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first level has been studied in-depth as a natural generalization of the Kéhler quantization. The
current paper is devoted to the higher levels: we compute their dimensions as Riemann—Roch
numbers, study the associated Toeplitz algebras and prove that each level is isomorphic with
a quantization twisted by a convenient auxiliary bundle.
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70 L. CHARLES

1. Introduction

The main theme of this paper and its companion [Cha21] is the Landau levels
of compact manifolds. For a physicist, the Landau quantization refers to a charged
particle confined to two dimensions and exposed to a magnetic field. It has discrete
energy levels connected by ladder operators. Besides the planar geometry considered
by Landau [Lan30], the case of Riemann surfaces has been investigated in the context
of the quantum Hall effect, see [IL94] and references therein.

On a mathematical point of view, a natural generalisation is the Bochner Laplacian
acting on the sections of a Hermitian line bundle L on a compact manifold. This
Laplacian is defined from two data: a Riemannian metric of the base and a connection
of the line bundle. The idea underlying this work is that when the curvature of the
connection is non-degenerate and large with respect to the metric, the spectrum of
the Laplacian exhibits a structure similar to the Landau quantization.

More specifically, let us assume that the curvature is related to the Riemannian
metric by a complex structure, and consider the spectrum of the Laplacian of L* in
the large & limit. In this setting, Faure-Tsujii [F'T15] have shown that the eigenvalues
are grouped in clusters, each of them representing a generalised Landau level. The
first level was previously identified by Guillemin—Uribe [GU88| and studied further
by Borthwick—Uribe [BU96] as a generalization of Kéhler quantization. In particular,
its dimension is given by a Riemann—-Roch number and it comes with an algebra of
Toeplitz operators quantizing the classical Poisson algebra.

Our goal in this paper is to extend these results to the higher Landau levels. Our
main results are:

(1) the dimension of the m'™ Landau level is the Riemann-Roch number of
L¥ ® F,, when k is sufficiently large, where F,, is the symmetric m' power
of the complex tangent bundle of the base.

(2) there is an algebra of Berezin—Toeplitz operators associated to the m™ Landau
level, the symbol of these operators being sections of the endomorphism bundle
End F,,.

(3) the m™ Landau level is isomorphic with the first Landau level twisted by
F,, through a ladder operator, these isomorphisms are compatible with the
Berezin—Toeplitz operators.

The main ingredient to establish these results is an asymptotic expansion of the
Schwartz kernel of the spectral projector of each level. For the first level, when the
complex structure is integrable, the Kéhler case, this kernel is the Szego kernel. Its
asymptotic is well-understood since the seminal work by Boutet de Monvel and
Sjostrand [BAMS76] and has been used in numerous papers starting from [BAMG81,
BMS94, Zel98]. In the non-Kéahler case, the asymptotics of the first level projector
kernel has been obtained by Borthwick—Uribe [BU07] and Ma—Marinescu [MMO8].
For the higher Landau levels, this asymptotic expansion will be proved in our second
paper [Cha21].

In the current paper, we will rely on this asymptotic expansion or more generally
we will show that the previous results hold for higher Landau levels defined as
the image of any projector whose Schwartz kernel has the convenient asymptotics.
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Landau levels on a compact manifold 71

Here the inspiration is the generalised Toeplitz structure of Boutet de Monvel—-
Guillemin [BAMG81] and our previous work [Chal6], the idea being that the only
important feature of the Landau levels is this asymptotic expansion.

The main tool we will use for the proofs is a particular class of operators containing
the Landau level projectors, the associated Toeplitz operators and also the generalised
ladder operators. The operators in this class are controlled at first order by their
symbols, which are defined as sections of a bundle of non-commutative algebras.
Each of these algebras is generated by the spectral projectors and ladder operators
of a Landau Hamiltonian. By this mechanism, the basic properties of the Landau
quantization are transferred to the Bochner Laplacian.

To finish this general introduction, let us mention the two contemporaneous pa-
pers [Kor22b, Kor22a] by Yuri Kordyukov on the same subject, which contain some
results on Berezin—Toeplitz operators common with ours, cf. Remark 1.5 for a com-
parison. However, the computation of the dimension of the m'" Landau level, the
ladder operators and the general operator algebras we use, do not appear in any
other work. Let us mention as well that in a related but different context, belonging
to homogeneous microlocal analysis instead of semi-classical analysis, Boutet de
Monvel-Guillemin [BAMGS81, Chapter 15| and Epstein—Melrose [EM04, Chapter 6]
have considered generalised Szegd projections at higher level with associated Toeplitz
algebras, which are similar to our constructions.

1.1. Magnetic Laplacian
1.1.1. Constant magnetic intensity

Consider a Riemannian manifold (M, g) with a Hermitian line bundle L equipped
with a connection V. Associated to these data is a Laplacian %V*V acting on
C>(M, L), which from the physical point of view is a Schrodinger operator with a
magnetic field Q = i curv(V) € Q?(M,R).

We will assume that €2 is non-degenerate at each point and has a constant magnetic
intensity with respect to ¢ in the following sense. In the case where M is a surface,
the magnetic intensity is the positive function defined by || = B vol,, where vol,
is the Riemannian volume, and we merely assume that B is constant. In higher
dimension, {2 being non-degenerate, the dimension of M is even, say 2n. At any
p € M, there exists a skew-symmetric endomorphism jg(p) of (7,M, g,) such that
Q,(X,Y) = g,(js(p)X,Y). The eigenvalues of jg(p) are £iB,(p) with 0 < B;(p) <
... < Bp(p). We assume that these eigenvalues are all equal, B; = ... = B,,, and do
not depend on p. Equivalently jg(p) = Bj(p) with B a positive constant and j an
almost complex structure of M compatible with g, cf. [MS17, Proposition 2.5.6].

So we have that () = Bw where B > 0 is constant and w is a symplectic form of M
defined by w(X,Y) = g(jX,Y). We will consider the large B limit. To do this, we
will replace L by L*, k € N, so that the curvature of VX" is kBw, and let k tend to
infinity. We will also normalise the metric so that B = 1, and our magnetic intensity
is simply k.

TOME 7 (2024)



72 L. CHARLES

Alternatively, we can introduce our data as follows. Consider a compact symplectic
manifold (M?", w) with a compatible almost complex structure j and a Hermitian
line bundle L — M with a connection V having curvature %w. Such a bundle is called
a prequantum bundle in the Kostant—Souriau theory, where it is used to define the
geometric quantization of M. For any positive integer k, we consider the Laplacian

(1.1) Ay =1 (VH) VE L eo(M, LF) — ¢ (M, L)

with V2" : C(M, L¥) — QY(M, L*) the covariant derivative induced by V, and the
Riemannian metric ¢(X,Y) = w(jX,Y) independent of k.

Earlier results

It is known that the spectrum o(Ay) of Ay is partitioned into clusters around each
point of k(% + N) in the large k limit. More precisely, for any m € N, define the
interval I,,

L=[02+3, ILn=(2+m)+[-L4[ifm>1,
so that we have a partition [0, co[= U,, cn - Then we set

(12)  Swx=(k'0(A)) N 1wy, M= @ ker (kA= )).

)\szyk

It was proved by Faure-Tsuji [FT15] that

(1.3) S C (g +m+0mk;-i[—1,1])
and by Demailly [Dem85] that
EN"(m+n—1
1.4 i i (M) + o(k"
(1.4) dim (%) < A >Vo( )+ o(k™)

For a surface (n = 1) with a constant Gauss curvature S, more precise results have
been obtained by lengo-Li [IL94]: if &k + mS > 0, then

Sk = {3 +m+ kg

(1.5) dim H,, = £ vol(M) + (% + m) X(M).

So in this case, when k is sufficiently large, the m'® eigenvalue is degenerate with
multiplicity equal to dim H,, .

The first cluster has been further studied. In the Kéhler case, that is when the
complex structure j is integrable, L has itself a natural holomorphic structure such
that 0, = V%! and by Kodaira identities, we have when k is sufficiently large that

(1.6) Sox={3},  Hox=H"(ML).
and the dimension of H is given by the Riemann-Roch-Hirzebruch theorem
k
(1.7) dim Hop, = / exp (w) Todd M
M 2T

Here Todd M is the Todd class of (M, j).
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Landau levels on a compact manifold 73

More generally, when 7 is not necessarily integrable, it was proved by Guillemin—

Uribe [GUS8S| that
(1.8) Sox C (3 + Cok™'[-1,1])

and by Borthwick—Uribe [BU96] that the dimension of Hgy is given by (1.7) when
k is sufficiently large.

1.2. Main results

In the sequel m € N is a fixed non negative integer and all the results hold in the
large k limit, with estimates, bounds depending on m.

1.2.1. Dimension

Our first result is the computation of the dimension of H,, x, as the Riemann-Roch
number of L* @ D,,(T'M) where D,,(TM) is the m'™ symmetric power of (T%1M)*.
Here, T%' M = ker(j+1) and j is the almost complex structure introduced previously.
The reason why we prefer to work with (T%!'M)* instead of the isomorphic bundle
THOM should be clear later.

THEOREM 1.1. — If k is sufficiently large, then

dim H,p o = /M exp (kw) ch(D,,(TM))) Todd M

2T
with ch the Chern character and Todd M the Todd class of (M, j).

As far as we know, Theorem 1.1 is a new result, except in the cases already
mentioned (n = 1 with constant curvature or m = 0).

Remark 1.2. —

- When n = 1, D,,,(T'M) is isomorphic with K~™, K being the canonical bundle,
and it is easy to see that we recover the second equation (1.5). However, even
for n = 1, Theorem 1.1 goes further since we don’t assume that the Gauss
curvature is constant. In this generality, it is not likely that X, ; consists of
a single degenerate eigenvalue, but the dimension of the m™ cluster is given
by the same formula.

- For a general dimension n, D,,(TM) has rank (m+f_1

A ) and we recover the

asymptotic (1.4).

1.2.2. Symbol spaces

In the sequel, we will use D,,(T'M) as a bosonic space, with associated creation
an annihilation operators defined as follows. For any x € M, let us view D,,(T,, M)
as the space of homogeneous polynomials maps TO'M — C with degree m. Set

(1.9) D(T,M) := ) D, (T, M)

méeN
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74 L. CHARLES

and let m,,(z) be the corresponding projector of D(T,M) onto D,,(T,M). For any
Y eT,M®C, let p(Y) be the endomorphism of D(T, M) defined as follows. Write
Y =U+V with U,V € T}°M. Then

(1.10)  p(Y) = p(U) + p(V) with {p(U): multiplication by is(U, )

p(V) = derivation with respect to V'
More concretely, let (U;) be a basis of T)°M such that tw(U;, U;) = 8;;. Let () be
the basis of (T;°M)* dual to (U;), so z; = tw(-,U;) and D(T,M) = C[zy, ..., Z,).
Then for any polynomial P of the variable zy, ..., Z,
opr
0z;

So —p(U;) and p(U;) are respectively the creation and annihilation operators.

(1.11) p(U)P = —%zP,  p(U,)P =

1.2.3. Berezin—Toeplitz operators

Our second result is about Berezin-Toeplitz operators. By [BU96], the spaces H
can be considered as quantizations of M, replacing the standard Kéahler quantization
H°(M, L¥), for symplectic manifold not necessarily having an integrable complex
structure. An important feature is that there is a natural way to pass from classical
to quantum Hamiltonians, provided by the Berezin—Toeplitz quantization. In the
semi-classical limit, defined here as the large k limit, the product and commutator
of quantum observables correspond to the product and Poisson bracket of classical
observables, up to some error terms. More precisely, let II,, ; be the orthogonal
projector of C*°(M, L*) onto H,,; and for any f € C®(M), let T,,.(f) be the
endomorphism of H,, ;, defined by

(1‘12) Tm,k(f)w - Hm,k(fl/’) v Q/} € Hm,k-
For the first Landau level, it is known [BMS94, Cha03, MMO07] that for any N

(1.13) Tox(£)Tox(9) = 3K Tox(Ba(f,9)) + O (k)

for some bidifferential operators By : C*(M) x C*(M) — C*(M), where

(1.14) Bo(f,9)=fg9,  Bi(f,9) =—39(X.Y) + zw(X,Y),

X and Y being the Hamiltonian vector fields of f and ¢ respectively.

For the generalisation to higher Landau levels, we will use in addition to the
T i (f)’s the following operators: let p € N and Xj, ..., Xy, be vector fields of M.
Define Tm,k’<Xla R X2p) : Hm,k — Hm,k by

(1.15) Toi(X1, -, Xop) (W) = k7ML (V5 . VE, W)

Let T,, be the vector space of families (P : Hyr — Hmi, k € N) spanned by the
(T (f), k € N)’s and (T, (X1, ..., Xop), k € N)'s. Here the functions f or vector
fields X1, ... X35, do not depend on k.
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Landau levels on a compact manifold 75

Define the semiclassical completion 7,;° as the vector space of families (Py, : Hopx —
Humi, k€ N) such that for any IV,

P, = i K P+ 0O (KN
£=0

where the coefficients (Py)x, ¢ € N all belong to 7, and the O is for the operator
norm. This expansion is meaningful because as we will see later, for any ¢, the
operator norm || P || is bounded independently of k.

THEOREM 1.3. — For any m € N, we have:

(1) T3¢ is closed under product.
(2) There exists a unique linear map 7 : T3¢ — C*(M, End(D,,,(T'M))) given on
the generators (1.12) and (1.15) by

(T (f))e = f(x)idp,, (1,005

(1.16) T (T (X1, -y X)), = Tn(2)p(Xa (2)) - .. p(Xp(2))

T is onto, its kernel consists of k~T .
(3) For any P,Q € T:°

(1.17) T(PQ) = 7(P)7(Q),
(1.18) 1Pxll = sup {[7(P)all, € M} +o(1),
(1.19) Pu(w, ) — (2’;)” (ix(r(P)) + O (k1))

(4) For any f, g in C*°(M), we have

(1.20) T ()T (9) = T i (f9) + k™ T (X, Y) + O (k72)

where X, Y are the Hamiltonian vector fields of f and g. In particular,

(1.21) ik [T i (£), Tk (9)] = T i ({£,93) + O (K7
with {-,-} the Poisson Bracket of (M, w).

We call 7 the symbol map. The symbol of the generators (1.16) is defined in
terms of the endomorphisms (1.10). The product of symbols in the right-hand side
of (1.17) is the pointwise composition. In the norm estimate (1.18), the norm of
7(P), is defined in terms of the hermitian structure of D,, (T, M). In (1.19), Py(z, x)
is the value of the Schwartz kernel of Py, at (z,z). Integrating (1.19), we obtain the
following estimate of the trace of P,

(1.22) wh= (52)" [ o (Phaa) + 0 (k)

27

where piy = w"/nl. Since P, = T,,x(1) is the identity of H,,\, we recover the
estimate (1.4).
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Remark 1.4. —

(1)

(1.23)

(1.24)

In the surface case, n = 1, D,,(T'M) is a line bundle, so any endomorphism
of D,,,(T,;M) is scalar and by Assertion 2 of Theorem 1.3, 75 consists of the
families

where the multiplicator f(-, k) depends on k in such a way that it admits
an expansion f(-, k) = fo+k~'fi + ... . It holds as well that the T, (f)
satisfy (1.13) for some bidifferential operators B}* depending on m. Indeed,
by [Chal6, Section 5.4], this property is equivalent to the locality of the
product: for any two functions f, g with disjoint supports, Tp, x(f)Timk(g) =
O(k~*). This latter property follows from the fact that the Schwartz kernel
of I1,,,  is in O(k~>°) outside the diagonal.
(1.20) writes in this case

B (f.9) = — (L +m) g(X.Y) + 2w(X.Y)

where X, Y are the Hamiltonian vector fields of f and g.

If n > 2 and m > 1, the Toeplitz algebra 77;¢ is strictly larger than the
subspace 7,0 consisting of the Toeplitz operators (1.23) with scalar multipli-
cators, because the symbol map 7 is onto. Nevertheless, we may ask if T}
is closed under product. This is not the case. Indeed, if follows from (1.20),
that if f € C*°(M) is not locally constant, then there exists no function h
such that Ty, 1(f)? — Tk (f?) = k' Tr(h) + O(k™2). So interestingly, by
developing the theory of Berezin—Toeplitz operator for higher Landau level,
we are naturally led to use matrix valued symbols.

The Toeplitz operators defined as in (1.15), but with an odd number of vector
fields, can be incorporated in the theory. They are odd Toeplitz operators,
cf. Remark 3.3, and they belong to k:_%TniC. We purposely have avoided any
square root of k in Theorem 1.3.

