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ABSTRACT. — In this article we show that the braid type of a set of 1-periodic orbits of a
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are sufficiently small with respect to the Hofer metric dyofer. We call this new phenomenon
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We apply braid stability to study the stability of the topological entropy htop of Hamiltonian
diffeomorphisms on surfaces under small perturbations with respect to dgefer- We show that
htop is lower semicontinuous on the space of Hamiltonian diffeomorphisms of a closed surface
endowed with the Hofer metric, and on the space of compactly supported diffeomorphisms of
the two-dimensional disk D endowed with the Hofer metric. This answers the two-dimensional
case of a question of Polterovich.

En route to proving the lower semicontinuity of h¢o, With respect to duofer, we prove that
the topological entropy of a diffeomorphism ¢ on a compact surface can be recovered from the
braid types realized by the periodic orbits of .
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522 M.R.R. ALVES & M. MEIWES

RESUME. — Dans cet article, nous montrons que le type de tresse d’un ensemble de points
fixes d’'un difféomorphisme hamiltonien non-dégénéré d’une surface est stable sous des per-
turbations suffisamment petites par rapport a la métrique de Hofer dyofer- Nous appelons ce
nouveau phénomene stabilité des tresses pour la métrique de Hofer.

Nous appliquons la stabilité des tresses pour étudier la stabilité de I’entropie topologique
htop des difféomorphismes hamiltoniens des surfaces par rapport a de petites perturbations
pour dofer- NOUS montrons que o, est semi-continue inférieurement sur I’espace des difféo-
morphismes hamiltoniens d’une surface fermée, muni de la métrique de Hofer, et sur I'espace
des difféomorphismes & support compact du disque bidimensionnel D muni de la métrique

Hofer. Cela répond au cas bidimensionnel d’une question de Polterovitch.

Afin de prouver la semi-continuité inférieure de hyop, par rapport & duofer, DOUs montrons que
Pentropie topologique d’un difféomorphisme ¢ d’une surface compacte peut étre reconstituée

a partir des types de tresses réalisés par les orbites périodiques de .
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Braid stability and the Hofer metric 523

1. Introduction

The objective of this article is to study a new type of dynamical stability with
respect to the Hofer metric on the space of Hamiltonian diffeomorphisms of a surface.
In this section we present the necessary background and context for our results, and
give a mostly intuitive and geometric discussion of the results. The precise statements
of our main theorems are presented in Section 2.

In order to explain our results we must first recall some notions.

1.1. Preliminary notions

Let ¥ be a closed surface and w a symplectic form on X. If ¥ = S? then we assume,
for reasons that will become clear later, that [¢»w = 8. The symplectomorphisms
of (X,w) are the diffeomorphisms of ¥ which preserve the symplectic form w. A
time-dependent Hamiltonian H : S* x ¥ — R gives rise to a time-dependent vector
field Xy on X, called the Hamiltonian vector field of H, given by the formula

(]_]_) LXH“")CL) = dzH(t,'),

where dyH (t,-) is the differential of H(¢,-) : ¥ — R in X. The flow ¢ of Xy is
called the Hamiltonian flow of H.

A Hamiltonian diffeomorphism ¢ is a diffeomorphism of ¥ which is the time 1-map
of the Hamiltonian flow of some Hamiltonian in H. We denote the group of Hamil-
tonian diffeomorphisms of (X, w) by Ham(X,w). Hamiltonian diffeomorphisms are
symplectomorphisms, and we refer the reader to [Pol01] for a proof that Ham(3, w)
is indeed a group with respect to the composition of diffeomorphisms.

For simplicity we introduce some terminology. If ¢ is a Hamiltonian diffeomorphism
and H is a Hamiltonian such that ¢ is the time 1-map of ¢y, we say that H
generates ¢.

Recall that a Hamiltonian H : S! x ¥ — R is called normalized if
Js, Hiw = 0 for each t € S', where Hy(-) := H(t,-). Given ¢ € Ham(XZ,w) it is
always possible to find a normalized Hamiltonian H which generates ¢.

From now on all time-dependent Hamiltonian functions on closed surfaces consid-
ered in this paper are assumed to be normalized.

Recall that the Hamiltonian action Ay (y,w,) of a pair (y,w,) of a contractible
loop y : ST — ¥ and some disk capping w, : D — ¥ of y is defined as

(1.2) sy wy) =~ [[(w) e+ [ Hey(e)r

If 3 is distinct from S? the action Ay (y) = Ap(y, w,) does not depend on the choice
of w, but only on y. The case of (5% ,w) will be considered in Section 3.3.

If 3 # 52, we fix for each free homotopy class of loops a € [S*, M| a representative
Ne : ST — 3 of a. If y is a smooth non-contractible loop and « its free homotopy
class, we say that a smooth mapping w, : [0,1] x ST — ¥ with w,(0,t) = n,(t) and
wy(1,t) = y(t) is a cylindrical capping of y. The Hamiltonian action Ay (y,w,) of a
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524 M.R.R. ALVES & M. MEIWES

pair (y,w,) of a non-contractible loop y : S' — 3 and a cylindrical capping w,, of y
is defined as

(13) Aulgw)i== [ wer [ HE )

If ¥ # T2 then the action does not depend on the choice of w,, whereas if ¥ = T2,
the choice of cylinder has to be considered as well, see Section 3.1.2.
We may define for any two freely homotopic loops y and ' in ¥ the quantity

(1.4) Anly.y) = jnf [Au(y,wy) = An (v, wy)]

where the infimum is taken over all cappings w, and w, of y and y’; disk cappings
if y, 4y’ are contractible, and cylindrical capping if y, 4" are non-contractible.

The Hofer metric dyofer is a Finsler metric on Ham(X, w) which is bi-invariant with
respect to the group structure of Ham(X, w). If ¢; and ¢, are elements of Ham (X, w)
we define

1
15 ditofer (61, d2) = inf / H,||dt,

(1.5) Hofer (91, #2) ael o ko (=i

where H : S* x ¥ — R is in Z(¢1, ¢o) if it is normalized and generates ¢; ' o ¢, and
where ||H;|| := max,cx H; — min, ey H;. It is a highly non-trivial fact that dyfer is

a non-degenerate metric, see [Hof90].

We also consider in this paper Hamiltonian diffeomorphisms of the disk D endowed
with the symplectic structure wy = dx A dy. For this situation we consider for
c € R\ 27Q the set Ham,.(ID) of Hamiltonian diffeomorphisms which coincide with
the irrational rotation by angle ¢ in a neighbourhood of 9D, or the set Hamg(D) of
compactly supported Hamiltonian diffeomorphisms on (D, wp). The set Hamgy(D) is
a group, and although Ham,(ID) is not a group, we can still define the Hofer metric
on it and study its dynamical significance. We refer the reader to Section 3.2 for the
precise definitions we adopt in this setting.

Lastly, if (X,w) is a closed surface and ¢ is a Hamiltonian diffeomorphism, we
will say that ¢ is non-degenerate if all 1-periodic orbits of ¢ are non-degenerate.
We say that ¢ is strongly non-degenerate if for every n > 0 all n-periodic orbits of
¢ are non-degenerate. The same definition works for Hamiltonian diffeomorphisms
in Ham, (D) where ¢ € R\ 27QQ. For Ham,(DD) we must adapt the definition, since
every Hamiltonian diffeomorphism in Hamy (D) has degenerate 1-periodic orbits; see
Section 3.2.

1.2. Hofer metric and dynamics

The properties of the Hofer metric are the subject of intense research in the field
of symplectic topology. One direction of investigation to better understand dyofer
is to investigate how dynamical properties of Hamiltonian diffeomorphisms vary
under perturbations with respect to dyoger. This has been pursued by several authors,
see [Cho22, KS21, PRSZ20, PS16, Ushl1]. Floer homology together with its action
filtration behaves in a very stable way under perturbations with respect to dygger. This
culminated in the dynamical stability result of Polterovich and Shelukhin in [PS16],
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Braid stability and the Hofer metric 525

which says that in a path of Hamiltonian diffeomorphisms that is continuous with
respect to dyefer the spectrum of the diffeomorphisms changes continuously in a
certain sense; see also [PRSZ20, Ushll]. With the introduction of the theory of
persistence modules to Floer theory in [PS16], the authors obtained moreover good
quantitative estimates on the size of perturbations with respect to dyoser under which
spectral stability holds. More recently, the second author and Chor [CM23] have
studied stability properties of the topological entropy Ao, under perturbations with
respect to dyofer- In this paper, we also investigate this question but with techniques
and in a setting which are different from that of [CM23].

For the discussion that follows we assume that ¥ is either the disk or a closed
surface different from S?, so that we can define the action of contractible 1-periodic
orbits of Hamiltonians on (3, w). Let p be a periodic point of a Hamiltonian diffeomor-
phism ¢ of (not necessarily minimal) period n > 0. Assume that H is a normalized
Hamiltonian that generates ¢ and that the n-periodic orbit of the Hamiltonian flow
of H which starts at p is contractible. One topological quantity that we can associate
to the pair (p,n) is its action with respect to the Hamiltonian H. To define it, we
denote by « the n-periodic orbit of the flow ¢y which satisfies 4(0) = p. The action
of (p,n) is defined to be A,g (7). It was proved by Schwarz in [Sch00] that Ag(v)
does not depend on the choice of the normalized Hamiltonian H generating ¢, so
that it is indeed a topological property of the pair (p,n).

As observed by Polterovich—Shelukhin and Usher (see [PS16, Ushll]), if p is a
periodic point of (not necessarily minimal) period n of a non-degenerate Hamiltonian
diffeomorphism ¢ € Ham(X, w), then given € > 0 there exists an open neighbourhood
U. of ¢ in Ham (X, w) endowed with the Hofer geometry, such that every element
¢’ in U. has a periodic point p’ of period n whose action is e-close to the action of
(p,n). One can think of this as saying that the periodic point p of ¢ gives rise to
periodic points of the same (not necessarily minimal) period and similar action for
Hamiltonian diffeomorphisms that are sufficiently close to ¢. A natural question is
the following: do these periodic orbits, which arise from p, inherit other topological
properties of p? The main results of the present paper show that under certain
conditions the answer to this question is yes.

To explain why this question is non-trivial we notice that small perturbations in
the sense of the Hofer metric are not necessarily small in the C%sense. So, no matter
how close a Hamiltonian diffeomorphism ¢’ is to ¢ in the sense of dyeser, One cannot
guarantee that the periodic points of ¢’ which arise from the periodic point p are
close to p.

1.3. Braid type of a collection of 1-periodic orbits

To present our braid stability results we recall how one associates to a collection
P ={p1, ..., pr} of fixed points of a Hamiltonian diffeomorphism ¢ on (X, w) its
braid type.

For this we first consider a Hamiltonian H : S' x ¥ — R and let ) be a finite
collection of distinct 1-periodic orbits of Xp. We associate to ) a braid B()) in
St x 3.
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526 M.R.R. ALVES & M. MEIWES

DEFINITION 1.1. — The braid B()) in S* x ¥ associated to a finite set ) :=

{71,72, -+, W} of distinct 1-periodic orbits of Xy is defined as
k

(1.6) B(Y) =&
i=1

where &; are given by

(1.7) &= {(tn(t)|te s},
We call B(Y) the braid associated to the set Y of 1-periodic orbits of H.

Remark 1.2. — Notice that B()) is a link and not a braid, but we nevertheless
abuse notation and call it braid. There are two reasons for doing this. The first is
that it is easier to define the braid type of a set of 1-periodic orbits using this link
rather than the braid in [0, 1] X 3 which is obtained from B())) by cutting S' x
along the surface {0} x 3. The second is that in our arguments it is always the link
B(Y) which will appear.

From now on, a braid on ¥ will always mean a smooth link in S* x ¥ which is
transverse to all the surfaces {t} x X.

Remark 1.3. — Although in the present paper we will only be considering the
situation where P is a collection of fixed points of a Hamiltonian diffeomorphism
¢, it is straightforward to see that one can also associate a braid in S! x X to a
collection Q of periodic points of ¢ such that ¢(Q) = Q.

For a Hamiltonian diffeomorphism ¢ and a choice of Hamiltonian H generating
¢, one can use the procedure given in Definition 1.1 to associate to a collection
P =A{p1, ..., px} of fixed points, a braid B(Yp).

Notice that there is a certain ambiguity in the construction of B()p) since it
depends on the choice of H. If we perform this construction with another Hamiltonian
H’ which generates ¢ we obtain a different braid B()'p): in case ¥ := D or ¥ has
genus > 2 the braids B()Yp) and B()'p) are isotopic, but in general the relationship
between the two braids is more complicated. Since there is no preferred choice of
Hamiltonian generating ¢ the natural object to be associated to P is not a braid
but an equivalence class of braids, which was introduced by Boyland and is called
the braid type of P.

Before presenting the definition of braid types, we explain a geometric condition
that implies that two braids have the same braid type. For this we need the following
terminology. If ¢ and & are smooth links in S' x X which are transverse to the
surfaces {t} x ¥ C S' x ¥, and are isotopic among links transverse to these surfaces,
we say that & and & are freely isotopic as braids.

FACT 1.4. — If two braids in S' x ¥ are freely isotopic as braids, then they have
the same braid type.

Using Fact 1.4 we prove below that if P is a collection of fixed points of a non-
degenerate Hamiltonian diffeomorphism ¢, then there is a collection of fixed points of
the Hofer-close Hamiltonian diffeomorphisms ¢’ that arise from P and have the same
braid type as P. The reason why such information is useful is that many dynamical
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invariants of braids, such as the topological entropy of a braid, are actually invariants
of the braid type. To explain why this is the case we need the dynamical definition
of braid type which is explained in the next section.

1.4. Braids and surface dynamics

In the following we shortly recall relevant standard notions of surface dynamics,
see for example [Bir75, Boy94, FMO02] for more details. Let ¥ be a compact oriented
surface (with or without boundary), and let, for each k € N, X}, C X\ 9% be a set
of k points in ¥. We denote the mapping class group on the X;-punctured surface X
by M(2, X}). It is defined as the group of isotopy classes of orientation preserving
homeomorphisms on ¥ that preserve X setwise, and such that, if 0¥ # (), the
allowed isotopies fix each boundary component setwise. We will denote by [f] the
element in M (X, X;) that f: X — ¥ represents. We are ready to give the definition
of the braid type of a braid.

DEFINITION 1.5. — Let f : ¥ — ¥ be a homeomorphism that is isotopic to the
identity, and let Q@ = {q1, ..., qx} be a set of periodic points of f such that f(Q) = Q.
The braid type [f, Q] of the pair (f, Q) is the conjugacy class in M(X%, X},) of elements
[ho foh '] € M(Z,Xy), where h : ¥ — ¥ is a homeomorphism (preserving the

boundary components setwise) such that h(Q) = Xj,. If @ = (qi, ..., qx) is a periodic
orbit and Q = {qi, ..., qi} the set associated to it, we also will write [f, Q| instead
of [f, Q).

We now sketch the proof of Fact 1.4. We first explain how a braid B of k strands
in S x ¥ defines a braid type [f, Q]. Informally this is seen as follows: One first cuts
St x ¥ along {0} x ¥ to obtain from B a proper braid in [0, 1] x 3. One creates an
isotopy of homeomorphisms starting at the identity by sliding along the braid, such
that B = B(Q) is the braid associated to a collection of periodic orbits Q of the
homeomorphism f that is created. We say that B represents [f, Q]. This construction
is part of the proof of the Birman exact sequence where it is also shown that different
representatives of an element of the braid group induce the same element of the
mapping class group; see [Bir75, Chapter 4] or [Mat05, Section 2|. Finally, one shows
that if two braids B = B(Q) and B’ = B(Q') C S! x X are freely isotopic braids,
then they give rise to conjugated pairs (f, Q) and (f’, Q') which therefore represent
the same braid type in the sense of Definition 1.5. For details, we refer the reader
to [Mat05, Section 2] and [Boy94, Section 4].

A braid type invariant of [f, Q] measuring its complexity is the growth rate of the
induced action of f on the fundamental group of ¥\ Q. It is defined as
(1.8) I ([f,Q]):=  sup  limsup log (s (/: (g)))’

gem (X\Q,xg) N n

where f, is the automorphism on 71 (X\ Q, x¢) with respect to some basepoint z and
a path o from zg to f(z), S is a set of generators, and [g(h) is the minimal length
of a word in S and S~ that is needed to represent h. The right hand side of (1.8)
is, for fixed f and Q, independent of all the choices made, and moreover invariant
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528 M.R.R. ALVES & M. MEIWES

under conjugation and isotopy, see e.g. [Bow78]. Hence I';, ([f, Q]) is well-defined.
Furthermore it follows from elementary properties of f,, that for all k € N

(1.9) T, (|5 Q]) = kTx(1£, QD).

By an inequality of Manning (see [Bow78] for a proof in the present setting of a
punctured surface and f differentiable),

(1.10) Lz ([f5 Ql) < huop(f).
We define the topological entropy of the braid type [f, Q] as

hiop(Lf, Q]) = ir;f hiop(9),

where the infimum runs over all g with [g, Q'] = [f, Q] for some set Q' of periodic
points of g. It holds that in fact hyp([f, Q]) is realized by the maximal topological
entropy of a pseudo-Anosov component of a map in the Thurston—Nielsen canonical
form, and moreover I';, ([f, Q]) = hiop([f, Q]). We will not use this fact, while (1.10)
is important for this article.

If B(Q) is the braid associated to the set Q of periodic orbits of f, we think of it
as a representative of the braid type [f, Q] and define

(1.11) hiop(B(Q)) = T'x, ([, Q))-

From the discussion above, it is clear that any diffeomorphism ¢ of 3 which has a set
of periodic orbits which realizes the braid B(Q) for some choice of isotopy between
id and ¢ satisfies

(1.12) hiop(@) = hiop(B(Q))-

1.4.1. Topological entropy, braids and lower semicontinuity of A, with respect to
dHofer

From the discussion above, one can ask if the topological entropy of a surface diffeo-
morphism ¢ can be recovered from the topological entropy of the braid types which
are realized by sets of periodic orbits of . More precisely, given ¢ a surface diffeo-
morphism and k > 0 a positive integer, we let Braid(k, ¢) be the set of braid types of
sets of periodic orbits of ¢ of period k. We then define Braid(y) := U{2Braid(k, ¢).
Given a surface diffeomorphism is it true that

(1.13) hiop(p) = sup  hyop(b) 7
b € Braid(¢p)

Hall proved in [Hal94] that this is the case for the horseshoe map, as a consequence
of his study of horseshoe braid types. Using a different approach that combines
the methods of Franks—Handel [FH88] and Katok—Mendoza [KH95] we obtain the
following result, which states that this equality is valid for any surface diffeomorphism:
this is essentially a restatement of Theorem B.1.
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THEOREM. — W) Let 2 be a compact oriented surface (with or without boundary),
and let ¢ : ¥ — X be a diffeomorphism such that hi,,(¢) > 0. Then
htop() = sup  hiop(D).
b € Braid(¢p)

Proof. — Let € > 0. By Theorem B.1 there is a hyperbolic k-periodic orbit P =
(po, -+, pr—1) of o, for some k € N, such that

Fm ([@75]) > htop(gp) — €

where P = {po, ..., pr-1} and I'r, ([, P]) is the growth rate of the action induced
by ¢ on the fundamental group of ¥\ P. But as explained above,

heop(9') = I'ry <[90’f]) ’

for any diffeomorphism ¢’ such that there is a periodic orbit P’ with [¢’, P’] = [¢, P].
The theorem then follows directly. O

The combination of this theorem with our braid stability results allows us to obtain
lower semicontinuity of hi.p, with respect to the Hofer metric. This gives an answer
to the two-dimensional version of the following question of Leonid Polterovich.

QUESTION 1.6 (Polterovich). — What continuity or stability properties does the
topological entropy hiop have with respect to dofer ?

Remark 1.7. — Our methods and results in the present paper differ from those
in [CM23], where the problem of stability of hi,, with respect to dpofer Was first
investigated. While in [CM23] the stable lower bounds on Ay, stem from the prop-
erties of the braids projected back to the surface, such as geometric intersection
numbers, the methods here allow us to deal with lower bounds that hold for more
general braid types. For example, the results in [CM23] only deal with surfaces ¥ of
genus > 2, while our results also deal with S?, T2 and D. In [CM23] it was shown
that there are balls of any radius in Hofer’s metric on which hp, is positive. In the
current paper we will only deal with stability properties under small perturbations.

Remark 1.8. — The continuity properties of hy,, with respect to different topolo-
gies on spaces of dynamical systems has been much studied. The topological entropy
is a measure of the complexity of a dynamical system, and it is interesting to in-
vestigate if dynamical complexity is stable under perturbation of a system. For
example, the combined results of Yomdin [Yom87] and Newhouse [New89] imply
that hyep is continuous with respect to the C'*°-topology on the space of C*°-smooth
diffeomorphisms of a closed surface. The analogous result does not hold for higher
dimensional manifolds, as showed in [Mis71]. Using the fundamental work of Ka-
tok [Kat80], Nitecki showed in [Nit71] that hyp is lower semicontinuous with respect
to the CY-topology on the space of ' diffeomorphisms of a closed surface, for any
e > 0.

