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674 M. JEZEQUEL

notre borne n’est jamais optimal, soit il ’est sur un ensemble dense. En utilisant des exemples
construits par Bandtlow, Just et Slipantschuk, nous montrons que nous sommes toujours dans
le deuxiéme cas pour les composantes connexes de ’espace des difféomorphismes d’Anosov
analytiques réels sur le tore de dimension 2.

1. Introduction

Anosov diffeomorphisms are extensively studied hyperbolic dynamical systems.
Due to their chaotic properties, one often studies the global or statistical behavior of
these maps (rather than the pointwise dynamics). For instance, it is well-established
that Anosov diffeomorphisms have many invariant measures with rich ergodic prop-
erties (see for instance Bowen’s textbook [Bow08]). A fruitful approach to the study
of the statistical properties of dynamical systems is the so-called functional approach:
instead of studying the dynamics itself, one considers associated composition oper-
ators (sometimes referred as the Koopman and (Ruelle) transfer operators). This
field has been very active in the last two decades. Indeed, the appearance of the
notion of spaces of anisotropic distributions adapted to hyperbolic dynamics made
possible to sharpen the understanding of the spectral properties of the associated
composition operators. This line of work has been developed by many authors, see
for instance [BKL02, BT07, BT08, FRS08, GL06, GLO§] in the context of Anosov
diffeomorphisms. The textbook [Ball8] gives an introduction to the functional ap-
proach of hyperbolic dynamical systems, discussing modern techniques and including
recent references. The interested reader may also refer to [Ball7] for a discussion
of the different approach of the construction of spaces of anisotropic distributions
adapted to hyperbolic dynamics.

The notion of Ruelle resonances is central in the functional approach to Anosov
diffeomorphisms. Ruelle resonances are eigenvalues of composition operators that
are relevant to understand statistical properties of Anosov diffeomorphisms. The
goal of this paper is to discuss upper and lower bounds on the number of Ruelle
resonances for real-analytic Anosov diffeomorphisms. Before stating our main results,
we will need to recall some basic facts about the spectral properties of composition
operators associated to Anosov diffeomorphisms.

1.1. Functional approach to Anosov diffeomorphisms

Let us give more details on the functional approach of statistical properties of
hyperbolic diffecomorphism. If F'is a C* Anosov diffeomorphism (see § 2.1 for the
definition) on a compact manifold M, one may understand the statistical properties
of F' by studying the associated weighted Koopman operators defined by

(1.1) Lpy:ur—wuokF,

where w is a C*° function on M, and L, acts on functions or distributions on
M for instance. By letting the operator Lr,, act on suitable spaces of anisotropic
distributions (adapted to the geometry of the hyperbolic splitting of F'), one can
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Distribution of Ruelle resonances 675

define a notion of spectrum for Lp,,: the Ruelle spectrum (whose elements are called
the Ruelle resonances). In the context of C'™° Anosov diffeomorphisms and weights,
we can use the following result to define the Ruelle spectrum.

THEOREM 1.1 (Theorem 2.3 in [GLO06]). — Let M be a closed C* manifold and
F be a C* Anosov diffeomorphism on M. Let w be a C*° function on M. Then
the family z + (2 — L,,) "' of operators from C*(M) to D'(M), defined for z € C
large by

(2= Lpw) ' ur > oz (n+1) Pty
n=0

admits a meromorphic extension to C \ {0} with residues of finite rank.

The poles of (2 —Lp,,) " are called the (Ruelle) resonances of Lz,,. The residues of
(2 — Lpw) ! are related to spectral projectors of Lr,,. The elements of their images
are called the (generalized) resonant states of Lr,,. The dimension of the image of
the residue IIy of (z — Lr,,) ! at a resonance \ is called the multiplicity of A as a
resonance.

