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dans la limite n — oco. Les solutions faibles sont construites par une méthode de compacité, la
construction des approximations requérant une attention particuliére afin d’étre compatibles
avec les fonctionnelles de Liapunov mentionnées ci-dessus.

1. Introduction

Let 2 be a bounded domain of RV, N > 1, with smooth boundary 92 and let R
and p be two positive real numbers. In a recent paper [LM22], we noticed that there
is an infinite family (&,),>1 of Liapunov functionals associated with the thin film
Muskat system

0.f = div (fV[(1+ R)f + Rg]) in (0,00) x Q,
Oig = pRdiv (gV [f +g]) in (0,00) x Q,

supplemented with homogeneous Neumann boundary conditions and initial condi-
tions, with the following properties: for all n > 2, there are 0 < ¢, < C, such
that

llf +9lly <Ef,9) S Cullf +ally,  (fr9) € Loy (AR
and there are 0 < ¢y, < C4 such that

Cooll f + glloo < liminf E,(f,9)"" < limsup &,(f,9)"" < Cuo|f + gl
n—00 n— 0o

for (f,9) € Lo +(Q,R?), where L, ,(Q,R™) denotes the positive cone of L,(2, R™)
for m > 1 and p € [1, 00].

On the one hand, the thin film Muskat system being of cross-diffusion type (i.e.,
featuring a diffusion matrix with no zero entry), the availability of such a family of
Liapunov functionals is rather seldom within this class of systems and paves the way
towards the construction of bounded weak solutions, a result that we were only able
to show in one space dimension N = 1 in [LM22]. On the other hand, it is tempting
to figure out whether this property is peculiar to the thin film Muskat system or
extends to the generalization thereof

(1.1a) Of =div(fVi]af +bg]) in (0,00) x €2,
(1.1b) Org = div (gV [ef +dg]) in (0,00) x §2,

with (a, b, ¢, d) € (0,00)*, supplemented with homogeneous Neumann boundary
conditions

(1.1c) Vfi-n=Vg-n=0 on (0,00) x 02,
and non-negative initial conditions
(1.1d) (f,9)(0) = (f",g") in Q,

which is proposed in [BGHP85, Section 4] to describe the dispersal of two interacting
population species and is also a particular case of a model of interacting particles
derived in [GS14]. Obviously, the thin film Muskat system is a particular case
of (1.1a)-(1.1b), corresponding to the choice

(a,b,c,d)=(1+ R, R, uR, uR).
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It is worth mentioning at this point that the existence of global weak solutions to
several cross-diffusion systems relies on the availability of a Liapunov functional or
an entropy and we refer to [Jiinl6, Chapter 4] and the references therein for results
in that direction. In the most favourable cases, an a priori L,-bound can even be
retrieved from the structure of the entropy functional, see [BDFPS10] for instance.
In contrast, the cornerstone of our approach is the construction of countably infin-
itely many Liapunov functionals, leading to L.-bounds after performing a suitable
limiting process. Our contribution is somewhat closer in spirit to [JMO06], where
an algorithmic method for the construction of Liapunov functionals is developed.
Let us also mention [Mie23], where a system of two coupled degenerate parabolic
equations (without cross-diffusion) is studied which also features an infinite family of
Liapunov functionals. This family of functionals provides L,-estimates for all n > 1,
but no L..-bound as in [LM22] and herein.

Coming back to (1.1), the main result of this paper is to show that, for any
quadruple (a, b, ¢, d) satisfying
(1.2) (a, b, ¢, d) € (0,00)* and ad > be,
we can associate a countably infinite family of Liapunov functionals with (1.1) and
prove the global existence of bounded non-negative weak solutions to (1.1), whatever
the dimension N > 1. More precisely, given a quadruple (a, b, ¢, d) satisfying (1.2),

we define a sequence (®,,),, > 1 of functions as follows. Setting L(r) :==rlnr—r+1>0
for r > 0, we first define the function ®; by the relation

(1.3) Oy (X) = L(X)) + ZL(XQ) . X =(X1,X,) €1]0,00)°.

Next, for each integer n > 2, let ®,, be the homogeneous polynomial of degree n
defined by

(1.4) D, (X):=>a;, XX}, X =(X,X,) € R?,
j=0

with ag,, :=1 and

n\ 15 ak +c(n —k —1)
1.5 =" 0, 1
(1.5) “, (g),gbk+d(n—k—1)>

We then define, for n > 1, the functional
(1.6)  Enu) = /Q o(u@)dr,  u=(f.9) € Lumezays (AR .

We finally observe that (1.2) guarantees that

b(ad + be) b*(ad — be)(3ad + be)
-~ d =

2ad >0 an ©: da?d?
With this notation, the main result of this paper is the following:

N
.
N
3

>0.

(17) @1 =

THEOREM 1.1. — Assume (1.2) and let u'™ := (f™, g"™) € Lo+ (92, R?) be given.
Then, there is a bounded weak solution u = (f, g) to (1.1) such that:
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(i) for each T > 0,
(f’ g) < L°°’+ ((O’T> X Q’Rz) N Ly ((0>T)7H1 (Q,R2)>
(1.8) /
mm@(aLTxﬂlglRﬁ);
(ii) for all p € H'(Q) and t > 0,
(192) [ (f(t.2) = (@) olx) da

+ /Ot/ﬂf(s,x)V[af + bg)(s, z) - Veo(x) dzds = 0

and
(10b) [ (9(t.2) = g"(x)) pla) o

[ [ ots,2)Vle +dg)(s. ) - Vol dads = 0;

(iii) for allt > 0,

(1.10) & (u(t)) + clL /Ot/Q [|V(af +019))* + @2|Vg|2} (s,7) dods < & (u™),

where the positive constants ©1 and O, are defined in (1.7);
(iv) for alln > 2 and all t > 0,
(1.11) En(u(t)) < E(u™);
(v) fort >0,
dmax{a, b} ‘

b min{c, d} U

(1.12) 1F(#) + 9]0 <

o0

Let us first mention that Theorem 1.1 improves [LM22] in two directions: on
the one hand, it shows that the structural properties (1.10), (1.11), and (1.12),
uncovered there for the thin film Muskat system, are also available for the whole
class (1.1). On the other hand, it provides the existence of non-negative bounded
weak solutions to (1.1) in all space dimensions, a result which was only established
in one space dimension in [LM22]. Theorem 1.1 may also be viewed as a partial
extension of [GS14], where global weak solutions to (1.1) are constructed in space
dimensions N € {1, 2, 3} when the coefficients a, b, ¢, d are non-negative bounded
functions which satisfy a more restrictive condition than (1.2), namely the inequal-
ity 4ad — (b + ¢)® > X for some positive constant A\. Whether the analysis performed
below could be adapted to non-constant coefficients is yet unclear. Let us also men-
tion that global weak solutions to the thin film Muskat system are also constructed
in [AIJM18, BGB19, ELM11, LM13, LM17, ACCL19], but their boundedness is an
open question, to which an affirmative answer is only provided in [BGB19]. The
latter however requires some smallness condition on the initial data, in contrast to
Theorem 1.1. Finally, the local well-posedness of the thin film Muskat system in the
classical sense is investigated in [EMM12].
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We next outline the main steps of the proof of Theorem 1.1. As in [LM22], the
starting point is to notice that, introducing the mobility matrix

aX; bX
(1.13) M(X) = (mjk(X))KM<2 = <CX; dX;) , X =(X1,Xp) € R?,

and u := (f, g), an alternative formulation of the system (1.1a)-(1.1b) is
N
(1.14) u=">_ 0;(M(u)du) in (0,00) x Q.

