Annales Henri Lebesgue PY
7 (2024) 1-67

ANNALES
HENRI LEBESGUE

FREDERIC CAMPANA
LIONEL DARONDEAU
JEAN-PIERRE DEMAILLY
ERWAN ROUSSEAU

ON THE EXISTENCE OF
LOGARITHMIC AND ORBIFOLD
JET DIFFERENTIALS

SUR L"EXISTENCE DES

DIFFERENTIELLES DE JETS
LOGARITHMIQUES ET ORBIFOLDES

ABSTRACT. — We introduce the concept of directed orbifold, namely triples (X,V, D)
formed by a directed algebraic or analytic variety (X, V'), and a ramification divisor D, where
V' is a coherent subsheaf of the tangent bundle Tx. In this context, we introduce an algebra
of orbifold jet differentials and their sections. These jet sections can be seen as algebraic
differential operators acting on germs of curves, with meromorphic coefficients, whose poles are
supported by D and multiplicities are bounded by the ramification indices of the components
of D. We estimate precisely the curvature tensor of the corresponding directed structure

Keywords: Projective variety, directed variety, orbifold, ramification divisor, entire curve, jet differ-
ential, Green—Griffiths conjecture, algebraic differential operator, holomorphic Morse inequalities,
Chern curvature, Chern form.

2020 Mathematics Subject Classification: 32Q45, 32H30, 14F06.

DOI: https://doi.org/10.5802/ahl.197

(*) The third author is supported by the Advanced ERC grant ALKAGE, no 670846 from September
2015, attributed by the European Research Council.


https://annales.lebesgue.fr/
https://doi.org/10.5802/ahl.197

2 F. CAMPANA, L. DARONDEAU, J.-P. DEMAILLY & E. ROUSSEAU

V(D) in the general orbifold case — with a special attention to the compact case D = 0 and
to the logarithmic situation where the ramification indices are infinite. Using holomorphic
Morse inequalities on the tautological line bundle of the projectivized orbifold Green—Griffiths
bundle, we finally obtain effective sufficient conditions for the existence of global orbifold jet
differentials.

RESUME. — Nous introduisons le concept d’orbifoldes dirigées, a savoir les triplets (X, V, D)
formés par une variété dirigée algébrique ou analytique (X, V'), et un diviseur de ramification
D, ou V est un sous-faisceau cohérent du fibré tangent T'x . Dans ce contexte, nous introduisons
une algebre de différentielles de jets orbifoldes et leurs sections. Ces sections peuvent étre vues
comme des opérateurs différentiels algébriques agissant sur les germes de courbes, a coefficients
méromorphes, dont les poles sont supportés par D et les multiplicités sont bornées par les
indices de ramification des composantes de D. Nous estimons avec précision le tenseur de
courbure de la structure dirigée correspondante V(D) dans le cas orbifolde général — avec une
attention particuliere pour le cas compact D = 0 et le cas logarithmique ou les indices de
ramifications sont infinis. En utilisant les inégalités de Morse holomorphes sur le fibré en droites
tautologique du fibré projectivisé orbifolde de Green—Griffiths, nous obtenons finalement des
conditions suffisantes pour I'existence de différentielles de jets orbifoldes globales.

1. Introduction and main definitions

The present work is concerned primarily with the existence of logarithmic and
orbifold jet differentials on projective varieties. For the sake of generality, and in view
of potential applications to the case of foliations, we work throughout this paper in

the category of directed varieties, and generalize them by introducing the concept
of directed orbifold.

DEFINITION 1.1. — Let X be a complex manifold or variety. A directed structure
(X, V) on X is defined to be a subsheaf V- C O(Tx) such that O(Tx)/V is torsion
free. A morphism of directed varieties V: (X,V) — (Y, W) is a holomorphic map
V: X — Y such that dW(V) C U*W. We say that (X, V) is non-singular if X is
non-singular and V' is locally free, i.e., is a holomorphic subbundle of T'x.

We refer to the absolute case as being the situation when V = T, the relative
case when V = Tx,g for some fibration X — S, and the foliated case when V is
integrable, i.e. [V, V] C V| that is, V is the tangent sheaf to a holomorphic foliation.

We now combine these concepts with orbifold structures in the sense of Cam-
pana [Cam04].

DEFINITION 1.2. — A directed orbifold is a triple (X,V, D) where (X,V) is a
directed variety and where D = Y (1 — pij)Aj is an effective real divisor, for some

irreducible hypersurfaces A; with associated “ramification numbers” p; € |1, 00]. We
denote by [D] = Y A, the corresponding reduced divisor, and by |D| = JA; its
support.

(1) We will say that (X,V, D) is non-singular if (X, V') is non-singular and D is a
simple normal crossing divisor such that D is transverse to V. If r := rank(V'),
we mean by this that there are at most r components A; meeting at any
point x € X, and that for any p-tuple (ji, ..., j,) of indices, 1 < p <r, we
have dim V, N(;_; Ta;, . = r — p at any point x € (_; 4,

G T
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On the existence of logarithmic and orbifold jet differentials 3

(2) If (X, V, D) is non-singular, the canonical divisor of (X, V| D) is defined to be
Kyp=Ky+D

(in additive notation), where Ky = det V*.
(3) The so-called logarithmic case corresponds to all multiplicities p; = oo being
taken infinite, so that D =Y. A; = [D].

In case V' = T, we recover the concept of orbifold introduced in [Cam04], except
possibly for the fact that we allow here p; > 1 to be real or oo, (even though the
case where p; is in NU{oo} is of greater interest). In the sequel, we will often denote
the pair (X, D) by X (D) and the logarithmic cotangent sheaves by V*(D). It would
certainly be interesting to investigate the case when (X, V, D) is singular, by allowing
singularities in V' and tangencies between V' and D, and to study whether the results
discussed in this paper can be extended in some way, e.g. by introducing suitable
multiplier ideal sheaves taking care of singularities, as was done in [Dem15] for the
study of directed varieties (X, V). For the sake of technical simplicity, we will refrain
to do so here, and will therefore leave for future work the study of singular directed

orbifolds.

DEFINITION 1.3. — Let (X,V, D) be a non-singular directed orbifold. We say
that f: C — X is an orbifold entire curve if f is a non-constant holomorphic map
such that:

(1) fistangent toV (ie. f'(t) € V) at every point, or equivalently f: (C,T¢) —
(X, V) is a morphism of directed varieties;

(2) f(C) is not identically contained in |D|;

(3) at every point t, € C such that f(ty) € A;, f meets A; with ramification
number > pj, ie., if A; = {z; = 0} near f(t,), then z; o f(t) vanishes with
multiplicity = p; at to.

(3") In the case of a logarithmic component A; (p; = 00), condition (3) is to be
replaced by the assumption: f(C) does not meet A;.

One can now consider a category of directed orbifolds as follows.

DEFINITION 1.4. — Consider directed non-singular orbifolds (X,V, D), (Y, W, D")

with
D=% (1 - ;)Ai, D=Y (1 - ;;)A;..
A morphism V: (X,V,D) — (Y,W,D') is a morphism ¥: (X,V) — (Y,W) of
directed varieties satistying the additional following properties (a,b,c).
(1) for every component A, W(A’) consists of a union of components A;,
i € I(y), eventually after adding a number of extra components A; with
pi =1;
(2) in case p); < oo, for every i € I(j) and z € A, if A, = {y; = 0} near ¥(z) and
A; = {z; = 0} near z, then the function z; — V;(z) vanishes with multiplicity
> pli/pi at 0 where ¥; := y; o U;
(3) if A} is a logarithmic component (p; = 00), then ®~*(A}) = U, ¢ 1(jy Ai where
the (A;);c 1(j) consist of logarithmic components (p; = 00).
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4 F. CAMPANA, L. DARONDEAU, J.-P. DEMAILLY & E. ROUSSEAU

It is easy to check that, if the image of the composed morphism is not contained
in the support of the divisor on the target space, the composite of directed orb-
ifold morphisms is actually a directed orbifold morphism, and that the composition
of an orbifold entire curve f: C — (X,V, D) with a directed orbifold morphism
U: (X,V,D) — (Y,W, D) produces an orbifold entire curve Wo f: C — (Y, W, D’)
(provided that Wo f(C) ¢ |D’|). One of our main goals is to investigate the following
orbifold generalization of the Green—Griffiths conjecture.

CONJECTURE 1.5. — Let (X, V, D) be a non-singular directed orbifold of general
type, in the sense that the canonical divisor Ky + D is big. Then then exists an
algebraic subvariety Y C X containing all orbifold entire curves f: C — (X, V, D).

As in the absolute case (V = T'x, D = 0), the idea is to show, at least as a first step
towards the conjecture, that orbifold entire curves must satisfy suitable algebraic
differential equations. In Section 2, we introduce graded algebras

&P ErnV*(D)

meN
of sheaves of “orbifold jet differentials”. These sheaves correspond to algebraic dif-
ferential operators P(f; f', f",..., f*) acting on germs of k-jets of curves that are
tangent to V' and satisfy the ramification conditions prescribed by D. The strategy
relies on the following orbifold version of the vanishing theorem, whose proof is
sketched in the appendix.

PROPOSITION 1.6 (Orbifold vanishing theorem). — Let (X, V, D) be a projective
non-singular directed orbifold, and let A be an ample divisor on X. Then, for every
orbifold entire curve f: C — (X,V, D) and every global jet differential operator
P € H(X, E},,,V*(D) @ Ox(—A)), we have P(f; f', f",..., f®) =0.

The next step consists precisely of finding sufficient conditions that ensure the
existence of global sections P € H(X, E},,,V*(D) ® Ox(—A)). Recall that it has
been shown in [CDR20, Prop. 5.1] that the general type assumption is not a sufficient
condition for the existence of global jet differentials. This contrasts with the reduced
case, in which we obtain (cf. [Dem11] for the compact case; the logarithmic case is
proven mutatis mutandis):

THEOREM 1.7 (Reduced case). — When the boundary divisor D is reduced, the
(non-singular) directed orbifold (X,V, D) admits non-zero global jet differentials
vanishing on an ample divisor if and only if it is of general type.

Towards a condition for the existence of global jet differentials on orbifolds, “higher
order” orbifold structures have been introduced in [CDR20]:

D¥ =% (1 — p) A;.
+

j
where z; := max{z,0}.

The following conjecture is proposed [CDR20].

CONJECTURE 1.8. — A smooth orbifold (X, D) of dimension n > 2 with smooth

boundary divisor admits nonzero global jet differentials vanishing on an ample divisor
if and only if (X, D™) is of general type.
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On the existence of logarithmic and orbifold jet differentials 5

The results in this paper can be seen as a first step in the direction of Conjecture 1.8.
Among more general results, we obtain

THEOREM 1.9. — Let D = ¥ (1 — pij)Aj a simple normal crossing orbifold
divisor on P" with deg A; = d;. Then there exist non-zero jet differentials of order k
and large degree m on P"(D), with a small negative twist Opn(—mT), T > 0, under
any of the following two sufficient conditions:

(1) k>2n, N=>=1, p;>p>nand

Zd m1n<m1n(p]) ;) ﬁ(1—7)>cn

s=1

n

n—1
cn = n(n®+n—1)n! (Z I+ ) ~ (2m)Y2 T2 e (y 4 logn)" L

n3
s=1

(2) k=1, N=>=n, p;>=p>1andfort=max(max(d;/p;),2),

3 de(l—plj>>(2n—1)t(nt—n—l—f-Zdj(l—l/pj)) .

Jc{1,..,N},|J|=nj€J

When all components (A;)1<j<n possess the same degrees d; = d > 1 and
ramification numbers p; > p, we get the following simpler sufficient conditions:

(@) k=n,N>1,p>n, Nmin(p,d) [T{_,(1 - 2) > 2cy,
(b) k=1,N>n,p>1, Nmin(p,d)(l—%)">2”(2n—1)n

Let us recall some related results previously obtained in this orbifold setting. In
the case of orbifold surfaces (P?, (1 — %)C) where C' is a smooth curve of degree d,
such existence results have been obtained in [CDR20| for k =2,d > 12 and p > 5
depending on d. In [DR23], the existence of jet differentials is obtained for orbifolds
(P, >4 (1 — %)Hi) in any dimension for k£ = 1, p > 3 along an arrangement
of hyperplanes of degree d > 2n(p2_—”2 + 1). In [BD19], it is established that the
orbifold (P", (1 — %)D), where D is a general smooth hypersurface of degree d, is
hyperbolic i.e. there is no non-constant orbifold entire curve f: C — (P", (1 — 3)D),
ifd>(n+2)""3n+1)"" and p > d.

The proof of Theorem 1.9 depends on a number of ingredients and on rather
extensive curvature calculations. The first point is that the curvature tensor of the

orbifold directed structure V(D) can be controlled in a precise manner. This is
detailed in § 7.1.

THEOREM 1.10. — Assume that X is projective and (X, V, D) is non-singular.
Given an ample line bundle A on X, let vy be the infimum of real numbers v > 0
such that vO, ® Idy — Oy is positive in the sense of Griffiths, for suitable C'*°
smooth hermitian metrics on V. Let D = 3;(1 — 1/p;)A; and select d; > 0 such
that d;A— A; is nef. Then for vy > v p = max(max(d;/p;),vv) = 0 and for suitable
hermitian metrics on A, V., Ox(4;), the “orbifold metric”
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6 F. CAMPANA, L. DARONDEAU, J.-P. DEMAILLY & E. ROUSSEAU

(a) luf},, .

=lulp, + Y eiloy| TV 05(w)fh, we Vo5 € HO(X, Ox(4)))

1<j<N

yields a curvature tensor v © 4 ® Id — Oy py such that the associated quadratic form
Qv(pyq,e on Tx ® V satisfies for ey < ey_1 < -+- K €1 < 1 the curvature estimate

(b) Quip)e(2)(€ ®u) =7 O4(&€) [ul* = (Ov (£, €) - u, u)
+ D ejloy T (Y04(6,8) = p; ' O, (5,9) [V 05(u)?

4 gjlos|">t3/0i
E =2%2/p; 2
; 1+e; |yl /%3 |V joj

‘2

Vioi(§,u) — (L= 1/p;) 057 V;0,(§)V;0(u)

Here, the symbol ~ means that the ratio of the left and right hand sides can be
chosen in [1 — a, 1 + ] for any o > 0 prescribed in advance.

The next argument is the observation that the sheaf Ox(Ey,V*(D)) is the direct
image of a certain tautological rank 1 sheaf Ox, v (p))(m) on the “orbifold k-jet
bundle” Xy (V (D)) — X. Choosing hermitian metrics according to Theorem 1.10,
one then gets a hermitian metric on Ox, (v(py)(1) associated with an “orbifold Finsler
metric” on the bundle J;V of k-jets of holomorphic curves f: (C,0) — (X, V). In
normalized coordinates (21, ..., 2,) on X and on V| the latter can be expressed as
1/b

2b/s
2
) . fe WV, f0) =z,

k P _ 9 T
Zggb (Z |fj|—2(1—8//)])+ ‘f](S) + Z ‘f](S)
s=1 j=1 j=p+1

at any point x € X where A; = {z; =0}, 1 < j < p, r =rank V. An application of
holomorphic Morse inequalities ([Dem85], see also § 3, 4, 5) then provides asymptotic
estimates of the dimensions of the cohomology groups

HY(X, BxnV*(D) ® Ox(=A)) = HXx(V(D)), Ox,(v(py(m) ® m;Ox(—A)).

This is done in several steps. Section 5 expresses the Morse integrals that need to be
computed. Section 6 establishes some general estimates of Chern forms related to
the curvature tensor O, of a given hermitian vector bundle (F, h), under suitable
positivity assumptions. More precisely, Proposition 6.7 gives upper and lower bounds
of integrals of the form

/ueS(E)Ml(u>|2 ()P (O (w), u)h " du(u)

in terms of Trg Op ), = Odet £deth, Where g is the unitary invariant probability
measure on the unit sphere bundle S(E), and the ¢; are linear forms. As far as we
know, these estimates seem to be new. Sections 7.2 and 8 then proceed with the
detailed calculations of the orbifold and logarithmic Morse integrals involved in the
problem. It is remarkable that a large part of the calculations use Chern forms and
are non cohomological, although the final bounds are purely cohomological. At this
point, we do not have a complete explanation of this “transcendental” phenomenon.
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On the existence of logarithmic and orbifold jet differentials 7

2. Logarithmic and orbifold jet differentials
2.1. Directed varieties and associated jet differentials

Let (X, V) be a non-singular directed variety. We set n = dim¢ X, r = rankc V,
and following the exposition of [Dem97], we denote by m;,: J*V — X the bundle of
k-jets of holomorphic curves tangent to V' at each point. The canonical bundle of V'
is defined to be

Ky =det(V*) = A"V™.
If f: (C,0) — X, t— f(t) is a germ of holomorphic curve tangent to V', we denote
by fir(0) its k-jet at ¢ = 0. For zp € X given, we take a coordinate system (21, ..., z,)
centered at xy such that V,, = Span(ai)lg u<r- Then there exists a neighborhood

U of x¢ such that Vi admits a holomoruphic frame (e,

)1<
eu(z):%-|- Z a,\u(z)%, 1< <,
r+1<A<n

with ay,(0) = 0. Germs of curves f: (C,0) — X tangent to Vjy are obtained by
integrating the system of ordinary differential equations

A= > au(f®) fit), r+1<A<n,

I<p<r

p<r of the form

when we write f = (f1, ..., fn) in coordinates. Therefore any such germ of curve f is
uniquely determined by its initial point z = f(0) and its projection f = (fi, ..., f,)
on the first r coordinates. By definition, every k-jet fj; € J PV, = 7, 1(2) is uniquely
determined by its initial point f(0) = z ~ (z1,. .., 2,) and the Taylor expansion of
order k

(2.1) f(t) = F(0) = & + 3260 + - + Lo + O(t"),
teD(0,e), & €C 1<s< k.

Alternatively, we can pick an arbitrary local holomorphic connection V on Vjy
and represent the A-jet fi)(0) by (&1, ..., &), where § = V*f(0) € V. is defined
inductively by V! f = f" and V*f = V(V*!f). This gives a local biholomorphic
trivialization of J*V of the form

(22) Ve = Viih, S (0) = (&, -0, &) = (Vf(O), e Vf’“(O)) ;

the particular choice of the “trivial connection” Vi of Vjy that turns (e,)1<u<r
into a parallel frame precisely yields the components § € V|y ~ C" appearing
in (2.1). We could of course also use a C'*® connection V = V, + I' where I' €
C>®(U,Tx ® Hom(V,V)), and in this case, the corresponding trivialization (2.2) is
just a C*° diffeomorphism; the advantage, though, is that we can always produce
such a global C'*° connection V by using a partition of unity on X, and then (2.2)
becomes a global C'*° diffeomorphism. Now, there is a global holomorphic C* action
on J*V given at the level of germs by f +— a - f where o - f(t) = f(at), a € C*.
With respect to our trivializations (2.2), this is the weighted C* action defined by

o (&,6, &) = (a€1, 0%, ., a"G), &€V

TOME 7 (2024)



8 F. CAMPANA, L. DARONDEAU, J.-P. DEMAILLY & E. ROUSSEAU

We see that J*¥V — X is an algebraic fiber bundle with typical fiber C™*, and that
the projectivized k-jet bundle

Xp(V) = (JVA{0}) /€, e Xi(V) > X
is a P(1I7, 20 k) weighted projective bundle over X, of total dimension
dim X3 (V) =n+kr —1.