Remark 1.5. —

(1)

(2)

The main estimates for the Toeplitz operators associated to functions, that is
T £)Ton(9) = T (£9) + O (k) and ik Tk (F), Tons(9)] = T (L, 91) +
O(k~1) have been proved independently by Kordyukov [Kor22a] by using the
techniques of [MMOT7].

In [Kor22al, the non degenerate magnetic fields jp with constant eigenvalues
By, ..., B, are considered as well. The corresponding magnetic Laplacian
has clusters centered at the points of kX where ¥ = {¥ B;(5 + (i) /o € N},
In the companion paper [Cha2l], we prove that the number of eigenvalues in
the cluster at A € ¥ is given by a Riemann—Roch number as in Theorem 1.1
where D,,(T' M) is replaced by a bundle F) (V) with rank the cardinal of

Ka={aeN"> Bi(}+ali) =A}.

(D) Fy is defined as follows: for any p € M, introduce a basis (8;,0;) of T,M @ C such that
jB0; = iB;0; and denote by (z;,%;) the dual basis of T;M ® C. Then the fiber of Fj at p is

spanned by the Z

*(f(l) .72 Where a € Ka.
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When |ICp| = 1, it is proved in [Kor22a] that the space of Toeplitz operators in
the A-cluster associated to functions of M is an algebra. This particular case
is very similar to the first Landau level (m = 0) because the endomorphisms
of K, are scalar, the symbol composition law is commutative and it is not
necessary to introduce the operators (1.15). Observe as well that in dimension
n > 2, the condition that |[[Cx| = 1 for A # 13" B; implies that the B; are
not all equal, so that the tangent bundle of M, endowed with the unique up
to isotopy complex structure compatible with the symplectic structure, splits
into a non trivial sum of complex subbundles. This seems rather restrictive
and is not satisfied for instance by the complex projective spaces P when n
is even, cf. [GHSS82].

(3) We can study as well with our techniques the Toeplitz operators associated
to the A-cluster and this will be partly done in Section 3 where we consider
a vector bundle F' generalising D,, (T M) or F). Assuming that the numbers
la] = a(1)+...+a(n) have all the same parity when « runs over K, we have
the same result as Theorem 1.3. When this parity condition is not satisfied,
the square roots of k£ seem to be unavoidable.

We have chosen to work out the case where all the B; are equal because first
any symplectic manifold can be endowed with such a magnetic field, which
is merely a compatible almost complex structure, and second the higher
rank vector bundle D,,(T'M) makes it rather different from the already much
studied case of first Landau levels.

1.2.4. Ladder operators

The last result we would like to emphasize in this introduction is the construction
of some ladder operators for the spaces H,, ;. In the surface case with constant Gauss
curvature, H,, » is naturally isomorphic with the space of holomorphic sections of
L*® K™ where K is the canonical bundle [TP06], the isomorphism being the ladder
operator O kgp—mi10...00k, cf. the Appendix A. Here we will show that the family
(Hm, k € N) is isomorphic to a quantization of M twisted by the vector bundle
D, (TM).

Recall that for any Hermitian vector bundle F' — M, we can define a family of
finite dimensional subspaces Hpy C C®°(M, L* ® F), k € N, having the following
properties:

(1) dimHpy, = [y, ch(L* ® F) Todd M, when k is sufficiently large.
(2) the space T3¢, consisting of families of (T, € End(Hrx), k£ € N) having an
expansion of the form

N
To=> k" Tea(f) + O (kV*),  VYNeN

=0

for a sequence (f;) of C* (M, End F), is closed under product. Here, Tp(fr) (%))
= Ilpk(fe) for any ¢» € Hpy where Iy is the orthogonal projector of
COO(M, Lk X F) onto HFJf.
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78 L. CHARLES

(3) At first order, the product is given by the pointwise product, that is

Tri(f)Trrlg) = Trr(fg) + O (k)

for any f,g € C*°(M,End F).

The algebra T is called the Toeplitz algebra. In the Kahler case, that is when (M, w)
is Kéhler, L holomorphic with V the Chern connection, and F' holomorphic as well,
the space Hpy can be defined as the space H°(L* @ F) of holomorphic sections.
In the non-Kahler case, various constructions have been developed [BU96, MMO7]:
Spin-c quantization, first Landau level of a Laplacian acting on C*(M, L* @ F'), or
more generally any image of a projector of C*°(M, L* @ F') having a specific Schwartz
kernel [Chal6]. Let us call such a family (Hrg, k € N) a quantization of (M, L)
twisted by F. These twisted quantizations have sometimes better properties than
the non twisted one (corresponding to F' = C), typically when F' is a half-form
bundle [Cha07]. The general case where the rank of F' is > 2 may be viewed as a
free generalization without any application, but interestingly, this is exactly what
we need.

Assume F is equipped with a connection V¥ : C*(M,F) — QY(M, F). Let G =
(TOIM)* and Dpy, : C*(M, L* @ F) — C*(M, L* ® F ® G) be the (0, 1)-part of the
connection VF®L* induced by V¥ and VX', Endow G with a connection and define
the differential operators

Wi : € (M, L¥) — ¢ (M, L} ® D,,(TM))

(1.25)
Wk = RmDG®(m—l)7k o DG@(m—Q)’k 60...0 DG,k o) D(Qk

where R, is the projection from G®™ onto D,,(TM) = Sym™ G.

THEOREM 1.6. — For any quantization (Hpy, k € N) of (M, L) twisted by
F =D,,(TM), the linear maps
Vk = 1 k*%HFyka . Hm,k — HF,ka keN

m!
satisfy:

(1) ViV = idy,, +O(k™") and ViV, = idy,, , +O(k™). In particular, Vj, is an
isomorphism when k is sufficiently large.

(2) the conjugation by V' = (V) is an isomorphism between the Toeplitz algebra
T2 and T modulo O(k=°). In particular, for any (FPy) € T3¢, (Vi PV
belongs to Tp¢ and if f € C*°(M,End F') is the symbol 7(Py), then Vi, PV} =
Trk(f) + O

The first assertion of Theorem 1.6 tells us that V) is almost unitary. This can
be improved by setting Uy := AiVj with Ay the endomorphism of Hpy equal to
(VeVi) V2|3, when k is sufficiently large and to 0 for the first values of k. Then
UpUyp = idy,., and UjUp = idy,,, when k is sufficiently large. Furthermore the
second assertion of 1.6 holds with (Uy) instead of (V).

The inspiration for (1.25) comes from the case of surface (n = 1) with con-
stant Gauss curvature. In this case, choosing for Dpj the 0 operator, it holds that

Wi(Hmi) C Hrg, cf. the discussion after Theorem A.1, so the projector I1zy, in the
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definition of V} is not necessary. We expect that something similar happens in higher
dimension under the convenient assumptions.

1.3. Generalised Landau level and Schwartz kernel expansion
1.3.1. Generalised Landau level

In the previous results, the m™ Landau level H,,x, k¥ € N can be replaced by
any family (H,,x C C*°(M, L*), k € N) of finite dimensional subspaces, such that
the Schwartz kernel of the orthogonal projector II,, 5 of C*(M, L¥) onto Hyn i has a
specific behavior in the large k limit. We require first that

(126)  Mapley) = (5-) B )@ 5, ) + 0 ()

where

- Eis asection of LIAL such that |E(x,y)| < 1 when x # y, and its second order
Taylor expansion along the diagonal has a specific form, cf. Equation (5.1).
In particular, in a coordinate chart at z, In|E(z + &, z)| = —1[¢|2 + O(|¢]*)
where | - |, is the norm of T, M. @

- § € C®(M?) is any function vanishing to second order along the diagonal
and satisfying 0(x + &, 2) = |€2 + O(|¢]?), € € T,M. QW™ is the generalised
Laguerre polynomial Q) (z) = LI(L — 1)mgmte,

The Schwartz kernel of the projector onto the m' Landau level of the magnetic
Laplacian of C™ is given by an expression similar to (1.26), with the convenient
section F and the same Laguerre polynomials, cf. (4.2) and (5.8).

In addition to (1.26), we require a full expansion of the form

(1.27) I k(z,y) = <2k> E*(z,y) > k= (x,y) + O(k™°)
i tez
with coefficients a, € C*°(M?) such that for ¢ < 0, a, vanishes to order m(f) > —2¢
along the diagonal and m(¢)+2¢ — oo as £ — —oo. The meaning of this expansion is
not obvious because the negative ¢’s give positive powers of k. Actually, the condition
satisfied by |F| implies that |E*(x,y)b(x,y)| = O(k~™/?) when b vanishes to order
m along the diagonal. So the /" summand in (1.27) is in O(k"2(m(O+20) and the
expansion is meaningful because of the conditions satisfied by m(¢).

We will prove that for any family (H,,x) whose associated projector II,,; satis-
fies (1.26) and (1.27), Theorems 1.1, 1.3 and 1.6 hold. On the other hand, in the
second part of this work [Cha21], cf. also [Kor22b], it is proved that the Schwartz
kernel of the orthogonal projector II,, x onto the Landau levels H,, ; defined in (1.2)
from the Laplacian Ay, satisfies (1.26) and (1.27). The assumption that the magnetic
field is constant with respect to the metric can be relaxed. It is actually possible to
define some Landau levels and describe the asymptotic expansion of the associated
projector as soon as a particular gap condition is satisfied, cf [Cha21].

() In the whole paper, when working in a coordinate chart (U, y) of M, we write z+¢ for y = (x(z)+
T, x(§)) where x € U and £ € T,, M sufficiently close to the origin.
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1.3.2. The class L(A, B)

To establish our results, we will introduce a specific class of operators, containing
the projector II,, s, the Berezin Toeplitz operators 1), x(f) and T, (X1, ..., Xop)
and also the projector Il of any twisted quantization, the corresponding Toeplitz
operators Tp(g), the isomorphisms V), of Theorem 1.6 and their unitarizations (U).
This operator class has a natural filtration, with associated symbol spaces, which
allows to prove most of the results by successive approximations as often in microlocal
analysis. Interestingly, in the symbolic calculus appear the eigenprojectors of the
Landau Laplacian of C", providing another link between the usual Landau levels
and our geometric Landau levels.

Introduce two auxiliary Hermitian vector bundles A, B over M. Then L(A, B)
consists of families (P, : C®°(M,L* ® A) — C®(M,L* ® B), k € N) of operators
having a smooth Schwartz kernel satisfying

(1.28) Py(z,y) = (k) Efz,y) > k~3by(z,y) + O (k:_"o)
2 teZ
where E is defined as in (1.26); the coefficients b, are in C*>°(M?, BX A); for ¢ < 0,
by vanishes to order m(¢) > —/ along the diagonal; m(¢) + ¢ — oo as ¢ — —oo, and
the meaning of this expansion is the same as in (1.27). We have a decomposition
into even/odd elements: (Py) € LT(A, B) (resp. L~ (A, B)) if the expansion (1.28)
holds with a sum over the £’s even (resp. odd).
The main property is that this class of operators is closed under composition:

(1.29) L9(B,C)-L(A,B) C L<(A,C), € e {1}

In particular, £L7(A) := L1(A, A) is an algebra. We also have a filtration £,(A, B) :=
L(A,B)NO(k~%?), ¢ € N and the corresponding graduation is described by symbol
maps o,

0= Ly11(A, B) = Ly(A, B) 7 (M, S(M) @ Hom(4, B)) = 0

Here, S(M) is an infinite rank vector bundle over M, each fiber S, (M) is a subalgebra
of the algebra of endomorphisms of the space D(T,M) defined in (1.9). This is
compatible with the composition (1.29) in the sense that L£,(B,C) - L,(A,B) C
L,+4(A,C) and the corresponding product of symbols is the pointwise product of
S(M) tensored by Hom(B, C) ® Hom(A, B) — Hom(A, C).

The projector (Il x )k is an idempotent of £1(C) with symbol o¢(I1,,) equal at x to
the projector 7, (z) onto the m' summand in (1.9). The Toeplitz algebra introduced
previously is

(1.30) Ty ={PeL*(C)/1I,PI, = P}.

The isomorphism V' of Theorem 1.6 belongs to £(C, F') and has the same parity
as m.

Interestingly, S,(M) has a representation as operators of L*(C"), and in this
representation, m,,(z) = oo(I,,)(x) is the projector onto the m'™ Landau level of a
magnetic Laplacian of C™.
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1.3.3. Outline of the paper

In Section 2, we introduce the class L£(A, B), and state its main properties. In
Section 3, we prove variations of the theorems stated before, where the H,,; are
subspaces of C*(M, L* ® A) such that the corresponding family (II,, ;) of orthogonal
projectors belongs to L£7(A) with a convenient symbol. Sections 4, 5 and 6 are
devoted to the proof of the properties of £(A, B). The proofs of Theorems 1.1, 1.3
and 1.6 is given in the last Subsection 6.4. In the Appendix A, we prove formulas (1.5)
on constant curvature surface.
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2. The class L(A, B)

We start the discussion with the algebra in which the symbol of operators of
L(A, B) takes their values. The class L£(A, B) is defined in Subsection 2.2 and its
main properties are stated, the proof are postponed to Section 5.

2.1. Symbol spaces
2.1.1. The algebra S(C™)

Let n be a positive integer and denote by z1, ..., 2, the linear coordinates of C™.
Let D(C™) = Clzy, ..., Z,] be the space of antiholomorphic polynomial maps from
C™ to C. Introduce the scalar product

@) (g =en [ e du). fge DT
where |z[2 = Y7 |2]? and g, is the measure [T, dz;dz;. The family ((a!)"22%, o €
N") is an orthonormal basis of D(C™). We will also need the decomposition into even
and odd functions

(2.2) D(C") =D*(C") @& D (C")
where DT (C") is spanned by the z* with |a| = 3 a(i) even and D~ (C") by the z*
with |« odd.

Let S(C™) be the space of endomorphisms® s of D(C") such that s(z*) = 0 except

for a finite number of o € N". We claim that S(C") is closed under product and
taking adjoint. To see that, simply observe that S(C") is the space of endomorphisms

(3)In the whole paper, the endomorphisms are vector space endomorphisms.
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having a matrix in the basis (Z*) whose almost all entries are equal to zero. Notice

as well that the family (pa.g, @, 5 € N*) of S(C") defined by

pas((8)722%) = (al) 722",
pap(Z') =0, VyeN'\ {5}

is a vector space basis of S(C"). And we have

(2.3)

(2.4) Pap © Paj = 08aPup; Pap = Ppa

for all o, 8, &, /3 in N™.
Each element s € S(C™) can be written in a block matrix s = (5" 3=7) in the
decomposition (2.2), which leads to a decomposition into even/odd endomorphisms

(2.5) S(C™) = SHC™ @ S (CM)

where s € ST(C") iff sy = s, =0,and s € S7(C") iff s,y = s__ = 0. Observe
that p,s has the same parity as |a| + |3]. Furthermore

(2.6) S¢(C™) - 8°(C™) C 8 (C™)
for any €, ¢ € {1, —1}.

2.1.2. Extension to vector bundles

In the previous definitions, we can replace C" by any n-dimensional Hermitian
vector space E. We denote by D(E) the space of antiholomorphic polynomial maps
E — C. Choosing an orthonormal basis (e;) of E, we can identify E with C" and
then define the scalar product of D(E) by the formula (2.1). Since the weight |z|?
and the measure du, are invariant by unitary change of coordinates, the resulting
scalar product of D(E) is independent of (e;). Similarly, we define the subspace S(E)
of the space of endomorphisms of D(E) and associated to the basis (e;) of E, we
have a basis (pa g, @, € N*) of S(E). The decompositions into even/odd elements
are defined and denoted as for C™ by

(2.7) D(E)=D*(E)@D (E), S(E)=S*(E)eS (E).

We can extend all these constructions to vector bundles. Let E — M be a Hermitian
vector bundle with rank n. Define the infinite-dimensional vector bundles D(E) and
S(E) over M with fibers D(E), = D(E,) and S(E), = S(E,). Later, we will
choose for E the complex tangent bundle of an almost-complex manifold, and we
will construct operator whose symbols are smooth sections of S(E) ® A, where A
is an auxiliary vector bundle. Since the bundle S(E) has infinite rank, let us make
precise the definition of its smooth sections: a section s € C*(M,S(E) ® A) is a
family (s(z) € S(E;) ® A;, x € M) such that for any orthonormal frame (e;) of
E and (a;) of A over the same open set U of M, if (pa3(2)) is the basis of S(E,)
associated to the basis (e;(x)), then

8(2) =D Aap (@) pas(@) @ ai(x), 2 €U

where the A\, g ; are smooth functions on U, almost all equal to zero.