Then, given ® € C%(R?,R), it readily follows from (1.14), the homogeneous Neumann
boundary conditions (1.1c), and the symmetry of the Hessian matrix D?*® that

(1.15) dt/ daH—Z/ D2 (u)Oiu, 8u> der =0,

where (-, -) stands for the scalar product on R?. As a straightforward consequence
of (1.15) we note that [, ®(u) dz is a Liapunov functional for (1.14) when the
matrix DQQJ( )M (u) is positive semidefinite. We shall then show in Appendix A that,
for all n > 2, it is possible to construct an homogeneous polynomial ®,, € R[X;, XQ]
of degree n Wthh is convex on [0,00)? and such that the matrix D*®,,(X)M(X) is
positive semidefinite for all X € [0,00)?. A closed form formula is actually available
for the polynomial ®,,, see (1.4) and (1.5).

We next construct weak solutions to (1.14) by a compactness method. It is here
of utmost importance to construct approximations which do not alter the inequali-
ties (1.15) for & = ®@,, and n > 1. As a first step, it is well-known that implicit time
discrete schemes are well-suited in that direction. Thus, given 7 > 0, we shall first
prove the existence of a sequence (u]);>o which satisfies uf, = u™ := (", g™) and,
for [ > 0,

(1.16) U — TZ@( Uz+18Ul+1):UlT in Q,

supplemented with homogeneous Neumann boundary conditions. Furthermore, the
sequence (u]);so has the property that, forn > 1 and [ > 0,

(117) & (uf,, +TZ / (D, (ufy) M (uf,) Ouf,r Oifyy ) da < Ealu])

so that the structural property (1.15) is indeed preserved by the time discrete scheme.
The existence of a solution to (1.16) is achieved by a compactness method relying on
an approximation of the matrix M () by bounded ones. This step is actually the more
delicate one, as we have to construct matrices approximating M (-) which do not
alter (1.17). To this end, a two-parameter approximation procedure is required and it
is detailed in Section 2.2. The existence of a weak solution to (1.16) satisfying (1.17) is
shown in Section 2.4, building upon preliminary and intermediate results established
in Section 2.1 and Section 2.3.

Remark 1.2. — A common feature of system (1.1) is that it has, at least formally,
a gradient flow structure for the functional & with respect to the 2-Wasserstein
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distance in the space Py(£2, R?) of probability measures with finite second moments,
as pointed out in [LM13, ACCL19] for the thin film Muskat system. In particular,
there is a natural variational structure associated with (1.1) which is suitable to
construct weak solutions. However, the connection between this variational structure
and the whole family (&, ), 9 of Liapunov functionals is yet unclear.

Notation 1.3. — For p € [1, 00|, we denote the L,-norm in L,(Q2) by | - ||, and set
Ly (QR?) = L,(Q) x L,(Q), H'(Q,R?) := H'(Q) x H'(Q).

The positive cone of a Banach lattice E is denoted by E.. The space of 2 x 2
real-valued matrices is denoted by My(R), while Sym,(R) is the subset of Ms(R)
consisting of symmetric matrices and SPDy(R) is the set of symmetric and positive
definite matrices in My(RR). The positive part of a real number r € R is given
by 7, := max{r,0} and, for X = (X, X3) € R?, we define the positive part of X
componentwise; that is, X, := (X, ., Xy ). Finally, (-, -) is the scalar product on R

2. A time discrete scheme

In order to construct bounded non-negative global weak solutions to the evolution
problem (1.1), we employ a compactness approach, paying special attention to pre-
serve as much as possible the structural properties (1.10), (1.11), and (1.12) in the
design of the approximation. It turns out that implicit time discrete schemes are
well-suited for that purpose and we thus establish in this section the existence of
solutions to the implicit time discrete scheme associated with (1.1), see (2.1a)-(2.1b).

PROPOSITION 2.1. — Given 7 > 0 and U = (F,G) € Ly (2, R?), there is a
solution

uw=(fg) e H (Q RQ) N Lo+ (Q R2)

to

(2.1a) /Q(fgo—l—TfV[af—i—bg}-V@) da::/Qng dr, € HY(Q),

(2.1b) /Q(gz/}+TgV[cf+dg]-V1/J) da::/QGw de, e H\(Q),

which also satisfies

(2.2) En(u) < E,(U) forn > 2
and
(2.3) 1 (u) + g/ﬂ IV (af +©19)) + 04| Vg| du < &(U),

recalling that, see (1.7),

b(ad + b b*(ad — b d+b
@1:(a7_}_0)>0 and @2: (a C)(Sa + C>

2ad 4a?d?

> 0.
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As already mentioned, several steps are involved in the proof of Proposition 2.1.
We begin with the existence of bounded weak solutions to an auxiliary elliptic
system which shares the same structure with (2.1), but has bounded coefficients
instead of linearly growing ones, see Section 2.1. As a next step, we introduce in
Section 2.2 the approximation to (2.1) which is derived from (2.1) by replacing the
matrix M (-) defined in (1.13) by a suitable invertible and bounded matrix M?(-)
with (g,p) € (0,1) x (1,00). We emphasize here once more that the matrix MF(-)
is designed in such a way that the inequalities (2.2) and (2.3) are not significantly
altered. Passing to the limit, first as p — oo, and then as ¢ — 0, is performed
in Section 2.3 and Section 2.4, respectively, this last step completing the proof of
Proposition 2.1.

Throughout this section, C' and (C}); > denote various positive constants depend-
ing only on N, ©, and (a, b, ¢, d). Dependence upon additional parameters will be
indicated explicitly.

