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942 P. MONMARCHE

RESUME. — On s’intéresse & des processus de diffusion elliptiques sur R?. Sous I’hypothése
que le terme de dérive contracte les distances en-dehors d’un compact, on montre que, pour un
coefficient de diffusion suffisamment grand, le semi-groupe de Markov associé au processus est
une contraction de la distance de Wasserstein Ws, ce qui implique une inégalité de Poincaré
pour sa mesure invariante. Le résultat ne nécessite ni la réversibilité du processus, ni une
expression explicite pour la mesure invariante, et les estimées ont une dépendance correcte
en la dimension. Quelques variations du méme argument sont également développées pour
étudier, en premier lieu, la stabilité de la mesure invariante par rapport a sa dérive et, en
second lieu, des systémes de particules en interaction, fournissant un critére pour une inégalité
de Poincaré indépendante de la dimension et une convergence en temps long quantitative pour
des processus non-linéaires de type McKean—Vlasov.

1. Overview

Consider (X;);>¢ a diffusion process on R? solution to

where b € C*(RY), T > 0 is a constant and (B;);>¢ is a standard Brownian motion.
Denote by P, the associated semi-group, namely P, f(z) = E,(f(X;)) for all suitable
f on R?. Let

(1.2) k(x) :== —sup { (z=y) - (bla) - b(y))7 y € R y # x} .

|z —y|?
We are interested in cases where the following holds:

ASSUMPTION 1.1. — There exist K, R > 0 and ¢ > 0 such that
(1.3)  k(z)>-K VzeR? and  k(z)>c¢ VaocR?with|z|>R.

Under this condition, it is standard to check that the process is non-explosive,
admits a unique invariant measure p with a positive Lebesgue density and that
the law of the process converges to pu as t — oo, using e.g. Lyapunov/Doeblin
conditions [BCG08, HM11, MT09]. The first main problem considered in this work
is to prove that p satisfies a Poincaré inequality, namely that there exists a constant
Cp > 0 such that, for all f € CY(R?), writing puf = [pa fdp,

2
If = :U’fHLZ(m < CPHVJC”%?(M :

This inequality is related to concentration inequalities for p and to the long-time
convergence in L?*(u) of the law of the process toward u (see e.g. [BGL14, CGOS]
and below). More precisely, for u € P(R?) we write

Co() = (f{IVf|22 . f € C'RY, NIf = ufllzgn = 13)

the optimal constant in the inequality.

When b = —VU for some U € C*(R?), Assumption 1.1 is equivalent to say that U
is convex outside a compact set, and then a Poincaré inequality is known to hold. In
fact, in this case, p has an explicit density, proportional to exp(—U/T), and moreover
the process is reversible, namely its generator

(1.4) L=TA+b-V
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Wiasserstein contraction and Poincaré inequalities for elliptic diffusions 943

is self-adjoint in L?(u). The Poincaré constant is then exactly the spectral gap of L
(in non-reversible cases, the spectral gap may be larger). Many tools are available
to establish Poincaré inequalities for reversible diffusions. In particular, under As-
sumption 1.1, a Poincaré inequality can be obtained by combining the Bakry—Emery
curvature criterion and the Holley—Stroock perturbation argument (see e.g. [BGL14,
Propositions 4.2.7 and Proposition 4.8.1] or Section 3.3 below) or a local inequal-
ity /Lyapunov condition as in [BCG08, CG14a], see also [BCG08, BGL14, CFG20]
and references within concerning the reversible case.

Notice that different drifts b can give the same invariant measure, for instance
if b = —(Iy+ J)VU where J is any skew-symmetric matrix then exp(—U/T) is
invariant for the process. Assumption 1.1 depends on b, but the Poincaré inequality
depends only on p.

Now, if b is not a gradient and if y is not explicit, much less is known. If k(z) > ¢ > 0
for all z € R? then the BakryEmery arguments still works [CG14b, Mon23a)]. If
k(x) = ¢ > 0 only for |z| large enough, a Poincaré inequality should be expected,
but to the best of our knowledge it cannot be established by existing methods.

This issue leads to the second main question of this work, which is to prove that
P, is a contraction of the W, Wasserstein distance for ¢ large enough. Indeed, from
classical arguments (see Section 3.1), this implies a Poincaré inequality for p. Recall
that, for o € [1,00), the W, Wasserstein distance between v,/ € P(R?) (the set of
probability measures on R?) is defined by

1/a
1= gt (f -t
Walv,v) = _inf ([, 12— yl*n(dz,dy)
where II(v, /) is the set of probability measures on R? x R? with marginals v and
v'. Writing v P; the law at time ¢ of a process solving (1.1) with an initial condition
X distributed according to v (so that (vFP;)f = v(P.f) for all bounded measurable
f), we want to find M, A\ > 0 such that

(1.5) V>0, Vv, € PRY,  Wa(P,VP) < Me MW, (v,V),

in particular for @ = 2. Such a contraction of W, implies a contraction of Wj for
f < a, see e.g. [Mon23a]. Under Assumption 1.1, such a contraction can be proven
for a« = 1 using a reflection coupling and a concave modification of the distance,
see [Ebell, Ebel6]. However, due to the convexity at 0 of r — r? for a = 2 the
method only yields estimates of the form Wy (v P, v'P) < Me  max(Ws(v, V'),

WI2(v, 1)) (see [LW16, Wan16]), which are weaker than (1.5) with a = 2 and are
not sufficient to get a Poincaré inequality in the non-reversible case.

On the other hand, when k(z) > ¢ > 0 for all z € RY, the contraction (1.5)
holds with M =1 and A = ¢ for all a, see [Mon23a]. In fact this is an equivalence,
according to the Sturm—Von Renesse Theorem [S05] (which is also true in the present
non-reversible case [Mon23al): if there exists a > 1 such that (1.5) holds with M =1
and some A € R, then necessarily it holds for all o and it implies that k(z) > A for
all € R?. Moreover, it implies a so-called log-Sobolev inequality for the invariant
measure, which is stronger than the Poincaré one (see [Mon23a] for details). Since,
again, we are interested in the case where k(x) > ¢ > 0 only holds for x large enough,
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944 P. MONMARCHE

it means in particular that in that case (1.5) with a positive A can only hold with
M >1.
Our main result is the following:

THEOREM 1.2. — Under Assumption 1.1, suppose furthermore that
K NDR?+2 —x-b <R,
c
for some o > 2, where R, = R(2+ 2K /c)'/?. Then (1.5) holds with
c a(2K + ¢)R? e
A= — M=M, =1+ ——""" )
4’ ( + 4dT )

This is proven in Section 2. In contrast to the Poincaré inequality, this result is
new even in the reversible case.

Let us now state some implications of a W, contraction when M > 1, obtained
from known arguments (see Section 3 for the proof of the next result). To avoid
technical discussions, we assume that the coordinates of the force fields b are in A the
set of C> functions from RY to R with all derivatives growing at most polynomially
at infinity (with a slight abuse of notation we simply write b € A in that case), and
we only consider test functions in A. Combined with Assumption 1.1 which implies
a time-uniform Gaussian moment for X; via standard Lyapunov arguments, we get
that, for all f € Aandallt >0, L € A, P,f € Aand 0,P,f = LP,f = P,Lf (see
e.g. the proof of [EK86, Theorem 2.5]).

THEOREM 1.3. — Assume that k(z) > —K for all z € R? for some K > 0,
that b € A and that a Wasserstein contraction (1.5) holds with o = 2 for some
M > 1,\> 0. Then:

(1) The invariant measure i satisfies a Poincaré inequality with
M?*T
T

Cp(p) <
(2) For all f € Aand allt >0,

T (e”‘t — 1)

1/2
CP(M)MQ)\) If = ifll2qu) -

(L.7) [|Fef = pfll 2 < min e tT/Cr) (1 +

(3) For all t > 0 and any probability law v on R? with finite second moment, v P,
has a density h; with respect to u and

J(t
(1.8) 0P~ iy < plhinn) < 20

where J(t) < K/(1 — e 2K for all t > 0 and

Wi (v, 1),

In(1 4 K/\)
2K

it K > 0, and the limit of these expressions as K — 0 if K = 0.
(4) If furthermore b = —VU for some U € C*(R?) then Cp(u) < T/\.

