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162 P. MATHIEU & Y. TOKUSHIGE

We also study the regularity of harmonic measures of random walks on hyperbolic groups
using the potential theory associated to Dirichlet forms.

Résumé. — Nous étudions les propriétés de marches aléatoires sur un groupe hyperbolique.
Nous démontrons l’existence d’un processus « trace » sur le bord du groupe quand la dimension
conforme est < 2 et nous expliquons le lien avec l’existence d’une marche aléatoire réfléchie.
Nous nous appuyons alors sur la théorie des formes de Dirichlet. Nous introduisons une famile
d’espaces de Besov associés à une marche aléatoire dont nous montrons qu’ils sont isomorphes
aux espaces de Besov construits via la co-homologie du groupe par M. Bourdon et H. Pajot
(2003). Nous étudions aussi la régularité des mesures harmoniques au sens de la théorie du
potentiel des formes de Dirichlet.

1. Introduction

In this introduction, we will explain jump processes on a boundary induced by a
stochastic process (e.g. Brownian motions or random walks) on an inner domain (or
graph). The induced jump process on a boundary and the corresponding Dirichlet
form illustrate probabilistic and analytic aspects of the problem we consider in this
paper. We start with two motivational examples. (N.B. In Section 1 and 2, we
will mention many notions whose definitions are given in subsequent sections. In
particular, readers who are not familiar with Dirichlet forms may skip the first two
sections and see Section 3 and 7.)

Jump process on the circle

Consider a reflecting Brownian motion (BMt) on a 2-dimensional closed disc D :=
{(x, y) ∈ R2 : x2 + y2 ⩽ 1} started at the origin. The path of (BMt) after its first
hitting to the circle S1 := {(x, y) ∈ R2 : x2 + y2 = 1} can be decomposed into
countably many boundary excursions(1) .

Intuitively speaking, by forgetting how (BMt) moves in the interior of D, we obtain
the jump process on S1 that jumps from starting points of boundary excursions to
their endpoints.

In order to turn this intuition into a rigorous construction, we will use the the-
ory of Dirichlet forms. See [CF12, FOT11] for background. Specifically, [FOT11,
Example 1.2.3] is particularly relevant to what we will explain below.

The Dirichlet form corresponding to (BMt) on D is given by the Dirichlet integral

ED(f, g) := 1
2

∫
D

(
∂f

∂x

∂g

∂x
+ ∂f

∂y

∂g

∂y

)
dxdy,

with domain

W 1,2(D) :=
{
f ∈ L2(D) : ∂f

∂x
,
∂f

∂y
∈ L2(D)

}
.

(1)An excursion is a continuous path that starts from some point on S1, also ends on S1 and lies
in the interior of D in the meantime. The original path of (BMt) can be reconstructed by gluing
together the sequence of its excursions off S1 on the right time-scale. We refer to [Bur87] for details.
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Besov spaces and random walks 163

In order to introduce the Dirichlet form corresponding to the jump process on S1

induced by (BMt), we recall the Poisson integral, which gives the harmonic extension
of some prescribed boundary value. For a function ϕ : S1 → R, define its Poisson
integral, denoted by HDϕ, as follows:

HDϕ(z) :=
∫ 2π

0

1 − r2

1 − 2r cos(θ − θ′) + r2ϕ(θ′)dθ
′

2π ,(1.1)

where z = reiθ and dθ′

2π
is the uniform probability measure on S1. It is well-known

that the following Dirichlet form corresponds to the jump process on S1 described
above:

FS1 :=
{
ϕ ∈ L2

(
S1, dθ/2π

)
: Hϕ ∈ W 1,2(D)

}
,

ES1(ϕ, ψ) := ED
(
HDϕ,HDψ

)
for ϕ, ψ ∈ FS1

.
(1.2)

Moreover, ES1 has a more explicit expression called the Douglas integral:

ES1(ϕ, ψ) := π

4

∫ 2π

0

∫ 2π

0
sin−2

(
θ − θ′

2

)
(ϕ(θ) − ϕ(θ′))

(
ψ(θ) − ψ(θ′)

)dθ
2π

dθ′

2π .(1.3)

The probability measure dθ
2π

on S1 is the first hitting distribution of (BMt) started at
the origin. Interested readers may consult [FOT11, page 13-14] for the proof of (1.2)
and (1.3).

We remark that the integral kernel sin−2( θ−θ′

2 ) in (1.3) is comparable to |θ − θ|−2

when |θ − θ′| ≪ 1. This shows a glimpse of the fact that certain Besov spaces
naturally appear in the study of induced jump processes on a boundary.

The Markov process corresponding to the Dirichlet form (ES1
,FS1) is the jump

process on S1 induced by a reflecting Brownian motion on D. It is called the boundary
trace of reflecting Brownian motion in the literature.

Another rigorous description of this induced jump process, which is more directly
related to what we intuitively explained at the beginning, is to use the theory of
time-changes of Markov processes. As a matter of fact, it is known that the induced
jump process on S1 is a reflecting Brownian motion time-changed by the inverse of
its boundary local time on S1. See [CF12, Section 5.3, Example (3◦)] for detailed
discussions(2) .

The example of a reflecting Brownian motion on D already has a hyperbolic flavor.
Note that an Euclidean Brownian motion on D is a time change of a hyperbolic
Brownian motion on the Poincaré disc(3) . Since the operation of taking a boundary
trace is independent the time-scale of the process, the boundary jump process of
(2)The boundary local time, Lt, is a non-decreasing continuous additive functional of (BMt) that
only increases at times when the reflecting Brownian motion belongs to S1. Let (L−1

t ) be the
right-continuous inverse of the function t → Lt. Then the time-changed process t → BM ◦ L−1

t is a
jump process on S1 and its Dirichlet form is the one defined in (1.2).
(3) The Poincaré disc is the interior of D equipped with the Riemannian metric 4(dx2+dy2)

(1−x2−y2)2 and the
volume form 4dxdy

(1−x2−y2)2 . The hyperbolic Brownian motion in the Poincaré disc, say (wt), can be
constructed as the solution of the stochastic differential equation

dwt = 1
2
(
1 − ∥wt∥2) dBt,
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164 P. MATHIEU & Y. TOKUSHIGE

reflecting Brownian motion we already discussed can also be constructed as the
boundary process of hyperbolic Brownian motion. (4)

Let us finally mention a link with Calderón’s inverse problem related from Electrical
Impedance Tomography. Calderón’s problem is to recover the unknown conductivity
κ in the elliptic equation

∇ · (κ∇f) = 0 in Dom
from the measurements on ∂(Dom) expressed by the Dirichlet-to-Neumann map. In
the paper [PS17] the authors give a probabilistic interpretation of Calderón’s inverse
problem using the boundary trace process of a reflecting diffusion process on an
Euclidean domain Dom ⊂ Rd (d ⩾ 2).

Jump process on the boundary at infinity of an infinite tree

Motivated by the example explained above, Kigami [Kig10] studied an analogous
problem for transient random walks on an infinite tree. Suppose that we have a
rooted infinite tree T . For simplicity, we consider a simple random walk (RWn) on T
in what follows. Furthermore, assume that (RWn) is transient. Because of transience,
roughly speaking, (RWn) escapes to “infinities” as n → ∞. One way to make this
loose description rigorous is to use the geometric boundary Σ of T , which is the
collection of infinite geodesics emanating from the root. The simple random walk
(RWn) almost surely converges as n → ∞ to a random point of Σ(T ), say RW∞, which
is given by the loop-erasure of its trajectory. Denote by νT the distribution of RW∞;
this probability measure on Σ(T ) is called the harmonic measure of (RWn). We next
define the energy form (ET ,FT ) by

FT :=
{
f : T → R : ET (f, f) < ∞

}
,where

ET (f, g) := 1
2

∑
x,y ∈ T : x∼y

(f(x) − f(y))(g(x) − g(y)) for f, g ∈ FT .

Analogously to the Poisson integral (1.1), we define a linear operator HT which
transforms functions on Σ(T ) into harmonic functions on T in the following way: for
a function u : Σ(T ) → R and x ∈ T , let
(1.4) HTu(x) := E [u(RW∞) | RW0 = x] .

where ∥.∥ is the Euclidean norm. Define

A(t) =
∫ t

0

(
1 − ∥ws∥2)2

4 ds.

Then A is an increasing bijection from R+ to the interval [0, A(+∞)). Let A−1 be its inverse. Then
the process t → wA−1(t) turns out to be a Euclidean Brownian motion considered up to its hitting
time of S1 i.e. it has the same law as the process (Bt) up to time T1 = inf{t > 0 ; ∥Bt∥ = 1}.
(4) Recall from Footnote 3 that the hyperbolic Brownian motion is in fact a time-change of planar
Brownian motion only up to its first hitting of S1. Therefore the construction of the boundary
process from hyperbolic Brownian motion involves as an extra step the reconstruction of reflecting
Brownian motion from Brownian motion killed on S1. A similar issue arises in the case of jump
processes on boundaries of trees discussed in the next paragraph. We address it in our context in
Section 8 of the paper.
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We finally introduce the Dirichlet form (EΣ(T ),FΣ(T )) on Σ(T ) in an analogus way
to (1.2) as follows:

FΣ(T ) :=
{
u ∈ L2

(
Σ(T ), νT

)
: HTu ∈ FT

}
,

EΣ(T )(u, v) := ET
(
HTu,HTv

)
for u, v ∈ FΣ(T ).

(1.5)

It is shown in [Kig10], among other results, that (EΣ(T ),FMT ) is regular on L2(Σ(T ),
νT ), which is a condition that guarantees the existence of the Markov process on Σ(T )
corresponding to (EΣ(T ),FΣ(T )). Moreover, an explicit formula for EΣ(T )(u, v), which
is reminiscent of the Douglas integral (1.3), is also obtained. See [Kig10, Theorem 5.6].
Since Σ(T ) is homeomorphic to the Cantor set under suitable assumptions on the
geometry of T , the Markov process corresponding to (EΣ(T ),FΣ(T )) can be viewed as
a jump process on the Cantor set. We finally notice that many arguments in [Kig10]
heavily utilize explicit computations peculiar to tree structure. Therefore it seems
very difficult to extend his arguments to graphs that have more robust geometric
structure.

Jump process on the Gromov boundary at infinity of a hyperbolic group

Motivated by two examples summarized above, we will consider in this paper
an analogous problem for hyperbolic groups. A proper and geodesic metric space
(X, D) is said to be Gromov-hyperbolic if the following condition is satisfied: there
exists a constant δ > 0 such that for any geodesic triangle in X, each side of the
triangle is a subset of the δ-neighborhood of the other two sides. A finitely-generated
group is called a hyperbolic group if its Cayley graph is Gromov-hyperbolic. This
property is independent of the choice of the generating set of the group since Gromov-
hyperbolicity is known to be stable with respect to rough-isometries.

To a given Gromov-hyperbolic metric space (X, D), we can associate a kind of
boundary ∂X at infinity, called the Gromov boundary, which is defined as follows: let
x ∈ X be a fixed base point. For y, z ∈ X, we define the Gromov product (y, z)x of
y, z with respect to x by

(y, z)x := D(x, y) + D(x, z) − D(y, z)
2 .(1.6)

We say that the sequence (xn) ⊂ X converges to infinity if lim infi,j → ∞(xi, xj)x = ∞,
and this notion does not depend on the choice of the base point. Two sequences
(xn), (yn) converging to infinity are said to be equivalent if lim infi,j → ∞(xi, yj)x = ∞.
This condition indeed yields an equivalence relation and does not depend on the
choice of the base point. We will write [(xn)] for the equivalence class of (xn). We
define the Gromov boundary ∂X by

∂X := {[(xn)] : (xn) is a sequence in X and converges to infinity}.
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166 P. MATHIEU & Y. TOKUSHIGE

For ξ ∈ ∂X and r ⩾ 0, we define

V (ξ, r) :={
η ∈ ∂X; there exist (xn), (yn) s.t. [(xn)] = ξ, [(yn)] = η, lim inf

i,j → ∞
(xi, yj)x ⩾ r

}
.

We endow ∂X with the topology whose basis of neighborhoods is given by {V (ξ, r) :
ξ ∈ ∂X, r > 0}. We extend the Gromov product to ∂X as follows: for ξ, η ∈ ∂X,

(ξ, η)x := sup lim inf
i,j → ∞

(xi, yj)x,(1.7)

where the supremum is taken over all sequences (xn), (yn) with ξ = [(xn)] and
η = [(yn)]. Interested readers may refer to [GdlH90] for more detailed information.

Let Γ be a non-elementary hyperbolic group, then Γ is infinite, countable, non-
amenable and discrete. Let µ be a symmetric probability measure on Γ the support
of which generates Γ. We need to assume a certain moment condition of µ for a
reason we will explain later. Define a quadratic form (Eµ,Fµ) by

Fµ := {f : Γ → R : Eµ(f, f) < ∞} ,where

Eµ(f, g) := 1
2
∑

x,y ∈ Γ
µ
(
x−1y

)
(f(x) − f(y))(g(x) − g(y)) for f, g ∈ Fµ.

Let (Rn) be the RW driven by µ started at the identity id of Γ. It is shown in [Kai00]
that almost all trajectories of the random walk (Rn) converge to some limit point
Z∞ on the Gromov boundary ∂Γ of Γ. The law of the random variable Z∞ is called
the harmonic measure of (Rn) and denoted by ν.

By this result, analogously to (1.1) and (1.4), we have a linear operator H that
maps functions on ∂Γ to harmonic functions on Γ:

Hu(x) = E[u(x · Z∞)] =
∫
u(x · ξ) dν(ξ),

where E denotes the expectation with respect to the law of the random walk and
x · ξ is the natural action of Γ on its boundary. Following the analogy with (1.2)
and (1.5), define the Dirichlet form on L2(∂Γ, ν) as follow:

F∂Γ,µ :=
{
u ∈ L2(∂Γ, ν) : Hu ∈ Fµ

}
,

E∂Γ,µ(u, v) := Eµ(Hu,Hv) for u, v ∈ F∂Γ,µ.

It follows from results in [Naï57] and [Sil74] that E∂Γ,µ(u, v) has an expression similar
to the Douglas integral (1.3). It reads

E∂Γ,µ(u, v)(1.8)

=
∫ ∫

∂Γ×∂Γ
(u(ξ) − u(η))(v(ξ) − v(η))Θµ(ξ, η)dν(ξ)dν(η)

for u, v ∈ F∂Γ,µ, where
F∂Γ,µ = B2(µ)

:=
{
u ∈ L2(∂Γ, ν);

∫ ∫
∂Γ×∂Γ

(u(ξ) − u(η))2Θµ(ξ, η)dν(ξ)dν(η) < +∞
}
.
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See Proposition 5.7 and Definition 5.8. The integral kernel Θµ(·, ·) appearing in (1.8)
is the Naïm kernel introduced in [Naï57], see Definition 5.4.

The expression (1.8) by itself is not enough to show the regularity of (E∂Γ,µ, B2(µ))
on L2(∂Γ, ν). To overcome this problem, we consider two classes of Besov spaces con-
sisting of (a) Besov spaces associated to symmetric probability measures with finite
second moments, and (b) Besov spaces associated to metrics in the Ahlfors-regular
conformal gauge introduced in [BP03] (see Definition 4.2). Under the assumption
that the Ahlfors-regular conformal dimension of ∂Γ is less than 2, through a careful
comparison between Besov spaces in these classes using martingale arguments, see
Theorem 6.1, we will obtain the regularity of those spaces at once. This is where we
need to assume that µ has a finite second moment, since this enables us to compare
energies of functions on Γ up to multiplicative constants. See Proposition 5.10.

Having established the regularity property, we prove that the jump process on ∂Γ
corresponding to (E∂Γ,µ, B2(µ)) is a certain time-change of a reflecting random walk
in a sense to be made precise in Section 8. This last result completes the analogy
with the case of a reflecting Brownian motion on D. Finally, we prove that harmonic
measures of random walks with a finite first moment are smooth in a potential
theoretic sense.

At the end of the paper, we will construct a boundary jump process that, as in
the two motivating examples, is a time-change of a reflecting random walk under
the assumption of the Ahlfors-regular conformal dimension being less than 2. The
boundary of a regular tree is a Cantor set of Ahlfors-regular conformal dimension 0.
The boundary of the two-dimensional disc considered in the first paragraph of this
introduction is the circle S1 whose Ahlfors-regular conformal dimension is 1. Thus
our condition on the Ahlfors-regular conformal dimension being less than 2 extends
to new examples the construction of boundary jump processes.

