fact that such
functions are no more elementary in the sense of our previous paper, this is a natural
framework for numerical computations as soon as one has to consider discretization
of functions. Hence we will consider here two situations. The first one where we have
a tiling of the plane with regular hexagons. The second one, is a more realistic case,
where we have a tiling with squares (pixels). Assuming some regularity of f (C' or
Lipschitz on R? for instance), we can use an approximation inequality such as the
one of Proposition 4.1, to show that the level area of a discretized version f. of f
converges to the level area of f, when € goes to 0. In this paper, we will focus on
what happens for the level perimeter and the level total curvature of a discretized
version f. of f. The geometry of the tiling is important, and in the case of pixels, the
connectivity is not well defined since both 4- and 8-connectivity can be considered.
The two cases will be studied.

Now, the specificity of our approach here is that we follow our “functional” point
of view (through LP and LTC), but also our random field approach, replacing the
deterministic function f by a random one X and considering the expectation of LP
or LTC. This allows us to provide explicit mean formulas in particular when the
random field X is stationary and isotropic.

The paper is organized as follows. In Section 2 we give formulas for the level perime-
ter integral and the level curvature integral of discrete deterministic functions defined

(1.4)  LTC4(U) = LTCf(LU):/UD?f(g;).( >Ivf(m)>0dx,
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on else an hexagonal or a square tiling. Then, in Section 3, we derive expressions for
the expectation of these integral in the case of discrete random fields. More precisely,
we are interested in white noise and in positively correlated Gaussian random fields.
Now, another way to obtain discrete functions is to discretize a smooth function (or
random field). This is what we do in Section 4, and we give the limits as the tile
size goes to 0, showing that the level curvature integral behaves well, whereas the
level perimeter integral has a bias that we quantify. We illustrate this with some
numerical experiments. In the Appendix, we have postponed some technical proofs
and also we propose an unbiased way to compute the level perimeter integral.

2. Geometry of discrete functions

2.1. The hexagonal tiling case

Figure 2.1. On the left: Hexagonal tiling restricted to a square domain (0, T)?.
On the right: the domains U (black square), U. (red rectangle) and U¢ (blue
square).

We first introduce some notations for the tiling with hexagons. For 6§ € R, we
will denote by ey the unit vector of coordinates (cosf,sinf). Let ¢ > 0 and let us
consider a regular tiling with hexagons of “size” € where the set of the centers of the
hexagons is given by

1 3
Cg = {kl\/§€€0 + k'Q\/§€€7r/3; ]{Zl, ]{ZQ € Z} = {E ((kl + k'g) \/g, 2k2) ; kl,k2 S Z}

2
The distance between the centers of two neighbouring hexagons is v/3¢, the side
length of the hexagons is ¢ and the area of each hexagon is 3?\/352. The vertices of

the hexagons are the set of points V. given by
VEZCE—G—{&Q%_HL%; 0<n<5}.

On Figure 2.1, we show such a tiling with regular hexagons. The points of C. are
plotted with black stars and the points of V. are the vertices of the hexagons marked
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by small red circles. For z € C. we will denote by D(z,¢) the (open) hexagon of
center z and size . Notice that the distance between a vertex v € V., and the centers
of its three neighbouring hexagons is equal to e, that is also the side length of the
hexagons.

Finally we will denote by &. the set of edges. Each edge is a segment of length
e between two neighbouring vertices of V. and we will sometimes identify an edge
w € & with its middle point. The set of edges is the union of three sets, depending
on the orientation of the edge, and that are denoted by £7/2, £7/6 and £-7/6. In
order to remove boundary effects, when considering a square domain U = (0,T)?,
we will consider the enlarged domain U® = (—5,7 + §) x (—5,T + 5) as well as the

restricted domain
e G e R R =

U.CcUcCU".

This will ensure that no edge (seen as an open segment) of the tiling in U, intersects
OU,, and that each midpoint w € £ N U, is the middle of two centers in C. N U*® (see
Figure 2.1 right).

To give some order of magnitudes, notice that the cardinality of the different sets
of points are

such that

2 T? 2 T? 4 T?

—— ENU|~ —— d NU| ~ ———.
3\/5527 | | \/382 an ’V | 3\/352

These equivalents also hold when we consider U, or U¢ in place of U.

We denote by PCH®(U#) the set of piecewise constant functions on the hexagonal
tiling in Us. A function f € PCI*(U®) can be identified with the finite set of
values {f(y)}yec.nve. To have a function that is defined everywhere, we adopt
the convention that the value of f on an edge is equal to the mean value of its
two neighbouring centers, and the value at a vertex is the mean value of its three
neighbouring centers. For f € PCI™(U?), we denote for each vertex v € V., the three
ordered neighbouring values at v by f(v) < f@(v) < f®(v). And for each w € &.,
we denote by fT(w) and f~(w), respectively the maximum and the minimum of the
two values of f on the two sides of w.

IC.NU| ~

PROPOSITION 2.1. — Let f € PCI™(U?). The function f has a finite total
variation in U, and for h € Cy(R) and H a primitive of h, the level perimeter integral
of f satisfies

LP;(h,U.)=¢ > [H(f(w))—H(f (w))].

weEENU;

Moreover, the function f is of finite level total curvature integral and the level
total curvature integral of f satisfies

LTC;(h,U.) = g > H(PW)+H(fVw) - 28 (fP0))].

veEV:NUe
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In particular,

LP;(U) =e > |ff(w) = f(w)]

w€EENUe

and

LTCH(U) = 7 > [fO0) + D) - 2fP(v)] .

vEV:NU:

wl

Proof. — Let us start with the level perimeter integral. Since f € PCI™(U#), for
any ¢t € R, the excursion set E;(t) N U, is a union of hexagons (or parts of hexagons
on the boundary), and an edge w € &. is part of the boundary of E((t) in U, if and
only if f~(w) <t < fT(w). We also recall that all edges in & have the same length,
that is equal to € and that an edge in U, is entirely contained in U.. Moreover, since
U. is bounded, t — Per(E((t),U.) is piecewise constant with compact support and
therefore we have, for h € Cy(R), denoting H a primitive of h,

LP;(h,U.) = /R h(t) Per (E;(t), U.) dt = /

R

h(t)< > €1f<w><t<f+<w>) dt

weE NU;
/ ydt=c Y [H(ff(w) —H(f(w)].
wGSsﬁUs F=(w) weENU.
Figure 2.2. The turning angle at a vertex v is else +% if @ t < fO(v)

(since in that case the set {f > t} is made of one hexagon see left figure) or
—2if fM(v) <t < f®(v) (since in that case the set {f >t} is made of two
hexagons, see right figure).

For the level total curvature integral the computations are similar. The boundary
of an excursion set Ef(t) in U, is a curve that is piecewise linear since it is made of
edges in &.. Its curvature at regular points is then 0, and it has only corner points
at vertices v € V., where the turning angle is else % if f@(v) <t < f®(v) or —F if

fO () <t < fP(v) (see Figure 2.2). Therefore
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(If<2>(v)<t<f(3>(v) - If<1>(v)<t<f<2>(v))> dt

I
T
>=
=
—
w3

F® () )
_ / h(t) dt —/ h(t) dt
3 vEV.NU: f(2)(v) f<1)(v)
LT
8= [H (f@w) + H (M) - 2H (£ )] O
veEVeNUe
2.2. The square tiling case

Figure 2.3. On the left: a tiling with squares restricted to a square domain (0, T')?.
The centers (set C.) of the squares are the black stars, and the vertices (set V.)
are the points marked by a red circle. On the right: the domain U (black square)
and U, (red square).

We now consider the case of a tiling with squares. This is the case used in practice
for digital images since they are defined on (square) pixels (contraction of picture
elements). Let € > 0 and let us consider a regular tiling with squares of “size” (side
length) € where the set of the centers of the squares is given by

CE = {klaeo + k2€€7r/2; kl, kz € Z} = {E(kl, kg) ) kl, kg S Z} .

The side length of the squares is € and the area of each square is €2. The vertices of
the squares are the set of points V. given by

V2
Va:Ca+{2562+ng;O<n<3
1 1
= {(k1+2) geg + (k2+2) €€7r/2; kl,l{}Q EZ}
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We will denote by &, the set of edges. Each w € &, is a segment of length ¢ that is
else horizontal or vertical. For z € C. we will denote by D(z, ) the (open) square of
center z and size €. Finally, notice that the distance between a vertex v € V. and
the centers of its four neighbouring squares is equal to £1/2/2.

When considering a square domain U = (0,7)? and & > 0, we will define here the
restricted domain U. = (0,e|£])% For the enlarged domain U*, since we already
have that each midpoint w € & N U, is the middle of two centers in C. N U (see
Figure 2.3 right), we can simply set U¢ = U.

Let us notice that here we have

2 T2 T2
IC.NU| ~ E.NU[~2— and V.NU|~—.
€ £

g2’
The same approximations hold when U is replaced by U..

When dealing with a tiling with squares, the definition of connectivity is not unique.
Indeed we can say that two squares are neighbours if they have a common edge (this
is the 4-connectivity), or only as soon as they have a common corner (this is the
8-connectivity). Now, in fact, these two connectivities are “complementary”. Indeed,
if we want a discrete version of the Jordan curve theorem to hold, we have to state
it in the following way ([Ros79]) : the complement of a 4-connected simple closed
discrete curve (sequence of squares) is made of exactly two 8-connected components.

We will denote by PC24(U) the set of functions f defined on U that are piecewise
constant on the tiling with regular squares of size ¢ > 0. Such a function can be
simply identified to the finite set of values {f(z)}.cc.nv. The value of f along an
edge is taken as being the mean value of its two neighbouring centers, while its value
at a vertex is given by the mean value of its four neighbouring centers. Since we have
to consider two different total curvatures according to the choice of connectivity, we
write TC*(0E;(t)NU.) and TC®*(OF;(t)NU.) such that, for h a bounded continuous
function,

(2.1) LTCY(h, U) = /]R h(t) TCY (DE(t) N U) dt, for d € {4,8}.

We denote for each vertex v € V., the four ordered neighbouring values at v by
fO ) < fA ) < fOv) < f@(v). And for each w € &., we denote by f*(w) and
f~(w), respectively the maximum and the minimum of the two values of f on the
two sides of w.

PROPOSITION 2.2. — Let f € PC3(U). The function f has a finite total variation
in U, and for h € Cy(R) and H a primitive of h, the level perimeter integral of f

satisties
LP;(hU)=c Y [H(f"(w)—H(f (w)].
we& NUe
Moreover, the function f is of finite level total curvature integral and the level

total curvature integrals of f satisfy

LICHL U = 3 [H (1) + H (100) - B (1Ow) - 7 (72)]
+ 7 VX;U [H (f ) H (f )} Ic(v):cr0S87
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and
LICHhU) =5 > [H(fOW) +H (W) - H (19 ) - H (£2())]
vEVeNUe
—r > [H(fP0) = H(fP0)] L) —eross:
vEVeNUe

where c(v) = cross denotes the event that the configuration at v is “a cross ” (meaning
that f1) and f2 are achieved at two “opposite” squares (see Figure 2.5)).

