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576 D. GIRAUDO

1. Statement of the exponential inequality
1.1. Goal and motivations

Understanding the asymptotic behavior of sums of random variables is an impor-
tant topic in probability. A useful tool for establishing limit theorems is to control
the probability that the partial sums or the maximum of the absolute values of the
partial sums exceeds a fixed number. A direct application can give convergence rates
in the law of large numbers, and such an inequality can be used to check tightness
criteria in some functional spaces.

In this paper, we will be concerned by establishing and applying an exponen-
tial inequality for the so-called orthomartingale difference random fields introduced
in [Cai69]. We make an assumption of invariance in law of the partial sums, which
is weaker than stationarity. We control the tails of maximum of partial sums on
rectangles of N? by two quantities: an exponential term and another one involving
the common distribution function of the increments. We will then formulate two
applications of the result. One will deal with the convergence rates in the strong law
of large numbers. The second one will be about the invariance principle in Holder
spaces, which will be restricted to the case of stationary processes for technical
reasons.

Orthomartingales are well-suited for the summation over rectangles of Z? because
we can use a one dimensional martingale property when we sum according to each
fixed coordinate. Moreover, the approximation of stationary random fields by this
class of martingales can be done, like in [CDV15, Girl8b, PZ18, ZRP20]. However,
for rates in the law of large numbers and the functional central limit theorem in
Holder spaces, only a few results are available in the literature. Indeed, rates on the
law of large number for orthomartingales with polynomial moment have been given
in [Girl9, KL11, Lagl6], but it seems that the question of exponential moments was
only addressed for martingale difference sequences. For the functional central limit
theorem in Hoélder spaces for random fields, the i.i.d. case was addressed for moduli
of regularity of the form ¢t*, 0 < o < 1/2 in the case of random fields, and for more
general moduli in the case of sequences. It turns out that the inequality we will
present in this paper is a well-suited tool for dealing with these problems.

A key ingredient for the aforementioned limit theorems is an exponential inequal-
ity for orthomartingale random fields, that is, an inequality putting into play an
exponential term and the tail of the common distribution of the increments. At first
glance, it seems that multi-indexed martingales could be treated like sequences, up
to some technical and notational obstacles. However, it turns out that the standard
tools for proving deviation inequalities for martingales, like martingale transforms or
uses of exponential supermartingale, do not extend easily. Nevertheless, it is possible
to apply induction arguments when the random field satisfies good properties.

The paper is organized as follows: in Subsection 1.2, we state the definition of
orthomartingale difference random fields and an exponential inequality for such
random fields, with an assumption of invariance of the law of the sum on rectangles
by translation. Subsections 2.1 (respectively 2.2) provide an application to the rates
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in the strong law of large numbers (respectively, to the invariance principle in Hélder
spaces). Section 3 is devoted to the proof of the previously stated results.

1.2. Exponential inequality for orthomartingales

We start by defining the concept of orthomartingale. Before that, we need to
introduce the notion of filtration with respect to the coordinatewise order <: we say
that for 4,5 € Z%, 1 < j if i, < j, for each g € {1, ..., d} =: [d].

DEFINITION 1.1. — A filtration indexed by Z¢ on a probability space (£, F,P)
is a collection of o-algebras (F;)icz such that for each ¢ < j, the inclusion F; C F;
takes place.

DEFINITION 1.2. — We say that the filtration (F;);ez Is commuting if for all
integrable random variable Y and all ©, 3 € Z, the equality
(1.1) E[[Y|FIF] = E [Y|Faingisy] -

takes place, where the minimum is taken coordinatewise.

Example 1.3. — Let (€j)jcz¢ be an i.i.d. random field and let F; := o(e;,% < J).
Then the filtration (F;);ez is commuting.

Example 1.4. — Let (69)cz, q € [d] := {1, ..., d} be independent copies of an
i.i.d. sequence () ez and let F; := U(Ek kg < jg 1 < ¢ < d). Then the filtration
(Fi)iez is commuting, and connected to decoupled U-statistics.

DEFINITION 1.5. — We say that the random field (X;); c za is an orthomartingale
difference random field with respect to the commuting filtration (F;); cga if for all
i € 7%, X; is integrable, F;-measurable and

(12) [Xz i_Eq} =0,
where for q € [d], e, is the ¢™ vector of the canonical basis of R?.
THEOREM 1.6. — Let (X;);cze be an orthomartingale differences random field
such that for allm € N and all k € Z°,
(1.3) Sy = Z X; and Z Xir have the same distribution.
1ign 1ign

Then the following inequality holds for all x,y > 0:

2/d
(1.4) IP’{ max S| > 2 |n|"? } < Agexp (— (”““) )
1ign Yy

+ By /+ P{|X1| > yuCy} u (log(1 + )" du,

where Ay, By and Cy depend only on d, pg = 2d and |n| = q 1 Mg
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578 D. GIRAUDO