(D) This theorem can also be obtained as a consequence of the results in the recent work [Mei23] by
the second author. Indeed, one of the main results in [Mei23] is a generalization of this result to
Reeb flows on contact 3-manifolds, and the methods developed there also give a different approach
to prove this theorem.
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The relationship between contact topology and topological entropy of families of
contactomorphisms has been studied extensively and fruitfully in recent years by var-
ious methods. A large class of contactomorphisms are those that arise via Reeb flows
and there is an abundance of contact manifolds for which the topological entropy
or the exponential orbit growth rate is positive for all Reeb flows. Examples and
dynamical properties of those manifolds are investigated in [AASS23, AM19, Alv16a,
Alv16b, Alv19, ACH19, FS06, MS11]. Some of these results generalize to positive
contactomorphisms [Dah18, Dah20], and results on the dependence of some lower
bounds on topological entropy with respect to their positive contact Hamiltonians
have been obtained in [Dah21]. A related discussion and results on questions of
CP-stability of the topological entropy of geodesic flows can be found in [ADMM?22)].
Aspects of the relationship between the topological entropy of Hamiltonian diffeo-
morphisms and Floer homology are also studied in [CM23, CGG21, FS06] and other
aspects of the relationship between topological entropy of Hamiltonian diffeomor-
phisms and symplectic topology are studied in [BM19, Kha21].

In the joint work [ADMP23] of the authors, Abror Pirnapasov and Lucas Dahinden,
we study robustness and stability properties of Ay, of 3-dimensional Reeb flows using

methods inspired by the ones of the present paper, and using the forcing theory for
hiop of Reeb flows developed in [AP22].
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2. Main results

In this section we state precisely our main results. For this, we need the following
definition. Let Hg be a time-dependent Hamiltonian whose time 1-map is ¢g.

DEFINITION 2.1. — Let Vg = {m, ..., 7} be a finite collection of distinct 1-
periodic orbits of Xy, that represent all the same free homotopy class of loops «
and € > 0 be a positive real number. We say that the collection Vg, ise-isolated for
the action Ap,, if

e for all 1-periodic orbits 7,7 of Xy, representing o we have that Ag_(v,7')
is either 0 or > e.

e for all v € Vg and all 1-periodic orbits 7' of Xy, representing o we have that
Ap,(v,7) = 0 implies ' € Vg

Remark 2.2. — Note that Ap_(7,7') is defined in (1.4), and that if the action
does not depend on the capping, then Ay (v,7') is just the positive action difference,
e.g. if 7,7 are contractible and ¥ # S2, then Ap, (v,v') = [An. (7) — A ()]
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Remark 2.3. — Notice that in this definition we do not ask that for two distinct
1-periodic orbits ; # 7; in Ve we have Ay, (74, 7;) # 0. Indeed, in some of our main
dynamical results all elements of Vg have the same action.

Theorems 1, 2 and 3 give conditions under which a braid type of periodic orbits
of a Hamiltonian diffeomorphism on a surface will persist under small perturbations
with respect to dpoger. Theorem 1 deals with the case of closed surfaces.

THEOREM 1. — Let ¥ be a closed surface and w be a symplectic form on .
If ¥ = 5% we assume that [¢2w = 8. Let ¢g be a non-degenerate Hamiltonian
diffeomorphism of (¥, w) and Hg be a path of normalized Hamiltonians whose time
1-map is ¢g. Assume that there exist a finite collection Yo = {71, ...,V } of distinct,
pairwise freely homotopic 1-periodic orbits of Hs and a number ¢ > 0 such that Ya
is 3e-isolated for Ay, , and let B(Yg) be the braid in S* x ¥ associated to Vs as in
Definition 1.1. If ¥ = S? we assume moreover that e < 1—12

Then, for any non-degenerate Hamiltonian diffeomorphism ¢~ whose Hofer distance
to ¢g is < €, there exist a path Hs of normalized Hamiltonians whose time 1-map
is ¢ and a finite set Yo of 1-periodic orbits of Hs such that

B(Ys) is freely isotopic as a braid to B(YVg),
where B())s) is the braid associated to V.
We now state our main results for Hamiltonian diffeomorphisms of the disk.

THEOREM 2. — Let ¢g € Ham.(D) be a non-degenerate Hamiltonian diffeo-
morphism of (D, dx A dy) for some ¢ € R\ Q and Hg be a path of normalized
Hamiltonians whose time 1-map is ¢s. Assume that there exist a finite collection
Yo ={m,...,7} of distinct 1-periodic orbits of Hg and a number € > 0 such that
Ve is 3e-isolated for Ap,, and let B(Yg) be the braid in S* x D associated to Vg as
in Definition 1.1.

Then, for any non-degenerate Hamiltonian diffeomorphism ¢- € Ham.(D) whose
Hofer distance to ¢g is < €, there exist a path Hg of normalized Hamiltonians whose
time 1-map is ¢ and a finite set Vo of 1-periodic orbits of Hs such that

B()-) is freely isotopic as a braid to B(YVa),
where B())s) is the braid associated to V.

For compactly supported Hamiltonian diffeomorphisms of the disk we need to
impose further conditions on the periodic orbits that form the braid.

THEOREM 3. — Let ¢g € Hamy(D) be a compactly supported non-degenerate
Hamiltonian diffeomorphism of (D, dz A dy) and Hg be a path of normalized Hamil-
tonians whose time 1-map is ¢q. Assume that there exist a finite collection Vg =
{m1, ..., &} of distinct 1-periodic orbits of Hg and a number € > 0 such that Vg is
3e-isolated for Ay, and such that Ap,(v;) # 0 for all i € {1, ..., k}. Let B(YVs) be
the braid in S' x D associated to Vg as in Definition 1.1.

Then, for any compactly supported non-degenerate Hamiltonian diffeomorphism
¢ € Hamgy(D) whose Hofer distance to ¢ is < €, there exist a path He, of normalized
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Hamiltonians whose time 1-map is ¢ and a finite set ) of 1-periodic orbits of Hg
such that
B(Ys) is freely isotopic as a braid to B(YVg),

where B())s) is the braid associated to V.

Remark 2.4. — 1In the above theorems the isolation condition on the orbits can be
replaced by the more technical condition that we will call quasi-isolation, where a set
of orbits is e-quasi-isolated if the set of their action values are e-isolated and if there
are no non-constant Floer cylinders with energy < e which are asymptotic to one of
those orbits. See Section 3.1.3 for the precise definition and some consequences, and
Section 7 for the argument which explains why Theorems 1 and 2 remain true with
this assumption.

2.1. Applications
2.1.1. Braid stability for a set of non-degenerate orbits

We first formulate a theorem that will follow from the results in Section 2. It is
a stability statement for the braid that is associated to a set of non-degenerate,
pairwise freely homotopic 1-periodic orbits of a (not necessarily non-degenerate)
Hamiltonian diffeomorphism on .

In the following we say that a compactly supported Hamiltonian diffeomorphism
on D is non-degenerate in its support if all its 1-periodic orbits in the interior of its
support are non-degenerate.

THEOREM 2.5. — Let X be a closed surface or the two-disc D equipped with a
symplectic form w. (If ¥ = D, assume that w = wy and fix c=0 or c € R\ Q.) Let
¢g : ¥ — ¥ be a Hamiltonian diffeomorphism (¢g € Ham (D, wp) if ¥ = D), and let
Hg, be a path of normalized Hamiltonians with ¢g = ¢y . Let Yo = {71, ..., 1} be
a collection of distinct non-degenerate 1-periodic orbits of Hg, that are pairwise freely
homotopic. Let B(Yg) be the braid in S L % ¥ associated to Ve, as in Definition 1.1.
Then there exists € > 0 such that given any Hamiltonian diffeomorphism ¢ that
is non-degenerate (in its support if ¥ = D) and satisfies duoter(Po, ¢g) < € (and
¢o € Ham.D,wy) if ¥ = D) one can find a normalized Hamiltonian Hg that
generates ¢ and a set of 1-periodic orbits Vs for Hs such that

B(Ys) is freely isotopic as a braid to B(YVg),
where B()s) is the braid associated to V.

A proof of this result is given in Section 8.

2.1.2. Lower semicontinuity of the h,, with respect to Hofer’s metric
A consequence of Theorem 2.5 and the approximation results on A, in Appendix B

is the lower semicontinuity of the topological entropy hi,, with respect to dpofer in
dimension two.
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THEOREM 2.6. — Let X be a closed surface equipped with a symplectic form w.
Then hyop : (Ham(3, w), dyofer) — [0, 00) is lower semicontinuous.

Furthermore, hyp, : (Ham (D, dx A dy), duoter) — [0, 00) Is lower semicontinuous,
where c =0 orce R\ Q.

Proof. — We prove the first assertion, the proof for the second is analogous. Let
¢ : ¥ — ¥ be a Hamiltonian diffeomorphism. If hy,() = 0, there is nothing to
prove. So assume hiop(¢) > 0. Let € > 0. By Theorem B.1 there is a hyperbolic
k-periodic orbit P = (po, ..., px_1) of ¢, for some k € N, such that

Fm ([907f]> > htop(@) — €

where P = {py, ..., pr_1} and ', ([, P]) is the growth rate by the action induced
by ¢ on the fundamental group of ¥\ P, see Section 1.4 for the definition of 'y,
and some of its properties. Let G : ¥ x ST — R be a Hamiltonian with ¢}, = ». The
diffeomorphism ¢q := " is generated by the Hamiltonian Hg : ¥ x S' — R defined
by Hg(z,t) := kG(x, kt). Let Yo = {70, ..., 76—1} be the set of 1-periodic orbits for
Hg given by v;(t) = ¢4 (i) = qﬁg(tJri/k) (po), =0, ..., k— 1. These orbits have the
same image and are in particular pairwise freely homotopic. Since they are hyperbolic,
they are non-degenerate. Choose € > 0 as in Theorem 2.5 with respect to ¢g, Hg
and Yg. Set § = % Now let ¢) be any non-degenerate Hamiltonian diffeomorphism
with dyofer (¥, ) < 8. By the bi-invariance of the metric dyfe, it follows for ¢g := ¥
that dyofer(Po, 0a) < kdpofer(¥, ) < kd = €, and hence there is a Hamiltonian
Hg : ¥ x S' — R with ¢ = ¢ and a set of 1-periodic orbits Yo = {7, -, Y1}
for Hg such that B()s) is isotopic as a braid to B()g). In particular it follows that
the braid types [¢*, P] and [)*, V5] coincide, where Ve = {75(0),...,7._,(0)}.
We conclude that
htop(¢) = ;htop(wk) > ;Fm <[¢k7y6])
1 _
= EFM ([go"‘,P)

= = (4 (10.P1)) > huopl) — <

Since non-degenerate ¢ are C'°-dense in Ham(X,w) and since hy,, is C™ lower
semicontinuous [New89|, this finishes the proof. O

In the recent work [CGG21| Cineli-Ginzburg—Girel showed that for a Hamiltonian
diffeomorphism ¢ on a surface, hip(¢) coincides with the barcode entropy hi(¢) of
¢ which they introduce. The barcode entropy is a measure of the complexity of the
Floer barcodes of ¢ in the spirit of [PRSZ20]. Combining Theorem 2.6 with [CGG21,
Theorem C] we obtain the following

COROLLARY 2.7. — The barcode entropy h is lower semicontinuous with respect
to dpoter ON surfaces.

In the beautiful article [Kha21], Khanevsky studied the topological entropy of
Hamiltonian diffeomorphisms on surfaces by looking at how these diffeomorphisms
act on simple curves on the surface. If X is a closed surface endowed with an area form
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w, let L be an essential simple closed curve in . Khanevsky showed that given any
positive number hg there exists a curve Ly, which is Hamiltonian isotopic to L such
that hiop(¢) > ho for every Hamiltonian diffeomorphism ¢ satisfying ¢(L) = Lp,.
It would be interesting to investigate if this lower bound is still valid for all curves
sufficiently close to Ly, in the Hofer metric on the space of curves.

3. Background

3.1. Recollections on Hamiltonian dynamics and Floer homology for
closed surfaces different from S>

3.1.1. Surfaces different from S? and T?

In the following we assume that X is a closed surface with ¥ # S? and # T?2. The
constructions in the case of non-contractible loops in T differ slightly, so we consider
the case of the torus below in 3.1.2. Let w be a symplectic form on ¥. We consider a
normalized time-dependent Hamiltonian H : S! x ¥ — R. By normalized we mean
that [x Hiw = 0 for each t € S*, where Hy(-) := H(t,-).

Recall that the group Ham(X,w) of Hamiltonian diffeomorphisms of (¥,w) is
formed by the area-preserving diffeomorphisms of (X, w) which are the time 1-map
of the Hamiltonian flow of some H : S' x ¥ — R. A reference for the study of
Ham(X,w) is [Pol01].

All time-dependent Hamiltonian functions on closed surfaces considered in this
paper are assumed to be normalized, as stated in the introduction.

As mentioned in the introduction, for the definition of the Hamiltonian action of
non-contractible loops we fix for each free homotopy class o € [S!, Y] of loops in
¥ a representative 7, : S* — X of . We define the Hamiltonian action as in the
introduction. The set of all 1-periodic orbits of H is denoted by P(H). The action
spectrum Spec' (H) is defined as

(3.1) Spec!(H) := {Ag(7) |7 is a 1-periodic orbit of H} .

It is not hard to see that Spec!(H) is a compact subset of R. If k is a positive integer
we let

(3.2) Spec®(H) := {Au () | v is a k-periodic orbit of H} .

It is not hard to see that Spec®(H) := Spec'(kH). If a Hamiltonian H is non-
degenerate, then Spec'(H) is a finite set. If H is strongly non-degenerate, then
Spec®(H) is a finite set for every positive integer k.

If v is a 1-periodic orbit of ¢% we let ucz(y) be the Conley-Zehnder index of
~v; see for example [AD14] for the definition of pcz. We note that in order that
pcz(7y) is actually well-defined for non-contractible loops on ¥ # T2, we fix for each
N & symplectic trivialization ®, of n*7T>. This defines a homotopically canonical
symplectic trivialization on v*7T%.

An almost complex structure J on (¥X,w) is called compatible if w(-,J-) is a
Riemannian metric on X.
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To define Floer theory for Hamiltonian diffeomorphisms on (X,w) we use the
following setup. We consider a C*°-smooth S!-family J, of compatible almost complex
structures on ¥. The Floer operator for (H, J;) applied to a cylinder u : R x S* — 2
1S

(3.3) Frra(u) = duls, t) + Jy(u(s, 1)) (Qu(s, t) — Xu(t,uls,t)).

A solution of the Floer equation for (H,.J;) is a cylinder u such that
Fu.s(u) = 0. We call such cylinders Floer cylinders.

We assume from now on that H is non-degenerate. The energy E(u) of a Floer
cylinder is defined by the formula

Emy:/ |Oyuldtds,
RxS!

where [O,u(s,t)|> = w(su(s,t), J'(Osu(s,t))). Floer showed [Flo88| that if a Floer
cylinder has finite energy then there exist 1-periodic orbits v and v of ¢% such
that limg , o u(s, ) = (), and limg_, 1 u(s, ) = '(+). A well-known computation
shows that E(u) = Ay (y) — Au ().

The energy of a Floer cylinder is by definition non-negative. The only Floer
cylinders with energy equal to 0, are those which are of the form wu(s,t) = (),
where v is a 1-periodic of ¢%;. The Floer cylinder u.(s,t) = ~(t) is called the trivial
cylinder over 7.

For two 1-periodic orbits v and ' of H we let M(v,~', H, J;) be the moduli space
of Floer cylinders u : R x S' — ¥ with asymptotics lim, , o u(s,-) = 7(+), and
limg o0 u(s,-) = 7/(-). Two Floer cylinders u and v represent the same element
in M(v,v, H,J;) if there exists sp € R such that u(s + so,t) = v(s,t) for all
(s,t) e R x S

As shown in [FHS95|, for a C'™-generic choice of J;, for any choice of 1-periodic
orbits v and ' of ¢%; the moduli spaces M(v,~', H, J;) are smooth manifolds whose
dimension is pcz(y) — pez(y') — 1. We assume from now on that J; is C*°-generic in
this sense: such J; will be referred to as regular. The compactification M(y,~', H, J;)
as defined by Floer is the union of M(~,v', H,J;) with the set of broken Floer
cylinders negatively asymptotic to 7 and positively asymptotic to +'; we refer the
reader to [AD14] and [F1o88].

Fix 1-periodic orbits v and 4/ of ¢4, and suppose that pcz(v") = pcz(y) — 1. In
this case M(v,7/, H, J;) is a 0-dimensional manifold. As shown in [AD14, Flo88], in
this case M(v,v/, H, J;) cannot contain broken Floer cylinders, and it follows that
M(v, ', H, J;) = M(~,7, H, J;). We conclude that in this case M(v,v', H, J;) is
composed of a finite set of elements. We then define

C(v,") = (#FM(v,9,H,J;)) mod 2,

for any pair v and 4/ of 1-periodic orbits of ¢, which satisfies pucz (') = pcz(y) — 1.

If puez(v') # pez(y) — 1 we let C(vy,v") = 0.
For any real number b which is not in Specl(H) we let P}(H) be the set of 1-

periodic orbits of H which have action < b. If b = +00 we write just P'(H). For real
numbers a < b which are not in Spec'(H) we let Pl (H) be the set of 1-periodic
orbits with action in the interval (a, b).
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Given a real number b which is not in Spec'(H) we define the Floer chain complex

CF'H)= @@ 7.
yePE(H)

The differential d’* : CF*(H) — C'F°(H) is defined for each v € P}(H) by
d"(v):= Y Con'= > Clan.

VP VP
The second equality is due to the fact that C(v,7) # 0 implies that
Au(v) < Ag(y) < b, since v € PL(H). The differential d’ is extended to all
of CF*(H) linearly. As showed by Floer [F1o88] (see also [AD14]) (d’*)? = 0, and we
let HF"(H) denote the homology of the pair (CF*(H),d”"). When the choice of .J,
is clear from the context we will drop J; from the notation of the differential and
denote it only by d.

Given real numbers a < b which are not in Spec' (H), we let CF(@) (H) := ggzgg
Because the differential d”* maps CF?(H) to itself, we have that (CF*(H),d”)
is a sub-complex of (CF*(H),d”"). As a consequence d’ induces a differential on
the quotient complex C'F(@Y (H), which we continue to denote by d’*. We then let
HFE@Y (H) be the homology of the pair (CF@Y (), d’").

It is easy to see that if v € P(,, (H) is seen as an element of CF%(H), then its
differential d”t(7y) is given by the formula

d*"(y)=" > Cln.)N

v G’P(la’b)(H)

We observe that the chain complexes CF*(H) considered above can be written as a
direct sum over the complexes CF°(H), where a runs over all free homotopy classes
of loops in ¥ (denoted by [S*,¥]) and the generators for CF2(H) are the loops
generating C'F*(H) that also lie in the class a. The same holds for CF@¥(H) and
HF@b(H), and we will add a lower index a to the chain complexes and homology
groups if we want to specify the free homotopy class a.

Continuation maps and Hofer distance. Let Hg and Hg be normalized Hamil-
tonians whose time 1-maps are non-degenerate. A homotopy between Hg and Hg,
is a function @ : R x S' x ¥ — R such that for some R > 0

Q(s,t,p) = Hg(t,p) for s < —R,

(3:4) Q(s,t,p) = Ho(t,p) for s > R.

We let J;2 and J;~ be smooth S'-families of compatible almost complex structures on
(33, w) which are regular for Hg and Hg, respectively. In this case we can define the
homologies HF(Hg) and HF(Hg). A smooth homotopy J; of compatible almost
complex structures on (¥,w) between J and J7, is a smooth R x S'-family of
compatible almost complex structures on (X, w) such that JF = J for sufficiently
small s and J7 = J;° for sufficiently large s. We then consider the Floer operator of
(@, J?) which applied to a cylinder u : R x ST — ¥ is

(3.5) Fqus(u) = Osu(s,t) + JF (Quu(s, 1)) — Xq(s,t,u(s,t)).
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Solutions of the Floer equation for (@,.J;) are cylinders u such that Fg :(u)
= 0, and these are called Floer cylinders. The energy of these cylinders is defined as
in the previous section, see [AD14].

If w is a finite energy Floer cylinder of (@, J;7) then there exists 1-periodic orbits
Ve of ¢y, and yg of ¢y such that lim,, o u(s, ) = 7 and lim, o u(s, -) = e
For C*°-generic choices of homotopies J;7 and @ the moduli spaces M(vg,vs, @, J5)
of Floer cylinders of (@, J7) which are negatively asymptotic to 74 and positively
asymptotic to 75 are manifolds of dimension pcz(ve) — pez(7s), for all 1-periodic
orbits g of %, and v5 of .

In case pucz(ve) = poz(vs), the space M(vg, vs, @, J7) is O-dimensional, and using
the regularity of J7 and @ and Floer compactness one obtains that M(vg, Vs, @, J;)
is compact and therefore a finite set of points. We define

Kq.1: (Ve ve) = (#M(Ve, 72, Q, J7)) mod 2,
if pez(ve) = pez(ve) and Kq s (Y@, 7o) = 0 otherwise.
We define the continuation map Vg js : CF(Hg) — CF(Hg) by

(3.6) Vos;(ve) = Y. Kqu(ve 1e)ve-
Yo €P(He)
As shown in [AD14] the map W js induces a homology map which we denote by
Vot HF(Hg) — HF(Hg).
We will need to consider continuation maps between Floer homologies in certain
action windows. This is possible under certain conditions as explained in the next
proposition.