Proof. — Let us start with the level perimeter integral. Since f € PC3(U), for any
t € R, the excursion set E(t) N U, is a union of squares, and an edge w € &, is part
of the boundary of E¢(t) in U, if and only if f~(w) < ¢ < f*(w). We also recall that
all edges in & have the same length, that is equal to €. Since ¢ — Per(E(t; U,)) is
piecewise constant with compact support, we have, for h € C,(R) and H a primitive
of h,

LP;(h,U.) = /

R

h(t) Per (E;(t), U.) dt:/Rh(t)( 3 elf(w)<t<f+(w)) dt

’LUE(SEPIU

—: ¥ /ff;(:)h(t) dt=c Y [H(f"(w)-H(f ()]

weE NUe weE NU:

Figure 2.4. The turning angle at a vertex v is else +% if f®(v) <t < fW(v)
(since in that case the set { f > t} is made of one square, see the left-most figure),
or =2 if fW(v) <t < fP(v) (since in that case the set {f > t} is made of three
squares, see the middle figure), or 0 if f®(v) <t < f®(v) and the configuration
at v is not a cross (since in that case the set {f > t} is made of two adjacent
squares, see the right-most figure).

For the level total curvature integral the computations are also similar to the
ones in the case of hexagons. However, we have to consider the two different types
of connectivity. The boundary of an excursion set E;(t) in U, is a curve that is
piecewise linear since it is made of edges in &.. Its curvature at regular points is then
0, and it has only corner points at vertices v € V., where the turning angle 3 is (see
Figure 2.4):

o B="Tif fB(v) <t < fO(v);
o B=—Tif fO(v) <t < fA(v);
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Figure 2.5. If f®(v) <t < f®(v) and the configuration at v is a cross (left
figure), the turning angle at a vertex v is ™ = w/2+m/2 (in 4—connectivity, since
it is equivalent to the “zoom” presented in the middle figure) or —m = —7/2—7/2
(in 8—connectivity, see the “zoom” on the right figure).

o If f@(v) <t < f®(v), then f = 0 if the configuration at v is not a “cross”
(see Figure 2.4), whereas if the configuration at v is a cross (see Figure 2.5),
then § = 7 in 4—connectivity and f = —x in 8—connectivity.

Therefore,

LTC}(h, U.)

m F® ) FA( F® @)
RE TR N I LR I ICL S D O Ty A UL
=2 Y [HOW)+H (W)~ H (1Ow) - H (120)]
vEVe NU:
+m Z {H (f(g) (U)) - H (f(Q) (1)))} Ic(v):cross-
veEV.NU

For LTC?(h, U.) the computation is the same, except that the +m in front of the
second sum is changed into —. O

A convenient way to get rid of the connectivity ambiguity is to consider a kind of
“6-connectivity” by setting

1
LTC(h,U.) 1= 5 (LTC}(h, U.) + LTCH(h, U2)) .

Then, the “cross” configuration doesn’t appear anymore in the formula, since, using
the above results, we simply have

> [H(OW)+H (1Y) - H(fOw) - H(fPW)].

vEV: NU:

A

LTC}(h,U.) = 3

Remark 2.3. — Let us note that these formulas are of course linked with numerical
computations of discrete topology. Actually, when considering a set £ C U we can
choose f € PC39(U) corresponding to its discretization of size & by taking f(z) =1
when z € C.N E and f(z) = 0 otherwise. Now, since the values {f(2)},cc. v are in
{0,1} and those of f in {0,1/4,1/2,3/4,1}, one can take h € C,(R) a non-negative
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function with support in (3/4,1) such that [ h = f31/4 h = 1. On the one hand, we
clearly have

1
d _ d
LTCY(h, U,) = /3 O (O (1) 1 U2) h(t)dt
1
= TCY (9E;(1) N UL) // h(t)dt = TC* (DE;(1) N UL).
3/4
On the other hand, choosing H(t) = [*__ h(t), since fU)(v) € {0,1} for 1 < j < 4,
one has H(f"(v)) = Y9 (v) and

LICHhU) =5 > [0 +590) = fP(0) = fO ()]
veEV:NU:
w1 Y [FO0) = FO0)] L) = cross
veEV.NU

Moreover, since fM(v) < ... < f@(v), the only v € V. N U. that contributes to
the computation of LTC§(h, U.) are those for which f®(v) = 0 and f@(v) = 1.
Among them we can distinguish three configurations. The first one when f®(v) = 0
and f®(v) = 1, only contributes to the second sum for cross events with +1; the
other ones contribute only to the first sum with +1 when f®(v) = f®(v) = 0 and
with —1 when f®(v) = f®(v) = 1. Hence it is enough to count the number of
such configurations. By the Gauss—Bonnet theorem, since the Euler characteristic
corresponds to the total curvature divided by 27, this coincides with the algorithms
proposed for computing the Euler characteristic of discrete sets as for example
the function bweuler in Matlab [Gra7l, Pra07] with respect to the two different
connectivities.

3. The mean geometry of discrete random fields

In this section we introduce (£2,.4,P) a complete probability space and replace
f by X € PCI*™(U®) or X € PC?4(U?) defined through the real random variables
{X(2)}.ec.nv=- Then LP and LTC are now real random variables and we will focus
on their mean values given by expectations when they can be defined.

3.1. Perimeter and total curvature of a white noise

In this first part we investigate the case of a white noise obtained choosing
{X(2)}.ec.nv- independent identically distributed real random variables of com-
mon distribution function F. We will note X1 € PCH*(U%) and X5 € PC3(U?)
according to the tiling when considering LTC.
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PROPOSITION 3.1. — Assume that the X (z), z € C.NU* are independent identi-
cally distributed on R with distribution function F. Then, for h € Cy(R) N L'(R), for
both the hexagonal and the square tiling case, LP and LTC have finite expectation
and we have

E(LPy (h,U.)) = 2¢ |€. N UL| / h(t)F(£)(1 — F(t)) dt.
R
In the hexagonal case, we have

E (LTC xnex (h, U.)) = 27 VI N U,

1
[ roFe - Fe) (Fo) - 5) d
R
while in the square case we have
E (LTCYE, (h, UL))
VN,

=27

/Rh(t)F(t)(l — F(t)) [(QF(t) —1)£(1- F(t))F(t)] dt,
where we have the sign 4+ for LTC* and the sign — for LTC®.

Proof. — Note that choosing h € Cy(R) N L'(R) ensures that we can choose a
bounded primitive function H in such a way that H(X(z)) are bounded random
variables and therefore they all have finite expectation. It ensures that LP and LTC
have finite expectation as finite sums of such variables. Now, since the X(z), z € C.,
are independent identically distributed on R with distribution function F', we have

for any w € &, (X~ (w), Xt (w)) = (min(X7, X3), max(Xi, X2)) where X; and X,
are independent and follow the distribution F'. Therefore,

E (LPx (h,U.)) = |& N U.| E(H (max (X1, X»)) — H (min (X1, X2)) ).
Hence we have to compute
E (H(Xs,2) — H(X1,2)),

where we use the notations of [ANO1], meaning that X; , < ... < X, ,, are the or-
dered observations of X, ..., X, for n > 2. We will denote by Fj}, ,, the distribution
function of X ,,. In this setting, we have that for 1 <k < n,

Fren(t) = Ipqy(k,n — k + 1), with L(k,n—k+ 1) = znjk (;’1) 2™(1 — z)"™,
where F}, ,(t) = P(Xj,,, < t). Now, we can write by Fubini Theorem, since h € L'(R),
E (H(Xoo) — H(X.,)) = /Rh(t)IE (Ticxos — Tiex, ) dt
— /Rh(t) (1— Foot)) — (1 — Foa(t)) dt
-~ /R h(t)2F(H)(1 — F(t)) dt,

and this completes the proof of the formula for the level total perimeter.
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For the level total curvature, the computation is very similar, except that for the
hexagonal tiling we have now three independent random variables X;, X, and X3
of the same distribution F', and we consider their max, min and median. We have

E (LTC xrex (h, U.)) = g VE O U B(H (Xs,5) + H (X15) — 2H (X33) ).

Now, as above we can write

E(H (X5,3) + H (X1.3) — 2H (X2.3) ) :/h( )E (It<X33+It<X13 20 x, ) dt
_/ ) (2Fy 5(t) — Fy 5(t) — Fus(t)) dt

- 3/ () F(1)(2F(t) — 1) dt

and this completes the proof of the formula for the level total curvature integral.
Finally for the square tiling we have now four independent random variables X5, X5,
X3 and X, of the same law F to order. We have

E(H (X1,4) + H (Xy,4) — H (X2,4) — H (X5, 4))
_ / )(Fo,a(t) + Falt) — Fua(t) — Fua(t)) dt
— 4/ (1 F(1)) — F(H)(1 - F(1))°) dt
— 4/R (OF (@)1 — F()(2F(t) — 1) dt.

d .
Now, for any vertex v we also have T.(y) = cross = Teross Ix, 4 <t < x5,4 With
1

*IX2,4<15<X3,47

3

since there are 2 configurations over 6 possible ones to get a cross. Thus
E( (H (X3,4) - H(X2 4 cross — 3 / F2 4 F273<t)) dt

:2/R () F(t)*(1 — F(t))* dt.

E (IcrossIX2,4<t<X3,4 X2,47 X3,4) -

Finally, we get
E (LTCsa(h, Us))

=27

L AOF()(1 - F()) (2F(t) = 1) + (1 = F()F(t)] dt,
and

E (LTCsa(h, Ur))

[ h(t)F(t)(1 = F(1)) (QF(t) = 1) = (1 = F()F(t)] dt. O

Notice that, as a consequence, we get

1

E (LTCsa(h U2) ) = [ hOF()(1 - F) (F(t) _ 2) dt,
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Figure 3.1. First line: Left, a sample of a white noise with uniform distribution
of size 200 x 200 pixels; and right, excursion set for the level t = 1(3 — /5).

Second line: excursion sets for the levels t = 1 (left) and 1(—1+ +/5) (right).

which is, up to a constant factor that depends on the geometry of the tiling (angles
between the edges and number of vertices), the same as E(LTCyuex(h, Us)).

Let us also remark that choosing a distribution F' such that F(1 — F) € L'(R) we
can deduce that, for almost every t € R,

E (Per(Ex (1), Ue)) = 2 [ N U F(t)(1 - F(2)),

and similarly for the mean values of total curvatures. We insist on the fact that
this holds for almost every t. Actually, considering a Bernoulli noise of parameter
p € (0,1), the distribution function F, has two jumps at ¢ = 0 and ¢ = 1 and
F(t)(1 — F; (t)) has to be used instead of Fj,(t)(1 — Fy(t)) to compute the mean
perimeter of the excursion set at these jumps values. We illustrate these results in
the case of tiling with squares on Figures 3.1 and 3.2. Here we consider the square
domain U = (0,1)? and & = 1/200. The random field is a white noise with uniform
distribution on [0, 1] of size 200 x 200 pixels, i.e. here F' is continuous with F'(t) =0
for t < 0, F(t) = 1fort > 1 and F(t) = t for t € [0,1] in such a way that
F(1—-F) e L'(R).