Remark 1.7. — Assume that (X;);ez¢ is bounded, that is, there exists a constant
K such that |X;| < K almost surely for all i € Z%. If x > 3¥2K/C, then we can
choose y = K/C, and inequality (1.4) simplifies as

Cr 2/d
1/2 _(Ca
(1.5) P{lrgai(nw | > z|n)| } < Agexp ( (K > ) :

ST

Remark 1.8. — The exponent 2/d in the exponential term of (1.4) is not im-
provable, even in the bounded case. To see this, consider d i.i.d. sequences (qu))iez

which are independent of each other in the sense that the collection {s(q) iq € Z}
is independent. Assume that 5 ) takes the values 1 and —1 with probability 1/2 for
all g € [d]. Let X; = HZ:1 Z-q . Then

{ 1V Ng 'Lq—l }

The vector (\/17 Sy 51([]))(1 , converges in distribution to (Ng)_,, where (Ng)d_, is

(1.6) IP{ mex \S|>x|n|1/2} > P{|S] > o |n["?)

1ign

independent and each N, has a standard normal distribution. Therefore, if f(x) is a
function such that for each bounded by 1 orthomartingale difference random field
satisfying (1.3) and each z > 0

(1.7) ]P’{ max |S;| > o yn|1/2} < fl@),

1ign

then letting Y := [T%_, | N,|, the following inequality should hold for all z: P{Y" > z}

< f(x). Since the LP-norm of Y behaves like p%2, the function f cannot decay
quicker than exp(—Kz?) for some K > 0 and v > 2/d.

Remark 1.9. — The log factor in the right hand side of (1.4) appears naturally
as iterations of weak-type estimates of the form zP{X > z} < E[X1{Y > z}] for
some random variable Y, giving a control of the tail of X in terms of that of Y.
Consequently, the log factor does not seem to be avoidable with this method of proof.
We do not know whether this factor can be removed.

2. Application to limit theorems
2.1. Convergence rates in the law of large numbers

A centered sequence (X;);>1 satisfies the law of large numbers if the sequence
(n™ '3, X;)i>1 converges almost surely to zero. This is for example the case of a
strictly stationary ergodic sequence where X is integrable and centered. Then arises
the question of evaluating the speed of convergence and finding bounds for the large

deviation probabilities, namely,
> m} |

(2.1) ]P’{l

n

n

> X

=1
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An exponential inequality for orthomartingale difference random fields 579

This question has been treated in the independent case in [Erd49, HR47, Spi56] under
conditions on the L”-norm of X;. The case of martingale differences has also been
addressed: under boundedness of moments of order p and a Cramér-type condition
sup; > 1 Elexp(|X;])] < 400 in [LVO1], a conditional Cramér condition in [LW09] and
under finite exponential moments in [FGL12].

For random fields, we can consider large deviation probabilities defined by

1
(2.2) P{W' Y X

1xnN
Result for orthomartingales with polynomial moment have been given in [Girl9,
KL11, Lagl6].

>$},N¢1,$>O.

THEOREM 2.1. — Let (X;);cz¢ be an orthomartingale difference random field
satisfying (1.3). Suppose that for some vy > 0,
(2.3) supexp (s7)P{|X1| > s} < 2.
s>0

Then for each positive x, the following inequality takes place:

> X

1<n<N

1

(2.4) IP’{|N|

where C' 4~ and Cy 4, depend only on d and ~y.

ot 2y
> x} < C4,4 €Xp (—C’g,dﬁ | IN| 2y x2+dv) ,

2.2. Application to Holderian invariance principle

Given a sequence of random variables (X;);>1, a way to understand the asymptotic
behavior of the partial sums given by Sy = Zle X is to define a sequence of random
functions (W, ), =1 on the unit interval [0, 1] in the following way: W,,(k/n) = n=/25,
for k € {1, ..., n}, W,(0) =0 and on ((k —1)/n,k/n), W, is linearly interpolated.
When the sequence (X;);>1 is i.i.d., centered and has unit variance, the sequence
(Wpn)n>1 converges in law in C[0, 1] to a standard Brownian motion. The result has
been extended to strictly stationary martingale difference sequences in [Bil61, Ibr63].
Then numerous papers treated the case of weakly dependent strictly stationary
sequence, see [MPUO6] and the references therein for an overview.