PROPOSITION 3.1. — Let ¢4 be a non-degenerate Hamiltonian diffeomorphism in
Ham(X,w) and Hg : S' x ¥ — R be a normalized Hamiltonian generating ¢g,. We
take real numbers a < b which do not belong to Spec'(Hg) and let ¢ > 0 be
such that all elements of Spec'(Hg) in the interval (a — 2¢,b + 2¢) are contained in
(a,b). Let ¢po be a Hamiltonian diffeomorphism with dyeger(Pa, ¢o) < €. Then, there
exist a normalized Hamiltonian Hg : S* x ¥ — R generating ¢ and homotopies
G:R x S'x Y = R between Hg, and Hs and G : R x S* x & — R between He,
and Hg which induce continuation maps

Ul CF*(Hg) — CF" ™ (Hy),

Ve CF**(Hg) ~ CF*(Hg) — CF“(Hy),
and

U OF"(Hg) — CF""(Hg) ~ CF"(Hy),

V% CF*“(Hg) — CF*(Hg),

QO‘

whose compositions
V% oWy, : CF*(Hg) — CF™*(Hg) ~ CF’(Hy),

and
V& oW : OF(Hg) ~ CF**(Hg) — CF*(Hg)
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are both chain homotopic to the identities id : CF*(Hg) — CF*(Hg) and id :
CF*(Hg) — CF*(Hyg), respectively.
It follows that G induces a map

Vg : OF Y (Hg) — CFO M9 (H,)
and G induces a map
\I//G\ . CF(a—e,b+e) (HG) — CF(a—Qe,b—l—Qe) (HéB) ~ CF(a,b) (HEB>7

such that the composition Wz o Wg is chain homotopic to the identity map id :
CF@Y(Hy) — CF@Y (Hy).

Proof. — We start by explaining the construction of Ho, G and G. Because
duofer (s, Pg) < € there exists a normalized Hamiltonian

(3.7) F:5'xS >R

whose time 1-map is %‘91 o ¢ and that satisfies
1
(3.8) / (max F; — min F})dt < e,
0

where for t € S we define F; ;== F(t,-) : ¥ — R.
It follows that the time 1-map of the Hamiltonian Hg : S* x ¥ — R defined by

(3.9) He(t,p) = He(t.p) + F, ((65) 7 (p))

is ¢o. Because Hg and F' are normalized, it follows that Hg is also normalized.
We define a C*-smooth function § : R — [0, 1] which is non-decreasing and
satisfies

p(s) =1 for s > —1,
(3.10) B(s) =0 for s < —2,
B(s) <2

We define G : R x S? x ¥ — R by the formula
G(S,t7p) ::5(8)H9<t7p) + (1 - 6(8))H@(t,p)
= Ho(t,p) + B(s) F((65) " (p))-

Notice that G only depends on s for —2 < s < —1, and that G is a homotopy
between Hg and Hg as

(3.11)

G(s,t,p) = Hg(t,p) for s < —2,
2 _

12
(3.12) G(s,t,p) = Ho(t,p) for s 1.

Likewise we construct a homotopy G : R x S' x ¥ — R between Hg and Hg
defined by
(3.13) G(s,t,p) = G(—s,1,p).

We choose homotopies J;§ between J° and J°, and jts between J;° and J;7.
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Let u : R x S' — X be a Floer cylinder of (G, J$) negatively asymptotic to
Yo € PY(Hg) and positively asymptotic to 7o € PY(Hg). A direct computation
shows that the energy E(u) defined by

(3.14) E(u) == / 1Oyu[2dtds,
RxS1t

where [Dsu(s,t)|* = wy(sp) (Osu(s, t), JF (Dsu(s, t))) satisfies

oG
(315)  B() = Ay (0) = Au () + [Tt ua(s,0)dsds
see for example [Ushl1, Section 2]. We conclude that

oG

(3.16) s (e) = A (v6) = B@)| < [ 15 (s, tuals, 1)) dsdt < e,

where the last inequality is a direct computation using the definition of . Since
E(u) is positive, it follows that Ag_ (Vo) < Ang (Ye) + €. To define the continuation
map V¢ s associated to (G,J;) we must take C'*°-small perturbations of (G, J;)
supported in s € [—=2,—1] such that the relevant moduli spaces are regular. We
assume that these perturbations are taken so that (3.16) is still valid.

From this, if v4 € P} H) = P!_,.(H), then all 1-periodic orbits appearing in
the expression of Wg js(7e) have action < a. It follows that V¢ j:(CF*(Hg)) C
CF*¢(Hg), and we obtain a map

U, OF" % (Hy) ~ CF*“(Hy) — CF“(Hp)

which descends to a map on the homologies. A similar argument implies that
Vg5 (CF"(Hg)) C CF"(Hg) and we obtain a map

Ul . OFY(Hg) — CF"(Hy)

which also descends to a map on the homologies. The fact that W¢ j:(CF*(Hg)) C
CF*“(Hg) and W¢ 53 (CF*(Hg)) C CF""(Hg) implies that W induces a map

g : CFY(Hy) — CFe 9 (H,).

The construction of the maps

(3.17) V% CF™(Hg) = CF™*(Hg) ~ CF'(Hy),
(3.18) V% CF*“(Hg) — CF*(Hg) ~ CF**(Hg),
(3.19) Vs OF " (Hy) — CFO2029 (Hy) ~ CF P (Hy),

follows the same strategy using an estimate similar to (3.16) for the homotopy G.
We now explain how to show that \I/léo\I/bG : CFb(Hg) — CF*™(Hg) ~ CF°(Hy)
and W% o Ug, : CF*(Hg) =~ CF* %*(Hg) — CF“(Hg) are chain homotopic to the
identity. The idea is to construct a homotopy of homotopies from the concatenation
of G and G to the trivial homotopy between Hg and itself, and obtain the chain
homotopy studying moduli spaces for the homotopy of homotopies: this is the usual
method of proving the invariance of Floer homology, and it was devised by Floer. In
our situation we want the chain homotopy to respect certain action windows, and this
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requires the construction of a special homotopy of homotopies @, : R x S' x ¥ — R
where a € [0, +00).

To define, for each a € [0,1], the function @, : R x S* x X — R we first introduce
a smooth auxiliary function
(3.20) o:10,1] — [0,1]
such that

o = 0 on a neighbourhood of 0,

o =1 on a neighbourhood of 1.
We then define

(3.21) Qu(s,t,p) = Hy(t,p) + o(a) (B(s)Fi((¢) ' (p))

We remark that the functions @, depend smoothly on a, and that for each a € [0, 1],
the function @, is a homotopy from Hg to itself. So we refer to (Qu)acp1] as a
homotopy of homotopies. It is immediate from the definitions that Qq(s,t,p) =
Hg(t,p) is the trivial homotopy from Hg to itself.

We now proceed to define, for a € [1,400), the functions @, : R x S x 3 — R.
We first let x : [1,+00) — [1,400) be a smooth increasing function satisfying

(3.22) X(1) =1 and all derivatives of x vanish at 1,
(3.23) x equals the identity outside a neighbourhood of 1.
We then let, for each a € [1,4+00), @, be defined by
(3.24) Qa(s,t,p) := G(s+ x(a),t,p) for s < —x(a),
(3.25) Qa(s,t,p) := Hs(t,p) for s € [—x(a), x(a)],
(3.26) Qa(s,t,p) :== G(s — x(a),t,p) for s > x(a).

It is clear from the definitions that for each a € [0, +00)

(3.27) Qu(s,t,p) = Ha(t,p) if [s| = x(a) + 2.

Therefore each @, is a homotopy from Hg to itself, and we can think of (Q4)a e [0,4+00)
as a homotopy of homotopies.
We remark that

(3.28) Qa(s + x(a),t,-) converges to G(s,t,-) in C2 as a — 400,
(3.29) Qa(s — x(a),t,-) converges to G(s,t,-) in Cp. as a — +o0.

So we can indeed think of ()., as the concatenation of G' and G.

Choosing an appropriate homotopy (J7(a))qe[0,400) Of almost complex structures
and applying the usual technique in Floer homology to show its invariance, the pair
of homotopies (Qq, J;7(a)) will induce a map S : CF(Hg) — CF(Hg) which satisfies:

VssnoVg s =id+Sod+doS,

where d is the differential of CF(Hg). The map S counts Floer cylinders of index
—1 for (Q, J§(a)) for the values of a € [0,400) on which the moduli spaces of Floer
cylinders for (Q,, Jf(a)) are not regularly cut out.
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The main thing to be observed is that for every a € [0,+00) the Floer cylinders
of (Qq, J:(a)) satisfy an estimate similar® to the one in (3.16). More precisely if u
is a Floer cylinder used in the definition of S and v is the negative asymptotic limit
of u and +/ is its positive asymptotic limit, then we have

(3.30) Asry () = Any (7) <

We conclude that S(CF*2¢(Hg)) C CF*(Hyg), and since CF**(Hg) = CF*(Hy),
the map S induces a map S®: CF*(Hg) — CF%(Hg), which satisfies

LoWg =id+S"0d+do S

A similar argument shows that S induces a chain homotopy between \Ilba o Ul and
the identity. Once this is achieved, it is an elementary algebraic fact that

VUs0Wg: CFY(Hy) — CFP (Hy)
is chain homotopic to the identity. 0

We will also need to understand the maps Vg and W5 geometrically. Since these

maps are induced by the continuation maps W s and W5 5 this can be obtained via
i

the definition of continuation maps in (3.6). Indeed, it follows from the definitions

of these maps, that if ye € P, ; (Hs) then

(3.31) Va(ve) = > Ka,: (e, 7)7-
YE 7)(10475&7+€) (Ho)

Similarly, if 7o € Py, ;1 (He) then

(3.32) Valre) = X Kzz(e)r

vE 'P(la’b) (Heg)

For (3.32), we are using that P, ;) (He) = Ply_acp 120 (Ha).

3.1.2. The case ¥ = T?

Let now X = T? be the two-torus. Let w be a symplectic form on T2. If we only
consider contractible loops on T2, the definition of chain complexes C'F, [(]a ’b)(H ) and

homologies H F; [(}a ’b)(H ) can be given exactly as discussed above. Here we indicate the
restriction to contractible loops by a lower index [.]. In the case of non-contractible
loops the construction has to be adapted due to the non-uniqueness of (homotopy
classes of) capping cylinders.

As above, we fix a representative 7, for each free homotopy class « of loops in
¥ = T2, as well as a symplectic trivialization ®, of nTT?. Let a be a non-trivial free
homotopy class of loops in T2. Let y : S* — T2 be a loop and w, : [0,1] x S* — 7%
with w,(0,t) = n,(t) and wy(1,t) = y(t). Denote by [w,] the homotopy class of

(2)In order to obtain transversality, one might need to perturb the homotopies (Qq, J; (a)), but it
is clear that for sufficiently small perturbation the inequality (3.30) will still hold.
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wy, where the homotopy may vary among such cylinders. For a Hamiltonian H :
St x T? — R define the action of the pair (y, [w,]) to be

(3.33) As(y, [w,]) = — / ) /01 H(t,y(0))dt.

[0)

The action is well-defined by Stokes’ theorem. Moreover, gluing two cylinders w,
and w), along 7, we obtain a map from 7% to 7% from which it follows that the
action difference Ay (y, [wy]) — An(y, [w,]) is a multiple of [ w.

Given —0o < a < b < +oo we let P(, ;. (H) be the set of pairs (v, [w,]) consisting
of a 1-periodic orbit 7y of ¢4, representmg « and a homotopy class of cylinders [w,] con-
necting 71, and v such that Ag (v, [w,]) € (a,b). The I-periodic spectrum Spec, (H)
is the set of all possible actions Ag (7, [w,]) of pairs (v, [w,]) € Pl oy.o(H).

While the Conley—Zehnder index of a 1-periodic orbit v of ¢ in class a is not well-
defined, it is well-defined when fixing a homotopy class [w,] of cylinders connecting
N and v via a symplectic trivialization of v*T'T? that we obtain by extension over
w., of the fixed trivialization ®,, of n:TT?. We denote it by ucz (7, [w,]).

Fix now (finite) real numbers a < b. Suppose now that ¢y is a non-degenerate
Hamiltonian diffeomorphism of (7% w). We define

CF)(H) = D Ly - (7, [w,]).

(1w €PL, 4y o (H)

We choose a smooth S!'-family .J; of compatible almost complex structures on
(T?,w). The Floer equation of (H,J;) is defined as (3.3). Given 1-periodic orbits
(7. [t,]) and (+/, [w, ]) in P, ., (H) we let

M (/77 [w7]7 7/7 [wv’]v Ha Jt)

be the moduli space whose elements are Floer cylinders u of (H,J;) negatively
asymptotic to v and positively to 7/, and such that the gluing w,#u is homotopic
to w.. As previously, if for two Floer cylinders u; and uy of (H, J;) there is an s
that ui(sg + -,-) = ua(+,-) then u; and uy represent the same element in the moduli

" We let

C (7, [wy), s [wy]) = #M (3, [wd), s [wy], H, Jy) - mod 2
if pez(7y, [wy]) =1 = pez (', [wy]), and C (v, [w,],7', [wy]) = 0 otherwise. We define
d: CFY)(H) — CF (H) by letting

d(, [w,]) = > C (7, [w,], 7' [wy]) - (7, Twy])

(+/[w /])EP(ab> (H)

for the generators and extending it linearly to all of CF %% (H).

Breaking of Floer cylinders for (H,.J') connecting some (v, [w,]) and (', [w])
appears at pairs (9,[w,]) with action in the action interval (Ag(7y,[w,]),
An (7, [wy])), see Definition 3.9 in Section 3.3 and the discussion there in the
situation of the sphere. One shows that d?> = 0 and defines HF(*Y (H) to be the
homology of the chain-complex (CF(*"(H), d).
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Moreover, one can extend the definition and properties of continuation maps from
Section 3.1.1 to the present situation, and in particular the following proposition, an
analogue to Proposition 3.1.

PROPOSITION 3.2. — Let a be a free homotopy class of loops in T?. Let ¢g be a
non-degenerate Hamiltonian diffeomorphism in Ham(T?,w) and Hg : S' x 2 — R
be a normalized Hamiltonian generating ¢q. We take real numbers a < b with
a,b ¢ Specl (Hg). Let € > 0 be such that Specl,(Hg) N (a — 2¢,b + 2¢) C (a,b). Let
¢ be a Hamiltonian diffeomorphism with dyofe;(¢a, po) < €. Then, there exist a
normalized Hamiltonian He, : S' x T? — R and homotopies G : R x S* x T? - R
between Hg and He and G : R x S' x T? — R between Hs and Hs which induce
continuation maps

Vg : CF*Y(Hg) — CF %9 (Hy)
and
\Ija . CFO(éa—e,b—&-e) (He) N CFéa—2e,b+26) (HGB) ~ CF(ga’b) (H@),
such that the composition W5 o Wq is chain homotopic to the identity map id :
CFY(Hg) — CF“Y (Hyg).

Since we directly define the chain complexes C'F(@? (H) without a quotient con-
struction, the chain maps in the proposition have to be defined directly on those
chain complexes, and hence the proof of this Proposition varies a bit from our proof
of Proposition 3.1. We refer to the proof of Proposition 3.8, where these adaptations
are explained.

3.1.3. The quasi-isolation property

We will define a property for a set of periodic orbits which we call e-quasi-isolation
and discuss one consequence for continuation maps which we need when replacing
isolation with quasi-isolation in the assumptions of the main theorems.

Consider as a above a closed symplectic surface (X, w) with ¥ # S? (The case
for S? and D works analogously as soon as the relevant Floer theory is defined, see
Sections 3.3 and 3.2) Let H : ¥ x S — R be a non-degenerate Hamiltonian, and
¢ = ¢k the Hamiltonian diffeomorphism that is generated by H. Let J = J; be a
Sl-family of compatible almost complex structures. Let € > 0.

DEFINITION 3.3. — We say that a finite set ) = {1, ..., } of 1-periodic orbits
for H that all represent the same free homotopy class « is e-quasi-isolated (with
respect to J) if

(a) for any i,5 € {1, ..., k}, Apg(vi,;) is either equal to 0 or > e,

(b) and there is no non-constant v : R x S* — 3 and noi € {1, ..., k} such that
L FH7J<U) =0
o E(u) <e

o limg ., u(s,t) =(t) or limg_, o u(s,t) = (t).

Let a be a free homotopy class of loops in X. Let now Hg be a non-degenerate
Hamiltonian that generates ¢q. Let now ) = {71, ..., 7} be a set of 1-periodic
orbits for Hg in class a which is 2e-quasi-isolated for a regular family of compatible
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almost complex structures J;”. Assume additionally here that Ap,(y1) = -+ =
Apg () (resp. Aug (71, [wy,]) = -+ = Apg (9, (w4, ]) for some suitable cylindrical
cappings) and denote this action value by . Then, for any € < 2¢, the vector space
By C CF—#)(Hy) generated by m, -, % (resp. (1, [w]), -- -, (e [,)))
defines obviously a subcomplex of (CF#~<#+<)(Hg), d’¥). Furthermore, we have

PROPOSITION 3.4. — Let ¢o be a non-degenerate Hamiltonian diffeomorphism
with dyoter (e, do) < €. Then there exist a normalized Hamiltonian He @ S'xY — R
that generates ¢ and homotopies G : R x S' x ¥ — R between Hg and H and
G:R x S'x X — R between Hy and Hg which induce chain maps

WY, : By — CEY "9 (H,)
and
VY CF“"*)(Hs) — By
such that
WY oWy = id.

Proof. — For convenience of notation we assume that ¥ is a closed surface different
from S?: if ¥ = T? we assume moreover that « is the trivial free homotopy class.
For the remaining cases one has to replace below the orbits v by pairs ('y,ww)
We keep the construction for Hs, G and G, almost complex structure J?, Jt as
in the proof of Proposition 3.1. We require that J# = J resp. Jt = J7 for s
sufficiently small resp. sufficiently large. Also, as in that proof define the moduli
spaces M (v, 70, G, J5) and M(vs, v, G, J7) for 1-periodic orbits g for Hg and
Ve for Hg. Let KG,J; (Ve: 7)) = (#FM(ve, 70, G, J7) mod 2),if pcz(ve) = pez(ve)
and 0 otherwise. We define WY, : By, — CF¥="+9)(H_) via

U(v) = > Ka,gs (Vi 7)7-

’ylep(lﬁ—e,n-‘—e) (He)

Define similarly Kaj\s<797 7@), and then \I/X : Cch'**e’““)(H@) — By via

= Kan(v.h

ey

\I% and \IJJGi are chain maps. To see that \I/% is a chain map, let 7, € )Y and
Yy ooy V] € Pla—ente)(Hg) be the orbits such that the 1-dimensional moduli spaces
My, 7;, H, J7) are non-empty. These moduli spaces can be compactified, where
the boundary components consist of broken Floer trajectories, and by the 2e-quasi-
isolation property and the action estimate (3.16) these broken Floer trajectories
are exactly those that contribute to d o U(7;). Since a compact one-dimensional
manifold has an even number of boundary components, it follows that d o U, =

Similarly one sees that \IIJGA} is a chain map.

Finally, by action estimate (3.30) for Floer cylinders associated to the pair of
homotopies (Qq, J;) defined above and the 2e-quasi-isolation property one observes
that
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3.2. Hamiltonian dynamics and Floer homology on D
3.2.1. Hamiltonian diffeomorphisms which are irrational rotations near oD.

We consider time-dependent Hamiltonians H : S' x D — R on the disc, equipped
with the standard symplectic form wq := dx A dy, where (z,y) are the coordinates of
D. For ¢ € R, we say that H is admissible with slope ¢ near 9D, if there is ry > 0
close to 1 such that in polar coordinates (r, 6),

1
(3.34) H(t,r0) = 50(7“2 —1), forrg<r <L

Admissible H generate Hamiltonian diffeomorphisms ¢ : D — . For ¢ € R, we
denote by H.(D) the set of admissible Hamiltonians on I with slope ¢. We say that
H is non-degenerate, if ¢ is non-degenerate in I, and say that H is strongly non-
degenerate if ¢* is non-degenerate in D for all £ € N. For this to hold, ¢ € R \ 27 Q.

For ¢ € Ry, let ¢? be the time 1-map of the Hamiltonian £(2*+y* —1). We define
the set of Hamiltonian diffeomorphisms® Ham,(ID) to be the set of Hamiltonian
diffeomorphisms of I which coincide with ¢¥ on a neighbourhood of dD.

We then have the following lemma:

LEMMA 3.5. — Let ¢ € R,. For each element ¢ € Ham.(ID) there exists an
element of H.(D) whose time 1-map is ¢.

We thank Felix Schlenk for explaining to us the proof of this lemma. We give a
sketch of the argument and leave it up to the reader to complete it.

Sketch of proof. — The lemma will clearly follow if we can show that for each com-
pactly supported Hamiltonian diffeomorphism of ID there is a compactly supported
time-dependent Hamiltonian H : S' x D — R whose time 1-map is ¢.

To construct the Hamiltonian H one proceeds as follows. We first construct a
smooth isotopy (fi):co,1) of diffeomorphisms of the disk with f; = id and f; = ¢,
and with all f; supported on a fixed compact K, of ID: such an isotopy can be
constructed via Alexander’s trick.

Using Moser’s homotopy method this path can be changed into a path of area
preserving maps, where the end-points of the new path are still id and ¢, and the
elements of the new path still have compact support in K: the reason for this is that
the vector field X; given by Moser’s method vanishes where the map was already
area preserving.

For each t € S', we let H, be the unique compactly supported function in D whose
Hamiltonian vector-field is X;. The time-dependent Hamiltonian H(¢,p) = H(p) is
the desired one. 0

(3) Recall that every symplectomorphism of D is Hamiltonian.
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We proceed to introduce some terminology. We say that a time-dependent Hamil-
tonian H : S' x D — R wvanishes near the boundary if there exists a compact subset
K of the open disk D such that H, vanishes outside K for every t € S*.

Given elements ¢; and ¢ of Ham.(ID), the Hofer distance dofer(¢1, ¢2) is defined
by the formula

1
(335) dHofer((bla ¢2) = lnf/o HHtHdt?

where the infimum is taken over all H : S' x D — R that vanish near the bound-
ary and generate ¢;' o ¢y as time 1-map, and where ||H,|| := max,ep H;(p) —
min,ep He(p).