This example leads us to two remarks. The first one is that the empirical curves
on one large sample are very close to the theoretical mean values, suggesting that
the variances of LP y and LTCx are very small. Computing these variances is doable
in theory and it would be an interesting direction for future investigations. The
second remark is the question of knowing if there is a relationship between the
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Figure 3.2. On the left, the perimeter of white noise with uniform distribution:
empirical values (plotted with stars) and theoretical curve of the mean perimeter
given by t — t(1—t). On the right, the total curvature: empirical values (plotted
with stars) and theoretical mean total curvatures given by t — 25t(1—t)[(2t—1)+

(1—1)].

values where ¢t — E(TC%(0Ex(t,U.)))) crosses 0 and percolation thresholds. Indeed
in the hexagonal case, the percolation threshold is p. = 0.5 and this is also the
value t. at which ¢ — 25¢(1 — ¢)(2t — 1) crosses 0. And in the square case, the

percolation threshold is p. >~ 0.593 and t, = % + 1_7*/5 ~ (.618 is the positive zero of
t + E(TC*(OEx(t),U.)), hence it seems that |p. — t.| is “small”, and studying this
fact to know if it can be generalized would be interesting.

3.2. Perimeter and total curvature of positively correlated Gaussian
fields

It is more difficult to get explicit computations when considering non-independent
random variables without adding assumptions on their distribution. In this section
we consider the discretization of a standard centered Gaussian stationary field X =
(X(x)), cge, that is also positively correlated, with covariance function p, meaning
that Cov(X (z), X (y)) = p(x —y) = 0 with p(0) = 1. Note that the case where the
variance of X (), given by o2 := p(0), is not equal to 1 can easily be deduced from
this one considering X /o. For € > 0 we consider the discretization of X given by the
set of the values (X (2)),cc.. The main quantities of interest will be

(3.1) By(e) := Var (X (ceg) — X(0)) = 2(1 — p(eey)), for eg € S*.

Note that the behavior of fy(¢) is linked with the regularity of the field. Actually,
mean square regularity is related to sample paths continuity for Gaussian fields
(see [AT07] for instance). Adding stationarity, one can deduce directional regularity
from the behavior of fy(¢) when € tends to zero. For instance, when there exists
a € (0,1] and Ao (f) > 0 such that e 2*By(e) — Xaa(0) as € goes to 0, one can
find a modification of X such that, for z € R?, t € R — X(z + teg) is almost
surely o/-Hélder continuous for any o < « (we refer the interested reader to [Biel9,
Part 2]). Let us also emphasize that when X is a.s. C! one has e7?3y(g) — X2(6),
where \o(6) = Var(0p X (0)), with 09X the partial derivative of X in the direction ey.
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When the field X is isotropic this value does not depend on 6 and the common value
denoted as A, is usually called second spectral moment.

In the following Theorem 3.2 we focus on asymptotics for mean LP and LTC
obtained for the discretization of X on a tiling as € goes to zero. Our results are
mainly based on ordered statistics of order 2 for LP, 3 for LTC in the hexagonal
tiling case and 4 for LTC in the square tiling case. Even with a Gaussian distribution,
there are few results available in our dependent setting and we need to impose extra
assumptions on the dependency given by the covariance function. In particular we
are working with positively correlated variables meaning that p is a non-negative
function. Moreover, we will need the following assumptions:

(A1) there exists o € (0, 1] and real numbers Ay, (6) > 0 such that
e B3(2) — Aaal(6),

for any edge orientation ey of the tiling.

(A2) Assumption (A1) holds and p(cey) = p(cer/2) for any edge orientation ey of
the tiling, hence we write Ay, the common value of Ay, (6).

(A3) Assumption (A2) holds for the square tiling and p(ee,/2) —p(e(eg+€x/2)) > 0
and 1 — 2p(ceq/2) + p(e(eo + ex/2)) = 0 with

e (1= 2pleeass) + pleleo + exa))) =3 0.

THEOREM 3.2. — We consider the discretization X, of a centered stationary
standard Gaussian and positively correlated random field X. Let h € Cy(R) N L'(R).
Then, under (A1),

(ﬁe)(l—a)E (LPX;{ex(h, UE)) — L(U ( Moo (6; > / 7t2/2dt

e—0

with {0;;1 <i <3} = {n/2,+7/6}, while
"R (LP ysa(h, Us)) — L(U ( Aaa (0; ) / te "t

with {Ql, 92} = {0, 7T/2}
Moreover, under (A2),
1

(\/ﬁg)zu—a) E (LTCyxguex(h, Uz)) —3 L(U) x N

Aoa / h(t)te /24t
R
Finally, under (A3), then

1 2
2(1— —12/2
2R (LTCSysa (b, Us)) — L(U) x —mxga /R h(t)te V724t

e—0
where we recall that LTC® := L(LTC* + LTC®).
The proof of this theorem is technical and it is postponed to Appendix A.1

Remark 3.3. — When X is assumed to be a.s. C® and isotropic, we have for all
t e R,

E (Per(Ex(t),U)) = 2L(U)CH(X,t) and E(TC(OEx(t) NU)) = 20L(U)CE(X, 1),
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where C} and Cf are the Lipschitz—Killing curvatures densities (see [BDBDE19]),
given by
1
CH(X,t) = Z\/Ee—m and  Cp(X,t) = (2m) "% hgte T'/2,
where Ay denotes the spectral moment of X corresponding to Var(d;X(0))
= Var (02X (0)) by isotropy. Since
<X(€€9j> — X(0)

£

Var (0,X(0)) = lim Var

e—0

— i o2 _ _T
) = l%ﬁ By, (e), for 01 =0 and 0, = BL
the field X will satisfy (A1) with o = 1 and Ay, (0) = Ay for any orientation 6 by
isotropy, as soon as p is non-negative in order to ensure the positive dependence
assumption. Hence, since it also satisfies (A2) by isotropy, by Theorem 3.2 we obtain

for any h € Cy(R) N LY(R),
E (LP xsex (h, U.)) — j‘; x E(LPx (h,U))
and E (LTCxpex(h, Uz)) — E(LTCx(h, 1)),
with
E(LPx(h,U)) = / h(t)E (Per(Ex (t),U)) dt

R

and E (LTCx (h,U)) = / h(t)E (TC(OEx (t) N U)) dt.

R
It follows that we have a weak-convergence

E (Per (Exyex(t), Uz )) - 1R (Per(Ex(t),U))

—0 77

and E (TC (0Exye«(t) NU.)) = E(TC(Ex(t) NU)).

Now, if we assume moreover that p(z) = p(||z||*) with p a non-negative function
that is C? on a neighbourhood of 0 and such that p/(0) < 0 and p”(0) > 0 we easily
check, using Taylor formula, the additional assumptions for the square tiling and
also obtain the weak-convergence

E (Per (Eysa(t),Uz)) — 4y E (Per (Ex(t),U))

e—=0 7

and E (TC® (0Eysa(t) N UL)) — E(TC(0Ex(1)NV)).

€

An example of such a field is given choosing p(r) = e~ for some x > 0, such that
A2 = 2k%. Note that the over-estimation for the perimeter, as remarked in [BDBDE19,
Figure 1], is now corrected with the multiplication by % for the theoretical value.
This is illustrated in Figure 3.3 where we have chosen p(z) = e’ I#I* for x = 100,
U = (0,1)? and ¢ = 27'% (that could also correspond to (0,100)%, k = 1 and

e =100 x 2710),
We can also illustrate Theorem 3.2 with some fractional fields that are not C*
anymore. Let us take for example the covariance function p(x) = e~ lel* for

a € (0,1). For such a covariance function, the results on the hexagonal tiling will
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hold with Ao () = 2x**. However even if we have p(cer/2) — p(e(eg + €x2) = 0
we get 1 — 2p(eeq/2) + ple(eg + exp2)) = (2% — 2)e**(k** 4 o(1)). Hence the square
tiling assumption for the total curvature (A3) fails in this case. Choosing instead an
anisotropic covariance function given by p(z) = e~ (@M% for g = (71, 29) € R?,
is enough to check all needed assumptions (Al), (A2) and (A3). We illustrate
this for the square tiling with a = 0.5 on Figures 3.4 and 3.5. Here we consider
U = (0,1)% x = 100 and ¢ = 27 (that could also correspond to U = (0,100)?,
k=1and e =100 x 2710),

We also illustrate the resolution effect on Figure 3.6 where we still consider
U = (0,1)? given with a maximal resolution (minimal €) &, = 2% for 210 x 21
pixels and discretize the field for intermediate resolution ¢ = 27% for k € {6,7,8}
and a = 0.5. Finally, Figure 3.7 presents in log-log scale the dependency of the
computation of the total variation LPx_(U) = [ Per(FEx_(t), U)dt (computed by a
Riemann sum for empirical values) compared to the theoretical values given with
the normalized spectral moment £2%),, or considering the non asymptotic spectral
moment given by [y(e) = 2(1 — exp(—(ke)®). Actually, if we could take h = 1 in
Theorem 3.2, we should observe LPy_ (U) ~ 2/22ag=(1=) — 2\/25*1\/52‘1)\2@. We
can observe the 1 — « slope for log-log scale in Figure 3.7 but it seems also that
E(LPx.(U)) ~ 2\/%5_1\/ Bo(e) gives a better estimate for smaller resolution. For
total curvature, we compute similarly the Riemann sum of the absolute empirical
values and we denote LaTCx (U) = [ | TC(OEx (t)NU)|dt. Now the slopes are given
by 2(1 —«) and similarly, a better match is obtained choosing Sy(¢) instead of £2* Xy,
in the theoretical formula.

100 T 6000

9 f
4000 -
80 f
70t
2000
60
50 1 0
40t
2000 |
30t

20 ¢

-4000 [

0 - -6000
- 5

Figure 3.3. Smooth isotropic correlated Gaussian field. Left: Perimeter, empirical
values plotted with red stars and theoretical curves of the mean perimeter given

by t — %\/)\26*t2/2 in blue and ¢t — 2 e~2By(e)e /2 in green. Right: Total
curvature TC® = %(TC4+TC8), empirical values plotted with red stars and
theoretical mean total curvatures given by t \/%)\gte_ﬂ/ 2 in blue and t

T5=¢ 2B (e)te="*/? in green.
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Figure 3.4. First line: Left, a sample of a fractional correlated standard Gaussian
field of size 2'° x 219 pixels for o = 0.5; and right, excursion set for the level
t = —1. Second line: excursion sets for the levels t = 0 (left) and 1 (right).

300 5 <100
250
200 -
150 |

100 ¢

Figure 3.5. Fractional correlated Gaussian field for « = 0.5. Left: Perimeter,
empirical values (red stars) and theoretical curves of the mean perimeter given by

t e (172 Roe /% in blue and t = 2/ 2fy(e)e*/? in green. Right: Total
curvature TC® = 3(TC*+TC®), empirical values (red stars) and theoretical

mean total curvatures given by t 5_2(1_0“)\/%)\20415642/2 in blue and t +

\/%6*2@) (e)te~"*/? in green.
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‘. a) €= *8

Figure 3.6. A sample of a fractional correlated standard Gaussian field of size
210 % 219 pixels for o = 0.5 and different resolutions e.

log(TV)

Figure 3.7. Log-log plots of TV and LTaC for fractional correlated standard
Gaussian fields of size 2'? x 22 pixels for a varying between 0.1 (in blue) and
0.9 (in red), as functions of the resolution ¢. Empirical values are plotted with
stars and theoretical ones are plotted with dashed curves for £2*\y, and with
continuous curves for fy(e).

