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RESUME. — Nous étudions les polynomes de Hermite généralisés dont la variable est une
matrice rectangulaire. Nous montrons que ceux-ci sont adaptés pour obtenir la décomposition
en chaos de Wiener—It6 de variables aléatoires qui dépendent de la mesure spectrale associée
avec une matrice de loi normale. Plus précisément, nous obtenons la décomposition en chaos
de déterminants gaussiens de la forme det(XX7)'/? et montrons que, dans le cas ou les
lignes de X sont des vecteurs gaussiens i.i.d, les coefficients de projection associés avec cette
décomposition admettent une interprétation géométrique en termes du volume intrinseque
d’elliposoides, permettant ainsi de généraliser un résultat de Kabluchko et Zaporozhets (2012).
Notre démonstration repose sur une relation entre les polyndémes de Hermite et les polynémes
de Laguerre. Dans une deuxiéme partie, nous introduisons 1’analogue matriciel de la formule
de Mehler pour l'opérateur d’Ornstein—Uhlenbeck et déduisons que les polynémes de Hermite
généralisés sont des fonctions propres de ces opérateurs. Nous appliquons nos résultats a I’étude
asymptotique d’une notion de variation totale associée aux ondes aléatoires arithmétiques
définies sur le tore a trois dimensions.

Notation. For integers ¢,n > 1, we write [n] := {1, ..., n} and R®" to indicate
the /n-dimensional vector space of £ x n matrices with entries in R with Id,, denoting
the identity matrix of dimension n. We write P, (R) for the space of positive-definite
matrices of dimension n. For X € R®" we denote by Vec(X) its vectorisation, that
is the vector in R obtained from X by juxtaposing its columns and etr (X) := e(X),
where tr(X) is the trace of X. We write ¢(®™ for the probability density function of
X € R™" with i.i.d. standard normal entries, given by

¢ (X) = (2m) " etr (27 X XT) .

In this case, we write X ~ A47,,(0,1d, ® Id,,) and refer to it as the standard normal
matrix distribution. Here, ® denotes the usual Kronecker product of matrices. When
¢ =n =1, we write ¢V =: ¢ for the standard Gaussian density on R.

For numerical sequences {a,}, {b,}, we write a,, = O(b,) or a, < b, to indicate
that there exists an absolute constant C' > 0 such that |a,| < C|b,| and a,, = o(by,)
to indicate that a, /b, — 0 as n — oco. Throughout this paper, we assume that every
random object is defined on a common probability space (2, F,P) and write E [-] and
Var[-] for the mathematical expectation and variance with respect to P, respectively.
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1. Introduction

In applications to stochastic geometry dealing with the asymptotic analysis of
local geometric quantities associated with Gaussian random fields on manifolds, one
is often confronted with expressions involving quantities of the type F(X), where X
is a rectangular centred Gaussian matrix and F' is a certain spectral function, that
is, ' only depends on the spectral measure associated with the matrix X X7 . For
instance, if Z = {Z(x) : v € M} is a (-dimensional stationary Gaussian field on a
manifold M of dimension n (with 1 < ¢ < n), the nodal volume of Z over a region
R C M has typically the form

/R 30(Z(2)) F(J2(x))volu(da),

where § indicates the Dirac mass at zero, Jz(z) stands for the Jacobian matrix of

Z computed at x and F(X) = \/det (XXT), see for instance [MPRW16, MRW20,
NPR19, Not21, Wigl0] for some distinguished examples. While objects of this type
are amenable to analysis by Wiener—It6 chaos expansions (which involves in par-
ticular the decomposition of F'(Jz(x)) into Hermite polynomials having the entries
of Jz(x) as arguments, see the references above), it is to be expected that such a
technique will generate combinatorially untractable expressions for large values of
the dimensions ¢ and n (see for instance [DEL21] and [Not21]). The aim of this paper
is to tackle directly such a difficulty by initiating a systematic study of chaotic expan-
sions for spectral random variables F'(X) as above by using matriz-variate Hermite
polynomials, that is, a collection of orthogonal polynomials with matrix entries which
are indexed by partitions of integers, obtained by orthogonalizing matrix monomials
of the type tr([X X7]*) with respect to the law of a Gaussian matrix. We will see
that matrix-variate Hermite polynomials inherit the rich combinatorial structure
and actually can be defined in terms of zonal polynomials introduced in [Jam61],
thus allowing one to deduce explicit formulae in any dimension. We now describe
the principal achievements of the present work.

(a) In [Tha93] (see also the related work [Koc96]), the author studies Hermite
expansions of functions of the form F(x) = fo(||z||)P(z) on R™, where f,
is a function depending only on the norm ||z|| and P is a harmonic polyno-
mial. In particular, in such a work, the author provides explicit formulae for
the projection coefficients associated with the Wiener—Ité chaos expansion of
functionals F' as above in terms of Laguerre polynomials on the real line. In
Theorem 3.2, we extend this framework by studying matrix-Hermite expan-
sions of radial functionals of the type F(X) = fo(XX7T) on matrix spaces.
Our results involve generalized Laguerre polynomials with matriz argument,
thus yielding a natural counterpart to the work by Thangavelu [Tha93] in
higher dimensions.
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In [ZK12] (see Theorem 1.1 therein), Kabluchko and Zaporozhets estab-
lish a formula for the expected value of Gaussian determinants of the form
F(X) = 4/det(XXT) in terms of mixed volumes and intrinsic volumes of
ellipsoids associated with the covariance matrices of the underlying Gaussian
vectors, yielding in particular an expression for the projection of F' onto the
Gaussian Wiener chaos of order zero associated with X (which corresponds
to the expectation). In Theorem 3.5 and Theorem 3.6 of the present paper,
we substantially extend their framework by considering arbitrary projection
coefficients of the form E[F(X)H®™ (X)] (where X is a centred Gaussian
matrix of dimension ¢ x n) associated with such random determinants. Our
results can be formulated using integrations on the so-called Stiefel manifold
(see Theorem 3.5), which can subsequently be interpreted in terms of mixed
and intrinsic volumes (see Theorem 3.6).

In Section 3.3, we introduce a collection of operators on matrix spaces via
a Mehler-type formula, whose definition is amenable to that of the classical
Ornstein—Uhlenbeck semigroup on the FEuclidean space R™. In Theorem 3.10
we provide a characterization of matrix-Hermite polynomials as the eigen-
functions of these operators, thus yielding a direct analog of the action of
the Ornstein—Uhlenbeck semigroup on classical Hermite polynomials on the
real line. We subsequently use Theorem 3.10 in order to deduce an intrinsic
orthogonality relation between two matrix-Hermite polynomials evaluated in
correlated Gaussian matrices. Such a result extends the classical orthogonal-
ity relation for matrix-Hermite polynomials as well as the case of Hermite
polynomials on the real line. Conjecturally, the objects and techniques in-
troduced in Section 3.3 generate a basis for a special Malliavin Calculus on
matrix spaces via the introduction of further operators, such as Malliavin
derivatives, adjoints and generators of the Ornstein-Uhlenbeck semigroup (see
e.g. [NP12, Nua95]). Such a program of study however largely falls outside
the scope of the present paper and is left open for further research.

In Section 3.4, we apply our results to the study of the generalized total
variation of multi-dimensional Gaussian random fields, defined as the integral
of the square root of the Gramian determinant of its normalized Jacobian
matrix. More specifically, we study the high-energy behaviour of the gen-
eralized total variation of multiple independent Arithmetic Random Waves
on the three-torus. In particular, in Theorem 3.17 we establish its expected
mean, an asymptotic law for its variance and a Central Limit Theorem for the
suitably normalized total variation. Our arguments rely on the expansion in
matrix-Hermite polynomials of the total variation, allowing us to prove that
its probabilistic fluctuations are entirely characterized by its projection on
the second Wiener chaos. Throughout this application, we also make use of
variance expansions of radial functionals by means of its projection coefficients
(see Proposition 3.3). Our findings are to be compared with [PR18, Theo-
rem 1], where the authors prove a CLT for the Leray measure of Arithmetic
Random Waves on the two-torus.
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The organization of the paper is as follows: In Section 2, we present preliminary
notions that will be used in our proofs, notably on zonal polynomials and generalized
Laguerre polynomials (Section 2.1), polar matrix factorizations (Section 2.2) and
tools from integral geometry such as mixed volumes, intrinsic volumes of convex
bodies and general facts about ellipsoids (Section 2.3). Our main contributions are
presented in Section 3. Finally, the entire Section 4 is devoted to the proofs of our
results.

Acknowledgment

The author thanks Prof. Giovanni Peccati for his guidance throughout this work
as well as anonymous reviewers for their insightful comments.

2. Preliminaries
2.1. Zonal polynomials and generalized Laguerre polynomials
Zonal polynomials

Zonal polynomials with matrix argument were introduced in [Jam61], using group
representation theory, as certain homogeneous symmetric functions of the eigenvalues
(also called the latent roots) of the matrix. We give a brief overview of zonal polyno-
mials and their properties; the reader is referred for instance to the books [MPH95]
and [Chi03] for a thorough introduction to zonal polynomials. Let us now fix integers
¢ >1and k > 0. We write k - k to denote a partition k of k into no more than /¢
integer parts (note that such a notation does not involve the integer ¢, whose role
should be understood from the context), that is

l{:(kl,...7kg)7 k1>k’2>>k’g>0, k?l—l——f-k’g:k?

For instance, if £ = 1, then k = (k) is the only partition of an integer k; if ¢ > 2,
then k = (2) and xk = (1,1) are the only partitions of k = 2. Sometimes it is useful
to represent the partition x F k as k = (1122 ... k") to indicate that the integer j
occurs with multiplicity v;; in particular vy + 215 4. .. + kv, = k. With this notation,
we have for instance (1,1) = (1%) - 2 and (1,2, 3,3) = (1'2'3%) 9.

Let S € R be a symmetric matrix with eigenvalues s, ..., s,. For an integer
k > 1, we denote by Pol,(S) the space of homogeneous polynomials of degree k in
the £(¢ 4 1)/2 variables of S. For an invertible matrix L € R, the transformation
S — LSLT induces a representation 7 of GL,(R) into the vector space GL(Pol;(S))
of isomorphisms from Poly(.S) to itself ([Chi03, Eq. (A.2.1)]):

7 GLy(R) — GL(Pol,(S)) ; L — w(L),
given by

7(L)(P) = P (L‘15 (L—l)T) .
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It can be shown that Poli(S) can be decomposed as direct sum ([Chi03, p. 297])
(2.1) Pol,(S) = P Vi(S)

K-k
where {V,.(S) : k F k} are irreducible and m-invariant subspaces. Since tr(S)* is
a homogeneous symmetric polynomial of degree k in the eigenvalues of S, it can
accordingly be decomposed in the spaces V,,(.S) as follows ([MPH95, Eq. (4.3.38)]),

(2.2) tr(S) = (s1 4 ...+ 80)" =D Cu(S)

Kk
where C,(S) denotes the zonal polynomial associated with the partition x of k, that
is, C,.(S) is the projection of tr(S)* onto the space V,(S). Applying (2.2) with £ =1
gives C(p)(s) = sk, so that zonal polynomials can be interpreted as a generalization
of classical monomials. In particular, evaluating at s = 1 yields C3)(1) = 1. Zonal
polynomials satisfy a generalized binomial formula ([MPH95, Eq. (4.5.1))),

(
C. (S—i—Idg S)

K zz() &, wrk

s=0ots

(2.3)

This relation in particular defines the generalized binomial coefficients (5) Taking
S =ald, for a € R in (2.3) yields

Cu((a+1)1dy) aldy)
Gy () Gl

s=0ots

so that, using the homogeneity property of zonal polynomials gives

(a+1)F ZZ@().

s=0ots

In particular, using the usual binomial formula for real numbers on the left-hand
side, one deduces a relation linking classical and generalized binomial coefficients

(IMPH95, Eq. (4.5.2)]):
(£)-2()

A table with generalized binomial coefficients up to order 5 can be found in [MPH95,
Table 4.4.1]. For X € R*", zonal polynomials associated with partition » I k and
matrix argument X X7 can be decomposed as ([MPH95, Theorem 4.3.6])

(2.4) Co(XXT) = > 2B (X)L (X))

(1712v2 kv )k
where

(2.5) LX) =0 ([XXT]), s>1

and z(¥) are numerical constants. Writing ¢, := ¢;(X), the zonal polynomials associ-
ated with partitions up to order 3 are given by (see e.g. [MPH95, Table 4.3.1])

0(1) (XXT) =1t
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;(t§+2t2), Can (XXT) =2 (8 —ta)

Cla (XXT) = 115 (] + 6t1t2 + 8t3) . Cloy (XXT) = : (£ + tata — 2ts)

Clap (XXT) =

o @I

Claan (XXT) = ; (] = 3tita + 2t3) .

In particular, since for every j € [k], t;(X)" is a homogeneous polynomial of de-

gree 2jv; in the entries of X, it follows from (2.4) that C,,(XX7) is a homogeneous
polynomial of degree 2k in the entries of X,

(26) C.(xx7) = 3 AT

|a|=2k i=1j=1

where a = (ay;) € N is a multi-index such that |a] = 3¢_, iy ayy = 2k and 2
is a numerical constant depending on a and k. Zonal polynomials evaluated at the
identity matrix Id, can be computed to be (|[Chi03, Eq.(A.2.7)])

f) z<](2k kJ_Z+.]>
2 K J: (2kj+p_])'

where p = p(k) is the number of non-zero parts in k, and for a € C, (a), stands for
the generalized Pochammer symbol ([Chi03, Eq. (A.2.4)])

C(Idy) = 2% k! (

—1
(2.7) (a)H::H<a—]2) S (@n=ala+1)--(a+n—1)

j=1 k;
defined in terms of classical Pochammer symbols (a),. The product of two zonal
polynomials associated with partitions 7 - ¢ and o F s respectively, is given by
(IMPH95, Eq. (4.3.65)])

(2.) CL(S)Co(8) = 3 a2, CulS)

KHt+s
for some uniquely determined coefficients af ,. A table for these coefficients is found
in [MPH95, Table 4.3.2(a)]. Moreover, for positive-definite matrices S and 7', zonal
polynomials have the property ([MPH95, Eq. (4.3.18)])

(2.9) Ci (SMPTSY?) = Cu(ST) = C(TS) = C, (T2ST'?).

