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1372 B. CLOEZ & C. FRITSCH

Micro-organisms are modeled though a pure jump process whose jump rates depend on the
substrate concentration.

It goes to extinction almost-surely in the sense that micro-organism population vanishes.
In this work, we show that, conditionally on the non-extinction, its distribution converges
exponentially fast to a quasi-stationary distribution.

Due to the deterministic part, the dynamics of the Crump—Young model are highly degen-
erated. The proof is therefore original and consists of technically precise estimates and new
approaches for quasi-stationary convergence.

RESUME. — Le modele de Crump—Young se compose de deux processus stochastiques
entierement couplés modélisant la dynamique du substrat et des micro-organismes dans un
chemostat. Le substrat évolue selon une équation différentielle ordinaire dont les coefficients
dépendent du nombre de micro-organismes. Les micro-organismes sont modélisées via un
processus de saut pur dont les taux de saut dépendent de la concentration en substrat.

Ce processus s’éteint presque stirement dans le sens ou la population de micro-organismes
s’éteint presque stirement. Dans cet article, nous démontrons que, conditionnellement a la
non-extinction, la loi du processus converge exponentiellement vite vers une distribution quasi-
stationnaire.

En raison de la partie déterministe du modeéle, la dynamique du modele de Crump—Young
est fortement dégénérée. La preuve est donc originale et consiste en des estimées précises et de
nouvelles approches pour démontrer la convergence vers des distributions quasi-stationnaires.

1. Introduction

The evolution of bacteria in a bioreactor is usually described by a set of ordinary
differential equations derived from a mass balance principle, see [HLRS17, SW95].
However, in 1979, Kenny S. Crump and Wan-Shin C. O’Young introduced in [COT79]
a piecewise deterministic Markov process, as defined in [Dav93], to model such a
population.

This model consists in a pair of cadlag processes (X;, S;)¢ > ¢ where S; is the nutrient
concentration at time ¢ and obeys a differential equation, and X, is the bacteria
population size at time ¢t and obeys a Markov jump process. More precisely, they
are defined by the following mechanisms:

e bacterial division: the process (X;);> o jumps from X; to X;+1 at rate u(S;) Xy;

e bacterial washout: the process (X;)¢>o jumps from X; to X; — 1 at rate DXy;

e substrate dynamics: between the jumps of (X;);>, the continuous dynamics
of (Si)i>0 are given by the following ordinary differential equation

(1.1) S/ =D (s — S,) — k u(S,) X, |

where 1 : Ry — R, and D, sy, K > 0 are the specific growth rate, the dilution
rate of the chemostat, the input substrate concentration and the inverse of the yield
coefficient (i.e. the proportion of cell formed per unit of substrate concentration
consumed) respectively. Note that we do not consider the death of bacteria in
this model. However, the results of this article can be generalized, under suitable
assumptions, with a bacterial loss rate d(X;, S;) + D, taking into account a death
rate d(X3,S;) in addition to the bacterial washout, due to the output flow of the
chemostat, at rate D.
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Quasi-stationary behavior of the Crump—Young model 1373

Formally, the generator of this Markov process is the operator £ given by

(12) Lf(z,s) = [D(sm —s) = kpu(s) z] 0s f(x,s) + p(s)x (f(z +1,5) — f(z,5))
+Dux (f(:L‘—l,S)—f(:L‘,S)),

for all z € N (with N ={0,1,2, ...} the set of natural numbers including 0), s > 0
and f € C%'(N x R, ), with C%'(N x R,) the space of functions f : N x R, — R
such that for z € N, s — f(z,s) € C*(Ry).

Since the work of Crump and Young, several chemostat models have been intro-
duced to complete the modeling approach of the chemostat. In particular if the
bacteria population size is not too small, it can be relevant to use stochastic continu-
ous approximation of the process (X;); as in [CF17, CJLV11, FRRS17]. Conversely,
[CJLV11] also propose a discrete version for the process (S;);, which is relevant in a
small number of substrate particles. Models with a mass-structured description of the
bacteria population are also been proposed in stochastic version through individual
based models [CF15, FHC15] or in deterministic version through partial differential
equations [FRT67, Ram79]. See also [WHB"16] for a panorama in mathematical
modelling for microbial ecology.

Despite the simplicity of the Crump—Young model and the fact that it has been
studied in several articles (e.g. [CF17, CJLV11, CMMSM13, CO79, WHB™16]), the
long-time behavior of this process is not well understood. It is well known that, under
suitable assumptions, it goes extinct in finite time with probability one. However, it
can be relevant to look at the distribution of the population size at time t given that
the process is not extinct. In fact numerical simulations suggest that, under suitable
assumptions on the growth rate p and if the bacteria population is not too small,
the Crump—-Young model converges towards a stationary type behavior before the
extinction [CF17]. It then becomes interesting to study, not the stationary behavior
of the process, which is extinction, but its quasi-stationary distribution (QSD). QSD
refers to the stationary distribution of the process conditioned on not being extinct
(see Equation (2.2) below).

Crump and Young, in their original work [COT79], propose an approximation of the
moments of a “quasi-steady-state”(in fact the quasi-stationary behavior, even if it
is not rigorously defined in this way in their article). They made the approximation
that the expectation of the process admits an equilibrium which is the non-trivial
equilibrium (i.e. with a non-extinct bacteria population) of a deterministic model.
This approximation is valid at least in large population size of the bacteria population
since the Crump—Young model converges in distribution towards the deterministic
model in large population size (see [CF17]). More recently, the existence of a QSD, as
well as some regularity properties of this QSD, was proved in [CMMSM13]. As stated
above, we illustrated in [CF17], the convergence of the Crump—Young model towards
this QSD. In addition, we also illustrated in [CF17], the validity of the approximation
of Crump and Young in large population size. Nevertheless, the long-time behavior
of the process before extinction (as defined in [CMSM13, MV12, vDP13]) was, until
now, unknown. In particular, the convergence of the non-extinct process was not
proved.
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1374 B. CLOEZ & C. FRITSCH

In this work, we prove that, under suitable assumptions, there exists a unique
QSD 7 which admits some moments (existence was proved in [CMMSM13], but not
uniqueness). Moreover, we prove that this QSD is also a Yaglom limit, that is for
all (z,s) € N* x Ry and bounded function f: N* x Ry — R (with N* =N\ {0} =
{1,2, ...}), we have

tlggo E(LS) [f( X, St) | Texe > t] = 7(f),

with Try := inf{t > 0 | X; = 0} the extinction time of the process. That is for all
initial condition, conditionally on the non-extinction, the law of process converges
toward the QSD .

This limiting result is the main result of the present article. It is stated in Corol-
lary 2.3. This corollary is a consequence of Theorem 2.2. This theorem gives a more
complete description of the quasi-stationary behavior. It describes the uniqueness of
7 through integrability /moment properties; moreover it gives an exponential speed
of convergence to it for a certain class of initial distributions.

Convergence to QSD is usually proved using Hilbert space methods [CCL™09,
CMSM13, VD91]. However, our process of interest is not reversible, therefore its
infinitesimal generator cannot be made self-adjoint on a suitable Hilbert space.
To overcome this problem, we use recent results [BCGM22, CG20, CV20, CV23]
which are a generalization of usual techniques to prove convergence to stationary
distribution [MT09]. These techniques are applicable to general Banach spaces that
are not necessarily Hilbert spaces, for processes that are not necessarily reversible
or when the existence of the principal eigenvector is unknown. A drawback is that
sharp estimates are needed on the paths such as uniform bounds on hitting times.
These estimates are often obtained through irreducibility properties, however proving
irreducibility properties for piecewise deterministic processes is an active and difficult
subject of research [BHS18, BLBMZ15, BS19, Cos16]. See for instance the surprising
behavior of some piecewise deterministic Markov processes in [BLBMZ14, LMR15].
A main part of our proof is nevertheless based on such result.

An important feature of the Crump—Young model is that it is not irreducible.
Indeed, fixing the number of bacteria x, the flow associated to the substrate dynamics
has a unique equilibrium §,, which is never reached. In the following, we demonstrate
that the hitting times of other points are finite. However, since the hitting times of
points (z, $,) are infinite, it is challenging to obtain uniform estimates for the other
hitting times, which are fundamental for the QSD existence and convergence.

The deterministic part of the substrate dynamics leads to additional difficulties.
This non diffusive behavior prevents the dynamics from reaching any point in short
time. This adds difficulty in obtaining the previous uniform estimates which are
necessary for applying the results of [BCGM22, CV20].

All these difficulties are usual in piecewise deterministic models. Finally, even
though our model may seem very specific, our proof could be replicated in other
contexts and therefore open doors for other applications where this type of processes
is applicable. These applications include, but are not limited to, neuroscience [GL16,
PTW10], genomics [Gorl12, HBEG17], and ecology [Cos16].
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Quasi-stationary behavior of the Crump—Young model 1375

The paper is organized as follows. We establish our main results in Section 2: first
we state the exponentially fast convergence of the process towards a unique QSD for
initial distributions on a restrictive subset of N* x R, (Theorem 2.2) then we extend
the convergence towards the QSD for any initial condition of the process in N* x R
(Corollary 2.3). Section 3 is devoted to the proof of Theorem 2.2, based on results
of [BCGM22] and [CV20] which give conditions leading to the existence and the
uniqueness of the QSD as well as the convergence statement. We begin by detailing
the scheme of our proof establishing sufficient conditions for applying [BCGM22]
and [CV20]. These conditions, proved in Section 3.4, are mainly based on hitting
time estimates, established in Section 3.3. These hitting time estimates represent
the main challenges and validate the originality of our work, since our process is not
irreducible and contains a deterministic component. Section 4 is devoted to the proof
of Corollary 2.3. For a better readability of the main arguments of the proofs, we
postpone technical results in two appendices. The first one establishes bounds and
monotony properties of the underlying flow associated to the substrate dynamics
as well as some classical properties on the probability of jump events. The second
one contains the proof of the above-mentioned hitting time estimates and some
properties based on Lyapunov functions bounds. We remind in a third appendix the

useful results of [ BCGM22] and [CV20)].

Notation. In the following, P(, ;) denotes the distribution of the process (X;, S;)¢ >0
conditioned on the event {(Xy, So) = (z, s)}. For all probability measure £ on N*xR .,
P¢ denotes the distribution of the process whose the initial condition is distributed
according to &, that is Pe(-) = [ yr, P(a.s)(-)(dz, ds). The associated expectations
of P¢ and P(, 5y are denoted by E¢ and E, ) respectively.

For any probability measure £ on the space F, with £ = N*x(0,5;) or £ = N* xR,
and any function f: F — R, we will denote by £(f) the integral of f w.r.t to £ on
E, that is £(f) := [ f(x, s) {(dx, ds).

2. Main results

In all the paper, we will make the following assumption.

ASSUMPTION 2.1. — The specific growth rate i : Ry — R satisfies to following
properties: u € C'(Ry) and is an increasing function such that (0) = 0 and p(s) > 0
for all s > 0.

Under Assumption 2.1, it is well known that the process (X;);>o goes extinct in fi-
nite time with probability one (see [CF17, Theorem 4 and Remark 7] and [CMMSM13,
Theorem 3.1]); namely
(2.1) Pras) (Toxe < +00) =1, V(z,5) € N" xR,

The stationary behavior of the process is then the extinction of the bacteria
population. We are then interested in the quasi-stationary behavior of the process.
Recall that a QSD 7, for the process (X, S;):, is a probability measure on N* x R
such that

(2.2) P, (X, S) €| Texe >t) =7, Vt=0,
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1376 B. CLOEZ & C. FRITSCH

that is 7 is a stationary distribution for the process conditioned on the non-extinction.
From [MV12, Proposition 2] or [CMSM13, Theorem 2.2], if 7 is a QSD, there exists
a non-negative number A > 0 such that

(2.3) P (Teg >t) =™, Vit>0.

Then, if the extinction time Tgy is almost surely finite (which is the case for our
process by (2.1)), then starting from the QSD, Tgy; follows an exponential law with
parameter A > 0, hence the mean time to the extinction is 1/A.

We denote by 57 € (0,s;,) the unique solution of D(s;, — 51) — k u(81) = 0 (see
Lemma A.2). Following the lines of the proofs of [CMMSM13, Proposition 2.1 and
Corollary 3.1], we can show that N x (0, s;,) is an invariant set for (X3, S¢):>o and
that N* x (0, 5,) is an invariant set for (X3, S;);>0 until the extinction time Tpyt.
Consequently, for any initial distribution £ on N* x (0, 5;), the process evolves in
(N* % (0,51))U({0} x (0,si)), where {0} x (0, s;,) is the absorbing set corresponding
to the extinction of the process.

Theorem 2.2 below states, under the assumption p(s;) > D, the existence and the
uniqueness (under integrability conditions) of a QSD on N* x (0, 51). Equation (2.4)
gives the convergence of the law of the process conditioned on the non-extinction
toward this QSD for initial distributions & in N* x (0, 51) (satisfying an integrability
condition). Moreover, it gives an exponential speed of this convergence for this
class of initial distributions. Closely related, Equation (2.5) describes the speed of
convergence toward the extinction set {0} x (0, s;,) of the law of the process without
conditioning. The statement of this theorem is based on Lyapunov functions which
are used to prove contraction properties entailing the existence of a QSD 7 as well
as the convergence. For an easier reading of this theorem, the reader can refer to the
comments just below Theorem 2.2.

Corollary 2.3 below states that the convergence toward the QSD also holds for all
initial conditions (z,s) € N* x R, that is 7 is a Yaglom limit.

For p > 1 and p > 0, let define for all (z,s) € N* x (0, 51)

1

xXr 1 .
W,p:(x,s)—p +;+m and v (z,8) — .

THEOREM 2.2. — We assume that p(s,) > D. Then there exists a unique QSD

m on N* x (0,5) such that there exist p > 1 and p € (0,%) satisfying

n(W,,p) < +00. Moreover, for each p > 1 and each p € (0, %) the QSD ©
satisfies m(W,,) < 400, and there exist C,w > 0 (depending on p and p) such that
for any initial distribution £ on N* x (0, 5;) such that £&(W,,) < 400, and for all

t > 0, we have

(EWpp) EWop)\
(2.4) Hfﬁipgl |E¢ [f(Xt,St) | Texe > t] — 7(f)] < Cmin ( W) M) ) e

and
(2.5) sup | Ee [£(X5, 1) 1x,20] — E(B) w(f)] < CE (W) e,

Iflloo <1
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Quasi-stationary behavior of the Crump—Young model 1377

where h defined for every (z,s) € N* x (0,51) by
(2.6) h(z,s) = tli;m NP5 (Trxe > t) € (0, +00),
is such that supy«y (g 5,) h/W,p < 00 and where ), defined by (2.3), satisfies

(2.7) 0<A<D.

Assumptions on p are quite standard. For the classical deterministic model [SW95],
there assure the convergence of the model towards a unique non-trivial steady-state.
In the same way, for our stochastic model, the assumption p(s;) > D implies that
when the bacteria population is small (at the minimum when there is only one
bacterium in the bioreactor), it tends to increase rather than go extinct. In fact,
when X; = 1, the substrate concentration then converges (until the next jump of
the process (X;);) toward its equilibrium s; (see Section A.1). Therefore the division
rate pu(S;) converges towards 4(5;) and, if there is no jump of (X;);, becomes larger
that the washout rate D. A classical choice for u is the so-called Monod rate. See
also [CF17] where numerical simulations illustrate the impact of different growth
rates p on the long-time behavior of the Crump—Young model.

The uniqueness of the QSD 7 as well as the set of initial distributions & for which the
exponential convergence holds, depends on integrability properties of the Lyapunov
function W,, w.rt. m and §. Consequently, choosing large parameters p and p
ensures that the QSD 7 admits moments of large order. Conversely, choosing small
parameters p and p will give that uniqueness holds in a large set of measures, and
that the convergences (2.4) and (2.5) hold for a large class of initial distributions &.
In addition, we can see that the heavier the tail £, the slower the convergence in (2.4)-
(2.5). Moreover, if the tail is too heavy then the convergence may not occur. It is
then possible to have a second heavy-tailed quasi-stationary distribution 7 as it is
the case for the Galton—Watson process (see for instance [MV12]). In this case, for
any p > 1 and p € (0, %), we would have 7(W,,) = +oc.

Equation 2.4 describes the speed of convergence toward m of the laws conditioned
on non-extinction (these laws evolve according to a non-linear dynamics due to the
conditioning). Equation 2.5 describes the speed of convergence to the extinction set
{0} x (0,si,) of the laws without conditioning (which evolve linearly). These two
inequalities are not rewritings of each other.