There are also two other possibilities of extension of such result. The first one is to
consider other functional spaces, in order to establish the convergence of (F'(W,,))n>1
for a larger class of functionals than the continuous functionals F': C[0,1] — R.
In other words, we view W, as an element of an element of a Holder space H,
with modulus of regularity p and investigate the convergence of (W,,),>1 in this
function space. Applications to epidemic changes can be given, for example in [RS07].
The question of the invariance principle in Holder spaces has been treated for i.i.d.
sequences for modulus of regularity of the form ¢* in [RS03] and also for more general
ones, of the form /2 log(ct)? in [RS04b]. Some results are also available for stationary
weakly dependent sequences, for example mixing sequences [Girl7, Ham00] or by
the use of a martingale approximation [Girl6, Girl8a].
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580 D. GIRAUDO

A second development of these invariance principles is the consideration of partial
sum processes built on random fields. Given a random field (X;); ¢ z¢, one can define
the following random function on [0, 1]%:

(2.5) W (t M RO TT0,n4t,] | Xisn =1t €0,1]%,
WZ( () 0.1

1€Z4

where \ denotes the Lebesgue measure on R? and R; = Hd (i —1 iq) Notice that

the map t — W, (t) is 1-Lipschitz continuous and that W, (( ) = Sky. .k AT

hence W,, takes into account the values of all the partial sums Sk for 1 < k < n.
Convergence of W, in the space of continuous functions has been investigated
in [Wic69] for an i.i.d. random field, [Ded01] for martingales for the lexicographic
order and in [Voll5, Vol19] for orthomartingales.
In this section, we will study the convergence of W,, in some Holder spaces for
orthomartingales random fields. First, an observation is that for t, ¢’ € [0,1]%,

d d
(2.6) (A (Rl- N H[O,nqtq]> - A (Ri N H[O,nqt’q])
g=1 q=1
/ /
< mas n, |ty — el < |nf |t = ¢,
hence
(2.7) (W (8) = Wo () < \Im| It =] Y |Xi]

1ign

hence for almost every w, the map t — W, (t)(w) is Lipschitz-continuous. As pointed
out in the ii.d. case in [Wic69], the finite dimensional distributions of W,, con-
verge to those of a standard Brownian sheet, that is, a centered Gaussian process
(W(t))se 0,17« whose covariance function is given by

(2.8) Cov (W( > H mln{ 7 q}

provided that X; is centered and has unit variance. Given an increasing continuous
function p: [0,1] — R such that p(0) = 0, let H, be the space of all the functions z
from [0,1]¢ to R such that sup y ¢ o 1ja 42 [2(t) — 2(#')]/p(|[t — ¥'|o) is finite.

The Brownian sheet has trajectories in #H, with p(h) = h® for all @ € (0,1/2) but
not for w > 1/2. Therefore, it is not possible to expect to show the convergence of
(Wi)nw=1 in all the possible Holder spaces and some restriction have to be made. In
order to treat a class of modulus of regularity larger than the power function, we need
to introduce the slowly varying functions. We say that a function L: (0, +o00) —
(0,400) is slowly varying if for all ¢ > 0, the quantity L(ct)/L(t) goes to 1 as t
goes to infinity. For example, functions which behave asymptotically as a power of
the logarithm are slowly varying. We now define the moduli of regularity and the
associated Holder spaces of interest from the point of view of the convergence of the
partial sum process W,.
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DEFINITION 2.2. — Let d > 1 be an integer. We say that p belongs to the class
R1/2,q if there exists a slowly varying function L such that L(t) — oo as t goes to
infinity and a constant ¢ such that

(2.9) p(h) = h'/? (m (Z))M L <}1l> helo1],

and p is increasing on [0, 1].

It seems that the exponent d/2 is the best we can get in view of proving tightness
via the deviation inequality we established. It may not be optimal in some cases, for
example, if (X;);cza is centered, we can get a similar inequality as (1.4), but with
the exponent 2 instead of 2/d in the right hand side. As a consequence, tightness in
H, can be established for p € Rz, a larger class than p € Ry/24

We now give a sufficient condition for tightness of the partial sum process associated
to a strictly stationary random field, that is, a random field (X;); ¢z« such that for
each integer N and each iy, ..., in,J € Z% the vectors (X;, ;) and (X;, )0,
have the same distribution. The criterion puts into play tails of the maximum of
partial sums of the rectangles.

PROPOSITION 2.3. — Let d > 1 and p be an element of Ri/94. If (X;);cz4 is a
strictly stationary random field such that for each q € {1, ..., d} and each positive e,

> Xi|>ep(27) f[ 2mu/2} =0,
u=1

1<i<k
then the net (W, )n 1 is asymptotically tight in H,([0,1]%) as minn = min; < ;<4 7y
— 0Q.