DEFINITION 2.1. — We define Ox (Ej,,,,V*) to be the sheaf over X of holomorphic
functions P(z; &1, ..., &) on JXV that are weighted polynomials of degree m in

(1 s &n)-

In coordinates and in multi-index notation, we can write

Pz &, .0 &) = > P O F S S

at, ..., €N
ot [+2]az|+++k|og|=m

where the aq, o, (2) are holomorphic functions in z = (zy, ..., z,) and £ actually
means

£ =& Eoar forés = (&1, -+, &) €CT, g = (a5, -5 agy) EN,

and || = Y7, ;. Such sections can be interpreted as algebraic differential op-
erators acting on holomorphic curves f: D(0, R) — X tangent to V, by putting
P(f) = u where

u(t) = > oo (F) F1(0)* . R (1)
a3l 4kl =m

Here f()()% is actually to be expanded as

O = f O O
with respect to the components f}s) defined in (2.1). We also set

w="P(f; £ " f®)

when we want to make more explicit the dependence of the expression in terms of
the derivatives of f. We thus get a sheaf of graded algebras

P Ox (BpnV?).
méeN

Locally in coordinates, the algebra is isomorphic to the weighted polynomial ring

Ox |1;” deg [;7 = s

J nggr,lgsgk’
over Ox. An immediate consequence of these definitions is:

PROPOSITION 2.2. — The projectivized bundle my: X(V) — X can be identified
with

(a) Proj ( @ Ox (Eka*)) — X,

meN
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On the existence of logarithmic and orbifold jet differentials 9

and, if Ox,(vy(m) denote the associated tautological sheaves, we have the direct
image formula

(b) (71):Ox, (1) (M) = Ox (Ep V7).

Remark 2.3. — These objects were denoted X ¢ and E,?SLV* in our previous
paper [Dem97], as a reference to the work of Green—Griffiths [GG80], but we will
avoid here the superscript GG to simplify the notation.

Thanks to the Faa di Bruno formula, a change of coordinates w = ¢(z) on X leads
to a transformation rule

(o )P = o f - f¥ +Qu(f, ..., r*)

where @)y is a polynomial of weighted degree £ in the lower order derivatives. This
shows that the transformation rule of the top derivative is linear and, as a conse-
quence, the partial degree in f*) of the polynomial P(f; f’,..., f¥) is intrinsically
defined. By taking the corresponding filtration and factorizing the monomials (f*))e
with polynomials in f/, f”,..., f*=V, we get graded pieces
G* (EpmV*) = P Er—1mie,V* @ SHV*,
lr €N

By considering successively the partial degrees with respect to f*), fE=1 7
and merging inductively the resulting filtrations, we get a multi-filtration such that
(2.3) G (BpnV*) = ) ShVr e StV e @ SHVT.

01,y £ EN L1 +200+ -+ Kkl,=m

2.2. Logarithmic directed varieties

We now turn ourselves to the logarithmic case. Let (X, V, D) be a non-singular
logarithmic variety, where D = > A, is a simple normal crossing divisor. Fix a
point zy € X. By the assumption that D is transverse to V', we can then select
holomorphic coordinates (21, ..., z,) centered at zq such that V,, = Span(a%j)l <<r
and A; = {z; =0}, 1 < j < p, are the components of D that contain zy (here p <r
and we can have p = 0 if zo ¢ |D|). What we want is to introduce an algebra of

differential operators, defined locally near xy as the weighted polynomial ring
24) Ox |(og )L (£ . deg f1¥ = deg (log ;) =35,
or equivalently

—1 p(s) (s) (s) _ -1 _
(2.4)  Ox [(fﬂ' fi )1<j<p’<fj )p+1<j<r:| , degf;” =s, degf; =0.

1<s<k

)P+1<j<T:|1<S<k

For this we notice that
(log 1) = (£ ) = £ 47— (171
(og £1)" = F A =3 (47 1) (i f) w2 (100

TOME 7 (2024)



10 F. CAMPANA, L. DARONDEAU, J.-P. DEMAILLY & E. ROUSSEAU

A similar argument easily shows that the above graded rings do not depend on the
particular choice of coordinates made, as soon as they satisfy A; = {z; = 0}.
Now (as is well known in the absolute case V = T ), we have a corresponding log-

arithmic directed structure V(D) and its dual V*(D). If the coordinates (z1, ..., z,)
are chosen so that V,, = {dz.41 = ... = dz, = 0}, then the fiber V(D),, is spanned
by the derivations
0 o 98 0
218z17 <oy Zpazp7 BZP-H’ T B
The dual sheaf Ox(V*(D)) is the locally free sheaf generated by
%, e %,dzpﬂ,...,dzr

[where the 1-forms are considered in restriction to Ox(V (D)) C Ox(V)]. It follows
from this that Ox(V(D)) and Ox(V*(D)) are locally free sheaves of rank r. By
taking det(V*(D)) and using the above generators, we find
det (V*(D)) = det(V*) @ Ox (D) = Ky + D
in additive notation. Quite similarly to Props. 2.2 and 2.3, we have:
PROPOSITION 2.4. — Let
D Ox (BrnV* (D))
meN

be the graded algebra defined in coordinates by (2.4) or (2.4"). We define the loga-
rithmic k-jet bundle to be

meN

(a) X,.(V(D)) == Proj ( a5 0X<Ek,mv*<p>)> =X

If Ox,(v(py)(m) denote the associated tautological sheaves, we get the direct image
formula

(b) (71):Ox, (v(py) (M) = Ox (Egm V(D))

Moreover, the multi-filtration by the partial degrees in the derivatives f;s) has graded
pieces

(c) G*(ExmV*(D)) = D SYVHD)Y @ SeVH(D) ® - -+ ® S*V*(D).
P Nt SN,

2.3. Orbifold directed varieties

We finally consider a non-singular directed orbifold (X, V, D), where D = > (1 —
%)Aj is a simple normal crossing divisor transverse to V. Let [D] = > A; be the

corresponding reduced divisor. By § 2.2, we have associated logarithmic sheaves
Ox(ErmV*([D])). We want to introduce a graded subalgebra

P Ox (ErnV*(D)) C @ Ox (EpnV*{[D]))

méeN méeN
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On the existence of logarithmic and orbifold jet differentials 11

in such a way that for every germ P € Ox(Ej,,,V*(D)) and every germ of orbifold
curve f: (C,0) — (X, V, D) the germ of meromorphic function P(f)(t) is bounded at
t =0 (hence holomorphic). Assume that A; = {z; = 0} and that f has multiplicity

q = p1 > 1 along Ay at t = 0. Then fl(s) still vanishes at order > (¢ — s)4, thus
(fl)’Bfl(s) is bounded as soon as ¢ < (¢—s)4,1e. § < (1— §)+. Thus, it is sufficient
to ask that 5 < (1 —-);. At a point zp € [A[ N ... N [A,[, a sufficient condition
for a monomial of the form

(25) f BpHH( )O‘SJ QSZ(O[SJ)ENT) 517 '~'76p€N

s=1j=1

to be bounded is to require that the multiplicities of poles satisfy

k
(2.5) /< X0 ,J( p])+ 1<j<p.

DEFINITION 2.5. — The subalgebra @,, cn Ox(EimV*(D)) is taken to be the
graded ring generated by monomials (2.5) of degree Y s|as| = m, satisfying the
pole multiplicity conditions (2.5"). These conditions do not depend on the choice of
coordinates, hence we get a globally and intrinsically defined sheaf of algebras on X .

Proof. — We only have to prove the last assertion. Consider a change of variables
w = 1(z) such that A; can still be expressed as A; = {w; = 0}. Then, for j =
1, ..., p, we can write w; = z;u;(z) with an invertible holomorphic factor u;. We
need to check that the monomials (2.5) computed with g = ¢ o f are holomorphic
combinations of those associated with f. However, we have g; = fju;(f), hence

g](.s) = Yo<r<s (;) fj(g) (u;(f))*~9 by the Leibniz formula, and we see that

gt BpHH( )

s=1j=1
expands as a linear combination of monomials

r Qs

f BPH H H f(zg]m gs,j,m < S,

s=1j=1m=1

multiplied by holomorphic factors of the form

p r Qs
o) LTI ) o
7=1 s=1j=1m=1

However, we have

k Qs 5

k :
X (i-7), <X 3 (k)

so the f-monomials satisfy again the required multiplicity conditions for the poles
fi. OJ

J
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12 F. CAMPANA, L. DARONDEAU, J.-P. DEMAILLY & E. ROUSSEAU

The above conditions (2.5') suggest to introduce as in [CDR20] a sequence of
“differentiated” orbifold divisors

DW =% (1- E>+ A,

J

We say that D) is the order s orbifold divisor associated to D; its ramification

numbers are p'°)

= max(p;/s, 1) By definition, the logarithmic components (p; = 00)
of D remain logarithmic in D, while all others eventually disappear when s is large.

Now, we introduce (in a purely formal way) a sheaf of rings Ox = Ox|z ] by
adjoining all positive real powers of coordinates z; such that A; = {z; = 0} is locally
a component of D. Locally over X, this can be done by taking the universal cover
Y of a punctured polydisk

D*(0,r) = [ D*(0,r;) x ][] D(0,r;) € DO,r)= J[ D(O,r)
1<j<p p+1<j<n 1<j<n

in the local coordinates z; on X. If v: Y — D*(0,7) < X is the covering map and
U C D(0,r) is an open subset, we can then consider the functions of Ox(U) as
being defined on v~ (U N D*(0,7)). In case X is projective, one can even achieve
such a construction “globally”, at least on a Zariski open set, by taking Y to be the
universal cover of a complement X \ (|D| U |A|), where A = > A; is a very ample
normal crossing divisor transverse to D, such that O x(A;)x\4 s trivial for every
j; then Ox is well defined as a genuine sheaf on X \ |A].

In this setting, the subalgebra @,, Ox(E,»V*(D)) still has a multi-filtration
induced by the one on @,, Ox (Ei»V*([D])), and by extending the structure sheaf
Ox into Ox, we get an inclusion
Ox (G*EyV*(D)) C B Ox (Vv (DV))®--@0x (S"V* (DW)),

b1 4-200++kl=m
Ox(V*(D®)) is the “s™ orbifold (dual) directed structure”, generated by the order
s differentials

_(1 s/pg)+d 2, 1<j<p, d(s)% pH1<i<r
By construction, we have
(2.6) det (Ox (V* (D)) = Ox (Ky + DV).

Remark 2.6. — When p; = a;/b; € Q, one can find a finite ramified Galois
cover g: Y — X from a smooth projective variety ¥ onto X, such that the composi-
tions (z; o g)'/% become single-valued functions w; on Y. In this way, the pull-back
Oy (¢*V*(D®)) is actually a locally free Oy-module. On can also introduce a sheaf
of algebras which we will denote by @ Oy (Ej,,V*(D)), generated, according to the
notation of § 2.2, by the elements g*(zj(-lfs/pj”d(s)zj), 1 < j < p,and g*(d¥z),
p+ 1< j<r. Then, as already shown in [CDR20], there is indeed a multifiltration
on Oy (B V*(D)) whose graded pieces are
Oy (G ErnV* (D))= @ Oy (s"V (DY) -0y (S*V* (DW)).

L1+2Lo Akl =m
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On the existence of logarithmic and orbifold jet differentials 13

However, we will adopt here an alternative viewpoint that avoids the introduction
of finite or infinite covers, and suits better our approach. The general philosophy
is to consider a “jet orbifold directed structure” X;(V (D)) as the underlying “jet
logarithmic directed structure” X;(V ([ D])), equipped additionally with a submulti-
plicative sequence of ideal sheaves 7., (D) C Ox,(v(p7))- These are precisely defined
as the base loci ideals of the local sections defined by (2.5) and (2.5'), seen as sections
of the logarithmic tautological sheaves Ox, (v(rp))(m). The corresponding analytic
viewpoint is to consider ad hoc singular hermitian metrics on Ox, (v (1p1y)(1) whose
singularities are asymptotically described by the limit of the formal m'" root of
JIm(D), see § 4.2. It then becomes possible to deal without trouble with real coef-
ficients p; € ]1, 00|, and since we no longer have to worry about the existence of
Galois covers, the projectivity assumption on X can be dropped as well.

3. Preliminaries on holomorphic Morse inequalities
3.1. Basic results

We first recall the basic results concerning holomorphic Morse inequalities for
smooth hermitian line bundles, first proved in [Dem85].

THEOREM 3.1. — Let X be a compact complex manifolds, E — X a holomorphic
vector bundle of rank r, and (L, h) a hermitian Iine bundle. We denote by O =
Vi = —29d1log h the curvature form of (L, h) and introduce the open subsets of
X

X(L,h,q) = {x € X; Op () has signature (n — g, q)}7
(%) X(L,h,8) = \J X(L,h,q), ¥Sc{0.1, ..., n}
qe s

Then, for all ¢ = 0,1, ..., n, the dimensions h%(X, E ® L™) of cohomology groups
of the tensor powers E @ L™ satisty the following “Strong Morse inequalities” as
m — +00:

Mgy 3 () (X Be L) <ri [ (1), olm"),

T
0<j<q <q)

with equality x(X,E ® L™) = r¢ [ O}, + o(m™) for the Euler characteristic
(¢ =n).

As a consequence, one gets upper and lower bounds for all cohomology groups,
and especially a very useful criterion for the existence of sections of large multiples

of L.

COROLLARY 3.2. — Under the above hypotheses, we have
(a) Upper bound for h? (Weak Morse inequalities):

WX E@ L") <o [ (<1107, + o(m”),
" JX(L,h,q) ’
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14 F. CAMPANA, L. DARONDEAU, J.-P. DEMAILLY & E. ROUSSEAU

(b) Lower bound for h°:

n

WX, E®L™) > h® — h 27“%/ 6", — o(m™).
CUX(Lh<)

Especially L is big as soon as [y, <1)©7, > 0 for some hermitian metric h
on L.
(c¢) Lower bound for h:

WX, E®L™) > ht — hi! — potl > rmn—T/ (
" JX(L,h{g,q%1})
Proof. — (a) is obtained by taking SM(q)+SM(q — 1), (b) is equivalent to — SM(1)

and (c) is equivalent to —(SM(g+ 1) + SM(q — 2)). O

The following simple lemma is the key to derive algebraic Morse inequalities from
their analytic form (cf. [Dem96, Theorem 12.3]).

1?07, + o(m").

LEMMA 3.3. — Let n = a — 3 be a difference of semipositive (1,1)-forms on an
n-dimensional complex manifold X, and let 1, <, be the characteristic function of
the open set where 1 is non-degenerate with a number of negative eigenvalues at
most equal to q. Then

T ol G W
0<j<q J
in particular

L,<in">a" —na" ' AB for g = 1.

Proof. — Without loss of generality, we can assume a > 0 positive definite, so
that o can be taken as the base hermitian metric on X. Let us denote by

AMZAz..2A 20

the eigenvalues of g with respect to a. The eigenvalues of n = o — 3 are then given
by
1—M<...<1=X0<1=Xn<...<1=\,

hence the open set {\,4+1 < 1} coincides with the support of 1, <,, except that it
may also contain a part of the degeneration set ™ = 0. On the other hand we have

(1) = iy,

where o7 (\) is the ™ elementary symmetric function in the \;’s. Thus, to prove the
lemma, we only have to check that

S (D)ol (A) = gy (D)7 T (1=2) > 0.

0<j<q 1<j<n

This is easily done by induction on n (just split apart the parameter A, and write

o5(A) = 051 (A) + 0371 (A) An)- O

ANNALES HENRI LEBESGUE



On the existence of logarithmic and orbifold jet differentials 15

COROLLARY 3.4. — Assume that n = ©p; can be expressed as a difference
n =« — 8 of smooth (1,1)-forms o, 8 > 0. Then we have

SMig): 3 ()R Bl <z [ 3 (-

0<j<q 0<j<gq

( ) "IN Ao(m™),

and in particular, for ¢ =1,

RUX,E® L™) > h’ —h! > rm / a” —na™ P A B+ o(m").
X

ni

Remark 3.5. — These estimates are consequences of Theorem 3.1 and Lemma 3.3,
by taking the integral over X. The estimate for h° was stated and studied by
Trapani [Tra95]. In the special case « = O, > 0, f = Op,, > 0 where A, B are
ample line bundles, a direct proof can be obtained by purely algebraic means, via
the Riemann—Roch formula. However, we will later have to use Corollary 3.4 in case
« and (8 are not closed, a situation in which no algebraic proof seems to exist.

3.2. Singular holomorphic Morse inequalities

The case of singular hermitian metrics has been considered in Bonavero’s PhD
thesis [Bon93| and will be important for us. We assume that L is equipped with a
singular hermitian metric h = he™% with analytic singularities, i.e., ho, is a smooth
metric, and on an neighborhood V' 3 z( of an arbitrary point xy € X, the weight ¢
is of the form

(3.1) p(z) =clog > |gi|* +u(z)

1<j<N

where g; € Ox(V) and u € C*(V). We then have O1) = a + ;=99 ¢ where
a = 0Op_ is a smooth closed (1, 1)-form on X. In this situation, the multlpher ideal
sheaves

T(™) = T(ky) = { fE€Ox,, IVaa, /V F(2)[2e ™D dA(2) < —|—oo}

play an important role. We define the singularity set of h by Sing(h) = Sing(y) =
¢~ 1 (—00) which, by definition, is an analytic subset of X. The associated g-index
sets are

X(L,h,q) = {m € X \ Sing(h); ©px(x) has signature (n — g, q)}
We can then state:

THEOREM 3.6 ([Bon93]). — Morse inequalities still hold in the context of singular
hermitian metric with analytic singularities, provided the cohomology groups under
consideration are twisted by the appropriate multiplier ideal sheaves, i.e. replaced
by HI(X,E® L™ @ Z(h™)).

Remark 3.7. — The assumption (3.1) guarantees that the measure

Ix\Sing(h) (OLn)"
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16 F. CAMPANA, L. DARONDEAU, J.-P. DEMAILLY & E. ROUSSEAU

is locally integrable on X, as is easily seen by using the Hironaka desingularization
theorem and by taking a log resolution u: X — X such that u*(g;) = (7) C Ox
becomes a principal ideal associated with a simple normal crossing divisor F = div(y).
Then p*©p ), = c[E] 4+ B where § is a smooth closed (1, 1)-form on X, hence

r (]lx\smg(h)@z,h) =3 = \Sing(h) OLn = /)Eﬁn

It should be observed that the multiplier ideal sheaves Z(h™) and the integral
Jx\sing(n) ©7,» only depend on the equivalence class of singularities of h: if we have
two metrics with analytic singularities h; = hooe™ %7, j = 1,2, such that ¢ = ps — ¢y
is bounded, then, with the above notation, we have ;*Or;, = c[E] + 3; and ; =
B+ 5 901, therefore [ 5 By = J3 BY by Stokes theorem. By using Monge-Ampere
operators in the sense of Bedford—Taylor [BT76], it is in fact enough to assume
ue LY (X)in (3.1), and ¢ € L*(X) here. In general, however, the Morse integrals

loc

fX(th,q)(_l)q@T[Z,,hja J = 1,2, will differ.

