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RESUME. — Soit G un groupe algébrique complexe réductif connexe et X, 'espace des mo-
dules de représentations d’un groupe libre de rang r dans G. Nous commengons par caractériser
les singularités de X, et nous montrons en particulier que les voisinages de ces singularités sont
des singularités topologiques. Ceci élucide une conjecture émise par Florentino—Lawton. L’étude
des sous-groupes de Borel-de Siebenthal nous permet alors de calculer la codimension du lieu
singulier orbifold de X,.. On utilise ensuite ce calcul pour déterminer les groupes d’homotopies
du lieu lisse de X,. Ceci démontre des conjectures de Florentino—Lawton—Ramras. Finalement,
en appliquant la classification des sous-groupes de Borel-de Siebenthal, nous démontrons une
conjecture de Sikora concernant les centralisateurs de représentations irréductibles dans les
groupes de Lie.
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1. Introduction

Given a finite rank (r > 1) free group F, and a connected reductive complex affine
algebraic group G, the G-character variety of F, is defined as the Geometric Invariant
Theory (GIT) quotient of the variety of group homomorphisms Hom(F,, G) by the
conjugation action of G. Denote this quotient variety by X,.(G) := Hom(F,, G)/G.
In [FL17], Florentino-Lawton—-Ramras initiated a systematic study, kin to [BGPGO0S],
of the homotopy groups of X,.(G), its GIT stable locus, and also its smooth locus
X,.(G). Among many theorems in [FL17], it is proved that 7 (X, (G)) = Z/nZ when
GG is the general or special linear group of complex n x n matrices. It was then
conjectured that this result should generalize to:

m(X (@) = m(PG),
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Homotopy of Character Varieties 95

where PG is the quotient of G by its center. In this paper, we prove this conjecture
and go further and compute (&, (G)) for 0 < k < 4. Additionally, we obtain
periodicity-type results in the higher homotopy groups for the classical groups G
(types A,, By, Cyn, D,) and some additional higher homotopy groups for the ex-
ceptional groups Gs, Fy, and Eg, B, F. Surprisingly, we show in a stable range,
that

(X (G)) = 1h(G) % T (PG).

These results comprise Theorem 6.10 and its corollaries.

The proofs of the above theorems rely on a close analysis of the singular locus
of these moduli spaces, and in particular, the orbifold singularities. As Hom(F,, G)
is naturally identified with the Cartesian product G”, work of Richardson [Ric88,
Theorem 8.9] completely describes the algebraic singularities (and by [Mil68] also
the C*-singularities for all £ > 1) when G is semisimple, each simple factor in the Lie
algebra of G has rank 2 or more, and r > 2. In [FL17, Theorem 7.4], Richardson’s
theorem was generalized to the case when G is connected and reductive. We extend
this further here (Theorem 5.10) by removing the assumption that each simple factor
in the Lie algebra of G has rank 2 or more under the stronger condition that r > 3
(resolving conjectures in [FL12, FL17]).

In [Mum61], Mumford shows if a complex algebraic surface is normal then all
singularities are topological singularities (every neighborhood of a singularity in the
analytic topology is not homeomorphic to a ball). We show a “Mumford-type” result
(Theorems 5.13 and 5.17) for the class of varieties X,(G) (which are all normal),
namely, that if » > 3, or if » > 2 and each simple factor in the Lie algebra of G has
rank 2 or more, then all singularities in X,.(G) are topological singularities (resolving
a conjecture in [FL12]).

Our classification of orbifold singularities and the resulting bounds on codimen-
sion (Theorems 4.14 and 6.5) build on the fundamental work in the thesis of
Guérin [Guél8a, Guél8b|. In particular, we study Borel-de Siebenthal subgroups,
which are, loosely speaking, proper subgroups of a Lie group whose maximal tori
are in fact maximal tori of the ambient group (see Definition 4.5).

Using our results on orbifold singularities, we settle the following conjecture of
Sikora as well. A complex reductive Lie group G has property CI if the centralizer
of every irreducible subgroup of G coincides with the center of G. In [Sik12] it is
asked whether the special linear groups are the only simple CI groups. We answer
this question affirmatively with Theorem 8.3.
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2. Preliminaries

Let Z denote the ring of integers, R the field of real numbers, and C the field of
complex numbers.

2.1. Affine Varieties

By a complex affine variety we mean the zero locus of a collection of polyno-
mials over C. To every affine variety X, arising as the zeros of {fi, ..., fu} C
Clzy, ..., Ty, there is a coordinate ring C[X] := Clzy, ..., zpn|/{f1, ..., fa). Any
function f: X — Y between affine varieties will be called regular if its component
functions are elements in C[X].

Identifying X with its image in C™ allows one to give X the subspace topology
from the Euclidean metric topology on C™ = R?™, This topology will be called the
analytic or Fuclidean topology on X. It is not dependent on the choice of presentation
of C[X] up to homeomorphism. There is also the Zariski topology on X where closed
sets are defined to be the zeros of collections of polynomials in C[X]. The variety X
is irreducible if it is so in the Zariski topology, which implies it is connected in the
analytic topology. Throughout this paper we will be considering the analytic topology
on complex affine varieties unless stated otherwise.

X is naturally identified as a set with the spectrum of maximal ideals Spec,,,,.(C[X])
by Hilbert’s Nullstellensatz ([Hil93]). Defining a closed set in Spec,,,.(C[X]) to be
the maximal ideals containing a fixed ideal I makes the identification of X with its
max-spectrum a homeomorphism (with respect to the Zariski topology). This allows
one to create affine varieties by considering finitely generated algebras over fields.
For example, given affine varieties X,Y we can naturally give the Cartesian product
X XY the structure of an affine variety whose coordinate ring is C[X| ®¢ C[Y].

There is a basis for the Zariski topology on X given by the open sets By
={z € X | f(z) # 0} for f € C[X]. From this one defines a sheaf of C-algebras on
X, denoted by U — Ox(U), where Ox(By) = C[X][1/f]. This makes X a locally
ringed space.

The dimension of X, denoted dimc¢(X), is the Krull dimension of C[X], that is,
the supremum of the lengths of all chains of prime ideals.

Given a point = € X, let m, be the corresponding maximal ideal in C[X]. We can
define the Zariski tangent space of z to be the vector space (m,/(m,)?)*. A point
is smooth if the dimension of its Zariski tangent space is equal to the dimension of
X. In the analytic topology, around each smooth point there is an open set that is
holomorphic to an open subset of C? where d = dimc(X). On the other hand, singular
points (points that are not smooth) may admit neighborhoods homeomorphic to
Euclidean balls, but such a homeomorphism is never C*-smooth for any & > 1
([Mil68]). If such a local homeomorphism around a singular point does not exist, we
will say that point is a topological singularity (which we also call ugly).
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2.2. Reductive Groups

A complex affine algebraic group G (C-group for short) is a group that is also a
complex affine variety where the group operations are regular functions. Such a group
is reductive if its radical (the identity component of its maximal normal solvable
subgroup) is an algebraic torus (isomorphic to product of C*’s). Unless otherwise
stated, in this paper G will always be a reductive C-group.

It is a theorem ([OV90]) that every reductive C-group is the complexification
of a compact Lie group (and vice versa). Consequently, every reductive C-group
has a finite number of components. When G is further assumed to be connected
(as we will do), the central isogeny theorem ([Mill7]) shows that G = DG xp T,
where DG = [G, G] is the derived subgroup, T' is a maximal central algebraic torus,
and F = DG N T is finite. Since DG is semisimple, its universal cover DG is a
finite product of simply connected simple Lie groups (which are classified by type:
An, B, Cy, Dy, Eg, Eq, Eg, Fy, Go).

A maximal connected solvable subgroup of G is called a Borel subgroup. A Zariski
closed subgroup P is parabolic if P contains a Borel subgroup. This is equivalent
to G/P being a projective variety ([Bor91]). A Levi subgroup of a Zariski closed
subgroup H C G is a Zariski closed, connected subgroup L such that H is a semi-
direct product of L and the unipotent radical of H. Thus all Levi subgroups are
reductive.

2.3. Geometric Invariant Theory

General references for Geometric Invariant Theory (GIT) which we refer to are
[MFK94] and [Dol03]. Given a reductive C-group G acting on an affine variety X (via
regular mappings), there is an induced action on C[X] via g- f(z) = f(¢~" - z). Any
variety with such a G-action is called a G-variety. It is a theorem of Nagata ([Nag64])
that the ring of invariants C[X]¢ is finitely generated since G is reductive (otherwise,
it may not be). Consequently, there is an affine variety X /G := Spec,,,,(C[X]%)
called the categorical quotient of X by G and a regular morphism 7g : X — X//G
dual to the inclusion C[X]% < C[X]. It is universal in the sense that every G-
invariant morphism of varieties f : X — Y uniquely factors through =g : X — X//G.
It is a good categorical quotient since for every Zariski open U C X /G, we have
Oxyc(U) = Ox(rz'(U))Y, and disjoint closed G-invariant subsets of X map to
disjoint closed subsets of X /G. Moreover, for every [z] € X/G, 75" ([z]) contains a
unique closed orbit, and 7g(x) = mg(y) if and only if the closures of the G-orbits of
x and y intersect non-trivially.

For a point = € X, let G(z) denote its G-orbit and G, denote its stabilizer. Let
Z =NzexG,. A point x € X is called polystable if G(x) is closed. Following [Ric88],
if x is polystable and G,./Z is finite the point z is called stable, and if G, = Z it is
called good. The points that are not polystable are called unstable. We note that this
definition of stable coincides with that of [MFKO94] for the induced effective action
of G/Z on X.
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98 C. GUERIN, S. LAWTON & D. RAMRAS

Let X* be the set (or locus) of polystable points, X*® the set of stable points, and
XY the set of good points. Then X* X* and X9 are constructible (finite union
of locally closed sets), and X*® and X9 are Zariski open (but may be empty). The
action of G/Z on X* and XY is proper and so X°/G = X*®/G is an orbifold and
X9)G = X9/G is a manifold ([JM87]). Any point that is stable but not good will
be called bad; such points are at worst orbifold singular.

By [Lun76], the orbit space X*/G is homeomorphic to X /G with the analytic
topology (see also [FL14, Theorem 2.1] for an elementary proof). Moreover, by [FL17,
Proposition 3.4] the non-Hausdorff orbit space X/G is homotopic to X /G with the
analytic topology.

2.4. Luna’s Slice Theorem

Let € X*, then GG, is a reductive subgroup of G. Let S, be a G -invariant locally
closed affine subvariety of X containing x. Then there is a morphism G x S, — X
given by (g,s) — g-s and also a G-action on G' x S, given by h-(g,s) = (gh™', h-s).
Let G xg, S, := (GxS,)//G,. There is then an induced morphism u : G xXg, S, — X
given by [g,s] — ¢ - s, and the projection G x S, — S, induces an epimorphism
G X Gy Sz* — Sa;//GZ» = (G X Gy Sx)//G

We say a morphism ¢ : X — Y is étale at x if and only if there is an isomorphism of
the completion of local rings: 0, % This implies, in the analytic topology, there
is a local homeomorphism at x, and at smooth points there is a local diffeomorphism
(see [Sch04]).

In [Lun73] (see also [Dré04]) it is proved that for every x € X*, there exists a
G-invariant locally closed affine subvariety S, C X containing x such that the
following diagram commutes:

GXGISQC%X

Urel
8./ Ge - X G,
where the image of p is open, and horizontal morphisms are étale. The subvariety
S, is called an étale slice and this theorem is known as Luna’s Slice Theorem.

Let N, :=T,(X)/T,(G(x)). Then T, (G(z)) is invariant under the natural action
of G, on T,(X), and the induced action of G, on N, := T,(X)/T,(G(x)) is called
the slice representation. Assume that x is a smooth (polystable) point in X. Then
there exists a G -invariant morphism ¢ : X — T, (X) that is étale at  and ¢(x) = 0.
In this case, Luna’s Slice Theorem implies there exists a commutative diagram:

-
s, )G N a,,

SDISx

Sa

where the image of ¢|g, is open, and horizontal morphisms are étale.
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Putting these two theorems together, we have:

PROPOSITION 2.1. — Let G be a connected reductive C-group, X a smooth affine
G-variety over C, and x € X*. Then |x] is smooth, singular, or ugly in X//G if and
only if [z] is respectively smooth, singular, or ugly in N, //G.,.

We will call N, /G, the local model of [x] in X)/G.

3. Character Varieties: Good, Bad, and Ugly

Most of the results in this section are taken directly from [Ric88]. Compare
also [Sik12].

3.1. Representations: Irreducible, Reducible, & Completely Reducible

Let G be a reductive C-group. A G-representation of F,., or simply a representation
when the context is clear, will be a group homomorphism from a rank r free group
F,. to GG. We refer to these homomorphisms as representations since there exists
([OV90, Theorem 8 on p. 104]) a faithful algebraic morphism G — GL,,(C) for some
natural number n (which can be assumed minimal), and so each p € Hom(F,, G) is
a representation of F, in the traditional sense (although not canonically).

Since Hom(F,, G) is naturally identified with the Cartesian product G”, and G is
an affine variety, Hom(F,, G) can be given the structure of an affine variety too; it is
necessarily irreducible if G is connected. As G is a Lie group, Hom(F,, ) is smooth
and has the structure of a (holomorphic) manifold in the analytic topology.

The natural equivalence for representations is conjugation. Precisely, G acts ratio-
nally on Hom(F,, G) by g-p(w) = gp(w)g~" for all w € F,. Let Z(G) be the center of
G, and PG := G/Z(G). Then PG acts on Hom(F,, G) by conjugation as well since
the center acts trivially.

A representation p € Hom(F,, G) is irreducible if the image p(F,) is not contained
in a proper parabolic subgroup of G. By [Ric88, Theorem 4.1], a representation
p € Hom(F,, G) is irreducible if and only if it is stable.