ANNALES HENRI LEBESGUE



Landau levels on a compact manifold 83

2.2. Operators
2.2.1. Schwartz kernel

Consider a compact symplectic manifold (M, w) with a compatible almost-complex
structure j and a prequantum bundle L — M. Assume we have two auxiliary
Hermitian vector bundles A and B over M. The dimension of M is 2n with n € N.

We will define a space L£(A, B) consisting of families of operators

(2.8) (Pe:Cc> (M, LF @A) » ¢ (M, L*®B), keN)
having smooth Schwartz kernels satisfying some conditions. Let us first recall some
standard definitions and notations.

We denote by A the conjugate bundle of A and by AKX B the external tensor product

of A and B. The Schwartz kernel of P, is the section K, of (L* ® B) K (L" ® A)
such that

(PD)@) = [ Kale.y)- ) mualy), ¥ Jec= (M, 150 4)

where the - stands for the scalar product (Z];@Zy) x(LE®A,) = C,and py = w"/nl.
We will denote the operator and its Schwartz kernel by the same letter, hoping it is
not too confusing.

Since L, A and B are Hermitian bundles, the bundle (L* @ B) ® (L' ® A) has a
natural metric, so the pointwise norm |Py(x,y)| is well-defined. For any N € N, we
will say that (P) is in O(k~) on an open set U of M? if |P.(z,y)| = O(k™") for
(xz,y) € U with a O uniform on any compact subsets of U. We say that (FPy) is in
O(k=) on U if (Py) is in O(k™) on U for any N.

We will also use the uniform norm || Py|| = sup [|Pe(f)||/||f|| with respect to the
usual L? norms of section: || f||? = [i; |f(2)|* dur(z).

2.2.2. Definition of L(A, B)

By definition, a family (P) as in (2.8) belongs to L(A, B) if each P has smooth
Schwartz kernel satisfying for any N

(2.9) Pk(:ﬂ,y)=<k>nE’“(w,y) S k(e y) + O (k)

2 tez,
+m() < N

where
(1) Eis asection LK L such that |E(z, y)| < 1 for any x # y, and for any y € M,
the section Ey(x) = E(x,y) of L X L, satisfies £,(y) = u ® T for any v € L,
with |u| =1, (VE,)(y) = 0 and
(VeVyE,) (y) = — (3w(&m) + 30(&, i) By(y), ¥V &neT,M.

(2) m : Z — NU {oo} is such that {¢; £+ m(f) < N} is finite for any N and
¢4+ m(f) = 0 for any ¢. Moreover, for any ¢, b, is a section of BX A vanishing
to order m({) along the diagonal.
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As already mentioned in the introduction, the analytic meaning of the expan-
sion (2.9) is not obvious, nevertheless we postpone the explanations to Section 5.2,
cf. Lemma 5.1 and Lemma 5.2. The existence of E will be proved in Section 5.1,
it is not unique, any section E satisfying the stated conditions can be used for the
expansion (2.9), but the coefficients b, depend on the choice of E, cf. Lemma 5.3.
By rescaling the coordinates transverse to the diagonal by a factor k:%, we can
write the expansion (2.9) in the following alternative way. To simplify the statement,
we assume first that A and B are the trivial line bundle C,; := M x C and let

PROPOSITION 2.1. — Let (Pg) be an operator family (Py) of the form (2.8) with
smooth Schwartz kernels. Then (Py) belong to L£(C) if and only if the Schwartz
kernel family is in O(k~>°) on M? \ diag M and for any coordinate chart U C M
and unitary frame t : U — L, for any N € N, we have over U? that

n N
(2.10) Pz +& x) = (;) e RO Nk bay (2,k28) + O (k”—%)
p=0

where we have identified LI;+£ ® f]; ~ C by using t and
- p(x,8) = —i(TE ci(@)€ + 5 51 (0,05) (2)6:85) + 31813 with o = ¥ aqd;
€ QY(U,R) the connection one-form defined by Vt = 1a ® t.

- ay(x,§) € C depends polynomially on &, meaning that for some d(p) € N,
ap(7,8) = Xjaj<d(p) Apa(2)E* With smooth coefficients ay, q.

The proof is postponed to Section 5.2. Since the real part of ¢(z,§) is i|§|§, we
have for any p

e @Oy, (x, k%f) =0(1).

So the p™ summand in (2.10) is in O(k""2) and the expansion is meaningful. In
the case where A and B are general vector bundles, we introduce frames of A
and B on U, so that the Schwartz kernel P, on U? becomes a C"-valued functions
with r = (rank A)(rank B), and we have the same characterization with C"-valued
coefficients a,.

The advantage of the expansion (2.10) is that its analytical meaning is more
transparent, the drawback is that it depends on local choices (coordinates, frames,
rescaling k2¢) whereas the expansion (2.9) is global.

2.2.3. Properties of L(A, B)

L(A, B) has a natural filtration defined as follows. For any ¢ € N, £,(A, B) is the
subspace of L(A, B) consisting of the operators such that the local expansions (2.10)
hold with a sum starting at p = ¢, that is the coefficients ag, ... a4 are zero.

PROPOSITION 2.2. —
(1) L(A,B) =k 3L(A, B) and if ¢ > ¢, then L (A, B) C Ly (A, B).
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(2) For any (Py) in L(A, B),
(P € £,(A.B) | A = 0 (%)
& the Schwartz kernel family of (Py) belongs to O (k”_%)

(3) Lo(A, B) := N, L,(A, B) consists of the families (2.8) with a smooth Schwartz
kernel in O(k~*°).

(4) for any sequence (P,),cn of L(A, B) such that P, € L,(A, B) for any q, there
exists P € L(A, B) satisfying P = Y]_, P, modulo L,1(A, B) for any q.

We will now describe the quotients L£,(A, B)/L,+1(A, B) by using the material
introduced in Section 2.1. Since M has an almost complex structure j compatible
with w, the tangent bundle T'M is a complex vector bundle with a Hermitian metric,

which defines our bundle S(M) := S(T'M).

THEOREM 2.3. — For any q € N, there exists a linear map
0,: Ly(A,B) = C*(M,S(M) @ Hom(A, B))
which is onto and has kernel L,,1(A, B). Furthermore, the following holds for any
PeL,(A B):

(1) 0,(P) = ou(kE P).

(2) Forany f € C*°(M,Hom(B, C)), (foPy) belongs to L,(A,C) and o,(foP) =
foo,(P). For any g € C>°(M,Hom(C, A)), (P o g) belongs to L,(C, B) and
0q(Pog)=04(P)og.

(3) P* belongs to L,(B, A) and o(P*) = o(P)*.

(4) For any P' € L,(B,C), P'o P belongs to L,.,(A,C) and

Og+q(P o P) =0y (P")oo,(P).

(5) The Schwartz kernel of P, on the diagonal satisfies

Br) = B fi(o(P)@) + O (k)]
(059

(2m)"

where tr is the map S(T,M) ® Hom(A,, B;) — (L,
Hom(A,, B,) sending s ® f to (trs)f.
(6) The operator norm of Py satisfies

Il = % (sup (P + o)

where ||o,(P)(z)|| is the operator norm for the norm of D(T, M) corresponding
to the scalar product (2.1).

L)®B,®A, ~

Let us explain how is defined the symbol map oy for A = B = C,,;. Consider
P € L(A, B) and the local expansion (2.10). We view (x,¢) as a tangent vector of
M, that is £ € T, M, so we consider ag(x, ) as a polynomial of T, M. Then it is not
obvious but nevertheless true that this polynomial does not depend on the choice
of the coordinate chart U and the unitary frame ¢. To compare, the coefficients a,
in (2.10) with p > 1 do depend on the choice of the coordinates and the frame of L.
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To pass from ag(z, ) to the symbol of P at x, we first choose a unitary frame (¢;)
of T,M. So T, M ~ C" by sending £ = > ze;(x) to z(§) = (2;). We also have a basis
Pa,p(x) of S(TIM) defined in (2.3). Then

Zfaﬁ paﬁ )@aoxf Zfa/o’ paﬁ (5))

where we use the polynomials pas(2) = (575)"/*(9. —2)*2”. These polynomials form
a basis of C[z,z], cf. proof of Proposition 4.4.

Example 2.4. — Choose a connection of A and let A, be the Laplacian
(2.11) Ay =5 (VEOA) vEeA e (Lhe A) — ¢ (LF @ A).
For any m € N, let II,, ,, be the spectral projector

(2.12) Mo = Lt ) (k;—lAk) .

2

By [Cha21], the family (II,,x) belongs to L£(A, A), its og-symbol at z is 7, () ®ida,
where 7,,,() is the projector of D(T,, M) onto the subspace D,,,(T,,M) of homogeneous
degree m polynomials.

Since T () = Xjaj=m Pa,a(T), if the auxiliary bundle A is trivial, the corresponding
function ag is

(2.13) ap(,€) = Y paa(2(8) = Q4 (J2(€)])

|al=m

where Q) is the Laguerre polynomial Q) (z) = & p(di — 1)™x™*P. The second

equality in (2.13) follows from p,, ..(2) = Q¥ (|z|?) and the identity
QU W(xy +.. . 4, = > Qg)()l)(xl) . Q&O&)(xn).

|a|=m

Actually we won’t use the expression in terms of Laguerre polynomials, what really
matters is the fact that oo(Il,,)(x) is the orthogonal projector onto D,, (T, M).

The definition of the symbol map oy is motivated by Theorem 2.3 and its efficiency
in the proofs of Section 3. But this definition does not explain why it is natural
to associate to P € L(A, B) an endomorphism of D(T,M). A first explanation is
provided by the following construction of peaked sections. A deeper reason will be
provided later in Section 4.

We still assume that A = B = C,,; to simplify the exposition. Let x € M be a base
point, with a coordinate chart U at x and a unitary frame t : U — L. Let ¢ € C§°(U)
be equal to 1 on a neighborhood of z. To any f € D(T, M), we associate a family
®/ € C=(M, L*) defined by

k

o (x+) = <

%)2@—’%5 f(k2¢) v+t +¢), keN

where ¢ is the same function as in (2.10). Let || f|| = 1/(f, f) be the norm associated
to the scalar product (2.1).
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PROPOSITION 2.5. — For any f € D(T, M),

(2.14) |ofll = |1 £l+© (k712),
and for any P € L(Cys,Cyy),
(2.15) P = @ + 0 (K7'/?)

where g = oo(P)(x) - f.

By (2.14) the map sending f into (®7) is injective, so (2.15) characterizes the
symbol oo(P)(x). For a more general result with auxiliary bundles A, B and the
estimates of the scalar product of peaked sections, cf. Proposition 5.7.

We say that an element P in L£L(A, B) is even (resp. odd) if the expansion (2.9)
holds with b, = 0 for any odd ¢ € Z (resp. even).

LEMMA 2.6. — For any P in L(A, B), (Py) is even (resp. odd) if and only if in the
local expansions (2.10), every polynomial a,(x,-) has the same (resp. the opposite)
parity as p.

Denote by LT (A, B) and L™ (A, B) the subspaces of even and odd elements respec-
tively.

THEOREM 2.7. — We have
(1) L(A,B)=LT(A,B)+ L (A, B), LY(A,B)N L (A,B) = L(A, B).
(2) L(A,B) - L(B,C) C L (A, C) for any choice of signs e, €.
(3) 0,(L, (A, BYN LA, B)) = C®(M,S8 1" (M) ® Hom(A4, B)).

The proofs of Proposition 2.2, Theorem 2.3 and Theorem 2.7 are postponed to
Section 5.4. The proof of Lemma 2.6 is at the end of Section 5.2.

2.3. Comparison with earlier works

The expansions (1.28), (2.10) or similar versions appeared in the literature [MMO07,
Cha03, SZ02] to describe Bergman kernels of ample line bundles and their symplectic
generalizations as well as the associated Toeplitz operators. In a more general context,
the Boutet de Monvel-Guillemin theory [BAMG81] is built on two classes of operators:
Hermite operators and Fourier integral operators respectively. The spaces L1 (A, B)
may be viewed as an intermediate choice in the semi-classical setting.

In [Chal6], we considered a subalgebra of £LT(A, A), denoted by A(A), consisting
of operators having an expansions (2.10) in which each a,(x,-) has degree < %p. For
our applications in this paper, it is necessary to consider the larger spaces L(A, B),
because our generalized projectors II,, and unitary equivalences do not belong to
A(A). More precisely, only the projector corresponding to the first Landau level
belongs to A(A).

Theorem 2.3 is a generalization of similar results for A(A) established in [Chal6],
and surprisingly the proofs are somehow easier in this new generality. However, a
crucial difference with [Chal6] relies in the symbols. Roughly, the symbols of the
elements of A(A) were defined directly as the polynomials ag(z,-). This had the
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advantage that it is easier to pass from the Schwartz kernel of the operator to the
symbol. The drawback of this definition is that the product for these symbols is
given by the mysterious formula

(2.16) (uxv)(z,2,%z) = [exp(D) (u (93, —(,Z — Z) v (ZB, z+ C’Z))Lzzzo

where [0 = Y2 0%/9¢°0C". This was actually tractable for what we did in [Chal6]
because our main interest was the projector II for the first Landau level, with symbol
oo(IT) = pgo and associated function symbol u(x, &) = 1. But for our new projectors
whose symbols are typically a sum of the p,,’s, it is essential to work with the symbol

in S(M). For instance, it is even not obvious how to recover the relations (2.4) from
the product (2.16).

3. Projectors of £L(A) and Toeplitz operators

In this section, we consider an auxiliary Hermitian vector bundle A with arbitrary
rank. We denote by L£(A) := L(A, A) the associated algebra and by L7 (A) the
subalgebra consisting of even elements. The symbols of operators of L£(A) are sections
of S(M)®End A. We will view S(M ), ®End A, as a subspace of End(D(T,M)® A,).

Let F be a subbundle of D, (TM) ® A for some m € N, where D, (T, M) is
the subspace of D(T, M) of polynomial with degree < m. We assume that I has
a definite parity, that is F¥ C D(TM) ® A with € € {£1}. Associated to F is the
section 7 of S(M)®End A such that 7(z) is the orthogonal projector of D(T,M)® A,
onto F, at each point x € M. The content of the following subsections is:

- Subsection 3.1: we construct a selfadjoint projector IT € LT (A) with symbol

TT.

- Subsection 3.2: we study the Toeplitz algebra 7 = {IIPII, P € LT(A)}

- Subsection 3.3: we prove (Im Il ) is isomorphic with any quantization of (L, M)
twisted by F', and deduce that the dimension of Im Il is the Riemann—Roch
number of L* @ F' when k is sufficiently large.

A possible choice for F'is F' = D,,(TM) ® A where m € N and D,,(T, M) is
the subspace of D(T, M) consisting of homogeneous polynomials with degree m. As
explained in Example 2.4, the projector I1,, x onto the m*™® Landau level H,, ; belongs
to L7(A) and has symbol the projector onto F', so it can be used as the projector II.
Theorems 1.1, 1.3 and 1.6 will mainly follow from the results in Sections 3.2 and 3.3.

By [Cha21], the spectral projectors of Laplacians with a magnetic field, not neces-
sarily constant but still satisfying some convenient assumptions, give other instances
of projectors in L1 (A).

Another choice for F'is F' = Dy(T'M) ® A where Dy(T, M) = C is the subspace of
D(T, M) of constant polynomials. The corresponding quantum space and Toeplitz
algebra is the quantization of (M, L) twisted by A.

A last example is the Spin-c¢ Dirac quantization twisted by an auxiliary bundle
B. In this case, A = S ® B where S is the spinor bundle @ A*(T*M)%! and F =
Do(TM) @ \°(T*M)*' @ B. This example will be used to compute the dimension
of our quantum spaces from the Atiyah—Singer theorem.
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3.1. Construction of the projector

Let x : R = R be defined by x(z) = 1 if z > 1 and x(z) = 0 otherwise. If P
is a bounded self-adjoint operator of a Hilbert space H, then using the functional
calculus for Borel bounded functions, we define a new bounded operator x(P) of H,
cf. as instance [RS72, Theorem VII.2]. Since Y is real valued and x* = x, x(P) is a
self-adjoint projector.

THEOREM 3.1. — Let P € L(A) be self-adjoint and having symbol oo(P) = 7.
Then x(P) belongs to L(A) and oo(x(P)) = m. If furthermore P € LT (A), then x(P)
is in LT(A).