2.1. An auxiliary elliptic system
Let A = (ajk)1<j k<2 and B = (bjx)1 be chosen such that A € SPDy(R)

1<j5,k<2
and B € BC(R?* M,(R)), with AB(X) € SPD, (R) for all X € R2. Moreover, we
assume that there is §; > 0 such that

(2.4) (AB(X)§,6) = alél,  (X,€) e R* x R”.
Since A € SPD,(R), there is also d > 0 such that
(25) <A£7§> P 62|§|2 ) 5 S ]R2 :

LEMMA 2.2. — Given 7 > 0 and U = (Uy,U;) € Ly(Q,R?), there exists a
solution u = (uy,uy) € Hl(Q R?) to the nonlinear equation

(2.6) / [uv —I—TZ u)ou, 821)] da:z/ﬂ(U,w dz, ve H (Q,RQ).

Additionally:
(i) If
b11(X) > b12(X) =0, X € (—00,0) xR,
(27) bao(X) = b9y (X) =0, X €R x (—00,0),

and if U(z) € [0,00)? for a.a. x € Q, then u(x) € [0,00)? for a.a. z € .
(ii) If there exists p > 0 such that

b11(X) = b1a(X) =0, X € (p,0) xR,
b22(X)>b21<X):O XGRX(p,OO),
and if max{U;,Us} < p a.e. in §2, then max{ui,us} < p a.e. in Q.

(2.8)

Proof. — The proof of Lemma 2.2 is rather classical and it is actually similar
to that of [LM22, Lemma B.1]. We nevertheless sketch it below for the sake of
completeness.
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Step 1. — To set up a fixed point scheme, we consider u € Ly(§2, R?) and define
a bilinear form b, on H'(Q,R?) by

ba(v, W) = /Q[um w +TZ (AB(u)dyw 8w>] dw

=1
for (v,w) € HY(,R?) x H'(2,R?). Owing to (2.4) and (2.5),
(2.9) bu(v,v) = ollvllF,  veH' (QR?),
where 0p := min{7dy, d}, while the boundedness of B guarantees that
bu(v,w)] < bulvllgwlar,  (v,w) € H' (2,R?) x H' (Q,R?) |
with
b, :=2 max {|ajl} (1 + 27 max {Hbijoo}) .

1<j,k<2 1<4,k<

We then infer from Lax—Milgram’s theorem that there is a unique V[u] € H'(, R?)
such that

(2.10) bu(V[u], w) = /Q (AUw) de,  we H'(Q,R?).

An immediate consequence of (2.9), (2.10) (with w = V[u]), and Holder’s inequality
is the following estimate:

SollVIulln < bu (V[ul, V]ul) < AU 2l[V]ulll2 < AU |2V ]u]ll: -

Hence

[AU]]
do

(2.11) Vil <

We next argue as in the proof of [LM22, Lemma B.1] to show that the map V is
continuous and compact from Lo(£2, R?) to itself, the proof relying on (2.11), the
compactness of the embedding of H'(Q,R?) in Ly(2,R?), and the continuity and
boundedness of B.

Consider now 0 € [0, 1] and a function u € Ly(2, R?) satisfying u = 0V[u]. Then
we have u € H'(Q, R?) and, in view of (2.11),

[ AU
do

Thanks to the above bound and the continuity and compactness properties of the
map V in Ly(Q2,R?), we are in a position to apply Leray—Schauder’s fixed point
theorem, see [GT01, Theorem 11.3] for instance, and conclude that the map V has
a fixed point u € Ly(£2,R?). Since V ranges in H'(Q,R?), the function u actually
belongs to H'(Q, R?) and satisfies

[ullz = Ol VIullls < [VIulllz < [V[u]l[ar <

by (u, w) = /Q(AU7 w) dz, w e H' (Q,R2) :
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Finally, given v € H'(Q,R?), the function w = A~'v also belongs to H' (2, R?) and
we infer from the above identity and the symmetry of A that

/Q<U, v) doe = /Q<AU7w> dz = by (u, w) = b, (U,A_lv)
:/Q l(u,v)+7i§:1(3(u)aiu,aiv>1 de .

We have thus constructed a weak solution v € H' (2, R?) to (2.6).

Step 2. — We now turn to the sign-preserving property (i) and assume U(x) €
[0,00)? for a.a. z € Q. Let u € H' (2, R?) be a weak solution to (2.6) and set ¢ := —u.
The function (o1 4,2 +) then belongs to H'(Q, R?) and it follows from (2.6) that

N 2
(212) /Q [@1(,01,+ —+ P22 + + TZ Z b]k(u)algok&(goj,Jr)] dz

i=1 j k=1
- _/Q (U114 + Uspz4) do <0.

We now infer from (2.7) that, for 1 <i < N,

b11 (1) D;010:01 4+ = bi1 (1)L (—oo0)(ur)|Grus|* = 0,
blz(u)ai§028¢801,+ = blZ(U)l(—oo,O) (Ul)az‘ulaiuz =0,
ba1 (1) 0;010;02 4+ = 521(14)1(700,0) (ug)Oiu10;u0 =0,
b2 (1) 0;020;02 + = baa(u)1(—oo ) (uz)|Oua|® = 0,

so that the second term on the left-hand side of (2.12) is non-negative. Conse-
quently, (2.12) gives

[ lie1s + lee ] @ <0,

which implies that ¢; . = @a 4 = 0 a.e. in Q. Hence, u(x) € [0,00)? for a.a. z € Q
as claimed.

Step 3. — It remains to prove (ii). We thus assume that max{U;, U} < p a.e. in
Q) and consider a weak solution v € H*(Q,R?) to (2.6). Asv = ((u1 — p)+, (ug — p)+)
belongs to H'(Q, R?), we deduce from (2.6) that

2 N 2
/Q L;(uj —Uj)(uj —p)y +7 ;j;l bik(w)Our0;(u; — p)+| dz=0.
On the one hand,
u; —U; 2 u; —p ae. in (2, j=12,
so that

(uj—U]-)(u]-—p)+2(uj—p)(uj—p)Jr:(uj—p)fr a.e.in ), j=12.
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—~

2.8) that, for 1

//\

1 <N,
|aiul|2 2 07

On the other hand, we infer from

bn(u)&»ula(ul P+ = bll(u ]-(p,oo) Uy

) ) (u1)
blg(u)&-uga ( p>+ = b12(u)]—(poo (u1)8 Ula Ug = O
bgl (u)@ula (UQ p)+ == bgl (u)l(p,oo (u2)6 Ula Uy = 0
bz (1) 0ju20;(ug — p)4 = baa(u)1, 00)(“2)|ai“2|2 = 0.
Therefore,
2
> [ (= p)de <0,
7j=1
from which we deduce that max{uy,us} < p a.e. in Q. O

2.2. A regularised system

We now introduce the two-parameter approximation of (2.1) on which the subse-
quent analysis relies. Specifically, given p > 1, we define

0, z <0,

z, 0<z< p 1,
a,(z) =

0, Z>p,

and observe that «, € BC(R) with
0 < a,(z) <min{p, 2, }, zeR.
Next, for € € (0,1) and X € R?, we set

M2(X) = (mf (X)) = el + \(X 1) M*(X),

&gk 1< k<2’
where
o _ p ._ ao‘p(Xl) bo‘p<X1) 2
(2.13) M(X)_(mjk(X))1<j7k<2._ (cap(X2) doxy ) X ER,
and

X € R?.