When w is positive, the left and right eigenvectors associated to the largest reso-
nance of Lr,, may be used to construct the equilibrium measure f,, for F' associated
to the weight logw — log|J,| where J, denotes the unstable Jacobian of F'. The
smaller resonances may then be used to describe finer statistical properties of p,,. In
particular, one can make explicit the asymptotics of correlations for this invariant
measure for F. When u and v are C'™° functions on M, one can get an asymptotic
expansion with an arbitrarily small geometric error for

/ w.v o F"dyy,
M

when n goes to +o0o. Further statistical properties of F' may be obtained by studying
the spectral properties of L,,: central limit theorem, almost sure invariance principle,

If the case of positive w (in particular the case w = 1 that corresponds to the SRB
measure) is more relevant from a dynamical point of view, there is no particular
reason to restrict to this case if we are merely interested in the spectral properties
of L. Hence, we will consider the general case in this paper.

In order to compute the resonances of Lp,, on may introduce the dynamical
determinant defined for z € C small by

[Tz Ow(Fk )
(1.2) dpw(2) = exp Z 2 |det (I — Do )|

n>1 n Fre=x

We will need the following important result that relates the holomorphic extension
of dp,, with the Ruelle resonances of L.

THEOREM 1.2 ([BTO08, Kit99a, Kit99b, LT06]). — Let M be a closed C* mani-
fold and F be a C'*° Anosov diffeomorphism on M. Let w be a C*° function on M.
The dynamical determinant dg,, has a holomorphic extension to C whose zeroes are
the inverses of the Ruelle resonances of L., (counted with multiplicities).
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1.2. Main results

We are interested in this paper in the distribution of Ruelle resonances. More
precisely, if F'is a C'"*° Anosov diffeomorphism on a compact manifold M and w a
C* function on M, we will study the asymptotics when r goes to 0 of the counting
function

Npw(r) = # {) resonance of Lp,, such that |[A| >},

where resonances are counted with multiplicities. The results from [Jéz20] suggest
that there is actually no general upper bound on Ng,(r) when r goes to 0. See in
particular [Jéz20, Proposition 2.10] that proves the absence of general upper bound
in the more general context of open hyperbolic diffeomorphisms.

However, when M, F and w are real-analytic, one expects a bound of the form

(1.3) Npw(r) =, @) (|log r]d) ,

where d is the dimension of M. This bound is suggested by related results on expand-
ing maps [BN19, Rue76] and local model for the transfer operators associated to
real-analytic expanding dynamical systems [Naul2]. The bound (1.3) can be deduced
from the work of Rugh [Rug92, Rug96] when d = 2. In [FR06, Theorem 7], Faure
and Roy gives a new proof of this bound for C'! small real-analytic perturbations of
linear cat maps on the 2-dimensional torus. Let us also mention related results for
real-analytic Anosov flows in [Fri86, Fri95, GBJ20]. Our first result is the validity of
the bound (1.3) in full generality.

THEOREM 1.3. — Let F' be a real-analytic Anosov diffeomorphism on a real-
analytic closed manifold M of dimension d. Let w be a real-analytic function on M.
The number Ng,,(r) of Ruelle resonances of L, of modulus more than r satisfies
the asymptotic bound

Nru(r) = O (logr[*) .

Theorem 1.3 is an immediate consequence of the following bound on the dynamical
determinant (1.2) associated to Lp,.

THEOREM 1.4. — Let F be a real-analytic Anosov diffeomorphism on a real-
analytic closed manifold M of dimension d. Let w be a real-analytic function on M.
Then, there is a constant C' > 0 such that for every z € C we have

| drw(2)| < Cexp (C (log(1 +]2)))*) .

A natural question with respect to Theorem 1.3 is whether the bound is optimal
or not. Our main result addresses this question.

THEOREM 1.5. — Let M be a closed real-analytic manifold of dimension d. Let
A denote the set of F' € Anos” (M) such that
log N,
(1.4) lim sup mu R Falr) _

r0 logllogr|

If W is a connected component of Anos” (M) such that ANW # (0 then for every
F € W there is a sequence of elements of A that converges to F' in the C* topology.
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Remark 1.6. — The equality (1.4) expresses that the exponent d in (1.3) is opti-
mal.

Remark 1.7. — 1In § 2.2, we detail the different topologies that we consider on
the space Anos®(M). In particular, we explain what it means to converge in the C¥
topology.

