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118 T. Delcroix & S. Jubert

RESUME. — Le second auteur a démontré ’équivalence entre 'existence de métriques
de Kahler extrémales sur les fibrations principales semisimples toriques et une notion de
K-stabilité uniforme a poids, lue sur le polytope moment. Dans cet article, nous obtenons
plusieurs conditions suffisantes de K-stabilité uniforme a poids qui peuvent étre vérifiées de
maniere effectives, et nous explorons les nouveaux exemples que ces conditions fournissent en
petite dimension.

1. Introduction

Calabi’s work has been extremely influential in Kahler geometry, his name being
still associated to some of the most fundamental objects of interest. The present
article is motivated by two of these, Calabi’s extremal Kéhler metrics and Calabi’s
ansatz.

Extremal Kahler metrics provide a natural notion of canonical Kahler metrics in a
given Kéhler class on a compact Kéhler manifold X: they are the metrics that achieve
the minimum of the L2-norm of the scalar curvature. Kéhler metrics with constant
scalar curvature (cscK metrics for short) are special cases of such metrics, but Calabi
showed in [Cal82] that there may exist extremal Kéhler metrics when there exists no
cscK metrics at all, by exhibiting extremal Kéahler metrics on Hirzebruch surfaces.
In order to show this, Calabi relied on the simple yet powerful idea that one should
search for extremal Kéahler metrics among those Kéhler metrics that behave well
with respect to the geometry of the manifold.

This was not a new idea of course. Matsushima showed for example [Mat57] that
cscK metrics must behave well with respect to biholomorphism. More precisely, the
automorphism group of X must be the complexification of the isometry group of
the cscK metric, if it exists. This is preventing Hirzebruch surfaces from admitting
cscK metrics as their automorphism group is non-reductive.

Calabi went further and restricted to metrics that respect the structure of P!-
bundles of Hirzebruch surfaces. He was then able to translate, for such metrics,
the extremal property into a simple ODE and to solve it, showing the existence of
extremal Kéahler metrics. His construction was later referred to as Calabi’s ansatz,
used in various situations and generalized in various directions. It would be easy
to fill pages with a bibliographical review of these, but it is not the purpose of
this introduction. We only stress that a common theme is usually the desire to get
explicit existence results or criterions. An influential illustration is [ACGTF08], where
a variant of Calabi’s ansatz was used to show that on various P!-bundles, existence of
extremal Kéhler metrics reduces to checking the positivity of a polynomial on [—1, 1],
the so-called extremal polynomial. In the series of papers leading to [ACGTFO08] (see
also [HS02]), the general idea of Calabi’s ansatz was actually pushed way further,
allowing for example to consider certain fibrations with toric fiber.

The interest for such fibrations was significantly renewed last year, when the second
author proved in [Jub21], using the breakthrough results of Chen and Cheng [CC18],
that a uniform version of the Yau-Tian—Donaldson conjecture holds for semisimple
principal toric fibrations, a very large class of toric fibrations. While it allows to
translate the question of existence of extremal Kéhler metrics on such manifolds into
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Effective weighted stability 119

a question of convex geometry on their moment polytopes, it is not yet an explicitly
checkable criterion, as the conditions to check still form an infinite dimensional space.
Motivated by the more practical philosophy behind Calabi’s ansatz, we prove in the
present paper various sufficient conditions of existence of extremal Kéhler metrics
which may be easily checked. Our approach is based on an initial idea by Zhou and
Zhu [Z708], exploited in greater generality by the first author in [Del22].

The previous paragraphs are meant as an introduction to our results, and it
should be stressed that it presents as such a biased and very incomplete historical
account of the study of extremal Kahler metrics on manifolds with large symmetry.
We refer to Székelyhidi’s book [Szé14], Gauduchon’s lecture notes [Gaul0] for a
general introduction to extremal Kéhler metrics, and to Donaldson’s remarkable
survey [Don08] and Apostolov’s lecture notes [Apo22] for some of the more specific
aspects of manifolds with large symmetry. More recent developments very related to
our work will be discussed at the beginning of Section 3.

Let us now highlight in the remainder of this introduction our main results. For this,
a few notations are needed, and the full details will be given in Section 3. Semisimple
principal toric fibrations are certain holomorphic fiber bundles 7 : Y — B where
the basis B =[], B, is a product of Hodge manifolds (B,,w,) with constant scalar
curvature s,, and where the fiber X is toric under a compact torus T. They are
constructed from certain types of principal T-bundles, essentially determined by the
data of a tuple (p,) of one-parameter subgroups of T. In this paper, a one-parameter
subgroup p, : St — T of T will be identified with the element of the Lie algebra of
T determined by the image of 1 € R = Lie(S!) under the differential of p, at the
neutral element. In particular, it defines a linear function on the dual of the Lie
algebra of T. On such manifolds, a Kahler class is called compatible if it decomposes
as the sum of a relative Kéhler class induced by a Kéahler class [wx] on X, and a sum
of real multiples ¢,7*[w,] of the pull-backs of the Kéhler classes [w,]. An admissible
Kahler class contains admissible Kahler metrics, that behave well with respect to
the fibration structure.

THEOREM 1.1. — Assume that Y is a semisimple principal toric fibration, that
the toric fiber X is Fano equipped with the Kéhler class [wx| = t2mci(X), and let
[wy] be an admissible Kéhler class. Assume that for all a, 2dim(B,)c, > ts, and
that at every vertex x of the moment polytope P of (X, |wx]),

2 (dim(Y) +1) + > o ;jj)iri(j“)c"

— tlext(l‘) 2 0

where l. Is the extremal affine function. Then there exists an extremal Kahler
metric in [wy].

Recall that, when a maximal torus of automorphisms of Y is fixed, the scalar cur-
vature of an invariant extremal Kéahler metric, if it exists, is a holomorphy potential
of a well defined vector field called the extremal vector field. In the statement above,
the extremal function is encoding the extremal vector field, and a choice of maximal
torus of automorphisms of Y is implicitly assumed. We will explain why it reduces
to an affine function on the polytope P in Section 3.
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120 T. Delcroix & S. Jubert

We actually prove a much more general sufficient condition, Theorem 2.6, that does
not require the fiber to be Fano. Since we obtain already a wealth of new examples
with this particular case, and it is a natural generalization of the P'-bundle case, we
focus on this result for the introduction.

In the case when the fibration is Fano itself, and not only its fiber, then ¢ = 1 and
s = 2dim(B,)c, so one gets a particularly simple criterion:

COROLLARY 1.2. — A Fano semisimple principal toric fibration Y admits an
extremal Kahler metric in c¢1(Y') if its extremal affine function le satisfies

SUp lexy < 2(dim(Y) + 1)
and the latter obviously needs only be verified at vertices of the moment polytope.

We provide, for the reader’s convenience, an elementary Python program imple-
menting the sufficient condition from Theorem 1.1 in the case when there is only one
factor in B and the fiber is of dimension one or two. It would be easy to imitate these
to allow greater flexibility in the data. It may be used either with all the data given
numerically, or some of the data treated as variable. We use this to our advantage
to prove the existence of extremal Kéhler metrics in a wide range of Kéahler classes
for some examples of fibrations.

PROPOSITION 1.3. — Let Y = Pg(Op & HP* & H ), where B is a Kéhler-
FEinstein Fano threefold, H is the smallest integral divisor of 2mcy(B) and 1 < p; < pa.
Then there exists an extremal Kéahler metric in the Kéahler class ¢1(X) + Ac;(B) for
A = 9py, where ¢i(X) and ¢;(B) respectively denote the relative first Chern class
and the pull-back of the first Chern class, by an abuse of notations.

Here, Y is a semisimple principal fibration over the base B, with fiber the projective
space X = P2. More generally, projectivizations of direct sums of line bundles can
often be considered as semisimple principal fibrations, as explained in Section 3.3.

The article is organized as follows. In Section 2, we prove a general sufficient condi-
tion for weighted uniform K-stability of labelled polytopes, and consider the special
case of monotone polytopes. Section 3 explains the geometric origin of weighted
uniform K-stability of labelled polytopes, with a particular emphasis on semisimple
principal toric fibrations. In Section 4, we put together the two aspects to prove
Theorem 1.1 and Corollary 1.2 using the monotone case of Section 2, as well as more
general statements. We present various examples of applications of the sufficient
condition in Section 5, including Proposition 1.3. Finally, we include in an appendix
elementary Python programs computing the sufficient condition for fibrations with
only one factor in the basis, and a one or two dimensional Fano fiber.
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2. Weighted K-stability of labelled polytopes: a sufficient
condition

2.1. Weighted K-stability of labelled polytopes

Let V be an affine space of dimension ¢, equipped with a fixed Lebesgue measure
dx. A labelled polytope in V is a pair (P, L) where P is a (compact, convex) polytope
in V and L = (L;)?%_, is a minimal set of defining affine functions for P, that is,

j=1
P={reV[Vj L) >0)

where d is the number of facets (codimension one faces) of P. We denote by Fj :=
{r € P| Lj(x) = 0} the facet of P defined by Lj;.

DEFINITION 2.1. — The labelled boundary measure do is the measure on 0P
whose restriction to the facet F; is defined by dL; N\ do = —dz.