A(X) = 1+ exp[e(X) + Xo)]’

Note that (M?),~1 converges to M, defined in (1.13), locally uniformly in [0, 00)?

as p — 00, while (A\.).e 0,1y converges to 1 locally uniformly in R* as e — 0. In fact,
for R > 0,

(2.14) IA(X) — 1] < 2Re, X € [-R,R)*.
(

The outcome of this section is that, given 7 > 0, € € (0,1), o > 1, and a func-
tion U € Ly (9, R?), there is a weak solution v? € H'(Q,R?*) N Ly 4+ (2, R?) to

N
wf — > 0 (ML (o) = U in Q,
=1

which satisfies an appropriate weak version of (2.2), as stated below. The next lemma
is actually the building block of the proof of Proposition 2.1.
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LEMMA 2.3. — Given 7 > 0, U = (F,G) € Lo +(Q,R?), ¢ € (0,1), and a
real number p > max{l, ||F||, |G|}, there exists a weak solution uf = (uf,,uf,
in HY(Q,R?) N Lo+ (Q,R?) to

(2.15) /Q[ —I—TZ< D! 8v>1 dz

:/Q<U,v> dr, veH (R,

which additionally satisfies

(2.16) max { ||t [loo, 022l } < p,
(2.17) [u2lly < Col|U]l2,
Ch
(2.18) IVa?|ly < —=[|U]l -
2 \/—

Moreover, given n > 2, there exists a constant C'(n) such that

n—1

(2.19) Enlul) < TC)E || Vulll3 + E,(U).

Proof. — Let ¢ € (0,1) and p > max{l, ||F||c, |G|l }- To deduce the existence
result stated in Lemma 2.3 from the already established Lemma 2.2, we first re-
cast (2.15) in the form (2.6). First, owing to the definition of the function «,, the
matrix MP lies in BC(R?, My(R)) and satisfies

(2.20a) 0 < mf ;. (X) <e+2pmax{aq, b, ¢, d}, 1<j,k<2, XER?,
as well as
(2.20D) mE 11 (X) > mg,m(X) =0, X € (=00,0) xR,
. m522(X>>m§,21<X):O? XGRX(—O0,0).
and
(2.200) mf 11 (X) = ml5(X) =0, X € (p,o0) xR,
‘ mg,22(X)> EZI(X):()? XGRX(paOO)'

Next, according to [DGJ97], it is natural to use the Hessian matrix of the convex
function @ to symmetrize (2.15). We thus set

and observe that S is symmetric and positive definite by (1.2). In addition, for
all X € R?,
SMP(X) =eS+ A\(X1)SMP(X)
with
a’ca,(X1) + bfa,(Xa)  abea,(Xy) + beda,(Xs)
SMP(X) = € Sym,(R).
abca,(X1) + beda,(Xo)  bPea,(Xy) 4 bd%a,(Xs)
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Since tr(SM?(X)) > 0 and
det (SM*(X)) = det(S) det (M*(X)) = be(ad — be)*a,(X1)a,(Xz) =0

by (1.2), the matrix SM?(X) is positive semidefinite, so that the matrix SMF(X)
belongs to SPDy(R) for all X € R? with

det( )
tr(S)

(ad be)
c+bd

(2.20d) (SMZ(X)E,€) > e(5¢,6) > ¢ €J* = €7, EeR’.

According to the properties (2.20), we are now in a position to apply Lemma 2.2
(with A = S and B = M?) and deduce that there is u? € H' (2, R?) N Lo (2, R?)
which solves (2.15) and satisfies (2.16). Moreover, it follows from the integral iden-
tity (2.15) (with v = Su? € H*(Q,R?)), (2.20d), and the positive definiteness of S,

be(ad — be)

+M!W £ eR?,

(S€,6) >

that

N
WWM@M}L@M@MMZAV@ﬂ@+r£@%@@%@@%%cm
=1
N
:/ [Sup uf) +TZ<SME”(u§) &uﬁ,&-ugﬂ dz
Q

€r e
i=1

< be(ad — be)

2 2
sl (74 PR WA

Owing to (1.2), we conclude that the estimates (2.17) and (2.18) are satisfied.

It remains to establish the estimate (2.19). Let therefore n > 2. Since u? belongs
to H'(2,R?) N Lo (2, R?), the vector field D®,,(u?) lies in H'(2, R?) and we infer
from (2.15) (with v = D®,(u?)) that

2.21 — U, Do, ( (ul)oyul, 0; DP,, dr=0.
On the one hand, the convexity of ®,, implies that

. p— L P n ) — n = Cn ) — n .
(2.22) /g<u€ U, D%, (u?)) du /g[@ (W) — ®,(U)] da = En(uf) — E,(U)
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On the other hand, using the symmetry and the positive semidefiniteness of the
matrix D?®,,(u’), see Lemma A.2, we have

TZ/ M” ul)oul, 0;DP,, (u )> dx
= 7-2/ P(uP)oul, D*® (u?)@iu§> dz
N
-y / (D?®,(uf) ME(ul) Ol 02 da
(2.23) T ;
_ Tg; /Q (D*®,,(u)out, ) da

N
—l—TZ/Q)\E(ug) <D2<bn(u§)M’)(u§)@-u§,8iu§> dz
i=1

N
>3 /Q A (u?) (D, (uf) MP () D, Dt dl.

Since S, (u?) := D*®,,(u?) M (uf) is positive semidefinite by Lemma A.3, we further
have

N
T;/QAg(ué’) (D*®,(ul) M (uf)Oruf, Drul) da

N
=7y /Q Ao(uf) (D*®, (ul) M (uf)Duf, 0t} da

(2.24) N
+ TZ/ Ac(u?) <D2(I>n(u§) [Mp(u’a’) — M(u?)}@iug, 8Z~u§> dz
— Jo
N
> TZ/ Ac(uf) <D2CI>n(u§)[Mp(u€p) — M(u?)}@-u?,@iuﬁ dz
= Ja
Taking now advantage of the fact that 0 < < pae. in Q for 7 =1, 2 by (2.16),

we further have

TZ:/QAa(uﬁ) <D2<I>n(UQ)[Mﬂ(u§) - M(ug)]aiug,aiug dz

p p
(UE,j) - U
P\ p

’O‘p (“z)

L i<p} 1+exp(5u )

2
< 2rmax{a, b, ¢, d} HDQCI)”HLOO((O,;:)Q) .zjl/ﬂke(ug)
=

< 8rmax{a, b, ¢, d}k,p"" QZ/{ IVul|?
p—1<ug
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where k,, € R is a positive constant such that
D2, (X)| <k (X772 4+ X572) forall X € [0,00).

