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1458 Y. CORNULIER

RESUME. — Nous utilisons le formalisme des actions partielles, dii & Exel, pour construire
différentes actions commensurantes. Nous nous en servons pour des groupes préservant, par
morceaux, une structure géométrique, et nous interprétons la propriété transfixante de ces
actions commensurantes comme 'existence d’un modele pour lequel le groupe agit en préservant
la structure géométrique. Cela s’applique a divers groupes par morceaux en dimension 1,
notamment de classe C¥ par morceaux, affines par morceaux, projectifs par morceaux.

On en déduit des résultats de conjugaison pour les sous-groupes avec la propriété FW,
ou pour les sous-groupes cycliques distordus. Par exemple on obtient, sous des hypotheses
convenables, la conjugaison d’une action affine par morceaux a une action affine, sur un autre
modéle. Avec la méme méthode, on obtient un résultat similaire dans le cas projectif. A
titre d’illustration, un corollaire est le fait que le groupe des transformations projectives par
morceaux du cercle n’a pas de sous-groupe infini avec la propriété T de Kazhdan ; ce corollaire
est nouveau méme dans le cas affine par morceaux.

De plus, on obtient avec cela la classification des copies topologiques du groupe des rotations
du cercle dans le groupe des homéomorphismes projectifs par morceaux du cercle. Le cas affine
par morceaux est un résultat classique de Minakawa.

1. Introduction

The study of commensurating actions, as surveyed and systematized in [Corl6],
is closely related to group actions on CAT(0) cube complexes, which have been
developed in the last two decades and now plays a prominent role in geometric group
theory.

In the present work, we use them to obtain rigidity results in certain groups such as
the group PCag(R/Z) of piecewise affine self-transformations of the circle (allowing
discontinuities). This group and various of its subgroups appear in many places,
notably in connection to Thompson’s groups. The piecewise orientation-preserving
subgroup PCag (R/Z) was explicitly defined by M. Stein [Ste92], and is sometimes
referred to as group of affine interval exchanges. Its subgroup PCH 4 +(R/Z) of self-
homeomorphisms was earlier studied by Brin and Squier in [BS85].

We also consider the larger group PCp,o;j(Pg) of piecewise projective self-transfor-
mations of Pg. Its subgroup PC%FOJ-(P%{) of continuous elements appeared in work
of Strambach and Betten [Bet79, Str77], identifying it as automorphism group of
a Moulton plane (an affine plane in the sense of incidence geometry, for which
Desargues’s theorem does not hold). A survey of these results can be found in [Low80].
Its derived series is computed in [BW82].

Another classical occurrence of the group PCOPrOj(P}{) come from the fact that
it includes a subgroup isomorphic to Thompson’s group 7', namely its subgroup
for which breakpoints are in P%Q and modeled over the pseudogroup of orientation-
preserving integral projective transformations (i.e., piecewise PSLy(Z)) [Imb97]. The
group PC%mj . (Pg) was further investigated by Greenberg, in relation to foliations.

He also introduced its class-C' subgroup PCp,q;, (Pk)-

A recent renewal of the interest on the piecewise projective self-homeomorphism
groups comes from Monod’s remarkable observation [Mon13] that the stabilizer of
oo in the group PC%]roj . (PL) is non-amenable, yet has no nonabelian free subgroup.
Lodha and Moore [LM16] used this to produce explicit finitely presented subgroups
with the same property.
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Commensurating actions for groups of piecewise groups 1459

In this paper, we obtain restrictions on subgroups of such groups. Results of
this flavor appear for instance in work of Novak [Nov09], showing that the group
IET™" of interval exchanges (the subgroup of piecewise translations in PCag(R/Z))
has no distorted cyclic subgroup. Also Dahmani, Fujiwara and Guirardel [DFG13,
Theorem 6.1] proved that IET™" has no infinite subgroup with Kazhdan’s Property T,
a result improved in [JdIS15, Theorem 4.1] (see also [Corl5, Theorem 7.1(2)]).

We now remind what Property FW is.

DEFINITION 1.1. — Given a group G acting on a set Y, a subset X is commen-
surated if, /\ denoting the symmetric difference, X /A gX is finite for every g € G.
We call (Y, X) a commensurating action. A stronger condition is being transfixed:
this means that there exists a G-invariant subset X, such that X /A X, is finite.

Being transfixed is the “obvious” reason for being commensurated and the richness
of the theory comes from the failure of the converse. The simplest example of a
non-transfixing commensurating action is the action of Z on itself by translation,
commensurating N.

DEFINITION 1.2. — A group G has Property FW if every commensurating action
of G is transfixing. More generally, given a subgroup H of G, the pair (G, H) has
relative Property FW if every commensurating action of G is transfixing in restriction
to H.

This is notably the case (see [Corl6] for details and further examples)

e when H has Property FW;

e when (G, H) has relative Property FH (in the sense that any isometric action
of G on a Hilbert space has an H-fixed point) — for G countable this is also
known as relative Property T;

e when H is cyclic and distorted in G

e when H = (c) is cyclic and unboundedly divisible in G (in the sense that for
every m there exists n > m and v € G such that 4" = ¢);

See Corollary 4.3 for the last two items. Property FW is established for various
lattices in semisimple groups in [Corl5], including cases without Property T.
The following is an application of Theorems 1.4 and 1.6 below.

COROLLARY 1.3. —

(a) (See Corollary 6.12) The group PCag(X) of piecewise affine self-transforma-
tions of X = R/Z has no infinite subgroup with Property FW (and hence
none with Kazhdan’s Property T).

(b) (See Corollary 6.20) The group PCp,o;(X) of piecewise projective self-transfor-
mations of X = R/Z has no infinite subgroup with Property T.

A short companion note [Cor21] has been written, isolating the proof of the
corollary. As an addendum to (b), see Corollary 6.19 for strong restrictions on
possible subgroups with Property FW in the group of piecewise projective self-
transformations of R/Z.

In [LBT20, Corollary 1.3], Lodha, Matte Bon and Triestino independently establish

a particular case of Corollary 1.3(b): the subgroup PCp,;(X) = PCpe;(X) N
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1460 Y. CORNULIER

Homeo(X) of continuous piecewise projective self-homeomorphisms of X = R/Z
has no infinite subgroup with Property T. They make use of a commensurating
action allowing to reduce to a theorem of Navas saying that the group of class-C?
diffeomorphisms of the circle has no infinite subgroup with Kazhdan’s Property T.
They also provide an alternative more direct argument applying to the continuous
piecewise affine case.

Our approach is based on using geometric structures, namely, in Corollary 1.3,
affine structures and projective structures.

Let us start with the affine case. We define an affine curve as a Hausdorff topological
space, locally modeled on open subsets of the affine line (with affine change of
charts). For instance, R/Z is naturally an affinely modeled curve, using (inverses of)
homeomorphic restrictions of the projection R — R/Z as charts.

We say that an affinely modeled curve is finitely-charted if it has a finite covering
by open intervals affinely isomorphic to intervals of R/Z. Beware that R itself is
not finitely-charted, while every compact affinely modeled curve is finitely-charted,
and every finitely-charted affinely modeled curve has finitely many components.

As a classical result of Kuiper (see Appendix A), every connected, finitely-charted
affinely modeled curve is isomorphic to:

e the interval |0, 1],

e the standard circle R/Z, or

e a non-standard circle: R~o/(hs) for some unique a > 1, where h, denotes
the homothety = — ax.

Given two affinely modeled curves X, X', a piecewise affine isomorphism is by
definition an affine isomorphism X \ F' — X'~ F’ between cofinite subsets, modulo
identification of two such partial isomorphisms if they are equal on some cofinite
subset. It is denoted X --+ X’ (since it is not really a map). In particular, piecewise
affine isomorphisms from X to itself form the group PCag(X). A piecewise affine
isomorphism as above induces by composition a group isomorphism PCag(X) —
PCag(X').

Our approach roughly consists in the following. Let G be a group and H a subgroup
such that (G, H) has relative Property FW. Let G — PCag(X) be a piecewise affine
action, with X = R/Z. Then in restriction to H, after suitably “modifying” X, the
subgroup H acts by affine automorphisms. “Modifying” X means removing adding
finitely many points (and defining an affine structure at the added points).

THEOREM 1.4. — Let H be a subgroup of G = PCag(X), with X = R/Z,
such that (G, H) has relative Property FW. Then there exists an affinely modeled
curve X' and a piecewise affine isomorphism ¢ : X --+ X' such that the induced
embedding of H into PCag(X') maps into Autag(X').

If in addition H is infinite and contained in PCY&(X), then we can assume in
addition that ¢ is given by a piecewise affine homeomorphism X — X' (in particular,
X' is an affine circle, possibly non-standard).

For instance, if H has Property FW, then the theorem applies, so that H appears
as a subgroup of Autag(X’), and the latter is a virtually abelian group, which forces
H to be finite, yielding Corollary 1.3(a).
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Commensurating actions for groups of piecewise groups 1461

Another important case is when H is a distorted cyclic subgroup, in which case the
conclusion can also be refined. We call “standard curve” a finite union of copies of
R /Z and bounded intervals (this means a finitely-charted curve with no non-standard
circle).

Recall that an element g of a group G is distorted if there exists a finite subset S
of G such that g € (S) and lim,, |¢"|s/n = 0, where | - |¢ denotes word length with
respect to S. For instance elements of finite order are distorted. A cyclic subgroup
(g) is by definition distorted in G if ¢ has infinite order and is distorted (so finite
order elements are distorted but finite cyclic subgroups are undistorted!).

COROLLARY 1.5. —

(a) Let o be a distorted element in PCag(X), with X = R/Z. Then there exists
a standard curve X' and a piecewise affine isomorphism ¢ : X --+ X' such
that the image of o in PCag(X') belongs to Autag(X’).

(b) If moreover ¢ € PCYg(R/Z) and has infinite order, then there exists p €
PCY%(R/Z) such that pop™" is an irrational rotation.

Here, what is not covered by Theorem 1.4 is that the regularization holds in a
standard circle. In (b), + means that ¢ is orientation-preserving.

Corollary 1.5(b) is close to a result recently obtained by Guelman and Liousse
[GL19] while this paper was in preparation: they obtain, by a different method, and
assuming that o is distorted in PCY (R /Z), the conjugation for some power of o.

Actually, it is unknown whether the group PCag(R/Z) admits a distorted cyclic
subgroup; this question is originally due to Navas [HL14, Corollary 1.10]. The ques-
tion is also open for PCY (R /Z). See Corollary 6.15 for some equivalent restatements
of these questions.

Let us pass to the projective case. Say that a homeomorphism between open
intervals of the projective line Pk is projective (or homographic) if is the restriction
of some homography (i.e., of some element of PGLy(R)). A projectively modeled
curve here means a Hausdorff topological space endowed with a system of charts
in intervals of PR, with projective changes of charts. It is finitely-charted if it has
a finite cover by open intervals projectively isomorphic to intervals in Pg. As in
the affine case, compact implies finitely-charted, which implies having finitely many
connected components. The universal covering of Pg is an example of a connected
projectively modeled curve that is not finitely-charted.

The classification of connected projectively modeled curves is closely related to
the classification of conjugacy classes in the universal covering of SLy(R). Actually,
while appearing at many places, it is often written in a vague way, or even with an
old chestnut mistake; see Appendix A.

Here is the projective analogue to Theorem 1.4.

THEOREM 1.6. — Let H be a subgroup of G = PCp,o;(X), with X = R/Z, such
that (G, H) has relative Property FW. Then there exists a projectively modeled
curve X' and a piecewise projective isomorphism ¢ : X --+ X' such that the induced
embedding of H into PCpye;(X’) maps into Autpre;(X').
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If in addition H C PCOij (X), then we can assume in addition that there is an
H-invariant finite subset F' such that ¢ is given by a piecewise projective homeo-
morphism X \ F — X'.

Thus H appears as a subgroup of Autpyej(X’), which virtually is the direct product
of identity components automorphism groups L; of its connected components X/.
Then for each i, the group L; is metabelian unless X/ is projectively isomorphic to
a finite cover of P§ (see the tables in § A4, or [Cor21, Lemma 3.2] for a direct
argument), in which case L; is isomorphic to a finite cover of PSLy(R). This discards
infinite subgroups with Property T (Corollary 1.3(a)) and drastically restricts the
possible structures for its subgroups with Property FW.

Remark 1.7. — Although in a different context, let us mention another result
concluding the existence of an invariant projective structure. Navas [Nav06, Proposi-
tion 2.1] proves, for a group of C3-diffeomorphisms of the circle, assuming that it has
no invariant probability measure and a certain technical condition, concludes that
there is an invariant projective structure. The technical condition roughly says that
some cocycle, called Liouville cocycle, related to the distortion of cross-ratios, is a
coboundary, As in the current paper, he uses this proposition in combination with
the knowledge of the automorphism group of projectively modeled curves, namely
the fact that the orientation-preserving automorphism group is metabelian unless
the projectively modeled curve is a finite covering of the projective line.

Remark 1.8. — Theorem 1.6 notably applies to distorted elements (in this case
we do not separately state a corollary). This result would be particularly complicated
to state and prove without reference to projective structure, since the classification
of those is significantly more elaborate than that of the affine case. Indeed, while
classifying subgroups of PCS (R/Z) that are conjugate to SO(2) in Homeo(R./Z),
Minakawa exhibits elements, which turn out to be those automorphisms of non-
standard affinely modeled circles, conjugated into the standard circle by a suitable
piecewise affine homeomorphism. A projective analogue would therefore require to
exhibit, for every connected projectively modeled circle X, a piecewise projective
homeomorphism f onto R/Z and in each case write down explicitly elements of

fAUtpro;(X)f~! as elements of PCh,.:(R/Z).

Proj

As a complement to Corollary 1.3 (b), let us state:

COROLLARY 1.9. — For every subgroup I' of PCp,j(R/Z) with Property F'W,
there exists n > 0, a finite index subgroup I of I' and a homomorphism I —
PSLy(R)™ with finite kernel, such that each projection I'" — PSLy(R) has Zariski-
dense image. In particular, I' is either finite or has a non-abelian free subgroup.

Example 1.10. — Using Theorem 1.6, one obtains that the group I' = PSLy(Z]3,
v/2]) (which does not have any infinite subgroup with Property T) does not embed
into PCproj(R/Z). Indeed, to start with, it has Property FW: this uses bounded
generation by elementary unipotent elements due to Carter—Keller [Morl5, Theo-
rem 25.11]. Given this, the easy argument to deduce Property FW is the same as
the one [Cor16] for PSLy(Z[v/2]). Then using Corollary 1.6 and the classification of
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Commensurating actions for groups of piecewise groups 1463

connected finitely-charted projectively modeled curves, one would deduce that some
finite index subgroup I" of I" embeds into PSLy(R).

The group I' (and hence I") lies as an irreducible arithmetic lattice in PSLy(C)2.
Hence, I'" has no homomorphism with infinite image into PSLy(R), by Margulis’
superrigidity [Mar91].

We finish this introduction by repeating [Corl5, Question 1.19 (2)]:

QUESTION 1.11. — Does there exist any infinite, finitely generated amenable
group with Property FW?

I conjecture a positive answer.

Remark 1.12. — T owe to Nicolas Matte Bon the remark that the absence of
infinite Property FW groups in IET (and in the piecewise affine group), established
here, discards some tempting candidates for infinite finitely generated amenable
groups with Property FW. Indeed, every amenable group with Property FW has
no homomorphism with infinite image into the piecewise projective group, by Corol-
lary 1.9.

Let us now mention results about “exotic circles”. Start from a simple observation:
every continuous faithful action of the topological group R/Z on the topological
space R/Z is conjugate to the standard action by translation. Equivalently, all sub-
groups of Homeo(R /Z) that are topologically isomorphic to R/Z are conjugate to
the group of translations. Assuming now that the action preserves some structure,
one can wonder about the classification by homeomorphism preserving this structure.
This question was raised by Minakawa in the affine context, as already mentioned in
Remark 1.8. Reinterpreted using affinely modeled structures, Minakawa’s result is
that there is a natural bijective correspondence between the set of isomorphism class
of affinely modeled circles and the set of subgroups of PCY ¢(R/Z) that are topolog-
ically isomorphic to R/Z, modulo conjugacy in PCS (R/Z). This correspondence
goes as follows: start from an affinely modeled circle X, choose a piecewise affine
homeomorphism ¢ : X — R/Z: then the corresponding subgroup is fAutag(X)°f ™1,
which up to conjugacy in PCY (R /Z) only depends on the isomorphism type of X
(which depends on a parameter in Rs1).

In the projective case, we establish a similar result. For it we need not only the
classification of projectively modeled circles, but also of their 1-dimensional compact
connected subgroups of automorphisms, which is fully described in Appendix A. Only
those homogeneous ones (i.e., with transitive automorphism group) are relevant here.
For a homogeneous projectively modeled circle, the maximal connected compact
subgroups of automorphisms are all conjugate (and indeed equal to the identity
component of the automorphism group, with the exception of finite covers of Pg,
see Proposition A.7).

THEOREM 1.13. — There is a natural bijective correspondence between the set of
homogeneous projectively modeled circles and the set of subgroups of PCOij(R/Z)

that are topologically isomorphic to R/Z (for the topology induced by inclusion in

Homeo(R/Z)), modulo conjugacy in PCOij(R/Z). This correspondence maps X
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to the conjugacy class fKx f~!, where f is a piecewise projective homeomorphism
¢ : X = R/Z, and Kx is a maximal compact connected subgroup in Autpre;(X).
The same result holds if PCOPrOj(R/Z) is replaced with its class C' subgroup
1
PCProj (R/Z)
The homogeneous projectively modeled circles form a proper subclass of the class
of projectively modeled circles. Namely, this subclass consists of

e the affinely modeled circles (the standard circle ©; and the non-standard
circle ©; = R /(t) for t > 1), and
e the metaelliptic curves Q, = X /(&) for t > 0.

Here ¥, is the universal covering of Pk, and (&)icr is the lift of the group of
rotations PSO(2) = (&);cr/z; in particular ,, for n € N is the connected n-fold
cover of Pg. See Theorem 7.8 for a more detailed account.

The group PC%,Mj (X) of piecewise projective C!-diffeomorphisms was introduced
by Greenberg [Gre87]. The question of classifying circle groups within this group is
explicit in Sergiescu’s notes [Ser03]; it is solved by the second statement of Theo-
rem 1.13.

At a topological level, the only other connected Lie group transitive actions on
the circle are given by the action of PSLy(R) on the projective line, and its finite
coverings. These actions preserve a projective structure, by definition. Answering a
question in [LBT20], we show here there are no “exotic” versions of such actions:

THEOREM 1.14 (see Corollary 7.10). — Let G be the image of a continuous

and injective homomorphism from the n-fold covering PSLg")(R) to Homeo(R/Z).
Suppose that G C PCOProj(R/Z). Then G is uniquely determined up to conjugation
in PCp,.:(R/Z). If moreover G C PCp,.:(R/Z) then G is uniquely determined up

Proj Proj
to conjugation in PCp,q;(R/Z).
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2. Method and results

The purpose of this work is to show how the notion of partial group action,
formalized by Exel [Exe98], naturally fits into this context, and obtain various
applications, notably to group actions on the circle “piecewise” preserving some
geometric structure, such as piecewise affine or piecewise projective actions. The
use of the formalism of partial actions punctually appeared in geometric group
theory already, namely in B. Steinberg’s work [Ste03], but not in the context of
commensurating actions.

2.1. Partial actions

For X a topological space, let Z;,,(X) be the set of partial homeomorphisms of
X between open subsets. Each element f of Z(X) is a homeomorphism Dy — D'
with D¢, D’ open subsets of X. The open subset Dy is called the domain of f. Then
Z(X) is a monoid, where Dy is by definition {z € Dy : f(z) € D,}.,The inverse
partial homeomorphism D’ — Dy of f, denoted f ~1is called preinverse of f (rather
than inverse, since f~! o f is not the identity, but the partial identity of D;). Note
that D = Dy-1. See § 3.1 for details. For f, g, the notation f C g means that the
graph of f is contained in the graph of g; that is, g extends f.