Note that the labelled boundary measure depends heavily on the choice of labelling
(Lj). For example, for any tuple (r;) of positive real numbers, the tuple (L}) = (r;L;)
is another labelling of P. The associated labelled boundary measure do’ satisfies
do’ = Ti]_da on F;. In particular, if the r; are not all equal, there is no obvious relation
between do and do’. Similarly, the notion of weighted uniform K-stability that we
are about to define depends heavily on the choice of labelling.

Let v be a continuous, positive function on P, and let w be a continuous function
on P. Following [Don02, Lah19, LLS16], we define the (v, w)-Donaldson—Futaki in-
variant of the labelled polytope (P, L) as the functional F on the space of continuous
functions on P such that

(2.1) F(f) = 2/6P f(x)v(z)do — /Pf(x)w(x)dm
Following [His20, NS21], we also set

Il = int [ (51—t do
where Aff(V') denotes the space of affine functions on V.

DEFINITION 2.2. — A labelled polytope (P,L) is (v, w)-uniformly K-stable if
there exists a A > 0 such that for any continuous convex functions f on P,

(2.2) F) =z Alf

Remark 2.3. — Note that F is linear, and the right-hand side of (2.2) is always
non-negative, hence the following is a necessary condition for (2.2) to hold:

(2.3) Y f e AfE(V), F(f) = 0.

We will explain in Section 3 the geometric significance of this notion for various
choices of v and w, let us for now just highlight that when v and w are constant, the
functional F first appeared in [Don02] as an expression of the (Donaldson—)Futaki
invariant for toric test configurations in the study of K-stability of toric manifolds,
whence the name.
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122 T. Delcroix & S. Jubert

We denote by CV°(P) the space of continuous convex functions on P, and by
CV'(P) the space of all convex functions f on P which are the restrictions to P of
a continuously differentiable function defined on an open subset of V' containing P.
Note that by uniform approximation by smooth functions, it is enough to consider
only functions in CV'(P) to check condition (2.2).

In order to deal more efficiently with the right hand side of (2.2), following [Don02],
we consider the following normalization of functions. We choose a point z( in the
interior P° of the polytope P. It allows to choose a linear complement CV.(P) to
Aff(V) in CV(P), defined by

(2.4) CVL(P) = {f € CV'(P) |V z, f(x) > f(wo) = 0} .

Then, any f € CV'(P) can be written uniquely as f = f* + fo, where f; is affine
and f* € CVL(P), and we will use these notations in the following. By linearity,
F(f) = F(f*) if F vanishes on Aff(V).

LEMMA 2.4. — The labelled polytope (P,L) is (v, w)-uniformly K-stable if and
only if there exists A\ > 0 such that for all f € CV'(P),

(2.5) F(f) = Alf .
where |||z, denotes the L'-norm on P with respect to the Lebesgue measure dz.

Proof. — From [NS21, Proposition 4.1(3)], there exists a constant C; > 0 such
that for all continuous convex functions on

Y

P
11l < 1Al < Cull Il

The equivalence between condition (2.2) and condition (2.5) follows immediately. [

Remark 2.5. — Condition (2.5) is the condition that we will effectively use in the
sequel, so one might wonder why we introduced the first definition. The point is that
by Lemma 2.4, condition (2.5) is independent of the choice of z(, and condition (2.2)
makes it perfectly clear. In the more familiar unweighted case, the equivalence
between various notions of K-stability of polytopes was fully worked out by Nitta
and Saito [NS21].

2.2. The sufficient condition

Let C°(P,R) denote the space of continuous functions on P, and let C' (P, R) denote
the space of functions that are the restriction to P of continuously differentiable
functions defined in an open subset of V' containing P.

Recall that Fj denotes the facet of P defined by L;. For each j, let P; be the cone
with basis F; and vertex xq as illustrated in Figure 2.2. For a function f € C'(P,R),
we denote by d, f its differential at x € P. The following is the main technical result
of our paper, it imitates quite closely part of the proof by Zhou and Zhu [ZZ08] of a
coercivity criterion for the modified Mabuchi functional on toric manifolds.
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Figure 2.1. The cone decomposition

THEOREM 2.6. — Let v € C'(P,R) be a positive function on P and let w €
C°(P,R). Assume that F vanishes on Aff(V) and that for all j = 1, ..., d, for all
x € P;,

1
Lj(xo)
then (P,L) is (v, w)-uniformly K-stable.

W

(2.6) (V@) (£ +1) + dev(z — 20)) — ;> >0,

Proof. — Since L;(x) = 0 for x € F}, we have L;(zo) = d,Lj(xo— ) for all z € F;.
In particular,

/ f(a)v(z)do = / () —tels® = 2) o

Fy Fy L; (xo)

For each facet F' of OP; different from F;, and x € F, the interior product ¢, (dz)
vanishes since it vanishes on the affine space spanned by F. If we further use that
—dL; N do = dx on F}, we obtain

1
/F SNt = s
Hence by Stokes theorem we obtain
, faiaao = (1:00) [ (s@)def e = o) + f(@)v(a) + f@)dav(e = a0)) i
Summing the previous identities over j we get
b2
:j=1 Lj(xo)
d 2
+ Jz::l /Pj (Lj(:vo) ((E + D)v(x) + dyv(x — x0)> — w(x))f(x)dx.

Assume condition (2.6) is satisfied and (P, L) is not (v, w)-uniformly K-stable.
We will show contradiction to a stronger condition than condition (2.5). Namely,

assume that condition (2.6) is satisfied and that there exists a sequence of { fx}ren
in CV!'(P) such that

/8 S @)y ().

F(f) [, (defla=0) = f(@))via)dz

(2.7)
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124 T. Delcroix & S. Jubert

(2.8) lim F(ff)=0 and  VkeN, /aP v(z)fi(z)do = 1.

Recall from [Don02, Lemma 5.1.3] (see [NS21, Proposition 5.1.2] for a detailed
proof and explicit constant C') that there exists a positive constant C' > 0 such that
for all f € CV'(P),

|, F @ do > Clf .

As a consequence, since v > 0 on P, there exists a constant C’ > 0 such that for all

fecvi(p),
|, v@f @) do > o

In particular, the sequence { f;} has bounded L' norm. By [Don02, Corollary 5.2.5],
{f¥}ren converges (up to a sub-sequence, still denoted by f;) locally uniformly in
P% to a convex function f% which still satisfies inf /% = f* (z9) = 0. Since in
addition all f} are smooth and convex we have d, f;(x — o) — fi () > 0. Then, since
condition (2.6) is assumed to hold, all terms of the sum in (2.7) are non-negative.
Evaluating (2.7) at f; and passing to the limit reveals that limy_, d, f7(x — o) —
fi(x) = 0 almost everywhere in PY, showing that f* is affine on P°. Using again
inf f* = f* (zg) = 0, we conclude that f% is the zero function on P°.
The local uniform convergence of {f} to the zero function shows that

lim /Pf;(x)w(x) de =0

k — oo

that is,

lim 2 [ fi(z)v(z)do—F (fi) =0
opP

k— o0
which is in contradiction with condition (2.8).
From this contradiction it follows that there exists a constant p > 0 such that for
all f € CV'(P),
F(P) 2 p [, V@) @) do
= pC f* e
which concludes the proof of the Theorem 2.6. 0

Remark 2.7. — We stress that the property of (v, w)-uniform K-stability is inde-
pendent of the choice of xy € P in the previous section, but condition (2.6) depends
on that choice. It is possible and useful in practical uses of the condition to vary this
xo according to the data of the problem, see 5.3.1.

Remark 2.8. — Condition (2.6) depends continuously on the labelled polytope,
the weights v and w, and the choice of z.
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2.3. Case of monotone polytopes

Let us recall the terminology of monotone polytopes, used in [Legl6].

DEFINITION 2.9. — A labelled polytope (P,L) is monotone if there exists an
xg € PP such that Li(xg) = La(zg) = -+ = Lg(0).

There is thus an obvious choice of zy in that case. Our sufficient condition indeed
becomes much simpler in that case, since the decomposition of the polytope may
essentially be forgotten.

COROLLARY 2.10. — Let (P,L) be a monotone labelled polytope with L(xy) =
Ly(xg) = -+ = Ly(zo) = t. Let v € C'(P,R) such that v is positive on P and let
w € C°(P,R). Assume that F vanishes on Aff(V') and that for all z € P,

w(z)
2 0,
2

(2.9) 1(V(x)(€ 1)+ dov(z — ) —

then (P, L) is (v, w)-uniformly K-stable.

The conditions involved form a finite set of conditions to check, contrary to the
definition of (v, w)-uniform K-stability. It is furthermore easy to implement in a
computer program, via formal or numerical computations depending on the data
(P,L,v,w). The same is true for the more general Theorem 2.6, but the decomposition
in cones makes it a bit more tedious.

3. Geometric origin of weighted K-stability of polytopes
3.1. Weighted cscK toric manifolds

The results from Section 2 are motivated by the study of the existence of weighted
cscK metrics on toric manifolds, as studied in [Jub21].

Let T be an ¢-dimensional compact torus. We denote by t its Lie algebra and by
A C t the lattice of generators of circle subgroups, so that T = t/27A. Let (X, w, T)
be a compact Kéahler toric manifold. Denote by ;1 the moment map of X with respect
to the action of T, and let P = p(X) C t* be the moment polytope. The polytope P
is a Delzant polytope [Del88], and in particular, there is a natural choice of labelling
L of P such that all the differentials dL; of the defining affine functions L; are
primitive elements in the lattice A.

