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ABSTRACT. — On a closed manifold M, we consider a smooth vector field X that generates
an Anosov flow. Let V' € C*°(M;R) be a smooth function called potential. It is known that for
any C' > 0, there exists some anisotropic Sobolev space H ¢ such that the operator A = — X4V
has intrinsic discrete spectrum on Re(z) > —C called Ruelle resonances. In this paper, we show
a “Fractal Weyl law”: the density of resonances is bounded by O((w) ™% ) where w = Im(z),
n=dimM — 1 and 0 < Sy < 1 is the Holder exponent of the distribution E, & E, (strong
stable and unstable). We also obtain some more precise results concerning the wave front set of
the resonances and the invertibility of the transfer operator. Since the dynamical distributions
E,, Es; are non smooth, we use some semi-classical analysis based on wave packet transform
associated to an adapted metric g on T*M and construct some specific anisotropic Sobolev
spaces.

RESUME. — Sur une variété fermée M, on considére un champ de vecteur lisse X qui
génére un flot d’Anosov. Soit V' € C*°(M;R) une fonction lisse appelée potentiel. 11 est
connu que pour tout C' > 0, il existe un espace de Sobolev anisotrope H¢ tel que 'opérateur
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332 F. FAURE & M. TSUJII

A = —X 4V a du spectre discret intrinséque sur Re(z) > —C appelé resonances de Ruelle.
Dans ce papier, on montre une “loi de Weyl fractale” : la densité de resonances est bornée
par O((w) ™5 ) ot w = Im(z), n = dimM — 1 et 0 < By < 1 est Pexposant Hélder de la
distribution E, & E; (fortement stable et instable). On obtient aussi des résultats plus précis
concernant le front d’onde des résonances et U'invertibilité de l'opérateur de transfert. Comme
les distributions dynamiques F,, E's ne sont pas lisses, nous utilisons une analyse microlocale
basée sur la transformée par paquets d’ondes associée a une métrique adaptée g sur T*M et
nous construisons des espaces de Sobolev anisotropes spécifiques.
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1. Introduction
Anosov flow and transfer operator

In this paper we consider an Anosov flow ¢! on a compact smooth manifold M
generated by a smooth vector field X. An Anosov flow exhibits sensitivity to initial
conditions (or hyperbolicity) and manifests deterministic chaotic behavior. In the
1970’s, Rufus Bowen, David Ruelle and Yakov Sinai have constructed the ergodic
theory of hyperbolic dynamical systems succeeding the pioneering works of Smale
and Anosov. In particular, a functional and spectral approach has been pursued by
David Ruelle. This approach consists in describing the evolution, not of individual
trajectories which appear unpredictable, but the evolution of functions u € C*°(M)
under the transfer operator

t —S8
L edo Voo @ uogt

where V' € C°(M) is a potential function that changes the amplitude along the trans-
port (i.e. push forward) of u. This evolution of functions appears to be predictable.
In particular it converges towards an equilibrium state in the space of distributions.
This approach has progressed from the 70’s. It has been shown [Bal05, BKL02, BL07,
BT07, DG16, FR06, FRS08, FS11, GL05], that the generator A = —X + V of the
evolution operator £! = €' has a discrete spectrum, eigenvalues are called Ruelle
resonances, which describes the effective convergence and fluctuations towards the
equilibrium state.

Semi-classical analysis with wave packets

Due to hyperbolicity of the Anosov flow, the transfer operator L' sends the
information towards small scales and technically it is natural to use semi-classical
analysis which concerns the large frequency components of distributions. Following
the idea of semi-classical analysis, we consider the flow ¢! lifted to the cotangent
space ¢' = (d¢~")* : T*M — T*M that encodes both the localization of a function
and its internal frequency. This lifted flow ¢' is a Hamiltonian flow and preserves the
level sets of the frequency along the flow direction which are co-dimension one affine
sub-bundles of T*M. The assumption of hyperbolicity implies that ¢’ restricted to
such a sub-bundle has a compact trapped set (or, non-wandering set) and that the
dynamics scatters on this trapped set [FRS08, FS11]. The existence and properties
of the discrete Ruelle spectrum follows from this observation and the uncertainty
principle (i.e. effective discreteness of T*M into symplectic boxes) and rejoins a more
general theory of semi-classical analysis developed in the 1980’s by B. Helffer and
J. Sjostrand called quantum scattering on phase space [HS86].

In the papers [FRS08, FS11], the semi-classical analysis is performed with the Hor-
mander’s theory of pseudo-differential operators, considering the generator
A = —X +V of the transfer operator £! = €. In this paper we adopt a slightly
different approach: in Section 4, we develop an analysis using wave packets ®, that
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334 F. FAURE & M. TSUJII

are parameterized by points p € T*M on the cotangent space. The precise struc-
ture of these wave packet is determined by a metric g on T*M that is compatible
with the symplectic structure and adapted to the dynamics. In other words the
metric measures the uncertainty principle. From these wave packets we define a
wave-packet transform 7 : C*(M) — S(T*M) by (Tu)(p) = (P,|u) r2(ar). Then the
semi-classical analysis is performed on T*M, considering the transfer operator £*
for some range of time ¢ € [0, T] and analyzing the Schwartz kernel of the equivalent
lifted operator on phase space T*M given by L, := WTL'TTIW =1, conjugated by
some suitable weight W. From this analysis we deduce properties of the resolvent
operator (z — A)~! and then properties of the spectrum of the generator A.

This approach using phase space representation with wave-packet transform 7
and a metric g on the phase space T*M is similar to the Weyl-Hormander calcu-
lus [Hor79], [Lerll, Section 2.2] and is also similar to the approach taken in [FT15,
FT17, Tsul0, Tsul2] for dynamical systems. It will provide a new proof of Theo-
rem 2.1 below that shows the existence of a discrete spectrum for A and, further,
enables us to give some new results, Theorems 2.3, 2.11 and 2.6 in this paper.

Technically one advantage of using micro-local analysis with wave packets
(i.e. Toeplitz quantization) instead of the more usual Weyl quantization is that
it allows to consider symbols on T*M that are not necessarily smooth functions.
This is particularly interesting in the context of Anosov flows where the stable/un-
stable foliations are Holder continuous. However it may be possible to develop an
analysis similar to the one that we develop here, but using Weyl quantization and
techniques called “second micro-localization” and “exotic calculus”. We think that
another advantage of using the metric g and wave-packets quantization is to provide
a better geometric insight and meaning to these difficult techniques.

One purpose of this paper is to put the basis of this micro-local analysis using
wave-packets in preparation for a more refined analysis in case of contact Anosov
flows. This second step is done in the more recent paper [FT21].

In a recent paper [BJ20] Yannick Guedes Bonthonneau and Malo Jézéquel develop
FBI transform in Gevrey classes for Anosov flows in order to analyze the internal
Ruelle spectrum. In Gevrey classes, we can use a stronger escape function than in
smooth classes and this permits to reveal the whole Ruelle spectrum at once.

Discrete spectrum of the generator

Using the semi-classical analysis depicted previously, for any C' > 0, we can design
a positive function W on T*M and some anisotropic Sobolev space Hy, in which
the transfer operator £' acts as a strongly continuous semi-group and its generator
A = —X+V has discrete spectrum on the spectral domain Re(z) > —C' [BLO7, FS11].
This discrete spectrum is intrinsic to the flow, i.e. does not depend on the choice of
the space Hy (but of course the norm of the resolvent depends on Hyy ). In this paper

(1) The wave packet transform that we consider in this paper is related to Anti-Wick quantization,
Berezin quantization, FBI transforms, Bargmann—Segal transforms, Gabor frames and Toeplitz
operators [Mar02, Chap. 3], [WZ01], [Zwo12, Chap. 13|, [HS08, Sjo96].
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our semi-classical approach using wave packets permits to design anisotropic Sobolev
spaces Hy with more accurate properties than previously constructed ones [FS11]
and this leads to new refined results on the Ruelle spectrum. For example we show
in Theorem 2.11 that £! for t € R form a strongly continuous group on Hy, and not
only a semi-group. We also obtain refined estimate on the density of the eigenvalues
in Theorem 2.3 and more precise description of the eigendistributions in terms of
their wave front set in Theorem 2.6.

The general ideas that sustain the analysis performed in this paper, Theorem 2.1
on the discrete spectrum and related properties, are summarized as follows:

(1) Any distribution in D’(M) can be decomposed as a superposition of wave-
packets ®, parameterized by p € T*M on cotangent space. This family of
wave-packets is determined by an admissible metric ¢ on T*M, which is
compatible with the symplectic form asymptotically flat and also adapted to
the lifted dynamics on T*M. We define and use the wave-packet transform
T :C>®(M) — S(T*M) which expresses a function in C*°(M) as superposi-
tion of the wave-packets ®, in Section 4.1.

(2) The transfer operator L' transforms a wave packet ®,, p € T*M, into another
(deformed) wave packet at position ¢'(p) € T*M where ¢' : T*M — T*M is
the canonical lift of the flow ¢'. Precisely the Schwartz kernel of the lifted
operator TLITT: S(T*M) — S(T*M) decays very fast on the outside of the
graph of q~5t. In other terms, L' is a Fourier integral operator whose associated
canonical map is ¢'. This property is expressed in Theorem 4.51 usually called
“propagation of singularities”. B

(3) For an Anosov flow ¢!, the trajectories of the lifted flow ¢ in T*M escape to
infinity for ¢ — +o0 or t — —o0, except for points on a trapped set (or non-
wandering set), which is compact for each frequency w along the flow direction.
See Figure 5.1. One can then find an admissible positive escape function (or
Lyapunov function) W on T*M that is “temperate and moderately varying
with respect to the metric ¢” and decreases exponentially along the flow ¢!
on the outside of the trapped set. By considering W as a L?—weight on T* M,
we define the anisotropic Sobolev space Hy (M) and show that the generator
A Hw (M) — Hw(M) has a discrete spectrum. Appendix D illustrates the
choice of W and the appearance of discrete spectrum in Hy, with a very
simple matrix model.

2. Results

In this section we present the main results that we obtain in this paper concerning
the Ruelle spectrum of Anosov flows.

We first review the following theorem that defines the discrete spectrum of Ruelle
resonances. We write D'(M) for the space of distributions on M and H"(M) C D'(M)
for the Sobolev space of order r € R. We refer to [Paz83, Defi. 2.1 page 4], [EN99,
p. 79] for generalities about semi-groups of operators. Ay, > 0 is the exponent of
hyperbolicity defined in (3.3).
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THEOREM 2.1 (Discrete spectrum [BL0O7, FS11]). — Let X be a smooth
Anosov vector field on a closed manifold M (considered as a differential op-
erator). Let V€ C*>°(M;C) be a smooth function and let A := —X + V. For
any r > 0 there exists a Hilbert space Hy (M), called an anisotropic Sobolev
space, satisfying

(2.1) H™ (M) € Hy (M) C H™ (M)

such that the transfer operator L' = exp(tA) for t > 0 extends to a strongly
continuous semi-group on Hy (M). The generator A has discrete spectrum
(discrete eigenvalues with finite multiplicities) on the spectral domain Dy, =
{z € C | Re(z) > Cxv — rAmn}, with Cxy € R given in (2.20). These
discrete eigenvalues are called Ruelle resonances. The Ruelle resonances and the
corresponding generalized eigenspaces are intrinsic, i.e. they do not depend on
the choice of the space Hy (M), see [FS11, Theorem 1.5] or [Jéz20, Lemma B.3].
See Figure 2.4 (a).

Theorem 2.1, giving discrete spectrum for Anosov flows, has been obtained first
by O. Butterley and C. Liverani (for some Banach spaces) in [BLO7]. A proof using
semi-classical analysis and anisotropic Sobolev spaces has been obtained in [FS11].
A generalization to Axiom A flows (and some open uniformly hyperbolic dynamics)
has been obtained in [DG16, Med21].

Remark 2.2. — Notice that in Theorem 2.1, the set of operators L' = exp(tA) for
t >0 in Hy (M) form a semi-group and not a group. Indeed, in the space Hy (M)
proposed in the papers [BLO7, FS11], the operator £’ is not invertible. For negative
time, we need to construct a different space to get a semi-group. In this paper, we
somehow improve this aspect, in Theorem 2.11 below, where we propose a space
Hyw (M) in which the set of operators L' = exp(tA) for ¢t € R form a group. This
group property (that provides invertibility) has been used for example in [FT21].

2.1. Upper bound for density of eigenvalues

In the next theorem we obtain an upper bound for the density of resonances in the
limit of high frequencies w = Im(z). This bound depends on the Hélder exponent
0 < By < 1 of the distribution E, @& E; (strong stable and unstable) defined in (3.4).
Recall that n = dim M — 1. For s € R, we set

(2.2) (s) = (1+ )" bl

THEOREM 2.3 (Fractal Weyl law: upper bound for density of eigenvalues). —
Let X be a smooth Anosov vector field on a closed manifold M and
V e C*(M;C). Let 0,(A) C C be the discrete Ruelle spectrum defined
in Theorem 2.1 for the operator A = —X + V. Then, for any v € R, there
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exists C' > 0 such that
(2.3) t{z €0, (A); Re(z) >, Im(z) € [w,w+ 1]}
<C (w)ﬁ for any w € R.

The proof of Theorem 2.3 is given in Section 5.1 and relies on an adapted phase
space metric g and escape function W (that defines the Hilbert space Hy (M)) to
the non-smooth trapped set. Note that the exponent ﬁ in the upper bound (2.3)
depends on the Hélder exponent 0 < 3y < 1 in (3.4). This kind of upper bound has
been called fractal Weyl law after the work of J. Sjostrand[Sj690], see also [NSZ14].

Concerning the upper bound (2.3), there are a few preceding results:

e For general Anosov flows, i.e. without assumption on fy, in [FS11, Theo-
rem 1.8], the density upper bound o({w)™) has been obtained for intervals in
Im(z) of width (w)z.

e Under the assumption that m — E,(m) @ Es(m) is smooth (and therefore
By = 1), in [DDZ12], the density upper bound O({w)?) is obtained.

e For contact Anosov flows (where E, @ E; is smooth and ) = 1), in [FT13,
FT17, FT21], we obtained the density lower bound C~!(w)> under some
conditions that guarantee the band structure of the spectrum. In a more
recent work [F'T21] we obtain the precise asymptotic expression for the density
under some pinching conditions.

n
1+po

2.1.1. Heuristic explanation of the fractal exponent
The presence of fy in the denominator of the exponent 'z in (2.3) may look
strange at first sight since a usual treatment of the upper bound in the Weyl law
considers minimal coverings of the trapped set by boxes of size 6z = w2, 66 = w!/?
for large w > 1 and, as explained below, would give the weaker upper bound

O (w‘m%d—l) -0 <w”( _620)> where dimp &/ = (n+1) +n(1 — )
dim M

is the fractal box dimension of the graph of the Anosov one form .o/, Eq.(3.6),

see [Fal03, Chap. 11], [NSZ14]. To obtain the better bound O(w™% ), we consider
coverings by boxes of size dx = w™®, d§ = w® where % < a < 1 is an arbitrary
parameter (that enters in the metric (2.7) under the name o) and we set a = 501“
at the end in order to optimize the result. Below we explain this argument in more
detail.

We consider some fixed frequency w along the flow and assume that w is large.
We will see® that it corresponds with w = Im(z) on the spectral domain. It will
appear in the proof that, after damped by a weight function W on T*M, Ruelle

eigenfunctions at frequency w are micro-locally supported in a vicinity of the graph

(2)In flow box coordinates we have —X = %7 hence a function that has frequency w along the flow
writes u(z, z) = ug(x)e™“? giving —Xu = iwu.
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of the map m € M +— we/(m) € T*M where o/ is the Anosov one form (3.6).
We call this graph the trapped set. In general it is a fractal set [Fal03, Chap.11]
because .o/ is not smooth. See Figure 2.1. In order to describe all the set of resonant
states (or eigenfunctions) near frequency w, we consider a covering of this graph by
symplectic boxes® of unit size (corresponding to wave packets) and count how many
boxes N (w) we need. This number of boxes N (w) will give an upper bound for the
number of eigenvalues. Assume that each symplectic box has size dx ~ w™* on the
manifold M, transversely to the flow, with some exponent % < a < 1. The symplectic
condition (or uncertainty principle) imposes dz.0¢ = 1, i.e. the size 66 ~ dz !
in the fibers of T*M transversely to the trapped set Re/, as on Figure 2.3. Due to
its Holder exponent [y, the graph of w.e/ spreads over a range of frequencies of size
S(we) ~ w(dz)P0 = W'~ Then there are two cases to consider, see Figure 2.1:

Nwa

(1) If o < ﬁ & 1—afy > a, then for large frequencies w, we have w!'=*% >

w* & 0(wA) = 6, i.e. the variance J(wA) of wA is larger than the size §§
of the box in the frequency space. The symplectic volume to be covered by
the boxes will be proportional to (§(w.A))™. This gives the estimate N (w) =<
((wA))" = wnt=hoa),

(2) On the contrary, if a@ > ﬁ, the variance 0(wA) of wA is smaller than
the size 6¢ of the box in the frequency space. In this case, the symplectic
volume to be covered by the boxes will be proportional to (6£)™. This gives

the estimate N'(w) =< (6§)" = w™™
The value of o that minimizes N (w) is a =
upper bound (2.3) in Theorem 2.3.

T giving MV (w) < wT™%  that is the

2.2. Parabolic wave front set of the Ruelle eigenfunctions

Concerning the eigendistributions associated to the Ruelle spectrum, we obtain in
Theorem 2.6 and Corollary 2.7 below a precise description of their semi-classical wave
front set, that is, the region in the phase space T* M where the Ruelle eigenfunctions
are non negligible. In these results, the wave front sets are contained in a parabolic
vicinity of the unstable affine distribution E + w.A uniformly in w (where A €
(E, ® E,)* is the Anosov one form and w is the imaginary part of the corresponding
eigenvalue) and this improves the previous results [F'S11] which claims that the wave
front set is contained in an arbitrary conical vicinity of E. See Figure 2.2 that
compares these two results.

We will use the decomposition of T*M = E} & E* & E} dual to (3.2), where

Ef=(E,®E)", E:=(E,®E)", E =(E,®E,)".

u

We first recall the definition of the wave front set W F (u) of a distribution u € D'(M)
from [Hor03, p. 254],[GS94, p. 77],[Tay96b, p. 27]. A point (m,n) € T*M does not
belong to W F (u) if and only if there exist a smooth function y € C*°(M;R") with

() In coordinates (y;); on M and dual coordinates (1;); on T,y M, a symplectic box in T*M has
size Ay = § and An; = §~! for some & > 0, hence symplectic volume 1.

ANNALES HENRI LEBESGUE



Fractal Weyl law for the Ruelle spectrum 339
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Figure 2.1. 'To estimate from above the density of resonances at frequency w, we
cover the trapped set, i.e. the graph of the map m = (x,2) € M — wa/(m) €
T*M by symplectic boxes, where x is a coordinate transverse to the flow direction.
This graph is Holder continuous with exponent (5y. With the choice dx = w™*
we obtain that the symplectic volume of this cover is w®® with some exponent
E(«) that is minimum for the choice a = ﬁ On the picture, the cover in the
middle (red boxes) is more efficient than the left one (blue boxes) or the right

one (green boxes).

x(m) = 1 and an open cone C C R"*™ with € C such that, for any N > 1, we
have o

[(F (xuw)) (n)] < |77'J|VN for all ' € C,

with some constant Cl, where F is the Fourier transform (in a local chart).
The following theorem describes what is known from [FS11] concerning the wave
front set W F(u) of a Ruelle generalized eigenfunction® .

THEOREM 2.4 (Conical wave front set). — [FS11] Assume that u € Hy (M)
is a generalized eigenfunction of the generator A for a Ruelle eigenvalue z € C.

Then we have
WF (u) C Ef = (B, ® Eo)".

The claim of Theorem 2.4 is illustrated on Figure 2.2(a). In Theorem 2.6 below,
we give a more precise description of the singularities of Ruelle eigenfunctions. For
this, we first introduce (a simplified version of) the wave packet transform.

2.2.1. Metric g on T*"M

The analysis made in this paper relies on the use of a specific metric on 7*M. From
this metric g we will define later the wave packet transform. We consider local flow
box coordinates y = (z,2) € R" x R for the vector field X on an open set U C M,

(1) A generalized eigenfunction of a linear operator A for an eigenvalue z € C is a distribution
u € D'(M) such that (z — A)"u = 0 for some n > 1.
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LTEM

M

(b)

Figure 2.2. (a) Theorem 2.4 shows that for high frequencies a Ruelle eigendistri-
bution represented in phase space T* M is negligible outside any conical vicinity
of the linear sub-bundle E} C T*M. (b) Theorem 2.6 improves this description
and shows that a Ruelle eigendistribution with eigenvalue z = a + 1wy, is negligi-
ble outside a “parabolic domain” V), . of the affine sub-bundle wyo/ + E;; C T*M,
uniformly with respect to wy € R. Here at = m € [5;1[ and e > 0 is
arbitrary small. Observe that the cone C' contains the domain Vio.e, €xcept for a
compact part of it.
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which is by definition a local chart map k : m € U C M — y = (z,2) € R" x R,

such that

0
2.4 (X)) = —.
(2.4 o (-X) = 2
We write 77 = (§,w) € R" x R for the dual coordinates on T(, )R""" =R" x R. Let

k:peTUw (y,n) € T*R™! be the canonical extension of the local chart map x
to the cotangent bundle.
Let us consider parameters o, all € [0, 1] such that

(2.5) 0<al <at <1, ;goﬁ<l.
Let

ol _al
(2.6) §Em) = (n)" ", Sl = (),

where |n| denotes the Euclidean norm in R"*! and consider the following metric g
on T*R"*! given at each point

0= (y,n) = ((z,2),(§w)) € T"R™™
by

(2.7) go = ((%) + (5L (n) d5)2+ (%) + (5” (n) dw)z.

The metric g is compatible® [CDS01, MS98] with the canonical symplectic form on
T*M: Q = Y1 dy, A dny.. The norm of a vector v € R2™+1 with respect to g is
denoted by

2
(2:8) lolly, = (g (v, ).
The unit ball for the metric is illustrated on Figure 2.3.
As we will see in Section 4.1.3, the conditions (2.5) ensure that different choices

of flow box charts give a uniformly equivalent metric on the intersection and conse-
quently defines an equivalence class of metric on the cotangent bundle 7M.

2.2.2. Wave packet transform

For a given o = (y,n) € T*R™"! we define the Gaussian function ®, € C5°(R"**; C)
/ / . / / 2
B, (y') = apx (v — y)exp (in-y' — |y — vll})
(Z =) |@—2)

called wave packet:
2
oll (n) o+ (n) )

) Indeed we have g(u,v) = Q(u, Juv) if we define an almost complex structure J by
1 1
J (6 () 0x) = w77 0%, J(@):—&L Ou,
(70 00) = gt I\ Fray g
1

J (31 o.) = 6‘%(77)&” J <5|(,7)3W> = —sl (n)a..