J(t) < MAK +0) 1+ K/ e forallt >

ANNALES HENRI LEBESGUE



Wiasserstein contraction and Poincaré inequalities for elliptic diffusions 945

In both Theorems1.2 and 1.3, keep in mind that g and P, depends on 7.

As we see, we only have a partial answer to our initial questions, since the results
only hold for T" large enough (or, equivalently, for R small enough, which means the
results hold for small perturbations of the case where k(z) > ¢ for all z € R?). We
didn’t try to make the condition (1.6) on T as sharp as possible: it can be slightly
improved, but it cannot be suppressed simply by optimizing our proof. We do not
know whether, for " = 1, Assumption 1.1 is sufficient to get (1.5) for some M, \ or to
get a Poincaré inequality for u. However, notice that, for T > T}, Theorem 1.2 gives
another important information, which is that the contraction (1.5) and the Poincaré
inequality hold respectively with M, A and Cp(u)/T which are uniform in T > T.
Now, this part is clearly false if we suppress the condition that T has to be large
enough, namely the statement “Under Assumption 1.1, there exist M, )\ > 0 such
that, for all T > 0, (1.5) holds” is clearly false, and so is “Under Assumption 1.1,
there exists C' > 0 such that, for all T > 0, Cp(p) < TC”. Indeed, the first statement
would imply the second (according to Theorem 1.3), and it is well known that, if for
instance b = —VU where U has several isolated local minima, then Cp(u) > /"
for some a > 0 for T" small enough [HKS89, MS14].

Interestingly, apart from the dependency on 7', the bounds on M, \ and Cp(u)
given by Theorems 1.2 and 1.3 behave rather well with the dimension d, in contrast
to what usually give the methods based on the existence of a Lyapunov function and
of a local Poincaré inequality [BCGO08, CG14a] or on the perturbation of a reference
measure [HKS89]. For instance, consider the probability measure p o exp(—U) with
U(z) = |z|?/B, for B > 2. By applying Theorems 1.2 and 1.3, we get that

1-2/p
8(8 — 1) (1 +2%/4+1)
(19) CP(/’I/) < dl_g/ﬂ )

see Section 3.2. By contrast, using a standard curvature+bounded perturbation
argument, one cannot get better than what is given by the curvature result, which
is dimension-free (see Section 3.3 or [CG14b, Remark 5.21]). Besides, here, p is a
radial log-concave probability measure, for which two-sided bounds on the Poincaré
constants are known [BJM16, Bob99], in relation to the KLS conjecture [Che21,
LV17]. In particular, for U(x) = |x|?/3, [BJM16, Corollary 4.2] reads

d d+1
— < C < ——
@t a2 S O < gy

for d > 2. Hence, the dependency in the dimension d in (1.9) (which is based on our
general result and thus does not use that p is radial) is optimal.

As a last remark on Theorem 1.3, notice that, in (1.7), the minimum is always given
by e *T/CP(1) in the reversible case. However, there are non-reversible cases where
A > T/Cp(p), so that the second term becomes smaller for large ¢. For instance, in
the Gaussian case u o exp(—U/T) with U(z) = z - Az for some definite positive
symmetric matrix A, denote by v, ..., vy the eigenvalues of A. Then it is well known
that T/Cp(u) = min{v;, 7 € [[1,d]}, while non-reversible Gaussian processes with
invariant measure p are constructed in [LNP13] with a linear drift —Bxz where the
real parts of the eigenvalues of the matrix B are larger than v := (11 + -+ + vy)/d,
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946 P. MONMARCHE

so that a W, contraction holds with A\ = v (as can be seen using a synchronous
coupling, see e.g. [Mon23al).

Contrary to a simple long-time convergence at equilibrium in W,, a contraction of
W, can easily lead to perturbative results. For instance, consider on R¢ a continuous
process solving

(1.10) dY; = b(Y;, Z,)dt + V2TdB,

where Z = (Z;);>0 is a random cadlag process on some state space £ and b:RixE
— R?. Denote by 7, the law of Y;.

PROPOSITION 1.4. — Let b be a C! vector field on R? satisfying Assumption 1.1

and P, be its associated semi-group. Let a > 2. Assume that T > T, with Ty given
by (1.6). Then, for all v € P(R?) and t > 0,

(1.11) W, (vP,, 1)

N ds.

t ~
< Mae M Walw,70) + Mz [0 (B ([b(y2) = B(Y2, 24)
0
where \, M, are as in Theorem 1.2.

This is proven in Section 3.4. The right hand side in (1.11) can be bounded given
additional information on b, for instance if b(y, z) = b(y) and we simply assume that
b — b|oe < 00 as in [DEE*21, EZ19] then

— 1— —At
Wa (vPe 70Fr) < Mae™ Wa(v, 70) + Mg ——

o2,
with E the semi-group associated to b-V+TA. In particular, any invariant measure
i of P, satisfies

) < Mo

Hence, under our restrictive condition (1.6), we extend the results of [EZ19], which
are restricted to o = 1.

More generally, the right hand side in (1.11) can be bounded under the assumption
that E(|b(y) — b(y, Z,)|*) < Q(|y|) for all y € R? for some polynomial @ and then
with some moment estimates on Y; obtained by Lyapunov arguments (see e.g. the
proof of Theorem 4.4 below).

A case of particular interest, in view both of the perturbation result and of the
condition on the diffusion coefficient 7" (to be thought as a temperature parameter in
statistical physics), is given by systems of interacting particles, detailed in Section 4.

As a summary, the rest of this paper is organized as follows. Section 2 is devoted
to the proof of Theorem 1.2. Section 3 gathers the proofs of the other results stated
in this introduction, namely Theorem 1.3, the Poincaré inequality (1.9) and Propo-
sition 1.4, and a discussion on the reversible case. System of interacting particles
are studied in Section 4. Finally, we conclude this work in Section 5 by an informal
discussion on our method, related works and possible perspectives.
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2. Proof of the main theorem

Assumption 1.1 is enforced in all this section, devoted to the proof of Theorem 1.2.

2.1. A probabilistic proof
2.1.1. Synchronous coupling and modified cost

For (B;); > a standard Brownian motion on R?, we consider (X, Y;); > the Markov
process on R¢ x R? solution to

dX, = b(X,)dt + V2TdB,  dY, = b(Y;)dt + V2TdB,

which is called the parallel or synchronous coupling of two diffusions (1.1). The
generator L of this process is given by

Lof(a.y) = @) Vo +bly) -V, + TV (AVF) (r,y)  where A= (ﬁj fj)-

Given o > 2 and a bounded positive w € C*(R?), consider

p(r,y) = |z —y|* 2T + aw(z) + aw(y)) ,

which is a modification of the usual transport cost |z — y|* for the Wasserstein
distances. Using that AV f(z,y) = 0 for f(z,y) = |z — y|?, we get

Lip(r,y) = alr —y[**(z —y) - (b(z) — b(y)) 2T + aw(z) + aw(y))
+alr —y* (Lw(r) + Lw(y))
< alr —y[* (V(z) +¥(y)) ,

with

(2.1) U(z) = —k(z) (T + aw(z)) + Lw(z) .

For now, assume that w is such that there exists A > 0 such that,
(2.2) VazeR?, U(r) < AT + aw(x)) .

Then, L,p + ap <0, ie. (eMp(X;,Y;))is0 is a submartingale and for all ¢ > 0,
E (p (Xi, Y1) < e7*VE (p(Xo, Y)) -
Set

T
Let v,/ € P(R?). For any m, € II(v,7'), considering an initial condition (X, Yy) ~
7o independent from (B;);> o, we obtain

Wa (VP V' P) < (E(1X; = Vi)™ < Me™ (Bay (| X0 — Yo|*)"" .

Finally, taking the infimum over 7y € II(v, V') yields (1.5). The proof is thus complete
if we are able to construct a bounded positive w € C*(R?) such that (2.2) holds for
some A > (. This is the content of the next section.