Function h is defined from Equation (2.6) (where Equation (2.6) states that the
limit in the definition of h is well defined, positive and finite). From this expression, we
can see that starting from (z, s), the population has approximately h(z, s)/h(x’,s")
times more chance of survival in the long term than starting from (a’,s"). This
function then describes the impact of the initial position on surviving probabilities.
As a side result, in addition to the existence of h, Theorem 2.2 also gives that this
non-explicit function verifies

1 1
e < Con (44 555

§1 — S)p
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1378 B. CLOEZ & C. FRITSCH

for some C,,, > 0 and any z € N*, s € (0,5;), p > 1 and p > 0 small enough. Closely
related, the inequality A < D means that the population will not become extinct at
a faster rate than the dilution rate (as one would expect).

Theorem 2.2, which is a consequence of [CV20, BCGM22], implies that 7, h, —A
are the eigenelements of the semigroup defined by (3.1). In particular, 7 and h are
the left eigenmeasure and the right eigenfunction associated with the eigenvalue —\,
respectively. In addition, several properties which can be useful in practice (spectral
properties, the definition of the so-called Q-process, i.e. the process conditioned to
never be extinct. ..) can be deduced from [BCGM22, CV20]. Since the main objective
of our paper is to give a method to verify that results of [BCGM22, CV20] hold
for hybrid processes with a pure jump component and a continuous one, we do not
list these consequences here. For more details, the reader can refer to these two
references.

Obviously, the QSD  satisfies the properties established in [CMMSM13], in par-
ticular for any = € N*| the measure 7(x,.) is absolutely continuous with respect to
the Lebesgue measure, with C*-density on the set R\ {0, 5.}, where §, is defined
in Lemma A.2 (see [CMMSM13, Proposition 5.1].

A direct consequence of (2.4) is the convergence of the law of the process condi-
tioned on the non-extinction towards the QSD 7 for any initial condition (z,s) €
N* x (0, 51). The following corollary states that this convergence actually holds for
any initial condition (z,s) € N* x R, i.e. 7 is a Yaglom limit.

COROLLARY 2.3. — Assume that u(s,) > D. For every (z,s) € N* x R, and
bounded function f : N* x R, — R, we have

tli>rgo IE:(gv,s) [f(Xt> St) ’ Texe > t] = ’/T(f)
that is, the QSD 7 is the Yaglom limit of the process.

Remark 2.4. — Assuming that pu is locally Lipschitz instead of u € C'(R,) is
sufficient to obtain the convergences established in Theorem 2.2 and Corollary 2.3.
The condition p € (0, %) then becomes p € (0, ‘z)(ilk) ;llz) for any local Lipschitz
constant ki, in a neighborhood of 5;. See the end of Sections B.5 and 4.

We will see that the process (X, Si)¢ > is not irreducible on N* x (0, +00). In gen-
eral, such non-irreducible processes may have several quasi-stationary distributions
and the convergence to them depends on the initial condition of the process; see for
instance the Bottleneck effect and condition H4 part of [BCP18, Section 3.1]. In our
setting, we will show, using Lyapunov functions, that the convergence holds for any
initial distribution on N* x (0,400) because N* x (0, 51) is attractive.

3. Proof of Theorem 2.2

We fix p > 1 and p € (0, %). We will prove that [BCGM22, Theorem 5.1]

and [CV20, Corollary 2.4] (which are recalled in Appendix, see Theorems C.2 and C.4)
apply to the continuous semigroup (M;);> o defined by

(3.1) M f(x,s) = E(z.s Lf(Xe, St) Lx, 20]
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Quasi-stationary behavior of the Crump—Young model 1379

for (x,s) € N* x (0,51) and f: N* x (0,51) — R such that sup(, ;e n-x(0,5) “J;((a;‘z))l <
0o, where V' defined below is such that ¢; W,, <V < ¢ W,,, for ¢i,co > 0. The-
orem 2.2 is then a combination of these two results. The former gives the bound
E(W,p)/&(h) whereas the latter gives the bound (W, ,)/¢(¢) in (2.4). Note that
the reason for working with V' rather than W, is that the bound (BLF1) below is
easier to obtain.

Let us fix o and 8 such that
p—1 p(D+kp'(s1)+D
3.2 a>P"" 9> -
(32) ; 45 — (p(D + k' (51)) + D)

and set, for all (z,s) € N* x (0, 5)

>0

e 1 141,40

log(p) s (s1—s)P

Note that 1 < 1» < V on N*x (0, 51). For convenience, we extend the definition of ¢ on

the absorbing set by (0, s) = 0 for s € (0, sy,) such that (X, S¢) Lx, 20 = ¥(Xy, St).
We will show that the following three properties are sufficient to prove Theorem 2.2

and we will then prove them.

(3.3) Y (x,s) = x, Vi(z,s)—

(1) Bounds on Lyapunov functions: There exist n > D and ¢ > 0 such that, for
all (z,s) € N* x (0,5,) and t > 0,

(BLF1) Es) [V (X, 5:) 1x, £0] < e "V (z,8) + Gz, s),
(BLF2) Eo,s) [0( X1, S)] = e Pl (, 5),
with ¢, = Ce(u(gnfD)t

n—D

(2) Minorization condition: for every ¢ > 0, for every subset K := [1,N] x
[01, 0] C N* x (0, 81), with N € N* and §, > §; > 0, there exist a probability
measure v such that v(K) = 1, and € > 0 satisfying

(MC) vV (z,s) € K, Pras)((Xe, S¢) € 1) = ev(-).
(3) Mass ratio inequality: for every compact set K of N* x (0, 51), we have

(MRI) sup sup B [0(X1, 5) < +o0.

(z,s),(y,;r) €K t=20 IE(y,r) W(Xt, St)]

We first establish, in Section 3.1, that the three properties above (Bounds on
Lyapunov functions (BLF1) and (BLF2); Minorization condition (MC) (as defined
in [MT09]) and Mass ratio inequality (MRI)) are sufficient conditions for proving
Theorem 2.2. This three properties are then proved in Section 3.4.

Bounds on Lyapunov functions are established using classical drift conditions on
the generator (see, for instance, [BCGM22, Section 2.4]). The originality of our
approach lies in the proof of the minorization condition (MC) and the mass ratio
inequality (MRI). The proofs of these two properties are based on irreducibility
properties that we describe in Section 3.3. The minorization condition establishes
that with a positive probability €, every starting point leads the dynamics to the
same state at the same time, ensuring in particular that the process is aperiodic.
The set of starting points which satisfy this property is usually called a small set
(see for instance [MT09]). A natural approach to proving this result is to show that
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1380 B. CLOEZ & C. FRITSCH

the measures d(, )M, admit of density functions with respect to some reference
measure (such as counting measure for fully discrete processes, or Lebesgue measure
for diffusion processes) and demonstrate that these densities have a common lower
bound. Unfortunately, due to the deterministic part of the dynamics, for every y € N*,
the measure d(, 5y M;(dy, .) keeps a Dirac mass component in addition to a density
w.r.t. the Lebesgue measure. Furthermore, we need to show that it holds for any
time t > 0 which becomes difficult when the process is neither diffusive nor discrete.
The mass ratio inequality implies that the extinction time does not vary greatly
with respect to the initial condition. It was shown in [CG20] that this condition can
be reduced to estimating hitting times. Once again, a natural approach is to prove
that the measures d, ) M; admit of density functions but with moreover a common
upper bound (see for example [BL12]). To our knowledge, there is no such result for
quasi-stationary distributions in relation to this kind of processes.

3.1. Sufficient conditions for proving Theorem 2.2

We will show that (BLF1)-(BLF2); (MC) and (MRI) imply that conditions of
[BCGM22, Theorem 5.1] and [CV20, Corollary 2.4] hold.

Let us first detail how these three properties imply [BCGM22, Assumption A]
(see Assumption C.1 in Appendix) on N* x (0, 5;). First (BLF1) implies that for all
(z,s) € N* x (0,51) and for all t > 0, E¢, o[V (X3, 5) 1x, 20] < (77" + )V (z, 5)
and then (M;);>o actually acts on functions f : N* x (0,5;) — R such that

f(z,s
Sup(I,S)GN*X(ngl) ‘V((l‘,s))‘ < 0.

Let 7 > 0 and Kg := {(z,s) € N* x (0,51), V(z,s) < RyY(x,s)}, with R chosen
sufficiently large such that Kz is non empty and such that R > B,Dfﬁ, where
n > D and ¢ > 0 are such that (BLF1) holds. By definition of V" and 1, we can easily
show that Kg is a compact set of N* x (0, §1). We choose 41,5 > 0 and N € N* such
that Kr C K := [1,N] x [01,0] € N* x (0, 51). Then using the fact that ©» < V/R
on the complementary of K, for all (z,s) € N* x (0, 51), we obtain from (BLF1),

1
E(:c,s) [V(XT7 S’T‘) ]-XT;éO] < <6_m— + RC’T‘) V(:Ea 3) + gT 1(90,3)EKR77ZJ($’ 3)

1
< <€—777' + RC’T‘) V(ﬁ, S) + CT 1(x,s)€K¢(xa S)a
and the bound on R ensures that
1
(em + RCT> <e PT.

Consequently (BLF1) and (BLF2) imply that [BCGM22, Assumptions (Al) and
(A2)] are satisfied.

From (BLF1) and the fact that 15 < ¢ < V, for any positive function f and
(x,s) € K, we have

E(x,s) [f (XT’ ST) 770 (XTa ST)] > 1 ]E
B [0 (XS] 7 (e 4+ G)supg VO

[f(X‘ry ST)]-(XT,ST) EK] )
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and then, since K was chosen of the form [1, N x [d1,d5], by (MC), [BCGM22,
Assumption (A3)] is also satisfied.

Moreover (MRI) ensures the existence of some constant C' > 1 such that for every
(x,s),(y,r) € K and t > 0, we have

E(z,s) [(Xt, St)] Eqyr [(Xe, Sp)]

< E [0(Xe, S1)] < CE () [0(Xe, S)] < CN

U(, s) oly,r)
then integrating the last term w.r.t. v(dy,dr) on K leads to [BCGM22, Assump-
tion (A4)].

Therefore [BCGM22, Theorem 5.1 implies that there exist a unique QSD 7 on
N* x (0, 51) such that 7(V') < 400, a measurable function h : N* x (0, 5,) — R, such
that sup, o e n=x(0,5,) (7, 8)/V (7, 5) < 0o and constants A, C’, w’ > 0 such that for
any initial distribution & on N* x (0, 51) such that {(V') < 400 and for all £ > 0,

(3.4) sup |E¢ [f(Xy, St) | Toxe > t] —7(f)] < C’we*‘”/t
10 <1 §(h)

and

(3.5) s M Ee [£(Xe, S1) L, 0] — E(R) w(f)| < C"E(V) e

Taking f =1 and § = 6(, ) with (z,s) € N* x (0, 51) in (3.5) leads to the expression
of h given by (2.6) and choosing ¢ = 7 ensures that A satisfies (2.3). In addi-
tion [BCGM22, Lemma 3.4.] ensures that ~ > 0 on N* x (0, 51). Moreover from (2.2)
and (2.3), for all t > 0, E [1)(X;, S;)] = e Ma(¢)), then integrating (BLF2) with
respect to 7 gives the bounds (2.7).

Let us now detail how the three properties imply that (M, ), satisfies [CV20,
Assumption G] (see Assumption C.3). We consider the same compact K = [1, N] x
[01, 02] as before. By (MC), for all (x,s) € K and all measurable A C K,

By [V(Xr,S0) Ly, 20 Lx,.50ea] = € /A V(y,r) v(dy,dr) > €v(A) V(z, 5)

with & 1= etwner V) o g ghey [CV20, Assumption (G1)] is satisfied. [BCGM22,

sup(y,r) e x V(¥:r)
Assumptions (A1) and (A2)] imply [CV20, Assumption (G2)], then it holds. Since
for all (y,r) € K, 1 < ¥(y,r) < N, then (MRI) directly implies [CV20, Assump-
tion (G3)]. Moreover, as (MC) holds for all ¢ > 0, then [CV20, Assumption (G4)]
is also satisfied. Finally, by (BLF1) and (BLF2), for all (z,s) € N* x (0, s;) and all
te[0,7],
B0 [V (X1, 50) 1x, 20] Ews [V(Xe, S)]  -pr
V(l’, 8) ¢(I7 8) - .
Therefore, from [CV20, Corollary 2.4.], there exist C” > 0, w” > 0 and a positive

measure vp on N* x (0, §;) satisfying vp(V) = 1 and vp(1p) > 0 such that for any
initial distribution £ on N* x (0, 51) such that {(V') < 400, we have

£Mtf " o_— ”tg(v)
< wit2r 2 > 0.
M,V <(C%e Vt>=0

()

<1+4+¢ and

(3.6) sup

[fllee <1

- VP(f)
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Following the same way as [BCGM22, Proof of Corollary 3.7], for all f such that
”P(f)‘ < 1, we have

| fllo <1, from triangle inequality and since

vp(1)
EM, f B ve(f) < MV EM, f —up §M;1 —up(1)
EM; 1 wp(1)|  EM 1 \|[EM,V EM,V
EMV (| EM,f §M,
< ( Sl vP(f)‘ n |£Mtv - up<1>|) |
Applying (3.6) first to f and second to 1 gives
fMtf . VP(f) thV o4 e—w”tw
EM1 wp(1)] T €M1 )
Moreover, (3.6) applied to 1 also leads to
th]- 1" —w”tg( )
C"e
ey = - €0)’
then for ¢ > ﬁ log(fpﬂfé&) we have g\jf‘l/ > 2(1) and then
fMtf - VP(f)| 4 ol —w”tw
o) S ey
Furthermore, for ¢ < 5 log( 20")5(( J) ), we obtain
thf i VP(f) " —w't w
a1 )| S nm @ )
Therefore,
VP(f) 4 "o_— ”tg(v)
3.7 E X1, S | Text — < witas 2
37) Hfiip@ ¢ ) e > 1 vp(1) vp(1) ‘ §(Y)

Finally, from (3.4) and (3.7), we have 7 = Moreover, on N* x (0, 51), we have

VP( )
min {log(p)_l, 1} W,, <V < max {1 + 0, e } W,p,
"log (p)
then (2.4) and (2.5) hold with w = min{w’,w"} and
C = max{l +0, o } max {C’, 4c” } :
log(p) vp(1)

Note that (2.5) and (2.6), which have been proved using [BCGM22, Theorem 5.1],
could also have been proved using the second part of [CV20, Corollary 2.4|, where
(C.1) holds with A\g = —X and np = @

The previous QSD m = 7, , depends on p and p. However, for any initial distribution

¢ on N* x (0,51) such that £(W,,) < 400 for all p > 1, p € (0, %) (Dirac

measures on N* x (0, 5) for example), (2.4) gives that
tE}IEO ]Pg [(Xt7 St) c . | TExt > t] =Tpp

then by uniqueness of the limit, all QSD indexed by p and p are the same.
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3.2. Additional notation

We can extend the notation [sq, s2] and [s1,s2) to the case where s; > so by
considering the set of values between s, and s;. In other words,

(51, 50] = [51,82] if 51 < 8o, [s1, 85) = [51,82) if 51 < sy,
b2 [52,81] if S1 > So, b2 (SQ,Sl] if S1 > So.

This allows us to use the same notation regardless of whether s, is greater than or
less than ss.

Let us begin by giving additional notation relative to flow associated to the ordinary
differential equation (1.1); namely this concerns the case when the number of bacteria
is constant, that is the behavior between the population jumps.

For all (¢,s9) € N* x Ry, let t — ¢(¢, s9,t) be the flow function associated to
the substrate equation (1.1) with ¢ bacteria and initial substrate concentration s.
Namely, ¢ is the unique solution of

58) { Alent) — Disiy — $(0, 50,)) = kp(&(L: 50,1))
(¢, s9,0) = so.

This flow converges when ¢ — 0o to s, which is the unique solution of

(3.9) D(sin — 5¢) — ku(s)) =0

where the sequence of points (5,),>1 is strictly decreasing (see Lemmas A.2 and A.3).
Due to monotony properties, (see Lemmas A.1 and A.3) we can build inverse func-
tions of t — ¢({, so,t) and sg — &(¢, so,t) (both applications are represented in
Figure 3.1). On the one hand, for all £ € N* and sy € R, such that sq # 54, the appli-
cation t — @(, so,t) is bijective from R, to [sg, 5,). We denote by s — ¢ 1(4, s, s)
the continuation of its inverse function, defined from R, to R, by

t such that ¢(¢, so,t) =s if s € [so,5¢),
+00 if not.

th_l(& 505 S) = {

It represents the time that the substrate concentration needs to go from sy to
s with a fixed number ¢ of bacteria (without jump event). If s is not reachable
from sg with ¢ individuals, then this time is considered as infinite. By definition,
b7 (4, s0, DL, s0,t)) =t and if s € [s, 5¢) then ¢ (¢, so, b7 (¢, s0,8)) = s.