(2.9) /

= apX (y' —y)exp (in-y -
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flow direction

M

Figure 2.3. We use flow box coordinates y = (x, z) on M i.e. such that the vector
field is (—X) = £ and dual coordinates n = (§,w) in T, M. g is a (class of)
metric on T*M and the filled cylinders (in green) represent the unit ball for this
metric g at a point p € T*M, projected on the base M and on the fiber T M
with m = 7(p). This unit ball has size 6!(n) along the flow z, transverse size
6*(n) along x and sizes (6*(n))~%, (61(n))~! along dual coordinates &,w in T M.
These sizes 6*(n) < §ll(n) < 1 are functions on T* M, defined in (2.6), and decay
at infinity.

with ¥/ = (2/,2') and where xy € C5°(R™™) is some cut-off function with y = 1
near the origin and a, > 0 is such that ||®,||2@n+1) = 1. We define the wave-packet
transform of a distribution v € D'(M) on T*U by®)

(2.10) (Tyw) (p) = {@x(p) 0 5| u>L2(M) . with p e T*U.

Remark 2.5. — Later we will introduce in (4.34) an expression for wave packets
that is slightly different but converges to (2.9) in the high frequency limit. The
expression will be more complicated but will have the advantage of giving an exact
resolution of identity. Since both expressions become essentially equivalent in the
high frequency limits, the definitions and properties given in this section are not
affected by the difference.

2.2.3. Conical wave front set

We first reformulate Theorem 2.4 using the wave packet transform 7,u using the
metric g as follows. Assume that u € Hy (M) is a generalized eigenfunction of
the generator A for a Ruelle eigenvalue z € C given in Theorem 2.11. Then, for
any continuous field of open positive cones C : m € M +— C(m) C T M with
C(m) D EX(m) and for any N > 1, there exists Cy > 0 such that

C
(2.11) [(Tyu) (p)| < |p|§VV for p e T*M \ C.

(6) The wave-packet transform 7T defined here is similar to Bargmann transform.
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This means that 7,u is negligible on the outside of any conical vicinity of the sub-
bundle E?. See Figure 2.2(a). Theorem 2.6 below improves this result.

2.2.4. Parabolic wave front set

For a point m € M, a cotangent vector p € 1)) M has a unique decomposition
p=wA(m)+ p,+ps withweR, p, € E!, ps € EX.

We introduce a function W € C(T*M;R"), called an escape function, defined for
p € T*M by

(el (o™ loul) ™
(ol )™ D (o= o)™

where R,, Rs > 0 are arbitrary parameters which will be taken large enough.

(212) W (p) =

THEOREM 2.6 (Parabolic wave front set of the Ruelle eigenfunction). —
Assume that u € Hy (M) is a generalized eigenfunction of the generator A for
a Ruelle eigenvalue z € C with Re(z) > —C'. Let wy = Im(z). Then any N > 1
there exists a constant C'y > 0 such that for any p € T*M,

(2.13) (Tow) ()] < ——°
W) (s

(ohe!

)N el ary -

The claim (2.13) implies that a Ruelle eigenfunction (represented in phase space
T* M) is micro-localized near the frequency w = wy = Im(z) and bounded by 1/W (p)
up to some multiplicative constant. In order to explain what we mean by "parabolic”
wave front set, we present the following corollary that is obtained from the theorem
above with a choice of the metric g and the escape function W (p). See Figure 2.2 (b).

7

COROLLARY 2.7. — Set at = m and ol = 0 in the definition of
the metric g in (2.7). Then, for any (large) N > 0 and any (small) € > 0, the
Ruelle eigenfunction u € Hy (M) for the eigenvalue z € C, in Theorem 2.6,
satisfies

ONe
(2.14) |(Tqu) (p)] < o 1l (ar)

on the outside of the parabolic vicinity

(215)  Vape:={p € T"M (w—w0) <|p| and (|p|™* |p:]) < |}

of the affine bundle E} + woed = {p € T*M | ps = 0,w = wy}, where the
constant Cn . > 0 depends on N and € but not on u.

The proofs of Theorem 2.6 and Corollary 2.7 are given in Section 6.
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Remark 2.8. — We can write (2.14) as
CN,e

(2.16) [(Tow) (p)| € 7—— ~ [l any
<|p| dist, (p, £ + wo,ng)>
with
. * L . . AN .
dist (p, B} +wo/) i= | min  dist (p, p') = max [lps],, » (w = wo))
and because ||psllg, = |P|7QL|pS|. Further, since the Ruelle eigenvalues and the

corresponding generalized eigenspaces are intrinsic to the transfer operators £! and
do not depend on the choice of the weight function W, it is possible (and might be
better) to replace (2.16) by an expression that does not depend on W:

Che ( / . dp \"
: (Tgw) (D" === :
(1ol disty (p, B +wosd))” \ssloomr<lor (2m)""

|(Tyw) ()] <

Remark 2.9. — Theorem 2.6 is more precise than Theorem 2.4 because the para-
bolic domain V,, . is contained in any conical vicinity C of E; at high frequencies
(compare Figures 2.2(a) and (b)) and because the constant Cy . in (2.14) and (2.16)
does not depend on wy € R (hence on u), whereas the constant Cy in (2.11) depends
on u.

Remark 2.10. — (Technical) We expect that the exponent a* in Corollary 2.7

should be o = ; Jrlﬁu instead of at = m The reason that we have min(f,, ;)

instead of 3, is due to the construction of the metric g.

2.3. Past and future Ruelle spectrum

We first present some notations. We take a constant Ap.x > Amin > 0 such that

I
(2.17) rok Amasct |||

for all v € TM and t > 0 where gy, is a smooth metric on M. For a function
p € C(M;C), we set

< ool < ce el

gm gn

1 t
(2.18) max () = lim max - | ¢(¢"(m))ds,
(2.19) min () = lim min > [ (6" (2))ds

t—+ocozeM t Jo

which are called” the maximal and minimal ergodic average of o respectively [Jen18].

(") Here are other equivalent expressions (or definitions) of max(y):
1
= dp= i =P
max ((p) inv. prolg.l%iasurep,/w H ,8—1>I—I‘rloo 5 ' (B(P) ’

where Pr(.) denotes the topological pressure. We have min(p) = —max(—¢).
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We fix an (arbitrary) smooth density dm on M, consider the space L?(M,dm) and
the divergence of the vector field X with respect to dm is denoted divX. Using these
definitions we set

(2.20) Cy =% (;divX +Re(V)),
(2.21) Ol =T (;divX 4 Re (V)) |

so that C' , < Cxv.

In the next theorem we obtain that the transfer operator £' : Hy, (M) — Hy (M)
for t € R forms a group of operators, whose generator A = —X + V has some
intrinsic discrete spectrum formed by two separated sets, which are called the future
and past spectrum respectively and represented on Figure 2.4.

7

THEOREM 2.11 (Past and future spectrum). — For any ¢ > 0 and r € R,
there exists a Hilbert space Hy (M) with

H" (M) € Hy (M) c H' (M)

such that L' = exp(tA) fort € R is a strongly continuous group and the essen-
tial spectrum o.4s(A) of the generator A : Hy (M) — Hw (M) is contained in
the vertical band

(2.22) {Cg(,v — 2rhmax — € S Re(2) < Cx v —rApmm + € if
Cxy —7TAmin — € S Re (2) < Cxy — 2rhpax + € if
Further we have that
e if r > 0, then A has a uniformly bounded resolvent on
{Re(2) < Cky — 2rhmax — €} U{Re(2) > Cxy + €}
and discrete spectrum o, (A) (Ruelle resonances for the future) on the
domain
{Cxv —rAmin + € <Re(z) < Cxy+e}.
e if 1 <0, then A has a uniformly bounded resolvent on
{Re (2) < Cky — e} U{Re(2) = Cxv — 2rdmax + €}

and has discrete spectrum o_ (A) (Ruelle resonances for the past) on
the domain

{ v —€<Re(z) < &7V—rAmin+e}.

e On these corresponding domains, the bound of the resolvent is uniform
with respect to r.

The proof of Theorem 2.11 is given in Section 5. In particular the result that
the resolvent is uniformly bounded (implies no spectrum) on the outside domains
is a consequence of Lemma 5.11 that gives bounds for the transfer operator like
1L 343 () < Cel@xvH9 for ¢ > 0.
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Remark 2.12. — In Theorem 2.11, due to the margin ¢ > 0, we can replace
Amins Amax Dy respectively the minimal /maximal Lyapunov exponents that are the
sup/inf of Apin, Amax defined in eq.(3.3), eq.(2.17).

Remark 2.13. — The upper estimate (2.22) on the vertical band of essential
spectrum has been improved by Alexander Adam and Viviane Baladi [AB22, eq. (52)]
and by Semyon Dyatlov [Dya23, Theorem 2].

Remark 2.14. — 1If we set Hy (M) = L?(M) in the theorem above, the spectral
set (A) of the generator A is contained in the vertical band

(223) {CS(,V < Re (Z) g CX,V}-

This conclusion for the special case r = 0 can be deduced directly from (3.14). If
we move the parameter r — +oo, then the vertical band (2.22) moves to the left
like a “theater blackout curtain” revealing the resonances for the future, if we move
the parameter r — —oo then the vertical band moves to the right revealing the
resonances for the past. See Figure 2.4.

Remark 2.15. — If V is real-valued, the operator A in (3.9) commutes with the
conjugation operator, hence the Ruelle spectrum is symmetric with respect to the real
axis, as shown in Figure 2.4. In this case, there is a leading real eigenvalue ¢y, =
Pr(V +divX,, ) called Perron eigenvalue, where divX,, < 0 is the divergence of
X measured on E; with respect to some (arbitrary) volume form. We observe this
eigenvalue if we choose sufficiently large » > 0 in the theorem above. Similarly, by
considering the time-reversed system, we also find the leading real eigenvalue —vqp1s
with ygipps = Pr(=V —divX,g, ), which we may call the Perron eigenvalue for the
past and observe by letting » < 0 be large. See Figure 2.4.

Remark 2.16 (“Relation between future and past spectrum”.). — From the relation
(| L) r2000) = ((LY)T0|w) r2(0r) between

£t— HM=XHV) o9 (ﬁt)T _ et(X—&-divX—i-V)’

we can make the following observation. Assume that two potential functions V, V' €
C>(M:;C) satisfy the relation V' +V + divX = 0. Then the future spectrum o (A)
of A= —X + V is in one-to-one correspondence with the past spectrum o_(A’) of
A" = —X + V' by the relation that A € o, (A) if and only if X := -\ € o_(4’).
Further the respective eigenprojectors, II{ for A and II;, for A, are related by
[Ty, = (II)". In particular, if a potential function V satisfies the condition Re(V) =
—3divX, called “half-density correction”, equivalently if £ : L*(M) — L*(M) is
unitary from (3.14), then we have A = A’ = —X — 1divX + iIm(V) and hence
o (A)=—0_(A).
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w =Im(2)
Discrgte spectrum w =Im(2)
Essential ~ Future RP resonances w =Im(z) Past RP resonances

No spectrum O'+(A) No | oo (A) ‘

spectrum | 1 ° | spectrum ' e o ! |
i | L) w1 - : ° I |
: 1 i : : I ] :
: : o| o e | ¢ | '
! : @ : : : ° : :
o . ik | . L
! ! o I [N : Y ° | ]
: | ° ° ‘ N ! o | :
ST PR 10— |
: , e o il Re(z) | Gihs © . Re(2)
i : ° ° ’YGilfb.s : : : L ° : :
] ) I o | ° | |
1 1 ® | [N | ° 1 1
! | L] I [N | I 1
! | I [ | I I
. | B ‘ -

|
: : C(X,V : é : : CtX.V - QTAmaw + €
: CX,V - T)\mm +€ ‘, v C;(,V CS(,V - TAmin —€
Cxy = 21 Apas — € Cxyv
(a)r=0 (b)yr=0 (c)r<o0

Figure 2.4. Spectrum of A = —X +V in Hy (M), depending on r € R, with
Anosov vector field X and potential V € C'(M;C). (a): Forr > 0. A has intrinsic
discrete spectrum on Re(z) > Cx,y — 7 Amin and a bounded resolvent on Re(z) >
Cx,v and Re(z) < C%y — 27 Apax. Theorem 2.3 gives an upper bound for the
number of resonances in the dashed rectangle, for w > 1. Asr — oo, the vertical
band containing essential spectrum (in green) moves to the left and may reveal
some new resonances. If V' is real valued then the rightmost (leading) eigenvalue
is given by a topological pressure: Viy,ps = Pr(V +divX g ) € R. (b): Forr = 0.
Then Hy (M) = L?*(M). The spectrum is contained in a vertical band (2.23).
(c): For r < 0. Letting r — —oo pushes the band containing the essential
spectrum to the right, revealing Ruelle resonances for the past dynamics. If V' is
real valued then the leftmost (leading) eigenvalue is —7ygypps = — Pr(=V —
diVX/Eu )

3. Anosov vector field
3.1. Definition of Anosov vector field

Let M be a C* compact connected manifold without boundary and let n =
dim M — 1. Let X be a C'* non-vanishing vector field on M. The flow on M
generated by the vector field X is denoted by
(3.1) ¢ =exp(tX): M — M, teR.

We make the assumption that X is an Anosov vector field on M. This means that
we have a continuous splitting of the tangent bundle

(3.2) TM =FE,® E, ®RX,
~—~

Eg
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that is invariant by the flow ¢! and there exist A, > 0, C > 0 and a smooth metric
gy on M such that

"d¢7éu<m))‘gM < Cedmint

3.3
(3.3) and Hd(;ﬁt/Es(m)

< CeMmint for any t > 0,m € M.

9gMm

See Figure 3.1. The linear subspace E,(m), Es(m) C T,,,M are unique and called
the unstable and stable space respectively. We set Ey(m) := RX (m) and call it the
neutral direction or flow direction. In general, the maps m — E,(m), m — FEg(m)
and m — E,(m) ® Es(m) are only Holder continuous. We will write

(34) Bua 687 60 S ]07 1]
for the respective Holder exponent. We have®
(3.5) Bo = min (B, B5) -

See [Has94, HK90] for estimates on [y, 3., fs-

| B, (m) ! v N M
tabl !

, unstable /

|

|

- J

Figure 3.1. Anosov flow ¢' generated by a vector field X on a compact manifold M.

Let o € C°(M;T*M) be the continuous one form on M called Anosov one form,
which is defined for each m € M by the conditions
(3.6) o/ (m)(X (m))=1 and Ker (< (m))=FE,(m)® Es(m).

By definition the Anosov one form & is preserved by the flow ¢' and the map
m € M — o/ (m) € T*M is Holder continuous with exponent [y.

() We may expect that Sy = min(8,, Bs) for generic Anosov flows. But this equality is not true in
general. For instance, we have 8y = 1 for contact Anosov flows, but min(5,,8s) will be smaller
than 1 in most of the cases because the (un)stable subspaces E,(m) and Es(m) will not be smooth.
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3.2. Transfer operator

Let V € C*°(M;C) be an arbitrary smooth function, which is called a potential
function. For t € R, let us denote the time integral of V' along the trajectory of
m € M by

(3. Vi (m) = [V (o7 (m) ds

For a given function u € C*°(M),t € R, m € M, we consider the forward transported
and amplitude modulated function along the trajectory:

g (m) = eVi-ram . (u (gb‘t (m))) .

amplitude
transport

t tA

A\ M\
g m M

Then we have % = (=X + V)u; where the generating vector field X is regarded

as a first order differential operator® . In other words, we have u; = L'u for the
one-parameter group of operators £ = exp(tA) with generator A = —X + V. This
gives the following definition.

DEFINITION 3.1 (Ruelle transfer operator). — The one-parameter group of
operators

(3.8) Lt {

is called Ruelle transfer operators. It is generated by the first order differential
operator on C*(M),

(3.9) A=—X+V.

C>® (M) — C>*(M)
u ety = eVi-t0 . (uo ¢7h)

Remark 3.2. — The results presented in this paper can be generalized for transfer
operators acting on sections of a general (complex) vector bundle £ — M. We
consider a linear operator acting on sections, A : C*°(M; E) — C*(M; E), satisfying
the Leibniz condition that for any function f € C°°(M;C) and any section s €
C>®(M; E), we have

A(fs) ==X (f)s+ [A(s).
The group of transfer operators is defined by L' := e!4 for t € R. With respect to
a local frame (e, ...e,,) of the vector bundle E of rank m, a section is expressed

1n local coordinates & = (z1, ...x,) on M we write X = ZdlmM X;(2) 5%

TOME 6 (2023)



350 F. FAURE & M. TSUJII

as s(x) = 27, v (x)e;(x) with components w/(z) € C. Then the operator A is
expressed as

(3.10) (190 =3 (— (x0) (0 + W (o) <x>) ¢, (@)

with a matrix of potential functions V{ (z) € C defined by (Aey)(x) = > Vi (x)e;(z).
The expression (3.10) generalizes (3.9).

Inverse and L2-adjoint transfer operators

Recall the time-averaged notation (3.7). The inverse operator £ that satisfies
L7 0 L' =1dcee(ary is given by

L b e~ VI-t0°9" (U o ¢t) = ¢ Vo (v o ¢t) .

Using an arbitrary smooth measure dm on M we define the L? scalar prod-
uct: (ulv) 2(aamy = [y wvdm for u,v € C°(M) and completion gives the space
L*(M,dm). We define the formal adjoint operator (L) : C>(M) — C*°(M) by

(u

We deduce that™?

(Et)T U>L2 = <£tu ‘ U>L2 Nu,veC®(M).

(3.11) (£) v = 0 |det dgt| (v o o)

(3.12) = (T )0 (vo o)

where divX is the divergence of the vector field X with respect to dm. So
(3.13) (y)T _ (2Re(V)+divX) g ) ot

and

(3.14) (£) 0 £ = My (o0

is a multiplication operator by the function exp (24,0[%]) € C* (M;C) with

1
(3.15) p= §divX + Re (V).

This expression explains the result (2.23) that expresses the spectrum of A in L?(M)
and will be used again in the paper (in the proof of Lemma 5.11 and Theorem 5.13).

(19)With the change of variables m/ = ¢t (m) we get
(u(€)') = (el o) = [ TG o (m) dim

= /eVFW](‘th(m/))u (m")v (¢ (m)) |det d¢’ (m/)| dm/.
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4. Semi-classical analysis with wave-packets

In this section, we develop general tools and lemmas for a flow generated by a non
vanishing smooth vector field X on a compact manifold M. So we do not assume that
X is Anosov. In Subsection 4.1, we introduce a wave-packet transform that gives
a representation of distributions u € D’(M) as smooth functions on the cotangent
space T*M. The definition of our wave-packet transform is based on a metric g
on T*M that has a nice property called “slowly varying”. We will introduce the
metric ¢ in Subsection 4.1.2. In Subsection 4.2, we give the definition of pseudo-
differential operators (PDO) using the wave-packet transform and prove a useful
theorem on compositions of PDO. In Subsection 4.2.2, we define the Sobolev space
Hyw (M) associated to a weight function W on T*M. In Section 4.3.1, we give a
fundamental “micro-local property” of the transfer operator £! and prove a version
of Egorov’s theorem. The former micro-local property shows that the kernel of the
operator induced on the phase space by Lt decays very fast on the outside of the
graph of the lifted flow ¢! : T*M — T*M. In Subsection 4.3.3, we show that the
transfer operators £' form a strongly continuous (semi-)group on Hy (M) if the
weight function W satisfies some reasonable conditions with respect to the lifted
flow ¢t : T*M — T*M.

The key results of this section are the resolution of identity in C*°(M) given in
Lemma 4.24 and micro-locality of the transfer operator given in Lemma 4.51.

4.1. Wave packets transform and resolution of identity in 7™M
4.1.1. Flow box coordinates

In this section we first introduce charts on the manifold M and a partition of unity
in order to decompose each function on M into those supported on a single chart.
Below we write R” to indicate that we use the variable name x for points on R" and
write B (c) := {x € R", |z| < ¢} for the open ball of radius ¢ > 0 in R7.

LeEmMMA 4.1 (Flow box coordinates [Tay96a, p. 33]). — For ¢ > 0 and [ > 0 small
enough, there exist open subsets U; C M such that M = U}'le U; and C* local
charts diffeomorphism

. _mn L .
(4.1) K {U] CM —=V,=B"()xB,() CR! xR,
m —y =(z,2)
such that
0
4.2 NV
( ) </€])*( ) (92

and the k; can be extended to a small neighborhood of U; (such coordinates are said
to be admissible).

The next lemma introduces the operators I and I* that decompose and reconstruct
functions with respect to the charts (defined in Lemma 4.1).
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LEMMA 4.2 (Quadratic partition of unity). — For the local charts k; : U; — V,
1 < j < J, given in Lemma 4.1, there exist functions x; € Cg°(V;;RY) for 1 < j < J,
which give a quadratic partition of unity in the sense that

(4.3) > ((xj oK) (m))? |det dr; (m)| =1 forallme M

jimeU;

where | det dr;(m)| = dkj(Leb)/dm. For every j € {1, ...J}, let

(4.4) 1-;{COO(M) = G

u =05 (y) = W) - (uor;") (),
and
(4.5) Ii= (L), : C (M) — écgo V).

Then the L*-adjoint of I : L*(M,dm) — @, L*(V}, dy) is given by

®; C5° (Vj) — = (M)
v=_(v;); =ulm)=3%;;okr;)(m)- (v;or;)(m)|detds; (m)|

(4.6) I': {

and we have
(4.7) I'o I =1Id/c(ur).

Proof. — Let us consider functions XE-O) € C°(Vj;RY) for 1 < j < J such that

Stmy= 3 (o r;) ()" |detds; (m)] > 0

jimeUj

for every m € M. Then y;(x) := 0 (x)/1/S(k;(x)) satisfies (4.3). For u e C>*(M)

J
and v = (v;) € @; C5°(V;), we have
Tullgy 1) 5 > (x5 (wons!) Wﬂ')mvj) N ZJ: /v Xi+ (wonst) - vidy

J
= . Y- (v, , . — T
_/M ZJ: (xj 0o K;)-T- (vjorkj)|detdr; (m)| dm ) <u|I U>L2(M)

and
T — . A . A .
(I OI>U(4.4)(4.6)2‘7’:(X]0/€]) ((xj 0 K5) - u) |det dr;|
2
= uz]: (x; 0 ki) |det dk;] i u.
This completes the proof of Lemma 4.2. [l

In the following, we will consider the flow box coordinates x; on the manifold M
and the associated quadratic partition of unity x; given by the two lemmas above.
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Remark 4.3. — We will find relations similar to (4.7) a few times in the course
of the argument below. Here we note that the relation (4.7) can be interpreted as
follows. The operator I : L*(M,dm) — @; L*(V;, dy) is an isometry onto this image
because || Tu||? = (Tu|ITu) = (u|ITIu) o l|w|®. If we define

P:=Iol'" @@L (V;,dy) — P LV, dy),
J J

we have P! = P and P? = P meaning that P is the orthogonal projector on Im([).
For the transfer operator L' : C*°(M) — C*°(M) (or more generally for any linear
operator), we consider the operator

Ll=ToLloll
This is the simplest extension of £! in the sense > that L! preserves the decomposition
®;C5°(V;) = Im(I) @ Ker(P), its restriction L/, is conjugated to L' and the
restriction £!/key(py is the null operator. In other terms, £f = (1o Lo I7Y) @0 where

I'=1 /Tlm( - We may therefore regard the operator £ as a lifted representative (or
a trivial extension) of L.