Since the stable locus in GIT is Zariski open and mg-saturated, the set of irre-
ducible representations Hom(F,, G)"" C Hom(F,,G) = G" is as well, and hence
Hom(F,, G)"" is a smooth submanifold of G". Consequently, the complement of the
irreducible locus, denoted Hom(F,, G)"? and called the set of reducible represen-
tations, is Zariski closed and mg-saturated (thus, Hom(F,, G)" is a finite union
of locally closed submanifolds). Moreover, by [Ric88, Lemma 3.3], the irreducible
locus is non-empty if > 2 (and empty if r = 1 and G is non-abelian by [Ric88,
Remark (b) to Theorem 4.1]).

Since there are only finitely many conjugacy classes of proper parabolic subgroups
of G, the reducible locus is the union of finitely many algebraic sets of the form

Hp = UgeG/PI—IOIn (Fmgpg_l)
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where P < G is a proper parabolic. Since G/P is complete, Hp is Zariski closed;
see [Sik12, Proposition 27].

A representation p is completely reducible if for every proper parabolic P containing
p(F,), there is a Levi subgroup L < P with p(F,) < L. Note that irreducible
representations are completely reducible (vacuously). By [Ric88, Theorem 5.2], a
representation p: F, — G is completely reducible if and only if it is polystable.

The GIT quotient X,(G) := Hom(F,,G) /G is called the G-character variety of
F,. For any labeled subset Hom(F,, G)"**™ C Hom(F,, G), we will let X, (G)"*""" :=
7e(Hom(F,, G)“*EEL). So, for example, X, (G)"" is Zariski open and X,.(G)"? is Zariski
closed.

3.2. Representations: Good & Zariski Dense

Following [JM87], we define the good locus to be the subspace
Hom(F,, G)*** C Hom(F,,G)""

of representations whose PG-stabilizer is trivial. Representations in the good locus
will be called good. By [JM87, Proposition 1.3], Hom(F,, G)9°? is Zariski open, and
since it is mg—saturated, X,.(G)9°°? is Zariski open as well. In particular, Hom(F,, G)9°°?
is an open subset and a smooth submanifold of G" (non-empty for r > 2).

There is another locus that is important to consider. Let Hom(F,, G)* be the set of
representations whose image is Zariski dense. This set is contained in the good locus,
but is generally not equal to it. For example, if one takes the principal SLy(C) inside
some complex reductive group G (different from type A;), then any representation
that is Zariski-dense in SLy(C) will induce (with this principal inclusion) a good
representation in G whose image is not Zariski dense (see [Bou05, Chapter VIII,
Paragraph 11, Section 4] for the existence of the principal SLy(C) and [Tit55] for
the fact that it only commutes with central elements in G).

To analyze the Zariski dense locus, we will need the following fact regarding Zariski
closed subgroups.

LEMMA 3.1. — Let G be a semisimple C-group and let T' be a complex algebraic
torus. If H is a subgroup of G xT' then H is Zariski dense if and only if the projections
of H onto the two factors are Zariski dense.

Proof. — Let p1 : G xT — G and py : G x T — T be the projections onto the
factors of G x T

First assume that H is Zariski dense in G x T'. Then by continuity of p; and po,
p1(H) and po(H) are both Zariski dense.

Now assume that p;(H) and po(H) are Zariski dense in G and T, respectively. Let
K denote the Zariski closure of H. Then K is a subgroup of G x T, and we claim
that K surjects onto G and T via the corresponding projections. Indeed, since G
and T are compact in the Zariski topology, the projections are closed maps (with
respect to the Zariski topology) and hence p;(K) is a Zariski closed set containing

pi(H).
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By Goursat’s Lemma (see [Gou89, Sections 11-12] or [Lam58, Section 2]), Ker(p;)N
K is normal in T'; Ker(ps) N K is normal in G, and K is identified through p; x p, as
the graph of an isomorphism between G//(Ker(ps) N K) and T'/(Ker(p;) N K). Since
G/(Ker(p2) N K) is a semisimple Lie group and 7'/(Ker(p;) N K) is abelian, both of
these (isomorphic) quotients must be trivial.

As a result, G = Ker(py) N K and T = Ker(p;) N K. It follows that K contains
both factors G and T', whence K = G x T. O

ProOPOSITION 3.2. — Ifr > 2 and G is a connected, reductive C-group, then
X,(G)** := Hom(F,, G)*?/G is Euclidean dense in X,(G).

Proof. — When r > 2 [Gel08, Lemma 1.8] implies Hom**(F,, G) ¢ Hom(F,, G) is
non-empty.

For our first case, suppose G is semisimple. Then HomZd(Fr, () is Zariski open
by [AB94, Proposition 8.2] and hence dense since Hom(F,, ) is connected. Let

ng : Hom(F,,G) — X,.(G)

be the GIT quotient map. Every Zariski dense p is irreducible and, hence, a sta-
ble point of the action of G by conjugation, by [Sik12, Corollary 31]. By [Dol03,
Theorem 8.1 and Property (iv)] (of a good categorical quotient), 75" ([p]) is the (set-
theoretic) G-orbit of p. Thus, since Hom(F,, G)* is invariant under the conjugation
action, we conclude that 7' (7¢(Hom(F,, G)*?)) = Hom(F,, G)*?. Thus, X?¥(G) is
Zariski open and hence dense in X,.(G).

Now assume G is connected and reductive. Then G = DG x T where DG = [G, G|
is semisimple, T' is a central algebraic torus, and F' = T'N DG is a finite central
subgroup. From this, by [Sik15, Proposition 5] or [BLR15], the inclusions of DG and
T into G induce an isomorphism ¢ : X,.(DG) xpr X,.(T) — X,.(G).

Lemma 3.1 implies that ¢ maps the subspace X,(DG)*¢x g+ X, (T)* C X,(DG) X pr
X, (T) into X, (G)*, so to complete the proof it will suffice to show that X,.(DG)*? x pr
X,(T)** is Euclidean dense in X,(DG) x g X,(T), and for this it suffices to show
that X,.(DG)*? and X,.(T)*¢ are Euclidean dense in X,(DG) and X,.(T'), respectively.

We have seen above that X, (DG)*? is non-empty and also Zariski open in X, (DG).
Since X,(DG) is irreducible, it follows that X,.(DG)*? is Euclidean dense in X, (DG).
Since the set of elements of 7" generating Zariski dense subgroups in 7" is Euclidean
dense, X,.(T)?® is dense in X,(T') = T", completing the proof. O

Remark 3.3. — Proposition 3.2 and its proof are a special case of [LS19, Lemma 6].
Lawton notes that there is a minor mistake in the published version of [LS17] that
does not change any of the main results and is corrected in the arXiv update [LS19].
Precisely, in [LLS17, Theorem 6, and Corollaries 7, 8, and 10|, “irreducible” needs to
be replaced by “Zariski-dense.”

3.3. Representations: Bad & Ugly
Define the locus of bad representations as the collection of irreducible representa-

tions that are not good; that is, whose G-stabilizer is strictly larger than the center

of G.
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102 C. GUERIN, S. LAWTON & D. RAMRAS

The collection of bad representations, denoted Hom(F,., G)%?, is thus Zariski closed

in the irreducible locus (again this follows from [JM87, Proposition 1.3]).
We denote the smooth locus X,.(Q) := X,.(G) — X,.(G)*™9 where X,(G)*"™ is the
subvariety of (algebraic) singular points.

Remark 3.4. — From [FL12], if G is SL,(C) or GL,(C) then
XT<G) — %T<G)good — %T<G)irr

as long as (r — 1)(n — 1) > 2. From [HP04], this result does hold true when G =
PSLy(C). In Section 8, we show that if G is simple the only time the bad locus is
empty is when G = SL,(C), which resolves a conjecture of Sikora [Sik12].

Define an ugly representation to be one that is a topological singularity in X,.(G)
with respect to the analytic topology.

In other words, p is ugly if and only if every open set around [p] is not homeomorphic
to a Euclidean space. When G is connected we can say more: if [p] is not ugly, then
it has a neighborhood homeomorphic to C?, where d = dim¢ X,(G). This follows
from Invariance of Domain together with density of the smooth locus.

We note here that:

if r > 2, and dim¢ X;(G) = Rank(G), where the rank of G is the dimension of one
of its Cartan subgroups (the centralizer of a maximal torus). In [FL12], it is shown
when G is GL,(C) or SL,(C) that there exists ugly representations if and only if
(r—1)(n —1) > 2; in these cases all ugly representations are in the reducible locus.

3.4. Summary

In [Ric88], Richardson showed that the singular locus of X,.(G) is precisely the
union of the bad locus with the reducible locus if G is semisimple, » > 2 and the
Lie algebra of G does not have any rank 1 simple factors. In [FL17] this result is
extended to connected reductive groups G with the same condition on the simple
factors of the Lie algebra of the derived subgroup DG.

In Section 5, we will establish that if » > 3, then the singular locus coincides
with the union of the bad locus and the reducible locus, and we will show that all
algebraic singularities are in fact topological singularities (ugly). The first result
extends Richardson’s Theorem by removing the local rank condition when r > 3.
The second is analogous to Mumford’s result that all algebraic singularities in a
normal complex algebraic surface are ugly.

In Figure 3.1, we have organized the previously defined subspaces of representations
in a Venn diagram.

4. Bounding the codimension of bad representations

To prove our main theorems, we need to bound the codimension of the bad locus.
To do so, we need to study the Lie algebras of reductive C-groups. One can find
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Completely Reducible
(non—irreducible) Good

Singular (Algebraic)

Ugly

Zariski Dense

Bad | Singular (Algebraic/Orbifold)
Not Polystable
Ugly
Reducible Irreducible

Figure 3.1. Venn Diagram of Representations.

the following terms, facts and notation in any standard text covering Lie algebras
like [OV90], or [FHI1].

A complex Lie algebra g is reductive if its radical (largest solvable ideal) is equal to
its center. There are many equivalent formulations. In particular, g is a direct sum of
its center and a finite number of simple subalgebras (not containing any non-trivial
proper ideals). If G is a reductive C-group, then its Lie algebra, denoted Lie(G) or
g, is a complex reductive Lie algebra.

A Cartan subalgebra h C g is a maximal abelian subalgebra such that ady is
diagonalizable for each H € h. Given a Cartan subalgebra, a root (or more specifically,
an h-root) is a non-zero element « € h*, the dual of b, for which there exists a non-
zero X € g with a(H)X = [H, X] = ady(X) for all H € h. We denote the set of
roots by A. So for each ov € A we have a generalized ady-eigenspace (called the root
space)

0o ={X €g: ady(X) =a(H)X forall H € b}.
It is a standard fact that each g, is one-dimensional (over C), and we have the root
space decomposition
g=ho P go
a€EA

The following definition, which can be found in [Rub92|, will be important for our

purposes.

DEFINITION 4.1. — Let g be a Lie algebra. We say that a subalgebra s C g is
regular if it contains a Cartan subalgebra of g.

LEMMA 4.2. — Let s C g be a regular subalgebra of the complex Lie algebra g,
and let b be a Cartan subalgebra of g that is contained in s. Then

5:h@ @gaa

ac A/
where A’ C A is the set of h—roots satisfying g, Ns # 0.

Note that since dim¢ g, = 1, the condition g, Ns # 0 is equivalent to g, C s.
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Proof. — Since h C s and each element of g can be written in the form X =
H+Y,caXo (with H € hand X, € g,), it suffices to check that whenever such an
element X lies in s, each term X, actually lies in s. Moreover, since h C s, it suffices
to prove the statement: it X = 3, oA X, € s, for some X, € g,, then X, € s for
each a. For any such vector X, let n(X) denote the number of non-zero terms X,.
We will prove the statement by induction on n(X).

For the base case, n(X) = 1, there is nothing to prove. For the induction step, let
{ai, ..., o)} be a basis for Spanc{a : X, # 0}.

If £ =1, then writing a = aq, either X = X, and there is nothing to prove, or
else —a € A and X = X, + X_, for some X_, € g_,. In this case, choose H € h
with a(H) # 0. Then

[H, X] = a(H) X0 — a(H)X_o = a(H) (Xq — X_4) € 5,

so X, — X_, € s as well, and after adding X we see that X,, X_, € s, as desired.
If £ > 2, choose an element H; € b such that «;(H;) is non-zero if and only if
i = 1. Then setting X’ = X —>; X,,,, we have

[Hl,X] = Oél(Hl)Xal + [Hl,Xl] cs.

We can apply our induction hypothesis to the element oy (H;)X,, + [Hi, X'], so we
conclude that X,, € s. Applying the induction hypothesis to X — X,,, we find that
all the remaining terms in X also lie in s. U

LEMMA 4.3. — Let 3,91, ..., g, be complex Lie algebras, with j abelian and g;
simple, and let g = 38 g1 P - - - D g,. Then every regular subalgebra of g is conjugate
to one of the form 3 ® s & - - - & s,,, where s; is a regular subalgebra of g;.

Proof. — Letting b; be a Cartan subalgebra of g;. Then h :=3d b, d --- Db,
is a Cartan subalgebra of g, and since all Cartan subalgebras of g are conjugate, it
suffices to show that every subalgebra of g containing § has the desired form.

So, we now assume that s contains h. Let A be the set of h—roots of g. By
Lemma 4.2, there exists A’ C A such that

(4.1) s=hd P ga.
ac A/

We claim that each of the generalized eigenspaces g., o € A, is in fact contained
in g; for some i. Let m;: h — bh; and j;: g; < g be the projection and inclusion maps,
respectively, for the ¢th factors, and let A; be the set of h;—roots of g;,. Computation
shows that 7} (A;) € A — more specifically, for all a; € A; we have ji((gi)a;) C 8ras
and in fact equality holds since these root spaces are one-dimensional. Comparing
the root space decompositions of g and of the g;’s, we see that A = J;(7F(4;)). Since
Irra = Ji((9i)a; ), this proves the claim.

It follows that in the decomposition (4.1), each summand (apart from §) is con-
tained in j;(g;) for some i. Letting s; be the direct sum of h; with those summands
contained in j;(g;), we obtain the desired decomposition of s. O

We note, as the reader may be wondering, that regular elements in a Lie algebra
(elements with minimal dimensional centralizers) are not directly related to the
regular subalgebras as defined above. However, a key example of a regular subalgebra
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is the centralizer of a semisimple element (an element that is diagonalizable with
respect to a finite dimensional representation of G).