2. Detailed summary of the paper

The paper is based on the interplay of the following three subjects: hyperbolic
geometry, analysis on metric spaces, and the theory of Dirichlet forms and symmetric
Markov processes associated to them. We begin this summary with briefly explaining
the paper [BP03], which is the starting point of our study and explains the interplay
of the first two of the three subjects mentioned above.

Besov spaces

Let (Z, ρ) be a uniformly perfect compact metric space which carries a doubling
measure. In [BP03], the authors introduced a class of Besov spaces which is canon-
ically associated to a certain conformal structure of (Z, ρ). For any metric d in
the Ahlfors-regular conformal gauge JAR(Z, ρ) of (Z, ρ), we define a Besov space
(EZ,d, B2(d)) on Z by
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168 P. MATHIEU & Y. TOKUSHIGE

EZ,d(u, v) :=
∫ ∫

Z×Z

(u(ξ) − u(η))(v(ξ) − v(η))
d(ξ, η)2q

dHd(ξ)dHd(η),

B2(d) :=
{
u ∈ L2(Z,Hd) ; EZ,d(u, u) < ∞

}
,

where q is the Hausdorff dimension of (Z, d), and Hd is a Hausdorff measure of d.
In [BP03], the authors constructed a hyperbolic graph Γd whose Gromov boundary is
equivalent to (Z, d). Then, they showed that the Besov space associated to a metric
d in JAR(Z, ρ) is Banach isomorphic to the set of boundary values of the elements
in the ℓ2-cohomology group of Γd. They also showed that for any metrics d, d′ in
JAR(Z, ρ), the two graphs Γd and Γd′ are quasi-isometric, and this quasi-isometry
induces an isomorphism between the ℓ2-cohomologies of Γd and Γd′ . These results
imply that all the Besov spaces associated to metrics d in JAR(Z, ρ) are Banach
isomorphic, and thus are canonically associated to the conformal structure on Z.

In this paper, we shall consider the Besov spaces B2(d) when the compact met-
ric space (Z, ρ) is the Gromov boundary of a non-elementary hyperbolic group Γ
equipped with a visual metric, see Definition 4.3.

In the first part of this paper, we also define Besov spaces associated to random
walks on Γ. We will always assume that the driving measure µ of a random walk
on Γ is symmetric and admissible, which means that the support of µ generates Γ.
For k ⩾ 1, define Mk to be the set of all symmetric admissible probability measures
on Γ with finite kth moment. For µ ∈ M1, we define a Besov space (E∂Γ,µ, B2(µ))
associated to µ by

E∂Γ,µ(u, v) :=
∫ ∫

∂Γ×∂Γ
(u(ξ) − u(η))(v(ξ) − v(η))Θµ(ξ, η)dν(ξ)dν(η),

B2(µ) :=
{
u ∈ L2(∂Γ, ν) ; E∂Γ,µ(u, u) < ∞

}
,

where ν is the harmonic measure of the random walk driven by µ, and Θµ(·, ·) is the
Naïm kernel associated to µ. We prove that the Besov spaces associated to different
random walks are all isomorphic with each others and isomorphic to the Besov spaces
in [BP03]. (See Proposition 5.14 and Theorem 5.15.) In the construction of the Besov
spaces associated to random walks on Γ, the role of the ℓ2-cohomology of Γd in [BP03]
is played by the set of harmonic functions with a finite energy. Moreover, the role of
the quasi-isometry between Γd and Γd′ will be played by a stability result for bilinear
forms of random walks on a group established in [PSC00]. (See Proposition 5.10 for
the statement.)

Regular Dirichlet forms and conformal dimensions

The second purpose of this paper is to further investigate the probabilistic aspects of
the Besov spaces introduced above by using the theory of Dirichlet forms. A Dirichlet
form is a closed symmetric bilinear form on an L2 space which satisfies a certain
contraction property, called the Markovian property. In particular, for Dirichlet
forms satisfying the regularity property (which roughly means that the domain of
the form contains sufficiently many continuous functions, see Definition 2.6.), there is
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a well-known correspondence between regular Dirichlet forms and symmetric Markov
processes. We will explain basic facts on Dirichlet forms in Section 2.

In Section 6.1, we will prove that, under the assumption that the Ahlfors-regular
conformal dimension of (∂Γ, ρΓ) is strictly less than 2 (see Definition 4.2), the
Besov spaces (E∂Γ,d, B(d)) and (E∂Γ,µ, B2(µ)) are regular Dirichlet forms for any
d ∈ JAR(∂Γ) and µ ∈ M2. This result will allow us to construct symmetric Markov
processes associated to them.

Theorem 1 (Theorem 6.1). — Assume the Ahlfors-regular conformal dimen-
sion of ∂Γ is strictly less than 2. Then for any d ∈ JAR(∂Γ) and any µ ∈ M2,
(E∂Γ,d, B2(d)) and (E∂Γ,µ, B2(µ)) are regular Dirichlet forms on L2(∂Γ,Hd) and on
L2(∂Γ, ν) respectively.

Our assumption on the Ahlfors-regular conformal dimension is optimal in the
following sense: according to [BP03, Theorem 0.3], if a compact metric space (Z, ρ)
has the Ahlfors-regular conformal dimension equal to or greater than 2 and satisfies
the Loewner property (see [Hei01, Chapter 8]), then for any d ∈ JAR(Z, ρ), B2(d)
only contains constant functions.

Here is a brief sketch of the argument leading to Theorem 6.1. Under our assump-
tion on the Ahlfors-regular conformal dimension, there exists a metric d0 belonging
to JAR(∂Γ) such that dim(∂Γ, d0) < 2, where dim is the Hausdorff dimension. It is
easy to see that (E∂Γ,d, B2(d0)) is regular.

Then, after a careful look at the isomorphism between different Besov spaces, we
can deduce that all Lipschitz functions with respect to d0 belong to all the Besov
spaces of the form (E∂Γ,d, B2(d)) and (E∂Γ,µ, B2(µ)) as in the theorem. We thus obtain
the regularity of all these Besov spaces.

Examples of hyperbolic groups with Ahlfors-regular conformal dimension less than
2 are free groups, cocompact Fuchsian groups and carpet groups. In particular, it
is proved in [Haï15] that for any non-elementary hyperbolic group G with planar
boundary non-homeomorphic to the full sphere, the Ahlfors-regular conformal di-
mension of the boundary is strictly less than 2 if and only if G is virtually isomorphic
to a convex-cocompact Kleinian group. We refer to [Haï15] and its references for
other results on hyperbolic groups with planar boundaries.

As a consequence of Theorem 5.1, by the general correspondence between regular
Dirichlet forms and Markov processes, we conclude that each of the Besov spaces
gives rise to a Markov process on ∂Γ. The Besov space (E∂Γ,d, B2(d)) corresponds to
a strong Markov process (Hunt process) whose reference measure is the Hausdorff
measure Hd and whose jumping kernel is d(·, ·)−2q, and the Besov space (E∂Γ,µ, B2(µ))
corresponds to a strong Markov process whose reference measure is the harmonic
measure and whose jumping kernel is the Naïm kernel.

Reflected random walks

At the end of this paper, in Part 8, we will give a further probabilistic interpretation,
now at the level of processes themselves. More precisely, we show that there exists a
Markov process (Wt) with state space Γ ∪ ∂Γ that satisfies the following properties:
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170 P. MATHIEU & Y. TOKUSHIGE

(i) almost all trajectories of (Wt) hit the boundary ∂Γ in finite time;
(ii) until the hitting time of ∂Γ, the trajectories of (Wt) behave in distribution

like a time change of the random walk with driving measure µ (See Proposi-
tion 8.2.);

(iii) the process (Wt) has a trace on the boundary ∂Γ whose Dirichlet form is
given by (E∂Γ,µ, B2(µ)) (See Theorem 8.3.).

The trace process is defined as the time-change of (Wt) using the positive continuous
additive functional whose Revuz measure (see Section 7 for the definition) is the
harmonic measure ν. See Section 7.1 for definitions and detail.

The proofs of these claims use the notions of smooth measures (to be discussed
in the next paragraph). Roughly speaking, in our context, it consists in speeding
up the original random walk so that it now hits the boundary in finite time and
then prolongating its life in such a way that the resulting process still behaves as
the initial random walk when it is in Γ.

Under the assumption of the Ahlfors-regular conformal dimension being less than
2, we show that the construction of such a reflecting random walk is possible with
state space Γ ∪ ∂Γ. Properties (i), (ii) and (iii) follow from general results from the
theory of Dirichlet forms. Observe however that the regularity stated in Theorem 6.1
and its close companion Theorem 8.1 are a crucial step to use Dirichlet form theory.

Potential theoretic properties of harmonic measures

Harmonic measures of random walks on a non-elementary hyperbolic groups have
been extensively studied and it is known that their behavior strongly depends on
moment assumptions of the driving measures of the random walk. For instance, when
the driving measure is finitely supported, it is shown in [BHM11] that the associated
Green metric on Γ is hyperbolic and the corresponding harmonic measure belongs
to the Patterson–Sullivan class (See [Coo93] and [Haï07].) determined by the Green
metric; the hyperbolicity of the Green metric is equivalent to Ancona’s inequality,
which roughly means that the Green function is submultiplicative along geodesics.

Properties of harmonic measures are not so well understood when we only as-
sume a weaker moment condition. For instance it is shown in [Gou15] that for
any non-elementary hyperbolic group Γ, there exists a symmetric probability mea-
sure on Γ with some finite exponential moment for which Ancona’s inequality fails.
Therefore, we cannot conclude in general that a harmonic measure belongs to the
Patterson-Sullivan class determined by the Green metric. We mention here that
results in [Tan19] imply that one can still compute the Hausdorff dimension of a
harmonic measure on ∂Γ as long as the driving measure has a finite first moment.

When we are given a regular Dirichlet form and the corresponding Markov pro-
cesses, we have potential theoretic objects associated to it such as capacities. Mea-
sures which do not charge sets of zero capacity are said to be smooth, and there
is another potential theoretic notion for measures, called measures of finite energy
integral, which is a stronger property than smoothness. Both notions are related to
time changes of symmetric Markov processes. (See Subsection 5.2 for details.)
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After proving the regularity of the Besov spaces, we study the smoothness property
of harmonic measures of random walks on Γ. For µ ∈ M2, we will introduce the set
of all smooth measures (resp. the set of all measures of finite energy integral) with
respect to the regular Dirichlet form (E∂Γ,µ, B2(µ)); we denote it with S(∂Γ, µ). (resp.
S0(∂Γ, µ)) Similarly, for a metric d in JAR(∂Γ), we will define S(∂Γ, d) (S0(∂Γ, d),
resp.) to be the set of all smooth measures (resp. the set of all measures of finite
energy integral) with respect to (E∂Γ,d, B2(d)). (See Definition 6.9.) In Theorem 6.11,
we will prove that for any d ∈ JAR(∂Γ) and µ ∈ M2 we have

S(∂Γ, d) = S(∂Γ, µ), and S0(∂Γ, d) = S0(∂Γ, µ).(2.1)
We will denote the common set by S(∂Γ) and by S0(∂Γ) respectively. We finally
use (2.1) to study harmonic measures under very weak moment condition.

Theorem 2 (Theorem 9.4). — Assume the Ahlfors-regular conformal dimension
of ∂Γ is strictly less than 2. Then, both of S(∂Γ) and S0(∂Γ) contain the harmonic
measure ν of any random walk driven by µ in M1.

When µ ∈ M2, the above claim can be relatively easily deduced from Poincaré-type
inequalities on ∂Γ as in Proposition 6.10. (See Theorem 6.11.) To relax the moment
condition to a finite first moment, in Section 9 we combine heat kernel estimates for
jump processes from [GHH18] (See also [CK08, CKW21].) and deviation inequalities
from [MS20].

The paper is organized as follows. In Section 3, we explain definitions and basic
facts about Dirichlet forms. We also introduce several examples of Dirichlet forms
and the corresponding Markov processes. Section 4 is devoted to the explanation of
the paper [BP03] including their construction of Besov spaces. In Section 5, we first
introduce Besov spaces associated to random walks on a non-elementary hyperbolic
group Γ. We then prove that Besov spaces introduced here and in [BP03] are all iso-
morphic. Section 6 starts with the proof of Theorem 6.1. Then we further develop the
potential theory of Dirichlet forms and prove the smoothness property of harmonic
measures. In Section 7, we first introduce several general facts about time-change
techniques in the theory of Dirichlet forms. In Section 8, we provide an interpretation
of the Markov processes which correspond to the Besov spaces associated to random
walks using reflecting random walks. In Section 9, we pursue further the potential
theoretic aspect of harmonic measures using heat kernel estimates and deviation
inequalities and we prove Theorem 9.4.

3. Preliminary facts on Dirichlet forms

In this section, we briefly explain several basic facts about Dirichlet forms including
their connection to probability theory. See [CF12, FOT11] for details of the theory
of Dirichlet forms and their probabilistic aspects, especially the theory of symmetric
Markov processes. A Dirichlet form is a closed symmetric bilinear form on an L2-
space which satisfies a kind of contraction property, called the Markovian property.
It is a general fact in functional analysis that there is a one to one correspondence
between the collection of closed symmetric bilinear form defined on a Hilbert space
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Hil and the collection of non-positive definite self-adjoint operators on Hil. Thus,
we can associate a strongly continuous semigroup to a given closed symmetric form.
In particular, when a given closed symmetric form satisfies the Markovian property,
then the corresponding semigroup also has a kind of positivity preserving property,
which is also called the Markovian property. We will explain below what we quickly
sketched out in detail.

Let E be a locally compact Hausdorff space, and m be a positive Radon measure
on E with full support.

Definition 3.1. —
(1) We say that a bilinear form (E ,F) on a real Hilbert space Hil is a symmetric

closed form if the following conditions are satisfied:
• F is a dense linear subspace of Hil, and E : F × F → R is non-negative

definite, symmetric and bilinear,
• for any α > 0, (F , (Eα)1/2) is a Hilbert space, where

Eα(u, v) := E(u, v) + α(u, v)H , u, v ∈ F .

(2) A bilinear form (E ,F) is called a Dirichlet form on L2(E,m) if (E ,F) is
a closed symmetric form on L2(E,m), and for any u ∈ F , we have that
v := (0 ∨ u) ∧ 1 ∈ F and E(v, v) ⩽ E(u, u). The latter condition is called the
Markovian property.

(3) A linear operator U : L2(E,m) → L2(E,m) is said to be Markovian if for
any v ∈ L2(E,m) with 0 ⩽ v ⩽ 1 m-a.e., we have that 0 ⩽ Uv ⩽ 1 m-a.e.

Theorem 3.2 ([FOT11, Theorem 1.3.1, Lemma 1.3.2, Theorem 1.4.1]). —
(1) There is a one to one correspondence between the collection of closed symmet-

ric forms (E ,F) on a real Hilbert space Hil and the collection of non-positive
definite self-adjoint operators A on Hil. This correspondence is characterized
by Dom(A) ⊂ F ,

E(u, v) = (−Au, v)H , u ∈ Dom(A), v ∈ F .
(3.1)

(2) Let A be a non-positive definite self-adjoint operator on Hil. Then, (Tt)t>0 :=
(exp(tA))t > 0 is a strongly continuous semigroup on Hil, and the generator
of (Tt)t > 0 coincides with A. Moreover, there is a unique strongly continuous
semigroup whose generator is A.

(3) Let (E ,F) be a closed symmetric form on Hil and (Tt)t > 0 be the correspond-
ing strongly continuous semigroup on Hil. Then, (E ,F) is a Dirichlet form if
and only if Tt is Markovian for any t > 0.

We next define an extended Dirichlet space, which will be used in what follows.

Definition 3.3. — Let (E ,F) be a Dirichlet form on L2(E,m). We denote by
Fe the set of all m-measurable functions u with the following properties:

• |u| < ∞ m-a.e. and

ANNALES HENRI LEBESGUE



Besov spaces and random walks 173

• there exists an approximating sequence (un) ⊂ F such that limn → ∞ un = u
m-a.e. and (un) is an E-Cauchy sequence, namely, for any ε > 0, there exists
an integer N such that E(un − um, un − um) < ε for any n,m ⩾ N .

By the second property, it is obvious that for any u ∈ Fe and its approximating
sequence (un), the limit E(u, u) := limn → ∞ E(un, un) exists and does not depend
on the choice of the approximating sequence of u. We will call (Fe, E) the extended
Dirichlet space of (E ,F).