DEFINITION 4.4 (Local coordinates on T*M). — Let k; - m € U; — y = (z,2) €
V; C R® x R be the local flow-box coordinates in Lemma 4.1. We write n = (§,w) €
R"™ x R for the dual coordinates of y = (x,z) € R® x R. Then the map r; in (4.1)
has a canonical extension to the cotangent bundle:

(4.8) 2 A TU 2TV =B (o) xBL () xR xR,
P = o= (y,n) = ((z,2), (§w))

We will regard these as local coordinates on T* M . We will henceforth use the notation
p € T*U; for a point on T*M and ¢ = (y,n) € T*V; for the corresponding point in a
local chart as above. The canonical volume form on the cotangent bundle T* M will
be denoted by

(4.9) dp = (r;)" (do) with dp:= (II}_ dxy A d&) A dz A dw.

4.1.2. A global metric g on T*M

For a given chart index j, using the local charts (4.8), we have already defined the
metric g on T*R™™ = Ry+H x RP+! in (2.7). We write g; := x7(g) for the metric
induced on T%Uj, i.e. at a given point p € T™Uj, it is given by

Gj.p (U1, u2) == g, (dr; (u1) ,dK; (ug)) for uy,us € T, (T*M).

We will prove below in (4.15) that the metric g; and g; are uniformly equivalent on
U; NUj. Then we define the following global metric g on T*M (abusively we use the
same letter g)

(4.10) g:=> (Jorjor) g

Jj=1
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where 7 : T*M — M denotes the bundle projection. The global metric g in (4.10)
will provide the size of wave packets to our analysis of the transfer operator over the
manifold M. We will write dist,(p, p’) for the geodesic distance between p, p’ € T*M
defined from this metric g.

We will give now few essential properties of the metric g.

LEMMA 4.5. — The Riemann metric g on T*M is geodesically complete.

Proof. — Let gy be a Riemann metric on M. Consider the function I" : T*M — R*
given by

—at —at
(4.11) L (p)=lpll,, > =<',

using local coordinates p = (y,n) with |n| > 1. From (2.5), we have 1 — a® > 0 so
that ' increases with ||pl|y,,. There exists C,C" > 0 such that for any v € TT*M,
with local components (v,,v,), we have, using also 1 — a* < o from (2.5),

1—at —at
A0 @] <O (Il Jol + Il o)

< C (I Jogl + 10~ Jogl) < Clloll, -
S0 (" el + 1™ o)) < Cll,
For any A > 0, the set Ry := {p € T*M,I'(p) € [0, A]} is compact. Take any point
p € T*M and consider v : t — ~(t) € T*M a unit speed geodesic starting at p, i.e.

14]ly = 1. Then [dT(%)] < Cl4lly < C so for any t >0,
(4.12)

(4.12)

< (Ct

PG =T o] = | [ ar yar

i.e.y(t) € Ra with A =T'(7(0))+Ct. This shows that the time to reach the boundary
of R4 tends to oo as A — oo. This implies that the geodesic is defined for every
t € R, i.e. the metric g is geodesically complete. 0

4.1.3. Lipschitz property of g with respect to the flow map and change of charts.

The push-forward action of the flow ¢¢ = X : M — M on the cotangent space
T*M is denoted by

(4.13) o

-1

p =)= ((dng)) p.

with m = 7(p). In this section we will prove the following lemma.

N {T*M — T*M,

LEMMA 4.6 (Lipschitz property of g). — From the conditions (2.5) we have
that for any t € R, there exists a constant Cy > 0 such that for any p, p' € T*M,,

(4.14) dist (6'(p), &'(p')) < Cidisty (p, ).
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Remark 4.7. — Property (4.14) will be crucial to get Lemma 4.21 below. This
property means that the pulled back metric (¢')°g is equivalent to the metric g
uniformly with respect to p € T*M. Equivalently one can write

VteR,IC, >0,YpeT M, |dof @)Hg <G,

or infinitesimally with the vector field X that is X lifted on T*M (i.e. the generator
of ¢') acting as the Lie derivative £ on g,

1C>0VpeT'M, [(Lz9) (), <C,
and this is true more generally for any local change of flow box coordinate as given

below in (4.16) or for a local diffeomorphism on M that preserves the vector field X.

Proof. — In order to prove Lemma 4.6, remark first that for any chart indices
g,7" € {1, ...J} with U; N U # 0, the expression of the metric in (2.7) gives
different metrics g; = 3(g), gy = #}/(g) on different charts. We will show that
conditions (2.5) guaranty that these metrics are uniformly equivalent in the sense
that 3C >0,V pe T*(U;,NUy),YueT,(T*M),

1
(4.15) = lull, < llully, <€ ull,

Remark 4.8. — We will express the relation (4.15) as ||ul|g, < [[ully, by using the
notation x.

Let us consider a local change of coordinates (x, z) — (2/, 2’) between the flow box
coordinates in Lemma 4.1. It is written in the form

(4.16) ¥=f(x), Z=z+h(x)

using a smooth diffeomorphism f : R® — R" and a smooth function h : R* — R.
By compactness of M, we may and do assume that f and h are bounded in the C?
sense. From (4.16), we have

(4.17) di' = (d,f)dzx, d2' =dz+ (d.h)dx.

Let us write (z,z,&,w) — (2/,7,¢&,w’) for the induced coordinate change on the
cotangent bundle. Then the relation

gdo +wdz = gda’ +w'dz = ((dof) € + (deh) ') du + o/dz
gives
(4.18) €= (df)" €+ (dyh)o' and w=u'.
Hence we find
dé = ((dur (o)) € + (dur (dph)) ) da’ + (do f)T dE' + (doh) e,
dw = du'.

From C? boundedness of f and h, we have (n) < (1) for n = (£,w) and o' = (¢/,')
and hence

(4.20) 5 () =o-(n), (n)=<dx).

(4.19)
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To compare g and ¢', we rewrite the relations (4.17) and (4.19) as

dx’ dx
L) df( <>> ST ()
dz dz dx

=10 1 ()

5+ (n) de = ((6* ())(xf(df)T(é*') P () 50

54 0) (a7 () + 552 () (1 ) )

Therefore, in order that g, <X g,,, a necessary and sufficient condition is that

(4.21) (0 M) 1< C and (67 (n)* /| < C and

Since the former two inequalities are written
ot (n) < Cmin {J&/| 7%, w77}
we see that the last condition (4.21) is equivalent to the condition
1/2 < at and 0<al <at.

that was assumed in (2.5). We have obtained (4.15). Since the flow ¢' viewed in the
local charts k; is also written in the form (4.16) we get Lemma 4.6. O

4.1.4. Moderate and temperate properties of the metric g

Now we will discuss so called moderate and temperate properties of the metric g.

Remark 4.9. — 'The metric g that we have introduced is similar to the so-called
symplectic metric g introduced in semi-classical analysis by Hormander, see [Lerll,
Defi. 2.2.19, p. 78|, [Hor83, Chap. XVIII], [NR11]. Temperate, slowly varying and
moderate properties of the metric are discussed in these books for the purpose of
semi-classical analysis.

DEFINITION 4.10 (Distortion function A : T*M — R*). — For p € T*M,
set

(4.22) A=) ).

where g); is a Riemannian metric on M.

\. J

Observe that A(p) — 0 when ||p||,,, — oo. For practical purpose we can also
define a distortion function in local chart using the same expression:

DEFINITION 4.11 (Distortion function A : R%"*1) — R+ in local chart). — For
0= (y,n) € R*"Y we set
(4.23) A (o) = o+ () ) (2. () =),
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From (4.20), we have that the equivalence A(p) =< A(p) for o = (y,n) = K; (p)
with any chart index j.

The next lemma shows that the distortion function A(p) is related to the variation
of the metric ¢ on T*R™! = RCD with respect to itself. Recall the notation

(s) := (14 s*)'/2 for 5 € R introduced in (2.2).

LEMMA 4.12 (The metric g is A7-moderate and temperate). — For any
0 < v <1, there exist N > 0 and C' > 0 such that

(124) max{”””%/, [0l } <14CAQ" (A @) e - o, )"

[vllg, ~ lI0ll,,

for any o, o' € R* ™) and v € R2 ™+ Consequently we have

@) (e ol )" <{1e ~dl,,) < C{ld - al,,)"

Remark 4.13. — The inequality (4.24) expresses two properties about the varia-
tion of g¢:

(1) the moderate property (also called slowly varying property): if two points

0, ¢ are in a distance [|¢' — oy, < A7(0)”! then the ratio between g,, g, is

bounded and close to one at high frequencies. In other words the metric ¢

varies slowly at the scale of the metric itself.
(2) the temperate property (at infinity) : the metric g, grows no faster than a
power of ||’ — o, (modified by the factor A7(p)) when o' — oco.

Proof of Lemma 4.12. — Let v = ((vz,v.), (vg,v,)) € R*™D and ¢ = (y,7),
o = (y,1) € R¥"D Recall that 0 < al < ot in (2.5). We have
:|
|

oI, = (W)Z(MMW ( ||> ) (a0 02
BN (el N (DN et
- (o) (<|nf|>-c“) () G
2 ) gan ” )
+<<<|‘:77"|>>> (|\/|z a') *( ‘ﬁyr‘; (G0 )
Q7 D\* [
<§>max{<<|7ﬂ>> (<|77'|>> }“ I

We deduce that
S I} < { ()" (4aby’ } |
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Below we estimate the ratios (|7'|)/{|n|) and {|n])/{|7|) to get the required esti-
mate (4.24). For the former, we have

aory WDl e el A g ol
(Inl) @©2) (Inl) @ {Inl) (4.23) 9e
(4.28) S, 1807 (A0 - el

For the latter, if /| = 1|0’ — n| then (|n[) < (|7'|) + |7’ —n| < 3(|7']) and we can
proceed similarly to the previous case:

,_
(nl) _ (I =nl _ [

—nl o
{n|) si+ () <143 (Inl) =1+3A(0) e Q”gg

<1+3A(0)"7 - (A(0)||ld" = ollg,)-

Otherwise if || < 3|n" — | then |/ — | < |7/| + 0] < 37" — 0|+ |n| and
1 3
=l <Inl=In—0"+91<|n —al+ 7| <50 —nl,
2 2

i.e. |n| is comparable with |/ — n|. Hence, for any N > 0, there exists a constant
Cy > 0 such that

(Inl)
{In'l)

/

_ —(1—at _at N
<L+l —nl < 14 Culnl™ - ((nl) == (nl) =" | = nl)

, N
<1+ Onlnl ™ - (A (0)1ld ~ ollg,)

where iy = N(1 — at)(1 —7) — 1. Letting N be sufficiently large so that (|n|)=#~
< A(0)'™7 we obtain

n _
T <14 A A (0 - ol
Summarizing the estimates above, we obtain (4.24). In order to get (4.25), we set
v=o0¢ —pandy=0in (4.24). O

In the previous lemma we have used ||¢" — ¢l|y, that makes sense in a local chart.
This quantity will appear later in the proof of Theorem 4.51 from some integration
by parts. However to express the results, we would like to use the more geometrical
quantity that is the geodesic distance dist,(p’, p) for the global metric g in (4.10).
The next lemma shows that both quantities are equivalent.

LEMMA 4.14. — There exist N > 0 and C' > 0 such that for every o =
K;(p), 0 = K;(p'),

1 / /N . / / .
(4200 Sl —al,,) < {disty (7)) <O (Il ~ ell,,)

Proof. — To show the second inequality in (4.29), we consider the straight path
t €[0,1] = o(t) = (1 — t)o + to’ and get that (disty(p’, p)) < C(||¢' — ollg,)" for
some C' > 0,N > 0. To show the first inequality in (4.29), let us assume that
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p:te01] p(t) is a geodesic from p = p(0) to p' = p(1). In a local chart
o(t ) ,%J( (1)) = (y(t),n(t)) € R* x R*. We will use that for some C' > 0,

(
. 1 . 1 .
(430) disty (0.) = [ 19Ol > C ([ 15Ol de+ [ 1O, ).

We may assume without loss of generality that |n'| = |n(1)| > |n(0)| = |n|. Let us
consider a few complementary cases.

(1) If 3¢ € [0,1] such that |n(¢')| < 3|n|, then using the second integral in (4.30),
we get that for some C, N,C’, N > 0 we have

' ) 1 1/N 1 . 1/N , ,
(isty (.)) 2 C{5lll,)  +C{5ll,,) > (I ~ad,,

(2) Otherwise V ¢ € [0,1], [n(¢)| > 3|n| and we consider two subcases:

(@) Iy = yllg, = 10" = nllg, then |y —yllg, = 3]’ — ollg,- Using the first
integral in (4.30), then for some C, N > 0 we have

: 1 /
(disty (o', p)) = <||y —yll, " )> (4%5) 5<Ily = Ylly,

c <H@’ - @Hg)l/N-

(b) Otherwise [/ 1l > 1y’ — yl,, then [ — nlly, > 3¢’ — e, and for
some C, N > 0 we have

) 1 1/N 1
(disty (o', ) = (I = al,,) " > (Il —ell,
We have finished the proof of Lemma 4.14. O

>1/N’

>1/N

>1/N

4.1.5. Wave packet transform in local charts.

In this section, from the given metric ¢ in (2.7), we construct a family of wave
packets functions ¢, ,(.) and define a wave packet transform on R"™! that gives
an exact resolution of identity. As before, we write y = (z,2) € R""! for the
coordinates on the local charts, we write n = (£,w) € R™*! for the dual coordinates

and 0 = (y,7).

Definition of wave packets ¢,. We begin with considering the Gaussian function
gb%o) : R"*! — R defined for each n € R"*! by

y 1 2
@) (1) := exp (— [ nllgn>

(4.31)
(2:)exp (—‘(V & -9 ‘ —7‘5” (w —w)r) :

Then we set

(4.32) By () = (m ()2 30 (i)
where
(4.33) / B (o)

TOME 6 (2023)



360 F. FAURE & M. TSUJII

that will play an essential role in the proof of the “resolution of identity” Lemma 4.19
below. For ¢ = (y,n) € T*Ry+! = R2""2, we define the wave packet ¢, € S(R")
as the inverse Fourier transform of ¢, shifted by y:

1 o 1 in' (v —1) v
(4.34) 0o (y) = (»7: 19077) v —y) = W /RHH eV, () dn.

Here are some uniform estimates on (p,), for later use.

LEMMA 4.15 (Norm of wave packets). — We have that V ¢ > 0,3 C. > 0,
Vo=(y,n) € R",

(4.35) loll gy — 1] < CeA (0)'
with the distortion function A(p) defined in (4.22).

\. J

Proof. — Let 0 < ¢ < 1 — at. We denote B™(¢,r) the ball of center £ and radius
r >0 in R™. For || > 1, writing n = ({,w) € R™"| we have that V N > 0,

(4.36) m (77/)(4.33)_7(4.31) /exp (_ ()2 1 = P — () w|2> dn
-
—2all | 2 J—N
(/wEBl (W',|77’|a“+6> < Ul W' = wl > dw) +On (|77 | ) .

For € € B(¢',[n/|*" ) and w € BN, |if|*'+), we have | — /| < Cliy'|* ** and

(4.37)

—2at —2at —2at —at—1+e
‘|77| T =0 <|77’| “n—n |> (In D )
hence
—2« —2at —14at+3e
ol I’ — € 1| =0 ().
Similarly
"n|2a” |w/ _ W|2 N |77/|—2ozH |U.)/ < ‘—1+aL+3e>
On the other hand
/ —2a't / 2 / —2all / 2 v(
_ _ _ _ dn =
Jooexp (=18 =€ = ) ) dy =

n+1

=7 (& ()" 8" (o).

(1O ().

O (’n|—1+ai+3e> _

Hence

m(n') = | Py

n’

We deduce that

2 p—
HS%HB(RTLH) (4.34) H@nHB (4.32)
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Using that A(n) (In)=*e", this gives (4.35). O

(4?3)

Wave packet transform.

DEFINITION 4.16 (Wave packet transform on local coordinates). — We define
the wave packet transform on R™! (or on local coordinates) by:

n+1 2(n+1
(4.38) g {S(E®Y) =S (E) .
u — v (o) = <¢9|U>L2(Rn+1)

Its formal adjoint is

n n+1
(4.39) B . <R§’( H)) 79 <Ry’+ ) b -
v = U (y/) = fRz(n+1) % (Q) Po (y’) (27r)€1+1

Remark 4.17. — 1In the special case of a* = 0 and ol = 0 where 6+ () and
Sll(n) are constant, the wave packet transform (4.38) corresponds to the well known
Fock—Bargmann representation [Fol89, Chap.1]. However note that the condition
at >1/2in (2.5) is not satisfied in such a case.

Remark 4.18. — As in [Mar02, Prop. 3.1.6, p. 76] one can show that B maps
continuously S(R?) to S(R2" ),

The next lemma is fundamental in our analysis, since it will permit to perform
the analysis in cotangent space (here T*R™™!) instead on the manifold itself (here
Rn+1)‘

LEMMA 4.19 (Resolution of identity on C*°(R"')). — We have the resolution
of identity on C*°(R"*1):

do
_ BB = —
(440) Id/coo(]an%) =B'B= R2(n+1) ™ (Q) (27T)n+1

where 7(p) denotes the rank one self-adjoint operator

(441)  w(e): L2 (R™) = L2 (R™Y), 7 (0)u = @p(pelu) pansn),
that satisfies V € > 0
(4.42) Tr (7 (0)) = [ @ellr2ggns) AR (Aa0)").

\. J

Remark 4.20. — From (4.41),(4.42),(4.23), in the limit |o| — +oo the operator
7(0) tends to be an orthogonal projector of rank one onto the complex line Cyp,.

Proof. — Note that
2

%(0) (1!
(4.43) [1gg )P dn= | mdn 1
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We write the operators B and B respectively as

(Bu) () = (Pelt) p2gesn) = /Rn+1 (F1&) (0 = v)u)dy' = (F'¢y) xu

and
<BTU)( (2m)” n+1)//90y a2 W) vy, n) dy'dny

—// (7 y)v(y, n)dydn—/((ffl%) oy 0) (,1m) di

where we write *,, for the convolutlon operator in the variable y with n fixed. Hence

(BTBu) (y) = (2’/T;n+1 / ((]—"71%) * ("rfltﬁn) * u) (y) dn

1 1 2
:W/<(‘F (Gal?) * ) (y) dn

= W <<]:_1/|95n|2 d77> *U> ()

1 —1
i gy (F711) 2 0) () = (o),

giving (4.40). Eq.(4.42) is a consequence of (4.35). O

Evolution of Wave packets. In this section, we describe the evolution of a wave
packet o, under the push-forward operator by the flow (¢')icg. The next lemma is
fundamental in our analysis, in particular the fact that estimate (4.44) and (4.45)
are uniform w.r.t. o.

LEMMA 4.21 (Description of evolving wave packets). — Let t € R and chart
indices j,j" € {0,1, ... J}. We assume that ¢'(U;) N U; # () and denote

Vi=r; (Uno™ (Uy), V'i=ry (6" (U;)NTU;) CR™,
Q= /-@j/oQStO/{j_l: V=V

and similarly

¢i=FRpod o' : TV = T*V".

ThenV N >0,3Cn; >0,V o= (y,n) e T*V,Vy" €V,

(4.44)  |(poo0™") ()| < (detd ()2 O (I 1) = "), )
with (y', 1) := ¢(e) and

5 (n) == Diag (6 (n) , 01 (n)).

For the Fourier transform, with the conditions (2.5) that give property (4.14),
we have V n’ € R*"1

(4.45) |(F (go007")) (")

—N

-N

< O (detd () {1/ 0') — o), )
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This lemma is true if one replaces ¢' by any local diffecomorphism that preserves
the vector field X.

Remark 4.22. — The statement of Lemma 4.21 is illustrated on Figure 4.1 and
Figure 2.3. It shows that the effective size of ¢, in phase space TR™™! is proportional
to the unit ball for the metric g,. For this reason we call ¢, a wave packet.