Owing to the definition of «,, we further obtain

(2.25)

" ; /Q AE(ug) <D2(I)n(u§) [Mp(ué)) - M(Ué’)}&-uﬁ, 8¢U§> dx

< 8rmax{a, b, ¢, d}k,p"" 22/{ |Vup|2 dz
p—1<ug

’ <p}1+ea<p1

< 16eTmax{a, b, ¢, d}r,p" te ™" | Vu?|> .
The desired estimate (2.19) is now a straightforward consequence of (2.21)-(2.25). O

2.3. A regularised system: p — oo
We next study the cluster points of the family {u? : p > max{1, | F||c, ||G|lcc}}
provided in Lemma 2.3, as p — oo, the parameter € € (0, 1) being held fixed.

LEMMA 2.4. — Given 7 > 0, U = (F,G) € Lo +(Q,R?), and € € (0,1), there
exist a sequence (p;);>1 and a function ue = (ue1,uz9) € H' (2, R?*) N Lo (2, R?)
such that p; — oo and

(2.26) u?t — u, in L, (Q, R2> for all p € [1,00) and pointwise a.e. in €2,
(227)  Vuf' = Vu, in Ly (2 R?).

Moreover, u. solves the equation

(2.28) /[u +TZ< uaﬁug,(‘?v}

/ dz, veHl(Q,RQ),
where
Me(X) = (mejn(X))) <5 pcn = €la + Ac(X4) M (X),
with M(X) defined in (1.13), and, for each n > 2, we have

(2.29) E(u) < EU).
Furthermore,
(2.30) min {1, ;} ttet + e 200 < max { } IF + Gl

Proof. — Recalling (2.17)-(2.18), we deduce that (u?), is bounded in H'(Q, R?).
Moreover, since

(2.31) < e, z€[0,00), n=1,
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the estimates (2.18) and (2.19), along with Lemma A.4, ensure that (u?), is bounded
in L,(Q,R?) for any integer n > 2 (with an e-dependent bound). We may then
use a Cantor diagonal process, together with Rellich-Kondrachov’ theorem and
an interpolation argument, to deduce the convergences (2.26) and (2.27) along a
sequence p; — 00, as well as the componentwise non-negativity of ..

Since ®,, is convex on [0,00)? for all n > 2, see Lemma A.2, it follows from the
relations (2.18), (2.19), (2.26), and (2.31) that (2.29) holds true. Using once more
Lemma A.4, we infer from (2.29) that

d
l|cte + ducpl|,, < —||aF + 0G|

for all n > 2. Passing to the limit n — oo in the above inequality, we deduce that
the functlon u. € Loo(€, R?) satisfies (2.30).
Let us now consider v € H' (2, R?). Since (2.26) and (2.27) imply that

lim [ (u?,v) dx:/ (ue,v) dz  and lim / (Oyult, Oyv) dx:/ (Oue, Oy dx
=00 JO Q Q
for 1 <4 < N, the identity (2.28) is satisfied provided that
(2.32) hm / Ae(uf) M”l (ul)oult, 81} dx:/ Ae(ug) (M (u.)Ozue, Ov) dx
for each 1 < i < N. To prove (2.32), we observe that, for 1 <7< N and j € {1, 2},
(2.33) /)\a(ugl)<M”l(u§l)8iu§’,0Z-v> dz = / /\g(ué’l)<Mpl(u§l)t6iv,6iu§l> dz

Q Q
with

uf'y + ully

1+exp {5 (ugfl + ug’g)}
< 2max{a,b,c,d} 00

3

<(uf) Zm (uf)Oyvg| < 2max{a,b,c,d}

|05

a.e. in ),

by the definition of A; and (2.31) (with n = 1), and

2
hm Ac(ufh) Zm’” ()0 = Ae(ue) > myj(u-)divp  ace. in Q,
k=1 k=1
by (2.13), the pointwise almost everywhere convergence in 2 established in (2.26),

and the properties of a,,. Lebesgue’s dominated convergence theorem then guarantees
that

=0.
2
Combining the above convergence with (2.27) allows us to pass to the limit [ — oo
n (2.33) and find

2
(u? Z m L(uf) v — e (ue) Z My (ue ) Ov

k=1

lim
| — o0

lim / A (ult) (MPH(ulh)Opult, Ov) dw:/ Ae(ue) <M(u5)t8iv,8iug> dx
Q

l— o0

:/Q)\E(us) (M (ue)Oiue, Opv) da

TOME 6 (2023)



862 Ph. LAURENCOT & B.-V. MATIOC

for 1 < i < N, which proves (2.32). We have thus shown that u. solves (2.28) and
thereby completed the proof of Lemma 2.4. O

We next show that the entropy functional &; evaluated at the function u. iden-
tified in Lemma 2.4 is dominated by & (U) and that the associated dissipation
term & (U) — & (u.) provides a control on the gradient of u. which is essential when
considering the limit ¢ — 0.

LEMMA 2.5. — Let 7 > 0, U = (F,G) € Lo +(Q,R?), and ¢ € (0,1). The

function
Ue = (ua,la ua,2) € H1 <Q>R2> N Loo,—i— (Q7R2)
identified in Lemma 2.4 satisfies
T
&) + = [ (o) [[V(auen + Oruea)” + 02 Vol | do < E(U).

Proof. — Let n € (0,1). Then (In (uc1 +n), (b*/ad)In (u.2 + 1)) € H' (2, R?) and

we infer from (2.28) that
2

(2.34) 0= /Q {(ue,l —Up)In(ue1 +1n) + sd(ue’Q —Us) In (ue o + 77)} dz + D(n),

where

N

D = / € )Oucy +m. 2)0su.
(n):=71 QZZ_;(m 11(ue)Oiue 1 + me12(ue) u72)ua’1+n

@'Ua,l

dx

v

N
ad /QZ (m6,21(ue)aiue,1 + m5,22<us)aius,2)
i=1

8@‘“572
u6,2 + n

+ dx .