Generalized Laguerre polynomials

For a symmetric matrix S € R* the generalized Laguerre polynomial of order
v > —1 associated with a partition x of £ and matrix variable S is defined as
(IMPH95, Eq. (4.6.5)])

Dren (+1 1) C,(S)
(2.10) LO(S) = <7+2> (Idy) ZZ( >(v+ e+1> Co )

s=0ots

The first Laguerre polynomials associated with partitions up to order three are listed
in [MPH95, Eq. (4.6.8)]. The generalized Laguerre polynomials define a class of or-
thogonal polynomials on P,(IR) with respect to the weight function etr (—R) det(R)7,
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that is, for every integers k, [ > 0 and every partitions x b k, o b [, one has ([MPH95,
Theorem 4.6.4])

(2.11) /P - LO(R)LY(R)etr (—R) det(R) v(dR)

1 1
=1{xk =0} x kIC,(1d,)T, (7 + £_|2_> (V + £-|2-> ;

where v(dR) denotes the Lebesgue measure on Py(R). Here, for a € R, I'y(a) denotes
the multivariate Gamma function defined by

¢
Ty(a) =" DAT[T (a —271( — 1)) , =1,
i=1

where I'(+) is the usual Gamma function. A useful formula that we will use at several
occasions is the following (see e.g. [MPH95, Theorem 4.4.1])

(2.12) /P €T (—AR) det(R)"™ % C.(RB)V(dR) = (),I¢(t) det(A)Cy (BA™)

where A € C* is a complex symmetric matrix with positive real part, B € C** is
a complex symmetric matrix and ¢ is such that £(¢) > (¢ —1)/2.

2.2. Polar decomposition for matrices

Let 1 < ¢ < n be integers. For X = (X;;) € R, we denote by dX := (dX;;)
its associated differential matrix. We endow the spaces R™™ and P,(R) with the
measures ,

1=1j=1 1<ig<y<e
respectively. Assuming that the rows of X are linearly independent, the polar de-
composition of X is uniquely given by (see for instance [Dow72])

1/

(213) X =RY2.U, R=XX"ecP(R), U= (xx") "X € O(n,0),

where RY/? denotes the positive square root of R, that is the unique matrix B such
that B2 = R. We also define R~/2 := (R'/2)~!. The space O(n,{) in (2.13) denotes
the so-called Stiefel manifold of matrices Y € R®™ such that YYT = Id,, that is,
Y has orthonormal rows. An element of O(n,¢) is called an ¢-frame in R", see for
instance [Chi03, p. 8].The matrices R and U in (2.13) are seen to be the radial part
and orientation of X, respectively and hence the decomposition X = RY2U is a
generalization of the standard polar factorization for vectors (obtained for ¢ = 1).

Haar measure on the Stiefel manifold
The family of Stiefel manifolds O(n, /) contains as special cases the n-sphere

O(n,1) = S" ! and the orthogonal group O(n,n) = O(n). The space O(n, f) is the
compact manifold of dimension nf — ¢ —£¢(¢ —1)/2 realized as the homogeneous space
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O(n)/O(n — ¢). The Stiefel manifold is endowed with a left and right-invariant Haar
measure p, that is, for every P € O(n) and every @ € O({),

u(UP) = p(U) = w(QU),
for every U € O(n, (). Remark that our notation of 4 is independent of ¢ and n, and
should be understood from the context. We refer the reader for instance to [Chi03]
or [Mui82] for details on the construction of such a measure. The total volume of
O(n,?) is given by ([Chi03, Eq. (1.4.8)])

v(n, ) == u(O(n, 0)) = /O M) = 5

2€ﬂ.né/2

The normalised measure

(2.14) a(du) =

U(; L)

hence defines a left and right invariant probability measure on O(n,¢). We call it
the Haar probability measure on O(n, t).

2.3. Intrinsic volumes, mixed volumes and ellipsoids
Intrinsic volumes and mixed volumes

We present two important notions from integral geometry: intrinsic and mixed
volumes. We mainly follow [SWO08] for this part (see in particular Section 14.2
therein). For an integer n > 1, we denote by K" the set of convex bodies in R". We
write B,, for the unit ball in R™ and vol,, for the n-dimensional volume measure in
R™ For K € K" and € > 0, we write

K=K +¢eB, ={x e R": dist(z, K) < ¢}

for the parallel body of K at distance e. Steiner’s formula ([SW08, Eq. (14.5)])
asserts that its volume is a polynomial of degree n in ¢,

(2.15) vol, (K%) =3 " Vi(K),
§=0

where the coefficients {V;(K),j =0, ..., n} denote the intrinsic volumes of K. We
set V;(0) := 0. For instance, when n = 2, V5(K) is the area, Vi(K) is half the
boundary length and V,(K) is the Euler characteristic of K. Moreover, for every
n > 1, we have V,,(K) = vol,(K), that is, the n'™ intrinsic volume coincides with
the n-dimensional volume measure. The intrinsic volumes of the unit ball B,, can be

computed to be ([SWO08, Eq. (14.8)])

n\ Kn /2
(B,) = S —

J

For an integer 1 < j < n, we denote by G(n, j) the Grassmannian of j-dimensional
linear subspaces of R™. It carries a unique invariant Haar probability measure v, ;.
One possible way to realize Grassmannians is as the quotient space G(n,j) =
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O(n,j)/O(j), where two elements Uy, U € O(n, j) are equivalent if and only if there
exists an orthogonal matrix @ € O(j) such that U; = QUs, see for instance [Chi03,
p. 8-9]. Intrinsic volumes admit a useful integral representation, known as Kubota’s
formula ([SWO08, Eq. (6.11)]),

n\ kn
(2.16) Vi(K) = (j) v / o VKL (d2),
where K|.% stands for the image of the orthogonal projection of K onto .Z € G(n, j),
and integration is with respect to the Haar probability measure on G(n, j).
Let m > 1 and consider m convex bodies Ki, ..., K,, € K". Then, for real
numbers A, ..., A, = 0, the n-dimensional volume of the Minkowski sum \; K7 +
... A\m K, is a homogeneous polynomial of degree n in the variables Ay, ..., A\,

([SWO08, Eq. (14.7)]),

m

VOln()\lKl + ... )\me) = Z V(Ki17 ey Kin))‘h tee )‘irn

for uniquely determined symmetric coefficients V(K;,, ..., K;, ). These coefficients
are called the mizred volumes of the convex bodies K;, , ..., K, . This formula is
a generalization of Steiner’s formula in (2.15). Whenever we have mixed volumes
involving only two distinct convex bodies K7 and K5, we use the short-hand notation

(2.17) V(K o Ky Ky, Ko) = V(K[ Kl —4]), > 1.

£ times n—~{ times

Intrinsic volumes of a convex body K € K" are related to mixed volume by the
relation ([SWO08, Eq. (14.18)])

(2.18) Vi(K) = (j)V(K[jLBn[n —J), J=1...,n

Rn—j
General facts about ellipsoids

We will need some preliminaries about a particular type of convex bodies, namely
ellipsoids, see e.g. [ZK12]. Let ¥ € R™" be a non-singular symmetric matrix. We
define the ellipsoid &, of R™ represented by the matrix X2,

Ey = {xGR”:xTZ_lwg 1},

obtained as an affinity of the unit n-dimensional ball B,,, that is &x = {XV%y : y €
B, }. In particular, its n-dimensional volume is given by

(2.19) vol,(Ex) = ki det(X)12.

For any non-degenerate linear transformation represented by a matrix A € R"*",
the ellipsoid A€y, = {Az : x € Ex} is represented by the matrix AN AT that is

Abs = {z € R : 2" (ASAT) 2 <1} = Eusar.

Let .Z € G(n,{) be a (-dimensional linear subspace in R and denote by L € O(n, ()
any matrix whose rows form an orthonormal basis of .Z. Then, the image of the
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orthogonal projection of & onto ., written £x|.Z, is an ellipsoid in R’ that is
represented by the matrix LYXLT € R, In particular, it follows from (2.19) that
its (-dimensional volume is voly(Ex|.Z) = kydet(LILT)Y2.

3. Main results
3.1. Wiener-chaos expansion of matrix-variate functions
3.1.1. Hermite polynomials on the real line

Let m > 1 be an integer and X = (X3, ..., X;,) be a standard m-dimensional
Gaussian vector. For @ = (aq, ..., o) € N we write o! := ay!---a,,! and
la| :== a;+...+a,, and define the multivariate Hermite polynomials associated with
the vector (X7, ..., X,,) as the tensor product of univariate Hermite polynomials,
that is

H2™(Xq, ..oy Xpp) o= [[ Ha (X)),
=1
where H,,, denotes the Hermite polynomial of order ¢ on the real line. It is well-known

that the normalised Hermite polynomials {(k!)~'2H,, : k > 0} form a complete
orthonormal system of L?*(¢) := L*(R, ¢(z)dz) (see e.g. [NP12]). This implies that
the collection of normalised multivariate Hermite polynomials

(3.1) iy = {(a)"2HE™ : 0 € N™}

form a complete orthonormal system of L?(¢®™), where ¢®™ stands for the standard
m-dimensional Gaussian measure. In particular, every random variable F' € L?(¢®™)
admits a unique decomposition

32 F=Y Y Pl
k>0 |a|=k

where
(33)  F(a) ::(a!)_l/ F(z1, ..., zn)HE™ (1, ..., 2m)d®™(dz1, ..., dzpm)
Rm

denotes the Fourier—Hermite coefficients of F' associated with the multi-index «. For
k > 0, we write

(3.4) C¥ =spang{H™(X1, ..., Xpn) ¢ |a| = k}

for the closed linear subspace of L?(IP) generated by multivariate Hermite polynomials
of cumulative degree k. The space CX is the so-called k" Wiener chaos associated
with the vector X = (X, ..., X,,). We have that C¥ = R. For F' € L*(¢®™), we
denote by proj(F|C¥) the projection of F' onto C¥, that is, (3.2) can be rewritten
as the L?(IP)-converging series

F =" proj (F’Ci()
k>0
This decomposition is known as the Wiener—It6 chaos expansion of F'.
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3.1.2. Matrix-variate Hermite polynomials

Matrix-variate Hermite polynomials on the matrix space R*" are introduced
in [Chi92] and admit an expansion in zonal polynomials. More specifically, the matrix-
variate Hermite polynomials associated with the partition x - k of an integer k > 0,
written H(*™ is given by ([Chi92, Eq. (4.11)]):

(3.5)  HY™(X) = kC,(Id Z 3 Z i Co (XX7)
. - e )

s=0oks tHk—s k+8 - S)' s! <g>g’ CU(Idf)
where the coefficients af , are defined by the relation (2.8) and (£/2), denotes the
generalized Pochammer symbol, formally defined in (2.7). Zonal polynomials being
generalizations of monomials, the expansion in (3.5) is to be compared to the clas-

sical expansion of univariate Hermite polynomials in the basis of monomials (see
e.g. [NP12, p. 19])

k/2 n
S I L
= nl(k —2n)!2n

Alternatively, H(*") are defined by Rodrigues formula ([Chi92, Eq. (4.9)])

(3.6) HED(X)00 () = 7 (2) 7 0 (9x0XT) 6(x),

where, for X = (X;;) € R", the differential matrix 0X is given by 9X = (52-).
We note that (3.6) is a generalization of the classical well-known Rodrigues formula
for univariate Hermite polynomials (see for instance [NP12, Proposition 1.4.2))

(3.7) Hia)o(r) = (~D} 0 o(a), k>0

Matrix-variate Hermite polynomials are linked to the generalized matrix-variate
Laguerre polynomials by the relation ([Chi92, Eq. (5.16)] and [Hay69, Eq. (10)])

Hy(z) =

n—~4—1

(38) - LU (XXT) = HED (VAX), 4 ::(—2)—k(g>l, k- k.

Moreover, matrix-variate Hermite polynomials are orthonormal on R*™ with respect
to the matrix-normal density function ¢“™, that is (see e.g. [Hay69, Corollary 3])
for every integers k,l > 0 and every partitions k - k,o F [,

1

(39) [ HEOOHE (X)) (X)(dX) = 1{r = o} x 47 (Z) KO, (1)),
]R Xn K

Let now X ~ Ay,(0,1d,®]1d,) and write s, ..., s, for the eigenvalues of

XXT. The spectral measure of X X1 associated with the matrix X is the measure

¢
ds) := ; Js,; (ds),

supported on the spectrum of X X7, where §, is the Dirac mass at y. We write
L?(ux) := L*(Q,0(ux),P) to indicate the subspace of L?(¢(“™) := L2(R>", ¢(tm)
(X)(dX)) consisting of those random variables that are measurable with respect to
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the sigma algebra generated by ux. By this, we mean the subspace of L?(¢“™) of
random variables that are generated by elements of the type

(3.10) [ F@ux(d) = px(f).
Since matrix-variate Hermite polynomials in (3.5) admit an expansion into zonal
polynomials, they are themselves symmetric functionals of the eigenvalues sq, ..., s;.

This fact together with the orthogonality relation (3.9), implies that the family of
normalised matrix-variate Hermite polynomials

-1
(3.11)  Hpyxy) := {c(l-@)_lﬂHg’") o N 0}, c(k) = 47" (Z) kI\C\(1dy)

K

forms an orthonormal system in L?*(uy). In Appendix A, we prove the following
Proposition, stating that this system is also complete in L?(ux).

PROPOSITION 3.1. — The system Hj.,, is complete in L*(px).

Therefore, every F' € L?(ux) admits a unique decomposition in the basis (3.11),

312 P ¥ Y P

k>0 kFE

where

(3.13) F(r) = C(H)_l/ F(X)H (X)) (X)(dX)

REXn

is the Fourier-Hermite coefficient of F' associated with the partition x and ¢(k) is
as in (3.11). To state our result, we introduce some further notation. For an integer
s > 0and X ~ A7,(0,Id,®1d,), we recall the notation t,(X) := tr ([XX7T)*)
introduced in (2.5) and define the spaces

Z/{g( =R, Z/{lf ::spanR{Htsj(X):51—|—...+sm<k,m21}, k>1,

j=1

where the closure is with respect to L?(p1x ). By construction, we have that X C Uz, ;.
We let

1
US =l oul, =ufn (US,),

that is, Uy is the space of those random variables in X that are orthogonal in L?(PP)
to elements of ;X ;. Expanding matrix-Hermite polynomials into zonal polynomials
by (3.5) and subsequently zonal polynomials into monomials of the type ¢s(X)
by (2.4) shows that Hermite polynomials admit an expansion into monomials ¢4(X).
In particular, since Hermite polynomials are orthogonal in view of (3.9), it follows
that

Uy = spang {H,(f’”) (X):kE k} .