Figure 4.1. Evolution of a wave packet ¢, in space and Fourier space. In
Lemma 4.21, the decay of the functions (p,0¢~ 1) (y") and (F(p,00~1))(n") is con-
trolled respectively from the distances ||(v',n') — (y",0')|lg, and [|(v',n') —

(?/7 /’7//) ||gg ‘

Proof. — We use the notations introduced in Lemma 4.21. We have

(pooo™) (W) i o @) )2

(4.34),(4?2),(4.31) (QW)("“)/?
1 2
exp (=510 (n) (" =) ) "
Let us consider the change of variable " — 7" with
7" =46 0" —n),
giving
(4.46) (gpg o (b’l) (y”) = detd (77)_1 (QW)—(”‘H)/? ein(fl(y”)—y)
s~ (67 (") —y) ny-1/2 (_1 — 2) —
Lo (m ()" exp (=3 [ ) dif"
From the following estimates that follows from (4.36), V «,3 C, > 0,V n € R**1,

5 ()™ exp (5 7)) < Codetd )2,
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and noticing that (4.46) is a usual Fourier transform of a Schwartz function [Tay96a,
p. 222], we deduce that V N > 0,3 Cy,; > 0,V n € R,
>—N

(200 07") ("] < (detd ()™ Oy (5 () (6 () — o)

-N
= (etd ()™ e ([0 0) — "), )
This gives (4.44). To show (4.45), we write
(F (poo0™)) (") = (2m) D72 /R o @ (g0 07 (5 Y

We consider the change of variable y” — " with

7 =) (' =6 (w),

giving

(F(peo0™)) ()

(416) (27T)—(n+1) s zf(”” 7" (m (77///))*1/2 exp ( |77///‘ ) ~///d~//

with phase function
(4.47) f (ﬁ/// y ) . 77//y// + 77”/ ((bf (y//) . y) '

In order to integrate by parts later, we first extract the linear part of the function f at
(0,0), writing (beware that in our notations, partial derivative have multi-components

8 (81//, (9 N) 8 FI = (85/,,, 8@///) with j =1.. n)
F " 5") = F(0,0)+ 7"y f (0,0) + 5”050 f (0,0) + fuonon (7", 7")
with
O f (", 7") = (67 (") —v) ()"

(4.47)
O //f( 111 ~//) (4j7) (_7]// + n/// (dqb_l) (y//)) 5 (7])

hence
O £ (0,0) =0, 0y f (0,0) = (=" +n (doyl,))) 6 (n).
We get
(4.48) (F (po007")) (")
= Cm et ) O [T, G5 di b
R2(n+1
with
_ 1
g (7", §7) = e om0 det 6 ()™ (m (")) exp (=5 17" )
We have
a ///f (ﬁ/// g//) =0, Wa ”f <~/// ~//) _ (dgb_l) (y//) :

Ot (", 5") = (0" (ddg™) (")) 8 (m)*.
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In the flow direction d,¢~' =1 so dd.¢~! = 0. Hence only d,d,¢~' matters and we
have

02,5 0.5 = |[(dadaos™) 6"y )|

that is uniformly bounded with respect to o = (y,n) if and only if at > 1/2, that is
condition (2.5). We check that higher derivatives of f are always uniformly bounded
so we get that u, (77", 7") € S(R?™*V) is uniformly bounded with respect to o. Since
the Fourier transform sends the Schwartz space to itself continuously [Tay96a, p. 222]
we deduce that VN > 0,3 Cn; > 0,

F(po007) ()| < (detd (m)* Covy (|(=n" + 1 (doyy)) o ()])

(4.48)
= Onaers )2 (30~ )],

This gives (4.45). O

—N

4.1.6. Global wave packet transform

We have defined the wave packet transform in a local chart. We next define a
global wave packet transform on C*°(M). Recall the notation y = (z,2z) € R**
n=(£w) € R and o = (y,n) € R2™D in (4.8). For a chart index j, we write B;
for the wave packet transform B defined in (4.38) acting on C§°(V;) and set

B = &L,5; : &L, O (V) » &S (R).
The global wave packet transform that we will consider is essentially the composition
(4.49) Bol=al B ol;:C (M)~ al,s (R).

But, in order to get a more geometric expression, we would like that each wave
packet corresponds to a point on T*M (rather than a point in RZ(”“)) and that
the global wave packet transform sends a function on M to a function on T*M.
Simultaneously, we would like to have an exact resolution of identity (4.57). Thus
we define the global wave packet transform as follows.

Notice that for u € C*(M), the component (B;1;)(u) will not be supported on a
bounded subset in R2™1 though they decay rapidly on the outside of supp(x;) x
R™*L. This is problematic for the purpose of getting the geometric expression men-
tioned above. Our solution to this problem is to consider a bijection ¢ from the
space TV to R2™D = T*R™*! 5o that it restricts to the identity map on a small
neighborhood of supp(x;) € V;. Recall the notation for local charts in (4.1) with the
constant ¢ > 0. Let € > 0 and

Vie=Bi(c—e)xBl(l—€) ={(z,2) e R" xR; |[z| <c—eand |z| <l—€} CV].

We assume e small enough so that supp(x;) C Vj. for any j. We take a (surjective)
diffeomorphism

(4.50) ¥ V= Ryt
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such that
(4.51) V() =y  fory €V

We may and will assume that the Jacobian of ¢/ has temperate growth, that is, for
some Ny > 0 and C' > 0,

det dyip| < Co ()| for all y €V
and also that v is expanding, that is,

(4.52) [0 (y) = W) = ly =y forallyy €V
Then we consider the trivial extension of the map ¢ to TV}, which is defined by
(4.53) Vo= (yn) €TV o = (¢ (y),n) € TR

Beware that this map ¢ differs from the canonical extension d*i)—* of ¥ to T*Vj.

DEFINITION 4.23 (Global wave packet transform 7). — For 1 < j < J and
p € T*U;, we define a wave packet function ®,; € C*°(U;) C C*(M) on the
local chart U; by

(4.54) ®,,5(m) := |det (d) (s (M) - (Tpg5, 000 ) (M)-
Then we define the wave packet transform
C*(M;C) — S (T*M;C’)
(4.55) T

u (m) = 0(p) = (@pslu)zan),

where we set ®,; =0 for p ¢ T*U;.

With the definitions above, we obtain the next proposition.

PROPOSITION 4.24 (Resolution of identity on C*°(M)). — The L*-adjoint
operator of T is given by

S(T*M;C’) — C~(M;C
(4.56) T': ( ) (M C) i
v (p) = u(m) = fpeT*M 2 V) (p) D, (m) @) T
We have the following resolution of identity on C*° (M):
dp
457 Wowon =TT = [ T(p) L
(4.57) sy =TT s (p) )y
where
J
(458) H(p) = Z®p7j<(bp,j’.>[/2.
=1

The last operator I1(p) is a finite rank operator, self-adjoint and non-negative
on L?(M,dm) and satisfies, V € > 0,

(4.59) I Tr (T (p)) — 1] = O (A" (p) + 4/ ().
and | T(pz,, = Te(TT(p)).
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Remark 4.25. — Eq.(4.57) shows that T : L?(M;C) — L*(T*M;C”) is an isom-
etry, see Remark 4.3. A drawback of the previous construction is that II(p) is not
rank one and I1(p)? # I1(p). This is inevitable because the wave packets for p € T*M
on different charts are not equal and the differences are not negligible.

Remark 4.26. — If ol <1 —a" then the right hand side of (4.59) is simply
O(8!(n)), because we have A(p) = (|n|)~1=*) and dll(n) < (|n)~".

Proof. — We have

— T
Idje=an = o (Bol)o(Bol)
dy'dn’
i No 2220
Z /]Rzn+2 ]J oy, 8 ) li (27T)n+1
(4.60) dyd
yan
= I ,1) o I |det (d
= ; Jypere, o (0 ) o Iy det (o ()] o5 55
dp
= I _
T*M () (QW)”'H (4.58),(4.55),(4.56)
where, for p € T*M, m = w(p) € M, we set
M(p) = > |det(dy(x; (m)| I om (4 (F;(p)) o1
(4.61) Jivets
7 54) Z |<I>pj p]|
The last operator II(p) is of finite rank and L?-self-adjoint. Its trace is
(4.62) Tr(I(p) = > ‘det (dip (k5 (m))) ‘ <901L(gj(p)) ‘]jl}%;(gj(p))> :
(461),(4.41) ; =,

On the right hand side, we have

(a0 | LT P35 00) b /y Ay (57 )| |2 W) s

= X2 (k5 (m) [det dic; (m)| || 5, |+ © (8 ()

- = I
w1 7O (A (o) + 61 ().

The remainder O(6/(n)) in the second line comes from the size of wave packets along
the flow direction and Taylor expansion of the smooth functions in the integral. We

deduce (4.59). O
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PROPOSITION 4.27 (Wave packet projector). — The operator
d d
(4.63) P=TT :L*(T°M;C7, L) - L2 (1M, D
(2m) (2m)

is the orthogonal projector on the image of T . It is called wave packet projector.
Its Schwartz kernel

(4.64) (00,57 [POpg)rarenny = (R [Py p) L2 ()

decays rapidly on the outside the diagonal: for any N2>0, there exists C'y > 0
such that

. -N
(4.65) (05| PO ) rarenn| = [( @501 ®50) 20| < Civ (disty (¢, p))
for any p,p' € T*M.

J

Proof. — For the former claim, we refer to Remark 4.3. The estimate (4.65) is a
consequence of (4.44). (We will show a more general statement in Lemma 4.51.) O

4.2. Pseudo-differential operators
4.2.1. Pseudo-differential operators (PDO)

In this section we use the family of operators II(p) in (4.58) to define pseudo-
differential operators on C*(M).

DEFINITION 4.28 (Pseudo-differential operator Op(a)). — Leta € LS.(T*M)
whose growth at infinity is temperate in the sense that, for some constant C' > 0
and N > 0, we have

(4.66) la (p)| < C{p|)Y  forall p € T*M.

For such a function a, we define the pseudo-differential operator (PDO) with
the symbol a
Op(a) : C* (M) — C* (M)
by
dp
(4.67) Opla):= [ a(p)T(p) BT sy T M

where M,, : S(T*M;C’) — S(T*M;C’) denotes the component-wise multi-

plication by a, that is, Myv(p) = a(p)v(p). We have Op(1) (457) Id.

Remark 4.29. — The quantization formula (4.67) is usually called anti-Wick
quantization [NR11, Defi. 1.7.3] or Toeplitz quantization [Zwol2, Chap. 13.4] (or
Wick quantization in [Lerll, Chap. 2.4.1]) or coherent states quantization. The
function a is called the (anti-Wick) symbol of the operator Op(a).

ANNALES HENRI LEBESGUE



Fractal Weyl law for the Ruelle spectrum 369

Remark 4.30. — From Remark 4.18, for u,v € C*(M), we have Tu,Tv €
S(T*M) and

(ulOp (@) v}z = ((Tw) (TO)] @) s,

4.6

we deduce that the map Op : a € L2 (T*M) — Op(a) defined in (4.67) can be

loc
extended to symbols a that are a tempered distribution:

I

ST M) = L(S(M),S" (M))
Op.{ — Op (a)

where L(S(M),S'(M)) stands for linear operators from S(M) to S'(M).

~ a

PROPOSITION 4.31 (Basic properties of PDO). — If a € L*(T*M), the
operator Op(a) extends to a bounded operator on L?(M) and we have

(4.68) 10p (@)l 12y < [l oo oy -

If a € LY(T*M), the operator Op(a) extends to a trace class operator on
L*(M) whose trace is given by

_ dp
(469) T(Op(@) o [ ()T I0) 5 o
and whose trace norm is bounded as ¥V € > 0,
1—e Il
@10 0@l < lato) (L+0 (A (0) +6" D)) e -

. J

Proof. — The former claim on the operator norm follows from Lemma 4.27 and
the expression (4.71). (See the proof of Theorem 4.49 where we detail this and prove
a more general statement.) The latter claims on the trace norm are consequences of
the expression (4.67) and the estimate (4.59). O

Remark 4.32. — From (4.68) it is natural to consider the norm L*(7T*M) on
symbols space so that the linear operator Op : L®(T*M) — L(L*(M), L*(M)) is
bounded. We will use this to derive expressions as in (5.50).

Remark 4.33. — We can write the PDO Op(a) more explicitly by using local
charts as

(4.71) Op (a) = (BI) M, (BI)

where M denotes the component-wise multiplication on EB}’ZIRZ(”H) by functions
a = (aj)1<;<s where a; : T*R"*! — C is the function a viewed in the local chart
Yok : T*U; — TR

(4.72) aj (o) =a (R;l (J’l (g'))) for o’ € T*R"*,

Indeed, recalling the definitions of the operator B in (4.38), we have
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Op(@=[ alp)i(p) 2

T M (27T)n+1

~_1 b d
o Z [0 5 @) et @0 ) 1 (500 15

_ 1 (T Y T (T
o0 S fonnt (5 (77 @) B @) iy
~ (BI) M, (BI)
where ¢ = (y,7) € T*V; and ¢ = (i, 1) = ¥(g) € T*R"+..

(4.73)

4.2.2. The Sobolev spaces Hyy (M)

Next we define generalized Sobolev spaces Hy (M) from a weight function W €
C(T*M;R") for which we put the following assumption.

DEFINITION 4.34 (Temperate weight function). — We consider a family of
strictly positive continuous functions Wy, € C(T*M;R™) that depends on
parameter hy > 0. This family is said to be (Cy, Ny )-temperate for some
constants Cy > 1, Ny > 0 if for every hg > 0 small enough, we have
/
(470 e < Co hadist ()™
for every p,p' € T*U; and 1 < j < J.

For simplicity we will write W = Wp,,. Let us write the unit co-sphere bundle
for the metric gyy on M by S*M = {p € T*M; ||p|ls,, = 1}. Then the order
function ry @ S*M — R of W is the function that expresses the (upper)
growth rate of the function W in each direction and defined precisely by

(4.75) rw(p):=inf{reR |3C>0,Va>1W(ap) <Ca"}.

Remark 4.35. — The temperate property of W implies that the function ry is
bounded.

Remark 4.36. — The role of the small parameter hy in (4.74) is somehow to
assume that the function W is flat with respect to the metric (or with respect to
the size of wave packets). Here is a simple toy model to show how we will use this

parameter hg technically. Let z € R, A(z) = e, Wy, () := (hoz)™ and
I (ho, Nyw) = /R A (2) Wi, () da.
We have for fixed hy > 0 that I(hg, Nw) —
NW*>+OO

V N,3 Cy,V z|A(z)] < Cy(z)™ and ||A(z)||z: < C, we deduce that
(476) 1C > O,V Ny >0, d hg > 0, |] (ho, Nw)| < C.

+00. However, from the estimate
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Proof. — To show (4.76), we split the integral in two parts: (1) |z| < hy' where
Wi, (z)=<1 and Jizj<nz A(x)W (z)dxr < C independent on Ny, hg and (2) |z| = ho',

where

/| A()W (2) de < CNhéVW/ M N dy
- >h61 1

|lz|[Zhy
SN-Ny-1"° N—-Ny—-1° "
for some large N > Ny + 1. We finally take hg small enough. O

We define the Sobolev spaces Hy (M) as follows. This definition is similar to
the definition of Sobolev spaces in micro-local analysis given in [Lerll, Defi.2.6.1]
or [NR11, Section 1.7.4].

s a

DEFINITION 4.37 (The Sobolev space Hy (M)). — Let W € C(T*M;R™")
be a temperate function (4.74) called weight function. For u,v € C*°(M), we
define the Hyy-scalar product by

(ulv)y,, = <u ‘ Op (WQ) U>L2(M,dm)
= MO T MaT0) L,y

(4-73) (2m)n+1

(4.77)

The associated Hy -norm is defined by
(4.78) el = Culudry = IMw TullZeear

The Sobolev space Hy (M) is defined as the Hilbert space obtained by com-
pletion of C*°(M) with respect to the norm (4.78):

(4.79) Hyy (M) := C (M) w

By definition we have the isometric embedding
(4.80) MwT : Hw (M) — L* (T*M;C) .
We have
H™=> (M) C Hw (M) C H™" (M)

where H"(M) denotes the usual Sobolev space of constant order » € R [Tay96a,
Chap.3] and rpax 1= MaxXg«y "W, Tmin := — Maxgsy ryy—1 with the order function
rw defined in Definition 4.34. In particular, if W = 1, we have ||ullw = ||| 20

and Hy (M) = L*(M) from (4.60).
4.2.3. How to estimate the operator norm using Schur Lemma

We give here a general remark about a way (very common in microlocal analysis)
to estimate the operator norm || B||x,, of a given operator B : Hy (M) — Hy (M).
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We consider the commutative diagram:
Hw (M) —2=  Hy (M)
(4.81) Mle MWTl
L* (T*M;C7) 2 12 (T*M;C7)
where By, denotes the lifted operator defined by
(4.82) By = MwTBT Myy-1.

From (4.80), My T is an isometric embedding and M}, = My, -1, hence | My T |
=1, [|[TTMy-1|| = |(MwT)T|| = 1 and the operator norm of B on Hy, (M) is equal
to that of By, on L?*(T*M;C”) (recall Remark 4.3.):

(4.83) ”BHHW = HBWHLZ(T*M;CJ)'

We can estimate || By || p2(7+ar,cvy from its Schwartz kernel

TBT',;) Wip)

6/‘/35’:5/‘/
<p,a| vaj> <p,J W (p)

and using Schur Lemma:

LEMMA 4.38 (Schur Lemma). — [Mar02, Lemma 2.8.4, p. 50].

(4.84) || Bwllr2(eprcry <

1/2 1/2
(SPEZ / [(0p,5 | Bw6,.5)] dﬂ) (SUPZ / (00 \Bw5p,j>|dpl) :
P J ]

psJ gt

Remark 4.39. — To estimate the trace norm || B||ry,,, = |[Bw|m,, we note that
the operator B is written as an integral of rank one operators:

= TW By WT

(4.85) W) e, . dp _dp
— Z/ ’BW5pj W (o) ‘(I)P',J'> <(I)PJ - >L2 (QW)"H (27r)n+1

and [[|®,5)(® 5|12 1y, = 19,512, < C uniformly.

4.2.4. Description of the vector field X by a PDO

We first introduce a definition that will be used to express that some operator R
is “under control” or “negligible” in our analysis. It will means that the Schwartz
kernel of TRTT decays very fast outside the diagonal graph of ¢' defined in (4.13)
and moreover that on the graph, the Schwartz kernel is bounded by a given positive
function h(p).
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DEFINITION 4.40. — Let t € R and a positive function h : p € T*M —
h(p) € R*. We define Wy (h) as the set of operators R : S(M) — S'(M)
such that for any N > 0, there exists a constant Cn,; > 0 such that for any
p,p €T"M

~ -N
(4.86) (0| TRT8,) p2ean)| < Cva (dist, (o, (0))) h(p).

In particular for t = 0, we simply write W(h) := Wz (h).

Remark 4.41. — h is defined up to constant scaling i.e. for any C' > 0,

\Ifqgt (h) = \Ifd*)t (Ch).

PROPOSITION 4.42 (Principal symbol of the vector field X). — We have
(4.87) —X = Op(iw) + R

with a remainder R € W({|p|)*"), where w denotes the frequency function (5.1)
and 0 < all < 1 is a parameter for the metric g along the flow direction in (2.5).

Proof. — For p' € T*M, we put ' = w(p'). Since (—X) = 2 in flow box coor-
dinates, we check from (4.54) and (4.34) (or the asymptotic expression (2.9)) that
VN> 07 = CN > O,V :0710/7vj7.j/7

(4.88) [(By | (—X —iw) D) |
= (=X —iw) @y o [ @, 1) | < 01 (p) ™ Cy (disty (o))",

()L = ([l
where 01(p) = {lp])*". O

Remark 4.43. — The error term R in (4.87) dominates the principal term on the
domain p = (£,w) € T*M s.t. [€]* > w.

4.2.5. Continuity theorem for PDO

The next theorems are a variant of standard theorem for PDO, called continuity
theorem and composition theorem. We state and prove them here for the PDO’s
that we have defined in (4.67).

Recall that in the definition (4.74) of temperate property of the weight W, there are
two parameters Ny, hg. In the next Theorem, we obtain a bound for the operator
norm ||Op(a)||2, (m)— #w (m)- This bound can be uniform with respect to Ny if
hog > 0 is chosen small enough accordingly.
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THEOREM 4.44 (Continuity theorem). — Suppose that W is (Cw, Ny )-
temperate according to property (4.74). Then there exists a constant C' > 0

such that for any bounded measurable function a € L*>°(T*M), the PDO Op(a)

extends to a bounded operator on Hy (M) with the following estimate
100(a) 34,y (a1) = 300 a1y < Cll | e

Moreover, C' may depend on Cy, but not on Ny, if hq is taken small enough.

Proof. — We write

_ -1
Op @)y 5, WPMPW

So

(s 1 Op (@D 80 = ([ 61P8n)a 01) 60 1P

and VN >0,3Cy >0,
(6 [ (Op (@) 6,)]

< Cy (hodist, (0, p))™ Cn / (distg (o, 1)) " |a (p1)| (disty (p1, p))
(4.74),(4.65)

< G (hodisty (¢, Y™ Civllall i (dlist, (5, )™
If hodisty(p',p) < 1then VN >0,3Cy >0,
(6,1 (O (a))yy 65| < CwChllal| = (disty (o, p))
with Cy independent on Ny, . If hodist,(p’, p) > 1 then
(hodisty (o, )™ Ciy (disty (o, p)) ™" < Cyho™ (disty (o, p)) " T
= C (disty (¢, p)) ",

with N'= N — Ny and Cy/ = C’NhéVW. If we take hy small enough with respect to
Ny we get again V N’ > 0,3 Cy > 0,

(6,1 (Op (@) 6,)] < CwCivillal| e (dist, (o, p))

dp1
(27T)n+1 ’

_N dp
(27T)n+1

(4.89)

with Cyv independent on Ny, . Finally, by Schur Lemma 4.38 we conclude that the

operator norm of Op(a)y in L? is bounded by C||a||z~ and the same holds true for
Op(a) in Hw (M), where C' depends on Cy, but does not depend on Ny, and hy > 0
has been taken small enough depending on Ny .

4.2.6. Composition theorem for PDO

DEFINITION 4.45. — Let h € C(T*M;R™) be some continuous function, let
No > 0 and 0 < hg < 1. A bounded measurable function b € L*°(T*M) is said
to be (h, Ny, ho)-slowly varying symbol with respect to the metric g if

(4.90)  [b(p)) = b(p)l < h(p) (hodisty (o', )™ for all p,p € T"M.
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Remark 4.46. — The small parameter hy will be used in Lemma 5.11. Recall
Remark 4.36 about the usefulness of a similar small parameter hyg.

The following lemma will be useful in the proof of the composition Theorem 4.49
below. Recall P =TT defined in (4.63).

LEMMA 4.47 (Basic Lemma for slow varying symbols). — Assume that b €
C(T*M) satisfies the slow variation property (4.90) with a function h and some
parameters Ny, hg > 0. Then the Schwartz kernel of the operator [M,, P] =
MyP — PM, satisfies V N,3 Cy > 0,3 hg > 0,V p/,p € T*M,V j,j' €
{1, ... J},

(4.91) (G | (M, P16, 50| < O (p) (disty (9, )" -

Using the notation of Definition 4.40, we can write that [M,, P] € ¥(h).

Proof. — We have
(0p o [ M, P 6y.3) = (01,57 | Ppg) (b(p') — b (p))
Hence VN > 0,3 Cy > 0,
[(0p7 57 | [My, P 6,,5)] < Cyhi(p) (dist, (o, p)) ™™ (hodist, (o, p))™

((4.65),(4.90))
< Cwh (p) (dist, (o, p) ™"
For the last line we proceed as in (4.89) with hy small enough. U
Remark 4.48. — In following Lemma and Theorems we will still have “uniform

estimates w.r.t. Ny ,Ny” in the sense of letting hg > 0 be small depending on
Nw, Ny > 0 (as in Theorem 4.44), and for this, we will use the shorter notation
“4C > O,V Ny, Nog > O,El ho > 0.