LEMMA 4.4. — Let G be a connected, reductive C-group with Lie algebra g. If
g € G is a non-central semisimple element, then the centralizer

30(9) = {X € glady(X) = X}

is a regular reductive subalgebra of g.

Proof. — A Cartan subgroup of G is a subgroup such that its Lie algebra is Cartan.
Since ¢ is semisimple, there exists a Cartan subgroup containing g. Now let h be the
corresponding Cartan subalgebra, and since g is reductive, we know g = hE P, c A ga
where A is the set of roots with respect to §. Since the derivative of Ad is ad, we
have b C 34(g). Now let A’ C A be the h-roots a such that 34(g) N g 7# 0. Then by
Lemma 4.2,

39(9) =bh® @ Ja-
ac A/

Since the center of g is contained in h and 34(g) contains b, the center of 34(g) is
equal to the center of g. So to show 34(g) is reductive it suffices to show that its
quotient by the center of g is a semisimple Lie algebra. This latter fact is equivalent to
A’ being stable by multiplication by —1. For each o € AU{0} C b*, set \, = e*H0),
Then ad,(X) = A\ X, and Aoy 3 = AaAg. Moreover, A\g = 1, and hence for each o € A
we have 1 = \g = A\ A_o. Now, a € A’ if and only if A\, = 1, so we conclude that
if € A’ then —a € A’ too. Thus, A’ is stable under multiplication by —1 and so
3q(g) is reductive. O

We will call a subgroup of GG bad if it is not contained in a parabolic subgroup
and its centralizer is not equal to Z(G) (see [Guél8al, for example). Thus, a G-
representation of F, is bad if and only if its image is a bad subgroup.

To understand bad subgroups we will need to understand maximal regular sub-
algebras. Such a subalgebra is either parabolic (contains a Borel subalgebra, i.e. a
maximal solvable subalgebra) or reductive. The latter case leads to the following
definition (see [BdS48, Rub92]).

DEFINITION 4.5. — Let G be a reductive C-group and let g be a reductive Lie
algebra. We say that a reductive subalgebra s of g is a Borel-de Siebenthal subalgebra
if it is proper, has the same rank as g and s/3(g) is semisimple.!) A subgroup of
G is said to be a Borel-de Siebenthal subgroup of G if it is connected and its Lie
algebra is a Borel-de Siebenthal subalgebra of Lie(G).

One easily shows that every Borel-de Siebenthal subalgebra is regular. When g
is semisimple, a Borel-de Siebenthal subalgebra is a semisimple proper subalgebra
of g of maximal rank. In the sequel we will write BdS to abbreviate “Borel-de

Siebenthal.”

Example 4.6. — The subalgebra s0,,(C) inside s05,,1(C) is a BdS subalgebra
as they both have rank n. The subalgebras spy;, (C) X §p,, _5.(C) inside sp,, (C) are

() Note that every subalgebra of full rank must contain the center.
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BdS subalgebras for 1 < k < n — 1 since the rank of the former is k + (n — k) =n
which is the rank of the latter.

Remark 4.7. — Parabolic subalgebras of g, up to conjugation, are in bijection
with subsets of nodes of the Dynkin diagram of g, see [Bor91]. So maximal parabolic
subalgebras are classified up to conjugation by removing a single vertex from the
Dynkin diagram of the original Lie algebra. While it is not trivial, it is also possible
to classify BdS subalgebras up to conjugation. Using the isomorphism

3(9) < [9,0] — @

and the fact that semisimple algebras are direct sums of simple ones, it suffices to
do it in the simple case. Then, the classification comes down to classifying sub-root
systems of the root system of g which have the same rank as g. Such an analysis
leads to Table A.2 of maximal BdS subalgebras.

For p : F. — G we let Zg(p) be the centralizer of the image of p. In these terms,
p:F, — G is a bad representation if and only if p is irreducible and Zs(p)/Z(G) is
not trivial.

PROPOSITION 4.8. — Let p be an irreducible representation, then Zg(p)/Z(G)
is finite. Consequently, if g € G commutes with an irreducible representation it must
be semisimple.

Proof. — [Sik12, Corollary 17| says Zq(p)/Z(G) is finite in slightly different lan-
guage. Thus, if g € G commutes with p then, ¢Z(G) has finite order in Zg(p)/Z(G),
and thus there exists n so g" is central. Since Z(G) = (C*)* x A for some finite
abelian group A, we can write ¢g" = s"a for some s € (C*)¥, a € A, and now
g = (gs™1)s is a product of a finite order (hence semisimple) element with a central
element. Thus, ¢ is semisimple. 0

Proposition 4.8 and Lemma 4.4 together allow us to prove the following character-
ization of bad representations.

PROPOSITION 4.9. — Let G be a connected, reductive C-group. Then the image
of a bad representation p : F, — (G is contained in the normalizer of some Levi
subgroup of a proper parabolic subgroup or of some BdS subgroup of G.

Proof. — Let B = p(F,) be a bad subgroup of G. Since B is bad, there exists a
non-central element £ commuting with every element of B. Proposition 4.8 implies
that ¢ is semisimple.

Let Z := Zg(£€)° be the identity component of Zg(€) = {g € G | g€g~! = £}. Let
N be the normalizer of Z. Then since bzb~ ¢ = bzb~! for all z € Z and all b € B,
and conjugation preserves identity components, we conclude B < N.

By Lemma 4.4, the Lie algebra 3 of Z is regular and reductive. If 3/3(g) is semisimple
then Z is a BdS subgroup by definition and we are done.

Otherwise, let t be the inverse image in 3 of the radical of 3/3(g). We claim that t
is abelian. Indeed, since 3 is reductive, so is 3/3(g), and hence the radical t/3(g) is
abelian; but then t C 3 is a solvable ideal in 3, so it too is abelian. Now t exponentiates
to a torus (i.e. a connected, semisimple, abelian group) in Z which is central in Z
but not in G. In particular, L = Zg(Z(Z)°) is proper. Since B normalizes Z, B
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normalizes L. Since Z(Z)" is a torus, its centralizer in G is a Levi subgroup of a
parabolic subgroup of G, which must be proper since L is proper. 0J

Recall that a complex Lie algebra g is the semi-direct product of its radical
and a semisimple subalgebra called a Levi subalgebra. Proposition 4.9 highlights a
dichotomy that motivates the following definition.

DEFINITION 4.10. — Let G be a reductive C-group, g its Lie algebra, and p :
F,. — G a bad representation. We say that p is:

(Type 1) if p(F,) normalizes a Levi subalgebra of a proper parabolic subalgebra, and
(Type 2) if p(F,) normalizes a BdS subalgebra.

There is nothing preventing a bad representation to be both of (Type 1) and
(Type 2). When G is simply connected, only bad representations of (Type 2) may
arise (see Section 8 for details).

For a subalgebra s of a Lie algebra g, let ng(s) :={X € g | [X,Y] €5, foral V
€ s} be the normalizer of s.

LEMMA 4.11. — Let g be a reductive group and s be a regular subalgebra of g.
Then
ny(s) =s.

Proof. — Clearly, s C ny(s). Let h be a Cartan subalgebra of g contained in s. It
follows that ny(s) is regular (since it contains h). By Lemma 4.2 we may write

hCng(s) =hHo @ Yo

ae A

where A’ is the subset of the set of h-roots g, of g satisfying g, Nny(s) # 0. Then,
forany H € h C 5, « € A’ and non-zero X, € g,, since X, normalizes s, we have

[Xo, H] = a(H)X, € 5.

If X, does not belong to s, then we must have o(H) = 0. But H was an arbitrary
element of b, so & = 0, which contradicts o € A’. As a result, X, must belong to s
and therefore ngy(s) is contained in s. O

A subgroup A of G is said to normalize a subgroup B if A < Ng(B). For example,
B always normalizes itself. We have shown in Proposition 4.9 that bad subgroups
normalize a Levi subgroup of a parabolic subgroup in G, or a BdS subgroup of G.

COROLLARY 4.12. — Let G be a reductive C-group and S a connected subgroup
containing a Cartan subgroup of G, then N¢(S)/S is a finite group.

Proof. — Lemma 4.11 implies that Ng(S)/S is a discrete group. Since Ng(S)
is algebraic, it has a finite number of connected components. Thus, Ng(S)/S is
finite. U

The next Lemma 4.13, which generalizes [FL17, Theorem 2.9], will be used to give
a lower bound on the codimension of the bad locus.
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LEMMA 4.13. — Let G be a reductive C-group, r > 2 and H be an algebraic
subgroup of G. Let

o : G x Hom (F,, H) — Hom (F,, G)
be defined by (g, p) — gpg~'. Let H be the image of py. Then
codimg(H) = (r — 1)codime(H).

Proof. — For each p = gig~' € H, with ¢: F, — H, the fiber of ppy over p
contains the subspace {(gh, h"*h) : h € H}, which is homeomorphic to H. Hence
each fiber of ¢y has dimension at least the dimension of H. The result now follows
from Hardt’s Theorem [Har80] (see also [Cos00, Corollary 4.2]). O

We remark that H in the above lemma is exactly the set of representations p :
F, — (G which are conjugate in G to a representation with values in H. We now put
together the above results to obtain a bound on the codimension of the bad locus.

THEOREM 4.14. — Let G be a connected, reductive C-group and r > 2. Then
codim¢ (Homb“d(Fr, G)) > 2(r — 1) min {Rank(G’) G' is a simple factor of BE} :

Proof. — By Proposition 4.9, for each bad representation p there exists a sub-
group S < G, which is either a Levi subgroup of a proper parabolic subgroup
(Definition 4.10 (Type 1)) or a BdS subgroup (Definition 4.10 (Type 2)), such that
the image of p is contained in the normalizer Ng(S). Recall parabolic subgroups P
are in bijection (up to conjugation) with subsets of nodes from the Dynkin diagram
of g, and Levi subgroups of a parabolic are all conjugate by elements of P. So there
are finitely many conjugacy classes of (Type 1) subgroups. Similarly, by [Tit55]
there are only finitely many conjugacy classes of (Type 2). Thus there exists a finite
set S of subgroups of GG such that the image of each bad representation is contained
in a conjugate of Ng(S) for some S € S.

There exists a decomposition g=3® g1 P --- b g, with 3 abelian and g, simple
for each i. By Lemma 4.3, we may assume without loss of generality that for each
S € §, its Lie algebra s has the form 3 s, & --- & s,, where s; = g, for all but
one index i(5), and s;5) C g4(s) is either a maximal proper parabolic or a maximal
proper BdS subalgebra of g;(g).

Now we apply Lemma 4.13. Let Ng be the image of ¢, (s), where pn(s) is the
map in Lemma 4.13. So Hom(F,, G)"? C Ugc sNs. Thus,

dim¢ (Hom(Fr, G) ) < max dime Ng
which implies
codim¢ (Hom(Fr, G)bad) > rdime(G) — max dime NV,
and so
. bad . .
codim¢ (Hom(F G ) > min codimcNs.
From Lemma 4.13, for each S € S, codimg(Ng) > (r — 1)codime(Ng(.S)). Therefore,
codime (Hom(F,, G)***) > (r — 1) min codime (Ne(S)).
c
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Lemma 4.12 now yields
codimg (Ng(S)) = codime(5),
and so

codimg (Hom (F,, G)bad) > (r—1) min codimg(9).

Since G and S are connected it suffices to prove the analogous result for their
corresponding Lie algebras.

In the simple case, the claimed bound is a consequence of the explicit classification
of Levi subalgebras of maximal parabolic subalgebras, and maximal BdS subalgebras
in simple Lie algebras. This classification in the case of maximal parabolic subalgebras
can be derived from [Bor91]. The classification of BdS subalgebras follows from work
of [Tit55]. We tabulate the codimension of all such simple Lie algebras in Tables A.1
and A.2 in Appendix A, finding the required codimension bound in each case.

For a general reductive group, from our choice of S, for each s € S, we see that
the codimension of s is the same as the codimension of s;(5) in the simple factor g;s).
The desired codimension bound now follows from the case of simple Lie algebras. [

Remark 4.15. — A couple remarks are in order. When referring to Tables A.1
and A.2, one might be tempted to think there are a few low rank exceptions to
the above theorem. However, this is not the case since there are the following
low rank isomorphisms: sp,(C) = sl,(C), and sp,(C) = s05(C). And s04(C) =
5l5(C) x sl(C) and so is not simple. The last case that is not addressed in the tables
is when G' = SO, (C). In that case, it is easy to see that the bad locus is empty. So
codimg¢Hom(F,, G)"¢ = dim¢c G™ = r > 2Rank(DG) = 0 since the derived subgroup
of an abelian group is trivial, and so has rank 0.

5. The Singular Locus

In this section we undertake a close analysis of singularities in X,.(G) in both the
algebraic and topological categories.

5.1. Local Structure

For a subset X of a group G, let Z5(X) be the group of elements in G that
commute with all elements in X. We let Zg(p) for p € Hom(F,, G) be Zg(p(F,)).

LEMMA 5.1. — Let G be a reductive C-group. Let I' be a subgroup of G containing
Z(G) such that I'/Z(G) is finite, and non-abelian. If vZ(G) € I'/Z(G) is not central
in I'/Z(G), then dim¢ Zg(I') < dime Za (7).

Proof. — Since I'/Z(G) is finite, 7 needs to be semisimple (compare Proposi-
tion 4.8). Write v = Exp(X) with X € g. Then Z;(v) contains the 1-parameter
subgroup generated by X while Zg(I') does not, whence the result. O
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PROPOSITION 5.2. — Let GG be a reductive C-group and r > 2. Bad representa-
tions F, — G with abelian (non-trivial) stabilizers in PG are FEuclidean dense (and
hence Zariski dense) in the locus of bad representations F, — G.