JHOOminm—)ooj:J 1<k<2™M ™Mqeq

(2.10) lim limsup ZZj]P’{ max

It turns out that it is more convenient to consider maximum indexed by dyadic
elements of Z¢. In order to avoid confusion, we will use notations of the form 2m*
instead of 2",

A similar tightness criterion was used in [Girl7] for sequences, giving optimal
results for mixing sequences and allowing to recover the optimal result for i.i.d. se-
quences. For random fields, the inequality (1.4) we obtained and that in Theorem 1.13
of [Gir19] are appropriate tools to check (2.10).

No other assumption than stationarity is done but of course, some dependence
will be required for this condition to be satisfied since one need a good control of the
tails of the partial sums on rectangles normalized by the square root of the number
of elements in the rectangle.

Now, we state a result for the weak convergence of (W, )n 1 in the space H,, where
p € Rija

THEOREM 2.4. — Letd > 1 and let (X;); c za be a strictly stationary orthomartin-
gale difference random field. Let p be an element of Ry/24 be given by (2.9), where
L is slowly varying.

Suppose that
(2.11) ¥A>0, S 2P{|X1]>L(27) A} < o0

i>1
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582 D. GIRAUDO

Then (Wp)ns1 is asymptotically tight in H,([0,1]%) as minm = min; < ,<an, — 0.
Assume moreover that any A € B(R%") such that

{(Xi)iezd € A} = {(Xi+6d)iezd € A}

satisfies P{(X;);cze € A} € {0,1}. Then (Wy,),1 converges to || Xol|:W in H,
([0,1]%) as minm = miny < ,<qany — 00, where W is a standard Brownian sheet.

3. Proofs
3.1. Proof of Theorem 1.6

The proof will be done by induction on the dimension d. For d = 1, we need the
following deviation inequality for one dimensional martingales. This is a combination
of Theorem 2.1 in [FGL15] and Theorem 6 in [Ris81].

PROPOSITION 3.1 (Proposition 2.1 in [Gir21]). — Let (D;);>1 be a martingale
difference sequence with respect to the filtration (F;);>¢. Suppose that E[D?] is
finite for all © > 1. Suppose that there exists a nonnegative random variable Y
such that for all 1 <1i < n, E[p(D?)] < E[p(Y?)] for all convex increasing function
@:[0,00) = [0,00). Then for all z,y > 0 and each n > 1, the following inequality
holds:

k

(3.1) IP’{ max |Y_D;

<k<
1<k<n i1

> :ml/Q}

1 /x 2 +o0
< 2exp (—2 <) ) 4/ wP{Y > yw/2} dw.
y 1

Proof. — Assume that Theorem 1.6 holds in dimension d — 1 with d > 2. We have
to prove (1.4) for all d-dimensional orthomartingale difference fields satisfying (1.3).
We first get rid of the maximum over the coordinate d, apply the inequality of the
d — 1 dimension to the obtained orthomartingale and we are then reduced to control
the tails of a one dimensional martingale. More concretely, the induction step is done
as follows.

(Step 1) let M := maxy<;<n |S;| and
(3.2) M = max

1<ig<ng, 1<q<d—1

il,...,id,l,nd N
Then we will show that
(3.3) P{M >z} < /OOIP{M’ > wu/2} du.
1

(Step 2) the tails of M’ are controlled by applying the result for (d — 1)-dimensional
random fields.

(Step 3) it remains to control the tails of Z?dd:l X1,..,1,i;, which can be done by using
the one dimensional result.
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The proof will be quite similar to that of Theorem 1.1 in [Gir21]. The latter gave
an exponential inequality in the spirit of those of the paper for U-statistics, that
is, sum of terms of the form h(Xy, ..., X,) where (X;);>; is i.i.d. The connection
with orthomartingales is the following. First, using decoupling (see [dIPMS95]), the
following inequality takes place:

. }

wp{

> h(Xi, ooy Xi)

1< <..ir<n

(3.4) IP{

S oa(x® . x0)

1< <...ir<n

>C’x},

where C' is a universal constant and the sequences (X (k))iez, 1 < k < r are mutually

independent copies of (X;);ez. If we assume that
E[h(Xi, ..., Xo) o (Xiyi € {1, ..., r}\ {k})] =0
for all k& € {1,..., 7}, then the random field (A(X", ..., XI));\ i ez is an

orthomartingale difference random field for the filtration (.7-",1,70311 ..ircz given by

Fir, i = 0(e52, g i)
Let us now go into the details of the proof. Let x, y > 0. We can assume without
loss of generality that z/y > 3¢. Indeed, suppose that we showed the existence of

constants A!,, B; and Cy such that the inequality

2/d
. 1/2 / (T
(3.5) P{lgl?i(n\SA >z |n| } < Agexp ( (y) )

+oo
—l—Bd/ P{|X1| > yuCy} u (log(1 + u))" du,
1

holds for each orthomartingale difference random field (X;); ¢z« satisfying (1.3) and
for each z,y > 0 such that x/y > 3% then replacing A} by A; = max{exp(9), 4}
ensures that Agexp(—(z/y)*?) > 1 when x/y < 3%, so that the desired inequality
becomes trivial in this range of parameters.