4. Construction of jet metrics and orbifold jet metrics
4.1. Jet metrics and curvature tensor of jet bundles

Let (X, V) be a non-singular directed variety and h a hermitian metric on V. We
assume that h is smooth at this point (but will later relax a little bit this assumption
and allow certain singularities). Near any given point z; € X, we can choose local

coordinates z = (21, ..., z,) centered at zy and a local holomorphic coordinate frame
(ex(2))1<a<r of V on an open set U 3 2, such that
(4.1) {ex(2); en(2))nz) = o + > cipuiZi + O(|2])

1<, 7<n, 1<\ u<r

for suitable complex coefficients (¢;jx,). It is a standard fact that such a normalized
coordinate system always exists, and that the Chern curvature tensor 5=Vi, of
(V,h) at zg is given by

@Vﬁ(Zo) = —i Z Cijau dZZ' VAN dgj (%9 6; &® €u-
YR

Therefore, (5= cija.) are the coefficients of —Oy,,. Up to taking the transposed tensor
with respect to A, u, these coefficients are also the components of the curvature tensor
Oy« pe = =By, of the dual bundle (V* h*). By (2.2), the connection V = V),
yields a C* isomorphism J,V — V@ Let us fix an integer b € N* that is a
multiple of lem(1,2, ..., k), and positive numbers 1 = &1 > g9 > -+ > ¢ > 0.
Following [Dem11], we define a global weighted Finsler metric on J*V by putting
for any k-jet f € J*V,

1/
Unpe(f) 32( > €§bHVSf(O)\\iZ§) :

1<s<k
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On the existence of logarithmic and orbifold jet differentials 17

where ||-||n(2) is the hermitian metric & of V' evaluated on the fiber V., z = f(0). The
function W . satisfies the fundamental homogeneity property

Uppela- f)=lal* @yp(f)

with respect to the C* action on J*V, in other words, it induces a hermitian metric
on the dual L} of the tautological Q-line bundle L = Ox, (1) over X;(V). The
curvature of Ly is given by

(42) WZ@LM\I;;@E = i 85 10g \I/hl,jg

Our next goal is to compute precisely the curvature and to apply holomorphic
Morse inequalities to L — X (V') with the above metric. This might look a priori
like an untractable problem, since the definition of U}, . is a rather complicated one,
involving the hermitian metric in an intricate manner. However, the “miracle” is that
the asymptotic behavior of Wy, ;. as €5/e,-1 — 0 is in some sense uniquely defined,
and “splits” according to the natural multifiltration on jet differentials. This leads
to a computable asymptotic formula, which is moreover simple enough to produce
useful results.

LEMMA 4.1. — Let us consider the global C* bundle isomorphism J*V — V&
associated with an arbitrary global C'*° connection V on V' — X and let us introduce
the rescaling transformation

poe(6r 6o &) = (16,636, . 2h6)  on fibers JMV., 2 € X.

Such a rescaling commutes with the C*-action. Moreover, if p is a multiple of

lem(1,2, ..., k) and the ratios €5/e5_1 tend to 0 for all s = 2,... k, the rescaled
Finsler metric Wy o p%}g(&, ..., &) converges towards the limit
1/b
b/s
( > NGl )
1<s<k

on every compact subset of V¥ \ {0}, uniformly in C* topology, and the limit is
independent of the connection V. The error is measured by a multiplicative factor
1+ O(mangsgk(Es/Es_l)s).

Proof. — Let us pick another C** connection V =V +T where T € C®(U,T; ®
Hom(V,V)). Then V2f = V2f +T(f)(f") - f', and inductively we get

Vif=Vf+ P (f; V'S, ...,va)

where P(z; &, ..., &-1) is a polynomial with C* coefficients in z € U, which
is of weighted homogeneous degree s in ({1, ..., &_1). In other words, the corre-
sponding isomorphisms J*V ~ ‘{EB’“ correspond to each other by a C*-homogeneous
transformation (&, ..., &) — (&1, - .., &) such that

SS:€S+PS(Z;§17"'7€S—1)'

Let us introduce the corresponding rescaled components

(51,5, Ce 751@5) = (é‘igl, ey 6l]z§k) s (5175, P gk,s) = (8%51, ey €igk) .
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Then

f gss_’_sP(l’ 61 516’“'7 Sl)fs 15)
= &ue + O(ea/21)" O ([1€2c] + -+

and it is easily seen, as a simple consequence of the mean value inequality |||z||” —
[ylI7] < vsup, ¢ (py 1217z —y||, that the “error term” in the difference €6, 1725 —
|€,.2]|%/# is bounded by

(es/€5-1)" (

When b/s is an integer, similar bounds hold for all derivatives Dfﬁ(Hé,gH?b/ 5 —
|€5.2]/%/%) and the Lemma 4.1 follows. O

Now, we fix a point 25 € X, a local holomorphic frame (e)(z))1 < < satisfying (4.1)
on a neighborhood U of zy, and the holomorphic connection V on V| such that
Ve, = 0. Since the uniform estimates of Lemma 4.1 also apply locally (provided
they are applied on a relatively compact open subset U’ € U), we can use the
corresponding holomorphic trivialization J*Vjy; ~ Vﬁk ~ U x (C")®* to make our
calculations. We do this in terms of the rescaled components & = 5V* f(0). Then,
uniformly on compact subsets of J*Vj;; \ {0}, we have

1/<s71>)5

2b
+oeee ||§S—1,6||1/(S_1) + Hf&fs”l/s)

1/b
Whpe 0 pre(25 &1y vy &) = ( > ||fs||2b/s) +0 (maX(65/65—1)1/b) :

1<s<k

and the error term remains of the same magnitude when we take any derivative Dgg
By (4.1) we find

1€ 115z =

ZzZ] fs /\fs,,u + O (|Z’ ‘€| )

5,05,

The question is thus reduced to evaluating the curvature of the weighted Finsler
metric on V®* defined by

1/b
( 3 Hfsll%/s)

1<s<k

U(z; &,y &)
1/b

b/s
2% &s ,\fsu) +O(|z*).

> (D&”

1<s<k 5J,A 1

We set |2 = Yalésal?. A straightforward calculation yields the Taylor expansion

logW(z; &, ooy &k)
s é?b/s
_ llog Z 13 ‘2b/ 4 Z iif‘é l2b/tAAa Z cij,\“zzzj |£ |2 L O(|z]%).

1<s<k 1<s<k 5,5,
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By (4.2), the curvature form of Lj, = Ox, (v)(1) is given at the central point 2z, by
the formula

. st/s s _Sle‘ -~
@Lk’\l’;,b,s <207 [é]) = W7~,k,b<£> + o Z % 7i£‘|5t|2b/t Z Cij)\#ig |’ng dZZ' VAN de
1<s<k ¢ id g
where
[5] = [517 SRR fk] ep (1[7"]’2[7"]’ RN km)
and
wrkp(€) = 55 00 (ilog > |€s|26/s) :
1<s<k
The fibers P(111, 201 klT) of X, (V) — X can be represented as a quotient of

the “weighted ellipsoid” 3-_, |£,?/* = 1 by the S'-action induced by the weighted
Cr*-action. This suggests to make use of polar coordinates and to set

(4.3) Ty = |&|2°, x= (21, ..., x1) €RF,
(4.3") Us = éz‘ eS™tcC, u=(uy, ..., u) € (S HF,
so that
k
(4.3") Yxy=1 and & = a/%u,.
s=1

The Morse integrals will then have to be computed for (z,u) € A= x (S~1)F,
where A*~! C R¥ is the (k — 1)-dimensional simplex.

PROPOSITION 4.2. — With respect to the rescaled components £, = €5V* f(0) at
z = f(0) € X and the above choice of coordinates ((4.3), (4.3)’, (4.3)""), the curvature
of the tautological sheaf L, = Ox, (1) admits an approximate expression

(a)  Or,ur, (2[8]) = wrs(&) + gvi(z, z,u) + (error terms),

h,b,e

where (x,u) € N1 x (S*~Nk & = 23/%y, € C7,

(b) wr,k,b(g) = i 90 (ll) log Z |£S|2b/s>

1<s<k
is a Fubini-Study type Kahler metric on P(107, 207kl associated with the
canonical C* action on J*V of weight a = (11", 2" . EkI) and

(¢)  gvi(z,z,u) = o Z e Z Cijap(2) Us \Us p, Az N dZ;.

1<s<k g
Here (i Cijau) are the coefficients of —©y,,, and the error terms admit an upper

bound
(d)  (error terms) < O ( max (55/58_1)5>

2<s<k

uniformly on the compact variety X (V).

Proof. — The error terms on O, come from the differentiation of the error terms
on the Finsler metric, found in Lemma 4.1. They can indeed be differentiated if b is
a multiple of lem(1,2, ..., k), since 2b/s is then an even integer. O
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For the calculation of Morse integrals, it is useful to find the expression of the
volume form wf;&)l on P(1l 2l k) = (A1 x (S21)K)/S! in terms of the
coordinates (z,u). We refer to [Dem11, Prop. 1.13] for the proof.

PROPOSITION 4.3. —

(a) The volume form w,’fk » Is the quotient of the measure v, @ pr on A~ x
(S?r—1)* where

dvy (x) = (kr —1)! ((703551 Ao Ndxg—q,  dp(u) = dpg(uy) ... dpg(ug)

are probability measures on A=t and (S*~1)* respectively (u being the rota-
tion invariant one).

(b) We have the equality Jea o, i) wﬁ@} = - (independent of b).

k!

-----

4.2. Logarithmic and orbifold jet metrics

Consider now an orbifold directed structure (X, V, D), where V' C Tx is a subbun-
dle, r = rank(V), and D = > (1 — p—)A is a normal crossing divisor that is assumed
to intersect V' transversally everywhere. One then performs very similar calculations
to what we did in § 4.1, but with adapted Finsler metrics. Fix a point zy at which p
components A; meet, and use coordinates (z1, ..., %,) such that V,; is spanned by
(a%l, N 9 and A; is defined by z; =0, 1 < j < p < r. In the logarlthmlc case
p; = 00, the logarlthmlc dual bundle O(V*( )) is spanned by

dzy

Zl,..., Z , de+1,...,dZn.

The logarithmic jet differentials are just polynomials in

di—fl, o dZ”, A zpity . Az, 1< s <k,
and the corresponding (g1, ..., €x)-rescaled Finsler metric is
1/b
A 2 | £(s)|? | (s Y
— S S
(4.4) Sl | A+ X |
s=1 =1 j=p+1

Alternatively, we could replace | f;]| 72| f;s) ? by |(log £;)®|? which has the same leading

term and differs by a weighted degree s polynomial in the fj_1 f;z), ¢ < s;an argument
very similar to the one used in the proof of Lemma 4.1 then shows that the difference
is negligible when €1 > 9 > -+ - > ¢;. However (4.4) is just the case of the model
metric, in fact we get r-tuples £ = (&;)1<;<» of components produced by the
trivialization of the logarithmic bundle O(V (D)), such that

557j:fj—1f](5) for 1 < s <pand 5s,j:f](8) forp+1<s<r.

In general, we are led to consider Finsler metrics of the form
1/b

(Z 2bH£sH2b/S> ) fs = (fs,j)lgjgr,

s=1
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where h(z) is a variable hermitian metric on the logarithmic bundle V(D). In the
orbifold case, the appropriate “model” Finsler metric is

1/b

> |

i » 2b/s
£ (S s £ 1)
s=1 j=1 Jj=p+1

As a consequence of Remark 3.7, we would get a metric with equivalent singularities
on the dual Lj, of the tautological sheaf L, = Ox, (v(py)(1) by replacing >7_ |f;s) |2
with 37 | f;s)\Q (or by any smooth hermitian norm h on V'), since the extra terms

yl f](s) |? are anyway controlled by the “orbifold part” of the summation. Of course,
we need to find a suitable Finsler metric that is globally defined on X. This can be
done by taking smooth metrics hys on V' and h; on Ox(A;) respectively, as well as
smooth connections V and V. One can then consider the globally defined metric

2b/s
2
h;

where D = > (1 — pij)A and 0; € H(X,Ox(A;)) are the tautological sections; here,

we want the flexibility of not necessarily taking the same hermitian metrics on V' to
evaluate the various norms ||[V® f||,, .. We obtain Finsler metrics with equivalent
singularities by just changing the hy, and h; (and keeping V, V; unchanged). If
we also change the connections, then an argument very similar to the one used
in the proof of Lemma 4.1 shows that the ratio of the corresponding metrics is
1 + O(max(es/e5-1)), and therefore arbitrary close to 1 whenever €1 > g9 > -+ >
£k; in any case, we get metrics with equivalent singularities. Fix zyp € X and use
coordinates (z1,...,2,) as described at the beginning of § 4.2, so that o;(z) = z;,
1<j<p ina Sultable trivialization of Ox(A;). Let f be a k-jet of curve such
that f(0) = z € X \ |D] is in a sufficiently small neighborhood of zy,. By employing
the trivial connections associated with the above coordinates, the derivative f() is
described by components

1/b

i 2 - s S
(4.5) > e (\v“)flhw +Zuo] W T (0 f)

S . or —(1—s/p; s .
Ey = 1< <, €8 = i) g = prUm e ) i<,

and ﬁorb = flog =&, forp+1 < j < r. Here forb are to be thought of as the

components of f(*) in the “virtual” vector bundle V(D(S)>, and the fact that the
argument of these complex numbers is not uniquely defined is irrelevant, because
the only thing we need to compute the norms is \ﬁorb Accordingly, for v € V,,
v (vj)1<j<r € C", we put

— — - 1_ j y
Vo8 — Z; Y =0;(2)"'V,0;(v) and vorb 2 S/pm’vj, 1<y <p,

J J

and define the orbifold hermitian norm on V(D)) associated with hy s and h; by
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—21 s
(4.6) v —||v||hV5+zr|o—j 20V o (02,
1 1—s lo
(4.6') —||v||hV5+z||J [~ mel ) o 2
11 o 2 rb (|2
(46 ) - ||,U||hv"S +le||v‘(]) || 17(175/pj)+'

J
With this notation, the orbifold Finsler metric (4.5) on k-jets is reduced to an
expression

1/b

2b/8 gorb - <£orb)
o s iggigr
orb __ orb
§ _(65 )1<s<k’

formally identical to what we had in the compact or logarithmic cases. If v is a
local holomorphic section of Ox(V'), formula (4.6) shows that the norm ||v°rb||~ can
take infinite values when z € |D|, while, by (4.6"), the norm is always bounded (but
slightly degenerate along |D|) if v is a section of the logarithmic sheaf Ox(V([D1));
we think intuitively of the orbifold total space V(D)) as the subspace of V' in which
the tubular neighborhoods of the zero section are defined by ||v°™||> ;. <efore>0.

orb orb

2 2b
Uhbe <Z ©s

Y

(4.7)

Remark 4.4. — When p; € Q, we can take an adapted Galois cover g: ¥ — X
such that (z; o g)1~17%/Pi)+ is univalent on Y for all components A; involved, and

we then get a well defined locally free sheaf (’)y( (D(S)) such that

g (Ox(V([D])) € Oy (gV (DY) ) C g"(Ox(V)).

However, as already stressed in Remark 2.6, this viewpoint is not needed in our
analytic approach.

4.3. Orbifold tautological sheaves and their curvature

In this context, we define the orbifold tautological sheaves

Ox,(v(py)(m) = Ox, (o) (m) @ Z((¥4.)™)

to be the logarithmic tautological sheaves Ox, (v (rp1y)(m) twisted by the multiplier
ideal sheaves associated with the dual metric Wy, _ (cf. (4.7)), when these are viewed
as singular hermitian metrics over the logarithmic k-jet bundle Xy (V([D])). In
accordance with this viewpoint, we simply define the orbifold k-jet bundle to be
Xp(V(D)) = X&(V([D])). The calculation of the curvature tensor is formally the
same as in the case D = 0, and we obtain:
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PROPOSITION 4.5. — With respect to the (rescaled) orbifold k-jet components
=i ED0), 1A and Ex=<f7(0), pH1<A<T,

and of the dual metric W}, _, the curvature form of the tautological sheal Ly =
Ox,(v(py (1) admits at any point (z, [&]) € Xx(V (D)) an approximate expression

(2) Or,w;, (2 [€]) = wrkp(€) + gvpi(z,2,u),

where x, = |£,|%/%, u, = éz' € S~ are polar coordinates associated with & =

(55’)‘>1<)‘<k in Cr? T = (‘Tb Tt xk‘) S Ak_l’ [5] = [517 ER) 5 ] c ]PJ( 2[r k[r)

and

(b) gvpw(z,mu) =2 Y = Z mu ) Us AUy dz; A dZ;.

1<s<k 1,5, 1

Here (5= ) ) are the coefficients of the curvature tensor —© and the error

Cijan V(D)) hg’
terms are O(maxy<s<k(s/€5s-1)°), uniformly on the projectis/izegl orbifold variety
Xi(V(D)).

Notice, as is clear from the expressions (4.6”), (4.7) and the fact that v; = zv9™,
that our orbifold Finsler metrics always have fiberwise positive curvature, equal
to wi,rp(€), along the fibers of X (V (D)) — X (even after taking into account
the so-called error terms, because fiberwise, the functions under consideration are
just sums of even powers |l§§rb|2b/ ® in suitable k-jet components, and are therefore

plurisubharmonic. )

5. Existence theorems for jet differentials
5.1. Expression of the Morse integral

Thanks to the uniform approximation provided by Proposition 4.5, we can (and
will) neglect the O(g5/e5-1) error terms in our calculations. Since wy.x; is positive
definite on the fibers of X3 (V (D)) — X (at least outside of the axes & = 0), the
index of the (1,1) curvature form Or, v»  (2,[¢]) is equal to the index of the (1, 1)-
form gy p x(z,2,u). By the binomial formula, the g-index integral of (L, W7 ,2) on
X (V (D)) is therefore equal to

(51) / TL-H{:T’*—I
X V(D) (L) e
_ (ntkr—1)! kr—1
- ”' kr—1)! /zeX /EGIP’ [r] Tz:b ('S) A ﬂgv,D,kﬂ('z? xz, u) gV,DJf(Z? xz, u)n
where 1, ,, (2,2, u) is the characterlstlc function of the open set of points where

gv.p.k(%,x,u) has signature (n — ¢, q) in terms of the dz;’s
Notice that since gy p (2, z,u)" is a determinant, the product

ﬂgV,D,lmq(Z7 Z, U) gV,D,k(Z, x, u)"

gives rise to a continuous function on X;(V(D)). By Proposition 4.3 (b), we get
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@ntkr—1 _ (ntkr—D!
L,V e ™ nlklm(kr—1)!