Following Exel [Exe98], a continuous partial action of a (discrete) group G on X
is a map o : G — Ziop(X) satisfying the axioms: a(1) =idy, a(¢™!) = a(g)™!, and
a(g)a(h) C a(gh) for all g,h € G. We call X a continuous partial G-space.

Every partial action has a natural orbit decomposition.

We say that a partial action is cofinite if it has cofinite domains: X \ Dy, is finite
for every g € G.

Let G acts continuously on a topological space E and X is an arbitrary open
subset of E. We say that X is G-essential in E if every G-orbit meets X. In general,
G partially acts on X by restriction. Namely, denoting by § the action on F, and
thinking 3(g) as its graph (a subset of E?), one defines a(g) = X?N3(g): this makes
X a continuous partial G-space.

It turns out that conversely, the G-space E can be constructed out of the partial
action on X, provided X is G-essential in E. Moreover, every continuous partial
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1466 Y. CORNULIER

action arises this way: every continuous partial G-space X has an essentially unique
“universal globalization”, namely a G-set X = Xg¢ containing X as a G-essential
open subset. The point of view of partial actions is nevertheless useful, because it
often occurs that X is a “nice” object while E is not (for instance, X is Hausdorff
but E is not).

Let X be a continuous partial G-space. Say that X is G-transfixed above if XX
is finite. In general, X is G-commensurated in X if and only if the partial G-action
on X is cofinite, and G-transfixed in X if and only if there exists a finite subset F
of X such that the partial action of G on X is transfixed above.

A rich source of partial actions is given by the following:

PROPOSITION 2.1 (Proposition 4.12). — Let X be a Hausdorff topological space
with no isolated point. Then every f € PC(X) has a unique maximal representative,
that is, a homeomorphism «(f) : Dy — D’ with Dy, D’ cofinite representing f, that
contains all other representatives of f. The assignment f — «a(f) is a continuous
partial action of PC(X) on X.

On the one hand, for a compact manifold (possibly with boundary) without com-
ponent of dimension < 1, the canonical inclusion Homeo(X) C PC(X) is an equality,
see Remark 4.18; in particular the universal globalization X of X under the partial
action of PC(X) is reduced to X. If X = R" for n > 2, it follows that this universal
globalization is reduced to the 1-point compactification R™ U {co}.

On the other hand, for X a circle, or a Cantor space, the group PC(X) is much
larger than the homeomorphism group. In these cases, X is not Hausdorff, as it
includes the compact space X as a dense open proper subset. Also, since PC(X) acts
on X and every orbit meets the open subset X, the space X is locally homeomorphic
to X. In particular, for X a circle, X is a connected 1-dimensional non-Hausdorff
topological manifold.

Using geometric structures, we obtain below further naturally occurring partial
actions.

2.2. Pseudogroups

We define a pseudogroup on a topological space as a set of partial homeomorphisms
between open subsets with a suitable stability condition (see § 3.5). A pseudogroup
S on a (topological) space A makes meaningful the notion, due to Ehresmann, of
space modeled on (A, S) (see § 3.5 for details). For instance, a space modeled on
the pseudogroup consisting of C*-diffeomorphisms between arbitrary subsets of R™
is the same as a purely n-dimensional manifold of class C*. If X is a space modeled
on S, the set of S-preserving homeomorphisms between open subsets of X is itself a
pseudogroup. For instance, from the pseudogroup of partial affine homeomorphisms
on R, the circle R/Z inherits an affine structure for which the projection R/Z is
a local affine isomorphism. In turn, through the local homeomorphisms R/Z <+
R — P}, the circle R/Z inherits a projective structure. We refer to § 3.5 for precise
definitions.
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Let S be a pseudogroup on a space A and X is a Hausdorff S-modeled space. The
parcelwise-S group PCg(X) is the subgroup of X having a representative that is
an S-preserving homeomorphism between open cofinite subsets. Then, if X has no
isolated point, then PCg(X) also has a canonical S-preserving cofinite partial action
on X, given by g — ag(g), where ag(g) is the maximal representative of g that
is an S-preserving homeomorphism between cofinite subsets of X (see § 4.5.1 for
details). Then the universal globalization X ¢ of X with respect to every subgroup
G C PCg(X) is also an S-modeled space; still it can fail to be Hausdorff.

THEOREM 2.2 (Regularization theorem). — Let A be a Hausdorff space with no
isolated point and S a pseudogroup on A. Let X be an S-modeled space.

Let H be a subgroup of PCg(X) such that X is transfixed under the partial
S-preserving action of H. Then there exists a cofinite subset Y of X such that Y y
is Hausdorff. In particular, Y i is an S-modeled Hausdorff space, and the identity
map of Y is an S-preserving homeomorphism between cofinite subsets of X and Y H,
intertwining the parcelwise-S action on X to an S-preserving action on Y y.

Roughly, the conclusion says that after “cutting-and-pasting” X at finitely many
points, the action becomes continuous and S-preserving.

The proof of this theorem is easy; the main contribution here was to gather the
various features and write it down.

In the continuous case (i.e., H C PCY), one obtains a stronger conclusion.

THEOREM 2.3 (Regularization theorem, continuous case). — Let A be a Haus-
dorff space with no isolated point and S a pseudogroup on A. Let X be an S-modeled
space.

Let H be a subgroup of PCY(X) such that X is transfixed under the partial
S-preserving action of H. Then there exists cofinite subsets Y C Y’ of X with Y’
H-invariant, and an H-invariant S-modeled structure on Y’ that coincides with the
original one on Y. In particular, if H has no finite orbit on X, then Y’ = X.

)

Roughly, it means that after removing a finite invariant subset, one can “repair’
the S-structure at finitely many points so that the resulting S-structure is preserve
(unlike in the discontinuous case, there is no need to change the topology). In
the language of Theorem 2.2, this means that Y i identified by an parcelwise-S
H-equivariant homeomorphism to an H-invariant cofinite subset Y’ of Y.

Now let us discuss the transfixing assumption. Denoting by D; C X the domain of
g € H and Ag its complement, X is transfixed by H if and only sup, ¢ g |A5 | < o0.

e when S the pseudogroup of all partial homeomorphisms of X (Hausdorff with
no isolated point), A, is the set of discontinuity points;

e when X = R/Z with the pseudogroup of isometries or oriented isometries,
again A; is the set of discontinuity points;

e when X = R/Z with the affine pseudogroup or its oriented analogue, Af is
the set of “breakpoints”, that is, discontinuity points as well as continuity
points at which ¢ is not differentiable (or equivalently at which the left and

right derivatives are not equal);
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e when X = R/Z with the projective pseudogroup or its oriented analogue,
Ags is the set of points at which ¢ is not of class C2.

For S a pseudogroup on model space with no isolated point, and for X a S-modeled
Hausdorff space, the function PCg(X) — N, g — |A;g | has specific properties that
are common to all such functions defined from cofinite partial actions. For instance,
the behavior of such functions on cyclic subgroups is very restricted for every g there
exists m) € N such that |A2,| = m5n + by(n) for all n € N, for some bounded
non-negatively valued function b,. In particular, the limit

AS,

lim ——
n — oo n

exists, is a non-negative integer, and is zero if and only if sup,, A2, | < co.

Let us apply this to the C¥-pseudogroup. Let k € N = {0,1,...} be an integer.
For o be a parcelwise-C* self-transformation of R/Z (or of an open interval), define
Ky(0o) as the subset of outer discontinuity points of o (that is, the set of x such that
o(xt) # o(x7). For x ¢ Ky(o), we can choose the value of o(x) as the one making
o continuous at x. For i € {1, ..., k} let K;(0) be the subset of those x ¢ K;_1(0)
at the neighborhood of which ¢ is not of class C'. For i € {0, ..., k}, let k;(c) be
the cardinal of K;(0) and k<;(0) = 35_ k;(0). Note that k(o) = ki(o™").

COROLLARY 2.4 (See Corollary 6.6). — For every k € N and parcelwise-C* self-
transformation o of R/Z, there exist integers 0 < mg < ... < my and bounded
non-negative even functions b; : Z — N such that for all i € {0, ..., k}, we have

In particular, k<; and k; have the property of growing either linearly or being
bounded.

This lets us retrieve or improve some known results in a unified way. Applied when
k = 0 and in the case of interval exchanges, this concerns the discontinuity growth
for interval exchanges and this counting result was obtained in [DFG13, Nov09].
When k = 1, in the case of piecewise affine self-transformations, it was obtained by
Guelman and Liousse [GL19, § 4] that the sequences (k1(¢6™)), >0 (and (ko(™))n>0)
are either bounded of have linear growth. See also Corollary 6.16 for a specification
of Theorem 2.2 to this context.

3. Preliminary definitions
3.1. Inverse symmetric monoids

A semigroup is a set endowed with an associative binary law. A monoid is a
semigroup endowed with a unit element (which is then unique). In a semigroup,
a preinverse of an element x is an element y such that zyr = x and yry = y. A
semigroup (resp. monoid) is called an inverse semigroup (resp. inverse monoid) if
every element x has a unique preinverse, then denoted z~!. Homomorphisms of
monoids (resp. inverse semigroups, resp. inverse monoids) are required to map unit
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to unit (resp. preinverse to preinverse, resp. both). In inverse semigroup theory,
preinverses are often called “inverses” but we rather use the more usual terminology
of inverses in monoids (an inverse for x is y such that yr = xy = 1; such y is unique
and is then a preinverse of z).

Given sets X, Y, the set P(X x Y') of subsets of X x Y (the set of binary relations
on X,Y) is endowed with its usual composition: given A C X xY and BCY x Z,

AoB={(x,2) e X x Z:FyeY :(x,y) €A, (y,z2) € B}.

In particular, this makes P(X?) a monoid (the diagonal idx being the unit element).
For u € P(X xY), define D, and D), as its projections on X and Y, called its
domain and range. Denote by s : A+~ A™! the involution P(X xY) — P(Y x X)
induced by (z,y) — (y, ). Beware that it is not an inverse map on P(X?) as soon
as X is nonempty, and not a preinverse map as soon as X contains two distinct
elements.

Let Z(X,Y) be the set of subsets of X? both of whose projections are injective.
These are called partial bijections of X, namely each u € Z(X) is a bijection between
its domain D, and its range D! . These are stable under composition. In particular,
Z(X) is a well-known submonoid of X2, called inverse symmetric monoid of X.
Indeed, this is an inverse monoid: the preinverse of u being u~!.

Let Z%(X) be the set of partial bijections of o € Z(X) with cofinite domain and
range. This is an inverse submonoid of Z(X).

Given topological spaces A, B, let Z;,,(A, B) be the subset of Z(A, B) consisting
of those u such that both D, and D) are open subsets of A, and such that u
induces a homeomorphism D, — D). In particular, Zi,,(A) = Ziop(A, A) is an
inverse submonoid of Z(A). We write Zi% (A, B) = Zip(A, B) N I°(A, B) and
TO(A) = It(A, A).

top top

3.2. Partial actions
3.2.1. Definition

DEFINITION 3.1 (Exel [Exe98]). — A partial action of a group G on a set X is a
map « : G — I(X) satisfying:
(1) (1) =idx;
(2) a(g™!) = alg)™! for all g € G;
(3) for all g, h € G, a(g) o a(h) C a(gh).
We say that (X, «) is a partial G-set (and if o(G) C &(X), the group of permutations
of X, we say that it is a global G-set, or just G-set).

When « is valued in Z¢°f(X), it is called a cofinite-partial action.

Given a partial action of G on X, a topology 7 on X is said to be preserved by
the partial action if for every g € G, we have a(g) € Ziop(X7). Here X7 means X
endowed with the topology T (mostly the topology is implicit and is omitted from
the notation). When X is endowed with 7, we call it a topological partial action of
G on X; we call X a partial topological G-space, and (global) topological G-space
when the underlying partial action is an action.
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A homomorphism between partial G-sets (X, ), (Y f)isamap f: X — Y that
is G-equivariant, in the sense that a(g) C (f x f)7!(8(g)) for all g € G. That f
is G-equivariant just means that for every g € G every x € X such that a(g)z is
defined, then 5(g)f(z) is also defined and f(«a(g)x) = B(g)f(z).

We say that such a homomorphism f is full if the above inclusion is an equality:
alg) = (f x /)~ (B(g)) for all g € G. We then say that f is fully G-equivariant.

The homomorphism f is essential if for every y € Y there exists g € G such that
B(g)y is defined and belongs to f(X).

A bijection (X,a) — (Y, ) is called G-biequivariant if both f and f~! are G-
equivariant. For a bijective homomorphism, this means that f is fully G-equivariant.

Beware that a bijective G-equivariant map can fail to be G-biequivariant, unlike
in the setting of global actions. For instance, # could be an action but not « (see
Proposition 4.10 for a result in this context).

3.2.2. Universal globalization

Given a partial G-set (X, «), partial G-sets (Y, ) endowed with a homomorphism
(X, ) — (Y, ) form a category, whose maps are the G-equivariant maps so that
the obvious triangle commutes. It has a full subcategory, consisting of those (global)
G-sets (Y, 5) endowed with a homomorphism (X, «) — (Y, 8). An initial element in
this category is called a universal globalization for (X, «).

THEOREM 3.2 (Megrelishvili [Meg86, Meg00], Abadie [Aba99, Aba03], Kellen-
donk-Lawson [KL04]). — Every partial G-set (X, «) admits a universal globaliza-
tion v : (X,a) — (X,a). Moreover

(1) the map ¢ is injective;
(2) every &(G)-orbit in X meets 1(X) (that is, v is essential).

In detail, the first assertion means that there is a set X ,amap ¢t X — X ,a
G-action § on X such that ¢ is G-equivariant and such that for every other G-set
Y and G-equivariant map f = X — Y, there exists a unique G-equivariant map
uf:X\—>Ysuchthat f=usour

Let us recall the simple construction. Denote by D, C X the domain of a(g). Start
from X = G x X and the map X — X given by z — (1,x). Endow X with the
G-action given by ¢ - (h,z) = (gh, x). Define X by modding out by the equivalence
relation ~ given by (h,z) ~ (k,y) if # € Dy-1, and a(k™*h)(z) = y. The G-action
passes to the quotient X and the resulting map X — X is a universal globalization.
This can be checked as an exercise: indeed, the virtue of the theorem is, first and
foremost, to have been formulated.

The following easy lemma is a convenient way to recognize a universal globalization.

LemMA 3.3 ([KL04, Proposition 3.5]). — Any full, essential and injective ho-
momorphism from a partial G-action to a global G-action is a universal globaliza-
tion [KL04, Proposition 3.5].
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Remark 3.4. — Megrelishvili [Meg86, Meg00]| used a less general, related for-
malism of “preactions” and then constructed a “universal action” with the same
construction as the one used for the universal globalization in [Aba99, Aba03, KLO04]
in the framework of partial actions. Abadie’s result was written in 1999 in his
PhD [Aba99] and published only in 2003 [Aba03]. The construction of the universal
globalization was independently later obtained, using the same construction, by Kel-
lendonk and Lawson [KL04] (published in 2004, but quoted as a preprint in [Meg00]
published in 2000).

THEOREM 3.5 (Abadie [Aba99, Aba03, KL04]). — Let (X, «) be a partial G-
set and ¢ : (X,a) — (X,a) a universal globalization. For every topology T on X
preserved by «a(G), there is a unique topology T on X preserved by a(@) such
that « is an open continuous map. Moreover, (5(\ ,Q) is an initial element in the
category of topological G-sets (topological spaces endowed with a G-action by self-

homeomorphisms) endowed with a continuous homomorphism of partial actions from
(X, ).

Actually, Abadie’s result is directly stated while defining the globalization in the
context of actions on topological spaces. But the underlying action only depends on
the underlying partial action, so we have found convenient to restate it as above,
which is closer to the subsequent formulation from [KLO04, § 3.2].

Note that in partial actions, we always consider the acting group as a discrete group,
although Abadie [Aba03] more generally addresses partial actions of topological
groups.

Let us mention for future reference

LEMMA 3.6. — If X is T} (that is, singletons are closed), so is X.

Proof. — Describe X as above as quotient of G x X by an equivalence relation.
Then the equivalence class of (g, x) meets each layer {¢'} x X in at most a singleton.
Hence if X is T}, equivalence classes are closed, so that the quotient topological
space is T7. O

3.3. Encoding commensurating actions as partial actions and vice versa

Given a partial action « of G on a set X, let us define £ (g) as the cardinal of the
complement X N\ Dy y); define (% (g) = {x(g"). Call £} and ¢ the loanshark and
prodigal semi-index functions of the partial G-set X. This can actually be interpreted
in previous setting: indeed, consider a universal globalization X — Y. Then ¢ (g)
coincides with its definition as in § 4.1, in the setting of commensurating actions.

We say that the partial action commensurates X if £} (or equivalently (%) takes
finite values. For a partial action, the condition of commensurating X is equivalent
to be a cofinite-partial action. This shows that all the theory of commensurating
actions translates in the setting of cofinite-partial actions. We say that it transfixes
X if there exists a finite subset F' of X such that the induced partial action of G on
X N F has finite complement in its universal globalization. Equivalently, this means
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that X is transfixed in its universal globalization. In particular, given a subgroup
H of G, relative Property FW of (G, H) can be restated as: every cofinite-partial
action of GG is transfixing in restriction to H. Moreover, by the dictionary between
cofinite-partial actions and commensurating actions, Theorem 4.1 can be restated as:

THEOREM 3.7. — A partial action of a group G on a set X is transtixing if and
only if (% (or equivalently () has a finite supremum on G.

3.4. Parcelwise group PC(X)

Let X be a topological space. Recall from § 3.1 that It‘f;(X ) is the inverse sub-
monoid of Z°f(X) consisting of partial homeomorphisms between two open cofinite
subsets of X.

Identifying two elements in I&;’;(X ) whenever they coincide outside a finite subset,
we obtain a group, which we denote by PC(X), and call it the group of parcelwise

continuous self-transformations of X.

3.5. Pseudogroups, modeled structures, piecewise and parcelwise
monoids

3.5.1. Definition

We define a pseudogroup on a topological space A as an inverse submonoid S
of Z(A) such that {U : idy € S} is a basis of the topology. Note that the latter
condition implies that the topology is determined by S.

The completed pseudogroup S consists of the set of elements of u € Z(A) that
can be written, for some index set [, as a union ;¢ ; u; with u; € S for all <. When
S=25 , the pseudogroup is called complete.

In the literature, pseudogroups are often defined as what is called here “complete
pseudogroup”, and furthermore are also often supposed to contain idy for every open
subset U. We find convenient here to get rid of these restrictions.

Example 3.8. — Let G be subgroup of the self-homeomorphism group of A. Then
the set of restrictions of elements of G' to open subsets is a pseudogroup on A. It
is usually not complete: for instance, if G consists of translations on A = R, it is
not complete, since the completed pseudogroup contains local translations (with
non-connected domain) that are not translations.

For instance, if G is a subgroup of the group of self-homeomorphisms of X, we can
define the pseudogroup induced by G, starting from those restrictions of elements
of G to open subsets.

3.5.2. S-structures, S-modeled topological spaces

Let S be a pseudogroup on a topological space A.
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Let X be a topological space. An S-atlas on X is a subset H of Z(X, A), whose
elements are called charts, such that () € H and such that for any f, g € H, we have
gofltes.

An S-atlas is called complete if it satisfies the following two additional conditions:

o for every f € H and u € S, we have uo f € H;

e for any index set I and family (g;);e in H such that g := U, < g; belongs to
Z(X,A), we have g € H.

The data of a complete S-atlas H on X is called an S-structure on X. A topological
space endowed with an S-structure is called an S-modeled topological space. We call
it finitely-charted if X has a finite covering by domains of charts.

Actually, every S-atlas on X endows X with an S-structure: indeed every S-atlas
generates a complete S-atlas in a natural way.

3.5.3. Parcelwise-S inverse monoid and group

Now consider an S-modeled topological space X, with complete atlas H = Zg(X, A).

We then denote by Zg(X) the set of elements h € Z(X) that can be written, for
some index set I and families (fi)ier and (gi)ier in H, as h = U;c; 9; "0 fi.