In order to use Floer theory for an element H of H.(D) we extend H to R? by
1

letting H(t,z) = jc¢(r? — 1) for r > ro. For all iterates of the time 1-map ¢} of
Xy to be non-degenerate, it is necessary that ¢ € R\ 27Q), since otherwise every
point outside of ID would be a periodic point of Xy. We thus assume from now on
that ¢ € R\ 27Q. This implies that all periodic points of ¢}, are contained in a
compact subset of the open disk ID. We say that an element ¢ of Ham, (D) is strongly
non-degenerate if ¢* is non-degenerate for all k > 1. Under our assumptions, the set
of strongly non-degenerate elements ¢ € Ham.(D) is C*°-dense in Ham.(DD).

The Hamiltonian action Ag(y) of a loop y : S* — R? is defined as in (1.2).
We consider an S!-family J; of compatible almost complex structures on R? that
coincides with the complex multiplication by ¢ on the complement of the open disk
D,, centered at the origin and of radius 7. The Floer equation for (H, J;) applied

to a cylinder u : R x S' — R2 is
Fir s (u) = Oqu(s,t) + Jy(u(s, 1)) (druls,t) — Xp(t,u(s,t)) = 0.

For two 1-periodic orbits v and 7" of H we denote M(~,~, H, J;) the moduli space
of solutions u : Rx S — R? of F; () = 0 with asymptotics lim,, o u(s, ) = (),
and limg , oo u(s, ) =7/(+).

In order to do Floer theory for admissible Hamiltonians on D, we need to obtain
compactifications of the relevant moduli spaces. The crucial step for this to work is
to show that all Floer trajectories in M(v,~', H, J;) stay inside D; see e.g. [FH94]
or [CO18, Lemma 2.2]. Once this is shown, one can apply the techniques of [F1o8§]
to compactify the moduli space M(v,7, H, J;). Once this has been observed, one
can construct the Floer homology of a Hamiltonian H in H.(D) as in Section 3.1.
We define CF(H), CF@Y(H) and the differential d’¢ exactly as in Section 3.1.
The homologies HF%(H) and HF“Y(H) are those of the pairs (CF*(H),d”) and
(CF@d(H), d”), respectively.

Given now two admissible non-degenerate Hamiltonians Hg and He in H.(D), we
let J; be such that all Floer cylinders with finite energy of (Hg, J;) and (He, J;) are
Fredholm regular. A homotopy G : R x S! x D of Hamiltonians between Hg and
H is called admissible if there exists a compact subset K of the open disk D such
that for every s € R the function G, coincides with $(r? — 1) on the complement of
K. Let 0 <1’ <1 be such that K is contained in the open disk D, of radius r’ and
centered at the origin.
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Given an admissible homotopy @ : R x S x D between Hg and Hg, and a regular
compatible R x S'-dependent family J§, we consider the moduli spaces composed of
Floer cylinders from 1-periodic orbits of Hg to 1-periodic orbits of Hs. Again, the
almost complex structures J; are assumed to coincide with complex multiplication
by ¢ in the complement of the disk D, for all s and ¢. This forces the images of
all relevant Floer cylinders to be contained in D and is the crucial step that allows
us to compactify these moduli spaces. For C*°-generic pairs (@, J;) one obtains a
continuation map Vg s : CF(Hg) — CF(Hg) which passes to a homology map
Vg HF(Hg) — HF(Hg). The proof of the following proposition is identical to
the one of Proposition 3.1.

PROPOSITION 3.6. — Let ¢5 be a non-degenerate Hamiltonian diffeomorphism
in Ham,(D) and Hg : S* x D — R be a Hamiltonian in H.(D) generating ¢g. We
take real numbers a < b which do not belong to Specl(H@) and let € > 0 be such
that all elements of Spec' (Hg) in the interval (a — 2¢,b + 2€) are contained in (a,b).
Let ¢ be a non-degenerate Hamiltonian diffeomorphism with dyofer(¢a, 0s) < €.
Then, there exist a normalized Hamiltonian Hes : S' x D — R and homotopies
G:R x S'xD— R between Hg, and Hs and G : R x S x D — R between He,
and Hg which induce continuation maps

U, CF*(Hg) — CF"(Hy),

‘IjaG . CFa_ze(HEB> ~ CFG(H@> — CFG_E(H@),
and

U OF"(Hg) — CF"™(Hg) ~ CF"(Hy),

\I[% . OFQ_E(HG) — CFG(H@),

QG“

whose compositions
Uk oWy, : CF'(Hg) — CF"™*(Hg) ~ CF'(Hg),

and
V% o0 : OF(Hg) = CF**(Hg) — CF*(Hg)

are both chain homotopic to the identities id : CF°(Hg) — CF°(Hg) and id :
CF*(Hg) — CF%(Hg), respectively.
It follows that GG induces a map

Vg : CFD(Hy) — CFO™b (1)
and G induces a map
\Ijé\ . CF(a—e,b+e) (H@) N CF(a—Qe,b—l—?e) (H@) ~ CF(a,b) (HEB)

such that the composition W5 o Wq is chain homotopic to the identity map id :
CF@Y(Hy) — CF@Y (Hy).

Moreover, one obtains the following proposition. Its proof is analogous to the proof
of Proposition 3.4.
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PROPOSITION 3.7. — Let ¢g, Hg as above. Let € > 0 and let Yo = {71, ..., Y}
be a set of 1-periodic orbits for Hg with Ap,(71) = ... = Aug () = &, and which
are 2e-quasi-isolated (defined analogously as in Section 3.1.3). Then ), generate a
subcomplex By in CF"=25+26)(H ). Moreover, if ¢, € Ham,(DD) is non-degenerate
with dyofer(¢o, 0s) < €, then there exist a normalized Hamiltonian H, that generates
¢e and homotopies G : Rx S*xD — R between Hg, and Hg, and G : RxS*xD — R
between Hs and Hg which induce chain maps

UY : By — CEY " 9(I,)
and
VY CF“"*(Hs) — By
such that
WY o Wy = id.

3.2.2. Floer homology for compactly supported Hamiltonians in D

We consider the group Hamgy(ID) of compactly supported Hamiltonian diffeomor-
phisms of (D, dx A dy); i.e. area preserving diffeomorphisms which coincide with the
identity in some neighbourhood of dD. As we showed in the proof of Lemma 3.5, for
each element ¢ € Hamg(D) there exists a Hamiltonian H which vanishes near the
boundary and that generates ¢, in the sense that the time 1-map of H is ¢. We let
Ho(D) be the set of Hamiltonians on I which vanish near the boundary.

We consider S'-dependent almost complex structures J, which admit extensions
to R? which coincide with the complex multiplication by i outside of D.

The Hamiltonian action of a loop is defined as in (1.2). One defines the Hofer
distance of two elements ¢ and ¢ of Hamy (D) as in the previous section.

In order to define the Floer homology of H we cannot follow the steps in Section 3.1.
The reason for this is that H has degenerate periodic orbits: all 1-periodic orbits
of ¢}, contained in the neighbourhood of D where H vanishes are degenerate. We
thus follow a more geometric approach, which is explained in [Ginl0, Section 3].

Before presenting the construction we introduce some terminology. Let u, : R x
St — W be a sequence of Floer cylinders of some pair (H,J;), where (W,m) is a
symplectic manifold. A 1-periodic orbit v of ¢4 is called a breaking orbit, if there
exists a sequence s, such that u,(s,,-) : S1 — W converges in C° to v : S* — W:
because of elliptic regularity, the convergence is actually in C*°.

We say that a Hamiltonian diffeomorphism in Hamg (D) is non-degenerate, if every
1-periodic orbit whose action is # 0 is non-degenerate. This set is C'*°-dense in
Hamy(D). If H is a Hamiltonian generating a non-degenerate Hamiltonian diffeo-
morphism ¢, then the only accumulation point of Spec'(H) is 0, and for any ¢ > 0
the number of elements of P'(H) with action in R \ [—c, ] is finite.

Let now ¢y be a non-degenerate Hamiltonian diffeomorphism in Hamg (D) which
is generated by a Hamiltonian H, and let a < b be real numbers which are not
in Spec' (H) and such that every I-periodic orbit in Pl (H) is non-degenerate. Tt
follows that 0 is not contained in [a, b], and that P(la,b)(H ) is a finite set. We define

CF@Y(H) to be the Zy-vector space generated by Pl (H), ie.
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(3.36) CFH)= @ Z~.

vE ’P(layb) (H)

We first observe that given any choice of smooth S!-family of compatible almost
complex structures J; on (D, dx Ady) which coincides with the complex multiplication
by i outside of D, then the maximum principle implies that a Floer cylinder whose
asymptotic limits are in the interior of D must be contained inside D.

We then notice that given any choice of smooth S'-family of compatible almost
complex structures J; on (D, dx A dy), if u, is a sequence of Floer cylinders of (H, J;)
whose negative and positive asymptotic limits are in P, ;) (H) then any breaking
orbit of u, has action in (a,b). Using the fact that all orbits in P(, , (H) are non-
degenerate and the techniques of [Flo88], it is possible to compactify all moduli
spaces M(~,v', H, J;), where v and +' are in P(lab)(H ). The compactified moduli
space M(v,v/, H, J;) is formed by the union of M(v,~', H, J;) and of broken Floer
cylinders of (H, J;) from v to «/'. For any broken Floer cylinder u which is negatively
and positively asymptotic to orbits 73(1&73))(]{ ), its breaking orbits must also be in
P(layb)(H ). The reason is that the action of these breaking orbits must be smaller
than that of the negative limit of u and bigger than that of the positive limit of u.

We then invoke the results of [FHS95] and choose a generic S'-family .J; so that for
any v and 7/ in P(lmb)(H ) the moduli space M(v,+’, H, J;) is a manifold of dimension
poz(y) — pez(y') — 1. In this situation M(~,~', H, J;) is a finite set of points if
pez(v) — 1 = pez(y')-

Let v € P, (H). We define for v € P, (H) with pcz(y) — 1 = pcz(y') the
number

C(’%Iyl) = #(M(’}/,’Y’,H, Jt)) mod 2.
If pez(y) — 1 # pcz(v') we let C(v,4") = 0. With these preliminaries we define the
differential d’t : CF@) (H) — CF@Y(H) by letting for each v € Py (H)

d"(y)= > Cl,Y)N.

v € fp(la’b) (H)

The differential d”t is extended to all of CF(®¥ (H) linearly.

Using regularity of (H,.J;) and the fact that breaking orbits of a broken Floer
cylinder u which is negatively and positively asymptotic to orbits P(laﬁb)(H ) must
also be in P(la,b)(H)7 the proof that (d”*)? = 0 is the same as the one for the analogous
statement for the case of closed surfaces of positive genus.

We are ready to state the following proposition, analogous to Proposition 3.1, for
Hamiltonian diffeomorphisms in Hamg (D).

PROPOSITION 3.8. — Let ¢s be a non-degenerate Hamiltonian diffeomorphism in
Hamg(D) and Hg : S* x D — R be a Hamiltonian in Ho(D) generating ¢q. We
take real numbers a < b which do not belong to Spec'(Hg) and 0 ¢ [a,b]. Let
¢ > 0 be such that all elements of Spec'(Hg) in the interval (a — 2¢,b + 2¢) are
contained in (a,b). Let ¢ be a non-degenerate Hamiltonian diffeomorphism with
droter (9o, @) < €. Then, there exist a normalized Hamiltonian He, : S' x D — R
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and homotopies G : R x S' x D — R between Hg and Hy and G:RxS'xD—R
between Hs and Hg which induce continuation maps

Vg : CF @Y (Hg) — CF 9 (Hy)
and
Vs CF ) (Hg) — CF72M29 (Hy) ~ CF Y (Hg)
such that the composition W5 o W¢ is chain homotopic to the identity map id :
CF@Y(Hg) — CF@Y (Hy).

The proof is a variation of the proof of Proposition 3.1. We provide a sketch of the
proof and explain the necessary adjustments.

Sketch of proof. — We start by explaining the construction of Ho, G and G.
Because dofer(Po, ) < € there exists a Hamiltonian

(3.37) F:5'xD—R

which vanishes near the boundary whose time 1-map is ¢3! o ¢ and that satisfies
1
(3.38) / (max F; — min F})dt < e,
0

where for t € S* we define F} := F(t,-) : ¥ — R. We then define Hy, G and G as in
equations (3.9), (3.11) and (3.13).
We first explain why G induces a chain map

g : CFY(Hy) — CFO b9 (H).

For this we first choose a homotopy of almost complex structures J; between Jg and
Js. We assume that for each fixed s € R the almost complex structures J; coincide
with the complex multiplication by ¢ outside of D. This guarantees that a Floer
cylinder of (G, J7) which is positively asymptotic to an orbit 75 € P, .4, (Hs)
and negatively asymptotic to an orbit v € P(layb)(H@) must have its image contained
in . Moreover, a direct computation as in the proof of Proposition 3.1 shows that
for such a Floer cylinder we have that

(3.39) Ams(ve) < A (70) + €.
Using this same inequality one shows that if u, is a sequence of Floer cylinders
of (G,J7) whose negative asymptotic limit is in P(,, (Hs) and whose positive
asymptotic limit is in 73(1@_67,) +E)(H@), then any breaking orbit of this sequence
is either in P, (Hg) or in Pl 4(Hs). These observations allow us to ap-
ply Floer compactness to compactify the moduli spaces M(vg, 75, G, J5) where
Yo € Pluy(He) and ve € Pl,_ 41 o(Hs). The compactification will be formed by
elements of M(vg,7s, G, J§) and broken Floer cylinders of (G, J§) from g to vs.
The breaking orbits of these broken Floer cylinders must be either in P(lavb)(H@) or
in Pl,_ 1o (Hs). This follows from the estimate (3.39).

We then choose J§ in a generic way so that the moduli spaces M(vg, 75, G, J;)

considered in the previous paragraph are manifolds of dimension pcz(ve) — pez(Ve)-
We then define

Ke.5; (e, ve) == (#M(ve, 70, G, J7))  mod 2,
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if puez(Ve) = poz(ve) and Kq,; (ve, 7e) = 0, otherwise. The map W¢ : CF @Y (Hy)
— CFl=<b+9)(H_) is given by

(3.40) Ve(ve) = > Ka,g: (Ve 7)7-

vE ,P(lafe,b+5) (He)

With this, and using the fact that the Floer cylinders in these spaces must converge
to broken cylinders whose breaking orbits are in P(la,b)(H ®) or in 77(1a_€7b +o(Hg), one
proves that the map Vs induces a map on homology.

A similar construction is done to define the map

Vs CFO ") (Hg) — CF "9 (Hy) ~ CF“Y (Hyg).

For this we first choose a homotopy of almost complex structures jts between J- and
Jg. We assume that for each fixed s € R the almost complex structures jf coincide
with the complex multiplication by ¢ outside of D. To define W5 we study moduli
spaces M (Yo, Y, G, JF), where g € P(lw)(H@) and g € P(lafeﬁﬂ)(H@). Using an
estimate analogous to (3.39) one shows that breaking orbits of sequences of elements
in M(ye, Y, G, J¢) must be in Pl sesroo(He) or in Pl ;. (He). However, by
our assumption P(la_%’b +26)(H@) = P(la’b)(H@): this shows why this assumption is
crucial for us to be able to define the map W from CF@~<T9(Hy) to CF*Y) (Hy,).

The proof of the fact that W zoUq : CF@Y)(Hg) — CF @Y (Hyg) is chain-homotopic
to the identity, follows the same scheme of the analogous statement in Proposition 3.1.
That is, we define the homotopy of homotopies (Qq, J:(a))aco,400) and study the
relevant 1-dimensional moduli spaces of Floer cylinders of the homotopy of homo-
topies (Qq, J;7(a))aco,+00) With asymptotic limits in P(lmb)(H@). Again, in order to
show that we can define the chain-homotopy map in the appropriate action windows
one shows that all breaking orbits for sequences of elements in these moduli spaces
are in P, (Hg) or in Pl, .. (Hes). This follows from estimates similar to (3.39)
for the carefully constructed homotopy (Qa)a e [0,4-00)- O

3.3. Hamiltonian dynamics and Floer homology on S?

Let w be a symplectic form on S? and assume that [s. w = 8. In order to define
Floer homology for Hamiltonians on (5% w) we need to make certain adaptations.
In particular, because m2(S?) # 0 there are constraints on the action windows
for which Floer homology can be defined, because of the possibility of bubbling
off of holomorphic spheres. Notice that because [¢.w = 8 it follows that the w-
integral [qw of any sphere S in (5% w) is a multiple of 8: this integral clearly only
depends on the free homotopy class of S. Hamiltonian vector fields and Hamiltonian
flows on (S? w) are defined as in Section 3.1.1. Because H;(S?) = 0, every area-
preserving diffeomorphism of (5% ,w) is the time 1-map of a Hamiltonian flow on
(S?,w). Tt follows that the group Ham(S? w) of Hamiltonian diffeomorphisms of
(S?,w) coincides with the group of area-preserving diffeomorphisms of (S? w). A
Hamiltonian H : S* x S? — R is called normalized if [;, Hw = 0 for each ¢ € S*,
where Hy(-) := H(t,").
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Let H : S'x 5% — R be a normalized Hamiltonian and ¢y its time 1-map. Because
m2(S?) # 0 the H-action of a closed curve y of ¢%; is not well-defined but depends
on the choice of a capping D, of y. We thus define for a pair (y, D,)

(3.41) An(y, Dy) = —/ w+ /01 H(t,y(t))dt.

D
If y is a closed curve and D, and D,, are two cappings of y, then

AH(ya D;) - AH(:% Dy) = /'Dy#—D’y W,
where D, # — D, is the sphere obtained by gluing D, and —D,. It follows that the
difference Ay (y, Dy) — Au(y, D,) is always a multiple of 8. Since Ag(y, D,) only
depends on the homotopy class of D, we will define for a pair (y, [D,|) where [D,]
denotes the homotopy class of D, the action Ag(y, [D,]) by

(3.42) An(y, [Dy]) := —/ w+/01 H(t,y(t))dt.

D.

Given real numbers a < b we let P(Ia,b)(H ) be the set of pairs (v, [D,]) where v is
a 1-periodic orbit of ¢ and [D,] is a homotopy class of cappings of v such that
An(3.1D,)) € (a,b).

The 1-periodic spectrum Spec'(H) is the set of all possible actions Ag (7, [D,]) of
pairs (7, [D,]) where v is a 1-periodic orbit of ¢ and [D,] is a homotopy class of
cappings of ~.

Similarly, the Conley—Zehnder index of a 1-periodic orbit v of ¢y is not well-
defined but if we fix a homotopy class [D,| of cappings of v the Conley-Zehnder
index pcz (v, [D,]) is well-defined.

Suppose now that ¢z is a non-degenerate Hamiltonian diffeomorphism of (52, w).
We now fix real numbers a < b such that [b — a| < 5. Once this is done we define

CFeO(H) = @ 7 (n[D)

(1[D)) € P, 4 (H)

We now choose a smooth S'-family J, of compatible almost complex structures
on (S?%,w). The Floer equation of (H, J;) is defined as in (3.3). Given (v, [D,]) and
(7, [Dy]) in P, 4 (H) we let

M(’Yv [,D’Y]v'yla [D’Y’]7 H7 Jt)

be the moduli space whose elements are Floer cylinders u of (H,.J;) negatively
asymptotic to v and positively to 7/, and such that the gluing u# — D, is homotopic
to D,. As previously, if for two Floer cylinders u; and us of (H, J;) there is an s
such that uq(sg + -, ) = usa(-, ) then u; and wusy represent the same element in the
moduli space.

We first explain why for any sequence u, of elements of the moduli space
M7, [D,],7,[Dy], H, Ji), the gradients of u,, are uniformly bounded. If this was
not the case, then bubbling analysis would imply that a non-constant holomorphic
sphere v : (52,4) — (S?%, J;,) bubbles off of the sequence u,, for some t, € S*. But,
reasoning as in the proof of [AD14, Lemma 6.6.2] one obtains that the energy of v
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is bounded from above by 4sup; . E(u) < 4]b — a| < 1. Since any non-constant
holomorphic sphere in (5% w) must have energy > 8 we conclude that v is con-
stant, which is a contradiction. It follows from Floer’s techniques [Flo88] that since
the gradients of any sequence u,, of elements of the moduli space are uniformly
bounded, any such sequence must converge to a broken Floer cylinder. Moreover,
since the action decreases along Floer cylinders, we know that any breaking pair
(see Definition 3.9) (7, [D;]) of the sequence w, lies in P(, , (H). We choose now
Ji generically, so that M(~, [D,],, D], H, J;) are manifolds whose dimension is

pez (s [Dy]) — pez (s [Dy]) — 1.

DEerFINITION 3.9. — If u, is a sequence of elements of the moduli space
M, [D,),7', [Dy], H, Ji), then a pair (3,[D5]) is called a breaking pair for u,, if:
e there exists a sequence s, such that u,(s,,-) converges in C* to 7,
e and for sufficiently large n such that u,(s,, ) is contained in a small tubular
neighbourhood U of 7, the capping of i obtained by gluing Cyl, #u,([sn, +00)
x S1)# — D, is in the homotopy class [Ds], where Cyl,, is any cylinder from
7 to un(sn, ) which is contained in the tubular neighbourhood Us.

We let
C (v, [D,),7,[Dy]) = #M (v, [D,),7, [Dy], H,J;) mod 2

if pez (7, [D4]) — 1 = pez (v, [Dy]), and C (v, [D,],7', [Dy]) = 0 otherwise. With this
we are ready to define d”* : CF(@Y(H) — CF@Y(H) by letting

th (77 [D’YD = Z C (77 [IDWL ’7,7 [IDW’]) ’ (’7/7 [IDW’])
(¥,[D]) Gp(la,b)(H)

for the generators and extending it linearly to all of CF(** (H). Once we know that
breaking pairs of the relevant moduli spaces are contained in P(layb)(H ) the proof
that (d”*)? = 0 is as the one of the analogous statement for Floer homology on
closed surfaces of positive genus. We then let HF (@Y (H) be the homology of the
chain-complex (CF@*) (H),d”).