Remark 3.1. — We focus here on smooth manifolds, but let us mention that the
cases of orbifolds or pairs would also be natural settings to consider. In these situa-
tions, the labelling could be more general (see [Abr01] for orbifolds and [DGSW18§]
for pairs), thus justifying our choice to allow arbitrary labellings in the previous
section.

In the context of toric manifold, the v-weighted scalar curvature was introduced
in [LLS16]. To avoid introducing too much notation, we give the definition of [Lah19],
which makes sense for general compact Kéahler manifold and coincide with the one
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126 T. Delcroix & S. Jubert

of [LLS16] in the toric context. Let C*(P,R) denote the space of restrictions to P of
smooth functions defined on an open set containing P, and C*(P,R-) the subspace
of positive functions.

DEFINITION 3.2 (Weighted cscK metrics). —
(1) For v € C*(P,Ry), define the v-scalar curvature of w as the function

Scaly(w) = v(p)Scal(w) + 24, (V(M) + Tr(Gw o (Hess(v) o u)),

where Scal(w) is the usual scalar curvature of the Riemannian metric g,
associated to w, A, is the Riemannian Laplacian of g,,, Hess(v) is the Hessian
of v viewed as a bilinear form on t* whereas G, is the bilinear form with
smooth coefficients on t, given by the restriction of g, on fundamental vector
fields.

(2) If furthermore w € C*(P,R), then w is a (v, w)-cscK metric if

Scaly(w) =wou

In general, no YTD correspondence is proved for the existence of weighted cscK
metrics on toric manifolds. However by analogy with the unweighted cscK case, there
is a known candidate for the corresponding K-stability condition, which translates
on the polytope as Definition 2.2. In fact, the direction from existence of weighted
cscK metrics to K-stability was proved in general by Li, Lian, Sheng [LLS17].

THEOREM 3.3 ([LLS17, Theorem 2.1]). — Ifw is a (v, w)-cscK metric, then (P, L)
is (v, w)-uniformly K-stable.

The converse direction is in general much harder, but is known for special choices
of weights.

e If v and w are constants, this is the uniform YTD conjecture for cscK metrics
on toric manifolds. If v is constant and w is affine, this is the uniform YTD
conjecture for extremal metrics on toric manifolds. Both these conjectures
were proved recently [Apo22, His20, Leg19, Li20, LLS21, NS21] thanks to the
breakthrough of Chen—Cheng [CC18], its adaptation by He to the extremal
setting [Hel9], and earlier works, notably [Don02, ZZ08].

e Ifonly v is constant, the converse of Theorem 3.3 is known for all w € C*°(P, R)
by [LLS21].

e For v-solitons on Fano toric manifolds, which correspond to choosing an ar-
bitrary weight v € C®(P,Rs¢) and w(z) = 2({v(z) + d,v(x)) (see [AJL22,
Proposition 1]), it was proved first in [BB13] that the converse of Theorem 3.3
holds for general weight v, and much earlier in [WZ04] for the weight cor-
responding to Kéhler—Ricci solitons. We note that [LH20] proved that the
general uniform YTD conjecture holds for v-solitons on general Fano man-
ifolds, and refer to Section 4.4 for a discussion of v-solitons on semisimple
principal toric fibrations.

e Finally, as we shall explain in details in the next sections, the converse of
Theorem 3.3 was proven by the second author for weights corresponding to
extremal K&hler metrics on semisimple principal toric fibrations [Jub21].
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3.2. Construction of semisimple principal toric fibration

In this section we briefly recall the construction of semisimple principal toric
fibrations introduced in [ACGTF04]. We take the point of view of [AJL22], which
generalized the construction when the fiber is not necessarily toric.

Let T be an /-dimensional compact torus with Lie algebra t. Let 75 : Q — B be
a principal T-bundle over a n-dimensional product of cscK manifold (B, Jg,wp) :=

K (Ba, Ja,w,) satisfying the Hodge condition w, € H?(B,,Z). We supposed that
Q is equipped with a principal connection 6 € Q'(Q) ® t whose curvature satisfies

k
d@ = Z ﬂ-*B(wa) ®paa
a=1
where p, € t define one-parameter subgroups of T. Let (X, Jy,wx) be a toric
projective manifold under the action of T. Since T acts on various spaces, to avoid
confusion, we under-script the space on which T acts, e.g. T x acts on X. We consider
the 2(¢ + n) dimensional smooth manifold

(3.1) Y = (X x Q)/T,

where the Ty yg-action on (X X Q) is given by v-(z,q) = (y-z,7 'q),z € X, ¢ € Q
and v € T. Let H := ann(0) C TQ be the horizontal distribution on the principal
bundle ) with respect to 6. We consider the smooth section of the endomorphism
of T(X x Q)
Jy =J X © J B

where Jp acts on @) via the unique horizontal lift of vector fields on B to H. The
section Jy is invariant with respect to the Ty x-action and it is shown in [AJL22,
Section 5| that Jy descends to a complex structure (still denoted by Jy) on Y.

Let P C t* be the Delzant polytope associated to (X, Jx,wx,T) [Del88]. By
definition the T-action on X is hamiltonian and we denote by p : X — P its
moment map. We consider the 2-form on X x @)

k
(3.2) wy =wx + > (pa 0 p+ o) Th(wa) + dpo b,
a=1

where the k-tuple of real constants (c,) are such that for all a, p, o u+ ¢, > 0 and
dp o 6 is a 2-form understood as the contraction of the t-valued one form 6 and the
t*-valued one form du. It is shown in [AJL22, Section 5] that wy is basic with respect
to Txxg and as such, it is the pullback of a Kéhler form (still denoted by wy) on Y.
The Tx-action on X induces an action on X x ) by the natural T x-action on the
first factor. This action commutes with Tx ¢ and therefore descends to a Ty-action
on Y. The Kéhler form wy on Y defined via the basic 2-form (3.2) on X x @ is
Ty-invariant (see [AJL22, Section 5] for more details).

The Kéhler metrics w, on B,, the connection form # and the constants p, € t are
fixed. The Kéahler manifold (Y, Jy,wy,T) is a fiber bundle over B with fiber the
toric Kéhler manifold (X, Jx,wx,T). Following [ACGTF11] we define:

DEFINITION 3.4. — The Kéhler manifold (Y, Jy,wy,T) defined above is called a
semisimple principal toric fibration. The T-invariant Kahler metric wy on'Y defined
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from the T-invariant Kéahler metric wx on X is called a compatible Kahler metric.
A Kihler class ay € H?*(Y,R) containing a compatible Kéhler metric is called a
compatible Kéahler class.

In this setup, the constants ¢, can vary and they parameterize the compatible
Kéhler classes. .

Let PY be the interior of P and X := p~'(P°) be the dense open subset of
X of regular orbits for the Tx-action. The T-action on X extends to an effective
holomorphic action of the complexified torus T® := T ® C. Fixing any point x € X ,
we can identify (X, Jx) and the orbit TC - 2y = (C*)* of

(3.3) (X, Jx) = (€.
Restricting the Ty «g-action to X x Q, we define
Y = (X X Q) /T.

By (3.3) Y is T-equivariantly biholomorphic to a (C*)-bundle over B. Since (X, Jx)
compactifies to (X, Jx), the complex principal (C*)*-bundle Y compactifies to
(Y, Jy).

Remark 3.5. — Semisimple principal toric fibrations (Y, Jy,wy, T) constructed
above correspond to semisimple rigid toric fibration introduced and studied in
[ACG06, ACGTF04, ACGTFO08] when there is no blow-down and the basis B is

a global product of cscK Hodge manifolds.

A particular case, which will be of interest for us, is the case of Fano semisimple
principal toric fibrations. We recall a characterization of these from [AJL22]

LEMMA 3.6 ([AJL22, Lemma 5.11)). — Assume that each B, is a Fano Kédhler-
FEinstein manifold. Let w, denote a Kéhler-Einstein metric on B, so that I,[w,] =
27c1(B,), where I, denotes the Fano index of B,. We fix a principal bundle with
connection (Q,0) as before (with associated data (p,)). We further assume that
(X,wx) is a Fano toric manifold with a T-invariant Kéhler form wyx € 2mcy(X), with
the natural choice of moment map p. If for all a, p, o u+ I, > 0, then the semisimple
principal fibration Y associated to the above data is a Fano manifold, and wy is in

2mey(Y') for the k-tuple (¢,) = (1,).

Note that in the above situation, the scalar curvature of w, is indeed constant,
equal to 2n,I, where n, is the complex dimension of B,.

3.3. Projectivization of sum of line bundles as semisimple principal toric
fibration

We now provide an effective way of constructing examples of semisimple principal
toric fibrations.