On the other hand, for all £ € N* and ¢ € R, , the application sq — @(¢, so,t) is
bijective from Ry to [¢(£,0,t), +00). Let s +— ¢, ' (¢, s,t) be the continuation of its
inverse function, which is defined from R, to R, by

sp such that ¢(¢, so,t) =s if s > ¢(¢,0,1),
0 if not.

gbs_ol(& S, t) - {

For s > ¢(¢,0,1), it represents the needed initial substrate concentration to obtain
substrate concentration s at time ¢ by following the dynamics with ¢ individuals. By
definition, ¢; ' (¢, d({, s0,t),t) = so and if s > ¢(¢,0,t), then ¢(¢, ;. (¢, 5,t),t) = s.
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Spr

s =¢(‘€750 7t) [

o

t=¢;" (€,5,5) 0 sy =05 (Ls,t) S

(a) t = ¢(L, s0,1) (b) so — ¢(¢, s0,t)

Figure 3.1. Graphical representation of t — ¢(¢, so,t) and so — ¢(¢, S, t).

3.3. Bounds on the hitting times of the process

In this section, we will develop some irreducibility properties of the Crump—Young
process through bounds on its hitting times, which will be useful to prove the mass
ratio inequality in Section 3.4.3. To that end, let K be a non empty compact set of
N* x (0,5;) and let sxg = ming g e x s and Sx = max(g s ecx 5. We will prove that
each point of K\ U,~ (¢, 5,) can be reached, in a uniform way, from any point of K.
Points (¢, 5,) can not be reached.

There exists Ls,, € N* such that 5, < sk for all £ > L, (see Lemma A.2),
let then set Lx = max{max ek ¢, Ls, }. The constants si, Sk and Ly satisfy
K C [[LLKH X [SK,SK] C [[1,LK]] X (ngﬁgl)'

Let also

(3.10) tmin = Max {Qf?t_l (1,50, 5k), &7 " (Lx, 51, SK)}

be the maximum between the time to go from 5, to Sk with one individual and the
time to go from s; to sg with Lg individuals. Since both times are finite then t,,;,
< 00. Note that, from the monotony properties of the flow (see Lemma A.3) for all
s1, o such that 57, < s1 < 89 < Sk, then ¢ (1, 51, 89) < ¢ (1, 51,0, Sk) < tmin and
for all sy, s9 such that sx < so < 51 < 51, ¢; YLk, 51,92) < 7 (Lk, 51, SK) < bin-
Then ¢,,;, is the minimal quantity such that, for all sy, s, satisfying 57, < 51 < 52 <
Sk or s < s < 51 < 51, there exists L € [1, Lk], such that ¢; (L, s1,52) < tmin
(i.e. the substrate concentration s, is reachable from s; in a time less than ¢,,;, with
a constant bacterial population in [1, Lk]).

PROPOSITION 3.1. — For all 79 > tmin, T > 79, € > 0 and § > 0, there exists
C > 0, such that, for all (z,s) € K, for all (y,r) € K satisfying |r —5,| > 0, we have

P(z,s) (T—egfng) >O>0,

where T, := inf{t > 79, (X, S;) = (y,r)} is the first hitting time of (y,r) after .
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The proof of Proposition 3.1 relies on a sharp decomposition of all possible combi-
nations of initial conditions. Instead of giving all details on the proof, we will expose
its main steps and the technicalities are postponed in Appendix.

Proof. — Let

g :=

min 3min{sxg — Sp,, 51 — Sk} 4 min{sxg — 51, 51 — Sk} D (70 — tmin) /2
max {D Sin, ku(gl) LK} ’ maX{D Sin, k;,u(§1) LK} (1 + D (7'0 — tmin) /2) '

We assume, without loss of generality, that 0 < ¢ < min{7 — 79;&} because if the
result holds for all € > 0 sufficiently small, then it holds for all € > 0. Assuming

0<e< 3mfi?{{§§;,siﬁ(§fﬁiﬁ} ensures that, for (y,r) € K, 5., < ¢3'(y,7,5) < 5
(and consequently that 5, < ¢, '(y,r, %) < 51); see Lemma A.7-1 and Remark A.8.
Consequently S¢ = [1, L] x ¢! (y,7,5), 65, (v, 7, $)] C [1, Lk] X [8L,, 51].
To prove Proposition 3.1, we will prove that, with positive probability, the process:
(1) reaches the set S; . before 7;
(2) stays in this set until the time 7 — ¢;
(3) reaches (y,r) in the time interval [T — ¢, 7].

These steps are illustrated in Figure 3.2 and the associated probabilities are bounded
from below in lemmas below. These ones are proved in Appendix B. To state them,

let us introduce &; ., defined by
&
={(¢r5,)[¢ell, Le) and 5, > 5 U { (6. RS, ) [¢ € [1, Lg] and 5, < BZ, }
CS,,

where r;,r = mln(gb;ol(y, T, %)7 ¢;)1 <y> Ty i)) and Rgej,r = maX(QS;Ol (y7 Ty %)7 ¢;)1 (ya T, %))
The set £, represents the points (£, s) € S; . such that s belongs to the bounds of the
substrate part (¢, ' (y, 7, 5), ¢,  (y, 7, £)] and £ is such that the flow ¢ — ¢(¢, 5, t) leads
the dynamics to stay in [y (y, 7, 5), 5, (y, 7, §)], at least for small ¢, if ¢ (y, 7, 5) #
¢ (y,r,5) (that is if » # 5,). Note that & is well defined if r = 5, and we obtain
Eps, = [, L] x {35,}.

LEMMA 3.2. — For all 7y > tyn, there exists C1° > 0, such that, for all (x,s) € K,

4 min{51—Sk,sx—5L, } D (To—tmin)/2
for all (y,"") € K and for 0 <e < max{Dsin7ku(§1)LK}I((1+D (T0—tmin)/2)’

IP>(:1:,s) (Té'?j’r < 7—0) = CI—())
where Tg: = inf{t >0, (X, S;) € & ,.}.

3min{sK—§L ,51—5}(}
LEMMAJ?.B. — Let 0 < e < max{Dsin,kI;j(El)LK} ,0>0and T > 0. Then there
57 9

exists Cy" > 0, such that, for all (y,r) € K satisfying |r — 5,] > 9, for all
(x,s) € &

y7r ’

P(m,s) ((Xt, St) eS;

y7r7

Vitel0,T]) > C5%
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step1: step 2 : step3 i
reaghgsé stays in S,,, ' reache?
:'/»7' : : : (yJ') : :

i i i
Ts" Ty T—E T T

yr y,r

Figure 3.2. Illustration of the three steps of the proof of Proposition 3.1.
Step 1: starting from (z,s), the process (X, S;); reaches the set S, before
7o. Step 2: the process stays in S; . until 7 — €. Step 3: the process reaches (y, )
before 7.

LEMMA 3.4. — Let 0 < ¢ < Smn;zl{{;z__gz’;(’;l);if(}} and 6 > 0. Then there exists
m>

C5° > 0, such that, for all (y,r) € K satisfying |r — 54| >0, for all (x,s) € S

y7"" )

IP)(:c,s) (Ty,r < 5) 2 Cg’é

with T, , := inf{t > 0, (X, S;) = (y,r)} the first hitting time of (y,r).

Although not optimal, some explicit expressions of C{°, 25’5’T, C§’5 of the previ-

ous lemmas are obtained in Appendix B. Let us show below that they imply the
conclusion of Proposition 3.1.

(311) Puy (r—e<Tyr <7)

= P(LS)({TF/‘;,T < 7'0} N { (Xt, St) S S;’r, Vte [Tg;r, T — 8} }

ﬂ{T—sgfng})

y7r )

= P (Tg;r < To) X Pas) < (X4, S,) eS;,, Vte [Tg;r, T — 6] ‘ Te:, < TO>

T5§7T < 70, (Xt75t) € SE

y7T ’

X ]P)(z,s) (7‘ — £ < Tyﬂn g T

Vite {Tgé’T,T—E}>.

By Lemma 3.2, the first probability of the last member of (3.11) is bounded from
below by a constant C{° > 0. By Lemma 3.3 and the Markov property the second
€,0,T =

probability is bounded from below by a constant C5™" > 0. By definition, 7', , > 79,
moreover (y,7) ¢ S; ., therefore on the event
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{(XOaSO) = (.T,S), ngj,r < 70, (Xt>St) € SE

g VUE [ Teg o T — E”
we have Ty, > 7 — ¢ almost surely. By Lemma 3.4 and the Markov property, the

third probability is bounded from below by a constant 035’5 > (, which achieves the
proof of Proposition 3.1. O

3.4. Proof of the sufficient conditions leading to Theorem 2.2

We prove in this section that the three conditions — Bounds on Lyapunov func-
tions (BLF1) and (BLF2); Minorization condition (MC) and Mass ratio inequal-
ity (MRI) — hold. Since it was proved in Section 3.1 that they imply Theorem 2.2,
it will conclude the proof of this theorem.

Bounds on Lyapunov functions (BLF1) and (BLF2) are given by Lemma 3.6;
Minorization condition (MC) is given by Lemma 3.8; Mass ratio inequality(MRI) is
given by Lemma 3.9.

3.4.1. Bounds on Lyapunov functions

Let V(z,s) = V(z,s) L(zs)envx(0,5,) for all (z,s) € (N* x (0,51)) U ({0} x (0,s1)),
where we remind that V' is defined on N* x (0, 51) by (3.3). Assumptions (3.2) and
a simple computation lead to the following lemma, whose the proof is postponed in
Appendix (see Section B.5).

LEMMA 3.5. — There exist n > D and ¢ > 0 such that
LV < =V + (o,

on (N*x (0,51))U({0} x (0,si,)), where L is the infinitesimal generator of (X, St):> o
defined by (1.2).

Using well-known martingale properties associated to the Crump—Young model,
Lemma 3.5 extends into the following lemma.

LEMMA 3.6. — There exist n > D and ( > 0, such that for allt > 0, x € N* and
s € (0, 81), we have

(3.12) e Pta=ePl(r,5) < B [0 (X4, Sp)] < WD gp(z, ) = emE-DIt g

and

; e(/‘(gl)*D)t
(313) E(C&S) [V (Xt) St) 1Xt7£0] < e V(l’, S) + Cﬁw(x, S) .

Proof. — Tt is classical (see for example [CF15, Section 4]) that, for f € C*'(N x
R.), the process

(3.14) (706080 = (X0, S0) = [ £8(X,, Su)du).

is a local martingale. Since ¢ < V on (N* x (0, 5))U({0} x (0, s,)), from Lemma 3.5,
V satisfies LV < (V for some ¢ > 0. Then using classical stopping time arguments

>0
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(see [BCGM22, Section 6.2.] or [MT93, Theorem 2.1] and its proof for instance), we
can show that it is a martingale when f =V and then that (E(z,s) (V(X1, S0)])ee 0,7]
is bounded for all T > 0. Consequently, (3.14) is also a martingale for f = 1), because
¢ < V. Then, from the dominated convergence theorem and the fact that, from the
expression of 1,

—Dtp < Lap < (u(51) — D)o,
we obtain (3.12). Similarly, by the linearity of £, from Lemma 3.5 and (3.12),

> ¢ > ¢ > ¢

then, for all (x,s) € N* x (0,5;)
E(:E,S) [V(Xt7 St) 1Xt750] = ]E(m,s) {V(Xt’ St)}

<V 0,9) + 5 (B [(X0, 0] — €70, 5)

¢
n—2D

and (3.13) holds. O

This part is similar to the approach used in the proof of [CMMSM13, Theorem 4.1].
In fact, in order to prove the existence of the QSD, tightness is sufficient and is en-
sured by the use of Lyapunov functions (see for instance [CMMSM11, Theorem 4.2]).
The significance of our work lies in proving the minorization condition (MC) and
the mass ratio inequality (MRI), for our process, which is not irreducible and in-
cludes a deterministic component. These properties are the objectives of the next
two sections.

<e "V(x,s) + W=Dy (1, 5) .

3.4.2. Minorization condition

Let K be a compact set of N* x (0, 5;). In agreement with the notations of Sec-
tion 3.3, let sk := ming ) c k s and Sk = min(, 5 c x s be respectively the minimal
and maximal substrate concentration of elements of K.

Our aim in this subsection is to prove the minorization condition (MC) established
page 1379 by introducing the coupling measure v. The proof is based on Lemma 3.7
below.

LEMMA 3.7. — Let 7 > 0, let 0 < s¢g < Sk, s1 > sg and x € N*. Then there exists
€0 > 0 such that, for all (y,r) € K,

Pl (X7, 8;) € {2} x [50,51]) > €0

Lemma 3.7 is proved in Appendix (see Section B.6). As for Proposition 3.1, its
proof relies on sharp pathwise estimates. From this, we deduce the next result which
is one the cornerstone of the proof of Theorem 2.2.
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LEMMA 3.8. — For every 7 > 0, there exist ¢ > 0 and a probability measure v
on N* x (0, 51) such that

(315) v (y,T) €K, ]P)(y,r) ((XT7ST) S ) Z €.

If moreover K = [1, N] x [01,09], for some N € N* and §, > 6; > 0, then we can
choose v such that v(K) = 1.

Proof. — Starting from (y,r) € K, the discrete component can reach any point
z of N* in any time interval with positive probability, so we can easily use any
Dirac mass d, (times a constant) as a lower bound for the first marginal of the law of
(X;,S;). Let us use z = 1. For the continuous component, we can use the randomness
of the last jump time to prove that its law has a lower bound with Lebesgue density.
Consequently to prove (3.15), we consider the paths going to {2} x [sg, s1] for some
s1 = so well chosen, then being subjected to a washout, and we study the last jump
to construct a lower bound with density.

Let us consider some 51 > s; > sg > 0 such that sy < sx and 0 < 79 < 7 which
will be fixed at the end of the proof. On the one hand, from Lemma 3.7, there exists
€0 > 0 such that for all (y,r) € K,

(3.16) Py (Xr—ry, Sory) € {2} X [50,51]) > €.

On the other hand, let f be any positive function, s € [sq,s1] and ¢ > 0. By
conditioning on the first jump time and using the Markov property, we have

E(Q,s) [f(Xt7 St)] = 672Dt72 ‘fot H(P@e))du f (27 ¢(27 S, t))

t v
+ /O 2D 672Dv72 fo w(d(2,s,u))du E(1,¢(2,s,v)) [f(Xt—va St—v)] dv

t v
+ /0 2M(¢(2, s, U)) 6—2D'U—2 fO w(o(2,8,u))du E(3,¢(2,s,v)) [f(thva Stf’u)] dv
> /t 9 D e-2Dv=2 [} s u)du o~ (t—v) D= [i" u(6(1,6(2s.0)u))du

0

x f(1,0(1,0(2,s,0v),t—wv))do,

where the last bound comes from a second use of the Markov property on the second
term. Roughly, we bounded our expectation by considering the event “the first event
is a washout and occurs during the time interval (0,t) and no more jump occurs
until ¢t”.

Since s — ¢(x, s,u) and x — ¢(x, s, u) are respectively increasing and decreasing
(see Lemma A.1) and p is increasing, we have for all s € [so, $1]

,u(¢(27 S, u)) < [L(¢(1, S1, u))v

hence

t t
B [f(Xe, 8] 2 2 D 2Pt hr@mmiin [Fr(16(1,6(2,5,0), ¢ — v) do.
0
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By the flow property and Lemma A.1, for 0 < e <t — v, we have
O(1,0(2,5,0),t —v) = ¢(1,6(1, 6(2,5,v),€),t = (v +¢))
> o(1,0(2,0(2,s,v),6),t — (v+¢))
=¢(1,0(2,5,v+¢),t —(v+¢))
and then v — ¢(1, ¢(2, s,v),t —v) is strictly decreasing on [0, ¢]. Moreover from (3

the derivative of u qb(l, s,u) is bounded from above by D s,. Since r — ¢(1, 7, t— vg

is increasing for r < 5 from Lemma A.3, then from the expression ¢(1,r,t —v) =

r+ Jo " (D(sin — o(1,7,u)) — Kk u(o(1, 7, u))) du, we have 0 < %gb(l,r,t —v)< 1. In

addition either s < 5 and L¢(2,s,v) > 0 or s < 5, and from (3.8) and Lemma A.3,
L6(2,5,0) = =2k pu(5,). So finally, from the chain rule formula

ags(la Qb(z, S, U)a t— ,U)
d d
faﬁ(? 5,0) (Lt =)y = 0L 02,8, 0),u) ey

the derivative of v — ¢(1, (2, s,v),t — v) is then bounded from below by —D s, —
2k p(s9). By a change of variable, for every sy < s;, we have for ¢g = [Dsj, +
2k u(32)] 7! and for s € (sg, 1)

¢(17s7t)
E.0 [f(Xi, )] = 2D e ?Ple™ Jo 1001 / | f(L,w)dw
¢(2787t
¢(17S 7t)
> ¢g2 De2Dt o2 Jy n(@(1s10)du / " L w)dw,
¢(2,51,t)

where the last term is non negative as soon as ¢(2, s1,t) < ¢(1, sg, t). First, we fix any
Sp < Sk. Since ¢(2, so,t) < ¢(1, s0,t), by continuity, we can find s; > sq satisfying
(2, s1,t) < ¢(1, sg,t). Fixing such two points so and s; for t = 75 with 0 < 79 < 7,
then leads to

(3.17) Vs € [so,s1], P (X, S5) €)= eav,

with

dy,ds) = 6,(d L 251,To)¢(150,70)](5) ds,
V{dy, ds) 1 y)¢(1 50,7T0) — ¢(2,51,70) i

and

6 =cy2De 2P0 Jo? o) U (5(1, 50, 70) — A2, 51,70)).
As a consequence, from (3.16) and (3.17), Equation (3.15) holds with € = €peq, by
the Markov property.