The following result links matrix-variate Hermite polynomials with the classical
Wiener—It6 decomposition in (3.2). In particular, we establish an explicit formula
for projection coefficients associated with radial functionals of the form F(X) =
fo(XXT) € L*(ux) where X ~ A;x,(0,1d, ®1d,,) in terms of generalized Laguerre
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polynomials (see Section 2.1 for definitions). Such a formula is to be compared
to [Koc96, Tha93|, where the authors study Hermite expansions of functions of the
form F(x) = fo(||X]|)P(x) on R"*, where P is a harmonic polynomial.

THEOREM 3.2. — For integers 1 < ¢ < n, let X ~ A}y, (0,1d, ®Id,,) and write
X = Vec(X). Then, for every integer k > 0 and every partition k - k, we have that
H™(X) is an element of C¥. and for every F € L*(uyx),

(3.14) proj (F|CX,) = proj (FIUY) = 3 F(k)H"™ (X),

kHk

where F(x) is as in (3.13). In particular, we have that proj(F|C¥., ;) = 0. Moreover,
if F(X) = fo(XX7), then

1 (=2)*
oné/2T, (%) k'\C,(1d,)

x /P . PRI @ Ryetr (~27'R) det(R)

(3.15) F(k) =

n—~0—1

v(dR),

where L) denotes the generalized Laguerre polynomial of order -y > —1 associated
with the partition r, defined in (2.10) and v(dR) is the Lebesgue measure on Py(R).

Our proof of Theorem 3.2 suggests that, combining the generalized Rodrigues
formula (3.6) with the univariate Rodrigues formula (3.7), matrix-variate Hermite
polynomials can be expressed in terms of multivariate Hermite polynomials. For
instance, combining (3.6) with (3.7) in the case £ =n = 1 (so that for every integer
k >0, k = (k) is the only partition of k) and writing ¢ = ¢("'!) for the standard
Gaussian density function yields for every k > 0

-1

A (X)0(X) =47 (5) o (19X7%) 0(X)

= (5), (a) o0 =1 (5), vt

where we used that (%)) = (%)k, Ciky(a) = a* for a € R and the Rodrigues formula
for classical Hermite polynomials in (3.7). This shows in particular that

(1,1) k(PN
HE (0 =47 (3)  HalX).
Proceeding similarly for arbitrary dimensions ¢ and n, we compute the first matrix-
variate Hermite polynomials associated with partitions of order up to 2 to be

L

(3.16) HEM(X) = ;

(1)

3
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H((SSn)(X> = M(S Yo Ho(Xy)+3 Yo Y Ho(Xyy) Ha (Xiyy)

ielfjeln i1 #i2 €[€] j € [n]
+3)> > Hy(Xy) Ha (X)) + D > Ho(Xiy) Hy (Xij)
i€ [€] 51 # j2 € [n] i1 #i2 €[€] j1 # j2 € [n]

2 Y H (Xu) Hy (X)) Hy (i) H, (Xm'z)>>

i1 #i2 € [0] j1 # j2 € [n]

1

Hw,n)(X):( 2 )L h(Xip) Hy (Xe,)

(171) — 2 171 2 1272
6n(n =)\, S5 shmen

C XS H i) Hi (i) B (Xi) (X))
i1 #i2 € [€] j1 # j2 € [n]
Combining the content of Theorem 3.2 with the orthogonality relation (3.9), allows
one to derive variance expansions of spectral variables F'(X) € L*(ux) where X ~
Nixn(0,1d, @ 1d,,) as a converging series in terms of its Fourier-Hermite coefficients.

PROPOSITION 3.3. — For integers 1 < ¢ < n, let X ~ A},,(0,1d, ®1d,,) and
F(X) € L*(ux). Then,

Var[F(X)] = ;;1 % lmﬁf [F(X)Hg»n)(x)r |

where the convergence of the series is part of the conclusion.

3.2. Fourier—Hermite coefficients of Gaussian determinants as intrinsic
volumes of ellipsoids

In this section, we consider rectangular Gaussian matrices X and provide the
Wiener chaos expansion of determinants of the form det(X X7)'/2. In [ZK12], Kablu-
chko and Zaporozhets consider the case where X € R*™ has centred independent
rows with respective covariance matrices >, ..., ¥y, and prove that (see in particu-
lar [ZK12, Theorem 1.1])

2] (n)e
(317) E[det (XX ) :| —m‘/(gzl, ...,SEZ,IB%,@, --~7Bn)7
where V(Ey,, ..., s, By, ..., B,) denotes the mixed volume of the ellipsoids &y, , i
=1, ..., £ associated with matrices ¥; and B,, denotes the unit ball in R™ with

volume k,, = 7/2/T(1 + n/2). We also refer the reader to [Vit91, Theorem 3.2],
where the author proves a similar formula linking the expected absolute determinant
of a matrix with i.i.d. copies of a random vector to the volume of the zonoid associated
with the random distribution.

In Theorem 3.6 below, we substantially extend the framework of Kabluchko and
Zaporozhets to arbitrary projection coefficients associated with the Wiener chaos
expansion of such Gaussian determinants in the case where the rows of X are
i.i.d centred Gaussian vectors with the same covariance matrix X.
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Let ¥ € R™*" be a symmetric positive-definite matrix and {X® = (Xl(i), N ¢2))
i € [(]} a collection of independent Gaussian vectors with covariance matrix .
We write X € R>" for the matrix whose i*" row is X®. It follows that X has
distribution Ny, (0, 1d, ®X) with density function

(3.18) 68 (X) = (2m) 2 det () Petr (27 XETIXT) .

As a consequence, the matrix XX ~/2 has the Ny, (0,1d, ® Id,,) distribution (see
e.g. [GN00, Theorem 2.3.10]). Based on the matrix-variate Hermite polynomials
H“™ and their orthogonality relation with respect to ¢(“®) in (3.9), we define

K

(3.19) HE™(X;3) = det(D)*FHE™ (X57172).

In particular, we note that H™ (- 1d,,) = H" (). The following proposition shows
that H(“™ (-, %) are orthogonal with respect to the density qﬁg’n) in (3.18).

PROPOSITION 3.4. — For every integers k,l > 0 and every partitions k - k,o [,
we have

L. HEDOGD)EED (X D)6 (X) (dX)

n

=1{k = o} x det(X)**F47F <2> Hlk:!CH(Id,;).

Therefore, the family of normalized polynomials
Hy:={c(i; 0)72HED (D) ch b k> 0}

(3.20) .

c(k; X):= det(X)2k4F <2> _lk!Cn(Idg)

forms a complete orthonormal system of L?(ux), where ux denotes the spectral
measure of X X7 associated with X. Hence, for every F € L?(ux), one has the
expansion
F(X)= Y Y F(sX)H™(X;3),

k>0 rtk
where the projection coefficients are given by
oy D= elmD)” [ FOOHE (X 2)88™ (X)(dX)
3.21 RExn
= c(k; B) ' Ex [FXOHS(X:5)], X ~ An(0,1d, OF),

The next result provides an explicit formula for the projection coefficients F (k; X))
in the special case where F(X) = det(X X7)1/2,

THEOREM 3.5. — For integers 1 < £ < n and ¥ € R™*" positive-definite symmet-
ric, let X ~ N} (0,1d, ®Y). Then, F(X) = det(X XT)'/2 is an element of L*(ux),
and one has the decomposition

F(X)=Y Y P 2)H"(X; D),

k>0kFE
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where the Fourier—Hermite coefficients of F' are given by the formula

_ _9)k ol
(3.22) F(k;X) = de((z))ékkl< > g%( > S(<n))a
x det(3)~ @/226/21(?;) / - det (UNUT) R s,

Here, (’;) denote the generalized binomial coefficients defined by (2.3), and f
stands for the Haar probability measure on the Stiefel manifold O(n, ¢) of ¢-frames
in R™.

As anticipated, our next result yields a geometric interpretation of the projection
coefficients F'(k; %) appearing in (3.22) in terms of mixed volumes and intrinsic
volumes of ellipsoids (see Section 2.3 for preliminaries on these notions and in
particular notation (2.17)).

THEOREM 3.6. — For integers 1 < ¢ < n and X € R™™" positive-definite sym-
metric, let X ~ N;,,(0,1d, ®Y). Then, for F(X) = det(XXT)Y/2 we have
(3.23) F(r; %) = M(1;2,0,n) - V(Es[l], Bu[n — 1))
-1
(3.24) = M(K; S, 0,n) - Fing @ Vi(Es),
where
n+1
(2 ( ) ( ) (), (o
M(k;2,0n) = ———=— )° z
det(X2)% k! H;; (g)g (2m) 2k y
and where V (-, ..., ) and V() stand for the mixed and (™" intrinsic volumes, re-

spectively (see also notation (2.17)), B,, denotes the unit ball in R" and k, =
72 JT(1 4+ n/2) denotes its volume. In particular, for xk = (0),

E [det (xx7)" 2} _ (%)%‘;{Hv (&xl4), Buln — 4)

- () e
Remark 3.7. —

(a) We point out that (3.25) coincides with (3.17) in the case where ¥; = X for
i =1, ..., (. In this sense, relations (3.23) and (3.24) therefore considerably
generalize the content of [ZK12, Theorem 1.1} to arbitrary chaotic projection
coefficients F (k; X)) associated with partitions k of order k& > 1

(b) Our proof of Theorem 3.6 suggests the following new relation for intrinsic
volumes of ellipsoids

(3.25)

Vi(&s) = <Z> ;"e det(%)~"2 /O gy QSO UT) DA,
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where 1 < ¢ < n and g indicates the Haar probability measure on the Stiefel
manifold O(n, ¢).

(c) In Section 4.2.1, we sketch an attempt to further generalize the findings of
Kabluchko and Zaporozhets to the more general setting where the rows of X
are independent with respective covariance matrices Y, ..., 2. As we will
explain, we are not successful to adapt our techniques employed in the proof
of Theorems 3.5 and 3.6 to this more general framework. Such a difficulty may
be explained by the fact that the polynomials defined in (4.17) are not easily
tractable for matrix calculus, as we have to deal with each row separately.

The following Corollary is obtained from Theorem 3.5 applied with > = Id,,, that
is, when X has independent rows with independent coordinates. In this case, we
have H(*™(X;1d,) = H™(X) and F(k;1d,) = F(k) as in (3.13).

COROLLARY 3.8. — For integers 1 < { < n, let X ~ A5, (0,1d, ® Id,,). Then,
F(X) = det(XXT)'2 is an element of L*(jx), and one has the decomposition

F(X) =YY F(m)HI™M(X),
k>0 kik

where the Fourier—-Hermite coefficients of F' are given by the formula

o -G £ ().

=hor (3)
Kk s=00ots 2),

In particular,
(3.27) E {det (xx7)" 2] _ QZ/QM.

Remark 3.9. —

(a) Combining the contents of Corollary 3.8 and Theorem 3.2, we see that (3.26)
provides the chaotic projection coefficients associated with the Wiener-chaos
decomposition of det(XX7)Y/2. In Section 3.4, we consider functionals of
multi-dimensional Gaussian fields arising in stochastic geometry, that admit
a certain integral representation in terms of Jacobian determinants, and
effectively use formula (3.26) to obtain a compact expression of their Wiener-
[t6 chaos expansions.

(b) Formula (3.27) is to be compared with the definition of a(¢,n) in [Not21,
Eq. (1.8)] and in particular with Remark 1.2 (a) therein for a link to the
so-called flag coefficients

n(n Kn
¢ T 14 /in,glig,

also appearing in the Gaussian Kinematic formula (see for instance [AT07,
Chapter 13]). In particular, one has that

® o (xx7) "] = 1)
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3.3. Generalized Ornstein—Uhlenbeck semigroup
3.3.1. A Mehler-type representation

In this section, we provide the equivalent counterpart on matrix spaces of the
classical Ornstein—Uhlenbeck semigroup {F; : t > 0} on R defined via Mehler’s
formula (see e.g. [NP12, Theorem 2.8.2])

P f(x)=E [f (e’tm+ Vv1-— e—2tX0)} , Xo~A(0,1), ze€R, t=0.
For an integer d > 1, f: R? = R, Xy ~ 43(0,1dy),z € R? and t > 0, we write

(3.28) POf() =E[f (e'z+VI—e?Xo)],

for the Ornstein—Uhlenbeck operator in dimension d, in such a way that P, = Pt(l).
We fix integers 1 < £ < n, and define the space

(3.29) II(¢,n) = {f ‘R 5 R: f(XH) = f(X) for every H € O(n)},

that is, an element of II(¢, n) is a matrix-variate function that is right-invariant under
orthogonal transformations. For a diagonal matrix A = diag(ay, ..., a,) € R™"
with a,...,a, = 0 and f € II({,n), we introduce the operator
1/2
(3.30) O F(X) =E [ / N (XH@”‘ + X (1d, —e 24)" ) A(dH) ‘X] ,
’ O(n
t>0

where the expectation is taken with respect to Xo ~ 47, (0,1d, ® 1d,,), for a matrix
M € R™",

1
tM = P
€ - Z p| (tM )
p=017"
denotes the matrix exponential of M, and i indicates the probability Haar measure
on the orthogonal group O(n).