We are now ready to state the following proposition, analogous to Proposition 3.1,
for Hamiltonian diffeomorphisms on (5% w).

PrOPOSITION 3.10. — Let ¢g be a non-degenerate Hamiltonian diffeomorphism
in Ham(S? w) and Hg : S x S? — R be a normalized Hamiltonian generating dg,.
We take real numbers a < b that do not belong to Spec'(Hg) and such that and
b—a <% Let e >0 be such that b—a+2e < % and that all elements of Spec' (Hz)
in the interval (a — 2¢,b + 2¢) are contained in (a,b). Let ¢ be a non-degenerate
Hamiltonian diffeomorphism with dyofe;(¢a, pc) < €. Then, there exist a normalized
Hamiltonian He, : S* x S? — R generating ¢ and homotopies G : R x S x S? -+ R
between Hg, and He and G : R x S' x S?2 — R between Hs and Hy which induce
continuation maps

Vg : CFY(Hy) — CFO <9 (H,)
and
\Ijé\ . CF(a—e,b+e) (He) N CF(a—Qe,b—i—Qe) (H@) ~ CF(a,b) (HGB)a
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such that the composition W5 o W¢ is chain homotopic to the identity map id :
CF@Y(Hg) — CF@Y (Hy).

The proof is similar to the one of Proposition 3.8. There are two main things to
be observed. Firstly, because of our choice of the size of the action windows (a, b),
(a —¢€,b+¢€) and (a — 2¢,b + 2¢) the relevant Floer cylinders have small energy and
this precludes bubbling. Secondly, all breaking pairs that appear for sequences of
elements for the relevant moduli spaces are in P(la,b)(H@) or P(la_e,b +o(H).

Finally, analogous to Proposition 3.4 one obtains

PROPOSITION 3.11. — Let ¢ € Ham(S? w) be non-degenerate, and Hg be a
normalized Hamiltonian generating ¢q. Let € > 0 and let Y = {~, ..., 7} be a
set of 1-periodic orbits for Hg which is 2e-quasi-isolated (analogously defined as
in Section 3.1.3), and for which there are disc cappings D.,, ..., D, such that
Any (11, Dy,) = -+ = Apy (W, D4,) = k. Then the pairs (v1,D.,), ..., (W, D~,)
generate a subcomplex By in C'F*=245%2)  Moreover, if ¢ € Ham(S?,w) is non-
degenerate with dyofer(Po, ¢a) < €, then there exist a normalized Hamiltonian Hg
generating ¢ and homotopies G' from Hg, to He and G from Hg to Hg which induce
chain maps

VY By = CFY~"9(Hy)
and
W2 OF“*9(Hs) — By
such that
Yo Wy = id.

4. Floer cylinders and holomorphic curves

In this section we recall a construction due to Gromov which shows that Floer
cylinders on a symplectic surface (3,w) for a pair (H,JJ) are in bijective corre-
spondence with holomorphic cylinders on the 4-manifold R x S x ¥ endowed with
a almost complex structure which is constructed from (H,.J;7). The construction
can be performed for symplectic manifolds of any dimension, but we restrict our
attention to surfaces because this is the case in which we are interested. We consider
coordinates (s,t,p) on R x St x X.

On a compact symplectic surface (X,w) we consider a C*°-smooth R-family of
normalized Hamiltonians H : R x S* x ¥ — R and a C*°-smooth family of R x S'-
dependent almost complex structures J; on ¥ which are compatible with w. We
assume that there exists sz > 0 such that

(4.1) H and J;{ do not depend on s if |s| > sy.

Recall that

e if 3 is closed, normalized means that [x Hiw = 0 for each (s,t) € R x S*,
where HS(-) := H(s,t,"),

e if 0¥ # 0, normalized means that H; vanishes in a neighbourhood of 9% for
all (s,t) € R x S*.
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We denote by H, : S' x ¥ — R the function H(s,-,-).
For each (s,t) € R x S', the function H} defines a vector field X gz on X defined
by tx,, = dsH;, where ds H; is the differential of H; : ¥ — R in X. When there is

no danger of confusion we write d for ds. Varying (s,t) in R x S we can think of
Xps as a smooth R x S Lfamily of vector fields on X. It is thus useful to introduce
the following notation:

XH(S, t, ) = XHtS()

The Floer operator Fy s for the pair (H, J;) applied to a cylinder u : R x ST — %
is

(4.2) Firs(u) = Oqu(s,t) + J; (u(s, 1)) (u(s,t) — Xn(s,t,u(s, 1))).
A Floer cylinder is a map u : R x S* — ¥ such that

Associated to the pair (H, J§) we construct an almost complex structure J on

R x S' x ¥. In order to define J we first introduce a natural decomposition of the
tangent bundle T(R x S! x ).

e Associated to the coordinates s and ¢t we have tangent vectors d,; and 0; at
the tangent space of every point (s, tg, pg) € R x ST x 3.

e Consider the family of surfaces {s} x {t} x ¥ which foliates R x S x 2. A vector
U € Ts,t0.p0) (R X ST x %) is called horizontal if it belongs to {so} x {to} x Tp, .
Let H sy 1,p0) be the sub-space of horizontal vectors in T{s, o) (R X ST x X).

It is clear that T(s, top0) (R X ST x X) = ROs & RO, & H (s .t0,p0)-
Let Iy : R x S' x ¥ — X be the projection on the third coordinate. Then, the
restriction Lis, 1) = (DIg); of (DI1x) (so,t0,p0) 10 Hisoto,pe) 1S an

50,£0,P0) |H(so,t0,p0)
isomorphism between H s, ) and T, 3. We denote its inverse by L 5.

At a point (so, to, po), J(So,to, po) is defined by the following formulas:

J(So,to,po)v = L(TgiiO’pO) o Jtsoo (pO) o L(so,to,po)(”) for v € H(So,to,po)7

J (80, t0, 20)0s = Oh + Ly o oy (Xu (50, to, o))

50,t0,P0)

These two equations completely determine J (S0, to, po) and one deduces from them
that

J(50,t0,20)0 = =05 = Lz 10 o) © i (P0) (X1 (50, to, Do)

Notice that J(so, to, po) leaves the horizontal sub-space H, (s0,t0,p0) invariant and that

j(so, to, po) restricted to Hiy, 4, py) is the pullback of Ji?(po) by the map Ly, +.py)-
Because J leaves invariant the horizontal sub-spaces, the surfaces {so} x {to} x X
are holomorphic for J.

The next proposition gives the promised relation between Floer cylinders for (H,J?)

and holomorphic cylinders on (R x S x 3, J). For this we let (s,t) be coordinates
on R x S! and let j be the complex structure on R x S! that satisfies j0, = 0.
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For sy satisfying (4.1), we let Hy o := H,,, and H_o, = H_,,. If 7 is a 1-periodic
orbit of H_,, we define the suspension 5 : S' — S x ¥ of v by

F(t) = (1))
Similarly, if 4" is a 1-periodic orbit of H, ., we define the suspension 7' : St — St x 2
of v by

F(t) = (£, (1))

PROPOSITION 4.1. — A map u : R x S' — ¥ is a Floer cylinder for (H, J}), if
and only if, its lift i : (R x S*,j) — (R x S* x ¥, J) defined as ii(s, t) := (s, t,u(s, 1))
is a holomorphic curve. Moreover:

e [f the 1-periodic orbit v of H_., is the negative limit of the Floer cylinder u,
then u is negatively asymptotic to the suspension ¥ of v at s = —o0, in the
sense that (-, u(s,-)) : S* = S! x X converges in C™ to 7 as s — —oc.

e [f the 1-periodic orbit 4" of H ., is the positive limit of the Floer cylinder u,
then u is negatively asymptotic to the suspension 3’ of 7' at s = 400, in the
sense that (-,u(s,-)): St — S x ¥ converges in C* to 7" as s — +o0.

Proof. — The proof is a direct computation. See for example [EKP06, Section 4.12].
O

Remark 4.2. — One can also show that any holomorphic cylinder in (Rx S x X, J)
that has one negative puncture asymptotic to the suspension of a 1-periodic orbit ~
of H_., and one positive puncture asymptotic to the suspension of a 1-periodic orbit
v of H,, is the lift of a Floer cylinder of (H, J}); see again [EKP06, Section 4.12].
However, we do not need this result and Proposition 4.1 is enough for all our
arguments.

5. Proof of Theorems 2 and 3

In this section we prove Theorems 2 and 3.
Proof of Theorem 3. —

Step 1. — We first define Spec(Vg) := {An, (1), - - ., Aug ()} For each number
k € Spec(Vg), we denote by Vi C Vg the subset of elements of Vg whose action is
. We denote by n, the cardinality of Y. We denote by {77,...,7; } the elements
of yg@

Fix ¢ > 0 as in the statement of the theorem and then consider for every
r € Spec(Vg) the Floer homology H F*~*+9)(H,). We choose the smooth S*-family
J; to be regular for all chain-complexes CF"~¢+)(H.) and CF"=265+29)(H ),
so that we can use always the same pairs (Hg,J;) to define the Floer differen-
tial d’* on CF"~"*9(Hg) and (Hg,J;) to define the Floer differential d’* on
C F(r=2e5+29) (). We notice that since all the elements of CF*~%%+9)(H.) have
the same action the differential vanishes on C F(*=¢%+)(H). Moreover, since Vg, is

(1) Since Vi C Yo ={m,-..,7}, we are actually renaming the elements of V.
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3e-isolated (and hence e-isolated), we conclude that the rank of C F(*~¢%+9) ([ ) and
HF"=ext9(Hy) coincide with #(%).

We now apply Proposition 3.8 for the chain-complexes CF*~"t9(Hg) and
CF=2er+29)(H ) for all k € Spec()y). Notice that the construction of homo-
topies G and G does not depend on x, but only on € and Hs. We can thus choose
generically the same pairs (G, J¢#) and (G, J?) to induce maps from CF =65+ (Hy)
to CF(-=26r429 ([ ) and from CF"=265429(H_) to CFF="+9)(Hy), for all k €
Spec(Ve).

We then obtain chain maps Vg : CF®=fF9(Hy) — COF®265+29(H_) and
Vg CFG205t29(H ) — CF8=)(Hg). Since Vg0 Vg : CFE "9 (Hy) —
CFr=65+9) () is chain homotopic to the identity and the differential d”t vanishes,
we conclude that the chain map Wz o Wg : CFS="+9(Hy) — CF& "9 (H) is
the identity. It follows that Wg : CF—65+9) ([ ) — CF®=265429 ([ ) is injective
and that Wy : CF26529) (H ) — CFW=4"T9) (Hg) is surjective.

Since U is injective we know that the dimension of CF*=265+29 ([ ) is > n,. We
let m, > n, be the dimension of CF*~2¢r+2) ([ ) and since CF*~2¢5+29) ([ ) is
the Zy-vector space over P, o\ s0(Hs), we conclude that #P), o o0 (Hs) = m,.
We denote by of,..., oy, the elements of P(111726,/1+26)(H@)'

We now introduce some terminology. For each j € {1, ..., n,}, the image Ya(7})
can be written in a unique way as a sum of orbits in 73 (k=26 +2€)(H@): we use here
that we are working with Z,-coefficients. We say that an orbit of* appears in Wg(vF),
if the orbit o7 is one of the orbits which appear in the expression of W¢(vf) written
in the base Pl . .90 (Hs) of CFE25529)(Hy).

We define in a smular way orbits of 73 (n—enre)(Ha) which appear in W5 (o7) for
each o7 € Pl .90 (Hs). We make the following claim:
Claim 1: It is possible to choose an injective map f. : {1, ..., n.} — {1, ..., m,}

and a bijective map g, : {1,...,n.} — {1,..., n.} such that for each i €
{1, ..., ng}:
e the orbit o ;) appears in Wg(vf), and the orbit 4 ) appears in Wa(of ;).

It is clear that the claim will follow from the following combinatorial lemma, whose
proof is presented in Appendix A.

LEMMA 5.1. — Let V and R be finite dimensional Zs-vector spaces whose di-
mensions we denote by n and m, respectively. Let {vy, ..., v,} and {r, ..., r,}
be a basis of V and R, respectively, and let § : V — R and & : R — V be linear
maps such that & o§ is an isomorphism. Then, it is possible to find an injective map
f:{1,...,n} = {1, ..., m} and a bijective map g : {1, ..., n} — {1, ..., n} such
that for each i € {1, ..., n}:

e the element 74;y appears in §(v;), and the element vy;y appears in &(ry)).

Step 2. — For each ~f € V5, we consider the 1- perlodlc orbit o ;). Since of

appears in Wg(77), there exists a Floer cylinder u,; of (G, J7) Wthh is negatively
asymptotic to v/ and positively asymptotic to of m(z)
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Similarly, since Vo (i) aPpears in \I/a(af’z (i)), there exists a Floer cylinder u? ; of

(é, jf) which is negatively asymptotic to of’ @) and positively asymptotic to vy (@)

Since the maps g, are permutations, there exists a natural number M > 1 such
that for every x € Spec()s) the M™ iterate g equals the identity. For each pair
k€ Spec(Ve) and i € 1, ..., n,, we let @), : R x ST — R x S' x D be the lift of the
Floer cylinder ul, ;. The cylinder 4, is Jg,:-holomorphic, where Jg s is the almost
complex structure on R x S! x D constructed in Section 4.

Claim 2: We claim that the cylinders @Z}” have no intersections. More precisely, we
have that

o if Kk # k' are elements of Spec()Vs), then for every i € {1,..., n,} and
j€{l, ..., ng}, the cylinders @) ; and @, ; have no intersections,
o if K € Spec(Vg) and i # j are elements of {1, ..., n,}, then @}, and

have no intersections.
Before proving the claim we explain why it implies Theorem 3. Denote by ) the
collection of orbits of ), & € Spec(Vs),i € {1, ..., ns}. For each x € Spec(Vs),
ie{l,...,n.}and s € R welet &, : ST — S' x D be defined by

éiz() = alli,i(‘S? )
It is easy to see that £ ; is a knot embedded in S* XD for each s € R which intersects
each of disks {t} x D transversely and only once. We also define {7; : S* — S' x D
by

n,i(t) = (t,’}/f(t)) )
and £, : S' — S' x D by

Si() = (t, o5 (1))

The braid B(Yg) equals the disjoint union Uy e spec(ye) Yie(1, ..., ni} f,?l

Since f, is injective for each x, the knots 5,% are also disjoint. It follows that
B(Vs) = Ukespeca) Yic {1, ...,n.} fgi is a braid with the same number of strands as

B(Ys).
The asymptotic behaviour of the Floer cylinders 17,1“ tells us that
e ¢, converges in C* to 5% as we let s go to —oo,
e ¢ ; converges in C™ to fgi as we let s go to +o00.
It follows from this that letting &5 := &5, and &5° := £, the families (§5,),.x
define isotopies between &7; and ;.
For each s € R, let B° = Uy ¢ spec(ya) Yie {1, ..., n,} £ i+ To prove that (B%), .5 gives
a braid isotopy between B()g) and B()s), it suffices then to show that
o if Kk # K/ are elements of Spec()y), then for every i € {1,..., n,} and
j €11, ..., nw}, the knots &; ; and &, ; are disjoint for each s € R,
o if Kk € Spec(Vs) and i # j are elements of {1, ..., n.}, then the knots & ;
and £ ; are disjoint for each s € R.

But from the definition of the knots £ , it is clear that these two conditions are
equivalent to Claim 2.
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Step 3. — We thus proceed to prove Claim 2, which will imply the theorem.

We consider now for each choice of k € Spec(Vy) and i € {1, ..., n,} the ordered
2M-tuple
12 1 2 1 2 2 1 2
(um" Ui Unog(i) Urg(i)> rg?(i)r U2 (i) -+ o0 Urg(i) UmgM=1(i)) “n,gM-lu‘)) -

Because of the asymptotic behaviour of the maps w}; they can be compactified to
cylinders @, : R x S' = R x S* x D.

We now fix, once and for all, a homeomorphism £ : [0, 1] — R which is smooth in
the interior of [0, 1] and satisfies £(0) = —oo and £(1) = +o0. Forl € {0, ..., M —1}
and v € {1,2} we let £V : [2l + (v — 1),2] + v] — R be the homeomorphisms given
by L} (u) = L(u — (2l + (v — 1))).

Using the map £; we obtain homeomorphisms

gRl+(v—1),20+v] x ST =R x S!
given by £/(s,t) = (L}(s),t) and
N RxS'xD— 20+ (v—1),204+v] x S' xD
given by MY (s, t,p) = ((LY)~'(s),t, p). We then define
Rl (v —1),20 4] x ST = 20+ (v —1),20+ ] x St x D

K,
by

vl e v v
Vgi = s),tl © U’ﬁ,gfi(i) © ﬁl :

We notice that if i # 4', intersections between two cylinders @le and @Zjil, can only
occur if [ = I’. In this case, any such intersection is positive, because of positivity
of intersection for holomorphic curves and the method we used to construct these
cylinders from the holomorphic cylinders u! oL ()"

We are ready to define

U; :[0,2M] x S* —[0,2M] x S* x D

by the formula U (s,t) = (s, 1) if s € [20+ (v —1), 2] +v]. The cylinders U; should
be thought of as the concatenation of the cylinders forming the ordered 2M-tuple

1 =2 1 —2 —1 2 —2 —1 —2
(“w Uresir Urg(i)) Urg(i)> Umg2(i)> Ung2(i)r -+ Ung(i)r U gM=1(0)) “n,gM—w)) ~
Because the positive asymptotic limit of an element of the tuple coincides with the

negative asymptotic limit of the next element, the map U, is indeed continuous, and
smooth when s is in the interior of the intervals [21 + (v — 1),2] + v].

Step 4. — We finish the proof of Claim 2.
We argue by contradiction. We assume that there exist x, " and i, j such that
either k # Kk’ or i # j and that ﬁ}“ and ﬂ}i,’j intersect. In this case the long cylinders

U; and U;/ must also intersect.

We claim that all intersections of these cylinders count positively. Indeed, since
these intersections must occur in the open sets (2 + (v — 1),2l +v) x S x D
where the cylinders are smooth and holomorphic, positivity of intersections for
holomorphic curves imply that these intersections count positively. The reason why
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the intersections can only occur in these open sets is that the [*" element of the
tuples

—1 —2 =1 —2 —1 2 —2 —1 —2
(“n,wun,m“n,gaw“mg() U, g2(i)> Uk, g2 (i) '--v“n,gu)a“n,gM—l(i)a“n,gM—lu‘))
and
—1 —2 —1 —2 —1 —2 —2 —1 —2
(“w’ Upr g Uit g(5)0 Ur,a(s)> Ul 02(5) Un g2 (j)s =+ o0 Ukt g2(5)> Ut gM=1(j) “n/,gM—lm)

have different positive and negative asymptotic limits.
Thus, the assumption that 4, ; and @, ; intersect implies that U; and Uﬁ have

positive intersection number. Observe that U, (2M,-) = £¢(-) and U, (0,-) = £°(-).
Similarly, T (2M,-) = &¥'(-) and T (0,-) = €% ().

Let V7 : [0,2M] x S* — [0,2M] x S' x D be the trivial cylinder over £7;, given
by V(s,t) = (s,t,7(t)). Because D is contractible, there exist a homotopy HY :
[0,1] x [0,2M] x ST — [0,2M] x S' x D satisfying:

o Hf(a,2M,-) = (2M,&7,(-)) for every a € [0,1],

o Hf(a,0,-) = (0,&,(+)) for every a € [0, 1],

o HHNO0,-,-)=V(, )and HEL, ) =Us ().
We refer to H* as a homotopy of cylinders with the same boundary between V; and
U;. We consider similarly a homotopy of cylinders with the same boundary between
V;/ and U;/.

Since either k # ' or i # j, the knots £7; and £ ; are disjoint: it follows that
the cylinders Hf(a,-,-) and Hj’f"(a, -,+) have disjoint boundaries. The intersection
number of the cylinders H(a,-,-) and H]’?/(a, -,-) does not depend on a. But, this

(]
intersection number is clearly 0 for @ = 0. This is in contradiction with the positivity

of the intersection number of U; and U, which had followed from the assumption
that u, ; and 4, ; intersect.

This contradiction shows that @l ; and u: ; do not intersect, finishing the proof of
Claim 2 and completing the proof of Theorem 3. 0

Proof of Theorem 2. — The proof of Theorem 2 is identical to the proof of
Theorem 3, with the only modification that one applies Proposition 3.6 where in the
previous proof one applied Proposition 3.8. U

6. Proof of Theorem 1

To prove Theorem 1 we must consider several different cases. During the proof we
will refer to the proof steps and arguments used in the proof of Theorem 2, so the
reader should first read the proof of that theorem.

We start treating the case in which ¥ = S2.
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6.1. Proof of Theorem 1 in case X = 52.