If K =[1,N] x [d1,d2], even if it means choosing 75 small enough, sy and s; can
be chosen such that they furthermore satisfy ¢(1, so,70) > d1 and ¢(2, s1,7) < 0.
Then v(K) > 0 and (3.17) holds with € and the probability measure v, satisfying
V(K) =1, defined by

5 v(x)

v(K) "’

Note that if 79 < ¢;'(2,0,02) (i.e. ¢g'(2,02,70) > 0) then such sy and s; exist.
In fact, we can choose sy and s; such that so € (¢5,'(1,01,70),01 A ¢5,'(2,02,70))

gl = € V(K)
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and s1 € (so, 05, (2,02,70) A 05,1 (2, d(1, s0,70),7T0)). Since &y < 51 and because £
¢5. (€, s,70) and s — ¢ '((,s,7) are both increasing (by definition of ¢.! and by
Lemma A.1), we can check that §; and d, are well defined. Moreover sy and s; are
such that sqg < 07 = sk and sy < s1, and by Lemma A.1, we have

¢(173077—0) > ¢(1a¢s_01(1a6177—0)a7—0) > 51;
$(2,51,70) < H(2, 65, (2,02, 70),T0) = b2
¢<27 817t) < ¢(27 (bs:)1<27 ¢(17 3077—0)77-0)77-0) = (b(l? SOJTO)' O

3.4.3. Mass ratio inequality
Our aim in this subsection is to prove the mass ratio inequality (MRI) given on
page 1379 by using our bounds on the hitting time given in Proposition 3.1.

LEMMA 3.9. — Let K be a compact set of N* x (0, 5;), then

IE’(y,’r’) [w(Xta St)]
sup  sup
(z,s),(y,r) €K t=20 ]E(ac,s) [w(Xt, St)]

Proof. — We set L = max(,s)ex ¥, Sk = ming ek s and Sk = max(ys) ek s. Let

< 400

1
(3.18) 0<5<min{2y7zénf(ig¢z|§y—§z|; gl—sK}.

Note that, from Lemma A.2, elements of (5;),¢ x are all distinct and then the right
member of (3.18) is then strictly positive. Let also

ff:::ﬂl,L-+]ﬂ X [min{sg, sz}, max{Sk, 52 }]

be a compact set of N* x (0,5;) such that K C K and let ¢y, defined by (3.10) for
the compact set K. Let T > tyn, from (3.12),

IE’(y,r) [w(Xta St)]
sup  sup
(@8), () € K t<r Bz, [V(Xe, Sp)]

then it remains to prove that there exist C' > 0, such that for all (z,s), (y,r) € K
and t > 7, we have

(319) ]E(y,r) [w(Xh St)] < C’}E(ac,s) W(Xn St)] .
We first show by Proposition 3.1 that (3.19) holds for

< etEIT I +00,

/L1
e R\ (U0 x Blswo))
=1
with B(5y,0) := {r, |r—5 < §}. Then for (y,7) € KNU,{¢} xB(5¢,0), conditioning
on the first event, either no jump occurs and we make use of (3.12), or a jump occurs

and the process after the jump belongs to K \ (UXH{¢} x B(5,, §)) which then allows
to use (3.19).

TOME 6 (2023)



1392 B. CLOEZ & C. FRITSCH

By the Markov property, for all 0 < u < t, for all (y,7) € K, Eyn[¥(Xe, Sp)] =

E(y;"’)[E(Xt—uyst—u)[w(Xu’SU)]]' Applylng (312) tO E(Xt—uyst—u)[ ( U u)] we then

obtain
(3.20) e—DuE(y,r) (WV(Xi—u, Si—u)] < Eq.rn [V( Xy, Sp)]
<GP (X Siou)] -

Mimicking the arguments of the proof of [CG20, Theorem 1.1], we then deduce
that for every (z,s) € K C K and (y,7) € K \ (U {0} x B(5,,6)), for all t > 7

E(:c,s) [w (Xt7 St)] > E(m,s) {]—Ty r<r X E(y r) [¢ (Xt—ua St—u)]‘u:Ty’T

= IPJ(.T,S y,r < / IE"(y r) Xt—’m St—u)] O-Z,’; (du)

2 é/() e_(ﬂ(s1 Ju ws(duﬂE(yT [w(Xt’St)]

(3.21)

> @ef(u(gl)—mTE(y,T) [V (X, S,

with T, :== inf{t > 0, (X;,S;) = (y,7)} the first hitting time of (y,7) and C > 0. In
the ﬁrst line, we used the strong Markov property, in the second line o} represents
the law of T, conditionally to {((Xo, S0) = (z,s)) N (T, < 7)} and the third line
comes from (3.20) and Proposition 3.1.

It remains to extend the previous inequality to (y,7) € K NUL,{¢} x B(5,,9). By
conditioning on the first jump and using the Markov property, we have

(3.22) gy (X0, S)] = 7Py Jon@wraddu g, oy 1 1))
t v
+ [y De Py OO INE e (X, S dv

t
+ /0 ) M(¢<y7 r, U)) “Pyey f (@y,ru))du ]E( +1,6(y,mv)) [77Z)(Xt—v7 St—v)] dv.

First notice that, since § < 5; — Sk, then (y,7) necessarily satisfies y > 2. Therefore
(y—1,¢0(y,r,v)) € K and (y +1,¢(y,r,v)) € K (see Lemma A.3).
From the definition of ¢ and (3.12), we have, for any (z,s) € K

(3.23) U 0y 1) = T4 (2,8) < L P By [0(X0 )]
From (3.20),

]E(y—l d(y,r,v)) [77Z}(Xt—v7 St—v)] <€Dv E(y—1,¢(y,r,v)) W(Xt, St)] .
Now since (y,7) € Ui, {€} x B(5(,6), then r € B(5,,), and ¢(y,r,v) € B(5,,6) for

allv >0 because of Lemma A.3 (i.e. equilibrium points are attractive). Thus, by
definition of 9, we have

|¢(y,r, U) - §y—1| Z |<§y—1 - §y| - |(,75(y,7“,1)> - §y| >20—0 = 57
then

(y—1,9(y,r,v)) ¢ KQ {6} x B(s¢,0).
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We can then apply (3.20) and (3.21) to obtain

E(yfl,qﬁ(y,r,v)) [dj (Xt—zn St—v)] < eDv E(yfl,qﬁ(y,r,’v)) [w(Xta St)]

(3.24) < P gl
g eD’UC 16(;“(31) D)TE(x’s) ['lp (Xt,St)] :

Similarly, we have
(3.25) E(ys 1o [ (Ximv, Si—)] <70 O E"PIER o [0 (X, 1)) -
From (3.22)-(3.23)-(3.24) and (3.25), we then obtain
By, [ (Xt, St)]
< Eips) [ (Xy, S1))] <6D(yl)ty [y moyruau Y

8

FC DI [y (D oy, ) ¢ PO e g, ).
0
< (L A C’_le(“(gl)_D)T) E(.s) [¥(Xt, St)]

x (14 [ DDty [Luotnranin g,
0

Since y > 2, then
/t D e~ P W=D o= [g yu(éyra)du g, < /lt DePrdv <1
0 0

and (3.19) holds with C' := 2(L A C~'e@E)=P)7)  which finishes the proof of
Lemma 3.9. O

4. Proof of Corollary 2.3

Proof. — Let us now show that the convergence towards the quasi-stationary
distribution m, established in Theorem 2.2, extends for initial measures with support
larger than N* x (0, 51). The proof is in two parts, first we extend the convergence
to initial conditions in N* x (0, +o00) and then for Sy = 0.

For the first part of the proof, it is sufficient to show that h can be extended for
all (z,s) € N* x [§1, +00) such that h(z,s) € (0,00) and
(4.1) Tim €VE( o [f(X,, 5] = 7(f) x h(z,s),
for any bounded function on N x R, such that f(0,-) = 0. In fact, if such function
h exists, then choosing f(z,s) = 1,0 leads to h(z,s) = lim; , o e’\tIP’(zﬁs) (Texe > t)
(extending the definition of h given by (2.6) on N* x R, ) and the result holds.

Let € > 0 and set T. = T+ (0,5, being the hitting time of N* x (0,5, — ¢]. We
have

E,s) [f(Xt, St)] = Eays) [f(Xtast)l(Te/\TExt)gt} + Ez,q) [f(Xt, St)]-(Tﬁ/\TExt)>t} :

On the one hand, from Lemma B.5 we can choose € sufficiently small such that,
from the Markov inequality,

(4.2) Pl (Te ANToxe > t) < Epy) [G(D-FC)(Te/\TExt)} e~ (D+ON < ppfs o —(D+O)t
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where A, § and C' are positive constants (which depend on €) given by Lemma B.5.
Since A < D by (2.7), we then have

e)\tIE(x,s) [f(Xt7 St)]-TE/\TEXt >t] g HfHooe)\t]P)(r,s) (Te A TExt > t)
< | fllseAe®e™ ¢ —, 0.

On the other hand, noting that f(X, S;)1n,, <+ = 0, from the strong Markov
Property

(4.3) ME( [f (Xts St) (T2 A Ty < t}
= e/\tE(x,s) [f(Xta St)]'Te ét]
= GAtE(x,s) []E(XTS,STE) [f(XU? Su)]

Moreover, fixing p > 1 and p € (0, %), for all 0 < @ < w (with w depending

on p and p), since (2.5) holds replacing w by @ and as, by continuity of the process
(St)e, (X7.,57,) € N* X {51 — €} C N* x (0, 51) on the event {7, < t}, we obtain

(44) [N Eqs) [Exr, 0 [F X S, o,
— B [ h (X, S1) w(f)1r. <o
AMTIE oy, s [f (X Sl — (X1, 57,.) 7T(f)‘ 1Te<t]
< lloo C e By [ XD TW,,y, (X1, S12) 1 <o
In addition,

E(z.s) [e(Aer) TeW,),p (X7.,57.) 1T€<t} < éE(w) {G(A—&-@)Te Vo (X1, Sz.) 1T€<t}

Iu:t—Te 1T€<t :

1, gt]

< E(py) {eATE

with C' = log(p) e 179 4+ (5, —e) "' +€e P and Vj defined by Vi(z, s) = p” e**/ log(p)
for all (z,s) € N x R,. In the same way as in Section B.5, for all > 0, there exists
C, > 0 such that L(Vy(z,s) —C,) < —n(Vo(z,s) — C,) for all (z,s) € N* x R;. And
by the same arguments used in the proof of Lemma B.5, ((Vo(X%, Si) — C,)) '), is a
submartingale. Then by the stopping time theorem and remarking that {7, <t} C
{T. < Tgxt}, we obtain for n = A+ @

(45) ]E(x,s) {e()\-ﬂb) Te Wp,p (XT57 STe) 1Te St]
<C ‘E(z,s) |:€(/\+(IJ) Te At (Vo (X1 at, ST At) — C”>H + C~’Cn E(s.q) {e(MQ)TElTegt}
< C |Vb(l’, 8) - 077| + @C,, ]E(x7s) [e(A'HD) (TE/\TExt):| )

By (2.7), A < D. Then, for 0 < & < w sufficiently small (smaller than the constant
C' of Lemma B.5), Lemma B.5 and (4.5) lead to

(4.6) B [eMDTW,, (X1, S1) 11, 4| < C [Vo(x,8) = Cy| + C Cp A
Hence, (4.3), (4.4) and (4.6) gives
ME () [F (Xt SO mnti) <] —1o00 T(F) By [0 (X1, 1) 17, <o)
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where we used that h < C, W,,, on N* x (0, 51), (4.6) and the dominated convergence
theorem. Then, (4.1) holds with h(z, s) = E(, 5 [eMh(X71,, S1.)11.<00) for all (z,s) €
N* x [$1,+00), which is finite by the previous arguments. Moreover Lemma B.5
ensures that h(z,s) > 0.

It remains to show the result for s = 0. Let x € N*, the Markov property gives for
t'>t>0,

B0y [f (X, Sp) 1z, > v
IE:(9670) [1TExt >t’]
- IE:(gs,o) [f(Xt’> St’>]-TExt >t ‘ Trxe > t]
B Ee0) (11>t | Texe > 1]
B E(z0) {E(Xt,st) {f (Xv—t,Sv—4) 1TExt>(t’—t)} ‘ Ty > t}
a Texe > t}

Ew0) [f (Xe, S¢) | Taxe > 1] =

E(w0) [Exe.s0) W]

Eé {f (Xt’—ta St’—t) 1TEXt >(t’7t)}
E§ [1TExt >t'*t]
= E§ [f(Xt'—tv St’—t) | Try > (t/ — t)]

where ¢ is the law of (X}, S;) conditioned on the event {7y > t}N{(Xo, S) = (x,0)}.
Assume that & is a probability distribution on N* x (0, §1), then, from (2.4),

sup |Ee [f(Xy—t, Sy—t) | Taxe >t —t] — w(f)]

I flloo <1
. (EWpp) g(Wp,p)> —w(t'—t)
“ml“( éh) W) )

with p > 1 and p € (0,%). Since £(¢) # 0 (or &(h) # 0 because from
Theorem 2.2, h(y,r) € (0,00) for all (y,r) € N* x (0, 51)), then Corollary 2.3 holds
for s = 0 if in addition {(W,,) = Eq0)[Wep(Xe, S¢) | Texe > t] < +00. So let us
prove that, for p sufficiently small, £ is a probability distribution on N* x (0, §;) and
that £&(W,,) < 400, which both consist of proving that

1
E(x,O) {St ‘ Text > t} < +00.

Indeed, note that conditionally on the non-extinction Sy < ¢(1,0,t) < 51. Moreover
(X}): can be stochastically dominated by a pure birth process with birth rate p(s),
whose the law at time ¢ is a negative binomial distribution with parameters x and
e #E Then, for 1 < p < (1 — eI B, )[p% | Tiee > 8] < (e p /(1 —
(L= cHo )

Since the process (X;); dominates a pure death process with death rate (per
capita) D, we have P, 0)(Taxt > t) = e P, then it is sufficient to prove that for all
(sufficiently small) ¢ > 0,

1
E(I,O) {St] < +00.
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Instead of using a Lyapunov function, we prove this bound using a coupling method.
On [0,¢t], from (1.1) and given that Sy = 0, we have the following upper-bound
Yu € [0, t], Su < (SO -+ DSint) VAN Sin < DSint,
and also the two following ones
Vse [07Dsint]7 :U’(S) < llh ,LL’(S) < la;u
for some constant fi, ji; > 0. Consequently, we can couple (Xy), e, With a Yule
process (Z,)uc oy (namely a pure birth process) with jumps rate (per capita) i, in
such a way
Vu<t, X,<Z,.
In particular, X, < Z;. From this bound and the evolution equation of the sub-
strate (1.1), we have

(4.7) Vuel0t], S, =D(sym—S,)— kiSuZs,
and then, by a Gronwall type argument,
Ds; ~, Ds:
Vuel0 ], S,> o (1—e Puhiin) > ——2— (1 P).
ue 0., D+/cggzt( c ) D+k,a;Zt( e)
Finally using the classical equality for pure birth processes E, 0)[Z:] = ze/*, we
obtain B
1 D + kpyxet?
E($,O) |::| X _Dt\’
S, Dsi, (1 — e=P?)

which ends the proof of Corollary 4. O

Note that relaxing the assumptions as in Remark 2.4, even if it means choosing ¢
small enough, ji; can be replaced by a local Lipschitz constant in a neighborhood of

0 in (4.7).