Then Zg(X) is an inverse submonoid of Z(X) (and thus a pseudogroup), and
Zs(X,A) is stable under precomposition with Zg(X) and postcomposition with
S = Zg(A). By composition, any topological space endowed with a Zg(X)-structure
inherits a canonical S-structure.

Consider the inverse submonoid Z&(X) = Zs(X) N Zio (X5), that is, the set of
elements in Zg(X) with cofinite domain and range. We call it the parcelwise-S
inverse monoid of X. Identifying two elements of Z¢°f(X) whenever they coincide
on a cofinite subset, we obtain a subgroup PCg(X) of PC(X), called the group of
parcelwise-S self-transformations of X.

When X has no isolated point, the canonical homomorphism Homeo(X) — PC(X)
is injective. The inverse image of PCg(X) in Homeo(X) is denoted by PC%(X).

In particular, we define S¥ as the pseudogroup on the model space A of restrictions
of elements of PC%(A). It is easy to check that PCg(X) = PCge(X).

3.5.4. Piecewise-S inverse monoid and group

Define Ig‘;f as the set of f € TeH(X) such that there exist a finite partition (D;);c
of the domain of f into open subset, a family (g;);c s in Zg(X) such that the domain
E; of g; contains the closure D;, and such that ¢; extends f;.

It is easy to check that this is an inverse submonoid of Zg&f(X). We call it the
piecewise-S inverse monoid of X. Its image in PC(X) is a subgroup PCgy(X) of
PC(X), called group of piecewise-S self-transformations of X.

When S consists of all local homeomorphisms, we denote these by Zf°'(X) and
PCy(X).
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3.6. Curves and doubling tricks

By curve we mean a purely 1-dimensional Hausdorff paracompact topological man-
ifold with finitely many connected components. A connected curve is homeomorphic
to the circle or an open interval.

Start from a curve A with a pseudogroup S. A finitely-charted S-modeled curve is
a curve endowed with an S-structure definable by finitely many charts (the condition
is automatic for compact S-modeled curves).

By standard curve we mean finite disjoint union of open bounded intervals and
circles (where a circle is a copy of R/aZ for some a > 0). A more intrinsic (but
somewhat using more formalism than necessary) is to define a standard curve as a
purely 1-dimensional oriented Riemannian manifold, with finitely many components.

Given a standard curve X, local orientation-preserving measure-preserving homeo-
morphisms yield a canonical Isot-structure on X. Therefore, for every pseudogroup
S on the circle including the local orientation-preserving isometries, it endows X
with a canonical S-structure.

The idea of doubling points in one-dimensional dynamics is very classical, and
often attributed to Denjoy.

The idea underlying the following lemma appears in the context of interval ex-
changes in Danthony—Nogueira’s article [DN90]. I thank Thierry Bousch for bringing
this important observation to my attention.

LEMMA 3.9. — For any curve X endowed with an orientation, endow X* =
X x {1, —1} with the product topology and an orientation: that of X on X x {1}
and the reverse one on X x {—1}.

Then there is a natural injective group homomorphism ® of PC(X) into PCT(X*),
whose image is the centralizer of the involution o : (x,1) < (x,—1) in PCT(X%),
and which makes the projection X* — X equivariant.

Proof. — For f € I3 (X) and = € Dy, define the reduced derivative f*(x) as equal
to 1 or —1 according to whether f is locally orientation-preserving or orientation-
reversing at z (this is well-defined because X is endowed with an orientation). It
can be thought of as the sign of the derivative, but is defined for arbitrary piecewise
strictly monotonic functions.

It satisfies the same property as the derivative for composition: when defined, we
have (f2 o f1)"(x) = fi(x) fi(fi(x)). With a suitable differentiability assumption we
would obtain an action on the tangent bundle, and then, modding out by the action
of positive scalars, an action on the orientation bundle. This idea works directly
thanks to the above formula. Namely, for any f € Z¢oH(X), and (z,¢) € X x {£1},
define 7(f)(x,e) = (f(z), f*(z)e). Note that it obviously commutes with s, and
preserves the given orientation. That it defines a partial action with domain of
definition Dy x {£1} is immediate from the composition formula. It then induces
a group homomorphism of PC(X) into PC*(X*), which is clearly injective. That
the image consists of the centralizer of o is straightforward, as well as the additional

statement. O

See also Lemma 4.23 in the additional presence of a geometric structure.
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Remark 3.10. — In the context of piecewise isometric maps, the elements in the
image of ® were called “linear involutions” in [DN90]; thus “linear involutions” denote
one way to represent the group of “interval exchanges with flips”, thus encoded as
interval exchanges in this model. Since these are neither linear nor involutions, we
prefer avoid this terminology.

Remark 3.11. — There is another interesting topology on X*, instead of the
product topology as above, namely the Denjoy topology Tpenj. It is defined as the
(local) ordering (in the case of the interval, it consists of the lexicographic order
consisting in splitting each z into two consecutive elements). It is compact if X is
compact. Its main interest, essentially mentioned by Keane in [Kea75], is that the
cofinite-partial action of PC(X) on X extends to a continuous action on (X<, Tpen;)
is continuous. Unlike the product topology, it is not (locally) metrizable.

4. General results
4.1. Commensurating actions

Denote by A the symmetric difference between subsets of a set, and |-| the cardinal
function.

Given a group GG acting on a set Y, a subset X C Y is commensurated if X A gX
is finite for every g € G. We then call (Y, X) a commensurating action of G. We
say that the commensurating action (Y, X) is transfixing, or that the subset X C Y
is transfixed, if there exists a G-invariant subset X such that X A X, is finite.
The function ¢x : g — |X A gX| is called the cardinal definition function of the
commensurating action (Y, X). If X is transfixed then £x is obviously bounded; the
converse also holds:

THEOREM 4.1 ([BPP95]). — The commensurating G-action (Y, X) is G-transfi-
xing if and only if its cardinal definite function {x is bounded on G.

Continue with an arbitrary subset X of Y. Let us denote (% : g — | X \ ¢gX| and
x(9) =% (g7") = | X g1 X]. Call £} and ¢ the loanshark and the prodigal semi-
index functions of (Y, X). Note that ¥ being commensurated means that either of
these functions takes finite values, and transfixed means that either of these functions
is bounded. Each of these functions, say ¢, satisfies £(1) = 0 and ¢(gh) < ¢(g) + ¢(h)
for all g,h € G. Note that {x = (% + {x. (When X is G-commensurated, the
difference g — (T (g) — (T (g~ ") is a well-defined map G — Z, and actually a group
homomorphism, called index character of (Y, X), see [Corl6, § 4.H].)

PROPOSITION 4.2. —
(1) [Corl6, Corollary 6.A.2] Every cardinal definite function on Z has the form

n +— m|n|+b(n) for some unique m € N and bounded non-negative function
b:Z — N (where N ={0,1, ...}).

(2) For every commensurating action of Z, the corresponding prodigal semi-index
function has, in restriction to N, the form n +— m'|n| + b(n) for some unique
m’ € N and bounded non-negative function v’ : Z — N.
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Proof. —

(2) Let (Y, X) be a commensurating action of Z = (u). Let (Y, X) be a commen-
surating action of Z = (u) and X a commensurating subset; let ¢ = {y x be the
corresponding cardinal definite function and ¢+ = E;E x-

We start with the case when Y is (u)-transitive, that is, consists of a single cycle. If
Y is finite, then £ is bounded. Otherwise, Z acts simply transitively on Y and hence we
can suppose that Y = Z with u(n) = n+ 1. Then X is a subset with finite boundary,
which therefore has a finite symmetric difference with some X’ € {0, —IN, N, Z}. So
0% — (%, is bounded. We have (%,|x = 0 for X’ € {0, =N, Z}, and ¢{(n) = n for
all n € N. We can thus write {T(n) = m*n + b(n) with m™ € {0,1}, for all for
n € N. (Note that we have a similar formula for ¢~ with some m~ € {0,1} and
that (m*,m~) € {(0,0),(1,0),(0,1)}.) A simple argument using sub-additivity of
¢+ shows that b > 0.

Adding over finitely many orbits, we obtain the result when Y consists of finitely
many orbits.

In general, let W be the union of orbits of elements of the finite subset X A uX;
it consists of finitely many orbits W;. Then X N W€ is invariant, and hence we have
¢ = bwxaw and €t = by xqw. This reduces to the case when there are finitely
many orbits, which has been settled.

(1) From (2) and since ¢(n) = " (n) 4+ £*(—n), we can write (n) = myn + by (n)
for all n € £N. Since ¢(n) = ¢(—n) for all n, taking the limit of (¢(n) — ¢(—n))/n
when n — oo yields m; = m_, and in turn we deduce b, =0b_. 0

The first consequence below was originally observed as a consequence of a more
difficult result of Haglund [Hag07] on isometries of CAT(0) cube complexes.

COROLLARY 4.3. — Let G be a group and (c) a cyclic subgroup. Suppose that
c is distorted (as defined before Corollary 1.5), or ¢ is unboundedly divisible (as
defined after Definition 1.2). Then (G, (c)) has relative Property FW.

Proof. — Let ¢ be a cardinal definite function on GG. Suppose that c is distorted in
some finitely generated subgroup I' of G, and let | - | be the word length on I' with
respect to some finite generating subset. Since ¢ is subadditive, there exists C' such
that ¢(g) < Cl|g| for all g € I'. In particular, ¢(c") < C|c"|. If ¢ is distorted, then
lim |¢"|/n = 0, and we deduce lim ¢(c")/n = 0. By Proposition 4.2, it follows that
sup,, (") < 0.

Also by Proposition 4.2, the limit m(g) = lim ¢(¢")/n belongs to N for all g € G.
Clearly, m(g*) = km(g). It immediately follows that if ¢ has roots of unbounded order,
then m(c) = 0, and hence, again by Proposition 4.2, we have sup,, {(c") < co. [

PROPOSITION 4.4. — Let A be a finitely generated abelian group and ¢ a cardinal-
definite function on A. Then there exist subgroups B, A’ of A such that

Bn A ={0};
B + A’ has finite index in A;

the length ¢ is bounded on B;
the length ¢ has growth equivalent to the word length on A’.
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Proof. — Let B(A, /) be the maximal subgroup on which ¢ is bounded (it clearly
exists). We first assume that B(A,¢) = {0}. Hence, A is torsion-free, so we can
suppose that A = Z%, and we have to show that ¢ is equivalent to the word growth.

Let f be a cardinal-definite function on A. First suppose that it is associated
to a transitive commensurating action A/FE, with commensurated subset M, and
that f is unbounded. Then A/FE has more than one end, and hence is 2-ended. Let
X : A/E — Z a surjective homomorphism (this is unique up to sign). Then, up to
replace x with —x, the subset M has finite symmetric difference with x~!(M), and
then £(v) = m|x(v)| + O(1), where m is the cardinal of the kernel of x.

In general, as in the proof of Proposition 4.2, f is equal to the cardinal-definite
function associated to an action with finitely many orbits (this actually holds, by
the same arguments, for arbitrary finitely generated groups). Hence there exist k
and homomorphisms A — Z such that we have f(v) = >F_, |x:(v)| + O(1). Note
that x; extends to a linear form on R? with integral coefficients. Then v = >F_, x4
defines a seminorm on R?, whose vanishing subspace is (; Ker(y;). The latter is a
rational subspace. Since £ is unbounded on any nonzero subgroup of Z¢, we deduce
that this rational subspace is zero. Hence v is a norm, hence v > ¢|| - ||; for some
¢ > 0. Since the ¢*-norm || - ||; coincides with the word length on Z¢, we thus have
the required inequality.

In general (B(A, () arbitrary), let A" be any maximal subgroup among those with
B(A,0) n A" = {0}. Since B(A’,¢) = {0}, we obtain the result by applying the
previous case to A’ O

The following lemma is far from optimal but we find convenient to write it for
reference.

LEMMA 4.5. — Let G be a Lie group of dimension 1, of the form G° x F' with F
either trivial or cyclic of order 2, acting by inversion on the abelian unit component
G°. Then G has a finitely generated dense subgroup I' such that (G,T") has relative
Property FW as an abstract group.

Proof. — Let f be a cardinal definite function on G. Choose u,v € G° generating
a dense subgroup A of G°, and set I' = A x F. Since each of u, v is divisible in G,
we have f bounded on both (u) and (v) by Corollary 4.3. Since f is subadditive
and since every element of I' can be written as u™v™k with (n,m, k) € Z%> x F, we
deduce that f is bounded. 0

4.2. Lemmas of B. Neumann and P. Neumann
We use the following lemma holding for arbitrary group actions, which for conve-
nience we refer to as Neumann’s lemma:

LEMMA 4.6. — Let GG be a group and Z a G-set. Let U be a cofinite subset of
7 including all finite G-orbits. Then for any finite subset F' of Z there exists g € G
such that gF' C U.

Proof. — A result of P. Neumann [Neu76, Lemma 2.3] states (*) that for every
G-set W with no finite orbit and every finite subset F” of W, there exists ¢ € G such
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that gF’ N F’ is empty. (This is an easy consequence of B. Neumann’s result [Neuh4]
that a group is never covered by finitely many left cosets of infinite index subgroups.)

Let Z, be the union of all infinite G-orbits; by assumption U U Z,, = Z. Define
F'r'= (Z~\NU)U(FNZyx). Then F' C Z., and we can apply (x) to W = Z
and F’: there exists g € G such that gF’ N F’ = (). In particular, gF”" C U. Since
g(F\ Zy) C Z~\ Zy C U by assumption, we deduce that gF' C U. OJ

Neumann’s lemma can be used to obtain separation properties:

COROLLARY 4.7. — Let G be a group and Y a topological space on which G

acts by self-homeomorphisms. Let U be a cofinite Hausdorft subset of Y including
all finite G-orbits. Then Y is Hausdorftf.

Proof. — Apply Lemma 4.6 to 2-element subsets of Y, one first obtains that for
all = # y, the point y does not belong to the closure of {x}. Hence U is open. Again
apply Lemma 4.6 to 2-element subsets of Y to obtain the Hausdorff Property. [

In turn, this has the following application.

LEMMA 4.8. — Let G be a (discrete) group acting continuously on a topological
Ti-space Y. Let X, X' be subsets of Y, such that X is G-essential (i.e., X meets
all G-orbits), X is open, X' is G-invariant, and the symmetric difference X A X' is
finite. Suppose that X is Hausdorff. Then X' has a cofinite G-invariant subset X"
that is Hausdorff and open in Y.

Proof. — Let F be the union of finite G-orbits in X’ meeting X’ ~ X. Define
X" = X' F. Hence X" is a cofinite G-invariant subset of X’ and every element
of X” \ X belongs to an infinite G-orbit. By Corollary 4.7 applied to Y = X” and
U=XnNX", weinfer that X” is Hausdorff.

Since Y is T} (singletons are closed), X N X" is open; hence X" = U, c ¢ g(X NX")
is open too. 0

In terms of partial actions, this has the following consequence:

PROPOSITION 4.9. — Consider a topological partial action of a (discrete) group
G on a Hausdorft topological space X. Suppose that X is G-transfixed. Then there
exists a G-invariant subset X' of X with X' A X finite, that is G-invariant, Hausdorff
and open in X.

Proof. — Since X is transfixed, it is transfixed as a subset of its universal global-
ization X, which is 7} by Lemma 3.6. Let X" be a G-invariant subset of X, such
that X A X" is finite. By Lemma 4.8, X" has a G-invariant, cofinite subset that is
both Hausdorff and open in X. [l

We are led to consider partial actions that are obtained from actions by restricting
domains of definitions. For instance, the group PCY (R /Z) of piecewise affine self-
homeomorphisms of R/Z acts on R/Z, and it is natural to restrict to a partial
action preserving the affine structure, by restricting the domain of definition of f
to the set of points at which f is affine (or equivalently derivable). The following
proposition typically addresses such partial actions, characterizing the condition of
being transfixing.
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PROPOSITION 4.10. — Let G be a group and « an action of G on a set Y. Consider
a cofinite-partial action  of G on Y such that the identity map (Y,5) — (Y, «)
is G-equivariant. Suppose that Y is transfixed for the partial action 8. Then there
exist cofinite subsets X C X' CY with X' a(G)-invariant, such that the inclusion
of (X, ) into (X', «) is a universal globalization.

In particular if there is no finite a(G)-orbit in Y then the conclusion can be written
as: there exists a cofinite subset X C'Y such that the inclusion of (X, 3) into (Y, «)
is a universal globalization.

Proof. — Let i : Y — Y be a universal globalization of 3. By the universal
property, there exists a G-equivariant map 7 : (37, B) — (Y, @) such that moi = idy.

For every subset X C Y, its universal globalization is the union of all 5(G)-orbits
of Y meeting i(X). Let X be a cofinite subset of Y that is transfixed above (i.e.,
such that X has finite complement in its universal globalization). Removing finitely
many finite 3(G)-orbits, we can suppose that X ~ i(X) meets no finite 3(G)-orbit.
We claim that 7 is injective on X. Indeed, 7 is clearly injective on ¢(X). Since any
pair in X can be moved into i(X) by a group element (applying Lemma 4.6 to the
action B), we deduce injectivity of 7 on X. Then define X’ = 2(5(\) then X C X' CY
satisfy the given statement. U

4.3. Canonical partial action of self-homeomorphism groups

Let X be a topological space. Consider the group PC(X) of parcelwise continuous
self-transformations of X, introduced in § 3.4.

Denote by 7 the projection ZZ% (X') — PC(X). That is, for g € PC(X), 7' ({g}) is
the set of representatives of g as partial homeomorphisms between two open cofinite
subsets of X.

For g € PC(X), define a(g) = Uy e r-1({4)) - Here the union is understood among

subsets of X2.

LEMMA 4.11. — Suppose that X is Hausdorff with no isolated point. Then «(g)
is a partial bijection for every g € PC(X).

Proof. — It is clear that a(g) C X x X has cofinite (hence open) projections into
X. So we have to show that projections are injective, and by symmetry (a(g™!)
being the flip of a(g)) it is enough to check for the first projection. To show its
injectivity, consider (x,y), (z,9’) € a(g). Hence (z,y) € o and (x,y’) € ¢’ for some
0,0’ € 7 1({g}). Since every cofinite subset of X is dense, there exists a net (x;) in
the domain of o N ¢’, tending to x. Then, by continuity of both ¢ and ¢’ and using
that Y is Hausdorff, we have y = lim; o(x;) = lim; o/(z;) = v/. O

It is easy to check the failure of the conclusion of Lemma 4.11 whenever X has at
least two isolated points. Thanks to Lemma 4.11, we have:

PROPOSITION 4.12. — Let X be a Hausdorff topological space with no isolated
point. Then g — «(g) defines a topological partial action of PC(X) on X, which is

a splitting for the canonical projection m : I (X) — PC(X).
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Proof. — By Lemma 4.11, this map is well-defined. The first two conditions
of partial actions (identity and inverses) are clearly satisfied. Let us check that
a(g)a(h) C a(gh) for all g,h € PC(X). Consider x € X such that y = «a(h)z
and z = a(g )( (h)z) are defined. So (x,y) € a(h) and (y,z) € a(g). Hence there
exist 0 € 71 ({g}) and o’ € 771 ({h}) such that (z,y) € ¢’ and (y,z) € 0. Hence
oo’ € m1(gh) and (z, z) € o0’. That is, (z,2) € a(gh). O

Remark 4.13. — The above splitting is not a monoid homomorphism in general:
for instance idx = a(1) = a(g~'g) # a(g ')a(g) = idp, when D, # X.

Remark 4.14. — From a categorist’s point of view, it would be more natural and
general to formulate this in a groupoid context, where a partial groupoid action is
defined assigning to each object a set and to each arrow a partial bijection between
the corresponding sets, with the analogous axioms. Then Proposition 4.12 adapts
to this more general setting: every parcelwise continuous map g : X — Y between
Hausdorff topological spaces without isolated point has a canonical representative
a(g) in Z2H(X), satisfying the axioms of groupoid partial action. We stuck to the
group case only for the sake of conciseness, and because the generalization requires

no further ingredient.