An operator P satisfying the assumptions exists by the surjectivity of o, cf.
Theorem 2.3. Theorem 3.1 holds without the assumption that F' has a definite parity.

When F does have a definite parity, 7 is even, so we can choose P € LT(A) with
symbol 7.

Proof. — To prove that the x(Fy)’s have smooth kernels, we will use the following
basic fact: let @, Q' be two operators with smooth kernels acting on C>*(M, A)
and Q" be a bounded operator of L?(M,A). Then QQ"Q’" has a smooth kernel.
This follows from the Schwartz theorem saying that the operators with smooth
kernel are the operators which can be continuously extended C™>° — C*°. We will
also need the following pointwise norm estimates: consider families of operator
Qr, Q) : C®°(M, L*@A) — C®(M,L*® A) and Q} : L*(M,L*®A) — L*(M,L*®A).
Then by [Chal6, Section 4.3], if the Schwartz kernel families of (Qx) and (Q)},) are
respectively in O(k=") and O(k=""), and the operator norms of Q) are in O(1),
then the Schwartz kernel family of Q,Q7Q), is in O(k~W+N)").

Back to our problem, we can write x(P) = PuX(P) P with x(x) = x(z)/22
Since X(P) is bounded, this shows that x(Pg) has a smooth kernel. This also shows
that the Schwartz kernel family of x(P) is in O(k*"). To improve this, observe that
Q= P?—Pisin L(A) and 0¢(Q) = 7> — 7 = 0, s0 || Qx| = O(k~'/?), which implies
easily that % is not in the spectrum of P, when k is sufficiently large, cf. [Chal6,
Proposition 4.2].

Now for z € R\ {3}, y = 2 — 2 > —1/4 and we have

X(@) =2+ (1-22)f (2® —z) with f(y) =3 (1~ (1+4y)"/?)

For any m € N, write the Taylor expansion of f at 0 at order m as follows: f(y) =
ZZn:O afyg + ym+1fm(y) with fm € CO(] - iu OO[? R) Then

(3.1) X(P) =P+ a(l-2P)Q" + (1 —2P)Q™" £.(Q).
=0

Now 0(Q) = 0 implies that Q° and PQ* belong both to L£,(A). Furthermore,
(@) = O(1). Since Q™ (@) = @™ F(Q)Q and similarly PQ™ £,,(Q) =
PQ™f(Q)Q, it follows from the preliminary observation that the Schwartz kernel
family of (1 — 2P)Q™ ™ £,,(Q) is in O, (k*™). We can now conclude easily the
proof from (3.1) by choosing at each step sufficiently large value of m: first the
Schwartz kernel family of x(P) is in O(k~°) outside the diagonal and second the
local expansions (2.10) hold. O
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3.2. Toeplitz algebra

Choose a self-adjoint projector IT € LT (A) with symbol 7, which exists by The-
orem 3.1. For any k € N, let H;, = ImII, C C*°(M, LF @ A). Computing the trace
of II;, by integrating its Schwartz kernel over the diagonal, we deduce from the last
assertion of Theorem 2.3 that H, is finite dimensional and

(3.2) dim Hy, ~ (;)” (rank F') vol(M,w)

As we will see later, when k is sufficiently large, this dimension depends polynomially
on k and is a Riemann—Roch number, cf. Theorem 3.7.

We will now work with families of operators (T}, € End Hy, k € N). Equivalently,
we can consider that each T}, acts on the larger space C*°(M, L* ® A) and satisfies
[, T} 11, = T}. Define the space

(3.3) T ={TeL(A)/nTI =T}

For any ¢ € N, set T, := k79T = L3,(A)NT and T, =N, T, Clearly,
T CTyCT, CT

when ¢ > p.

THEOREM 3.2. —

(1) For any T € T, T belongs to T, iff |T;|| = O(k~?). Furthermore, 7o, consists
of the families (Ty, € End(Hy,), k € N*) such that ||Ti|| = O(k™") for any N.

(2) T is closed under composition and taking adjoint: (7;)* =T, and T, Ty, C Tytp
for any q and p.

(3) For any g, there exists a linear map 7, : T, — C>(M, End F'), which is onto,
has kernel T, and is determined by o4,(T) = 7,(T")w. Furthermore, if P € T,
and Q) € T, then

TQ<P) = To(kqp)7 TQ(P*) = TQ(P)*a
(3.4) 7(P)7(Q) = T41»(PQ)
1P| = k9 (sup {[|7y(P)all, @ € M} +o0(1)),

and the restriction to the diagonal of the Schwartz kernel of Py satisfies

i P O (k!
Gy 1 (P + 0 (7).
Let us give more details on the equation o9,(71") = 7,(7")7 defining the symbol map
7,- Recall that 7(x) is the orthogonal projector of D(T,M) ® A, onto F,.
Then for an endomorphism s of F,, we define sw(x) € S(T,M) ® End A, as the
endomorphism of D(T, M) ® A, sending 1 into s(m(x)).
)

Proof. — (1) The first assertion follows from Part (2) of Proposition 2.2. To estab-
lish the second assertion, we deduce from the first part of the proof of Theorem 3.1
that if a family (P, € End(Hy)) satisfies || P|| = O(k~°), then its Schwartz kernel
is in O(k~>°) because I P,Il; = Py and the Schwartz kernel of Il is in O(k™).

(3.5) Py(x,x) =
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Parts (2) and (3) follow from Theorem 2.3 and the fact that £*(A) is a subalgebra
of L(A) by theorem 2.7. To define 7,(P), simply observe that ILPII = P implies that
To2q(P)m = 094(P), so we can write oq,(P) = 7,(P)m with 7,(P) a section of End F.
The map 7, is onto because for any section s of End F', there exists P in Lo,(A) with
09q(P) = sm. Since w(sm)m = sm, we have o9,(IIPII) = sm and clearly IIPII € 7T,.

The kernel of 7, is 7,41 because 7,(P) = 0 implies that o5,(P) = 0 so P €
L3,11(A) 80 02411(P) is odd by Theorem 2.7. But IIPII = P implies that 0441(P) =
To9g+1(P)m. This implies that oo,41(P) is even because F' has a definite parity.
Indeed, if for instance F' C DY (TM) ® A, and f = wgr with g € S(T, M) ® End A,,
then in the decomposition

D(T,M)® A, = (DNTLM)© A,) @ (D (LM)® A,)

f has the form (f5+ 8), so f is even. Consequently, og,41(P) = 050 P € Log42(A).
The formulas giving the symbol of products, adjoints, the operator norm and the
Schwartz kernel on the diagonal follow directly from Theorem 2.3. Observe that the
O(k~2) in Assertion 5 of Theorem 2.3 becomes a O(k™1) in (3.5) because P being
even, the restriction of the asymptotic expansion of its Schwartz kernel (2.9) to the
diagonal only involves integral powers of k1. ([l

Remark 3.3. — We can consider as well odd Toeplitz operators, that is T € L (A)

such that T" = IITTI. The space of these operators is k2T, Indeed, if T is such
an operator, then its symbol o¢(T) = woo(T)m is at the same time even and odd

because F has a definite parity, so o(T) = 0 so T € L£1(A), so k2T € L(A) and is
even, so k3T € T. O

For any f € C>°(M) and k € N, define the endomorphism Ty (f) of Hj such that

<Tk(f)1/}7 ¢,> = <f¢7 ¢,> ) v ¢7 W € Hk

Viewed as an operator of C*°(M, LF @ A), Ty(f) is merely I, fTI;. It follows from
part (2) of Theorem 2.3 that the family (7(f)) belongs to 7 and has symbol
170(Tx(f)) = fidp. By part (3) of Theorem 3.2, we deduce that

To()Te(g) = Tul(f9) + O (k7).

A consequence of Theorem 3.5 will be that

(). T(9)] = k" Th({ £, g}) + O (k72

with {f, g} the Poisson bracket of f and g with respect to w. This equality does
not follow from Theorem 3.2. However, the center of End F,, consisting on the scalar
multiple of the identity, the following characterization of the Toeplitz operators
having a scalar symbol follows from Theorem 3.2: for any P € T,

P=T(f)+ O(k™") for some f €C*(M) &V QEeT, [P,Q €T.

By Jacobi identity, this proves that [Ti(f), Ti(g)] = k™ 'Tk(h) + O(k™?) for some
function h € C*(M).
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3.3. A unitary equivalence

Consider an auxiliary vector bundle B with an arbitrary rank. Set F' = Dy(T'M)®
B with Dy(T,,M) C D(T, M) the subspace of constant polynomials. Then by Theo-
rem 3.1, there exists a projector II' in £*(B) having symbol

0’0(1_[/) = poo & idg € COO(M,S<M) X EndB),

where poo(z) € S(T, M) is the orthogonal projector of D(T, M) onto Dy(T, M), the
notation being the same as in (2.3).

Starting from II'; we define H) := ImII} and the corresponding Toeplitz space
T':={P € £*(B)/ I'PII' = P}. Since Dy(T'M) = C, F' ~ B, so the symbols of
the Toeplitz operators of 7' are sections of End B:

0= T/ — T, 1 ¢>(M,End B) — 0.

Our goal now is to establish an equivalence between the (Hy,7) and (H},, T') when
the bundle B is F'. The critical point is the existence of a convenient symbol. Recall
our assumption that FF C D(TM) ® A with € € {£1}.

LEMMA 3.4. — If B = F, then there is a canonical symbol p € C*°(M,S (M) ®
Hom(A, B)) such that p*p = m and pp* = pgo ® idg .

Proof. — On the one hand, m(z) is the orthogonal projector of D(T, M) ® A,
onto F,. On the other hand, 7'(z) := poo(7) ® idp, is the orthogonal projector of
D(T,M)® B, onto C® B,. Since B = F, the images of (x) and 7’(x) are isomorphic
by the map £(z) : F,, — Im7’(x) sending f into 1® f. We define p(z) as the extension
of {(x)

(3.6) p(z) : Fy ® F- — (Im7'(z)) ® (Im 7' ()"

having the block decomposition (f(ox) 0). So p(x) is canonically defined. The equalities
p(x)*p(x) = w(x) and p(x)p(x)* = «'(x) are easily verified by using that &(z)
is unitary. Writing p in terms of a local frame of F, we see that p(x) depends
smoothly on z. Finally, F, C D(T,M) ® A, and Im«'(z) C D (T, M) ® B,, so
p(x) € S(M), ® Hom(A,, B,). O

THEOREM 3.5. — Assume that B = F and p is the symbol defined above. Then
there exists U € L(A, B) with symbol 0o(U) = p and such that

(3.7) UpUp = 1, UpUp =11,

when k is sufficiently large. Modifying 11} for a finite number of k, we can choose
U so that (3.7) holds for any k. In this case, the Toeplitz algebras T and T' are
isomorphic by the map sending P into UPU*. Furthermore, P € 7, if and only if
UPU* € T, and when this is satisfied

(3.8) TH(UPU*) = 7,(P).

Proof. — Choose W € L(A, B) with symbol p and set V' := [I'WIIL. Then V €
L(A, B) with 0o(V) = n’pr = p and since p*p = 7 and pp* = 7', we have

(3.9) V=T +0 (k73),  Wp =T, +0 (k%)
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So Vi, viewed as an operator from Hy to Hy,, is invertible when k is sufficiently large.
Observe also that V*V is a Toeplitz operator of 7 with symbol idg. So V*V = I1+Q
with @ € T;. Since [|Qx|| = O(k™1), the spectrum of @y, is contained in [—1, 1] when
k is sufficiently large. Modifying @)x for a finite number of k£, we can assume this
holds for any k, and when £ is sufficiently large, we still have V'V, = Il + Q.
Let P, be the endomorphism of C>®(M, L¥ @ A) which is zero on Hi and equal to
(Idg, +Qr)~Y/? on Hy. We claim that (P,) belongs to 7 and has symbol id.
Assuming this temporarily, it follows that Uy := Vi P, belongs to L(A, B), has
symbol p and satisfies when k is sufficiently large U Uy, = P,V Vi, P, = 1. Since Uy,
viewed as an operator from H;, to Hj, is invertible, this also implies that U U} = II;.
To prove the claim above, we write the Taylor expansion (14z)~/2 = 1+ agr’+

2™ f,, () with f,, a continuous function [—3, 1] — R. Then
(3.10) Py =T+ > aQp + Qp " fin(Qr)-
=0

Then we show that P belongs to £LT(A) by arguing as in the proof of Theorem 3.1:
Q" € T, and ||f,,(Qr)]] = O(1), so the Schwartz kernel family of Q7™ f£,.(Qx) =
QT frn(Qr) @ is in O(K*~™~1). Choosing m sufficiently large at each step, we then
deduce from (3.10) that the Schwartz kernel family of Py is O(k~>°) outside the
diagonal and that the local expansions (2.10) hold.

So we have proved the existence of U € L¢(A, B) with oo(U) = p and satisfy-
ing (3.7) for any k except a finite set. For the missing k’s, we modify II} by choosing
any subspace H}, of C°*°(M, L* @ B) having the same dimension as Hy, define IT},
as the orthogonal projector onto H), and Uy as any isometry H; — Hj, extended to
zero on ‘Hi. Then II), and U, have a smooth Schwartz kernel, so the new families IT’
and U are still in £1(B) and L(A, B) respectively.

It is now easy to prove the last assertion: if P € LT(A), then UPU* € LT(B)
because U € L(A, B) and U* € LB, A). If IIPII = P, then II'(UPU*)II' = UPU*
by (3.7). So P € T implies that UPU* € T’, which defines an isomorphism from 7
into 7’ because we can invert it by sending ) into U*QU . Furthermore, oo(UPU*) =
p*oo(P)p which leads to (3.8). O

A first corollary is the computation of the symbols of commutators in terms of
Poisson bracket. Recall the Toeplitz operators Ty(f) : Hp — Hy associated to
f € C®(M). Define similarly T}.(f) : H}, — H,..

COROLLARY 3.6. — [Ti(f), Tx(9)] = k'Tu({f,9}) + O(k™2) for any f,g €
(M),

Another proof will be provided in Proposition 6.7.

Proof. — This amounts to show that for any two Toeplitz operators T, S of T
with symbol 70(7T") = fidp, 70(S) = gidp, we have 7 ([T, S]) = i{f,¢}idr. By
Theorem 3.5, this holds for 7 if and only if this holds for 7’. The results for 7' has
been proved in [Chal6, Theorem 1.4], when the projector is chosen as in [Chal6,
Theorem 1.1]. O
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The operators T}(f) are defined not only for f € C*(M) but also for f €
C>(M, End B). Since 7,(k~%T}(f)) = f, it follows that we can define the Toeplitz
operators of 7" as the families (7}) such that for any N,

N
Tp= > k™'Tu(fs) + O (kD)
/=0

for a sequence (fy) of C*°(M,End B). This provides a definition of 7" without any
reference to the algebra £7(B). Observe also that the coefficients f, are uniquely
determined by T and the map 7' — C>(M,End B)[[h]] sending T into 3" h‘f, is
a full symbol map, meaning that it is onto and its kernel is 7' N O(k~>°). This
full symbol map can also be used to get uniform control of the product of Toeplitz
operators, cf. [Chal6]. But unfortunately, this does not hold for T, except in the
particular case where F' has rank one, so that End F' ~ C. This happens in particular
for higher Landau level in dimension n = 1.

A second consequence of Theorem 3.5 is the computation of the dimension of our
quantum spaces. Here the parity assumption is not necessary.

THEOREM 3.7. — Let Il € L(A) be a projector whose symbol m = oo(I1) has a
constant rank. Then the dimension of Hy, = Im(I1}) is

dim Hy, = /M ch (L @ F) Td(M)

when k is sufficiently large, where F is the subbundle of D(TM) ® A given by
F, =Immn(x) for any x € M.

Proof. — We introduce a new family (H}, := Ker Dy) where Dy, is the spin-c Dirac
operator acting on C*(M,L*¥ @ B ® S) with S := A(T*M)%! the spinor bundle. By
the Atiyah—Singer theorem and a vanishing theorem [BU96, MM02], the dimension
of H is given by the Riemann-Roch number of L* ® B when k is sufficiently large.
We claim that the projector 1T} of C*°(M, L¥ @ B® S) onto HJ belongs to LT (B® S)
and has symbol poy ® pg where pp is the section of End(B ® S) equal at each x € M
to the projector of B, ® S, onto B, ® C. This is actually a reformulation of results by
Ma and Marinescu [MMO07], as is explained in [Chal6, Appendix A]. Alternatively
this follows from the companion paper [Cha2l].