Appendix A. Classical and simple results on the
Crump—Young process

In the present section, we gather some basic properties of the Crump—Young
process, under Assumption 2.1.

A.1. Preliminary results on the flow

In this subsection, we expose simple results on the flow functions relative to the
substrate dynamics with no evolution of the bacteria. We begin by results on the
behavior of ¢, defined by (3.8), and then we give bounds on ¢; ' and ¢ .

LEMMA A.1. — The flow satisfies the following properties: for all s, 5 € Ry,
t>0, ¢, ¢ e N*such that s < s and ¢ </

(1) Qs(gasvt) > QS(Z,S,t) ;
(2) oL, s,t) < @€, 5,1).
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Proof. — The first inequality comes from the decreasing property of £ — D(sy, —

s)
— k u(s) £. The second point comes from the Cauchy—Lipschitz (or Picard-Lindelof)
theorem. n

LEMMA A.2. — For every ¢ € N*, Equation (3.9), that is
D(sin — 5¢) — ku(s50) (=0,

admits a unique solution in (0,s;,). Furthermore the sequence (5;)>1 is strictly
decreasing and lim, _, o, S, = 0.

Proof. — The map ¢, : s + D(sin — s) — kpu(s) ¢ is strictly decreasing, g,(0) =
Dsiy, > 0, go(Sin) = —k p1(sin)¢ < 0 then (3.9) admits a unique solution in (0, sy,).
Moreover, for every s > 0, the sequence (gy(s))¢>1 is strictly decreasing then (Sy),>1
is also strictly decreasing and

. _ . D (Sin - §Z) o
Jim p(se) = lim ——=7— =0
then, by Assumption 2.1, lim,_, ., 5, = 0. O

LEMMA A.3. — Forevery s e Ry, / € N* andt > 0,
(1) if s < 8p, then u +— ¢(¢, s,u) is strictly increasing from R, to [s, 5,);
(2) if s > sq, then u — ¢({, s, u) is strictly decreasing from Ry to (5, $].
In particular
|8 - §g| = |¢(£, S,t) - §g| .

Proof. — By Lemma A.1, if s < 5, then ¢(¢, s,t) < 8 for every t > 0. On [0, 5y),
0 p(L, -, t) is strictly positive because, by Assumption 2.1, gy : s — D(sj, —s)—k p(s) ¢
is strictly decreasing and g(s;) = 0. Finally,

s < oL, s,t) < 5.
In the same way, on (8, +00), 0,¢(¢, -, t) is strictly negative and s > ¢ (¢, s,t) > S,
for s > s, which ends the proof.

OJ
COROLLARY A.4. — For every sg, s1,52 € Ry and ¢ € N* satisfying so > s >
S9 > Sy or Sop < S1 < S9 < Sp then

¢t_1(£7 S0, 82) = Cbt_l(f, 50, 81) + qbt_l(ga S1, 52) < +00.

Proof. — The result directly comes from the monotony properties of the flow given
by Lemma A.3 and the flow property.

LEMMA A.5. — Forall ¢ e N*, s >0, andt >t >0,
¢l s,t) > 0= ¢ (é, s,t) > 0.

—1
sp

Proof. — On the one hand, for every u > 0, by Lemma A.1 and definition of ¢
we have
¢§01(£,S,u) >0 s> ¢((,0,u).

From Lemma A.3 u +— ¢(¢,0,u) is increasing. Thus

65 (L5, 1) > 06 5> G(0,0,1) = 5> ¢ (0,0,) & o' (€,5,1) > 0. O
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LEMMA A.6. — For £ € N*, (sq,s) € [0, 5], such that sy # 5, and ¢; (¢, s, s)
< 00,

ls — sof

D|§g—$|.

|s — sof

max {D sy, kpu(sy) }

< 97 (¢, 50, 8) <

Proof. — Since ¢; (¢, sg, s) < oo, then

t_l( 150,8)
s=sot [ Dl — (6 50,)) ~ kp(6(0, 50,)) €] du
¢:1(€7507S)
= S + /0 [D(gf - ¢(€7 S0, u)) +k (:u(gf) - H(¢(€7 S0, u))) 4 du.

The first equality will allow to obtain the lower bound and the second one will lead to
the upper bound for ¢; (¢, sg, s). Either sq < s < 5 then, from Lemma A.3, the flow
u — @£, sp,u) is increasing and for all u € [0, ¢ (4, 80, 5)], s0 < AL, s0,u) < 5 < 5.
Since p is increasing, we then obtain,

1€, 50,8) D(50— 8) < s— 59 < b7 (€, 50,8) D sy, .
Or 5o > s > 5, then the flow u +— ¢(¢, s, u) is decreasing and so > ¢(¢, sg,u) > s >

5, for all u € [0, ¢; (4, so, s)]. Since @(¢, sp,u) < 5; < sy, and p is increasing, we
then obtain

—¢7 (€, 50,8) kpu(51) € < s — 80 < d7 (L, 80,8) D (50— )
and the result holds. [l

LEMMA A.7. —
(1) For all (¢,s,e) € N* x [0,5,] x Ry such that ¢'((,s,¢) < 51,

’s - ¢5_01(€,s,5)‘ < emax{D sy, ku(s)l} .
(2) For all (¢,s,e) € N* x Ry x Ry such that ¢;'(¢,s,€) > 0,

Dl|s — 54l e < ’s - gbs_ol(é,s,s)‘ :

Remark A.8. — 1If s < 51, then assumption qu* (¢,s,6) < 5 is satisfied when
e < ;1( 5. Indeed, from Lemmas A.3 and A.2, u — ¢(¢, 51, u) is decreasing, then

for all u > 0, ¢(¢, s1,u) < 51 and

6(0,51,¢) = 5 +/ (81— S(L.51,0)) — kpr (S(6,51,0) €] du > 51 — ek p(5)) L

Then ¢ < k51( 57 implies that s < #(¢, 51,¢). Hence, either ¢_'(¢,s,e) =

0
O, 5, (U, 5,€),e) = s < ¢({,51,¢) and then, by Lemma A.1, ¢ '(¢,s,¢) < 5.
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Proof of Lemma A.7. — First, we assume that gzﬁ;ol (¢,s,e) > 0. By definition of
~1
so !

s=¢2(0,5,2)
+/ (sin— 0 (£.651(t,s,2),u)) = kp (6 (6,651, 5,2),u)) ] du
= o5, (Ls 5)
[P (50— 0 (.03 sie)u)) + k(o) = (6665 (5. 0),)) £)] du.

On the one hand, if s < 5, then for all u € [0,¢], ¢3! (£, s,¢) < d(L, 95, (L, 5,¢),u) <
s < Sy, hence, from the second equality and since p is increasing,

s— ¢, (0, s,e) 2 D(5,—s)e > 0.
In the same way, if s > 5, then for all u € [0,¢], ¢! (¢, s,€) = d(L, 05! (€, 5,€),u) >
s > Sy, hence

¢l (0, s,e) — s> D(s—35)e>0
and the lower bound of |s — ¢ '(, s,€)| then holds.

On the other hand, if s € [0,5,] and ¢_'((,s,¢) € [0,5], then for all u € [0,¢],
o0, ¢3! (€, s,€),u) < 81 and from the first equality,
’s — qSS_Ol(E, s, 5)‘ <emax{Dsy, ku(s)l},

then the upper bound for [s — ¢_'(£, s, )| holds for 0 < ¢! (¢,s,e) < 5.
If ;1 (¢, s,e) =0, then s < ¢(¢,0,¢) and
0

’S - ¢;)1(€7 S, 5)
and the upper bound for |s — ¢ ' (£, s, )| also holds for ¢_'(¢,s,¢) = 0. O

=5 < [ [D(sin— 6(6,0,u)) = kp(é(¢,0,u)) €] du < D',

A.2. Preliminary results on the jumps

In contrast with the previous section, in the present one, we let the bacteria evolve.

Let (T;)ien+ be the sequence of the jump times of the process (X;);>o:
! inf{t > T, 1, X;_ # X,} ifi>1

Let us also introduce a classical notation in the study of piecewise deterministic
Markov process (see [BLBMZ15] for instance). Let (xq,s0) € N* x Rt 0 < t; <

- < tyyp and let W (2o, so, (85, 25)1<j<n, tn41) be the iterative solution of
A W (o, s0,t1) = ¢(o, S0, 1),

1

(A1) W (20, s0, (), Tj)1<j<is ti1) = & i, U (@0, S0, (£, Tj)1<j<i-1, i) s Liv1 — ti)-
Then ¥(zo, So, (tj,7;)1<j<n,t) represents the substrate concentration at time ¢,

given the initial condition is (¢, sg) and that the bacterial population jumps from
xr;_1 to x; at time t; fori=1,--- , N.
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For all n € N*, uy, ... u, > 0, let set

Ep(uy, ..., uy) = ﬁ{XUl = Xo— i} NA{T; = w;}

i=1
and .
gB(Ul, ey un) = ﬂ{Xuz = X() —I— Z} N {T’z = UZ}
i=1
the event “the first n events are washouts (respectively divisions) and occur at time

7
Uty -« Up -

In Lemma A.9 below, we use Poisson random measures to bound the probability of
one event by the probability of this event conditionally on having followed a certain
path (no jump, successive washouts or successive divisions).

LEMMA A.9. — Let A be a measurable set (of the underlying probability space).
We have the following inequalities.

(1) For all § > 0 and (z,s) € N* x Ry
Pl (A) = Pl (AN{T) > §}) = e Prusvaledp (A Ty > 6) .
(2) Forall § >0, (z,s) e N* xRy and 1 <n <z,

Prosy(A) > Py <A N (j {{n <&V N{Xp =7 — @}}>

n—1
5 8 5 T —(D+p(51Vs)) (xu + (z—17) (ug —uz)>
2/ / / ( H Dk) e 1 1 1:21 +1
0 Ju u

n=1 \k=zx—n+1

X IP’(QC’S)(A ED(ul,...,un)) du,, ... du; .
(3) Forall § >0, (z,s) € N* xRy and alln > 1

Py (A) > Pl (A N ﬂ {{T <Y N{Xp =z + z}})

>// / ( x,s,(ui,x—l—i)l@gk_l,uk))(x—i—k:—l))

—(D+p(51Vs)) <z u1+ni: (z+1) (ui+1—ui)>
X e i=1

X P(s.s) (A ‘EB(ul, e un)) du,, ... du; .

Proof. — Under the event {X; > 1} (or equivalently under the event {X, >
1 for u € [0,t]} since {0} is an absorbing state for the process (X;);), from the
comparison theorem and Lemma A.3, for all 0 < u < t we have S, < ¢(1, Sp,u) <
SoV §1. Let (z,s) € N* x Ry, the individual jump rate pu(S;) of the process (Xi, S;)
starting from (x, s) is then bounded by (s, V s).

The bounds established in the lemma are classical and based on the construction
of the process (X, S¢) from Poisson random measures: we consider two independent

Poisson random measures Ny(du, dj,df) and N, (du,dj) defined on Ry x N* x [0, 1]
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and R, x N* respectively, corresponding to the division and washout mechanisms
respectively, with respective intensity measures

ng(du,dj,d) = p(s; V s) (Z de(dj )

>1

and

ny(du,dj) = Ddu | > 8(dj) | -
>1
Then the process (X;, S) starting from (X, So) = (z, s) can be defined by
(X, St) = (@, ¢(x, 5,1))

+/ // Lj<xuy Ho<o<u(su)/ueive)}

Lo(Xy +1,8,,t —u) — ¢( X, Sy, t —u)] Ny(du,dj, d6)
+/0 /N 1exy (=1, 6(Xy — 1,80t — 1) — ¢(Xu ) Sust — u)] Np(du, dj).

We refer to [CF15] for more details on this construction.
(1) By construction of the process, if (Xo, So) = (z, s), we get Ty = T; AT, where,
T, is the time of the first jump of the process

t— Ny ([0715] x {z} x [0, MD

(51 V s)

and T, is the time of the first jump of the process t — N, ([0, ] x {z}).
The distribution of Ty is a non-homogeneous exponential distribution with param-
eter u(o(x,s,u))x, i.e. with the probability density function

t— p(o(z,s,t)) x exp (— /Otu(qﬁ(a:, s,u)) xdu) )

The distribution of T, is a (homogeneous) exponential distribution with parameter
Dz. Ty and T, are independent, then

P (Th >0) =€ Jo (w6 (@,s,u)+D) v du > o~ (D+u(E1Vs) 2d

and the first result holds.

(2) On the event N {{T; = u;} N {Xy, =2 —i}}, the distribution of Ty, — uy
is a non-homogeneous exponential distribution with parameter (u(¢(x — k, Sz, t)) +
D) (x — k) with Sy, = V(x,s, (v, 2 — i)1<i<k-1,ux) € (0,51 V s), i.e. with the
probability density function (evaluated in t)

(1(b(x — k, S1,., 1)) + D) (x — k) e~ Jo (n(#(a=h.5r0))+D) (@=k)du
> (u(o(x — k, S, 1)) + D) (v — k) o~ (u(31Vs)+D) (z—k)t

and on the event {T},1 = u}, the event is a bacterial washout with probability
D/(u(p(x — k, S, u)) + D). We then obtain the second assertion.
(3) The third assertion is obtained in the same way as the second one. O
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Appendix B. Proofs of technical Lemmas
B.1. Additional notation

Foralln > /¢ > 1 and all t > 0, let Py(n,¢,t) defined by
Pd(na& t) =

£—1
t ot t n —(D+p(51)) <HU1+Z(n—i) (uz‘+1—ui))
/// H Dkl e i=1 duz...dul
0 Ju U

1 =1 \ k=n—{+1

be the probability that the ¢ first events are deaths and occur in the time interval
[0,t] for a birth-death process, with per capita birth rate p(s;) and death rate D,
starting from n individuals.

Foralln > ¢ > 1and all t > 0, let Py(n,¢,t) defined by

Pb(na 67 t) -

0—
t ot t nil-1 —(D+p(31)) <HU1+i(n+i) (uz‘+1—uz'))
/ / / H M(gl)k e i=1 d”LLg dU1
0 Juy U k=n

—1

be the probability that the ¢ first events are births and occur in the time interval
[0,t] for a birth-death process, with per capita birth rate p(s;) and death rate D,
starting from n individuals.

Remark B.1. — Both maps t — Py(n,{,t) and t — Py(n,(,t) are increasing.

For all L € N*, 8, § such that 5, < 8 < S < 51, we define the hitting time T}, (s g
by
Ty s =inf {t >0, (X,,8,) € B(L,[S,S)} |
where
B(L,[8,8)) == {(t.S)[¢ € [1,L] and 5, > S} U{(£,S) [ ¢ € [1,L] and 5, < S}
In addition of being a hitting time of [1, L] x [S,S], the boundary B(L,[S,S]) is

chosen such that the process remains in this set during some positive time after
Tps,g if S <S8 If S =S8 then B(L,[S,S]) = [1, L] x {S}.

B.2. Proof of Lemma 3.2

Lemma 3.2 is a consequence of Lemma B.2 below.