1/a
M= (1 + O‘”w”“’) .
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0

R? R? 0 R R,

Figure 2.1. Left: r — g(r). Right: © — w(x) = ¢g(|z|*) — min g (in dimension 1).
For r < R?, g is affine decreasing, for r > R2, it is constant, and in between it is
convex but with ¢” constrained not to be too large, which thus requires to take
R, large enough.

2.1.2. The weight function w

Our goal is to construct a bounded positive function w such that

VeeRY  Aw(z) < k(z) — g and Q := sup b(z) - Vw(z) < c0.

z €R4

Indeed, if this holds, taking A = ¢/4, we get
U(x) + AT+ aw(x)) = (A= k(@) (T + aw(z)) + Lw(x)
< —§T+ (K + V||w]e + Q

and thus (2.2) holds if T > 4 (a(K + \)||w|l« + @) /c.
We take w of the form w(z) = g(|z|*) — inf g with g € C*(R) to be chosen. Since
Vw(z) =2z2g'(|2[*),  Aw=4z[g"(J2]*) + 2dg'(|2[*),

setting K, = K/4 + ¢/8, we take g as the C! solution of g(0) =0, ¢'(0) = —2K./d
and

d —K, forr < R?
rg’(r) + 59'(7‘) =h(r):=< ¢/8 ior re (Rff, R?)
0 or r > R:

where R, > 0 remains to be chosen so that ¢'(R?) = 0 (and thus ¢'(r) = ¢”(r) = 0 for
all 7 > R?). See Figure 2.1 for a draft of the graph of g and w. Notice that g is not C?,
but this is easily solved by replacing this g by some g. € C*(R, ) such that, for a small
e > 0, first, ¢”(r) = g.(r) = 0 for r > R?+¢ and, second, g (r)+(d/2)g.(r) is always
smaller than h(r), equal to —K, for r € [0, R?] and to ¢/8 for r € [R? + ¢, RZ — ¢].
We can conclude the proof with ¢g. and finally let € vanish in the final result. For
simplicity we write the proof directly with g.

For r € [0, R?], we simply have ¢'(r) = —2K.,/d. For r > R?, since (r%%g'(r))" =
h(r)r?/?=1 we get
2K, c

a2 10N _ pdarp2y . [ app-1q. d, € (.d2  pd
r g(r)—Rg(R)—i—S/RQs ds = dR+4d<r R),
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and thus we choose
R, =R(1+48K,/c)"/* = R(2+ 2K /c)"/*
which concludes the construction of w. It remains to estimate @ and [|w||. Since g

is decreasing, constant on [R?, +00) and such that ||¢'|| = 2K./d, we get

2K, R?
d Y

Vr>0,  0>g(r)>g(R) >
hence ||| < 2K,R?/d, and

4K,
<
Q ~X d

The proof is concluded by using these estimates in the definition of M and the
condition on 7.

sup {—= - b(a). |z] < R.} .

2.2. Alternative proof with Bakry—Emery interpolation

In this section we give a second proof of Theorem 1.2 (see Section 5 for a discussion
on the specific interest of each proof). This proof is similar to the intertwining method
of Joulin, Bonnefont and their coauthors [ABJ18, BJ22, BJM16, CJ13] (who focus
on reversible cases). For simplicity we only consider the case o = 2, which is the
main case of interest due to Theorem 1.3. The expressions of T, and M obtained
along this alternative proof are slightly different than those stated in Theorem 1.2
and established in the first proof (again, we don’t try to optimize the estimate on
To). Moreover, in order to justify the time derivatives in this section, we assume that
the coordinate functions of b are in A.

The proof is organized in three steps: first we rephrase Assumption 1.1 as a local
condition on the drift, namely a condition on its Jacobian. Second, similarly to
Section 2.1.1, we give the proof conditionally to the existence of a suitable weight
function. Third, similarly to Section 2.1.2; we construct the weight function.

2.2.1. Step 1: an infinitesimal condition

We start by an equivalent formulation of Assumption 1.1. We denote by Db the
Jacobian matrix of b and

k(z) = —sup {u - Db(z)u, u e R, |u| = 1} :

It is clear that, for all x € R,
1.

(2.3) k(z) > k(z) > inf k(x + ty)dt.

yeR Jo

In particular under Assumption 1.1, k also satisfies (1.3), with the same K, R, c.
Alternatively, assume that there exist K, R > 0 and ¢ > 0 such that

(24)  k(z)>-K VzeR? and k(z)>c¢ VazeR?with|z|>R.
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Then, from (2.3), k(x) > —K for all z € R%. Moreover, for all z,y € R?, the Lebesgue
measure of {t € [0,1], |z + ty| < R} being less than 2R/(|x| + R),

1 2R 2R c
k(x) > inf k ty)dt > —K——— l—— 2> =
(=) yere Jo (z+ty) |x|+R+C< |m|+R> 2
for all z € R? with |z| > R := R (4(K + ¢)/c — 1). In other words, Assumption 1.1 is
equivalent to assume that the infinitesimal condition (2.4) holds for some K, R > 0
and ¢ > 0. This latter condition is enforced for the rest of Section 2.2.

2.2.2. Step 2: Gamma calculus

Consider a positive a € A, to be chosen later on. Fix ¢t > 0 and f € A. The carré
du champ of the generator L is defined as I'(f, g) = 5(L(g9f) — gLf — fLg), with
the notation I'(f) = I'(f, f). In the case of (1.4), this is simply I'(f,¢g) = TV f - Vg.
We write [A, B] = AB — BA. For a given i € [1,d], write g; = 0., P,_sf for s € [0, t].
Then

0, (Pulag?))

P (L(agf) - 2ag58xiLPsf)
P, (L(a)g; + aL(g?) + 2T(a, ?) — 2ag, ([0u;, L] Prsf + Lgy))
P, (L(a)gf + 2al(g,) + 20(a, g2) + 2ags|L, a%.]Pt_sf) .

Using that

I'(a
2F(a,g§) = 4gsr(a7 gs) = _QEL)QE, - QGF(QS)

and

(where I'(a)/a is understood as 0 if I'(a) = 0), summing over i € [1,d], we get
0. (P. (al|VP_f*))
I'(a) 2
> P (L(a) = 2= ) VP = 20(VFiuf) - DWW P

> 2P, (®(a) |V P, fI?)

with

B(a) — ;L(a) _ FSL) + ak
Assume for now that a is such that there exists A > 0 such that
(2.5) a and a~' are bounded and ®(a) > \a.

(This condition is similar to the ones in [ABJ18, BJ22, BJM16, CJ13], for in-
stance [ABJ18, Theorem 3.2]; in this work, the authors do not assume that a is
bounded, as they are interested in Brascamp-Lieb inequalities, namely weighted
Poincaré inequalities, but in the present work we are interested in classical Poincaré
inequalities and contraction of the Wasserstein distances associated to the standard
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Euclidean distance, which is why we add this condition so that a|V f|? is equivalent
to |V f]?). Integrating the previous inequality yields

P (alVfF) = ea| VRSP,
and then
VPP < all|ja”|_ e PIV £,

which concludes the proof since, thanks to the work of Kuwada [Kuw10, Kuw13],
it is equivalent to the W, contraction (1.5) with the same A\, @« = 2 and M =

v/ llallsol|@™|oo- Indeed, more precisely, in the case of a diffusion process on R?, as a
corollary of [Kuw10, Theorem 2.2] (applied with v the Lebesgue measure), we get

the following:

PROPOSITION 2.1. — Assume that b € A and that k(z) > —K for all z € R?
for some K > 0. For p € R, M > 0 and t > 0, the two following assertions are
equivalent:

e Forall f € A,

IVP.f| < Me /P, |VfI.

e For all probability measures v, u on R,
W2 (tha M]Dt) g Me_/\tW2(Va ,U) .

Notice that, in [Kuw10, Theorem 2.2], the equivalence is stated for the class of
functions f which are bounded and Lipschitz. For f € A, we can find a sequence f,
of bounded Lipschitz functions (f,), e such that |V(f, — f)|(z) < en+ Lig|>1/,9(2)
for some polynomial ¢, where ¢,, — 0 as n — 0. Using a synchronous coupling and
that the process admits Gaussian moments, it is easily seen that |VP,(f — f,)| <
eX BV (f — fu)] = 0, hence the result.