Let (B,wp) := [I*_,(Ba,w,) be a product of compact complex manifolds B,
endowed with cscK metrics w, with [w,] primitive element of H?*(B,, Z). We consider
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holomorphic line bundles £; — B, ¢ = 1,...,¢, and we suppose that their first
Chern classes satisfy

- 27TCl Z paz wa

where by definition p,; is the w,-degree of E: . The natural C}-action on £; induces
an action of S} C C}, providing a T-bundle 7 : Q@ — B, where T = [[,;S} is a
compact f-torus. We choose a Hermitian metric h; on £; and consider the norm
function 7;(u) = (h;(u,u))? for any u in £;. On L;, the C*-bundle obtained from
L; by removing the zero section, r; is positive and we let t; = log(r;). We fix a basis
€ = (&), of the Lie algebra t of T and we denote by &£ the generator of the
Sl-action on £;. We then consider the t-valued one-form ¢ := >>*_, #;&; and we define
a connection one-form 6 on () as the restriction of d°t to (), seen as the T-bundle of
unit element on each (L£;, h;). For all i = 1,... ¢, it satisfies

6(¢%) =6
We obtain by construction

4

d@szZ@)W wr;) = Y& <me7r wa>
(3.4) =
= Zpa ® ﬂ-*(wa)u
a=1

where wy, is the opposite of the curvature form of the Chern connection of (£;, h;)
and p, = 2°F_ | paifs. We consider the (-projective space (P¢, wpe, T) endowed of a toric
T-action with respect to a fixed Kahler metric wpe. We fix the principal T-bundle
() with its connection one form 6, the cscK Kéhler manifolds (B,,w,) and the toric
Kihler manifold (P¢, wpe, T). From these data, we define a semisimple principal toric
fibration Y := Q x¢ P’. By construction, Y is biholomorphic to the total space of
the projective bundle P(E), E:= 0 & ®'_, L

Suppose wpe belongs to the first Chern class 2mc; (P) of P¢ and denote by P the
canonical (-simplex associate to (P, 2c; (P¢), T*) via Delzant correspondence [Del88)].
By (3.4), any compatible Kéhler metric on Y is of the form

(35) - Z (Z]hz% + Ca) (wa) + Wpe, £ = (m)le S

with
¢
(3.6) —Cy > me-,
i=1

In the above formulas, by abuse of notation, wpa denotes both the Kéahler metric
on P and its induced metric in 27c;(Og(¢ + 1)). The tuples (c,) satisfying (3.6),
parametrize the compatible Kéahler classes.
Furthermore, suppose that B is a product of Kahler-Einstein manifolds (B,wg) :=
gzl(Ba, w,). By Lemma 3.6, if we choose ¢, equal to the Fano index I, of B,, the
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corresponding compatible Kéhler form wy defined in (3.5) belongs to the first Chern
class 2mwcy(Y). In particular, if

J4
(37) _Ia > Zpaia
i=1

Y is a Fano manifold with compatible first Chern class.

3.4. Extremal metrics on semisimple principal toric fibrations

We begin this section by recalling a general characterisation of extremal metrics
on compact Kéhler manifold (Y, Jy) in a fixed Kéhler class ay. By definition a
Kéhler metric w is extremal if the symplectic gradient of its scalar curvature is real
holomorphic, i.e.

wal(Scal(w))JY = 0.

By a well-known result of Calabi [Cal85] an extremal metric needs to be invariant
by a maximal torus K in the reduced automorphism group Aut,eq(Y) of Y. Let us fix
such a torus K. For any K-invariant Kéhler metric w on Y the action of K on (Y, w)
is hamiltonian and we denote by u, the corresponding moment map. By a result
of Guillemin—Sternberg [GS82] the image of u,, is a convex compact polytope P in
the dual of the Lie algebra £ of K. For any K-invariant metric w in ay we normalize
e, in such way that its image equals P. It then follows from [FM95] and [Lah19,
Lemma 1] that a K-invariant metric w € ay is extremal if and only if

Scal(w) = loxt (fw),

where [. is the unique affine extremal function such that the Futaki invariant
vanishes

(3.8) F(1) = [ 1pa)(Sealw) = Lot (1)) 57 = 0.

for any | € Aff(£").

We now suppose that (Y, Jy,wy, T) is a semisimple principal toric fibration with
fiber (X, Jx,wx,T) and that ay := [wy] is a compatible Kéhler class on Y. Let
P denotes the Delzant polytope associated to (X, Jx,wx, T). In general, Ty is not
maximal in Aut,q(Y). However, by [ACGTF11, Proposition 1], any compatible
Kéhler metric (3.2) is invariant by a maximal torus Ky C Aut,q(Y) containing Ty
such that the following exact sequence holds

(3.9) {0} —t—t — tz — {0},

where t := Lie(Ty), ¢ := Lie(Ky) and ¢ := Lie(Kp) where Kg C Aut,eq(B) is a
maximal torus such that wp := Z’;:l W, is Kp-invariant (without loss of generality
by Lichnerowicz—Matsushima Theorem).

By construction (3.1), there is an embedding of the space of T-invariant smooth
functions C°(X) on X in the space of T-invariant smooth functions C3°(Y') on YV

(3.10) C(X) C CX(Y).
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Moreover, by computations in [ACG06, p. 380], the scalar curvature Scal(wy) of
compatible Kahler metric wy on Y corresponding to a Kahler metric wx on X
belongs to C(X) C C(Y) and is equal to
k
Sa 1

(3.11) Scal(wy) = agl PR + =) Scaly (wx),

where s, are the constant scalar curvatures of w, and n, := dim(B,), Scal,(wx) is
the v-weighted scalar curvature of wyx (see Definition 3.2) with respect to the weight
v(z) == [1"_, (pa(x) + ca)™. Tt then follows from (3.9) and (3.11) that (3.8) reduces
to an equation on X and is equivalent to

/X (Sca,lv(wx) — W(ILLWX)) (poy ) =0,

for every | € Aff(t"), where the moment maps [, are normalized such that
foy (X) = P and w(z) := (lexi(z) — F_, oieies)V(@). To summarize we have the
following (see [ACGTF11, Section 3.5] or [AJL22 Lemma 5.14] for more details).

ProrPOSITION 3.7. — The affine extremal function l.; of a compatible Kéhler
class belongs to the image of the map Aff(t*) < Aff(¢*) induced by (3.9).

Remark 3.8. — It follows from Proposition 3.7, [AJL22, (27)] and [Lah19, Lem-
ma 15] that the Futaki invariant (3.8) restricted to Aff(t*) C Aff(¢*) coincides, up to

a positive multiplicative constant, to the weighted Donaldson—Futaki invariant (2.1)
for the weights (3.12).

We now state the main existence result of this section, which is one of the main
results of [Jub21].

THEOREM 3.9 ([Jub21, Theorem 3]). — Let (Y, Jy,wy, T) be a semisimple prin-
cipal bundle with Kéhler toric fiber (X, Jx,wx,T) and denote by P its moment
polytope. Then there exists an extremal Kéahler metric in |wy] if and only if P is
(v, w)-uniformly K-stable, where

k
v(z) = H (Pa(x) + co)™
(3.12) o=t

w(z) = <ext ij )+Ca>v(x),

and le is the unique affine function such that (2.3) holds for (v,w). Equivalently,
there exists a (v, w)-cscK metric in [wx].

Proof. — We only sketch the proof of the direction “(v,w)-uniform K-stability
implies existence of a (v, w)-weighted cscK metric” which is key in the present paper,
and refer to the original paper [Jub21] for details and the converse direction. We
fix the weights (v,w) given by (3.12). By Proposition 3.7 and (3.11), compatible
extremal metrics on Y correspond to (v, w)-cscK metrics on X via (3.2). Then,
the existence of (v, w)-cscK metric in [wx] implies the existence of a (compatible)
extremal metric in [wy|. The main ingredient is the existence result of cscK metric of
Chen—Cheng [CC18, CC21a, CC21b], extended by He [Hel9] to the extremal case:
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THEOREM 3.10 (Chen—Cheng, He [CC18, CC21la, CC21b, Hel9]). — Let « be
a Kahler class on a compact Kahler manifold Y and K be a maximal torus in the
reduced automorphism group Aut,.q(Y'). Then there exists an extremal metric in
« if and only if the K-relative Mabuchi energy MX is KC-coercive, i.e. there exists
C >0 and D > 0 such that

M (@) = C inf di(0,7-¢)— D,
~€eKC

for every ¢ € Kg(Y, &)

In the above statement, Wy € « is a fixed K-invariant Kahler metric,
ME K (Y, @) — R

is the K-relative Mabuchi energy [Gua99, Mab86] defined on the space of K-relative
Kihler potential Ky (Y, @) == {@ € C2(Y) | @y, = &g + ddp > 0}, Kg(Y,@) C
Kk (Y, @) is the space of normalized potential (with respect to the vanishing of the
Aubin-Mabuchi functional), d; is the Darvas distance [Del88] and K® := K ® C is
the complexification of K. Moreover K€ acts on I&K(Y, Wo) via the natural action
on K-invariant Kéhler metrics in [Wg]. Originally [Hel9], the coercivity condition
in Theorem 3.10, was expressed in term of the complexification of a maximal com-
pact connected subgroup of Aut,.q(Y) (not necessarily commutative). As observed
in [Jub21, Section 5], the same arguments as in [CC18, Hel9] provide this statement.

The proof of Theorem 3.9 is divided in two steps:

(1) show that the (v, w)-uniform stability with respect to the weights (3.12) of
the polytope P implies the T®-coercivity of the weighted Mabuchi energy
M,y corresponding to (X, Jx, [wx], T);
(2) adapt the continuity path (3.13) involved in the proof of Cheng—Cheng and He
to obtain the existence of a compatible extremal metric in [wy] (or equivalently
a (v, w)-weighted cscK metric in [wy]).
The weighted Mabuchi energy M, ,, mentioned above is the one introduced by
Lahdili [Lah19].