Proof. —

Step 1. — Note that one can choose capping discs D.,,7 = 1, ..., k, of the
orbits in Ve such that Ap, (v, Dy,) — Ang (75, Dyy) = Apg(1i,7;), for all 4,5 €
{1, ..., k}. Denote by Ve = {(m, Dv1)7 ..y (%, D, )} the set of the resulting pairs,

and by Spec(Ve) = {Au,(11,D5), .- -, Ay (%, Dy,)} the set formed by their
action values. For each number x € Spec(%) we denote by % C % the subset of
elements of 57; whose action is k. We denote by n, the cardinality of 5/?";, and let
{07 Dag)s -+ (vms Do )} be the elements of Vi

Fix ¢ > 0 as in the statement of the theorem and then consider for every
k€ Spec(Vs) the Floer homology H F~<5+9)( H). We choose the smooth S*-family
J; to be regular for all chain-complexes CF"~¢5+<)(H.) and CF"=265+29(H_),
so that we can use always the same pairs (Hg, J;) to define the Floer differen-
tial d’t on CF"~**+9)(H,) and (Hg,J;) to define the Floer differential d” on
C F(r=2er+29) (). We notice that since all the elements of CF*~¢%+)([.) have
the same action the differential vanishes on CF*~"+9(H,). Moreover, since Ve
is 3e-isolated, we conclude that the rank of CF"=5%+)(H ) and HF*®="+9)(Hy)
coincide with # (Y% ).

We now apply Proposition 3.10 for the chain-complexes C'F (“_E’“JFE)(H@) and
CF=265429) ([1 for all k € Spec(Yy). Notice that the construction of homo-
topies GG and G does not depend on x, but only on € and Hs. We can thus choose
generically the same pairs (G, J¢#) and (G, J?) to induce maps from CF =65+ (Hy)
to CFF=2em429(H ), and from CF"265429(H_) to CFF=5"+9)(Hy), for all k €
Spec(Ve).

We then obtain chain maps Vg : CFE5+9) () — CF® 265429 ([ ) and

: CFP2em 29 ([ ) — CFF=" 9 (Hg). Since W50 Ug : CFE ) (Hy) —
CF ("”” ©m+6)(Hg) is chain homotopic to the identity and the differential d’t vanishes,
we conclude that the chain map Wz o Wg : CFE "9 (Hy) — CFE"9(Hy) is
the identity. It follows that Vg : CF—65+9) ([ ) — CF®=265429 ([ ) is injective
and that W5 : CF=2529(H ) — CFR=<"+9(Hgy) is surjective.

Since ¥, is injective, we know that the dimension of CF*~2¢5+29 ([} is > n,.. We
let m,, > n,, be the dimension of C F(*=26%5+29([{_) and since CF*~2¢%+29([1.) is
the Zy-vector space over P, o, .\ o0 (Hs), we conclude that #P), o, o0 (He) = m.

We write (0f, Dor), ..., (05, Do, ) for the elements of Pl o0 (Hs).
For each j € {1, ..., n,.}, the image We((7},Dyr)) can be written in a unique

way as a sum of pairs in P(,_,. ..o, (Hs). We say that a pair (o], Dor) appears in
Ua((7f, Dyx)), if the pair (al ; Dor) is one of the pairs which appear in the expression
of Ua((vf ,D +)) written in the base Pl senson(He) of CFE2R29(Ho ),

We define in a similar way pairs of P\, .. (Hg) which appear in W5 ((o7", Dor))
for each (07", Do) € Pl g pya0)(He). Using Lemma 5.1 we know that:
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FAacT 6.1. — It is possible to choose an injective map f. : {1, ..., n.} —
{1, ..., n.} and a bijective map g, : {1, ..., n.} — {1, ..., ne} such that for
eachi € {1, ..., ng}:

e the pair (o7 ;). DJFW_)) appears in We((7;, Dyr)), and the pair (vg ., DV§K<i))

appears in W&((0f, o), Doy ) ))-

Step 2. — For each (v, D,x) € Vi we consider the pair (o7 ;), Do (i)).

Since (o}’ (i) Do (i)) appears in Wq((7f, D)), there exists a Floer cylinder uj.
of (G, J;?) which is negatively asymptotic to (77, D,x) and positively asymptotic to
(9. Do ) o

Similarly, there exists a Floer cylinder uiz of (G, J¢) which is negatively asymptotic
to (O’ﬁ(i), Dgfﬁ(i)) and positively asymptotic to (752(@‘)7 DWS,@(Z-))'

For each k € Spec'(Vg) and i € 1, ..., n,, we let @), : R x ST = R x S' x 52 be
the lift of the Floer cylinder u, ;. The cylinder 1, ; is jcy Js-holomorphic, where j(;’ Js
is the almost complex structure on R x S* x S? constructed in Section 4. Reasoning
as in Step 2 of the proof of Theorem 3 (see Section 5), we conclude that Theorem 1
in the case ¥ = S* will follow if we can show that the cylinders u,; and u}, ; have
no intersections if either x £ K’ or i # j.

Step 3. — Since the maps g, are permutations, there exists a natural number
M > 1 such that for every x € Spec' (V) the M iterate g equals the identity.

We consider now for each choice of x € Spec'(Ys) and i € {1, ..., n,} the ordered
(2M — 2)-tuple

1,2 1 2 1 2 2 1 2
(un,humi?un,g(i)’um,g(i)’un,QQ(i)7un,g2(i)7 sy U g(i)s Uk gM—1(3)> u/{,gM—l(i)> .

Because of the asymptotic behaviour of the maps w}, ; they can be compactified to
cylinders @2, : R x S' — R x S x 2.

We now fix, once and for all, a homeomorphism £ : [0,1] — R which is smooth in
the interior of [0, 1] and satisfies £(0) = —oc and £(1) = +o0. For [ € {0,..., M -1}
and v € {1,2} we let £} : 2l + (v — 1),2l +v] = R,u— L(u— (2l + (v — 1))).

Using the map £; we obtain homeomorphisms

20+ (v—1),204+v] x S' - R x S*
given by £ (s,t) = (L} (s),t) and
N RxS'xS* = [20+ (v—1),2l +v] x ' x §?
given by MY (s,t,p) = ((LY)~(s),t,p). We then define

720+ (v —1),20+ V] x ST = 20+ (v —1),20 + 1] x St x S?

Ky

by
vy =M o Uy gt (i) © L1
We are ready to define

U, :[0,2M] x S* — [0,2M] x S* x S?
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by the formula U; (s, t) = v”l if s € [20 + (v — 1), 20 + v]. One should think of U as

the concatenation of the cyhnders v&li.
We let
Wr . [0,2M] x S* — S?
be the projection of U; to S?,i.e. Wf := Ilg20U; , where Il : [0,2M]x S* x S? — S2
is the projection onto the third coordinate. Let

vl _ v
Vi "= uH Lok (3) © [’l :

The cylinder v::li is obtained by compactifying the Floer cylinder u and taking its
domain to be [2l + (v — 1), 2l + v|. It is then clear that

Wre= (O ) # (U TR ) 2 # () # (V)

We need the following definition.

DEFINITION 6.2. — Let (v,[D,]) € P*(H) and (v, [D./]) € P*(H') for Hamilto-
nians H : S' x S - R and H' : S' x S? - R, and let V : [0, K] x S* — S? be a
cylinder® such that V : {0} x S* =y and V : {K} x S* = /. We say that V is a
cylinder from (v, [D,]) to (7', [D,/]) if the disk D,#V obtained by gluing D~ and V
is homotopic to D., among disks filling +'.

Claim 3: The cylinder Wy : [0,2M] x S' — S? is a cylinder from (77, [D4x]) to
(’Yzﬁa [DVK])

(3

To prove this claim we need the following straightforward fact.

FACT 6.3. — Let a < b < ¢ be real numbers, V; : [a,b] — S? be a cylinder from
(7, [D,]) to (v, [D+]), and Vs : [b,¢] = S? be a cylinder from (7', [D./]) to (v, [D-]).
Then, the concatenated cylinder Va#V; : [a,c] — S? is a cylinder from (v, [D,]) to
(7", [Dyr])-

By construction, the Floer cylinders u;. al(0) belong to the moduli space

M ((Pygl(i)’ [DVSWD ’ (Ufn(gl(i))’ [DU;(QW)D G Jt) '

It follows that its compactification v,li:li is a cylinder from

<%l(i)’ {DﬁwD to <Ufﬂ(9l(i>)’ [D"?ﬁ(glm)D '

Similarly, one obtains that v> is a cylinder from

nz’

(Ufﬁ(gl(“)’ [D":&(glm)D to (WH(")’ [DVSHWD '

Applying Fact 6.3 multiple times we obtain that the concatenation
W= (o T ) # (T TR ) # # (i) # (i)
is a cylinder from (’y(i), [Dm)]) to ('ng(i), [DV;@M“)]) = (fyg), [Dm)]).
This proves Claim 3.

) Here K > 0 is some positive real number.
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Step 4. — Because W* is a cylinder from (7, [D,«]) to (7§, [D,x]), it is homotopic
to the trivial cylinder W% : [0,2M] x ST — S? over 4¥ given by the formula

Wi (s, 1) = 77 (2),

among cylinders which map {0} x S* and {2M} x S* to 7.

We explain one way to prove the existence of such a homotopy. The fact that W/ is a
cylinder from (777, [Dx]) to (7, [D4x]) implies that the sphere S := D« # W #(—D,x)
is contractible. Let py := 4#(0). The cylinder W/ can be thought of as a loop in the
free loop space A(S?) starting and ending at v/, and we denote by [W/] the element
of m1(A(S?),~F) represented by Wr. Let Q,,(5?) be the based loop space of 5% with
basepoint py. From the fibration exact sequence for homotopy groups associated to
the fibration Q,,(5?) < A(S?) — S? we know that the inclusion ,,(S?) < A(S?)
induces an isomorphism of fundamental groups. It follows that we can homotopy W}/
among loops in A(S?) starting and ending at 7¥, to a loop Wu/f completely contained
in Q,,(5?). It is clear that the sphere S := D,» #VT@”#(—DVZ@) is contractible since
it is homotopic to S.

We will now use the isomorphism between 7,(5?) and m;(Q(5?)), where Q(S?) is
the based loop space of S2. This isomorphism is not canonical, as it depends on the
choice of loop in S? which will be the base point of 7;(€(S?)) together with a disk in
S? capping this loop. We choose the base point of 7 (2(5?)) to be the loop 7 and the
capping disk to be Dyx. The isomorphism between 71 (€2(5?),7f) and 73 (S?, po) then
identifies [W7] € m (Q(S2),7F) with [S] € m(S2, po). Since [S] = 0 € mo(S2, po) we
obtain that [W#] = 0 € m (€(S2)), which implies that W7 is homotopic to the trivial
cylinder over 4 among cylinders which are positively and negatively asymptotic
to . Since, as we saw in the previous paragraph, W/ is homotopic to Wf among
cylinders which are positively and negatively asymptotic to v, it is also homotopic
to the trivial cylinder over v/ among cylinders positively and negatively asymptotic
to F. This gives us the promised homotopy.

The graph lift of the homotopy between W/ and W;;ﬁ, gives a homotopy between

U and the trivial cylinder Uy, : [0,2M] x S* — [0,2M] x S* x S? defined by

trlv .
Utrlv(s t) (87 t? 7’7(1’-))

and U™ are disjoint if either k # &’ or i # j, which implies

triv

The cylinders U,
that their algebraic 1nterseotlon number is 0. The homotopy between U, and Up.

trlv

triv

and the homotopy between U and U..” then imply that the algebraic intersection

trlv

number of U; and U- is 0, if either kK # Kk’ or i # j.

Reasoning as in Step 2 of the proof of Theorem 3 we conclude that any 1ntersect10n
point of U and U counts posmvely, from where we obtain that U and U are
disjoint. This 1n1p11es that u® ri and u ul , ; have no intersection, if either k # " or i # j.

Reasoning as in Step 2 of the proof of Theorem 3 (see Section 5) one obtains an
isotopy between the braid B(Ys) associated to Vg, and the braid B()s) associated

to 379 - nESpec(y@ {Uf } 0
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6.2. Proof of Theorem 1 in case X has positive genus and the elements of
Vs are contractible.

Proof. —

Step 1. — We define Spec(YVg) := Ui <i<kAng (7Vi). For each number x € Spec(YVg)
we denote by Vi C Vg the subset of elements of Vg whose action is k. We denote

by n, the cardinality of V. We denote by {~f, ..., 7 } the elements of V.
We find the maps f, : {1,...,n.} — {1,...,m.} and g, : {1, ..., n.} —
{1, ..., n.} as in Step 1 of the proof of Theorem 3. We then find the periodic orbits

of(; of He.
Following the same reasoning in Step 3 of Section 6.1 we construct the cylinders

U; :[0,2M] x S* —[0,2M] x S* x ¥,

and
W [0,2M] x ST — X

We will show that the cylinders U; and U;/ are disjoint if either x # k' or i # j.
Once we establish this, the Theorem will follow by a reasoning identical to the one
in Step 2 of the proof of Theorem 3 (presented in Section 5).

Step 2. — We fix natural numbers &, x’, 1, j, and let elther k# K ori#j. As
explained in Section 6 1 the intersection points of U and U always count positively.
Therefore U; and T ; are disjoint if, and only if, their algebraic intersection number
is 0.

We reason by contradiction assuming that U, and U;, intersect. Let ¥ be the
universal covering of : this induces an obvious covering [0, 2M] x S x 3 of [0, 2M] x
St x ¥. It also induces an obvious covering St x S of St x 3.

We can thus find lifts U(0) : [0,2M] x ST — [0,2M] x S* x ¥ and UF(0) :
[0,2M] x S — [0,2M] x S* x 3 of these cylinders to the covering [0,2M] x S* —
[0,2M] x S* x X of [0,2M] x S* — [0,2M] x S' x %, ‘which intersect each other. The
existence of these lifts uses the fact that U, and o8 ; are asymptotic to contractible
periodic orbits of Hg: if the orbits were non-contractible the lifts would not exist.

Associated to the covering ¥ of X there is the group I of deck transformations on .
The group I is also the group of deck transformations of the covering [0, 2M] x S x 5
of [0,2M] x S* x ¥, and of the covering S x X of S* x X.

We denote by f@ the knot in S x ¥ given by

oo={trw|te s},

In an identical way we define £ ;

The cylinder U (0) is negatively asymptotic to a lift £7;(0) of £7; in S* x 5. Tt s
positively asymptotic to a lift £;(1) of £7; in S* x 3.

Let 7;" € I" be the deck transformation such that

T (62,(0)) = €2,().
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We now define for each [ € Z
(6.1) &1 = (T (£2,(0)),

and
(6.2) () = (T (UF(0)).
It is clear that (72-”([) is negatively asymptotic to £7;(I —1) and positively asymptotic
to & (1).

Using U f'(O) we define in a similar way 7;”/ and the sequence of lifts f,?,j,(l) and
U (1) for L € Z.

Step 3. — Since X is a surface of positive genus its universal cover S is diffeo-
morphic to the plane. We can thus consider the lifts of ¢2, and of 5@ to S' x &
as braids on the plane, and define the crossing number Cross of a pair of braids
as in [GVW15, Section 5|. Using positivity of intersections the authors showed
in [GVW15, Lemma 5.4 that because UF(0) and (73’?/(0) have positive intersection
num]faer the crossing numbers of Cross(:;(0),£5;(0)) and Cross(&7;(1), &5 ;(1))
satisty

(6.3) Cross( ©.(0),£5 (0 )) > Cross( ©.(1),&5 (1)) :

K'\J K55

Moreover using the fundamental [GVW15, Lemma 5.4] we obtain the following
fact:

FACT 6.4. — If UF(0) and ﬁf’(O) intersect, then

Cross ( wil=1),65 (1= 1)) > Cross( (), ’?’j(l)) .
If U%(0) and [7]’.‘/(0) do not intersect, then

Cross ( mil=1),65 (1 - 1)) Cross( ©(), &5 (l)) :

H7]

We conclude from this fact that the sequence (Cross(&7;(1), &5 ;(1)))iez is a non-
increasing sequence of integers.

Endow ¥ with an auxiliary Riemannian metric g and let g be the induced metric
on the universal cover Y. Take a Riemannian metric gy on S and consider ¢ to
be the product metric of gy and § on S! x . This Riemannian metric induces a
distance function d on S! x & which we will fix from now on. Remark that T' acts
on St x & by isometries.

Fix a lift E,?l There are only finitely many lifts of E@ to S x ¥ which have

non-zero crossing number with 5@ The reason for this is that for a lift of f@ to

have non-zero Crossmg number with 5 its projection to the plane 5 must intersect

the projection of Sw- to I: clearly, there are only finitely many lifts of 529, ; with this
property. It follows that there exists a constant D > 0 such that any lift £ of ffﬁd

such that d(€2, €) > D satisfies

Cross( m,é) =0.

HZ?
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Because I' acts by isometry we obtain that this constant D does not depend on
the lift of ffz This gives us the following fact:

FACT 6.5. — There exists a constant D > 0 such that if Em is a lift of fffz and
EH,J is a lift of§ - such that d(£% ],éﬁz,j) > D then

Cross ({Aﬁyi, g},j) = 0.

The next fact follows easily from the observation above that there are only finitely
many lifts of f@ to S' x ¥ which have non-zero crossing number with &7,

Facrt 6.6. — Given any l1ft£ off . we have
max {‘Cross (

€ is a lift of 5 } < 400.

K/Z’

Step 4. — We now have to deal with two cases:
(A) The deck transformations 7" and 7;"/ do not coincide.
(B) The deck transformations 7;" and 7;“/ coincide.

We start treating the case (A).

Case (A): Since 7;* and 7;“/ do not coincide, we can find a positive integer N > 0

such that
d (T (£2,0)) L (T7) (€5,(0))) > D for all 1 > N,
and

(%Uﬁ%n(n(rq(ﬁﬂm>>DMﬁM<—N

where D > 0 is the constant given by Fact 6.5.
In particular, we conclude that
Cross( ©(N),£8 (N)) Cross( (=N), &5 -(—N)) = 0.

KJ KJ

But, as observed above, Fact 6.4 implies that the sequence (Cross(£7;(1), €5 (1)) )iez
is a non-increasing sequence of integers. We conclude that for every integer —N <

p < N we have
Cross (€2,(p), €5 ;(p)) = 0.

But this is in contradiction with (6.3) which we derived from the fact that Ur(0)
and U f’(O) have positive intersection number. This concludes the proof in case (A).

Case (B): In this case we let T := TF = 7}’“/. Since U#(0) and ﬁf'(()) have positive
intersection the same is true for U%(1) = THUF(0)) and 7'1((7]’7"(1)) for all [ € Z.
[GVW15, Lemma 5.4] then implies that for all [ € Z

(6.4) Cross (5 (1 — 1), &% (1 — 1)) > Cross (£5,(1),62 (1)) -

/
R

It is then clear that the sequence (Cross(¢7;(1),&0 ;(1)))iez is unbounded. But
this is in contradiction with Fact 6.6. This establishes the theorem in case (B), and
concludes the proof of Theorem 1 under the hypothesis the ¥ has positive genus and

Ve is formed by contractible 1-periodic orbits of Hg,. 0J
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6.3. Proof of Theorem 1 in case > has genus > 2 and the elements of )
are non-contractible.

Proof. — The proof in this case is identical to the proof of Theorem 3. The reason
for this is that if v is a non-contractible loop in ¥ then any cylinder in ¥ which is
both positively and negatively asymptotic to v is homotopic to the trivial cylinder
over +: this is the case because Y is atoroidal since it has genus > 2.

We use the same notation as in the proof of Theorem 3. We then construct for
each r € Spec(Vg) and i € {1, ..., n.} the cylinder U; as in the proof of Theorem 3
and obtain from the previous observation that it is homotopic to the trivial cylinder

U 2 0,2M] x S* = [0,2M] x S* x S2 defined by

triv
Ugin(5:1) = (58,75 (1))-
Once this is obtained the proof of the present case of Theorem 1 follows the arguments
presented in Step 2 of the proof of Theorem 3 (presented in Section 5). O

6.4. Proof of Theorem 1 in case ¥ = T? and the elements of Yo are
non-contractible.

Proof. — The proof in this case is similar to the one presented in Section 6.1 for
the case ¥ = S?. Namely, we cannot guarantee by purely topological reasons that
the cylinder U, is homotopic to the trivial cylinder Uy, among cylinders which are
positively and negatively asymptotic to ¥, since 7% is toroidal.

However, using an argument identical to the one presented in Step 3 of Section 6.1,

we can show that if [Cyl,] is a choice of capping for ~f, then the cylinder W (which
is the projection of U} to T?) is a cylinder from (v, [Cyl,]) to itself. Tt follows from
this that W} represents the trivial element in 7y (Qpy (T2, 75)), where Qs (T2, 7f)
is the connected component of the loop space of T2 that contains v%. We conclude
that W} is homotopic to the trivial cylinder W over ~F. Lifting this homotopy
we obtain the desired homotopy between U; and the trivial cylinder U, among
cylinders which are positively and negatively asymptotic to /. Once this is obtained,
the proof is completed by using the argument of Step 2 of the proof of Theorem 5
(presented in Section 5). O

7. A variant of Theorems 1 and 2

We explain in this section why the assumption of the orbits to be 3e-isolated in the
main theorems can be replaced by a slightly weaker but more technical assumption
of being 3e-quasi-isolated. (In fact the proof will show that it is enough to assume
that the orbits are 2e-quasi-isolated.)

THEOREM 7.1 (Theorem 1*). — The statement in Theorem 1 holds true if the
assumption that Yg is 3e-isolated is replaced by the assumption that Yg is 3e-
quasi-isolated for some pair (Hg, Jg), where Jg is a S'-family of compatible almost
complex structures.
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THEOREM 7.2 (Theorem 2*). — The statement in Theorem 2 holds true if the
assumption that g is 3e-isolated is replaced by the assumption that Yg is 3e-
quasi-isolated for some pair (Hg, Jg), where Jg is a S'-family of compatible almost
complex structures.

The proofs of Theorems 1 and 2 also apply here with small modifications.