2.2.3. Step 3: the weight function

It remains to construct a weight a satisfying (2.5) for some A > 0 under the
condition (2.4). As in Section 2.1.2, we focus on the leading term for large T', setting

a(z) =T+ 2 (||w]lee —w(z)) ,

where w is a bounded positive function to be chosen. Then, using that a > T and
[(w) =T|Vwl|?,

®(a) > —TAw —b-Vw —4|Vu| + Tk — 2K||w]| -

Let w be such that N c
VzeRY, Aw(z) <k(z)— 2
and N
Q = Kl||wlso + sup (b(x) - Ve(w) + 4|V (x)]*) < o0,
r R4
as constructed in Section 2.1.2. Then
cT ~ T c
Pa) > ——Q = — =~
(@) > - @ 3 20
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if )
T > T, := 6 max (Q, ||w]|oo> .
c

Moreover, for T' > T, we get T > 3a/4 > 3T /4, hence ||a||oo]|a™"||oo < 4/3, i.e. (1.5)
holds with M = /4/3 and A = ¢/4. An explicit upper bound of T follows from the
estimates on w given in Section 2.1.2.

3. Other proofs
3.1. Proof of Theorem 1.3

Setting V (z) = ecl1’/4 - Assumption 1.1 classically implies that LV < —aV + C
for some constants C,a > 0, and that V € L?(u). Moreover, by standard elliptic
theory (see e.g. [Dyn65, Theorem 0.5 and Condition 0.24.A1]), the process (1.1)
admits a continuous positive transition kernel, hence, for all compact set K C R?
and all ¢ > 0, there exists n > 0 such that inf, cx P;f(z) > [ f(z)dz for all positive
f. From [HM11], we get that P, f(z) — pf ast — oo for all f € A (since f/V is
bounded if f € A). For f € A, z € R? and t > 0,

P2 () = (B @)? = [ 0, (P (Ao (2)) ds
_ 2T/Ot P, VP f|” (z)ds

t
< QTPt|Vf|2(SE)M2/ e~ ds
0

where we used the equivalence of Wasserstein and gradient contractions of Proposi-
tion 2.1. Letting ¢ — oo in the previous equality yields the Poincaré inequality (for
all f € A, and then for all f € L?(u) by density).

From the Lumer—Philips Theorem [Yo0s94, Chapter IX, p. 250], the Poincaré in-
equality is equivalent to

VIEL(W V20 RS = ufllagy <N = nf g -
Besides, for t > 0 and f € A, we can also bound

t t
Pth_(Ptf)QZQT/ Ps|VPt—sf|2d$>2T|VPtf|2M—2/ s
0 0

Integrating with respect to p and applying this with f replaced by f — uf yields

M3\
2 2 2
197 xg) < g =3 (I = 1 Wiy = I1PS = 1 3

Together with the Poincaré inequality, this means that, for all ¢ > 0,

CpM?)

2
Hptf - :ufHLQ(,u) < T(e”t . 1)

(IF = 1f G2y = IS = 1S 22)
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ie.
T — 1)\
2 2
1P f — pfllz2gn < <1+CP]\42)\ If = wf Nz -
Now, in the reversible case where b = —V U, since
b (140 = (> -1))" 2
T\ T o) T

this implies (see e.g. [CGZ13, Lemma 2.14]) that, in fact,

| P f — /~Lf||iz(u) <M f - “f”%?(u) ,

and thus Cp(u) < T/

Finally, the first inequality in (1.8) is simply the Pinsker inequality, and the
entropy /W, regularisation is proven in [RW10]. It is assumed in the latter work that
b is Lipschitz, but it is not used in this part of the proof. We briefly recall the proof
for completeness. Remark that if Assumption 1.1 holds with K = 0 then it also
holds with all K > 0 and thus it is sufficient to treat the case K > 0. From [Wanl12,
Theorem 3.3], under Assumption 1.1, for all ¢+ > 0 all positive f and all z,y € R?,

K|z —yf?
2T (1 — e2Kt)

Pnf(x) <InPf(y)+

Denoting by P the dual of P, in L*(u), we apply the previous inequality with f
replaced by P/ f for some positive f with uf = 1 and integrate with a coupling
measure m € II(fu, 1) to get

/Rd Py f(x)In Py f(z)p(de)
= /Rd P, (In Pl f(x)) f(x)u(dz)

< [ PP f(y)u(dy) + [ = yPr(da, dy).

=t
2T (1 — e72Kt) Jpaa
Using that p is invariant by P, P and Jensen’s inequality,
p(In BPf) <Inp (PP f)=Inpf =0,

and taking the infimum over 7 concludes the proof of (1.8) with J(t) = K/(1—e 2K?).
Then, using the W, contraction, for all s € [0, ),

M2 Wy (v, 1) .

P, K
VP <ln v t)

<
L = 2T (1 — e—2K(1=9))
The minimum of s — =22 /(1 — e~2K(=9)) for s < t for a fixed ¢ > 0 is attained at

s=s,:=t—In(l+K/\) /(2K). When s, > 0, the proof is concluded by taking
s = s, in the previous bound, since
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K M2 — M?K (1 + K/)\)/\/K O
2T(1 — e 2K(t=s4)) 2T (1 —(1+K/X)™)
M2
= o (K X) (L KA e

3.2. Degenerate convex potential

Let U(x) = |z|?/B for some 3 > 2. For T > 0, let pur be the probability law on
R? with density proportional to exp(—U/T). If X is a random variable with law s,

then TY/#X is distributed according to pr. The scaling properties of the Poincaré
inequality imply that Cp(ur) = T?#Cp(u;). For b = —VU, Db(0) = 0 and, for

x #0,
ol ul?
u- Db(z)u = —u - VU (z)u = —|z|" [65 |gv|x|1;| + Juf?

< =Pl

Then, for all x # 0 and all y # z,

@) (@) =00 _ [ =Y oy e B
FrarvEa Ay BRI SR D
/|a:+t y)P2dt

< — |z inf/ 1+ tr[2dt
reR . Jo
1

— )t inf/ 11— tr|f-2dt

1
= —|2°~% inf — / |s|°~2ds .

r=>0r

The term in the inf is non-increasing for » < 1, non-decreasing for » > 2 and, for
re[l,2],
1 1

1 5- b
r/1r|| s>y /" 2d8_2(5—1)'

As a conclusion, for all z € R?

F(z) > —

26 -1)
which means that, for all » > 0, Assumption 1.1 holds with K = 0, R = r and
c = c(r) := rP2/(28 — 2). Besides, —x - b(z) = |z|® for all z € R? and thus
Theorem 1.2 applied with a = 2 and

]~

22/d=1p2c(p) 4- 2(2Vdp)8 B 1 5
_ /d+1
T=T() = - =7 5=
rﬁ

< (1+274+7)
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yields (according to Theorem 1.3 since we are in the reversible case)

Cp(prey) <T(r)—

hence
1-2/8

4 8(B—1) (14274
1-2/8

Cp(p) < (T(r)) o) < J1—2/B
Notice that, as expected due to the homogeneity of the problem, the powers of r
have disappeared.

3.3. The reversible case

If b = —VU and Assumption 1.1 holds, let us check what explicit estimate can
be obtained by the Holley—Stroock perturbation argument together with the Bakry—
Emery curvature one. As in Section 2.2.1, we use that Assumption 1.1 implies that
V2U(z) > cliy»>r — K1y <. Consider V(z) = —g(|z|?) for some g € C* to be
chosen. Assume that g is bounded and that V(U + V)(z) > ¢/2 for all z € R%
Then the Bakry—Emery criterion states that g o exp(—(U + V')/T') satisfies a
Poincaré inequality with constant 27"/c, and by bounded perturbation we get that
o< exp(—U/T) satisfies a Poincaré inequality with constant 27e(max9—ming)/T /¢,

It remains to choose g. We choose g to be non-increasing and convex, so that we
bound

VAV (z) = —dza’g"(|2]*) — 2Lag (J2]*) = —4l2l*g"(|2]*) — 24/ (]2[*)

As in Section 2.1.2, we simply take ¢’ as (a C! non-decreasing approximation of) the
continuous solution of ¢'(0) = —K/2 — ¢/4 and

1 —(K/4+¢/8) forr < R?
rg”(r) + 59’(7“) =< ¢/8 for r € (R?, R?)
0 for r > R?

with R, = 2R(1 + K/c). In other words, g is exactly such as constructed in Sec-
tion 2.1.2 with d = 1. We end up with

max g — ming < (2K + ¢)R*(1 + K/c)*.