(Step 1) Let M and My be defined as M := maxy <i<n |Si], n = (n1, ..., ng) and
(3.6) My = max

 1<ig<ng, l<g<d—1
Define the filtration Gy as Fy,, .. n,_,.n- We check that (My)y>1 is a sub-
martingale with respect the filtration (Gy)n>1. Indeed,

(3.7) E[MylGya]>  max  [E[S, i, ,~]|0nv|

1<ig<ng, 1< g<d—1

Sil7 ey id717N‘ .

and by the orthomartingale property,

(3.8) E {Sil,...,id,l,N’gN—l} = S0 iy N—1-
By Doob’s inequality, we derive that
(3.9) 2P{M >z} <E[M,,1{M > x}].
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Expressing the latter expectation as an integral of the tail and cutting this
integral at x/2 gives the bound

(3.10) ]P’{ max |S| >9c]n|1/2}
1ixn

o0
g/ P max S
1 1<iq<nq11<q<d_1

i1y ey td—1,Nd

> |n|"/? u/2} du

(Step 2) Define for iy, ..., iq_1 the random variable
ng
(311) Xgl,...,id,l = Z Xilym:id—lyid'
ig=1

Then (X, ;. )i, ...ia_s ez is an orthomartingale difference random field with
respect to the commuting filtration (F;, . i, 1 ny)ir....ig_, ez Satisfying (1.3).
We thus apply the induction hypothesis with

(3.12) Ti=an’u/2, §i= 0 ey T u (14 2Inw) " /2,
We get in view of (3.10) and
x =T 2\
(3.13) <~> = () (14+2lnu) >3
Y

Yy
that

. 2\ 2/d
(3.14) IP’{ max [S;| >z (n )1/2} < Ad_l/l exp (— (y) (1 +21nu)> du

1ign

+oo  pH400 ]
+Bd_1/1 /1 P{‘Xim,l‘ > Cd_ Long/ 2y T u (1 + 21n(u))” }
v (log(1 +v))"** dudv.

For the first term, using that (] )4 > 3, we get

400 T 2/d
(3.15) /1 exp (— (y) (1+ 21nu)) du
2/d 400
< exp (— <5y6> ) /1 exp (—61nu) du

hence

2/d
(3.16) P{ max |S;| > z |n|"? Shexp (=
1<1<
tXn Yy

+oo  ptoo d
+ B[ [P
1 1

ot

Z X1, 1y

ia=1

C L
> C; oz Vdy <5 u(1+2ln( )~ dQ}

v (log(1 + v))"* dudv.

ANNALES HENRI LEBESGUE



985

An exponential inequality for orthomartingale difference random fields

d—1

(Step 3) It remains to find a bound for the double integral. For fixed v and v > 1, we
apply Proposition 3.1 in the following setting: x is replaced by & defined by

Cy_ —1 _
AL iy STy (1+2In(u))” 2

1 T =
(3.17) x 5
and y by y defined by
(3.18) Y= Cd*lyuv (14+2In u)_% 2712 (1 + 21n (wv)) /2.
In this way,
_\ 2 2/d
1
(3.19) 5 @) - (‘C) (1+ 21n (wv))

Ad_l > 2/d)

and (3.1) gives
1/2} < 2o (_ (m
D y

(3.20) ]P{ max |S;| > z |
1in
2/d +oo  pt+o00
) / / exp(—2In(uv))dudv
1 1

+2B4 1exp | — (x
Yy
+oo  p+o0 400
+ 4Bd_1/ / / h(u, v, w)dudvdw,

1 1 1

where

(3.21) h(u,v,w)
Cd_lyu’uw (1+2In u)_% 2712 (1 + 21n(uv))_1/2}
vw (log(1 + v))P**.

ZZJP{LXE‘>
Observing that for w,v > 1, (1 + 2In(uw))™"/2 > (1 + 2In(u))"Y/?