THEOREM 4.49 (Composition theorem). — For a bounded measurable func-
tion a € L>®(T*M) and slowly varying symbol b € L>(T*M) as (4.90) with
function h and parameters Ny, hg > 0, let us consider the operator

B :=0p(a)Op (b) — Op (abd).
For the Schwartz kernel of the corresponding lifted operator By =
MwTBTTMys-1 as defined in (4.82) with parameter Ny, in (4.74), we have V
N>0,3Cy>0,Y Ny, Ng>0,3ho>0,Vp,peTMNYj,j €{l,..J}
(830 | Bwd,)| < Cyla(p)] h(p) (disty (o', p)) ™
Using the notation of Definition 4.40, we can write that By, € W(|a|h). Conse-
quently 3 C > 0,V Ny, Ng > 0,3 hg > 0,
(1) If ||ah|| L~ < o0, we have

(4.92) 1Bll3s,y, < Cllah| o -
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(2) If |lah||r < oo, the difference Op(a) o Op(b) — Op(ab) is a trace class
operator on Hy (M) and we have

1By, < Cllahl

These claims hold if we exchange Op(a) and Op(b) in the definition of B.

Proof. — We write

Bw (4:82) WPM, (PM, — M,P) PW!

So (we omit chart indices j, 7’ for simplicity)

<5p’ | BW‘Sp>
_ W) " dpr _ dps
= () ] O 1P o) G 11, M ) (B | PO} G
and
|<5p/‘BW(5p>|

< Cr (hodist, (01, )™ C [ (disty (s, p1)) ™
(4.74),(4.65),(4.90),(4.91)

. -N /1. -~ dm dpa
la (p1)] b (p1) {disty (p1, p2)) " (disty (p2, p)) 2r) (20) T

< CwCh [a(p)| b (p) (dist, (o, p)) ™
In the last line, hg is chosen small enough with respect to Ny, Ny. We obtain Item 1
by Schur Lemma 4.38 and Item 2 using Remark 4.39. U

The following corollary will be used in Section 5.3.3 and can be skipped for the
moment.

COROLLARY 4.50. — Let Qg be a compact subset on T*M which depends
on a parameter R > 1. Let 1q,, : T*M — {0, 1} the characteristic function of
Qpr. Assume that bg : T*M — C is a measurable function that takes constant
value 1 on the R—neighborhood of Q)g, that is,

br(p') =1 whenever dist, (p',p) < Rforp € Qrandp’ € T*M.

Assume further that the growth of bgr on the outside of {)r is temperate
uniformly in R in the sense that there exists Ny > 0 and Cy > 0 independent
of the parameter R such that ¥V p',p € T*M,

bR (p) = br (p)| < Co (disty (0, ).
Then, for arbitrarily large N > 0, there exists a constant Cnyw > 0 such that
for any R > 1,

(4.93) |Op (br) © Op (Laz) — Op (La,)lly, < CywR™.
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Proof. — Let us check first that, for arbitrarily large N > 0, we have
Ibr (0) — br (p)] < CoR™Ndist, (0, )" for all p € Qg and p' € T"M.

This is trivial if disty(p’, p) < R because br(p’) = br(p) = 1. If dist,(p', p) > R > 1,
we have

b (p) = br (p)| < Codisty (0, p)™* < CoR™Ndist, (o, p)" ™,

so this is true again. Now we apply Theorem 4.49 with setting a = 1q,, b = br and
h = R™". Since Op(ab) = Op(1q,br) = Op(lq,) and |jah||z~ = || 1o bl = BTV,
we obtain the conclusion (4.93). O

4.3. Properties of the transfer operator

In this section we consider the transfer operator L' = exp(tA) with A = —-X +V
defined in (3.8). As we noted at the beginning of this section, we will assume only
that X is a smooth non-singular vector field on M and V' is some smooth complex
valued function on M.

4.3.1. The matrix elements of the transfer operator between wave packets

The next theorem is rather a direct consequence of Lemma 4.21. It shows that
the Schwartz kernel of the lifted operator TL!TT (i.e. the matrix elements of the
transfer operator £' expressing transformation between wave-packets)

(4.94) (030 | TLTTS,5)

L2(T*M) (4.56) <(I)pl’] L (I)p’J>L2(M)
is (micro-)localized around the graph of the flow map ¢ in T*M, Eq.(4.13), with
respect to the distance dist, (-, ).

THEOREM 4.51 (Propagation of singularities by the transfer operator £). —
For any t € R and any N > 0, there exists a constant C; > 0 such that

<5P’J’ TCtTTéPJ'>L2(T*M) S Oy <diStg (p’, ¢ (p))>7N

for any p,p/ € T*M and 0 < j,5" < J. Using the notation of Definition 4.40,
we can write that L' € Wz (1).

(4.95)

Proof. — Let t > 0 and p, p/ € T*M. We take 0 < j,j' < J such that m = 7(p) €
U; and m' = w(p') € Uj respectively. In the following we will sometimes omit the
indices 7 and j' from the notation. Set

o=(ym) =v[F(p), o=1)=vE () €TR™
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where &; is defined in (4.8) and 1 is defined in (4.53). We write the Schwartz
kernel (4.94) as

(4.96) (0,5 Tctﬁs,,,j>L2(T*M)

- ‘det <d¢ (kj (m")) ) ‘1/2‘ det (cw (k5 (m)) ) ‘1/2 <90@'

(4.54)

(1,£'1}) %>L2 .
Below we estimate the last term
(4.97) K (¢, 0) = (oo | (I L'T]) ¢0) , -

We assume that ¢'(U;) N Uy # 0 because the Schwartz kernel vanishes otherwise.
Let

¢=rpodon;t twy(Uyneg ™t (Up)) = ky (68 (U) NU) .

For u € S(R}*), we have for " € R"*!,

(4.98) (L £'Tiu) (v") = Y (") u (67 ("))

(3.8)

where Y : R"*! — R is a O function written precisely as

y () = () vy (") x; (07 ().

The definition of the function Y(.) is rather complicated but we only need the
property that it is C°° function supported on a compact subset suppy;. We have

am K@ = [ e @ (67 W) Y 6

We first bound this integral “in space” and use (4.44), getting that V N > 0,3 Cn; >
0,V 0,0 € T*R**!,

4100) |K (d,0) < /
(4.100) |K (¢ Q)|(4.99) -

po (67" ()] 1Y (y")] dy”

< (det 5 (') (det 8 (1))~ Cy
(4.44)

Lo o™ 6 =) (5o (6 ) )y
Let dmax := max{d(n),d(n’)} and

Po' (y//)

= Doy @ = O b= 000 (y)
giving
1K (¢, 0)l
< (detd ()% (det d (1)) (det ) e [ (g —al)™ (g — b)) dg
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We split the integral:

Lo Gla=ah™ (g =)

< (la =) dg + | (lg —al) ™

geR" L |g—a|<[q—b] €R+1 |g—a|>|q—b]

Let D := 1la —b|. Since {g € R™™|g —a| < |¢—b|} C {g € R}, |¢ — b| > D}, we
have for D > 1,3 C,C",C" >0V N,

— o)y Na
/qER"“,Iq—aKIq—b <|q |> 1

N

(g — o) dg = | (lal) ™ dq

‘/(IeRn+17|q_b|>D qERn+17|q|2D

< C/ T_N+nd7“ < C«/D—N+n+1 g C// <|a . b|>fN+n+1.
>D

T

Hence
/RHH (g —aly™ (lg = b)) N dg < C (Ja— b))~V

<ok (- )

Let (yi, 1) = ¢'(0). Using (4.25) we deduce that ¥ N > 0,3 Cy, > 0,V 0,0 €
T*Rn+1,
-N

(4.101) K (s 0)] < O <H¢Et Ok (y/’"'*)Hgg>

Secondly we can write and bound the same integral (4.99) in Fourier space:

/ _ TT A N (A1) -1 " "
K(dho) o= [ e GIF (Yigyo67') () d

and using (4.45), we deduce similarly that V N > 0,3 Cy; > 0,V o, ¢ € T*R"™,

-N

(4.102) |K (', 0)] < Cny <H$t (o) — (yt,n’)Hg)
Finally we write
¢ ()= =" (o) = (W' m)+ (' m) — (/s )
="' (0) = (W' m) + (yeme) — (yes )
= (&' (0 = (', m)) + (9" (0) = ()
and from (4.101), (4.102) we deduce that V N > 0,3 Cy, > 0,V o, ¢’ € T*R" 1,

—-N
99> .

Finally, from (4.96), properties of the map v in (4.53) and using (4.29), we ob-
tain (4.95). O

K (¢, o)l < Cwa ([0 (0) ~ &
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4.3.2. Egorov’s Theorem on evolution of PDO.

The results of this section are direct consequences of Theorem 4.51. This first basic
lemma will be used later.

LEMMA 4.52 (Basic Egorov’s Lemma for slow varying symbols). — Assume
that a € C(T*M;C) satisfies the slow variation property (4.90) with function
h and parameters Ny, hg > 0. Then the Schwartz kernel of the operator

R:=TLT Myose = M TLT!
satisfies V.N,3 Cnyt > 0,¥ Ng > 0,3 ho > 0,V p',pe T*M,V j,5 € {1, ... J},

(4.103) (B | RS, )] < 1 () O (dist, (5,6 (0)))

Proof. — We have

(0pr g0 | ROp5) = <5p’,j’ TLtTT‘;pyj> (a (&t (P)) —4a (p'))

and hence

GBS0 < h(p) Oy (disty (4.0 (9)) " (hodisty (0,3 (o))

(4.95),(4.90)
<h (Pl) Cg\/,t <diStg (Pl> Qgt (p))>_N

For the last line we proceed as in (4.89) with hy small enough. U

No

The next theorem concerns the operator e~ that is the transport part of the
transfer operator £! = e/=X*V). We will use this theorem later in the proof of
Lemma 5.16.

THEOREM 4.53 (Egorov’s Theorem). — Assume that a € C(T*M;C) is a
slowly varying symbol (Eq. (4.90) with parameters Ny, hg > 0). Let us consider
the operator
B:=e¢"¥0p (a o &) — Op (a) e ™.

For the Schwartz kernel of the corresponding lifted operator By, =
MwTBTTMyy-1 as defined in (4.82) with parameter Ny, in (4.74), we have
VteRVN>0,3Cn;s >0,V Ny, Ng>0,3hg>0,Vp,peT*MV jj €
{1, ... J},

[(0p 3| Bwp)| < Cny

N

W (e (p) - N

—o R (0 (p)) (disty (0, 6" (p
L0, ) (s (.8 0)

Using the notation of Definition 4.40, we can write that B € W (h). Conse-

quently Vt € R, 3 Cy > 0,V Ny, Ny > 0,3 hy > 0,

Wo ¢t

h
w

(1.104) 1Bl < Ci

LOO
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and

Wo ¢t
w I

provided that the norm on the right-hand side is bounded in the respective

inequality:.

(4.105) 1Bl <Co h

Proof. — We set
R:=Te T Mg — M Te T,
and
By := (e7*Op (a0 ¢') — Op(a)e™™) iy WPRPW

We will omit chart indices 7, 7/ for simplicity. We have

<5p’|BW(Sp>
W) W(0)
W (¢ (p)) Wi(p)

dp1 dp2
(27T)n+1 (271_)714*1

| (5 1P3) (3 | R8,) {6, P3,)

and
|<5p’|BW5p>|
(Qgt (p)) ~ Nw _N
70 hg di ty 2 ¢ C dist, (',
(T (465) (4 00,105 W (p) < o d18 (P ¢ (P))> N,t/< isty (0, p1))

h(p <dlstg (,0 o (p >>_N <h0 dist, (pl, o (p2)>>NO

dp dp2
dist, (p2, o))~
< 18tg (pQ )> (27T)n+1 (27T)n+1

< O Cng——r ( ) h (8 (o) (dist, (9,6 (0))) -

In the last line, hg is chosen small enough with respect to Ny, Ny. We deduce (4.104)
using Schur Lemma 4.38 and also (4.105) from Remark 4.39. O

4.3.3. Strong continuity of the one-parameter group of transfer operators

In the next Lemma we show strong continuity of the transfer operator (this is
version 1). Later in Lemma 5.11, with additional properties on the escape function
W we will get some improved estimates (version 2).
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LEMMA 4.54 (Strong continuity of transfer operator L' (version 1)). —
Assume that W is a temperate weight (according to Definition 4.34) and
assume that, for some constant C' > 0 and 7 > 0,

W (é ()
W(p)
Then the transfer operator L' extends to a strongly continuous semi-group
of bounded operators L' : Hy (M) — Hw (M) with generator A = —X +V
given in (3.9). Moreover, we have the uniform estimate w.r.t. Ny, that writes

3C,C" > 0,¥ Ny, 3 hg > 0,Yt =0, ||L 1w, <Ce".
If in addition, we have that
W (¢ (p) _ 1
(4.107) —————2 > — forany peT*M and t € [0, 7]
W (p) C
then L' : Hy (M) — Hw (M) with t € R form a strongly continuous group.

(4.106) < C forany peT*M andt € [0,7].

Proof. — Assume that the condition (4.106) holds. Let ¢ > 0 and as in (4.82),
consider the lifted operator L, := My T LT T Myy-1. For its Schwartz kernel, we
have

¢ Wy .
(8 | L3 805)| = et <(/;)) (@ | £1®, 1)
W (¢) -N
(4?5) W (p) CNt<dlst (p gzﬁ (p )
W (¢ (p)) S
_CNt< W) )( ) dlst p,¢ ))>
(4.106)<(474 CneCCw <h disty ( ’(bt )> <dlst ( 0 (p ))> )

< CwCly, <dlstg (p o' (p )>

For the last line we proceed as in (4.89) with hg small enough with respect to
Ny. If we let N be large enough then, by Schur Lemma 4.38, we obtain that
Ll o L2(T*M) — L*(T*M) is bounded for any ¢ > 0 and therefore £ : Hy (M) —
Hw (M) is bounded. For u € C* (M), we have ||L'u — ullc — 0 as t — 0 and
consequently ||Lfu — |3, — 0. Since C*°(M) is dense in Hy this is also true for
u € Hyw. Therefore £! is strongly continuous. This finishes the proof of the former
part. For the latter part of the theorem, we consider L= = !4 with ¢ > 0 instead
of L'. Then the condition (4.107) reads W& ) < ¢ and the same procedure as

Wi(p)
above yields the conclusion. ([l
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5. Proof of Theorems 2.1 and 2.3 on discrete spectrum and
Weyl law

In this section we will assume that X is a general Anosov vector field on M. We
first describe the geometry of the lifted flow ¢' : T*M — T*M in Section 5.1. Then
we explain how to design a suitable escape (or weight) function W : T*M — R*™* in
order to obtain Theorems 2.1 and 2.3 for the Sobolev space Hy (M) in Section 5.2.2.
Finally in Section 5.3 we provide the proofs of Theorem 2.1 and 2.3, which gives
discrete spectrum and the Fractal Weyl law.

5.1. The lifted flow ggt in the cotangent bundle 7*M and the trapped set
Ly
We define the frequency function w € C®(T*M;R) by(V
(5.1) w(p):=X(p) forpeT M.
The dual decomposition of (3.2) is'?
(5.2) T, M= E; (m)® E; (m)® Ej (m)
for m € M with
(5.3) Ej (B, ® Es) =0, EI(Es® Ey) =0, E;(E,® E)) =0.
Since Ey = RX, we have E! @& E? o Ker(X) o w™1(0) and therefore the
correspondence m — E*(m) @ EX(m) is smooth. We have

(5.4) E; o ReZ ={we/ (m), me M,weR}

and the map m — E{(m) is Hélder continuous with exponent .
A cotangent vector p € T,y M is decomposed accordingly to the dual decomposi-
tion (5.2)

(5.5) P=putpst po
~~
w (m)
with components
pu € EL ps €EY, po=wd (m) € E;, w=w(p) €R.

~ Recall the lifted flow ¢! - T*M — T*M introduced in (4.13). If we denote p(t) =
' (p) and m(t) = ¢'(m), we write p(t) = pu(t) + ps(t) + w(t)«? (m(t)) as in (5.5),

()11 micro-local analysis, the function w is the principal symbol of the operator —i X, see [FS11,
footnote on p. 332.].

(12) Beware that the notations of £, E% are interchanged with respect to the natural definition
from linear algebra conventions of duality. The advantage of this choice is that the dynamics is
contracting (stable) on the space E¥ and expanding (unstable) on the space E, see (5.6).
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and the hyperbolicity assumption (3.3) gives that

1, -
(5:6) lpu (O] = Ze* [pu ()], s ()] < Ce" |, (0],
w(t)=w(0) fort>0,
where [p,(t)| = [|pu(t)]l4,, is the norm measured with the dual metric gy on the
cotangent bundle T*M induced by gy, on T'M. See Figure 5.1.

From (5.6), we see that the set Eg = R/ defined in (5.4) is the trapped set of the
flow ¢' in the sense that

Ej = {p €T*M | the orbit {ggt (p)eC|te R} is relatively compact in T*M} :

Ef is a (Holder continuous) rank one sub-bundle of 7*M, with dim E§ = n + 2 and,
in terms of dynamical system theory, Ef is just the non-wandering set of the flow

ot T*M — T*M.

N N
EX(m) | X
| —_— |
A
Nl 3 Trappled|s
E;(m) lo.o? Eo ()
e RO
RN
0
Yo (m)
L

Figure 5.1. The Anosov flow ¢' = exp(tX) on M is lifted to a Hamiltonian
flow ¢' = exp(tX) in the cotangent bundle T*M. The lines on the base (in
magenta) represent “internal oscillations” of a function u at point m € M. These
oscillations correspond to a cotangent vector p € T, M. Transported by the flow
¢!, these oscillations become parallel to E,,, i.e. the direction of ggt(p) converges
to E* C T*M and ¢'(p) remains in the frequency level ¥,, := w™'(w) (in blue).
The trapped set Ef (in green) of the lifted flow Eﬁ is the Hélder continuous rank
one vector bundle Ej = Re/ where <f is the Anosov one form.
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5.2. Escape function W

In Lemma 4.54, in order to show that the transfer operators L£! acts on the
generalized Sobolev space Hy (M) as a strongly continuous (semi-)group, we required
two properties of the weight function W, namely the temperate property (4.74) and
the boundedness property (4.106) with respect to the lifted flow %t.

In the next section, we will show that the generator A has discrete Ruelle spectrum.
For this we need to reinforce the properties of the weight function W by the slowly
varying and temperate property in Definition 5.1 and the decay property in Defini-
tion 5.4 below. In Section 5.2.2 we also provide an example of a weight function W
on T*M satisfying such conditions. Another example of weight function similar to
the weight function used in [FRS08, FS11] is given in Appendix B. (However this
latter example does not satisfies (4.107) that provides the group property of L).

5.2.1. Requirements for an escape function W on T*M

For a point m € M, recall the decomposition of a cotangent vector p = p, +
ps +po € T M, in Eq.(5.5). For 0 < v < 1, we define the continuous function
h, € C(T*M;R") by

(5.7) b (p) = {llpu + pall,,)

where the vertical vector p, + ps € T,; M is naturally identified with a vector in the
tangent space T,(T*M) of T*M at p € T*M in order to get its norm. Remark that
if v > 0 then h#(p) decays as p gets far from the trapped set Ej. But for some
arguments we will sometimes need v = 0. See Section 5.2.5 where we comment on
the use of function h# and parameter hyg.

DEFINITION 5.1 (slowly varying and h#—temperate property for a weight
function W). — A (family of) continuous function W € C(T*M;R™") that
depends on hy > 0, is said to be slowly varying and hi -temperate, if there
exists 0 < u < 1, Cy > 0 and Ny > 0 independent of hy such that

W ()
W (p)

(5.8) < 14 Cwhh <h# (p) dist, (¢, p)>NW for all p,p’ € T*M.

Remark 5.2. — Definition (5.8) expresses two properties. First that for small
ho and for any two points p, o’ such that disty(p’,p) < hi(p)~" where hy(p)~"
can be large, then W has ratio close to 1, i.e. slow variations. Second that, at
larger distances, W has temperate variations which grow at most polynomial rate

in (hy (p)disty (', p)).
Remark 5.3. — Eq.(5.8) can be written as

Nw

(5.9) W (p) = W (p)] < W (p) Cuhly (hi (p) disty (0, p))
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and implies V p, p' € T*M,

W (p) N . Nw Nw 1. Nw
(5:10) 05 < Civ (h§"™ h3 (p) disty (o, p)) " < Cy (B disty (o, 0)) ",
with Cf;, > 0 independent of hg and Ny . In particular Eq. (5.9) shows that accord-
ing to Definition 4.45, the function W is h, Ny, ho-slowly varying with function h =
CwhyW.
We will use this later in the proof of Lemma 5.11. Also, Eq. (5.10) shows that accord-
ing to Definition 4.34, the function W is temperate so the results of Section 4 apply.
We will use (5.10) later in the proof of Lemma 5.11 and of Theorem 5.13.

DEFINITION 5.4 (Decay property for a weight function W). — A continuous
function W € C(T*M;R") has time decay property with rate A > 0 with

respect to the flow (¢'); o, if there exists a constant C > 1 such that, for any
t > 0, one can take Cy, > 0 so that

W) _fc
Wip) — |Ce™™ if|p,+ Psllyp) > Cwy  for any p € T*M.

Moreover W has a decay controlled from below with rate A’ > 0 if there exists
a constant C' > 1 such that

WP) 1
Wi ~C

(5.11)

(5.12) for any p € T*M and t > 0.

Remark 5.5. — The general bound W (¢'(p)/W(p) < C given by the first line
of (5.11) together with the temperate property has been used in the proof of
Lemma 4.54 in order to show that the transfer operator £ : Hy (M) — Hw (M) is
bounded and forms a strongly continuous semi-group. The bound from below (5.12)
has been used in Lemma 4.54 to show that L' : Hy (M) — Hw(M),t € R forms a
strongly continuous group.

The more precise bound given in the second line of (5.11) shows that we have
time decay outside the trapped set Ej. It will be used in the proof of Lemma 5.16
to show that the transfer operator £ has small norm outside the trapped set and to
deduce discrete spectrum of its generator. The fact that the constant C,,; depends
on time ¢ in (5.11) is due to the fact that a trajectory close to the stable manifold
of the trapped set Ej can spend a long time close to the trapped set where there is
no decay. During that time, a wave packet spreads exponentially.

5.2.2. Example of weight function W

We provide here an example of escape function W and we prove that W satisfies
the properties of being temperate, slowly varying and decay property given above
in Definitions 5.1 and 5.4.

Recall from (3.5) that the Holder exponents satisfy min(f3,, 8s) < [y and recall
that the parameters ot all that enter in the definition of the metric g in (2.6).
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Before giving the definition of W we need, for technical reasons"® | to use a slightly
different norm on 17, M for m € M, defined as follows. Let g5 be a global smooth
metric on M. Let g, be the metric on T,,M,m € M, that equals gy, on E, for
o = u,s,0 and such that the sum F, ® E; ® Ej is orthogonal. As a consequence
gnr is Holder continuous on M and the dual sum E} & £ @ Ej is also orthogonal
for the induced metric on 7); M, m € M, that we still denote by gy. Now we
define the metric g on 77T M, m € M, as follows. For v = (v¢,v,,) € 1,1, M, with
me M,pel;, M, v € E, ® L, v, € Ej, we set

2

~112 —at 2 —all
(613) 1l = (elly) ™ Wl )+ ((lolsy) ™ 1l ) -

Let 0 < v < 1. We define the continuous function ﬁ# : T*M — R* as follows. For
p=putps+po€ T M, we set

(5.14) 1 (0) = (llpu+ pill ) -

So notice that the norms gy, and g; are equivalent, that the norm of a vertical
vector given by g in (5.13) is equivalent to the norm given by the metric g defined
in (2.7), and finally that the function 71# defined in (5.14) looks like the function h;
defined in (5.7), except that we use now the metric g instead of g.