As a consequence,

) < Py (LML)

3.4. Perturbation of the drift

This section is devoted to the proof of Proposition 1.4.
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Proof. — Define p as
pla,y) = o —yl*(T+aw(@), zyeR’

for some a > 2, where w is a positive bounded function to be chosen. Let (X;):>o
and (Y3):>0 be the solution respectively of (1.1) and (1.10) driven by (B;)¢>o with
some initial condition v. Then

OHE (p(X¢, V7))
= aE (X, = Yi[* (X, = Y))- (b(X)) = b(Y:, Z) (T + aw(Xy)) + | X, — Vi|* Lw(Xy))
<o (X, = Yi[*®(X,) + | X, = Vi[* 7T + al|wl|) [b(Y:) = B(Y:, Z0)])

with U defined in (2.1). Let w be as defined in Section 2.1.2, and A = ¢/4. Then,
writing m(t) = E (p(Xy,Y;)) and using the Holder inequality,
m'(t)
an1—1/a ~ ay\ 1/a
< —Aam(t) + (T + af|wll) (B (| X; = Yi[*)' ™ (E (b)) — b(¥;, Z0)]))

< —dam(t) + aC(t)m(t) =/

with T
00 = T (& (o) i, 20 )
Then
() (1) < ~xm'*(2) + Gt
and thus

t -
m(t) < e Mmb(0) —i—/ D0 (s)ds .
0

Using the equivalence between p and |z —y|* and taking the infimum over all coupling
of the initial conditions yields

t _
Wa (VP ) < Moe MW, (v, 1) + T_l/“/ 00 (s)ds
0

which concludes the proof of Proposition 1.4. 0J

4. Interacting particles at high temperature
4.1. General framework

Let X; = (X1, ..., Xny¢) be a process on (R%)Y solving
\V/Z € [[1, N]] 5 dX@t - F(Xz7t)dt "‘ Gz(Xt)dt + \% 2TdBl’t

where (Biy, ..., Bnt)iso are N independent standard d-dimensional Brownian mo-
tions, F € C'(R4, RY), G; € CHR¥N,R?). In other words, X solves (1.1) with a drift
b whose " d-dimensional component is b;(x) = F(z;) + G;(x) for all i € [1, N]J.
Write G(x) = (G1(x), ..., Gy(x)) € (RN,
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THEOREM 4.1. — Assume that there exist ¢ > 0, a < ¢ and Cp,Cq, R, Mg > 0
such that

Cplz —y|? forall z,y € R?
@1) (z—y)-(Flz) - Fly) < { —clz —y|* forall z,y € R? with |[x| > R’

for all x,y € R™

(4.2) Y lzi—uil|Gi(x) = Gi(y)] < Calx—y|*,  (x—y)(G(x)=G(y)) < alx—y[*

and |G;(x)|1ja < r, < Mg foralli € [1, N] with R, = R (2 + 2(Cp + a)/(c — a))"/®?.
Writing K, = Cp + (c + a)/2, assume furthermore that

K,
T>T,= oo (R2(Cr + Cg) + 2sup {~F(x) - , |2| < R} + 4MgR.) .

Then the semi-group P, associated to the process X satisfies the Wy contraction (1.5)
(with o = 2) with

. cC—a
T 4+ 8K.R2/(Td)’

Notice that the first part of (4.2) implies the second one with a = C¢, but in many
cases we can have a < Cg (possibly a < 0, see next section) and the result is much
more sensible to the value of a (in particular with the condition a < ¢) than to the
value of Cg.

M = \/1+2K.R/(Td) A

Proof. — Consider
N

p(,y) =D |z — yil* (T + w(wi) + w(y:))
i=1
where w is a positive function to be chosen. As in Section 2.1.2, writing £, the
generator on R™ x RV of a parallel coupling of two processes, we consider separately
the leading terms with respect to 1" and the rest in

Lip(x,y)=TA+ B

with
N

A= 3 20— 90) (Fla) + Gix) = F(y) — Guly)) + i — il (Aw(s) + Aww(y,))]
i=1
N

<Y o — wil? (20 — k() = ke(ys) + Aw() + Aw(y:))

i=1

where kp(z;) = cif |z;] > R and kp(z;) = —Cp otherwise and, assuming that w is

constant outside the ball {|z| < R.},

B =3 [20 = ui) - (%) — i) (i) + ()

i=1
|2 = yil? (bi(x) - Ve (z:) + bi(y) - Veo(u)) |
< (4llwlloe (Cr + Ca) + 2sup{F - Vw} + 2Mg|| Vel ) [x — y/*
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We take w as in Section 2.1.2 but with K ¢ replaced respectively by Cr+a and c—a
(in particular w is indeed constant outside the ball {|z| < R.}). The following holds:

Ve eRY, a—kp(x)+ Aw(z;) < e
ol < 2P
w o0
d
K,
sup{F' - Vw} < = sup{—F(z) -z, |z| < R.}
K,
IVw|leo < 2R.—.
d
Hence, provided T' > Ty, the previous bounds yield
c—a c—a
Lpx,y) < ——Tx—yP’<————p(x,y).
p(x,y) 5 Ilx—yl I 4Hw!|oo/Tp< y)

The conclusion is now similar to the end of the proof of Theorem 1.2, using that

T

The point of Theorem 4.1 is that if all the constants in the assumption are in-
dependent from N, then so are Ty, A and M. In particular, from Theorem 1.3, we
get for the invariant measure of the process a Poincaré inequality independent from
N (for T large enough). The restriction to a sufficiently high temperature is very
natural for interacting particles systems where phase transitions are expected in the
behaviour of the Poincaré inequality at low temperature [Tugl4].

A Poincaré constant uniform in N for T large enough is established in [GLWZ19]
in a reversible framework with an explicit invariant measure. Although Theorem 4.1
does not require reversibility, on the other hand it needs the interaction force G to
be bounded, which is not the case in [GLWZ19] and is a restrictive condition. It is
however satisfied in many cases of interest, for instance in adaptive algorithms such
as studied in [CARDM*21], a typical choice is

1 2||wl|so
vl o) < (14 280 ) oy 0

N
G =Y VW (=), W(a)= e
=1

which induces a local repulsion of particles, enhancing the exploration of the state
space.

More generally, assume that there exist a graph on [1, N] of degree D and a
bounded and Lipschitz function H € C'(R? x R? R?) such that

Gi(x) = 11) S H (1,2,)

J~
where ¢ ~ j means that (4, 7) is an edge of the graph. This is the case for mean field
interaction (with the complete graph and D = N) or for interaction with closest
neighbors in (Z/nZ)* or [1,n]" (with i ~ j if |i — j| = 1, D = 2k). Then G satisfies
the assumptions of Theorem 4.1 with Mg, Cg, a which only depend on H (and thus
not on the number of particles). For instance, in the particular (reversible) case
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where the forces are the gradients of some potentials, we get the following corollary
of Theorem 4.1.

PROPOSITION 4.2. — Let V € CY(RY), W € C'(R? x R?). Assume that VW is
bounded and Lipschitz and that there exists ¢ > 0 and a < ¢ such that V?V > ¢ > 0
outside a compact set and V*W > —a/2. Then there exist Ty, C > 0 such that the
following holds. For all T' > Ty, all N € N, all graph on [1, N], denoting by D the
degree of the graph and considering on R the potential

ZVJ?Z + — ZZW T, —Tj) ,

i=1 g~

then e~Y/T is integrable and the probability measure proportional to this density

satisfies a Poincaré inequality with constant Cp < CT.

This is a result in the spirit of [GLWZ19, Theorem 1].