LEMMA B.2. — Let L € N*, §,S such that 5, < S < S < 5, and let (z,5) €
[1,L] x [51,54],
(1) if s < 8, then for 1o > ¢;(1,5,8),

Pa,s) (TL,[Q,S] < 7’0) e~ (DHu(51)) (r0=9) Py(zx,z —1,6)
e~ (D+u(51)) (10—9) Py(L,L—1,6)

. _ Dls1—
with 6 :== (10 — ¢y (1,5, 8)) D\51—5\+max|f1Dssi|n,ku(§1)L};

>
>
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(2) if s > S, then for 7o > ¢7'(L, s,S),

Plos) (T 5.5 < 70) = e PHED O (u(51) /u(51)) 0" Py, L —w,0)
e PN DL (1(5,) /u(50)" " By(1, L~ 1,6)
with § := (10 — ¢7 (L, 5,S)) Dl —s|

_ D|sL s|+rnax{Dsln k#(ﬂ)L}’
(3) if s € (S8,S), then for 1o > ¢; (173’3) AdL(L, 5. 8) =
Pa,s) (TL,[Q,S] < 7‘0) > o (DFu(s0) (o—h1—d2) L

X (u(50)/p(51))" Py(L, L —1,61) Py(1,L — 1,6)

WV

with
5 Tyt D|s; — s
Y72 DIy — s| + max{Dsi, kpu(s1) L}
and
52:70—25* D |5y, — s
' 2 D|sp—s|+max{Dsy, ku(s;) L}
Proof of Lemma 3.2. — Let (y,r) € K and let us define S = ¢_'(y,7,5)
S = ¢, (y,r ) if r < 5 and S == 67 (y,1,5), S == ¢ (y, 1, 5) if r > §,. Then
Te:, =T}, 1s,5)- From Lemma A.7-1 and Remark A.8, we have |T — *Ol(y,T’, I <

$ max{D sy, kpu(51)y}, then the condition

. 4 min{s; — Sk, Sk — S} D (70 — timin)/2
S max {Dsi, ku(51) Lr} (1+ D (10 — twin)/2)

implies that, for r € [sx, S| C [51,,51] and y € [1, Lk],
(B.1) <o (v ) <8

. ,_ (s —5L ) D (T0—tmin)/2 ._ (51=5k) D (T0—tmin)/2
Wlth S = SK - 1+DI<(TO*tmin)/2 and S T SK + 11+g (707t0min)/2 ’

In addition, since 51, <s <sx < Sk <S5 <51, from Corollary A.4 and Lemma A.6,

o (1,55,8) = &' (1, sk, Sk) + &y (1, Sk, S)

(BQ) S SK T0O — z(:min
< tl’l’lln - 4o — - 4
Dls -8 "

2
and
o' (Li, Sk,8) = ¢ ' (L, S, sk) + ¢ ' (L, 5k, 8)
B.3 Sk — 8 To — tmin
(B:3) gtmin—i-D|SK_SLK|_To—O2
Let set
70 — Lmin D|s; — s

01:=
! 2 D|5, —s| + max{Dsi,, ku(5,) Ly}
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and

5 ':Tﬁ_tmin D|=§LK_S|
? 2 D|5., —s|+max{Dsy, ku(s,) Lg}
From (B.1) S or S (or both) belongs to [s,S], hence for (z,s) € K, we have three
cases.
(1) If s < 8, then § < S, from Corollary A.4 and from (B.2)

_ tmin
o= 0 (L5, 8) > 70— 6 (13w, §) 2 P > 0

then from Lemma B.2-1 and Remark B.1,
P25 (T€§7T < To) > emPHrE) (0700 Py(Le Lie —1,61);

(2) If s > S, then S > s, from Corollary A.4 and (B.3),

o T _tmin
To — ¢; ' (LK,&S) > 19— ¢ ' (L, Sk,s) > OT >0

then from Lemma B.2-2 and Remark B.1,

_ Li—1
_ 1) (r0— 5
Pl (Tes, < 7o) 3 ¢~ () (o) L (uﬂ((;ﬁ) AL Lic — 1.6,):

(3) If s € (S, S), then S or S belongs to [s, S|, and at least one of both conditions
To— ¢t (1,5,8) > B=fmin > (0 or 79— ¢! (LK,S,S) > To—lmin > () s satisfied.
We then deduce from Lemma B.2-3 and Remark B.1 that

Pe,s) (Teg,r < m) > ¢~ (DHr(s1) (=232 Lic P, (LK, Lg —1, 621>

() o 1)

Finally Lemma 3.2 holds with
o = e~ (D+au(51)) (ro—min{d1,62}) L

_ Ly—1
x Py (LK,LK—L(Sl) <M<8LK)> B, (LLK_l 52) . U

2 1(51) "2

Proof of Lemma B.2. —

Proof of Item (1). — If s < &, we will prove that one way for the process to reach
B(L,[S, S]) before 7 is if the population jumps from = to 1 by = — 1 successive
washout events during the time duration

D |§1 — S|
D |s; — s| + max {Dsi,, ku(s1) L}
and if then no event occurs during the time duration 7 — 9. The main arguments of
the proof are the following: we will see that during the time duration d, the substrate

(5 = (7’0 - ¢t_1(17 8,§))
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concentration remains greater than or equal to s — ¢ max{D sy,, k u(5;) L} and that
0 is chosen such that

¢; (1 s — 0 max{D s, k u(s1) L}, S) o — 0

that is the remaining time after the successive washout events is enough for the
substrate process to reach S.

o if x =1 and sy € [s — 0 max{D sy, ku(s)L},S], from Lemma A.9 we have
]P)(l 80) <TL LS] 7'0 — 5) 2 ]P)(LSO) ({TL,[QS} < T0 — 5)} M {Tl > To — 5})
> e (PHHE =By ) (TL s8] ST =90 ‘ fr=m- 5) '

Moreover, from Lemma A.6

d max {D s, ku(s1) L}
D |§1 — S’

with T = (ro—¢; '(1,5,8S)) 5 |§1Tjﬁ£asi?;s‘f}3;él) 77+ Then from Corollary A.4,

¢t1(1,5—5maX{Dsin, ku(sl)L},s) < =T

61 (150,8) = 0 (15 = 0 max {Dsi £ p(51) L}.S)
— ¢t (1, s — 0 max {Dsy,, ku(s1) L}, 80)
< ¢t1<1, s — 0 max {D sy, ku(5) L},s) + qﬁtl(l, 8,5)
< T+¢t1(1,5,8> =4
Then, since from Lemma A.3 ¢ +— ¢(1, sg, t) is increasing,
¢(1,80,70 —0) = ¢ (17 so, b5+ (1, So,ﬁ)) =S.

On the event {(Xo,So) = (1,s0), 71 > 70 — 0}, we then have S;_5 > S a.s.
Since (St)¢>o0 is a continuous process, from the intermediate value theorem,
(St)e>0 reaches S in the time interval [0, 79 — 6]. Moreover, since S < 5; then

P,s0) (TL,[Q,S] <T9—0 ’ T, > 79— 5) —1
and therefore
(B'4) P(l,So) (T LS8 S <19 — 5) > e~ (D+u(51)) (10—0)

Since P(1,6)(T7 5.5 < 70) = P1,s) (T 1s,5) < 70 — 0), taking s = s leads to the
result.
e if x > 1, from Lemma A.9,

z —(D+u(s1)) (;wlﬁf(m) <ui+1ui>>
Pl (Tuiss <) > [ [ [ (HDk)e
k=2

]P)(x,s) (TL,[é,S} < 7o ’ SD (ub SRR ux—l)) du;[j—l s dul .
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On the one hand, on the event Ep(uy, ..., uz—1) N {(Xo, So) = (x,s)}, with
uz_1 < 0, the substrate concentration at time wu,_, verifies

Sy =Wz, s, (U T — 1)1 <ica2,Up—1)) = 5 — 0 max {D sy, ku(s;) L},

where we recall that U was defined by (A.1). Indeed, we more generally have
that, for all ¢ € [0, 4],

St—S—I—/ (Sin — Su) — kp(Su) Xy) du > s =35k pu(s) L.

On the other hand, at the end of the washout phase, either S,,_, > S and
then 77 (s 5) < ug—1 < 7o or Sy, , <& and then T}, (g § = uz—1. Applymg the
Markov Property as well as (B.4) in the last case, we obtain

P(x,s) (TL,[S,S] <7 (Ul, RN u:c—l))

= 1{\1/(9: s, (g, I_i)1<i<x—27u.r—1) >§}

L (s wa—i << m2iomr ) <S}
x ]P)(l,\ll(x,s,(ui,x—i)lgigx_g,uz_l)) (TL,[Q,S‘] < To— qu)
S o~ (D+u(s) (=)
and then
(B.5) Pz,s) (TL7[$ 5 S 7'0> > o~ (PHu(E1)) (0-9) Py(x,z —1,9).

Proof of Item (2). — If s > S, one way for the process to reach B(L, [S, S]) before
To is if the population jumps from x to L by L — x successive division events during

the time duration 0 := (1 — ¢; (L, s,S)) DlgL_SHme{gj ey and if then no

event occurs during the time duration 79 — 6. We omit the details of the proof which
is exactly the same as for the case s < § and leads to

o if v = L, for all 59 € [S, s+ 6 max{Ds,, ku(5;) L}]
PL, ) (TL,[§,S] < To) > Pr ) (TL,[§,5] <o — 5) > e (D+uG)) (m-9) L .

o if x < L, remarking that U(x, s, (u;, & + 1)1 <i<k—1,ux) = 5 for all 1 <k <
L — z in the term below, since pu is increasing

Pa,s) (TL,§75‘] < 7'0) > ¢~ (D+u(31)) (0—d) L

L—xz—

5 o 1) —(D+pn(51)) <:qu1+ Z
></ / / o
0 Juy UL g1

9 (r_fw (2,5, (2 + s <3 <icr, ) (4 b — 1>)

X duL,x e du1

_ L—zx
> o~ (D+u(s1)) (r0=0) L (“(SL)> Py(z, L — x,9).
p(s1)

1

(z+14) (uit1— ul))
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Proof of Item (3). — If s € (S,S), in order that the process reaches B(L, [S, S]),
it is necessary for the process (S;);>0 to exit [S,S] and come back to this set.

If 7o > ¢;'(1,5,8), we will bound from below the probability that the process
exits (S, S) by the bound S, at time T}, 5,5 (that is we also impose that the bacterial

To—qﬁ:l(Ls,g
2

population is in [1, L] at this exit time) before the time 75 — ) and then

comes back to [S,S] during the time interval (T}, 15,5, 0] We obtain

(B.6) P@@(TL§3}<7@

_ H1 , 75*
= ]P)(:v,s) ({TL,[S,S] < 7'0} N {TL,[S,S] < 7o — To ¢t 2<1 S ) })
>]P)(r,s) (T I < 7_0_¢t_1 (1,3,8))

To—qbt_l (1,8,8))

T155 < To— 5

X ]P’(x’s) (TL[SS] < 70

On the one hand, since 79 > 79 — M > ¢ (1,5,8S), from Lemma B.2-1
we have

To — ¢t_1 1a S, S
(B.7) P (TL,[S,S] S To— 2( )
~(D+u(s1)) (ro—”“”t (e.8) —51>
>e Py(x,z —1,61)
. . To—¢; 1(1,5,5) D |51—s|
with 61 == 2 D\§1fs|+max{})sin,ku(§1)L}'

On the other hand, from the definition of T}, 5 5, (X7, 5 &> 57, s.5) € [1, L] x {S},
then by the law of total probability

Tris8 < 70—

To—gzﬁ;l (1,3,3))

2
TO_gb;l (17873) —Z)
=

]P)(:E,S) (TL7[§,‘§] g 70

Il
M=

TL7[‘§,‘§] < To— 9 )
1

-.
Il

]P)(a:,s) (TL,[&S] < 7o

. To — ¢t ! ]-7 875
X ]P(I,S) (XTL,[S,S] =1 TL7[57§} S To— 2( ) :
Set Ai = {Tp 55 < 70— M, X7, 5.9 = 1}, the Markov property entails

now
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Pa,s) (TL,[@S} S 7o ‘ Ai)
> ]P)( s) <TL [S S] X 70 AZ,T [S S] B TL,[S,S]) ]P(:):,s) (TL,[S,S] < TL,[§,S} ' Az)

+ ]P)(:E s) (TL < To

To — qb;l (17575)
]P)( ) (T [ ] \ P(x,s) (TL,[S,S_‘] g TL7[§7‘§} ’ AZ)

2

+1x P(m,s) (TL,[SS] > TL,[§,S]

To — ¢t_1 (1>Sa‘§>
> Pug) (TL,[S,S] < 5 :
In addition, for all i € [1,L], from Lemma B.2-2 applied to M > 0 =
¢;1(L’S78)7
To — (bt_l (1757S>
Piis) (TL,[«SS] < 5
71 —
—(D4pu(51)) (M(l's's)_52> L _ L-1
> e 2 (““”) P(1,L —1,8)
1(s1)
with 09 := Tofd’;;(l’s’g) D\gL—s\erZf{Lft;si,ku(él)L}' Therefore
To — ¢t_1 17 S, S

(B.8) P (TL,[S,S] <70 | Thss < 70— 2( )

=

71 —
—(D+pu(51)) (M(l’é”‘s)_(;z) I _ L-1

Finally, from (B.6), (B.7) and (B.8)

Pl (Trss < )

L-1
) Py(1,L —1,6,)

L—1
> o (D) (o=bi=8) L p ([ [, §)) <“(_ ;) Py(1,L —1,6,).
(s
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If 1o > ¢;' (L, s,S), we can bound from below the probability that the substrate

— -1
process exits (S, S) by the bound S, at time T}, s 51 before the time 7 — %@S@
and then comes back to [S,S] during the time interval (7, (s, o). In the same way

as for 75 > ¢! (1, 3,3), we obtain

]P(w,s) (TL,[QS] < TO)

< 7—0_¢1:_1(L7878)>
2

— 1 s
—(D+u(51)) (TO_TO s _62) ’ (M(SL)
(1)

L—x
) Py(z, L — x,02)

o=y 1 (L,5.5)

—(D+p(51)) ( s —51>
PyL,L—1,4)

_ L—-1
> e~ (DHu)) (0=01=02)L p ([, [, 1, §,) (“(SL)> Py(1,L —1,6)

f(51)
with
5T (L5,S) D5 — s
v 2 D |51 — s| + max{Dsy,, k u(s,) L}
and
5':7_0_¢t_1 (L,S,é) D|§L_8‘ 0
> 2 D |5, — s| + max{Dsi,, ku(5,) L}

B.3. Proof of Lemma 3.3

. 3 min{sx—3r, ,51—SK} _ _
Assumlng 0<e g max{;zinfiz(;ll) LKK} ensures that [¢501(y,r, %)7¢501(y77’7 i)] C

(5L, 51] from Lemma A.7-1 and Remark A.8. Moreover, remarking that,

_1 3 _1 _1 € € 3
¢SO (y7 T, 3> = ¢50 (yv ngO (ya T, 4> 7§ - 4> )

from Lemma A.7-2 we have

1 3 1 € 1 € _ 3
¢50 <ya r, 3> - ¢50 (yv r, 4>‘ > D ¢50 <y7 T, 4> — Sy E
_ € _ 9
=D <¢501 (y,'r’,4)—7’ +|T—8y|) ﬁ

4 12
Lemma 3.3 is then a consequence of Lemma B.3 below with 3 = D (D $ +1)6 5.
Lemma B.3 states that the probability that the process stays in an interval can be
bounded from below by a constant which only depends on the interval length.

>D <D€+1>\r—sy| ©
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1410 B. CLOEZ & C. FRITSCH

LEMMA B.3. — Let 8 > 0, L € N* and T" > 0. Then there exists Cgs > 0
such that for all S and S such that s; < § < § < s and § -8 = [, for all

(z,s) € B(L,[S,S]),
Pl (X0, S) € [1,L] x [S, 8], V£ €[0,T]) > Cps.

Proof. — Let_ﬁ = max{l € N* such that 5, > S}, and let s; and sy such that
S < 51 < 55 < S. Note that, from Lemma A.2, 1 </ < L — 1. We aim to show that
Inequalities (B.9) and (B.10) below hold. Namely, if 5, € [S, S], then

(B.9) P ((X:,8) € [1,L] x [S, S|, ¥t e0,T])

_ L—-1
> e+ LT i Vpon L~ 1t o): plse) P (1,L—1,tg
e mln{ d( ) ) 87§)7 M<§1> b( ) ) 87§> ’

with t5_g = |S — S|/ max{D sy, kpu(s1) L} and if 5, ¢ [S, S], then
(B.10) P (X1, ) € [1,L] x |8, S|, Vt € [0,1])

> olE+ i {Pd(L,L —1,t); (Z((ZL))>L1 L 1,t2)}

where the preceding constants are defined by

_ BB D (D) 6 (08,52) (D)) (1) 67 (041, 81)
D+ p()? ’
M S1
X [1 _ 6—(D+u(§1))f¢:1(&sz,5)} [1 _ o~ (DHu(31)) (6+1) ¢ (E41,51.8)

and

V=0 (s1,82) + ¢y H(E+1,89,81)
t = ’3_82’ . to = ’51_§|
" max {Dsp, ku(s) L} " max{Dsy, ku(s) L}

Remarking that, if 5, ¢ [S, S], then |5, — sy > |S — 55| and |sy — 5p41| > |51 —
we obtain from Lemma A.6, remarking in addition that in this case 1 </ < L —1

S,

9

3 D+u(81) 59=S | S—s1
o pE)D e (pEs)

(D + u(s1))?