DEFINITION 5.6 (Example of a weight function W with good properties). —
Assume that o~ and ol satisfy

(5.15) <at <1, 0<adl <ot

1+ 6o
For v € [0, 1] such that

ot min (B, Bs)
B 1—at
and R, > 0, R, > 0, hy > 0, we define the escape function W : T*M — RT by

~ RS
(hoh (p) llsll )

(5.16) 1 <v<l,

(5.17) W(p) = = o
(ot (0) 1l )
Remark 5.7. — In the expression (5.17) for W, we can write in a more concise way
hoh () 1psllaiy = 11Psllg, 0y (o) UsSing the metric g, 5, := (hohy)?g that is conformal
to g.

Remark 5.8. — The meaning of Definition 5.6 will be discussed in Section 5.2.3.
The way to chose optimally the different parameters that enter in the construction
of W for the analysis of Anosov flow will be discussed in Section 5.2.4. We first give
the following theorem that shows that W has the required properties.

(13) The use of this modified metric g instead of g will permit to provide a simpler proof, compared
to a previous proof given in the version v2 of this paper on ArXiv, that uses the metric g itself.
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THEOREM 5.9. — The weight function W in (5.17) has the following proper-
ties

(1) W satisfies the slowly varying and h# -temperate property (5.8).

(2) W satisfies the decay property (5.11) with rate

(5.18) A= Apin (1 =) (1 = o) min (R, R,).
(3) W satisfies the decay property controlled from below (5.11) with rate
(5.19) N = A (1=7) (1= a*) (Re+ Ru) .
(4) Its order, defined in (4.75), is
0, along Ef;
(5.20) () (1= (1 _fél> R, along E7;
(1—75)(l—a") R along EY;
(1—7) 21 —at) (Ry — R,) along all other directions.

. J

The proof of Theorem 5.9 is given in Section A. From the weight function W
in (5.17), we can define the Sobolev space Hy (M) from Definition 4.37. We will use
this (anisotropic) Sobolev space in the next section.

Remark 5.10. — One can consider other weight functions that satisfy the required
properties. For example in Appendix B one gives a second example of weight function
Wy that has been introduced in [FRS08, FS11] and used many times since in the
literature. We also compare the (dis)advantages of these two weight functions in
Appendix B.

5.2.3. Remarks on the weight function W

We discuss here the construction of W in (5.17) and the meaning of the inequal-
ities (5.15) and (5.16). First observe one main feature of (5.17) : W(p) increases
with respect to ||ps||g,, and decreases with respect to ||pyllg,,. Due to (5.6) this will
give the decay property (5.11) of W. However, instead of using ||p;||4,, directly we
use hz(p)||ps|ly that measures p, at the scale of wave packets or greater and this
will give the slow varying and temperate property of W. In Section 2.1.1 and in
Figure 2.1 we have explained heuristically that the choice of parameter at > T Jrlﬂo
for the metric g is necessary in order that unit box of the metric g (i.e. the size or
uncertainty of a wave-packet) is greater than the Holder fluctuations of the trapped
set E§ and therefore absorb or hide them. This explains (5.15). We should have
similar properties for the directions E? and E that are also Hoélder continue and a
natural construction would have been to define a metric g with exponents o, o

that satisfy al > #, al > ﬁ We are not been able to do this because our

specific construction of the metric ¢ needs the same exponent o' in every transverse
directions. In order to overcome this technical problem we have introduced instead
the scaling (or conformal) factor hz (p) in the construction of W, (5.17), with some
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exponent «y that plays a role similar to a;-, a;. However this scaling factor in the

fibers of T*M is not equivalent (it is weaker in fact) to choosing a different metric
on T*M compatible with the symplectic form.

Let us explain now the range of v in (5.16). At a point p € T*M we consider a unit
box of the metric ¢ that has horizontal transverse size dm = 6%(p) =< |p|~*". The
Holder exponents 3, implies that fluctuations of E* are smaller than |p,|(dm)? =
|,03||p|*°"LBS' Near this direction we hf’xve fit(p)*l = ‘(|p|*aL]p5|)‘*Lx |pj\7|p|:j‘”.
The unit boxes for the re-scaled metric (h;)?g have size Ap < (hy (p)d~(p)) ™" <
1ps[7|p|* =7 In order that these unit boxes absorb the fluctuations of E*, we
require the condition

atBs

at(1—
Ap = |ps| (9m)* = |ps|" [p|* "

= |ps| o™
L L
a~(1—y)+a—Bs 2

Sl oo

Since |ps| < |pl, this follows if we assume

e
1—at’

at(l-+atfizl-y = 721

With the same consideration for £, we are led to the condition on « that appears
in (5.16). See Figure 5.2.

5.2.4. Remarks about optimal values of parameters for the weight function W

In this section we comment the optimal choice of weight function W in order to
get the theorems of this paper. Recall that, in Section 4.1.2, the metric g on T*M
is defined depending on the parameters o, ol which satisfy 0 < oll < o+ < 1,1
<at <1 from (2.5).

The weight function W depends on additional parameters hy > 0, R,,, Rs > 0,7 > 0
and Theorem 5.9 give their admissible range of values. Also the admissible range of
at is restricted to ﬁ < at < 1. (See Lemma 5.9 and Remark 5.2.3.) According
to these constraints we will consider optimal values of these parameters depending
on the purpose.

Choice 1 of IV to estimate the density of eigenvalues (Weyl law): In order
to prove Theorem 2.3 about the Weyl law for the density of eigenvalues, we will take,
after Lemma 5.14, the minimal allowed value for a*, all and ~ that are

a = , a'=0, = 1—— with setting 5, = min (53,, Bs) < .
1+ 50 v (5.16) 60 & ( ) 0
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aty(1-at)

g min(lel: o)

A, = min(Jwl, |p,[)* 0

pu € I,

Figure 5.2. Representation of domains associated to the weight function W
defined in (5.17): Vs is the (blue) the “parabolic” neighborhood of E¥ given by

. OtJ‘ _aJ_
Vo= (o (0 @) ol ) = 1} = {0 Il < min e )™ 10}
similarly for V,, and
Vo=V NV, = {,0; |pu +ps| < UJO{L} .

Outside this domain V, (in green), the weight function W decays along the
flow ¢'.

that satisfy the assumptions (5.15) and (5.16). The choice of these optimal values
were explained in Section 2.1.1. See also Figure 5.2 where they give that the transverse
size for the (green) region V is

A(l) —w 1+1/30 .
However, for this choice, the transverse size of the region V, on Figure 5.2 is
(521 A = [, me) 1o

This choice is not optimal to study the concentration of the wave front set and one
can improve with Choice 2 below.

Choice 2 of IV to estimate the concentration of the wave front set:
In Corollary 2.7 that concerns the width exponent of the parabolic wave front set of
Ruelle resonances, we choose the following values

(5.22) O‘L:1+ﬁ’ ol =0, ~

= 0, with setting 8, = min (B, 8s) < Bo.
o g 6. = min (6, 4) < fo
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that satisfy the assumptions (5.15) and (5.16). The reason for this choice is that the
transverse size A of the region V, on Figure 5.2 is

(5.23) AP = |p, ") < g
and smaller than A in (5.21), (except for the case S, = (o)
AP <AV

because
1 ¥
<1-— B
1 + ﬂ* 1 + ﬁO

=1+ <1+ B)A+Bo—B) =1+ B+ Bu(Bo — B).

However this choice gives the transverse size Aff) of the green region V), that is
greater than A(()l):

A? = ym > AW,
Therefore this choice is not adequate to deduce Theorem 2.3 about the Weyl law.

5.2.5. Remarks about the use of parameter ho and function h2- (p)

The definition (5.17) for the function W makes use of the product hoﬁ#(p) with a

parameter g and a function E}/(p) = (|lpu+psll3)) " that depends on the parameter
v = 0. We have already comment about the meaning and utility of the parameter ~,
in the previous Section 5.2.4.

One effect of the product hoh#(p) < 1 when it is small is to assure that the ratio
of variations of the function W is close to one on a large scale (hohy)™' > 1 and
is used as follows in our micro-local analysis: if we consider a wave packet (with
initial size of order 1 measured by the metric g) that evolves and get size e* after a
given long time ¢ where A is the Lyapunov exponent, then the wave packet still feels
the function W as almost constant provided e* < (hoh#)_l. We use crucially this
argument at the end of proof of Lemma 5.11 and Theorem 5.13, where we take first ¢
large to get effect of hyperbolicity and after we take hy small. Notice in Theorem 5.13
we consider the outside of the trapped set, where ||p, + ps|5(p) is large, so we may
have used h# (p) < 1 for this purpose but only if we assume v > 0. However there
are some cases where need to take v = 0, see (5.22), giving hy (p) = 1 that is not
small. So for simplicity we always use hg as the small parameter.

5.3. Discrete Spectrum and Weyl law upper bound

In this section, we prove Theorem 2.11 about strong continuity of the transfer
operators £! and Theorem 2.1 and 2.3 about discrete spectrum and an analogue of
the Weyl law. We henceforth assume that the weight function W is chosen from the
family (5.17) and we consider the anisotropic Sobolev space Hy = Hy (M) defined
in (4.79). Recall that the definition of W depends on the parameters R,, Rs, v and
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ho besides the parameters a’, all used in the definition of the metric g on T*M.
From (5.20), the parameters R, and R, determine the order of the function W at
infinity, while the parameters v and hg are related to the variation of W in smaller
scales.

5.3.1. Strong continuity

From Lemma 4.54, it follows immediately that || £ 3, < Ce'“*viW for ¢ > 0 with
a constant Cx v depending on X,V and W. The next lemma shows that, if we
choose the parameter hg (that enters in W in (5.7)) depending on the choice of R,,
R, and +, then we may assume that the constant C'x v is uniform i.e. does not
depend on W. Let us recall the constants C'x y and C'y - defined in (2.20) and (2.21).

LEMMA 5.11 (Strong continuity of transfer operators L' (version2)). — For
any € > 0, there exists C' > 0, for any parameters R,, Ry > 0, we can choose
ho > 0 in (5.7) small enough so that, for any t > 0, we have

(5.24) HEtHHW < Cet(cx,wre)7
and
(5.25) | g—tHHW < Cet(Chy==e).

where A’ is given in (5.19).

Remark 5.12. — From Hille-Yosida—Feller-Miyadera—Phillips’s Theorem [EN99,
p. 77], Eq. (5.24) implies estimates on the norm of the resolvent (z — A)~! of the
generator A = —X 4+ V for Re(z) > Cy y.

Proof. — We prove (5.24). We have that
e, I TET S

Hw (4.83)

.
We write

(5.26) MwTLT M-+ = (TLT) Mgy + R
with remainder operator

Re=Muw TLT Myrs = TLT M 050y
(5:27) = (MwTLT = TLT My ) M.

We apply Theorem 4.51 and Theorem 5.9 that gives (5.9) and we get
(G| RO} = |Gl TET 8,50 [W (o) =W (8" ()| W ()

< (W (p") Cwhly <h# (Qgt (P)) dist, (10/’ ¢ (p))>NW>

(4.95),(5.9)

(5.28)
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(529 (Cw (dist, (0.0 ()" )W ()
e [ W) (SO taies. (1 3 o)y ¥
< On,thg Cw (W (&( ))) ( W (p) )<d tg ( 9" (p ))>

< COniCwCly (W™ b (3 () disty (o, 81 ()"

(5.11),(5.10)

(dist, (¢, 8 (0)) "
< Ol (disty (0.8 ()"
Then by Schur Lemma 4.38, we get
(5.30) 1Rl < Cuv il

where the constant Cy n,, + depends on ¢ and also on the parameters R, Rs, Nw
and v but not on hy. We also have

< O
G 11)

with C' independent of ¢ and hy. Let 0 < € < €. From the choice of Cx y in (2.20),
we have

< C’e<CX’V+EI>t fort >0
? (3.14)

\Tei T

= 1€/

L? 457

with C independent of ¢. We obtain

(5 26) (5.30) Ce(cx,v—i-e/)t + CW,NW,thg < e(CX,V+E)t

HMWTLtTU\/lel

where the last inequality is obtained by taking ¢ large enough and then hy small
enough. By iteration, the last inequality implies (5.24). To prove (5.25), we proceed
similarly for the negative time ¢ < 0 and use (5.12) in the place of (5.11). O

For the next Lemma, let o > 0 that will be chosen large enough later. Define the
following characteristic function A, : T*M — R*, such that for every p € T*M

A (p) = 1 ifdist, (p, Ef) < o
=0 if dist, (p, E5) >0

Let
(5.31) Op(1—A,) =T (1-A,)T :C®(M)— C®(M)
be the corresponding PDO operator, that removes components near the trapped set.

The next Theorem shows that the transfer operator decays very fast on the outer
part of the trapped set.
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THEOREM 5.13 (Decay outside the trapped set). — For any € > 0, there
exists C' > 0, for any parameters R,, R; > 0, we can choose hy > 0 in (5.7)
small enough so that, for any t > 0, we can choose o, > 0 large enough and
we have

(5.32) |cfop (1= A, < CetlOxviee)

)

where A is given in (5.18).

Proof. — We proceed as in Lemma 5.11. For simplicity we write AS =1—A,. The
operator L'Op(AS) on Hyy (M) lifted on L*(T*M;C7) is

MwTﬁtOp(Ag)ﬁMW—l = TﬁtﬁMAg(WOg,t)/WQl + Ry
with
Qi=WPW™1 Q= WMAg'PW_l,
Ry = RQQ?
and R = (MyTL'TH = TLT Myyg) My -1 as in (5.27). We have

HTEtTT < CelCxv+t o1 1> 0.

L? (3.14)

o le

L? (4.57)

From the decay property (5.11) of the weight function W, we have that if o is large
enough depending on ¢t and W,

- < Ce ™,
HMAg(WO‘z’t)/W 12 (5.11) Ce
We have
W ()
0y i | Q10,:)] = Oy it | PO,
|< P ’ 1 p,3>| W(p) |< P’ ‘ P7J>‘
< G (R dist, (0, ) O (disty (o))
(5.10),(4.65)

with Cy independent on Ny, but with Ay small enough w.r.t. Ny, so that we
proceed as in (4.89), and by Schur Lemma 4.38, we get that

@1l > < Cw-
Similarly ||Q2||2 < Cw. Then
[Rall 2 S NBIHIQ2ll < Cwiniy ah-
(5.30)

We obtain
| My TLOp(AL) T My

< CyelCxvre=t 4 Oy b,

L2

hence for some large ¢t > 0, then taking hy small enough and o large enough, we get

|c'op (1 - A,) = | M TLOp(AL) T My

L < CG(CX’V_A+6)t. O

ANNALES HENRI LEBESGUE



Fractal Weyl law for the Ruelle spectrum 395

5.3.2. Meromorphic extension of the resolvent

PROPOSITION 5.14 (Discrete spectrum of the generator and upper bound of
the density). — The generator A = —X +V : Hy — Hw of the semi-group
(L"):>0 has discrete spectrum on the domain Re(z) > Cxy — A with A given
in (5.18). For any € > 0, there exists C' > 0 such that, for any w € R, the
number of the discrete eigenvalues (counted with multiplicities) in the spectral
region

(5.33) R, ={2€C |Re(z) >2Cxy —A+e¢ Im(z) € w,w+1]}
is bounded by C{w)™/(1+50),

Lemma 5.11 and Proposition 5.14 give Theorem 2.1 and Theorem 2.3.

Proof. — We fix the parameter ol = 0 that enters in the metric (2.5). Let w € R
and set

(5.34) Jo=w—1w+1].

We want to show that A has discrete spectrum on domain R,. See Figure 5.3.
We take a constant 0 > 1 and let it be large enough independently of w in the course
of the proof below. Let us consider a continuous function with compact support
w € C.(T*M;0,1]) such that, for p € T*M, m = 7(p) € M,

= (p) = {1 if [|p—wa(m)], <o

5.35 =
(5.35) 0 if ||[p—wa(m)|, > 20

9p

We can and will assume that w is slowly varying, as in Definition 4.45, in the sense
that

1
(5.36) @ () — @ (p)| <  {distg (', p)) forall p,p' € T"M.
There exists C, > 0 such that
7 {w)™ < Vol (supp (@) < Cy (w)™

(e

€L

and hence, from (4.70), it follows

(5.37) 10D () 1, < CoVol (supp () < € (w)"™*
with C independent of w. Let us consider the modified operator
(5.38) A':=A—-A Op(w) :D(A) - Hw
where A > 0 is the decay rate of the escape function W in (5.11).

Remark 5.15. — The special role played by A will appear in (5.54). The added
term —A - Op(w) in (5.38) is sometimes called “absorbing potential” in micro-local
analysis. Its action is somehow to select the component of A that acts micro-locally
on the support of @ and push it on the left in the spectral domain.
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LEMMA 5.16. — If we let 0 > 1 in the definition (5.35) be sufficiently large
(independently on w), the resolvent (z — A’)~! extends holomorphically to the
region z € R,, defined in (5.33) and further satisfies ||(z — A")7!|| < C for
z € R, with some constant C' independent of w € R.

The proof of Lemma 5.16 will be given in Subsection 5.3.3. We continue the proof
of Proposition 5.14. For z € R,,, we write

(2= A)= (2= A = AOp(@)) = (z = A) (1= (z = A') " AOp (@)) .

From Lemma 5.16 and (5.37), (z—A’) "' AOp(w@) is a holomorphic family of trace class
operators that depends on z € R, hence (1 — (z — A')"'AOp(w)) is a holomorphic
family of Fredholm operators of index 0. We deduce that

(=)= (1 (= A) " A0p (@) (= - A)!
except for a discrete set of points z € R, where (2 — A)~! has a pole of finite order.
To prove the latter claim on the number of eigenvalues of A in R, we use a method
due to Sjostrand [Sjo00, Section 4]. (See also [FT15, Section 8.2]). First of all, the
operator K(z) := (z— A’) "' AOp(w) is a trace class operator for z € R, and its trace
norm is bounded by C(w)™" from (5.37). We consider the holomorphic function
D:ze R, —det(1—-K(2)) € C.
We have .
log [D(2)] < CIK(2) ]l < C{w)™ .
If Re(z) > Cj for sufficiently large Cy, we have ||(z — A)7!|| < C and
(1-K()'=(z=4) " (z-4A) =1~ (2= A4) " AOp (@),
and ||(z — A)"'AOp(@)||m < C'(w)™" from (5.37), so
—log D (2)] = log |det (1 — K(2)) ™| < €' (w)"*" .

Now we take a slightly larger scaled neighborhood R, ® R,, and a Riemann mapping
Y : R, = D:={]z] < 1} so that ¢¥)(w) = 0 for a point w € R, with Re(z) > Cj.
If we apply Jensen’s formula to the sub-harmonic function

w €D — log|D(y~" (w))],

we obtain that the number of eigenvalues of A in the region R, is bounded by
C (w)”‘f. This finishes the proof of Proposition 5.14. U

5.3.3. Proof of Lemma 5.16

Let w € R and z € R, C C where R, is defined in (5.33). We want to show
that (z — A’) is invertible with uniformly bounded inverse w.r.t. z,w. For this, we
will construct operators R,.(z), R;(z) so that they are uniformly bounded and are
approximate right and left inverses in the sense that

(5.39) Iz = A) Ry (2) = Tdll,, <

N —
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and

(5.40) R (2) (2 — A") = 1d|l,,,, <

l\.’)\n—

Then the Neumann series
R, (2):=R,(2) Y (Id — (2 — A) R, (2))"
k>0
and

R (2)=Y (Id— (2 — A) R, (2))" R (2)

k>0

give™ the exact right and left inverses satisfying (z — A')R,(z) = R;(z)(z— A") = 1d,
which are uniformly bounded. Therefore we obtain that the resolvent (2 — A’)~1 =
R.(z) = R.(2)(z — A')R(z) = Ry(z) is bounded uniformly.

In order to construct R,(z) and R;(z), we take a real number ¢ > 0 and set

41 =lw—-(1 1 :
(541) Jo=lo= (40 w+1+0] 3 I

We take another constant o’ > 0 and set €2y as a K —ball around the trapped set at
frequency w:

(5.42) Q=
{P:ﬂu+ps+wa(m) €eT"M, m=7(p) € M,w € J, I+ psll,, gK},

(5.43) Qi={p = pu+ ps +wa(m) € T"M, w € J.,, |pu+pill,, > K}
and
(5.44) Q:={peT*M, w(p)eR\J}

so that T*M = Qg U 2y U y. These regions are drawn on Figure 5.3 and explained
in the caption. For j = 0,1,2, let xq, be the characteristic function of €;. We have
>; X, = 1 and hence

(5.45) Id =, Op(1)=0p(xa) + Op (xa,) + Op (xe)

Correspondingly to the decomposition (5.45), we will construct an approximate
resolvent

R, (2) = R (2) + RV (2) + B (2)
with three contributions R (2), j = 0,1,2, so that each of them are uniformly
bounded for z € R, (and w € R) and satisfies

! (J
(5.46) |(z = A") B9 (2) - Op (x0, ) o <5
The estimate (5.46) will give (5.39) and finish the proof of Lemma 5.16.

1

<

(14) Formally if |1 — XR| < 1/2 then R := RY s o(l— XR)* is convergent and
XR=(XR-1+1)Y (1-XR'=-Y (1-XR"+> (1-XR) =

k>0 k>1 k>0
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Cxv—A+e Re(z)

SPECTRAL DOMAIN
(a)

Qs Qs

E ()
Trapped set

COTANGENT SPACE T*M
(b)

Figure 5.3. (a): In the proof of Lemma 5.14, we show that a perturba-
tion A’ = A — AOp(w) of the generator A has no spectrum on the
spectral domain R, C C with frequency range J, = [w — 1,w + 1].
(b): The operator Op(w) is constructed from a compact vicinity supp(w) of the
trapped set £ C T*M for a larger range of frequencies and with transverse size
0(w>"‘l. We introduce a partition T*M = Qg U Qy U Qo where Qg Is a compact
vicinity of the trapped set Ej for an intermediate range of frequencies J!, and
with transverse size o' (w)® so that Qo C supp(w). The set Q; is the outside of
Qo (away from the trapped set) with the same frequencies range J!, and Qy are
all the other points with other frequencies. During the proof, we take o > o’ > 1.
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Contribution R("(z). For the function @ in (5.35) and ¢ > 0, we define
(5.47) W4 1= /Ot @ o ¢*ds.
Let T > 0 and®
(5.48) RO (2) := /OT ete=A0p (e‘Aw[O’t]) Op (xq,) dt.