4. Discretization of smooth functions

In this section, we will study the limits of LP;. and LTCy, as the size € of the
tiling goes to 0, when f is a smooth function. In particular, we would like to know
if the limits coincide with LP; and LTCy. For this aim, let U = (0,7)? with 7" > 0
and we recall first the main formulas obtained in our previous paper [BD20] for a
smooth (C?) function f on R?, given by (1.1) and (1.3), for i € Cy(R).

When h is also assumed to be C' on R, denoting by H a primitive of h, a simple
computation leads to, for any vector e € R2,

D*(H o f)(z).(e,e) = K(f(x)) (Vf(z),e)* + h(f(z))D*f(z).(e,e),

where (-, ) is the Euclidean scalar product on R?. Using this formula with e = Fé}g; ,
we get,
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B ) Vf(z)t V()"
LTC;(h,U) = —/UD (H o f)(z). <|Vf(x)|7 |vf($)|) L9 (tiof) (2)] > 0 d

= LTCyo(1,U) = LTCp o ((U).

Hence we are reduced back to the case h = 1. In a similar way, decomposing a
bounded continuous function h into h = hy — hy, where hy = h + 2||h]|s and
hy = 2||h||« are both positive continuous and bounded functions, we get that

LPf(h,U) = LPy,of(U) — LP g0 (U).

Observe that we also have LP;(h,U.) = LPpy,of(U:) — LPu,or(Us), when f €
PCH*(U*) or f € PC24(U?). Since we can proceed similarly for the level total
curvature we will focus on the case where h = 1 in the following.

Usually, to infer an approximation error between the integral of a function and its
discretized version, one uses an approximation inequality like the Koksma—Hlawka
inequality [PS15]. Now here we will need a similar result that is given by the following
proposition.

PROPOSITION 4.1 (Approximation Inequality). — Let W be a rectangular domain
in R%. Let g be a bounded, Lipschitz function defined on R?. Let us consider a regular
tiling with a shape H. (that can be an hexagon, a square or a rhomb) of “size” . Let
a. = L(H.) be the area of H. and let d. be the diameter of H. (that is the maximal
distance between two points of H.). Let C. be the set of centers of the tiles. Then

< d. (L(W) Lip(g) + 2H' (W) sup|g|) + d2 Lip(g) L (H'(OW) + 4d.) .

Let A C W be an open or closed subset of W. Then the cardinality of C. N A is
bounded:

C.N A< L(A® BO,d)).

€

where B(0,d.) is the ball of center 0 and radius d., and @& denotes the Minkowski
sum, defined by A® B:={z+vy;x € Aandy € B}.

Proof. — Let us start with the first part of the proposition. We notice that

ac Y, gy = > /Eg(y)dZ-

yeC.NW yeCenNW
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Let W, := (C.NW) @ H.. It satisfies W. C W @ B(0,d.). Let W.AW = (W\W,) U
(WA\W) denotes the symmetric difference between W and W.. Then we have

ac >, gly) — /Wg(x)dl“

yelCenNW

<lae > g(y)— x)dx +’/ d:v— g(as)dz'
yeC.nNW

< ) / y) —g(y+ 2)|dz + L (W.AW) sup |g|
yeC.NW

< Lip(g9)d.L(W,) + 2d.H' (OW) sup |g|.

Bounding L(W.) by L(W) + d.H'(OW) + 4d?, we have the result.
For the second part of the proposition, we first notice that

L(Uyec.naly® H,)) = Z L(y® H.)=a.|C.NA|.

yeCNA

Now, since Uyec.na(y @ H.) is included in A & B(0,d.), we have the announced
inequality. 0

Notations

When f is a C? function on U C R?, we will use the notations

0= (agin) = P03 i)

for the partial derivatives of f at point x € U.

4.1. Limits as the hexagon’s size goes to 0

Let U = (0,7)? be a fixed domain. Let g9 > 0, and let us consider a tiling with
regular hexagons of size ¢ € (0,&q]. Let f be a C? function defined on U¢°. We then
consider a discretized version f. € PCH™(U®) of f defined by

(4.1) for a.e. z €U, f.o(x)= Z F(2)Ipe, o) (),

z€C.NU®E

where the D(z, ) are the hexagonal tiles, and the boundary conditions are defined
as in Section 2.1. The formulas for LP fg(U ) and LTCy_(U.) were given in Proposi-
tion 2.1. We are interested in their limits as ¢ goes to 0, and the links with LP ;(U)
(Equation (1.2)) and LTC;(U) (Equation (1.4)).

We first define

Hex

@) L) = [ (95l + [(TF @) ea)] + (V7 a)scans)]) da,
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and

Hex

(4.3) LTC, (U)
“ ik (5f(@) = 59nf@)) (16,(V1(w) — 21c,(Vf(a) da

where Cy := {z € R? \ {0};arg(z) or arg(—z2) € [—7/6,7/6]} and C; = {2z €
R% \ {0};arg(z) or arg(—z2) € (7/6,57/6)} = R* \ (.

THEOREM 4.2. — Let f be a function defined on U and assume that f is C* on
Ue with ||V f]le := maxye |V S| < 400 and ||D?f|s := maxp= |D*f]] < +o0.
For e € (0,eq], let f. be the discretized version of f on U®. Then,

e (SHU)

Hex ' Hex

LP; (U.) - LP, (U)
where
Hex
o (

LU) < C (L) +H'OU)) (1V £l + D] ) -
C' being a numerical constant independent of everything.

If moreover f is C3 on U with | D? f||« := maxy=, ||D3f]| < +o0, let us introduce
the set

0.7.0) = { e U: [L lous (@) - g 1ous ol < e 0]}

Then, there exists a constant C' - (f,U) such that

LTC

Hex

LTC}. (U,) — LTC,™ (U )‘g

Hex

£,U) +C||D?f|| _£(0s(f,U)),

LTC (

where
Curc(0) <€ (L) + 11 0) ([0 + PP
Proof. — We detail here the result concerning the level perimeter integral of f., as

e goes to 0. We assume that f. is the discretized version of a C? function f defined
on U with U, C U C U® C U® for € < g9. We have by Proposition 2.1 that

LP.(U) = 3 () = f~(w)] .

Let w € & be an edge, that is the boundary between two neighbouring hexagons,
and let z, be the center of the right-most hexagon (i.e. among the two hexagon
centers, z, is the one that has the largest first coordinate). The center of the other
hexagon is then z, +ev/3e5, where e, is the unit length vector oriented as the edge
w, and e} is its g-rotation. See also Figure 4.1 left. Then

FHw) = £ (w) =|f (0 +eVBel) = £z
:5\/_‘<Vf Zw ,€w>’+7°1(zw75)7
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£ )
¥ *
Vf(w)
w+
(1) (g  fPw)
T s wo = )
o
FO ) )

Figure 4.1. Left: FEach edge w is the boundary between two neighbouring
hexagons, and we denote by z, the center of the right-most hexagon. Right:
A vertical edge w, and its two associated vertices w' and w™. Given the gradient
V f(w), one can find the ordered values of f.

where |r(zy, )| < 32| D?f]|c. Now, each center z € C. is the z, of three different
w, with respective normal orientation eqj equal to egr/3, €x = —€g and eyr/3 = —€z/3.
Therefore, we can rewrite

Lpfs(Ue)
= > (5\/§’<Vf(zw),ei>‘+T1(zw,5))

we&E NU:

=23 S (V) eo)| + [(VF(2) enss)| + [(VF(2), €20s3)]) +72(e),

z€CeNU

with |re(e)] < Ce (L(U)||D*flloo + HY(OU)||V f|ls0), using the fact that |C. N U]

< CL(U)e™2. Then, since the area of each hexagon D(z,¢) is equal to a. = 37\/562,

by Proposition 4.1, we finally get

LPy.(U:)
§ 23\2/3 z€C.NU <|<Vf(z)’€0>| + ’<Vf(z), e”/3>‘ + ‘<vf(z)7627r/3>‘> + 7’2(5)
z/U (| 60 | T ‘<Vf<$>,€7r/3>‘ T ‘<vf(x)7€27r/3>‘) dx +T3(5)7

with |r3(c)| < eC " (f,U), where

Cl (£.U) < C () | D]+ H' OU)V f0) -

This ends the proof for the level perimeter integral.
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The proof for LTC also relies on Taylor formulas but now of order 2 instead of
1 and needs a clever grouping of vertices (see Figure 4.1 right). The details are
postponed to Appendix A.2. O

4.2. Limit as the square’s size ¢ goes to 0

Again, let U = (0,7)? be a fixed domain. Let g9 > 0, and let us now consider a
tiling with squares of size € € (0,g¢]. Let f be a C? function defined on U®. We
then consider a discretized version f. € PC24(U?) of f defined by

(4.4) for a.e. z € U5, f.(x)= Z f(2)Ip(s, o (2),
2€C.NU®
where the D(z,¢) are the square tiles, and the boundary conditions are defined as
in Section 2.2. The formulas for LP; (U.) and LTCy (U.) were given in Proposi-
tion 2.2. We are interested in their limits as ¢ goes to 0, and the links with LP ;(U)
(Equation (1.2)) and LTC;(U) (Equation (1.4)).
We first define

(4.5) 0P, (@) = [ (KVF@)seol +[(V (@), ensa)]) da
and
(4.6) LTC, (U =2 | 9uf@) [tvswcq, = Iy jweq ] da.
where here Q. = {2 = (21,22) € R% 2120 > 0} and Q_ = {2 = (21,29) €
R%; 2125 < 0}.
THEOREM 4.3. — Let f be a function defined on U and assume that f is C? on

Ue with ||V f]le := maxye | VS| < 400 and ||D?f|s := maxy=o | D*f]] < +o0.
For e € (0,eq], let f. be the square discretized version of f on U¢. Then,

Con(f.U).

‘LPfE(U) P, ()] <

where )
Co(f,U) < C (L) + 1 0U)) (IVFlle + D] )
C being a numerical constant independent of everything.

If moreover f is C® on U with || D3 f||s := maxy= || D3 f|| < 400, let us introduce
the set

Uf,U) = {z e U; o f(a)| < |D?f|| _ or |ouf(2)l < |D?f|_}.
Then, there exists a constant C’S;C(f, U) such that for d € {4,6,8},
LTCY(UL) - LT ()| < <L (£ 0) + C D] £ el £,1)).

LTC (

where

Cuxel£.0) < C (@) + 1 @) (0] + [2°1].)-
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* P e |

S

S

S I FO(v) f® ()

Figure 4.2. Left: Each edge w is the boundary between two neighbouring squares,
and we denote by z, the center of the left-most (if the edge is vertical) or bottom-
most (if the edge is horizontal) square. Right: A vertex v, and its four associated
centers. Given the gradient V f(v), one can find the ordered values of f.