The next result specifies the action of the operators Ot(f;ln) for generic diagonal
matrices A with non-negative entries on the class of matrix-variate Hermite polyno-
mials and naturally complements the action of P, on Hermite polynomials on the
real line given by (see e.g. [NP12, Proposition 1.4.2])

(3.31) PH(z) = e " Hy(x).
THEOREM 3.10. — For every diagonal matrix A = diag(as, ..., a,) € R™"™ such
that ay, ..., a, = 0, every integer k > 0 and every partition k - k, we have that
Cm (e—QtA>
3.32 oM gen (xy= 2\ ) gn)(x
(3.32) HEX) = G HE ()

In particular, the family {(9%’4”) .t > 0} is a semigroup on the class I1(¢,n) if and

only if a; = ... = a, = a. More precisely, in this case, Oﬁfj‘) coincides with Péfn) on
the class I1(¢,n).
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From (3.32) it becomes clear that the polynomials H(*™ are eigenfunctions of (’)gf’l")
with respective eigenvalue Cy(e=24)C,(Id,)~!. Moreover, if F' € L?(uy) admits the
expansion (3.12), then Ot(fAN)F € L*(ux) and

R O,i e—QtA
otpr - ¥ T A e

k>0 kFEk

that is, the projection coefficients of (’) " F are obtained from those of F by multi-
plying by C.(e 24)C,(1d,)~!. Let us make some remarks about Theorem 3.10.

Remark 3.11. —

(a) Using the fact that H(*™ is an element of the class II(¢,n) (as can be seen
for instance from (3.8)), we deduce from (3.32) applied with A = Id,, that

CH 6—2t Id,
C.(Id,)

— 6—2ktng£,n) (X)7

sz PUHE) = OGHIX) =

where we used that Oy (e72!19n) = ¢=2*(,_(Id,,) by homogeneity. Recalling that
H“™ (X)) is an element of the 2k™ Wiener chaos associated with Vec(X), it is
clear that the classical Ornstein—-Uhlenbeck semigroup {Pt([") :t > 0} acts on
the entries X;; of X via the relation P{"™ H®™ (X)) = e=2 H(tm) (X)), which
is consistent with (3.33).

(b) Let us assume that A = diag(a, ..., a),a > 0. Then the relation in (3.32)
reduces to

O HI™ (X) = e HI™(X),

K

in view of the relation C,(e %) = e~22C,(Id,). In particular, from this

identity, one can directly verify the semigroup property verified by O(Z ™ g
matrix-Hermite polynomials, as for every s,t > 0,

O HY™ (X) = e 25 (X) = OO B (X)),

Combining this relation with (3.32) in particular suggests the identity
. (6—2(t+s)A) C. (6—2tA> . (6—25A>

C.(1d,) C,(Id,)? ’
which fails to hold in the case where the diagonal entries of A are not all
equal. Indeed, for simplicity a direct computation in the case { =n =2,k =
(1),a; = 1,as = 2 shows that the left and right-hand sides of the above
relation are respectively given by

Lt ors) | —a(t+s) L o _as
5 e +e }, Ze e 7,

which are different.
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3.3.2. An extension of the orthogonality relation for matrix-variate Hermite
polynomials

It is well-known that for jointly standardized Gaussian random variables X, Y
such that E [XY] = p, the univariate Hermite polynomials on the real line satisfy
the orthogonality relation (see e.g. [NP12, Proposition 2.2.1])

(3.34) E[H (X)H(Y)] =1{k =1} x klp*

Exploiting the action of the operator (’)Ei’f) on matrix-variate Hermite polynomials
derived in Theorem 3.10 allows us to establish the matrix-counterpart of the orthog-
onality relation (3.34) in the setting where the correlation of the Gaussian matrix
entries X and Y is reflected in a matrix R. This is the content of the following
Theorem.

THEOREM 3.12. — Let X, Xy ~ Aix,(0,1d, ®1d,) be independent and R be

a deterministic matrix of dimension n x n. Let Y £ XR + Xo(Id,, —R?)Y2 in dis-
tribution. Then, for every integers k,l > 0 and every partitions k - k,o - [, we
have

CH) (Id€>
C.(I1d,)

g

(335  E[HM(X)HM(Y)| =1{k =0} x 47 (Z) 1klaﬂ(}z?)

Some remarks concerning Theorem 3.12 are in order.

Remark 3.13. —

(a) By independence of X and X, and the distributional identity Y £ XR+
Xo(Id,, —R?)'/?, we have that for every i,i' € [(],], 7" € [n],

E[X;; Y] Z]E Xok] R

= Z]I{z’ =1i,j=k} Ry =1{i =1} Ry,
k=1

where we used that X ~ A4}y, (0,1d, ®1d,), yielding that, for every j,j =
1, ..., n,|Rjy| <1 by virtue of the Cauchy-Schwarz inequality. The above
observation implies that R is necessarily symmetric and positive-semidefinite
as a covariance matrix, and therefore has non-negative eigenvalues r, ..., r,.
Note that if R = A = diag(ry, ..., m,) is diagonal, we therefore necessarily
have |r;] < 1 for every j = 1, ..., n, so that (Id, —R?)"/? is well-defined.
Our arguments to prove Theorem 3.12 are based on the following general
reduction argument: for f,g € II(¢,n), writing R = OAOT with O € O(n)
and A = diag(ry, ..., r),

E [f(X)g (XOAOT + X,0 (Id _R2) )

g {f(XO)g (XOA + X,0 (Idn _N)mﬂ

=B [7(X)g (XA + Xo (14, -a7) ) .
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where we used the fact that f(X) = f(XO) and g(XOT) = g¢(X) since

f,g € 1I(¢,n) as well as the fact that (XO, X,0) £ (X, Xy), showing in
particular that |r;| <1 for every j =1, ..., n.

(b) We point out two particular cases of Theorem 3.12: (1) if R = Id,, rela-

(3.36)

tion (3.35) reduces to the orthogonality of Hermite polynomials stated in (3.9)
and (2) when R = diag(p, ..., p), (3.35) gives

E |H"W(X)HE (pX +4/1 - p2XO>}

-1
— — —k E | 2 K
[{k=0} x4 <2>R E!C, (p Idn) C.(1d,)

-1
=I{k =0} x47" (g) klp**C,.(1dy),

where we used homogeneity of zonal polynomials. For completeness, in Ex-
ample 3.14 we present three explicit examples of (3.36) for the Hermite
polynomials in (3.16) by relying on product formulae for univariate Hermite
polynomials.

(c) Writing X = Vec(X) and Y = Vec(Y), we know by Theorem 3.2 that

H*(X) € CX and H'™(Y) € C¥. In particular by orthogonality of
Wiener chaoses, it is clear that H(*™ (X) and H{™ (Y') are orthogonal in L?(P)
when k # [. Remarkably relation (3.35) yields a stronger orthogonality in the
sense that, even if k = [, the elements H™(X) and H{™(Y), belonging
both to the Wiener chaos of order 2k, are orthogonal as soon as k # o.

(d) Combining relation (3.8) with (3.35), we deduce an extended orthogonality

relation for generalized matrix-variate Laguerre polynomials

E [Lﬁnﬁl) (2 xx7) L) (2—1YYT)} = 37 E [HE(X)HE (V)]

=I{xk =0} x <Z>_ k!CH(RQ)g:EII((B,

where we used that v, := (—=2)7%(%),.', thus extending the orthogonality

relation in (2.11) obtained for R = Id,,.

Example 3.14. — In this example, we explicitly compute the covariance

E [H(&n) (X)Hy,")(y)} , Y = pX +4/1—p?2Xy

K

in the three examples (i) Kk = 0 = (1), (ii) kK = (2),0 = (1,1) and (iii) k = 0 = (1,1)
by relying on the explicit expansions of the corresponding matrix-Hermite poly-
nomials in terms of univariate Hermite polynomials in (3.16) and moment formu-
lae for products of the latter. Our computations developed below are consistent
with (3.36). In view of the covariance structure between X and Y, we have that
E (XY =1{i=17,j=7j}p. We start with (i). Using the covariance structure

together with the expression for H, ((fsn) in (3.16) yields
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4n In
E[HG O V)] = 15 X 3 E[H(Xi) B (Vi)
Z1 i2 €[] j1,j2 € [n]
02 , 0
:2777‘2 Z Z H{Zl—Zg,jl—]Q}—— :p?

i1,i2 €[] j1.42 € [n]
where we used (3.34). On the other hand, using that (n/2)) = n/2 and C)(Id,) =
tr(Id,) = ¢ yields from (3.36)

o L
In 4n
E[H{Y(X)H (V)] =47 12 Pl =p
which coincides with the above. Let us now treat ( i). In view of (3.16), we can write
1 > 1
HE(X) = ——— ST A(X), HID(Y) = ——
where A1(X), ..., A5(X) and B1(Y), B2(Y') are the double summations appearing
in the respective definitions of H g)n) (X) and H ((f:?)) (Y) (including their multiplicative
coefficient). We can thus compute

(Bi(Y) + Bo(Y)),

(3.37) E[Hy" (X)H{T (V)]
1 1 5 2
" 12n(n+2) 6n(n — 1) 22l

i=1j=1

(X)B;(Y)],

which is a sum of ten terms. First we recall the following relations for jointly standard
Gaussian random variables Ny, No, Zy, Zy such that E [N;No] = E [Z1Z5] = 0,

E [Hy(Ny)Hy(Z1)Hy(Z5)] = 24E [N, Z1)* E [N, Z5)°
E [Hy(Ny) 2y Z) = 2B [Ny Zy) E [N, Z,)] |
E [N\NyZ,Z5] = B [N1Z1] E [N2Zs] + E [Ny Zo]) E [N2Z4] .

Combining these relations with the covariance structure between X and Y, one
verifies that

E [Az(X>BJ(Y)] =0, V (@7]) ¢ {(57 2)7 (47 1)}
and
E[As(X)Bi(Y)] = —E [A5(X) Bo(Y)] = 8(¢ — 1)n(n — 1)p,
)

implying in particular that E[Hg)”) (X)H 1)y (Y)] = 0 in view of (3.37). Proceeding
similarly for example (iii), we write

B[ OHW)] = zzlna B,(Y)
where B; and B, are as above, for which we compute
E [By(X)Bi(Y)] = E[Ay(X)By(X)] = 8(¢ — n(n — 1)p",
E[Bi(X)B:(Y)] = E[B(X)B1(Y)] = E[A4(X) By (Y)] = 0,
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E [Bo(X)Ba(Y)] = — B [As(X)Ba(Y)] = 46(¢ — 1n(n — 1),

where A, and As are the terms appearing in H ((f)n) Summing these terms yields

(3.38) E[ﬁﬁﬁ@(xﬁfﬂ&m(yﬂ

1
E[B (V)] = ——— (0 —1)p*
3&# %;% V=g Lr
On the other hand, computing (n/2)q,1y = n(n —1)/4 and Cq1y(Id) = 20(¢ — 1)
yields from (3.36)

-1

1

E[H W (X)H(Y) :4‘2<n> 2p"Clay(Idg) = oS l( = 1),
[ (1,1) (1,1) } 2/ an (LY 3n(n —1)

which is consistent with (3.38).

3.4. Applications to geometric functionals of Gaussian random fields

In this section, we apply our main results of Sections 3.1, 3.2 and 3.3 to the study
of geometric functionals of multidimensional Gaussian fields.

In Section 3.4.1, we consider random variables admitting an integral representation
in terms of Jacobian determinants associated with multi-dimensional Gaussian fields.
We argue that such a definition can be interpreted as the total variation of vector-
valued functions, generalizing the classical definition of total variation of multi-variate
functions. More specifically, in the setting of a certain matrix correlation structure
between two Jacobian matrices, appearing notably in the study of Gaussian Laplace
eigenfunctions, we exploit the findings of Theorem 3.12 to obtain a precise expression
for the variance of the total variation in terms of integrals of zonal polynomials.

In Section 3.4.2, we apply the general framework of Section 3.4.1 to vectors of inde-
pendent arithmetic random waves with the same eigenvalue on the three-dimensional
torus, and prove a CLT in the high-energy regime for their generalized total variation
on the full torus.

In Section 3.4.3, we consider the nodal volumes associated with vectors of in-
dependent arithmetic random waves on the three torus. In particular, we provide
its Wiener—It6 chaos expansions in terms of both, multivariate and matrix-variate
Hermite polynomials, and provide some insight for variance estimates of its chaotic
components.

3.4.1. Generalized total variation of vector-valued functions

Let n > 1 be an integer and consider a centred smooth Gaussian field f = {f(z) :
z € R"} on R™. For 1 < £ < n, we consider ¢ i.i.d copies fV), ..., §¥) of f and are
interested in the /-dimensional Gaussian field

fe = {fz(z) = (f(l)(z), o f(g)(z)) A= ]R"} )
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We denote by f)(z) € R™™ the Jacobian matrix of f, evaluated at z € R". Moreover,
we assume that (i) for every z € R™, the distribution of f,(z) is non-degenerate and
(ii) for every z € R, fj(2) ~ Axn(0,1d, ®1d,,). We define the following random
variable.

DEFINITION 3.15. — For a compact domain U C R", we define
(3.39) VenlfisU) = [ ®(fi(2)) d=
where ®(M) := det(MMT)'/? for M € R>™,

We note that the above integral is well-defined since U is compact and det(f}(z))
is a multivariate polynomial in the entries of §,(z). We remark that the random
variable V,,(fs; U) can be seen as a generalization of the total variation of vector-
valued functions. Indeed, for ¢ = 1, (3.39) coincides with the definition of the total
variation for functions R® — R. For ¢ = n, [DP12, FFMO04] consider a relaxed total
variation of the Jacobian given by the Area formula (see e.g. [AW09, Proposition 6.1})

V(iU /|det ydz_/ N, (f: U)dy,

where N, (f,;U) = card({z € U : §,(2) = y}). Using the Co-area formula (JAWO09,
Proposition 6.13]) in (3.39) shows that

Viu(ji:U) = /RZ ay(fe; U)dy,

where o, (fs; U) denotes the (n — £)-dimensional Hausdorff measure of the level set
{z € U : fo(2) = y}: Thus, the definition (3.39) generalizes the above setting to
functions R” — R with ¢ < n.

From now on, 1 < £ < n are fixed and we write V(f;; U) = Vg, (f; U). The fact
that, for every 2z € R", ®(f}(2)) is an element of L*(puy.)) implies that V(f; U)
can be expanded in matrix-variate Hermite polynomials by means of Corollary 3.8,
yielding its Wiener chaos expansion

(3.40) V(i U) = Y.V (f U) V (f U) [2k] = 3 B( /an) ) dz,

k>0 kk

where ® (k) is as in (3.26) and V (f; U)[2k] denotes the projection of V(f; U) onto
the Wiener chaos of order 2k associated with §,. In the following proposition, we
compute the variance of the total variation of f, on U in the specific framework,
where the matrices f,(z) and f,(2') satisfy a certain matrix correlation structure for
every z,z" € R" (see (3.41) below).