(5.2) /
X (V (D)) (L)

/zeX /(x u) € M1 (s2r—1)k ﬂgV,D,k7q<Z7 Z, u) gV,D,k<Z7 z, U’)n d’/kﬂ“(x) dp“(“)

5.2. Probabilistic estimate of cohomology groups

We assume here that we are either in the “compact” case gD = 0), or in the
logarithmic case (p; = o0). Then the curvature coefficients cﬁz\# = Cjjau do not
depend on s and are those of the dual bundle V* (resp. V*(D)). In this situation,
Proposition 4.5 (b) for gv.p (2, , u) can be thought of as a “Monte Carlo” evaluation
of the curvature tensor, obtained by averaging the curvature at random points
us € S ! with certain positive weights z,/s; we then think of the k-jet f as
some sort of random variable such that the derivatives V*f(0) (resp. logarithmic
derivatives) are uniformly distributed in all directions. Let us compute the expected
value of (z,u) — gv,p (2, x,u) with respect to the probability measure dvy . (x) dp(u).
Since

/§2r—1 Us,)\ﬂs,udlu(us) = %5)\“ and Ak_l T dyk,r(l‘) — %’

we find the expected value
E(QV,D,k(Za o, .)) - é Z % : i Z Cij)\)\(Z) dz; N\ déj.
1<s<k iJ,A

In other words, we get the normalized trace of the curvature, i.e.
(5.3) E(gv,pi(z, 0, 0) = & (1 +54+-+ ,1) Odet(V* (D)) det h*»

where Oget(v+(p)),deth+ s the (1,1)-curvature form of det(V*(D)) with the metric
induced by h. It is natural to guess that gy.px(z,z,u) behaves asymptotically as
its expected value E(gy.pr(z,e,)) when k tends to infinity. If we replace brutally
gv.p.x by its expected value in (5.2), we get the integral

(ntkr=1)! 1 1 1\" n

n B (kr—1)! (k)" (1 ot E) /X Lyqn'™,
where 17 = Oget(v+(D)),det n+ and 1, 4 is the characteristic function of its g-index set
in X. The leading constant is equivalent to (logk)"™/n!k!" modulo a multiplicative
factor 1+ O(1/log k). By working out a more precise analysis of the deviation, the
following result has been proved in [Dem11] in the compact case; the more general

logarithmic case can be treated without any change, so we state the result in this
situation by just transposing the results of [Dem11].

PROBABILISTIC ESTIMATE 5.1. — Let (X, V, D) be a non-singular logarithmic
directed variety. Fix smooth hermitian metrics w on Tx, h on V(D), and write
w = 5= > wijdz; Ndz; on X. Denote by Oy pyn = —5= 3 Cijaudzi NdZ; @ €} @ e, the
curvature tensor of V(D) with respect to an h-orthonormal frame (e, ), and put

77(2) = @det(V*(D>),deth* = ﬁ Z nijdzi A dgj, Nij = Z CijAX-

1<,5<n 1<ALr
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Finally consider the k-jet line bundle L, = Ox,vpy(1) = Xi(V(D)) equipped
with the induced metric W}, _ (as defined above, with 1 =& > g9 > ... > ¢}, > 0).
When k tends to infinity, the integral of the top power of the curvature of Ly on its

g-index set Xy (V(D))(Lx,q) is given by

@2:,%{,1 bls = Ez)'gkklr (/ L, qn" —i—O((log k)~ ))

for all ¢ =0, 17 ..., n, and the error term O((logk)™') can be bounded explicitly in
terms of Oy py, n and w. Moreover, the left hand side is identically zero for q¢ > n.

/Xk (VD) (Lk»a)

The final statement follows from the observation that the curvature of Ly is positive
along the fibers of X (V (D)) — X, by the plurisubharmonicity of the weight (this
is true even when the error terms are taken into account, since they depend only on
the base); therefore the ¢g-index sets are empty for ¢ > n. It will be useful to extend
the above estimates to the case of sections of

= Ox,(v ()®7rk(’)< <1+§+---+,§>F>

where F € PiCQ(X) is an arbitrary Q-line bundle on X and m: Xx(V(D)) — X
is the natural projection. We assume here that F' is also equipped with a smooth
hermitian metric Ap. In formulas (5.2)—(5.1), the curvature ©y,, of Ly, takes the
form ©p,, = w, (&) + gv.p,Fr(z, 7, u) Where

gV,D,F,k’(Zv CE)“) = gV,D,k(Za ZL’,U) - kl,,,(l + % +- i)@F,hF(z%

and by the same calculations its normalized expected value is
nr(z) = —1—1E(9v.p.ri(2. ®,0)) = Odet v (D) det b (2) — Orpye(2).
Ty I+ g+t k)

Then the variance estimate for gy, p r is the same as the variance estimate for gy p i,
and the recentered LP bounds are still valid, since our forms are just shifted by adding
the constant smooth term O gy, (z). The probabilistic estimate 4.4 is therefore still
true in exactly the same form for Lpgj, provided we use gy, p rr and nr instead of
gv.pr and 1. An application of holomorphic Morse inequalities gives the desired
cohomology estimates for

hq(X,Ek,mV*<D> @o(_ $(1+§+...+11€)F)>

= hq<Xk(V<D>), (’)Xk(wD))(m) X WZO( — ’T;(l + % + 4 i)F)),
provided m is sufficiently divisible to give a multiple of F' which is a Z-line bundle.

THEOREM 5.2. — Let (X, V(D)) be a non-singular logarithmic directed variety,
F — X a Q-line bundle, (V(D),h) and (F,hr) smooth hermitian structures on
V(D) and on F respectively. We define

Ly = Ox,vioy(1) @w;(’)( — ,jr<1 +idt ,ﬁ)F)

NF = Odet v+ (Dydeth* — OFhr = Odet v (D)o F—1,det h*-
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Then for all ¢ > 0 and all m > k > 1 such that m is sufficiently divisible, we have

() OOV (D), OUFE) < 2 ([ (-1 +0 (dogk) ™) ).

0 m m"tkr—1 (logk)™ n -1
(b) RO(Xk(V(D)), O(L§)) > i tosh (/X(W 0 ((log k) )) ,

(0)  X(Xu(V(D)),O(Lgp)) = 2 Wl (o) (vi(D) @ F)" + O ((logk) ™) ).

Green and Griffiths [GG80] already checked the Riemann—Roch calculation (The-
orem 5.2 ¢) in the special case D =0, V = T% and F' = Ox and prove the existence
of jet differentials for surfaces of general type. Their proof is much simpler since
it relies only on Chern class calculations, but it cannot provide any information
on the individual cohomology groups, except in very special cases where vanishing
theorems can be applied; in fact in dimension 2, the Euler characteristic satisfies
x = h? — ht + h? < h° + K2, hence it is enough to get the vanishing of the top coho-
mology group H? to infer h° > y ; this works for surfaces by means of a well-known
vanishing theorem of Bogomolov which implies in general

Hn<X,Ek,mT;;®o<—;;<1+;+---+,1>F>> —0

as soon as Kx ® F~!is big and m > 1.

In fact, thanks to Bonavero’s singular holomorphic Morse inequalities (Theorem 3.6,
cf. [Bon93]), everything works almost unchanged in the case where the metric i on
V is taken to a product h = ho.e¥ of a smooth metric h,, by the exponential of
a quasi-plurisubharmonic weight ¢ with analytic singularities (so that det(h*) =
det(hZ )e™"?). Then n is a (1, 1)-current with logarithmic poles, and we just have
to twist our cohomology groups by the appropriate multiplier ideal sheaves Zj ,
associated with the weight %(1 + % +- 4 %)m , since this is the multiple of det V'*
that occurs in the calculation, up to the factor % x ry. The corresponding Morse
integrals need only be evaluated in the complement of the poles, i.e., on X(n,q)\ S
where S = Sing(y). Since

(M) (OLER) © Tem) © BV @O = (145 4+ +1)F))

we still get a lower bound for the H° of the latter sheaf (or for the H° of the un-
twisted line bundle O(LY™) on X3 (V)). If we assume that Ky ® F~! is big, these

considerations also allow us to obtain a strong estimate in terms of the volume, by
using an approximate Zariski decomposition on a suitable blow-up of X.

COROLLARY 5.3. — If F' is an arbitrary Q-line bundle over X, one has

h0<Xk(V)uoXk(V)<m) ®7T}§O( — ]’;(1 +idt i>F>>

> s B (Vol(Ky @ F7) = O ((log k) ™1)) — o (m 1)

(n+kr—1)! nlkl"

k-jet differentials of degree m twisted by the appropriate power of F' if Ky @ F~1
big.
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Proof. — The volume is computed here as usual, i.e. after performing a suitable
modification p : X — X which converts Ky into an invertible sheaf. There is of
course nothing to prove if Ky ® F~! is not big, so we can assume Vol(Ky ® F~1) > 0.
Let us fix smooth hermitian metrics hg on Tx and hr on F. They induce a metric
p*(det hg' @ hi') on p*(Ky ® F~') which, by our definition of Ky, is a smooth
metric. By the result of Fujita [Fuj94] on approximate Zariski decomposition, for
every & > 0, one can find a modification ps : Xs — X dominating p such that

s (KV X F_1> = OEJ(A + F)
where A and E are Q-divisors, A ample and E effective, with
Vol(4) = A" > Vol (Ky @ F~') = 4.

If we take a smooth metric h4 with positive definite curvature form ©4,,, then we
get a singular hermitian metric hahg on pj(Ky ® F') with poles along | i.e. the
quotient hahg/p*(det h61~® hg) is of the form e™¥ where ¢ is quasi-psh with log
poles loglog|? (mod C*°(X5s)) precisely given by the divisor . We then only need
to take the singular metric h on T'x defined by

h = hoe%(ua)*so

(the choice of the factor % is there to correct adequately the metric on det V). By
construction i induces an admissible metric on V' and the resulting curvature current
NF = Ok, deth* — OFpp is such that

wsnr = Oan, + [E], [E] = current of integration on E.

Then the 0-index Morse integral in the complement of the poles is given by
n=f on, =A">Vol(Ky®F )=/
/X(n,o>\s " /x5 Aha (5 )

and Corollary 5.3 follows from the fact that ¢ can be taken arbitrary small. O

Remark 5.4. — Since the probability estimate requires k to be very large, and
since all non-logarithmic components disappear from D) when s is large, the above
lower bound does not work in the general orbifold case. In that case, one can only
hope to get an interesting result when k is fixed and not too large. This is what we
will do in § 7.

6. Positivity concepts for vector bundles and Chern
inequalities

6.1. Griffiths, Nakano and strong (semi-)positivity

Let £ — X be a holomorphic vector bundle equipped with a hermitian metric.
Then E possesses a uniquely defined Chern connection V; compatible with h and
such that V"' = 9. The curvature tensor of (F,h) is defined to be

Opn = Vi € C* (X, A" T} @ Hom(E, E)) .

—orm

TOME 7 (2024)



28 F. CAMPANA, L. DARONDEAU, J.-P. DEMAILLY & E. ROUSSEAU

One can then associate bijectively to O a hermitian form S) gnonTX ® E, such
that

éEﬁ(f Ru,&® U) = <@E,h(€a€) : uvu)’l'

and can be written

@E,h = i Z Cijau dZZ N dgj (024) 6; X €u
VRV
Let (21, ..., z,) be a holomorphic coordinate system and let (€))1 <<, be a smooth

frame of e. If (e)) is chosen to be orthonormal, then we can write
@E,h = i Z Cij)\u dZi A d,gj &® 6; (024 €u,
i7j7>\7u
Opp(l @u,E@u) = 5= > Cijan &y unlly,
LA
and more generally (:)E7h(7', T) = % 2i g Cija TinTjp for every tensor 7 € Ty ® F.
We now consider three concepts of (semi-)positivity, the first two being very classical.

DEFINITION 6.1. — Let 6 be a hermitian form on a tensor product T'® E of
complex vector spaces. We say that
(1) 0 is Griffiths semi-positive if 0(§ @ u,& ® u) > 0 for every £ € T and every
v el
(2) 0 is Nakano semi-positive if (1, 7) > 0 for every T € T Q E;
(3) 0 is strongly semi-positive if there exist a finite collection of linear forms
o € T*, ¢; € E* such that =Y j|o; @ ¥;?, ie.

O(r,7)=> |(a;@¢;) 7>, VTeT®E.
J

Semi-negativity concepts are introduced in a similar way.
(1) We say that the hermitian bundle (E,h) is Griffiths semi-positive, resp.
Nakano semi-positive, resp. strongly semi-positive, if © en(z) € Hom(Tx , ®
E,) satisfies the corresponding property for every point x € X.
(2) (Strict) Griffiths positivity means that © g ,(E@u, E®u) > 0 for every non-zero
vectors § € Tx ,, v € E,.
(3) (Strict) strong positivity means that at every point x € X we can decompose

Op, as Opp = X j|oy; @ ¥;]* where Span(a; ® ;) = 1%, ® E;.

We will denote respectively by >q, >n, 25 (and >g, >y, >g) the Griffiths,
Nakano, strong (semi-)positivity relations. It is obvious that

9250 = 82]\[0 = 0200,

and one can show that the reverse implications do not hold when dim7" > 1 and
dim E > 1. The following result from [Dem80] will be useful.

PROPOSITION 6.2. — Let 6 € Herm(T ® E), where (E, h) is a hermitian vector
space. We define Trg(6) € Herm(T') to be the hermitian form such that

TI“E(Q)(&S): Z 9(5@6)\,5@6)\)

1<ALr
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where (e))1< < IS an arbitrary orthonormal basis of E. Then

0>20 = 9+TI"E(9)®]1250.
As a consequence, if (E,h) is a Griffiths (semi-)positive vector bundle, then the
tensor product (F ® det £, h @ det(h)) is strongly (semi-)positive.

Proof. — Since [Dem82] is written in French and perhaps not so easy to find, we
repeat here briefly the arguments. They are based on a Fourier inversion formula for
discrete Fourier transforms.

LEMMA 6.3. — Let ¢ be an integer > 3, and z,, yg, 1 < o, 8 < r, be complex
numbers. Let x describe the set U; of r-tuples of q*" roots of unity and put

fB\(X) = Z waiaa g(X) = Z yﬁ%ﬁa X S Ug

1<a<r 1<8<r

Then for every pair (A, u), 1 < A\, u < r, the following identity holds:

. R —_ x,\@ﬂ if A 7é Hs
¢ Y )T XX, = { S xag. ifA =
x €Uy 1<a<r “

Proof. — In fact, the coefficient of 2,75 in the summation
" D () T(X) XaX,
xeUy
is given by
A" Y XaXsXaXus
X € Ug
so it is equal to 1 when the pairs {«,u} and {3, A} coincide, and is equal to 0
otherwise. The identity stated in Lemma 6.3 follows immediately. U

Now, let (t;)1<j<n be a basis of T, (€x)11<1x1 <1, an orthonormal basis of £ and
§=26t €T, w=73,ywupnt; ey € T ® E. The coefficients c;, of 0 with
respect to the basis ¢; ® ey satisfy the symmetry relation ¢z, = cxjun, and we have
the formulas

O(w,w) = Y CiapWinWru, Tre0(&,€) =D &
J’k AHLL ‘7‘7k:7A
0+ Tre0 @h)(w,w) = > CipnpWjnlku + CikaW; Wy
Jiks A p
For every x € Uy, let us put

0;(X) =D WjaXa, W(X)

Z@j(X)tjET, éx:ZXA6A€E~
J A
Lemma 6.3 implies

q" Z O(w(x) @ ey, w(x) ®ey) =q " Z Z Cikan Wi (X (X)X,\Xu

x €Uy x€eUg jkAp
= D CwWnThy + Y CioaW)u Wk
Jiks AFE Jsks A
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The Griffiths positivity assumption 6 > 0 shows that £ — ¢ 0({ ®€,,£ ® €,) is a
semi-positive hermitian form on 7', hence there are linear forms ¢, ; € 7™ such that
TTIE®eE,E®E) = 2|l (E)[ for all £ € T. Similarly, there are £} ; € T* such

that ) )
Dol =Y |0 ;(8)
ik j

Our final Fourier identity can be rewritten

0+ Trg0 @h)(w,w) = Y CipnpWinly + O, CiianWj, Wiy
Jik,A Jik A

=q" ) 9(@(X) ® ey, W(X) ® éx) + D Ciran WirWj
X€EU; JEA

= ¥ Slase)f + 3 i

XeU; j
= Z ZWXJQZ)X
xeUg j

where x* = (o, x) € E*, thus 0 + Trg0 @ h >4 0. O

, forallA=1,....r

Kf\j W, )\)

2
L @ er(w ‘

COROLLARY 6.4. — Let r = dim F and © € Herm(T ® E).

(1) If@}go, then —TI‘EQ(X)h <5 0 <S TTI"EQ(X)]I

(2) If 0 < 0, then —r Trg(—0) @ h <g 0 <g Trg(—0)® h.

(3) If £0 <¢ 7 ® h where 7 € Herm(T') is semi-positive, then

—2r+1)7®h <5 0 <5 (2r+1)7®h.

Proof. —

(1) It is easy to check that 8’ = Trg 6 ® h — 0 satisfies ' >¢ 0 and that we have

Trp6 = (r — 1) Trg 6. Lemma 6.3 implies
0 +Trgd0 @h=r Trg0 @h—0>50
(2) follows from (a), after replacing 6 with —6.

(3) also follows from Lemma 6.3 by taking ¢ =7 ® h + 6 (resp. ¢ =7 ® h — 0),
since Trg 0 < r7 and we have e.g.

0<s 0 +Trg0 @h=0+Trp@h+(r+1)7T0h<s0+2r+1)7@h O

6.2. Chern form inequalities

In view of the estimates developed in Section 7, we will have to evaluate integrals
involving powers of curvature tensors, and the following basic inequalities will be
useful.

LEMMA 6.5. — Let ¢; € (C")*, 1 < j < p, be non-zero complex linear forms on
C", where (C")* ~ C" is equipped with its standard hermitian form, and let u the
rotation invariant probability measure on S*~!' C C". Then

e )= [ 6@ 1) duaw)
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satisfies the following inequalities:

(a) It .., ) < 2o Hw 2,
and the equality occurs if and only if the {; are proportwnal;
(b) I(y, ..., 0,) > p+r 1 H|€ |2,

and the equality occurs if and only if p < r and tbe {; are pairwise orthogonal.

Proof. — Denote by d\ the Lebesgue measure on Euclidean space and by do the
area measure of the sphere. One can easily check that the projection

ST BT u=(ur, ., u) o= (U, . Upe)

yields do(u) = df A d\(v) where u, = |u,| e [just check that the wedge products of
both sides with 3d|u|® are equal to dA(u), and use the fact that df = - (du,/u, —
du, /u,)], thus, in terms of polar coordinates v = tu', v’ € S* 1, we have do(u) =
df At =3dt A do’(u'), and going back to the invariant probability measures p on
S?~1 and u' on S 73, we get |u,|> =1 — |v|> = 1 — t? and an equality

(6.1) dp(u) = 222 dO A2 dt A dd (W),
If ¢4, ..., ¢, are independent of u,, (6.1) and the Fubini theorem imply by homo-
geneity

(6.2) /Swlwl(u/”z,,. 10, ()| dpu(u) = Pt /SZT73|£1(u/)‘2_.. 10, (W) 2 dyd (u),

62) [, Ja@)P o 1) fu diu(w) =

e [ AR s () ()

(for instance, in case (6.2), we have to integrate t2?=2(1 — t?) x t> =3 dt). For p < r
the formulas

p! (r—1)! 2 2 (=)
Lol ) = 50 [l P du) = (S

are then obtained by induction on 7 and p.

(1) For any ¢ € (C")*, we can find orthonormal coordinates on C" such that
¢(u) = |¢| u; in the new coordinates. Hence

2 — 2 _ 2 _ pl(r=1)
/SQT71|£<U)| pd,u(u) = M |£| " where Mrp = /g2r—1’ul| pd,u(u) T (phr=D”

It follows from Holder’s inequality that

p ) 1/p 14 )
1, ) < TT( [, J6Prdut)) " = me, TTIGP
j=1 Jj=1

and that the equality occurs if and only if all ¢; are proportional.
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(2) We prove the inequality

p
r—1)!
I(ty, ., 4y) > =25 TGP

by induction on p, the result being clear for p = 0 or p = 1. If we choose an
orthonormal basis (eq, ..., e,) € C" such that ¢;(e,) # 0 for all j and replace
l; by (¢;(e;))"1¢;, we can assume (;(e,) = 1. We then write u = u’ + u,e,
with v’ € e ~ C"! and
g ( ) _gl‘(u/)—’_uﬂ 1 <] <pa g; = €j|ei'
Let s (¢, (u')) be the elementary symmetric functions in £(u'), 1 < j < p,
with sg := 1. We have
d'LL ‘/S2'r

I, ... 0, é%JI

We make a change of variable u, — u, ¥ and take the average over 6 € [0, 27].
Parseval’s formula gives

p

Z Wde)

E/ )+ u,

o b) = [ S lslba ) o),
k=0
and since
1
2%k MNp—k ,2r—3 1, (r=1) (k+r—2)! (p—k)!
(m-@ét(&%ﬁ {234t = =L tr=D o=k

formula (6.1) implies

)= [ z“ DDl o, (7] () [* dyd ().