Proof of Theorem 7.2. — Let ¢g, Hgy, Vs and Jg as in the theorem for some € > 0,
and let ¢ be a non-degenerate Hamiltonian diffeomorphism with dyofe; (o, ¢g) < €.
As in the proof of Theorem 2 one writes Vg as a disjoint union of sets V£ of orbits
v € Vg with Ap_(7) = k. One then considers for each x with Y% # 0 the Z,-
vector space Byé generated by Vi as subcomplexes of C'F (v=265426)([{), as done
in Section 3.1.3. Proposition 3.7 gives then Hs generating ¢ and homomorphisms
Ug 2 Bys — CFU=ort9)(Hg) and W% : CF")(Hg) — Bys, with U% 0 Wy = id.
One then can proceed in the same way as in the proof of Theorem 2, using the
maps \I% and \IIJGA) instead of the maps Wg and W5. Note that the condition that
| Awg () — Ang (V)] ¢ (0,2€) for 7,7 € Ve guarantees that the first part of Claim 2
in the proof of Theorem 2 will again hold. 0

Proof of Theorem 7.1. — Here again, the proof of Theorem 1 applies with the same
small modification. Instead of the homomorphisms V¢ and W that are guaranteed,
for an 3e-isolated set of orbits with the same action, by Proposition 3.1 (X is a closed
surface) resp. Proposition 3.10 (¥ = S?), one uses the homomorphisms ¥ and \IIJGi
that are given in Proposition 3.4 resp. Proposition 3.11, for an 3e-quasi-isolated set
of orbits of the same action. O

8. Proof of Theorem 2.5

In this section we deduce Theorem 2.5 from Theorems 7.1 and 7.2.

We start with the following proposition. Consider first ¥ to be a closed surface. And
let H:Y x S' — R be a normalized Hamiltonian, and ¢ = ¢} the diffeomorphism
generated by H. Let Y = {71, ..., %} be a collection of pairwise freely homotopic,
non-degenerate 1-periodic orbits for H.

PROPOSITION 8.1. — There are open disks U; C X, i =1, ..., n with ~;(0) € Uj,
i=1,..., k & >0, a non-degenerate Hamiltonian H' that generates a diffeomor-
phism ¢ = ¢}/, and a S*'-family of compatible almost complex structures J' = J|
with the property that

o dHofer(¢/7 (b) < 5,7
hd ¢/Ui:¢Ui7i:]‘7 SR k;
e Y is 6¢'- quasi-isolated for (H',J').

Proof. — Note that the orbits in ) are topologically isolated among all the 1-
periodic orbits for H. It is a variant of the standard argument for the genericity of non-
degenerate Hamiltonian diffeomorphisms that for sufficiently small neighbourhoods
Viof {(t,7:(t)) ]| t € S'} in S'x X, there is a sequence of non-degenerate Hamiltonians
H;: S'x¥ = R, j € N, with H;|y; = H|y,, foralli =1, ..., k, j € N, and such that
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H; converge to H in C*°. We may choose the V; such that U; := pr,(V;N({0} xX)) C X
are discs, where pr, is the projection to the second coordinate, and such that ~;(0)
is the only point z € U; with ¢(z) = z. We can choose a sequence J;, j € N,
of Sl-families of compatible almost complex structures on Y such that the pairs
(Hj,J;) are regular, and such that .J; converges with all derivatives to a S'-family
of compatible almost complex structures J.

We claim that there is ¢’ > 0 and j € N, such that H' := H; and J' = J; satisfy
the asserted properties from the proposition. The condition a) in the definition of
¢’-quasi-isolation is clearly satisfied for any sufficiently small &', hence if the above
does not hold, then one can pass to a subsequence of H; for which there are non-
constant u; : R x ST — M that satisfy Fy, ;,(u;) = 0 such that u; are positive
or negative asymptotic to some =;, and for which E(u;) — 0. Here the energies
of u; are defined with respect to J;. Without loss of generality and by passing to
a further subsequence we may assume that u; are all negatively asymptotic to v;,
for some fixed ip € {1, ..., k}. For any non-constant Floer trajectory, the periodic
orbits that appear as its negative and positive asymptotics do not coincide, so for
any j € N, u; is positively asymptotic to some 1-periodic orbit for H; which is
different from ~;,. It follows that there is s; such that u;(s;,0) lies in the boundary
U, of U;,. We may assume that s; = 0 for all j € N, and, by passing to a further
subsequence, that u;(0,0) converges to some zy € dU,,. The first derivatives of u; are
uniformly bounded. Otherwise, by a bubbling-off argument, since E(u;) — 0, one
will find a non-constant holomorphic sphere with zero energy, a contradiction. With
this, one proves, as it is standard in Floer theory, that up to a further subsequence,
(u;)jen uniformly converges with all their derivatives on compact subsets. Any limit
curve will satisfy Fy j(u) = 0, E(u) = 0. In particular for such v we have that
limg o u(s,t) = limy, o u(s,t) is a periodic orbit for H. But by the above we in
particular find such v with «(0,0) = zy € 9U,,, which contradicts the fact that
&(z) # z for all z € 9U;,. O

We have the following variant of the above proposition. For that consider ¥ = D.
Let c=0o0rce R\ Q. Let H € H.(D) and ¢ € Ham,.(D) generated by H. Let
Y = {m,...,7%} be a collection of non-degenerate 1-periodic orbits for H. For
0 < p <1 we denote by D;_, the set {(r,0) € D|1—p > r > 0}, where (r,§) denote
the polar coordinates.

PROPOSITION 8.2. — There are open disks U; C D, i = 1,...,n with v;(0) € U;,
i=1,....,k and & > 0, ¢ € R\ Q, po > 0 such that for each 0 < p < pyg
there is a non-degenerate Hamiltonian H' € ‘H (D) that generates a diffeomorphism
¢ = ¢, € Hamy (D), and there is a S'-family of compatible almost complex
structures J' = J; with the property that

° ch(H’Dl_p, H/|D1_p) < 5/,

[ ] ¢/Ui:¢Ui7i:17 cey ]C,

e there are no periodic orbits of ¢ in D\ Dy_,,
e YV is 6¢’'- quasi-isolated for (H',.J").

Proof. — If c € R\ Q we can choose ¢ = ¢ and the proof is a repetition of that of
Proposition 8.1. Let now ¢ = 0. Since the orbits in ) are non-degenerate, they are
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contained in the interior of the support of H. Hence we can find for a sufficiently
small irrational number ¢ > 0, sets U;, i = 1, ..., k, and a sequence H; € H.(D)
with

ch H]’ —0

Dl—l.’H
J

D1—l.

J
as j — oo, and that coincide with H on a sufficiently small neighbourhood of the
suspension of vy, ..., v, and we can find a sequence of compatible almost complex
structures J; such that the pairs (H;, J;) are regular, and such that J; converges to
a compatible almost complex structure J. We can additionally assume that there
are no 1-periodic orbits for H; in the complement of D, _1.

Now, similarly as above, we claim that there is &’ > 0 Jand Jjo € N, such that for
all 7 > jo, V is 6¢'- quasi-isolated for (Hj;, J;). If this is not the case then there is
subsequence of H; and a sequence of u; : R x S' — R? such that Fy, j (u;) = 0,
E(u;) — 0, and w.lL.o.g u; are all negative asymptotic to v,, for some fixed iy €
{1, ..., k}. As before, this gives rise to a contradiction. d

Proof of Theorem 2.5. — We start with the case that X is a closed surface. Let
Hg, ¢, Yo = {7, ---, 7} be given as in the theorem.

We apply Proposition 8.1 with H = Hg, Y = Vg, and obtain &’ as well as a
Hamiltonian H’ and a S'-family of compatible almost complex structures J’, such
that the conclusions of the proposition hold for &', J’, H and ).

Apply now Theorem 7.1 with Hgy = H', Jg = J', Yo = Y € = 2¢’. Since any
ball B € Ham(3,w) of radius 2¢’ with a center that lies in the ball B” of radius &’
contains B’, the conclusion of Theorem 7.1 imply now Theorem 2.5 in the case of
closed surfaces.

Let now X =D, let c=0or c € R\ Q. Let Hg € H.(D) be non-degenerate and
¢ generated by Hg. Let Vg be a collection of non-degenerate 1-period orbits for
Hg. We apply Proposition 8.2 with H = Hg, Y = Vg and obtain &’ > 0, ¢ € R\ Q,
and py > 0, such that for each 0 < p < po there is a pair (H’,J’) such that the
conclusions of the proposition hold. Note that we can choose ¢ = ¢ if ¢ # 0.

Let ¢ € Ham.(D) be non-degenerate in its support with dyefe: (¢, ¢g) < €. Fix
H € H.(D) that generates ¢. By a sufficiently C?-small approximation of H we can
find a non-degenerate Hamiltonian He € H. (D) that generates a diffecomorphism
¢o € Hamy (D) such that F(t,p) := Hs(t, (¢%)(p)) —He(t, (¢5)(p)) (which generates
¢z o o) satisfies [) (max F; — min F}) dt < €, and that all 1-periodic orbits for He
are also 1-periodic orbits for H. In particular we have dyofer (0o, a) < €.

Now apply Theorem 7.2 with € = 2¢/, and Hgy, = H', Jg = J', Yo = ), and note
that one can choose in the conclusions of the theorem Hg as above. Hence we obtain
a collection of non-degenerate 1-periodic orbits )V such that

B(Ys) is freely isotopic as a braid to B(Vg).

Since all 1-periodic orbits for H are already 1-periodic orbits for H, the conclusion
follows. 0J
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Appendix A. Combinatorial lemma

In this appendix we prove Lemma 5.1. For the convenience of the reader we restate
it here.

LEMMA 5.1. — Let V and R be finite dimensional Zs-vector spaces whose di-
mensions we denote by n and m, respectively. Let {vy, ..., v,} and {r, ..., ry,}
be bases of respectively V and R, and § : V — R and & : R — V be linear maps
such that & o § is an isomorphism. Then, it is possible to find an injective map
f:{1,...,n} — {1, ..., m} and a bijective map g : {1, ..., n} — {1,...,n} such
that for each i € {1, ..., n}:

e the element 7j;y appears in §(v;), and the element vyi;y appears in &(ry)).

We introduce the following terminology, which is compatible with the definition
given in Section 5. Given a vector space V over a field K of dimension n and a basis
{e1, ..., ey} of V we say that an element e; of the basis {ej, ..., e,} appears in an
element v € V if \; # 0 when we write v as >/, \je;, with \; € K, i =1, ..., n.

To prove Lemma 5.1 we need the following preliminary lemma.

LEMMA A.1l. — Letn > 1, k > 0. Let A be an (n + k)-dimensional vector
space with basis ey, ..., e k. Let wy, ..., w, C A be linearly independent vectors
of A and let W be the linear subspace generated by wy, ..., w,. Let Z C A be
any k-dimensional linear subspace that is transverse to W, i.e. W N Z = {0} and

ZeW=A.

Then there is an injective function ¢ : {1, ..., n} — {1, ..., n+ k} such that
(1) e,y appears in w;, for all j =1, ..., n,
(2) Z is transverse to the n-dimensional linear subspace L generated by ey, ...,
€.(n)-

Proof. — We give a proof by induction on n. We start with the case n =1, k > 0.
By assumption, w = wy ¢ Z, and hence there is a basis vector e;, of {ey, ..., e,x}
that appears in w and that does not lie in Z. Therefore, the subspace L generated
by e;, is transverse to Z. This yields the statement of the lemma for n =1, k > 0.

Assume now that the statement holds for some ng > 1, kg > 0. Let n = ng + 1,
k = ko, and let A, {eq, ..., ensr}, Wi, ..., wy,, and Z satisfy the assumptions in the
lemma. Consider the (n+k—1)-dimensional subspace Q@ = ({wy, ..., w,_1})®Z C A,
where we write (X) for the linear subspace generated by a finite subset X C A. We
have w, ¢ @, and hence, as above, there is a basis vector e; of {ey, ..., e ix}
that appears in w, and does not lie in Q. Let A;, := ({e1, ..., ensi} \ {€:,})
and let m : A — A, be the linear projection that maps e;, to 0. We consider
Z":=mn(Z)and w} ;== w(w;) fori =1, ..., n—1. Let W' := ({w}, ..., w),_,}). Since
e, ¢ Q, Z' is k-dimensional and W' is (n — 1)-dimensional. Note also, that Z’ is
transverse to W’ in A; . By the induction hypothesis, there is an injective function

oAl oo ,n—1} = {1, ..., n+ k} \ {i,} such that, with respect to the vector
space A;, with basis {e1, ..., erin} \ {6, },

e c,(j) appears in w}, for all j € {1, ..., n—1},

e 7' is transverse to L' = ({evq), ..., evm-1)})-

ANNALES HENRI LEBESGUE



Braid stability and the Hofer metric 573

It follows from the construction that e, ;) also appears in wj, for all j € {1, ...,
n — 1}, now with respect to A with basis {ey, ..., e, }. Moreover, Z is transverse
to L:=L" & ({e;,}) in A.

Define ¢ : {1, ..., n} = {1, ..., n+k} by

(i) {L./(Z'), ifi=1,..n-1,
In, if i =n.
By the above, the conclusion of the lemma holds for ¢ and so the induction step is
complete. [l
We now apply Lemma A.1 to prove Lemma 5.1.
Proof of Lemma 5.1. — By the hypothesis of the lemma, it is clear that § is

injective and thus m > n. Apply first Lemma A.1 with A = R, wy; = §(v1), ..., w, =
§(vn), and Z = ker(®). This gives an injective map f: {1, ..., n} — {1, ..., m}
with 75;) appearing in §(v;) and such that in particular 7y, ..., rj,) generate a

subspace L that is transverse to the kernel of &, and hence &|;, : L — V is an
isomorphism.

Apply Lemma A.1 again, now with A =V and w; = &(r1), ..., wn, = B(75n)),
and Z = {0}. This gives g : {1, ..., n} — {1, ..., n} bijective, such that vy
appears in & (7). O

Appendix B. Approximation of entropy by the entropy of
braid types

Let ¢ : ¥ — ¥ be a diffeomorphism on a compact surface 3, P a periodic orbit and
P C X the associated set of periodic points. Then T', ([¢, P]) denotes the growth
rate of the induced action of ¢ on the fundamental group of X\ P, see Section 1.4.
Also recall that I'z, ([p, P]) < hiop(p)-

The aim of this section is to give a proof of the following result.

THEOREM B.1. — Let ¥ be a compact surface, and let ¢ : ¥ — ¥ be a diffeo-
morphism such that h := hi,(p) > 0. Then, for any € > 0 there is a hyperbolic
periodic orbit P of ¢ such that Ty, ([p, P]) > h — €.

This is a variant of a celebrated result of Katok first announced in [Kat84], see
also [KH95, Supplement], about the approximation of the topological entropy by
the entropies on locally maximal hyperbolic invariant sets on which the dynamics is
conjugated to a subshift of finite type, and in fact the orbits P of Theorem B.1 can
be found inside those sets. To our knowledge there is no proof of Theorem B.1 in the
literature, so we include it here. In [FH88| it was proved that there is a collection of
orbits for which the exponential growth of ¢ relative to it is positive. We apply the
strategy in [FH88| to the hyperbolic horseshoes that arise from Katok and Mendoza’s
results in [KH95, Supplement].

We recall relevant results from [KH95, Suppl.] which are applications of the theory
of non-uniformly hyperbolic dynamics, or Pesin theory, and we refer also to [BP07]
and references therein. Consider a y-invariant ergodic Borel probability measure pu
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on X and assume it is hyperbolic, i.e. its Lyapunov exponents satisfy x; < 0 < x».
See [KH95, Suppl., Section 2] for the definition and existence of Lyapunov exponents
of the measure p, and important properties. It is shown that for almost every x € X
there are so-called Lyapunov charts ¢, : B(0,r(z)) C R* — X for z, r(x) > 0,
with respect to which the dynamics has uniformly hyperbolic behaviour. This can
be expressed with the notion of admissible stable and unstable manifolds, defined
locally in these charts, and which are locally preserved by ¢. In order to do that
one restricts 1, to [—k, ]2 for sufficiently small®® x > 0 and considers the regular
rectangles R(x, k) = ¥, ([—k, k]?) in £. We denote the left boundary of R by 9, R given
by O, R = {¢.(—k,s)|s € [—k, k]} and denote the right, bottom and top boundaries
of R = R(x,k) by 0,R,0,R, and 0,R, respectively, which are defined analogously.
Let v € (0,1). A submanifold W C R(z,k) is called an admissible stable (v, k)-
manifold near z if W = ,({(¢(v),v) |v € [—k, Kk|}), where ¢ : [—k, k] — [k, K] is
a C'-map with ¢(0) < k/4 and |D¢| < ~y. Analogously W C R(x, k) is called an
admissible unstable (7, k)-manifold near z if W = ¢, ({(u, ¢(u)) |v € [—k, K]}, where
¢ : [—k, k] = [—k, k] is a C'-map with ¢(0) < /4 and |D¢| < v. Admissible stable
and unstable (7, k)-manifolds near x intersect in exactly one point in R(z, k) with
angle bounded away from zero and so they endow R(x, k) with a product structure.
Moreover one defines admissible unstable (stable) rectangles as sets bounded by two
admissible unstable (stable) manifolds. That is, an admissible stable (v, k)-rectangle
in R(z, k) is a set of the form V = ¢, (V'), V' = {(u,v) € [k, k]* |u= (1—7)¢1(v) +
TPa(v), T € [0, 1]}, where the left boundary 9,V := ¢, ({(¢1(v),v) |v € [—k, K]} and
the right boundary 0,V := 1, ({(¢2(v),v) |v € [—k, K]} are two admissible unstable
(7, £)-manifolds near z for which ¢1(v) < ¢2(v) for all v € [—k, x]. Analogously,
define admissible stable (v, k)-rectangles H in R(x, k) with bottom (top) boundaries
OpH (0,H). We define 0,V = OyR(x,k) NV, 0,V = O;R(x, k) NV, and similarly 0,H
and 0,.H. The following statement asserts the existence of rectangular covers and
hyperbolic properties of ¢ on those rectangles.

ProprosITION B.2 ([KH95, Theorem S.4.16]). — For every § > 0 and p > 0 there
is a compact set As with p(As) > 1 — 6, and constants 5 >0, K > 0, v € (0,1) and
regular rectangles R(x1) = R(x1, k), R(z2) = R(x2, k), ..., R(z:) = R(zy, k), t € N,
for some x1, ..., r; € As, such that

(1) As € Ui, B(z;, 8) with B(x;, 8) C intR(x;)

(2) diamR(x;) < p/3 fori=1,...,t

(3) If y € As, ¢"(y) € As for some n > 0,y € B(z;, ), and f"(y) € B(z;,[),
then the connected component V' of R(x;) N f~"(R(x;)) containing y is an
admissible stable (v, k)-rectangle near x; and H = f™(V') is an admissible
unstable (v, k)-rectangle near x;.

(4) diamf*(V) < p for all 0 < k < n.

In (3) above we have that the union (0;,V U0,V') map to the union of (0;H U, H),
etc.

(6) The number x > 0 depends on the point z, but we will omit this from now on to simplify the
notation.
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Assume that h,(¢) > 0. One can show now the following, see [KH95, Theo-
rem S.5.9] and its proof.

ProproSITION B.3. — Let 6 > 0,p > 0 and choose the constants 3, k,~, the
set Ay and rectangles R(z1), ..., R(x;) as in Proposition B.2. Then for any ¢; > 0
sufficiently small there is an unbounded set N C N such that for all n € N there
isx € {xy, ..., x;}, and M > e""(¥)=<1) disjoint admissible stable (v, k)-rectangles
Vi, ..., Vs near x that are mapped as in (3) above by ¢ to M admissible unstable
(v, k)-rectangles Hy, ..., Hy near x.

Moreover,

A= (V) U U (Vi)
ke
is a locally maximal hyperbolic invariant set with respect to ¢", and ¢"|s,, is
topologically conjugate to a full two-sided shift in the symbolic space of M symbols.
In particular, hiop(¢"|a,,) > n(h, (@) — ).

Note that it follows from the variational principle, the ergodic decomposition the-
orem and Ruelle’s inequality that one can approximate hi, () by h,(p) of such
measures /4 as considered above, and the conclusions of Proposition B.3 imply approx-
imation of the topological entropy hip, () by the topological entropy of hyperbolic
horseshoes of .

The proof of Theorem B.1 will use the above results and a variant of arguments
of Franks and Handel in [FHS8S|.

Proof of Theorem B.1. — Let € > 0 and let p be an invariant ergodic hyperbolic
measure with h,(¢) > h — ¢/3. Choose ; = ¢/3. Let now N/ C N as in Propo-

sition B.3. Choose some n € N with % < e1. Let x € {xy, ..., x4} and M,
Vi, ..., Vi, Hy, ..., Hy C R(x) as in Proposition B.3. We say that H; is positively

oriented if ¢™(0;V;) = 0,H; and negatively oriented if ¢"(9,V;) = 0yH;. We say
that H; lies below H; in R(z), i # j, if every path in R(z) from 0,R(z) to 0,R(x)
intersects first H;.

For convenience we restrict to a subset V/, ..., V! of the admissible stable rectan-
gles Vi, ..., Vi as well as a subset Hy, ..., H] of the admissible unstable rectangles
Hy, ..., Hy, both of size m > M/10 such that

o p"(V/)=H! fori=1,..., m.
e All rectangles Hi, ..., H] are either all positively oriented or all negatively
oriented.
e Bither Hj is below H), ..., H), and H) is above Hi, ..., H |,
above Hy, ..., H) and H,, is below Hy, ..., H, .
That we can ensure the last condition, follows from the following observation.

or Hj is

LEmMmA B.4. — Let x4, ..., x, be a sequence of n pairwise different natural
numbers. Then it has a subsequence of length > % such that all elements of the
subsequence lie in the closed interval I whose boundary is given by the first and the
last element of that subsequence.