PROPOSITION 3.16. — Let the above notation prevail. Assume furthermore that
for every z,z' € R,

(3.41) () £ §(2)R(z, ) + Xo (Id, —R(z, 2))

in distribution, where Xy = Xo(z,2’) is an independent copy of fj(z) and R(z, 7’) is
a deterministic matrix. Then,
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(3.42) Var[V (j; U)]

32—k (1) 1 Eellde)
= @ 24 k <n> ‘ " o "2 /
lgu% (%) 2/ K C.(Id,) UxUC (R(Z,Z) )dzdz7

where (k) is as in (3.26).

3.4.2. Applications to Arithmetic Random Waves on the three-torus

The study of local and non-local features in the high-energy regime associated with
zero and non-zero level sets of Gaussian Laplace eigenfunctions on manifolds has
gained great importance in past years, where different models have been taken into
consideration. Celebrated models include Berry’s monochromatic random waves (see
e.g. [DEL21, MPRW16, NPR19, PV20] and [Ber77, Ber02] for seminal contributions),
spherical harmonics (see e.g. [CMW16a, CMW16b, MP11, MRW20, Wigl0]) and
arithmetic random waves (ARW) on the torus (see e.g. [BM19, Cam19, DNPR19,
KKW13, Not21, ORWO08, PR18, RW08]).

In this section, we apply the general framework presented in Section 3.4.1 to the
setting of vectors of independent arithmetic random waves on the three-torus, T3.

Arithmetic random waves on the d-torus

Let T? = R?/Z% = [0,1]/~, d > 2 denote the torus of dimension d. Arithmetic
random waves on T¢, first introduced in [ORW08, RWO08] are Gaussian Laplace
eigenfunctions satisfying

AT,(2) + E,T,(2) =0, E, =4x’n, z € T¢
where
nESd::{m>1:E|(m1,: ...,md)EZd:m%—i-...—i—m?l:m},

that is, n is an integer expressible as a sum of d integer squares. The set of frequencies
associated with n € Sy is

Ani={A=(\, 0 M) €270 .+ N =0},

and we write |A,| =: N, for its cardinality, that is, N,, is the number of ways in
which n is represented as a sum of squares. An L?(T?)-basis of eigenfunctions is given
by complex exponentials of the form {e)(-) := exp(2mi(\,-)) : A € A}, where (-, )
denotes the standard Euclidean inner product on R?. For n € S;, the ARW with
eigenvalue F, is defined as random a linear combination of complex exponentials

1
(3.43) T.(z) = > area(2),
VN 2R,
where the coefficients {a) : A € A,} are independent standard complex Gaussian
random variables save for the relation a_, = @y, which makes T}, real-valued. Alter-
natively, ARWs are defined as the Gaussian process {T,,(z) : 2 € T?} on T¢ with
covariance function
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=— Y e(z—2)=r"(z-2), z7eT%
N \EX,

Note that (™ only depends on the difference z — 2/, meaning that the random field
{T.(2) : 2 € T?} is stationary. Moreover, the fact that 7,(0) = 1, implies that for
every z € T¢ T,(z) has variance one.

Total variation of vectors of ARW on T3

For an integer 1 < ¢ < 3 and n € Ss, we consider i.i.d copies T\, ..., TY of T},
in (3.43) and consider the associated ¢-dimensional Gaussian field

(3.45) T = {TV(2) = (T(2), ..., T{)(2)) : 2 € T3}

Our specific goal is to study the high-energy behaviour of the total variation
V(TW: T3) (as defined in (3.39)) of TY on the full torus, that is when A, — oco.
Since for every z € T3, we have

0 E,
Varléijrgz)@)} =5 i€[l], j€n],
we introduce the normalised partial derivatives
. EN"Y2 9
3.46 5.70 () = (n) 9 pii
( ) Jo n (Z) 3 52’] n (Z),

with unit variance and write Tg)(z) € R for the normalised Jacobian matrix of

T, According to (3.39), we use the homogeneity of the determinant in order to
rewrite the total variation as

(3.47) V (TO;T?) = (%‘)Z/Q /T o (Tff)(z)> dz,

where
(M) = y/det (MMT).

Differentiating (3.43) and using the fact that r™(0) = 1 implies that TS)(Z) ~
Niwn(0,1d; ®1d,,) and is stochastically independent of TV (z) for every z € T3. We
furthermore adopt the notation

) o ) ENT
(3.48) rip(z) = WT (2), T0(2) = <3) ri(2).

The statement of our result is divided into three parts: (i) gives the expected total
variation of vector-valued ARWs on the full torus, (ii) is an exact variance asymptotic

TOME 6 (2023)



1002 M. NOTARNICOLA

and (iii) is a Central Limit Theorem in the high-energy regime for the normalised
total variation

Vv (T§f>; ']I‘3) _E [V (Tff); T3)]
Var [V (Tff); ’]1‘3” 12

(3.49) V(T 1) =

THEOREM 3.17. — Let the above notation prevail.
(i) (Expected total variation) For every n € S3, we have

0/2
(50 B[V (T0m)] - (5) 2
’ L (3)
(ii) (Asymptotic variance) As n — oo,n #£ 0,4,7 (mod 8),

as vl (T = () 2 g (L0 ()

(iii) (CLT) As n — oo,n # 0,4,7 (mod 8),
(3.52) V(T T) 5 0 (0,1),
where £ denotes convergence in distribution.

We remark that (3.50) and (3.51) imply that the normalised total variation
V(TW: T3)/E’ converges in probability to ()42 FEfPE%) as n — oo,n # 0,4,7
(mod 8).

Our proof of Theorem 3.17 is based on expanding the total variation in (3.47)
into matrix-variate Hermite polynomials by means of Corollary 3.8 (see also (3.40)).
As we will prove, the high-energy distributional behaviour of the normalised total
variation is entirely characterized by its projection on the second Wiener chaos, which
explains the underlying Gaussian fluctuations. In order to prove the negligibility of
higher-order Wiener chaoses with respect to the second one, we rely on fine estimates
for the second and sixth integral moments of ™ derived in [BM19)].

3.4.3. Digression: Comparison with [Not21]

In this section we compare our findings with [Not21], where we study nodal
volumes L := Hs_o(Z(TW)) of the nodal sets Z(T¥) associated with T in (3.45)
(here, H;, denotes the k- dlrnensional Hausdorff measure, with H, indicating counting
measure). Such a work is in particular based on the asymptotic study of the fourth
chaotic projection associated with the Wiener-It6 chaos expansion of LY. Recall
that, in view of the Co-Area formula, the nodal volume L is deﬁned ]P—almost
surely and in L?(P) as

0/2 ‘
(3.53) 10 = () [ b0 (TO) x @ (1) d=
T3

is the normalised Jacobian matrix of Tg), and d(, ... 0)(x)

where ® is as in (3.47), T
= ( , ¢7) denotes the multiple Dirac mass at the origin.

= (5()(3?1) cee 50(1‘@),

)
1
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Using matrix-Hermite polynomials studied in the present article, the chaotic projec-
tion of LY on the Wiener chaos of order 2q is obtained by means of Corollary 3.8
as

(3.54) L{[2q]

:(Z"y/? > / 3 H®£(T£)(z))xztf>(/@)Hg’3) (Tff)(z)>dz

q1+2q2=2q lal=q1 kg2
En £/2 )
(BT sy Bl [ (r0) e (10)
3 q1+292=2q |a|=q Kl_qz

where for a multi-index o € N¢, B, denote the projection coefficients of the Dirac
mass and ®(k) can be computed from (3.26) (applied with n = 3)

(355) ) = (2% (5) 2 ;,SUZZ() 8

s=0ots

2o

Writing out the explicit values of the projection coefficients in (3.55) for partitions
k€ {(2),(1,1)} and using the expressions for matrix-variate Hermite polynomials
n (3.16), we eventually recover the projection coefficients associated with ® appear-
ing in [Not21, Proposition B.5]. We remark that, unlike the Wiener chaos expansion
of the generalized total variation in (3.40), the presence of the multiple Dirac mass
leads to an expression containing both, multivariate and matrix-variate Hermite
polynomials. Specifying (3.54) to ¢ = 2 yields that the projection of L) on the
fourth Wiener chaos can be written compactly as the sum of five terms

LO[4] = (?)m [SPm) + ...+ 8 ()],

where

SOn) = Ny N H,y (T(2)) dz
1€ [{]

Sée)(n) = (g?) ®((0 ) D / Hg Hg (Trgj)(z)) dz

i<jell

i) = G8(0) T /T Ha (10() #( (Tff)<z>) i:
510(n) = Fob((2) [ H<“’( () d
59 m) = Bod((1,1)) [ HED (1)) =

Such an expression should be compared with [Not21, Eq.(3.23)]. We remark that
in the case ¢ = 1, the terms Sél)(n) and Sél)(n) disappear, since in this case, only
matrix-Hermite polynomials associated with partitions x of length one contribute to
the chaotic expansion of L), The rich combinatorial structure of matrix-Hermite
polynomials allows us to deduce a number of interesting observations about variance
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estimates: Exploiting Theorem 3.12 for the term Si”(n) (and similarly for 5¢”(n))
yields

Vst = s ()
— B25((2))247? (3)

0(2)(Id€) N2 /
2 7/ (2 — dzd
Co)(Idg) Jrocro Cl2) (R (z —2") ) zdz

| ) (1ds)
C(2)(Id€) 2
Q!C'(g)(ldg)/ﬂl‘i" O(g) (Rn(z) )dZ,

where the last identity follows by stationarity. Moreover since the terms Sf)(n) and

1
@)
-1
2

Ség)(n) involve different partitions of the integer 2, Theorem 3.12 implies that the
random variables S;(n) and Ss(n) are orthogonal in L?(P). It should be remarked

that Sf)(n) and S (n) are however not orthogonal in L?*(P) to the remaining terms
Sl(f) (n),p=1,2,3, as can be seen for instance from

E [5i7(n)S{" (n)]

) (iv> @ x 3 [ B[ (10) HEP (100))] s

involving covariances between univariate and matrix-variate Hermite polynomials.
In order to deal with such expressions, one can expand matrix-Hermite polynomials
into univariate Hermite polynomials and rely on the classical diagram formulae for
the latter.

4. Proofs of main results
4.1. Proofs of Section 3.1
Proof of Theorem 3.2

Proof. — Since F € L*(ux) C L*(¢“™), we can expand it in the two orthonormal
systems Hg,) and Hiy,,) defined in (3.1) and (3.11) respectively, yielding

(4.1) F = proj (F‘C?) => Zﬁ(/@)H,(f’”).
k>0 k>0 rkk

Using the representation of zonal polynomials in (2.6), we write C,(XX7T) as a
homogeneous polynomial of degree 2k in the entries of X = (Xj;), that is

£ n
Co(XXT) = 3 A ITIIXG,
la|=2k  =1j=1
where o € N®™ is a multi-index such that |a| = 2k and 2% is an explicit constant
depending on « and k. Using the above representation of zonal polynomials in the
generalized Rodrigues formula (3.6), it follows that
o= 3

K

o) e (ox0xT) 60 (x)

K
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{ n
aaL g )
a ¢(X
a|z:2k H 1_[1 aX ” )

=17

=4 F (Z)K {¢(5n) } |
1 0%

St ()Y AT (X,

2/ 5 lo|=2k  i=1j=1 ] 8Xij !
Then, using the classical Rodrigues formula for Hermite polynomials on the real
line (3.7) for every i € [{],j € [n], we infer that

0%
-1 aij g
[P(Xi5)] 8X7§”¢<Xij> = (1) Ho, (Xi5),

so that, using the fact that |o| = 2k,

() =4 (1) S T Ha (%)

B lal=2k i=1j=1

—k n -1 IO & g J40)
=4 () Z ZaHa (XH, cey Xgn)

2/x || =2k

The above expression yields the expansion of H“™(X) into multivariate Hermite
polynomials and implies in particular that H*™(X) is an element of the Wiener
chaos of order 2k associated with the vector X = Vec(X). The formula for the
projection of F onto C3, in (3.14) then follows summing over all partitions of k. The
fact that the projection of F' onto Wiener chaos of odd order is zero follows from the
fact that the RHS of (4.1) does not involve any multivariate Hermite polynomials
of cumulative odd order since H(*"(X) € C¥

In order to prove formula (3. 15) we use the identity (3.8) and subsequently ap-
ply the polar decomposition X = RY2U according to (2.13), yielding (dX) =

"m  de t(R)" 2 v(dR)ji(dU), (see e.g. [Chi03, Theorem 1.5.2]). Therefore, we have
from (3.13)
F(r) =c(m)™ [ PO (X0 (X)(dX)
REXN
n—~0—1
= (k) Yy, (2m) 2 / fo (XX7) = (27X X") etr (=27 X XT) (dX)
REéXn

n—~0—1

= () y(2m) " [ » / . HRILE ) 2 Ryetr (<271 R) x

Pe(R)
,/TnZ/Z e
———det(R) 2 v(dR
gy e e
— 1 (_Q)k (niéil) -1 —1 nfgfl
"2, (3) HOL0L) Joey TV (27 Rjets (=27 ) det(R) ™" (a1,
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where we used that fi is a probability measure on O(n, ¢) and the definitions of ¢(x)
and 7, in (3.11) and (3.8), respectively. This finishes the proof of Theorem 3.2. [

Proof of Proposition 3.3

Proof. — By Theorem 3.2, the Wiener-1t6 chaos expansion of F'(X) is given by

(4.2) F(X) =Y S F(r)H" (X),

k>0 kkk
where F(k) is as in (3.13). Computing the L2(P)-norm on both sides of (4.2) and
using the orthogonality relation (3.9) then yields

E[F(X)?] =3 S5 F(o)F()E [HE(X)H™(X)]

k>01>0ktk o+l

= 3 Y F(r)2 (2‘)_1 K, (1dy)
= F((0))° + Y. Y F(r)ya™ (Z)_l KIC, (1dy).

k>1kFk K

Since F((0)) = E[F(X)], we obtain the expansion for the variance of F(X),

Var[F(X)] = gl%ﬁ(ﬁ)ak (,;)_1 k!C,(Id,)
-r¥ [4’6 (Z): k!CR(Idg)] R [FeOH ()]

where we used (3.11). O

4.2. Proofs of Section 3.2
Polar decomposition of Gaussian rectangular matrices

Let us assume that X has the A7, (0,1d, ®3) distribution with density function

™ (X) defined in (3.18), and write X = RY2U for its polar decomposition ac-
cording to (2.13). In the following lemma, we compute the joint probability density
function of the pair (R, U).