4.2. The mean-field case and propagation of chaos

Let us now focus on the case of mean field interactions. More precisely, we work
under the following condition:

ASSUMPTION 4.3. — The drift b on R* is of the form
1 N
bi(x) = F(x;) + N > H(z,xy)
i=1

where F € C}(R% R?) and H € C'(R? x R, R?). Moreover, there exist ¢ > 0, a < ¢
and Cp, R,Cg, Mg > 0 such that F satisfies (4.1), H is 2C'y /3-Lipschitz continuous
and for all z,y, 2",y € R, 1, < pH(z,y) < My and

(4.3) (z—y)  (H(z,2) = H(y,y))+ (@' —y) - (H(',z) — H(y',y))
afle—yP+' —yP).
Finally, T' > Ty, where Ty is given in Theorem 4.1.
It is straightforward to check that this condition implies the assumptions of The-
orem 4.1. As soon as H is 2Cy/3-Lipschitz, (4.3) holds with a = Cg, and the
condition a < ¢ is then satisfied if the interaction is sufficiently small. However,

in some cases, a may be smaller than C'y, in particular, in the usual case where
H(z,y) = H(x —y) = —H(y — z) for some H, the condition (4.3) reads

(w—y—a'+y) (Hz—2)-Hy—-y)) <a(le—yP+ |2 —y),
and this holds with a = 0 if = - H(z) < 0 for all 2 € R?. This is the case for instance

for H(z) = —VW (z) with W (z) = v,/1 + |z/2, for any v > 0. Since VIV is bounded,
in this case, Theorem 4.1 applies whatever the value of 7, i.e. even if the interaction
force is not small with respect to the confining force (however, as 7 increases, so
does the temperature Tp).
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As N — +00, according to the propagation of chaos phenomenon, it is well-known
that two given particles of the system behave like independent McKean-Vlasov
processes solving

(44) dXt = F(Xt)dt + /d H (Xt, Z) pt(dZ)dt + V 2TdBt y I;t = ECLU) (Xt) .
R

In other words, 7; solves the non-linear equation

(4.5) Oy =V - (I'Viy — (F+ (H x1y)) 1)

where Hxv(x) = [ga H(x,y)v(dy). The existence, uniqueness of the process (4.4) and
of the solution of the equation (4.5), together with time-dependent propagation of
chaos estimates, follow from standard arguments [Mél96, Szn91] for initial conditions
7o in Py(RY) the set of probability measures on R? with finite second moment.

With a W, Wasserstein contraction such as given by Theorem 4.1 at hand, it
is straightforward to obtain time-uniform propagation of chaos and a Wasserstein
contraction for the limit equation.

THEOREM 4.4. — Under Assumption 4.3, there exist (explicit) constants a, 3 > 0
such that the following holds. For N € N, let PY be the semi-group associated to
L=b-V+TA onR¥ and let ; be a solution of (4.5). Then, for all t > 0,

W (VPtNa DFN) < Me MWy (Vu D(?N) + aei%t\//ﬂw ly[*ro(dy) + 5,

where M and X\ are given in Theorem 4.1.

Proof. — The proof is essentially the same as the proof of Proposition 1.4, except
that we consider a cost p as in the proof of Theorem 4.1, namely

p(xy) = ; |zi — il (T + 2w(:)) -

Let (X;)¢>0 be a system of particles with drift b and initial condition v and Y =
(Y1, ..., Yy) be solutions of (4.4) (with the same Brownian motions as X) with
initial condition v§™. In particular, Y, ~ 7" for all ¢ > 0. As in the proof of
Proposition 1.4, writing m(t) = E(p(Xy, Y¢)), we get

(1) (D) < —2Am(e) + AT + 2wl VE (1Xe — Vi) €00

where A is given in Theorem 4.1 and, using that the Y;’s all have the same law,

1 X ’
-~ Z H (Yl,t7 Ygt) — H * 77t(Y1,t)

Ct)=E N

Jj=1
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Developing the square and using that the variables A; := H(Y1,,Y;:) — H * ,(Y1,)
for j # 1 are independent and centered, we get

é (Z|A|2+A1 ZA)
J#1
1

< B (14 +1427) -

Then we bound

2
|A| (‘/ H (Y14,Yj:) — H(Yl,my))’;t(dy) >
m ([ e P otan) =223 ( [, ooan) = | [, wca)
Y .
) < 2 [ lyl*m(dy).
Under Assumption 4.3, for all 3,7’ € R¢,
y- Fy) < |yl|F(0)] — cly]* + (Cr + ) R?
y-Hy,y)+y - Hy,y) <a(ly?+1y'P) + (yl +1y']) |H(0,0)|
from which
2 _
0 /Rd lylPr(dy) =2 R%d[

<—le—a) [ lylmldy) +Q

)

and thus,

y- (F(y) + H(y,y)) + Td|mn(dy)m(dy')

with
1
Q=Td+2(Cp + ) R* + —— (|H(0,0)| + [F(0)])"
Integrating in time,
L loPody) < e [ yPo(dy) +Q
Going back to (4.6),

m'(t) < =2 m(t) + 2(T + 2||cuHoo)J N> E (|Xi,t - Yiﬁ) C(t)

i=1

< oam(e) + 412D, oy (oecon [ pean) + Q)

= =2 m(t) + 2\/m(t) (e=(e=a)lt A2 4 B2)

hence

(\/ﬁ)’ (t) < —)\M+ \/e—(C—a)tAQ +B2K _/\\/m_i_ a2 4 B
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Integrating in time (and noticing that A < (¢ — a)/4),

Vm(t) < e My/m(0) + /Ot eAeD (e_(c_“)S/QA + B) ds

< —At (O) + 6_(C_a)t/2 A i 1 B
<e m —_ —B,
(c—a)/2— A A

and the proof of Theorem 4.4 is concluded by using the equivalence between p
and the FEuclidean norm and taking the infimum over the couplings of the initial
distributions. O

Theorem 4.4 has the following consequences.

COROLLARY 4.5. — Under Assumption 4.3, considering M, \, «, 3 as in Theo-
rem 4.4, then, for all N € N, k € [1, N] and all iy, jig € Po(R?), the following holds.
Let (X;)i>0 be a system of N interacting particles on R with drift b and with
initial condition v§ N and denote by Vt N the law of (X1t -y Xiy). Let vy, iy be
the solutions of (4.5) with respective initial conditions vy, fig. Then, for all t > 0,

k: c—a
W (%) < (e [ il + )
W (i, ) < Me MW, (fao, o)

and there exists a unique stationary solution to (4.5) in Py(R?).
Moreover, if [ga |y|°vo(dy) < 400 then for all t > 0,

E W2 iié — <Cv/ (N) (e(ca)t/ | |57 (d >+1)2/5
2 Ni:1 X0Vt X «@ Rd Y| volay :

where C" is a constant which depends only on d and on the parameters of Assump-
tion 4.3, and

N—1/2 ifd <4
a(N)=1{ NV2In(1+ N) ifd=4
N—2/d if d > 4.

In the last claim we assumed a finite 5 moment to get a simple statement but,
as can be seen in the proof and from the results of [FG15], a similar result would
hold assuming only a ¢ finite moment for any ¢ > 2. If only a second moment is
available, we still get a similar result if W3 is replaced by WP for any p < 2.

Proof. — Using the interchangeability of particles and that any coupling of v P;
and 72" gives a coupling of the k first particles immediately yield

W (v, ) ,/ Wy (75N PN PN

The first claim then follows from Theorem 4.4. By the same argument, denoting by
u% N the first d-dimensional marginal of iy PN we get

(A7) Wy (Y, 1) < —= W, (7 PN VPN <

VN

)\tW ( ®N>M§N> ’

%\H
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using Theorem 4.1. Considering a coupling of 7&" and g™ of the form 75" where

7o € (1, jip) and then taking the infimum over 7y yields
1
VN
and the second claim is thus obtained by letting N go to infinity in (4.7).