Proof. — Let ig,i1 € {1, ..., n} such that z;, = min{x;|i = 1, ..., n} and
x;, = max{x;|i =1, ..., n}. We assume that ig < iy, the other case is analogous.
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If iy —i9 + 1 > %, then the subsequence x;,, Tjy11, - .., T;, satisfies the properties

claimed in the lemma. Otherwise, ig > 2?" or n—i; > %” Note that any element of the

sequence lies in the interval [z, 2;,] or in the interval [z, z1]. So if 49 > 2, [z, z;,]

or [x;,, 1] contains > 2 elements from {1, ..., 2, }. Similarly, if n — i, > 22, the
interval [z, z;] or the interval [z;,x,] contains > % elements from {z;, ..., z,}.
In all situations these elements form a subsequence as claimed. O

We now proceed with the argument for the case that all H, are positively oriented,
H{isbelow H), ..., H] and H] isabove H{, ..., H ;. The other cases are treated
analogously. By abuse of notation we drop the symbol /, and denote these rectangles
by Vi, ..., Vipand Hy, ..., Hy. Let A, = Nyeg (@ (V1) U -+ - U " (V,,)), and 5,
the set of bi-infinite sequences of m symbols. The map 6 : A, — 3, defined as
x> (0(2)p)rez, with Ox(z) = j if p*(x) € Vj, provides a conjugation of ¢" with
the two-sided shift o, on X,,.

For any ag, ..., ax_1 € {1, ..., m} we denote by (ag---a,_1)® the k-periodic
orbit of o, in ¥, that is given by an infinite repetition of ag - - - a1 in positive and
negative direction. If we want to refer to a periodic point of that orbit, we say that
(aj@iy1 -+ ag_1a0 - - -a;—1)> is the point that has a; at the Oth position. By abuse of
notation we denote the periodic orbits or points of ¢™ in A,, that correspond to those
in ¥, via 6 also by the symbols (ag - - - ax_1)™ etc.

Consider the periodic orbit Q of ¢" given by

m—1 e
Q= (H (mjljljmj)) :
j=2
We write also Q as the orbit
(B.1) (&6 dhd o dd T T
where the periodic point ¢? is given in the symbolic expression by
m—2 &
¢i = | | I lgmim(j + 1)) | 1(m = D1(m = Hm(m = m2 |
j=2

and the other periodic points qu, je{2,...,m—1},1€{l, ..., 8}, accordingly via
cyclic permutations of the symbols. We note the following, which will be relevant
below: For any j € {2, ..., m — 1}

¢ e VinH;N"(H,), ¢ €VinH;Ne"(H)

B.2 . .
(B2) g3 € Ve NH; N " (Hy), q7 € Vin NH; N " (Hy,),
and

We show below that

ProrosiTION B.5. — T';, ([¢", Q]) = log(m — 2).
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From the Proposition we obtain

I ([¢", Q) = log(m — 2) > log(M/20)

en(h—Zq)
(B.4) > log (20> > n(h — 2¢;) — log(20)
> n(h —¢).

The hyperbolic periodic orbit Q of ¢™ of period 8(m—2) defines a hyperbolic periodic
orbit P of ¢ of period 8n(m — 2), with @ C P for the associated sets of Q and P.
Then T, ([p,P]) = 2T ([¢", P]) > 1T ([¢" Q]) > h — &, which will finish the
proof of Theorem B.1. O

Proof of Proposition B.5. — The proof is a variation of an argument from [FH88].

Identify the universal covering of ¥\ Q with the Poincaré disk H. This gives us a
choice of hyperbolic metric on 3\ Q. Every proper arc in ¥\ Q, i.e. an arc « that
lies in 3\ Q up to its endpoints and whose endpoints lie in Q, defines uniquely a
geodesic that traces a proper arc homotopic to a. Also, any closed curve v in ¥\ Q
defines a closed geodesic in ¥\ Q freely homotopic to 7.

For any 7, and 7 that are either proper arcs or closed curves, denote by I(7y1,72)
their geometric intersection number, i.e. the minimal number of intersections of
curves 7] and 4, where 7] and ~4 are homotopic to v; and 9, respectively. Similarly,
we can define I(-,-) for families of proper arcs resp. closed curves. We will below

consider a proper arc T with endpoints in @ and a collection of proper geodesic arcs
& such that for all k € N,

(B.5) I(o* (1), &) = (m — 2)F.

From this the Proposition will follow as in [FHS8S].

Let us introduce some terminology. Let S, the boundary at infinity of H. Every
geodesic in H has two endpoints in S,,. We say that a rectangle Q = (aq, ao, a3, )
in HU S, with vertices in S, and adjacent edges o, ..., a4 is a geodesic rectangle
in H if aq, ..., as are geodesics. We keep the information of the ordering of the
edges and say that the left vertical edge of @) is «y, the right vertical edge of @ is
as and the horizontal edges are ay and ay. We say that a geodesic 5 in H intersects
@ horizontally from left to right if 8 intersects each of its vertical edges, first the
left and then the right vertical edge. We say that geodesic rectangle () intersects @’
horizontally from left to right if both horizontal edges of (), parametrized from the
left vertical edges to the right vertical edges of @, intersect )" horizontally from left
to right. We say that @ < @', if there is a geodesic in H that first intersects () and
then @' horizontally from left to right.

Let j € {2, ..., m — 1}. Writing Q as in (B.1), we let e; be a simple proper arc
from q{ to qé in H; NV, f; a simple proper arc from qg to qg in H; N¢"(H,), g; a
simple proper arc from qg to q% in H; N'V,,, and h; a simple proper arc from q% to
qi in H; N p"(Hp, ) The arcs 5 1 9j, resp. hj, uniquely define homotoplc simple
geodesm arcs ej,f], g, TEsp. h Let L be the rectangle formed by €, fj, g;, and
h;. By the choice of Q, see (B. 2) and (B 3), the full rectangles L; are up to their
vertices completely contained in ¥\ Q, and hence can be lifted to H. Any lift Ej
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of L to His a geodesm rectangle Q = (o, ..., ay) in H, where ay, Qg, (13, (g ATC
suitable lifts of e}, f], J;, hj, respectively. Note that any two lifts of LQ, cee Lot
to H are pairwise disjoint.

It is a theorem of Nielsen that any lift of ¢" |5\ p to H extends to a homeomorphism
F on HU S, and let F' be such an extension. Let ) be a geodesic rectangle in H,
then the image F'(Q) defines uniquely a geodesic rectangle [F(Q)] in H. Note that
the endpoints of ¢"(f;) and ¢"(h;) fori € {2, ..., m—1} liein QN (H; UH,,). Tt is
now easy to verify that for all j € {2, ..., m — 1} there is an arc ¢ homotopic to e;
and an arc g; homotopic to g; such that for all i € {2, ..., m — 1}, ¢"(f;) intersects
both ¢ and g} in exactly one point, and the order of those intersections coincides
with the orlentatlon of fi and h; if parametrized from e; to g;. It follows that for
any lift @) of L there are lifts Q; of L;, i = 2, .. — 1, such that the geodesic
rectangle [F' (Q)] intersects Qa, ..., Q1 all horizontally from left to right.

Let ¢, ¢ be distinct points in @ and o a geodesic arc in ¥\ Q tracing a proper
arc from ¢ to ¢'. Take a lift ¢ of o to H. Let D;(c) be the number of geodesic
rectangles Q = («, ..., ay) that arise as lifts of rectangles Ej and which o intersects
horizontally from left to right. Let D(c) = 375" D;(0). These numbers obviously
do not depend on the choice of lift of 0. Let ¢’ be the geodesic arc in ¥ \ P that
traces a proper arc homotopic to ¢" (o). We claim that

(B.6) D(d') = (m —2)D(0).

This can be seen as follows. Take a lift o of o to H. We can order the lifts of the Ej,
j €42, ..., m— 1} that 7 intersects horizontally from left to right by <, i.e. these
are geodesic rectangles Ji, ..., Ji, with k = D(o), and J; < J; if i < j. Since F|g_,
keeps the cyclic order of points at infinity of geodesics, it follows that the geodesic
arc in H with the same endpoints as F'(¢) has to intersect the geodesic rectangles
[F(J1)], [F(J2)], ..., [F(Jk)] horizontally from left to right, and [F'(J;)] < [F(J;)] if
i < j. Since each of the rectangles [F'(J;)] intersects horizontally from left to right
suitable lifts Q, ..., Qm_l of Lo, ..., Ly_1, (B.6) follows.

Now choose ¢ and ¢ two distinct points in @ N (H; U H,,) and 7 an arc from ¢
to ¢ with D(7) = 1. Furthermore, let £ = U'5" €;. From (B.6) the estimate (B.5)
follows, that is

I(™(7),€) = (m = 2)".

Choose now as in [FH88] for each k € N a closed curve 73 in ¥\ Q as the frontier
of a small contour of the union of the geodesic representative of ¢*"(7) and its two
endpoints. For those k € N for which ¢*"(q), ¢**(¢') € H, U H,,, the curve =, and
& have 21 (o(7), ) many intersections. Moreover there is no bigon formed by the
union of £ with 7, and hence the number of those intersections is minimal among
all curves homotopic to 7. Since " () is freely homotopic to ~; it follows that

Iz ([97, QI) = log(m —2). m

ANNALES HENRI LEBESGUE



Braid stability and the Hofer metric 579

BIBLIOGRAPHY

[AASS23] Alberto Abbondandolo, Marcelo R. R. Alves, Murat Saglam, and Felix Schlenk, Entropy

[ACH19]

[AD14]

collapse versus entropy rigidity for Reeb and Finsler flows, Sel. Math., New Ser. 29
(2023), no. 5, article no. 67. 1530

Marcelo R. R. Alves, Vincent Colin, and Ko Honda, Topological entropy for Reeb vector

fields in dimension three via open book decompositions, J. Ec. Polytech., Math. 6 (2019),
119-148. 1530

Michele Audin and Mihai Damian, Morse theory and Floer homology, Universitext,
Springer; EDP Sciences, 2014. 1534, 535, 536, 537, 552

[ADMM22] Marcelo R. R. Alves, Lucas Dahinden, Matthias Meiwes, and Louis Merlin, C°-

robustness of topological entropy for geodesic flows, J. Fixed Point Theory Appl. 24
(2022), no. 2, article no. 42. 1530

[ADMP23] Marcelo R. R. Alves, Lucas Dahinden, Matthias Meiwes, and Abror Pirnapasov, C°-

[Alv16a]
[Alv16b)
[Alv19]
[AM19]
[AP22]
[GVW15]
[Bir75]
[BM19]

[BowT78]

[Boy94]

[BPO7]

[CGG21]

[Cho22]

[CM23]

stability of topological entropy for Reeb flows in dimension 3, 2023, https://arxiv.org/
abs/2311.12001. 1530

Marcelo R. R. Alves, Cylindrical contact homology and topological entropy, Geom. Topol.
20 (2016), no. 6, 3519-3569. 1530

, Positive topological entropy for Reeb flows on 3-dimensional Anosov contact
manifolds, J. Mod. Dyn. 10 (2016), 497-509. 1530

, Legendrian contact homology and topological entropy, J. Topol. Anal. 11 (2019),
no. 1, 53-108. 1530

Marcelo R. R. Alves and Matthias Meiwes, Dynamically exotic contact spheres of di-
mensions > 7, Comment. Math. Helv. 94 (2019), no. 3, 569-622. 1530

Marcelo R. R. Alves and Abror Pirnapasov, Reeb orbits that force topological entropy,
Ergodic Theory Dyn. Syst. 42 (2022), no. 10, 3025-3068. 1530

Jan B. van den Berg, Robert Ghrist, Robert C. Vandervorst, and Wojciech Wojcik, Braid
Floer homology, J. Differ. Equations 259 (2015), no. 5, 1663-1721. 1566, 567

Joan S. Birman, Braids, links, and mapping class groups, Annals of Mathematics Studies,
vol. 82, Princeton University Press; University of Tokyo Press, 1975. 1527

Michael Brandenbursky and Michal Marcinkowski, Entropy and quasimorphisms, J. Mod.
Dyn. 15 (2019), 143-163. 1530

Rufus Bowen, Entropy and the fundamental group, The Structure of Attractors in Dynam-
ical Systems (Nelson G. Markley, John C. Martin, and William Perrizo, eds.), Lecture
Notes in Mathematics, vol. 668, Springer, 1978, pp. 21-29. 1528

Philip Boyland, Topological methods in surface dynamics, Topology Appl. 58 (1994),
no. 3, 223-298. 1527

Luis Barreira and Yakov Pesin, Nonuniform hyperbolicity, Encyclopedia of Mathematics
and Its Applications, vol. 115, Cambridge University Press, 2007, Dynamics of systems
with nonzero Lyapunov exponents. 1573

Erman Cineli, Viktor L. Ginzburg, and Bagak Z. Giirel, Topological entropy of Hamil-
tonian diffeomorphisms: a persistence homology and Floer theory perspective, 2021,
https://arxiv.org/abs/2111.03983. 1530, 533

Arnon Chor, Eggbeater dynamics on symplectic surfaces of genus 2 and 3, Ann. Math.
Qué. (2022), 1-30. 1524

Arnon Chor and Matthias Meiwes, Hofer’s geometry and topological entropy, Compos.
Math. 159 (2023), no. 6, 1250-1299. 1525, 529, 530

TOME 7 (2024)


https://arxiv.org/abs/2311.12001
https://arxiv.org/abs/2311.12001
https://arxiv.org/abs/2111.03983

580

[CO18]

[Dah18]
[Dah20]
[Dah21]

[EKP06]

[FHSS]
[FHY4]
[FHS95]
[Flogg]
[FMO02]
[FS06]
[Gin10]

[Hal94]
[Hof90]

[Kat80]

[Kat84]

[KHO5]

[Kha21]
[KS21]

[Mat05]
[Mei23]

[Mis71]

M.R.R. ALVES & M. MEIWES

Kai Cieliebak and Alexandru Oancea, Symplectic homology and the Eilenberg-Steenrod
azxioms, Algebr. Geom. Topol. 18 (2018), no. 4, 1953-2130, Appendix written jointly
with Peter Albers. 1546

Lucas Dahinden, Lower complexity bounds for positive contactomorphisms, Isr. J. Math.
224 (2018), no. 1, 367-383. 1530

, Positive topological entropy of positive contactomorphisms, J. Symplectic Geom.
18 (2020), no. 3, 691-732. 1530

, CY-stability of topological entropy for contactomorphisms, Commun. Contemp.
Math. 23 (2021), no. 6, article no. 2150015. 1530

Yakov Eliashberg, Sang Seon Kim, and Leonid Polterovich, Geometry of contact transfor-
mations and domains: orderability versus squeezing, Geom. Topol. 10 (2006), 1635-1747.
1556

John M. Franks and Michael Handel, Entropy and exponential growth of w1 in dimension
two, Proc. Am. Math. Soc. 102 (1988), no. 3, 753-760. 1528, 573, 575, 577, 578

Andreas Floer and Helmut Hofer, Symplectic homology. I. Open sets in C™, Math. Z.
215 (1994), no. 1, 37-88. 1546

Andreas Floer, Helmut Hofer, and Dietmar Salamon, Transversality in elliptic Morse
theory for the symplectic action, Duke Math. J. 80 (1995), no. 1, 251-292. 1535, 549

Andreas Floer, The unreqularized gradient flow of the symplectic action, Commun. Pure
Appl. Math. 41 (1988), no. 6, 775-813. 1535, 536, 546, 549, 553

John M. Franks and Michat Misiurewicz, Topological methods in dynamics, Handbook
of dynamical systems, Vol. 1A, North-Holland, 2002, pp. 547-598. 1527

Urs Frauenfelder and Felix Schlenk, Fiberwise volume growth via Lagrangian intersections,
J. Symplectic Geom. 4 (2006), no. 2, 117-148. 1530

Viktor L. Ginzburg, The Conley conjecture, Ann. Math. 172 (2010), no. 2, 1127-1180.
1548

Toby Hall, The creation of horseshoes, Nonlinearity 7 (1994), no. 3, 861-924. 1528

Helmut Hofer, On the topological properties of symplectic maps, Proc. R. Soc. Edinb.,
Sect. A, Math. 115 (1990), no. 1-2, 25-38. 1524

Anatole Katok, Lyapunov exponents, entropy and periodic orbits for diffeomorphisms,
Publ. Math., Inst. Hautes Etud. Sci. (1980), no. 51, 137-173. 1529

, Nonuniform hyperbolicity and structure of smooth dynamical systems, Proceed-
ings of the International Congress of Mathematicians, Vol. 1, 2 (Warsaw, 1983), PWN,
Warsaw, 1984, pp. 1245-1253. 1573

Anatole Katok and Boris Hasselblatt, Introduction to the modern theory of dynamical
systems, Encyclopedia of Mathematics and Its Applications, vol. 54, Cambridge Univer-
sity Press, 1995, with a supplementary chapter by Katok and Leonardo Mendoza. 1528,
573, 574, 575

Michael Khanevsky, Non-autonomous curves on surfaces, J. Mod. Dyn. 17 (2021), 305
317. 1530, 533

Asaf Kislev and Egor Shelukhin, Bounds on spectral norms and barcodes, Geom. Topol.
25 (2021), no. 7, 3257-3350. 1524

Takashi Matsuoka, Periodic points and braid theory, Handbook of topological fixed point
theory, Springer, 2005, pp. 171-216. 1527

Matthias Meiwes, Topological entropy and orbit growth in link complements, 2023, https:
//arxiv.org/abs/2308.06047. 1529

Michal Misiurewicz, On non-continuity of topological entropy, Bull. Acad. Pol. Sci., Sér.
Sci. Math. Astron. Phys. 19 (1971), 319-320. 1529

ANNALES HENRI LEBESGUE


https://arxiv.org/abs/2308.06047
https://arxiv.org/abs/2308.06047

Braid stability and the Hofer metric 581

[MS11] Leonardo Macarini and Felix Schlenk, Positive topological entropy of Reeb flows on
spherizations, Math. Proc. Camb. Philos. Soc. 151 (2011), no. 1, 103-128. 1530

[New89] Sheldon E. Newhouse, Continuity properties of entropy, Ann. Math. 129 (1989), no. 2,
215-235. 1529, 533

[Nit71]  Zbigniew Nitecki, On semi-stability for diffeomorphisms, Invent. Math. 14 (1971), 83-122.
1529

[Pol01]  Leonid Polterovich, The geometry of the group of symplectic diffeomorphisms, Lectures
in Mathematics, ETH Ziirich, Birkh&user, 2001. 1523, 534

[PRSZ20] Leonid Polterovich, Daniel Rosen, Karina Samvelyan, and Jun Zhang, Topological Per-
sistence in Geometry and Analysis, University Lecture Series, vol. 74, American Mathe-
matical Society, 2020. 1524, 525, 533

[PS16] Leonid Polterovich and Egor Shelukhin, Autonomous Hamiltonian flows, Hofer’s ge-
ometry and persistence modules, Sel. Math., New Ser. 22 (2016), no. 1, 227-296. 1524,
525

[Sch00]  Matthias Schwarz, On the action spectrum for closed symplectically aspherical manifolds,
Pac. J. Math. 193 (2000), no. 2, 419-461. 1525

[Ush11l] Michael Usher, Boundary depth in Floer theory and its applications to Hamiltonian
dynamics and coisotropic submanifolds, Isr. J. Math. 184 (2011), 1-57. 1524, 525, 539

[Yom87] Yosef Yomdin, Volume growth and entropy, Isr. J. Math. 57 (1987), no. 3, 285-300. 1529

Manuscript received on 18th April 2022,
revised on 31st October 2023,
accepted on 5th November 2023.

Recommended by Editors C. Sorger and V. Colin.
Published under license CC BY 4.0.

eISSN: 2644-9463
This journal is a member of Centre Mersenne.

<<
S
CENTRE
MERSENNE

Marcelo R.R. ALVES

Faculty of Science,

University of Antwerp,

Campus Middelheim,
Middelheimlaan 1,

BE-2020 Antwerpen (Belgium)
marcelorralves@gmail.com
Matthias MEIWES

School of Mathematical Sciences,

Tel Aviv University,
Ramat Aviv, Tel Aviv 69978 (Israel)

matthias.meiwes@live.de

TOME 7 (2024)


https://creativecommons.org/licenses/by/4.0/
http://www.centre-mersenne.org/
http://ahl.centre-mersenne.org/
mailto:marcelorralves@gmail.com
mailto:matthias.meiwes@live.de

	1. Introduction
	1.1. Preliminary notions
	1.2. Hofer metric and dynamics
	1.3. Braid type of a collection of 1-periodic orbits
	1.4. Braids and surface dynamics
	Acknowledgements

	2. Main results
	2.1. Applications

	3. Background
	3.1. Recollections on Hamiltonian dynamics and Floer homology for closed surfaces different from S2
	3.2. Hamiltonian dynamics and Floer homology on D
	3.3. Hamiltonian dynamics and Floer homology on S2

	4. Floer cylinders and holomorphic curves
	5. Proof of Theorems 2 and 3
	6. Proof of Theorem 1
	6.1. Proof of Theorem 1 in case Sigma = S2.
	6.2. Proof of Theorem 1 in case Sigma has positive genus and the elements of Y(+) are contractible.
	6.3. Proof of Theorem 1 in case Sigma has genus >= 2 and the elements of Y(+)  are non-contractible.
	6.4. Proof of Theorem 1 in case Sigma = T2 and the elements of Y(+)  are non-contractible.

	7. A variant of Theorems 1 and 2
	8. Proof of Theorem 2.5
	Appendix A. Combinatorial lemma
	Appendix B. Approximation of entropy by the entropy of braid types
	References