LEMMA 4.1. — If X ~ A5,(0,1d, ®X), the joint probability density of the pair
(R,U) is given by

43) S (RU) = ——

Iy (%) 20t/

n—~£—1

det(X) /2 det(R) = etr (~27'UN'UTR).
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Proof. — Applying the polar change of variable X = RY2U gives (dX) =

n—~0—1

det(R) = v(dR)a(dU) (see e.g. [Chi03, Theorem 1.5.2]), so that

7Tn€/2

Fe(3)

n—

62(X)(dX) = ¢x (RV?U) det(R)" 2 v(dR)ji(dU)

_ b —t/2 notl —17ry—177T _
= T,(3) 20 det(X) /2 det(R)* = etr (27 US ' U R) v(dR)fi(dU)),
where we used that etr(—27'RY2US'UTRY?) = etr(—2"'UL"'UTR). 0

The following lemma (see [Chi03, Theorem 2.4.2]) gives the marginal density
functions of R and U, respectively. These are obtained when integrating the joint
density f(ru)(R,U) with respect to U and R, respectively.

LEMMA 4.2 ([Chi03, Theorem 2.4.2]). — Assume that X ~ A5, (0,1d, ®%) and
write X = R'/?.U. Then, the marginal density functions of R and U are respectively
given by

1 n—~—1
4.4 R) = Fo(5; =257 R)det(R) =,
where
(a1)s -~ (ap)s Cu(S)CK(T)
F a,...,a;b,---,b;S,T:
vFala r ! ) k%:o,;c (01)w -+ (bg)w  K!Ck(Idy)

denotes the hypergeometric function with two matrix arguments (see e.g. [Chi03,
Appendix A.6]) and
—n/2

(4.5) fu(U) = det(x) /2 det (US'UT)

The density function of U in (4.5) is referred to as the matriz angular central
distribution with parameter 3 on O(n, ¢). We also point out that, when > = Id,,, the
matrix R follows the Wishart distribution with density function

N
P ()

n—~

0Fy (;;—27"1d,, R) det(R)* = = Wl(n)etr (—27'R) det(R)*=
e\32

and the matrix angular central distribution of U reduces to the uniform distribution
on O(n, £). Moreover, it follows from (4.3), that in this case, R and U are independent.

Combining (4.3) with (4.5), we obtain the conditional probability density of R
given U:

f(R,U)(R, U)

o) = r o

_ 1 1 n—~4—1 1 14T 1T
= T det(R)* = etr (27 'US™'UTR) det (US'UT)

n/2

In the forthcoming sections, whenever Z is a random variable, we often write E [-]
to indicate mathematical expectation with respect to the law of Z.
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Proof of Proposition 3.4

Proof. — We observe that the following relation holds
(4.7) E(X) = det(x) g0 (X571/2)

where ¢(*™ denotes the standard Gaussian density on R“*™. From the definition (3.19)
and the relation (4.7), it hence follows that

Lo B D) I (X )™ (X) (0X)

_ det(2)5k+4l—£/2 ngé,n) (XZ_1/2) H((Tz,n) (XE_1/2) ¢(€,n) (XZ_I/Q) (dX).

REXn
Applying the change of variables Y = XX7'/2) we have (dY) = det(X~/?)4(dX) =
det(2)~2(dX) (see e.g. [Mui82, Theorem 2.1.5]), i.e. (dX) = det(X)*?(dY), so that
the integral above becomes

det(z)ﬂk-i—fl—ﬁ/Z H,gé,n) (X2_1/2> Hgf,n)(XE—l/Z)qs(f,n) (XE—I/Q) (dX)

REXN

= det(S)*H [ HEDE)HED (V)3 (V) (dY)

REéXn

=1 {x = o} det(X)** 4" (Z) B kIC(1dy),

K

where we used (3.9). This proves the statement. O

Proof of Theorem 3.5

The proof of Theorem 3.5 is based on the following key identity.

LEMMA 4.3. — Let A € C™** be a complex symmetric matrix with positive real
part, B € C™* a complex symmetric matrix and t € C such that ®(t) > ({ —1)/2.
Then, we have

41

(4.8) /P o (CAR) det(R)~ 5 LD (RB)U(dR) =

(’y + ”;) Co(Ide)Te(t) det(A) 33 @ (7(;;) o (11 47 eCe (BA™).

s=0ots

Proof. — This identity follows directly from the definition of Laguerre polynomi-
als in (2.10): indeed by linearity, it suffices to apply relation (2.12) on each zonal
polynomial C, appearing in the expansion of L. O

We are now in position to prove Theorem 3.5.

Proof of Theorem 3.5. — The fact that the random variable F(X) = det(X X7)'/2
is an element of L?(ux ) follows from the following observation: Denoting by s1, ..., sg
the eigenvalues of X X7, we have that
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det (XXT) :l' Z Siy "t Sqy
T A A€l

:/R.../R;!H{ti#tj, Vi€ [0} px(dty) ... px(dty).

This justifies the decomposition into matrix-variate Hermite polynomials of F'. We
now prove formula (3.22). Using the definition of the polynomials H¢™(X;¥)
in (3.19) and the relation (3.8), we obtain from (3.21)

F(r; %) = e(s; B) By [F(X)H™ (X %))

= ¢(k; X) " det(2)*,Ex [F(X)L,QHQ) (Q‘IXZ‘IXTH :

where X ~ A,,(0,1d, ®%). Applying the polar decomposition X = RY2U and
noting that F(RY2U) = det(R)/2, we have

n—~{—1

F(k; %) = e(k; £)~" det(S)* 7, Emo) {det(R)l/QL,({ ? >(2‘1R1/2UE‘1UTR1/2>]

n—~4—1

= ¢(k; 2) " det(2) *, Eero det(R)l/QLﬁ 2 >(2‘1UE‘1UTR)

n—~0—1

where in the last line we used the fact that L\ 2 1)(2_11’?1/2UE_1UTR1/2) =L
(27'UL7'UTR) in view of the permutation invariance property (2.9) of zonal poly-
nomials appearing in the definition of matrix-variate Laguerre polynomials (2.10).
By conditioning on U, we can rewrite the above expectation as

E o [det(R)2L ) (2—1U2—1UTR)]
— Ey [En [det(r) 2L (2—1U2—1UTR)” By [Z.(U: X)),
where
Z(U; %) == Egp [det(R)l/QL,(@n_;H) (27'US'UTR)|
so that
(4.9) F(r; %) = ¢(r; £) 7 det(S) %7 By [Ze(U; D))

We start by computing Z,(U;X). Using the conditional probability density of R
given U in (4.6), we have
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(4.10) Z.(U;)

n—£—1
— [ dermyeLl) (rysoyrg) Lot )
'Pe(R)
n—f—1
= det(R)/2LL " )(2_1UE‘1UTR)
Pe(R)
1

x (2 [y(2) 2nt/2
x det (U%" 1UT) v(dR)

det(R)Tfletr (—2’1UZ*1UTR)

n—~£—1

= / det(R)"%‘Lﬁ 2 )<2‘1UE‘1UTR) etr (=27 'UST'UTR) v(dR)
Pe(R)
1
X Pg( ) 2n€/2
1

== O m det (Us0")" . 1,03 3),
e\2

det (Us107)"”

where

(4.11) I.(U;%)
et (257) (oot g-1ggT Apry—177T
= det(R)*7 L (27'UST'UTR) etr (27 'UST'UTR) w(dR).
Pe(R)
Exploiting identity (4.8) with v = (n — ¢ —1)/2,t = (n+1)/2 and A = B =
271USUT yields

1.(U; %)
= (3), G000 5% @ ((_21)) c (2), 0 ()
xdet (270 '07) " 0, (10))
— det (27w pT) (Z) C.(1d,)T, (” + 1) >y ( ) (EE;)U

— det (Uz1pT) " gt (Z) C, (1dy)

K

r () iz <K>(_1)s (=),

— det (UE‘lUT)_(n+1)/ ‘L d,,
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where

v e (3) e (S5 £ (Yo

Replacing this expression into the RHS of (4.10) eventually gives
1
1 1

%W

Taking expectations with respect to U gives from (4.9)

(n+1)/2

Z(U;%) = 7y det (UD” 1UT) det (US™'UT) - d,

—-1/2

—d, det (UZ’lUT)

F(r; %) = ¢(r; )" det(2)*,Ey [Z(U; )]

11
— (k) det(E)”‘:%dHF ; )W/z]EU {det (vs-'vr) 1/2].

The expectation with respect to U is computed using (4.5),

-1/2

Ey fu(U)p(dU)

det (Uz107) 2] _ /O et (vs—'v7)

= det(x)"" |

O(¢,n)

(n+1)/

det (US™'UT) *(dv).

Replacing this expression into the previous relation, we conclude that
F(k; )

11 "
= o(k; %)~ det(N)* 2y, d, / oy et (UBT0T)” U G aw)

Fe(g)w O(tn)

1
_ N —t/2
= det(X) "4 ( ) WL, det(X) ™7 v,.d,

x /O oy det (vs—vT)

where we used the definition of ¢(k; ) in (3.20). Combining this expression with the
definitions of v, in (3.8) and dj in (4.12), yields after simplifications

Fn) = i (3) 23 () U1

n
K s=0oks <§>a

) Iy (251) (D)2
% det(x) 3/22”21@ /O oy et (U7 A(dU),

1
)

—(n+1)/2 _
(dU),

which finishes the proof of Theorem 3.5. U
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Proof of Theorem 3.6

Proof. — In order to prove (3.23), it is sufficient to prove the relation

I, (2t
(4.13) det(z)mﬂ/”(i
2

) D)2
ey /O oy et (vs—v7) a(du)

_ ()
_ mv@m,wn — 1),

since then (3.23) directly follows after combining (4.13) with (3.22). Let us now
prove (4.13). A direct computation shows that

n+1 n
(414 PRI = DI T S O
Iy (%> @2m) 2 ko’ " T(14n/2)

Since the mixed volume on the RHS of (4.13) only involves the convex bodies &y
and B,,, we can use (2.18) to represent it as an intrinsic volume,

(4.15) V(Es[l], Buln — {]) = “(’;)fw(gz).

Using the integral representation (2.16) for the £*® intrinsic volume yields

w(sz):@ n /G Vol (€| ) v 02,

ReRn—¢

where v, is the Haar probability measure on the Grassmannian G(n, ¢). Combining
this with (4.14) shows that the identity in (4.13) is equivalent to

B (D)2
416) det(S 5/2/ det (USUT auU
(416) der(s) 2 [ e (vzot) " gan)
1

_ - 1(Es|U Vv f(dU).

- GW)VOE( | Y Vv (AU )

Therefore it remains to prove (4.16). We rewrite the LHS of (4.16) as follows

I
det (Us—0T) 211, dU:/
/W) et ) o(dU)

Y
det<[U21UT} ) I, ,(dU),
O(n,0)

where I1,, ,(dU) = det(3)™/2det(US'UT)~"/2[i(dU) is a probability measure on
O(n, ¢) by virtue of (4.5). We now argue that

N 1/2
/ det([Uz—lUT} 1) M) = [ det (USUT) "1, (a0
O(n,L) O(n,t)

In order to see this, let us write ¥ = OAO” for O € O(n),A = diag(A1, ..., \).
Then, we have det(UL7'UT) = det(WA™'WT) with W = UO € O(n,{) since
WWT = UO(UO)" = 1d,. Therefore, it suffices to consider the case where ¥ =
A is diagonal. Moreover, since W € O(n,{) we have for every @ € O({) that
QW QW)T = QWWTQT = 1d,, that is QW € O(n, (). This implies that, up to
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rotating the matrix W = UO, we can assume that the rows of W coincide with the
¢ first canonical basis vectors eq, ..., e, in R". Then, we compute
—1

det ([WAle}l) — det (WATWT) " = (ﬁ Ail) 1T = det (wAw?).
=1 =1

Therefore, integrating on O(n, ¢) and noting that II,, ,(d(QU)) = I, ,(dU) for every
Q) € O(?) yields the claim. Now, since II,, 4 is left-invariant by orthogonal transfor-
mations, it can be viewed as a probability measure on O(n, ¢)/O(¢) ~ G(n, (), where
two elements Uy, Uy in O(n, £) are equivalent if and only if there exists ) € O(¢) such
that U; = QUs,. Thus, since v, 4 is the unique left and right-invariant Haar probabil-
ity measure on G(n, (), it must coincide with II,, ,. Writing % for the ¢-dimensional
linear subspace generated by the rows of U, we have that the matrix UXUT rep-
resents the ellipsoid Ex|% of volume vol,(Ex|%) = ke det(UXUT)Y2, implying in
turn
1/2 1
/ det (UZU") " 10,,,(dU) = / ol (E | W) v o (dU).
O(n,f) G(nt) Ry
This proves (4.16) and thus (4.13). Formula (3.24) follows from (3.23) and rela-
tion (4.15). Formula (3.25) is obtained when setting £ = (0) in (3.23) and (3.24),
respectively, and using the fact that F((0); 2) = Ex [F(X)]. O

4.2.1. An attempt at generalizing to distinct covariance matrices

In this section, we try to generalize the results of Theorem 3.5 and Theorem 3.6
to the more general setting where the rows of X are independent Gaussian vectors
with distinct covariance matrices.