We assume that the constant ¢ in (5.35) is large enough so that we have

w (¢t (p)) =1 and wpy(p) o t forallte[0,T] and p € Q.

We apply Corollary 4.50, regarding o > 1 as the parameter, let ¢ € [0,T], and see
that for every NV > 0, there exists Cy 7 > 0 such that

HOp (e‘Aw[‘”]) Op (xa,) — e_tAOp (xa)

< CN,TU_N
Hw (4.93)

Since ||Op(xap) |2y < 1 from (4.68), it follows that

HOP (e—Awm,tJ) Op (xa,) <e ™4 CN,TU_N

Hw

Therefore we have

e =M0p (e~=01) Op (xay)

N

Ce_t<Re(z)—C'X,V+A> + Cy TOiN

Hw (5.24)
< Ce b+ CN’TUiN

(5.49)

for ¢ € [0, 7] and hence we deduce that, for z € R,

C
dt < —+Cngpo ™
Hw  (5.49) €

T
|RO (2)] < / | ==M0p (e7A=0) Op (xay)
(5.48) J0
Since the constant C'y r does not depend on o, we can let the constant o be large
for given T' > 0 so that the last term CN7TO'_N is small relative to the former term
C/e and that the operator norm ||R()(z)| is uniformly bounded for z € R,, (and
w € R).
Now we prove the required estimate (5.46). Observe that

a (e—t(z—A)Op (e—AW[o,tJ» —

5.50
(5.50) —
—(z—=A) e ==D0p (e‘Aw[O’t]) — e ==A0p (Aw o e‘Aw[O’tQ .

(15) Let us explain why the expression (5.48) is a natural guess. Formally a good guess for the
resolvent would be R,.(z) := [;° e~**~4)dt with A’ = A— AOp(w). However the operator e4" has
no clear mathematical sense but using Egorov’s formula (4.104), for bounded time, the operator
et4 is approximated by et4e~OP(®0.1), Finally we truncate the integral up to a finite (but large)
T and compose with a final truncation operator Op(xq,) to get (5.48).
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For the last term of (5.50), we apply Theorem 4.49 on composition of PDO, Egorov’s
Theorem 4.53 and also the slow variation property of w in (5.36) and obtain

(2= AOp(Awo¢t - Ot])
(4.92) Y0p (Awo%t)00p< AWOt>+OHW (Ctg )

= AOp(w)o e =4 6 Op (e’Aw[Ov”) + Oy, (Cta’l)

(4.104)

where C; > 0 depends on ¢ and the error term Oy, (Cio™!) denote an operator
whose operator norm on Hy, is bounded by Cyo~!. Putting this estimate in (5.50),
we get

(5.51) i (e7=0p (e=0n))
— (2= A+ AOp (@)) e~ "= 0p (e 4=04) + Oy, (Cro™?)

Then we deduce that

(552) (2= A) o R (2) — Op (xa,)

. @—u4+Aop<>>/Te“ZAkm( “4=0.) Op (xa,) df — Op (xa,)

(5.38),(5.48) 0

= - / S p (6_Aw[0’t]>> Op (XQO) dt + O?—LW (CTU_1> - Op (XQO)

e —T(a— A)Op (6 AW[O’T]) Op (XQo) + OHW (CTOfl)
and hence that

|z = 40 RO () — Op (xa,) Ce™™ + Cro™!

Hw (5.52)75.49)

For a fixed € > 0 and some given N > 1 we take T large enough and then o large
enough depending on T so that [[(z — A") o R(2) — Op(xay)|l#y < 1/6. This
proves (5.46) for j = 0.

Contribution R(V(z). We follow a construction similar to what we did for R (2).

Let T > 0 and

T
(5.53) R (2) := /0 ¢ =00p (¢7A=01) Op (xa,) dt.
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By Theorem (5.13) applied to function xq, instead of (1 — A,) (the proof is the
same) we get that there exists C' > 0, for any 7' > 0, t € [0,7T], we can choose hy
small enough and ¢ and K large enough so that

(5.54) |e"*0p (xan)

(CX7v—A+€,)t
o < Ce )

By using Egorov Theorem to permute the operators, we get

(5.55) et 0p (e‘Aw[Ov”) wTon Op (e‘Aw[—t’O]) e A 1 0y, (C’Ta_l) :

for t € [0, T). Since ||Op(e =79 |5, < C, we have

HOp (e—Aw[—t,O]> e—t(z—A)Op (Xﬂl) < Ce—tRe(z)e(CX’V,A+€/)t

(5.56) (554
< Cete
(5.33)
We deduce
1 T A t(z—A 1
HR& | (Z)H 5 53)<(5 55) /0 HOp (e_ wHyO]) e"*=V0p (xq,)| dt + Cro~
C
< —+ CTOfl.
€

Therefore R(Y(z) is bounded uniformly z € R,,. Similarly to the case of R(”)(z), we
have

(5.57) (2 — A") o R (2) — Op (xa,)
= —e 7= N0p (e74=011) Op (vq,) + Onyy (Cro™?)
= _Op (e_Aw[_T’O]) e_T(z_A)Op (XQ1) + OHW (CTU_I)

and deduce

< Ce T+ Cro™t.

|(z=A4) 0 RY (2) = Op (xa,)],
W (5.57),(5.56)

For a fixed € > 0, we may take large 7" and then take hy small and o large enough
depending on T so that || (z—A’)o R (2) —Op(xa,) [l < & We have obtained (5.46)
for j = 1.

Contribution R®(z). On the domain Q, we will use “elliptic estimate” tech-
niques. The symplectic volume m on T* M naturally induces the conditional measure
m,, on each of the level set w™!(w) so that m = [ m,dw. For each w’ € R, we define

N ~ dmy,
(5.58) 1 () ._/H(p)(zmnﬂ.
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Let
1
R(2) ::/ I I d /
@ Cp=[ Ao
1 dp’
_ S Y
(5.58),(5.44) /92 z—iw(p) (7) (2m)"

1
- B |
(4.67) Op (z —iw (.) Q2>

Since max,, ¢ j | < ¢!, we deduce from Theorem 4.44 that

z—iw|

(5.59)

RY (Z)HHW <Cct,
where C' does not depend on w, 2.

LEMMA 5.17. — We have
(5.60) |(z = A) R®) (2) = Op (xa,)

where the constant C' depends on A and V.

C .
HVV =

Then taking c large enough proves (5.46) for j = 2.
Proof. — We write first

(5.61) (2 —A) R (2) — Op (xa,)

B z—A dp dp
= @™ Gy, T e

Z—A’—(Z—M(p))n( ) _dr

Qo z —iw (p) (27r)"+1
_ [ A —iw(p) dp
- 0 2 — z'w (p> H (P) (27T)n+1

A —
:—/ iw IT (w') dw'.
/¢J/

z — iw'
We have

A’(SS)A—A-Op(w) (;—g) —X+V—-A-Op(w).

We have seen in (4.87) that —X = Op(iw) + R with a remainder R € W({|p|)*"),
here ol = 0. Then R = A’ — Op(iw) € ¥(1) as well, since V, Aw are bounded. We
write

/ A= I (w') du’

w'egJ Z — 1w’

_ (Op(iw(.)) + R) Op (Z_L()1Q> 4+ Op (2__“;(())1Q> |

ANNALES HENRI LEBESGUE



Fractal Weyl law for the Ruelle spectrum 403

By the composition Theorem 4.49, using that w(.) is slowly varying with function
h(p) = (61(p))~* = 1, and since max, ¢ 5 |-2—| < ¢!, we have

iw (.)

Op (iw (.)) Op (%1QQ> =Op <Z_Z'W(-)192> + W (r2)
with ro = h(p)c™! = ¢, Also

ROp (%m) e (),

hence
Al — W ! / -1
/w/ggjfz—iw’n(w)dw E\I/<c )
From Theorem 4.44 we deduce that || [, 5 %H(w’)dw’“%w < Cct. With (5.61),
we deduce (5.60). O

6. Proof of Theorem 2.6 and Corollary 2.7 about the wave
front set

6.1. Proof of Theorem 2.6

Let g be an admissible metric. 7 : C®°(M;C) — S(T*M;C’) denotes the wave-
packet transform (4.55) constructed from that metric g. Let W be an escape function
as defined in Lemma 5.9 and Hy, (M) be the anisotropic Sobolev space defined from
W in (4.79).

Consider a discrete eigenvalue zy € C of the generator A = —X 4V with Re(z) >
Cxyv — A and we set wy = Im(zp). Assume that u € Hy (M) is a generalized
eigenvector for the eigenvalue zp, that is to say

(6.1) (A—z)u=0

for some k € N, k > 1. We assume Rezy > a, for some a € R. The estimates will be
uniform in wy but non uniform in a.

Let us define a function f € C* (T*M;C)
f(p) = (i (w—wo)™,

with w = w(p), when |w — wy| > 1 and bounded by 1 when |w — wy| < 1. Let R be
the operator defined by

(6.2) R:=1d — Op(f)(A — ).
Using the notation of Definition 4.40 for ¥, we have the following estimate.

LEMMA 6.1. — For any m > 0,

(6.3) R e ({w = o) (o))
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Proof. — Recall from (4.87) that
(A= Op (iw)) € ¥ (o))

Also uniformly in wy we have that

(4= 20)* = Op (1w = 20)")) € ¥ (lw = ol (1))
((4= )" =0 (571)) € ¥ (jw — o (o))

From composition theorem:
_ _ ol
Op(£) Op (#7) = 1d € ¥ (jw — ol ™ (])"")
Thus

R =1d=0p(£)Op () +0p (/) (Op () = (4 - 20)")

_ all
e ¥ (Jw—wol™ (1))
and (6.3) follows.

We have Ru = w hence for any m > 1,
(6.1),(6.2)
d
(64)  (Tu)(p)) = (TR"TITu) (¢)) = /<¢ATRWTWM>UM><>@W§H
Therefore for p € T*M,
W (o) [(Tw) (5)]
m dp
(64) Z/‘ ot | TR TT(;P]>“ Tu)( W
W) urw“/Mm< o (T w) ()] s
(6.3),(4.86) (W — wo)™ P (27r)"Jr1
_ O ()™ dp
(dist, —_—
5 wﬂ%m/ s W@NWMMQWM
/ m 1/2
CNm ('l m ( dlst 2N d'iH)
©s) (W —wo) (2m)

1/2
(/<<»|U»<n()MJ
Con ()™

< a1l (any

(478) (W' — wo)

ivmal
Com (A1)

(6.5) (Ta) ) < 575 (= oy laean
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We have obtained the claim (2.13) of the Theorem 2.6.

6.2. Proof of Corollary 2.7

We choose a phase space metric g as defined in (2.7) with the following parameters

1
1 I —
o = , al=0.
1+ min (By, ;)

Let C > 0. We choose a weight function W as in Lemma 5.9, with parameter
Rs, R, > 0 large enough to reveal the discrete spectrum on Re(z) > —C and Ry
will be taken larger later. We choose parameters v = 0. For p € T*M, we write
p=wd + ps+ p, withw € R, p, € £, ps € EX. Then

(ho losll, )™ o (hele e )

= . W — Wy = ol Ru <w - w0>m
G0 (ho [l pull,, ) 5 (ho ol |pul)

> (ol ™0 (oo 1al)" (w0 — o)™

Let € > 0 and assume p € T*M\V,,, . where V,, . is defined in (2.15). This means
that

W (p) (w —wo)™

€ 7CMJ‘ €
(w—wo) = lol” or  {(JpI™ lpsl) = ol
Let N > 1. If (w—wq) > |p|¢, we choose m large enough so that me— R, (1—at) > N
and hence that

W (p) (w —wo)™ = (o) () (w —we)™ > O (o)™ 07 > Ox ()Y |

If (|p| =" |ps|) = |pl|°, we choose R, large enough so that Rye — R,(1 —a') > N and
hence that
Rs

m — Ly —OZL —aL
W (p) {w = wo)™ = (lol) =) (o= |pi])
Crve (o)™ 0% > oy, (o)
In both cases, we obtain that

Cm CNe
Tu) (p)| < — ||lu < —=||u .
T & o7y Mhewan < 2% Mo

This finishes the proof of Corollary 2.7.
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Appendix A. Proof of Theorem 5.9 about properties of W
A.1. Definition of the escape function W

The escape function W : T*M — R™ has been defined in (5.17). Here, we will first
give an other equivalent definition of W in (A.8) that will be more convenient for
the proof of Theorem 5.9.

For a point m € M, we have defined the decomposition of a cotangent vector

P Pu + Ps + £o € T;;M7 where Pu € Evj(m)uos € E:(m>ap0 € Eg(m)

(5.5)
Recall from (5.3) and (3.4) that the map m € M — E*(m), 0 = u, s, 0, are Holder
continuous with respective exponent [, s, 5y. Consequently the decomposition p =
Pu + ps + po is continuous but not smooth.

We have taken a global smooth metric gy on M and we denote ||.||4,, the induced
norm on T*M. From g); we define a new metric gy, on M as follows. The metric
gm equals gy on EY for o = u, 5,0 and the sum E; @ £} @ Ej is orthogonal for g,,.
As a consequence g, is Holder continuous on M.

Let r; : Uy € M — V; € Rt a local chart diffeomorphism on M as defined
in (4.1) and 5; : T*U; C T*M — T*V; C T*R™*! the lifted map on cotangent space
defined in (4.8). There exists a continuous linear bundle map over Id of the form

(A1) ®; {((x,Z) (&w) = ((#.2), (Ew))
with

(A.2) §=A(2)¢+wB(z) R

such that:

(1) ®; 0 k; maps Ef @ EX & Ej to R™ @& R™ ¢ R, with d, + d; = n. For this,
A(z) : R — R™ is a linear invertible map that depends continuously on
r € R" with Holder exponent . = min{fs, 5,} and B(x) € R" depends
continuously on x € R™ with Holder exponent [.

(2) For any p = p, + ps + po € E; & £} & Eg = T*M,

(A.3) (@5 0 %)) (po)| = llPolly,, »  for o =u,s,0,

where |.| denotes the Euclidean canonical norm on R™!.

From gjs-orthogonality of the decomposition E; & EY @ Ej and orthogonality of
R% @ R% @ R for the Euclidean metric, we have that

(A.4) VpeT'M, |(@;0r;) ()] =lelj, -

We define the metric § on R™! as follows. Let 77 = (£,w) € R" x R. For & =
(V¢, V) € TH(R™ x R),

(A5) 191 = (41 fl)” + (=" o)
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Let 0 < v < 1. We define the function B# : R* — RT as follows.

(A6) D =€) o 0T

We define the function W : R™ — R* as follows. With £ = (£,,£,) € R% x

R — R™,
R
holit >
< ol () € i/

<hoh¢ (7) Hqugm)> u

Remark A.1. — Let us observe from (A.4) that for p € T*U; N T*Uj; we have
Wod;ok;(p) =W od; okj(p), ie. this expression is independent on chart.

(A7)

LEMMA A.2 (Alternative expression of the escape function W). — The func-
tion W : T*U; C T*M — R* defined in (5.17) can be expressed using the

function W in (A.7) as follows:
(A.8) W= (1,8W)od;05;,

where 1, : y = (z,2) € R™™ — 1 € R is the constant unit function on the
variables of position.

Proof. — We check that W in (A.8) coincides with the function W given in (5.17).
Essentially this is due to Definition (5.13) that we have used for the metric g(p). O

A.2. The slowly varying and temperate property (1)

Here, we will prove that the function W satisfies (5.8). For this, we use the ex-
pression (A.8) that expresses the function W as a smooth function 1, ® W constant
on the base, composed with the function ®;. In the first step, we will prove that
the smooth function W satisfies the slowly varying and temperate property. In a
second step, we will show that ®; has the property of being Lipschitz at scale greater
than 1. We will then deduce that the slowly varying and temperate property holds
true for W.

A.2.1. The slowly varying and temperate property for W

The next proposition gives the temperate property and slow variation property of
W defined in (A.7), that corresponds to the Claim 1 of Theorem 5.9 (but for ).
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PROPOSITION A.3. — Assume that a’, al and 0 < v < 1 are given and
satisfy the relations (5.15) and (5.16). Then there exist constants Ny, > 0,
Cy and 0 < p < 1 such that for every hy > 0,

W) LA T
(A.9) W) S <1+Cy h”< (|17 — 77||g(,7)> Y for all 7,7 € R"

. J

Proof. — For simplicity of notation, we define the conformal metric g, on TR™*
as follows. We write for v € T;R"!

(A.10) 1915, 5 = B () 11l 5¢5 -

Consider expression (A.7) of W. For the proof of the proposition, it is enough to
show the estimates

(holl&, I3 ) <hou€sugw<ﬁ>>} LW
A1l — : — <1+ Oy (|| — 7l
(A1 ma"{@onssngm ey ) < C8 0T =)

and the corresponding claims with 58 and E; replaced by Eu and E’u respectively. We
give a proof of the claim (A.11). The proof of the other claim is parallel. We will
choose the small constant p > 0 in the due course and the choice may be implicit in
the following argument.

Note that, if ||£||9’y(77) hy® and ||§’||EM () < ho® with some 0 < § < 1, then

holl€sllz, ) < ko0 <1

and the same estimate for |\§;|\gw(ﬁ>. Then the required estimate (A.11) is trivial
because the function = — ( ) is almost flat around the origin 0. Therefore we may
assume either ||§||9v > hy? or ||€ g, > ho®. Below we assume

(A.12) 1Ellg. 7 > ho®-

As we will explain at the end, the claim in the other case follows immediately if we
are done with this case. Note that

(A.13) 71 = lillga = 1€lla = 1€l >, o’

(A.12)

We have
holl€ o i holl€allas i
(A14) max{< 0H€3H9~/(7l)>’< OHé HQW(TI)>}
(roll& ) (Polléllz,cn)
<§2) 1+ ho [1€415,6 = €613, | < 1+ holl€, = Ellga

Hence, for the proof of the claim (A.11), we compare the metric g,(77) and g (7).
Recall from Lemma 4.12 that the metric g hence g also, is A7-moderate that is,
with the distortion function

A = (70,

(4.23)
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we have that, for arbitrary 0 # v €*t1,

Vila(# Vla(n N ]— ~ ~/ ~ N
(A.15) maX{H ) 10llaco } <L+ CAM ™ (AG) - 17 = lls )

vllga  1vllaa

For 0 < A <1, x € R, we have

(A.16) Az) < (M)

We have

(A.17) RE@) = e = (a0 = Ay
(A-6) (A.16) (4.23)

and

(a1 A@T = () ) <o) S ey

with = (1 —79)(1 — at) < 1. We get that, for arbitrary 0 # v €1,
[ollgin  Nlvllga) o N
(A.19) max{ : < 1+ Chy -7 = 0llg.)) -
Wl Wl J aas).ain.aas) 64 o)

To get (A.11), we want to extend the estimate (A.19) to the case where the metric
g on the left hand side is replaced by the metric g,. To this end, we have to estimate

the ratio between E#(ﬁ) and fz#(ﬁ’ ). We have
(A.20) max {W, W}
ha (1) b (1)
— max {<||£ ||9(77)> < |g(n)> }
(I1Ellm ) (N€ m>

U€M3a0) {IElaw)  (I€] >}
<||sf||g YRR <|s'm>
{<<£' )

)
) )
. { 1€ 50 {ENscn) } I€1l560) } |
{EOR(GED) EER(EED
And, for the second term on the right-hand side of (A.20), we apply (A.19) and see

(1€ N3 ) <H£’Hg<ﬁ>>} LW
A.21 — y 7= <14 Chg - (17 = 0llg, 6
(a.21) max{<||s'ug<m> Q€ ) S T I =0

For the first term on the right-hand side of (A.20), we consider two cases separately:

(1) In the case where ||€ — £]|5) < %||§||g(,~] we have

(A.22) 1€ g = Ellzm — 1€ — Ellga = WEllgm /2 > hg®/2

(A13)
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410
and hence, using (D.1), we see
A"/ ot ~ ~
(4.23) me{@@ﬂmm>)@@ﬂmm>} . 1€ = Ells_
(illsn ) (N€llsen) ) &2 min {(I€l5m) - (1€ 5 )}
20€" — &l
(4.22) (lI€llgen)
Since E#(ﬁ) = <||§~||g(ﬁ)>*7, we continue
1€z (€lla TR CE P
(A.25) HMX{<~QW>7<7gn> < 14 2{|lEllm ) 1€" = €l )
(€lany) " {1€Nam) | 429
(A.26) <1+ O {1 = g ) -
where 1 = 6(1 —7) < 1 because (||€]|3i) " < hd"7.
(A.13)
(2) In the case where ||€’ — §||§(,7) > %HEHW) we have
I o Ny~
1€ =&l 5, 22 ODIE = Ellsn = (I€llr) " 1€ = Ells
(A27) S Cfl <||é_v/ g” >177
(H;p.) 9(7) :
Note also that the assumption (A.13) gives
(A.28) 1€ = Ellge > IEllgem /2 > hy?/2  and hence  2h{ €’ — Ellga) > 1
From this estimate, we obtain
(1€l5) (I€llzen) L -
x{Se i) AR < 1+ )8 = Elyen
(iellan) " (1€56) J =2
< 1+ 203)1E — €13,
(A.29) (A.28) olle” = &llaco
1-7)

L 2/
< 14200 - (1€ = €l i
S o (1€ = Ellg.m)

. ~ N
<1+C%QW—QMW>

where, in the last inequality, we let N > 2/(1 — 7).
From (A.25) and (A.29) in the two (exhaustive) cases, we always have

X{Qmm@><MMW>}<1+0%QW—ﬁmm»N

{(ERED
for some constant C' > 0 and N > 0. Plugging this inequality and (A.21) in (A.20),

we obtain

/

R b (7) , . N
max ~1 —, j_ - < 1+Chg<H77 _77“577(77)>
h'y (1) h'y (1)
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for some constant C” > 0 and N’ > 0. From the last inequality and (A.19), we obtain,
for any 0 # v €"*! that

-~ ~ ~ ~ N//
<A30) max HUHQ'y(U) ’ ||UH97(77) <1+ C”h'g . <H77/ . 77”;7 (77)>
[ollg, @) 1vllg, @) ’

for some C” > 1 and N” > 1.
Now we can conclude the claim (A.11). Indeed, we have

(holl&llzyan ) (PollExllz, ) (hollEllz, )
(holl&llzm) — (PollEillam) (holl€slls, )

_ (1€l )) (holl€dlls,
= 1) (Rl

and we can apply (A.30) for the former term on the right hand side and (A.14) to
the latter to get

{hollELllz. )
(holl€llz, ) )

_ _ N ~ ~
< (140 (I = lasn)” ) - (14 hollEs = Elsn)

~ ~ N*
<1+ O - (17 = llg, )
for some C,, N, > 1. Likewise, we obtain the same inequality for the reciprocal of
the left-hand side, concluding the claim (A.11). N
Consider the remaining case where we have |||z ) > ho® instead of ||€]|5, )

> hg? in (A.13). Then we can follow the argument above with 7 and 7’ exchanged
and obtain

(hollE 15, ) @ﬂ@m@>} . N
A.31 - : = <1+ ChEUF = 7o iy
(A-31) maX{<hoH€sH§w(ﬁ)> (holl€llg,m) O (17 = i)

(The difference from (A.11) is only that the metric g,(7) is replaced by g,(77) on
the right-hand side.) Then from the temperate property (4.24) in Lemma 4.12, we
obtain the claim (A.11). O

A.2.2. The straightening coordinates are Lipschitz at scale greater than 1

In (A.5) we have defined an Euclidean scalar product g on T;R"*! = R+ With

coordinates 1 = (f ,w) € R"™. Here we extend this metric § to a metric denoted g g
on R2™*1 with coordinates

= (y,70) = (2,2,§w) e R,

by simply adding the same Euclidean scalar product along (z, z) as in (2.7):

(A.32) 5= () dz) + ((ﬁ)“' dz)2 +3,
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so that in coordinates ¢ coincides with the metric g in (2.7). As in (A.10) we define
a conformal (or re-scaled) metric g, as follows. For o € TR+,

~ 7l o~ =l
(A.33) I5l5 g = B @) 1ls,, -

The following proposition shows that the map ®; is Holder continuous and also
Lipschitz in the scale greater than 1 for the metric 37.