The following theorem shows that the extended Dirichlet space (Fe, E) characterizes
the original Dirichlet form (E ,F).

Theorem 3.4 ([FOT11, Theorem 1.5.2]). — Let (E ,F) and (Fe, E) be a Dirichlet
form on L2(E,m) and its extended Dirichlet space, respectively. Then we have that
F = Fe ∩ L2(E,m).

We next explain the probabilistic aspect of the theory of Dirichlet forms, especially
the connection to the theory of symmetric Markov processes. Let (Xt) be a Hunt
process on (E,m). We recall that Hunt processes are strong Markov processes with
certain regularity properties of the sample paths. Then, the linear operator Tt :
L2(E,m) → L2(E,m) given by

Ttf(•) := E•[f(Xt)](3.2)

defines a strongly continuous semigroup on L2(E,m). We say that (Xt) is m-
symmetric when Tt is a symmetric operator on L2(E,m). Thus, it is a natural
question to ask whether for a given Dirichlet form (E ,F), there exists a Hunt process
(Xt) such that the semigroup corresponding to (E ,F) coincides with that induced
by the Markov process (Xt). It is a well-known fact in the theory of Dirichlet forms
that when the Dirichlet form (E ,F) on L2(E,m) is regular, which roughly means
that the domain F contains sufficiently many functions in

C0(E) := {f : E → R ; f is a continuous function with compact support},
then we have a correspondence between regular Dirichlet forms on L2(E,m) and
m-symmetric Hunt processes on E.

Remark 3.5. — We recommend interested readers to consult textbooks such
as [CF12, FOT11] for details including the precise definition of Hunt processes.

Definition 3.6. — A Dirichlet form (E ,F) on L2(E,m) is called regular if
C0(E) ∩ F is dense both in (C0(E), ∥ · ∥∞) and (F , (E1)1/2).

Fact 3.7. — There exists a correspondence, which is one to one in a certain sense,
between regular Dirichlet forms on L2(E,m) and m-symmetric Hunt processes on
E. A Hunt process is a strong Markov process which has cadlag sample paths and
certain additional properties. See [FOT11, Appendix A.2] for the precise definition.

For a given regular Dirichlet form (E ,F), let A be the self-adjoint operator de-
termined by (3.1), and (Tt) be the semigroup whose generator is A. Then, the
corresponding Hunt process (Xt) satisfies (3.2). See [FOT11, Chapter 7] and [CF12,
Theorem 1.5.1] for the precise statement.

TOME 7 (2024)



174 P. MATHIEU & Y. TOKUSHIGE

In the rest of this section, we will give two examples of regular Dirichlet forms
and explain their probabilistic interpretation. The latter example will play a very
important role in what follows.

Example 3.8. — Consider the standard Dirichlet energy 1
2
∫
Rn(∇f · ∇g)dx on the

Euclidean space Rn, where

u, v ∈ W 1,2 (Rn) :=
{
f ∈ L2 (Rn, dx) ; ∂f

∂xi

∈ L2 (Rn, dx) , for i = 1, . . . , n
}
.

Then it is well-known that (1
2
∫
Rn(∇f ·∇g)dx,W 1,2(Rn)) is a regular Dirichlet form on

L2(Rn, dx). Moreover, the relation (3.1) implies that the corresponding non-positive
self-adjoint operator is given by 1

2∆ = 1
2
∑n

i=1
∂2

∂x2
i
. Thus, the corresponding symmetric

Hunt process is a standard n-dim Brownian motion on Rn.
Example 3.9. — Let V be either a finite set or a countable set. Let c : V×V → R⩾ 0

be a weight function which is symmetric (i.e., c(x, y) = c(y, x)). We define a measure
m on V by m(x) := ∑

y ∈V c(x, y), and assume that
supp(m) = V and sup

x ∈V
m(x) < ∞.(3.3)

Now we define a bilinear form (E ,F) on L2(V,m) by

E(u, v):=1
2
∑

x,y ∈V
c(x, y)(u(x) − u(y))(v(x) − v(y)),

F =L2(V,m),
(3.4)

Then, it is shown in [CF12, Theorem 2.2.2] that (E ,F) is a regular Dirichlet form on
L2(V,m), and the corresponding m-symmetric Hunt process is the continuous time
random walk (Xt)t⩾ 0 which is defined as follows: define p(x, y) := c(x, y)/m(x),
and let (Rn)n ∈N be a discrete time Markov chain with transition probabilities
(p(x, y))x,y ∈V. Let (Nt)t⩾ 0 be a Poisson process with intensity 1 that is indepen-
dent of (Rn). Then, the m-symmetric Markov process (Xt)t⩾ 0 is given by Xt := YNt .
This construction of (Xt) is equivalent to the fact that (Xt) has random holding times
given by i.i.d. exponential distributions with mean 1 at all vertices. For this reason,
the process (Xt)t⩾ 0 is often called the “constant speed random walk”. See [CF12,
Section 2.2.1] for detail.

4. Besov spaces constructed by Bourdon and Pajot

In this section, we will give a summary of some results in [BP03], in particular the
construction of Besov spaces on a compact metric space.

4.1. ℓp-cohomology of simplicial complexes and its invariance by
quasi-isometries

We consider a simplicial complex K equipped with a length metric, denoted by
| · − · |, such that
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• there exists a constant C > 0 such that the diameter of all simplexes of K
are bounded by C, and

• there exists a function N : [0,∞) → N such that all balls with radius r
contain at most N(r) simplexes of K.

Simplicial complexes satisfying the above properties are called geometric. Now we
define the ℓp-cohomology of K. We will say that K is uniformly contractible if
it is contractible and there exists a function ϕ : R+ → R+ such that all balls
BK(x, r) are contractible in BK(x, ϕ(r)). Let Ki be the set of i-simplexes of K and
ℓpC

i(K) (p ∈ [1,∞]) be the Banach space consisting of ℓp-xfunctions on Ki. Define
the coboundary operator di : ℓpC

i(K) → ℓpC
i+1(K) by (diτ)(σ) := τ(∂σ), where

τ ∈ ℓpC
i(K) and σ ∈ Ki+1. Note that if K is a geometric simplicial complex, then

di is a bounded operator. The ith ℓp-cohomology group of K is defined by
ℓpH

i(K) := ker di/ Im di−1.

The following theorem asserts the invariance of ℓpH
i(K) by quasi-isometries.

Theorem 4.1 ([BP03, Theorem 1.1]). — Let K and K ′ be geometric uniformly
contractible simplicial complexes. If F : K → K ′ is a quasi-isometry, then it induces
an isomorphism of topological vector spaces N• : ℓpH

•(K ′) → ℓpH
•(K).

We give a brief sketch of the construction of N1, which will be used later. Let
Ci(K) be the vector space spanned by elements of Ki. First, define a map

c0 : K0 → C0(K ′)(4.1)
by choosing an element of K ′

0 uniformly close to F (x) for each x ∈ K0. Next, define
a map c1 : K1 → C1(K ′), satisfying ∂c1(σ) = c0(∂σ) for any σ ∈ K1 in the following
way: for an edge a ∈ K1, denote its end points by a+, a− ∈ K0. Then we can find an
element c1(a) of C1(K ′) with ∂c1(a) = c0(a+) − c0(a−). For τ ∈ ℓpC

1(K ′), define a
map N∗(τ) : K1 → R by

N∗(τ)(σ) := τ(c1(σ)), σ ∈ K1.(4.2)
Then the isomorphism N1 : ℓpH

1(K ′) → ℓpH
1(K) is induced by the linear map

N∗ : ℓpC
1(K ′) → ℓpC

1(K).

4.2. The hyperbolic fillings by Bourdon and Pajot

In what follows, we always assume that a compact metric space (Z, ρ) satisfies the
following properties:

(i) (Z, ρ) is uniformly perfect, namely there exists a constant C > 1 such that
for any ξ ∈ Z and any 0 < r ⩽ diam(Z, ρ), we have that

Bρ(ξ, r) \Bρ(ξ, r/C) ̸= ∅,
where Bρ(ξ, r) := {η ∈ Z : ρ(ξ, η) < r}.

(ii) (Z, ρ) carries a doubling measure, namely there exists a Borel measure θ on
Z such that there exists a constant C ′ > 1 such that for any ξ ∈ Z and any
r > 0, we have that

θ(Bρ(ξ, 2r)) ⩽ C ′θ(Bρ(ξ, r)).
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We now introduce several definitions which will be important later.

Definition 4.2. —
(1) A metric d on Z is called Ahlfors-regular if there exists constants C,C ′ > 0

such that for any ξ ∈ Z and any 0 < r < diam(Z, d), we have that
Crq ⩽ Hd(Bd(ξ, r)) ⩽ C ′rq,

where Hd is a Hausdorff measure of d, and q = dim(Z, d).
(2) Two metrics d, d′ on Z are called quasi-symmetric if there exists an increasing

homeomorphism α : [0,∞) → [0,∞) such that for any distinct triple ξ, η, ω
of Z we have that

d(ξ, η)
d(ξ, ω) ⩽ α

(
d′(ξ, η)
d′(ξ, ω)

)
.

(3) We denote by J(Z, ρ) (called the conformal gauge of (Z, ρ)) the set of all
metrics on Z which are quasi-symmetric to ρ, and by JAR(Z, ρ) (called the
Ahlfors-regular conformal gauge of (Z, ρ)) the set of all Ahlfors regular metrics
in J(Z, ρ).

(4) We define the Ahlfors-regular conformal dimension of (Z, ρ) as the infimum of
the Hausdorff dimension of metrics d in the Ahlfors-regular conformal gauge
JAR(Z, ρ). Namely, it is defined by inf{dim(Z, d) : d ∈ JAR(Z, ρ)}.

Definition 4.3. — Let Γ̃ be a proper geodesic hyperbolic space in the sense of
Gromov. A metric d on the Gromov boundary ∂Γ̃ of Γ̃ is called a visual metric if
the following condition holds: there exists a constant C,C ′ > 0 and a > 0 such that
for any ξ, η ∈ ∂Γ̃ we have that

Ce−a(ξ|η)O ⩽ d(ξ, η) ⩽ C ′e−a(ξ|η)O ,

where (ξ|η)O is the Gromov product extended to ∂Γ̃ with a fixed base point O.
See (1.7). Notice that the notion of visual metrics defines a class of metrics on ∂Γ̃
whose members are all quasi-symmetric. See [GdlH90] for notions that appear here.

For a uniformly perfect compact metric space (Z, ρ) which carries a doubling
measure, in [BP03], it is shown that for any d ∈ J(Z, ρ) we can construct a geometric
uniformly contractible simplicial complex Kd and a graph Γd which is the 1-skeleton
of Kd with the following properties. Precise definitions of Γd and Kd will be given
later in this subsection.

Theorem 4.4 ([BP03, Proposition 2.1, Corollary 2.4.]). — Let d ∈ J(Z, ρ).
• The graph Γd is of bounded degree.
• The graph Γd is hyperbolic in the sense of Gromov. Moreover, the Gromov

boundary of Γd equipped with a visual metric is quasi-symmetric to (Z, d).
• For two metrics d, d′ ∈ J(Z, ρ), there exists a quasi-isometry F : Γd → Γd′

which can be continuously extended to the identity map on Z.
• Let Γ̃ be a proper and geodesic hyperbolic space in the sense of Gromov.

Suppose that there exists a point O ∈ Γ̃ and a constant C ⩾ 0, such that
all points in Γ̃ are within distance C from some geodesic ray starting at O.
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Assume that the Gromov boundary of Γ̃ is Z and that ρ is quasi-symmetric
to a visual metric on Z induced by the hyperbolic structure of Γ̃. Then for
any d ∈ J(Z, ρ), there exists a quasi-isometry F : Γd → Γ̃ which can be
continuously extended to the identity map on Z.

It follows from Theorem 4.1 and the third claim of Theorem 4.4 that ℓpH
•(Kd) and

ℓpH
•(Kd′) are isomorphic topological vector spaces. Hence these topological vector

spaces can be considered to be an invariant with respect to quasi-symmetry, and we
will denote it by ℓpH

•(J(Z, ρ)).
Here we explain the constructions of Kd and Γd. Normalize the metric d in such a

way that diam(Z, d) = 1/2. For each l ⩾ 0, choose points z1
l , . . . , z

k(l)
l in Z in such

a way that for any i, j ∈ {1, . . . , k(l)} with i ≠ j, we have d(zi
l , z

j
l ) ⩾ e−l, and for

each l ⩾ 0, the balls Bi
l := Bd(zi

l , e
−l), 1 ⩽ i ⩽ k(l), cover (Z, ρ). Denote by Sl the

cover {Bi
l ; i ∈ {1, .. , k(l)}}. Remark that S0 must be the singleton {B1

0} because of
the normalization of the diameter. Now define Γd as follows. The vertex set V (Γd) is
the collection of balls {Bi

l ;n ⩾ 0, i ∈ {1, . . . , k(l)}}, and two distinct vertex B,B′

are connected by an edge if
(1) both B and B′ belong to Sl and B ∩B′ ̸= ∅, or if
(2) one of them belongs to Sl, the other belongs to Sl+1 and B ∩B′ ̸= ∅.

We equip Γd with a length metric, denoted by |·−·|, by identifying each edge with the
Euclidean segment of length 1. Denote the vertex B1

0 by O and for each x ∈ V (Γd),
let B(x) be the set of all infinite geodesic rays starting at O and passing through x.
Now a simplicial complex Kd is defined as follows: for n ∈ N, the nth Rips complex
of Γd is a simplicial complex whose k-simplexes are sets of vertices {x1, . . . , xk+1}
(xi ∈ V (Γd), 1 ⩽ i ⩽ k + 1) with |xi − xj| ⩽ n for any i, j ∈ {1, . . . , k + 1}. It
is known that for n large enough, the nth Rips complex of Γd is geometric and
uniformly contractible, thus we let Kd be the nth Rips complex of Γd for n large
enough. See [BH99, Section 3] and [BP03] for the proof of these facts.

Note that it is shown in [BP03] that for d ∈ J(Z, ρ),
(4.3) ℓpH

1(J(Z, ρ)) ≃ {f : V (Γd) → R ; df ∈ ℓp(E(Γd))} /ℓp(V (Γd)) + R.
Relying on Theorem 4.4, in [BP03], the authors introduced the following Besov

space associated to each metric in JAR(Z, ρ), and it is shown that the set of boundary
values of elements in ℓpH

1(J(Z, ρ)) coincides with the Besov space.

Definition 4.5. —
(1) Let p ∈ [1,∞). For a function u : Z → R and a metric d ∈ JAR(Z, ρ) of

dimension q, define

∥u∥p,d :=
(∫ ∫

Z×Z

|u(ξ) − u(η)|p
d(ξ, η)2q

dHd(ξ)dHd(η)
)1/p

,

where Hd is the Hausdorff measure of d. Define Bp(Z, d) := {u : Z →
R; ∥u∥p,d < ∞}. We will call (∥·∥p,d, Bp(Z, d)) a p-Besov space on Z associated
to d. Then (Bp(Z, d)/ ∼, ∥ · ∥p,d) is a Banach space, where u ∼ v means
u(ξ) − v(ξ) is a constant for Hd-a.e ξ. In the rest of the paper, we will write
Bp(Z, d) = Bp(d) when the choice of the space Z is clear from the context.
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(2) In what follows, we will particularly focus on the L2 case (p = 2), and
thus employ the following special notation: let d ∈ JAR(Z, ρ) be a metric of
dimension q, and u, v ∈ B2(Z, d). Define

EZ,d(u, v) :=
∫ ∫

Z×Z

(u(ξ) − u(η))(v(ξ) − v(η))
d(ξ, η)2q

dHd(ξ)dHd(η).

(3) For d ∈ J(Z, ρ) and f : V (Γd) → R with df ∈ ℓp(E(Γd)), define f∞ : Z → R
(if it exists)

f∞(ξ) := lim
n → ∞

f(r(n)), ξ ∈ Z,

where r is a geodesic ray of Γd starting at O and converging to ξ. Note that
if the limit exists, it does not depend on the choice of r.

In this paper, a linear map T : D1 → D2 between two Banach spaces (D1, ∥ · ∥1)
and (D2, ∥ · ∥2) is said to be a Banach isomorphism if T is a bijection and a linear
operator such that for any u ∈ D1, we have

C−1∥u∥1 ⩽ ∥Tu∥2 ⩽ C∥u∥1

for some constant C > 1 which is independent of u.