Since L(r) = rlnr —r + 1 is convex on [0,00) with L'(r) = Inr, the first term on
the right-hand side of (2.34) can be estimated as follows:

2

b
/Q [(%,1 - U1) In (Us,l + 77) + @(Ue,z - U2) In (’%,2 + 77)] dx

2

Z= /Q [(L(Ua,l +n)— LU, + 77)) + sd(L(an +n) — L(Uy + 77))] dax

= El(uey +n,uep +1)) = E((Ur 41, Uz +1)) -
Using the continuity of ®; and the boundedness of u., see (2.30), we deduce that

2

b
(2.35) liminf [(ug,l —Up)In(ueq + 1) + —(uep — Us) In (uec o + 77)] dx

n—0 Jo ad

2 Sl(us) — gl(U) .
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Next, recalling the definition of the matrix M., see Lemma 2.4, we have

2w 2
D(n) = 7'6/ 7\Vu Al + 77]Vu 2l dx
Q\u.1+n adu.s+n

+ T/QAE(uE) < Yol 4 + 1) Vuey - V(aue 1 + bue2) do

us,l + n

T ) (<2 11 1) Vs V(s + duc) d
e\ Ue - Ue 2 * CUg Ue €T
ad Jo Uep + 1) 2 5 2

2 2 2
:7'6/ <|Vu871| +bi|Vu572| > dx
Q\Us,1+1n  aducs+n
+ g /Q /\s(us) [|v(aue,1 + @1u5,2)|2 + @2|vus,2|2} dZE
= Ji(n) = Ja2(n),

where
Ae(Ug
D) =7 Q 25,1(4- 7)7Vu571 - V(aue 1 + buep) dz,
0% [ Ao (ue)
= €2 " € duc) dx .
Sa() = | e +77vu 2 V(e + ducp) da

Since u. € H'(Q,R?) satisfies Vu.; = 0 a.e. on the level set {x € @ : u.; = 0}
for j € {1,2}, we have

A
lim 2 €(u€>VuE7j =0 a.e. in ),
n—0 Ug j -+ n
Ae (Ue :
A )Vug,j < |V a.e. in Q.
Uej 1]

Lebesgue’s dominated convergence theorem ensures now that
r}l—>mo (J1(n) + J2(n)) = 0.
This shows that
(2.36)  liminfD(y) > _ / M) [ |V (@t + Orusz) 2 + 0|Vl | da.
n—0 a JQ

Passing to the limit 7 — 0 in (2.34), we get the desired estimate in view of (2.35)
and (2.36). O

2.4. A regularised system: ¢ — 0

We complete this section with the proof of Proposition 2.1.

Proof of Proposition 2.1. — Consider 7 > 0 and U = (F,G) € L (Q,R?).
Given € € (0,1), let

e = (e, uen) € H' (Q,R2) N Lo+ (Q,RQ)
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denote the weak solution to (2.28) provided by Lemma 2.4. According to (2.30),

dmax{a, b}

2. 5 o)) € min{c, d}
(2.37)  max{||uec1||co, || Ue2] b min{c, d}

0o} < Jteq + Ueol|oo < Ro = [ F+ Gloo -

Hence,
2

Aa(ua) 2 1 +@RO s

a lower bound which, together with Lemma 2.5 and the non-negativity of £, ensures
that

(2.38) (Vte)ze 01) is bounded in Ly (2, R*Y).

We now infer from (2.37), (2.38), Rellich-Kondrachov’ theorem, an interpolation
argument, and a Cantor diagonal process that there exist a function

u=(fg) € H" (2R?) N Ly (2,R?)
and a sequence (g;);>1, with ¢, — 0, such that

(2.39) U, > u in L, (Q,RQ) for all p € [1,00),

(2.40) Uy — U in Lo (Q,R2> :

l
(2.41) Vi, = Vu  in Ly (Q,R?) .

An immediate consequence of (2.29) and (2.39) is the estimate (2.2). As /A, (us,) —1
in Loo(§2) by (2.14) and (2.37), we conclude together with (2.41) that

e, (usl)V(ausl,l + @1’1115[72) — V(am + @1u2) in Lo (Q, RN) ,

VO (1) Vit 2 = /02 Vg in L (2,RY) .

Moreover, the L.,-bound (2.37) and the convergence (2.39) imply that
lilm inf & (ue,) = &1 (u),
— 00
and the estimate (2.3) is now obtained by passing to lim inf in the inequality reported

in Lemma 2.5 (with ¢ replaced by ¢).
Finally, (2.39), along with (2.37) and the convergence property

i [ j4(X) — mis(X)| = 0.

which is uniform with respect to X € [0, Rg)> and 1 < j,k < 2, enables us to use
Lebesgue’s dominated convergence theorem to show that, for v = (p,v) € HY(Q, R?),

lim HMEZ(Usl)t@‘U — M (u) 0

[ — o

]zzo, 1<i<N.

Together with (2.39) and (2.41), the above convergence allows us to let &, — 0
in (2.28) and conclude that u = (f, g) satisfies (2.1). This completes the proof of
Proposition 2.1. 0]
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3. Existence of bounded weak solutions

This section is devoted to the proof of Theorem 1.1, which relies on rather classical
arguments, besides the estimates derived in Proposition 2.1, and proceeds along the
lines of the proof of [LM22, Theorem 1.2]. As a first step, we use Proposition 2.1 to
construct a family of piecewise constant functions (u”), ¢ (o,1) starting from the initial
condition (™, g"™) € Lo +(Q, R?). More precisely, for 7 € (0, 1), we set u”(0) := u]
and

(3.1) u(t) =, te((l—1)r1,li7], l e N\ {0},

where the sequence (u]);> is defined as follows:
uz)' — uin = (fzn7gzn) c Loo,+ (Q,RQ) ’

(32)  wfyy = (fl1,001) € H' (Q,R?) N Loe i (2,R?) is the solution to (2.1)
with U = u] = (f], g;) constructed in Proposition 2.1 for { > 0.

In order to establish Theorem 1.1, we show that the family (u7), ¢ o,1) defined in (3.2)
converges along a subsequence 7; — 0 towards a pair v = (f, g) which fulfills all the
requirements of Theorem 1.1.

Below, C' and (C}); > ¢ denote various positive constants depending only on (a, b, ¢, d)
and u™. Dependence upon additional parameters will be indicated explicitly.

Proof of Theorem 1.1. — Let 7 € (0,1) and let ™ be defined in (3.1)-(3.2).
Given [ > 0, we infer from Proposition 2.1 that

(3.3a) /Q (ffﬂap +7fV {aflll + bngH} . Vgo) dz

:/QflTQDd.Z', (pEHl(Q),

(330) [ (6710 + 70V [effis + o] - Vo) da

= [ de, veH'(®).
Moreover,
(3.4) En(ujy) < En(uy) for n > 2,
and we also have
35 &)+ [ [ (off + g ) + 0|V,
It readily follows from (3.1), (3.2), (3.4), and (3.5) that, for ¢ > 0,
(3.6) E.(u (1) < &™), n>=2,

and

(3.7) awu»+iK%mef+9wm%uhw¢ﬂdmm<a@m.