As [(;|* = 1+ |0}]?, our inequality 6.5(b) is equivalent to

P

O[3 e e > 1T (015
for all linear forms ¢; € (C"~')*. We actually prove (6.3) by induction on
p (observing that the inequality is a trivial equality for p = 0,1). Assume
that (6.3) (and hence 6.5(b)) is known for any (p — 1)-tuple of linear forms
(01, ..., €, 1). As 6.5(b) is invariant under the action of U(r), it is sufficient
to consider the case when {,(u) = u,, i.e. £, = 0. The induction hypothesis
tells us that

/S2 32 k+r2 p 1—k)! |S (f’( |d,u H1+|€,
: J:

However, when we add the factor /,, the elementary symmetric functions
sk(Cy(u')) are left unchanged for k < p—1, while s,(£,(u')) = 0 and 1+ |(}|* =
1. Therefore (6.3) holds true for p, since (p — k)! > (p — 1 — k)! for all
k = 0,1,...,p — 1. We have proved the inequality at order p whenever
l, = ay(e,e,) and ¢;(e,) # 0 for j < p — 1. Since those (¢4, ..., ¢,) are dense

ANNALES HENRI LEBESGUE



On the existence of logarithmic and orbifold jet differentials 33

in the space ((C")*)P of p-tuples of linear forms, the proof of the lower bound
is complete.

(3) (b, equality case) We argue by induction on r. For r = 1, we have in fact

li(u) = ajuy, o € C* and I(¢y, ..., L) = TI|¢;]*, thus the coefficient
m = 1% is reached if and only if p < 1. Now, assume r > 2 and
the equality case solved for dimension r — 1. By rescaling and reordering
the ¢;, we can always assume that ¢;(e,) # 0 (and hence ¢;(e,) = 1) for
¢+ 1<j<p,while {;(e,) =0 for 1 < j < ¢ (we can possibly have ¢ = 0
here). Then we write £;(u) = £;(u') for 1 < j < ¢ and £;(u) = ¢;(«') + u, for
q+ 1 < j < p. Therefore, if s,(¢'(u')) denotes the k' elementary symmetric
function in (€;(u')441<j<p, We find

q 9 p )
10 )= [ THG@[ TT [6) +uf dut)
s J=1 j=q+1
a / ! 2 = / / —g—k 2
- /SQM IT 6@ D2 se(@(w) ui=*™"| du(u)
Jj=1 k=0
i i 284 AN Y 2(p—q—k)
= [ TS 1@ @ P a2 dptw)
s Jj=1 k=0
q
:/S Al 4<U> D B o (1)) ()
2 L 2
Z p+r 1 HW| H (1+|€;|)
Jj=q+1

by what we have just proved. In an equivalent way, we get

pP—q
r— r— 2
S 2 o) | () (o)
k=0
q P
> 1161 11 (1+|€’ )
j=1 J=q+

In general, we can rotate coordinates in such a way that ¢,(u) = u, and
¢, = 0, and we see that the above inequality holds when p is replaced by p—1,
as soon as ¢ < p — 2. Then the corresponding coefficients £ = 0 for p, p — 1
are

(p—q)! (p+r—1)! > (p—1-9)! (p—1+r—1)!
(p—g+r—1)! (p—1—g+r-1)! >

and since sy = 1, we infer that the inequality is strict. The only possibility
for the equality case is ¢ = p — 1, but then

(6, ... 0, /SE[ (u (u

Syl (),

‘ur d’u - p+r p+r—1 /S2r 3 1;[
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and we see that we must have equality in the case (r —1,p—1). By induction,

we conclude that p —1 < r — 1 and that the £;(u) = ¢ (u') are orthogonal for

j < p—1, as desired. O

Remark 6.6. — When r = 2, our inequality (6.3) is equivalent to the “elementary”
inequality

p p
(*) TT (1 + ) < D2k (0 = k) |3
j=1 k=0

relating a polynomial X? — s; XP~! 4+ .- 4 (=1)Ps, and its complex roots a; (just
consider £;(u') = ajuy and £;(u) = a;u; +uy on C? to get this). It should be observed
that (x) is not optimal asymptotically when p — 400 in fact, Landau’s inequa-
lity [Lan05] gives J[Tmax(1, |a;]) < (3|sk]?)'/?, from which one can easily derive
that TT(1 + |a;]?) < 2P X|sk|?, which improves (%) as soon as p > 7 (observe that
27 =128 and k!(7—k)! > 3!4! = 144). Our discussion of the equality case shows that
inequality (b) from Lemma 6.5 is never sharp when p > r. It would be interesting,
but probably challenging, if not impossible, to compute the optimal constant for all
pairs (r,p), p > r, since this is an optimization problem involving the distribution
of a large number of points in projective space.

We finally state one of the main consequences of these estimates concerning the
Chern curvature form of a hermitian holomorphic vector bundle.

PROPOSITION 6.7. — Let T', E be complex vector spaces of respective dimensions
dimT = n, dim E = r. Assume that E is equipped with a hermitian structure h, and
denote by p the unitary invariant probability measure p on the unit sphere bundle

S(E)={ue E;ul, =1} of E.

(a) If ¢y, ..., by € E* and 04, ...,0,_; >5 0 are strongly semi-positive hermitian
tensors in Herm(T ® E) ~ Ag'T* @g Herm(E, E), then
[ - [0 1) 61 )0 A A By ) i)
2 % ( H|£J|2> TI'h 91 FANA TI“h Qp_k,
j=1
k
< (I;'j_";—_ll))" ( H|£]|2> TI'h 91 VAN TI'h Qp,k,
j=1
as pointwise strong inequalities of (p — k,p — k)-forms.

(b) If 6 >¢ 0 in Ag'T* @ Herm(E, E) and {; € E*, then

g P - Fe () P {0000, )} o) < B (Hw F) Ty 0"~

as a pointwise weak inequality of (p — k,p — k)-forms.

In particular, the above inequalities apply when (E, h) is a hermitian holomorphic
vector bundle of rank r on a complex n-dimensional manifold X, and one takes
§; = ©p, to be the curvature tensor of E, so that Trj, 6; = c¢;(E, h) is the first Chern
form of (E, h).
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Proof. — (a) The assumption 6, >g 0 means that at every point z € X we can
write 6 as
‘9q = Z |5qj ®€qj|2 = Z Zﬁqj A qu ® gqj ®€Zj7 ﬁqj € T*, gqj €E”
1<j< N, 1< <N,

as an element of Ay'T* ®p Herm(E, E), hence

(04 (u), u>h = Z 1Bej N qu |£qj(u>|2-

1<j <N,

]61(U)|2 . Mk(u)\z (Or(w), wyp, A oo A (Opi(w), u)p,
= > B ABu A A Bk ABprgy T @ TT e ()],

J1y e Ip—k 1<s<k 1<s<p—k

Without loss of generality, we can assume |{y;

and since |{y;

n+ = 1, Lemma 6.5(b) implies
/ () 1) Or(u), )i A A (B (), uhn dpa(u)
ueS(E)

—1)! 3 3 2
= % 4 D Wi ABu A AN By, Ao, 1] 1]

T Ip 1<s<k
—1)!
:% H |£j|2 Trp 64 A ... A Trp, 6,
1<j<k

where > is in the sense of the strong positivity of (p, p)-forms. The upper bound is
obtained by the same argument, via Lemma 6.5(a).

(b) By the definition of weak positivity of forms, it is enough to show the inequality
in restriction to every (p—k)-dimensional subspace 7" C T'. Without loss of generality,
we can assume that dim 7" = p — k (and then take 7" = T'), that |¢;| = 1, and also

that 6§ > 0 (otherwise take a positive definite form n € A]}Q’lT*, replace 6 with
0. =0+ en® h, and let ¢ tend to 0). For any u € S(F), let

0< M) < - < M)

be the eigenvalues of the hermitian form ¢,(e) = (#(u),u) on T with respect to

w="Tr,0="> (0(e;),e;) € Herm(T), w >0,

j=1

(ej) being any orthonormal frame of £. We have to show that

g P )P M)+ Ay i) < B

However, the inequality between geometric and arithmetic means implies

M)+ Ap(ar) < (ZM))
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thus, putting Q(u) = Zﬁ(Trw 0(u),u), Q@ € Herm(F), it is enough to prove that

(6.4) /ues(E)Vl(Uﬂz ()P QQup ™ dp(u) <

Our assumption 6 >¢ 0 implies Q(u) = 1 < j <, ¢;|0;;(u)|* for some ¢; > 0 and some
orthonormal basis (¢ ;)1 <<, of £, and

e =Tr,Q= zﬁ Try,(Tr, ) = p%k Tr,(Try, 0) = ﬁTrw(w) =1
j=1

Inequality (6.4) is a consequence of Lemma 6.5(a), by Newton’s multinomial expan-
sion. O

Remark 6.8. — For p = 1, the inequalities of Proposition 6.7 are identities, and
no semi-positivity assumption is needed in that case. This can be seen directly from
the fact that we have

/ gy Q) () = 1 THQ

for every hermitian quadratic form @ on E. However, when p > 2, inequality 6.7 (a)
does not hold under the assumption that £ >¢ 0 (or even that E is dual Nakano semi-
positive, i.e. E* Nakano semi-negative). Let us take for instance £ = Tpn @ O(—1).
It is well known that £ is isomorphic to the tautological quotient vector bundle
C"*1/O(—1) over P", and that its curvature tensor form for the Fubini-Study metric
is given by
Opn ®u,E®@u) =|(§uw)]* >0

(where v is identified which a tangent vector via the choice of a unit element e €
O(—1)). Then det E = O(1) and thus ¢1(E, h) = wps > 0, although (O g ,(u), u)y =0
for all p > 2, as one can easily check.

7. On the curvature of orbifold tangent bundles
7.1. Evaluation of the orbifold curvature tensor

The main qualitative result is summarized in the following statement.

PROPOSITION 7.1. — Let X be a projective variety, A an ample line bundle,
and (X,V,D) an orbifold directed structure where D = Y1 ;< n(1 — pij)Aj is a
normal crossing divisor transverse to V in X. Let d; be the infimum of numbers
A € Ry such that NA — A; is nef, and ~yy be the infimum of numbers v = 0 such
that YOy, ® Idy — Oy, =>¢ 0 for suitable smooth hermitian metrics hy on V.
Then for every v > ~y,p = max(max;(d;/p;),vv), the orbifold vector bundle V(D)

possesses a hermitian metric hy py . such that
(1) hy Dy, Is smooth on X \ |D|,
(2) hy(py~. has the appropriate orbifold singularities along D,
(3) we have 7@A,hA®Id_@V(D> 2G00nX\\D|

V(DY e
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Proof. — Let h4 be a metric on A such that ©4,, > 0, written locally as hy =

e_¢, and take v > max(max;(d;/p;), 7). Consider the tautological sections o; €

H°(X,O0x(4A;)) defining A; = 0;'(0), and let hy, h; be smooth hermitian metrics
on V and Ox(4;) such that

(7‘10) ’7@,47]114 ® Idy — @th >a 0,
(71j) 7@A,hA @OX ),hy > 0, ijl,..‘,N,

as is possible by our choice of the constants d; and ~. Finally, denote by V; the
associated Chern connection on Ox(A;). If we write h; = e™%/ in some local tr1v1a1—

ization, then V;o; = le Oaj = do; — 0;0p;. Take wy = O 4, as the Kahler metric
on X. We have

100l = Gz loyls, T iV 105,Vs03),, = gl 100 ¢,

hence there exists § > 0 small such that the metric hgs = hs exp(—6 Zj|aj|i§pj) of
weight s = ¥ +6 35|05 Z’)j satisfies

190Ys(€,€) =
wm+&%zmmwe/u—wmm+wjgm“Mw o; (O,

We can consider was = Oup, as = 200 s as an orbifold Kéahler metric, that is
“smooth” from the point of view of the orbifold structure. Let us explain the more
precise meaning of this “orbifold smoothness” assumption In fact, there exists a
ramified cover gy: Y — X such that g*o; = w; " for some local coordinate w,
on Y, with arbitrary high multiplicity m; € N* along gy (A;) = {w; = 0}. Then
gYhA,(; Gyhaexp(—8Y; |w;j|*™i/P7) can be taken in any regularity class C?, p € N*,
by taking m; > pp;. Therefore, by pulling-back our calculations to Y, we would
actually get forms of high regularity on Y. Of course, if we compute an integral over
X, pulling-back forms to Y multiplies the integral by the degree of gy, and it suffices
to divide by that degree to recover the integral over X. For § > 0 sufficiently small,
our positivity conditions (7.1;) can be turned into the stronger form

(7:20) 7100%5(&,€) |ul® = Ovy (E® ) > ¢ (m + Yloyl, |Vjaj<£>|ij) :
J

(72J) 7@851/}5(575) - ilﬁggoj(é-vg) (|£|UJA + Z|O-J|h2+2/pj |V OJ( )ﬁ@) )

for some constant ¢ > 0 and all £ € Ty, u € V (observe that the right hand side
can in fact be seen as a positive definite hermitian form with respect to the orbifold
coordinates, we just exploit the fact that A remains ample when viewed as a line
bundle on the orbifold structure). We are going to estimate the curvature of the

orbifold metric hy(p). on V(D) defined by

—2(1-1/p;) 2
(7.3) lal, o, = lul2, + e losli 2 [ Vio)l; e <1
7
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Again, this metric can be seen as orbifold smooth (in the sense that the metric
gyhvpy e on gi-(V (D)) may be taken of arbitrary high regularity; in case p; = oo,
it is actually a smooth metric on the logarithmic bundle). Since

285||u||ivw>”E = 1(Vu, Vu)py e — 2 <9V(D>,hv(D>,5(u)7 U>hV<D>

where Vu = du+1I'(dz) - v is the Chern connection of (V (D), hy(py.), what we need
to prove is that on the total space of V over X \ |D|, the (1, 1)-form

V3 (z,u) = ZaéHUHiWD),E + 710015 HUH’ZWD),E’

is non-negative. For this, we calculate the associated hermitian quadratic form on Ty,

QV(D)N,&(Z? U)(§7 77)7 (57 77) € TV,(Z,u)7 g = Zf@%) n= Z T’)\%7
=1 A=1

and observe that the curvature tensor is obtained by taking the restriction to the
“parallel” directions Vu = 0, that is, by substituting du = —I'(dz)-u, i.e.n = —=I'(§) .
Let us fix an arbitrary point zg € X \ |D|. We take local holomorphic coordinates
(z1, ..., zp) centered at zp, and let (eq, ..., e,) be a local holomorphic frame of V'
such that

(exs €udhy = O+ D Comap 2eZm + O(|2]%),
£m A
N

. . e
where the 5-cgna, are the coefficients of —Oy,,,. Let us write u = >5_; uxex and

denote by (u,v) = Y1 <<, urUy the standard hermitian form, |u| the associated
norm. We find

(7:30) Nullny, . = [P+ 32 comrp 2eZmuniiy + O(|2]°)
Lm 1

_o\ " 1H1/p; .
+ e (|O’j|2€ ‘pJ) ” 00;(u) — 0,00 (u)]> %7,
J
since éaj = 0. In order to simplify the calculation, we set formally

~ 1/p; ~ 2 ~ -1 .
0j =05, & =piE, 5= p; w5, it py < oo,
5'j:10g0'j, gj:€j, QOJ‘ZSOJ‘, lfpj:OO

Respectively to the non-logarithmic and logarithmic situations, we then get the more
tractable expression

2
(74) ||U’||I‘Lv<D>75
= |u|2 + Z Comap 20 ZmUUy, + O(|z|3) + Zgj |05 j(u) — Jj8¢j(u)|2 e %,
£m A1 7
(740) Tl
= |u|2 —+ Z Cgm)\“ ZmeU)\fLN +O(|Z|3) +Zg1 |85'J<U) — 8g53(u)|2 .

Lm A\ 1 J

More importantly, the poles have disappeared — a fact reflecting the orbifold smooth-
ness of the metric. In what follows, for the sake of simplicity, we remove the tildes
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in the notation, and conduct the calculation only in the non-logarithmic situation
(p; < 00), since the logarithmic case can be recovered by taking p; very large; this
actually amounts to using a ramified change of variable z, = z; % in suitable coordi-
nates, allowing us in this way to take p; = 1 in (7.3¢). Also, our later calculations
will be done by adding the orbifold divisor components one by one. This essentially
reduces the situation to the case where D = (1 — %)A only has one component,
and the notation becomes much lighter. Therefore, we drop the indices j and the
summations >, and consider the simple situation where the metric is given by

(7.5)  Nlullhy . = [l + D2 comrzeZmuntiy + O(|2°) + |00 (u) — o dp(u)?
L\

(7.5 <<U7"U>>%zv<13>,s = (u,v) + D Comau 20 ZmUATy + O(l=I)
m A\

+e (aa(u) -0 8g0(u)) (00(1}) — o dp(v) ) e ’.

We also take a holomorphic trivialization of the line bundle Ox(A) so that the
associated weight ¢ satisfies p(2) = 3¢, Qom 202 + O(|2]*) near zo = 0. Then

Op = aum Zndze + O(|2), =3 aum zedzm + O(|2%).

£m 4m

At the point z = zy, we have dp(z9) = 0p(z0) = 0, Vo = do, and our metric admits
the expression

lullfy .. = lul* +el0o(@)?, (u,vhny . = (u,v) + € do(u) do(v).

Let u,v be arbitrary local holomorphic sections of V', and denote by V¢ the Chern
covariant differentiation of (V (D), hy(py ) in the direction § € Tx. By polarizing the

quadratic form ||u||iv<D> _ into a hermitian inner product O¢{(u, v)n, p,, . and setting

Veu = Vé’ou = Ocu + ['(€) - u, a differentiation of (7.5") at z = 2, yields

O ((u, v>>hv<D>,5 = (Veu,v) + e 00(Veu) 0o (v)
= (Ocu, v) + € 0o(Ocu) do(v)
+e0%0(&,u) 0o (v) — e Do (u) & A0 p(€,v),

where 9%0 (€, u) == 32, O (Do (ex) uy is viewed as an element of (T% ® V*),, and 90 ¢
as a hermitian form on T, operating on Tx ® V C Tx ® Tx. In fact, u +— 0o (u)
and (&, u) — 9%0(&, u) can be intrinsically defined as V'), and V%}?Q@O(A)(Vl’oa‘v)
at 2o, and we will denote them by Vo and V?¢. In this setting, a subtraction of
the last two lines in our equalities shows that the (1,0)-form I" of the connection of
(V(D), hv(py) is given at z, by the formula

(7.6) (T(€)-u,v)+e Vo (L(€) u) Vo(v) = e V2o (&, u) Vo(v)—e Vo(u) a 00 p(€,v).