(1+21In(v))~%? and defining the functions
f)=t(1+2Int)"*,t>1,¢>0

(3.22)
Ca
g: tr—>IP>{|X1| > 4‘21/2yt},

(3.23)
we derive from estimate (3.20) that
(3.24) 1@{ max |Si| > x|’n|1/2}
1ixn
A 2/d 2/d
o exp (— (x) +2Bg_1exp | — (x)
5 y

<
+oo +oo “+o0o
+ 4By /1 /1 /1 g (wfd/z(u)fl/Q(v)) vw (log(1 4 )P dwdudv
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(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

D. GIRAUDO

Doing for fixed u,v > 1 the substitution ¢ = w fq/2(u) f1/2(v), we are reduced
to show that there exists a constant K such that for each t > 1,

I(t) < K (log(1 +1))™,

where

400 ptoo 1 1 Pd—1
v (log(1 +v)) 1 “ ndudv.
2 Jay2(u) f1/2(v)
fd/2 ) fi2(v ))

Using the fact that there exists a constant ¢ such that for each u > 1,
faj2(u) = ¢, we derive that

/+°0 /+O° v (log(1 + v))P?
! fd/2 ) f1y2(v ))2

and since the integral over u is convergent, we are reduced to show that there
exists a constant K such that for each t > 1,

+o0 1
|5 Qo1+ 20)P 7 Ly, o < K (log(L+ )"

Since there exists a constant s such that for each v > 1, f1/2(v) > k\/v, one
can see that

teol Pa—1+1
|5 Qo1+ 20)P 7 L g,y

1,5 > Cf1/2(v)dudv

(t/(cr)? 1
<o / 2 (log(1 + 20))" " du
1 v

and the fact that p; = ps_1 + 2 ends the proof of Theorem 1.6. 0

3.2. Proof of Theorem 2.1

Proof. — We apply Theorem 1.6 to y = |IN |/ 22/(2+d)  Bounding the result-
ing integral term by a constant times exp(—y?), one sees that in this case, the two
terms of the right hand side of (1.4) have a similar contribution. O

3.3. Proof of Proposition 2.3

Proof. — The proof of the tightness criterion rests on the Schauder decomposition

of the spaces H; ([0, 1]d>. In order to state it, we need to introduce the following
notations.
Set for j > 0,

(3.30)
and

(3.31)

W= {k27,0 <k <2}

Vo =Wy, V=W \W;_1,5 > 1
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We define for v € V; the pyramidal function A;, by

(3.32) Aj(t) = A(2(t—v)), telo1),
where
(3.33) A(t) := max {0,1 max [t gﬂg>g|tz|}, t= ()i € [-1,1)"

For x € H2([0, 1]%), we define the coefficients \;,(z) by Ao(z) = z(v), v € V; and
for j > 1and v eV,

(330 Ninla) i= 2 (0) = 3 (& (07) + 2 (u7)).

where v+ and v~ are define in the following way. Each v € V; is represented in a
unique way by v = (k;277)L,. Then vT := (v;")%, and v~ := (v; )L, are defined by

(2

(3.35) v v — 277, %f k; %s odd; ’Uj i + 277, %f k; %s odd;
v;, if k; is even Vi, if k; is even.
The sequential norm is defined by
seq .__ i\ ) o d
(3.36) Izl := supp (27)  max (@)l =€ Hp([0.1)%).

By [RS04a], the norm ||-[[5*¢ is equivalent to ||-||, on #5([0,1]).

A general tightness criterion is available for moduli of the form p: h +— h®. The
criterion rests on a Schauder decomposition of H7 as @, Ej, where Ej is the vector
space generated by the functions Aj,, v € V}.

THEOREM 3.2 ([RSZ07, Theorem 6]). — Let {(,,m € N} and ¢ be random
elements with values in the space Ho([0,1]%). Assume that the following conditions
are satisfied.

(1) For each dyadic t € [0,1]¢, the net {(,(t),n € N} is asymptotically tight on
R.
(2) For each positive ¢,

(3.37) lim limsup P {sup 207 max |Ajw(Cn)| > 5} =0.

J =00 min n = o0 iz
Then the net {(,, n € N¢} is asymptotically tight in the space H4([0,1]9).

This extends readily to p € Ry/2,4.
First observe that by bounding from below the sum over j by the term at index
j = J and taking i = d, (2.10) implies that

> Xi

J =00 min m — oo 1<k=<2m Jeq 1<i<k

(3.38) lim limsup 2‘]IP>{ max

>ep(27) ﬁ zmu/Q} =0
u=1

and doing the replacement of index m/, = my — J for a fixed J gives asymptotic
tightness of (W, (t)), -1 for each ¢.
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It remains to check the second condition of Theorem 3.2. Since the Schauder
decomposition Hy =@ Ej is also valid for p € Ry/p,4, this theorem also holds
with the map h — h® replaced by p. Therefore, it suffices to prove that

sup p (2_3')71 max Njo (Wa)| > 5} = 0.

jzJ

(3.39) lim lim sup IP’{

— O min n — oo

Consider for s := (32, ..., 84) €[0,1]% Y and ¢, ¢’ € [0,1] the quantity
(3.40) n(t 1 8) = /|n| W, (t,8) — W, (t,8)].
We recall the followmg lemma:

LEMMA 3.3 ([RSZ07, Lemma 11]). — For any t',t € [0,1], ¢ > t, the following
inequality holds:

1
: ’'s) < 3¢ {’— >} .
(3.41) sup A, (t,t,s) < 3Lt —t > | max > > X

seo,1]d-1

N
N
N
VAV
U

) - 3 .
+ 3%min {1, ny (¢ t)}1<muagn1 vy 4 =k
o<li<d 1<

Now, we define for ¢ € [d] and s = (s¢)sejap (g € [0, 1)1,
AW(t, 1 8) ==

|Wn (Sl, ey Sq,17t1,8q+1, ey Sd> — Wn (51, ce Sq,17t78q+1, ey Sd>’ .