Proof. — Let us consider the level perimeter integral of f., as € goes to 0, with
f- the square discretized version of a C? function f defined on U?°. The compu-
tations here will be very similar to the ones in the hexagonal case. We have, by
Proposition 2.2, that

LP,(U) =2 > [ft(w)—f (w)].

wEgsmU

Let w € &, be an edge, that is the boundary between two neighbouring squares,
and let z, be the center of the left-most (if the edge is vertical), or bottom-most (if
the edge is horizontal) square. The center of the other square is then z, + ee:. See
Figure 4.2 left. Then

FHw) = f(w) = | (20 +2e) — )
= e [(V/ (), e0)| + 71(20,0),
where |r(zy,€)| < €%|D*f]|so, by Taylor formula. Now, each center z € C. is the

zw of two different w, with respective normal orientation ei equal to eg and e, 5.
Therefore, we can rewrite

LP; (U.)=¢> > <‘<Vf(zw),eﬁv>’ +r1(zw,€)>

weE NU;

=22 Y ((VFE) el + [(VF(2),exa)|) +72(e),

z€CeNU:

with |re(e)] < Ce (L(U)||D?*flloo + H(OU)|IV flloo), using the fact that |C. N U]

< CL(U)e2. Then, since the area of each square D(z,¢) is equal to a. = &2,
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by Proposition 4.1, we finally get

LPL(U) = > ((VF(2)eo)l + [(VF(2) expa)|[) +7a(e)

z€CeNUe
= | (19 £@), o)l + [(VF (@), eq/2)]) do+75()

with [r3(e)| < eCy(f,U), where Cp(f,U) < C(LU)|ID*flloo + H (OU)||V floo)-
This ends the proof for the level perimeter integral.

The proof for LTC is similar but more technical, and it is postponed to Appen-
dix A.3. 0

4.3. Discretizing a smooth random field

In this section, we will see what happens to the mean level perimeter integral and
to the mean level total curvature integral of a discretized smooth stationary random
field, in both the hexagonal tiling and the square tiling cases. Roughly speaking, we
will see that the perimeter is always biased, whereas the total curvature is not, under
an additional isotropy assumption.

In all this section, as previously, we consider a fixed domain U = (0,T)?.

PROPOSITION 4.4. — Let X be a stationary C? random field on R? such that
IV Xl = max|| VX[ and |D?X| = max|D2x]|

Hex

——Sq
have finite expectations for some €y > 0. Then LPx(U),LPy (U) and LP (U) are
in LY(Q).
Let us consider the discretization X. € PCI™(U,) as in (4.1), respectively X, €

_ _Hex

—Sq
PCPY(U.,) as in (4.4). Then LPx_(U.) converges to LP (U), respectively to LP y (U),
in L'(Q), as € goes to 0.
Moreover,

2\/_ ___Hex

Ry (w) < E (TP .

(1)) < SELPx(U)),

respectively
E(LPx(U)) < E (LPx (1)) < VEE (LPx(1)).

Under the additional assumption that X is isotropic we have

Hex

E (LPX (U)> =K (ﬂlvDi?(U)) = iE (LPx(U)).

To give some hints on the numerical values: % ~ 1.15, % ~ 1.33, V2 ~ 1.41
and % ~ 1.27. This shows that, whatever the field, whatever the smallness of the
hexagons, there is always a bias when approximating the level perimeter integral
of the field X by the one of its discretized version on an hexagonal tiling. There is
also a bias on a square tiling, except if the smooth field X has a gradient that is
everywhere aligned with e or ez. The strongest bias is obtained when the gradient
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is everywhere aligned with the diagonal directions ez or e_z. These last remarks are
consequences of the proofs below.

___ _Hex
Proof. — Under our assumptions it is clear that LPx_(U.), LPx(U),LPy (U) and

Hex

—Sq

LP, (U) are in L'(92). Moreover we also have that Cjp (X,U) and Cjp(X,U) are
in L'(Q) so that the convergence results hold taking expectation from Theorems 4.2
and 4.3. According to the beginning of Section 4, by Fubini theorem and the station-
arity of X, we have

E(LPx(U)) = [ E(|VX(2)]) dr = LWE(IVXO)),

whereas we have

E (LPZ‘?‘(U)) _ §£<U)E ({VX(0), eo)| + |<VX( e

)

and B (IP (1)) = LOE (VX (0),e0)| + [(VX(0), 5)

(VX (0).c5)

)

i

).

Now, a simple computation shows that for any # € R, we have

cos<0—73r>‘ cos<0—27r)‘<2.

3
2V/3
TE (LPx(U)) < E (

V3 < | cos ] +

Therefore

Hex 4
[Py (1)) < SE(LPx(U).
In the case of a tiling with squares, since for any § € R we have
1 < |cosf| + |sinf] < V2,

we obtain
E(LPx(0) <E (TP (1)) < VIE(LPx(V)).

When the smooth stationary random field X is moreover isotropic, VX is rota-
tionally invariant and, according to [BB99, Proposition 4.10], its gradient direction

X(z)/[|[VX ()| is independent from ||[VX(z)|| and uniform on S'. Thus we get,
for any 0 € [0, 27),

E(IVX(0), o)) = EVXO) [ leos (o~ )] 5-dp = “E([TXO)]).

This shows that in the isotropic case

_——Sq

E (LP;I;X(U)> =E (LPX(U)) g (LPx(U)),

™

and since % > 1, there is always a bias. O
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Remark 4.5. — Assuming moreover that E(||[VX|%) < 400, for any h: R =+ R
bounded C! function with derivative i’ € Cy(R), and denoting by H a primitive of
h, then the random field H o X will satisfy the assumptions of Proposition 4.4. By
linearity this allows us to state the convergence results for LP x_(h, U.) and obtain
in the isotropic case the weak convergence

E (Per(Bx, (1), U2)) — ~E (Per(Ex(1), ),

as remarked in the Gaussian setting of Section 3.2. This is illustrated on Figure 3.3
and it explains why computing perimeters from discrete images is not easy. However,
solutions exist to obtain non-biased estimates of the level perimeter integrals from
pixelated images, and we propose such a solution in the Appendix B. The idea
behind the unbiased estimation of the perimeter given in the Appendix B in the
square tilling framework is to linearly interpolate the function inside each dual
square and approximate the boundary of each level set by a polygonal line where
now segments are not only horizontal or vertical (as for the discretized function).
We show in the Appendix why this linear interpolate provides unbiased estimates
of the level perimeter integral. See also Figure 4.3, where we used a non-Gaussian
smooth isotropic shot noise field as considered in [BD20].

For the level total curvature, things are different: there is no bias. Intuitively
this can be explained by the fact that the total curvature is related to the Euler
characteristic that counts the number of connected components and the number of
holes, and these numbers remain (almost) the same when the function is discretized
on very small hexagons or squares.

PROPOSITION 4.6. — Let X be a stationary C® random field on R? such that
191 = g0 7] =y °3] at [0°5] = e [°]

Hex q
have finite expectations for some ey > 0. Then LTCx (U),LTCy (U) and L?C; (U)
are in L'(Q).
Let us consider the discretization X, € PCI™(U,) as in (4.1), respectively X, €
PC(U,) as in (4.4). Assume that P((VX(0),eq) = 0) =0 for 6 € {%,%}, resp. for
0 € {0,Z}. Then, LTCx, (U.), resp. LTC% (U.) for any d € {4,6,8}, converges to

____ Hex ___ Sq
LTCy (U) in LY(), resp. to LTCy (U), as € goes to 0.
Moreover, under the additional assumption that X is isotropic

E (L’Tvciex(U)) —E (L’TY)?(U)) — E(LTCx(U)).

Proof. — We begin with the proof of the square tiling discretization. Under our

— Sq
assumptions it is clear that LTCx (U), LTCBI(E(UE) and LTC (U) are in L'(Q2). More-
over we also have CE4,(X, U) in LY() and since L(U.(X,U)) is bounded by £(U)
we can take the expectation in the a.s. inequality stated in Theorem 4.3. Now we
have by Fubini theorem and stationarity,

E(LU(X,U))) = LW)P (|01X(0)] < & |D*X|_ or [3:,X(0)] < |D*X|_).

ANNALES HENRI LEBESGUE



The effect of discretization 1325

But for j =1, 2,
P(|0;X(0)] < 2| D?X| ) <P(|9;X(0)| <) +P(|D?X| _>e17?)
<P(|9;X(0)] < &)+ B (|D*X| )
by Markov inequality. Since lim. o P(]8;X(0)| < €¥/?) = P(9;X(0) = 0) = 0 by
assumption, we can conclude that L(U.(X,U)) converges to 0 in L'(Q2) and thus in
probability. Hence || D?X ||, L(U.(X,U)) converges to 0 in probability and since the
variables {||D*X || L(U.(X,U)); e € (0,0} are uniformly integrable (because they

are uniformly bounded by L£(U)||D?*X ||«) we also have that || D*X||..L(U.(X,U))
converges to 0 in L'(2). According to Theorem 4.3 this implies that LTCS (U.)

— Saq
converges to LTCy (U) in L'(Q). Moreover by stationarity we obtain

—— Sq T
E (LTCX(U)> = L(U) x 2B (0:X(0) (Ty xy < — Tox<ar))

Now let us assume also that X is isotropic and remark that our assumption implies
that VX (0) # 0 a.s. Hence let us define © as the argument of the gradient VX (0)
and write

— Sq T
E (LTCX(U)) = L(U) x E(0X(0)g(6)),
where g is the 7 periodic function piecewise C! defined by g(0) = 1 if § € (0,7/2),

g(0) = —1if 0 € (n/2,7) and g(#) = 0 if 6 € {0, 7}. Then, using the Fourier series
of g and the isotropy of X, we can show (see the Appendix A.4) that

E (ﬁciﬁ(@) = L(U) x SE (212X (0)9(©))

D2X(0) - (VX(0)*, VX(O)l))
IVX(0)]?

L (
= E (LTCx (V).

Now let us consider the hexagonal tiling case. The first part follows similarly using
Theorem 4.2, once we have remarked that

O(X,U)
- {:U e U,

<X(a:),e7r/3>‘ < ?)&tHD2XHOo or ‘<X(:U),eg7r/3>) < 3€HD2XHOO}.

Then, by stationarity we obtain
__ Hex
E (LTCX (U))

3 1
— L(U) x 3%1@ ([2822X(0) - 2811)((0)} (Tox@eo - 21VX(O)GCO)) .

TOME 4 (2021)



1326 H. BIERME & A. DESOLNEUX

Assuming moreover that X is isotropic, again our assumption implies that VX (0) #
0 a.s. As previously we define © as the argument of the gradient VX (0) and write

E(L’Tvcf;X(U)) — L) x f ([ Do X (0) — ;auX(O)} g(®>>,

where g is now the m-periodic function define on [—7/6,57/6] by g = I(x/6,5r/6)
— 2X(_x/6,/6)- Here again, using the Fourier series of g and the isotropy of X (see
the technical details in the Appendix A.4), we can show that

E (L”Tvciex(U)) _E(LTCx(U)). O

Let us remark that assuming moreover that E(||VX||2,) < +occ and E(||D?*X %)
< +o00, for any h: R — R bounded C? function with 4’ and h” bounded, denoting
by H a primitive of A, the random field H o X will also satisfies assumptions of
Proposition 4.6 as soon as P(h(X(0)) = 0) = 0. By linearity this allows us to
state the convergence results for LTC}S(h, U.) and obtain in the isotropic case the
weak-convergence (according to the set of admissible test functions h)

E (TC* (0Ex.(t) N U.)) = E(TC(OEx(t) NU)),

as remarked in the Gaussian setting. It explains that there is no bias on the level
total curvature when discretizing a smooth isotropic stationary random field. This is
illustrated on Figure 3.3 for a Gaussian field and on Figure 4.3 for a smooth isotropic
shot noise field. This last figure also shows the robustness of TC with respect to the
scales of resolution.