Now the image of the symbol pyy ® pp is isomorphic with B, so by Theorem 3.5,
when £ is sufficiently large, Hj} has the same dimension as H) = ImII}, where II} is
any self-adjoint projector of LT (B) with symbol pgo ® idp.

To conclude, when II is even, by another application of Theorem 3.5, for B = F/,

.. and Hj have the same dimension when k£ is sufficiently large. The same proof
works for II not being necessarily even. Actually, the existence of V' satisfying (3.9)
already implies that the dimensions of H;, and H), are the same when k is large. [

4. Landau Hamiltonian algebra

In this section, we come back to the algebra S(C™) introduced in Section 2.1. We
extend the action of the elements of S(C") on D(C™) to the complete polynomial
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space and we compute the corresponding Schwartz kernel. This will be used in the
sequel to give an intrinsic definition of the symbol maps o4, cf. Definition 5.6, and
to understand the composition properties of the class L(A, B).

Let P(C") be the space of polynomials map from C" to C, so any f € P(C")
has the form f = Y a,p2°Z” where the sum is finite and the a,s are complex
numbers. The space D(C") introduced in Section 2.1 is the subspace of P(C") of
antiholomorphic maps. We endow P(C") with the same scalar product

(41) (£.9) = @) [ e H)90) dpn(2)

as in (2.1) for D(C"). The family (((a 4+ £8)!)"22°2%, a, 3 € N*) is an orthonormal
basis of P(C™).

For any ¢ = 1,...,n, introduce the endomorphism a; = 0;, and its adjoint a; =
Z; — 0.,. They satisfy the bosonic commutation relations
la;, a;] = {a’;,aﬂ =0, {ai,aﬂ = 0jj.

So the a’a;’s are mutually commuting Hermitian endomorphisms. Their eigenspaces

are the Landau levels of C". In the sequel, we use the notation a® := a‘f(l) atm
and (a*)* := (a})*W ... (a})*™.

PRoOPOSITION 4.1. —

(1) For i = 1, ..., n, ala; is diagonalisable with spectrum N. So we have a
decomposition into mutually orthogonal joint eigenspaces P(C") = @, cyn La
with L, = N, ker(afa; — a(i)).

(2) Lo =Clz, ..., z,) and for any o € N, L, = (a*)*Ly.

(3) For any o, € N", let pos := (a!B!)"2(a*)*pooa’ with poo the orthogonal
projector of P(C™) onto Ly. Then

(a) Pag Is zero on the L.’s with vy # [ and restricts to a unitary isomorphism
from L3 to L,

(b) Paa is the orthogonal projector onto L,.

(€) Pap © Pag = Opalas and Ps = Psa

Proof. — The result is certainly standard in condensed matter theory. For the
convenience of the reader, we explain briefly the proof for n = 1. The extension
in higher dimension is straightforward. We write a := ay, recall the commutation
relation [a,a*] = 1 and set L, := (a*)™(C][z]) for any m € N.

We check by induction that £,, = ker(a*a — m). First, writing (a*af, f) = |laf]?
it comes that kera*a = kera = Ly. Assume now that L,, = ker(a*a — m). By
the commutation relation, f € £, implies that a*aa*f = (m + 1)a*f, so L,,11 C
ker(a*a — (m+1)). Conversely, by the commutation relation again, a*af = (m+1)f
implies that (a*a)af = maf so af € L, and f = (m + 1)"ta*(af) € L1

To conclude that a*a is diagonalizable with eigenvalues in N, it suffices to prove
that P(C) is spanned by the L,,. Introduce the filtration F,, := @7 z‘C[z], m € N.
If f e C[z], then z"f = (a*)™f mod F,_1. S0 Fry = Lon + Fn1 = ... = Loy +
L1+ ...+ Ly by reiterating.

So we have proved that P(C) = @ L,,, with £,, = ker(a*a — m), which shows

the first and second assertions of the proposition. By the commutation relation,
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aa* = (m+1) on L,,. So a* : L,, — L,,;1 is invertible with inverse (m + 1) 'a :
L1 — Ly, We conclude that
o if p < m, then a® restricts to an isomorphism from £,, to £,,,_,, whose inverse
m—p)!

is the restriction of (T(a*)m to Ly—p-

e if p > m, then a?(L,,) = {0}.
With these two facts, we easily check the third assertion. 0

By the last assertion of Proposition 4.1, the space S (C™) of endomorphisms of
P(C™) generated by the p,s’s is closed under composition, so it is an algebra. By

the following proposition, S(C™) is isomorphic with the algebra S(C") introduced
in Section 2.1, through the map sending pas into pugs.

PROPOSITION 4.2. — The elements of S(C") preserve the subspace D(C") of

P(C"). Furthermore, the restriction map res : S(C") — End(D(C")) is injective,
with image S(C™) and res(pas) = pas-

Recall the decomposition (2.5) of S(C") into the subspaces of even and odd ele-
ments. Since S(C") ~ S(C"), this gives us a new decomposition
S(C") =8T(CH) oS (C).

Proof. — Observe first that the operators a;, a] and the projector pyy preserves
D(C™). Furthermore, for any f € D(C"), a;f = 05, f, aif = Z;f and poof = f(0).
Consequently, the operators p,s preserve D(C") and an easy computation shows
that

Pap (B)73%°) = (a)722%,  pas(2) =0, VyeN"\{B}.

This means that the restriction of p,s to D(C") is exactly the endomorphism p,gs
introduced in Section 2.1, cf. Equation (2.3). So the restriction map res is well-defined,
its image is S(C"), and the p,s’s being linearly independent, it is injective. U

Let us compute the Schwartz kernel of each pags.

LEMMA 4.3. — For any f € P(C"), we have
(Bos£)(w) = 2m) ™" [ €T pos(u = v) £(v) dpa(v)

where u - T = Y w;U;, pap(2) = (a!ﬂ!)_% (02 —7Z)%2P.

In particular, the orthogonal projector 3=, =, Paa ONtO B|q|=m Lo has the Schwartz
kernel

(12) (2m) e T EQE (ju — o) djn(v)

where Q;’;—U is the Laguerre polynomial and we have used (2.13).

Proof. — For a = [ = 0, this is the well-known formula for the Schwartz ker-
nel K (u,v) = (2r) "e*7~ 1" of the projector onto the Bargmann space, which in
our setting is the L2-completion of £y. So the Schwartz kernel of (a*)aﬁooaﬁ is
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Ko 5(u,v) = (@—0,)*(—05)° K (u,v). To compute this, we use that for a polynomial
9(2,2)
(@ — 0w ) (K (u, v)g(u — v)) = K(u,v)(a;g)(u —v),
(05,) (K (u, v)g(u — v)) = K(u,v)(big)(u —v)
where b} 1= z; — 0,. So K, g(u,v) = K(u,v)p(u — v) with p(z,z) = (a*)*(b*)’1 =
(32 —%)*2%, which ends the proof. O

So on one hand, the elements of S(C") act on P(C"), on the other hand, the
Schwartz kernel of p,s is given by a polynomial p,z € P(C").

PROPOSITION 4.4. — S(C") consists of the endomorphisms V having the form
(43) (V@ = @0 [ e —v)f(v) dun(v)

with ¢ € P(C"). Furthermore, the map Op : P(C") — S(C"), sending q into V, is
an isomorphism which preserves the parity and

tr (Op(9)|picn)) = 9(0)
(4.4) Op(g) o Op(f) = Op(Op(g)[)
(¢, f) = (Op(f)*q) (0)
for any q, f € P(C").

Proof. — Lemma 4.3 says that Op(pas) = pag. The family (p,s) is a basis of P(C")
because pas(z) = (a!B)"2(—2)"Z"+ a linear combination of z¢'z% with o/ < o and
3" < B. Since (pas) is a basis of S(C"), (pap) is a basis of S(C") and it follows that
Op is an isomorphism. This isomorphism preserves the parity, because p,p and pag
have both the same parity as |«| + |3|. For the first equation of (4.4), it suffices to
prove it for ¢ = p, g, and in this case, it follows from tr p,s = dap = Pas(0).

To prove the second equation of (4.4), observe that we recover ¢ from the Schwartz
kernel of Op(q) by multiplying by (27)" and setting v = 0, that is f(u) = (27)" Op(f)
(u,0). Let g € P(C™) be the function such that Op(g) = Op(q) o Op(f). Then using
the previous observation for f and for g, we have

(Op(g))(w) = 27)" | Op(g) (1) OP(£)(.0) djun(v)
= (2m)" Op(g)(u,0)
= g(u).
The proof of the third equation of (4.4) is similar by using that Op(f)*(0,u) =
Op(f)(u,0) = (2m) ™" f(u). 0
As a last remark, we can replace in the previous definitions C" with any n-
dimensional Hermitian space E as we did in section 2.1. So we denote by P(E)
the space of polynomial maps E — C and by S(E) the space of endomorphisms

of P(E) having the form (4.3), where we interpret u - ¥ as the scalar product of
the vectors u, v of E and |v| as the norm of v. Observe as well that the map
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Op : P(E) — S(E) is well-defined. Furthermore the restriction from P(E) to its
subspace D(E) induces an isomorphism S(E) ~ S(E).

5. The Schwartz kernels of operators of L(A, B)
5.1. The section £

An important ingredient in the global Schwartz kernel description of operators of
L(A, B) is a section E of L K L satisfying the following conditions. For any y € M,
denote by E, the section of L ® L, given by E,(z) = E(x,y) for any x € M. Then
we will assume that for any y € M

E,(y) =u®mu, Vue L, with |u| =1,
(5.1) (VE)(y) =0,
(VeVaE) () = — (3w(&n) + dw(&im) Byy), Y &neT,M

Such a section appeared already in the expansion (2.10) as follows. Choose a unitary
frame t of L and a coordinate system on the same open set, then the section

(5.2) E(y+&y) =e 9y + &) 0 y),

with ¢ defined as in (2.10), satisfies (5.1). From this local construction, we easily
obtain a global section E by using a partition of unity.

The conditions (5.1) determine the second-order Taylor expansion of E at (y,y)
in the directions tangent to the first factor of M?. Since any tangent vector of M?
at (y,y) is the sum of a vector tangent to the diagonal and a vector tangent to the
first factor, we deduce that E is uniquely determined modulo a section vanishing to
third order along the diagonal.

The function t,(z) = —2In|E,(x)| vanishes to second order at y and for any
&neT,M, (£n,)(y) =w(&, gn), so P,(x) > 0 when x # y is sufficiently close to
y. So modifying F outside the diagonal, we can assume that it satisfies as well

(5.3) |E(z,y)] <1, V (x,y) € M? such that = # y
Another important property of E is the symmetry:

(5.4) E(z,y) = Ely.2) + O (ja — y")

For a longer discussion, the reader is referred to [Chal6].

In the sequel we will need the following expression of E in terms of complex
coordinates and a frame of L, both normal at a point py € M. We say that a
function or a section on M (resp. M?) is in O,,(m) (resp. Oy, ,,,(m)) if it vanishes
to order m at py (resp. (po,po)). Let (9;)i~; be an orthonormal basis of T-°M, i.e.
%wpo((?i,gj) = 0;5. Choose complex valued functions z; on a neighborhood of py such
that

(55) Zi(pO) = O, le(aJ) = (52']', dZ,L(gJ> =0 at po.
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Then (Rez;,Im z;)!" , is a coordinate system on a neighborhood of py and w|,, =
1y dz; AN dz;. The curvature of L being %w, there exists a unitary frame ¢ of L at pq
such that

(5.6) Vit = 53 (2idz; — Zidz) @ t + Oy (2).

To construct such a ¢, multiply any unitary local section by exp(i(f; + f2)) where f;
and fy are real valued functions respectively linear and quadratic in z;, Z;. With f;
conveniently chosen, Vi = O, (1) and with the right fs, we get (5.6).

Then

(57) E(z,y) = @703 E@OPHOP) () © 1) + O (3):

A similar expression already appeared in the description of the Schwartz kernels of
the operators of S(C"). Indeed, let Len = C™ x C be the trivial holomorphic line
bundle equipped with the metric such that the frame s(z) = (z,1) has a pointwise
norm |s(z)[2 = e . Then it is natural to interpret the elements of P(C") as
sections of L¢n, because the scalar product (4.1) is the integral of the pointwise scalar
product (f(2)s(z), g(2)s(z)) = f(2)g(z)e ¥, Furthermore, in the integral (4.3), we
can interpret e’ f(v) as the pointwise scalar product (f(v)s(v),s(v)). In other
words, the Schwartz kernel of V' is

(5.8) (27) " Ecn(u,v)q(u —v)  with  Ecn(u,v) = e“"s(u) ®@ 3(v).
Now equip Lc¢» with its Chern connection, that the unique connection compatible
with both the holomorphic and Hermitian structures. Then Vs = —3Y Z;dz; ® s.

So the curvature is %W(Cn with wen = 1Y dz; A dzZ;. And if t is the unitary frame
t(z) = el**/25(2), we have Vit = s 3 (zidz; — Zdz;) ® t and

Ecn(u,v) = e"'i_%(‘mu'i"z)t(u) ® t(v),

the same formula as (5.7).

5.2. Schwartz kernel expansion

We consider operator families (B, : C°(M, LF @ A) — C®(M,L* ® B), k € N)
having smooth Schwartz kernels. Recall the notations introduced in the beginning
of Section 2.2. In particular, || P;| is the operator norm whereas | Py| is the function
of M? sending (z,y) into |P(z,y)|.

Let E be a section of L X L satisfying (5.1) and (5.3) and b € C>*(M? B X A).
Then, viewing (L* ® B)® (L ® A) as (LK L)* ® (BRA), we introduce the operator
family (Py) with Schwartz kernels

(5.9) P = (5] Bty

The pointwise norms of P, depend in an essential way on the vanishing order of b
along the diagonal. If m € N, we write b = O(m) to say that all the derivatives of b
of order < m — 1 are zero at each point of the diagonal. Recall that

w(xay) = —2In |E({L‘,y)|
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is positive outside the diagonal, and vanishes to second order along the diagonal
with a Hessian non-degenerate in the transverse direction.

LEMMA 5.1. — If Py is given by (5.9) with b = O(m), then |Py| = (’)(k;n—%e—k%)
and || Pyl| = O(k™ =)

Proof. — Since b = O(m), |b| = (’)(w%)_ So
Pl < Ckme ¥ 59% = Ck" % e e (ky)% < Ok Fe e

2
because ¢ — e~ Z¢™ is bounded on R-(. This proves the first estimate and can be
written locally in a coordinate system as

|Pulz,y)| < Ckm% e kel
So [us | Pe(,9)| duar(y) and [y, | Pe(z,y)| dias(z) are both < Ck~% and the operator

norm estimate follows from Schur test. [l

Consider now (FP;) € L(A, B). Recall that by definition (2.9) we have for any
N e N|

(510) Pk(xay) = <k> Ek(l’,y) Z k_gbg(l’,y) + RN,k(xay)

2 tez,
+m(l) <N

where

(i) m : Z — N U {oo} is such that for any N, {¢/ { + m(¢) < N} is finite, and

C+m(f) = 0 for any /.

(i) (be)eez is a family of C*°(M?, B A) such that b, = O(m(()) for any /.

(ili) |Ryx(z,y)| = (’)(k”_%) uniformly on M?2.
By Lemma 5.1, |E*(z,y)k~2by(x,y)| € O(k~2m). So the expansion (5.10) is
consistent in the sense that passing from N to N + 1, we add new terms k_gbg such
that £ 4+ m(¢) = N + 1, which contribute to Py(z,y) with a Q(kn—2V+D),

LEMMA 5.2. — If the expansion (5.10) holds, then for any g > 0

=0 (e )+ 0 (k7). IRl = 0W)
Similarly the remainders Ry ’s satisfy for any ¢ > 0,
sl =0 (5 10 (7). sl = 0 (1),

Proof. — To prove the first estimate, we use (5.10) with N sufficiently large so
that |Ry x| = O(k™9), and the result follows from Lemma 5.1 because ¢ + m(¢) > 0.
The operator norm estimate is proved similarly by choosing N so that |Ry x| = O(1)
which implies that || Ry k|| = O(1). The proof for the Ry is essentially the same. [

We next show that in the expansion (5.10), we can choose any section E satisfying
the assumptions given in Section 5.1.