4.4. Generalities about the parcelwise and piecewise groups

DEFINITION 4.15. — Let X, Y be Hausdorff topological spaces. For functions
f,g € YX write f ~ g if f and g coincide on a cofinite subset, and let [f] be the
class of f modulo ~.

Say that f € YX is outer continuous at x € X if x is not isolated and there exists
a map g € [f] that is continuous at x. Then the value g(z) does not depend on the
choice of g and only on the class [f], and is called the outer limit of f (or of [f]) at
x. Let D} (or D[Of]) be the set of points at which f is outer continuous.

Let X be a Hausdorff topological space with no isolated point. Every o € PC(X)
defines a class modulo ~ in X¥ in the above sense. Then, for ¢ € PC(X), the set
D¢ of points on which o is outer continuous is cofinite, since it contains the domain
of definition of any representative &. In the setting of Proposition 4.12, Dy (s is thus
contained in Dj.

Under a strong assumption, we have a converse. Define a topological space X as
locally saturated if for every open subset U of X, every continuous injective map
U — X is open. For instance, topological manifolds of pure dimension n are locally
saturated, by Brouwer’s invariance of domain theorem (we will use it for n = 1, in
which case this is obvious).

PROPOSITION 4.16. — Let X be a Hausdorff topological space with no isolated
point. Suppose that X is locally saturated. Then for every o € PC(X), the domain
of definition of a(o) coincides with the subset DS of outer continuity of o.

Proof. — We only have one inclusion to check. Suppose that ¢ is outer continuous
at z. Let & be a lift of o in Zg%'(X). If & is defined at z, then © € D,y (by

top
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construction of the latter). Otherwise, let y be the outer limit of f at x. Define
f=0U{(x,y)} (viewed as subsets of X?). Then f is a partial map and we have to
check that f is injective and f~! is continuous on its domain D.

Define a neighborhood U C D of z as follows: if f is injective, choose U = D.
Otherwise, there exists a unique 2’ € D ~\ {x} such that f(x) = f(2’). Since X is
Hausdorff, let U be any open neighborhood of x in D whose closure does not contain
x’. Hence f is injective on U in all cases. Since X is locally saturated, f(U) is open.
Hence V = o~ 1(f(U)) is open; we have

V=0 (FUN ) U{)) = (U {2h) Uo™ (o))

If by contradiction 2’ exists, c~!({y}) = {2'}, and hence we deduce that (U \
{z})U{z'} is open. Intersecting with the complement of the closure of U, we deduce
that {2’} is open, a contradiction.

Now let us show that f~! is continuous at y. Indeed, f(U) is a neighborhood
of y for every neighborhood U C D of x and this precisely establishes continuity
of f~1. OJ

We finish this subsection by a digression, namely a corollary of Proposition 4.12
in terms of near actions. Recall [Cor19] that a near action of a group G on a set X
is a homomorphism from G into the group PC(X), where X is endowed with the
discrete topology. Every action of G on X induces a near action, and a near action
arising in this way is called realizable.

Given two near actions on sets X and Y, one can naturally define the disjoint
near action on X LY. The near action on X is called completable if there exists a
set Y and a near action on Y such that the disjoint union near action on X LY is
realizable.

If X is a topological space, write X for X endowed with the discrete topology, so
we have a canonical inclusion PC(X) C PC(Xjs), which thus defines a near action of
PC(X) on X.

COROLLARY 4.17. — For every Hausdorff topological space X with no isolated
point (or with finitely many isolated points), the near action of PC(X) on X is
completable.

Indeed, Proposition 4.12 provides a cofinite-partial action realizing the near ac-
tion of PC(X), and hence taking the universal globalization yields completability.
See [Corl9, § 1.P, § 4.K] for more on the link between near actions and cofinite-
partial actions. In the presence of isolated points, the near action of PC(X) on X is
not always completable; notably, it is not completable when X is infinite discrete,
see [Corl19)].

Given a Hausdorff topological space X with no isolated point, we have inclu-
sions Homeo(X) C PCy(X) C PC(X). When X is S-modeled, it induces inclusions
PCY(X) C PCg(X) C PCs(X).

We say that a Hausdorff topological space X has no local cut point if it satisfies
one of the following two equivalent conditions:

e every x € X, the set of neighborhoods V' of z such that x € V' \ {z} and
V'~ {z} is connected, is a basis of neighborhoods of z;
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e for every x € X and every neighborhood W of z, there is a unique component
Z of W N {z} such that = belongs to the closure of Z.

Note that it implies that X has no isolated point. For instance, this holds if X is
a topological manifold with no component of dimension < 1, or more generally if X
is locally homeomorphic to a locally finite simplicial complex in which every vertex
or edge belongs to a triangle, and in which the link at every vertex is connected.

Remark 4.18. — Let X be a Hausdorff compact topological space with no local
cut point. Then the inclusion Homeo(X) C PC(X) (holding whenever X is Hausdorff
and has no isolated point) is an equality.

Indeed, given that X is Hausdorff compact, the assumption that X has no local
cut point is equivalent to the condition that for every finite subset F' of X, the
embedding X \ F' — X is the end compactification (in the sense of Specker [Spe50])
of X \ F.

The equality PC(X) = Homeo(X) is a rigidity property, which means, in a sense,
that the parcelwise continuous group PC(X) does not deserve a specific study, and
illustrates by contrast, the richness of the context of purely 1-dimensional topological
manifolds X.

Remark 4.19. — Let X be a Hausdorff topological space with no local cut point.
Then the inclusion Homeo(X) C PCy(X) is an equality.

Indeed, consider f € Z;°'(X) and = € X. Consider I, (D;), (¢;) and (E;) as in
§ 3.5.4. Since [ is finite and X has no isolated point, the set J of i such that x € D;
is not empty. Hence g;(x) is a limit point of f(2’) when 2/ # z tends to x; since
z is not a local cut point, g;(x) does not depend on 4; call it f(z); note that f
extends f. Again using that I is finite one checks that f is continuous at z. Then
foftand fo f! are defined everywhere, are continuous, and are the identity
outside finite subsets. Since X has no isolated point, these are identity. Thus f is a
homeomorphism.

4.5. On parcelwise-S and piecewise-S groups
4.5.1. Partial action ag

Let S be a pseudogroup on a topological space A, and let X be a S-modeled
topological space. Denote by mg the projection Z&H(X) — PCg(X). By definition, a
topological partial action on X is S-preserving if it maps G into Zg(X).

To any topological S-preserving cofinite-partial action of G on X, we can consider
the induced homomorphism G — PCg(X).

Now assume that X is Hausdorff and has no isolated point. For g € PCg(X),

define ag(o) = Us enzt(ggp) 0 It is contained in a(g) = Uyer-1(fgp) 0 (i-e., where we
take the union over the whole preimage in ZZ(X)). It follows from Lemma 4.11
that if X is Hausdorff and has no isolated points, then «(g) is a partial bijection,

and hence ag(g) is a partial bijection.
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This shows that for X Hausdorff and without isolated point, the above mapping
from the set of topological S-preserving partial actions of G on X to Hom(G, PCg(X))
has a canonical section, and in particular is surjective.

It can happen, and it is one interest of the construction, that ag(g) is properly
contained in a(g). For instance, if ¢ is a piecewise affine homeomorphism and S is
the pseudogroup of local affine homeomorphisms, then a(g) is defined everywhere,
while ag(g) is defined outside singular points.

4.5.2. Transfer of S-structure to the globalization

The following simple proposition plays an essential role; it is also paramount to
not assume Y to be Hausdorff. For this reason, we provide a detailed proof.

PROPOSITION 4.20. — Let S be a pseudogroup on a topological space A. Let G
be a group with a topological S-preserving partial action on an S-modeled space
X. Consider a partial topological G-space Y with an injective open full essential
homomorphism of partial actions X — Y. Then there is a unique S-structure on Y
extending the S-structure on X such that the partial action of G is S-preserving.

Proof. — View X — Y as an open inclusion, and denote by « the partial action
on Y, and [ the partial action on X. For every y € Y, the inclusion being essential,
there exists g € G such that a(g)y € X. Since X and the D,y are open and a(g)
is continuous on its domain, there exists (x) an open neighborhood U of y included
in Dqg) such that a(g)U C X. Given (*), the uniqueness follows.

For the existence, it is enough to endow Y with a structure on the pseudogroup
Zs(X). Namely, define an atlas where the charts are indexed by the pairs (g,U),
where g ranges over G and U among open subsets of Y such that a(g)U C X. Such
a chart ¢, has domain U and is simply given by a(g)|y. That the domain of charts
cover Y follows from (x).

Now let us check the compatibility condition in the definition of an atlas. Consider
two charts ¢4 v and ¢y, v: we have to show that ¢,y o gb;%, belongs to Zg(X). Define
W = a(g)UNa(h)V. Define U’ = a(g) "' (W) C U and V' = a(h)"*(W) C V. Then,
adding subscripts to restrict the domain and range of the given partial bijections,
we have

Onv 0 by = nvi © Gy = (a<h)V’—>W) o (O‘(Q)E’I—H/V) =« (h o 9_1>W_>W-
The first equality just uses the definition of composition of partial maps; the second
is just the definition, and the third follows from the definition of partial maps and
the definition of partial action. Now it follows from the inclusion X — Y being full
that a(h o g~ Y)w_w is equal to B(h o g~ 1) _w. Therefore, the change of charts
a(h o g V)w_w belongs to Zg(X). This proves that we have an atlas.

Let us finally check that the partial action « is S-preserving. Indeed, since this is
a local condition, we can check for a given g at given points v,y = a(g)y; we can
choose an open neighborhood U of y which is the domain of a chart ¢ 5, and such
that V = a(g)U is domain of a chart ¢y . Then, on h(U), the composition ¢y, o
(a(9)u—v) © ¢y (which describes a(g)y v in charts) equals a(kgh™)nw) - k(v)
which preserves S. Hence a(g) is S-preserving at the neighborhood of y. O
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COROLLARY 4.21. — Given a group G with a topological S-preserving partial
action on an S-modeled topological space X, there exists a unique G-invariant S-
structure on the universal globalization X extending the original S-structure on X.

Remark 4.22. — Beware that even if X is Hausdorft, X is often far from Hausdorff:
indeed the construction of X typically glues copies of open subsets of X along open
intersections.

For this reason, and because of our extensive use of Corollary 4.21, discussions
about Hausdorffness of spaces are important unavoidable issues: even if the ultimate
goal is to deal with Hausdorff spaces and produce Hausdorff spaces, we have to
accept the presence of non-Hausdorff spaces among our tools.

4.5.3. Further remarks

The following lemma complements Lemma 3.9 and is immediate.

LEMMA 4.23. — Let X is modeled over a pseudogroup S on R/Z. Then the
natural homomorphism ® : PC(X) — PC*(X?) induces an isomorphism from
PCgs(X) onto the centralizer of o in PC(X®). O

Remark 4.24. — 1f A = R/Z and S is one of the pseudogroups Iso, Aff, Proj, the
whole pseudogroup of local homeomorphisms, or one of their oriented counterparts,
then for every S-modeled topological space X, we have PCg(X) = PCgy(X).

Continuing with R/Z, examples of S for which PCg(X) # PCgy(X) are the
pseudogroup of partial C*-diffeomorphisms for k > 0 (or k = oo, w), the pseudogroups
Aff¥ and Proj*® of piecewise affine/projective local homeomorphisms.

Remark 4.25. — Even when PC(X) = Homeo(X) (as in Remark 4.18), we can
have PCg(X) # PC%(X). This is for instance the case when S is the pseudogroup
of C*-diffeomorphisms on R? for d > 2 and k > 0.

In higher dimension, of course there are other natural interesting ways of consider-
ing “piecewise” properties, which allow infinite subsets (typically “codimension 1”)
subsets of “singular points”. Such a study goes beyond the scope of this paper.

5. Non-distortion phenomena

This shorter section is independent of the next ones, and only referred to in the
non-distortion corollaries. Indeed, while commensurated actions typically allow to
prove that distorted elements preserve some given geometric structure, an additional
step is necessary to understand when such automorphisms are distorted within the
whole piecewise group.

We indicate a way to systematically tackle such problems, with a limited technical
cost, thanks to the language of pseudogroups.

Let S be a pseudogroup on a topological space X. Whenever we refer to sx for
(s,z) € S x X, it is understood that we mean “(such that) = belongs to the domain
D, of s”. We freely consider s as a subset of X2
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Given open subsets Y, Z of X, we denote by Sy 7 the set of those s € S that are
included in Y x Z. Write Sy = Sy y (so S = Sx); note that Sy is a pseudogroup
on Y, and is an inverse subsemigroup of Z(X).

Given a subset T' C Z(X), define a graph structure on X, with one edge (z, gx)
for all g € T'and z € X. Let dr be the corresponding graph “distance” (allowing the
value c0) on X. Note that dy = dp -1, so it is generally no restriction to assume
T symmetric.

LEMMA 5.1. — Let X be a set (viewed as discrete topological space) with a
subset Y. Let S be a pseudogroup on X, with idy € S.

Let T' be a subset of S and K a subset of Sx y, such that Us¢ i Dy = X. Define
T'= KTK™! (so T’ is included in Sy ). Then for all y,y € Y we have dr(y,y') <

3dr(y.y).

Note that assuming idy € K yields dr(y,vy') < dr(y,y’); the interest of Lemma 5.1
is to provide an inequality in the reverse direction. This can be thought as a non-
distortion property: we can replace a path of size n (in X) with a path of size 3n
(within Y).

Proof. — Since T"UT'™' ¢ K(TUT~")K~!, we can suppose that T is symmetric.
Consider y,y’ € Y with dr(y,y’) = n, so we can write y = s,, ... s;y with s; € T
Write z; = s; ... s;y € X. For each j, there exists k = k; € K such that z; € Dy, .
Then

y = <snk,;11) (k:n_lsn_lk;EQ) .. (kQSQkfl) (k1s1)y = Tn ... 11y,

with 7; = kis;k; ', € T' (and ko, k, = idy). Then 7; ... 71y € Y for all j. Hence
dr (y,y') < 3n. O

Let X be a standard curve. Define a small interval in X as a subset [ either empty
or homeomorphic to an open interval, with the additional requirement that if I is
included in a circle component of length a, then the length of I is < a/2. This
ensures that the intersection of any two small intervals is a small interval. Define
the pseudogroup of isometries S as consisting of those isometries between two small
intervals of X.

LEMMA 5.2. — Let X be a standard curve, with the above pseudogroup S. Let
Y be a circle component of X. For z € Y*, let Q. be the set of o € PCg(X) such
that o(z) € Y*. For 0 € Q., define h = g.(0) as the unique isometry h of Y such
that h(z) = o(z).

Then for every finite subset W of PCg(X), there exists a finite subset W' of
Isom(Y') such that for every z € Y= and every o € Q., we have |o|w > 3[g.(0)|w-.

Proof. — Let W be a finite subset of PCg(X). Let T" be a finite subset of S such
that every element of W is the union of finitely many elements of T". Let K a finite
subset of S such that the range of every k£ € K is included in Y, and the domains
of k € K cover X. Set T" = KTK™' C Sy. For t € Sy ~ {0}, define ¥(¢) as the
unique self-isometry of Y extending ¢; define W’ = W(T"). Then, for every z € Y+
and o € @),, we have

1 1
lolw = dr(z,02) > ng/(ZJZ)) =3 19:(0) |y -
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Let us justify each of the (in)equalities above. The middle inequality is provided by
Lemma 5.1. The left-hand inequality follows from the case when o € W, in which
case it holds by definition of T'. For the right-hand equality, the inequality < is easy
and not needed, so let us only justify >. Indeed, suppose that dr(z,02) = n. Then
we can write o(z) =t, ... t;z with t; € T'. Write ; = t; ... t; and z; = ;2. So

9.(1i)z = 2z = timi_12 = V(t;)g.(Ti-1) 2.

Thus g,(0)z = ¥(t,) ... ¥(t)z, and hence, again using that the isometry group of
Y acts freely on Y, we deduce g¢,(0) = VU(t,) ... V(t;). Hence |g.(0)|w < n. O

PROPOSITION 5.3. — Let X be a standard curve and Z a clopen subset of X.
Then Isom(Z) is undistorted in PCg(X) = IET™(X). More generally, let T be any
subgroup of Isom(Z) and homomorphism ¢ = T' — IET™(X \ Z), and denote by T,
the image of T' in IET™(X) by the homomorphism id xq. Then T, is undistorted in
IET™(X).

Proof. — We can suppose, passing to a subgroup of finite index, that I' is included
in the unit component Isom(Z)°. In particular, I" preserves each component of Z, and

acts trivially on any component of Z that is not a topological circle. Let Y7, ..., Y}
be the circle components of Z; we can view Isom(Z)° as the product []; Isom(Y})°.
Fix z; € ;.

Let W be a finite subset of PCg(X). For each j, apply Lemma 5.2, outputting a
finite subset W; of Isom(Y;); we can suppose that W, is symmetric and contains 1. For
v €T, let v, be its image in IET™(X); for each j let ; € Isom(Y;) be its restriction
to Y;. Then 7, € Q. and hence Lemma 5.2 says that |[v,lw > 3]g:,(74)|w,. Since
9=, (V) = ;. this yields |[vlw = 3|7v;lw,. Write W’ = [1;({1} UW;); then for every v
we have |y|ws = sup; |v;|w,. Hence we deduce |y |w > 3|v|w. If I' = Isom(Y'), this
gives the non-distortion result. In general, this follows by using that in a virtually
abelian group, all subgroups are undistorted: precisely, the non-distortion ensures
that there exists a finite subset W” of I' and C' > 0 such that for all g € I", we have

lglwr = Clglwn. O
COROLLARY 5.4 (Novak [Nov09]). — Let X be a standard curve and f an self-
isometry of X of infinite order. Then f is undistorted in IET™(X). O

This is, modulo the formulation, due to Novak in the context of (piecewise
orientation-preserving) interval exchanges. Precisely, Novak’s proof that IET has
no distorted cyclic subgroups consists, in a first step, in showing that every distorted
element has an isometric model and then the next step is to prove (by hand: [Nov09,
§ 4]) a result akin to the previous corollary. Using Proposition 5.3, Novak’s result is
improved in Corollary 6.9.

We now consider affinely modeled curves. They are defined here as Affgr /z-modeled
curves; in particular finitely-charted is meant in the definition of § 2.2: it just means
that no component is affinely isomorphic to an unbounded interval of R. Thus (see
Appendix A), every component is affinely isomorphic to:

e a bounded interval (which is isomorphic to |—1,1[), or
e the standard circle R/Z, or
e a non-standard circle R~o/(s) for some (unique) s > 1.
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A bounded interval has a trivial AffT automorphism group. In the case of circles,
which are given here as topological groups, in each case the Aff™ automorphism
group consists of the left-translations (additive in the standard case, multiplicative
in the non-standard case).

LEMMA 5.5. — Let X be a finitely-charted affinely modeled curve with a clopen
subset Y. Let Yy, ..., Y,, be the distinct components of Y, each of which being
isomorphic to a non-standard circle, and fix y; € Y; for each j.

Let T a finite subset of the pseudogroup S of affine isomorphisms between open
intervals in X. Then there exists a finite subset W of Autag(X)° such that for every
o € Autag(X)° we have

lolw < ZdT (5> 0;5) -
j=1

Proof. — We choose coordinates, so that X is identified to a suitable finite dis-
joint union of intervals, where Y, which is isomorphic to R~ /(s;) for some s; > 1,
corresponds to the interval [c;, sj¢ ][, the identification being affine outside the dis-
continuity point. We can choose them so that the T-orbit of y; does not contain

. For v > 0, let r¥) be the multiplicative rotation of Y; given by multiplication
by v: in the given Coordlnates we still (by abuse) denote it as v, If v € [1,s4]
(which we can always suppose), it is explicitly given by: for y € [c], s;jc;/v[ we have
r0)(y) = vy while for y € [s;c;/v, sjcj[, we have r()(y) = (v/s;)y. Let M C R* be
the set of slopes of elements of T" in these coordinates; this is a finite subset. Define
W={ry :veM1<j<m}

We start from the observation that any affine automorphism of Y; is determined
by its slope at y; in these coordinates. Indeed, for v € [1,s;[, if v < s;¢;j/y;, then
the slope of r(7) at y;j is v > 1; if v = sjc;/y;, then r() is discontinuous at y;; if
v > s;c;/y;, then the slope of r¥) at y; is v/s; < 1.