Step 1. — The first step is an adaptation of [Don02, ZZ08] which established
this result in the unweighted case, i.e. when v = 1 and w = lo. Fix wy € [wx] a
T-invariant Kéhler metric. On a toric Kahler manifold, a T-invariant Kahler metric
w € [wo] can be defined via two functions: a T-invariant wp-relative Kéhler potential
¢ € Kr(X,wp) and a symplectic potential u € S(P,L), which, by definition, S(P,L)
is the space of smooth strictly convex functions on P? which satisfy the so-called
Abreu boundary conditions [Abr03, Gui94]. There is a well-known correspondence
between a symplectic and a Kahler potential defining the same Kéhler metric [ACGO6,
ACGTF04, Don02, Gui94]. Via this correspondence we can consider the weighted
Mabuchi energy M, y, as a functional on S(P,L). A first step is to show, as in the
case v = 1 [Don02, Proposition 3.3.4], that M, extends to the space CV*°(P)
of smooth convex functions on P° and continuous on P, and that a symplectic
potential u € S(P,L) defining a (v, w)-weighted cscK metric realizes the minimum
of My y over CV*°(P). This is proven in [Jub21, Proposition 7.7]. The idea is then,
as in [ZZ08], to compare M, y, and M, y,,, where the weight w is the v-weighted
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scalar curvature Scal,(ug) of (the Kéhler metric defined by) any fixed symplectic
potential ug. Then wug trivially solves

Scal,(u) = wg, u € S(P,L),

In other words, there exists a (v, wy)-cscK metric in [wy]|. We deduce that M y, is
bounded from below on CV*°(P) by the discussion above. Consequently, by compar-
ing M, ,, and M, y, and using our hypothesis, we can show that [Jub21, Proposi-
tion 7.9] (or [ZZ08] for v = 1)

My (u) = Cllu|[, = D,

for any u € S(P,L). There D > 0 and C' > 0 are uniform in u and || - ||z, is the
Li-norm on P with respect to the Lebesgue measure. Denote by df the Darvas
distance on Kp(X,wp). For a (normalized) Kéahler potential ¢ € Kr(X,wy) corre-
sponding to (normalized) symplectic potential u € S(P,L) via the correspondence
described above, we can show that di¥ (0, ¢) < Alju|| + B, for some positive constant
A and B. We deduce that

M, w(p) = C" inf df (0,7 ) — D'
yeTC
for any ¢ (normalized) T-invariant Kahler potential, where C’ and D’ are positive

constant. We refer to [Jub21, Section 7.6] for the precise normalization of symplectic
and Kéahler potentials.

Step 2. — The proof of the direction “coercivity implies existence” in Theorem 3.10
is based on the resolution of the following continuity path
(3.13) t(Seal(@y) = leat(piz,)) = (1= H)(As, (V) —n =€),

where ¢t € [0,1], ¥ is a fixed Kahler metric in [@o], dim(Y) =n + ¢, ¢ € Kg(Y, o)
and Ag_(X) is the symplectic trace of ¥ with respect to @,. Chen-Cheng and He
showed that there exists ¢y € (0,1) such that

S := {t € [to, 1] such that 3 ¢, € Kg(Y, &) solution of (3.13)}

is non-empty, open and closed in [tg, 1].

We come back to the case of semisimple principal toric fibration. We fix a
T-invariant Kéhler metric wy € [wx] and the induced compatible Kéhler metric
Wo € [wy], see (3.2). It follows from (3.10) and (3.9) (see [ACGTF11, Lemma 7] for
a proof) that

(3.14) ]C’]r(X, (,UO) C /CK<Y, (I)(]),

where K is a maximal torus in Aut,eq(Y’) containing T such that (3.9) holds. Moreover,
for every ¢ € Kr(X,wy), seen as function on Y, the Kahler metric &, := &g + ddp
is a compatible Kahler metric in [wy] in the sense of Definition 3.4. Also, &, on Y
is the metric induced by w, on X via (3.2) (see [ACGTF11, Lemma 7] or [AJL22,
Lemma 5.5]). Following [ACGTF11], we then refer to the image of (3.14) as the
space of compatible Kihler potentials. Additionally, (3.11), (3.14), [AJL22, (27)] and
Proposition 3.7 (see also [AJL22, Lemma 5.10]) show that

(3.15) M¥ kea(xw0) = M-
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Let d} be the Darvas distance on K (Y, @) [Del88]. By [AJL22, Corolarry 6.5] and
since v > 0,

(3.16) d¥(0,¢0) = A dY(0,¢)

for any ¢ € Kr(X,wp) C Kk (Y, @), where A > 0. By (3.11), the restriction of (3.13)
to the space of compatible Kahler potentials (X, wy) C Kk (Y, @) is equal to

(3.17) t(Scaly(wy) = wlp,)) = (1= 1)(Az, (X) —n — 1),
We now want to show that there exists ¢y € (0,1) such that
S :={t € [ty, 1] such that J ¢, € Kq(X,wy) C Kx(Y,o) solution of (3.17)}

is non-empty, open and closed in [ty, 1]. Since any T®-orbit is included in a K®-orbit,
the TC-coercivity is stronger than the KC-coercivity. Then, by (3.15), (3.16) and
Step 1, M¥ is K®-coercive on the space of compatible potentials (X, wp) suitably
normalized. As observed in [Jub21, Lemma 6.3], we can choose X such that (3.17)
is an equation on X and admits a solution ¢;, € Kr(X,wp) for some ¢, € (0,1),
showing that S is non-empty. The openness follows from an application of the Implicit
Function Theorem [Jub21, Proposition 6.4]. From the openness, the closedness of
Kr(X,wp) in Kx(Y,@0) (see [Jub21, Section 3.4]) and Step 1, following the proof
of Theorem 3.10, we obtain a sequence of compatible Kéhler metric &, such that
wj =7 (@y,), 15 € KT, converge to an extremal metric @;. The space of (normalized)

compatible Kéahler potential I&T(X ,wp) is not stable under the action of K, then
either @; or w; is compatible in general. However, we can show (see [Jub21, Proof
of Proposition 6.5]) that w; is of the form of (3.2), for a possibly different principal
connection # and Kéhler metrics w,. Moreover, we can argue that the Kéahler metric
wy € [wx]| defining @, via (3.2) is a weighted (v, w)-cscK metric for the same weights
(3.12), see [Jub21, Proof of Proposition 6.5]. O

Note that condition (2.3) corresponds to the vanishing of the modified Futaki
character, and [, encodes the extremal vector field. In particular the extremal
metric above is cscK if and only if /. is constant.

Remark 3.11. — It is remarkable that the condition depends on the base only
through the constants (s,) and the existence of a principal T-bundle with connection
with corresponding data (p,). In particular, when we obtain an existence result for
extremal Kéhler metrics, we usually actually obtain the existence of extremal Kéahler
metrics over a full deformation family of cscK manifolds. This is exactly this fact
which is used in the Proof of Proposition 5.1 to obtain an existence condition of
extremal metric on CP?-bundles over any Kéahler-Einstein Fano threefold depending
only on the cohomology class and the degrees of the line bundles.

4. Geometric applications of the sufficient condition
4.1. The general statement

We use the same notations as in Section 3 for semisimple principal toric fibrations
and the same notations as in Section 2 for the decomposition of polytopes.

ANNALES HENRI LEBESGUE



Effective weighted stability 135

COROLLARY 4.1 (of Theorem 2.6). — The semisimple principal toric fibration
(Y,wy) admits an extremal Kéhler metric in [wy] if there exists an o € PY and
corresponding cone decomposition P =J; Pj such that for all j and for all v € P,

a=1

Proof. — By Theorem 3.9, the sufficient condition of Theorem 2.6 translates as a
sufficient condition of existence of extremal Kéahler metrics. To obtain the statement
above, it suffices to note that for the weight v involved, we have

k

dov(y) = (Z "“y)) v(z).

a=1 pa(x) + Cq

so that in the condition in Theorem 2.6, we can factor by v(z) which is positive
everywhere. 0

4.2. Fibrations with Fano fiber

We now turn to the fibrations with Fano fiber, in order to use Corollary 2.10. With
the same notations as in Section 3.4, we now assume furthermore that the toric fiber is
a Fano manifold, and that the Kahler class [wx] is a multiple of the anticanonical class
2mcq (X). As a consequence, the moment polytope P is a dilation of a reflexive lattice
polytope. This implies that the labelled polytope (P, L) corresponding to the lattice
polytope P is monotone, with a preferred point zg and Ly (zg) = -+ = Lg(x) = t.
Assuming without loss of generality that the (anti-)canonical normalization is used
for the moment polytope of the fiber, we may further assume that xrqg = 0, and

- [
t= 2me1(X)”

COROLLARY 4.2. — The semisimple principal toric fibration (Y, [wy]) with Fano
toric fiber admits an extremal Kéhler metric in [wy] if V x € P,

(4.1) (z + Zna> +o+ Z 2””0“ — o () = 0

+ca

Note that £ + >, n, = dim(Y").

Proof. — Since all L;(z) are equal to ¢, the condition from Corollary 4.1 further
simplifies to

2 alr’a t a
2€+2+Z Mapa(@)  bs
a=1 pa( )+Ca
as for Corollary 2.10. Writing 2n,p. () = 2n4(pe(x)+co) —2n4¢, yields the statement.
OJ

While simple enough, and tractable with numerical optimization techniques, the
inequality involved is a polynomial inequality in several variables, whose degree can
be equal to the dimension of the basis plus one. It is difficult to solve formally, but
there is a further reduction that allows to get a simpler condition which can be
checked by a finite number of evaluations of polynomial functions.