Proof. — Let p be a bad representation and assume its stabilizer Z¢(p)/Z(G) in
PG is non-abelian. Let € be in Z¢(p) and assume £Z(G) is not central in Zg(p)/Z(G).

By the preceding Lemma 5.1 applied to Zg(p) and &, dime Zg(Za(p)) <dime Zg(€).
It follows that dim¢ Hom(F,, Z¢(Za(p))) < dime Hom(F,, Z¢(€)), and therefore the
complement of Hom(F,, Z¢(Za(p))) is dense in Hom(F,., Zg(§)).

Given an open subset of Hom(F,, Z5(§)) containing p, up to intersecting with the
irreducible locus, we may assume that it is an open subset of the irreducible locus.
Call this neighborhood U. From the previous paragraph, there exist representations
in Zg(€) that do not commute with Zg(p). Therefore, in U there is an irreducible
representation p’ commuting with & but not with Zg(p) and thus a bad representation
P with a strictly smaller centralizer.

If Zo(p')/Z(G) is abelian, we are done and if it is not we may repeat the above
argument to find a bad representation with a strictly smaller stabilizer in PG. Since
the stabilizer is finite, this process will eventually stop. O

For a group G acting on a space X, we denote the fixed locus by X“. We now show
that for bad representations, the action of the stabilizer on cohomology never includes
pseudoreflections, that is, finite order elements whose fixed locus is of codimension 1
(compare [Ric88, Lemma 8.5]).

PROPOSITION 5.3. — Let G be a connected, reductive C-group and r > 2. If
p: F. — G is a bad representation commuting with § ¢ Z(G). Then
COdim(cHl (FT; gAdp)<£> > 2.

Proof. — First, Adg is of finite order since Zg(p)/Z(G) is finite. Then we have the
decomposition:

g=gYaV,
where V' is a sum of eigenspaces of £ for eigenvalues # 1. It follows that the decom-
position above is stable under p. As a result, we have :

H' (Frsgaa,) = H' (Fri08),) @ H' (F5 V)

where the action of ¢ is determined by the action on the coefficients of cohomology.
In particular,

H (Frigaa,) " = H' (Frigf)).
The dimension of H'(F,; V) is computed as:
rdime V — (dime V — dime VF7) = (r — 1) dime V + dime V.
It follows that
codimc H?! (Fr; gAdp)<£> > (r—1)dimc V > dim¢ V.

Since V is, by definition, complementary to g¢ = 3(¢) = Lie(Zg(€)), we have
dim¢ V' = codimcZg(€) and since Zg(€) is regular and reductive (by Lemma 4.4),
codimcZ¢(€) is even and therefore greater than or equal to 2 (since £ ¢ Z(G)). O
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LEMMA 5.4. — A representation [p| € X,(G) is singular (respectively ugly) if
and only if [0] is an algebraic (respectively topological) singularity in H'(F,;gaa,)/
Stab(p). In fact, if [p] is not ugly in X,(G) and Stab(p) is finite, then H'(F,; gaa,)/
Stab(p) is homeomorphic to a Euclidean space.

Proof. — Let [p] € X,.(G). Without loss of generality, we can assume p is polystable
since there exists a unique closed orbit in 75'([p]). Using the Luna Slice Theo-
rem [Dré04, Lun73], [FL12, HP04, Sik12] shows for every polystable p € Hom(F,, G),
there is a local model of [p] € X,(G) of the form H'(F,;gaa,)/Stab(p), where
H'(F,; gaa,) is group cohomology with coefficients in the Ad,-module g, and Stab(p)
is the stabilizer of p in PG. The C-points of H'(F,; g Ad,) are isomorphic to a C-vector
space V' where 0 corresponds to [p], and I" := Stab(p) is a subgroup of PG acting
linearly (and so fixes 0). The first part then follows by Proposition 2.1.

The final statement of the lemma follows from the more general fact that if T’
is a finite group acting linearly on a C-vector space V', and there is a neighbor-
hood of [0] € V//T" that is homeomorphic to Euclidean space, then VT itself is
homeomorphic to Euclidean space. To prove this, note that if (, ) is any Hermitian

inner product on V, then (v,w) := >, cq{v,w) is a I'-invariant Hermitian inner
product, whose associated norm |v| := /(v,v) is also I'-invariant. Since all norms

on finite dimensional C-vector spaces are linearly equivalent, balls and spheres in
this I'-invariant norm are homeomorphic to ordinary balls and spheres. Now I' acts
on each sphere

Se={veV: |v=¢},

and in fact by linearity of the action, the scaling map s : S, — S., given by scaling
each vector to have the desired length, is I'-equivariant (that is, g(sv) = sg(v), since
s is just scalar multiplication by €'/¢). We now claim that V/T" is homeomorphic to
the open cone

Cr(51/T) == (51T x [0,00)) / (S1/T x {0}),

where S; is the unit sphere in V' (with respect to the I'-invariant metric). Indeed,
the map S; x [0,00) — V given by sending (z,t) + tz is I'-equivariant and is an
open map, and hence descends to an open map S; /T x [0,00) — V/T. This map is
surjective and injective away from 0, and becomes bijective (hence a homeomorphism
by openness) once we factor it through the open cone. Now Kwun’s theorem [Kwu64]
on uniqueness of open cone neighborhoods says that if there exist a neighborhood
U of [0] in VT that is homeomorphic to C"* = C(S**~1), then since U and VT are
both open cone neighborhoods of [0], they must be homeomorphic. 0

In the next subsection we will need to closely analyze the local model

H' (Fy; gag, ) /Stab(p)

for reducible representations p. We will show (in the proof of Theorem 5.13) that
generically (in the reducible locus) Stab(p) is isomorphic to C*, and there is a

decomposition
N

H (Fr;gAdp) ~ P Cc™,

n=—N
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for some non-negative integers d_y, ..., dy satisfying d,, = d_,,, so that the action
of C* = Stab(p) is the diagonal action induced by A - v = A\ for v € C¥. We
will call the numbers n so d,, # 0 weights, and we call the action of C* on C% the
scalar action of weight n. Let L := ®)_,C% and R := ®Y_C%. The diagonal
actions of C* on L and R give rise to a C* x C* action on L @& R such that the
action of the diagonal C* = A C C* x C* recovers the action of Stab(p). Let
A L&R — (L® R) /A be the GIT projection map with respect to the action by A.
Notice that the A-orbits in L& R are all closed outside of 7' ([0]) = L&{0}U{0} B R.
Let (L ® R)* := (L ® R) — 7x'([0]) and note that (L ® R)*JA = (L ® R)*/A =
(L& R)JA—{[0]}. Then ma : (L@ R)* — (L@ R)*/A is a geometric quotient. Note
also that (L & R)*/(C* x C*) 2 P(L),, x P(R),, where P(L),, = P(R),, are weighted
projective spaces (see [Dol82]).
To understand this particular local model, we need the following lemmata.

LEMMA 5.5. — Let ky, ... k,, be non-zero integers. Define an action of T = C*
on C™ byt - (vi, ..., vp) = (tFvy, ..., t*mo,). Let T = I, u;, where y; C C*
is the group of ki roots of unity, and let I' = C* x [[, ;. Define an action of '
on C™ by (A, C1ye oy ) - (U1, ooy Um) = (ATQL01, <oy A (), where €; = k; /| k.
Then the map f: C™ — C™, given by

|%1] k
(Ul,...,vm)H(vl LD

induces a homeomorphism C™/T" —» C™ /T
Consequently, in the notation established above,

(5.1) (L®R)"/JA=((L® R)"/CY) /T,

where C* acts diagonally by scalar multiplication (weight 1 on R and weight —1 on
L) and Y is a finite group acting trivially on the homology of (L & R)*/C*.

Proof. — Tt follows from the definitions that the composition C™ Ly em o cm /T
is invariant under the action of I' in the domain. A short computation shows that
the induced map C™/T" = cm /T is bijective, and it is an open map because
f and the quotient map C™ — C™/T are both open. The homeomorphism (5.1)
is obtained by restriction, and the action of YT is homologically trivial because it

extends to the ordinary scalar action of the path-connected group (C*)™, where
m = dimc(L & R). O

LEMMA 5.6. — The space (L & R)*/A has non-trivial rational homology in di-
mensions 0,2, ..., 2M,2M +1, ..., 4M +1, where M = dim¢ (L) — 1 = dim¢(R) — 1
is the (complex) dimension of the (unweighted) projective spaces P(L) = P(R). In
particular, (L & R)*/A does not have the rational homology of a sphere unless L
and R are one-dimensional.

Proof. — All homology groups will be taken with rational coefficients. Lemma 5.5
shows that
H. (Lo R)"/A)=H.((L® R)"/C),
where on the right-hand side, C* is acting by scalar multiplication in the vector
space L & R, with weight 1 on R and weight —1 on L. This action is the diagonal
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of the (C* x C*)-action given by scalar multiplication in L and R separately (again
with weight 1 on R and weight —1 on L). Consider the quotient map

(L@ R)*/C" — (L® R)*/(C* x C*) = P(L) x P(R).

This map is the quotient map for the natural action of the quotient group (C* x
C*)/C* = C*, and in particular is a locally trivial C*~bundle. Since C* ~ S! has
homology in dimensions 0 and 1 only, the Serre spectral sequence for this bundle has
all differentials equal to zero after the second page. The Kiinneth Theorem shows
that the homology of P(L) x P(R) is concentrated in even degrees, and

Hyy, (P(L) x P(R)) & Q!
for 0 < k<M and
Hopryor (P(L) x P(R)) = QY7
for 0 < k£ < M. This implies that every differential out of the groups
Eyyo = Hay (P(L) x P(R))
with 0 < k < M has non-zero kernel, while every differential into the groups
Esviyon1 = Harryor (B(L) X P(R))

with 0 < k < M has non-trivial cokernel. Hence Eg,‘;o is non-zero for 0 < k < M,
while E53, o, 1 is non-zero for 0 < k < M, giving the desired result. U

LEMMA 5.7. — Let X be a space with the rational homology of a point, and
consider a (closed) point xy € X such that H.(X — {zo}; Q) is finitely generated in
each degree. If X x R™ — {(x¢,0)} has the same rational homology as the sphere S*
for some k > n — 1, then X — {xq} has the same rational homology as S*=" (where,
by convention, we take S™ to be the empty space if m < 0), and X x R" — {(z0,0)}
cannot have the same rational homology as S* if 0 < k <n — 1.

Proof. — We prove the statement by induction on n. Again, all homology groups
are rational.

For n = 0 the statement is immediate. Next, consider the case n = 1, and say
X x R — {z0,0} has the rational homology of S* for some k > 1 (we will consider
the case k = 0 separately). Consider the Mayer—Vietoris sequence associated to the
decomposition

X XR—={(20,0)} = (X x (R={0}) U (X —{x0}) xR).

Note the homotopy equivalences X x (R — {0}) ~ X [IX and (X — {zo}) x R ~
X — {xzo}. These open sets intersect in

(X = {zo}) x (R = {0}) ~ (X — {ao}) [T (X — {x0}).

The Mayer—Vietoris sequence now has the form (in part)

0 — Hy (X — {m0}) ® Hy (X = {z0}) = Hi (X — {z0}) — H; (S*) =Q
— Hy 1 (X = {20}) ® Hyp 1 (X = {@0}) — Hi 1 (X — {20}) — 0.
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The map @ must be injective, which implies that Hx(X — {z¢}) = 0 (here we use
the assumption that H(X — {zo}) is finitely generated). The remaining short exact
sequence

00— Q — Hyy (X — {zo}) @ Hiy (X — {20}) — Hy_1 (X — {20}) — 0

shows that Hy_1(X —{z0}) = Q, as desired. Similar (in fact, simpler) reasoning gives
H,(X —{xo}) = 0 for  # k—1, as desired. Now say k = 0, so that X x R—{(z0,0)}
has the rational homology of S°. We claim that in this case we must have X = {z,},
in which case the statements of the Lemma 5.7 hold trivially. Indeed, when k& = 0,

the above Mayer—Vietoris sequence has the form
Ho (X = {z0}) ® Ho (X — {z0}) < Ho (X — {m0}) ® Ho(X) ® Ho(X) - Ho (S°) ,

and since Hy(X) = Q, we find that Hy(X — {zo}) = {0}, meaning that X — {z¢} is
empty. This proves the lemma for n = 1 (note that in this case the last statement
of the lemma is vacuous).

Now we assume the statements of the lemma for n = 0,1,...,m — 1 and consider
the case for n =m (m > 2).

Say X has the rational homology of a point, and assume X x R™ — {(x,0)} has
the same rational homology as S* for some k > m — 1. We have

X X R™ = {(20,0)} = (X x R™") x R — {(20,0,0)}.

Note that Y := X xR™~! ~ X has the rational homology of a point, and Y —{(z¢,0)}
has finitely generated rational homology by a Mayer—Vietoris argument similar to
that above. The induction hypothesis for n = 1 implies that X x R™™! — {(z0,0)}
has the same rational homology as S*~!, and the induction hypothesis for n = m —1
shows that X — {2} has the same rational homology as Sk~1=(m=1) = Gk=m g
desired. We also need to show that X x R™ — {(x0,0)} cannot have the homology
of S* with 0 < k < m — 1. If it did, then writing

X x R™ — {(20,0)} = (X x R) x R™™ — {(z,0,0)},

the induction hypothesis for n = m — 1 gives a contradiction if 0 < k < m — 2, and
it remains to show that X x R™ — {(z,0)} cannot have the homology of S™72. If
it did, then writing

X % R™ — {(20,0)} = (X x R™™) x R = {(20,0,0)},

then the induction hypothesis for n = 1 shows that X x R™ ! — {(z0,0)} has
the homology of S™73, and repeating this argument we eventually find that X x
R — {(20,0)} has the homology of the empty space S~!, but this is impossible as
X x R —{(x0,0)} is non-empty. O

LEMMA 5.8. — Let d_y, ..., dy be non-negative integers such that d,, = d_,.
Define the action of C* on C% by X -v = X\"v. Then

( é @dn) JC* = C® x (@ (Cd") JC*
n=-—N n#0

has a topological singularity at [0] if and only if 3, -, d,, > 1.
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Proof. — First, say >,>1dy, > 1. Let V = @27:—1\1 Cd and let X = VC*. The
standard contracting homotopy of V', namely H,(v) = tv, induces a contracting
homotopy of X, so in particular X has the homology of a point. Moreover, Lemma 5.6
shows that the rational homology of (@, .,C")/C* is finitely generated, and is
not that of a sphere. By Lemma 5.7, the homology of X — {[0]} is not that of a
sphere either. However, if X had a Euclidean neighborhood U = R* around [0], we
would have

H.(X, X - {[0]}) = H. (R*,R* - {0})
by excision, and by comparing the long exact sequences of these pairs we find that
H.(X —{[0]}) & H.(R* — {0}) & H.(S*1). Hence X has a topological singularity
at [0].