This equality is valid pointwise for any u,v € V,,. As a consequence

(7.7) T(€) -u+eVa(T(€) -u) (Vo) =e V(& u) (Vo) —eVo(u) o (85 ©(e,8))*
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where o € V is the dual vector to a 1-form o € V*, such that (a*,-),, = &. The
special choice v = I'(€) - u yields a (non-negative) real value in the left hand side
of (7.6), and by taking the real part of the right hand side, we obtain

(7.80) 1) - uf* +&|Vo(T(€) - w)’
= eR(V2o(&,u) Vo(T(€) -u) ) — e R(Vo(u) 5 00p(¢,T(€) - u)).
Also, by applying Vo to (7.7), we obtain
Vo(T'(€) -u) +eVa(I'(§) - u) (Vo,Vo)
=¢eV?0(&,u) (Vo,Vo) —eVo(u) o <VU, 00 (e, §)> ,
hence
(7.8)  Vo(T'(€) - u) = m=ieoz (V20§ u) Vol = Vo(u) 7 (Vo,00¢(e,€)) ).
As 27 © 4, = 10015, we infer by a brute force calculation from (7.5) that
Quipy ez w)(€m) = 0Bl - (€:m) + 7 ODus(E,€) [l ,

(7.91) =5 00Ys(&,6) [ul* + z 2; Comap Eem UATly,
(7.92) e (v 0915(&,€) = 000(¢,€)) [Vo(u)|?
(7.9) 10 + £ [Vo(n) + Vo(é.u)|

(7.9,) —2eR(Vo(u) o 094, n))

(7.95) — 2eR(Vo(u) 9 go(& u) Vo(§))

(7.96) —2:R(Vo(u) 5 00 %p(¢,€,u))

(7.97) + ¢ lof* [00 o (u, &)

where we identify a (1,1)-form such as 99 with a hermitian form, and take
n = —T(€) - u. The second term in (7.9;) is obtained by differentiating € |Vo(u)|?,
while (7.93), (7.94) and (7.95) actually come from the differentiation of the term

. R(...) in (7.5). By our assumptions (7.2;), the first two terms (7.9), (7.9;) are
positive in the sense of Griffiths, and such that

(7.90) = ¢ (|6 + Vo ©))?) [ul?, (7.92) > ce (|7 + [Vo(9)P) [Vo(u)]®, ¢>0.

(Here the term |V (€)|? is significant, because we will later replace o by o'/? in
the orbifold case, and then Vo'/?(¢) is unbounded with respect to [£]). The third
term (7.93) is semi-positive. We claim that the terms (7.94, 7.95, 7.9¢, 7.9;7 are
negligible for ¢ < 1, in the sense that Qv (py.(2,u)(§,n) is comprised between
(14 6)((7.91)+(7.92)+(7.95)), with 6 > 0 as small as we want when ¢ < £¢(¢). In
fact, since 00 ¢ is smooth, there exists C' > 0 such that

(7.94)] < Cela| [Va(u)l [¢]n|
< PPV (u)]® + C% 2o Plnl* < (7.92) + (7.95).
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Similarly

(7.95)] < Celg] |ul Vo (&) [Va(u)
< CE2E)P |Vo(u)]? + CeV?|Va(€)]? [ul? < (7.91) + (7.92).

The last two terms ((7.9¢), (7.97)) are even easier, since

(7.96)] < Celol [ |ul [Vo(u)| < 2] [ul + C2 %2 |o* [ Vo (u)
< (791)+ (792),

(7.97)] < Ce €l |ul> < (7.91).
Finally, by replacing n with —T'(£) - v and using ((7.8¢), (7.81)), we find

(7.93) + (7.94) = |T(€) - uf?

(7.11) +&|Vo(D(€) - u) — V2o (& )| +2:R(Vo(u) & 90 p(€,T () - u))
(7.12) = (7.8) +¢ |[V2o(&,w)| — 2eR(V20(€ w) Vo(T(€) - )

(7.13) +2eR(Vo(u) & 00 (€, T(S) - u))

(7.14) = e[ V2o (¢ u)| — eR(V2o(E ) Va(T(©) - u))

(7.15) +eR(Vo(u) & 00 p(£,T(€) - u)).

(7.15,) = oo 2cr(é“,U)]2

(7.15,) T (v o(& u)e Vo(u)& (Vo, aégp(o,f)>>

(7.153) +eR(Vo(u) o 00p(6,T(€) - u)).

The term (7.153) equals $(7.9,), thus it is negligible, and the term (7.15,) admits
an obvious bound
2
(1.152) < ot (1 [V2otE ]|+ lof? (Vo [V w)? [P
< eV2(7.15)) + 2o Vo (u)[? €] < (7.151) + (7.92).

By collecting all non-negligible terms (7.91), (7.92) and (7.151), we obtain a curvature
form

Qv(p)e(2)(§ @ u) = 90 1hs(£,€) ul* + > Comau Eem UAUy,

Lm A p

e (v 004s(6,€) — 009(,€)) Vo (W) + e [ Vo€ w)]
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At this point, we come back to the orbifold situation, and thus replace o by o'/?, ¢
by p~l¢ and € by p?e. This gives the curvature estimate

(716) QV<D>,’Y,E(Z)(§ ® U) =9 aé ¢5(§7 5) |U|2 + Z Comap fégm u)\au

Lm A\ 1
+ e lo 2P (v 00 Ys(€,€) — p D0 p(4,€)) [Vo(u)]?
ol V06, u) — (1= 1/p) o Vo (§) Vo (u)|

1+¢e|o|~2+2/P Vo |2
In the general situation D = Y71 < ;< n(1 — 1/p;)A; of a multi-component orbifold
divisor, we add the components A; one by one, and obtain inductively the following
quantitative estimate, which is a rephrasing of Theorem 1.10. 0

+

Y

COROLLARY 7.2. — With a choice of v > ~y,p = max(max(d;/p;),vv) = 0
determined by the curvature assumptions of Proposition 7.1, and of hermitian metrics
on A, V, Ox(D) as prescribed by conditions (7.2;), the orbifold metric

_ . 2
(@) T2y, = luly + 3 1oyl 22 (Vo)
1<j<N
yields a curvature tensor Oy py,e = 7Oan,; ®Id — Oyp D)hv (b such that the
associated quadratic form QV<D>,%6 on Tx ® V satisfies for EN K ey K - K

€1 < 1 the curvature estimate

(b) QV<D>:’Y:5(Z) (5 ® U’) Y aa ¢5(€ g |U’|2 Z Comap gfgm U')\uu

X
+ Zgj o[22/ (7 90 Ps(€,€) — pjt 00 %‘(&5)) Vjo(u)?

2+2/p;

2
5] loj]—
+ Z 14e; |—2+2/P] IV o

)

Vzay(f u) — (1 =1/p;)0; 7 V,05(6)Vo;(u)

where
V?MM ;= 90 s, VQAj?hj =90 ©j, (Comru) = coefficients of —2m Oy, .

Here, the symbol ~ means that the ratio of the left and right hand sides can be
chosen in [1 — «, 1 + «| for any a > 0 prescribed in advance.

7.2. Evaluation of some Chern form integrals and their limits

Our aim is to apply Lemma 6.5 and Corollary 7.2 to compute Morse integrals of
the curvature tensor of a directed orbifold (X, V, D), where D = >7,(1 — 1/p;)A
is transverse to V. Let A € Pic(X) be an ample line bundle, and d;, vv, v > yv.p
be defined as in Corollary 7.2. We get hermitian metrics hy(py. on V(D) and
corresponding curvature tensors Oy py .. in C*(X \ |D], ATk ® Hom(V,V)) that
are “orbifold smooth”, and such that 0y py 5. ¢ 0. Given a smooth strongly positive
(n —p,n — p)-form § >5 0 on X, we want to evaluate the integrals
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7.17 Le(8) = [ Ov oy e - ) A B
17 BB = [ (Ovorge - w ) A Bdue(w)

! — . P
(7.17) -/ . / ooy, VD1 ) A B(2) duc(w),

where S.(V (D)) denotes the unit sphere bundle of V(D) with respect to h., and p.
the unitary invariant probability measure on the sphere. Proposition 6.7 (b) and the
Fubini theorem imply the upper bound

I(r—1)! p
[p,s(ﬁ) < (I;_f_r_ll))! /X (Tr9V<D>,7,E) /\ﬁ.

When £ is closed, the upper bound can be evaluated by a cohomology class calcula-
tion, thanks to the following lemma.

LEMMA 7.3. — The (1,1)-form Tr60ypy,. = 0 is closed and belongs to the
cohomology class

rye(4) —a(V)+ 3 (1= 1/p) er(4y).

Proof. — The trace can be seen as the curvature of

det(Ox(vA) @ V(D)*) = Ox(ry A) @ det(V(D)")
= Ox(T"y A) ® det(V*) ® Ox(D)

with the determinant metric. Since all metrics have equivalent behaviour along |D|
(and can be seen as orbifold smooth), Stokes’ theorem shows that the cohomology
class is independent of . Formally, the result follows from (2.6). One can also consider
the intersection product

TeOy oyt {8} = [ TrbvippreAB=1 [ Oy Dy e - 1 u) A B
(Trbviyael A8} = [ Trbvipype A =7 | o (OviDyye ) A Bdpe(u)
for all smooth closed (n — 1,n — 1)-forms § on X, and apply Corollary 7.2 (b) to
evaluate the limit as ¢ — 0. This will be checked later as the special case p = 1
of (7.17). 0

We actually need even more general estimates. The proof follows again from the
Fubini theorem.

PROPOSITION 7.4. — Consider orbifold directed structures (X, V, Dy), 1 < s < k,
with Dy = 37 < j< n(1 — p%j)Aj. We assume that the divisors Dy are simple normal
crossing divisors transverse to V, sharing the same components A;. Let d; be the
infimum of numbers A € R, such that A A — A; is nef, and let vy be the infimum of
numbers v = 0 such that Oy, =704, ®Idy — Oy, =¢ 0 for suitable hermitian
metrics hy on V. Take p = (py, ..., pr) € N¥ such that p' =n — (p1+---+pp) =0
and a smooth, closed, strongly positive (p',p’) form  >5 0 on X. Then for every

Ys > Vv,p, ‘= mMax <mjaX(dj/Ps7j)> WV)
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there exist hermitian metrics hy(p,)., on the orbifold vector bundles V(D) such
that

OV (Do) yses = Vs Oany ®Idv —Oviny by ... >c 0,

532(651,...,85]\1), 1<S<l€
in the sense of Griffiths. Moreover, the integrals
(a) Ik,ps ﬁ)
- QV Ds), 5755(u5)7u5 a /\ /6(2) d/”L s(us)
»/ZGX/US GHSS(V s z 1§/S\§k< < >’y > 1<1:[<k )
admit upper bounds
() Tipe(B)
s
/ Perr 1))' s @A,hA,(s —Tr 9V,hv + Z( ]-/ps,])@A h;j A B
X1<s<k J

When ( is closed, we get a purely cohomological upper bound
(C) Ik,p,s(ﬂ)

<Jo I g (rvsc1<A>—cl<v>+Z<1—1/ps,j>cl<Aj>) {5},

1<s<k j

COMPLEMENT 7.5. — When p; = ... =p, = 1, formulas 7.4 (b) and 7.4 (c) are
equalities.

Proof. — This follows from Remark 6.8. 0

In general, getting a lower bound for I,.(5) and Iy, (/) is substantially harder.
We start with [, .(/5) and content ourselves to evaluate the iterated limit
611_1}1&0 L,.(f) = lim lim '”511\;ir£>10 L:B), en<Keyag << < L.

e1—>0e2—0

For this, we consider the expression of the curvature form in a neigborhood of
an arbitrary point zp € Ay N...NA; (if 2o € X \ |A], we have m = 0). We
take trivializations of the line bundles Ox(A;) so that the hermitian metrics have
weights e™% with ¢;(zy) = dy;(20) = 0, and introduce the corresponding “orbifold”
coordinates
t] e — 51/2 O_j('z)i(lil/pj) ’Vjo—j(z(])’7 ] = j17 s 7jma

We complete these coordinates with n —m variables z, that define coordinates along
A N...NA;, . In this way, we get a n-tuple (¢;., z¢) of complex numbers that provide
local coordinates on the universal cover of 2, \ | D|, where €, is a small neighborhood
of zy. Viewed on X, the coordinates t;. are multivalued near zy, but we can make a
“cut” in X along A, to exclude the negligible set of points where o;(z) € R_, and
take the argument in | — 7, [, so that Arg(t;.) € | — (1 —1/p;)m, (1 —1/p;)m[. If
we integrate over complex numbers ¢;. without such a restriction on the argument,
the integral will have to be multiplied by the factor (1 — 1/p;) to get the correct
value. Since |o;| is bounded, the range of the absolute value |t;.| is an interval
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10(g; Y 2) +o00[, thus t;. will cover asymptotically an entire angular sector in C as
£j —> 0. In the above coordinates, we have

tj‘€

Uie = (1-1/p))% = - <1—1/pj>(vgjj+asoj>=—<1—1/pj>V;;’j+0<1>,

since V,o; = do; — 0;0p; and the weight ¢, of the metric of Ox(4;) is smooth.
Denote

(7181) 9‘/77 =7 @Ath,a ® Idv — @VﬁV?

(7'182> QV(D%%E =764 has @ Id — @V<D>7hV(D),E7
* i oj *

(7.185) e = i € S(V*).

By Corollary 7.2, we have
(7.19) (Ov(pyse -t ) =7 Onny s — (Oviny - u,u)
+ Z & oI 7220 (YO, — 05 Oayn,) [V 05(u)?

2
)

&jlojl” 2+2/p;

L+e |og| 22/%5 |V 0

5 | Vi€ u) = (1=1/p;) 07 V0,(§)V,05(u)

+27r

therefore

(7:201) (B Dy - s tt) = (Brry - ) + Z (YOuhas = 7' Onn, ) [t le; (u)

(7.20,) e 1kﬂtj's|2<f”?: e5() + by(u), 252 5 (u) + by(w)

hy
where

(7.205) b; Vi0; € 0 (2, AT @ V' ® Ox(4)))

|V |
is a smooth (1,0)-form near zy,. The approximate equality ~ in formula ((7.20,),
(7.205)) involves the approximation |V,0;(2)|/|V;oj(z)| =~ 1, which holds in a
sufficiently small neighborhood of 2y ; if we apply the Fubini theorem and consider the
fiber integral over 2z, € X, there is actually no error coming from this approximation.
Now, we want to integrate the volume form (fv(p).- - u,w)? A B dp.(u) along the
fibers of S.(V(D)) — X. The sphere bundle S.(V (D)) is defined by |u|%LV<D>7E =1

where

— ; 2 2
(7.21) Julf, . = [+ ejlos| 20 1V 05(w)* = |ul* + 311,
j

J

u)‘2 = 1.

For the sake of simplicity, we first deal with the case where the divisor D = (1 —
1/p;)A; has a single component. Along A, we then get an orthogonal decomposition
V = (VNTa,;) @ Cej, and by (7.21) we can write

+ ez

(7.21%)  w=u)+ei(u)e; € S(V), |ul*=|uj]* +

, U;EVQTAJ..
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We reparametrize the integration in w € S.(V (D)) on the sphere S(V') by introducing
the change of variables

B Ctel® 6[01] lo7=_—_1 _ dTZM
i = THt. 2 THt;. 12 (1+[t;,62)?7

Gie : S(V) = S(V(D)), uw uje=uj+vV1—71ej(u)e; =uj+
so that u;. satisfies |u;.|? = |u|* and

ei(uje) =v1—r1ej(u) = W ei(u), |tjel

A+t

_ g
(1+]t5,e[2)/2 77

2
=T

e;(“ﬁ)

This gives dp(u;.) = du(u), and as a consequence (7.17) can be rewritten as

(7.22) 1,.(8) = [S " (Ovipyye - ties s ) A =) dpw).

Finally, a use of polar coordinates with ov = Arg(t;.) shows that

el (u)

1ol

Zdtj’a/\dt_j’g o 2|tj’5|d|tj7g|/\da
(14t 2)? (14]t,12)?

A substitution u — u;. in ((7.201), (7.207)) yields

=dr A do.

_ t.el2 le ()2
(T:23) (v () e - s i) = (Bvy - ey tic) + (YOunay = 07 Onyny) i

L1 dtge(u) it c €3 (w)
vt (e + ey () e+ e ) )

j
The last term is a (1, 1)-form that is a square of a (1, 0)-form (when w is fixed), hence
the expansion of the p'™ power can involve at most one such factor. Therefore we get

p
(7231)) <9V<D),'y,e *Ujes uj7€> =
B t50rt32) + (1Oans — 710, ) L0
Viy  Ujey Ui T PAhas TP PNk ) T P

? 1 dtj,e e} (u) dtc €% (u)
+pﬂ1+\tj,5|2 <(1+th’ 2)172 + e by (uje) W Tt b (“Js)>

-1
o o g, ) ellgwl)”
A < Viy * Uj,a,uj,a> + (’Y Ahas — Py Aj,hj) T .
The integrals involving b;(u;.) are of the form

t_j,s dtj,e/\<€ ( )b (U]E > / |]a| < (u] a) b, (u]E ’
~/S(V) (1+[t5,612 )3/2 A AJ 8( ) S(V) 145, g| A AJ#‘:(U)

where A; (u), A} (u) are forms with uniformly bounded coefficients in orbifold

coordinates. Since 1J|r|7t5| E is bounded by 1 and converges to 0 on X \ A;, Lebesgue’s
dominated convergence theorem shows that the second integral converges to 0. The
second integral can be estimated by the Cauchy—Schwarz inequality. We obtain an

upper bound
.0 (b5 (3.0). 5 s dty < A < |3 ()2 2
€ Uj.e b U4 5 . atj,e j.e 1€; (U )
</S(V) . 1+|1 R LA A],e(u)> (/S(V) (1+|tj,e\2])2 A AJAU))
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where the first factor converges to 0 and the second one is bounded by Fubini, since
Joudt Adt/(1+ [t]?)* < +o00. Modulo negligible terms, and changing variables into
our new parameters (7, ), we finally obtain

(7.24) <9V e gy W)’ =2 Oy - U, wjc)”
p—1
+p I el (u) [P A <<9V,w gy tie) + (YOunay = 07 Ons, ) T |€;<“>|2) :

Therefore

(7.25) /S( (Ov Dy e - Wje, Uje)? A B dp(u) ~ /S(V) Oy - wje, uje)’ A Bdp(u)

—1
4 drNda
S(V) p 2m

* 2 —1 * 2\P
ej(u)‘ A ((0‘/,7 CUjey Wje) + (7 OAhas — Pj @Ajvhj) T ‘ej(u)‘ )
A B dp(u).
Since u;. — u almost everywhere and boundedly, we have
ali_% s Oy -ty uje)’ A Bdu(u) = /S(V) Oy - u, u)’ A Bdp(u).