Remark 4.7. — Let us notice that by the formula for LTCx_ in Proposition 2.1,
we have in the hexagonal tiling case,

LTCx.(U) = o > [XO(0) + XD(0) - 2XP ()] .

’UengUg

We see that it involves X (v), that is the median value around v. In the square
tiling case, there are two median values given by X ®(v) and X©®)(v). Hence we have
here shown an interesting link between median value and curvature since, as € goes
to 0, the limit of LTCx_(U.) is, in expectation, the curvature of the smooth function
X. This link was already well-known in the field of mathematical image processing
where the median filter, a commonly used filtering method for images, converges
(when iterated) to the so-called mean curvature motion (see [Cao03] for instance).
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x10* Perimeters

Figure 4.3. Top line: on the left, a sample on (0, 1)? of a smooth shot noise random
field X with Gaussian kernel [BD20] on a digital image of size 4000 x 4000 pixels,
i.e. field X, with here e = 1/4000. On the right, same field X but now discretized
on a 62 x 62 pixels grid. It corresponds to a “scale” s = 6, since 62 = [4000/2° |
with s = 6. Bottom line: on the left, the perimeter of the excursion sets of X,
as a function of the level t (in abscissa) - only values of t multiples of .5 have
been used, hence the plot is a polygonal curve - for different scales s (different
colors). The plain curve is the perimeter as defined for discretized fields, the
dashed curve is the unbiased perimeter computed as in Appendix B, and the
dotted curve is 4/7 times the unbiased perimeter. It fits quite well the plain
curve, illustrating Proposition 4.4. On the bottom right, the total curvature TC®
of the excursion sets of X, as a function of the level t (in abscissa) - again, only
values of t multiples of .5 have been used, hence the plot is a polygonal curve -
for different scales s (different colors). As intuitively expected, and except for
the coarsest scale s = 6, whatever the size of the discretization, the values of the
total curvature remain almost the same.
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Appendix A. Detailed technical proofs
A.1. Proof of Theorem 3.2

We will first need the following result that can be found in [Ton90, p. 139]: when
(X1, ..., X,,) is a centered exchangeable Gaussian vector with positive correlation,
meaning that Cov(X;, X;) =1 if i = j and Cov(X;, X;) = p € [0,1) if i # j one has

(Xb"'7Xn)i(\/ﬁZ0+\/1_pr"'7\/ﬁZO—i_\/l_pZn)?

where Zy, ..., Z, are i.i.d. standard Gaussian random variables. It then follows that,
since h € L'(R),

E (H(Xa,2) — H(X1,2))

= Rh(t)E <It<\/ﬁzo+mzz,2 - It<\/ﬁZo+\/mZL2) dt

oo () ()

where ® denotes the distribution function of the standard Gaussian random variable
and Z; 9 < Zy 9 are the ordered statistics of the i.i.d. variables Z;, Zs.
We consider

E (H(X2,2(pe)) — H (X1,2(pe))
o ofiam)

where p. = p(v/3cey) with § € {m/2,£m/6} for hexagonal tiling or p. = p(ceq) with
0 € {0,7/2} for square tiling corresponding to the edge orientations and the distance
between centers.

By Taylor Formula,

(TR o (1) S () o)

where [0(e2%)| < Ce2*(|Z1| + | Z2])2e~*/* for some numerical constant C' that may
change from one line to another one. Hence,

() o)

with |O(2%)| < Ce2¥e /4 and E(Zy 5 — Zs.2) = —= by [ANO1, p. 96]. Hence

™

R R

where ¢(t) = —L_¢/2_ Now, we have to separate the tiling cases.

Ver

o(t)+ O (520‘) ,
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First assume that we are in the hexagonal tiling case. Then we write

E (LP ysex (h, Us) )

_ Ei: E% N U] E<H<X2,2 (b (\/56691.))) <X1 2 (p (V3eeq,)) ))

for {6, 04,05} = {7/2,+7/6}. But |E/NU.| = |C.NU.| ~ e E(U) for 1 <i <3,
and by (A1),

VT =\t = 0 (VBeea) = [0, (V3e) ~ (vBe)" /22,

It follows that

5(1_“)E<LPX§ex(h,UE))—> —L(U f:\/m ! / h(t)v/mo(t)dt

=1

On the other hand, for the square tiling case,
2
E (LPysa(h,Us)) = & Y [EX N UL| x E(H(X2,2(p(ces,))) — H(X12(p(ze0,))),
i=1

with {01,0,} = {0,7/2}, and |E% NU.| = |C. N U.| ~ e72L(U) for i = 1,2, with

by (A1)
Now (6
VI pleear) = (&) ~ ey 228
It follows that

'R (LP ysa(h, Uz)) — iE(U) x (;ZZI \/ )\20‘2@)) /Rh(t)ﬁw(t)dt-

Now, let us consider the level total curvature where we assume moreover that
p(eeg) = p(eex2) for any edge orientation and denote Ao, the common value in view
of (A2).

Under this assumption, in the hexagonal tiling, the three values to order form an
exchangeable vector and

E (LTCxss (h, U)) = 5 [V VU E(H(X1,5(p.)) + H(Xa5(p.)) = 2H(X2,5(p.))),

with, similarly to previously,

B(H (Xys5(p:)) + H(Xs3(p:)) = 2H (Xs,5(02))
- [rom o (S YTE) o (B
o(E))
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where Z, 3 < Z3 3 < Z3 3 are the ordered statistics of the i.i.d. variables Z;, Z,, Zs.
Then by Taylor Formula at order 2,

yar=

() T () o () ot

where |O(e3%)| < 830“(|Z1| + | Zo| + |Z5])3|e"*/* for some numerical constant C'.
Therefore

e R =)

N Jp N
t 1-—
= CD/ <\/ﬁ> X ppE (22273 — Z173 — 2373)
1 t\1—p
+ -~ () —E (225, — Z7 3 — Z345) + O (%),
5 7o) p ( 2,3 1,3 3,3) ( )
where |O(€3a)| é C€3a€7t2/4. But E<2Z273 — Zl,g — Z373) =0 (see [ANO]_, p- 101])
and
V3 V3 3v/3
E (222, -2%,—-7Z2.)=2([1- = 1+ — =——.
( 2,3 1,3 3,3) (( p + o -
Hence
E<2CI> (t—vl _paZQ,3> o <t—v1—le,3> o <t—v1—021,3>>
N NG NG
1 1+«
-~ _7(13//(2,/_)3 \/3@82047
2 T 2

and since |[V. NU.| ~ 2|C. N U,| ~ 5_23%/35(U), we get

3&—1
\ 2T

Things are more complicated for the square tiling case and we only consider LTC®
= $(LTC* + LTC®). By stationarity we obtain

200 (LTCxuier (h, U)) — ~=Asa / h(t)te="/2dt.
R

(LTCqu(h, U.))
=3 “.nu E(H (X1,4(pe)) + H (Xa,4(pe)) — H (X2,4(pe)) — H (X3,4(pec)) )7

where (X; 4(pc))1<i<a denotes the ordered statistics of

(X1, Xo, X3, X4) = (X(0), X (ee0), X (gexj2), X (£(e0 + €x72)))-
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Since we assume that p(eeg) = p(eerj2) = pe, (X1, X2, X3, Xy) has a covariance
matrix given by

L pe pe pe

p 1 p- p-

pe P 1 pe |’

p 1 pe pe

where p. = p(e(eg+er/2)). It follows that (X7, X, X35, X,) is no more an exchangeable
vector but under (A3) we can write

<X17X27X37X4)
i (\/EZO + \/ Pe — ﬁaWb \/EZO + \/ Pe — ﬁeW% \/EZO

+\/ Pe — ﬁEW37 \/EZO + Pe — ﬁsW4> )

where (W7, Wy, W3, Wy) equals in distribution to

( /1 2pe+psY1Yé /1 2ps+pey2 v,

-2 1—-2 )
,Os+paya’ Yi + psjpan)

with Zy, Y1, ..., Ys ii.d. standard Gaussian variables. Hence, introducing 6; = d,4
= -1 and52:53:1,

E(H (X14(p:) + H (Xaa(pe) = H (X2,4(p2)) — H (X5,4(p2)) )

= [ h()E (Z; 5;® (t - me)) dt.

NG=

Again by Taylor formula we get

4 _ — = ) =~ 4
2 (s 50 (t V= psWJ,4> & <t> P (S,
j=1 VP V= Pe j=1

1 7 t Pe — 2 3a
+ -9 | — W2, | +0
2 <\/p_) pe (; 7 4) (=),

with |O(3%)] < Cede /4. But (Wi, Wa, Ws, W) 2 (=Wi, —Wa, —Ws, —W,) im-
plies that

(Wl,47 W2,47 W3,47 W4,4> g (_W4,47 _W3,47 _W2,47 _Wl,4)

so that
E(Wya+Wss—Wig—Wys)=0
and
E(W3,+ W5, =W, —Wi,) =2E (W3, —W,).
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But
E (W22,4 - Wl2 4) = Z E ((Wf@) - Wg(l)) IWo(l) SWo(2) S Wo(s) <Wo<4>)

ogESy

and since we assume that kﬁ% — 0
£ €

2 2
E ((W0(2) a Wo(l)) T, 1) < Wo) < Worga) <Wo<4))
2 2
— E ((Za(2) - Za(l)) IZJ(1) < Zs(2) € Zo(3) <Za(4>) )
where we introduced (71, Zo, Z3, Zy) = (Y5, Ys, —Ys, —Y5). It follows that if {o(1),
o(2)} ={1,4} or {2,3} then Z, ) = —Z,1) and
2 2 _
E ((20(2) - Za(l)) IZ(T(I) < Zg(2) $Zo(3) <Za(4)) = 0.
So assume that {o(1),0(2)} # {1, 4} and # {2, 3}. Then Z,) and Z,() are

iid. standard Gaussian variables. Moreover, Z,i3) = —Zs1) OF Zyi3) = —Zo(2)-
If Za(?,) = —Zqs(1) then Zo(4) = _ZU(Z) and Iza(l) < Zo2) < Zo(3) < Zo(a) — 0 and again
2 2 _
E ((ZU(Z) - Za(l)) IZg(1) < Zg(2) S Zo(3) éZU(4)) = 0.
It only remains the case where Z,3) = —Z,(2) and Z,4) = —Zy(1) and

E ((23(2) - Zg(l)> 12,0)< 2oy < Zoa) <Za<4))

1 2242
= /]R2 (y2 —x2> Iy%nlygo%e 7 dzxdy

1 27 e 3?2
_ _ﬂ/o cos(29)lsin(9)>cos(9)Isiﬂ(‘9)<0de/o e

1 [57/4
= ——/ cos(20)do
™ Jr
1
2m
Note that the number of such permutations is equal to 8 (4 choices for o(1) and 2
choices for 0(2)). We therefore deduce that