Theorem 4.6 ([BP03, Theorem 0.1, Theorem 3.1, Theorem 3.4.]). —
(1) Let d ∈ J(Z, ρ) and f : V (Γd) → R be a function with df ∈ ℓp(E(Γd)). Then,

for Hd-a.e. ξ ∈ Z, the limit f∞(ξ) exists and f∞ ∈ Lp(Z,Hd).
(2) For d ∈ J(Z, ρ), the linear maps

Id : {f : V (Γd) → R; df ∈ ℓp(E(Γd))} → Lp(Z,Hd)
f 7→ f∞

Īd : {f : V (Γd) → R; df ∈ ℓp(E(Γd))} /R → Lp(Z,Hd)/R
[f ] 7→ f∞ mod R

are continuous. Moreover, Ker(Id) = ℓp(V (Γd)) and Ker(Īd) = ℓp(V (Γd)) +R.
(3) When d ∈ JAR(Z, ρ), the map Īd induces a Banach isomorphism Ĩd between

ℓpH
1(J(Z, ρ)) and Bp(Z, d)/ ∼.

5. Besov spaces associated to random walks on hyperbolic
groups

In the previous section, we explained how to construct Besov spaces associated
to metrics in the Ahlfors-regular conformal gauge of a given compact metric space.
In this section, we will choose, as a compact metric space, the Gromov boundary
∂Γ of a non-elementary word hyperbolic group Γ equipped with a visual metric,
and we will introduce Besov spaces on ∂Γ associated to random walks driven by
probability measures with a finite second moment. Those Besov spaces will be
introduced as sets of boundary values of harmonic functions on Γ. Moreover, we will
show that sets of continuous functions in those Besov spaces, which are associated
either to metrics in the Ahlfors-regular conformal gauge or to random walks driven
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by probability measures with finite second moment, are canonical. Namely, sets of
continuous functions in Besov spaces do not depend on the choice of metrics in
the Ahlfors-regular conformal gauge nor on probability measures with finite second
moment. In addition, we will prove that for any choice of two Besov spaces among
them, there exists a Banach isomorphism which coincides with the identity on the
set of continuous functions.

Notation

Let Γ be a non-elementary word hyperbolic group. We denote the neutral element
by id. We will denote by | · − · |Γ a left-invariant word metric with respect to a fixed
finite symmetric generating set, and let ρΓ be a visual metric on the Gromov boundary
∂Γ constructed from | · − · |Γ. In what follows, we will write JAR(∂Γ) := JAR(∂Γ, ρΓ).
For d ∈ JAR(∂Γ), let Hd be the Hausdorff measure and q be its Hausdorff dimension.
Recall that Hd is q-Ahlfors regular, namely, there exists a constant C > 1 such that

C−1rq ⩽ Hd(Bd(ξ, r)) ⩽ Crq

for any ξ ∈ ∂Γ and any 0 < r < diam(∂Γ, ρΓ). In what follows, we will write B2(d)
for the Besov space B2(∂Γ, d) on the Gromov boundary ∂Γ defined in Definition 4.5.

Let µ be a probability measure on Γ. Recall that we always assume that µ is
symmetric ( i.e, µ(x) = µ(x−1) for x ∈ Γ), and admissible, which means that the
support of µ generates Γ. For k ∈ N, let Mk be the set of symmetric admissible
probability measures on Γ with finite kth moment (i.e., ∑x ∈ Γ |id− x|kΓµ(x) < ∞).

We consider the random walk with driving measure µ: let Rn be the position of
the walk at time n. We denote with (Gn) the filtration generated by the sequence
(Rn). Let Pµ

x be the law of the random walk (Rn) starting at x ∈ Γ. For x, y ∈ Γ,
we have Pµ

x(Rn = y) = µ∗n(x−1y), where µ∗n is the nth fold convolution power of µ.
Let Eµ

x be the corresponding expectation. Define Pµ = Pµ
id and Eµ = Eµ

id. We use the
notation Gµ(x) := ∑

k ⩾ 0 µ
∗k(x) for the Green function associated to µ.

It is shown in [Kai00] that when µ ∈ M1 and x ∈ Γ, the random walk (Rn) Pµ
x-

almost surely converges to a random point R∞ ∈ ∂Γ in the topology of Γ ∪ ∂Γ.
Denote by νx the distribution of R∞ under the law Pµ

x. Then νx is a probability
measure on ∂Γ; it is called the harmonic measure of (Rn) starting at x. Define
ν := νid. Note that ∫

∂Γ
u(ξ) dνx(ξ) = Eµ

x[u(R∞)] = Eµ[u(x ·R∞)]

for any positive measurable function u on ∂Γ. It is known that, for all x, y ∈ Γ, the
harmonic measures νx and νy are equivalent with a bounded density. The density of
νx with respect to ν is given by the Martin kernel

Kµ(x, ξ) = dνx

dν
(ξ)

see Definition 5.4 and Lemma 5.5.
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Consider the bilinear form

Eµ(f, g) = 1
2
∑

x,y ∈ Γ
µ
(
x−1y

)
(f(x) − f(y))(g(x) − g(y)) ,

and its full domain
Fµ = {f : Γ → R ; Eµ(f, f) < ∞} .

Define

ℓ2(Γ) :=

f : Γ → R ; ∥f∥2
ℓ2(Γ) :=

∑
x ∈ Γ

f(x)2 < ∞

 ,
then for any f ∈ Fµ, we have that

Eµ(f, f) = 1
2
∑

x,y ∈ Γ
µ
(
x−1y

)
(f(x) − f(y))2 ⩽

∑
x,y ∈ Γ

µ
(
x−1y

) (
f(x)2 + f(y)2

)
= 2∥f∥2

ℓ2(Γ).

(5.1)

Therefore ℓ2(Γ) ⊂ Fµ.
By Example 3.9 and Proposition 5.1, we will see that (Eµ, ℓ2(Γ)) is a regular

Dirichlet form on ℓ2(Γ) (note that m(x) = ∑
y µ(x−1y) = 1 for any x ∈ Γ), and the

corresponding Hunt process is the constant speed random walk (Xt) on Γ, which is
given by (Xt) = (RNt), where (Nt) is an independent Poisson process with intensity
1. Notice that the trajectories of (Xt) and (Rn) are the same. As a consequence, for
µ ∈ M1 and x ∈ Γ, when t tends to ∞, Xt also Pµ

x-almost surely converges to a
random point in ∂Γ whose distribution is the harmonic measure νx.

We also define the discrete Laplacian ∆µ : {f : Γ → R} → {f : Γ → R} by

∆µf(x) :=
∑
y ∈ Γ

µ
(
x−1y

)
f(y) − f(x).

We will say that f : Γ → R is µ-harmonic on A ⊂ Γ if ∆µf(x) = 0 for any x ∈ A.
We introduce the space of harmonic-Dirichlet functions:

HD(µ) := {f ∈ Fµ ; ∆µf = 0 on Γ} .

We have the following decomposition for Fµ, see also [Soa94, Theorem 3.69].

Proposition 5.1. — We have that ℓ2(Γ) ⊂ Fµ, and for every f ∈ Fµ, there
exists a unique pair of functions (f0, fHD) ∈ ℓ2(Γ)×HD(µ) such that f = f0+fHD. For
such a pair of functions (f0, fHD), we have that Eµ(f, f) = Eµ(f0, f0) + Eµ(fHD, fHD).
In other words, the following orthogonal decomposition holds:

Fµ = ℓ2(Γ)
⊕

HD(µ).(5.2)

Moreover, we have that ℓ2(Γ) = C0(Γ)Eµ
1 , where Eµ

1 (·, ·) := Eµ(·, ·) + (·, ·)ℓ2(Γ) and
C0(Γ) := {f ′ : Γ → R ; | supp(f ′)| < ∞} .

Proof. — It is easy to see that the space Fµ/R equipped with the norm
√

Eµ(·, ·) is
a Hilbert space. Let Fµ

0 be the closure of C0(Γ) with respect to the metric
√

Eµ(·, ·).
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Note that for any f ∈ C0(Γ) and any g ∈ Fµ, we have that

Eµ(f, g) = −
∑
x ∈ Γ

f(x)(∆µg)(x).(5.3)

Therefore the spaces Fµ
0 and HD(µ) are orthogonal for the scalar product Eµ and

Fµ = Fµ
0
⊕

HD(µ) .

We still have to prove that Fµ
0 = ℓ2(Γ). We already noticed that ℓ2(Γ) ⊂ Fµ

0 .
On the other hand, every non-elementary hyperbolic group satisfies the following
linear isoperimetric inequality: there exists a constant C > 0 such that for any finite
non-empty subset A ⊂ Γ, it holds that

#(A) ⩽ C#(∂eA),

where # denotes the cadinality of a set and ∂eA := {an edge e = {x, y} : x ∈ A
and y /∈ A}. Therefore, there exists a constant C ′ > 0 such that

∥f∥2
ℓ2(Γ) ⩽ C ′Eµ(f, f)(5.4)

for any f ∈ C0(Γ) (See [Soa94, Theorem 4.27]). Thus Fµ
0 is also the closure of C0(Γ)

in ℓ2(Γ) and therefore coincides with ℓ2(Γ). □

We next study boundary values of functions in Fµ. A natural way to define
a boundary value for f ∈ Fµ is to take a limit of f(Rn). Here we will use the
discrete-time process (Rn) for simplicity of notation, but the same results hold for
the continuous-time process (Xt). By Proposition 5.1, for any f ∈ Fµ, there exists
a unique pair of functions (f0, fHD) ∈ ℓ2(Γ) × HD(µ) such that

f = f0 + fHD.

By the definition of ℓ2(Γ), for any ε > 0 there exists a finite set B ⊂ Γ such that∑
x ∈ Γ\B

f0(x)2 < ε.

Since (Rn) is transient, this implies that

lim
n → ∞

f0(Rn)
(

= lim
t → ∞

f0(Xt)
)

= 0

Pµ
x-almost surely for any x ∈ Γ. Thus, we only need to consider the limit of fHD(Rn).

Since fHD is µ-harmonic, we have that for any x ∈ Γ, (fHD(Rn)) is a martingale
under Pµ

x. It is shown in [LP16, Theorem 9.11] that for any x ∈ Γ we have that

sup
n ∈N

Eµ
x

[
fHD(Rn)2

]
⩽ fHD(x)2 + 2Gµ(id)Eµ(fHD, fHD),

where Gµ(x) := ∑
k ⩾ 0 µ

∗k(x) is the Green function associated to µ. Therefore, under
Pµ

x, (fHD(Rn)) is a martingale which is bounded in L2. By Doob’s theorem, it con-
verges almost surely and in L2. Since (∂Γ, ν) is the Poisson boundary of the random
walk, see [Kai00], there exists a unique function u ∈ L2(∂Γ, ν) such that

lim
n → ∞

fHD(Rn) = u(R∞)a.s.,(5.5)
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and
fHD(x) =

∫
∂Γ
u(ξ)dνx(ξ) =: Hu(x).(5.6)

We summarize the discussions from the previous page in the following corollary.

Corollary 5.2. — For f ∈ Fµ, let f = f0+fHD (f0 ∈ ℓ2(Γ), fHD ∈ HD(µ)) be its
Royden decomposition as in (5.2). Then the limit limn → ∞ f(Rn) = limn → ∞ fHD(Rn)
almost surely exists and the limiting function u defined in (5.5) belongs to L2(∂Γ, ν).

Let u ∈ L2(∂Γ, ν) and define Hu as in (5.6). Note that this definition makes
sense since νx is absolutely continuous with respect to ν with a bounded density, see
Lemma 5.5, and therefore u ∈ L2(∂Γ, νx) for all x ∈ Γ.

Lemma 5.3. — For u ∈ L2(∂Γ, ν), the sequence (Hu(Rn)) forms a martingale
that is bounded in L2 and converges almost surely and in L2 towards u(R∞).

Proof. — Observe that
(5.7) Hu(Rn) = Eµ

Rn
[u(R∞)] = Eµ[u(R∞)|Gn] .

The first equality is the definition of Hu. The second equality is the Markov property
applied to the random variable u(R∞).

Since u ∈ L2(∂Γ, ν), the martingale Eµ[u(R∞)|Gn] is bounded in L2. By Doob’s
theorem, it converges almost surely and in L2 towards Eµ[u(R∞)|G∞] = u(R∞). □

The following result gives a motivation to introduce a class of Besov spaces asso-
ciated to µ ∈ M1. We will see below that the Besov space associated to µ gives an
alternative description of the collection of u’s in L2(∂Γ, ν) such that Hu ∈ HD(µ).

Definition 5.4. — For x, y ∈ Γ, define the Martin kernel Kµ(·, ·) by

Kµ(x, y) := Gµ (x−1y)
Gµ(y) .

It is shown in [Dyn69] that Kµ can be extended to Γ × Mµ, where Mµ is the Martin
boundary of (Γ, µ).

For x, y ∈ Γ, define the Naïm kernel Θµ(·, ·) by

Θµ(x, y) := Gµ (x−1y)
Gµ(x)Gµ(y) .

It is shown in [Sil74] (See also [Naï57]) that Θµ can be extended to Mµ × Mµ \
{(ω, ω′) ∈ Mµ × Mµ ; ω = ω′}.

It is also shown in [Dyn69] that the restriction of Kµ(x, .) to Mµ is a version of
the Radon–Nikodym derivative of νx with respect to ν.

Lemma 5.5. — The Martin kernel Kµ(x, y) (x, y ∈ Γ) has the following lower
bound:

Gµ(id)
Gµ(x) ⩾ Kµ(x, y) ⩾ Gµ(x)

Gµ(id) for any x, y ∈ Γ.

The Naïm kernel Θµ(x, y) (x, y ∈ Γ) has the following lower bound:
Θµ(x, y) ⩾ 1/Gµ(id) for any x, y ∈ Γ.
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We will give the proof for the sake of completeness. We will need this lemma to
ensure that the Besov space associated to µ is included in L2(∂Γ, ν). See Definition 5.8
below.

Proof. — By the Markov property, we have

Gµ(z) = Gµ(id)Pµ(Rk = z for some k ⩾ 1).

Therefore

Kµ(x, y) = Pµ
x(Rk = y for some k ⩾ 1)

Pµ
id(Rk = y for some k ⩾ 1) .

But

Pµ
id(Rk = y for some k ⩾ 1)

⩾ Pµ
id(Rk = x for some k ⩾ 1)Pµ

x(Rk = y for some k ⩾ 1).

Therefore
Kµ(x, y) ⩽ 1

Pµ
id(Rk = x for some k ⩾ 1) = Gµ(id)

Gµ(x) .

The lower bound on Kµ(x, y) is proved the same way. The bound on Θµ(x, y) follows
at once. □

Remark 5.6. — The Naïm kernel is pointwisely defined on the Martin boundary.
In Definition 5.8 and thereafter, we use a version of the Naïm kernel that is ν × ν-
almost surely defined on the Gromov boundary. It is shown in [Kai00] that the
Gromov boundary equipped with the harmonic measure is isomorphic to the Poisson
boundary of the walk, therefore it is measurably isomorphic to the Martin boundary
equipped with the harmonic measure. See [Woe00, Chapter VI] for details.

By (5.6) and [Sil74, Theorem 3,5], we have the following result, which is an exten-
sion to the discrete setting of the Douglas integral (see (1.2) and (1.3)) introduced
in Section 1.

Proposition 5.7 ([Sil74, Theorem 3.5]). — Suppose that we have a function
u ∈ L2(∂Γ, ν). Then we have

Eµ(Hu,Hu) =
∫ ∫

∂Γ×∂Γ
(u(ξ) − u(η))2Θµ(ξ, η)dν(ξ)dν(η) ,(5.8)

where Θµ is the Naïm kernel and with the understanding that the right-hand side
of (5.8) is finite if and only if Hu ∈ HD(µ).

We now introduce the following bilinear form associated to µ.