By definition of A;, and Vj, the inequality

jzJ

(3.42) P {sup p (Q_j)_l max Njw (Wh)| > 2d+16}

d
-1
< ZIP sup p (2_]) maXA (trs1,te; Su) >2-¢€
1 i=J 0<k<2!
a 0<u<2'1

takes place, where ¢, = k277 and s, = (4;277);cq\{q}- We show that for each
positive €,

N1
(3.43) lim limsupP supp(Q_J) maXAgld) (trs1s t; Su) >2.30.¢%
J— 00 n— oo ]>J 0<k<2
O<u=<2/1

the treatment of the corresponding terms with A@ instead of A@ can be done by
switching the roles of the coordinates. We will use the following notations: we will
denote by 4, k,n, m elements of Z? and %', k', n/,m’ elements of Z¢~! and ((#’,14))
will denote the element of Z? whose first d — 1 coordinates are those of 4’ and dth one
is 74, and similarly for other letters. We will denote by < the coordinatewise order

on Z® and Z? !, since there will be no ambiguity. Finally, we define let 1’ = fIl le,
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We have in view of Lemma 3.3 that

N -1
(3.44) Pqsupp (2’3) max AW (t41, tr: Su) > 2 - 3% |n|'/?
ji=J 0< k<2?
Oxu=x2’1
[nd(a+1)2_j]

< P{sup max p(2‘j)_11{2_j>1} max Z Z X (it ig)

: 7 ok <n! ’ -
j>J0<a<2 sk'sn ti a1 1 <4 < K

+min{1,nd2’j} max _ max > Xy > 2¢ |n|"/?

1<ig<ng ! <xk’xn’ :
X td xTd S B llﬁllﬁkl

j>J0<a<2] Nq

N1 A 1
SP{sup max _p(2_]) 1{2_‘7 > }
[nd(a+1)2_j]

max Z Z X >»3|’n|1/2

1/<k'xn’ . .
" ig=lnga2=i]+1 1/ ' <k

+P supp(Q’j)ilmin{l,nﬂ’j} max  max Z Xirin) >€|n[1/2

. i ’ ’ ’
i=J 1<ig<ngl’<xk’<n 1< <k

Since the indicator in the first term of the right hand side of (3.44) vanishes if
J > log ng, we have

N1 A 1
P{sup max _p(2_]> 1{2_] > }
j>J0<a<2? Nq
[nd(a+1)2_j]

max Z Z X(ilvid) > € |’I’I,‘1/2

1/ k' xn’ . .
" ig=[nqa2=I]+1 1 ¢/ K/

1 [nd(a—l—l)Q*j}
<P sup  max p(2’3> max > S Xy > eln|"?

. j I_< I_< ’ . -
J<j<logng0sa<? VSK S a2 )11 1 <7 <

logng ) [nd(a+1)2_j]

<> 2 max P p(2_3) max > > Xrig| > eln|V?
: 0<a<2 V<k/sn! | ; ) '
Jj=J ig=[nga277]+1 V<i'<k’

and by stationarity, it follows that
N\ -1 4 1
]P’{sup max p (2’j) 1 {23 > }
j>J0<a<2 ng

[nd(a+1)2*j]

max Z Z X(i’,z’d) > 6"",’1/2

1"k xn/ ) -
ig=[nqa2=I]+1 1 <4’ Sk’

_ kq
< > 2P p<2_j) ' max max |Y. > Xl > eln|?

-5 1/ ’ an -
1<kd<2nd2 'k <n Zdill';<’l,'-\<k'
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If n = (ny, ..., ng) is such that 2™ < n; < 2™+ —1 for each i € [d], then we derive
that

(3.45) P {sup max p (2*]’)*1 1 {2j > 1}

j=J 0<a<2
[nd(a+1)2’j]

max 2 > Xwig| > eln['?