Fix j. Define n; = dr(y;, oy;). Write ayj = t(j) (j)y Let a(j) be the Slope of

t9 at 19 . 19y, Write al) = af) ... Then the slope of o at y; is a'¥). Since
o is determined on Y; by its slope at y;, we deduce that o = r,; on Y. Hence

J_Hra<J>—HH7’<J>,

j=1 7 =1
SO

lolw < Z Z

j=11:=1
COROLLARY 5.6. — Let X be a finitely-charted affinely modeled curve. Let Z

be a clopen subset of X such that no component of Z is affinely isomorphic to a
standard curve. Then Autag(Z) is undistorted in PCag(X).

Proof. — Tt is enough to show that Aut(Z)° is undistorted. Hence, we can suppose
that Z has no interval component, so each of its components is a non-standard circle.

Let W' be a finite subset of PCag(X). Let T be the set of partial affine iso-
morphisms extracted from W’. Let W be given by Lemma 5.5. Then for every
o € PCag (X )

r (J)

ZZl—Zm ZdT(yj’gyj)' O

j=1li=1 j=1
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lolw < Y dr(y;, oy;) < mlofw:. O
j=1
Specifying to the subgroup of continuous elements, and to cyclic subgroups, this

yields the following particular case which, modulo the formulation, is due to Guelman—
Liousse [GL19, § 7].

COROLLARY 5.7 (Guelman-Liousse). — Let X be a finitely-charted affinely mod-
eled curve. Let Y a component of X that is a nonstandard circle, i.e., Y ~ R o/(s)
for some s > 1. Then every cyclic subgroup of Autag(Y') is undistorted in PCY g (X).

The robustness of the method allows to apply it in some other cases. For instance,
a related argument can show that irrational rotations of non-standard circles are
undistorted in the group of piecewise projective self-transformations. The proof is a
little more difficult: the basic idea is to use non-distortion of homotheties in PSLy(R)
rather than in an abelian group. Actually, this should be performed in a systematic
study of distortion in groups of piecewise projective self-transformations.

It is not known if Corollary 5.6 holds when standard circles are allowed in Z; see
Corollary 6.15.

6. The main theorem and applications
6.1. Powers and the first corollaries

We first use the interpretation of piecewise/parcelwise actions as partial actions to
provide counting results for the number of “singularities” of various maps, in various
senses.

6.1.1. Using the partial action «

Let X be a Hausdorff topological space with no isolated point. Proposition 4.12
applies: PC(X) has a canonical partial action « on X. Call the finite complement
of the domain of definition of o € PC(X) its domain of indeterminacy. It contains
the subset of outer discontinuity points of o, defined as the complement of the set of
outer continuity points x of . If in addition X is locally saturated (e.g., a topological
manifold of pure dimension), Proposition 4.16 applies and these two finite subsets
coincide for every o.

When X is an oriented 1-dimensional manifold, not necessarily connected, outer
discontinuity points of ¢ are the same as discontinuity points of the unique left-
continuous representative of o. (Beware that mapping o to its unique left-continuous
representative of ¢ is not a monoid homomorphism; yet it is a monoid homomorphism
in restriction to piecewise orientation-preserving elements).

COROLLARY 6.1. — Let X be a Hausdorff topological space with no isolated
point. Consider the cofinite-partial action of PC(X) on X.
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(1) the prodigal semi-index function ¢~ of this partial action (as defined in § 3.3),
and hence of its restriction to any subgroup, coincides with the function
mapping o € PC(X) to the number of indeterminacy points of o;

(2) Let G be a group with a homomorphism « : G — PC(X). Then X is trans-
fixed by a(G) (as defined in § 3.3) if and only if the number of indeterminacy
points of a(g) is bounded independently of g € G;

(3) for every o € PC(X) there exists m, € N and a bounded function b : N — N
such that = (o™) = m,n + b(n) for all n € N.

Proof. — The first fact is immediate and the second immediately follows. Using
the universal globalization (Theorem 3.2), the prodigal semi-index function ¢~ of
this partial action is the prodigal semi-index action of some commensurating action
(namely on the universal globalization of X, commensurating X'). Hence (3) follows
from Proposition 4.2. O

This has the following addendum (for which we did not attempt to find optimal
hypotheses):

COROLLARY 6.2. — In the setting of Corollary 6.1(3), assume that X is a topo-
logical manifold with no boundary and finitely many ends. Then (= (o) = (= (o7 ')
for all o. In particular, we have m, = m,-1 for all o. In other words, for every
o € PC(X) there exists m, € N and an even bounded function b : Z — N such that
(= (0™) = mgy|n| + b(n) for alln € Z.

Proof. — This reflects the fact that domains of definition of ¢ and o~! have
complements of the same cardinal. In turn, this follows from the fact that the
complement of m and m’ points in X are homeomorphic only if m = m/. Let us
check the latter assertion.

First suppose that X has constant dimension. Write § = 2 if dim(X) = 1 and
0 =1 if dim(X) > 2. Let k be the number of ends of X. Then the number of ends
of X minus m points is k + fn. This number retains m, when X is given. (If X
has dimension 0, the condition of having finitely many ends means that X is finite
and the result holds too.) The case when X has variable dimension immediately
follows. 0J

Remark 6.3. — In the case when X = R/Z and in the context of interval ex-
changes, Corollary 6.2, was essentially established independently in [Nov09, Proposi-
tion 2.3] and [DFG13, Corollary 2.5]. Although not stated, the behavior of the form
n — kn+ O(1) for n — 400 with k£ € N is established explicitly in [DFG13] and
follows from the proof in [Nov09].

The symmetry established in Corollary 6.2, as well as the non-negativity of b
seem to be (minor) new observations. The generalization to PC(R/Z) is significant;
however it seems that the methods used in both references can be applied with minor
changes, at least in the piecewise orientation-preserving case.

6.1.2. Using the partial action ag

We now use the partial action ag introduced in § 4.5.1 to obtain a result of the same
flavor as Corollary 6.1. For an element g of PC(X'), we call points of S-indeterminacy
of ag(g) the elements outside its domain of definition.
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COROLLARY 6.4. — Let X be a Hausdorff topological space with no isolated
point. Consider the cofinite-partial action ag of PCg(X) on X.

(1) the prodigal semi-index function (g (o) of this partial action (and hence of its
restriction to any subgroup) coincides with the function mapping o € PC(X)
to the number of S-indeterminacy points of o;

(2) for every o € PCg(X) there exists mg , € N and a bounded function b :
N — N such that £~ (™) = mg,n + b(n) for all n € N.

(3) Let G be a group with a homomorphism into PCg(X). Then X is transfixed
by G if and only if the number of S-indeterminacy points of g is bounded
independently of g € G;

Moreover, if X is a topological manifold with no boundary and finitely many ends,
then lg(c) = lg(c™!) and mg, = mg,-1 for all ¢ € PCg(X).

Proof. — The proof follows the same (two!) lines as that of Corollary 6.1 (applied
to ag instead of «v). The last statement rather follows from the easy fact, checked
in the proof of Corollary 6.2, that the complement of n and m points in such a
topological manifold X are never homeomorphic for n # m. 0

In cases such as the pseudogroup of local isometries of R/Z, we have o = a5 so in
this case Corollary 6.4 does not provide anything new. On the other hand, it yields
something when ayg is finer than «. Let us provide some illustrations:

Example 6.5. — Fix k € N. Let C* be the pseudogroup of local diffeomorphisms
of class C* on the circle R/Z. Then the C*-indeterminacies of o are the set of points
at which either o or one of its derivatives 0¥ for some i € {1, ..., k} has no outer
limit at x; call this k-singular points.

Another example is the pseudogroup Aff of local affine homeomorphisms; we
have Aff C C! and these two pseudogroups have the same indeterminacies: indeed
at the neighborhood of a real number = (minus {z}), a piecewise affine map o
coincides with a local affine homeomorphism if and only it coincides with a local
Cl-diffeomorphism. In the piecewise affine context, 1-singular points are often called
breakpoints. This proves that the number of 1-singular points of f", for f piecewise
affine and n € Z, can be written as ¢|n| + b(n) with b bounded and ¢ € N. In
particular, this retrieves Guelman and Liousse’s result [GL19, Proposition 4.1] that
this number, when n — oo, grows linearly as soon as it is unbounded.

One more example is Pk with the pseudogroup Proj consisting of restrictions of
projective transformations (that is, homographies). On the circle (or any standard
curve), the isometric charts in R being isometric, they endow it with a Proj-modeled
structure, which itself defines a C2-structure, with the same S-indeterminacy points
for both S: this reflects the fact that the germ at a neighborhood x (minus {z})
of a piecewise projective transformation o at a point x coincides with a germ of
projective transformation if and only if = is not 2-singular at x.

Note that the pseudogroup Proj transfers as a pseudogroup on R/Z (local home-
omorphisms that are written locally as homographies), so it is less natural but
harmless to stick to pseudogroups on R/Z.

We now apply this to counting singularities of piecewise continuous or differentiable
self-transformations. We use the notation introduced before Corollary 2.4.
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COROLLARY 6.6. — For every k € N and every parcelwise-C* self-transformation
o of R/Z, there exist integers 0 < my < ... < my and bounded non-negative even
functions b; : Z — N such that for alli € {0, ..., k}, we have k<;(c") = my|n|+b;(n).

In particular, k;(c"™) = (m; — m;_1)|n| + O(1) and k<; and k; have the property
of growing either linearly or being bounded.

As mentioned in the introduction, in the piecewise affine case Guelman and Li-
ousse [GL19, § 4] proved that k<(c™) (and ky(c™)) are either bounded of have linear
growth. Their proof, more precisely, consists in

e proving that either ky(o™) is either bounded, or it belongs to [n — ¢, Cn] for
some constants ¢, C' and all n € N,

o if ky(o™) is bounded, proving that ki(¢") is either bounded, or it belongs to
[n — ¢, C'n] for some constants ¢, C" and all n € N.

6.2. The main theorem

Let S be a pseudogroup on a topological space A.

Consider two S-modeled spaces X, X’ with topological S-preserving partial actions
of a group G. A cofinite S-preserving G-biequivariant isomorphism is the data of
cofinite subsets Y C X, Y’ C X’ (thus endowed with the corresponding partial
actions of G by partial automorphisms of S-modeled space) and a G-biequivariant
isomorphism 1 : Y — Y’ of S-modeled spaces.

Thanks to all the preparatory work, we can formulate and obtain:

THEOREM 6.7. — Let X be a Hausdorff S-modeled space. Let G be a group
with a topological S-preserving partial action on X. Suppose that G transfixes X.
Then there exists a Hausdorff S-modeled space X' endowed with an S-preserving
continuous G-action, and a cofinite S-preserving G-biequivariant isomorphism
from X to X'.

Moreover, we can require that every finite G-orbit in X' is included in Y.

Proof. — Let X be the universal globalization of X (§ 3.2.2). By Corollary 4.21,
X canonically inherits an S-structure. Since X is transfixed, by Proposition 4.9
there exists an open Hausdorff G-invariant subset X’ of X such that X A X’ is
finite. Removing all finite G-orbits meeting X’ ~\. X if necessary, we can ensure that
X'\ X only meets infinite G-orbits. Then we have reached the conclusion, with
Y =Y’ = X NX’ and ¢ being the identity map from X N X’. (It is on purpose that
the statement of the theorem does not refer to the universal globalization X , SO we
do not view X and X’ as subsets of the same space.) O

As a first corollary, we have the following. Recall that S denotes the pseudogroup
of parcelwise-S local homeomorphisms § 3.5.3.

COROLLARY 6.8. — Let X be a curve. Let G be a group with a homomorphism
G — PCg(X). Suppose that G transfixes X for the partial action « (restricted
from PC(X)). Then there exists an S-modeled compact curve X' endowed with
an S¥-preserving continuous G-action, and a cofinite S¥-preserving G-biequivariant
isomorphism from X to X'.
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Proof. — We use Proposition 4.12 to have a cofinite-partial action, and thus apply
Theorem 6.7. This yields the result, except compactness of X’. First obtain X"
possibly not compact; 1-point compactify each component to obtain a space X',
which is naturally a curve. Extend the continuous action; since S¥ is stable under
concatenation, the resulting action is S¥-preserving. 0]

6.3. Applications of Corollary 6.8

Let us provide applications of Corollary 6.8. It is mostly interesting when S = S%.
First, recall from Corollary 6.1(2) that the transfixing property is equivalent to the
boundedness of the number of discontinuities.

6.3.1. Pseudogroup of all local homeomorphisms

Then S = S%; here an S-modeled curve is just a curve. So Corollary 6.8 concerns
homomorphisms into PC(X). It says that when the partial action of G is transfixing,
we can find a continuous action on another compact curve that coincides with the
original one on a cofinite subset.

6.3.2. Pseudogroup of all local orientation-preserving homeomorphisms

Again, S = S¥. This concerns homomorphisms into PC™(R/Z). Here an S-modeled
curve is just an oriented curve. Corollary 6.8 then says that the conjugation can be
chosen to be piecewise orientation-preserving.

6.3.3. Local isometries

Then S = S¥. This is the study of homomorphisms into IET™. Here an S-modeled
curve is the same as a 1-dimensional Riemannian manifold with finite volume (thanks
to the finiteness assumption in the definition of S-model); in particular every S-
modeled curve is S-preserving homeomorphic to a standard curve. Hence Corol-
lary 6.8 says that for a homomorphism G' — IET™, the transfixing condition implies
a piecewise isometric conjugation to an isometric action on a compact curve.

This has various consequences: for instance if the original homomorphism G —
IET™ is transfixing and injective, then this forces G' to be virtually abelian. For
instance, this implies that IET™ has no infinite subgroup with Property FW. In
particular, it has no infinite subgroup with Kazhdan’s Property T. The latter fact
was established in [DFG13, Theorem 6.1] for IET" by a distinct method (rather
related to amenability); it implies the result for IET™ because IET™ embeds into
IET" as the centralizer of # — —z (see Lemma 3.9).

This notably applies when I' is cyclic and distorted in G. In the case of IET or
IET™, this narrows possibilities for distorted cyclic subgroups, but is not enough to
discard them; additional work [Nov09, § 4], conceptualized in § 5 allows to conclude
that cyclic subgroups of IET™ are undistorted.
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COROLLARY 6.9. — Every finitely generated abelian subgroup of IET™ is undis-
torted.

Proof. — Let A be a finitely generated abelian subgroup, with a finite generating
subset W’. If A is distorted, then there exists a finite subset W in IET™ and a
sequence (n;) tending to infinity, a sequence (a;) in A such that |a;|y ~ n; and
lim |a;|w/n; = 0. Let ¢ be the cardinal-definite function associated to this partial
action. By Proposition 4.4, there exists a finite index subgroup of A of the form
B @ A’, such that ¢ is bounded on B and equivalent to the word length on A’. We
can suppose that a; = (b;,a;) € B@® A’ for all i. Then ¢(b,a’) > c|a’|w» — C for some
¢>0,C € Randall (bya') € B x A'. In particular, {(a;) > c|a}|w — C for all n.
It follows that lim |a}|w+/n; = 0, and in turn that liminf |b;|y-/n; > 0. Given that
lim |a}|w /n; = 0 and lim |a;|w /n; = 0, we deduce that lim |b;|w /n; = 0. Thus B is a
distorted subgroup.

Since B transfixes X, after changing the model and using Corollary 6.8, we can
suppose that B acts by isometries. Hence it is undistorted by Proposition 5.3. This
reaches a contradiction. OJ

An immediate consequence is that the only virtually polycyclic groups embedding
into IET™ are the virtually abelian ones; the latter fact being proved in [DFG20]
with another method, handling more general virtually torsion-free solvable groups.
Indeed, it is an easy exercise to show that a virtually polycyclic group is virtually
abelian if and only if all its abelian subgroups are undistorted (beware that there
exist non-virtually-abelian polycyclic groups of the form Z* x Z in which all cyclic
subgroups are undistorted).

6.3.4. Local motions

Again, S = 5%, and we obtain the same with the bonus of a piecewise orientation-
preserving conjugation.

6.4. Refinement of the partial action

Applying Theorem 6.7 with ag instead of a, we often obtain stronger conclusions:

COROLLARY 6.10. — Let X be a finitely-charted S-modeled curve. Let G be a
group with a homomorphism G — PCg(X). Suppose that G transfixes X for the par-
tial action aug. Then there exists a finitely-charted S-modeled curve X' endowed with
an S-preserving continuous G-action, and a cofinite S-preserving (G-biequivariant
isomorphism from X to X'.

Proof. — This is a direct application of Theorem 6.7, applied to the partial action
ag. ]

For continuous actions, we can get a better control on the change of model. Denote
by PC%(X) the set of self-homeomorphisms of X that induce an element of PCg(X).
If X has no isolated point, the canonical map PC%(X) — PCg(X) is injective.
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COROLLARY 6.11. — Fix two pseudogroups S C T on R/Z. Let X be a finitely-
charted S-modeled curve. Let G be a group with a homomorphism o : G — PC%(X)N
Autr(X). Suppose that G transfixes X for the partial action ag. Then there exists
a cofinite G-invariant subset Y of X, finitely-charted S-modeled curve X' endowed
with an S-preserving continuous G-action, and a T-preserving and parcelwise S-
preserving GG-biequivariant homeomorphism from Y to X'.

In particular, if G has no finite orbit on X, then Y = X.

Proof. — Corollary 6.10 yields a cofinite subset V' of X, an S-modeled curve
W with an S-preserving continuous G-action, a cofinite subset V' of W, and a
G-biequivariant S-preserving homeomorphism f : V' — V’. Here X is endowed with
the partial action ag, while W is endowed with its given action, and the cofinite
subsets V' and V' are endowed with the induced partial actions.

We can apply Proposition 4.10 to X. It ensures that there is a cofinite G-invariant
subset Zy of X such that for every cofinite subset Z; of Zj, denoting Z,’ the smallest
G-invariant subset including Z7, the inclusion map (Z;, ag) — (ZY, «) is a universal
globalization. Similarly, we apply Proposition 4.10 to W (for W, we view the global
action as a partial action as well): it yields a G-invariant subset Z{ of W with the
analogous property.

We can suppose, replacing simultaneously V and V'’ with smaller subsets, that
V C Zy and V' C Z|. Then the inclusions V' — V¥ and V' — (V')¥ are universal
globalizations. Then the isomorphism f : V' — V' of topological partial actions
extends, by the universal property, to a G-biequivariant homeomorphism Vv — (V')V.
So we obtain the conclusion, with Y = V¥ and X’ = (V')".

Let us observe that f is T-preserving. Indeed, this follows from the construction
and the proof of Theorem 6.7: we have inclusions X — X < W. The G-invariant
T-structure is inherited by X and then by W, still G-invariant, and hence by the G-
invariant subsets Y on the one hand and X’ on the other hand. The map f: Y — X',
constructed inside X , is just the identity map. Hence it is T-invariant.

This argument for T' does not apply to S, but applies to the pseudogroup S¥
of local parcelwise-S homeomorphisms. Hence f is T-preserving and parcelwise S-
preserving. U

We now apply it to various pseudogroups S on R/Z. In each case the study has
several steps: identifying domains of definition for ag, identifying S-modeled curves,
and drawing consequences.

6.5. Pseudogroup of local affine homeomorphisms

Here PCg(X) is the group of piecewise affine self-transformations. The domain of
definition is the set of non-singular points, which is the same as points at which both
the function and its derivative have an outer limit. Hence, transfixing is equivalent
to have a uniformly bounded number of singularities.

Classifying affinely modeled curves is not hard, see Appendix A. In particular the
affine automorphism group of any affinely modeled finitely-charted curve is virtually
abelian. As a consequence, we have:
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COROLLARY 6.12. — Let I' be a group with a faithful piecewise affine action on
a standard curve, and a subgroup A. Suppose that (I', A) has relative Property FW.
Then A is virtually torsion-free abelian. In particular, if I' has Property FW (e.g.,
Kazhdan’s Property T) then it is finite.