Definition 5.8. — Define

E∂Γ,µ(u, u) =
∫ ∫

∂Γ×∂Γ
(u(ξ) − u(η))2Θµ(ξ, η)dν(ξ)dν(η),

with domain B2(µ) := {u : ∂Γ → R ; E∂Γ,µ(u, u) < ∞}. We will call (E∂Γ,µ, B2(µ))
the Besov space associated to µ ∈ M1.
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Note that B2(µ) ⊂ L2(∂Γ, ν) by Lemma 5.5. By Proposition 5.7, we have

B2(µ) =
{
u ∈ L2(∂Γ, ν); Hu ∈ HD(µ)

}
.(5.9)

Thus if u ∈ B2(µ) then Hu ∈ Fµ and Lemma 5.3 implies that limn→∞ f(Rn) =
u(R∞). Reciprocally, if f ∈ Fµ then fHD = Hu for some u in B2(µ) and Corollary 5.2
and Lemma 5.3 imply that limn→∞ f(Rn) = u(R∞). We summarize these findings
in the next corollary.

Corollary 5.9. — For f ∈ Fµ, let Ũ(µ)f be the function on ∂Γ defined by
lim

n → ∞
f(Rn) = Ũ(µ)f(R∞) a.s.

Then Ũ(µ) defines a surjective linear map from Fµ to B2(µ) and Ker(Ũ(µ)) = ℓ2(Γ).

We will study the relations between B2(µ) and B2(d). Hereafter, we assume µ ∈ M2,
which is needed for the next proposition. It is a very important assumption since
it plays in our probabilistic construction a similar role to quasi-isometries in the
geometric context. In what follows, if f and g are two functions defined on a set A,
f ≍ g means that there exists a constant C > 1 such that C−1g(a) ⩽ f(a) ⩽ Cg(a)
for any a ∈ A.

Proposition 5.10 ([PSC00, Lemma 2.1]). — For any µ, µ′ ∈ M2, we have that
Fµ = Fµ′

, and Eµ(f, f) ≍ Eµ′(f, f) for any f ∈ Fµ = Fµ′
.

Before giving the main result of this section, we will prove the following results.

Lemma 5.11. — For any d ∈ JAR(∂Γ) and any µ ∈ M2, we have that C(∂Γ) ∩
B2(µ) = C(∂Γ) ∩B2(d). We will denote the common set by C.

Proof. — Let ESRW be the bilinear form associated to the simple random walk on
Γ with respect to a fixed finite symmetric generating set. Choose d ∈ JAR(∂Γ) and
µ ∈ M2 arbitrarily. Take u ∈ C(∂Γ) ∩B2(d). Define g : V (Γd) → R by

g(x) := 1
Hd(B(x))

∫
B(x)

u(ξ)dHd(ξ).(5.10)

It is shown in the proof of [BP03, Theorem 3.4] that
E∂Γ,d(u, u) ≍ ∥dg∥2

ℓ2(E(Γd)), and Id(g) = u, Hd-a.e.
Let Fd : Γ → V (Γd) be a quasi-isometry which continuously extends to the identity
on ∂Γ, as was shown to exist in Theorem 4.4. We have that

ESRW(g ◦ Fd, g ◦ Fd) ≍ ∥dg∥2
ℓ2(E(Γd)).

by the stability of Dirichlet forms under quasi-isometries ([Woe00, Theorem 3.10]).
Note that Γd satisfies the assumption in [Woe00, Theorem 3.10] since Γd is of bounded
degree. See Theorem 4.4. By Proposition 5.10, for µ ∈ M2 we have that

ESRW(g ◦ Fd, g ◦ Fd) ≍ Eµ(g ◦ Fd, g ◦ Fd).
Thus g ◦ Fd ∈ Fµ. By Proposition 5.7, g ◦ Fd has a limit along a path of the
random walk driven by µ with probability 1, and the limiting function v : ∂Γ → R
belongs to B2(µ). Since it is shown in [Kai00] that (Rn) converges to a random
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element R∞ ∈ ∂Γ in the topology of the compactified space Γ ∪ ∂Γ, the sequence
(Fd(Rn)) also converges to R∞. On the other hand, by the continuity of u and the
definition of g, for any sequence (hn) ⊂ Γd converging to a point η ∈ ∂Γ we get that
limn → ∞ g(hn) = u(η). This observation together with the above argument implies
that v(R∞) = limn → ∞ g ◦ Fd(Rn) = u(R∞) Pµ-a.s. Thus we get that v = u ν-a.s.,
and this implies that u ∈ B2(µ).

For v′ ∈ C(∂Γ) ∩ B2(µ), define its harmonic extension Hv′ : Γ → R with re-
spect to µ as in (5.6). Then by Proposition 5.7, we have that Hv′ ∈ HD(µ) and
Eµ(Hv′, Hv′) = E∂Γ,µ(v′, v′). Let F̃ d : V (Γd) → Γ be a quasi-isometry such that
Fd ◦ F̃ d and F̃ d ◦ Fd are within bounded distance from idΓd

and idΓ respectively.
Since Fd continuously extends to the identity on ∂Γ, F̃ d does so as well. Then we
have that

Eµ(Hv′, Hv′) ≍ ESRW(Hv′, Hv′) ≍
∥∥∥d (Hv′ ◦ F̃ d

)∥∥∥2

ℓ2(E(Γd))
< +∞.

By Theorem 4.6, the function Hv′ ◦ F̃ d has a limit along Hd-almost every geodesics
and the limiting function u′ : ∂Γ → R belongs to B2(d). On the other hand, by [Kai00,
Lemma 2.2], for any sequence (gn) ⊂ Γ converging to a point η ∈ ∂Γ, we have that
limn → ∞ Hv′(gn) = v′(η). Now u′ is the limit of Hv′ ◦ F̃ d along Hd-almost every
geodesics, and (F̃ d(gn)) converges to η whenever (gn) converges to η. Hence we get
that u′ = v′ Hd-a.e., and this implies the conclusion. □

Now we wish to relate the two Besov spaces B2(d) and B2(d′) for d, d′ ∈ JAR(∂Γ).
To do so, we use a bijective linear map between them given in [BP03], and show
that it coincides with the identity map on C. We now recall the construction of a
Banach isomorphism between (B2(d)/ ∼, E∂Γ,d) and (B2(d′)/ ∼, E∂Γ,d′) in [BP03].
Let u ∈ B2(d), and define g : V (Γd) → R as in (5.10). Now we define T̃ (d → d′) :
B2(d) → B2(d′) as follows:

T̃ (d → d′)u := Id′(g ◦ c0) ∈ B2(d′).

See (4.1) for the definition of c0.

Lemma 5.12. — For any d, d′ ∈ JAR(∂Γ), the linear map T̃ (d → d′) : B2(d) →
B2(d′) introduced above satisfies T̃ (d → d′)|C = IdC. Moreover, it induces a Banach
isomorphism T (d → d′) between (B2(d)/ ∼, E∂Γ,d) and (B2(d′)/ ∼, E∂Γ,d′).

Proof. — It is shown in [BP03] that the linear map T̃ (d → d′) induces a Banach
isomorphism between (B2(d)/ ∼, E∂Γ,d) and (B2(d′)/ ∼, E∂Γ,d′). Therefore, it suffices
to prove that T̃ (d → d′)|C = IdC.

Under the identification (4.3), we have that N∗(g) = g ◦ c0, where c0 : V (Γd′) →
V (Γd) is a quasi-isometry which continuously extends to the identity on ∂Γ. See the
third statement in Theorem 4.4. When u ∈ C, it is obvious that for any sequence
(hn) ⊂ Γd converging to η ∈ ∂Γ, we have that limn→∞ g(hn) = u(η). This implies
that T̃ (d → d′)|C = IdC. It is shown in [BP03] that the linear map T̃ (d → d′) induces
a Banach isomorphism between (B2(d)/ ∼, E∂Γ,d) and (B2(d′)/ ∼, E∂Γ,d′). □
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We next prove that for any µ, µ′ ∈ M2, there exists an isomorphism between the
two Besov spaces (E∂Γ,µ, B2(µ)) and (E∂Γ,µ′

, B2(µ′)) which coincides with the identity
map on C. Before proving this claim, we need some preparation.

Lemma 5.13. —
(1) The functional space (Eµ,HD(µ)/ ∼) is a Hilbert space.
(2) The linear map Ũ(µ)|HD(µ) : HD(µ) → B2(µ) induces a Banach isomorphism

U(µ) between the two Hilbert spaces (HD(µ)/ ∼, Eµ) and (B2(µ)/ ∼, E∂Γ,µ).
See Corollary 5.9 for the definition of Ũ(µ) : Fµ → B2(µ).

Proof. — We first prove the first claim. Recall that by Proposition 5.1, ℓ2(Γ) is
a closed subspace of the Hilbert space (Fµ/ ∼, Eµ). This fact together with the
decomposition (5.2) implies the result.

We next prove the second claim. By Corollary 5.9 and the decomposition (5.2),
Ũ(µ)|HD(µ) is bijective. Moreover, by Proposition 5.7, for f ∈ HD(µ) we have that

Eµ(f, f) = E∂Γ,µ
(
Ũ(µ)f, Ũ(µ)f

)
.

Thus, Ũ(µ)|HD(µ) induces a Banach isomorphism between (B2(µ)/ ∼, E∂Γ,µ) and
(HD(µ)/ ∼, Eµ). □

We now construct a bijective linear map betweenB2(µ) andB2(µ′). By Lemma 5.13,
we already have two bijective linear maps

Ũ(µ)|HD(µ) : HD(µ) → B2(µ) and Ũ(µ′)|HD(µ′) : HD(µ′) → B2(µ′).
Therefore, we wish to relate HD(µ) and HD(µ′). We define a linear map HD(µ →
µ′) : HD(µ) → HD(µ′) as follows: for f ∈ HD(µ), let f = f1 + f2 be its Royden
decomposition with respect to µ′, where f1 ∈ ℓ2(Γ) and f2 ∈ HD(µ′). Now we define

HD(µ → µ′)f := f2,

and T̃ (µ → µ′) : B2(µ) → B2(µ′) by

T̃ (µ → µ′) := Ũ(µ′) ◦ HD(µ → µ′) ◦
(
Ũ(µ)|HD(µ)

)−1
(5.11)

Proposition 5.14. — For any µ, µ′ ∈ M2, the linear map T̃ (µ → µ′) : B2(µ) →
B2(µ′) constructed above satisfies T̃ (µ → µ′)|C = IdC. Moreover, it induces a Banach
isomorphism T (µ → µ′) : (B2(µ)/ ∼, E∂Γ,µ) → (B2(µ′)/ ∼, E∂Γ,µ′).

Proof. — We first show that HD(µ → µ′) induces an isomorphism between (HD(µ)
/ ∼, Eµ) → (HD(µ′)/ ∼, Eµ′), which implies the second claim. Recall that by Propo-
sition 5.10, we have Fµ = Fµ′ and Eµ(f, f) ≍ Eµ′(f, f) for f ∈ Fµ = Fµ′ . When
HD(µ → µ′)f = 0, we have f ∈ ℓ2(Γ) ∩ HD(µ), hence f = 0. Thus HD(µ → µ′)
is injective. On the other hand, take g ∈ HD(µ′) arbitrarily. Let g = g1 + g2 be its
Royden decomposition with respect to µ, where g1 ∈ ℓ2(Γ) and g2 ∈ HD(µ). Then
g2 = −g1 +g, hence we have HD(µ → µ′)g2 = g. Therefore HD(µ → µ′) is surjective.
Moreover, for f ∈ HD(µ) we have

Eµ(f, f) = min
h ∈ ℓ2(Γ)

Eµ(f + h, f + h) ≍ min
h ∈ ℓ2(Γ)

Eµ′(f + h, f + h)

= Eµ′ (HD(µ → µ′)f,HD(µ → µ′)f) .
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Thus, HD(µ → µ′) induces an isomorphism between (HD(µ)/ ∼, Eµ) → (HD(µ′)/
∼, Eµ′).

We next show that T̃ (µ → µ′)|C = IdC. Let u ∈ C. By [Kai00, Lemma 2.2], we
have that for any sequence (gn) ⊂ Γ converging to η ∈ ∂Γ, limn → ∞ Hu(gn) = u(η).
This implies that u = Ũ(µ)(Hu) and u = Ũ(µ′)(Hu). Let Hu = h1 + h2 be the
Royden decomposition with respect to µ′, where h1 ∈ ℓ2(Γ) and h2 ∈ HD(µ′). Then
by Proposition 5.7, we have that

u = Ũ(µ′)(Hu) = Ũ(µ′)h2 = Ũ(µ′) ◦ HD(µ → µ′)(Hu)

= Ũ(µ′) ◦ HD(µ → µ′) ◦
(
Ũ(µ)|HD(µ)

)−1
u.

Therefore, we get the conclusion. □

We will give the main results of this section below.

Theorem 5.15. — For any d ∈ JAR(∂Γ) and µ ∈ M2, there exist linear maps
T̃ (d → µ) : B2(d) → B2(µ) and T̃ (µ → d) : B2(µ) → B2(d) with T̃ (µ → d)|C =
T̃ (d → µ)|C = IdC which induce Banach isomorphisms T (d → µ) : (B2(d)/ ∼
, E∂Γ,d) → (B2(µ)/ ∼, E∂Γ,µ) and T (µ → d) : (B2(µ)/ ∼, E∂Γ,µ) → (B2(d)/ ∼, E∂Γ,d).

Proof. — Take a probability measure µ′ on Γ with a finite support. It is shown
in [BHM11] that there exists a visual metric on ∂Γ called the Green visual metric
and denoted with ρ(Gµ′) which belongs to the Ahlfors-regular conformal gauge
JAR(∂Γ) and is such that (E∂Γ,µ′

, B2(µ′)) = (E∂Γ,ρ(Gµ′ ), B2(ρ(Gµ′))). See [BHM11,
Corollary 1.2 and Section 3.2]. Now we choose d ∈ JAR(∂Γ) and µ ∈ M2 arbitrarily.
We define T̃ (d → µ) : B2(d) → B2(µ) and T̃ (µ → d) : B2(µ) → B2(d) by

T̃ (d → µ) := T̃ (µ′ → µ) ◦ T̃
(
d → ρ(Gµ′)

)
,

T̃ (µ → d) := T̃ (ρ(Gµ′) → d) ◦ T̃ (µ → µ′),

respectively. By Lemma 5.12 and Proposition 5.14, it is obvious that the above two
linear maps coincide with the identity on C and induce Banach isomorphisms. □

6. Besov spaces associated to random walks and the theory
of Dirichlet forms

In this section, we first prove that when the Ahlfors-regular conformal dimension
of the Gromov boundary ∂Γ is strictly less than 2, Besov spaces on ∂Γ associated
either to metrics d ∈ JAR(∂Γ) and to random walks driven by µ ∈ M2 give rise to
regular Dirichlet forms on the boundary. Secondly, we will study a potential theoretic
property of Hausdorff measures of metrics in JAR(∂Γ) and harmonic measures of
random walks on Γ. Specifically, we will prove that those Hausdorff measures and
harmonic measures are smooth in a potential theoretic sense with respect to any
regular Dirichlet form on the boundary given by the Besov spaces.
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6.1. Regularity of Besov spaces and smoothness of harmonic measures

From now on, we will assume that there exists a metric d0 ∈ JAR(∂Γ) such
that q0 := dim(∂Γ, d0) < 2. In other words, we will assume that the Ahlfors-regular
conformal dimension of (∂Γ, ρΓ) is strictly less than 2. Let Lip0 be the set of Lipschitz
functions with respect to d0. By a straightforward computation, we can check that
Lip0 ⊂ B2(d0) under the assumption q0 < 2. By Lemma 5.11, this implies that

Lip0 ⊂ C,(6.1)

which will be important in the proof of the regularity of Besov spaces. In Proposi-
tion 5.14, we also checked that isomorphisms between Besov spaces can be arranged
in such a way that functions in Lip0 are invariant. We now claim the regularity of
Dirichlet forms associated to d ∈ JAR(∂Γ) and µ ∈ M2.

Theorem 6.1. — Assume the Ahlfors-regular conformal dimension of ∂Γ is
strictly less than 2. Then for any d ∈ JAR(∂Γ) and any µ ∈ M2, (E∂Γ,d, B2(d))
and (E∂Γ,µ, B2(µ)) are regular Dirichlet forms on L2(∂Γ,Hd) and on L2(∂Γ, ν) re-
spectively.

Before giving the proof, we introduce the following estimates which are reminiscent
of the Poincaré inequality.

Lemma 6.2. — Let d ∈ JAR(∂Γ). For u ∈ B2(d), let g : V (Γd) → R be the
function defined in (5.10). Then, there exists a constant C > 0 such that for any
u ∈ B2(d) we have that

∥u− g(O)∥2
L2(Hd) ⩽ CE∂Γ,d(u, u).