LEMMA 5.3. — Assume (5.10) holds and let E' be a section satisfying (5.1)
and (5.3). Then there exists a family (b,) of C*(M?, BX A) such that (5.10) holds
with E' and b, instead of E and b,.
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Proof. — Observe first that (5.10) holds outside the diagonal if and only | P(z,y)|
is in O(k~>°) outside the diagonal, and this condition is clearly independent of the
choice of E and the b,’s. On a neighborhood of the diagonal, we have F = e9F’.
Since g € O(3), we can assume that |g| < /8. Let us write

k/‘ n
P, = () E'yp+ O (K"~75 ) with byp= > kb
2m t+m(f) <N
By Lemma 5.1, |E|*by . = O(e_k%). Using that
N P L |Z|N+1 Re|
e — - _|__ t < L ez’
XPp 2 2 ryn(z)  wi lrn(2)] N+ 1)!6

we deduce from E¥ = e*9(E’)* that
N gp
(5.11) Efbng = (E') bng D K" + R
p=0 P
where
|RN,k| < ONe—k% |k,g|N+lek|Reg| < CNe—k% |kg|N+1 -0 (k—%>
because | Re g| < 9/8. To conclude now, it suffices to define the b, so that

¢ NP
E k™2, E k:p—|
<N p=0 P

{+m(0)

(5:12) (B =B Y KR40 (k)

4w/ (0 <N

holds for any N. This suggests that each b} should be equal to the infinite sum

g’ g9’
be + bet2 g + bz+4§ + bZ+6E +...

But by Lemma 5.1, the equality (5.12) depends only on the class of b, modulo
O(N — ), so we can interpret these infinite sums as sums of Taylor expansions along
the diagonal. Since by, ¥ = O(m(¢ + 2p) + 3p) = O(3p), by Borel lemma, there
exists b} such that for any M

M P
(5.13) b= bz’ p + O((M + 1))
p=0 )

So by = O(m/(¢)) with m/(¢) := min{m(¢ + 2p) + 3p, p € N}. We easily check that

m’ satisfies the same condition as m. We finally deduce (5.12) by removing with
N+1

Lemma 5.1 all the coefficients leading to a O(k™ 2" ). O
Suppose now we have an open set U of M, and functions u; € C®(U?), i =
1, ..., 2n vanishing along the diagonal and such that for any y € U, (u;(-,y)) is a

coordinate system on a neighborhood of y. Then we can write the Taylor expansions
along the diagonal as follows: any f € C>(U?) has a decomposition

(5.14) flzy) = E_: fm(y, u(z,y)) + O(M + 1)
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where each f,,(y,£) is homogeneous polynomial in ¢ with degree m. This can be
done also for sections of B X A by introducing frames of A and B on U, so that
C®(U? BXA) ~C>(U? C").

LEMMA 5.4. — The expansion (5.10) holds on U? if and only if there exists a
sequence (a,) of C*(U x R** C"), each a,(z,&) being polynomial in &, such that for
any N

N4+1

(5.15) Py(z,y) = (;)nEk(gL’ y) Z:O kba, (v, k2u(z,y)) + O (K 73).

The remainders in (5.15) satisfy the same pointwise estimates as the Ry given
in Lemma 5.2, the proof is identical.

Proof. — 1If (5.10) holds on U?, writing the Taylor expansion of each by as in (5.14),
we have by Lemma 5.1
N—¢
Ek(xay)kigbé(l}y) Ek :E y 7% Z bém y))—i_O(ki%)
m=m({)
N-¢ 1
= (. y)k” bean (. Fu(z,y)) +O (k777)
m=m(¢
So we obtain (5.15) with a, = 3¢4,,)<p bep—¢, this sum being finite because of the
assumption satisfied by m(¢).

Conversely, starting from the a,’s, for each ¢ € Z, we construct by Borel summation
a function by such that by(z,y) = S arimm(y, u(z,y)) + O(M + 1) for all M,
where by convention a, = 0 for p < 0, and @y,1¢, is the degree m homogeneous
component of a,,,. We readily deduce the expansion (5.10) from (5.15) by using
Lemma 5.1 again.

Observe that by = O(m(¢)) with m(¢) the smallest m such that as i, 7# 0. Since
a, = 0 for p < 0, we have £ +m(¢) > 0. Furthermore, ¢+ m(¢) < N happens only if
there exists m < N — £ such that agi,, ,» # 0, that is if there exists p < N such that
app—e # 0, so necessarily p— ¢ < d(p) where d(p) is the degree of a,. So (+m({) < N
implies that ¢ > min{p —d(p)/ p =10, ..., N}. So £ +m({) < N only for a finite
number of /. 0

We have essentially proved Proposition 2.1. Here are the details.

Proof of Proposition 2.1. — Identify U with an open convex set of R*", then the
functions u;(x, y) = x; — y; satisfy the above conditions. And for (x,y) = (2’ + &', 2/),
we have a,(y, k2u(z,y)) = ap(x’,kég’), so the expansions (5.15) and (2.10) are the
same when F = e~%. Now Proposition 2.1 follows from Lemma 5.4, the local version
of Lemma 5.3 and the fact that E' = e~% in (2.10) satisfies the conditions (5.1). O

It is the good place to prove Lemma 2.6 on the characterization of the parity in
terms of local expansions.

Proof of Lemma 2.6. — This follows from the relation between the coefficients a,
and the coefficients b, given in the proof of Lemma 5.4. For instance, if b, = 0 for
any odd integer ¢, then b,,_, # 0 only for even ¢ and in this case it has the same
parity as p, 8o a, = 3y ) <p bep—¢ has the same parity as p. Conversely, if a, has
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the same parity as p for any p, then asqy, ,» = 0 for odd ¢, so b, vanishes to infinite
order on the diagonal for odd ¢, so we can assume that b, = 0. The proof for odd
elements is the same. 0

5.3. Filtration and symbol

For an operator (Py) € L(A, B), we have two different ways of writing the expansion
of its Schwartz kernel: a global one (5.10) with coefficients b, and a local one (5.15)
with coefficients a,. We now discuss the uniqueness of these coefficients. Recall that
(P) € L,(A, B) if in all the local expansions (5.15), the coefficients a, are zero for
P <gq.

PROPOSITION 5.5. —

(1) In the local expansions (5.15), the coefficients a, are uniquely determined by
the section E, the functions (u;) and the frames of A and B.

(2) In the global expansion (5.10), the Taylor expansions of the coefficients by
along the diagonal are uniquely determined by the section FE.

(3) (Px) € Ly(A, B) iff (¥ L € Z, by = O(q — 1)) iff || = O(k"%).

(4) If (Py) € L,(A, B), then the coefficient a, of the local expansion (5.15), viewed
as a section of P(TM) ® B ® A — U does neither depend on E nor on the
functions (u;). Furthermore,

(516) Qg = Z bg7q_g
L+m(0)=q

where the b, are the coefficients of the global expansion (5.10) and by, is
defined as in (5.14).

Proof. — Assertions 1, 2 and 3 follow from the following facts: Let fy, ..., f, in
C>°(M?). Let ¢» = —21In |E|. Then

q

(5.17) e—kwfjk—%fg =0(k%) & fo€0(q), ..., f, €0).
£=0

Indeed, recall that ¢ > 0, is in O(2) and its Hessian is non-degenerate in the direction
transverse to the diagonal. The converse of (5.17) follows from the same proof as
Lemma 5.1. The direct sense of (5.17) follows from [Chal6, Proposition 2.4 and
Remark 2.5].

From this, we deduce that |P| = O(k"" %) iff b, = O(q — £) for any ¢. Since
ap = X oem(e)<p Dep—e by the proof of Lemma 5.4, (b, = O(q — () for any ¢) iff (a, = 0,
for any p < ¢). This last condition is the definition of £,(A, B). We have just proved
Assertion 3. This implies that |P,| = O(k~>) iff (a, = 0 for any p) iff (by = O(c0)
for any ¢), which proves Assertions 1 and 2.

For the fourth assertion, since P € L,(A, B), we have by = O(q — ¢) for any ¢, so
we can assume that £ +m(f) > ¢, so

ag= Y bpge= D b

£+m(€) <q L+m(€)=q
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Since by = O(q — {), the (¢ — £)™ order term in the Taylor expansion of b, is
intrinsically defined as a function

£ € TuM — byg(2,€) € B, ® A,

so we can view a,(z,-) as an element of P(T,M) ®@ B, ® A,.

It remains to prove that for ¢ + m(¢) = ¢, by, does not depend on the choice
of E. With the notation of the proof of Lemma 5.3, this amounts to prove that
by = by + O(q— 4+ 1). This follows from (5.13), because by;2,9” = O(m({ + 2p) + 3p)
and m({+2p)+3p=>q— ({+2p)+3p=q+p—L>qg+1—{¢whenp>1. O

We are now ready to define the symbol map
o,: LA, B) = C*(S(M)®Hom(A, B)).

First, for any x € M, T, M is a Hermitian space, so it has an associated algebra
S(T,M) with a map Op : P(T,M) — S(T,M) as in Section 4.

For any (P;) in L£,(A, B), by the fourth assertion of Proposition 5.5, a,(x,-) €
P(T,M) ® B, ® A,. Identifying B, ® A, with Hom(A4,, B,), we set

(5.18) G,(P)(z) := Op(ay(z,-)) € S(T,M) @ Hom(A,, B,)

Recall that we have an isomorphism S(T,M) ~ S(T,M) defined by restriction from
P(T,M) to D(T,M).

DEFINITION 5.6. — o,(P)(z) € S(T, M) @ Hom(A,, B,) is defined as the restric-
tion of 5,(P)(x).

5.4. Proofs of the results of Section 2.2

We now give the proof of Proposition 2.2, Theorem 2.3 and Theorem 2.7.

Proof of Proposition 2.2. — The first assertion is an easy consequence of the
definition of £,(A, B) by the local expansions. In the second assertion, the charac-
terisation in terms of pointwise norm is the third assertion of Proposition 5.5. By
Lemma 5.1 or Lemma 5.2, every (Py) € £,(A, B) satisfies || P|| = O(k~%). For the
converse, it suffices to show that if oo(P) # 0, then ||Px|| = ¢ > 0. This is a conse-
quence of Corollary 5.8. The third assertion is straightforward. The fourth assertion
is a variation on Borel Lemma, cf. for instance [Chal6, Proposition 2.1]. O

Proof of Theorem 2.3. — In Definition 5.6, we have defined a map
o,: LA, B) = C®(M,S5(M)®Hom(A, B)).

having kernel £,.1(A, B) by the injectivity of Op, cf. Proposition 4.4. To prove
that it is surjective, we show that for any ¢ € C*®(M,P(TM) ® B ® A), there
exists P € L,(A, B) such that in the local expansions (5.15), a, = ¢. To do this,
let d € N be an upper bound of the degree of ¢(z,-) for any x € M. For any
m =0, ...,d, let ¢,,(z,) be the homogeneous component with degree m of ¢(z,-).
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Choose a section b,_,, of BXA vanishing to order m along the diagonal and satisfying
by—m(z + &, ) = c(z,§) + O(m + 1). Then we set

E\" 1 L
Py(z,y) == (27r> E*(x,y) Z k™ 5by(a,

Since by = O(q — {) for any ¢, (P) € L,(A, B) by Assertion (3) of Proposition 5.5.
By (5.16), we have ag = Y{_,_;brg—e = >0 _y ¢m = ¢, as was to be proved.

Let us prove the remaining assertions of Theorem 2.3. Let P € L (A, B). Asser-
tion (1), that is o,(P) = 0¢(k%2P), follows directly from the local expansions (5.15).
Let us prove Assertion (2). If f € C*(M,Hom(B,(C)), then the Schwartz kernel
of P, = foPyis Pi(x,y) = f(x)(Pe(z,y)), so P, has the same expansion (5.10)
as P, with b)(x,y) = f(x)(be(z,y)) instead of by, which implies that P} belongs to
L,(A, B) with the same function ¢ — m(¢). Furthermore, with the notation (5.14),
O m(ey(@s ) = f(2)bemee(x,-), which implies by (5.16) that o (F')(z) = f(z) o
aq(P)(2).

Let us prove Assertion (3). Since P (x,y) = Px(y,x), the Schwartz kernel of P}
has the expansion (5.10) with E'(z,y) = E(y, z) instead of E and by(x,y) = b(y, )
instead of b,. By (5.4), we deduce that (P;) € Ly(B, A). Furthermore, ), (2, &) =
bem(e) (2, =€) 0 ay(7,8) = @y(w, =£). By (4.3), Op(q)” = Op(r) with r(£) = g(—¢),
so 0,(P*) = aq(P)*.

Let us prove Assertion (5). By (5.15),

Ln— q/2

@ (aq(:v 0)+0O (k ))

and by the first equation of (4.4), a,(z,0) = tr(c,(P)(x)).
Let us prove half of Assertion (6). More precisely, we will deduce from Assertion (4)
that for any P € L(A, B), we have

Py(z,z) =

(5.19) limsup || || < sup [[o0(P) ()]
k — oo zeM

With the lower bound provided by Corollary 5.8, this will show Assertion 6. Let f :=
0o(P)*oo(P). Let m € N be sufficiently large so that = fm = f where for any = € M,
m(z) € S(T, M) ® End A, is the selfadjoint projector onto D, (T, M) ® A,. Then
for any C' > sup, ¢y ||00(P)(2)], there exists a symbol g € C*°(M,S(M) ® End A)
such that ¢* = g, Tgm = ¢, ¢> = C?m — f. Indeed, g(z) is zero on D,(T, M) ® A, for
any p > m, and g(x) is the positive square root of C'— f on D¢, (T, M) ® A,. Let
IT and @ in L£(A) be self-adjoint and having symbol 7 and g respectively. Then by
Assertion 4,

CII’ - P*P=Q*+R
with R € £,(A, B). So
1P = (P P, W) =C2|[TL 0| — |Qu¥|* — (R, U)
< (CHIme])? + Ok 2 ) || w2
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by Assertion (2) of Proposition 2.2. Since 7 = 7, by Assertion (4) and Assertion (2)
of Proposition 2.2 again, I12 — IT;, = O(k~2) so ||| < 1+ O(k~2). Consequently,
1P|l < C(1+ O(k2)) which implies (5.19).

It remains to prove Assertion (4). Let (P]) € Ly (B, C). We will prove that Q) =
P/ o Py belong to L,/(A,C) with ¢" = ¢ + ¢’ and compute its symbol. Since the
composition of operators with kernels in O(k7P) and O (k=) respectively, has a kernel
in O(k=®*9), we can consider each summand of the expansions (5.10) for P, and P}
separately. In other words, we can assume that P, = (3=)"E*f and P} = (4)"E* '
with f = O(q) and f' = O(¢'). So

2n
5200 Glen)=(5) [ (B B9 ol ()

with g(x,y,2) = f(x,y)f'(y,2). Observe that g vanishes to order ¢” along > =
{(x,y,2) € M3, =y =z}

By (5.3), |E(z,y)- E(y, 2)| < 1if (z,y, 2) ¢ 3. This implies first that the Schwartz
kernel of (Qy) is in O(k~*°) outside the diagonal. Furthermore, to compute Q) on
a neighborhood of (p,p) up to a O(k~*), we can reduce the integral (5.20) to a
neighborhood of p. So we can work locally.

Introduce a local orthonormal frame (9;,4 = 1, ..., n) of T'°M on an open
neighborhood U of p in M. Let ¢; € C*°(U?), i = 1, ...n be such that
(5.21) doi(9;,0) = 6;; + O(1),  do; (9;,0) = O(1)

for any ¢ and j. Observe that if the z; are coordinates as in (5.5), then

(522) O-i(l‘7 y) = Zz(‘r) - zz(y) + O(po,po)(Q)'

So we can use the functions u; = Reo; and w;y, = Im 0; when we write the Taylor
expansion (5.14) and the local expansion (5.15).