Conversely, if 3,51 d, = 1, then (CaC% @ C)/C* = C% x (CoC)/C*, where on
the right C* acts with weights —n and n on the left and right factors (respectively).
The multiplication map C x C — C induces a homeomorphism

(CeC)/C* = C,
so we find that (C @ C% ¢ C)/C* is homeomorphic to C% ™! in this case. O

5.2. Algebraic and Topological Singularities

Richardson showed the singular locus of X,.(G) is precisely the union of the bad
locus with the reducible locus if G is semisimple, » > 2 and the Lie algebra of
G does not have any rank 1 simple factors [Ric88|. [FL17, Theorem 7.4] extends
Richardson’s theorem to connected reductive groups G such that the simple factors
of the Lie algebra of its derived subgroup DG have rank 2 or more (addressing [FL.12,
Conjectures 3.34 and 4.8]).

In this subsection, we generalize these results by showing that if » > 3 and G
is connected and reductive (but allowing its derived subgroup to have local rank
1 factors), then the singular locus coincides with the union of the bad locus with
the reducible locus. We also generalize results in [FL12|, by showing all algebraic
singularities in X, (G) are in fact topological (ugly); which shows that X,.(G), as a
class of varieties, have properties in common with normal surfaces ([Mum61]).

Remark 5.9. — [FL12, Remark 3.33] shows that Xo(PSLy(C)) has smooth points
which are reducible and singular points which are irreducible; so a condition on the
rank of G when r = 2 is necessary. [FL17, Examples 7.2 and 7.3] show that there
are Lie groups H of arbitrarily large rank with the property that Xo(H) has smooth
reducibles and singular irreducibles (and H does not have to be a product with a
rank 1 Lie group for this to happen; although H does need to be a local product
with a rank 1 Lie group).

THEOREM 5.10. — Let G be a connected, reductive C-group. Assume either
r > 2 and the Lie algebra of DG has no rank 1 simple factors, or that r > 3 with
no additional conditions on G. Then

%T<G)sing — :{T(G)red U :{T(G)bad’

and all points in X,(G)"¢ are orbifold singularities.
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Proof. — We prove the theorem in the following steps:
(1) xT<G)red C xT<G)sin97
(2) X,(G)* C X,.(G)*™9, and all points in X,(G)"4 are orbifold singularities,
(3) X, (G)o! = X (@).

If » > 2 and the Lie algebra of DG has only simple factors of rank 2 or more, then
this is the content of Richardson [Ric88] in the case with G is semisimple, and [FL17
Theorem 7.4] in the case when G is connected and reductive. So we now assume
r = 3.

The second part of (2) follows from the first part of (2) since X, (G)"" is always
an orbifold and X,(G)%°? C X,.(G) is always a smooth manifold. This also shows
that (3) follows from (1) and (2).

( ): Let G be a connected, reductive C- -group, DG the derived subgroup |G, G, and
D@ the universal cover of DG. Then DG = [1; G; is a finite product of simple Lie
groups and [FL14, Proposition 2.9] says X,.(II; Gi) = IT; X,.(G;). Now, for r > 3 and
G is simple, we have X,.(G)"? C X,(G)*™9: for Rank(G) > 2 this follows by [FL17,
Theorem 7.4], and for Rank(G) = 1 it follows by[FL12, Theorem 3.21] and [FL17,
Corollary 7.9]. Observe that [p] € X,.(I; G;) = II; X, (G;) is reducible if and only if
it is reducible in some X,.(G;), and likewise it is singular if and only if it is singular
in some X, (G;).

Thus, if r > 3, we have X,.(DG)"* C X,(DG)*". However, [FL17, Theorem 7.8]
proves that if X,(DG)™? C X,(DG)*"9, then X,(G)™¢ C X,(G)*", proving item (1).

(2): We will use the following lemma from [NR69]:

LEMMA 5.11. — [NR69, Lemma 4.4] Let f : X — Y be a morphism from an
n-dimensional complex manifold onto a normal n-dimensional variety Y. If the set
S of points at which f is not locally injective is of codimension at least 2, then f(.S)
is the singular set of Y.

Let [p] € X,(G) be bad. Then p is polystable since p is irreducible and all irreducible
representations are stable. By Lemma 5.4, there is a local model of [p] € X,(G) of
the form VT := H'(F,; gaa,) /Stab(p), where T' := Stab(p) is the finite stabilizer of
p in PG. We note that V has the same dimension as X,(G) since p is irreducible,
and since I' is finite the dimension of V /T is also equal to X, (G).

Since I' is finite, every point in V' where 7p : V' — V//T" is not locally injective has
a non-trivial stabilizer (in fact, the reverse implication also holds) and so Proposi-
tion 5.3 allows us to apply Lemma 5.11. We thus conclude that [0] is singular in VT
and therefore [p] is singular in X,.(G) by Lemma 5.4. Thus, the first part of item (2)
holds, and as noted above the theorem follows. [l

Remark 5.12. — We note that item (1) in the above proof resolves the first part
of [FL12, Conjecture 3.34]. We note (again) that [FL17, Examples 7.2 and 7.3] show
when 7 = 2, item (1) may be false if DG locally has rank 1 factors, so item (1) in
Theorem 5.10 is sharp and cannot be generally improved.

As shown in [FL12], if G = SL,,(C) or GL,(C) then generally reducible represen-
tations are ugly. We now generalize this result.
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THEOREM 5.13. — All reducible representations are ugly if r > 3 for any con-
nected, reductive C-groups G, or if r > 2 and the Lie algebra of DG has only simple
factors of rank 2 or more.

Proof. — First note that if a point [p] € X,(G) is not ugly, then there exists a
Euclidean open set around [p] that is homeomorphic to a Euclidean ball. Thus, all
points in that Euclidean set are also not ugly. And so the collection of non-ugly
points in X, (G) is an open set; that is, being ugly is a closed condition in X, (G).
Since the conjugate of an ugly representation is still ugly (as it gives the same point
in X,(@)), we conclude that the ugly locus in Hom(F,, G) is also closed.

This alone shows that all reducibles are ugly in X, (SL,(C)) if r > 3 and n > 2 or
if n > 3 and r > 2, since [FL12] shows that a Euclidean dense set of reducibles is
ugly in these cases. We now generalize this to arbitrary G.

Let G be a connected, reductive C-group. We say that L is quasi-irreducible
if it is a Levi subgroup of a maximal parabolic subgroup of G. Let p : F, —
G be a representation. We say that p is quasi-irreducible if its Zariski-closure is
quasi-irreducible. (This definition can be viewed as a generalization of the reducible
representations shown to be ugly in [FL12]; namely the representations in SL,(C)
conjugate to a representation having two non-trivial irreducible blocks.)

Up to conjugation we have only finitely many maximally non-irreducible subgroups
in G (at most the number of conjugacy classes of maximal parabolic subgroups of
G; that is, the rank of G).

We claim that quasi-irreducible representations are generic. Precisely, the subset
of quasi-irreducible representations Hom?(F,, G) is Euclidean dense in the (con-
structible) subset of polystable, reducible representations in Hom(F,, G). This simply
comes from the fact that completely reducible and non-irreducible representations
p : F. — G have to be contained in a parabolic subgroup of G’ and therefore a maxi-
mal parabolic subgroup. Since they are also completely reducible they factor through
the inclusion of a maximally non-irreducible subgroup of G. Now the result follows
from the general fact that Zariski-dense representations of a free group of rank at
least 2 in a connected reductive group are Euclidean dense in the representation
variety of that reductive group by Proposition 3.2.

Now, we prove that quasi-irreducible representations are ugly. First let us begin
with the Zariski-closure of p(F,), which we denote by L. Let us show that Z4(L)/Z(G)
is isomorphic to C*.

Fix a Cartan subgroup H of GG. Up to conjugation we may assume that H is
a subgroup of a Levi subgroup L of the maximal parabolic subgroup P. Since H
contains the center of G, we may write its Lie algebra as 3 @ b, where 3 is the center
of g. Let [ C p C g denote the Lie algebras of L and P.

Recall that we have the following decomposition:

g=30h® P g,

a€A

where as usual, A is the set of generalized eigenvalues of b (these are linear forms
on h) and g, are the corresponding generalized eigenspaces of dimension 1. We fix a
non-zero vector X, in each. We recall that we may choose in A a set of simple roots
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ai, ..., Qu, SO that any root is a positive sum of these «; or a negative sum of these
a;. Define (Hy, ..., H,,) to be the dual basis in b to (aq, ..., a,,) in h*.
For a fixed «;, we may construct:

pi=38b® P g.® <5 o

ae AT a € AN (a;|j#1)

Up to conjugation, the Lie algebras of maximal parabolic subgroups are of the form
above. Thus we may assume that p = p;. Finally, if we define

[:=3®bha B .
a€AN(a;|j#1)
then [; is conjugate to the Lie algebra of each Levi subgroup of P. Thus we may
assume that [ = [;.

Now note that P = Rady(P) x L and since both P and its unipotent radical
Rady (P) need to be connected, L is connected as well. It follows that for x € G,
x € Zg(L) if and only if z € Z5(1).

Furthermore, L contains the Cartan subgroup H, which is its own centralizer.
It follows that if + € Zg(L) then v € Zg(H) = H. Therefore, we may write any
element = € Zg(L) as x = zExpg (M Hy + -+ - + A\ Hy,) where A\q, ..., A\, € C and
z € Z(G).

Finally, any x of this form will commute with b and for @« = njay+ - - - +na., € A,
we have

Ad(z) - Xo = Exp(a(MHy 4+ + A Hp)) Xo = Exp (miA + -+ + ) X

Thus in the case o = o, we see that in order to have ad(z) - X,, = X,,, we need
)\j S 271'\/—_12

It follows that © = zExp,(X) € h belongs to Zg(L) if and only if X = A\H;
in h/(2m/—1H; | 1 < j < r)z, where (2mv/—1H; | 1 < j < r)z is the additive
subgroup of b generated by the elements 2mv/—1 H .

It follows that Zg(L) is generated by Z(G) and a l-parameter subgroup ¢ —
Exp(tH;), whence Zs(L)/Z(G) is isomorphic to C*.

We now denote for n # 0,

u, = ¢ Oa-

a€A
a=no; + Z [1e%}
JF
Then it is clear that
g=1d P u,.
n#0

Furthermore, with respect to C* = Zg(L)/Z(G), C* acts trivially on [ and for A € C*
and v € u,, we have A - v = \"0.

Now Stab(p) < PG is exactly Zg(L)/Z(G) = C*, so the infinitesimal action on
H'(F,; gaq,) is given by the action (as above) on the corresponding coefficients of:

H' (Frigaq,) = H' (Frilaa,) © @Hl( (tn)ad, )
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that is, C* acts trivially on H'(F,;[aq,) and acts on H'(F,; (u,,)aq,) by A - v = X"0.
By Lemma 5.4, [p] is ugly if and only if [0] is a topological singularity in

H' (F;; gaqp) //Stab(p),

and we have established that, for some N > 0,

H' (Fy; gag, ) /Stab(p) = ( D cdn) JC* = Ch x (@ Cd") /C,
n=—-N n#0

as in Lemma 5.8 below (we include H*(F,;[aq,) as the factor C%).
Now by direct computation we have:

dim(c Hl (FT; (un)Adp> = dim(c Z1 (Fr, (un)Adp) — dim(c Bl (FT, (un)AdP)
= dim¢ 71 (FT, (un)Adp) — dim¢ u,, + dim¢ Z° (F,«, (un)Adp)
= rdimc u,, — dimc u,, + dimg¢ uﬁ(FT)

= (r — 1) dimc u,,

because the Zariski-closure of p(F,) contains a Cartan subgroup of G which has no
non-zero fixed point on u,. Since dim¢u,, > 1, Lemma 5.8 finishes the proof so long
asr > 3.

Finally, if r = 2, it suffices to prove that }°, - ; dimcu, > 2 provided that g has no
simple factor of rank 1. This is equivalent to the fact that g has at least two positive
roots. One may easily check this for any simple complex Lie algebra g which is not
sl and therefore we may again apply Lemma 5.8 to complete the proof. 0

Remark 5.14. — The first paragraph in the proof of Theorem 5.13, that the
ugly locus is closed, proves [FL12, Conjecture 4.8] to be true since [FL12] shows
that a Euclidean dense set of reducibles is ugly in the cases considered in [FL12,
Conjecture 4.8].

Remark 5.15. — We note that with respect to the actual application of Lemma 5.8
to Theorem 5.13, that d; > 1 since there is always a simple root with eigenvalue 1.
Moreover, the situation when 3~ d,, = 1 does in fact occur in

Hom (F,, SLy(C)) /SLy(C) = C?,
see [FL12].

A priori it is not clear if bad representations are ugly or not. Such a representation
has a local model that is a finite group quotient of affine space. By the Chevalley—
Shephard-Todd Theorem [Cheb5, ST54], the quotient is smooth if and only if the
finite group is generated by pseudoreflections. But such a quotient, even if singular,
can be topologically a manifold as the next example shows.