Here, we have to remember that 7 = 7;. converges uniformly to 0 (even in the C*
topology), on all compact subsets of X \ A;, hence the second integral in (7.25)
asymptotically concentrates on A; as ¢ — 0. Also, the angle o = Arg(t;.) runs over
the interval | — (1 — 1/p;)m, (1 — 1/p;)w[. In the easy case p = 1, we get

lim (Ovye - Wje,uje) A B du(u)

e—=0J3(v)
= oy O A B + (L= 1)) [ )8 die)

[A]

- /X% Tr 6y, A B+ (1— 1/pj)/Aj 13,
If we assume [ closed, this is equal to the intersection product

Ypye(A) —aa(V)+ (1= 1/pp)er(d)) - B

and the final assertion of the proof of Lemma 6.19 is thus confirmed, adding the
components A; one by one (see below). Now, in the general case p > 1, we will

obtain a lower bound of the second integral involving d7 A dov in (7.25) by using a
change of variable h;.: S(V) — S(V),

wer hyeu) = (L= D)lP+ e )]) ™ (VIZ 7 + €(u) ;)

where 7 = 7; .. Observe that the composition g;. o hj.: S(V) = S(V) — S.(V(D))
is given by

9je © hje(u) = = u.
(0w tlesl)
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Since (1 — 7)[u'[* + |ej(u)]* < |ul* = 1, it is easy to check that du(h;.(u))
> (1 —7)"""dp(u) on the unit sphere, that |e¥(h;c(u))| > |€}(u)], and finally, that

(Ovy - gje (hje(u)), gje (hje(u)))

- (1*T)|u’1\2_l e’f(u)|2 <8V”Y ‘uu) > (1-7) <6Vu"f S U ).
J

Hence, by a change a variable u — h;.(u) we find

(7.26) A(v)pw 637(“”2

2\P~1
A (v i) + (10, = 07 08,0) 7[5 ) A Bduw)

p—1

> dTQ/\dO{
S(V) 4

e (u)fA((l—T) (v - 00+ (Y Oy — 07" Oryn) 7 |e;<u)|2)
AB 1 —7)" dp(u).

Here, we have to remember that 7 = 7; . converges uniformly to 0 (even in the C*
topology), on all compact subsets of X \ A;. Therefore, the last integral concentrates
over the divisor A;. If we apply the binomial formula with an index ¢’ = ¢ — 1, we
see that the limit as ¢ — 0 is equal to

o o1 [ 3 (0]

185 g=1 \9 ~ 1

-1 1
A (’y Onpns — 0" @Aj7hj>q |e;(u)|2q</0 (1 —pyp-atr=tpad d7‘> A B du(u).
We have

! —q+r— — —q+r—1)! (¢—1)!
(7,28) /()(1_T>p q+ 1Tq 1d72%

and the combination of (7.22) and ((7.25)—(7.28)) implies

p
: . P _ ‘ (p=D!(p—g+r—1)!
(129) i Lpe(8) > [ (B )" A B + (1 Vei) 3 G ol

e (u)

2q+2
)

- — q
. /S(V) (Ova w0 A (3 Onas = 07" On) A B dp(w).
Ay

Inductively, formula (7.29) requires the investigation of more general integrals
Ly ye = Oy .. cu,u)P A 0i(w)|? B dpe(u
35 = [ iy, O w7 T 6P a0

where Y is a subvariety of X (which we assume to be transverse to the A;’s, and
l; € C®(Y,V*) with |[¢;| = 1, and § >g 0 is a smooth form of suitable bidegree
on Y. Not much is changed in the calculation, except that the change of variable
u > gje 0 hj-(u) applied to [T, < ; <,y |¢;(w)|? introduces an extra factor (1 — 7)?" in
the lower bound, entirely compensated by the corresponding factor (1 — 7)P~P'~4
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appearing in (fy.. - u,u)P~?". The binomial formula yields a coefficient (p;]i/ 71)

1
instead of (Zj). We thus obtain

(730) 1 Lyye() > [ vy w ™ A TT G Bdu(u)
= Sy L<j<y

/

—p' ) (p—q+r—1)!
+(1—1/p;) Eﬁ_if)_g)’! (ZL_1§! X
q=1

/ —1
Oy - u, )P TIN(YOun s — i O b A
/S(V)YmAj< 7 > ( e / 7 J)

" TI 16 Bduu).

1<ji<p’

When D contains several components, we apply induction on N and put

(7.31) [ulhy . = Ul oy FEN o] 72N Vo ()7

where

(7.32)

(7.32') [l o = uliy + D0 gy log| 72 V0(u)l}, -
1<j<N-1

In this setting, (7.19) can be rewritten in the form of a decomposition

<«9V<D>m€ . u,u> ~ <9V<D>’%€/ - u, u>
+en o] (Y Ounas — P Oayiy) [Vvon ()]’
on|—2+2/p _

%Hm T;fvl‘—lng/pN |JVVNC,N|2 Vion(&u) = (1= 1/pn) oy Vvon(§)Vnon(u)
inductively with all intersections Ay = A; N ...N A, J = {j1, ..., jm} C
{1, ..., N}; we neglect the self-intersection terms, since they are anyway non-
negative. We obtain

(7.33) lim I,.(5)
p! (errfle].e qu)!
> X X ,
JC{L . N} (g))e(N*)7 X . 4 <p (pr=1)! (p_zjeﬂj)

_ ) N 2q; _
<9VN(2) - U, u>p Ejequ A /\ ej(u) ! ('VGA,hA’(; —Pj l@Aj’h].)

jed

‘ 2

1-1 / /
!jI;[J( /p3) zeAy Juesw).

95—

"N B(2) dp(u)

where J = () corresponds to the integral taken over X, with a coefficient equal to 1
in that case. By the Fubini theorem, we get the following lower bound of I, .(3).

PROPOSITION 7.6. — With the same notation as above, assume that

Vs > YVV,p, = max <maX(dj/ps,j),7v) . 1<s<k
J
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and consider the limit lim, _, ¢ Iy, () computed as an iterated limit

lim ... lim
€11—0 exn —0

with respect to the lexicographic order (i,7) < (i',j') if i <i ori =14 and j < j'.
Then we have the following lower bound, where the summation is taken over all
disjoint subsets Jy, ..., J, C {1,2, ..., N}:

EILmO [k’pys(ﬁ) S Z Z |Js|! ps! (ps—zjejs qj+r—1)! H (1 B pij)

J111..11Jy, (g;) € (I\I»ﬂ)t]l}_LHLIJ,C 1<s<k (ps+r—1)! (Ps—z:jE Js q]')! Jeds

1,...N
c{l. N} je(]Sngps

. ps—Z- o 4
‘/Z'EAJ1H.4.HJ]€ /(US)GS(V)k /\ (<0V,'Ys U57U5> jeJs /\

z 1<s<k

J€Js

X 2q; _ q—1

€; (uS) (’78 G)A,hA,5 - ps,jl' @Aj,hj) dﬂ(“S)) A B(Z)
Our assumptions imply that we can take 0y, >¢ (75 — v — 6)Oap, ® Idy for

every 6 > 0. By Lemma 6.5(b), we obtain the simpler and purely cohomological

lower bound

(7.34)  lim Iy (B)

x oy pbeeig

JiII ... 11J,, (qj)e(N*)J1H~~UJk 1<s<k (ps+r—1)! (pS_Zjer qj)! JjEJs
c{1,..,N}

jEJs qj <Ps

/A A (((% - W)@A,h/,)przf“s YA

JPO.IJ, 1 <s<k

i—1
A s (8ot 08,0)" ) 10
jeJs

What is a bit surprising in all these estimates is that, in spite of the fact that we
are integrating non-closed and metric dependent forms, the limits of the integrals as
e — 0 admit rather natural lower and upper bounds that are purely cohomological,
and can be expressed solely in terms of well understood Chern classes. This will
also be true for the related Morse integrals in § 8. It could be desirable to have
an algebro-geometric explanation of this phenomenon. The algebraic versions of
Morse inequalities developed by B. Cadorel in [Cad19] might possibly be used in
this context.

Remark 7.7. — As mentioned in the course of the proof of (7.6)—(7.34), we have
neglected certain non-negative terms coming from self-intersections A% of the com-
ponents (p > 2), by restricting the summation to the family of disjoint subsets
Ji, Ja, ..., Ji. It would be interesting to refine the lower bound and to take these
terms into account. This might be possible by observing that the iterated limit
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process, when integrating on A;, involves inductively a few extra terms in (7.23),
when we take the limit as ¢;. — 0o. Those terms are equal to

— * 2 3
(Ovy - tts) + (YOunas — p7 ' Onyy) |e5(w)| + g@j(u;),bj(u;»hj.
One would then have to evaluate the contribution of (b;(u}),b;(u}))s; in the inte-
gral [, .

8. Non probabilistic estimates of the Morse integrals

The non-probabilistic estimate uses more explicit curvature inequalities and has
the advantage of producing results also in the general orbifold case. Let us fix an
ample line bundle A on X equipped with a smooth hermitian metric h4 such that
wa i=0ap, >0, and let vy be the infimum of values A € R, such that

Awy @ Idy — G)V,hv >a 0,

in the sense of Griffiths. For any orbifold structure D = 3°,(1—1/p;)A;, Corollary 7.2

then shows that the s™ directed orbifold bundle V; := V(D®) (cf. § 2.2) possesses
hermitian metrics hy pe)y ., such that the associated curvature tensor satisfies the
inequality

95,7,5 =Yswa ® Idv<D(3)> - @v<D<s>>,hV >a 0,

<D(S)>,as

provided we assume d; A — A; nef and take

(s)

(8.1) Ys > Vy.pls) = Max (m]ax (dj/p§8)) ,7\/) where p;* = max(p;/s,1).

In particular, any value

(8.1) Vs > max (s max (d;/p;) ﬁv) .
j

is admissible, and we can apply the estimates 7.6 (b) and (7.34) with these values.
Instead of exploiting a Monte Carlo convergence process for the curvature tensor as
was done in § 5.2, we are going to use a more precise lower bound of the curvature
tensor O, . of the orbifold rank 1 sheaf associated with F' =74, 7 < 1, namely

LT,k = OXk(V<D))(1) ® WZOX(—TA).
Our formulas 4.5 (a,b) become

Or, ve = Wrkb(&) + groe(z, z,u) — Twa(z), where

k
gk,’y,s(za xz, u) = Z LSS 93,7,5 (us>>
s=1
Os e (s) = 5= Z cl(;ﬂf)(z) Us \Us, y, d2; N dZ;.
i7j7A’M
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Under the assumption (8.1"), we have gy ~.(z,2z,u) > 0, but in general this is not
true for g o.(2, %, u), so we express gro.(2,2,u) as a difference of gy, (2, z,u) and
of a multiple of wy. By definition 0. = yswa ® Id + 05 ., and we get

(82) Op ,c=wrrp+a.—f, where

(8.2) Qe = Grre = 0, = (7’ + > Sms) > Wc@; > 0.
1

1<s<k <qg<k

Then (8.2) and the inequalities used for (5.2), especially Lemma 3.3 and Proposi-
tion 4.3(b), lead to

n+kr—1

/ka D) (Lrg,<1) TR

__(ndkr—1)! n
= s [y B a0 = ) (@)

(n+kr—1)! n n—1
2 n'k”(kr 1 /GX/(xu € A=y (s2r—1)k ( o — NQ, /\B) dukm(q:)d,u(u)

(8.3)

The main point is thus to find a lower bound of the difference a” —na” ' A3, hence a
lower bound of a” and an upper bound of a”~! A 8. An expansion of a” by Newton’s
multinomial formula yields

k Ps
a = Z p1' - P! 1:[( 8758 us) ’

pEeNk, |p|=n

If we assume k£ > n and retain only the monomials for which p, = 0,1, we get

n

n n!
as 2 Z 81...8n HISZGSé,’y,E(u,SE)'

1<s1<...<sp <k /=1

By Proposition 4.3 (a) and an elementary calculation (cf. [Dem11, Prop. 1.13]), one
gets for every (pi, ..., pr) € NF

D1 Pk (kr—1)! H1<s<k(p5+r 1!
(8.4) /Ak AR it dvy . (x) = G O S rra—y L

and in particular, for k> n, py=... =p, =1, ppa1 = ... = pr = 0, we have

— _ (kr=1)Irm
/Ak_1 Tg, ... Ts, AV, (T) = /Ak_1 Ty ... T, dvg,(x) = (Tt
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As a consequence, the equality case in ((7.4)—(7.5)) implies
Mn e = / / ; nd . d 4
* 2€X J(zu) € A1 x( Szr—l)k « (Z) Vk, (ZL‘) :u(ul) ,U(Uk)

n'xsl Lsp
> [ ey (2)
1<s1 <. <sn<k

/ /Hs (D(=0)y) <95z7%8(“s/)7 Us,) dpi(us,)

=1
(kr—1)! n!

> (ntkr=1)! s1...5n
1<si < <sn<kz

n

< H(”‘S‘Cl ‘W”Z(l—1/p§-“>)cl<Aj>>

=1 j

n

(8.41) Mn,k,s P % /X H (7”}/5 (31(14) — cl(V) + Z (1 _ 1/p§s)> CI<A]')>-
s=1 J

If we assume ¢;(V*) = Ay ¢1(A) and ¢1(4A;) = d; ¢1(A), the lower bound takes the

simpler form

(842) Mn,k,s = % 1_‘[1 (7"’73 + Av + Zdj (1 — 1/p§3))) A"
5= j
In fact, our lower bounds are obtained by taking into account the single term s, = ¢,
< ¢ < k (which is the unique term in the sum when k£ = n). A more refined
method is to integrate all monomials 24" ... 2}* and to use the lower bound (7.34)
instead of ((7.4)—(7.5)). This has the advantage of eventually producing a non-zero
contribution, even when k£ < n. We find

mhk Bt z2€X J(zu)eNe—1x(S2r— 1) ( ) Vk, ('1') :u(ul) u(uk)

£—>0
’I’L'LE )
Eh_r% Z /Ak 1 H _q Ps! SPS / /HS D(S) I 1<6.57’Y7E(u5)7u5>p dﬂ(us)
Ipl
>3 n! (kr— 1')k [T <, cplpstr—1) 5
e H _ palsps (r—1) (Zl<s<kps+kr 1) ot
Ip|=n c{1,..,N}

| s |! ps! (ps—zje(ls qj+r—1)!
> o)/
jEJs z€A .. 11y

(g;) e (N*)1H- IR 1< s <k (potr—1)! (PS—Eje Ts q]-)! pg
Zjejs 45 <Ps

((’Y ’Yv)@A,hA)

1<s<k

pS_ZjEJs q;j

-1

A /\ q+r 1 (’Vs Onny, — (Pé’s))il @Aj,hj)qj ;
jed
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thus

(85) Mue> it > I & 2

peNk 1<s<k JII.. 10Ty,
|p|=n c{1,..,N}
Z H BAL (pszjEJs qj+r71)1 H (1 . ) / /\
RO
(qj)E(N*)Jlu"'HJk 1<s<k (ps_zjer Qj)! jEJs Pj ZEAJlLL..HJk 1<s<k

ZjEJs q; <Ps

((% - 7‘/)@141’1/4)% Zeien® A /\ q(:rl ! (% Onn, — (p§-5))_1 @Aj,hj)qu.

jeg

In particular, if ¢;(A;) = d; ¢1(A), we infer

n! (kr—1)! 1
(8:6) Mux> i 2o 11 o Do D
engsgk JIL I, (g5),95>1

AL (ps—Zje.zs qﬂ'*’"_l)!
H ( (pS_Zjer qj)!

(r=1)! A
IT 4 ( ()) @D (% - p<J>> A"
JjEJs J

In the special case k = 1 and N > n, by taking |J| = |J;| = n and ¢; = 1 for all
j € J, we find

jEJs q; <Ps

7ZjEJs 9

(’YS — v )ps

(8.61) Moy > ey 2RI (1-2) A

JC{L, o, N}, | J|=n jeJ

Next, we turn ourselves to the evaluation of the integral of a”~! A 3. We have

k
a?_l/\ﬁz Z p1' pk H(% 77aus>s/\6’

peNk, |p|l=n—1

and the upper bound given by ((7.4)—(7.5)) provides
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APt / / (VA B (2) du(uy) . . d
et [ me) A B @) dila) . d()

e—0
. n—1) P xik
< lim - 7dukm(x)

e—0 ps! sPs
pGNk |p|=n—1 =1+°

K k
. /X /HS(V(D(S)>) 8/:\1 (05,6 (us), us)”* A B 31:[1 dp(us)

(G NEAPE A oty | g
\ . 1 pé'sps Z yk,r‘(x)

peN’“ Ip|=n—1

/ 1)! (T'Vs@AhA_Tr@VhV
X

1<s<k
Ps
£ (- 1) @) NG,
J
By (8.4), for |p| = > ps =n — 1, we get

k
/Aki1 itk (Z %‘1 + qu) dvy ()

g=1

_ (kr—1)! H1<5<k ps+r—1)!

— (r=1)% (n—1+kr—1)! (

Jo 4 Pgtr
q n+kr—1

o

Therefore, assuming ¢;(A;) = d; ¢;(A) and ¢;(V*) = Avei(A), we find

/ n! (kr—1)! Yq H1<s<k (ps+r—1)!
Mn,k = (- 1)vk n—i—kr 2)! Z +7 Z 15, ps!srs
pENF, |p|=n-1 o=t

X H pat (r=1)! (7’7 —|—)\V+Zd‘(1—1/p(.s)) )pSA”
(pst+r—1)! S — J ?
J

1<s<k
(8.71) X
n! (kr—1)!
< n+kr 2)! (Z % )

Ps
X Z H 311)5 (T’)/S + )‘V + Z dj (]_ — 1/p]5))) A™.

peNFK |p|=n—1 1<s<k J

— (kr=1) H1<s<k pstr—1)!
— (r=1)% (n+kr—2)!

i Mw i M»

A simpler (but larger) upper bound is
(8.72)

n—1
M, < 7;'+’;: 12), (Z % +r> ( >l (ms+Av+Zdj (1— 1/p§s>))) A",
J

1<s<k
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Finally, inequality (8.3) translates into

(8.8) ottt > o (May — My, .

1 /
_ = g _
(n+kr—1)! Xk(V(D>)(LT,k,< 1) L ke nl kT (kr—1

If we put everything together, we get the following (complicated!) existence criterion
for orbifold jet differentials.

EXISTENCE CRITERION. — Let (X,V,D) with D = >, < ;< n(1 —1/p;)A; be a
directed orbifold, and let A be an ample line bundle on X . Assume that D is a simple
normal crossing divisor transverse to V, that ¢1(A;) = d;jci(A), c1(V*) = Ay c1(A4)
and let vy be the infimum of values v > 0 such that © 4 ® Idy, — Oy >4 0. Take

s = Mmax (max (dj/pg-s)> ,7V> , pgs) = max (p;/s,1).

Then, a sufficient condition for the existence of (many) non-zero holomorphic sections
of multiples of
Lr,k = OXk(V<D))(1) (%9 WZO(—TA)
on Xy(V(D)) is that M, — M), > 0, where M, admits the lower bounds (8.4;)
r (8.6), and M, , admits the upper bound (8.7,).

8.1. Compact case (no boundary divisor)
We address here the case of a compact (projective) directed manifold (X, V'), with
a boundary divisor D = 0. By (8.42) and (8.72), we find

My 2 (ﬁﬁ’f);(rw + )" A itk >,

k k n—1
M;Lk < gﬁﬁfﬁ;, (T + Z i) (Z %(T’YV + Av)) )
s=1

s=1

Therefore, for 7 > 0 sufficiently small, M, , — M, , is positive as soon as k > n and

(ryw + M)" > nlw (Cicscr )" (rw + Av)" 7, that is

(8.9) k=n and Ay >nl| > % Wo— Yy
1<s<k
Example 8.1. — In the case where X is a smooth hypersurface of P! of degree

d and V = Ty, we have r = n and det(V*) = O(d —n — 2). We take A = O(1). If Q
is the tautological quotient bundle on P"*! it is well known that Tpn+1 ~ Q @ O(1)
and det Q = O(1), hence T3.+1 ® O(2) = Q* @ O(1) = A"Q >¢ 0, and the surjective
morphism

T$n+1‘X — T)*( =V
implies that we also have V* ® O(2) >¢ 0. Therefore, we find vy = 2 and \y =
d —n — 2. The above condition (8.9) becomes k > n and

E>n and d>2n!(z i) —n+2.