1 —e max{Dsin,ku(El)L}

(D+p(51)) (S—s2) _ (D4p(51)) (51—8)
1 —e max{Dsin,k‘u(El)L}

and
2 ’52 — 81’
max {D S, kp(s1) L}

>
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Quasi-stationary behavior of the Crump—Young model 1411

In particular, choosing s; = S + (S — S)/4 and s, = S + 3 (S — S) /4, Lemma B.3
holds with

max{D Sin: kp(s1) L} T+

1
(5.) D . _ (D+4(51)) B 2 B
min HA\SL B_G#L 1_¢ * max{Dsin,ku(El)L} ;

e~ (D+nu(s1)) LT}

X min {Pd(L, L—1,tgs); (II;((Z_L)>>L_1 L LtBB)} .

with tB.g = 6/(4 maX{D Sin , /{:,u(él) L}) B
So let us prove, first, that if 5, € [S, S] then (B.9) holds and, second, that if
50 ¢ [S, S] then (B.10) holds. To prove (B.10), we first show that o5+ is a lower
bound for x = £ and s < s; (including (z,s) = (£, S)) and for x = £+ 1 and s > s,
(including (x,s) = (£ +1,S)); we then deduce the result for x # £ and s = S and for
r# L+ 1and s =S8, with (z,s) € B(L,[S,S]) reaching one of both previous cases
by successive washout or division events; then leading to (B.10) for any possible
initial condition in B(L, [S,S]).
If 5, € [ﬁ, S]
e If x = {: If no event occurs during [0, 7], then by Lemma A.3, for all sy €
[S, S], the process starting from (¢, s) stays in {£} x [so, S¢] C {¢} x [S, S].
Hence,
]P)(&So) ((Xt? St) S Hlv L]] X [§7 S:| ) Vite [OvT]) = HJ>(€,3())(le P T)
(B.11) > e~ (D+p(s1)) LT
>

o (DHu(E) LT
o If x > /: From Lemma A.9,

Pias (X0, S) € [1, L] x S, 8], V¢ € [0,T))

z—0—1
ts_ S/ts s /, —(D+p(s1)) (zul—l- Z (z—i)(uH.l—ui))
Dk =
/ Uy —f—1 ( H )

k=(+1
Pios (X0 S) € [LL] x [S, 8], ¥t € [0,T] | Eplus,...,usr))

dug_p... dusduy .

Since (z,5) € B(L,[S,S]), we easily check from Lemma A.6 that, on the event
{<X07 SO) ( )} N gD(ula R Ua;_g), the process (Xtu St)0<t<uz_e Stays in
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1412 B. CLOEZ & C. FRITSCH

[1,L] x [S, 8] for u,—, < ts_g. By the Markov property and (B.11) we then
obtain, for so = W(z, s, (ui, & — i)1<i<ar-1,Us—st) €[S, SJ:
Pl (X0 S) € [LL] x [S, 8], ¥t € [0,T] | Eplus, ..., usr))
= Peao) (X0, S) € [LL] x 8, 8], V£ € [0,(T = uay) V 0))

> e~(D+uE) LT

and therefore
Pe.s) ((Xt, S,) €1, L] x [Q, S} Vte [O,TD > e (DHEN)LT p, (%x e tg_§)
> 67(D+u(§1))LT P, (L, I — 1,t‘§7§) '

e If x < ¢: in the same way, replacing the washouts event condition Ep(uy, ...,
uz—¢) by the divisions event condition Eg(uy, ..., us—;) in the previous case,
we obtain

Pias (X0, S) € [1, L] x [S, 8], V¢ € [0,T))

_ l—x
>e4DWQMLT(““ﬂ> P, (2,0 — x,ts_g)

and then (B.9) holds.

Ifs, ¢ [S, 5’]: By definition, ¢ is such that 5, > S and 5,1 < S. Note that through-
out this part of the proof, we will use the following properties (see Corollary A.4):
forall § <rg<r; <7y <8,

¢t_1(€7 7“0,7”1) < gbt_l(f’ 7“(),7‘2) < +OO7 ¢;1(€+17T17T0) < ¢t_1(€+1,7“277‘0) < +400.

o [fxr=/7and § < s < s1: We prove that
(B.12) Pus (X1, S) € [1L,L] x [8, 8], Vte0,T]) > clfl+

One way for the substrate concentration process (S;);c 0.7 to stay in [S, S|
is if the first event is a division and occurs at time T} € [¢7 (¢, s, 52), 7 (4, s,
S)), the second event is a washout and occurs at time T, € [T} + ¢; (¢ +
1,87,81), Ty + &7 (¢ +1,57,,8)) and if the process (S;)7, < <7vr, Stays in
[S, S]. In fact, we easily check that on this event

{t} x [5,5) if 0 <t <1y,
(Xt,St) € {f‘l— 1} X [82,5) if t = Tl,
{{+1}x(S,8) if T <t< Ty
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Quasi-stationary behavior of the Crump—Young model 1413

Therefore, from Lemma A.9 and the Markov Property
(B.13) P ((Xi,S) € [1, L] x |S, S|, Vte [O,T])
> P ({Xn = 0+ 1} 0 {60 s ) < Ta < 07
N { Xz, = ¢} {67 (€ +1,51,51) <
N {(X.S) € [LLI xS, 8], Vi e [o,T]})

//\ C/:)I

' (0+1,57,8) }

b (05,S) _ o7 L (U+1,6(4,5,u1),S)
> p(5p) ¢ / e~ (PruE tur p (g 4 1) / 1
L (0,,82) L (01,0(0,5,u1),51)

P0,g(e11,8(8,5,u1)u2)) ((Xh Sp) e[, L] x (8, S|, YVt e [0,(T —uy —ug) V 0])
dUQ du1 .

Assumption s < s; implies that u; > ¢;1(¢, s, s9), moreover u; > ¢ (4 s,
sy) implies that uy > ¢ (0 + 1,89,51). Hence T'—uy —up < T — . In
addition, uy € [¢; (041, 0(L, 5,u1), 81), o7 (0 +1,0(¢, s,u1),S)] implies that
d(L+1,0(C, s,u1),uz) €[S, s1]. Then, in order to obtain (B.12), by recurrence,
it is sufficient to prove that

¢y (4s,S)
(B.14) (i) |

- (ls,52)

e~ (D+nu(51)) (1) uz

e~ (D+u(s1))ur (g + 1)

-1 s,u1),
X /¢t (Z+1’¢(Z’ ' 1) §) 67(D+/'L(§1)) (Z‘i’l) u2 du2 dul 2 C )
L (0+1,0(6,5,u1),51)

Remarking that, from Corollary A.4, we have
¢t <£+1 ¢<€ S ul) ) ¢t (£+17¢(€7suu1>751) :¢;1<£+17517§)

we then obtain

. S,U
D(t+1) / pretham)2) e~ (D+u()) D) w2 gy,
;1(f+1,¢(f,s,u1),sl)

— b o (DFH(51) (1) ¢ (+1,6(E5,u1),51) (1 _ e~ (D+u(s) (e+1)¢;1(e+1,51,§)>
D+ p(s1)

> D ICE N CE R (1 _ e (DHu(s) <f+1>¢>;1<z+1,sl,§>) _
D+ pu(s1)

In the same way,

1 5.5
H,(EL)E /¢t (ﬁ, ,5) o= (D) duy
;1(575752)

LML) () 67 Esso) )
D + u(5)

5 ML) sy e ) (1= e Do) o7 C28))
D+ p(s1)
Hence (B.14) holds.
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1414 B. CLOEZ & C. FRITSCH

o If z =/¢+1 and s, < s <S: Replacing both steps:
(1) the first event is a division and occurs at time Ty € [¢; (¢, s,s2)),

¢ '((,s,85))

(2) the second event is a washout and occurs at time
T € [Tl + ¢;1(£+ L, STl’ 31))7 T+ ¢;1(€ +1, ST17§))

in the proof for x = ¢ and s < s; by

(1) the first event is a washout and occurs at time T} € [¢; (£ + 1,5, 51)),
o (0 +1,5,9))

(2) the second event is a division and occurs at time Ty € [Ty +¢; (¢, Sty s2)),

Ty + ¢ '(¢, 57y, S))

gives the same lower bound starting from x = ¢+ 1 and s > s:
(B15) Py ((X,8) € [1,L] x [S. 8], vt e0,1]) > cli),

elfz#A/+1ands= S: Since (z,s) € B(L,[S,S]), therefore, z > £ + 1. Let
t1 = |S — so|/ max{Dsy,, k uu(s1) L}, by Lemma A.9,

Pias (X0, ) € [1, L] x [S, 8], vt € [0,77)

z—0—1
x —(D 5 Tu —1) (Ui41—u;
>/751/751‘”/751 ( H Dk) . (D+p( 1))< 1+ ;( ) (wit1 ))
0 ul u

e—L=2 \ k=(+2
Pl (X1, 8) € [1,L] x [S, 8], ¥t € [0,T] | Ep(us, ..., us—r-1))

dug_e_q1... dusduy .

Since 5;—; < 541 < s9 for all i € [1,x — ¢ — 1], we easily check from
Lemma A.6 that, on the event {(Xo,So) = (x,5)} N Eplu, ..., Uz—r_1),
the process (X;, Si)o<i<¢, stays in [1, L] x [s9, S]. By the Markov property
and (B.15) we then obtain, for s = V(z, s, (u;, T — )1 <i<ort—2,Up—t-1) €
59, S] with ug_p_1 < t:

Pl (X1, 5) € [1,L] x [S, 8], ¥t € [0,T] | Ep(us, -, tai-1))
= Psra) ( (X0, 5) € [1,L] X [S, 8], Yt € [0,(T — 1) V 0] )

> o3I+ :
and therefore

Pl (X0, S) € [1, L] x [S, 8], Vt € [0,7])
> cl5]+ Py(x,z — 0 —1,1)

r
-

> ol ey, L —1,1).
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Quasi-stationary behavior of the Crump—Young model 1415

o If 2 # ¢ and s = S: Remarking that (z,s) € B(L,[S,S]) implies z < ¢, in
the same way as the previous case and using (B.12), we obtain

Pl (X0, S) € [1, L] x |8, 8], Vt € [0,7])

> ol5l+ <”<§L)>H Py, 0 — 3, t5)

L1
) Py(1,L — 1,t5)

with to = |s; — S|/ max{D si,, k (51) L}. O

B.4. Proof of Lemma 3.4

Lemma 3.4 is a corollary of the following lemma with ; = § and d, = .

LEMMA B.4. — Let L € N*, ¢ > 0 and let §;,0, such that /2 > 63 > §; >
0. Then for all (y,r) € [1,L] % [s5,51]\{(¢,8¢), £ € [1,L]} such that 0 < 6; <

sttt and for all (x,s) € [1, L] x (¢3! (y,7,02), 65, (4,7, 01)]

|5y—l

P(x,s) <Ty’7. < 8) 2 05751762

with

[8y—r| —

_ L—-1
002 _ o~(DHuE) LS o in {Pd (L, L —1,t") ; (”(S_L)> P (1,L — 1,15*)}

where

min{D |5, —r|6;, D(Ddy+1)|5, — 7| (/2 —d2)}
max {D sy, ku(s1) L} '

=

Proof. — The aim is to prove that, with positive probability, the process goes from
(z,5) to {y} x [¢5' (y,r,€/2),7], in a time less than £/2; and then starting from an
initial condition in {y} x [¢;'(y,r,£/2),r] it reaches (y,7) in a time less than /2.
We then have three cases.

1. If z = y then by definition of ¢ '(y,r,.), for all s € [¢; ' (y,r,€/2),r] if there
is no jump during the time interval [0,e/2], then the process starting from (y, so)
reaches (y,r) before the time €/2, then, from Lemma A.9,

(B16) ]P)(%SO) (Ty’r < 5/2) > [P’(%SO) (TI > 5/2) > e~ (D+nu(s1) L

As Py (Ty, <€) = Py o(T,, < €/2) and s € [¢; ' (y,r,€/2),7], then the result
holds.
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1416 B. CLOEZ & C. FRITSCH

2. If x < y then from Lemma A.9,

(B17) P(LS) (Ty,r < €>

r—y—1
t* pt* t* z —(D+p(51)) <:1:u1+ Z (z—1) (ui+1u¢)>
. (HDk)e
0 u u

1 y—x—1 k:y+1

]P)(:c,s) (Ty,r < €

Epluy, ..., ux_y)> dug_y ... dugduy .
In order to obtain the result, it is sufficient to prove that for all u; < --- < u,_, <t*,

<B18) v (':Cv S, (ui7 T — i)léiéxfyflu uacfy) S [¢;)1(y7 r, 8/2)7T] .

Indeed we easily check, using (B.21) below and Lemma A.7, that t* < 6; < /2. By
the Markov property and (B.16) we then obtain

]P(x,s) <Ty,r < €

Ep(uy, ..., uz_y)>

= ]P(x,s) (u:c—y < Ty,r <€

SD(ul, ey ux_y)>

= P(y,‘@(cc,s,(ui,m—i)lgigz_y_l,uzfy)) (Tyﬂ" g €= ’bey>
> P(y,\ll(x,s,(ui,xfi)lgigw,y,l,um_y)) (Tyvr < 8/2>
S o~ (D) L5 |

and
EJ)(90,8) (Ty,r < 6) > e—(D+M(§1))L§ Pd(x, r— y,t*) > 6—(D+u(§1))L§ Pd(L, L—1, t*) .

Let us prove that (B.18) holds. More generally, we will prove that for all n € N,
for all up < -+ < wyyq < t*, for all (x;)1<;<n with value in [1, L]

(B.19) U (z, 8, (Ui Ti)1 <i<ns Unt1) € [¢;)1(3/77’a €/2)>T] .
By (A.1) and (3.8)

(B.20) | (s, (Ui, )1 <i<ns Unt1) — S| < max{Dsy,, ku(s) L}.

First 6; < mgj{ngsf&éil(;}];} ensures, from Lemma A.7-1 and Remark A.8 that

5p < ¢y (y,7,01) < 51, then from Lemma A.7-2,
(BQl) ’T—¢;,1(yaT7 51)‘ 2 D ’gy_r‘517

Second,
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Quasi-stationary behavior of the Crump—Young model 1417

o if ¢ ' (y,m,e/2) > 0, since ¢ inherits a flow property from ¢, we have
o (y,r,e/2) = o (y, 05, (y, 1, 02),€/2 — 02). Then from Lemma A.7-2

0 (01,2/2) = 00w, 02)| = D]og ) = 5| (- 2)
=D (¢;)1<y,r, b8g) — r) +|r— §y|) (; — 52)

> D (D6, + )r —5,| (; _ (52> ,
hence, by (B.20), the definition of ¢*, (B.21) and the previous inequality,

| (z, s, (Ui, Ti)1 <i<ns Unt1) — S
< min {’r — gb_:ol(y, r, 51) ¢s_01(y> T, 5/2) - gbs—ol(yv T, 52)’}

with s € [¢2 1 (y, 7, 02), 05, (4. 7, 01)] C [95,! (y,7,€/2), 7] and (B.19) holds.
o If o' (y,7,€/2) = 0, hence by (B.20), the definition of t* and (B.21),

I

|‘1I(x7 S, (ui7 xi)1<i<n7 un—l—l) - 8‘ < ’T - ¢;)1(y7 T, 61)‘
with s € [0, 05" (y, 7, 61)] then W(z, s, (u;, )1 <i<n, Uns1) € [0,7] and (B.19)
holds.

3. If z < y then in the same way, reaching y by x — y successive division events,
we have

—(D+une [ H(SL) o "
]P)(a:,s)(Ty,'r <8) 26 e 2 — Pb <x7y_x7t )
1(51)
_ L—1
> e~ (DHuE) L (“<8L>> P(LL— 1t 0
11(51) ’ ’

B.5. Proof of Lemma 3.5

On {0} x (0,s), we have LV =0 = V. So let us prove the result on N* x (0, 5,).
For convenience, we consider the natural extension of V' to = 0 given by V(0,s) =
log(p)~te® + 5714 (1460) /(5. —s)P for all s € (0, 5;). Since for all (x,s) € N* x (0, 5;)

LV(x,s) =LV (x,5) — DV(0,5) 1,y < LV (z,5)
and since V =V on N* x (0, 51), it is sufficient to prove that there exist n > D and
¢ > 0 such that, on N* x (0, 57),
LV <—nV + (Y.

We will prove that there exists n > D such that LV 4+ nV is bounded from above
on N* x (0,5;). Since ¢ > 1 on N* x (0, 51) it therefore implies the result. To that
end, let define, for all (z,s) € N x (0, 5)

Vo : (2, 5) = log(p) " p“e®,
Vii(w,s)rs st

Voi(z,s) = (14+1,<10) (51 —s)"

TOME 6 (2023)



1418 B. CLOEZ & C. FRITSCH

so that V' = Vi + V; 4+ V5. By the linearity of £, we then have LV = LV + LV + LV,
on N* x (0, 51), with for (z,s) € N* x (0, §1)

zm@ﬁy_—D@m_i_kMme@@>
CV(ns) — [pD(sln —gs) —Sku(s)x — i(8)Lom 5 209193:2] Va(z, 5).
=

We will prove that there exist n > D such that LVy+ LV} +n(Vo+ V1) and LVa +nV;
are bounded from above on N* x (0, 51).
1

Let n € R and letO<5<D%. Since a > % we have

(LVo + LVi + (Vo + V1)) (2, 5) < A, 5) + Bz, s)

with
p—1
A(x,s) := |Dspa— | D—— —e |z +n| Vo(z,s),
p

B [ PO a0

] Vi(z,s) .