—tlext(z) >0 Yz EP
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COROLLARY 4.3. — Assume furthermore that for all a, ¢, > ;Za Then the
semisimple principal toric fibration (Y, [wy|) admits an extremal Kéhler metric in

[wy] if inequation (4.1) is satisfied at every vertex of P.

Proof. — The inverse of an affine function is convex on the locus where this affine
function is positive. Hence under the condition in the statement, the function ts;;%zc“
is concave on P. Condition (4.1) thus amounts to checking the non-negativity of a
concave function on a convex polytope: it is enough to check the non-negativity on

vertices. O

Remark 4.4. — In the case of a simple principal toric fibration, that is, if there is
only one factor in the basis, then the condition becomes extremely simple for classes
with ¢, > 587‘;: it is enough to check a degree two polynomial inequation on every
vertex of the moment polytope. This is actually used in most of the examples of
Section 5, see e.g. Proposition 5.1 or Proposition 5.3.

Remark 4.5. — We can write a similar statement for the general case of toric
fibrations, by working on the cone decomposition. In that case the conditions to
impose are: for all j, for all a, L;(x0)sq — 2n4(pa(z0) + ¢2) < 0 and condition (4.1)
is satisfied at all vertices of P;, that is, some vertices of P and z.

4.3. Extremal metrics in the anticanonical class

An important special case when the toric fiber is Fano is given by the semisimple
principal toric fibrations which are themselves Fano. By our general sufficient condi-
tion, we obtain a very simple condition for the existence of extremal Kéhler metrics
on Fano toric fibrations.

COROLLARY 4.6. — A Fano semisimple principal toric fibration Y admits an
extremal Kéahler metric in ¢1(Y') if its extremal function le satisfies:
(4.2) sup lexy < 2(dim(Y) + 1)

Proof. — By Lemma 3.6, for all a, s, = 2n,c, and the condition from Corollary 4.2
becomes
2dim(Y) +2 =l =0 on P O
Of course, as in Corollary 4.3, it is enough to check this condition on vertices of
the polytope. Furthermore, if o is constant, it is equal to 2dim(Y") since the class
is the anticanonical one. As a consequence, the condition is strictly satisfied:

(4.3) 2dim(Y) 4+ 2 — logy = 2 > 0.

In particular, we recover that a Fano toric fibration with vanishing Futaki invariant
admits a Kahler-Einstein metric :

PROPOSITION 4.7 ([AJL22]). — Let (Y,wy) be a Fano semisimple principal toric
fibration with vanishing Futaki invariant. Then there exists a Kahler—FEinstein metric
in 27y (V).

More interestingly, we have the following consequence.
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PROPOSITION 4.8. — Let (Y,wy) be a Fano semisimple principal fibration. Then
on a neighborhood of the anticanonical class, a compatible Kéhler class admits a
cscK metric if and only if its Futaki invariant vanishes.

Proof. — By Remark 2.8, the non-negativity condition in Theorem 2.6 varies
continuously with the weight. By equation (4.3), that condition is strictly satisfied
at the anticanonical class, so it is satisfied on a neighborhood of this class. The only
added assumption in Theorem 2.6 translates as vanishing of the Futaki invariant. [

Remark 4.9. — Of course, if the Futaki invariant of the anticanonical class van-
ishes, this is already known by Lebrun—Simanca [LS93] and [AJL22]. Similarly, if
the anticanonical class is strictly K-unstable, nearby classes will be as well. However,
in the present setting, working directly with the condition it is not hard to find an
explicit neighborhood which works. Furthermore, the statement applies even when
we do not know whether there exists an extremal Kédhler metric or not in the an-
ticanonical class. In the current state of knowledge, it could also happen that the
anticanonical class is K-semistable (for the notion of relative K-stability adapted to
extremal Kéhler metrics), and the above proposition would still apply in that case.
This is a further illustration of a phenomenon observed in [Del22].

4.4. Weighted solitons on Fano semisimple principal toric fibrations
Recall a v-soliton is a Kéhler metric w such that
1
Ric(w) —w = iddclog(v),

where Ric(w) is the Ricci form of w. On Fano semisimple principal toric fibrations Y
with fiber X, a Kéhler metric wy € 2mei(Y) is a v-soliton if and only if its correspond-
ing metric wx € 2mei(X) is (vvg, V)-cscK (see [AJL22, Lemma 2.2, Lemma 5.11])
for the weights v := 2(¢vo(z)v(x) + d,(vov)(x)) and vy is defined in (3.12). Since the
polytope must be reflexive hence monotone, one has zq = 0, ¢ = 1 and condition (2.9)
becomes v > 0 on the polytope, which is obviously satisfied. Moreover, by [Jub21,
Proposition 7.8], the (v,V)-uniform K-stability implies the coercivity of the corre-
sponding weighted (v, v)-Mabuchi functional. Thanks to [LH20, Theorem 3.5, we
obtain the existence of a weighted soliton in 2m¢;(Y). This result was obtained
in [AJL22, Theorem 3], by applying K-stability arguments from [LH20]. The proof
proposed above allows to remain fully on the differential geometric side.

COROLLARY 4.10 ([AJL22, Theorem 3]). — Let Y be a Fano semisimple principal
toric fibration with associate Delzant polytope P. Consider the weighted Donaldson—
Futaki invariant F for the weights corresponding to v-solitons defined above. Then,
if F vanishes, there exists a v-soliton in 2mci(Y).

5. Examples
5.1. Examples of bases

In this section, we comment on examples of possible bases for the semisimple
principal toric fibration construction. This allows to determine possible values of
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sq to plug into the condition. The easiest way to get a cscK basis is to choose a
Kéhler-Einstein manifold, equipped with a multiple of its first Chern class when it
is definite, and with an arbitrary Kéahler class for Calabi—Yau manifolds.

For canonically polarized manifolds, there always exists a Kéhler—Einstein metric
in —2m¢; (X), and there exists such manifolds in every dimension. In particular, the
value s, = —2]% are always allowed, for k, € Z~. For manifolds with zero first Chern
class, there always exist Kahler—Einstein metrics with zero scalar curvature. For the
positive curvature case, since the projective space of dimension n is a Kahler—Einstein
manifold of index n + 1, all the values s, = 2% are allowed, for k, € Z~y. More
generally, for a Kdhler—Einstein Fano basis of dimension n, and index [,, then all
the values s, = 2"”1“ are allowed, for k, € Z-y. Note that the Fano index of an
n-dimensional Fano “manifold is always an integer between 1 and n + 1. Here are
a couple known results on existence of Fano Kéhler—Einstein manifolds when n is
small or I is large:

e if /] = n+ 1 then X = P" is the n-dimensional projective space, and it is
Kéahler—Einstein,

e if ] =n then X = Q" is the n-dimensional quadric, and it is Kahler—Einstein,

e if n =1 then X =P!', J =2 and it is KéhlerEinstein,

e if n = 2 then P? (index 3), X = P! x P! (index 2) and the blowups of P?
(index 1) at three or more points are Kéhler-Einstein,

e if n = 3, then the existence of Kéhler—Einstein metrics on a general mem-
ber of a deformation family of smooth Fano threefolds was recently settled
n [ACC*23|, and the families where the general member is not Kahler—
Einstein are the following, in the labelling used in [ACC™23], 2.23, 2.26, 2.28,
2.30, 2.31, 2.33, 2.35, 2.36, 3.14, 3.16, 3.18, 3.21, 3.22, 3.23, 3.24, 3.26, 3.28,
3.29, 3.30, 3.31, 4.5, 4.8, 4.9, 4.10, 4.11, 4.12, 5.2.

5.2. P2-fiber over Fano threefold

We consider the 2-dimensional projective space (P?, T2, 2rrc; (P?)). Identifying the
lattice A of T? with Z?, we consider its labelled moment polytope (P, L) in R?

(5.1) P ={(1,22) = 7 € R*| Ly(2) > 0, Lo(w) >0, La(x) > 0},

where Li(z) := 1 + 1, Lo(z) := 22 + 1, Ly(x) := —x; — x5 + 1. Let (B,wp) be a
KE Fano threefold with ap := [wp] primitive element of H?(B,Z) proportional to
the first Chern class 2m¢; (B). Let £; — B be a holomorphic line bundle of degree
—p; proportional to the anticanonical line bundle —Kpg, ie. —p;ap = 2w (L;).
We consider a simple principal toric fibration (i.e. the basis has only one factor)
m:Y =P(Ly® Ly & Ly) — B. Since the holomorphic class of Y is invariant by
tensoring F := Lo ® L1 & Lo with a line bundle, we can suppose without loss of
generality that Lo = O is the trivial line bundle and p; > 0, i = 1,2. When B is a
local Kahler product of nonnegative cscK metric and p; = py > 0 or p; > p; =0, it
is known [ACGTFO08, Proposition 11], that there exists an extremal metric in every
compatible Kahler classes. We then suppose ps > p; > 0.
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The compatible Kahler classes are parametrized by constants ¢ and are of the form
(5.2) a. =211 (Op(3)) + en*(ap),

As introduced in Section 5.1, since B is a Fano threefold, the only possible Fano
indices [ are 1, 2, 3 or 4. In the case where B is the quadric ()3 or the projective
space P3 (i.e. if I = 3 or I = 4 respectively), Leray—Hirch Theorem shows that
H?*(Y,R) = R% Tt follows that, up to scaling, all Kéihler classes are compatible,
i.e. of the form of (5.2). It is known that [ACGTF11, Theorem 4] for ¢ sufficiently
large, the class a. is extremal. The following Proposition gives a precise value for c,
depending on p; and ps, from which a,. admits an extremal metric.