1<s<k
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This lower bound improves the one stated in [Deml2], but is unfortunately far
from being optimal. Better bounds—still probably non-optimal-—have been obtained
in [Dar16, MT22].

8.2. Logarithmic case

The logarithmic situation makes essentially no difference in treatment with the
compact case, except for the fact that we have to replace V by the logarithmic
directed structure V (D), and the numbers vy, Ay by

Y (py = inf~y such that y©,4 — Oy (p) 2¢ 0,
Av(py such that ¢;(V*(D)) = Av(py c1(A)  (if such Ay py exists).

We get the sufficient condition

k>n and Ay(p > n! ( Z i) V(D) — TVV(D)-

1<s<k

For X =P", V = Tpn, and for a divisor D = }_ A; of total degree d on P", we can
still take vy (py = 2 by Lemma 6.5, and we have det(V*(D)) = O(d —n —1). We get
the degree condition

k>n and d>2n!(z i) —n+ 1.

1<s<k

Again, [Darl6, MT22] gave better bounds for this particular logarithmic situation.

8.3. Case of orbifold structures on projective space

Let us come to our main target, namely “genuine” orbifolds, for which our results
are completely new. The situation we have in mind is the case of triples (X, V, D)
where X =P, V =Tx, D = ¥ (1 —1/p;)A, is a normal crossing divisor, with
components A; of degree d;. Set again A = O(1). Since ¢;(V*) = —(n+ 1) c1(A)
and D = Y".(1 — s/p;)+A;, we have

Ay = —n — 1, detV*< > Opn (—n—l—{—Zd s/pj)+).

Moreover, by Lemma 6.5, we get
Oy« (pe)y + Vs wrs @ Id > 0

as soon as 7, > 2 and v, > max;(d;/ max(p;/s, 1)) for all components A; in D).
We can take for instance v, > st where ¢t = max(max;(d;/p;),2). By considering the
infimum and applying (8.45) when r» = n and k > n, we find

n

My e > nmn11 H (nst—n—1+2dj(1—s/pj)+) A",
j
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while (8.73) implies
(8.11)

n—1
é,k<mf27212(kt+7)( > i("st—”—HZdj(l—S/Pjh)) A
J

1<s<k

If we take p; > p > n, then (1 —s/p;)+ > 1—s/pfor s <n,and asnst—n—12>0
and >0 o<k %(nst —n —1) < nkt, we get for 7 > 0 small a sufficient condition

n—1
H(( )Zd)>ktn+kn—1) .(nkt—l—(l—i—;—l—'--Jr}C)Zdj) :
s=1 j
For k = n, the latter condition is satisfied if Y, d; > c,t [To_; (1 — %)_1 with

cn:n(n2+n—1) n! (1+%—|—---+%+n—13)n_1.

In fact, ¢; = 1, ¢ = 32.5 and ¢, > n® for all n € N*, hence the above requirement
implies in any case the inequality n*t < n—lg, >~ d;. The Stirling and Euler-Maclaurin
formulas give

C, ~ (27T>1/2nn+7/2 e " (’Y + log n)nfl

as n — 400, where v = 0.577215. .. is the Euler constant, the ratio being actually
bounded above for n > 3 by exp((1/2)(1 —1/n)/(y +logn) +13/12n — 1/n?) = 1

Let us observe that
% = min (mln (Z—J) , ;)

In this way, we get the sufficient condition

(8.12) pj = p>n, Zd m1n(m1n<s_),2>ﬁ(1—)>cn

For instance, if we take all components A; possessing the same degrees d; = d and
ramification number p; > p, these numbers and the number N of components have
to satisfy the sufficient condition

(8.12y) p>n, Nmin(p,d/2) H ( ) > Cp.

This possibly allows a single component (taking d, p large), or d, p small (taking
N large). Since we have neglected many terms in the above calculations, the “tech-
nological constant” ¢, appearing in these estimates is probably much larger than
needed. Notice that the above estimates require jets of order k£ > n and ramification
numbers p > n. Parts (a) and (a’) of Theorem 1.9 follow from (8.12) and (8.12y).
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8.13. Case of jet differentials of order k = 1 (symmetric differentials).
When k < n or p; € |1,400], estimate (8.6) still allows us to obtain an existence
criterion. For instance, when k =1 and N > n, (8.6;) and (8.11) give

My >l 5 e T g (- L) ar,

JC{l,..,N},|J|=n =

n—1
My, < TS (t+ ) (nt —n—1+> d;(1- 1/pj)) A"
J

and we get the non-void existence criterion

(8.14)
n—1
3 de<l—p1j)>(2n—1)t(nt—n—l—i—Zdj(l—l/pj))
Jc{1,..,N},|J|=n j€J J

where ¢t = max(max;(d;/p;),2). For instance, if all divisors have the same degrees
d; = d and ramification numbers p; > p, condition (8.14) is implied by

<N> " (1-1)" > (2n — 1) max(d/p,2) (N +n)d)""",

n

or equivalently, by

min(p, d/2) (ij) (1 — %)n > (2n — 1) (N +n)" 1.

As j— (N —j)/(n—j) is non-decreasing for 0 < j < n < N, we have the inequality

N N
(n) [o<j<n n,]J /n)", hence

0

(2n—1)(N+n)n—1 2 nn(2n—1)(2N)»—1 7 2n=1(2p—1)nn"

We finally get the sufficient condition
(8.14y) N>n, Nmin(p,d/2) (1-2)">2""(@2n—1)n

Parts (b) and (b’) of Theorem 1.9 follow from (8.14) and (8.14x). Again, the constant
2"~1 (2n — 1) n™ is certainly far from being optimal. Answering the problem raised
in Remark 7.7 might help to improve the bounds.

Appendix A. A proof of the orbifold vanishing theorem

The orbifold vanishing theorem is proved in [CDR20] in the case of boundary
divisors D = > (1 — 1/p;)A; with rational multiplicities p; € |1, oo]. However, the
definition of orbifold curves shows that we can replace p; by [p;] € N U {oo}
without modifying the space of curves we have to deal with. On the other hand, this
replacement makes the corresponding sheaves Ej,,,V*(D) larger. Therefore, the case
of arbitrary real multiplicities p; € |1, o] stated in Proposition 1.6 follows from the
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case of integer multiplicities. We sketch here an alternative and possibly more direct
proof of Proposition 1.6, by checking that we can still apply the Ahlfors—Schwarz
lemma argument of [Dem97] in the orbifold context. For this, we associate to D the
“logarithmic divisor”

D'=[D] =Y A;>D,

and, assuming (X, V,D’) non-singular, we make use of the tower of logarithmic
Semple bundles

XR(V(D')) = XE,(V(D)) = -+ = XP(V(D') = Xg(V(D') = X

(in reference to the work of the British mathematician John Greenlees Semple,
see [Semb4]), where each stage is a smooth directed manifold (X3 (V(D')), Vi(D'))
defined inductively by

X2 (V(D") == P(Vi_1(D')) = projective bundle of lines of Vj_1(D'),

and V,(D') is a subbundle of the logarithmic tangent bundle of X3 (V(D')) associ-
ated with the pull-back of D’. Each of these projective bundles is equipped with a
tautological line bundle Oxs v (pry)(—1) (see [Dem97] for details), and Vj(D’) consists
of the elements of the logarithmic tangent bundle that project onto the tautological
line, so that we have an exact sequence

0— TXE(V(D’))/X,ELNV(D’)) — Vk<D/> — OXE(V(D’))(_l) — 0.
We let 7,0 X5(V(D')) — XP(V(D')) be the natural projection. Then the top-down
projection m: X3 (V(D')) — X yields a direct image sheaf
(kao)*OXE(V<D/>)(m) = E,?ymV* <D/> C Ek,mV* <D/>

Its stalk at point € X consists of the algebraic differential operators P(fi) acting
on germs of k-jets f: (C,0) — (X, z) tangent to V, satisfying the invariance property

P((fo@)m) = (¢ )"P(fi) o ¢,

whenever ¢ € Gy is in the group of k-jets of biholomorphisms ¢: (C,0) — (C,0).
By construction, the sheaf of orbifold jet differentials Ej,,,V*(D) is contained in
EpmV*(D'), and we have a corresponding inclusion

Ep V(D) C B,V (D)

of the Semple orbifold jet differentials into the Semple logarithmic differentials. A
consideration of the algebra @ E,imV*<D) makes clear that there exists a submulti-

plicative sequence of ideal sheaves (Jps.m)men on Xp(V (D)), such that the image
of 7TZ,OOX(E;imV*(D» in OXE(WD,»(m) is a sheaf

OX}E(V<D/>) (m) (9 jD,k‘,m.

It is clear that the zero variety of V(Jp xm) projects into the support |D'| = |D| of
D. We consider a smooth log resolution

e X — XP(V(D'))
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of the ideal Jp ym in X3 (V(D")), so that pi(Tpxm) = Ox, (—Gpm) for a suitable

effective simple normal crossing divisor Gp ., on X that projects into |D| in X.
Denoting Ok, (1) = 11;Oxsv(py (1), we get

[k (OXS(V<D/>)(m) ® jD,k,m) = 0%, (m) ® Ox, (=Gpm) -
We denote by 7, the composition
Tre = Tho 0 i - X = Xo(V(D)) — XP(V(D')),

and consider especially the projection 7 : X, — X. For every entire or local orbifold
entire curve f: C D Q — (X, V, D), the image f(Q2) is not entirely contained in |D’|,
and we thus get holomorphic k-jet liftings

f[k]: Q— XS(V<D/>) and f[k]i Q— Xk

Moreover, the derivative f[’k_” of the (k — 1)-jet lifting fjz_1j can be seen as a
meromorphic section of the logarithmic tautological line bundle ()" Oxs (v (py)(—1),
since the multiplicities of zeroes of f[’k_l} are possibly less than the ones prescribed
by the logarithmic condition. The poles are of course contained in f~!(|D']). As a
consequence, ff,_; also lifts as a meromorphic section of ( fi x))*Ox, (—1), which we

denote by f{k_l]. If 7pr € H°(X, Ox(D')) is the canonical section of divisor equal to
D', we get at worst that

7o (f) 1) € H (2 (Fi)" (Oxsvipry (—1) © m7:0Ox (D)) )
and 7o/ (f) fiy_1y € H(Q, (f) (05, (-1) ® 7,,0x(D")) )

are holomorphic. On the other hand, every local section P € H°(U, E},V*(D)) on
an open subset U C X gives rise in a one-to-one manner to a section

op € H* (U, Oxs o (m) @ Tpam), Uk = me(U) € Xg(V(D')),

by the correspondence

(A.1)

P(fuw) = op(fm) - (ffk-l])m

for every local orbifold curve f contained in U. By pulling back to X k, we get a
section

Gp € H° (ﬁk,o;zk(m) ® Ox, (_GD,k,m)) U=, (Uy) = Trp(U),
such that N ~ "
P(fw) =0p (f[k]) ~ (f/[kfl}) -

However, P(fy) is a holomorphic function, and we must have a cancellation of

the poles of (f(,_y)™ for all sections op, which generate the sheaf Og, (m) ®
Ox,(=Gpkm)- This means that

(A.2) ﬁk_l] is a holomorphic section of (f[k])*(’))gk(—l) ® O@(L%(f[k])*Gaka)

For any given ample divisor A over X, we can find s = s;,, € N* such that the
tensor product (’)X(E,f,mV*<D>) ® Ox(sA) is generated by its global sections over
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X. By taking the pull-back to X, and looking at the image in O, (m), we conclude
that

(A3) Ox (m)® Oz, (—=Gprm) ® T oOx(sA) is generated by sections on X

As in [Dem97], let us consider for every weight a = (ay, ..., ax) € Z* the line bundles
(A4) OXS(V(D’))(Q) = X (? kWZ,ZOXL,S(V(D’»(af)a OXk (a) = /LZ:OXE(V(D’))(Q)'
<<

Since each factor OX?(V( D,>)(1) is relatively ample with respect to mp_1, it is easy

to see by induction on k that thee exists a weight a € (N*)¥ and b € N* such that
the line bundle Oxsy(py(a) ® m; (Ox (bA) is ample. After possibly replacing (g, b)

by a multiple, we can find a py-exceptional divisor Hp j on X, r such that
(A.5) Ox,(a) ® Ox, (—Hpy) © T nOx (bA)

is very ample on X, Finally, we select ¢ € N* such that

(A.6) Ox(cA — D') is very ample on X.

By taking the tensor product of ((A.3)—(A.6)), (A.6) being raised to a power t € N*,
we find that

(A?) Lk,m =
Oj(k (m) &® OX'k (Q) &® O)Z—k (_GD,k,m — HDJg) & %Z,OOX((S + b + tC)A — tD/)

is very ample on X . We will later need to take ¢t = la| = >y ag, which is of course
an admissible choice.

LEMMA A.1. — Let (X,V, D) be a projective non-singular directed orbifold, and
A an ample divisor on X. Then, for every orbifold entire curve f: C — (X,V, D)
and every section

P e H'(X, B, V(D) ® Ox(~A)),
we have P(fy) = P(f. f',... L f) =o0.
Proof. — As we have already seen for local sections, every global jet differential
P e H'(X, B, V(D) ® Ox(—A))
gives rise to sections
op € H(XF(V(D'), Oxs ) (m) @ Tpgm ® 73 ,Ox (= A)),
Gp € H'(Xy, Og, (m) ® Og, (—~Gprm) ® 7 ,Ox(—A))
such that
P(fuy) =5 (fw)  (Fley)” € H*(C, f"Ox(~A)).
Assume that P(f) #
A.

sections of Ly, in (
the products

0 (so that, in particular op # 0). We consider a basis (g;) of
7), the canonical section 1px € H(Xy, Ox, (Hpy)) and take
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(A8) h; =
g; (@p)" " (7p) mp s € H® (X4, Og, (mg) ® Ox, (a) ® O, (—qGpim))
where ¢ = s + b+ tc + 1. We now observe, thanks to our choice t = |a| = Y ay, that

A9) by (Fio) - (o)™ TT (dwe (7)™ = (50 (Fi0) - (Fic)”)

1<f<k

x (!Jj (i) - (i)™ - TI diwe (o) Ficn) é) x nok (fn)
1<0<k
is a product of holomorphic sections on C, by (A.2) and (A.1) combined with (A.7)
and (A.8), and the fact that P(f) = Up(f IE (f_,)™ is holomorphic with values
in f*Ox(—A). The product also takes value in the trivial bundle over C, and can
thus be seen as a holomorphic function. As j varies, these functions are not all equal
to zero, and we define a hermitian metric v(t) = v(t) |d¢|* on the complex line C by
putting

q—1

1
2\ mgq+|al

Ze (f[k]) : (flkfl)mq - I dee (J?kalyl[ ;

1<l<k

where ¢ is a quasi-plurisubharmonic potential on X which will be chosen later.
Notice that vo(t) is locally bounded from above and almost everywhere non-zero.
Since (A.9) only involves holomorphic factors in the right hand side, we get

(A.10) 199log 0 > ot (Fun) (@ +1000)
where @, = 199 log|g;|? is a Kéhler metric on X}, equal to the curvature of the
very ample line bundle Ly, for the projective embedding provided by (g;). (In fact,
(A.10) could be turned into an equality by adding a suitable sum of Dirac masses
in the right hand side). Of course, ¥ will be taken to be an w-plurisubharmonic
potential on X .. We wish to get a contradiction by means of the Ahlfors-Schwarz
lemma (see e.g. [Dem97, Lemma 3.2]), by showing that :901og~y, > Ay for some
A > 0, an impossibility for a hermitian metric on the entire complex line. Since
is locally bounded from above, by (A.9) and the inequality between geometric and
arithmetic means, we have

(A1) () < € (X[ (7w )] )ml

Sy (®)
where C' > 0 and the norms |h;* and |f},_;(t)|f,, are computed with respect to
smooth metrics on Oy, (mq) ® Ox, (a) ® Ox, (—¢Gprm) and on the logarithmic
tautological line bundle OXS viory(=1), respectlvely. The term |h;|? is bounded, but
one has to pay attention to the fact that |f},_(t)[%, has poles on f~*(|D'[). If we

use local coordinates (2, ..., z,) on X such that A; = {z; = 0}, we have

2

log
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!/

2 _ 2
~ e, WG
J

in terms of a smooth Kihler metric wy_; on X2 (V(D’)). What saves us is that h;
contains a factor 7p/(f)" that vanishes along all components A;. Therefore (A.11)
implies the existence of a number § > 0 such that

0(0) < € ([fin@),_, + U6

log

7! 2)
Since the morphism 7 ;1 has a bounded differential and fj, _;,(t) = d%k,k_l(f’[k} (1)),
we infer

(A.11') Y(t) < C” ( fla (2

f; )

By (A.10) and (A.11’), in order to get a lower bound 299 log o > A7y, we only need
to choose the potential ¢ so that

(A.12) ML AP <0 (f[k]>* ((:)k + 255¢) :
J

2
)‘@k + Z‘fj‘72+26

If 7; € H(X,Ox(4,)) is the canonical section of divisor A;, (A.12) is achieved by
taking ¢ = € 3,|7; o Ty, 0]|%, for any choice of a smooth hermitian metric on Ox(A;)
and € > 0 small enough. In some sense, we have to take a suitable orbifold Kéahler
metric @y, + 1901 on X, to be able to apply the Ahlfors—Schwarz lemma. It might
be interesting to find the optimal choice of § > 0, but this is not needed in our
proof. O

End of the proof of Proposition 1.6. — We still have to extend the vanishing
result to the case of non-necessarily Gg-invariant orbifold jet differentials
P e H'(X, BymV*(D) ® Ox(-A)).

One can then argue by using the Gg-action on jet differentials
(0, P) = @*'P, (¢*"P) (f) = P((fop)m)oy™, ¢ € Gy

This action yields a decomposition
(@ P)(f) = X (¢ o) Palfi), Pa€ H'(X, By, V(D) ® Ox(—A))

a €Nk
o=

where a = (aq, ..., ai) € NE, @ = (oo ()2 (o) al, = a; + 2as +
-+ + kay, is the weighted degree, and P, is a homogeneous polynomial of degree
Mo =deg Py =m — (g +2a3+ -+ (k- 1) =g +as+ -+ + ay.

In particular deg P, < m unless a« = (m,0,...,0), in which case P, = P. If the
result is known for degrees < m, then all P,(f}) vanish for P, # P and one can
reduce the proof to the invariant case by induction, as the term P, of minimal degree
is invariant. The proof makes use of induced directed structures, and is purely formal
and group theoretic. Essentially, the argument is that P becomes an invariant jet
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differential when restricted to the subvariety of the Semple k-jet bundle consisting
of germs gy of k-jets such that P,(gp) = 0 for P, # P. Singularities may appear
in this subvariety, but this does not affect the proof since the induced directed
structure is embedded in the non-singular logarithmic Semple tower. We refer the

reader to [Dem20, § 7.E] and [Dem20, Theorem 8.15] for details. O
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