Restricting U if necessary, we can assume that for any z, the map y € U —
(0:(y,2)) € C" is a diffeomorphism onto its image. Let p, be the pull-back of the
volume f,, by this map. By (5.22), we have p(y) = p(y, 2)p.(y) with p € C>(U?)

satisfying p(y,y) = 1.
Now using the expressions (5.7) and (5.22), we readily prove that

E(x,y)-E(y,z) = €<P($,y,z)+7“(x,yvz)E(x7 2),

where 7(z,y, 2z) = Ox(3) and p(z,y, 2) = (o(z,2) —o(y, 2)) - 7(y, z). Arguing as in
the proof of Lemma 5.3, it comes that

N 1.0

k _1
(E(z,y) - E(y, 2))* = E¥(z, z)¥lov?) > ﬁ(r(x, y, 2)) + (’)(k 2(N+1))
=0

so the integrand of (5.20) is equal to
N
Ek(x, Z>ek<p(x,y,z) Z kegg(x, y,2) dp.(y) + O (kfé(tI”JrNH))
=0

with gg(l', Y, Z) = P(y, Z)g(l‘, Y, Z)(T(:E, Y, Z))Z/(E') = OE(q” + 3£)
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For any z € U, we write the Taylor expansion of (z,y) — gu(z,y, 2) at (z,2) with
the coordinates system

(xvy) — Reai(x,z),lmai(x,z),Reai(y,z),lmal-(y, Z).
We obtain

p
ge(ar,y, Z) - Z hg,m(z,a(x,z),a(yﬂ)) +OZ(]9+ 1)
m=q''+3¢

with hg.m (2, &, 1) homogeneous polynomial in &, 7 with degree m. Arguing as in
Lemma 5.4, we obtain that

N q¢"+2¢0+N

(5.23)  Qwlz,2) = <2]jr> Ef, )Y Y kR (r,2) + O (k—%(q”+N+1)>
£=0 m=q""+3¢

with

k

2

Ipm(z, 2) = ( ) /Uek“"(x’y’z)h&m (z,k%a(x,z),k%a(y, z)) du(y)

Set u; = o;(x,z) and let us use the coordinates v; = 0;(y, z) for the integration
so that p(z,y,2) = u-v — |[v]* and du,(y) = |dvdv|. Tt comes that Ip,,(z,z) =
Jom(z, k2o(z, 2)) with

EN" o
(5.24) Jom(z,u) = <2> /ek2“'”_k|”| hem (z,u,k%v) dpi, (v)

™

where we integrate on a neighborhood of the origin in C". We can actually integrate
on C" because this will modify E*(x, 2)I; (7, z) by a O(e*/¢). Indeed, |E(z, 2)| =
e~2lv L O(|uf) so |E(z, 2)| = O(e3!") so

\E(x, 2)et v = 0 (e—%lu\2+|uv\—|v|2) —0 (e—iw)

and we conclude by using that [,,., e~ 1P p|™ |dudo| = O(e %) for any € > 0 and
m € N.
Taking the integral (5.24) over C", it comes that

(5.25) Jom(z,u) = (27)" / TP Ry (2, v) dpan (v)

n

So Jim does not depend on k. Furthermore it is polynomial in u. To see this, it
suffices to view hy (2, u,v) as a polynomial in the variables u — v, v and to compare
with the formula (4.3). So Qg (x, z) has the local expansion (5.15), so (Qx) belongs to
L, (A, C). Its symbol is given by the leading order term in (5.23) which corresponds
to £ =0 and m = ¢”, that is

0 (Q)(x) = Op(Jo g (2, -)).

We can compute it in terms of the symbols of P and P’ as follows: by (5.16),
7,(P)(x) = Op(ay(z,-)) where £ — a4(z,§) is the homogeneous polynomial of degree
q such that f(x,y) = a,(y,0(x,y)) + O(q + 1). Similarly, 7, (P")(z) = Op(a, (z,-))
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with f'(z,y) = ay (y,0(x,y)) +O(¢'+1). Now by (5.22), o(x,y) = o(x,2) —o(y,2) +
Ox(2) and it comes that

9(x,y,2) = ag(y, 0(z,2) — 0 (y, 2))ay (2, 0y, 2)) + Os(q")

= ay(z,0(x,2) — 0(y, 2))ag (2, 0(y, 2)) + Os(q")
leading to ho g (2, u,v) = aq(z,u —wv)ay,(z,v) and using first (4.3) and then (4.4), we
have that
G,(Q)(x) = Op(Jogr () = Op(0p<aq<x, )y ()
= Op(aq(x, ")) 0 Op(ay (z,+)) = 54(P)(x) 0 54 (P')(x)

as was to be proved. O

Proof of Theorem 2.7. — The first assertion follows from the definition of the
parity and Proposition 5.5. For the composition, it suffices to consider the case
treated in the previous proof: we start from (P;) and (P}) both even. Since hy,(z, -)
has degree m, Jyn(x,-) given by (5.25) has the same parity as m, so by (5.23),
(P}, o Py) is even. Last assertion is simply the fact that Op(a,(z,-)) has the same
parity as aq(x,-) by Proposition 4.4. O

5.5. Peaked sections

In this section, we state and prove a generalisation of Proposition 2.5. Consider
an auxiliary bundle A. Let us choose a base point x € M, with a coordinate chart
U centered at x, and a trivialisation Aly ~ U x A,. To any f € P(T,M) ® A,, we
associate the section of L* @ A

(5.26) Ol (x+¢) = <;>2Ek(x+€,x)f (kéf) Y(x +§)

where F is chosen as in Section 5.1, and 1 € C§°(U) is equal to 1 on a neighborhood
of x.
The space P(T,M) ® A, has a natural scalar product obtained by tensoring the
scalar product (4.1) of P(T, M) with the Hermitian metric of A.
PROPOSITION 5.7. —
(1) For any f, g € P(T.M) ® A, (®f, @) = (f,g) + O(k™2).
(2) For any f € P(T,M)® A, and Q € L(A, B), Qi® = ! + O(k~2) where
h=05o(Q)x)- feP(IT,M)R B,.
In the second part, we used the symbol Go(P) defined in (5.18), and ®} is defined
as ®/ with a trivialisation of B.
Proof. — Consider the operator P/ € £(C, A) with Schwartz kernel

Pt = (5) B 61 (1) o+ 00),
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On one hand, (%)%Cbﬁ — P/(-,x). On the other hand, 5o(P7)(z) = Op(f). So we

can compute the scalar product of <I>£ and ®f as a composition of Schwartz kernels

ope

(P Pl) (2,2)

k

<2w> trpr,0)(Op(g)* Op(f)) + O (k")

by the last part of Theorem 2.3. To conclude, we have by the second equation of (4.4)
with Op(q) = Op(g)* that Op(g)* Op(f) = Op(Op(g)*f) and then by the first and
third equations of (4.4)

trp(r,an (Op (Op(9)* f)) = (Op(9)" f) (0) = (f, 9)-

The proof of the second part is similar, we have

(;) Q] = (QePY) ()

By Theorem 2.3, (QxP/) € £(C, B) with symbol at z equal to

60(Q)(x) o Op(f) = Op (50(Q)(x)f) = Op(h)

by (4.4). So by the local expansion (2.10),

@) o) = () “an,

with 7, = Ry (-, z) where (Ry) € £,(C, B). Finally, ||ry|* = (RjR:)(z,z) = O(k"1)
because (RjRy) € L2(C) by Theorem 2.3. O

We deduce the following lower bound for the operator norm of operators of L(A, B).
If p € S,(M)®Hom(A,, B,), then we denote by ||p|| the norm

loll = sup{llpfI/I1l, f € DIT.M) ® A,, f#0}.
COROLLARY 5.8. — For any P € L(A, B), we have

lim inf || Py|| > sup ||oo(P)(2)]|
k— oo reM

Proof. — By Proposition 5.7, for any f € D(T,M) ® A, non zero,

[Pt Yoo o
i A

So lim infy,_, o0 || Psll = lloo(P) () fII/|I£]]- -
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6. Derivatives

The class L£(A, B) has been defined without any control on the derivatives of
the Schwartz kernels. The reason was merely to simplify the exposition but in the
applications it is natural and necessary to understand the composition of operators
of L(A, B) with covariant derivatives. We start from general considerations, then we
define a subclass £L(A, B) where the asymptotic expansion of the Schwartz kernels
hold with respect to a convenient C'*° topology. Finally we apply this to complete
the proofs of the theorems stated in the introduction.

6.1. The class O (k)

Consider as before a Hermitian line bundle L —+ M and an auxiliary Hermitian
vector bundle A — M. Let F be the space of families

s:<skEC°°(M,Lk®A>,kEN).

Recall that s € O(k™Y) if for any z € M, |sp(z)| = O(k~) with a O uniform on
any compact subsets of M. Here we do not assume that M is compact.

The definition of O involves the derivatives. If L and A are trivial bundles
so that (sg) is a sequence of C*(M,C") with r the rank of A, then we say that
(s1) € Oxo(k™N) if for any m € N, the derivatives of order m of (s;) are in O(k=N*+m).
More precisely, for any vector fields Xi, ..., X,, of M, we require that

(6.1) Xi. o X = O (k7Vm)

So we loose one power of k for each derivative. Because of this, the class O (k™)
is invariant by multiplication by ¢**" where h is any real-valued function of M.

For actual vector bundles L and A, we introduce unitary frames u and (v;)’

j=1
of L and A over the same open set U of M and write s, = 3 fx ju” ® v; with
fi € C=(U,C"). Then we say that (s;) belongs to O (k™) if for all choices of
unitary frames of L and A, the corresponding local representative sequence (f) is
in O, (k7). Observe that changing the frame u of L amounts to multiply f. by
eth 50 the condition that fp € O (k™) does not depend on the frame choice when
these frames are defined on the same open set.
The typical example of a family in O, (k~) is an oscillating sequence

sp(z) = k™ Ne @ q (1)
with ¢ € C*°(M) having a non negative real part and a € C*°(M, C"). More generally,
for actual bundles, we can set
sp(z) = kN E*(z)a(x)
where E' € C*°(M, L) is such that |E| < 1 and a € C*(M, A).
Obviously, if N’ = N, Oy (k™) C Oy (k™). Define Oy (k=) := Ny Os (k7).
We will need the following result.

LEMMA 6.1. — Let (s;) be a sequence of F such that for any {, s, € Oy (k7P®)
where (p({)) is an increasing real sequence, and p({) — oo as { — oo. Then
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(1) There exists s € F N Ou (k7P unique modulo O (k=) such that
(6.2) sk—ZsM—I—O (k PN)) VN

(2) Let s € F such that s € Oy (kP) for some p and s, = S0 ! s + O(k7PN)
for any N. Then s € O, (k) and (6.2) holds.

The first part is a variation of Borel Lemma, the second part follows from interpo-
lation inequalities, cf. as instance [Shu01, Lemma 32.]

In the sequel, we will apply this material to Schwartz kernels. So instead of M, L,
A, we will have M?, LX L and BX A.

6.2. Application to L(A, B)

Choose a section F as in Section 5.1 and let b € C*°(M?, BX A) vanishing to order
m along the diagonal. Then by the same proof as Lemma 5.1, the family (E*b) is in
Ou(k~2). Actually, we even have a better result if instead of using any derivatives,
we only consider covariant derivatives for the connection of (L X L)* @ (B X A)
induced by the connection of L and any connections of A and B.

LEMMA 6.2. — For any é € N, any vector fields X, ..., X, of M?, we have
Vx, - Vx,(EFb) is in O(k~2(m= g))

The improvement is that we only loose a half power of k£ for each derivative.

Proof. — The main observation is that VFE vanishes on the diagonal. Indeed,
VxFE = 0 on the diagonal when X is tangent to the first factor because of the
second equation in (5.1), but also when X is tangent to the diagonal by the first
equation in (5.1). So on a neighborhood of the diagonal, we have Vx FE = fE with
f € O(1). By Leibniz rule, Vx(E*b) = E*(kfb+ Vxb). Using this repeatedly, we
obtain

Vx, .. Vi, (E*) = E* (k' + kb1 + ...+ bo)
where by = O(m +{), by_1 € O(m+L—2), ..., by € O(m — {). And we conclude as
in the proof of Lemma 5.1. U

Recall that the Schwartz kernel family of an operator P € L(A, B) has by definition

an expansion of the form

k: n
63 A= () Ben X i) + Rl
t+m(f) <N

with Ry € O(k”’i) Let £2(A, B) (resp. L°(A, B)) be the subspace of L(A, B)
(resp. L,(A, B)) consisting of the operator families having a Schwartz kernel in
Ooo(k”). Identifying operators and their kernels,

L¥(A,B) = L(A, B) N Ox(k"), LP(A, B) = L,(A, B) N Ox (k")

By the following proposition, these new classes have the same properties than the
L(A, B) and this follows directly from Lemma 6.1.
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PROPOSITION 6.3. —
(1) If P € L>(A, B) and the expansion (6.3) holds with Ry € O(k"="2") for
any N, then Ry € Ow(k”*%) for any N.
(2) For any P € L(A,B) there exist Q € L*(A, B) unique modulo O (k™)
such that @ = P + O(k™).
(3) For any P € L*(A, B),
(a) the adjoint of P belongs to L>(B, A),
(b) (PQyr) € L2(A,C) for any Q € L2(B,C),
(¢) (f o P) belongs to L>(A,C) for any f € C>(M,Hom(B,C)); (P o g)
belongs to L>*(C, B) for any g € C*(M,Hom(C, A))
(d) for any vector field X of M and connections on A and B, (k™2 P,o V¥ ©4)
and (k~2VY®P o P,) belong to £L2(A, B).
Furthermore, if (Py) is even (resp. odd), these two operators are odd
(resp. even).
(4) LX(A,B) = L(A,B)N Ou (k" %), the restriction of o, to LX(A, B) is onto
and has kernel L ,(A, B).

Proof. — Assertion 1 follows from the preliminary observation on E*b and the
second part of Lemma 6.1. Assertion 2 follows from the first part of Lemma 6.1.
Claim 3b follows from the fact that the composition of two kernels in O (k") is
in O (k*), and O (K*") N L(A,C) = L>(A,C) by the second part of Lemma 6.1.
Claims 3a and 3c are straightforward. Ones proves claim 3d by arguing as in the
proof of Lemma 6.2. Part 4 follows from the second part of Lemma 6.1. U

Remark 6.4. — We can adapt Theorems 3.1 and 3.5 to the spaces £*:
(1) in Theorem 3.1, if we start with P € £L>*(A), then x(P) € L*(A).
(2) in Theorem 3.5, if IT and 11" are in £>*(A) and L£>*(B) respectively, then we
can choose U € L>(A, B).
In both cases, the only change in the proof is the fact that for any families of
operators Qy, Q) : C°(M,LF @ A) — C*(M,L* @ A) and Q} : L>(M,LF @ A) —
L*(M, L* ® A), by [Chal6, Section 4.3], if the Schwartz kernel families of (Q;) and
(@) are respectively in Ou (k™) and O, (k~""), and the operator norms of @, are
in O(1), then the Schwartz kernel family of Q,Q7 Q) is in O (k=N

By Theorem 2.3, we already know how to compute the symbols of P*, PQ, fP or
gP in terms of the symbols of P and (). To complete this, we compute the symbol
of the compositions of P with the covariant derivatives V4 ®4 and V4 ®P. Recall
that for any Y € T, M, we defined in the introduction some endomorphisms p(Y’) €
End(D(T,M)) in (1.10). If Y = U +V with U,V € TOM, then p(Y) = p(U) + p(V)

where p(U) is the multiplication by iw(U, -) and p(V') is the derivation with respect
to V.

LEMMA 6.5. — For any P € L*(A, B) and vector field X of M, we have
o0 (k3P0 V1) (2) = o0(B) () 0 pl(X (x))
o0 (KEVE®P 0 ) (2) = p(X (@) 0 00(Po) ).
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Proof. — We deduce one formula from the other by taking adjoint. To prove the
first one, it suffices by Proposition 5.7 to show that if (®{) is the peaked section
associated to f € D(T,M) ® A,, then

E2Vx@ =0 + 0 (k2)

where g = p(X(z))f. This is easily checked if we use the normal coordinates as
in (5.5) centered at py = x. We have to differentiate (5.26). We have first that
k~2Vx(EF) = k2 E*(VxE)E~" and by (5.7),

(Vo,B)E™ = —z; + O(2), (V3 E)E~' = 0(2).
Second we have k=20;f(k2¢) = 0 since f € C[z1, ..., Z,] and k™ 20;f(k2) =
(0f )0%;)(k2€). To conclude recall that p(d;) is the multiplication by —z; whereas
p(0;) is the derivation with respect to z;. O

6.3. Kostant—Souriau operators and subprincipal estimates
In our context, the Kostant—Souriau operators are the operators of the form
fHivEet e (M Lo A) »c* (M, LF @ A)
where f € C*°(M) and X is its Hamiltonian vector field, that is w(X,-) + df = 0.

LEMMA 6.6. — For any f € C*°(M,R) with Hamiltonian vector field X, for any
P € LF(A) we have
e [f, P] belongs to L°(A)
o [f,P] = (ik) VK ®4, P] modulo LF(A).
So the commutator [f + %V%IC@A, P] belongs to L3°(A).