Let {3; € R™™ : i € [(]} be positive-definite symmetric matrices and {X® =
(X XY i e [} a collection of £ independent Gaussian vectors with re-
spective covariance matrices Xy, ..., X,. We write X for the ¢ x n matrix whose
i™ row is X, Then, the vector Vec(X”) has the multivariate normal distribution

N (0, 92), where
l
Q=Y (ee] @) = diag(Sy, ..., B) =S @... By,
=1

with e; € R denoting the i canonical basis vector. The density function of X is
given by

1 T
TV _ —nt/2 —nt)2 e T T
ba (Vec (X )) = (2m) det(£2) etr< QQ Vec (X )Vec (X ) ) .
If X is distributed as above, a computation shows that the ¢ x n matrix
Yy = (Ide ®Vec (XT)T 9‘1/2> (Vec(Id,) ® 1d,,)

has the standard matrix normal distribution. Therefore, we consider the matrix-
variate polynomials

(4.17) HE(X;Q) = det(D*HEY (Yy), wFk
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satisfying the orthogonality relation (similar as in the proof of Proposition 3.4)

HE (X QHS™ (X Q)da(Vee(XT)) (dX)

REXN

-1
=1{k =0} x det(Q)*47* <Z> k!C,(1dy),

and thus the family
Ho:={c(k; Q)2 HI™ (5Q) -5 b k> 0},

o(k; Q)::det(Q)Zkél_k(Z) KIC,(1d,)

forms an orthonormal system of L?(ux), where, as usual, ux indicates the spectral
measure associated with X X7, Expanding the function F(X) = det(XXT)/? ¢
L?*(ux) in the basis Hg, using the relation

b (Vec (XT)) = det(Q) 26 (Yy)

K

and the definition of H(™(-; ), we have that the associated projection coefficients
are

~

F(r; Q)
= c(k: Q) /R F(X)HE(X; Q) (Vee (XT)) (dX)
= det(@)F 7 [ FOOHE (V)6 (v) ()

n—_L—1

= det(Q)F1/2y, / F(X)Le * ) (270xYE) (2m) et (~27 1Yy YT (dX).

REXN

The idea is now to perform the polar change of variables X = R'2U. In order to do
so, we compute tr(YxYy):

tr (Vx YY)

=tr <Ql\/ec (XT) Vec (XT)T> = Vec (XT)T Q 'Vec (XT)

_ T o T -1 T\ _ ‘ N, T -1 T
= Vee (X7) Z:(ezez ® %) Vee (X7) ;VGC(X) (eie] ® 7" Vee (X7) .

Then, using the relation Vec(S)'(BD @ E)Vec(S) = tr(DSTESB) (see e.g.
[GN00, Theorem 1.2.22]), we obtain

tr(YyYT) = fjvec (XT)T (eie] @ 5;1) Veo(XT) = f)tr (el RPUSTIUT R ey)
i=1 i=1

¢ ¢
=Y tr (el RPPUSTUTRY?) = tr (Z eiey Rl/QUzglUT}W) :
i=1 1=1
The difficulty to proceed now is the following: the above computation suggests that
we cannot write tr(YxY{¥) as tr(AR) for some matrix A, due to the fact that one
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cannot exploit the permutation invariance of the trace in view of presence of the
matrix eieZT. We remark that, when ¥; = X for every ¢« = 1, ..., ¢, the above
formula gives tr(Yx YY) = tr(Id, US7'UT) = tr(UX~'UT), which coincides with our
computations in the proof of Theorem 3.5. This observation makes it in particular
difficult to directly apply the integration formula (2.12), and thus hints to the fact
that the polynomials H“™(-;2) are not easily amenable to matrix calculus.

4.3. Proofs of Section 3.3
Proofs of Theorem 3.10 and Theorem 3.12
Our proofs of Theorem 3.10 and Theorem 3.12 involve auxiliary polynomials

introduced in [Hay69]. For X € R™ and A € R™" symmetric, we consider the
polynomials P, (X, A), kF k defined by (see [Hay69, Eq. (34)])

etr (~XX") Py(X, A) = S /R etr (<2iXUT) etr (-UUT) O, (UAUT) (dU),

nt/2

These polynomials have the following properties (see e.g. [MPH95, p. 229] and [Hay69,
Section 6]).

LEMMA 4.4. — For every k > 0,k - k and symmetric A € R"*", we have that
(4.18) Pu(X,1d,) = 2 (Z) HE (V2X)

(4.19) /O o PXH, AYi(dH) = /O o Do HAHT)i(dH) = Cld) p(x.1a,)

(4.20) Pu(X,A) =By [Ci (X +iV)AX +iV)")], V ~ 4 (0,1d, /2®1d,).

In order to prove Theorem 3.10, we shall first show the following Lemma, linking
the conditional expectation of H(*™ with the polynomial P, introduced above.

LEMMA 4.5. — Let k > 0 be an integer, Kk + k a partition of k and A =
diag(dy, ..., d,) a diagonal matrix with |d;| < 1 fori =1, ..., n. Then, for Xy ~
Nixn(0,1d, ® 1d,), we have for every X € R>",

(en) AN\ gk (P (X o
(4.21) EXO{HH (XA+XO(1dn A?) )}_2 (2) Pe( 5 2%)

Proof. — For W = (W;;) € R”™ we use the implicit representation (2.6) of
C.(WWT) as homogeneous polynomials of degree 2k in the entries of W,

{ n
Co (WWT) = 3 22 TTTI Wi~

lo|]=2k  1=1j=1

Then, using (4.20) with B = diag(by, ..., b,) such that by,..., b, > 0, we can write
Po(W, B) = Ey [C,. (W +iV)BW +iV)T)]

=Ey {C,{ ((WB”2 + iv31/2) (WBl/2 + z'VBl/Q)T)}
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= > ﬁ [1E:, [(mj\/a'”v”\/bj)%]

la|=2k  I=1j=1
¢ n

= 3 A TLTL 65 B, (W + Vi)™

lo|=2k  I=1j=1

Using the one-dimensional representation of Hermite polynomials as Gaussian ex-
pectation,

Esz [(VVZJ + ﬂ/lj)alj] - 2_alj/2HOélj <\/§I/VZJ>

leads to

L n
P, B) = 3 T TT 05720 Hay, (V2W)

lo|]=2k  I=1j=1
{ n
=27 3 A TL T 65" Haw,y (V2W)
lo|]=2k  I=1j=1
Applying (4.22) with W = X/v/2 and B = A?, yields

(4.23) P, (\‘2 A2> =27" 5" 21 ﬁ ;" Hq,, (X))

laj=2k  I=1j=1

(4.22)

On the other hand, applying (4.22) with W = (X/V2)A + (Xo/v/2)(1d,, —A2)Y/2
and B = Id,,, we have

(4.24) P, (\)/gAJrf/(ﬂ(d A dn>

=27 3" 2 ﬁ ﬁ Ha,, (d; X1 + /1 — d2Xoy5)

la|=2k  I=1j=1

Taking expectation with respect to Xy in (4.24), we infer

Ex, [Hgm <XA + X (14, -42)" 2)}

(2):JEXO[ <\f \/_(Id —a%)Y ,Idnﬂ (by (4.18))
— 9k <Z> Ex, 275 3 = HHHal (4,0 + \/7)(01])] by (4.24))
(

lo|]=2k  I=1j=1

e (3) 2 e (05T

la|=2k  1=1j=1
(by independence)
¢

_ ok (”)_1 2F S L] Hay (Xy) (by (3.31))

laj=2k  I=1j=1
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— ok (’;)1 P, (\)/%,N), (by (4.23))

which proves relation (4.21). O
We are now in position to prove Theorem 3.10.

Proof of Theorem 3.10. — In order to prove (3.32), we use Fubini and apply (4.21)
with A = e~ and integrate both sides with respect to the Haar measure on O(n)
to obtain:

Ot(f;,")H,ﬁe’”)(X) E [/ Hm <XH6 M4y, (Idn _e—QtA)1/2> fi(dH) | X]

- [ ®|m¢ (XHe‘tA+X0 (Id, —e24) >’X] dH)
O(n)

|
Lo
), Gy

—2tA —2tA
_ ok ( X Id, | = Cn(e)H(&n)(X)
I<L \/57 CH(Idn) K )

where we used (4.18) and (4.19). This finishes the proof of the first part of the
statement. Let us now prove the second part: Assume first that A = diag(a, ..., a)
and let f € II(¢,n) (see (3.29)). Then, one has that

OV F(X) = /O WE [ (X H + VI = e %X, H) ]X} (dH)
= E[f (X + VI— e Xo) | X]| i(dH) = Py f(X),

O(n)

(4.25)

where we used the facts that Xo = XoH for H € O(n), f is an element of I1(¢,n)
and [ is a probability measure on O(n). Finally, if the a;’s are not all equal, then
arguing as in Remark 3.11(b), one can derive a relation contradicting the semigroup

property of (’)(zn : O

Proof of Theorem 3.12. — We proceed in two steps. In view of Remark 3.13, the
matrix R is necessarily symmetric and has non-negative eigenvalues. We start by
showing that (3.35) holds for diagonal matrices R = diag(ry, ..., r,). The state-

ment for arbitrary symmetric matrices will then follow from the diagonal case by a
reduction argument.

Step 1: R is diagonal. — Let us first assume that r, ..., r, > 0. Since X £
XH, H € O(n) and using the fact that H*™(XH) = H®™(X) for every H € O(n)
(as can be seen e.g. from (3.5) or (3.8)), we have

(126) B [HEOOHED (X004 % (10, 1))
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_ R [HO(XE [ ) (XR + X (1d, —R?)" 2) ’ X”

—E / S HE(XHE { ) <XHR + X (1, ~R?)" 2) ’ X] ﬁ(dH)]
O(n

_E|H(XE [ ) (XHR + X (1, —R?)"” 2) fi(dH) | XH

O(n)

= E[H (X)OR (X))

* g

where R, := diag(In(1/ry), ..., In(1/r,)). Then, exploiting the action of Ogjg) on
matrix-variate Hermite polynomials given in (3.32) we infer

E [ () HE (XR + X (1d, —R?)" 2)}

Cn 6_2R*
- CE (1d,,) E HOHE (X))

= g:((ﬁn)) E[H"™(X)H™ (X)]

K g

=I{x=0} x47" (Z): k!Cn(R2)g:((IIji))>

where we used that e~ = R? and the orthogonality relation for Hermite polyno-
mials (3.9). If some of r,...,r, are equal to zero, the conclusion remains valid, as
in this case, from (4.26), we can use (4.21) and (4.19) yielding the same conclusion.

Step 2: R is symmetric. — Since R is symmetric, there exists O € O(n) such that
R = OAROT, where Ay, is diagonal. Moreover, since R? = OA%0T, we have

Id, —R? = Id, —~OA}0" = 00" — OA}O" = O (1d, —A}) O
yielding (Id,, —R?)/2 = O(Id,, —A%)'/207 as can be seen from the computation
2
{0 (1d, —23)" OT] - {0 (1, —23)" OT] {0 (Id, —A3) OT}
=0 (1d, -A}) 0" =1d, —R”.

Exploiting once more the fact that H“™(X0) = HE™(X) for every O € O(n), we
have

1/2

E {H(&”) (X)HE™ (XR + X (1d, -R?)" 2)}

K

—E |HE(X)HE <XOAROT + X0 (1, -%) " 0T>

—E [HE (X)) HO ((XOAR + X0 (1d, —A3)" 2) OT)

K

_E [aen (x oy (XOAR + X0 (1d, -A%)" 2)}

K

_ R [HE (x)HED (XAR + X (1d, —A3)" 2)} ,
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where the last equality follows from the fact that the pair (X, Xy) has the same
distribution as the pair (X O, X,0). Since A, is diagonal, we can apply the conclusion
of Step 1 to infer
1/2
E |HE (X) HE (XAR + X (1d, —A3)" )}

K

-1
_ _ —k E ] 2 Cﬁ(Idf)
—I{x=0} x4 (2> KC, (A3) i
_ -1 C,(1dy)
—I{x=0} x 47" <”> KO, (R?) 2~
{k =0} X 5) C (R ) C.(1d,)’
where in the last line, we used the fact that C\(A%) = C,(OA%O0T) = C,(R?). This
finishes the proof of Theorem 3.12. 0J

4.4. Proofs of Section 3.4
Proof of Proposition 3.16

Proof. — The variance of the total variation is obtained from (3.40). Using the
orthogonality of Wiener chaoses, the variance of V(f,; U) is computed to be

(4.27) Var[V (f,;; U)] = Var ZV fo; U ZVar (f¢; U) [2K]]
where
Var[V (j; U)[2K]] = 305 &(x) /UIE [HE™ (F,(2)) HE™ (7(2)] ded?,

kkk ok

with ®(k) as in (3.26). Now, in view of (3.41), we can apply Theorem 3.12 with
R = R(z,2’) to infer

B [H (1(2)) B ()] = 1w = o) x4~ (2) 7 kiC, (R(z, ) g&?))

K

yielding

L C.(1dy)
| R\ "2 /
Var[V (f; U H§ijq> <2>H k'Cﬁ(Idn) /U Cw (R(2, 7)) dzd?'
The relation in (3.42) then follows from (4.27). O

Proof of Theorem 3.17

Proof. — The Wiener chaos expansion of V(T®;T?) is given by (3.40):
E £/2
(4.28) VT T) = (51) 5 V(T [26),

k>0
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where for k > 0,

V(T [24] = X () [ O (Tff)(z)) dz

kHk

and ®(x) is as in (3.26). In particular, for k = 0, we have by (3.27),
o2 /2
B[V (101 = (22) " do) = (B) 2 )

390 @)
which proves (3.50).
Second Wiener chaos component. The second Wiener chaos of V(T¥):T?) is given
by

(4.29) V(T %) [2] = (EB’”LY/Q&)((D) [ (Tif)(z)) dz.

In the following lemma, we establish the asymptotic variance of the second Wiener
chaos in the high-energy regime:

LEMMA 4.6. — Asn — oo,n # 0,4,7 (mod 8), we have
vl (r0) 1] = () 2 10 ()

Proof. — Since, for every z,2' € T3, we have

(430)  E[0T0()- 9, T()] =1{i =i} ( ) Pz — )

4

we note that the matrices Tff)(z) and T,(l)(z’) are such that

1/2

O LA g)(z)Rn(Z -2+ X, (Ids —Rn(z — Z,)Q) ’

(4.31) T ET

where Xy = Xy(z, 2') is an independent copy of T,Ef

given by

)<Z) and the matrix R,(z — 2/) is

R.(z—2) = (7"( Nz—2 )) (2 — o) = (En>_ o r™(z = 2.