‘2 de < & (u]).
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An immediate consequence of (3.6) and Lemma A.4 is the estimate

dmax{a, b} | ,; ,
T t Tt < R St A m m , 22’ t .
1F7(@) + g7 @), bmin{c,d}‘f +g™|| . on >0
Letting n — oo in the above inequality gives
dmax{a, b} | ,. ,
3.8 T(t T(t <Cyi=-————f"4+g¢"| , t>0.
B3 IO+ O < G G g

Also, taking advantage of the non-negativity of &, we deduce from (3.7) that

t 2+2(0,+ 62 -
69 [ 195G+ 195 6E] a5 < 0 = TE2EE O g

for t > 0.
Next, for [ > 1 and t € ((I — 1)7,7], we deduce from (3.3a), (3.8), and Holder’s
inequality that, for ¢ € H'(Q),

(+D)T

[(rern-rm)e ) -

\Y [afﬁrl + bglﬁrl} -V dxds

(+1)T
<[V [af7() + b (51 IVl ds
<OlVels [ IV fas7(s) + by ()l ds.

A duality argument then gives

(I+)T
57+ 7) = Ol <Ca [ IV a7 + a7 () ds

fort € (I — 1)7,lt] and [ > 1. Now, for [y > 2 and T € ((lp — 1)7,lo7], the above
inequality, along with Holder’s inequality, entails that

T—1 . - 9 (lo—1)T - 7‘ 9
[T = Oy ar< [T )~ Oy o
lo—1

—Z/ 17+ 7) = FT 0y

lp—1

<Gy ( L7 19l + b)), ds)2

Z/ IV e (s) +bg™(s)]]15 ds

2,2 lo7 2
<37 [T IV af () + by (s)]1} ds.
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We then use (3.9) (with ¢ = [y7) and Young’s inequality to obtain

T—1 - - 9
(310) [ I+ T) = Oy dt
I L N 2 RNE:
<57 [T (20 [V (5)3+ 207 Vg (5)3) ds
<C4T2a

with Cy := 2(a?® + b?)?C3Cs. Similarly,

T—1
(3.11) L g+ ) = g @y dt < G5,

with 05 = 2(C2 -+ d2)02203

According to Rellich-Kondrachov’ theorem, H'(2,R?) is compactly embedded
in Ly(Q, R?), while Ly(£2,R?) is continuously and compactly embedded in H'(Q, R?)".
Gathering (3.8)-(3.11), we infer from [DJ12, Theorem 1] that, for any 7' > 0,

(3.12) (u")re 0y is relatively compact in Lo ((O, T) x Q,RQ) :

Owing to (3.8), (3.9), and (3.12), we may use a Cantor diagonal argument to find a
function

u=(f,9) € Lo+ ((O, 00) X Q,R2)
and a sequence (7Ty,)m>1, Tm — 0, such that, for any 7" > 0 and p € [1, 00),
u™ —u in L, ((O,T) X Q,R2> ,
(3.13) W S uin Lo ((o,T) X Q,R2) ,
u =i Ly ((0,7), H' (2,R?)) .
In addition, the compact embedding of Ly(2,R?) in H'(Q,R?), along with (3.6)

for n = 2, (3.10), and (3.11), allows us to apply once more [DJ12, Theorem 1] to
conclude that

(3.14) weC ([0, ), H' (Q,R2)'> .
Let us now identify the equations solved by the components f and ¢ of u. To this

end, let x € WL (]0,00)) be a compactly supported function and ¢ € C*(Q). In view
of (3.3a), classical computations give

/OOO/QX(t—F:)_—X(t)f() dxdt+<1/TX(t) )/fmgodx

_/ / Y af7(t) + bg™(t)] - Vi dadt .
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Taking 7 = 7,,, in the above identity, it readily follows from (3.13) and the regularity
of x and ¢ that we may pass to the limit as m — oo and conclude that

319 [7 [, GO0 dedt X0 )/f%) () da
= [ [ xOFt.)V af +bg] (1) - Viol) .

Since fVf and fVg belong to Ly((0,7) x ) for all T > 0 by (3.13), a density
argument ensures that the identity (3.15) is valid for any ¢ € H'(Q). We next use
the time continuity (3.14) of f and a classical approximation argument to show
that f solves (1.9a). A similar argument allows us to derive (1.9b) from (3.3b).
Finally, combining (3.13), (3.14), and a weak lower semicontinuity argument, we
may let m — oo in (3.6), (3.7), and (3.8) with 7 = 7, to show that u = (f,g)
satisfies (1.10), (1.11), and (1.12), thereby completing the proof of Theorem 1.1. [

Appendix A. The polynomials ¢,, n > 2

Let n > 2. According to the discussion in the introduction, we look for an homo-
geneous polynomial ®,, of degree n such that:

(P1) @, is convex on [0, 00)?;
(P2) the matrix S, (X) := D*®,,(X)M(X) is symmetric and positive semidefinite
for X € [0, 00)2.

We recall that the mobility matrix M (X) is given by

(le bX1
M(X):(mjk(X)hgj,kgz:: (CX2 ng) X e R?,
see (1.13). Specifically, we set
(A1) D, (X):=>a;, XX}, X =(X1,X,) € R?,

i=0

with a;,, 0 < j < n, to be determined in order for properties (P1)-(P2) to be
satisfied. We recall that the parameters (a, b, ¢, d) are assumed to satisfy (1.2).

LEMMA A.1. — Set ag, := 1 and

g (n—k)ak+e(n—k—-1)] —ak+c(n—k—1)
(4.2) aj’"'_,g(k+1)[bk+d(n—k—1) _<>1;[bk:+d —k—1)

for1 < j <n.Thenaj, >0for0<j<nandS,(X)=D*®,(X)M(X) € Sym,(R)
for X € R2

ANNALES HENRI LEBESGUE



Bounded weak solutions to a class of degenerate cross-diffusion systems 869

Proof. — Given X € R?, we compute

n—2

Z 5+ DX XT7T =37+ D+ 2)aj2. X X572
Jj=1 j=0
n—1 n—2

010,@,(X) = D j(n = fagnX] X3 7T = 3G+ (0= j = Dagan X{ X577,
j=1 7=0

n—2
0D, (X) =D (n—j)(n—j—1a;n X{ X577
=0

It then follows that
[Sn(X>]11 = aXlafCI)n(X) + CXgalagq)n(X)

n—2

=ay j(j+DajmaX{Xs 7 +e > (i + D(n—j — Daj X{ X577,
— s
[Sn(X)]12 = bX182 ( ) "’ ngalag ( )
n—1
=b> j (G + Dajn X{ X377 1+dz G+1D(n—7—1Daj.X{ Xy 7"
Jj=1 7=0
n—2
=bn(n — Dag X7+ Y (G + Db +d(n— 5 — a1, X{ X5 7!
7j=1
+ d(n — 1)CllynX£lil,
[SH(X)]leaXl(?lag (X)+CX282 ( )
n—1
=a) jn— Faj X1 X5~ 1+cz (n—j)(n—7j—1)a;Xix57!
Jj=1 j=0
n—2
=a(n — Va1, X+ 3 (n—f)aj + c(n — j — D]aj X{ X377
7j=1
+en(n — 1)ag, Xy,
n—1 n—2
=b> 4( n— j)ajnX{ Xy 7" 1+dz (n—3)(n—3j—1ajX{X5 77"
j=1 7=0