As a consequence, for t large enough, the function ®; : vy — 1, where ()¢ is
the solution of (4.5) with initial condition 7, is a contraction of Py(R?) endowed
with the W, distance, which is complete. Hence, ®; admits a unique fixed point for
t large enough, and using that ®,®, = ®,P, for all s > 0 and the uniqueness of the
fixed point we get that the fixed point of ®; is in fact a fixed point of &, for all s > 0,

i.e. is a stationary solution of (4.5).
For the last claim, let (X;,Y,) ~ m, € H(55N Py, 5*Y). We bound

2 1 al
E (W ( 5X))

<2E<W2<1§:5 1%5 )>+2E<W2<1§:5 ))
= AT Xits nr Yi AT iVt
’ Nz‘:l Nz‘:l ’ Nz‘:l

2/5

Wa (78N, 15N) < Wa (%o, o)

< ZE(X = YP) + can) ([ loPrcan))

with ¢, a constant that depends only on d, where we used the coupling (X s, Yy;) with
J a random variable uniformly distributed over [1, N] independent from (X, Y;) to
bound the first term, and [FG15, Theorem 1] for the second one. Then, reasoning
exactly as in the proof of Theorem 4.4, we get that

/Rd lylP7(dy) < et /Rd ly*vo(dy) + Q'

for some @’ > 0 which depend on the parameters of Assumption 1.1. Taking the
infimum over m, € II (ﬂgw P, vPN ) we end up with

1 X ~ 2 _ _
E (WQQ (NZ(SXi,th>> < NWQQ (VSQNPt’]/?N)
=1
2/5

+eaa(N) (e [ yPan + Q)
and Theorem 4.4 concludes the proof. 0

5. Discussion
On the two proofs
First, let us notice that the main ingredient of the two proofs of Theorem 1.2 is

the very simple construction of a weighted distance. Indeed, the weighted gradient
of the second proof is
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a(2)|V f(z)*

o @ - R (@) — )P
= TR @ a2 e, Ry

in other words 1/aV is the gradient associated to the weighted distance r. Weighted
distances are a very standard tool, in particular for the study of the long-time
convergence of Markov processes. However, it seems to us that the main originality of
our work is that the role of the weight is exactly the converse of the usual one. Indeed,
under Assumption 1.1, typically (see e.g. [EGZ19, EM19, HM08, HM11, Mon23b)),
one considers costs of the form p(z,y) = d(z,y)(1+V (z)+V (y)) where d(z,y) = Ly,
or d(z,y) = f(Jz — y|) for some f is the initial distance we are interested in and
V is a Lyapunov function (say, V(z) = |z|?), which satisfies LV < —cV outside a
compact ball, thanks to the deterministic drift part b- V. This Lyapunov condition is
then combined with some local information (local Poincaré inequality, local Doeblin
condition, local coupling condition. ..) which is available on compact sets. In other
words, the weight is used to obtain a decay outside a given compact set. On the
contrary, in our case, we take a weight of the form V(z) = C — |z|* in a compact
ball, so that LV < —cV in this ball thanks to the dissipative part TA.

One of the interest of the first proof is that it gives more information than simply
a contraction of the Wasserstein distance at time ¢ > 0: it shows that

V>0,  E(X - Y < MeTVE (X — Yol)

where (X3, Y;):>0 is the synchronous coupling of two diffusions. In particular, this is
a Markovian coupling (i.e. (X,Y) is a Markov process), realized with a single process
for all times.

On the other hand, one of the interest of the second proof is that it can be adapted
to deal with quantities integrated with respect to p, which could be interesting in
the perspective of proving a Poincaré inequality for non-explicit invariant measure of
non-reversible diffusion processes without any restriction on 7" but with the assump-
tion that p satisfies local Poincaré inequalities (which straightforwardly follow from
elliptic lower and upper bounds on the transition density). Indeed, once integrated
with respect to u, the computations of Section 2.2 reads

Ot (a|VPt|2) < =2\ (a|VPt|2)
and thus
i (alVERP) < flall ™| e ulV P,

which doesn’t give a Ws-contraction but is sufficient to get a Poincaré inequality
(see Section 3.1). An argument somehow in this spirit is given in [BGH21], although
in a completely different framework, i.e. with a non-elliptic hypoelliptic diffusion, a
singular drift and weighted Poincaré inequalities. On the other hand, although the
process is non-reversible in this case, its invariant measure is known, and thus the
proof relies on the knowledge of L* the adjoint of L in L?*(p), which is unavailable if
1 is unknown. Besides, in the elliptic case, if L* is known, it should be possible to
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adapt the arguments of [BCG08, CG14a] to get a Poincaré inequality by considering
a Lyapunov function with respect to L* rather than L, as in [BGH21].

Flat torus

As emphasized in the previous paragraph, the proof relies on a synchronous cou-
pling. Now, consider the very simple case of the Brownian motion on the torus
T = R/Z, i.e. L = A. Considering a synchronous coupling of two such processes
leads to | X; — Y| = |Xo — Yo| (where we write |x — y| the distance on T). Hence,
any p: T x T — Ry such that c|lz — y|* < p(z,y) < Clz — y|* for some ¢, C;a > 0
necessarily satisfies

C

Hence, the first proof of Theorem 1.2 cannot apply in this case.

Notice that, for compact manifolds, Poincaré inequalities can be obtained by
lower and upper bounds on the transition density and then perturbation of the
Lebesgue measure. See also [Wan97, Wanl14] in the reversible case. Besides, notice
that a weighted distance is used in [Wanl4], but with the motivation of handling
boundaries.

Exponential tail

Consider on R the drift b(x) = —U’(z) with U(z) = /1 + 22. It is well-known
that p oc exp(—U) satisfies a Poincaré inequality. However, using that |U’|« = 1,
and using that 0;E(X;) = E(b(X})), we get that

B(X,) — E(Xo)| <1,
This clearly forbids a Wasserstein contraction (1.5), for any o > 1. Indeed,
Wa (05,0, F1) 2 |[Eo(Xy) — Ey(Xe)| 2 |z — y[ — 2t = W (02, 0) — 21,
and thus

sup Wa (590Pt7 5ypt)
x,y € R xty Wa(5x7 5y> -
for all ¢t > 0.

Wasserstein contraction versus Wasserstein convergence

In the case where pu o exp(—U) and U is convex at infinity, p is known to
satisfy a so-called log-Sobolev inequality, see [BGL14], which is stronger than the
Poincaré inequality and implies (combining the exponential decay of the entropy,
the 75 Talagrand inequality implied by the log-Sobolev one and the W, /entropy
regularization of [RW10], see e.g. the proof of [GM21, Theorem 2|) that there exist
C, X > 0 such that for all > 0 and any probability law v on R,

Wa(v Py, 1) < Ce™ MWy (v, 1) .
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However this convergence towards equilibrium in W, is weaker than the contrac-
tion (1.5) for o = 2. Besides, we are interested in cases where the Poincaré inequality
does not follow from standard arguments, and thus neither does the log-Sobolev
inequality.

Besides, in [Wanl14, Corollary 1.3], the log-Sobolev inequality is proven from the
exponential decay of weighted gradients along the semi-group, but in contrast to
the present work it concerns reversible processes, more precisely the perturbation
argument used at the end of [Wanl4, Corollary 1.3] requires an explicit invariant
measure. In order to use a perturbation argument when the invariant measure of
the semi-group P; is unknown, we can still say that the measure ¢u, where ¢ is
bounded above and below by positive constants, is invariant by the semi-group
PP f = ¢ P,(¢f), but it is unclear whether this could be used to adapt the proof
of [Wanl14] to non-reversible cases with unknown .

Non-reversible sampling

In the context of Markov Chain Monte Carlo algorithms, a question is the following:
given a known target probability measure p o< exp(—U), one would like to find,
among all the drifts b such that p is invariant for L = b -V + A, the one for
which convergence toward equilibrium is the fastest (here for simplicity we fix the
diffusion matrix to be the identity), see e.g. [HHMS93, HHMS05, LNP13, GM16]. If
the convergence toward equilibrium is quantified in terms of the L?(u)-norm, then

wp 1P = puf Nl 2 < e P
fer?(w Hf_MfHLQ(u)

see e.g. Theorem 1.3, and moreover this is an equality in the reversible case. As a
consequence, adding a non-reversible part to the generator —VU -V 4+ A can only
improve the L? convergence rate. For instance, as already mentioned in Section 1, in
the Gaussian case where U(x) = x- Az for some definite positive symmetric matrix A,
Cp(u) is the minimum of the eigenvalues of A while the optimal rate obtained with
non-reversible elliptic diffusions is the mean of the eigenvalues of A, see [LNP13].