Andrés Navas informed me that even the failure of Property T is a new result:
for instance the above applies to the subgroup Vi, 3y of piecewise affine maps with
slopes in the multiplicative group (2,3) and singularities in Z[1/6], as well as its
subgroup T}y, 3) of elements acting continuously on the circle; the failure of Property
T was unknown for both groups.

Lodha, Matte Bon and Triestino have independently obtained Corollary 6.12 in
the case of continuous piecewise affine maps (thereby also proving the failure of
Property T for Tys 3).

In the case of distortion, we deduce the following, which is essentially due to
Guelman and Liousse [GL19].

COROLLARY 6.13. — For any distorted cyclic subgroup (c) of the group of piece-
wise affine self-transformations on R /Z, there is a cofinite piecewise affine conjugation
to an affine action on a standard curve. In the piecewise orientation-preserving case,
we can choose the cofinite conjugation to be piecewise orientation-preserving.

Proof. — Since (c) is distorted, its cofinite-partial action is transfixing (Corol-
lary 4.3). Therefore, by Corollary 6.10, there a cofinite piecewise affine conjugation
to an affine action on an affinely modeled curve C'. Some finite index subgroup (¢’)
preserves each component. Then Corollary 5.7 ensures that (), and hence (c), acts
with finite order on any non-standard circle occurring in C'. Hence, removing a finite
(c)-invariant subset, we can suppose that there is no non-standard circle in C. O

The minor nuance is that Guelman and Liousse work in the piecewise orientation-
preserving case, and obtain the conjugation after passing to a subgroup of finite
index.

Also in the continuous case, we can refine the conjugacy and deduce the following:

COROLLARY 6.14. — For any distorted cyclic subgroup (c) of the group of piece-
wise affine self-homeomorphisms of the circle PC (R /Z), there exists a piecewise
self-homeomorphism of R /Z conjugating (c) to a cyclic group of irrational rotations.

Proof. — By Corollary 6.11, there is a cofinite (c)-invariant subset Y of X, an-
other affinely modeled curve X’ and a piecewise affine homeomorphism ¥ — X’
conjugating the (c)-action to an affine action on Y.

If Y # X, then X’ is homeomorphic to a finite disjoint union of intervals, each
being finitely-charted; hence each is isomorphic as affinely modeled curve to |0, 1]
and hence has a finite automorphism group; since (c) is distorted, it is infinite and
we get a contradiction.

So Y = X. Thus X’ is an affinely modeled curve homeomorphic to the circle,
and (c) acts as an irrational rotation. By Corollary 5.7, irrational rotations of non-
standard affine circles are undistorted. Hence X’ is a standard circle, and hence we
can suppose (conjugating with an affine isomorphism X’ — X) that X' = X. [
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Let us provide different equivalent restatements of the question asked after Corol-
lary 1.5.

COROLLARY 6.15. — Denote by 6, the rotation x +— x +r on R/Z. Let X, be a
disjoint union of d copies of standard circles Y1, ..., Yy. The following are equivalent.

(i) The group PCag(R/Z) admits a distorted cyclic subgroup;
(ii) The group PCig(R/Z) admits a distorted cyclic subgroup;
(ili) There exists r € R/Z ~ Q/Z such that 0, U idy is a distorted element in
PCag(X2).
(iv) There exists v € R/Z ~ Q/Z such that 0, LI 0, Uidy, is a distorted element
in PCXE(Xg)
Also, the following are equivalent:

(i) The group PCY4(R/Z) admits a distorted cyclic subgroup;
(ii") There exists r € R/Z ~ Q/Z such that 6, is a distorted element in PC g
(R/Z).

What comes out of [GL19] is the equivalence between (ii) and a slightly weaker
analogue of (iv): the existence of n and a non-identity self-homeomorphism f of
X, acting on each Y; as either the identity or an irrational rotation, such that f is
distorted in PCLg(X,).

In the continuous case we did not make the orientation-preserving case explicit,
because this is a trivial reduction, since the orientation-preserving subgroup has index
2. This is in contrast to the first case, where the piecewise orientation-preserving
subgroup has infinite index.

Proof of Corollary 6.15. — For the second equivalence, one implication is trivial,
and the other follows from Corollary 6.14.

Let us prove the first equivalence. (i)<=(iii)<(iv)=-(ii)=-(i) is trivial. That (i)
implies (ii) follows from the group embedding

PCag(R/Z) = PChg (R/Z)*) ~ PCLg(R/Z)

from Lemma 3.9, and where the second, non-canonical isomorphism is induced by
a piecewise affine transformation between (R/Z)* and R/Z. To obtain (iii)=(iv),
we again use this embedding but more carefully: for X = X, it maps 6, Ll idy, to
(after suitable identifications) the element 6, U idy, U6, U idy, of PCT(X,). After
conjugating Y5 LI'Y, to Y3 by a piecewise affine transformation and Y3 to Y5 by an
affine transformation, we get the result.

It remains to prove (i)=-(iii). First, one uses Corollary 6.13 to show that there
exists a standard curve X with ¢ € PCYg(X) such that the cyclic subgroup (c) is
distorted PCag(X). Replacing ¢ with a power, we can suppose that ¢ preserves each
component Y of X, and that as an automorphism of Y, ¢ is either the identity or has
infinite order. Hence c is the identity on each noncompact component of X, and is an
irrational rotation on every compact component of X. Then we fix one component
Y of X on which ¢ acts as an irrational rotation, and we let w be an isometry of
X, acting as a reflection on Y and as the identity outside. Let ¢ be equal to ¢ on

Y and the identity elsewhere. Then c"we"w~! = ¢**. Hence ¢ being distorted, so
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is ¢. Then conjugating the complement of Y by an affine transformation to a single
standard circle, we obtain (iii). O

In the case of the pseudogroup C* of local diffeomorphisms of class C¥, the classi-
fication of C¥-modeled curves is “trivial” in the sense that there are only two such
connected curves up to isomorphism: the open interval and the circle. In particular,
Corollary 6.10 yields:

COROLLARY 6.16. — Fix k € N. Let G act by piecewise-C* (resp. parcelwise-C¥)
self-transformations on R/Z. Suppose that G transtixes R/Z for the corresponding
partial action. Then there exists a cofinite subset Y C R/Z, a curve X' with a
structure of a C*-manifold and a G-action by C*-diffeomorphisms, a cofinite subset
Y’ C X' and a G-biequivariant piecewise-C* (resp. parcelwise-C¥) homeomorphism
h:Y =Y’

In the continuous case, this yields the following, with a little refinement to pass
from parcelwise to piecewise conjugacy:

COROLLARY 6.17. — Let G be group acting continuously on R/Z, with no
finite orbit. Suppose the action is parcelwise-C* (i.e., G maps into PCo.(R/Z). If G
transfixes R/Z for the corresponding partial action aer, then the action is conjugate
(in PC2+(R/Z)) to a C-action.

If moreover G acts by piecewise-C* self-transformations for some ¢ < k, then the
conjugating map can be assumed to have the same property.

Proof. — Both are direct applications of Corollary 6.11 with S being the C* pseu-
dogroup. In the first case, we consider no 7' (technically, this means we take T" as
the pseudogroup of all local homeomorphisms). In the second case, we take T" as the
pseudogroup of all self-homomorphisms that piecewise-C*. O

Lodha, Matte Bon and Triestino [LBT20] obtain a result which is very close to
Corollary 6.17. Actually the result of Corollary 6.17 (at least both the first statement
and the second for £ = k) is a consequence of their work, but they mainly formulate
results for groups with Property FW or T, which, using Thurston’s stability theorem
on the one hand and Navas’ theorem about groups with Property T of class C3/? on
the other hand, yield stronger conclusions [LBT20, Corollaries 1.3, 1.4].

As regards the piecewise projective case, let us write the corollaries:

COROLLARY 6.18. — Let GG be a group with a piecewise projective action on
a finitely-charted projectively modeled curve X. Suppose that the corresponding
partial action transfixes X. Then there is another finitely-charted projectively mod-
eled curve X', cofinite subsets Y C X and Y’ C Y, and a piecewise projective
G-biequivariant homeomorphism h : Y — Y'.

Moreover, if G acts continuously on X with no finite orbit, we can choose Y = X,
Y’ = X'. If G acts by C! diffeomorphisms, we can choose h to be of class Ct. If G
both acts by C* diffeomorphisms without finite orbit, we can chooseY = X, Y’ = X,
and h a C!-diffeomorphism.

Given the classification of projectively modeled curves and their automorphisms,
we obtain as corollaries, also proved in the companion note [Cor21]:
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COROLLARY 6.19. — Under the same hypotheses, G has a subgroup of finite index
H with a finite normal subgroup Z such that H/Z can be embedded as a subgroup
of PSLy(R)* for some k. If moreover X is connected and G acts continuously, we
can choose k = 1.

Proof. — By Corollary 6.18, we can suppose that G C Autp;(X). Let (X;) be
the connected components of X; by Appendix A, the automorphism group of each
X; has finitely many components. There exists a subgroup H of finite index in G
stabilizing each component, and mapping into Aut(X;)°. By Appendix A, Aut(X;) is
isomorphic to either R, R/Z, R x R, or PSLy(R),, (the m-fold connected covering
of PSLy(R)). The first three, as well as the quotient of the latter by its center, embed
as subgroups into PSLy(R). We thus obtain the conclusion. U

COROLLARY 6.20. — For every finitely-charted curve X, the group PCpyej(X)
has no infinite subgroup with Kazhdan’s Property T.

Proof. — If we suppose so, using Corollary 6.19 and the fact that Kazhdan’s
Property T passes to finite index subgroups (and obviously to quotients), we would
deduce the existence of an infinite subgroup with Property T in PSLy(R). But it
is well-known that there is no such group. Indeed, by Faraut-Harzallah [FH74], it
would be conjugate into the maximal compact subgroup PSOy(R), which is abelian,
a contradiction. 0

This is new even in the continuous case. See also Example 1.10.
As suggested by A. Valette, we have the following more precise consequence:

COROLLARY 6.21. — For every finitely-charted curve X, every subgroup of
PCproj(X) with Property FW, has the Haagerup Property.

Proof. — Indeed, the Haagerup Property is inherited from finite index subgroups
and extensions with finite kernels, and is true for subgroups of PSLy(R) [GHWO05].
O

7. More on piecewise projective self-homeomorphisms
7.1. Construction of actions

The results of this paper were mainly obtained by using the formalism of partial
action and the notion of universal globalization. We now provide more explicit actions
for the group of piecewise projective self-homeomorphisms of the circle. This was
actually our initial approach before realizing how that formalism could avoid a more
computational approach. However, we believe it is interesting to write down these
formulas, since they can convey more intuition about the proofs, and since they
indicate what is hidden behind taking universal globalizations.

For a standard curve X, denote X* = X x {+,—} (see § 3.6); for s € X, we
usually write st and s~ rather (s,+) and (s,—). For x = (s,e) € X%, we write
7 = (s, —¢) (for obvious sign conventions). Define £2(X) = X* x Ry x R.
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Let X, Y be standard curves. The first and second one-sided derivatives of piecewise-
C? functions f on X can be interpreted as functions f’, f” : X* — R. Define
CPD,y(X,Y) as the set of continuous, piecewise-C? functions, whose one-sided first
derivatives do not vanish. For f € CPDy(X,Y), define fr) : £L2(X) — L*(Y) by

f(g)(l’,t,u) _ (f(QT), f’(-T)t 1 f/’(x) _ f’l(i)( >t_1> ‘

@ P 2 e 2@ G
A simple computation shows if Z is another standard curve and g : ¥ — Z is
continuous and piecewise of class C?, then that (go f )2) and g2y 0 f(2) are both equal:
indeed, they are equal to

PG,
(o) > (a7, FEDTIE oy o) - et
where
1 PR R
O = Fea@y " 2

)
1 " (= / ~ -~
(e) = — / (f/(f) N (Ji(x))f (:c)) .
29'(f (@) f"(x) \ f'(Z) g'(f(Z))

Let X,Y be standard curves. In the following proposition, we use this action to
define a natural pull-back for functions X* — R x R, which is used throughout

the sequel.

PROPOSITION 7.1. — Let pu = (u1,ps) be a function Y+ — Rsg x R (with
pYE = Regandpy : Y* — R), and P, C L*(X) its graph. Then f(g)l(PM) = Pje,
where for all x € X we have

. _ '@

pa (f ()

and

(Fiete) = £ ) - S5+ DL ),

Proof. — We have (z,t,u) € f(2 (P,) if and only if (2/,t',u') := fro)(z,t,u) € P,.
This means that p(z') =t and ps(x’) = «’. This means that u(f(z)) = ﬁ( )

1 ["(z) '@
= — t .
1) = 5 2 per T @ P @)
In turn, this means that ¢ = % Ezgul(f( )) and u = f'(z)pua(f(z)) — ;;,((2)) + Qf}l,((?)t_l
Thus f~*(P,) is indeed the graph of the given function. O

From the covariant functoriality of f — f), we immediately deduce the contravari-
ant functoriality of f +— f*, acting on all (R>0 x R)-valued functions.

In addition, define an involution 7x : £2(X) — £2(X) by 7x(z,t,u) = (Z,t71, —tu).
Denote 7(t,u) = (t7, —tu). Then a computation shows that 7y o fo) = f(2) 0 7x.

Let A%(X) be the set of functions v : X* — R+ x R, that take the value (1,0)
outside a finite subset, and such that v(Z) = 7(v(z)) for all z € X*. Equivalently,
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this symmetry condition means that the graph of v is 7x-invariant. Hence any proper
function f € CPDy(X,Y) induces f*: A%(Y) — A*(X).
On a standard curve, denote by v € A?(X) the “trivial” constant function (1,0).

LEMMA 7.2. — Let V, V' be standard curves and f a piecewise projective home-

omorphism V' — V'. Then f is projective if and only f*vy = vy .

Proof. — By definition, for any f € CPD*(V, V"), we have
O o W 4 O W oV L

()= (Fiay a7 agier )

( @) [(@) = (@) + () f(f)Z))
() '

’ 2f’( )

It follows immediately that f is of class C? at # € V if and only if f*v¥" (x) = (1,0),
which equals 1{) (x). Therefore, f is of class C? on V if and only if f*vy =1y .

In particular, since we assume that f is a piecewise projective homeomorphism,
f is projective on V' if and only if f*11)" = 1}y O

LEMMA 7.3. — Let X be a standard curve, v € X and v € A*(X). Suppose that,
at the neighborhood of x, the function v is invariant by homographies that are close
enough to the identity. Then v = vg around .

Proof. — More explicitly, since this is local at x, we can suppose that X C R.
For all intervals I,.J around x such that the closure in R of [ is contained in J, we
can consider the subset of homographies f € PSLy(R) mapping [ into J. This is
a neighborhood Wi ; of the identity in PSLy(R). Precisely, the assumption is that
we assume that for some such [, J, the identity element has a subneighborhood W
contained in Wy ; such that f*v =v on [ for all f € W.

We can suppose that x = 0. Then the translation T, : x — x + a belongs to W
for a small enough, say |a| < ag. The local condition TFv = v, read at the first
coordinate, implies that vy (t*) = 14 (t* + a) for every t small enough (say, |t| < to:
note that this does not depend on a). Then, since v; — 1 is finitely supported, we
deduce that v; — 1 vanishes at the neighborhood of 0*.

Let us now rewrite the definition of f*u when f is of class C?, for each ¢ such that

p1(f(t)) = 1. Namely it simplifies to (f*u)(t) = (]_,fl(t)[,bg(f(t))). We now choose
a homothety L.(t) = ¢t with ¢ > 1 close enough to ¢ to ensure Liv = v at the
neighborhood of 0, and in particular at zero. Thus we have v5(0%) = cv»(0F), which
implies 15(0%) = 0.

Hence (v, 15) takes the value (1,0) at 0. Since v and v;;° coincide outside a finite
subset, they thus coincide at the neighborhood of 0. U

DEFINITION 7.4. — Denote by 7§ (or my when the context is clear) the standard
projective structure on a standard curve X. On a standard curve with standard
projective structure my, we say that a projective structure m is compatible if the
identity (X, m) — (X, 7) is piecewise projective. We say that it is C*-compatible if
in addition this identity map is of class C!.
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We reach the goal of this preparatory work: encoding a compatible projective
structure in an element of A%(X):

PROPOSITION 7.5. — Let X be a standard curve and p € A?(X). Define a system
of charts on X by considering piecewise projective homeomorphisms h : U — V,
with U open in X and V a standard curve, such that h*vY = u|y. Then this defines a
projective structure m = m,, on X, such that the identity map is a piecewise projective
homeomorphism (X, 7)) — (X, 7).

Given f € PCOij (X,Y) with Y another standard curve and v € A*(Y'), the map
[ is a projective isomorphism (X, m,) — (Y, m,) if and only if f*v = p.

Conversely, every projective structure ™ on X, such that the identity map (X, m)

= (X, 7) is a piecewise projective homeomorphism, has the form 7, for a unique

pe A%(X).

Proof. — To check that this defines a projective structure, the compatibility is
clear from functoriality of f +— f*. The only thing to check is that X is covered by
charts. This will of course make use of the “7-condition” saying that v(Z) = 7(v(x)).
Let x € X; we have to show that x belongs to a chart. We can suppose (by an
orientation-preserving isometric change of standard coordinates) that = = 0.

If 4(07) = (1,0) then pu(0~) = (1,0) by the 7-condition, and hence the identity
map at a small neighborhood does the job. Otherwise, we can choose a small interval
around 0 on which u equals (1,0) except at 0. Then first composing locally with a
piecewise affine local homeomorphism fixing 0 with a singular point at 0, boils down
to the case when p(07) = (1,u) for some u € R. By the 7-condition, x(07) = (1, —u).
Then consider the formula in the proof of Lemma 7.2, assuming in addition that f
is of class C!: for every ¢

vy (1 O = (@)

We can indeed find f of class C! and piecewise projective and C' around 0 with
f/(0) =1 and f”(0%) — f”(07) arbitrary. Namely, choose f.(t) =t for t < 0, and
fe(t) = t/(1 — ct) for some ¢ € R. Then f'(0) =1, f”(07) = 0 and f"(07) = ¢/2.
Hence locally composing with such a map with ¢ well-chosen, we can ensure that
w(0T) = (1,0); the 7-condition ensures that x(07) = (1,0), and we have found our
projective chart.

The second assertion is straightforward from the definition and functoriality of
f=

As regards the third statement, let us start with uniqueness: consider u, ¢’ defining
the same projective structure. Since this is a local assertion, we can use the first
statement to assume that g/ = . Then the result follows from Lemma 7.3. The

existence is immediate: just define p = (i7)* . O
ProPOSITION 7.6. — Let X be a standard curve. Let G be a subgroup of
PCh,o;(X) with no finite orbit on X. Then there is at most one compatible G-

invariant projective structure m on X. If moreover G acts by C'-diffeomorphisms,
then 7 has to be C'-compatible.
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Proof. — By Proposition 7.5, this is equivalent to showing that there is at most
one G-invariant element v € A?*(X).

For the first coordinate, the G-invariance of v says that v(z) = ;123 v (f(z)).
If p is also G-invariant, it satisfies the same formula, and we deduce, taking the
quotient 1, = vy /py, that n(x) = n(f(x)) for all x € X* and all f € G. Hence
{x € X* :m(x) # 1} is G-invariant. Since G has no finite orbit and 7; = 1 outside
a finite subset, we deduce n = 1 and hence p; = v;.

Next, the G-invariance of v, read at the second coordinate, says that, for all z € X+

and f € G,

S P
o) " ape MU

Given that p satisfies the same invariance, and that pu; = v, we deduce, subtracting
and setting 7y = 15 — 1o, that for all x € X* and f € G,

ne(z) = f(@)na(f(2)).

In particular, the subset {x € X* : my(x) # 0} is G-invariant; since it is finite and
G has no finite orbit, we deduce 7o = 0 and hence v = p.