Proof. — The claim immediately follows from [BP03, Theorem 3.1 and Lemma 3.2].
See the argument below [BP03, Lemma 3.2]. □

Lemma 6.3. — Let (Rk)k⩾0 be a random walk on a non-amenable finitely gen-
erated group driven by a symmetric admissible probability measure µ. Then, there
exist constants a > 1 and C > 0 such that for any g ∈ Fµ we have that

∞∑
k=0

Eµ
[
(g(Rk+1) − g(Rk))2

]
ak ⩽ CEµ(g, g) .(6.2)

Proof. — Since every non-amenable Cayley graph satisfies a linear isoperimetric
inequality, by [Woe00, Theorem 10.3], there exists a constant c > 0 such that
µ∗k(id) ⩽ e−ck for any k ∈ N. Moreover, using the elementary inequality µ∗k(x) ⩽√
µ∗2k(id), we have that µ∗k(x) ⩽ e−ck for any x ∈ Γ and any k ∈ N. On the other

hand, we have that∑
k

Eµ
[
(g(Rk+1) − g(Rk))2

]
ak =

∑
k

ak
∑

x

µ∗k(x)
∑

y

µ
(
x−1y

)
(g(y) − g(x))2.

Combining this formula with the exponential decay of {µ∗k(x)}k ⩾ 1, we get the
desired estimate for sufficiently small a > 1 and some constant C > 0. □
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Proof of Theorem 6.1. — Since Lip0 ⊂ C, the set C separates points. Thus, C is
∥ · ∥∞-dense in C(∂Γ) by the Stone-Weierstrass theorem. Therefore, we only need
to show that C is dense both in (B2(d), (E∂Γ,d

1 )1/2) and (B2(µ), (E∂Γ,µ
1 )1/2). We first

prove the claim for d ∈ JAR(∂Γ). By [Cos09, Proposition 3.13], for any u ∈ B2(d)
there exists a sequence (wn) ⊂ C such that E∂Γ,d(u − wn, u − wn) → 0. Since
E∂Γ,d(v − c′, v − c′) = E∂Γ,d(v, v) for any v ∈ B2(d) and c′ ∈ R, it suffices to show
that there exists a constant cn ∈ R such that

lim
n → ∞

∥u− wn − cn∥L2(Hd) = 0.(6.3)

By Lemma 6.2, there exists a constant C > 0 such that for any v ∈ B2(d)

∥v − c(v)∥2
L2(Hd) ⩽ CE∂Γ,d(v, v), where c(v) = 1

Hd(∂Γ)

∫
∂Γ
v(ξ)dHd(ξ).

Choosing cn := c(u−wn), the above inequality together with (6.3) implies that C is
dense in (B2(d), (E∂Γ,d

1 )1/2) for d ∈ JAR(∂Γ).
We next prove the claim for µ ∈ M2. Take v ∈ B2(µ) and let Hv be its harmonic

extension with respect to µ as in (5.6). By applying Lemma 6.3 to Hv, we get that
there exist constants a > 1 and C > 0 such that∑

k

Eµ
[
(Hv(Rk+1) −Hv(Rk))2

]
ak ⩽ CEµ(Hv,Hv) = CE∂Γ,µ(v, v).

Since the limit of Hv along a path of (Rn) coincides with v, by the Cauchy-Schwarz
inequality we get we obtain that

∥v −Hv(id)∥2
L2(ν) = Eµ

[
(v(R∞) −Hv(id))2

]
= Eµ

( ∞∑
k=0

(Hv(Rk+1) −Hv(Rk))
)2


= Eµ

( ∞∑
k=0

(Hv(Rk+1) −Hv(Rk)) ak/2 · a−k/2
)2


⩽

( ∞∑
k=0

a−k

)
·

∞∑
k=0

Eµ
[
(Hv(Rk+1) −Hv(Rk))2

]
ak

⩽ C
∞∑

k=0
Eµ
[
(Hv(Rk+1) −Hv(Rk))2

]
ak.

(6.4)

Therefore, we get that
∥v −Hv(id)∥2

L2(ν) ⩽ CE∂Γ,µ(v, v).(6.5)

Thus, we can get the density of C in (B2(µ), (E∂Γ,µ
1 )1/2) by a similar argument as for

the density in (B2(d), (E∂Γ,d
1 )1/2). □

6.2. Smooth measures and measures of finite energy integral

In what follows, we will study some potential theoretic property of Hausdorff
measures associated to the Ahlfors-regular conformal gauge JAR(∂Γ) and harmonic
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measures associated to M2. In this subsection, we give several general definitions
about measures and potential theory of Dirichlet forms. We will explain later their
probabilistic interpretation, especially how those measures arise in the study of
symmetric Markov processes and their time changes.

Let E be a locally compact Hausdorff space, and m be a positive Radon measure
on E. Assume that we have a regular Dirichlet form (E ,F) on L2(E,m).

Definition 6.4. — For an open subset U ⊆ E, we define
LU :={u ∈ F ; u ⩾ 1 m-a.e. on U},

and

Cap(U):=

infu ∈ LU
E1(u, u), if LU ̸= ∅

∞, if LU = ∅.
For any subset A ⊆ E, we define

Cap(A) = inf
U :open,A ⊆ U

Cap(U).

The value of Cap(A) is called (1-)capacity of A.
Definition 6.5. — Let κ be a positive Borel measure on E. We say that κ is

smooth with respect to a regular Dirichlet form (E ,F) when the following conditions
are satisfied.

(1) κ(B) = 0 whenever Cap(B) = 0 and
(2) there exists an increasing sequence (Cn) of closed subsets of E such that

κ(Cn) < ∞ for any n ∈ N and
lim

n → ∞
Cap(K \ Cn) = 0 for any compact subset K ⊆ E.

Remark 6.6. — In what follows, we will choose the Gromov boundary ∂Γ as the
state space E. Since ∂Γ is compact, the second condition of smoothness is always
satisfied in our framework.

Definition 6.7. — Let κ be a positive Radon measure on E. We say that κ is of
finite energy integral with respect to a regular Dirichlet form (E ,F) if there exists a
constant C > 0 such that for any v ∈ F ∩ C0(E) we have that∫

E
|v(x)|dκ(x) ⩽ C

√
E1(v, v).

Note that by Riesz’s representation theorem, a positive Radon measure κ on E is of
finite energy integral with respect to a regular Dirichlet form (E ,F) if and only if
for each α > 0, there exists a unique function Uακ ∈ F such that∫

E
v(x)dκ(x) = Eα(Uακ, v)

for any v ∈ F ∩ C0(E).
Measures of finite energy integral are known to form a subclass of smooth measures.
Proposition 6.8 ([FOT11, Section 2.2]). — Any positive Radon measure κ

which is of finite energy integral with respect to a regular Dirichlet form (E ,F) is
smooth with respect to (E ,F).
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Now we introduce the following notions concerning capacity and smoothness of
measures with respect to regular Dirichlet forms associated to d ∈ JAR(∂Γ) and
µ ∈ M2.

Definition 6.9. — Assume the Ahlfors-regular conformal dimension of ∂Γ is
strictly less than 2.

(1) Thanks to Theorem 6.1, for any d ∈ JAR(∂Γ) and any µ ∈ M2, we can define
S(∂Γ, d) (S(∂Γ, µ), resp.) as the collection of all smooth measures with respect
to the regular Dirichlet form (E∂Γ,d, B2(d)) on L2(∂Γ,Hd) ((E∂Γ,µ, B2(µ)) on
L2(∂Γ, ν), resp.).

(2) Similarly, we define S0(∂Γ, d) (S0(∂Γ, µ), resp.) as the collection of all mea-
sures of finite energy integral with respect to the regular Dirichlet form
(E∂Γ,d, B2(d)) on L2(∂Γ,Hd) ((E∂Γ,µ, B2(µ)) on L2(∂Γ, ν), resp.).

(3) We also define 0(∂Γ, d) (0(∂Γ, µ), resp.) as the collection of all subsets of ∂Γ
with zero capacity with respect to the regular Dirichlet forms (E∂Γ,d, B2(d))
on L2(∂Γ,Hd) and
(E∂Γ,µ, B2(µ)) on L2(∂Γ, ν).

6.3. Poincaré-type inequalities and sets of 0 capacity

Below we consider two random walks with respective driving measures µ and
µ′ (always in M2) and respective harmonic measures ν and ν ′. Now recall that
by Theorem 5.15, for any µ ∈ M2, d ∈ JAR(∂Γ) and any u ∈ C, E∂Γ,µ(u, u) and
E∂Γ,d(u, u) are comparable up to multiplicative constants.

Proposition 6.10. — Let µ, µ′ ∈ M2 and d ∈ JAR(∂Γ). Denote by ν and ν ′ the
harmonic measures of the random walks driven by µ and µ′ respectively. Then, there
exists a constant C > 0 such that for any u ∈ C, we have that(∫

∂Γ
u dν −

∫
∂Γ
u dν ′

)2
⩽ CE∂Γ,µ(u, u), and(∫

∂Γ
u dν − Hd(∂Γ)−1

∫
∂Γ
u dHd

)2
⩽ CE∂Γ,µ(u, u).

Proof. — Let u ∈ C and Fd : Γ → V (Γd) be a quasi-isometry which continuously
extends to the identity on ∂Γ. Moreover, we will assume that Fd(id) = O without
loss of generality. Then if we define a function g : V (Γd) → R as in (5.10), we have
g ◦ Fd ∈ Fµ. Since the limit of g ◦ Fd along a path of (Rn) coincides with u, by the
same argument as in (6.4), we get that

∥u− g(O)∥2
L2(ν) = ∥u− g ◦ Fd(id)∥2

L2(ν) = Eµ
[
(u(R∞) − g ◦ Fd(id))2

]
⩽ C

∞∑
k=0

Eµ
[
(g ◦ Fd(Rk+1) − g ◦ Fd(Rk))2

]
ak.

By Lemma 6.3, we get that
∥u− g(O)∥2

L2(ν) ⩽ CEµ(g ◦ Fd, g ◦ Fd).
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Since

Eµ(g ◦ Fd, g ◦ Fd) ≍ ∥dg∥2
ℓ2(E(Γd)) ≍ E∂Γ,d(u, u),

we get that

∥u− g(O)∥2
L2(ν) ⩽ CE∂Γ,d(u, u).(6.6)

Recalling g(O) := Hd(∂Γ)−1 ∫
∂Γ u dHd, we get that(∫

∂Γ
u dν − Hd(∂Γ)−1

∫
∂Γ
u dHd

)2
⩽ CE∂Γ,d(u, u).(6.7)

We obtain the first estimate by applying the inequality (6.7) to two harmonic mea-
sures ν, ν ′ and combining them with the triangle inequality. □

Theorem 6.11. — Assume the Ahlfors-regular conformal dimension of ∂Γ is
strictly less than 2. For any d ∈ JAR(∂Γ) and µ ∈ M2, we have that S0(∂Γ, d) =
S0(∂Γ, µ). The similar statement holds for S(∂Γ, d) and S(∂Γ, µ), also for 0(∂Γ, d)
and 0(∂Γ, µ). We will denote those common sets by S0(∂Γ),S(∂Γ) and 0(∂Γ) respec-
tively.

Proof. — Choose d ∈ JAR(∂Γ) and µ ∈ M2 arbitrarily. The first claim together
with [FOT11, Theorem 2.2.3] implies the third one. The second claim follows from the
third one and the definition of smooth measures. See Definition 6.5 and Remark 6.6.
Therefore, it suffices to prove the first claim. Let κ be a positive Radon measure and
assume that κ ∈ S0(∂Γ, d), namely, there exists a constant C > 0 such that for any
v ∈ C ∫

∂Γ
|v(ξ)|dκ(ξ) ⩽ C

(
E∂Γ,d

1 (v, v)
)1/2

.(6.8)

We will show that κ ∈ S0(∂Γ, µ). Recall that for any v ∈ C, we have that E∂Γ,d(v, v) ≍
E∂Γ,µ(v, v). By Lemma 6.2, we have that

inf
c

∥v − c∥2
L2(Hd) ⩽ CE∂Γ,d(v, v) ⩽ C ′E∂Γ,µ(v, v),

for a constant C ′ > 0 independent of v. On the other hand, we have that

inf
c

∥v − c∥2
L2(Hd) = inf

c

(
Hd(∂Γ) · c2 − 2c

(∫
∂Γ
vdHd

)
+ ∥v∥2

L2(Hd)

)
= ∥v∥2

L2(Hd) − Hd(∂Γ)−1
(∫

∂Γ
vdHd

)2
.

Thus, by Proposition 6.10 we get that

∥v∥2
L2(Hd) ⩽ C ′E∂Γ,µ(v, v) + Hd(∂Γ)−1

(∫
∂Γ
vdHd

)2

⩽ C ′E∂Γ,µ(v, v) + CHd(∂Γ) ·
(

∥v∥L1(ν) +
√

E∂Γ,µ(v, v)
)2

⩽ (C ′ + 2CHd(∂Γ)) · E∂Γ,µ(v, v) + 2Hd(∂Γ)∥v∥2
L1(ν)

⩽ (C ′ + 2CHd(∂Γ)) · E∂Γ,µ(v, v) + 2Hd(∂Γ)∥v∥2
L2(ν),
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where we used Jensen’s inequality in the last step. By substituting the above estimate
for the inequality (6.8), we get that κ ∈ S0(∂Γ, µ). By using the estimate (6.5) and
Proposition 6.10, the converse claim can be proved similarly. □

Remark 6.12. — Note that both of S(∂Γ) and S0(∂Γ) contain any Hausdorff
measure Hd of a metric d ∈ JAR(∂Γ) and any harmonic measure ν of a random
walk driven by a probability measure µ ∈ M2 since Hd is smooth with respect to
(E∂Γ,d, B2(d)) and ν is smooth with respect to (E∂Γ,µ, B2(µ)).

7. Time changes of processes associated with Dirichlet forms

In Section 4, we introduced notions such as smooth measures and measures of
finite energy integral, which concern the relation between measures and potential
theory of Dirichlet forms. In this section, we will introduce several general facts
on Dirichlet forms to explain the probabilistic interpretation of smooth measures
and measures of finite energy integral, which are heavily related to time changes of
symmetric Markov processes.

7.1. Positive continuous additive functionals

Let E be a locally compact separable metric space and m be a positive Radon
measure on E with full support. If we are given a regular Dirichlet form (E ,F)
on L2(E,m), we can associate an m-symmetric Hunt process (Xt) on E. In this
subsection, for x ∈ E we will denote by Px the distribution of (Xt) started at x.
Also, the expectation with respect to Px will be denoted by Ex.

In the theory of Dirichlet forms, it is well-known that there is a relationship, called
the Revuz correspondence, between smooth measures on E and positive continuous
additive functionals (PCAFs in short). See [CF12, FOT11] for the precise definition
of PCAFs. We denote the set of smooth measures on E by S, and the set of PCAFs
of the Hunt process X by A+

c . In what follows, we denote the extended Dirichlet
space of (E ,F) by (Fe, E).

For a given A ∈ A+
c , define the measure κA, called the Revuz measure of A, by the

following formula: for any f ∈ B+(E) := {f : E → R⩾ 0 ; f is Borel measurable},

⟨κA, f⟩ = lim
t ↓ 0

1
t
Em

[∫ t

0
f(Xs)dAs

]
,

where Em[·] :=
∫

Ex[·]m(dx). Two positive additive functionals A,B ∈ A+
c are called

m-equivalent if Pm(At = Bt) = 1 for every t > 0.
Theorem 7.1 ([FOT11, Theorem 5.1.3][CF12, Theorem 4.1.1]). —
(1) For any A ∈ A+

c , κA ∈ S.
(2) For any κ ∈ S, there exists A ∈ A+

c which satisfies κA = κ. A is unique up to
m-equivalence.

(3) For A ∈ A+
c and κ ∈ S, the following conditions are equivalent.

(a) κA = κ
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(b) For any f, h ∈ B+(E) and any t > 0,

Eh·m

[∫ t

0
f(Xs)dAs

]
=
∫ t

0
⟨Tsh, f · κ⟩ds,(7.1)

where (Ts) is the semigroup associated to the process X.

Example 7.2. — Let (E ,F) be a regular Dirichlet form on L2(E,m) and (Xt)
be the corresponding m-symmetric Hunt process. Then for a nonnegative function
g ∈ L1(E,m), the absolutely continuous measure

g ·m(dx) := g(x)m(dx)
is smooth with respect to (E ,F). This immediately follows from the absolute conti-
nuity and the fact that m itself is a smooth measure with respect to (E ,F).