3 gaep’ M 3 02;02)
Indeed, from (4.31) it follows that (see also Remark 3.13 part (a))
E[0;T0(2) - 0, TS (2)] = 1{i = i’} x 7 (2 = 2),

which is (4.30). In particular, the variance of the second Wiener chaos component is
computed by Proposition 3.16,

(4.32) Var[V (T{;T?) [2]]
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- <E3n Z&)((l))24—1< ) -1 g(l E g ; /ng Coy (Rl — #Y?) dad’

)
_ (E")é@(u))a 1§§ [t (Ru(2)?) dz

L
(5 ol etane

where we used that C(;)(A) = tr(A) and stationarity of T to reduce integrations
on T? x T3 to T3. A direct computation gives

~(n 2
(Ra(2)?) = > (A=)
7" €3]
Now, in view of (3.44) and (3.48), we have
'r’;-’j),(z) = <3> ( ) > AAjea(z
” AEA,

Integrating over T% and using the orthogonality relation for complex exponentials
on the torus

(4.33) /1r ex(z)dz = 1{\ = 0}

then yields

/T tr(Ra(2)2)d

Q
I
S5~
w
.
~
/N
i
&3
—~
w
S~—
N—
V)
Q.
Q

Z Z )\2)\2

n g3 €3] €A,

WEIZW2

73,7 EBIAEA,
Z Z /\2)\2
N n2N 3,3 €BIAEA,
Now, using the relation (see e.g. [Cam19, Appendix C])
1
242 s = . -/ —1/28+0(1)
W >N = H{J—J}+15H{J%J}+O(n )

nXeA,
gives

/Tgtr (R (2) )dZ_AS;n (3 +£+O< 1/28+o(1))> :A%L(l+0(n1/28+o(1)>)’

so that, computing ®((1)) = 2%/2 lfe( from (3.26) gives by (4.32)

vy (BTl = () 80075 (10 (<)
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~(5) # iy, (00,

which finishes the proof of Lemma 4.6. 0

Higher-order chaotic components. The goal of this part is to prove the following
statement, dealing with the variance of the tail of the Wiener chaos expansion of
V(T®, T3).

PROPOSITION 4.7. — Asn — oo,n # 0,4,7 (mod 8), we have

5 v (10:79) [Qk]] o (VarV (197 2]}

(4.34) Var

k>2

In particular, as n — oo,n #Z 0,4,7 (mod 8),
(4.35) V (TO;T%) = V (TV; T%) 2] + 02 (1),

where op(1) denotes a sequence of random variables converging to zero in probability,
that is, in the high-energy regime, the random variable V(T\9; T?) is dominated in
the LQ(]P’) -sense by its projection on the second Wiener chaos.

The proof of Proposition 4.7 is based on a suitable partition of the torus into singu-
lar and non-singular pairs of cubes, as introduced in [ORWO08] (see also e.g. [DNPR19,
Not21, PR18| for further references using this approach).

We now describe this partition. For every n € S3, we partition the torus into a
disjoint union of cubes of length 1/M, where M = M,, > 1 is an integer proportional

0 V' E,, as follows: Let Qo = [0,1/M)3; then we consider the partition of T? obtained
by translating Qo in the directions k/M, k € Z>. Denote by P(M) the partition of
T3 that is obtained in this way. By construction, we have that card(P(M)) = M?3.
Let us now denote by

V(TO; 1) [41] == 3V (TY; %) [24]
k>2
the projection of V(Tﬁf); T3) onto chaoses of order at least 4. By linearity, we can
write

(4.36) V(TOT%) (4] = Y V(TV:Q) [4F] . €3]

QeP(M)
where V(T®; Q) denotes the total variation of T\?) in the cube Q. From now on, we
fix a small number 0 < 7 < 107!, In the forthcoming definition, we define singular
pairs of points and cubes. Recall the notations

(. 9 ) w9 -
T (Z) : azir (Z)7 Tz,] (Z) : &ziazjr (Z), (Z,]) c [3] X [3]

DEFINITION 4.8 (Singular pairs of points and cubes). — A pair of points (z, z') €
T3 x T3 is called a singular pair of points if one of the following inequalities is
satisfied:

’r(") (2 —2") (m)

r;

>

(z—2) z—z)>nEn/3
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for (i,7) € [3] x [3]. A pair of cubes (Q,Q') € P(M)? is called a singular pair
of cubes if the product Q) x @)’ contains a singular pair of points. We denote by
S = S8(M) C P(M)? the set of singular pairs of cubes. A pair of cubes (Q, Q') € §¢
is called non-singular. By construction, P(M)* = S U S8°.

For fixed @) € P(M), let us furthermore denote by B¢ the union over all cubes
Q' € P(M) such that (Q,Q') € S. Arguing as in [DNPR19, Lemma 6.3], we have
that

(4.37) Leb(Bg) = O(R,.(6)),

where R,,(6) = [ps[r™(2)]%dz. In view of (4.36), we can thus split the variance into
its singular and non-singular contribution as follows

Var|V (T{; T%) [41]]
= { o+ X }E V(T;Q) [47] -V (TP: Q) [at]] == AT, + AL
QQYes (QQ)ese

The contributions to the variance of the terms An j»J = 1,2 are given in Lemma 4.9

and 4.10 below. The combination of both results proves Proposition 4.7.
LEMMA 4.9 (Singular part). — Asn — oo,n # 0,4,7 (mod 8), we have that
’A%)l‘ =0 (Var [V (Tgf); T?’) [Z]D :

Proof. — Using the triangle inequality, the Cauchy—Schwarz inequality, and (4.37),
we can write

(4.38) ’Aff}l\g 3 \/var[ T; Q) [47] \/Var (T; Q") [44]]

(4.39) < ESR,(6) - Var[V (TL; Qo) [47]],

where we exploited stationarity of T,(f) and where )y denotes the cube around the
origin. Now we notice that

Var[V (T4 Qo) [+7]] < Var [V (T10:Q0)] < B [V (T1:Q0) 7] -

By definition of the total variation (3.47), we can write

slvieoiay] = (5) [, 5l (110) o (11

Now for every fixed z, 2’ € @)y, we have by the Cauchy—Schwarz inequality

s[o (1) 0 (1)) < &[0 (10) | s[s (1)
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where N £ Nix3(0,1d, ® Id3). Therefore, bearing in mind that Leb(Qy) = M3 =
O(E;3/?), it follows that

E{ (T QO)}_ (EfM~) =0 (EL®).

Combining this with the estimate in (4.38) yields |[A{")| < E3R,,(6)EL3 < ELR,(6).
By [BM19, Eq. (1.18)], we have that R, (6) < N;7/3°W asn — co,n # 0,4,7
(mod 8). Combining this with the estimate in Lemma 4.6 yields the desired conclusion.

O

LEMMA 4.10 (Non-singular part). — As n — oo,n # 0,4,7 (mod 8), we have
that
' 1A = o (Var v (179 (2]}

Proof. — Using the expansion in matrix-Hermite polynomials and arguing as in
the proof of Proposition 3.16, we have that

SR
=~ -1 C (Idg)
Ef d(k)24F (n) k=" / Cy (Rp(z —y)?)| dzdy.
P3PS 1), MGy 2 o % )
Now for a matrix S € C™™, we denote by p(S) := max(|A], ..., |An|), where

A; denote the eigenvalues of S. We now use the following two facts: (i) For every
partition x - k, every matrix S € C"™*™ and every x such that p(S) < x, one has that
|C.(S)] < 2*C,.(Id,,) (see for instance [MPH95, p. 197]) and (ii) by Gerschgorin’s
Theorem (see for instance [GR14, p. 1084]), writing S = (s;;),

p(9) <min( max Z|s”| max Z|5U|> =:p(95).

........ Z:l

Applying the facts above with the symmetric matrix S = R, (z — y)? and x = 25(S)
yields

. —1
(4.40) A% < EL Y Y d(r)at (g) KO, (1d)

k>2kkk
k
/ 2p y)2)) dxdy.
(Q,Q")eSe QxQ’

By definition of p and the triangular mequahty, we have that

(x—vy Hrl] (x —y)

(4.41) 2p(Ru(z — y)*) <

Y

i= 123

which is bounded by 187 < 1 on the non—smgular regions. Combining this with the
fact that we are summing over integers k£ > 2 yields

k
o5 o)
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- /QXQ, (26 (Rule — 9)?))" (26 (Rulx — 9)?))” dady

(Q.Q)ese

Combining (4.41) with the Cauchy-Schwarz inequality and the estimate
~(n 2p
L[] as = 0Ra2p), p=1,

where the constant involved in the “big-O” notation depends only on p (see for
instance [Not21, Lemma E.2]), we deduce that

/T (F(Ru(2%) dz < [ max [f(2)

T3 4,1=1,2,3

2 2
‘ ‘dz

~(n)
R AAD

_ =) [t
-/ jg%’g\rﬂ (2)] dz < Ra(4).

Therefore, in view of the estimate (4.40), and the fact that ® € L*(ux) for X ~
Nixen(0,1d, @ 1d,,), we conclude that

A < ER,(4) Y 3 d(r) (;’)_1 kIO, (1d,)

k>2 Kbk
< BLRA(DE [B(X)?] < ELR,(4).
Now, the Cauchy—Schwarz inequality implies that

4 2 1/2
Ro(4) = /T @) e < ( /1r RO /T 3[r(”)(z)]6dz> — /RA(2)RA(6).
Using the estimates (see [BM19, Eq. (1.16) and (1.18)])

Rn(2) =
implies that /R, (2)R,(6) < N, */3+°() The fact that

EANTP3+eM) — (Var [V (Tgf), T?’)D

follows from the order of the variance of the second Wiener chaos in Lemma 4.6. [

. Ru(6) K NTBTM s 00,n #0,4,7  (mod 8)

3

Limiting distribution of the normalised total variation. The next proposition estab-
lishes a CLT in the high-frequency regime for normalised version of the second
chaotic component of the total variation

V (TY;T%) 2]

(4.42) V (T®,T3) [2] := .
( ) Var [V (Tff); T3) [2]} V2
PROPOSITION 4.11. — Asn — oo,n # 0,4,7 (mod 8), we have

V(T %) [2] 5 4(0,1).
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Proof. — The expression of V(T®;T%)[2] is given in (4.29). Normalising that
expression by the square root of the order of the variance in (3.51) yields

S (). 3\ o1 V2N (€.3) [ rinl®)
V (TV;T%) [2] = 77 [ HG (Tn (z)> dz.

Using (3.16), we can rewrite
A (T90)) = LS S g1, (3,70
5 (106) - L5 (o)

Now, for every k € [(], we write Hy(u) = u? — 1 and exploit once more the orthogo-
nality relations for complex exponentials on the torus (4.33) in order to write

3 [, 2 (9,1) dz = 233 /1r | @TPE) -1 i
Zi: N YA (]ak,\|2 — 1)
3

nxeA,

2
=57 2 (laxal” = 1)
Nngnl | :

where we used that Af + A3 + A3 = n, so that

V(T %) [2] = \/5\/N5 / HEY <T“ (2 )) dz

(1)
7 2 (ol =1)

n AEA,

- -
- 5l

1
- Q) -1 )
\/_ 14/ /2 Ae%:/N (’ | )

where A,/ stands the equivalence classes in A,, obtained by identifying A with —X,
so that |A,/~| = N, /2. Note that the random variables {|az,|*> —1: XA € A/}
are i.i.d, centred and have unit variance. The classical CLT thus implies that, as
n—oo,n#0,4,7 (mod 8),

¢ 1 NN
kzl\/m 2 (aalP =1 = 2 Z.

where (Zy, ..., Z;) is a standard Gaussian vector. The statement then follows from
(4.43). O
End of the proof of Theorem 3.17. Relation (4.35) implies that the second chaotic

component of the total variation dominates the Wiener chaos expansion in (4.28).
In particular, (4.35) implies that, as n — oo,n #Z 0,4,7 (mod 8)

Var[V (T;T%)] = Var[V (T, T) [2]] (1 + o(1)),
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and that the normalised sequences of random variables
(V(TO;1%) iness}h , {V(TYT)[2):ne S5}

defined in (3.49) and (4.42) respectively, have the same limiting distribution. Com-
bining this with the asymptotic variance for the second chaos in Lemma 4.6 proves
the variance estimate in (3.51). Finally, the CLT in (3.52) for the total variation
follows when combining (4.35) with the content of Proposition 4.11. This concludes
the proof of Theorem 3.17. ([l

Appendix A. Proof of Proposition 3.1

We recall that L?(ux) = L*(Q, 0(ux),P), where o(ux) is the o-field generated by
random variables of the form

[ @ (de)

where f is a finite linear combination of trigonometric functions of the form cos(az),
sin(bz) with a,b € R. Since f(z) is equal to the limit of its Taylor expansion for
every x € R, and since the support of ux consists of at most ¢ points, we deduce
that o(uyx) is generated by random variables as above where f = p is a polynomial.
Our goal is now to prove that, if F' € L*(ux) is such that E {FHS’”) (X)] = 0 for
every k = k and every k£ > 0, then F' = 0, P-almost everywhere. In order to obtain
the desired conclusion, we will use the following three facts: (i) zonal polynomials
can be expanded into a finite linear combination of matrix-Hermite polynomials (see
e.g [Chi92, Eq. (4.12)]), (ii) the product of finitely many zonal polynomials is a finite
linear combination of zonal polynomials (see (2.8)) and (iii) every monomial of the
form #;,(X) := tr([X XT]*) = s + ... + sF (where sy, ..., s, denote the eigenvalues
of XX7') can be represented as a linear combination of zonal polynomials (see (2.1)).
Using these three facts shows that, whenever F' satisfies the assumption above, then
E [Ft;o(X)® .. .t;,,(X)*™] = 0 for every finite M > 1 and every collection of integers
Jos -5 ju = 0 and ay, ..., ap = 0. In particular, writing p(z) = Zjﬂio cjz? for a
polynomial of degree M, one has that

Fexp (i%cj (s{—i——i—s@))]

j=0

E {Fexp (i/Rp (x),uX(dx)> =E

Fexp (z Z cjtj(X))

- ¥ (iCO)ao"."(iCM)aME[FtO(X)“O...tM(X)“M]:O

(10! : CLM!

F H exp (icjtj(X))]

j=0

ag, ..., ap 20

by assumption. By a standard approximation argument, we therefore deduce that
E[F|o(ux)] = 0, yielding the desired conclusion.
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