E(W§4—Wﬁ4) -2

T

By (Ag) we have Pe — ﬁs =1 pe + 0(8204) — %6206 + 0(82(1) and

4 t —/p. — pW; 2
E (Z §;P ( Pe — P VVM)) = —%qy’(t))\mam +o (52a) )
j=1

NG

Hence we obtain

2079 (LTCsq (h, Us) )
= %2 Ve N U] e E(H (X1,4(pe)) + H (Xaa(pe) — H (Xa,4(pe)) — H (X5.4(p2)) )

1 2
—Aa/htt*t”dt,
\/§2 R()e

e
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since |V.NU.| ~|C.NU.| ~ L(U)e™2

A.2. Technical details for the proof of Theorem 4.2

Let us consider the level total curvature integral of f.. Let us first remark that
the set V. of vertices can be divided into two subsets: the subset VI of vertices v,
that are on the top of a vertical edge, and the subset V= of vertices v_ that are
on the bottom of a vertical edge. Recall that each vertical edge is identified with

its midpoint w € £7/? in such a way that w + Ser/» € VI and the centers of its

three neigbouring hexagons are given by w + %5671—/2, w — ‘/gseo and w + \[860,

while w — Ser/o € V. and the centers of its three neigbouring hexagons are given by

w — %seﬂ/Z, w — ?560 and w + ?560. See also Figure 4.1 right. Note that for each

vy € VI N U, one has vy — gers2 € V- NU,. Hence, we can write

LTC,. (U,) = g > [P+ D) - 2fO(v)]
5 X g,

wegﬂ/QﬁUg

where for w € £7/? we have defined

gw) = [fP @) + fDwh) = 2fPh)] + | fOw) + O (w™) = 22 (w7)],

with
{FD "), [P @), &

(w)}
et (o) s o~ S
}

(PO @), ), 9 w)
_ {f (w— ;’geWﬂ) f <w+\é§eeo> f <w— \fgeo>}.

Using Taylor formula, we have

\/§a2f( ) + iéamf( )+ e%ry(w, 5))

2
(
f@+fmzﬂww“&@ﬂw+fwmw+&Mwﬁ
(
S

-0 f(w) + —ganf(w) + e?rz(w, €)
3v3 >

g )
\/gazf( ) + 75822]% ) + €2T4(’LU, 8)
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with |r;(w,e)] < 3\f]]D3f]|oo, for all 1 < ¢ < 4. In the following, we assume that
is chosen small enough, such that 5||D3f||Oo < ||1D%flloo-

In order to compare the different values of f(w + -), we have to distinguish two
cases.

Case 1. — assume that w ¢ O.(U, f), where

0.0.1)= {x e Uil rsl - 5 loes o)

< 35HD2fHOO}.

Now, in a first sub-case, let us assume that |v/30,f(w)| — |01 f(w)| > 6¢||D?f||o and
note that it implies that V f(w) € C. Then for i = 1,4, and j = 2, 3,

V310 f(w)| +eri(w, e) > |0y f(w)] + erj(w,e),

where 7;(w, €) = 3%4/5822]”(111) —¢|ri(w, e)| and 7;(w) = ?811]”(10) + e|rj(w, e)| satis-
fying |7 (w, )] < 22D fl|oo < 3||D?f||0 for 1 < k < 4. Tt follows that

(w500 = {1 (0t Loan) o1 (- Feea) |

and
§(w) \/2_6 (3\/_ 622f( ) + \égsﬁnf(w) + 52 Zri(w,s)
-2 (?5811f(w) + €2 (rg(w,s) + r3(w, e))) )
3; (3822]‘( ) — ;811f(w) + e(rl(w,a) + ry(w, e) — ra(w,e) — ra(w, 5)))
_ 3;(9(1@ T e (r(w,e) + ra(w, ) — ra(w, ) — r5(w, ) ),
where

o) i= (501 (w) = 300 (@) (T, f(w) — 21, (VS (w))).

In the second sub-case, let us assume that w is such that |0; f(w)| — |v/30:f (w)]
> 6¢||D?f||o0, which implies that w € Cy. Hence for i = 1,4, and j = 2,3,

V310 f(w)| +eri(w, e) < |0uf(w)] + erj(w,e),
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where 7;(w, €) = 3%4/5822f(w) +elri(w, e)| and 7j(w, €) = fﬁllf( ) —elrj(w,e)|. It
follows that {f@ (w®), fA(w™)} = {f(w+ 2ceq)2), f(w — 3ce,/2)} and

g(w) = & (\/geéllf(w) + 2e%(ry(w, €) + r3(w, €))
(3\/_8822f( ) (T‘l(w,é) + 7"4(11}, 6))) )
36 ((‘311f( ) — 309a f(w) + 2e(ra(w, €) + r3(w, &) — ri(w,e) — r4(w,5)))

35

— 7(g(w) +2e(ra(w, €) + r3(w, £) — r1(w, ) — ra(w, €))).

Case 2. — We consider now the case where w € O.(U, f). Let us first remark that
when |0y f(w)| < 12¢||D?f|| s, we directly get

(w)] < 60V3e*| D floc-

Otherwise, when |9 f(w)| > 12¢||D?f]|o, we may identify the different ordered
values, and obtain a similar bound. Let us sketch how it works by assuming for
instance that 9;f(w) > 0 for i = 1,2. It follows that |v/3dyf(w) — d1.f(w)| <

62|/ D% f||oo such that f)(w*) = f(w—?seo) and therefore f® (w™) = f(w+§560).
Hence we can write

FO @) + 9w — 200 ()
_ \/g (3) (), (3) (7))t (2) (7,
= (1 (= o) = 19w 2 (7 - 70w
and
FO @)+ 9w — 20 ()
= (1 (o een) - 1000 ) #2 (0w - 12)),

with

and

() 1200 = {1 (0= Peer) o (- Seees) .
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so that
G(w)] < 3v3e (|V30f (w) — 01 f(w)| +3v/3e HszHOO) < 36v/3¢ HD?fHOO .

To conclude, we use the two parts of Proposition 4.1 with a tiling with rhombi of

centers w € £™? and area 37\@62, and therefore we can find a numerical constant

C > 0 such that for all 0 < € < &g such that &]|D? f||oo < [[D?f]|co, then
LTC, (U.) — L”TVCI;GX(U)‘
<Ce(|pr] o)) (cw) + @)
+C|D*f|_£(0.(U, )& B(0,3¢)).

Now, since O, (U, f) is defined as the set of 2 € U such that ||01f(x)| — [v/302f(x)]]
< 6¢||D*f||00, by Taylor formula we have that, if z € O.(U, f) and y € B(0, 3¢) then,

[10Lf (z + )| — [V30af (x4 1)|| < 122)|D?f||oe. Therefore,
Oe(Uv f) S B(Oa 35) - OQe(Ua f)a
and this concludes the proof of Theorem 4.2. O

A.3. Technical details for the proof of Theorem 4.3

Let us consider the average level total curvature given by

LTCS () =2 3 [fP) + D) - ) - £ (v)],
veEV.NU:

and the “residual” given by
Rfs(Ua) =T Z [fe(g) (U) - fa@)(v)] IC(v)=crOSS'
’UEVeﬁUE

Then, by Proposition 2.2 we have

LTC} (U.) = LTCS (U.) + Ry, (U.) and  LTC} (U.) = LTCS (U.) — Ry.(U.).

For v € V. N U, let us denote

g(v) = f(0) + fO ) = £ (v) = P (v),

with {f((v), P (), £ (v), fP(v)} being the increasing ordered values of the set
{f(v+ 8?60%)7 k=0,1,2,3}, where e,, = j:§60 + geﬂ/g.

Now, writing the Taylor expansion of f at v, we have for £k =0, 1,2, 3,

(A1) f (v + g\feak> = f(v) + %( + 0, f(v) £ 02f(v)) +e2re(v, ),

where |ri(v,e)| < }||D?*f|ls, and where the + signs are (+,+) when k& = 0,
(—,4) when k=1, (=, —) when k = 2 and (+, —) when k = 3. See also Figure 4.2
right.

Let U.(f,U) be the set of points z € U such that |9) f(x)| < &]|D*f||s or |02f ()]

< €||D?*f||so- As for the hexagonal framework, for v € V. N U, we consider two cases.
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Case 1. — Assume that v ¢ U.(f,U). We thus have that |0 f(v)| = €||D?f|le
and [0 f(v)| = €||D?fl|s, and therefore the ordered values can be identified with

in particular {fM(v), f® (v )} = {f(v +5—eak) k= 0,2} if Vf(v) € Q4, while

{fa(l)(v),fs(“)( )} = {f(v+€ 2ea, ),k =1,3}if Vf(v) € Q_. Since e,,,, = —€q, for
k=0,1, fY(v) and f*(v) are achieved at two opposite squares and we have that
the configuration at v is not a cross (recall the definition of a cross configuration in
Proposition 2.2), and that

ot oo

_ f (U +e— eaka) (U —E— ak1,+1>

where we introduce g(v) = daf (v)(Ivfwyeq+ — Iviwyeq-) and [F(v)] < || D? f]| -

Case 2. — Assume now that the vertex v € U.(f,U), and therefore min(|0; f(v)],
|02 (V)]) < €||D?f|loo- If we also have that max(|0;f(v)],|02f(v)]) < 3&||D?f||co,
then we directly have, from Equation (A.1), that

[P w) = [P()| <8 | D

But now, if max(|0;f(v)|,|02f(v)]) = 3e||D?f|le, to see how it works, without
loss of generality, we may assume for instance that 0, f(v) > 3¢||D?f]|o while
|02 f (V)] < &||D?f||oo- Then, using the Taylor expansion of Equation (A 1), we have

that {f(v). ()} = {f(v) + 501 f(v) +°F5(v,€); j = 3,4} and {f{V(v), £ (v)}
= {f(v) = 50:f(v) +&°T(v,e);j = 1,2}, with |F;(v,€)| < [[D?f||oo. Therefore, we
have that in that case, the conﬁguration at v is not a cross and that

g(v)] <4 | D

To summarize, we have on the one hand

| Ry (Us)]

=7 Y [P0 = fOW)] L) erons| < 872 ||D2f||_[V-N U NUF,U)]

vEV: NU:

5(v)| < 16€2 HD?fHOO and

And thus by the second part of Proposition 4.1 used in the framework of the tiling
with squares of side length ¢ (and thus diameter d. = v/2¢), we get that there exists
a constant C' such that

R (U] < C| D% _ £ (e(f.0) @ B (0,v2)) < C|[D*f|_ £ Wl £.0)),
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since from the definition of U.(f, U) we have that U.(f, U) ® B(0,v2¢) C Us.(f, U).
On the other hand, using g(v) = O12.f (v)(Iv fv)yc o+ — Iv fw)e @), We get

2

CLTCL (U = Y G(v)
vEV:NU:
= Y g+ X (3v)-0)
vEVeNU: vEV: NU: (f,U)

+ Z 37 (v).

vEV. NU. (f,U)e

Using now the two parts of Proposition 4.1, and the different estimations obtained
above, we have the announced result, that is for d € {4, 6, 8},