Let us prove that the Revuz correspondence relates g ·m to the PCAF

Ag
t :=

∫ t

0
g(Xs)ds.

We will verify (7.1). Let f, h ∈ B+(E) and t > 0. By Fubini’s theorem, we have that

Eh·m

[∫ t

0
f(Xs)dAg

s

]
= Eh·m

[∫ t

0
f(Xs)g(Xs)ds

]
=
∫ t

0
dsEh·m [(fg)(Xs)] .

Using the m-symmetry of X, we finally get that∫ t

0
dsEh·m [(fg)(Xs)] =

∫ t

0
ds ⟨Ts(fg), h ·m⟩ =

∫ t

0
ds ⟨Tsh, fg ·m⟩ ,

which is (7.1).

The following theorem gives the probabilistic interpretation of sets of zero capacity.

Theorem 7.3 ([FOT11, Theorem 4.2.1]). — Let (E ,F) be a regular Dirichlet
form on L2(E,m) and (Xt) be the m-symmetric Hunt process which corresponds to
(E ,F). Then for a set C ⊆ E, we have that Cap(C) = 0 if and only if

Px(Xt /∈ C for any t ∈ [0,∞)) = 1
for m-almost every x.

For a PCAF Aκ ∈ A+
c whose Revuz measure is κ ∈ S, define its right continuous

inverse (Aκ)−1
t by

(Aκ)−1
t := inf {s > 0;Aκ

s > t} .
Then the time-changed process Yt := X ◦ (Aκ)−1

t is a κ-symmetric Markov process.
The new process (Yt) may not be defined for any t > 0 even if (Xt) is so: when Aκ

∞ :=
limt → ∞ Aκ

t is finite, (Yt) is killed at Aκ
∞. The Dirichlet form of Yt is characterized

by the following theorem.

Theorem 7.4 ([FOT11, Theorem 6.2.1][CF12, Theorem 5.2.2]). — For B ∈
B(E), define the hitting time σB of B by

σB := inf{t > 0;Xt ∈ B}.

ANNALES HENRI LEBESGUE



Besov spaces and random walks 195

Let Aκ be a PCAF whose Revuz measure is κ ∈ S, and (Aκ)−1
t be the right continuous

inverse of Aκ. Denote the support of Aκ by F. (See [FOT11, p. 234] for the definition.)
Define (Ě , F̌) by

F̌ :=
{
u ∈ L2(F, κ) ; u = φ̃ κ-a.e. on F for some φ ∈ Fe

}
,

Ě(u, v) := E(HFu,HFv) for u, v ∈ F̌ ,
where φ̃ is a quasi-continuous modification of φ (See [FOT11, Theorem 2.1.3]). and
HFf(x) := Ex [f(XσF

);σF < ∞] , x ∈ E, f ∈ B+(E). Then (Ě , F̌) is the regular
Dirichlet form on L2(F, κ) which corresponds to Yt := X ◦ (Aκ)−1

t . We will call (Ě , F̌)
the trace of (E ,F) on F with respect to κ.

8. Reflecting random walks on Γ ∪ ∂Γ and their trace
processes on ∂Γ

In this section, we will give a probabilistic interpretation of the strong Markov
process of jump type associated to the regular Dirichlet form (E∂Γ,µ, B2(µ)). In the
next subsection we will illustrate what we described above by introducing an example.
Specifically, we will generalize the example (1.3) of the Douglas integral by using
notions in Section 7.

8.1. Motivating example: Brownian motions and boundary conditions

Let D ⊂ Rd be a bounded Euclidean domain whose boundary ∂D is sufficiently
smooth. There exist at least two natural diffusion processes defined on D.

The first one is the absorbing Brownian motion, which we denote by (B̃Mt). This
is a D-valued stochastic process which behaves as a d-dim Brownian motion on Rd

until it reaches ∂D and dies out upon hitting the boundary. It is sometimes called
the killed Brownian motion. (Dying, for a Markov process, means being sent to a
cemetery point that does not belong to D and staying there forever.) It is known
that the corresponding Dirichlet form is given by

ED(f, g) := 1
2

∫
D

(
d∑

i=1

∂f

∂xi

· ∂g
∂xi

)
dx1 . . . dxd,(8.1)

with domain
W 1,2

0 (D) := Cc(D)W 1,2(D)
,

which is regular on L2(D). Here Cc(D) denotes the set of continuous functions with
compact support contained in D. See [FOT11, Example 4.4.1]. The domain W 1,2

0 (D)
consists of functions in the Sobolev space W 1,2(D) with zero boundary values, and
this absence of nontrivial boundary values of functions in the domain intuitively
corresponds to the inactivity of (B̃Mt) after its hitting to the boundary.

The second one is a reflecting Brownian motion, which we denote by (BMt). This
is a (D ∪ ∂D)-valued stochastic process, and it also behaves as a d-dim Brownian
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motion on Rd until it reaches ∂D, but it reflects off the boundary ∂D, then returns
to the interior D, and keeps moving. The difference between the Dirichlet form
corresponding to (BMt) and the form (ED,W 1,2

0 (D)) is in the domain. Namely, for a
reflecting Brownian motion, the domain is replaced by

W 1,2(D) :=
{
f ∈ L2(D) : ∂f

∂xi

∈ L2(D) for any 1 ⩽ i ⩽ d

}
.(8.2)

It is known that (ED,W 1,2(D)) is also a regular Dirichlet form on L2(D ∪ ∂D).
See [FOT11, Example 1.6.1], [CF12, Example 3.5.9].

(N.B. This is a convention used in the theory of Dirichlet forms, which is a
bit confusing: since ∂D is a null set, L2(D ∪ ∂D) could be identified with L2(D).
Notice, however, that the definition of the regularity (Definition 3.6) involves the
set of continuous functions on the state space. Therefore, the claim above should be
interpreted as follows: C(D ∪ ∂D) ∩ W 1,2(D) is dense both in (C(D ∪ ∂D), ∥ · ∥∞)
and (W 1,2(D), (ED

1 )1/2)).
Note that W 1,2(D) is the maximal domain for the Dirichlet integral (8.1) to make

sense. Furthermore, functions in W 1,2(D) display a variety of boundary values and,
intuitively speaking, this fact allows the corresponding process to remain active after
its hitting to the boundary.

Applying Theorem 7.4 to the Dirichlet form (ED,W 1,2(D)) corresponding to a
reflecting Brownian motion, we can construct its trace form (E∂D,F∂D) on ∂D as
follows: let κ be the boundary hitting distribution of (BMt). Define

F∂D :=
{
u ∈ L2(∂D, κ); u = f̃ κ-a.e. on ∂D for some f ∈ W 1,2(D)

}
,(8.3)

E∂D(u, v) := ED (H∂Du,H∂Dv) for u, v ∈ F∂D.(8.4)

Note that by Definition 3.3, it is easy to see that W 1,2
e (D) = W 1,2(D). Furthermore,

it can be shown that

F∂D =
{
u ∈ L2(∂D, κ); H∂Du ∈ W 1,2(D)

}
.

See [CF12, Section 7.2, Example 7.2.10] for related discussions. Therefore, the ex-
ample (1.3) of the Douglas integral is exactly what we get when we apply this
construction to the two dimensional disc.

In the next subsection, we will address an analogous problem in the context of
random walks on hyperbolic groups. Namely, we will first construct a reflecting
random walk driven by µ ∈ M2, which is a Γ ∪ ∂Γ-valued process, by showing that
the Dirichlet form with maximal domain built from (Eµ,Fµ) is regular on L2(Γ∪∂Γ).
We then show that its trace form on ∂Γ with respect to the harmonic measure ν
coincides with the Besov space (E∂Γ,µ, B2(µ)). By Theorem 7.4, this implies the
following: Markov processes corresponding to (E∂Γ,µ, B2(µ)) is actually the time-
change of the reflecting random walk by the right-continuous inverse of the PCAF,
which is related to ν by the Revuz correspondence (Theorem 7.1). This gives a
concrete probabilistic interpretation of Markov processes corresponding to Besov
spaces.
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8.2. Reflected random walks

In this subsection, we will finally discuss reflecting extensions in the context of
random walks on hyperbolic groups. Let us first explain the construction of the
reflecting random walk on Γ∪∂Γ. Recall the definition of the constant speed random
walk from Example 3.9. Let µ ∈ M2, and (Xt) be the constant speed random walk
associated to the regular Dirichlet form (Eµ, ℓ2(Γ)) on ℓ2(Γ). The process (Xt) does
not reach ∂Γ in finite time since its holding time at any vertex in Γ is distributed as
the exponential distribution with mean 1.

We first take a time change of (Xt) in such a way that the time-changed process
reaches the boundary ∂Γ within finite time and dies. This can be viewed as an
analogous object to an absorbing Brownian motion on a domain discussed in the
last subsection. We do it as follows: let ω be a finite measure on Γ with full support.
Define (Yt) by taking a time change of (Xt) such that at a vertex x ∈ Γ, (Yt) has
a holding time distributed as the exponential distribution with mean ω(x). Then,
(Yt) corresponds to the regular Dirichlet form (Eµ, ℓ2(Γ)) on L2(Γ, ω), and (Yt) is the
time change of (Xt) by the right-continuous inverse of the PCAF

∫ t
0 ω(Xs)ds which

is related to ω by the Revuz correspondence as in Part 7.1. (Since ω has full support,
it is obvious that ω is smooth with respect to the regular Dirichlet form (Eµ, ℓ2(Γ))
on ℓ2(Γ).) Note that we have

Eµ
[∫ ∞

0
ω(Xs)ds

]
=
∫ ∞

0
Eµ [ω(Xs)] ds

=
∫ ∞

0

∑
x ∈ Γ

Pµ(Xs = x)ω(x)ds

=
∑
x ∈ Γ

ω(x)
∫ ∞

0
Pµ(Xs = x)ds

⩽
(∫ ∞

0
Pµ(Xs = id)ds

) ∑
x ∈ Γ

ω(x) < ∞,

where we use the fact that ω is a finite measure in the last step. Therefore, it holds
that ∫ ∞

0
ω(Xs)ds < ∞ a.s.(8.5)

Recall that (Yt) is the time-change of (Xt) by the right-continuous inverse of
∫ t

0 ω(Xs)
ds. This together with (8.5) implies that almost all trajectories of (Yt) reach ∂Γ at
time

∫∞
0 ω(Xs)ds < ∞ and die out afterwards.

We next define a new form that gives a reflecting extension of the killed random
walk (Yt). Analogously to the maximal domain (8.2), we replace the previous domain
ℓ2(Γ) with

Fµ ∩ L2(Γ, ω).
This domain is indeed the maximal one in the following sense: Fµ is the collection
of all functions with finite energy. On the other hand, a domain of a Dirichlet form,
by definition, needs to be a subspace of L2 on which it is defined. Thus we need to
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take the intersection. Observe however that(
Eµ,Fµ ∩ L2(Γ, ω)

)
is not regular on L2(Γ, ω).

Intuitively, this can be seen as follows: since C0(Γ) consists of functions with finite
support, C0(Γ) ∩ Fµ ∩ L2(Γ, ω) only contains functions that vanish at infinity. On
the other hand, as opposed to the previous domain ℓ2(Γ), the new one Fµ ∩L2(Γ, ω)
contains functions that have non-zero boundary values since ω is a finite measure
on Γ. Therefore, C0(Γ) ∩ Fµ ∩ L2(Γ, ω) cannot be dense in ((Fµ ∩ L2(Γ, ω))1, Eµ).

In order to show the regularity of the new Dirichlet form with the extended
domain, we need to enlarge the space on which it is considered. We use the Gromov
compactification to obtain the regularity on the larger state space Γ ∪ ∂Γ in the
following manner: consider ω as a measure on Γ ∪ ∂Γ that gives zero weight to the
boundary. Note that ω still has full support. Then we look at functions defined on
Γ∪∂Γ whose restrictions to Γ are in L2(Γ, ω) and in Fµ. Recall that for any function
in Fµ, we can define its boundary value on ∂Γ thanks to the discussion around (5.5).
We now introduce some new notation. We denote by F̃µ the set of all functions on
Γ ∪ ∂Γ that are extensions of functions in Fµ. We define

F̃µ(ω) :=
{
f ∈ F̃µ; f |Γ ∈ L2(Γ, ω)

}
,

Ẽµ(f, f) := Eµ (f |Γ, f |Γ) for f ∈ F̃µ.

The above extension does not change the L2 norm, nor the Dirichlet norm or the L∞

norm. In other words, the two Dirichlet forms (Eµ,Fµ ∩ L2(Γ, ω)) and (Ẽµ, F̃µ(ω))
are equivalent in the sense in [FOT11, Appendix A.4, p. 422]. This kind of maximal
extensions of domains of Dirichlet forms can be discussed in the more general context
using the notion called reflected Dirichlet spaces introduced in [Che92]. We refer in-
terested readers to [CF12, Chapter 6] for detailed discussions. In [CF12, Section 6.5],
the following result is proved: consider a regular Dirichlet form (E , L2(V,m)), intro-
duced in (3.4), corresponding to a random walk on a general discrete graph. Then
the domain of the reflected Dirichlet space of (E ,F) coincides with the set of all
functions with finite energy. Therefore, what we study here is a specific example of
this concept.

We now prove that (Ẽµ, F̃µ(ω)) is a regular Dirichlet form on L2(Γ ∪ ∂Γ, ω).

Theorem 8.1. — Assume that the Ahlfors-regular conformal dimension of ∂Γ is
strictly less than 2. Then for µ ∈ M2, we have the following:

• (Ẽµ, F̃µ(ω)) is a regular Dirichlet form on L2(Γ ∪ ∂Γ, ω).
• The extended Dirichlet space of (Ẽµ, F̃µ(ω)) is (F̃µ, Ẽµ).

Proof. — We start with proving the second item. Choose f ∈ Fµ arbitrarily. Let |·|
be the word metric with respect to a fixed finite symmetric generating set and define
fn by fn(x) := f(x)1{|x|⩽n}. Obviously we have fn ∈ F̃µ(ω) and limn → ∞ fn = f ω-
a.e. By Proposition 5.10, It suffices to show that

lim
n,m → ∞

ESRW (fn − fm, fn − fm) = 0,(8.6)
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where ESRW is the energy form associated with a simple random walk on the Cayley
graph. Without loss of generality, we assume n > m. It holds that

ESRW (fn − fm, fn − fm) ⩽
∑

x,y;|x|,|y|⩾m−1
(f(x) − f(y))2 → 0

as n,m → ∞, which yields the claim.
We next prove the first claim. In order to prove the theorem, it suffices to show

that C(Γ ∪ ∂Γ) ∩ F̃µ(ω) is dense both in (C(Γ ∪ ∂Γ), ∥ · ∥∞) and in (F̃µ(ω), (Ẽµ
1 )1/2).

Note that

C(Γ ∪ ∂Γ) ∩ F̃µ(ω) = C(Γ ∪ ∂Γ) ∩ F̃µ,

since ω is a finite measure on Γ ∪ ∂Γ.
We first prove that C(Γ ∪ ∂Γ) ∩ F̃µ is dense in (C(Γ ∪ ∂Γ), ∥ · ∥∞). By Stone-

Weierstrass theorem, we just need to prove that C(Γ ∪ ∂Γ) ∩ F̃µ separates points in
Γ ∪ ∂Γ. Obviously, it is enough to prove the claim for points in ∂Γ.

Recall the definition of the space Lip0 from Part 6.1. For any η, ξ ∈ ∂Γ with η ̸= ξ,
there exists a function u ∈ Lip0 such that u(η) = 1 and u(ξ) = 0. Note that u ∈ C
since Lip0 ⊂ C. Let Hu : Γ → R be the harmonic extension of u as in (5.6). Then
by Proposition 5.7 and Theorem 5.15, we get Hu ∈ Fµ.

Take any sequence (gn) ⊂ Γ converging to τ ∈ ∂Γ. Then, by [Kai00, Lemma 2.2],
the sequence of harmonic measures (νgn) weakly converges to the dirac measure of τ .
Since u is bounded and continuous, this implies limn → ∞ Hu(gn) = u(τ). Therefore
the function Hu · 1Γ + u · 1∂Γ belongs to C(Γ ∪ ∂Γ). This is enough to prove that
C(Γ ∪ ∂Γ) ∩ F̃µ is dense in (C(Γ ∪ ∂Γ), ∥ · ∥∞).