Hence, S, (X) is symmetric provided that
G+ Dbj+dn—j=Dlajn=(n—75laj+cn—j—Dlajn 0<j<n—1,
or, equivalently,

(n—laj+cln—j =]

(G +Dbj +d(n—j -] 7
Since ag ,, = 1, the closed form formula (A.2) readily follows from (A.3) and we deduce
from (A.2) and the positivity of (a, b, ¢, d) that a;,, > 0 for all 0 < j < n. O

(A.3) Aj+1n =

0<s<n—1.
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We next show that D?*®,,(X) is positive definite for X € [0,00)% \ {(0,0)}. This
property implies in particular that D?®,(X) is positive semidefinite for X € [0, 0o)?.

LEMMA A.2. — Let ®,, be the polynomial defined by (A.1) and (A.2). Then we
have D*®,,(X) € SPDy(R) for X € [0,00)?\ {(0,0)}.

Proof. — Given X € [0,00)?, the positivity of the coefficients a;,, 0 < j < n,
of ®,, ensures that

tr(D?*®,(X)) := 070, (X) + 950,(X) =0, X €]0,00)%.

It remains to show that the determinant det(D?®,,(X)) is also non-negative. To this

end we compute

det(D2D,(X)) = 02®,(X)02D,(X) — 010, (X))?

(A4) n—2n—2 . "
=> Y G+)(n—k- 1) A, X{ T X2,
Jj=0 k=0
where
Ajp = (7 +2)(n = k)ajrznarn = (0= = 1)(k+1)aj1100010 0<j,k<n—2.

Using (A.3), we express a;4o, and agi1, in terms of a;41, and ay ., respectively, to
arrive at the following formula

(A5) A
aj+1)+cn—j—2) ak+cn—k-1)|
b(j+1)+dn—j—2) bk+dn—Fk—1)] THnten
= (ad — be)(n — k)(n —j — 1)
G+Dm—k-1)—kn-j-2)
(i + 1) +d(n—j—2)][bk+d(n—k—1)] 7T
n—Dn-km-—j-D[+1-k

= (ad — bc)( Aj41,n0kn ,
ajJrl,nak,n

=n—=Fkm-j-1)

where oy, denotes the positive number
Qgp =bk+dn—k—-1), 0<k<n-1.
In particular,
(A.6) Ap1 1 = —Ajg, 0<j<n—-3,1<k<n—-2.
It then follows from (A.4) that

n—2n—2 ‘ ‘
2det(D*®, (X)) = 3. S (5 + 1)(n — k — 1) Ay X{TF X7+
7=0 k=0

n—1 n—3

+ Z Z l(n — 7 — 2)Al_17i+1X%+lX22n_i_l_4
=1 1i=-1

n—2n—2

=22 G+ —k- 1) A, XXk

7=0 k=0
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n—3 . .
+ 303G+ D — 1) A x] X5

=0

n—3n—2 k2 k4
+ Z Z k(n—j— Q)Ak—l,j+1Xf+ X"

=0 k=1

n—1
+ Z k(n — 1)Ak71,0X{€71X22n7k73

k=1

n—3 . 1 .
+3 (n—=1)(n—7—2)An o X{T"" X370

=0
According to (1.2) and (A.5),
n—1n-1=01+1)

Ao = (ad — be)™

>0, 0<I<n—2,
Qo n+1n
—n—=0n-1-1
An—z,JZ(ad—bC)(n Jin=U)n >>O, 0<li<n—2.
Ap—1.n0n

In particular, all the terms in the above identity involving a single sum are non-
negative. Therefore, using the symmetry property (A.6) and retaining in the last
two sums only the terms corresponding to £ = 1 and 7 = n — 3, respectively, we get

2 det (DZCDH(X)) > nz—:%z—:? [(G+1)(n—k—1)—k(n—j—2)] A X{TFX5m77+

7=0 k=1
+ (n - 1)An,27n,2X12n74 + (n - 1)A0’0X22n74

=S S (n—1)(G+1— k) A X xR

+(n — 1)An_27n_2X12n74 + (n - 1)A0’0X22n74.
Observing that
(n—12n—k)(n—j—1)(+1-k)

10Ok n

(n—=1)(j+1-k)A;) = (ad—bc)

Aj4+1,n0kn 2 0

for 0 < 7,k < n — 2, we conclude that

(A7) 2det (D*®,(X)) > (n = 1) Ap a2 X777+ (0 — 1) Ao X7
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for X € [0,00)2. Since Agg > 0 and A, o, 2 > 0, we have thus established that
the symmetric matrix D?®,,(X) has non-negative trace and positive determinant, so
that it is positive definite for each X € [0,00)%\ {(0,0)}. O

We next turn to the positive definiteness of S,, = D?*®, M.
LEMMA A.3. — Let ®,, be defined by (A.1) and (A.2). Then
S, (X) = D2, (X)M(X) € SPDy(R) for X € (0,00)2.

Proof. — Let X € (0,00)%. On the one hand, by (1.2), (A.7), and the positivity
of Ao,o and An—?,n—27

2det(S,(X)) = 2(ad — be) X, X det (D*®,, (X))
> (ad = be) X1 Xa(n — 1) |:An—2,n—2X12n_4 + Ao X3t > 0.

On the other hand, the positivity of a;, for 0 < j < n and (1.2) imply that
tr(Sn (X)) = [Sn(X)]11 + [Sn<X)]22 > 0.

Consequently, S,,(X) has positive trace and positive determinant, and is thus positive
definite as claimed. O

We end up this section with useful upper and lower bounds for ®,,.
LEMMA A.4. — Let ®,, be defined by (A.1) and (A.2). Then

(X AG] g, (x) < LTI

Proof. — Since the function

(A.8) X €[0,00)2.

(a—c)z+c
(b—d)z+d’

is increasing and positive, we deduce from (A.2) that, for 1

) < (r- ()
o (O () Cor () 0

The upper and lower bounds in (A.8) are direct consequences of the above inequalities.
O

X(2) = e [0,1],

and
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