Sq

LTC (U.) - g/Ug(x) dz| < Ct (£.U) +C|D*f|_ £l £.0)),

where

Coref,U) < C (L) +H W) (|p7f]|_+|D°f]) O

LTC

A.4. Technical details for the proof of Proposition 4.6

e In the square tiling case:
We define © as the argument of the gradient VX (0) and we write

B (LTC, (1) = £(U) x SE (00X (0)9(0),

where ¢ is the m-periodic piecewise C'! function defined by g(6) =1 if 6 € (0,7/2),
g(0) = —1if 0 € (7/2,7) and g(#) = 0 if # € {0,5}. Now, as in [BD20, the
proof of Theorem 2], let us introduce the complex variables J = ||[V.X(0)||¢® and
K = i(@ng(O) — 811X(0) — 22812X(0)) so that

JE (02X (0)9(0)) = 73 (E (Kg(©))).

where & denotes the imaginary part of a complex number and K is the com-
plex conjugate of K. According to Dirichlet theorem, since for 6 € {0,7} we
have defined g(0) = 1(g(6") + g(07)), it follows that the partial Fourier series
of g given by Sn(g)(0) = Z|n|<Ncn(g)em9, for N > 1 and 6 € [0,2x], with
enl9) = o= J3™ g(0)e"™0do, satisfy
v e 0.27], Su(9)®) —_al0).
Therefore, the Fejer sum on(g) = + S0 S,(g) also converges pointwise towards g
with |on(9)(0)] < ||g9]lc = 1 for all N > 1 so that by Lebesgue theorem we have
E(Kg(©)) = lim E(Kon(g)(®))= lim > (1 — v | nl(9)E (Kem®).

N N
— +00 _)+Oo|n\<N
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Under the additional assumption that X is isotropic, for any 6 € [0, 27] we have
(J, K) = (e, K)
that implies that | (K ”‘@) =0, for all n # 2. Then

E (K9(0)) = calg)a(1),

where, following notation of [BD20], we have ay(1) = E(Ke*®). Now a simple
computation yields that co(g) = —2 and therefore

T
7B (92X(0)9(6)) = ~2R(as(1)).
But since E(9;;X(0)) = 0 by stationarity of X, we exactly have also

D2X(0)- (VX (01, VX(0)1)\  ELTCy(U))
IV () G

“oR(as(1)) = —E (

following the proof of [BD20, Theorem 2| and using the fact that Ijvx(o|>0
= 1 a.s. with our assumptions.

e In the hexagonal tiling case:
As previously we define © as the argument of the gradient VX (0) and write

E(L’fcf§X<U)>:£(U) : f ([ D2 X (0) — ;auX(O)} g(®>),

where g is the 7m-periodic function defined on [—7/6,57/6] by g = I(r/6,5q/6) —
2L(—7/6,7/6)-

Since X is isotropic we have for any angle #, and rotation matrix Ry, the following
equality in distribution
(D2X(0), VX (0)) £ (ReD*X(0)R_g, RyVX(0)).
A first rotation of angle —m /6 yields

B ([502%(0) - 500X(0)] 9(0)) = E ([-V30uX(0) + 02X (0)] ().

with ¢1(0) = g(6 — 7/6). A second rotation of angle 7 /6 yields

(E@sz ! HX(O)} g(@)) = E ([V3012X(0) + 02X (0)] 92(8)),
) =

with go(6

( 2@22)( — 7811)(( )} (@)) =E <[2811X(0) — 2(922X(0)] 93(@)) ;

with g3(0) = g(0 — 7/2). But note that we have g; — go = 3g4 for

g(0 4+ m/6). A third rotation of angle 7/2 yields

g4 = (I(27r/3,7r) - I(O,7r/3)>

TOME 4 (2021)



1340 H. BIERME & A. DESOLNEUX

on [0,7), and g1 + g2 — %93 = —%gg such that
3 1
B ([502X(0) - 50uX(0)] 9(0))
1

= —V3E(012X(0)94(O)) = 5E( [022X(0) — 01X (0)] 93(6)).

Since for any §, {© = 6} C {{VX(0), egr/2) = 0}, our assumptions imply © # 6
a.s. so that

E (012X(0)g4(0)) = E (912X (0)g4(0))
and E (022X (0) — 911X (0)]g3(0)) = E([022X(0) — 911X (0)]g3(©))

where we set g = g on (0,7/3) U (w/3,27/3) U (2r/3,7) and gi(0) = 5(gx(0") +
gx(07)) for 0 € {0,7/3,27/3} and extend it by w-periodicity. But, as previously

E (01X (0)5:(0)) = 2SE (Kgi(0)) = 23 (ca(g)aa(1))
and
E([022X (0) — 01X (0)]g3(0)) = 4RE (Kg5(0)) = 4R (ca(gs)aa (1)),
with ¢(g3) = 3‘f and ¢5(gs) = 2£. Then

V3E (815X (0)g4(0)) = 2\f —R(as(1)) = M3‘E<ozz( 1)),
and
LE((02X(0) ~ 00, X(0)](0)) = 22 R(aa(1)) = V2 R(a1).
so that
E (BaﬂX(m - ;anXm)} g(@)) = —i x 2R(as (1)),

and we conclude again that

(U)) — L(U) x (= 2R(as(1))) = E (LTCx (V).

Hex

E (LTCX

Appendix B. Unbiased computation of the perimeter

We address here the following question: consider a function f defined on U, but
that we know only at the points z € C54, the centers of the squares of a square
lattice of size . Given a value ¢, how can we compute in an unbiased way the
perimeter of the excursion set {f > ¢} in U ? In the previous sections, we saw that
if we compute the perimeter of f., the function that is piecewise constant on the
squares of the tilling, we have a bias in the perimeter (with a multiplicative factor
4/7 in the isotropic case). Now instead of considering f. and its perimeter, that will
be made of small edges of length ¢ that are always else vertical or horizontal, we
can consider a “linear” approximation of f in each dual square. More precisely: let
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v € V. be a vertex. It is then the center of a dual square (of side length also equal
to €), and where the four ordered values at the four vertices of this dual square are
assumed to be such that fM(v) < fP(v) < fO(v) < f@(v). Assume that f is
smooth (at least C?), that ¢ is small enough, and that v is a “generic” vertex (no
cross configuration), and let 21, 25, z3 and z4 denote the 4 ordered centers). Then for
t € R, the boundary of the excursion set {f > t} will go through the dual square
if and only if fM(v) <t < f@(v). Then in that case it can be approximated by a
small segment given by (see Figure B.1):

o If fM(v) <t < f@(v), the small segment is [A; B;] where A; is the point on

[2122] given by

P - =00

L) — £ () T FO0) = f0()
and By is the point on [z 23] given by

g 0~ O

fO(w) = fo ( )T @) - )
The length of this segment is

€ — 1 1 !
Ll’f(v,ﬂ =¢ (t — f( )(U)) \l (f(z)(’U) . f(l)(U))Q + (f(?))(v) — f(l)(f()))Q.

o If fA(v) <t < f®(v), the small segment is [A;By] where A, is the point on
[2024] given by

fO(v) —t t— f®(v)
= ) - ) o) - fom
and Bs is the point on [z 23] given by
g W - 00

fO(w) = fo ( )T @) - )
The length of this segment is

Lg,f<vut>

:é«JH ((t = FD ) (fD () = fO () = (t = fA () (fO () = fO@))°
(@) = fO @) (D) = fO(v))°
)

, the small segment is [A3 B3] where Ajz is the point on

o If fO) <t < fB(v

[2024] given by

fO(v) —t t—f®(v)
) — FO() " fO0) - 7o)
and Bj is the point on [z324] given by

O -t - O
F® () ~ fW)3 f@(w) = fO(v)

Agz

B3 = Z4.
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The length of this segment is

L3 ¢(v,t) = ¢ (f(4)(v) - t) \l (FD@) — FO®)? T (D) — ()

F®(v) FO()
SN B RN
Al:\ ! Vf(v)

Figure B.1. In each dual square, we compute the length of the segment that is
the linear approximation of the level line {f = t}.

Define
Ly U) = 3 > L 0.0y <1 g

veVviinu =l
The following proposition shows that this way of computing the perimeter is unbiased.

PROPOSITION B.1. — Let f be a C? function defined on U®°, for some gy > 0, such
that min(|0y f ()], |02f (x)]) < max(|01f ()], |02f (x)|) for all z € U®°. For h € Cy(R),

let us define the level unbiased perimeter integral as
LuP% (h, U) = /R h(f(#) L5 (t, U) d.
Then LuP%(h,U) converges to LP(h,U) as e goes to 0.
Proof. — By the coarea formula, since f is C?, we have
LP;(h,U) = [ h(t) Per (E;(t),U) dt = | h(F(@)) V()] da.

Using the definition of LuP%(h,U), we can write

LuPs (h, U) /h ))LE(t, U) dt

= > Z/h 5.7 (0 D150 ) <o < poen ) .

veViinu J=1

The four values f*)(v), k = 1,2,3,4 are given by {f(v + 6ﬁ€ak)} where the e,,

are the unit vectors :l:ieo + ‘[ew Therefore, using a first order Taylor expansion
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and denoting 01 (v) := min(|0y f(v)|, |O2f (v)]), resp. da(v) := max (|01 f(v)], |02f (v)]),

since we assume d1(v) < dz(v), we can write

FO0) = (2) = 5 (B1l0) + 02(0)) + 71(0,2),
FO ) = ) + 5 (3(0) — 6o(0) + a0, ),
1

FO) = fv) - £5 (01(v) = 02(v)) + 13(v, €),

1
fO@) = £(0) + 25 (02(v) + 02(v)) +7a(v, ),
where |ri.(v, €)| < €2||D?f]| for all , Wlth | D?f|| := Sup,cp ||1D?f(2)]] < +00. Then,

we have

£2 5, (v
/Rh(t)Lif(v,t)Ifu)(v)gtgf(z)(v)dt:h(f 25; Wl 2 4 6,(0)2 +71(v, €),

where |11 (v, )| < Cf,p,ve?, with C} j, v a constant that depends on f, h and U but
not on €. In the following such a constant will be simply denoted C'
To compute the second integral we first notice that V ¢ € [f®(v), f®(v)], we have

L5 ;(v,t) = \/61 24 8y(v)2 + 15 (v, ),

with |1 (v, t,€)| < Ce2. Therefore we obtain

/]R h(t)L;, f(va t) If(2) (v) <t FB (v) dt

= (st e (1- 5

U

) > \/51 2+ 62(v)? +712(v, €),

where |ry(v, €)| < Ce>.
The third integral is computed in a way analogous to the first one, and we get the
same approximation, namely

g2 0, (v) _
/Rh(t)Lg, (U t)If<3) )<t F@ (v) dt = h(f 2 51 U \/51 2+ 52 2+ T3(U7 8)7
2

where [73(v, )| < Cf p ve®.
Summing these three estimates and noticing that \/(51 (v)% + 62(v)? = [V f(v)]], we
obtain

LuP;(h,U) = > h(f(v)) V()] +7(e),
veVIinU
that converges to LP¢(h,U) as € goes to 0 thanks to Proposition 4.1. U
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