We next prove that C(Γ ∪ ∂Γ) ∩ F̃µ is dense in (F̃µ(ω), (Ẽµ
1 )1/2). Take h ∈ F̃µ(ω).

Note that by [FOT11, Theorem 1.4.2(i), (iii)], we can assume that h is a bounded
function without loss of generality. By applying the Royden decomposition to h, we
get that

h = h0 + h1,where h0 ∈ ℓ2(Γ) and h1 ∈ HD(µ).

By the definition of ℓ2(Γ), for any ε > 0 there exists k ∈ N such that∑
x ∈ Γ:|id−x|Γ > k

h0(x)2 < ε.

This implies that h0 can be extended to a continuous function on Γ ∪ ∂Γ by setting
h0|∂Γ = 0. Notice that ℓ2(Γ) ⊂ F̃µ(ω) since functions in ℓ2(Γ) are bounded and belong
to Fµ by Proposition 5.1. Thus we have that h0 ∈ F̃µ(ω). Therefore, it suffices to
show the claim for h1. We know that h1 is bounded and belongs to HD(µ) ∩ F̃µ(ω).

Define
C1 := sup

x ∈ Γ
h1(x).

We let v : ∂Γ → R be such that limt → ∞ h1(Xt) = v(R∞) as in (5.5). Then
v ∈ B2(µ). Moreover, by Corollary 5.2 we have that h1 = Hv. Since C is dense
in (B2(µ), (E∂Γ,µ

1 )1/2), we can take a sequence (wn) ⊂ C which converges to v in
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(B2(µ), (E∂Γ,µ
1 )1/2). Moreover, by [FOT11, Theorem 1.4.2(v)], we have the same con-

vergence for the sequence w′
n := wn ∧ C1, namely

E∂Γ,µ (v − w′
n, v − w′

n) + ∥v − w′
n∥2

L2(ν) → 0.(8.7)

Since we have that E∂Γ,µ(u, u) = Eµ(Hu,Hu) for any u ∈ B2(µ) and h1 = Hv, this
implies that

Eµ (h1 −Hw′
n, h1 −Hw′

n) → 0.(8.8)
It is easy to see that (8.8) implies that

lim
n → ∞

(h1(x) −Hw′
n(x) − cn) = 0 for any x ∈ Γ,(8.9)

where
cn := h1(id) −Hw′

n(id).
First observe that

Eµ (h1 −Hw′
n − cn, h1 −Hw′

n − cn) = Eµ (h1 −Hw′
n, h1 −Hw′

n)
still converges to 0. It remains to check that ∥h1 −Hw′

n − cn∥L2(Γ∪∂Γ,ω) → 0.
By (5.6) and (8.7) we have that

|cn| = |h1(id) −Hw′
n(id)| = |H(v − w′

n)(id)| ⩽
∫

∂Γ
|v(ξ) − w′

n(ξ)|dν(ξ)

⩽ ∥v − w′
n∥L1(ν) ⩽ ∥v − w′

n∥L2(ν).

Therefore the sequence (cn) converges to 0 as n → ∞ and supm⩾1 |cm| < ∞.
We have that for any x ∈ Γ

|h1(x) −Hw′
n(x) − cn| ⩽ 2C1 + sup

m⩾ 0
|cm| < ∞.

Since ω is a finite measure on Γ, the dominated convergence theorem implies the
conclusion. □

By Theorem 8.1, there exists a Γ∪∂Γ-valued, ω-symmetric process (Wt) associated
to the regular Dirichlet form (Ẽµ, F̃µ(ω)). Note that 1 ∈ F̃µ and therefore the process
(Wt) is recurrent. (See [FOT11, Theorem 1.6.3].)

For a process (St) on Γ ∪ ∂Γ and a subset A ⊂ Γ ∪ ∂Γ, we define
σS(A) := inf {t > 0 ; St /∈ A} .

The next result shows that (Wt) is an extension of (Yt).

Proposition 8.2. — (Yt ; 0 ⩽ t < σY (Γ)) (d)= (Wt ; 0 ⩽ t < σW (Γ)).

Proof. — By Theorem 3.4, it suffices to prove that the extended Dirichlet spaces
associated to the above two processes coincide. By the inequality (5.4), there exists
a constant C > 0 such that

∥f∥2
ℓ2(Γ) ⩽ CEµ(f, f)

for any f ∈ ℓ2(Γ). Hence the extended Dirichlet space associated to (Yt ; 0 ⩽ t <
σY (Γ)) is ℓ2(Γ).

On the other hand, by [CF12, Theorem 3.4.9], the extended Dirichlet space as-
sociated to (Wt ; 0 ⩽ t < σW (Γ)) is given by {f ∈ F̃µ ; f̃ = 0 q.e. on ∂Γ},
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where f̃ is a quasi-continuous modification of f . Now we have the decomposition
Fµ = ℓ2(Γ)⊕HD(µ) and any function in HD(µ) with zero boundary value should
be identically zero. Thus we get the conclusion. □

Finally, the next theorem gives a probabilistic interpretation of the regular Dirichlet
form (E∂Γ,µ, B2(µ)) on L2(∂Γ, ν). Recall that by Remark 6.12, ν is smooth with
respect to (E∂Γ,µ, B2(µ)), therefore there exists a PCAF Aν related to ν by the
Revuz correspondence.

Theorem 8.3. — Assume that the Ahlfors-regular conformal dimension of ∂Γ is
less than 2. Then for µ ∈ M2, the regular Dirichlet form (E∂Γ,µ, B2(µ)) on L2(∂Γ, ν)
coincides with the trace of (Ẽµ, F̃µ(ω)) on ∂Γ with respect to ν. In other words, the
regular Dirichlet form (E∂Γ,µ, B2(µ)) on L2(∂Γ, ν) corresponds to the ν-symmetric
Hunt process W ◦ (Aν)−1

t on ∂Γ.

Remark 8.4. —
• Notice that the trace of (Ẽµ, F̃µ(ω)) on ∂Γ with respect to ν does not depend

on the choice of ω.
• The formula (7.1) implies that the PCAF Aν

t only increases at times when the
reflecting random walk is on ∂Γ. This is consistent with what we described
in the footnote in page 2 for a Brownian motion on the 2-dim disc.

Proof. — Let (Ẽ, F̃ ) be the trace of (Ẽµ, F̃µ(ω)) on ∂Γ with respect to ν. Then
by Theorem 7.4, (Ẽ, F̃ ) is given by

Ẽ(u, u) := Eµ (H∂Γu,H∂Γu) ,

F̃ :=
{
u ∈ L2(∂Γ, ν) ; u = g̃ ν-a.e. on ∂Γ for some g ∈ F̃µ

}
,

where g̃ is a quasi-continuous modification of g and H∂Γu(g) := Eg[u(WσW (Γ))]. By
Proposition 8.2, we get that

Eg

[
u
(
WσW (Γ)

)]
=
∫

∂Γ
u(η)dνg(η) = Hu(g).

Thus, it suffices to prove that F̃ = B2(µ). We first show that F̃ ⊃ B2(µ). Take v ∈
B2(µ) arbitrarily. By Proposition 5.7, there exists f ∈ F̃µ such that limt → ∞ f(Xt) =
v(X∞) Pµ-a.s. This implies that f̃ = v ν-a.e. on ∂Γ.

We next show that F̃ ⊂ B2(µ). Take u ∈ F̃ arbitrarily. Then, we have that
u = g̃ ν-a.e. on ∂Γ for some g ∈ F̃µ. On the other hand, by Proposition 5.7 again,
there exists w ∈ B2(µ) such that limt → ∞ g(Xt) = w(X∞) Pµ-a.s. Hence, we get that
u = w ν-a.e., and this implies that u ∈ B2(µ). □

9. More on the potential theory of harmonic measures

9.1. Measures of finite energy integral and heat kernel estimates

In this subsection, we will prove an integral condition for measures to be of finite
energy integral, see (9.2). We will use the heat kernel estimates for non-local Dirichlet
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forms from [CK08, CKW21, GHH18], which we state below. Recall that the metric d0
belongs to the Ahlfors-regular conformal gauge JAR(∂Γ), and q0 := dim(∂Γ, d0) < 2.
This last condition ensures that results obtained in [GHH18] can be applied to
the regular Dirichlet form (E∂Γ,d0 , B2(d0)) on L2(∂Γ,Hd0). We refer to [GHH18], in
particular statement (1.16), for the following

Theorem 9.1. — There exists a jointly measurable transition density function
p0

t (·, ·) on (0,∞) × ∂Γ × ∂Γ associated to the regular Dirichlet form (E∂Γ,d0 , B2(d0))
on L2(∂Γ,Hd0), and p0

t (·, ·) satisfies the following estimates: define Pt(·, ·) : (0,∞) ×
∂Γ × ∂Γ → R⩾0 by

Pt(ξ, η) =


t−1, when t ⩾ d0(ξ, η)q0 ,

t

d0(ξ, η)2q0
, when 0 < t ⩽ d0(ξ, η)q0 ,

then there exist constants C1, C2 > 0 such that
(C1)−1Pt(ξ, η) ⩽ p0

t (ξ, η) ⩽ C1Pt(ξ, η)
for any t ∈ (0, 1) and any ξ, η ∈ ∂Γ, and such that

(C2)−1 ⩽ p0
t (ξ, η) ⩽ C2

for any t ⩾ 1 and any ξ, η ∈ ∂Γ.

We now introduce the following criterion using p0
t (·, ·) for measures of finite energy

integral.

Lemma 9.2. — Let κ be a positive Radon measure on ∂Γ. Then κ ∈ S0(∂Γ) if
and only if ∫

∂Γ

∫
∂Γ

(∫ ∞

0
e−tp0

t (ξ, η)dt
)
dκ(ξ)dκ(η) < ∞.(9.1)

Proof. — The above equivalence immediately follows from Theorem 6.11 and
[FOT11, Problem 4.2.1]. □

Using the estimates of p0
t (·, ·) given in Theorem 9.1 and computing the left hand

side of (9.1), we obtain the following criterion for measures of finite energy integral.

Proposition 9.3. — Let κ be a positive Radon measure on ∂Γ. Then κ ∈ S0(∂Γ)
if and only if ∫

∂Γ

∫
∂Γ

| log d(ξ, η)|dκ(ξ)dκ(η) < ∞,(9.2)

for some (⇔ any) metric d ∈ JAR(∂Γ).

Proof. — By [Hei01, Corollary 11.5], we know that the finiteness of the inte-
gral (9.2) does not depend on the choice of d ∈ JAR(∂Γ). Thus, in the light of
Lemma 9.2, we only need to compare the two integrals (9.1) and (9.2) when we
choose d = d0 in (9.2). Since (∂Γ, d0) < ∞ and κ is a positive Radon measure, we
have that ∫

∂Γ

∫
∂Γ

| log d0(ξ, η)|1{d0(ξ,η) > 1}dκ(ξ)dκ(η) < ∞.
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By using the estimates in Theorem 9.1, it is immediate to check that∫
∂Γ

∫
∂Γ

(∫ ∞

0
e−tp0

t (ξ, η)dt
)

1{d0(ξ,η) > 1}dκ(ξ)dκ(η) < ∞.

Note that by Theorem 9.1, p0
t (·, ·) is of constant order for t ⩾ 1. Thus in order to

show the converse claim, it suffices to prove that∫
∂Γ

∫
∂Γ

|log d0(ξ, η)| 1{d0(ξ,η)⩽ 1}dκ(ξ)dκ(η) < ∞,

if and only if ∫
∂Γ

∫
∂Γ

(∫ 1

0
e−tp0

t (ξ, η)dt
)

1{d0(ξ,η)⩽ 1}dκ(ξ)dκ(η) < ∞

or equivalently if and only if∫
∂Γ

∫
∂Γ

(∫ 1

0
p0

t (ξ, η)dt
)

1{d0(ξ,η)⩽ 1}dκ(ξ)dκ(η) < ∞.

Let ξ and η be such that d0(ξ, η) ⩽ 1. It immediately follows from the bounds in
Theorem 9.1 that

(C1)−1
(1

2 − q0 log d0(ξ, η)
)
⩽
∫ 1

0
p0

t (ξ, η)dt ⩽ C1

(1
2 − q0 log d0(ξ, η)

)
.

Thus, we get the conclusion. □

We next give an alternative proof of one implication of Proposition 9.3 which does
not involve either the heat kernel estimates or the assumption q0 < 2. We will prove
that if (9.2) is finite then κ ∈ S0(∂Γ).

Proof. — Let v ∈ C and define g : V (Γd) → R as in (5.10). Notice that there
exists a surjective continuous map from the set of geodesic rays R in Γd emanating
from O to ∂Γ, which is defined by r 7→ limt → ∞ r(t) (r ∈ R). Now we take a
measurable section ξ ∈ ∂Γ → rξ ∈ R. See [Par67, Chapter I] for the existence of
such a measurable section. Remark that by the continuity of v, for any sequence
(xn) ⊂ V (Γd) and ξ ∈ ∂Γ with limn→∞ xn = ξ we have that limn→∞ g(xn) = v(ξ).
Thus for any positive Radon measure κ on ∂Γ, we have that∫

∂Γ
vdκ−

∫
∂Γ
vdHd =

∫
∂Γ
dκ(ξ)

 ∑
e ∈ β(ξ)

dg(e)
 ,

where β(ξ) is the set of edges in Γd that rξ passes through. By the Cauchy-Schwarz
inequality, we get that∫

∂Γ
dκ(ξ)

 ∑
e ∈ β(ξ)

dg(e)
 =

∑
e ∈ E(Γd)

(∫
∂Γ
dκ(ξ)1{e ∈ β(ξ)}

)
dg(e)

⩽ ∥dg∥ℓ2(E(Γd)) ·
√√√√ ∑

e ∈ E(Γd)

(∫
∂Γ
dκ(ξ)1{e ∈ β(ξ)}

)2
.

For any fixed e ∈ E(Γd), we have that(∫
∂Γ
dκ(ξ)1{e ∈ β(ξ)}

)2
=
∫

∂Γ
dκ(ξ)

∫
∂Γ
dκ(η)1{e ∈ β(ξ)∩β(η)}.
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Thus, ∑
e ∈ E(Γd)

(∫
∂Γ
dκ(ξ)1{e ∈ β(ξ)}

)2
=
∫

∂Γ
dκ(ξ)

∫
∂Γ
dκ(η)|β(ξ) ∩ β(η)|,

where |A| denotes the cardinality of the set A. By using the tree approximation for d-
hyperbolic metric spaces (for instance [Coo93, Theorem 1.1], which refers to [Gro87]),
we know that there exists a constant C > 0 such that |β(ξ) ∩β(η)| is bounded above
by (ξ|η)d

O + C, where (ξ|η)d
O is the Gromov product of ξ and η on Γd with respect

to the base point O. Noticing that by [BP03, Proposition 2.1], exp(−(ξ|η)d
O) is

comparable to d(ξ, η), hence |β(ξ) ∩ β(η)| is bounded above by | log d(ξ, η)| + C.
Thus we get the desired result. □

9.2. Driving measures with a finite first moment

We only proved so far that harmonic measures with driving measures in M2 are
of finite energy integral. Now we extend Theorem 6.11 to a harmonic measure of a
random walk driven by µ ∈ M1. The proof uses Proposition 9.3 and the deviation
inequality shown in [MS20] which controls how a path of a random walk on Γ deviates
from geodesics.

Theorem 9.4. — Assume the Ahlfors-regular conformal dimension of ∂Γ is
strictly less than 2. Then, both of S(∂Γ) and S0(∂Γ) contain any harmonic measure
ν of a random walk driven by a probability measure µ ∈ M1.

Proof. — Denote by (Rn) the random walk driven by µ ∈ M1. If we choose as d a
visual metric ρΓ on ∂Γ for (9.2), the integral (9.2) is finite if and only if

Eµ [(R∞, R
′
∞)id] < ∞,

where (·, ·)id is the Gromov product with respect to the base point id which is
computed in the word metric, and (R′

n) is a random walk driven by µ starting at id
which is independent of (Rn). By the symmetry of (Rn) and (R′

n), we observe that
for any n,m ∈ N

Eµ [(Rn, R
′
m)id] = Eµ [(id, Rn+m)Rn ] .

By the second statement in [MS20, Theorem 11.1], we have that
sup

n,m ∈N
Eµ [(id, Rn+m)Rn ] < ∞,

which implies the conclusion. □
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