PROPOSITION 5.1. — Let Y = Pg(Op & H P & H ), where B is a Kéhler-
FEinstein Fano threefold, H is the smallest integral divisor of 2mcy(B) and 1 < p; < pa.
Then there exists an extremal metric in o for ¢ = Tps.

Proof. — Since the arguments are identical for each Fano index I, we give the
proof only for [ = 4.

By Corollary 4.3, for ¢ > 4, it is sufficient to check (4.1) evaluated in each vertex
v = (—1,2), vg := (=1, —1), v3 := (2, —1) of the polytope P.

Using Program 2 in Appendix A, we find that the LHS of (4.1) evaluated in v; is
a rational fraction in the variables ¢, p1, pao:

P<Cap17p2)
Q(c,p1,p2)

We give the explicit expression of the polynomials P and () in Appendix B. Suppose
now ¢ > 7ps and py = p; > 1. Then we can find two polynomials

R(c) :=12250c" — 73500¢” — 295470c® + 1296540¢” — 3657150c¢° + 3776220¢°
— 6537672¢" 4 5624964 — 6193584¢% + 85920232¢ — 1889568

LHS of (4.1) =

and
S(e) :=6125¢" + 18375¢” + 6615¢° + 19845¢" + 127575¢°

4 382725¢ 4 17496¢* + 52488¢® — 288684c* — 866052¢

such that
0 < R(c) < P(c,p1,p2)
and
0< S(C) and S(C> 2 Q(C7p17p2>'

It implies that
P<Cap17p2) 2 R(C) 2 0.
Q(Caplap2) S<C)
We proceed analogously for the vertex v, and v3. We conclude the proof by involving
Corollary 4.3. 0

LHS of (4.1) =

Remark 5.2. — 1In Proposition 5.1, we obtain a lower bound on ¢ depending only
on p; and ps. For given values of p; and ps it is possible to obtain a more optimal
result. Indeed, suppose p; and p, are fixed. Then, the LHS of (4.1) is a rational
fraction F' depending only on the variable c. We then only need to look for constant «

TOME 6 (2023)



140 T. Delcroix & S. Jubert

such that F is non-negative for ¢ > a. For example, if B = P3, respectively B = Qs,
p1 =1 and ps = 2, (4.1) show the existence of an extremal metric in «, for ¢ > 7.09,
respectively ¢ > 9.08. We refer to Appendix A for further examples of application of
the sufficient condition on simple principal P?-fibrations.

5.3. Comments on the rank one case
5.3.1. Varying xo and prescribing weighted scalar curvature on P*

As noted in Remark 2.7, it can be useful to vary the base point xy. In this short
paragraph, we want to illustrate this phenomenon in the simplest possible case, that
is, when working on the one-dimensional polytope [—1, 1] C R with the weights v =1
and arbitrary w. We further choose the lattice labelling of [—1, 1] induced by the
lattice Z C R (in other word, we work on the anticanonical moment polytope of P!).
More precisely, the labelling (Lq, Ly) is given by Li(z) =1+ 2z and Le(z) =1 — x.
Since v = 1, we have d,v = 0, hence condition (2.6) from Theorem 2.6 translates as

1 1 1 1
4W![_1,x0} < 1+ 20 and 1W|[x0,1} <
The latter condition is illustrated in Figure 5.1, and it is obviously less restrictive if
one can choose o than the uniform condition corresponding to the obvious choice

of g = 0 for the monotone lattice polytope [—1, 1].

1—1’0

Figure 5.1. Varying x

We end this paragraph by recalling that (1, w)-uniform stability of the lattice
polytope [—1,1] translates to existence of certain canonical Kéhler metrics on P!
thanks to [LLS21].

5.3.2. Extremal metrics on P'-bundles

We have focused on applications of our sufficient condition to semisimple principal
toric bundles with dimension two toric fiber. This is because in the case of a one-
dimensional toric fiber, quite a few strong results have been shown in [ACGTF08].
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For example, it is proved in [ACGTFO08, Proposition 11] that if all factors (B,,w,)
of the basis have non-negative constant scalar curvature, and the fiber is one-
dimensional, then there exists an extremal Kéahler metric in all compatible Kéhler
classes.

There cannot be such a result if some factors of the basis have negative constant
scalar curvature, as shown by examples in [ACGTF08]. More importantly, some of
these examples motivated the initial introduction of the notion of uniform K-stability,
as they are likely relatively K-polystable in the sense of [Szé07], but do not admit
extremal Kéhler metrics.

On the positive side, by [ACGTF08, Theorem 1], there always exist extremal
Kéhler metrics on a semisimple principal P!-fibration, when all the ¢, are large
enough, an example of existence of extremal Kéhler metrics in an adiabatic regime
for fibrations. However, it is not so easy to derive explicit Kahler classes with extremal
Kéhler metrics from this asymptotic proof. A possible approach to get explicit classes
with extremal Kahler metrics would be to compute the extremal polynomial (in the
terminology of [ACGTF08]) and check when it is positive. This is less practical than
our sufficient condition, which involves only checking the positivity of a polynomial
at two points. We provide in the appendix an elementary computer program which
checks whether our sufficient condition is satisfied for a simple principal P!-fibration,
which could easily be adapted to the case of a semisimple principal P!-fibration.

5.3.3. A more explicit example

Consider B a three-dimensional canonically polarized manifold, equipped with
its Kédhler-Einstein metric in —2m¢;(X), whose scalar curvature is thus equal to
—6. We consider the sufficient condition for existence of extremal Kéhler metrics
in admissible Kahler classes on the P!'-bundles P(Op & K%). Up to rescaling and
symmetry, this amounts to checking (v, w)-uniform K-stability of the reflexive lattice
polytope [—1,1] C R with respect to the weights

_ —6
pT +cC

v(z) = (pr +¢)® and w(z) = (lext(x) ) (pz + ¢)?

where p € Q, ¢ € R and ¢ > p > 0. Our sufficient condition allows to obtain the
following explicit families of extremal Kahler classes. We only show an example with
very rough estimates to illustrate the results, but of course one could get much more
classes by using more precise estimates in the proof, and even more classes by using
the sufficient condition in Theorem 2.6 in its full generality.

PROPOSITION 5.3. — With the above notations, if ¢ > 15p, then [—1, 1] is (v, w)-
uniformly K-stable. The corresponding Kéhler classes on the P'-bundles P(O @ K'%)
admit extremal Kahler metrics.

Proof. — Using Program 1 in the appendix or straightforward but tedious com-
putations, we obtain up to elementary simplifications that the sufficient condition
reads as

75¢" — 300¢® — 65¢°p? 4 160c*p? — 15¢3p? — 180c%p* — 27cp® + 48p°
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is greater than

—75¢% + 5¢'p® + 80c%p® — 105¢*p° + 15p°
Without attempting to give an optimal result, we may as well check that it is greater
than

7565 + 5¢'p? 4+ 803 p® + 105¢%p° + 15p”
since ¢ and p are positive. Writing ¢ = ap for some o > 1 and simplifying by p°, we
get a linear inequation in p

(5.3) pA+B>0

where
A =T75a" — 7505 — 650° — 5ot — 15a% — 1050 — 27a — 15
B = —300a° + 160a* — 8002 — 18002 + 48

Since a > 1, the coefficient A is larger than (75a — 307)a’ and in particular, it is
non-negative for a > %. Using the same lower bound for the leading coefficient,
inequation (5.3) is certainly satisfied at p = 1 if

(75a — 307)a’ — 300a° — 160a* — 80a® — 1800 — 48 > 0
Using again a > 1 and very rough estimates, this is implied by the inequality
(75a — 1075)a® > 0

The latter is satisfied at least for @ > 15, and since 15 > 37%7, we obtain that if

a > 15, the sufficient condition is satisfied for all p > 1. OJ

Appendix A. An elementary Python program

We provide, as a courtesy to the reader, elementary Python programs using SymPy
that checks the sufficient condition from Corollary 4.3 for simple principal toric
fibrations (that is, the basis has only one factor) with Fano toric fiber X of dimension
one or two such that [wx] a multiple of 2me (X).

The only data from the simple principal toric bundle needed to compute the
condition is:

e from the basis, the dimension n € Z and scalar curvature s € Q
e from the Fano toric fiber of dimension ¢ € {1,2}, the reflexive moment

polytope P C Rf = Z' ® R, and the multiple t = QW[Z’I)&) eR

e the one-parameter subgroup p from the principal bundle, identified with
an integer p € Z if the fiber is one-dimensional, and with an element p =
(p1,p2) € Z* if the fiber is of dimension two,

e and the constant ¢ € R defining the admissible Kéhler class.