Example 5.16. — Let T" be the binary icosahedral group; that is, the group of
symmetries of the icosahedron (this group is of order 120, and is isomorphic to
SLs(F5)). The rotational symmetries of the icosahedron are naturally a subgroup
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of SO(3) and I' is the inverse image of this subgroup under the double covering

SU(2) — SO(3). We call the inclusion
[' = SU(2) — GL,(C)

the “standard representation.” Now consider the homomorphism « : I' — GL3(C)
equal to the direct sum of the standard representation of I' with a trivial representa-
tion. Then a defines an action on C3, and the quotient C?/T" is a normal, topological
manifold that is algebraically singular [Law19, Jason Starr’s example].

We now show that bad representations are ugly if » > 3, which implies the situation
of the above example does not occur for the varieties X, (G).

THEOREM 5.17. — Let GG be a connected, reductive C-group, and assume either
r > 3, or r > 2 and the Lie algebra of DG has only simple factors of rank 2 or more.
Let [p] € X,.(G). If p is bad, then p is ugly.

Proof. — We repeat the set-up from Lemma 5.4. Let [p] € X,(G) be bad; we
assume that p is polystable (in fact, stable). There is a local model of [p] of the
form VT, where V := H'(F,;gaq,) is a C-vector space, [0] corresponds to [p], and
I' := Stab(p) is a finite subgroup of PG acting linearly (and so fixes 0).

Since the ugly locus is closed and the bad locus is closed, it suffices to show that
generic bad representations are ugly. The set of bad representations with abelian
stabilizer is generic by Proposition 5.2, so we will assume I' is abelian. Under the
assumptions of the theorem, Proposition 5.3 now shows that the action of I' on V'
does not include any pseudoreflections. We also note that if I does not act effectively
(faithfully), then A := N,y Stabr(v) is a normal subgroup and V/I' =2 V/T" where

o~

I' := T'/A. Since we have shown that bad representations are singular, we know
I' cannot act trivially on V. So without loss of generality, we may assume I' is a
non-trivial abelian group, acting effectively.

Let F' C V denote the set of vectors fixed by some non-trivial element of I'; this is
a union of linear subspaces, invariant under the action of I'. Since I" does not act by
pseudoreflections, F' has codimension at least 2.

We now prove that V/T" has a topological singularity at [0]. In what follows we
replace / with / since I' is finite and hence these quotients are equivalent. Say
dimc (V) = n. For a space X, let Xt denote its one-point compactification. Then
V+ = 52" and since F is a union of linear subspaces, F'* is a union of spheres (of
dimension at most 2n — 4).

We claim (x) F*/T" = (F/T')" is locally contractible, and (x%) has no integral
homology in dimensions greater than 2n — 3. We prove (%) and (% x) below, but first
let us see how they are used.

Since I" acts freely on the complement of F', the quotient map V —F — V/T'— F/T
is a covering map, and V' — F' is simply connected because F is a union of smooth
submanifolds of V| each with real codimension greater than 2. So m(V/I'—F/I") =T,
and since I" is abelian, H,(V/I' — F//T') =T as well.

We have (V/T')* — (F/T")" = V/I' = F/I". Assume F # {0}; the case F' = {0} is
ecasier and treated at the end. If V/T" is a topological manifold around [0], then by
Proposition 5.4, V/T" is homeomorphic to a Euclidean space; by dimension count, we
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must in fact have V/T' =V and so (V/T')* = S*". By (%), we may apply Alexander
Duality, yielding:

Hy(V/T = F/T) = H, ((V/T)" = (F/T)*) = H72 ((F/T)").

This contradicts (x %), since the left hand side is non-zero but the right hand side is
Z€ro.

If F = {0}, then T acts freely on V — {0} ~ S*~! and so m(V/T — {[0]}) = T.
This is also a contradiction, because V/T' — {[0]} =2 C" — {0} ~ S*"~1.

Therefore, we have shown that if p is a bad representation such that Stab(p)
is abelian and acts on V without pseudoreflections, then X, (G) has a topological
singularity at [p]. Since such representations form a generic subset of the bad locus,
we have shown that bad representations are ugly (under the hypotheses of the
theorem).

Proof of (x): Local contractibility at all points other than oo is immediate since
F/I' is an algebraic subset of V/I", hence triangulable (see [Hof09)]).

Let | — | be a I'-invariant norm on V' (as in the proof of Lemma 5.4). We claim
that Uy := FtN{v € V : |v] > N} admits a I'-equivariant deformation retraction
to oo € F*, which then descends to a deformation retraction of Uy /T to [oo] €
F* /T (giving the desired contractible neighborhoods around [oc]). The deformation
retraction is just given by sending v — (1/(1 —t))v at time ¢. This is [-equivariant
since I' acts linearly.

Proof of (x %): We study the homology of (F//T')* using the Mayer—Vietoris sequence
for the open cover consisting of F'/T" and (F/T')* —{[0]}. The latter set is contractible
(as proven in the previous paragraph), so it will suffice to show that F'/T" and

F/TO((F/D)F = {[0]}) = F/T = {[0]}

each have no integral homology in dimensions greater than 2n — 4. By the Universal
Coeflicient Theorem, it is enough to check this in cohomology. Both spaces are locally
contractible, so their integral cohomology agrees with their Cech cohomology, and
thus it is enough to verify that these spaces have topological covering dimension at
most 2n — 4 (see [Eng75] for a discussion Cech cohomology and covering dimension).

But F is a simplicial complex of dimension at most 2n — 4, and finite quotients
do not increase covering dimension ([Pea75, Proposition 9.2.16]) so F/I" also has
covering dimension at most 2n — 4, as does its open subspace F/T" — {[0]}. This
completes the proof of (xx).

We note that the binary icosahedral group has trivial abelianization, so the argu-
ments in the proof of Theorem 5.17 do not apply to Example 5.16.

Remark 5.18. — 1In [FL17|, it is shown that m3(X,(G)) = 0 if DG has its Lie
algebra isomorphic to a product of special linear groups. Given the results in Section 8
this shows that if G is a CI group, then m(X,.(G)) = 0.

As in the proof of the above Theorem 5.17, let [p] € X,(G) be bad and consider a
local model of [p] of the form V/T", where V' is a C-vector space, [0] corresponds to [p],
and [ is a finite subgroup of PG acting linearly. The Topological Form of Zariski’s
Main Theorem ([Mum99]) implies any path-connected open neighborhood around
[0] has its smooth part (the complement of the singular locus) path-connected. Let
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S be the singular locus in V//I" (which has codimension at least 2 by normality),
and let p : V. — VT be the quotient map (which has path-lifting by [LR15]). By
Proposition 5.3 the set of points where I' does not act locally injective is codimension
at least 2, and so by Lemma 5.11, p~(.9) is this collection.

Let U be a path-connected open neighborhood of [0]. Since {0} = p~*([0]) and
[0] € U, we conclude that p~'(U) is path-connected and so by codimension W :=
p 1 (U —S) is path-connected too. Since p is a quotient map, W is saturated and so T
acts on W. It acts freely since we have removed the points that map to singularities.
Since I is finite and so discrete, we have that p : W — U — S is a non-trivial covering
map. Thus, U — S cannot be simply connected.

Thus, the proof in [FL17] that mo(X,(SL,(C))) = 0 cannot generalize to other
reductive C-groups G if G is not CI since the proof in [FL17] required the existence
of neighborhoods, in particular around bad representations, whose smooth locus was
simply connected (which we just showed is impossible if G is not CI since in that
case there will always be bad representations).

6. Homotopy Groups of Good Representations

In this section we compute the homotopy groups of the good locus of X,.(G), in
a range of dimensions tending to infinity with r, when G is a connected, reductive
C-group and when r > 2. As per our previous results, in most of these cases the
smooth locus X, (G) is equal to the good locus X, (G)9°? = Hom(F,, G)9°?/G.

Remark 6.1. — We exclude the r = 1 case, since if r = 1 and G is non-abelian,
X1(G)ZT/W xp Z where T is a maximal torus in DG, W is its Weyl group, Z is
the center in G, and F' = DG N Z. In this case, Z is a complex torus and T /W is
contractible. Moreover, the irreducible locus and hence the good locus is empty in
this case.

When G is abelian, the topology is also understood. In this case, X,.(G) = (C*)™
since G = (C*)", and all representations are good. The results in this section are
trivially true when G is abelian, and so in our proofs we only treat the non-abelian
case.

We begin by reviewing some lemmata in [BL15, FL17] that we will find useful.

LEMMA 6.2 ([FL17, Lemma 4.4]). — Let G be a connected Lie group, and assume
r > 2. Then for each p € G", the map PG — G" given by [g] — [g]plg]™" is

nullhomotopic.

LEMMA 6.3 ([BL15, Lemma 2.2]). — Let G be a connected, reductive C-group,
and assume r > 2. Then

Hom (F,, G)?** — %,(G)9*
is a principal PG-bundle.

Lemma 6.2 is proven by considering a path p; from p to the trivial representation.
Lemma 6.3 follows from the fact that the conjugation action of PG on the good
locus is free and proper.
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Now, we put together the main theorem from a previous section (Theorem 4.14)
with a generalization of [FL17, Theorem 2.9].

LEMMA 6.4. — Let G be a connected, reductive C-group, and assume r > 2.
Then
codimeHom (F,, G)"* > (r — 1)Rank(DG).

Proof. — This result is essentially contained in the proof of [FL17, Theorem 2.9];
we briefly outline the computation. First, one finds (similar to Lemma 4.13) that

codim¢ (Hom (F,, G)Md) > (r—1) (dime (G/Paz))

where P, is a maximal dimensional proper parabolic subgroup of G. The Bruhat
decomposition of the flag variety G/ P40 = DG /(Ppa: N DG) shows this quotient
contains a maximal torus 17" of DG, giving

codime (Hom(F,, G)™) > (r — 1) (dimg (G/ Paz)) = (r — 1)Rank(DG).
U
Recall that by [JM87, Proposition 1.3], the set Hom(F,, G)9°°? is Zariski open in
Hom(F,, G), so its complement Hom(F,, G)***UHom(F,, G)"¢ is algebraic. We define
Chasbon := codimp (Hom(Fr, G)b“d U Hom(F,, G)’”ed) )

The authors emphasize that the codimension in the definition of Cp,gpon is considered
over R. Combining Theorem 4.14 and Lemma 6.4 gives the following lower bound
on C(pasborr

THEOREM 6.5. — Let
R := min {Rank(G’) ’ G’ is a simple factor of 5@} :
Then
Chasbon = 2min {2(r — 1)Rg, (r — 1)Rank(DG)} .
In particular, Cpespon, = 2 if v > 2 and G is non-abelian, and Cpaspon

grows unboundedly in r and in the minimum rank of a simple factor of [g, g|.

We now turn our attention to homotopy groups, beginning with Hom(F,., G)9°°%.

LEMMA 6.6. — Assume r > 2. The inclusion map induces an isomorphism

~

mi (Hom (F,, G)**") == m (Hom (F,, G)) = m(G)"
for k < Cpaspon — 2, and is a surjection for k = Chpaspon, — 1.

Proof. — Since Hom(F,, G)**¢ U Hom(F,, G)"? is Zariski closed in Hom(F,, G), it
is a finite union of locally closed submanifolds, and the codimension Cpaspon is a
lower bound on the real codimension these submanifolds. Since Hom(F,,G) = G”
is a smooth manifold, transversality shows that every map S* — Hom(F,, G) with
k < Cpasbon — 1 is homotopic to a map with image in the good locus, and for
kE < Cpasbon — 2 every homotopy between such maps can be deformed into the good
locus.® 0

() Our use of transversality in this context is analogous to [Ram08, Corollary 4.8].
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We now combine Lemmas 6.2 and 6.6.

LEMMA 6.7. — Let r > 2. For any p € Hom(F,, G)?°°¢, the orbit-inclusion map
PG — Hom(F,,G)9°, [g] — [g]plg]~", induces the zero map on homotopy groups
in dimensions at most Cpgspon, — 2.

Proof. — By Lemma 6.2, the composite map
PG — Hom (F,, G)*** — Hom (F,, G)

is nullhomotopic, and by Lemma 6.6, the second map in this composition is an
isomorphism in the stated range. O

THEOREM 6.8. — Let r > 2 and G a connected, reductive C-group. Then
70(X,(G)9°°) is trivial, and if r > 3 or the rank of DG is at least 2, then

1 (X(G)7) =2 (G

and

m (X,(G)7™") = m (PG),

Proof. — Since Hom(F,, G) = G" is irreducible, then so is Hom(F,, G)9°°? as it is
Zariski open. Thus, X,(G)9°? is irreducible too and hence connected.

Since Hom(F,, G)9°°¢ — X,(G)9°? is a principal PG-bundle, there is a long exact
sequence in homotopy:

= my(PG) = w3 (Hom (F,, G)*%) — my (X,(G)7)
— m(PG) — m (Hom (F,, G)QOOd) — (%T(G)90°d> — m(PG) = 0.

Lemma 6.7 and Lemma 6.6 then imply m(X,(G)%°?) = 7(G)" as long as 1
< Chaspon — 2. Since m(G) = 0, the same reasoning shows that my(X,(G)9°0¢) =
m(PG) when 1 < Cpuspon — 2. By Theorem 6.5, this bound holds if either r > 3 or
the rank of DG is at least 2. ]

Remark 6.9. — The fundamental group of G, always abelian, is the same as
that of its maximal compact subgroup K since G deformation retracts to K. A
standard result (see [Hall5]) gives the fundamental group of K. Precisely, let £ be
the Lie algebra of K and let t be a maximal commutative subalgebra of €. Then
m (K) =2 T'/A, where T is the kernel of the exponential mapping for t and A is the
lattice generated by the real co-roots. Thus, the fundamental group of X, (G)9°? is
isomorphic to (I'/A)" under the conditions of Theorem 6.8.

With the first few homotopy groups computed for the good locus, we now turn
our attention to the higher homotopy groups.
By work in [FL17, Theorem 3.3] it suffices to consider the case where G is semisim-
ple, since
e (X,(G)0) =2 m (%,(DG)#)

for k > 2. We also note that 7 (PG) = m(G) for k > 2 since G — PG is a fibration
whose fiber (an algebraic torus cross a finite group) is m-trivial for k£ > 2. This then
implies 7, (G) = 7, (DG) for k > 2 since PG = PDG.
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THEOREM 6.10. — Let r > 2. Assume 1 < k < Cpgspon — 2. Then
e (X,(G)7) = 1 (G) x m 1 (PG).