For the last statement, observe that if G consists of C!-diffeomorphisms, then the
G-invariance of v implies that the finite subset {x € X* : vy(x) # 1} is G-invariant.
Hence it is empty. This means that 7 is C'-compatible. O

va(x) = f'(@)ra(f(2))

COROLLARY 7.7. — Let X be a standard curve. Consider two conjugate sub-
groups GG1, G in PCOij(X), that have no finite orbit on X, and preserve compatible
projective structures my, mo. Then (X, ;) and (X, my) are isomorphic as projectively
modeled curves.

If moreover G, Gy consist of C*-diffeomorphisms, then they are conjugate by some

C*-diffeomorphism.

Proof. — When G; = (G5, we deduce from Proposition 7.6 that m; and m, are
equal. When Gy = fG,f~! with f € PC%TOJ-(X), this implies that m = f*my is the
pull-out by f of my, and hence f induces an isomorphism from (X, ;) to (X, m).

In the C'-case, Proposition 7.6 implies that m; and 7 are C'-compatible. Then the

condition m; = f*m, forces f to be of class C*. O

7.2. Classification of exotic circles

It is easy and standard that every closed subgroup of the group of self-homeomor-
phisms of the circle X = R/Z, if topologically isomorphic to R/Z, is conjugate
by an orientation-preserving self-homeomorphism to the group R/Z of translations.
Roughly speaking, given a subgroup W of Homeo(R/Z) (typically, the automorphism
group of some enriching structure), an “exotic circle” is a subgroup conjugate to
the group R/Z of translations in Homeo(R/Z), but not in W. In the context of
piecewise affine self-homeomorphisms, exotic circles were defined and classified by
Minakawa [Min97].
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Denote by PC%;KOj (X) the group of C!'-diffeomorphisms in PCPTO (X). Also use
the notation of the appendix. Roughly speaking, below, ©; is the standard circle,
O, for t > 1 are the non-standard affine circles, €2,, is the connected n-fold covering
of the projective line, and are interpolated by the “metaelliptic circles” €2, (which
come from lifts of elliptic elements in the universal covering of SLy(R)).

THEOREM 7.8. — Let X be the standard circle R/Z with its subgroup K of
isometries and its subgroup K ~ SO(2) of orientation-preserving isometries. Fix
H € {K,K*}. Consider a faithful continuous action of H on X, whose image G is
contained in PCp_.(X). Then

Proj

(1) G preserves a unique compatible (Definition 7.4) projective structure m on X.

(2) 7 is C'-compatible if G consists of C'-diffeomorphisms.

(3) The projectively modeled curve (X, ) is isomorphic to 2, for some r > 0, or
©, for somet > 1.

(4) The conjugacy class of G among subgroups of PCPI‘OJ( ) is characterized by
the isomorphy type of the projectively modeled curve (X, ), thus by either
the case ©, for t > 1 (“affine case”) or Q, for r > 0 (“metaelliptic case”). We
thus say that G is of type Oy, or of type §2,.. This also characterizes G modulo
conjugation by PCPI‘OJ( ).

(5) If G C PCPrOj( ), then this also characterizes the conjugacy class modulo

the conjugation action of PC},I.OJ- (X), or also PCPI‘OJ( ).

(6) G preserves an affine structure on X if and only if it is of type O, or if
H = K" and G is of type ©, for some t > 1.

(7) Consider the corresponding conjugacy classification for the corresponding
action of H, the classification is the same when considered modulo conjugation
by PCPrOJ( ), or PC%Droj (X)) in the C'-case.

Proof. — Write G as the image of K in G. First observe that G has no finite
orbit. Otherwise G* would fix a point and it is easy to check and well-known that
K™ has no nontrivial continuous action on an interval.

By Lemma 4.5, there is a dense subgroup I' of G such that (G,I") has relative
Property FW (where G is considered as discrete group). By Corollary 6.18, there
exists a finitely charted projectively modeled curve X', and a piecewise projective
homeomorphism f : X — X’ such that the conjugate I'-action preserves the pro-
jective structure. Pulling back to X, we obtain a compatible I'-invariant projective
structure m. By Proposition A.6, the automorphism group of (X, ) is closed in
Homeo(X ), and hence G preserves 7.

When G; consists of C!-diffeomorphisms, Proposition 7.6 ensures that 7 is
C!-compatible.

So (1) and (2) are proved. (3) follows from the classification of projective structures
on the circle and their maximal compact subgroups of automorphisms, established
in the appendix.

For (4), one direction is provided by Corollary 7.7: the conjugacy class of G
determines the isomorphism type of (X, 7). In the other direction, suppose that the
isomorphism type of (X, ) is given. Proposition A.7, based on classification, provides
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the converse: once GG preserves 7, it is uniquely determined modulo conjugation by
the orientation-preserving automorphism group of (X, ).

For (5), the only nontrivial improvement with respect to (4) lies in the C' assertion
of Corollary 7.7.

(6) if G preserves an affine structure &, it preserves the corresponding projective
structure ¢, which is then equal to 7. By the affine classification (see the appendix),
(X, &) is isomorphic as affinely modeled curve to ©; for some ¢ > 1. In the case of
H = K, the affine action does not preserve the orientation, which excludes ©, if
t>1.

(7) As a topological group, the outer automorphism group of K is trivial, and hence
the result is immediate. For K, the classification implies that every action of K™
on a projectively modeled curve extends to K, and then we obtain the equivalences
of both conjugacy notions. (Of course this does not extend to conjugacy modulo
orientation-preserving elements. This comes from the plain topological setting: the
only action of K™ on the circle is not orientation-reversing isomorphic to itself;
that is, its centralizer in the self-homeomorphism group of the circle consists of
orientation-preserving self-homeomorphisms.) [l

THEOREM 7.9. — Fix n € Ns,. Let X be the connected n-covering of the
projective line Py (with respect to the basepoint oo) and let H be either the

connected n-fold covering of PSL%") (R), or the corresponding overgroup PGL%")(R)
of index two. Let G be the image of H in a faithful continuous action o of H on X,
valued in PC%_.:(X). Then:

Proj

0,+

Proj(X ), Which can be chosen in

(1) G is conjugate to H by some element of PC
PCpo;(X) if G C PCpyo;(X);

Proj
(2) the action « itself of H is conjugate to the inclusion action by some element

of PC,i(X), which can be chosen in PCg . (X) if G = a(H) C PCp,q;(X).

Proj Proj Proj

Proof. — As in the proof of Theorem 7.8, we first need to have some Property FW
phenomenon: actually we find a dense subgroup with Property FW: If H = PSL, or
PGL,, we consider PSLy(Z[v/2]) or PGLy(Z[v/2]), and for their finite coverings we
consider their inverse images.

Clearly the G-action has no finite orbit, and as in the proof of Theorem 7.8, using
Property FW we find a compatible I-invariant projective structure 7 (C'-compatible
if G acts by C!-diffeomorphisms), and again using Proposition A.6, the automorphism
group of (X, ) is closed, and hence G preserves 7.

By the classification in the appendix, the only possibility is that (X, ) is isomor-
phic to €2,, the n-fold connected covering of the projective line, that is, X itself
(chosen by anticipation!). This precisely means that G is conjugate, by some element
of PC%joj (X), to a subgroup of H, and hence to H itself (since clearly any injective
continuous homomorphism G' — H is an isomorphism). Also in the C'-case, since 7
is Cl-compatible, the conjugating element has to be C! as well.

By post-conjugation by an orientation-reversing element of PGL%") (R) if necessary,
we can arrange also the conjugation to be orientation-preserving. 0

The following answers a question in an early version of [LBT20).
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COROLLARY 7.10. — Fix n € Nso. Let H be either equal to PSLY”(R) or
PGL%")(R). Let G be the image of a faithful continuous action of H on R/Z.
Suppose that G C PC%roj(R/Z).

Then G is closed in Homeo(R/Z), and is uniquely defined up to conjugation in

PCOPrOj(R/Z). If moreover G C PC%;roj(R/Z), then it is uniquely defined up to

conjugation in PC%,mj(R/Z).

Proof. — Choose a piecewise projective Cl-diffeomorphism f, from R/Z to the
n-fold covering of Pg to inherit the result from Theorem 7.9. O

Let us now provide the affine version of Theorem 7.8. In Minakawa’s original
formulation [Min97], it consists of the classification of subgroups of PCy{(R/Z)
modulo conjugation, among those conjugate to the group R/Z of translations within
Homeo(R/Z).

In analogy with Definition 7.4, an affine structure £ on a standard curve X is
compatible if, £ being the standard structure, the identity map from X to (X, &)
to (X, &) is piecewise affine.

THEOREM 7.11. — Let X be the standard circle R/Z with its subgroup K
of isometries and its subgroup K= ~ SO(2) of orientation-preserving isometries.
Consider a faithful continuous action of K™ on X, whose image G is contained in

PCY4(X). Then

(1) G preserves a unique compatible affine structure £ on X;

(2) the affinely modeled curve (X, &) is isomorphic to O, for some t > 1. We then
say that G is of type ©y;

(3) the conjugacy class of G among subgroups of PC «(X) is characterized by
the isomorphy type of the affinely modeled curve (X, §), thus by the number
t>1;

(4) define t' = 1 ift = 1 and t' as equal to t or t~! according to whether the
universal covering of (X, ), endowed with its orientation inherited from R /Z,
is isomorphic as an affinely modeled curve to R~ g or R- . Then the conjugacy
class of G modulo conjugacy by PC&E(X ) is characterized by the number
t' € Rp.

(5) Consider the corresponding conjugacy classification for the corresponding
action of K* modulo conjugation by PCY5(X): then t' is a full invariant.

(6) Given the K*-action, define t" as equal to t' or —t' according to whether the
orientation determined by the action of small positive element and the given
orientation on X coincide. Then t" € R* is a full invariant for such faithful
K™*-actions, modulo conjugation by PC&;(X).

In contrast, if G is the image of K for such an action, then G is conjugate to K by
some element of PC&E(X ), and similarly the action of K is conjugate to its canonical
isometric action by some element of PCS 4(X).

Sketch of proof. — This can be done similarly as Theorem 7.8, but with the
significant simplification of “erasing all order 2 terms” in the preliminary work.
Namely, we work with £1(X) = X* x R, and A'(X) defined as those functions
v : X* — Rsg such that v(Z) = v(x)™! for all x and equal to 1 outside a finite
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subset. Then one can encode compatible affine structures by elements of A'(X); here
compatible is in the affine sense, meaning that the identity map is piecewise affine.

The sequel is similar, with some specific points we now emphasize. The affinely
modeled curves ©, for ¢ > 1 have no orientation-reversing automorphism. This has no
such analogue in the projective setting. Since the oriented isomorphism type of (X, )
is determined by the PCY 4(X)-conjugacy class of G, this conjugacy classification
corresponds to oriented affine structures, as described.

This phenomenon reappears if one considers classification of actions, since the
action of “small positive” elements of K determines an orientation. 0]

7.3. Explicit formulas for commensurating actions

Let us provide explicit commensurating actions of groups of piecewise C*-transfor-
mations for k£ = 0, 1, 2. I obtained them I started this work, before I realized that the
formalism of partial actions could get around such computations: while for £ = 0 it
is easy and practical, for £ = 2 it becomes quite cumbersome and I did no attempt
beyond. Still, it may be instructive to mention these formulas, notably to show what
the universal globalization allows to conceal. I will provide no proof.

7.4. The continuous case

Let X be an oriented standard curve. Define X* = X x {£1}. We let PC(X)
act on X+ exactly as in the proof of Lemma 3.9. For y = (z,¢) € X+, we write
37 = (.’K, _5)'

Define L3 = (X*)2, and let PC(X) act diagonally. Define M = M% c £% as the
set of pairs (y, 7) when y ranges over X=. Then M ~. o' M is the set of (y, =1) when
y ranges over outer discontinuity points of o. For most applications this is enough; for
precise counting results it can be convenient to rather work in the set of unordered
pairs of distinct elements. It is instructive to interpret what M being transfixed
means and to thus prove the conjugacy results (for PC, PCT, IET™, IET™).

7.5. The derivable/affine case

Define £} = (X¥)? x R~ . Recall that PCc1;(X) denotes the set of piecewise-C'
self-diffeomorphisms of X. For o € PCc13(X), we define

f'(u)
o (woy) = #0500 F05).
A simple computation (or a computation-free interpretation of the formula) shows
that this is an action.
Here f'(u) for u = (z,¢) is defined in the only natural way: choosing a local
orientation-preserving affine chart around the first coordinate f(u); of f(u), we have

F(u) = i, o1 (f (2 +2t) — F(u)1)/1.
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Define M = M% = {(z,Z,1) : x € X}. Then M \ oM is the set of (z,Z, 1) where
o cannot be assigned a value at x for which it is of class C! at x.

Then the transfixing property implies the transfixing property of the coarser quo-
tient action on L%, and then the piecewise continuous setting yields a first (piecewise
affine) conjugacy to a continuous action. This allows, in a second step, to work in
the continuous setting (the conjugacy preserves the transfixing property in the new
model).

Assume now that we are working with piecewise affine self-homeomorphisms and
the invariant subset £ = (X*)? x R, with the induced action. Consider the set
AL of functions v defined on a cofinite subset X+ to R g, taking the value 1 outside
a finite subset, and satisfying the condition v(u) = 1/v(u) for all u € X* at which it
is defined, and encode an affine structure on X such that the identity map becomes
piecewise affine, with such a function.

Since the set of functions from X* to R. can be thought of as a subset of
£’ = {(u,v,y) € LY : v =}, it inherits an action of PCglﬁ(X). Then given such
v, defined on the complement of a finite subset F),, the condition of preserving v, for
S chlﬁ(X ), is equivalent to leaving F), invariant and acting as C!-diffeomorphisms
on the complement of F,. In particular, if o is piecewise affine, it means leaving
F, invariant and acting as affine automorphisms on the complement of F},. Finally,
one checks that for a subgroup of chlﬁ(X ), the condition of transfixing MY is

equivalent to the existence of a I-invariant element v € A}°.

The above commensurating action (modulo a minor nuance), or rather the affine
isometric Hilbertian action it induces, appears in [LBT20, § 5] in the continuous
case, but without the interpretation in terms of affine structures.

7.6. The doubly derivable/projective case

To simplify, we stick to the continuous case. Indeed, the set has already been
defined in § 7.1, namely £?(X) = X* x R+ x R, with a somewhat complicated
action.

A commensurated subset M? is given by the set of triples (z,1,0) when x ranges
over X*. This illustrates how it is frequent in commensurating actions that the
commensurated subset is simpler to define than the whole set, and the benefit of
using partial actions.

Now consider the set A3 of functions p defined on a cofinite subset of X*, valued
in R.o x R, taking the value (1,0) outside a finite subset, and satisfying the con-
dition u(Z) = 7(u(x)). This is a little generalization of A%*(X) which only considers
everywhere defined functions. Such functions define a compatible projective structure
outside a finite subset.

The point is that the transfixing property implies the existence of such an invariant
partially defined function (which, in the absence of finite orbit, implies the existence
of a globally defined one), defined outside an invariant finite subset F' and then, the
conjugation to an action of class C? outside F’, and projective outside F if we started
from a piecewise projective action.
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Appendix A. Affinely, projectively modeled curves and their
automorphisms

This section classifies affinely and projectively modeled curves and describe their
automorphism groups.

A.1. Historical remarks: a recurrent mistake

The easy affine classification was obtained by Kuiper [Kui53]: the complete case
is trivial: there are only R and R/Z, while the non-complete case puts forward the
non-standard circles R~ (/(t). Paradoxically, while in the affine case the complete
case is the most trivial and less surprising part, in the projective case the non-
complete case brings essentially nothing new (the compact ones come from the
affine world) while the complete case is richer. The classification was established by
Kuiper (1954) [Kui54], with an inaccuracy (namely, in the notation below, Kuiper did
not distinguish the metaparabolic circles =, ; and =, _). With a similar approach,
Goldman [Gol80] later claimed to also obtain this classification, but actually rather
establishes a correspondence to the classification of conjugacy classes in the universal
covering of PSLy(R), without providing details on the latter. In the analytic context
of Hill equations, an equivalent classification to Kuiper’s was obtained by Lazutkin
and Pantrakova (1975) [LP76] which fixes Kuiper’s error in another language (Kuiper
is not quoted). Later, G. Segal (1981) [Seg81], also not quoting Kuiper, claims to
correct an error in [LP76], but instead resurrects Kuiper’s error, based on the same

incorrect classification of PGLy(R)-conjugacy classes in PSLy(R)!

Kuiper’s error reappeared at various places (often “rediscovered”), and was fixed
at other places, often not even noticing that there is an error, or by authors quot-
ing several contradictory results without noticing the difference. The error is fixed
in [LP76], and a careful classification appears in [BFP98, Gor04]; Gorinov [Gor04]
is the first to explicitly mention the error, and also the first to fix it in the language
of geometric structures (used in [Kuib4] and also here). Most other references are
concerned with the Hill equation, which amounts to classifying orbits of the Bott-
Virasoro extension of the diffeomorphism group on its Lie algebra, and this approach
is much more complicated.

Below, the classification and the computation of automorphism groups are done in
the same impetus (carrying out the classification allowing to introduce notation). A
description of orientation-preserving automorphism groups of projectively modeled
curves is claimed in [Gui96], but the result is incorrect (and the proof way too
long). Indeed, for the projectively modeled curves =, 1 and =, ¢, he obtains that the
orientation-preserving automorphism group is isomorphic to (R/Z) x (Z/nZ), while
it is actually isomorphic to R x (Z/nZ). Since the classification of maximal compact
subgroups of automorphisms is needed here, this is an essential difference. So I am
not aware of any prior reference for the classification of automorphism groups of
projectively modeled curves.
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A.2. Generalities

We consider the pseudogroups Aff and Proj of Example 6.5. By affinely and
projectively modeled curves we mean Aff-modeled and Proj-modeled curves.

Denote by ¥, the universal covering of P}(R). We identify it with |—oo, +o0] x Z
with the lexicographic order. Restricting the universal covering map (¢,n) — t to
open subsets on which it is injective, we obtain charts for a Proj-structure on >
(note that it is not finitely-charted).

LEMMA A.1. — Any Aff-modeled Hausdorff simply connected curve X is iso-
morphic to an open interval in R.

Any Proj-modeled Hausdorft simply connected curve X is isomorphic to an open
interval in ¥ .

Proof. — In the affine case, by [Gol09, Proposition 4.5], there is a locally projective
immersion X — R. Since a locally injective continuous map between intervals is
injective, the latter map has to be injective.

In the projective case, by [Gol09, Proposition 4.5], there is an locally projective
immersion X — P, which therefore lifts to a locally projective immersion X — 3.
We deduce injectivity by the same argument. 0J

A.3. The affine case

This is especially an apéritif to the projective case, otherwise we would just give a
list without proof.

The group of affine self-transformations of R is 2-transitive and contains orientation-
reversing elements. Hence there are only three open intervals up to affine automor-
phism: R, R. g, and |1, 1].

Let us list in each case the fixed-point-free automorphisms up to conjugation.

e For |—1, 1] the automorphism group is reduced to a group of order 2, and
hence there is no fixed-point-free automorphism.

e For R, the automorphism group is reduced to positive homotheties u; =
x +— tx, t > 0; note that it preserves an orientation: indeed, this interval R+ g
has one “complete” end (+00) and a non-complete one (0). The automor-
phisms u,; for ¢ > 0 are pairwise non-conjugate in R ¢, and fixed-point-free
for ¢ # 1. We have u; ' = u;—1. We endow the quotient ©, = R~/ (u,) with
the orientation inherited from R~ o if ¢ > 1, and with the reverse orientation
if t < 1. Thus the oriented affinely modeled curves ©, for t € R ( are pair-
wise non-isomorphic. In the non-oriented setting, for ¢t > 1, they are pairwise
non-isomorphic, while ©, and ©,-: are isomorphic (indeed equal!).