We wish to compute the expression given by the right-hand side of (4.1)
ts — 2nc
p(x) +c
in order to check the condition. For this, it suffices to compute the extremal function
lexy by solving the linear system which defines it. Our short programs compute ley,

test =2({+n+1)+ — tlext ()
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then test, then evaluate test at the vertices of P and returns the minimum if all
data are explicitly given. It the minimum returned by the program is non-negative,
the data correspond to a simple principal toric fibration with an admissible Kéhler
class and ¢ > ;—Z, then there exists an extremal Kahler metric. We may also let some
of the data remain unknown and treat them as variables.

import sympy as sym

# variable on the line (here the fiber is one-dimensional)
x = sym.symbols(’x’)

# data of the simple principal toric fibration

p, ¢ = sym.symbols(’p,c’)

n, s, t =3, -6, 1

# weights

1 = c+p*x

v, wO = l**n, -s*x1*x*(n-1) # for now, unknown 1_ext is replaced with
Zero

# Donaldson-Futaki invariant with weights (v,w0)
def DFO(f):
interior=sym.integrate (f*w0, (x, -t, t))
facets=(f*v) .subs(x,-t)+(f*v) .subs(x,t)
return(interior+facets)
# Compute the extremal function lext
X=sym.Matrix(2, 1, [1, x])
M=sym.Matrix (2, 2, lambda i,j:
sym.integrate (X[i,0]1*X[j,0]*v, (x, -t, t)))
V=sym.Matrix (2, 1, [DFO(1), DFO(x)1)
Lext=M.LUsolve (V)
lext=((Lext.T)=*X)[0,0]
# Compute expression test at the two vertices and print it
test=2*%(1+1+n)+(t*s-2*n*c)/1-t*lext
print (sym.factor (test.subs(x,-t)))
print (sym.factor(test.subs(x,t)))

Program 1. Rank one simple principal toric fibrations

Program 1 prints the condition to check when ¢ and p are variables, n = 3, s = —6
and t = 1, as used in Proposition 5.3. By modifying Line 5 and 6, one can obtain
the conditions for an arbitrary simple principal P*-bundle.

import sympy as sym

# variables on the plane

x1, x2 = sym.symbols(’xl1,x2’)

# data of toric fibration and admissible Kahler class
c, pl, p2, n, s, t = 12, 1, 2, 3, 18, 1

) ## weights associated to the data

l=c+pl*x1+p2*x2
v=1%*%xn
wO=-s*1**x(n-1) # for now, unknown 1_ext replaced with zero

0 # list of vertices of the polytope

vert= [[2*xt,-t], [-t,-t], [-t,2*t]]
# Donaldson-Futaki invariant with weights (v,w0)
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def DFO(f):
interior=sym.integrate(sym. integrate (f£*w0,
(x2,-t,t-x1)),(x1,-t,2%t))
facetl=sym.integrate ((2*f*v) .subs (x2,-t),(xl,-t,2%t))
facet2=sym.integrate ((2*f*v) .subs (x2,t-x1),
(x1,-t,2*%t))
facet3=sym.integrate ((2*f*v) .subs(xl,-t),(x2,-t,2%t))
return(interior+facetl+facet2+facet3)
# Compute the extremal function 1_ext
X=sym.Matrix (3, 1, [1, x1, x2])
M=sym.Matrix (3, 3, lambda i,j:
sym.integrate(sym.integrate (X[1i,0]*X[j, O0lx*v,
(x2,-t,t-x1)) ,(x1,-t,2%t)))

} V=sym.Matrix(3, 1, [DFO0(1), DFO(xl1l), DFO0(x2)1])

Lext=M.LUsolve (V)

lext=((Lext.T)*X) [0,0]

# Compute and print the minimum of expression test on

# vertices

test=2%(1+2+n)+(t*s-2*n*c)/1l-t*lext

test_vertices=test.subs(x1l,vert[0][0]) .subs(x2,vert[0][1])

for i in range(l,len(vert)):

test_vertices=sym.Min(test_vertices,

test.subs(x1l,vert[i][0]) .subs(x2,vert[i][1]))

n
test_vertices)

Program 2. Simple principal P? toric fibrations

Program 2 computes the condition when all the data are given the fixed values
(c,pl,p2,n,s,t) = (12,1,2,3,18,1). Changing the values on the right-hand side of
Line 5 allows to check the sufficient condition for arbitrary fixed values. If one wants
one or several of the above quantities to be treated as variables, for example ¢, p;
and ps, it suffices to remove these and the corresponding values on the right in Line
5 and add the line

i c, pl, p2 = sym.symbols(’c,pl,p2’)

Since the program will now compute values of test as symbolic expressions, it will
no longer be able to determine the minimum. One should thus replace Lines 28-32
for example by

print (sym.separatevars (test.subs(xl,vert [2] [0]) .
subs (x2,vert [2]1[1])))

to get the expressions from Appendix B, to be used in the proof of Proposition 5.1.

Similarly, it is very easy to modify the program to consider another Fano toric
surface as fiber (Recall that there are five smooth Fano toric surfaces: P* x P! and
the blowups of P? at up to three fixed points under the torus action). It suffices to
modify Lines 10-18 according to the desired polytope. For example, if one wants to
work with fiber the first Hirzebruch surface (i.e. the blowup of P? at one point), then
it suffices to replace Lines 10-18 with
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10 # list of vertices of the polytope

11 vert= [[-t,-t], [t,-t]l, [t,0], [-t,2t]]

12 # Donaldson-Futaki invariant with weights (v,w0)
13 def DFO(f):

14
15
16
17
18
19

P(Cap17p2)

interior=sym.integrate(sym. integrate(f, (x2, -t, t-x1)),

(x1,

-t, t))

facetl=sym.integrate (f.subs(x2,-t), (x1, -t, t))
facet2=sym.integrate (f.subs (x2,t-x1), (x1, -t, t))
facet3=sym.integrate (f.subs(xl,-t), (x2, -t, 2t))
facet4=sym.integrate (f.subs(xl,t), (x2, -t, 0))
return(interior+facetli+facet2+facet3+facetd)

Appendix B. Complement of proof of Proposition 5.1

:=12250¢" + 24500c°p; — 39690c%p? + 18060c¢ p? — 22470c°p] — 31752¢°p?

— 53376¢'pS + 22740¢3pT — 57024¢%pS + 1312p10 — 49000,

+ 34650¢7 p2py + 2868608 p3py + 152460c°pip, + 360972¢ p0p,

— 59520¢°pSps + 230112¢%pTps 4 18288¢pSps — 464pSps — 127890 p3

— 212310¢"p1p5 — 615510c%p3ps — 373212¢°p3ps — 921924¢ pips

— 425376¢*pSp3 — 160632cp!ps — 19296pip3 + 141540¢ ps + 657300c%p, piy
+ 603288¢°p2piy + 1408632c*pips + 390936¢° pips + 571536¢*p]ps

+ 349440cpSps + 41376pTp3 — 328650c°py — 531720c°p py — 1421136 p?p;
— 806100c%p3p; — 829080c%p s — 497592¢p]py — 22416p8p; + 212688¢°p5
— 43812¢*pip3 + 860184c p1ph + 849456¢° piph + 906192 pip}

+ 485712cpip; — T488p7ps — 286728¢*pS — 527016¢>p1p§ — 7257607 pips
— 329952cpips + 127890c%p1ps + 7352cp] + 22656p1ps + 150576¢°p]

+ 363168c%p1ps 4 156096¢p?ps — 25728p3ps — 90792¢*p5 — 46368cp1ps

+ 16992p3p5 + 10304cp) — 7040p1py + 1408p50 + 132300¢p? + 105840 p?
— 11340c°pT 4 125496 p° + 1512006%p8 — 79056¢%pT + 60048cpS

— 12096p° — 396900¢"p1ps — 449820¢5p2ps — 260820¢°p>ps — 374220 ppy
— 420336¢%pps + 3589922 p8ps — 364176¢pIps + 17712p5ps + 396900¢7 p
+ 7144205, p3 + 601020c°p3 p3 + 378756¢ pips + 743904¢%p] p3

— 557280 pip5 + 734832¢pSps + 84240p|p3 — 476280c%ps — 680400¢°p; ps
— 282744c*pip3 — 728784 p3p3 + 99792¢%p Py — 1073520cp°p

— 287280pSps + 340200¢°py + 45360¢*p1p; + 568512¢%pip; + 829440¢%pip;
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+ 1551312cpips — 2449443 p1p5 — 2410567 ps — 736128¢pips — 18144c*p
+ 415152p3ps — 279072p%ps + 184032¢p5 + 139968p,p5 — 31104p)

— 1175472 p3py — 1732752cp’py — 358992p1p5 + 81648¢p

+ 8436961 p§ 4 1436400cp?pS + 323568p7 ps

Q(c, p1, p2)
1= 6125¢” + 2205¢"p] + 210c°p] + 14175c°p} — 7812¢*p} + 24¢%pt

+9072¢%p] — 5004cp? + 688p] — 2205¢ pypy — 315c5pIpy — 28350 pips
— 31752¢°pips + 20016¢pips — 3096pTps + 2205¢"p; — 315c°pip5 + 42525¢°pip)
— 7812c* p3pa + 4356 pipa + 408247 pipE — 40320cpSp? 4 4464pTp3
+210c%p5 — 28350 pyps — 7812c*pip3 — 8592¢ pips — 22680c%p P
+ 50904¢pp3 — 1176p5p3 + 19530¢ plps — 726 p2ps
+ 14175¢°py 4 19530¢ pyp3 + 4356¢°p2py — 226807 p3ps — 56196¢p|ps
— 1224pSp; — T812¢*ph — 72c%p1p + 40824c*pips + 50904cp?py — 1224p1p5
+ 24¢3p5 — 31752¢2p1pS — 40320ep?pS — 1176p3pS 4 9072¢%ps + 20016¢p, py
+ 4464p%p% — 5004cpS — 30961 p5 + 688p)
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