Alternatively, the efficiency of the process can be measured in terms of W,-
contraction (and this leads to the same conclusion for Gaussian processes). Let
B be the set of drifts b which are K-Lipschitz and such that p is invariant for
b-V + A (in practice, the Lipschitz constant impacts the stability of the numerical
schemes used to discretize (1.1), and thus the non-reversible part should not be too
large). Then, instead of seeing Theorem 1.3 as a way to obtain a Poincaré inequality
from a Wasserstein contraction, here we can use this result to obtain a constraint
on M and X such that (1.5) holds in terms of x, uniformly over B. Another way to
see this is the following: for a fixed ¢ > 0 (corresponding to a fixed computational
budget), what is the smallest y(¢) one can obtain such that there exist a drift b € B
such that

(5.1) Vv, eRY, Wy(vP, V' P) < v(t)Wa(v, V'),
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where P, is the semi-group associated to b7 More generally, for a given b and for
s >0, let
Wh(vPs, V' Py)
1) = 5 )
Since b is K-Lipschitz, we immediately obtain from a synchronous coupling that
v(s) < e and, following the proof of Theorem 1.3, (5.1) implies that

00 eKt —_ 1> ) eKt -1
5.2 C’,ué/ v(s)ds < () = —.
Hence the lower bound on the contraction rate
eKt— 1
t) 21— ———

uniformly over B. Of course this is not very informative for large ¢.

In fact, for sampling algorithm, one is more interested in ergodic averages rather
than marginal laws at given times. The bias of an MCMC estimator for a Lipschitz
test function is typically bounded as

B, (5 [ £(X0)s) ~ nf| < IV ley [ WalwPs s

1 t
<IVFlalrs); [ As).

Trying to minimize the right hand side by a suitable choice of drift in B, in any cases
it is not possible to get better than Cp(u)/t + o(1/t) due to the constraint (5.2).
Having a better contraction rate in large times is thus only useful if the estimator is
1/(t — to) [y, f(X,)ds for a suitable warm-up time .

Finally, notice that, in Theorem 1.2, M < /2, and thus A < 27'/Cp(n), which
means that, for instance, the improvement of the L? decay rate from T'/Cp(u) to A
obtained by combining Theorems 1.2 and 1.3 is small.

Link with a Feynman-Kac eigenvalue problem

This section has to be credited to the anonymous referee who made the following
remark: in Section 2.1, writing u(z) = T' 4+ aw(x), the proof works as soon as we
find A > 0 and a positive function u such that
(5.3) Lu(x) — ak(z)u(r) < —Mu(z) VazeR?,

which is (2.2), but in fact looking for u, A such that equality holds in (5.3) is an
eigenvalue problem for the operator Lu — aku, and the Krein-Rutman theorem
(which holds under Assumption 1.1, see e.g. [CV23, Corollary 4.2]) states that in
fact such an eigenpair u, A always exist, with u > 0.

The remaining question is whether A > 0. Since f;(z) = e *u(x) solves

O ft = Lfi — aku,

we have for u a Feynman-Kac representation

ule) = VB, (e (X))
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for any ¢ > 0. Normalizing u to have pu(u) = 1, using that u grows at most polyno-
mially (again thanks to [CV23, Corollary 4.2] since under Assumption 1.1, = +— |z|?
is a Lyapunov function for L) and that g has all its polynomial moment finite, we
get by integrating the previous inequality with respect to p and using the Holder
inequality that

t 1/a b
1 < €_>\t (EM <€—aaf0 k:(XS)ds>) <M(Ub)>1/

with 1/b4+1/a =1 for all @ > 1, ¢ > 0. This implies that

1 t 1/a
A > —limsup n In (Eu <€aaf0 MXS)dS)) ,

t20

for all @ > 1, and thus for a = 1, namely

A >\ = —limsup E InE, <eafot k(XS)ds> )
t>0 1

This quantity naturally appears when intertwining the semi-group P; with the gra-

dient, as in [ABJ18, CFG20, CJ13] (however, notice that in our case, we are just

interested in the asymptotic exponential rate, and the expectation is with respect to

the invariant measure p instead of taking the supremum over all initial conditions

r € RY).

It remains to see whether A > 0. Notice that, by Jensen’s inequality,

t
A < —limsup EE” (—a/ k(Xs)ds) = ap(k),
t>0 0

which means that having a positive mean curvature pu(k) is necessary to proceed
with our proof based on the synchronous coupling.

Under Assumption 1.1, it is classically seen that V(z) = e is a Lyapunov
function for L (in the sense that LV < —rV outside some compact for some r > 0)
as soon as 0 < ¢/(27). According to [DGWO04, Theorem 2.3.], p thus satisfies a T}
Talagrand transport inequality (for the Euclidean distance on R?) with constant 67
for some ¢ > 0 independent from T' (we refer to [DGWO04] for definitions and details).
Then, we can use [GLWYO09, Corollary 2.4] (although it is written for reversible
processes, this assumption is only used in its second part; the first part is a direct
corollary of [GLWY09, Theorem 2.2] where reversibility is not assumed) to bound,
for any v > 0,

S|x|?

a [t vt
ip

(where, for consistency with [GLWY09], we rescaled the process in time so that
the corresponding carré du champ is T'(f) = |V f|?, corresponding to the standard
distance, instead of T'|V f|?). Here we have to assume that & is a Lipschitz function,
which is not a problem since our proof in Section 2.1 works if k is replaced by a
lower bound of k.
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Then, we follow the proof of [CFG20, Corollary 4.4]. Assuming that u(k) > 0, we
introduce the event

Tt

Tt o

«

A= {—t/otk(Xs)ds > —au(k) + v} = {

for some v > 0 to be chosen later on. Since k is lower bounded by — K,

k(Xs/r)ds > —ap(k) + v}

E,u (e—oc fot k(Xs)ds> < eaKt]P)(A) + efau(k:)tJrvt

V2t

< exp (&Kt -
4902 k|7,

) + efau(k)tJrvt.

Taking e.g. v = au(k)/2, we end up with
A>A>0
provided

(1(k))’
aK < ———5—.
160117,

Finally, as already mentioned, since we only need k to be a lower bound of the
curvature, we can take it with a Lipschitz constant arbitrary small. However, this
reduces p(k), which can become negative. But then by assuming 7" is large enough
we can make p(k) positive again. More precisely: first, fix a lower bound k of the
real curvature k defined by (1.2) (with inf # = —K and k(z) = ¢ for « large enough)

with a Lipschitz constant ||k||;;, sufficiently small so that

CQ

K<7~2.
646][ k13,

(6 being related to f, it is not affected by choice of k). Then, since u({z € R?,|z|
> R}) — 1 forall R > 0 as T — oo, there exists Ty > 0 such that for T' > Ty,
u(k) = ¢/2, and thus A > 0.

At the conclusion of this sketch of proof, we have thus obtained the following:
under Assumption 1.1, for any o > 0, there exists T > 0 such that the operator
L — ak has an eigenpair (u, \) with u > 0 and A > 0 if T > Tj, where k is some
lower bound of the curvature (which implies in particular that Lu — aku < —Au).

Now, in order to conclude with a result similar to Theorem 1.2, it remains to do
a bit of work on u, which we will not discuss here. Notice that, with an argument
which starts with a non-explicit existence of the positive eigenfunction wu, it is not
necessarily easy to end up with explicit estimates as in Theorem 1.2 (in particular
for the constant M). However this approach can be applied in a much more general
framework, for instance for non-elliptic hypoelliptic diffusion processes. This question
will be the topic of a future work. Moreover, this discussion suggests that the high-
temperature regime is in fact a necessary condition for the synchronous coupling
to contract distances for sufficiently large times under Assumption 1.1 (which is
consistent with the remarks after Theorem 1.3).
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