The affine automorphism group of ©, is the normalizer of (u;) (hence the
whole affine automorphism group of R ¢ here) modulo (u;), hence is naturally
isomorphic to R~ o/(t) and non-canonically isomorphic to R/Z; it coincides
with the oriented automorphism group.

e For R, the automorphism group consists of all affine automorphisms, and
the fixed-point-free ones are translations, and are all conjugate; actually the
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cyclic subgroups generated by translations are all conjugate by orientation-
preserving affine automorphisms, and the quotient of R by such cyclic sub-
groups we obtain is unique up to affine isomorphism: one representative is the
standard circle R/Z. The normalizer of the given cyclic subgroup is the group
of isometries of R and hence the affine automorphism group is isomorphic
to (R/Z) x (Z/2Z), and can be identified to the group of isometries of R/Z.
We denote it by ©;.

We conclude the following classification of affinely modeled curves and their auto-
morphism groups. In the left column, e and o mean complete vs non-complete.

e/o | aff. mod. curve | univ. cover Aut™ ~ Aut ~
) R itself R xR+ R x R*
o R.g itself R.y~R = Aut™
o |]-1,1] itself {1} {1}
o ©, R R/Z (R/Z) x (Z/27Z)
o O, t>1 R.o R.o/(t) ~R/Z = Aut™

Note that we have several ways of defining affinely modeled curves using a pseu-
dogroup. The chosen way does not affect the classification as above. However, it
affects the notion of being finitely charted (i.e. having a finite atlas in the model
space). For the most standard way to define affinely modeled curves, one uses R
as model space and all the above curves are finitely-charted. However, in our work
and applications, the natural model space is rather the standard affine structure on
R/Z. Then R and R are not finitely-charted and only |—1, 1], ©; and ©, remain;
in particular the orientation-preserving automorphism group of any finitely-charted
affine manifold (modeled on R/Z) is always abelian.

A.4. The projective case

As reminded in § A.2, we have to classify open intervals in ¥, and then classify
their fixed-point-free automorphisms to obtain the compact projective manifolds.

The automorphism group of ¥, contains the orientation-preserving automorphism
group as a subgroup of index 2, and the latter can be identified with the universal
covering SLy of SLy(R). Since the conjugation by a reflection yields a automorphism

of order 2, we can view the automorphism group as a group @2, projecting to
PGL2(R) with an infinite cyclic kernel (which is the center of SLy). The action of

PGL; on R is transitive, but not transitive on ordered pairs. Namely, the stabilizer of
(00,0) € ¥ acts on Xy with countably many orbits: the singletons (oo, n), n € Z,
and the intervals in between. Therefore, we can classify open intervals in >, up to
automorphisms. (Since parentheses are used for pairs, we use the “French” notation
|a, b[ for the open interval {z :a < z < b}.)

e Y, itself (not finitely-charted)

e the interval ¥1 of elements > (00,0) in X, (not finitely-charted)
e the interval 3, =](00,0), (co,n)[ in X (n > 1 integer).
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e the interval X, 1 = 1(0,1), (co,n)[ in 3o, (n > 1 integer).

This yields the classification of simply connected projectively modeled curves. It
remains to obtain the classification of compact connected projectively modeled curves,
so we have to consider, among the above curves, which ones have a fixed-point-free
orientation-preserving automorphism, and classify these up to conjugation by an
automorphism. We start with the easier non-complete case, that is, those for which
the universal covering is properly contained in >.

In X%, in %, or 2,1 for n > 2, the element (0o, 1) is fixed by every orientation-

preserving automorphism. The remaining intervals are >; ~ R and E% ~ R.( (and

Yoo, which we consider afterwards). Here R and R.o can be viewed as subsets of
the projective line.

e In ¥; ~ R, the automorphism group is the affine group. Fixed-point-free
elements are nonzero translations, and are all conjugate. Let ©; be the corre-
sponding curve; call it the round circle.

e InY 1 R. o, the orientation-preserving automorphism group consists of the
positive homotheties u; : x — tx; for t # 1 these are fixed-point-free. The
automorphism group also contains ¢t — ¢t~1; thus u, is conjugate to u, if and
only s € {t,t'}. Let ©; be the corresponding curve (t € R~ \ {1}); thus
O, are pairwise non-isomorphic as oriented projectively modeled curves, and
O, and ©;-: are (orientation-reversing) isomorphic as projectively modeled
curves.

Remark A.2. — Note that the ©, already appear in the affine classification. But
there are a few little differences: as affinely modeled curve, ©; is complete, while it
is not complete as projectively modeled curve. The other difference is that, for ¢ # 1,
O, and ©,-1 are isomorphic as oriented projectively modeled curves, an isomorphism
being induced by x + x~1. This difference is also reflected in the fact that ©, admits
orientation-reversing projective automorphisms.

Now we have classified the non-complete projectively modeled curves, we need to
compute their automorphism groups (not anymore for classification, but because we
obtain results of conjugation into the automorphism group of a projectively modeled
curve). In the simply connected case we already did the job. In the compact case,
where it was obtained as quotient X = (r)C of a simply connected projectively
modeled curve by a cyclic group of automorphisms acting freely, we have to compute
the normalizer N, of this cyclic subgroup (r); then the automorphism group A of X

is N,./(r).

e For ¥; ~ R, and r(z) = x + 1, the normalizer N, is the group of isometries
of R, and A can be viewed as the group of isometries of X ~ R/Z.

e For £ ~ R and r(z) =tz with t > 1, the cyclic subgroup (r) is normal in
the whole automorphism group Rs g % (7) (where 7(x) = 27'). The quotient
(R~ o/(t)) x (1) is also (non-canonically) isomorphic to the group of isometries

of R/Z.
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We summarize the classification of non-complete finitely-charted projectively mod-
eled curves up to isomorphism, along with their orientation-preserving automorphism
group. Note that the only infinitely-charted one is X1 .

proj. mod. curve universal cover | Aut™ ~ Aut ~
Y., n€ Ny itself R xR+ R x R*
Y1, neNsg itself R R x (Z/27)
standard affine © Y1~R R/Z | (R/Z)x(Z/2Z)
non-standard affine ©,, t > 1| X, ~ R, R/Z | (R/Z)x(Z/2Z)

Let us now deal with complete curves. In ¥, the orientation-preserving automor-
phism group consists of SLy. We call elements of SL, metaelliptic, metaparabolic,
or metahyperbolic according to the corresponding behavior of the projection on
PSLy(R), with the convention that elements mapping to 1 are metaelliptic. We add
“meta” because the wording “elliptic”, etc, does not reflect the dynamical behavior
on Y.: for instance non-identity metaelliptic elements rather behave as loxodromic
elements on > ..

e Non-identity metaelliptic elements are fixed-point-free on X,. Every metael-
liptic element is conjugate to an element in the inverse image SO, of SOa.
Write this 1-parameter subgroup as (&), ¢ r, so that the center of SLy consists
of the &, for r € Z. Lifting conjugation by the lift of an orthogonal reflection
conjugates &, to £_,.. These are the only conjugacies among the &, since the
rotation number of &, is r, and rotation n;u\n/ber is conjugacy-invariant up
to sign in the whole automorphism group PGL, (and is conjugacy-invariant
in Sﬂig) Since we are interested in the cyclic subgroup generated by &,., we
can restrict to r > 0. We define €2, (r > 0) as the corresponding projectively
modeled curve (quotient of X, by (&.)).

e Metahyperbolic and metaparabolic elements have a fixed point on Pg; up
to conjugating in Sig, we can suppose that oo is fixed. Its action on P} is
therefore given by some affine map A : x — tx+bwith ¢ > 0 and (¢,b) # (1,0).
Conjugation inside the positive affine group reduces to either b =0 or (t = 1
and b € {1,—1}), which we therefore assume. For its action on X, the
element ¢ preserves the subset {oo} x Z, on which it acts as a translation,
say by some n € Z. Then { = &, 4 is determined by A and n, namely
&n, a(z,m) = (Az,n + m) in the previous coordinates. It is fixed-point-free
if and only if n # 0. Write &, + (resp. &, +) for &, 4 when A(z) = tx (resp.
Alz) =z +£1)

We have to classify the cyclic subgroups (&, 4) up to conjugation in the
automorphism group PGL; of X. Let us start with the elements &, 4 them-
selves. Since n is the rotation number, it is determined by conjugation up to
sign; also {t,¢ '} is determined by conjugation (by conjugacy classification
in PSLy(R)). Given this, the elements we have not yet distinguished are (for
agivenn € Nyogand t > 1):

ANNALES HENRI LEBESGUE



Commensurating actions for groups of piecewise groups 1513

— on the one hand, the four elements

Ents ity Ent (= 60001) s b (=621

— on the other hand, the four elements

bt bnms Enr (S E1)5 € (=61

Define two particular automorphisms of 3, as follows: s(z,m) = (—x, —m)
for  # oo and s(oo,m) = (00, —m — 1); w(z,m) = (—z~ ', m+1) for x > 0
and w(z,m) = (—z~',m) for z < 0. Note that w is orientation-preserving.

Then

W w =& 1,8 Enus = Eniy 8 Enas = &

This shows that the first four elements {,, ;+1 are conjugate in PGL,, and
the two corresponding cyclic subgroups (&,.+), (£, -1) are conjugate within
SL,. On the other hand, this leaves the possibility that the subgroups (€n.+)
and (£, _) are not conjugate at all. It is indeed the case that they are not
conjugate: indeed, a conjugating element should fix the unique fixed point
in P&, and thus preserve {co} x Z, and these are precisely the elements we
have tested. We write =, ; = X /(&n¢) for t > 1, and =, 1 = 3o /(& 1)

Remark A.3. —
(1) Recall that &, +(x,m) = (z £1,n+m) for (x,m) € ¥ (identified as above
to |—00,4+00] x Z with the lexicographic ordering). We have observed that,
for n € Z ~. {0} the cyclic subgroups (&, +) and (&, —) are not conjugate in

PGL;y. The error in Kuiper’s classification [Kuib4], reproduced at many other
places (but fixed in [BFP98, Gor04, LP76], and consciously only in [Gor04]) is
to not distinguish those elements (essentially, the error amounts to deducing
their conjugacy from the fact that their images in PSLy(R) are conjugate).

(2) That w™'&, ;w = &, -1 is quite a subtle point (the subtlety is to consider w).
This is another gap in [Kuib4], which takes for granted that we immediately
boil down to homotheties x — tx for t > 1; this gap does not result in another
error thanks to this possibly unexpected conjugacy. This point is carefully
taken care of in [Gor04].

Let us mention, as a digression of independent interest, that this lack of conjugacy
exists at a purely topological level:

PROPOSITION A.4. — For every n € Nx 1, the cyclic subgroups (&, +) and (&, _)

are not conjugate in the group Homeo(Pg ), namely the normalizer in Homeo(X,) of
the cyclic subgroup (&;). More precisely, for any k € N> 3U{oco} not dividing 2n, the

cyclic subgroups (&, +) and (£, _) are not conjugate in the normalizer Homeo (PR)
of (§1) in the group of self-homeomorphisms of ¥, (which contains PGL” (R)).

Proof. — Indeed, suppose by contradiction that they are conjugate in Ej. It means
that the generators of these cyclic subgroups are conjugate, or that one is conjugate
to the other’s inverse. Let us show that the latter case implies the former case. In
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the latter case, there exists b € Ej, such that b, ;b~' = f;l_. This changes the
rotation number n to —n (which lives in R/kZ). By assumption, n # —n in R/kZ.
Hence necessarily b is orientation-reversing and thus ¢ = bs is orientation-preserving,
that is, commutes with &, and ¢, ;¢! = &, _. Projecting on Homeo™ (Pg), we
obtain an orientation-preserving self-homeomorphism v conjugating u to u~!, with
u(z) = z+1. Hence v fixed the unique fixed point oo of u and thus this is a conjugacy
in Homeo(R). But u(xz) > x for all z, which is clearly an obstruction for u to be
conjugate to its inverse within orientation-preserving self-homeomorphisms of R.
This is a contradiction.

(Note that conversely, whenever 2n = 0 [mod k|, the elements &, ;. and &, _ are

inverse to each other in PSLgk)(R), and thus the cyclic subgroups they generate are
not only conjugate, but equal.) O

The classification of complete projectively modeled curves being completed, it
remains to compute their automorphism groups. In each case, the automorphism
group of the projectively modeled curve X, /(§) is N¢/ (&), where N is the normalizer
of (£) in the automorphism group.

To determine N¢, define some auxiliary subgroups, easier to determine. Namely,
define By as the stabilizer in PGLy(R) for conjugation of the image of {£,£7'} in

PSLy(R); let Be be its unit component. Let M, as the inverse image in PGLy of
the stabilizer Be, and M the inverse image of B¢ (note that M is not necessarily
connected). Clearly, Ne C M. Moreover, the unit component M is included in N

(it is even included in the centralizer of £); since the center of PGL; is also included
in the normalizer, it follows that Mg is included in NN¢. Thus MSO C N¢ C Mg. We
can deduce the automorphism group, in each case:

e For Q, = ¥ /(,), we have to discuss on whether r € Z. If r = n € Z,
the subgroup (&) is normal in the whole automorphism group. Hence the

orientation-preserving automorphism group is the quotient PSLgn)(R), the n-

fold connected covering of PSLy(R); the full automorphism group PGLén)(R)
is obtained as semidirect product with the automorphism induced by a reflec-
tion.

e When r ¢ Z, the normalizer of (£,) is reduced to the inverse image of the
orthogonal group, which has two components then s is contained in the
nontrivial component and normalizes (&), so in this case Ng = M,. Thus the
automorphism group is isomorphic to (R/Z) x (Z/2Z) with action by sign,
and the orientation-preserving automorphism group is isomorphic to R/Z.

e For =, 4, the normalizer is the inverse image of the group of upper triangular
matrices that are either scalar or trace-zero. In PSLy(R), the latter group
has two connected components; the nontrivial component corresponding to
trace zero matrices. A subset of representatives for M modulo Mg is given
by {1, s}. Since s&, +57' = &, ., we deduce that s € N¢ and hence Ne = Me.
thus the automorphism group is isomorphic to (R x Z/nZ) x (Z/27), with
action by sign multiplication, and the orientation-preserving automorphism
group is isomorphic to R x Z/nZ.
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e For =, (t >1,n € N.y) and £ = &, 4, the subgroup Be consists of monomial
matrices in PGLy(R), which has 4 components. A subset of representatives
of B¢ modulo B¢ is {1, s, w, sw}.

The element w, which belongs to M, does not normalize () (because
w i, w = & -1 ¢ (&) For the same reason, s does not normalize.
However, ¢ = sw normalizes (and does not centralize) (&, ). Note that
¢ =1
So the normalizer of (£) in éig, which is also its centralizer in PT(\}TQ, is
the direct product (£, ,)n>0 X ({m)mez. Its quotient by (£) can be described
as the direct product (£o,y)n>0 X (&, ¢m/n)mez/nz, Which is isomorphic to
R x (Z/nZ). This is the orientation-preserving automorphism group of =, ;.
The normalizer in PGL, is the semidirect product ((£o,5)n>0 X (Em)mez) X
(q), where q acts by sign. Its quotient by (£) can be described as the semidirect
product ((§o,n)y>0 X (&, gm/n)mez/mz) X (q), which is isomorphic to (R x
(Z/nZ)) x (Z/2Z), again with action by sign.
Let us summarize the classification up to isomorphism of complete finitely-charted
projectively modeled curves (in each case the universal cover is ¥, which is the
only infinitely-charted complete projectively modeled curve up to isomorphism):

projectively modeled curve Autt ~ Aut ~
special metaelliptic Q,, n € Ny PSLgn)(R) PGLgn)(R)

metahyperbolic =, ¢, t > 1, n € N5 R XZ/nZ | (R xZ/nZ) % (Z/27)
metaparabolic =, ., e € {+, =}, n € Nog | R X Z/nZ | (R X Z/nZ) x (Z/27Z)
ordinary metaelliptic Q,, r > 0,7 ¢ Z R/Z (R/Z) % (Z/27)

Note that in all finitely-charted cases (non-complete and complete), the whole
automorphism group is a semidirect product of its orientation-preserving normal
subgroup by Z/2Z. This also holds for the infinitely-charted X, while 3T has no
orientation-reversing automorphism.

Finally, note that in the metaelliptic case, the automorphism group is transitive,
while in the metaparabolic and metahyperbolic cases =, ; and =, 4, the automor-
phism group has exactly 2 orbits, one of which being finite (of cardinal n in the
metaparabolic case, of cardinal 2n in the metahyperbolic case).

Remark A.5. — The non-complete structures ©; and ©; can be thought of as the
n =0 case of =, ; and Z,, 1+ (note the collapse of the & distinction when n = 0, which
is not always well-reflected in the literature). We thus have a canonical bijection,

as observed and used by Kuiper [Kui54], between the orbit space of PSLy ~ {1}

—_—~—

modulo the conjugation action of PGLs, and the set of projective structures on the
circle, modulo diffeomorphism; in addition, it also corresponds to the set of projective
structures modulo oriented diffeomorphism, because (unlike in the affine case) all
such structures admit an orientation-reversing automorphism.

Let us mention that Ghys [Ghy92, § 4.2] provides a direct argument of the following
alternative: for every projectively modeled curve homeomorphic to the circle, either
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it is projectively isomorphic to a finite covering of the projective line, or its oriented
automorphism group is abelian.

We now use the classification to derive the following consequences. For the following
one, it is possible that there is a more elegant, classification-free argument.

PROPOSITION A.6. — For every projectively modeled curve X (with finitely many
components), the automorphism group A of X is closed in Homeo(X).

Proof. — Since the componentwise preserving subgroup of A is open in A, we can
restrict to this one, and thus boil down to the case when X is connected, and thus
use the classification. Note that in each case, the description of the automorphism
group as a Lie group makes it clear that it acts continuously on the given curve.
Since in each case A has finitely many components, it is enough to check that A° is
closed.

When A° is compact, since it acts continuously it is closed. When X is X1 or %,
for n € N< ¢, the subgroup A° can be viewed as the subgroup of element pointwise
stabilizing some closed discrete subset and acting as orientation-preserving affine
transformation in each interval of its complement, and such that all these affine
maps (on all intervals) are equal. This is easily checked to be a closed condition.

For ¥, and €2, (n € N+ ), we start with : this is PGLy, and is the stabilizer of
the cross-ratio, and thus is closed. For others, we start observing that the centralizer
of the deck transformation is closed in the whole homeomorphism group, so it is
enough to show that A° is closed in this centralizer, and then it consists of the
preimage of PSL, for the projection of this centralizer to Homeo™ (P%). So it is
closed.

The remaining cases are 2, ¢, Z, ., and X,,_; . Then we observe that A° preserves
a finite subset on which it acts trivially, and that it acts properly on its complement.
This implies that it is closed. 0J

Let us now deal with maximal compact subgroups. Let us recall a classical result
of Mostow [Mosb5] that in a virtually connected Lie group, all maximal compact
subgroups are conjugate by some element of the unit component, and that moreover
they have as many components as the whole group. We thus draw a table indicating,
in the right column, one isomorphic copy in each case of a maximal compact subgroup
(we write no quantifiers on the left column: the indices n,t, e, r are meant to be the
same as in the previous two tables). We then derive a conjugacy result, which is
used in the paper.

proj. mod. curve Aut ~ Maximal compact ~
Yoo PGLI (R) 7./27
IS I R x R* yARY/
I R x (Z/27Z) 7./27,
Zpty B (R x Z/nZ) x (Z/2Z) | (Z/nZ) x (Z/2Z)
Oz, U, r €N | (R/Z) % (Z/2Z) (R/Z) x (2/2Z)
Q, PGL{"” (R) (R/Z) x (Z/2Z)
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As an immediate consequence of the classification and Mostow’s conjugacy result,
we derive:

PROPOSITION A.7. — Let A be the automorphism group of a connected projec-
tively modeled curve. Then any two closed subgroups of G that are topologically
isomorphic to SO(2) are conjugate by some element of the identity component A°.
The same holds with SO(2) replaced with O(2).

Namely, such copies of SO(2) exist in the case of ©; for ¢t > 1 and €, for r > 0,
but not in the other cases, i.e., for metahyperbolic and metaparabolic curves =, 4,
Zn, e (and for curves homeomorphic to an interval).
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