Proof. — The Schwartz kernel of [f, P] is the product of g(z,y) = f(x) — f(y)
by the Schwartz kernel of P. Since g vanishes along the diagonal, this implies that
[f, P] € L£1(A). Furthermore, it follows from the definition (5.18) of the symbol
that if o(P)(x) = Op(b) with b € P(T,. M), then a,([f, P])(z) = Op(¢b) where
¢ =d,f € T:M. Now a computation from (4.3) shows that

[Op(b), a;] = Op(z:b),  [Op(b), a;] = Op(Z:b)

where as in Section 4 we use the annihilation and creation operators a; = 03,
af =Zz; — 0,,. So working with normal coordinates at py = z as in (5.5),

a1(Lf, P))(x) = (0. f)(2)[Op(b), ai] + (05, f)(x)[Op(D), a;]

1

Moreover iX = (0;f)0; — (0:f)0; at z. Since p(0;) and p(9;) are the restrictions of
a; and —a? to C[zy, ..., Z,] respectively, we deduce that

a1([f, P]) = iloo(P), p(X)].
On the other hand, by Lemma 6.5, 00([k’%V§(k®A, P]) = [p(X), 00(P)]. So
o1 ([f + éV§k®A,PD =0
and the result follows. 0J

TOME 7 (2024)



114 L. CHARLES

Let us apply this result to the Toeplitz algebra associated to a self-adjoint projector
IT e L>*(A)NLT(A), whose symbol 7 is the projector on a subbundle F of D(TM)® A
having a definite parity. Introduce the operators associated to f € C*(M), X,Y €
C®(M,TM),

Ty(f) = Uefl, T(X,Y) = k7L VE AV AL

By Proposition 6.3, Tx(X,Y) belongs to L1(A) so it belongs to the Toeplitz alge-
bra (3.3) associated to II. By Lemma 6.5, its symbol is mp(X)p(Y).

PROPOSITION 6.7. — For any f,g € C*(M),
(6.4) Te(£)Tr(9) = Te(fg) + k™' Tu(X, V) + O (k72)

where X and Y are the Hamiltonian vector fields of f and g respectively. Conse-
quently iTy(f), Tel(g)] = k™ T(w(X, V) + O(k™2).

Proof. — By a straightforward computation, we have
I1fIIgIl = I1f gIT 4 I1[f, 1] [g, TT]11
By lemma 6.6, II[f, I1][g, IT]IT belongs to L2(A) and its symbol is
o> (TI[f, 1] [g, TI]TT) = —[p(X), 7] [p(Y), 7|7

Observe that p(X)|, is an odd operator of D(T,M). Since F, has a definite parity,
every endomorphism of F, is even. So mp(X)7|, is at the same time odd and even,
so mp(X)m = 0. Similarly mp(Y)m = 0, so

o2 (T1[£,11] [g, TNTT) = 7p(X)p(Y )7 = o (k*TIVE AV 2410
which proves (6.4). Consequently, the rescaled commutator of Ty (f), Tx(g) satisfies
k(Te(£), Tulg)] = Te(X,Y) = Th(Y, X) + O (k') ,
so its symbol is 7([p(X), p(Y)]7. To conclude the proof, we simply use that

(6.5) [p(X), p(Y)] = jw(X,Y),
as follows easily by using a basis U; of T2°M such that tw(U;, U;) = 65, p(U;) = —a;
and p(U;) = a;. O

6.4. Proofs of Theorems 1.1, 1.3 and 1.6

In this last section, we complete the proof of the theorems stated in the introduction,
a generalization actually since we will consider more general projectors.

Let IT € £>*(A) N LT(A) be a self-adjoint projector with symbol 7 = 7, ® ida,
where 7, is the projector of D(T'M) onto D,,,(T'M). Such an operator exists by
Theorem 3.1 and Remark 6.4. Alternatively, the projector II = (Il,, ;) onto the m*™
Landau level defined in (2.12) has the expected properties [Cha21, Theorems 5.2,
5.3].

By Theorem 3.7, the dimension of H; = Im(Ily) is

dim Hy, = /M ch (L ® A® D, (TM)) Td(M)
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when k is sufficiently large, which implies Theorem 1.1.
Define the Toeplitz algebra

T ={PeL(A)NLH(A)/IIPI =P}

Clearly 7 is contained in the Toeplitz algebra 7T defined in (3.3), and by assertion
2 of Proposition 6.3, the difference is rather small: for every P € T, there exists
P" € T°° unique modulo Oy (k~>°) such that P’ = P + O(k~*). Recall the symbol
map 7y introduced in Theorem 3.2 and denote by 7 its restriction to 7>

7: T = C®(M,End(D,,(TM) @ A)).

We could as well consider the maps 7, with ¢ > 1 but we will limit ourselves to 7.
By Theorem 3.2 and Assertions 2, 4 of Proposition 6.3, 7 is onto and its kernel is
k=17 It follows as well from Theorem 3.2 that for any P,Q € T

T(PQ) =7(P)T(Q), Bl = sup [7(P)e]l 4 o(1)

Py(z,z) = <k> tr((P),) + O (k)

2T
Choose any connection on A. By Proposition 6.4, for any f € C*°(M,End A), p € N
and vector fields X, ..., Xy, of M, the operator
(6.6) Ty (f, X1, ..., X)) = k*Pkavg(’Z@A . ng’;g@AHk

belong to 7> and by Lemma 6.5 its 7-symbol is (m,,p(X1) ... p(Xap)7mm) ® f. By
Lemma 6.8, these symbols span C*(M, End(D,,(TM) ® A)) as a vector space, we
deduce that any P € T is of the form

N
Po=Yk"'Pyp+0O k™),  VYNeN
=0

where for any ¢, (P )y is a finite sum of operators such as (6.6). So in the case where
the auxiliary bundle A is trivial, 7> is the space 7,;° defined in the introduction.
Last assertion of Theorem 1.3 follows from Proposition 6.7.

LEMMA 6.8. —
(1) End D,,,(T,. M) is spanned as a vector space by the

T (2)p(X1) - - . p(Xap) T ()
where p € N and Xy, ..., Xo, € T, M.
(2) The linear map W, : TEOM @ TOYM — End D,, (T, M) such that V(U ®

V) = mm(x)p(U)p(V)mm(x), is injective when m > 1.
Proof. — Introduce a basis (U;) of T}°M such that 1w(U;,U;) = 6; and let

OP/9z; = a;P. For any «, B in N, f,5 = (a!)"}(a*)?a satisfies f.z3(z%) = 7°

and for any 7 € N” such that v # « and |y| = |o|, fas(Z”) = 0. So the family

T (T) fapmm (), || = |B] = m is a basis of End F},. This proves the first assertion.
The second one is the fact that the restrictions to D,, (T, M) of the fﬁj, 1,] =
1, ..., n are linearly independent. O
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Equation (1.24) and Part (2) of Remark 1.4 are consequences on the following
Proposition.

PROPOSITION 6.9. — For any f € C*(M), with Hamiltonian vector field X, we
have
eifn=1o0rm=0,T.(f)*—Ti(f* = —k;*l(% +m)TL(| X ) + O(k2).
e ifn>2andm > 1, X # 0 implies that there exists no function h € C*(M)
such that Ty(f)? — Ti(f?) = k= 'Tu(h) + O(k™2).

Proof. — By Proposition 6.7, Ty,(f)* = Tp(f?) + k1S, where Sy is a Toeplitz

operator with symbol mp(X)?*r. Writing X = U + U with U € T} M, we have
TP (X) T = 7 (p(U)p(T) + p(0)p(U)) o = 20(U @ U) — 3g(X, X)

where VU is the bundle map introduced in Lemma 6.8, and we have used first that
Tmp(U)? 7 = 0 = mpp(U)? 1y, and then that [p(U), p(U)] = iw(U,U) = —39(X, X)
by (6.5). Now if m = 0, then ¥ = 0. If n = 1, then 2¥(U ® U) = —mg(X, X). This
proves the first assertion. For the second one, it suffices to prove that if n > 2, m > 1
and X (x) # 0, then ¥(U ® U), € End(D,,(T,M)) is not scalar. This follows from

the fact that W, is injective, so that W,(«) is scalar only when « is a multiple of
U, ® U;, which never happens for « = U @ U when n > 2 and U # 0. O

Let us prove now Theorem 1.6. Introduce a quantization (Hpy) of (M, L) twisted
by F'=D,,(TM)® A. We can adapt the definition (1.25) of W, with the auxiliary
bundle A by setting

Wk:COO(M,Lk®A)—>C°°(M,Lk®F), keN

(6.7)
Wk = RmDG®(m,—1)®A’k o DG®(m—2)®A,k 6...0 DG@A,k e} DA,k

LEMMA 6.10. — The operator (V}, = %k—%nmmnk, k € N) belongs to
L>(A, F), has the same parity as m and its symbol oo(V') viewed as a morphism
from D(TM)® A to D(TM) ® F is given by

I1® fRaifp=m

V feD,(TM), VY acA oo(V)(f@a)= {O othermise

Proof. — We claim that for any even (resp. odd) operator P € L*(B, A) ,
(k_%DA’koP) belongs to L>(B, ARG), is odd (resp. even) and its symbol is ¢ 4000(P)
where

pa=Y ;0% ®ids € S(TM)® G @ End A.

Here we have introduced an orthonormal frame (9;) of T"°M, (z;) is the dual frame
of (T*°M)* and a; = 0, is the annihilation operator. This follows from Lemma 6.5
by writing D s =>2,%Z; ® Vgis.

Consequently, k=% R, Daggm-1 0 ... 0 D4y oI}, belong to L£(A, F) with symbol
@'t o Ty, where ¢ is the morphism from D(TM) @ A to D(TM) @ D, (TM) @ A
given by

er= > ay ..., ®(Z .. F,) @ida
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Computing ¢"}(z?) for any multi-index 3, we show that for any f € D,(TM) and
ac€A ¢ (f®a)=ml(l1® f®a) when p=m and 0 otherwise. O

The symbol (V) is exactly the symbol p introduced in Lemma 3.4. Now The-
orem 1.6 and the remark on the unitarization of V} follows by the same proof as
Theorem 3.5.

Appendix A.

In this appendix we discuss the known results for surfaces with constant curvature.
Two important features appear for the negatively curved surfaces: only the lower part
of the spectrum consists of Landau levels, and moreover, there is an isomorphism
between the m'" Landau level and the first level of a Laplacian twisted by the m™
power of the complex determinant bundle.

These results appeared in the physics literature, cf. in particular [IL94] for the
case with surface with genus > 2. A more recent mathematical reference is [TP06].

The plane [Lan30)

Consider a quantum particle confined in a two dimensional plane (x, y) and subject
to a constant magnetic field perpendicular to this plane. Its Hamiltonian is the
operator

(A1) H:—% (Vfc—l-VZ) with sz%—i—%By, Vyza%—%Bx.
B is a positive constant representing the strength of the magnetic field. The spectrum

of H is B(3 +N) and the Landau levels H,,, = ker(H — B(4 +m)) are given in terms
of the ladder operators V, =V, —iV,, Vz =V, +iV, by

(A.2) Ho =ker(Vz),  Hpm = (V.)"Ho, m>1.

Surface with constant curvature [11.94, TP06]

Let M be a compact orientable surface with a Riemannian metric having a constant
Gauss curvature S. Introduce a Hermitian line bundle L. — M with a connection
V :C>®(M,L) — QY (M, L). Assume that the curvature satisfies
(A.3) icurv(V) = Bvol,

where B is a non-zero constant and vol, is the Riemannian volume. Choosing the
convenient orientation for M, we can assume that B is positive. The quantum
Hamiltonian is the Laplacian A := %V*V acting on sections of L. Then denoting its
eigenvalue by 0 < A\g < A\ < ..., it is known that

(A.4) A =B (3 +m)+ s if B4mS >0

For a sphere or a torus, S > 0, and these formulas describe the whole spectrum.
If the genus of M is larger than 2, then S < 0 and the condition B + mS > 0 is
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satisfied only for a finite number of m. In this case, it is not reasonable to expect
an explicit formula for the other eigenvalues. Indeed, if S = —1 and L = K" with
K the canonical bundle of M and r a positive integer, then (A.4) gives the first
(r + 1) eigenvalues, and for any n € N, A\,4,, = A, + 341, where {p,, n € N} is the
spectrum of the Laplace-Beltrami operator of M. This latter spectrum depends in
an essential way on the metric. Indeed, by Huber’s theorem [Bus10, Theorem 9.2.9],
{pn} determines the length spectrum of M.
The multiplicity of the first eigenvalues is equal to:

voly (M)
2T

Here x (M) is the Euler characteristic of M and observe that B vol,(M)/(2n) is the
degree of L, so it is an integer. (A.5) follows from a description of the corresponding
eigenspace H., = ker(A — \,,) similar to (A.2), that we explain below.

(A5)  mult(\,) = B +(5+m)x(M) B+ (m+1)S>0.

Proof of formulas (A.4) and (A.5)

To start with, we do not assume that the Gauss curvature S and the function
B defined in (A.3) are constant. We choose any orientation on M. Let j be the
complex structure of M compatible with g, i.e. g(jX,jY) = ¢g(X,Y) for any tangent
vectors X, Y € T,M and X A jX > 0if X # 0. Since we are in real dimension 2, j
is integrable. Furthermore the associated volume form voly is the symplectic form
W(X.Y) = g(jX.Y). .

L has a natural holomorphic structure such that its 0-operator is V%!. We denote
it by 0 : C*°(L) — C®(L ® K) with K = (T*M)'° the canonical bundle. The
curvature of V has the form +Bw with B € C*°(M,R). The canonical bundle has a
natural metric induced by g. Its Chern connection, that is its connection compatible
with both its metric and holomorphic structure, has curvature iSw where S is the
Gauss curvature.

THEOREM A.l1. — The following identities holds:
(1) Weitzenbock formula: Ap = 9,01 + iB.
(2) Bosonic commutation relation: 01,07 = 074 -1050x-1 + (B + 9).

The Weitzenbock formula is a classical relation, it holds more generally on Kéhler
manifolds. We call the second formula the bosonic commutation relation because it
replaces the canonical commutation relation satisfied by the creation/annihilation
operators [a,a*] = 1. In this formula, we identify K with K~! through the metric
so that the operators 0.0, and 52®K715L®K71 act on the same space C*(L ® K) =
C®(L® K~'). A similar formula were obtained in [TP06, Proposition 9] for the same
purpose of computing the spectrum of Aj.

Proof of the bosonic identity. — Introduce a local holomorphic frame s of L and a
complex coordinate z on M. We have first 9, (fs) = f» s®dz. To compute the adjoint,
recall that the scalar products of C*(L) and C*(L ® K) are defined by integrating
the pointwise scalar products against the volume form. Write w = ihdz A dzZ and
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|s]* = e ¥ with h and ¢ real valued functions. Then |dz|*> = h™! and a direct
computation leads to

Op(fs@dz) =™ (=f- + fe:)s.
With the identification K ~ K1, we have dz = h='(dz)~!. We deduce that

9.7, (fs @ (d=)) = h_1< — fat F (oo )+ F (0 — 02 (22)) )s @ (dz)!
Similar computations by using |s ® dz7!|? = he™¥ leads to
TrrcrDrar (F3© (d2)) = 7 (= fuz + = (0. — 22)) s @ (d2)

To conclude, observe that B = h~ !¢,z and S = —h~19,0; Inh. O

From now on, we will assume that B and S are constant. With the Weitzenbock
formula, we pass directly from the spectrum of A, to the one of 9,0,. We can use
the Bosonic relation exactly as it is usually done with the Landau Hamiltonian, cf.
proof of Proposition 4.1. We deduce that for any A # 0, A is an eigenvalue of EZEL if
and only if A — (B + S) is an eigenvalue of 52@ x-10LsK-1. Moreover the eigenspaces
have the same dimension. Indeed d;, restricts to an isomorphism

Ker (A= 0,0) = ker (A = (B+S) = 011010k

with inverse the restriction of A~'d;. Besides this, ker(9,8;) is the space H°(L)
of holomorphic sections of L. By Riemann-Roch theorem, HY(L) has dimension
d + 3x(M) if the degree d = BVol(M)/(2m) of L is larger than —x(M).

To summarize, when B is sufficiently large, 0 is an eigenvalue of E*LEL with multiplic-
ity equal to B Vol(M)/(2m)+ 5x(M), and the remainder of the spectrum is identical
with the spectrum of (B+.5) +52® —101ex -1, multiplicities included. We can iterate
this argument and deduce by induction the formulas (A.4), (A.5) giving the first
eigenvalues of Az with their multiplicity. Since deg(L ® K~!) = deg(L) + x(M),
we can repeat ad infinitum this argument when y(M) > 0 and obtain the whole
spectrum of Ay ; whereas for x(M) < 0, only a finite number of iterations is possible.
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