PRrROPOSITION A.4. — With the assumption (5.16) on 0 < v < 1, the map
®; defined in (A.1) satisfies the following estimate: 3 C > 0,V o, o' € T*V; C
RQ(n—i—l)

() — B (0)lle < " — oll~ " — ol
19,() = (0l g,y < Cmax{le' = el -1~ 2l |

Consequently, over a chart U; C M,3C >0,V p,p' € T*U; we have
(A.35)  [|1®j0&; (¢) = @50k (p) Iz 4 < Oy (p) 16" = pllgio)-

(A.34)

jOR;(p))

Proof. — Take two points
= (y,n) = (2.2,&w), d=7)= (2 ¢ w) R
that satisfy
d:= ¢ ~ells >0
From the definition of Ev in (A.33),(A.32) and (A.5), this implies that

[of —a <dm) ™, |2 — 2| <d(m)
& =gl <dm)y b W —wl < d).
We set
®(0) = (y,7) = (x,2,§,w), 0;(d) = (/. 7) = («, 2, ).
with &, & given as in (A.2). Then we have

€ =€l < ClE' =€ + Clella" — 2™ + Clalla’ — x|

and also

We will use that

— ot - Lo\ (1ot
msz¢m>;<mmw> = (™" 1el)y " < (el ") T < e ey
and v <1< 5 L to get that 1 — (1 — at) > 0 hence

(A.37) (&) (17t) gyt (1)
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Hence
125(¢) = 25(2)ll5_ (g, ) < DI = 2 + (D]~ 2
+hEE) - )™ 1 — €+ () o — w]
< Cd+ ChE) - ()~ fe] - (dlmy")”

+ ) ] ()"

< Cd+0(g) ) (=Bt g
(A.36)

+ C< >1*al*alﬂodﬁo

< Od+0< >1 Y(1—a )—(1+/3*)04J‘dﬁ*
(A.37)

+ Oyl ot gh,
We have from (5.16)

1—at(1+5)
7 (5.16) 1—ot

el-v(1-a")=(1+8)a" <0,

and also 1 — a (1 + fy) < 0 from (5.15). We obtain that
. AN . ~ :80 B*
19,(0") @J(@)I|57(@j(g)) < O(d+d +d )

Then (3.5) gives (A.34). Since the metric ¢ in (A.32) coincides with the metric g
n (2.7), we deduce (A.35), by writing 0 = &;(p), o' = &;(p') € R2+1). O

A.2.3. Final step for the proof

Let p,p' € T*U; over a chart U; C M and write o = %;(p), ¢ = &;(p') € R2"+D
and 0 = ®;(p), 0’ = ()Wehave

<p/> W(ﬁ’) 57— il )
T 59)1+0Wh5<||n’—77||gy(ﬁ)> i

—~
N
~—

But

7 —1lom < 10—0l~ .. < Cht ! —

17 =i S, 12 =2lls 5 S, C 7= pllan)
C

< O (ht (p)dist, (o,

S (h (p)dist, (0, p))

We deduce that

Nw

< 1+ Cwhi (b (p) disty (0, p))

This is property (5.8) for W as claimed in (1) in Theorem 5.9.
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A.3. The decay property (2)

We will write A < B if A < CB for some constant C' > 0 independently of ¢ > 0,
p € T*M and write A < B if A < B and A = B simultaneously. Let p € T*M and
t > 0. Asin (5.5) and (5.6), we write

p(t) =3 (p) and  p(t) = pult) + w(t) - Am(D),  pult) = pylt) + pult).

Let us express the weight function W in (5.17) as

(A (p) lps)™

(4.88) W) T A () o)™

with setting

—at - _at
(A.39) Alp) = ko (™ 1oel) " (o
We consider two cases |p.(t)]| < | «| and |p.(t)| > |p«| separately. Let us assume
(A.40) o (B)] < [pu] -
LEMMA A.5. — We have
(A.41) s _ o= _ O _ leu(®]
4| X 9] 0]

Proof. — Since |py| = [pu(t)], |ps(t)| = |ps| and w(t) = w, we have

los ()]
o] _ o @1+ Il G Jou(0)

P A P
Similarly
[« (®)]
)] _ e DI+ TT o)
| x| el + o]~ ol
p(t)] < ps ()] + || <1 .
|| |p| + |w|  (aa0)
We have ( ‘(t‘)\) (A§1) % =1 and ot < 1 hence
1
i ol
(A.42) < L ol
|p(t)] (t)]
We get
—at
{le®D ™" le0)l) < (o)™ Jou(®)] >
oL X oL
(A.13) ({leh =" lou1) o)™ Io-]

aL
B4 \\|p(t)] P+ /] (Aa2) (a1
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This implies

AQ®) o] (O™ @) D™ lout)

Alp)lpul @ (o) )7 (o) |l

(o)™ 1pu(®)
(a3) (|p(t))™ |pu] (A1

)

and hence

(A.44) (A (p1) lou ) = (A () lpul)
Again from (A.41), we get
()™ 1ol o0 5 |
) ol el

and therefore

1

Ay D™ ) e ™ /ol \* e \°
Alp) s ((pp = o) (o) j<|p(t)|> <A§1><IP*(t)I> ‘

This implies

A los®] (o@D 1) o)™ lps(t) . < 0.l > 1. (D)

- - 1L =1
A(p) |ps| (o™ o) (o™ o |p:(1)] |ps]
and hence
(A.45) (A(p(t)) [ps(B)]) = (A(p) |psl) -

From (A.38), (A.44) and (A.45), we see that

W (p(t)) = W (p)
provided |p.(t)| < |p«|. Further we can choose a large constant Cy > 1 depending on

t so that, if |[p.|lg, > Ci, we have for any ¢’ € [0,1] that (p(t"))~"|p(t)| = 1 and
p(t)] = 1 and

()™ o)) = (o)™ Ipu)] and (o)) = |p(e)] for t' € [0,1).
We therefore obtain

Alp@) ps(] _ LoD - 1o =* “ py ()]
Al = Jpu 1o o

(1—at)(1—)
j < |p5 (t)| ) ! _< efAmit\t(lfaL)(lf'Y)
(A41)

|ps] (5.6)

and

W (p(t)) < ef)\mmt(lf'y)(lfaL)Rs.
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We have proved the conclusion of the Theorem 5.9, claim 2, in the case where
|p«(t)| < |ps|. For the other case where |p.(t)| = |p«|, we can argue in a similar
manner.

A.4. The order property (4)

It remains to prove the claim (4) on the order of the weight function W. Let
us assume that p, = 0 and py = 0, that is, consider the directions in E?. Then
|l =< |p«| = |ps| and

- (1=y)(1—a*)Rs
W(p) (A/.ES) |ps|

hence W has order r([p]) = (1 — 7)(1 — at)Rs. We proceed similarly in other
directions.
We have finished the proof of Theorem 5.9.

Appendix B. Second example of escape function

In this Section we provide another example W5 : T*M — R of escape function
that satisfies the temperate property (5.8) and the decay property (5.11). For the
construction we use the projective space P(E* @ E?¥) and this weight function has
therefore some “conical shape” in opposite to the first example in (2.12) or (5.17)
that has some “parabolic shape” (compare the red and blue domains in Figure 5.2
and Figure B.1).

Figure B.1. Representation of domains associated to the escape function Wy
defined in (B.2): the domain V; in blue (respect. V, in red) is a conical neigh-
borhood of E¥ (respect. of E) where the exponent is a(p, + ps) = £1. Outside

the domain Vo := {p; ([|pu + psllg,) < 1} = {p; [pu + ps| < w® } in green, the
weight functions W, decays along the flow ¢'.
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We propose this escape function, because some escape function similar to W5 has
been constructed in [FRS08] for Anosov diffeomorphisms and extended in [FS11] for
Anosov flows. Later it has been used in the study of Ruelle resonances in different
settings [DDZ12, DFG15, DG16, DR19, DZ16, GHW18, JZ17]. In particular this
escape function Wy is useful to construct space Hy (M) that are fixed with respect
to small perturbations of X, see [Bon20]. We could have use it in this paper, except
for the proof of Theorem 2.6 that needs a parabolic neighborhood of E; and not
only conical and for the proof of Theorem 2.11 that needs the decay controlled from
below (5.12).

Let us consider the bundle P(€*) — M where the fiber over m € M is the real
projective space RP(E*(m)). Notice that ¢ : T*M — T*M in (4.13) induces a
flow on P(£*) denoted by P! : P(E*) — P(£*), because ¢' keeps the sub-bundle
E* invariant and is linear in the fibers. For this flow IP’ggt, the unstable direction
[EY] € P(E*) is an attractor and the stable direction [EF¥] C P(£*) is a repeller. Let
ag € C®(P(€*);[—1,41]) be a smooth function such that

e qp = —1 on a vicinity [V,] C P(€*) of the unstable direction [E}] C P(E¥)
and
e ay = +1 on a vicinity [Vs] C P(E*) of the stable direction [E*] C P(E*).
From the function ao thus defined, we construct a smooth function a € C*(£*; [~1, +1])
by averaging it along finite orbits of P¢! as follows. Let T' > 0 be a constant and put

(B.1) a(p.) = 21T /_TT ag (qutp*) dt

for p, = py + ps € £*. In the next lemma, we will assume that T" > 0 is sufficiently
large and denote by ||v]|, , the norm of v € T,(T*M) with respect to the metric g
at p € T*M defined in (2.8).

DEFINITION B.1 (Example 2 of a weight function Wy with good properties).
Assume that the parameters o/~ and ol satisfy

<at <1 and 0<aH<aL.

1+ Bo
For r > 0, we define the escape function Wy : T*M — R by
ﬁa(pqups)
(B.2) Wa (p) = (llpu + pall,, ) 0

where p = w + ps + p, withw € R, p, € E*, ps € E¥.

LEMMA B.2. — The function W in (B.2) has the following properties
(1) Wy satisfies h: -temperate property (5.8) for any 0 <~y < 1.
(2) Wy satisfies decay property (5.11) with rate A = Ayin7.
(3) Its order is r([p]) = ra(p, + ps) along &, in particular r([p]) = r along
E¥ and r([p]) = —r along E.
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See Figure B.1. We can use the escape function W5 to get Theorem 2.3 about the
density of eigenvalues. For this we choose the optimal values

1
1 |
a = , a'=0
14 o

1
that give a transverse size Ag = w0 for the green region V, on Figure B.1.

Appendix C. Relation with the class of symbols Sm of
Hormander

Let us give the relation between, on one side the metric g on T*M with parameter
at, the conformal metric g, = h? g with parameter v used in this paper and on the
ther side the (traditional) class of symbols ST’ of Hérmander [Hor83, Chap. 18]

characterized by some parameters m € R, 0 < (5 < 1, o+ p = 1. In this paper
we have a metric in (2.7) similar to(%)

(C.1) g:= (5@) + (649 d§)2

on (z,€) € R*™™ (variable transverse to the flow direction) with

(C.2) 0 (&) = (lgh™

< at < 1. We also have in (5.7), a function of

as defined in (2.6) and parameter
the form

(C.3) hy (€)= (1€

with 0 < v < 1. This function h,(§) plays the role of a “small Planck parameter
and is associated to the re- scaled or conformal metric introduced by Hormander

that is used to measure the variations of symbols on phase space [Hor79], [Hor83,
Chap.18], [Lerll, p. 22, p. 68], [NR11]

9, (€):=(h, (£))* 9 (©)

_ (h(©dr\ | 2
(5.\1)< 5+ (5) ) +(hw(f)5 (f)dé)

2 2
dz < dé )
— + -
©2.09 \ (j¢[)~? )
with & = a- — v and j = o + 7 that gives the relations

(C.4) aL::;(ﬁ—l—g));, 7::;(5—5)20

1
2

b

(16) The Weyl-Hérmander calculus in principle enables to use metrics of a more general form
than (C.1), [H6r79).
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Appendix D. How to reveal intrinsic discrete spectrum
(resonances) on a simple model

In this section we present an elementary model that explains why we observe
discrete spectrum (resonances) in an appropriate Sobolev space though this is not
the case for the usual L? space. At the end of the section, we will see the analogy
between this simple model and the hyperbolic dynamics considered in this paper.

D.1. The model

Let us consider the following bi-infinite matrix £ = (£, ;)i jez

SO
1 0
0 —wyt 1

whose non-vanishing elements are only Loy = wy € C\{0}, Log = —w;' € C

and Ly, = 1 for every j € Z. Considering these non vanishing elements, we can

associate to £ a “Markov graph” that contains the dynamics of a shift $ i g+ 1,
perturbed by a finite rank matrix, see Figure D.1.

Q/—\
; 1 1 Escape in future
Escape in past PN 1 1 A P

Figure D.1. Markov graph associated to the infinite matrix (D.1).

Remark D.1. — The inverse matrix of £ is
1 0
_ 01 —Wop
0 0 w;’

where (£L71)11 = wit, (L7111 = —wp and (L7Y);,11 = 1 for j € Z. The matrix £
has the following eigenvectors U and V:
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e LU = woU with vector U = (..., O,Uo,inUo, ce ﬁ( — wO)UO, ...) € CE
with components U; = 0 for j < 0, Uy € C, Uy = —UO and U; = —~( —Z—‘;)Ug
for j > 2. Hence U € [*(Z) if and only if |wo| > 1. "

e LV = wV with vector V = (.. (11— M)Vl, o w VL, VL0, L)) € CE
with components V; € C, V[ = w1V1, V; = w} J(l — %)Vl for j < —1 and
V; =0 for j > 2. Hence V € [*(Z) if and only if |w| < 1.

For some r € R called the order, let us consider the following function W on Z,

W(j)=e", jeET.

@x

For j # 0,2 we have W(()))

of gb and we call W an “escape function”. Let Diag(1}') be the diagonal matrix with
diagonal elements W(j). Let

e~ " hence if r > 0, W decreases along the trajectories

0 0
~ ) ' 1 e Wo
(D.3) Lw : = Diag (W) o L o Diag (W) o o7 0
0 —e Tt e

We refer to [BS12, Chap. 1], [TE05, p. 51] for the spectrum of Toeplitz operators.

LEMMA D.2. — The operator Ly : 1*(Z) — 1*(Z) has essential spectrum on the
circle of radius e™" and the following discrete spectrum elsewhere: wy is an eigenvalue
if and only if |wg| > e™". wy is an eigenvalue if and only if |w| < e".

We define

Hu (Z) := Diag (W)~ (I*(2))
meaning that the norm of a vector u € Hy (Z) is

(D.4) lull2 2 = IDiag (W) ullé = 3 |euy|

JEZ

Hw (Z) is similar to a anisotropic Sobolev space with weight W (j) = e™"/. We have
the following commutative diagram

Hy (Z) —£ Hy (Z)

Diag(W)l Diag(W)J

L :=Diag(W)oLoDiag(W) ™!

12(Z) 1*(2)

where Diag(W) : Hw (Z) — [*(Z) is an isometry (by definition) and hence Lemma D.2
gives

LEMMA D.3. — The operator L : Hw(Z) — Hw(Z) has essential spectrum on
the circle of radius e™" and the following discrete spectrum elsewhere: wy is an
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eigenvalue with eigenvector U € Hy (Z) if and only if |wg| > €. w; is an eigenvalue
T

with eigenvector V € Hy (Z) if and only |wy| < e™".
See Figure D.2.

eigenvalue eigenvalue
wo.ﬁ/\
1 1" \erl':
Spectrum of £ in [*(Z), r = 0. Spectrum of £ in Hy (Z), r > 0.
Figure D.2. In this picture we assume |wg| = |wi| < 1. The circle of radius

e™" (in green) is the essential spectrum of L in the space Hy (Z) that depends
onr € R. Asr — +oo this circle shrinks to zero and we reveal the intrinsic
“future discrete spectrum” of L, here this is the eigenvalue wy (in red), as soon
as e < |wy|. As r — —oo this circle goes to infinity and we reveal the intrinsic
“past discrete spectrum” of L, here this is the eigenvalue w, (in blue), as soon as

lwy| < e

The conclusion of this simple model is that:

(1) We observe that the given matrix £ corresponds to a simple dynamics 5 and
outside a compact region, the dynamics of gg escapes to/from infinity.

(2) We construct an “escape function” W for that dynamic QNS that decays with rate
e~" and define an anisotropic Sobolev space Hy (Z) := Diag(W) "1 (1*(Z)).

(3) It appears that the matrix £ has essential spectral radius ress. = €~ in Hy (Z).

Moreover, by increasing the parameter r we get res. = 7" —>+0 and this
T — +00

may reveal new eigenvalues and eigenspaces of £ that do not depend on W
(here we have only wy € C) that we call “future discrete spectrum”. If we do

Tess. = € — +00 this may reveal new eigenvalues and eigenspaces of £ that
T — —00

do not depend on W (here we have only w; € C) that we call “past discrete
spectrum”. The past discrete spectrum is the future discrete spectrum for £-1
and conversely. See Figure D.2.

Remark D.4. — For j # 0, the dynamics ¢:jr j+1is a translation. Observe
that
e For j > 0, if we set &, := ¢/, we get an expanding dynamics ¢ : &, — €1,
The escape function is W (j) = e™7" = £;” hence the anisotropic Sobolev
space Hy (Z) has negative order —r.
e For j <0, if we set & := e/, we get a contracting dynamics ¢ : & — e 1&,.
The escape function is W(j) = e™7" = £” hence the anisotropic Sobolev space
Hyw (Z) has positive order r.

TOME 6 (2023)



422 F. FAURE & M. TSUJII

The fact that the order depends on the sign of j explains the term “anisotropic”.

Remark D.5. — Starting from the semi infinite matrix
Wo 0
1 0
L= 10
0

we would have a similar analysis with the difference that the dynamics is &5( Jj)=j+1
is a semi-shift and the spectrum in Hy (N) is essential on the circle of radius e™"

and residual inside. If one chooses the escape function W(j) = e = e~(89"
with some o > 1, we get that % — 0 as 7 — oo and that £ is Trace class in

Hyw (Z) with Trace obtained as the sum over the discrete spectrum (the essential
spectrum has shrunk to 0 immediately). This model corresponds to the so-called
Gevrey class in £ variable (and their dual). Even stronger, if one choose the escape

function W (j) = e = ¢7"¢ with some r > 0, we get that WV‘(Z(;T)) =D
as j — oo. This model corresponds to “analytic class” in € variable (and their dual

of hyper-functions).

—rel

Remark D.6. — We can replace the single element wy € C on the diagonal of £
by a finite rank (or compact) matrix with eigenvalues wg, wy, . ... From the discrete
spectrum of £ in Hy (Z), we deduce decay of correlations for u,v € Hy (Z):

<u ‘ Etv>HW(Z) = ; wy, <u ’ U?T’“U>HW(Z) +0 (e_’\”) iete wp, <u ’ £t7r012>

where 7 is the spectral projector associated to the eigenvalue w, and we have
assumed that |wg| > |w;| for j > 1.

D.2. Analogy with Ruelle resonances for hyperbolic dynamics

In the table on next page we put in correspondence the properties of the matrix £,
(D.1) and the transfer operator £! = €' studied in this paper that is defined from
an Anosov flow ¢' on M.

Appendix E. Relations for the Japanese bracket (.)

For s € R, we set
(s) == (14 s*)'/2.
Clearly we have
max{L,]s]} < {s) < ({s)) < 2max{1,|s|}

and

d B s
£<5>_m6(

—1,1) for any s € R.
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] Matrix model £

| Hyperbolic dynamics

Orthonormal basis

Almost orthogonal basis of wave-packets

;= <0..., (1),0...) €l?(Z),j€L. |p,eL* (M), with pe T*M.
J

The action of L is described by
a dynamics ¢ on Z,
hyperbolic in &,, &, = et/

The action of Ej is described by
the lifted flow ¢ on p = (2,£) € T*M,
hyperbolic in £.

Escape function W (j),

with decay property Wvgf((j))) =¢

T

Escape function W on T*M

with temperate and decay property

It
ng(/()g’ ) < Ce ™ outside the trapped set E.

Huw (Z) = Diag (W) (2 (2))

Hw (M) := Op (W) (L* (M))
with Op (W) a PDO.
i.e. almost diagonal in wave-packet basis.

S C Hw (Z) C &1

S(M) C Hy (M) C S (M)

Discrete spectrum w = e* on
lw| > e " < Re(z) > —1.r.

Discrete spectrum z of the generator A
on Re (z) > —Apir + Cste.

From the second estimate, it follows

(E.1) (s +1) < (s) +[t] < (s) + (D)

that implies

(E.2) {t <1+

(s)

Also, by considering the cases |s| <

|t — 5]
(s)

1 and |s| > 1 separately, we can check

<14+ t—s]

(E-3) (s - ) <max{L, [s[} - {t) < (s) - (1)
Note that (E.3) implies that, if s # 0,

(t) = <s : 3_1t> < max{l,|s|} - <3_1t>

and hence
t t
(E.4) <> > max{1, |s[}-1() > 2.
s (s
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