Proof. — Since Hom(F,, G) is an irreducible algebraic set, every non-empty Zariski
open subset of Hom(F,, G) is path connected, and it follows that X,(G)9°¢ is also
path connected.

By Lemma 6.3,

PG — Hom (F,, G)?*" — %,(G)9°

is a PG-bundle (where the first map is the inclusion of an adjoint orbit). Hence we
have an exact sequence

(6.1) -oo = 1 (PG) = 1 (Hom(F,, G)9°) — 1, (%,(G)9°?) — 0.

When 2 < £ < Cpaspon — 2, Lemma 6.7 implies the long exact sequence breaks into
short exact sequences:

0 = m (Hom (F,, G)***) — m (X.(G)*) = m1(PG) — 0.

Lemma 6.6 implies 7 (Hom(F,., G)9°°%) = 7,,(G)" and so we can write the short exact
sequences as:

(6.2) 0 = m(G)" = mi (X,(G)*") = mi_1 (PG) — 0.

By Proposition 7.1 in the following Section 7, these short exact sequences split
(non-canonically) if 1 <k < Cpaspon — 2 O

COROLLARY 6.11. — Assume Cpgspon = 6 and r > 2, and let s be the number of

simple factors of the Lie algebra of DG, and t the number of those factors of type
Ay, By, or C,, forn > 1. Then 73(X,(G)9°%) = 75" and 74(X,(G)9°°%) = (7)™ x Z°.

Proof. — The universal cover of DG has the form [];_; G; where each G; is simple
and simply connected, and s is the number of simple factors of the Lie algebra of DG.
Since mx(G) = 1 (DG) for k > 2, we conclude that 7 (G) = @;m(G;) for k > 2.

By [Botb6], m3(G) = Z if G is simple. By [BS58], m4(G) = 0 or m4(G) = Zs if G is
simple; it is Zy exactly when G is of type Ay, By, or C, for n > 1 (and 0 otherwise).

Thus, because of the splitting in Theorem 6.10, we have that

T3 (%T(G)QOOd) ~ ZST,
and
o (%r(G)good) > (7)™ x Z°

where t is the number of simple factors of type Ay, By, or C,, for n > 1 in the Lie
algebra of DG. U
Note that by Theorem 6.5, if r > 4, then Cpuspon = 6.
Remark 6.12. — Let r > 3. Then the good locus is the smooth locus, and so the

above theorem and corollary are true when replacing X, (G)9°°¢ by the smooth locus

X.(G).
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Remark 6.13. — By Theorems 6.5 and 6.10, if G is simple then (X, (G)9°°¢) =
7 (G)" X mp—1 (PG) for 1 < k < 2(r — 1)Rank(G) — 2. Given Bott periodicity for the
classical groups A,, B,, C,, and D,, [Bot59], it follows that X,(G)9°? also exhibits
periodic homotopy within appropriate stable ranges for the classical groups.

See Example 6.16 for a more precise formulation of Remark 6.13.

Example 6.14. — By similar reasoning as used in the proof of Corollary 6.11, if
r > 2 and Cpaspon, = 7 (which holds if r > 7), we conclude that:

s (2(G)) = @ (G © (2

where t is the number of simple factors of type A, By, or C,, for n > 1 in the
universal cover of DG, itself a product of the simple simply connected C-groups
G1, ..., Gp. By results in [Bot59, BS58, Mim67, MT64a, MT64b] we can calculate
the fifth homotopy group of all simple G. In particular, if G; is exceptional, then
75(Gi) = 0. If G; is of type A,,, then 75(G;) 2 Z if n > 2 and 75(G;) = Zsy if n = 1.
If G; is of type B, then 75(G;) = 0 if n > 3, and m5(G;) = Zy if n = 1,2. If G, is of
type C,,, then m5(G;) = Zs for all n > 1. If G; is of type D,,, then 75(G;) 2 0ifn =1
orn >4, m5(G;) 2 Zif n =3, and 75(G;) = (Z,)? if n = 2. So although it is not a
clean formula, this completely describes the fifth homotopy groups of X,.(G)9°°¢.

In short, if one knows the homotopy groups of GG, then Theorem 6.10 allows one
to compute the k™™ homotopy groups of X,(G)9%°¢ for sufficiently large r. As an
example of this, we next list the &*" homotopy groups for 0 < k < 15 when G is an
exceptional Lie group.

Example 6.15. — We consider the complex adjoint type of each exceptional Lie
group below. They are all simply connected except Eg and F; with fundamental
group Zsz and Zs respectively. Since they are of adjoint type, G = PG in each case.

We assume that r > 2 generally. However, if a cell is highlighted red in Table 6.10,
then we have assumed r > 3, if it is highlighted orange then we have assumed r > 4,
if it is highlighted yellow then we have assumed r > 5, and if it is highlighted green,
then we have assumed r > 6.

A “?” in a cell of the table means that the homotopy groups needed for the
computation are not known (as far as we know). Although for Eg, E;, and Eg, for
the cases where there is an ? and beyond, the 2 and 3-primary parts of the homotopy
groups are known; see [Kac68, KM99]. So one can obtain corresponding facts about
the homotopy groups of X,(G)%°°? in these cases.

Our main sources of reference for the computations in Table 6.10, aside from
Theorem 6.10, are [BS58, Mim67].

While the last row of Table 6.1 stops at £ = 15, one can easily compute the
homotopy groups up to k = 22 for Gy and Fj using [Mim67]. For example, one finds
that sz(%T(G2>good) = Z1386 D Zg if r = 7 and ng(%r(F4)900d> = Z720 > Zg if r = 4.

We now illustrate the periodicity that comes from Theorem 6.10 for the classical
groups A,, B,, C,, and D,, (Remark 6.13).
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Table 6.1. m4(X,(G)#) = 1,(G)" @ m_1(PG)

E\G || Gs | R | Bs | B | Bs
0 0 0 0 0 |0
1 0 0 (Zs) | (Zs)" | O
2 0 0 Zs | Zy | 0O
3 z" z 7| 7 |7
1 Z Z Z | Z |z
5 0 0 0 0 |0
6 (Zs)" 0 0 0 |0
7 Zs 0 0 0 |0
8 (Zs)" (Zo)" 0 0 |0
9 (Ze)" ® Zs Z)y* [ Z7 | 0 | 0
10 Zs Zs ? 0 |0
11 7" (Zs) |Z& (2| 7 | Z7 | 0
12 7 & Zs 7Z® Zs ? 710
13 0 0 ? 7 [0
14 || (Zigs) ® (Zo) | (Za)" ? 7 10
5 || (Z) ™ @ Znes | Z"®Zy | 7 Tz

Example 6.16. — For this example, we refer to [Bot59]. We assume r > 2. First,
if K <n—2then k < 2(r — 1)Rank (SO,,(C)) — 2 which then implies

k+8 < 2(r — 1)Rank (SO,,15(C)) — 2,

since
n/2, if n is even

Rank (S0.(C)) = {(n ~1)/2, ifnis odd.
Thus, if 2 < k <n—2, then
i (X:(80,(C))*") = 7, (S04(C))" @ mi—1 (SO4(C))
= its (SOn45(C))" & Thsr (SOn15(C))
= T8 (:fr (Son+8(c))900d) :

So in particular, 7 (%, (SO, (C))9°d) = Z for all k =7 mod 8 and n =9 mod 8 so

long as k > 7and n > 9.
Likewise, there is mg-periodicity in the A, series for k < 2n + 1 (shift in n is +1
and shift in k is +2) and C,, series for k& < 4n + 1 (shift in n is +4 and shift in &

is +8).

On the other hand, our result shows that the homotopy groups can vary consistently
in r once r gets sufficiently large.

Example 6.17. — From [Mim67],
792 (%T (SOg(C))gOOd) = (lel/32)7“ D (Zg)r D (22)27” D Z12 for all r 2 4.

There are many other examples along these lines.
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7. Splitting short exact sequences

The goal of this section is to prove the following proposition.

PROPOSITION 7.1. — In dimensions 1 < k < Cpaspon — 2, We have
e (X:(G)) = m(G) x M1 (PG).

The following algebraic fact now implies that the short exact sequences (6.2) admit
(non-canonical) splittings.

LEMMA 7.2. — If0 — A % B % C — 0 is a short exact sequence of finitely

generated abelian groups, and there exists an isomorphism B 5 Ax C, then the
sequence splits.

Proof. — This follows from the results in [Miy67]. O

We now prepare for the proof of Proposition 7.1, which will be at the end of this
section.

Given a topological group K, we let BK be its classifying space and 7: FK — BK
denote a universal principal K-bundle; that is, a (right) principal K-bundle with
EK contractible. We note that there are at least two functorial constructions of K K:
Milnor’s infinite join construction (which works for all topological groups) and the
standard simplicial bar construction (which works for all Lie groups). Either of these
models will suffice for our purposes below.

DEFINITION 7.3. — Let K be a topological group, and let X be a (left) K-space.
Then the homotopy orbit space for the action of K on X is the space

Xopx = EK xx X = (EK x X)/K,
where K acts by (e,z) -k = (ek,k™'z).

We record some standard facts regarding homotopy orbit spaces.

There is a natural map px: X,x — BK, induced by the projection FK — BK.
This map is a fiber bundle with fiber X, locally trivial over each open set in BK
over which F K is trivial.

The next fact may be found, for instance, in Atiyah-Bott [AB83, Section 13].

LEMMA 7.4. — Let X be a K-space such that the projection map X — X/K is
a principal K-bundle. Then the map X,x — X/K, sending [(e,z)] € EK xx X to
[z] € X/K, is a weak homotopy equivalence.

Recall that a map f: X — Y is said to be n-connected if the induced map on
homotopy groups is an isomorphism in degrees less than n and is surjective in degree
n.

LEMMA 7.5. — If X — Y is an equivariant map of K -spaces, and f is n-connected,
then so is the map frx: Xnx — Yar induced by f.
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Proof. — The lemma follows by applying the Five Lemma to the diagram of long
exact sequences in homotopy induced by the commutative diagram

X X 2~ BK

T

Y Yk —Y~ BK.

With these lemmata complete, we now prove Proposition 7.1.
Proof of Proposition 7.1. — Consider the principal PG-bundle

PG — Hom (F,, G)***" — X,(G)%*.
Lemma 7.4 shows that we have a weak equivalence

(7.1) %,(G)7* = (Hom (F,, G)*™) .

By Lemma 6.6, the inclusion
Hom (F,, G)?** — G"
is a (Cpasbon — 1)—connected map, so Lemma 7.5 implies the induced map

(7.2) (Hom (F,, G)**")  — (G")rc

hPG
is (Cpasbon — 1)—connected as well. Since the identity element e € G" is fixed under
conjugation, the fibration

(73) (Gr)hpg — BPG

admits a splitting, defined by [z] — [z, €] € EPG X p G"; this splitting is continuous
because the map FPG — EPG xXpg G", x — |[z,€], is continuous, and BG =
EPG/PG (as holds for all principal bundles). It follows that the long exact sequence
associated to (7.3) breaks up into split short exact sequences of the form

(74) 0— Wk(GT) —r Tk ((Gr)hpg) — Wk(BPG) — 0.

For any Lie group H, we have m(BH) = m,_1(H) for each k > 1, so the split
short exact sequences (7.4) yield

T ((G")npa) = m(G)" X Tt (PG)

for £ > 1. We saw above that the map (7.2) is (Cpaspon — 1)-connected, so this
completes the proof of Proposition 7.1. O

8. A generalization of Schur’s lemma

In this section we will characterize connected, reductive C-groups containing no
bad subgroup. These are called CI-groups (see [Sik12] for definition). We will also
give a rather simple description for the bad locus of character varieties in simply
connected semisimple C-groups.
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If G is semisimple, let Ag denote the lattice generated by the roots in the dual of
the Lie algebra of a fixed Cartan subgroup of G' (see [FH91, Chapter 23]).

We begin with a lemma about the centralizers of BdS subgroups. We shall use the
fact, which follows from the definition, that a BdS subgroup of GG is defined, up to
conjugation, by a sub-root system of the root system of G with identical rank. The
lemma itself comes from Borel and de Siebenthal’s article (done in the compact case
but is essentially identical), see [BdS48].

LEMMA 8.1. — Let S be a BdS subgroup of a connected, reductive C-group G.
Then Zg(S) = Z(S) and furthermore, we have an isomorphism between

Zg(S)/Z<G> and Ag/As.

Proof. — Let H be a Cartan subgroup of S (it is then a Cartan subgroup in G).
Since H is a Cartan subgroup of G, Zg(H) = H whence Zg(S) < Zg(H) < S5,
therefore Zg(S) = Z(S).

Fix aq, ..., a, a system of simple roots for G and (1, ..., 5, a system of simple
roots for S. Let I'¢ (respectively I's) be the lattice of elements in h which are sent
to integers via the functionals in Ag (respectively Ag).

Using the functoriality of the exponential map, one sees that an element h =
Exp(X) € H will commute with all elements in G (respectively S) if and only if X
belongs to 2v/—17'¢ (respectively 2¢/—1n's). Whence Z¢(S)/Z(G) is isomorphic
to 2¢/—17Ts/2v/—17T¢ which is isomorphic to I's/Tg.

Finally, since Ag/Ag is finite, there is a perfect pairing between Ag/Ag and I's /T
induced by the perfect pairing h* x h — C. In particular, I's/T's is isomorphic
to Ag/AS. ]

We immediately deduce the following corollary:
COROLLARY 8.2. — Any BdS subgroup in a connected, reductive C-group is bad.

Proof. — Let GG be a connected, reductive C-group and S be a BdS subgroup.
Because of the preceding lemma, if we had Z5(S) = Z(G) then we would have
Ag = Ag. This is impossible because this would imply that G = S. As a result,
Za(S) # Z(G).