13k <n! . :
SN =lnga2—I 41 UV < <K

Z X(iivid)

—(i—2
1<k<x2m—(=2)eq 1<i<k

< Z ZjP{p(Q_])_l max

d
>e]]2m/?s.
u=1
For the second term of the right hand side of (3.44), notice that

(3.46) sup p (2*j)71 min {1, nd2*j} < cop(1/ng) .

izJ

Indeed, if 7 < logng, then 27 < ng hence p(277) ' min{1,n4,277} = p(277)~! and
the sequence (p(277)7'); is increasing, and if j > logng, then 2/ > ngy, hence
min{1,n4277} = ng2™7 and for such j’s, we have p(277)"'ny277 and we use decreas-
ingness of the sequence (p(277)71277),. As a consequence, after having bounded the
probability of the max over i4 by the sum of probabilities and used stationarity, we
obtain

sup p (2_j)_1 min {1, nd2_j} max

i>J 1<ig<ng

S Xy

Vi <k

(3.47) IP{

max
1/ k' gxn’

> 8|n\1/2}

< ngP {1,3}32{”, Z Xr| > €|n|1/2p(1/nd)/cp} .
1/ x4 k'
Notice that if m = (ny, ..., ng) is such that 2™ < n; < 2™+ — 1 for each i € [d],

then for each j < my,

1

—_  max X
Al () v S|, 2, 6D

< ! Y oX

max -7
= P (27md71) Hﬁ:l 2mu/2 1'%’6'%2""/ 1 <i <k @D
1 ka
< max max Z X(,v,i 2)

—ma—1 d 2 —j ’
p(27ma= ) Ty 2me/2 1 <hg<o2matt=d v gy <om’ |20 ) G
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hence

sup p (2’j)71 min {1, nd2’j} max

i=J 1<ig<ng

Z X(ilvid)

1/ <i <k

mqg+1 )
< Z 2P max
j=J

1<k< om—(ji—1)eqg

(3.48) IP’{

max
1/ k'xn’

> €|n\l/2}

> Xil>ep(279)]] 2mu/2/cp}.

11k u=1

Combining inequalities (3.44) with (3.45) and (3.48), we obtain (3.39). This ends
the proof of Proposition 2.3. O

3.4. Proof of Theorem 2.4

We have to check that (2.10) is satisfied. For simplicity, we will do this for ¢ =
d; the general case can be done similarly. To this aim, we apply inequality (1.4)
for fixed m = 1, J > 1 and j € {J, ..., my} in the following setting: m =
(2m1, ..., 2ma=1 Qma=i) g = gp(279)27/% and y = £/2p(277)27/2j=42 The sum of
the exponential terms in (1.4) can be bounded by the remainder of a convergent
series. With the assumption on p, the sum of the obtained integral terms does not
exceed 3,5 ;27 [T P{|X1| > L(2/)uC}u(log(1 + u))P¢du where C' depends only on
p and €.

Now, we will show that (2.11) guarantees the convergence to zero of the previous
term as J goes to infinity. As there exists a constant s such that u(log(1+u))P? < ku?
for each u > 1, it suffices to prove that for each C,

. [too .
(3.49) ZQ"/ IP’{|X1| >L(23) uC’}u2du< 00
i1 1
This will be a consequence of the following lemmas.
LEMMA 3.4. — Let L: R, — R, be a slowly varying function. There exists a

constant C'y, such that for each k > 1,

k j k

27 2
(3.50) — < (p .
21 <T@

Proof. — From Potter’s bound (see Lemma 1.5.6. in [BGT89]), there exists a
constant K such that for each 1 < j < k, L(2%) < KL(Qj)2k%j. Consequently,

SN—

ofs.

(3.51)

k j k i L2k j » k/2
9 2 L ?J St 2

@) - 2 T@ L) gK;L 2 L(2’f)j§2

J=1

J

and the change of index ¢ = k — j shows that we can take C, = K Y7, 27/2, This
ends the proof of Lemma 3.4. U

1
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LEMMA 3.5. — Let X be a non-negative random variable and let L: R, — R,
be a slowly varying increasing function such that L(z) — oo as x — oo. Suppose
that

(3.52) VA>0,3 2P{X > L(2)A} <oc.

i1

Then for each C' > 0,
+00
J Jj 2
(3.53) }jz/l P{X > L(2)uC}u’du < oo.

j>1

Proof. — Without loss of generality, we can assume that C' = 1. First, observe

(Léj)>31{X>L(2j>}].

(3.54) /:OO P{X > L(2)u}uldu<

Therefore,
+oo
1

(355 % 21/ P{X > L(2)u}uidu

(F) Ta{l)<x<r()

jz1 k>3
‘ L 2k+1 3
x|z () el <xerie)

Switching the sums over j and k and using Lemma 3.5 with L3 instead of L reduces
use to show that

(3.56) S 2P{L(2") < X < L(2")} <o,

which follows from the assumption and the obvious bound P{L(2%) < X < L(2*)}
< P{L(2") < X}. 0

The last part of the statement of Theorem 2.4 follow from [Vol19]. This ends the
proof of Theorem 2.4.
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