We easily check that A is bounded on every set on the form [1, L] x (0, 5;) with L > 1,
MOTeOVer Sup; ¢ (g 5,) A(z, s) tends towards —oo when x — oo. Then A is bounded

from above. In addition, from the expression of Vy and V;, & S(S) —€ “fl’gzzg <0

if © > C + 2log(1/s)/log(p), with C' := log(k 1(51)log(p)/e)/log(p). Therefore,
setting [} = sup,¢ oz, #'(5), We obtain

D(si, — 2 1 1
B(z,s) < —M+n—l—k‘u(s) C+ log <> -
s s log(p) s s
D(sin — y ki ] 1
< —u—l—n—l—kul]ﬂ—k a log()‘ -
s log(p) s s

The right member does not depend on z, is bounded on every set on the form (r, §;)
with 0 < r < 51, and tends towards —oo when s — 0. Hence B is bounded from
above and LVy 4+ LV; 4+ (Vo + V4) is bounded from above for every n € R.

We easily check that £V5 + V45 is bounded on every set on the form N* x (0, 7],
with 0 < r < §;. Moreover, for x > 2 and 59 < s < 51, we have

D(sin — ) = kp(s)x < D(sim — 8) = 2kpu(s) < D(sin — 82) =2k p(52) = 0
then

sup LVy(z, s) . D(sin — s) — 2k u(s)

< 2D6
r>2 ‘/Q(SL’,S) §1—8 *
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tends to —oo when s — §; then LV, 41V is bounded from above on N*\ {1} x (0, 51)
for all n € R. For x = 1, (3.2) leads to

LVa(L,s) _ [P [D(sin = 8) —kuls)]  Ou(s)

li —
5521 ‘/2(178) sinsll §1 — 3 1—|—(9
iy P PG = 8) + k(u(5) — ()] Op(s)
s— 851 51 — 3 1 T g
(s Ou(s1)
=p|D _
p[D + k p'(51)] 1+ 0

< —=D.

It follows that LV, +n V5 is bounded from above for all 0 < n < —limg_, 5, LV5(1,s)/
V5(1,s). Therefore Lemma 3.5 holds and we can choose any 1 € (D, —limg_,
LV5(1,5)/Va(L, 5)).

Note that relaxing the assumptions as in Remark 2.4, the limit above does not
necessary exist. However we can bound from above limsup, _, 5, LVa(1,5)/Va(1, s) by
—D replacing 4/(51) by kip in (3.2). In the same way, in the upper bound for B, [}
can be replaced by a local Lipschitz constant of y in the neighborhood of 0 when s
tends towards 0.

B.6. Proof of Lemma 3.7

Since s1 = P (X7, 5-) € {x} x [s0, 51) is increasing, we assume, without loss of
generality, that s; < sg. In the same way as the proof of Proposition 3.1, we prove
that the probability P, . ((X;,S-) € {2} x [so, s1]) is bounded from below by the
probability that the process (X, S;);

(1) reaches B(L, 50, 51]) before 7 — e (i.e. Tp (50,5 < T —€);
(2) stays in [1, L] x [8o, 51] during the time interval [T7, [5,5,], T — €];
(3) reaches {x} x [sg, s1] in the time interval [T — e, 7] and stays in this set until
75
that is

(B.22) Py ((Xs,S,) € {a} x [s0,51])
> P, )(TL[SOSI] <7 - )
x Py ((Xi, 81) € [1 L] x 50,51,V £ € [To o ™ — €] | Tofsosy <7 )
X Py (X7, 8r) € {z} x [s0,s1] | E)
where
E = {Ty s <7} n{(X:,S) € [1, L] x [50,51],V t € [T o007 — €] }

with L, Sg, $; and € well chosen so that we can bound from below the three probabili-
ties in the right member of (B.22). More precisely, we will choose L sufficiently large
such that the substrate concentration % can be reached from Sk in a time less
than 7 with L individuals; and Sy, $; and € will be chosen such that [5g, $1] C [so, s1]

S
€
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is centered in #%20 and such that the process can not exit from [sg, s1] is a time less
that e with a bacterial population in [1, L].

From Lemma A.2, there exists Ly, > & A max(y,)c x ¥ such that 5, < =% for all
(> L,,. Moreover, for £ > Ly, since §; < 220 < Sy, then ¢y ' (¢, Sk, 252) < +00
and

+ ¢ (65K, 152)
B2 st [ [D(sin — &(¢, Sk, u)) = k p(6(L, Sic,u)) €] du

< [ (s ") <k (57 0 (65075 )

then

51+ S0 Sk — 25

2 ) Tk (2E) 0 — D (s — 2pe)
The right term in the previous inequality tends to 0 when ¢ — oo, we can then
choose L > Ly, such that ¢! (L, Sk, =E20) < 7.

Let set 0 < & < min{r — ¢; (L, Sk, 252), 5 max{DSSli;:Sz#(gl)L}} and let us define
So = So+e max{D sy, ku(s1) L} and §; = s1—e max{D sy,, k u(s1) L}, then 55 < 53
and [§07§1] - [80,81].

From Corollary A.4, 7 —e > ¢y ' (L, Sk, 25%¢) > ¢ (L, Sk, 51) > ¢; (L, 7, 51), for
all (y,r) € K. Then from Lemma B.2-2 and Remark B.1,

o1 (é, S,

(B:23) Py (Tofsos <7 —¢)

L-1
> e—(D+M(§1))(T—8—5)L (:U’(SL>> Pb(l,L _ 1’5) = O

M(Sl)
with § = (T—€—¢;1(L7SK,§1)) D|5p—sk|

D|sp—sk|+max{Ds;,, ku(s1) L}~
Moreover, from Lemma B.3, there exists Cy > 0 such that for all (z,s) €

B(L7 [gngl])a
]P)(Z,S) ((Xtﬂst) € [[LL]] X [goa g1] ) Vite [077_ - 6]) 2 027

therefore, by the Markov Property
(B.24) P (X0 S0) € [1, L] x [0, 51,V t € [Tofsos)s ™ — ] | Tofsos <7 —¢)
> Cs.
In addition, on the event {X, € [1, L], Y u € [0,¢]},

1S, — So| = ’/ (D (1 — Su) — ku(S.) X,) du| < & max{D sy, k p(s1) L}
0

then, since Sp—sg = s1—51 = € max{D s;,, ku(S1) L}, for all (z,s) € [1, L] x[S0, 51]),
P (S € [s0,51] | Xu € [1, L], Vu € [0,e]) = 1.

Therefore, bounding from below the probability by the probability that, in addition,
there is no event if z = x, there are z — x washouts is z > z and there are x — 2
divisions if z < x in the time interval [0, €] and no more event, then
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P ((Xz, S2) € {a} x [s0,51])
> IP)(z,s) (Tl > 5) 1z:ac

+ P(z,s) <m {T; g 5} N {XTz =ZzZ= Z} N {T27I+1 > 5}) 1z>x
=1

+ P(z,s) <ﬂ {T:L < 8} A {XTz =z+ Z} N {Ta:—z-i-l > 5}) 1.z
i=1
For all u; < --- < uj,_y < ¢, from the Markov Property and Lemma A.9, if z > x

]P)(Z’S) (T|z_x|+1 > € ‘ ED(ul, R ,u|2_m|)
—(D 51))x
= P(xv\y(zvsv(uivz_i)lgig\zfz|7lvu|zfz\)) (TI > € - u|z—x|> 2 € ( +u( 1)) :
and if z < x
]P)(%S) (T|Z_$|+1 > € ‘ SB(ul, e ,u‘z_ﬂ)
—(D 51))x
= P(I7‘I}(zvsv(uivz+i)lgig\zfz|717u|zfz\)) (Tl > &= U/|Z—LL‘|> 2 € ( +u( 1)) :
then, still from Lemma A.9,
IP’(@S)((X&SE) € {z} x [50,51]) SR ICNELS

+ Py(L, L —1,e)e"PHnGzey

()"
+ (“ L ) Py(1,L —1,e) e PHrls)zeq

p(s1)
> Oy

with

Cy = e~ (D+us1)) e

~—

x min} Py(L, L —1,¢) e~ (PHus1) ze. (N(S_L
1(51)

> B Pb(l,L— 178)} .

Then by Markov Property,
(B.25) Py ((Xr,S:) € {2} x [s0,51] ’ E)>Cs.
Finally, from (B.22), (B.23), (B.24) and (B.25)
]P’(y,r)<(XT, S;) € {x} x [so, 31]> >C1CyC; =:¢9>0.

B.7. Lemma B.5 and its proof

LEMMA B.5. — There exist ¢ > 0 and A,C,3 > 0 such that for all (x,s) €
N* x [$1, +00)

E(z,s) |:€(D+C)(T5 A Tgxt) < Aeﬁs and P(a:,s) (Ta < OO) > 0.
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with T, = Tiex(0,5,-< := inf{t > 0, (X;,5;) € N* x (0,5, — €]} the hitting time of
N* x (0,51 — 6].

Proof. — Let g be defined for (z,s) € N x R, by
gz, s) = (1gso + (1 +0)1emy + Solaeg) €,
with dg, d; and S positive constants (fixed below). Then g > min{1,dy} and
[D(sin — ) — k()] f — u(s) s + Do iz =1,

Lo(x.s)  p_ [D(sin — s) — 2ku(s)] B+ D (Tilal) = 2,
9(@) [D(sin — ) — kp(s) 2] B+ D it x> 3.
We can choose g, 01,  and € > 0 such that
(B.26) Lg(z,s) < —(C+ D)g(x,s), V (z,s) € N* x [57 — ¢, 400),

with C' > 0. Indeed, let §; > 0 and let € € (0, 5; — 53) be fixed. From Lemmas A.2
and A.3, we have D (sy, — S1 + &) — 2k (51 — €) < 0, then we can choose f > 0
sufficiently large such that

Cy = |D(sin — 51+ &) = 2ku(s1 — )|+ D(1+6) < 0.

o1
1+01

Moreover, [D(sy, — 51 +¢€) — ku(s1 — e)]8 — (51 — €) 1_‘?51 —re0 —(51)

then we can choose ¢ € (0,€) and &y > 0 sufficiently small such that

<0,

01 0o
D <
T+o 140,
Setting such 3, dg and ¢, then for all x > 1 and s > s; — € we have

Lg(z,s) +D< {CQ ifr=1

g(x,s) C, ifx>2

and (B.26) holds with C':= —(C; v Cy) > 0.

For any initial condition (x, s) € N*x 51, +00), we have (X, S,) € N*x[5;—¢, 4+00)
for all u < T. A Tgy, then by standard arguments using the Dynkin’s formula
and (B.26) (see for instance [MT93, Theorem 2.1] and its proof)

e(CHD)(EAT: A TExt))

Co = |D(sin — 51 + ) — k(51— €)| B — p(s1 — ©) 0.

(9 (Xt/\Tg/\TExtaSt/\Ts/\TExt) .

is a nonnegative super-martingale. Then, since by (2.1) T. A Tgy is a.s. finite, by
classical arguments (stopping time theorem applied to truncated stopping times and
Fatou’s lemma)

min(1, §) E,s) [eww)@ ATExt)}

(C+D)(TE A TExt):|

S K@ [9 (XT2 A Ty ST AT ) € < g(w,s)

which leads to the first part of the lemma.
We can show that the upper bound of Lemma A.6 holds even if sq > §;. Then
from Lemma A.2, for all / > 2 and s > 51 — ¢ > 59,
_1 _ §—58 +¢ s—5+¢
l - < S — - = t§1—a .
O (6551 ¢) D(si—e—35)  D(5—¢c—39)

ANNALES HENRI LEBESGUE



Quasi-stationary behavior of the Crump—Young model 1423

Then, if x > 2, from Lemma A.9
(B.27) ]P)(LS) (Tg < OO) > P(x,s)(th,E < Tl) > 67(D+“(s))xt§1_6 > 0.
If x =1, then for all 4 > 0, from Lemma A.9 and the Markov property

P1,0(T: < 00) > Po ({T1 < 0} N { X7 =2} N {TL < o0})
é
> [ p(o(1,5,u) e PrreEg (Tg < ‘{Xu _ 0N {T) = u)) du

= / o(1,s,u)) ’(D“(s))“IP’(2’¢(1,S,U))(TE < o00)du.

From Lemma A.3, ¢(1,s,u) > 51 > 51 — ¢, then by (B.27), Py 4 (7. < o0) > 0. [

Appendix C. Theorems of [BCGM22] and [CV20]

We recall in this section the theorems of [BCGM22] and [CV20] which establish
the convergence towards a unique quasi-stationary distribution.

Let (X;):>0 be a cadlag Markov process on the state space X U {0}, where X
is a measurable space and 0 is an absorbing state. Let V : X — (0,00) a mea-
surable function. We assume that for any ¢t > 0, there exists C; > 0 such that
E.[V(Xi)1x,¢0] < C;V(x) for any x € X. We denote by B(V') the space of measur-
able functions f : X — R such that sup, ¢ » |f(( ))| < oo and B (V) its positive cone.

Let (M;);>0 the semigroup defined for any measurable function f € B(V') and any
xr € X by

M f(z) =B, [f(X:) 1x, ¢ 0]
and let define the dual action, for any £ € P(V), with P(V') the set of probability
measures that integrate V', by

EMyf = Ee [f(X3) 1Xt§é8] = /X M, f(z)§(dz).

AssumpPTION C.1 ([BCGM22, Assumption A]). — Let ¢ : X — (0, 00) such that
Y < V. There exist 7 > 0, 3 > a > 0,0 >0, (¢,d) € (0,1, K C X and v a
probability measure on X supported by K such that supy V /1) < oo and

(A1) M,V < aV + 601k,

(A2) M-y = B,
(A3) infoex %&(ﬁ) cv(f)  forall f € Bo(V/1),
(A4) (me) > dsup, ¢ g Mg(;b)(x) for all positive integers n.

THEOREM C.2 ([BCGM22, Theorem 5.1]). — Assume that (M;):o satisfies As-
sumption C.1 with infy V' > 0. Then, there exist a unique quasi-stationary distri-
bution 7 such that m € P(V), and Ay > 0, h € B4 (V), C,w > 0 such that for all
EeP(V)andt >0,

Herthg(Xt c-)—¢&(h) 7THTV < CEV)e !

TOME 6 (2023)



1424 B. CLOEZ & C. FRITSCH

and

[Pe(X: € | X # 0) — 7|y, <C

with ||.||rv the total variation norm on X.

AssumpTION C.3 ([CV20, Condition (G) (including Remark 2.2)]). — There exist
positive real constants 01,6, ¢y, co, c3, an integer ny > 1, a function ¢ : X — R and
a probability measure v on a measurable subset K of X such that

(G1) (Local Dobrushin coefficient). For all x € K and all measurable A C K,
P, (V14)(z) = crv(A)V(x).
(G2) (Global Lyapunov criterion). We have 6; < 65 and

. () ¥(x)
V() S V() S
PV(x)<0,V(z)+clg(x)V(z), VeelX
Pi(x) =2 0,90(x), Vel

> 0,

(G3) (Local Harnack inequality). We have

qup SPuex Pop(y)/v(y)
sy infyGK in(y)/qu)(y)

(G4) (Aperiodicity). For all x € K, there exists ny(z) such that for all n > ny(z),

X C3.

Pu(1x V)(z) > 0.

THEOREM C.4 ([CV20, Corollary 2.4]). — Assume that there exists tog > 0 such
that (Py)nen = (Mg, )nen satisties Assumption C.3, (M%), ¢ 0.4] Is upper bounded
by a constant ¢ > 0 and (%)tem,to] is lower bounded by a constant ¢ > 0. Then

there exist a positive measure vp on X such that vp(V) = 1 and vp(y)) > 0, and
some constants C” > 0 and v > 0 such that, for all measurable functions f : X — R
satisfying | f| < V and all positive measure £ on X such that (V') < oo and £(v) > 0,

EMf
M,V

l/p(f)| <’ 6_”522)), Vit>0.

In addition, there exists \g € R such that vpM, = e™'vp for all t > 0, and
e ! M,V converges uniformly and exponentially toward np in B(V) when t — oo.
Moreover, there exist some constants C" > 0 and +' > 0 such that, for all measurable
functions f : X — R satisfying |f| <V and all positive measures £ on X such that
§(V) < +oo,

(C.1) e EMf — Enp) vp(F)] < C" e HE(V), VE>0.
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