It is a routine verification to show that if L is a Levi subgroup of a parabolic
subgroup of G then dim¢ Zg(L) > dime Z(G). If S were contained in a parabolic
subgroup then it would be contained in one of its Levi subgroups since S' is reductive
and we would therefore have dim Z¢(S) > dim Z(G). The preceding lemma implies
that dim Z;(S) = dim Z(G), and so S is not contained in any parabolic subgroup
of G. Therefore, S is irreducible. 0J

It is easy to see that SL,(C) and GL,(C) are CI by Schur’s lemma (see [FL12,
Lemma 3.5]), and O,,(C), Sp,,,(C), PSL,,(C) are not CI (see [FL12, Proposition 3.32]).
In [Sik12, Question 19], Sikora asks: Are GL,(C) and SL,(C) the only Cl-groups?
We now give a characterization of such groups, answering Sikora’s question.

THEOREM 8.3. — A connected, reductive C-group is a Cl-group if and only if its
derived subgroup is a product of special linear groups.
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Proof. — First, notice that if 7 : G; — G5 is a finite covering of connected,
reductive C-groups and S is a bad subgroup of G; then «(S) is a bad subgroup
of GQ.

Secondly, for any connected, reductive C-group G there is a finite cover Z(G) x
|[G,G] — G sending (z,s) to zs. If S is a bad subgroup of [G,G] then it is a bad
subgroup of Z(G) x [G, G| whence it is a bad subgroup of G. On the other hand, if
S is a bad subgroup of G then (Z(G),S) N [G,G] is a bad subgroup of [G,G]. So
that G contains a bad subgroup if and only if [G, G] contains a bad subgroup. As a
result, it suffices to show that among semisimple groups, the only Cl-groups are the
ones that are products of SL,(C) for potentially varying n.

If G is simply connected and semisimple then G is isomorphic to a product of
simple simply connected groups Gy, ..., G,. Thus, G contains a bad subgroup if and
only if there exists ¢ such that GG; contains a bad subgroup. Because of Schur’s lemma,
simple groups isomorphic to SL,(C) do not contain bad subgroups and because of
Table A.2 any other simply connected simple group contains a BdS subgroup and
thus a bad subgroup by the preceding corollary. So the only Cl-groups among simply
connected semisimple groups are products of special linear groups.

Thus, if G is semisimple and a CI-group, the first sentence of this proof implies that
the universal cover of GG has to be a product of special linear groups. Furthermore,
one can construct a bad subgroup in any non-trivial quotient of a special linear
group (see Lemma 8.4).

Therefore, G is CI if and only if DG is isomorphic to a product of special linear
groups. U

LEMMA 8.4. — Let G be a product of special linear groups and C' be a non-trivial
central subgroup of G, then G/C' is not a Cl-group.

Proof. — Let n > 1, let £ be a primitive n'" root of the unity and d dividing n.
We define
Iﬂ ]ﬂ
d d
55 In In
Ind = )\n,d ! . and Mn,d = )\n,d !
2 (d—1

where A, 4 is chosen so that det(gy 4) = det(M,, 4) = 1. It follows that ¢, 4 and M, 4
are in SL,(C) and satisty [gn, a, My, 4] = £3d.

One sees that M, 4 acts by conjugation on the subgroup D, 4 of SL,(C) generated
by unimodular matrices which are diagonal by blocks of size n/d.The group generated
by D, 4 and M, q acts naturally on C" and fixes no proper non-trivial subspace of
C". It follows that the group generated by D,, 4 and M,, 4 is irreducible.

Let G be SL,,,(C) x --- x SL,,(C) and C a non-trivial central subgroup of G. We
take ¢ € C such that ¢ # 15 and write

ny ns
— dq d,
C_<1 [7117"'7 SgIns>

where d; divides n; and &; is a n!® root of unity. We denote 7 : G — G/C the natural
projection.
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Let g = (Gny,dis -5 Gne,ds), M = (M, day, ---» My, a,) and S be the group gener-
ated by M and D,,, 4, X --- X D, 4,. Because the projection of S for each factor of
G is irreducible, S is itself irreducible and thus 7(S) is too. Furthermore [g, M] = ¢
by construction. Since g commutes with D, 4, X --- X D,,_ 4., we deduce from this
Zgc(m(9S)) contains 7(g). Since g is not central in G, it follows that G/C is not a
Cl-group. O

Remark 8.5. — In Section 3, it is shown that X,.(G)" C X,(G)*™ if r > 3, or
r > 2 and the rank of the simple factors of the Lie algebra of DG are at least 2.
Conversely, if r = 2 there are semisimple Lie groups G of arbitrarily large rank so
X, (G) contains smooth reducibles; [FL17, Example 7.2]. These two facts together
resolve the first part of [FL12, Conjecture 3.34]. The second part of [FL12, Con-
jecture 3.34] states that X,(G)™ = X,.(G)*™9 if and only if DG is isomorphic to
a product of special linear groups. Given that we have shown in Section 2, that
bad representations are singular whenever r > 3, or » > 2 and the rank of the
simple factors of the Lie algebra of DG are at least 2, this conjecture is equivalent
to statement that the only CI groups are those whose derived subgroup is a product
of special linear groups. So the above theorem affirmatively resolves the second part
of [FL12, Conjecture 3.34] too.

As a result of the above Theorem 8.3, Schur’s Lemma (elements commuting with an
irreducible subgroup are central) is true in only one simple C-group: the special linear
group. The main reason for Cl-groups G are interesting is that the irreducible locus of
the G-character variety of a free group/surface group is a manifold (see [FL12, Sik12]).
Next, we focus on the case when G is simply connected.

The first lemma is fundamental to our discussion. It is true in greater generality
than we state (see [OV90, Chapter 4]).

LEMMA 8.6. — Let GG be a semisimple simply connected C-group and g a semisim-
ple element in G. Then Z;(g) is connected.

Proof. — A proof is given in [Hum95], for example. O
The next corollary is a direct consequence of this lemma.

COROLLARY 8.7. — Let G be a semisimple simply connected C-group and p :
F, — G a bad representation. Then p(F,) is contained in a BdS subgroup.

Proof. — Let g be an element commuting with p(F,). Since p is irreducible, g is
semisimple (by Proposition 4.8). From Lemma 4.4, it follows that 34(g) is either
contained in a parabolic subalgebra or is a BdS subalgebra. Because of the preceding
lemma, Z;(g) needs to be connected. As a result, if 34(g) were contained in a
parabolic subalgebra then Zg(g) would be contained in a parabolic subgroup which
would contradict the irreducibility of p. It follows that 34(g) is a BdS subalgebra and
therefore Zg(g) is a BdS subgroup. O

As a result, if we want to compute the bad locus of G-character varieties when G
is simply connected, it suffices to understand the irreducible characters (equivalence
classes of irreducible representations) that factor through the inclusion of maximal
BdS subgroups in G.
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We now illustrate this principle with the lowest rank exceptional Lie group. By
definition (see for example [FH91, vdBS59] or [Rac74]), G5 is the automorphism
group of a non-commutative, non-associative complex algebra Q¢ := O ®r C of
complex dimension 8 (the bi-octonians), where O is the usual octonians.

Since Gy is simply connected, bad subgroups are contained in BdS subgroups by
Corollary 8.7. From Table A.2, we see that for GG there are only two types of BdS
subgroups: type As and A; x A;.

N N IN
Y., ” N R |
. . .-
. . .
....
....
.....
....
CRA R
& s PR 50 R
N [ 4 N “‘:. O [ 4
.....
“ .O
“ .i
""""
“ .'
. .
L - - ‘g
L 2 L 4 L 4
Root system of go Root system of sl3 inside go Root system of s04 inside go

Figure 8.1. BdS Subalgebras of gs.

In the second diagram in Figure 8.1, the sub-root system is of index 3 while in the
third diagram, the sub-root system is of index 2. It follows (see [FHI91, Chapter 23
§ 2]) that the center of the BAS subgroup of type A is of order 3 and the center of
the BdS subgroup of type A; x A; is of order 2. Then, the two BdS subgroups are
identified as SL3(C) and SO4(C).

These two subgroups may be constructed using the minimal dimensional represen-
tation of Gs.

The algebra O¢c = O ®r C contains a copy of C ®g C and H @ C as subalgebras
(where H is the quaternions). The subgroup SL3(C) can be identified as the subgroup
of G that point-wise fixes the sub-algebra C ®g C, while SO4(C) can be identified
as the stabilizer of the sub-algebra H ®g C.

As a result bad representations in (G5 correspond to irreducible representations
stabilizing non-degenerate sub-algebras of O¢.

Lastly, note that the map from X,.(S) to X,(G) induced by the inclusion of S
into G has no reason to be injective in general. For instance, one may check that
X, (SL3(C))" to X,.(G5)"" is 2-to-1 onto its image. This follows from the fact that
SL3(C) is of index 2 in its Gy-normalizer. The corresponding map for SO4(C) is more
complicated.
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Appendix A. Maximal Parabolic and BdS Subalgebras

In this appendix, we compute the codimension of Lie subalgebras of simple Lie
algebras referred to in the proof of Theorem 4.14. In the first table, we consider
the codimension of a Levi subalgebra [ in a maximal parabolic subalgebra of the
corresponding simple Lie algebra.

Table A.1. Classification of Levi subalgebras in maximal parabolic subalgebras
of simple Lie algebras.

’ 8] ‘ dlmcg I [[k, [k] ‘ COdil’Il((j(g, [k) ‘ IIlil’lk COdil’Il((j(g, [k) ‘
Al r(r+2) |Apr + A g, 1<k 2k(r+1—k) 2r
B, | r(2r+1) | Ap1 + Brg, 1< E<Sr k(4r +1 — 3k) 2(2r — 1)
Colr2r+1) | Ag1 +Crg, 1<k k(4r 4+ 1 — 3k) 2(2r — 1)
D, |r2r—1) |Ax-1+ Drg, 1 <k<r—3|k(dr—1-=3k) | r(r—1), if r =3,4
A s+ A+ AL k=r—2 | r»+3r—10 | 4(r—1), ifr >4
A 1, k=r—1r r?—r
Go 14 A, k=1,2 10 10
F, 52 Cs, k=1 30 30
A+ Ay, k=23 40
Bs, k=4 30
Es 78 Ds, k=1,5 32 32
A+ Ay, k=24 50
A1+A2+A2,k:3 58
As, k=6 42
E; 133 Dg, k=1 66 54
A+ A5, k=2 94
A+ A+ A, E=3 106
Ay+ Ay k=4 100
Ds+ A, k=5 84
Egs, k=06 54
Ag, k=T 84
Es | 248 | BEr, k=1 114 114
A+ Eg, k=2 166
AQ + D5, l{ - 3 194
As+ Ay, k=4 208
A4+A2+A1,l{?:5 212
A+ A1, k=6 196
D7 k=7 156
Ar k=8 184

To emphasize the ambient algebra, we write codimg(g, s) for the codimension of s
in g in the above (and below) table.

We recall, that once we choose a Cartan subalgebra h and a set of simple roots
{ai, ..., a,.} to go with it, conjugacy classes of maximal parabolic subalgebras in
simple Lie algebras are in one-to-one correspondence with the set of simple roots
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(see [Bor91, Chapter IV, 14.17] for instance). Now [, refers to a Levi subalgebra in the
maximal parabolic subalgebra p; associated to the simple root ay (this description
of simple roots is as in [FH91, Chapter 22]).

Using this correspondence, the root system (and thus the isomorphism class) of
[lx, lx] can easily be seen by removing the corresponding node on the Dynkin diagram.
Finally, one uses the fact that for Levi subalgebras of maximal parabolic subalgebras,
one has

e = [k, k] ® C.

Using the fact that codimc(g, ;) = 2codimc(g, pi), one also has the minimal

codimension of parabolic subalgebras.

In the second table, we compute the codimension of BbS subalgebras relevant to
Theorem 4.14.

Table A.2. Classification of maximal BdS subalgebras in simple Lie algebras.

| g | dimcg | s | codimg(g,s) [ min, codime(g, 5) |
A | r(r+2) 0 0 0
B, |r(2r+1) | D+ B, 2< k<r 2k(2r — 2k — 1) 2r
Co|r2r+1) | Cp+Crp, 1<k<r—1 Ak(r — k) Ar—1), r=2
D, |r(2r—1) | Dy + Dy, 2< k <r—2 Ak(r — k) 8(r—2), r=3
Gy | 14 | A+ A k=1 8 6

Ay k=2 6
Fy 52 A+ Cs k=1 28 16

Ay + Ay, k=2 36

As+ A k=3 34

By, k=4 16
Eg 78 As+ Ay k=2 40 40

Ay + Ag + Ay, k=3 54
E. | 133 | De+ A, k=16 64 64

A7, k=2 90

As+ Ao, k=3,5 100

Ag+ Ag+ Ay, k=4 70
Es | 248 | Ds k=1 112 112

Ag, k=2 162

Ai+ A7 k=3 188

A1+A2+A5,k:4 200

A4+A4, k:5 202

D5+ A3, k=6 182

Ay + Eg, k=T 128

A+ Er k=8 168

We recall from [Dyn52] or [Tit55] that one can associate to any simple root of g
a BdS subalgebra of g. Furthermore, all maximal BdS subalgebras (if any) can be
chosen among these subalgebras (however, not all such BdS subalgebras are maximal,
see [Tit55]).
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In Table A.2 we use the same enumeration as in Table A.1. Also, the symbol X
used in this table denotes a non-conjugate copy of the group X. The isomorphism
class of the corresponding BdS subalgebra can also be read off the Dynkin diagram.
In practice, one needs to add the minimal root of the root system to the Dynkin
diagram and delete the k" node to get the Dynkin diagram of the BdS subalgebra.
One can compute its dimension from this.

[ABS3]
[AB94]

[BAS48]

[BGPGOS]
[BL15]
[BLR15]
[Bor91]
[Bot56]
[Bot59]

[Bou05]

[BS58]

[Cheb5]

[Cos00]

[Dol82]

[Dol03]
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