The three topologies that we define in § 2.2 (C',C* and C*) induce the same
connected components. This is why we did not specify in Theorem 1.5 which topology
we use to define connected components of Anos”(M).

Remark 1.8. — One may use [GL06, Theorem 2.7] to prove that A is a G4 for the
C™ topology. Notice also that, while we stated Theorem 1.5 in the most dynamically

relevant case w = 1, we are going to prove a slightly more general statement, see
Theorem 4.5.

The proof of Theorem 1.5 is an adaptation of the method used by Bandtlow and
Naud [BN19] in the context of real-analytic expanding maps of the circle. This
method is based itself on a strategy in the context of scattering resonances by
Christiansen and her coauthors [BCHP11, CH10, CH05, Chr05, Chr06].

The main ingredient needed to apply this method in our context is the existence,
when F' and w are real-analytic, of a Hilbert space ‘H on which the operator L,
defines a compact operator whose singular values decay fast enough (this fact also
implies Theorems 1.3 and 1.4). Moreover, it is essential for the proof that the space H
is constructed with enough flexibility to deal with the perturbations (even complex)
of F' and w. The construction of the space H is carried out in § 3.

The main idea in order to construct the space H is to use the construction
from [FRO6] as a local model. However, due to the absence of real-analytic par-
tition of unity, one cannot easily glue the locally defined spaces to get global spaces,
as it is commonly done in the C'* case. This issue will be solved by using a real-
analytic Fourier—Bros—Tagolnitzer transform to design a process of localization that
preserves real-analyticity. We will use the FBI transform described in [GBJ20]. How-
ever, we will only need to use the most basic properties of this transform, they are
recalled in § 2.4.

Functional spaces suited for the study of Koopman (or transfer) operators asso-
ciated to real-analytic hyperbolic dynamical systems have already been proposed
in [FRO6, PS22, SBJ17, SBJ22]. The main novelty of our work is that we are able
to design such a space H without restricting to the case of diffeomorphisms that are
close to a linear model, or admit constant cone field.

Theorem 1.5 would be less interesting in the absence of examples of real-analytic
Anosov diffeomorphism satisfying (1.4). The existence of such examples are non-
trivial. For instance, if F' is a cat map, the simplest example of Anosov diffeomor-
phism, then 1 is the only resonance of Lr;. The first example of diffeomorphism
satisfying (1.4) we are aware of appear in [SBJ17]. Related examples are discussed
in [PS22]. In [SBJ22], Bandtlow, Just and Slipantschuk produce many explicit ex-
amples of Anosov diffeomorphisms of the 2-dimensional torus satisfying (1.4). With
Theorem 1.5, the existence of these examples implies:
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THEOREM 1.9. — Let F be a real-analytic Anosov diffeomorphism on T?. Then,
there is a sequence (F),),en of Anosov diffeomorphisms on T? that converges to F
in the C* topology and such that

5 log Np, 1(r)
imsup ————= =
r—0  log |logr|

for every n € N.

More concretely, if M = T? and w = 1, then the exponent d in Theorem 1.3 is
optimal for a dense subset of real-analytic diffeomorphisms.

Finally, let us mention that Theorems 1.3 and 1.4 have an analogue using Gevrey
regularity instead of real-analytic regularity, with a slightly simpler proof. This
yields quantitative improvements (Theorem B.1 and Corollary B.2) over the results
from [Jéz20, §2.2] in the case of Anosov diffeomorphisms. The method of proof of
Theorem 1.5 is restricted to real-analytic regularity, as we need to be able to work
with complex perturbations of an Anosov diffeomorphism. However, we can consider
complex perturbations of the weight w. Since it is easier to construct Gevrey than
real-analytic weights, we are able to find another application of the method of proof
of Theorem 1.5, see Theorem B.12. Results in Gevrey regularity are gathered in
Appendix B.

1.3. Structure of the paper

In § 2, we recall some fundamental facts about Anosov diffeomorphisms and several
tools that will be needed for the proof of our main results.

In § 3, for F' and w real-analytic, we construct a space on which Lg, as good
spectral properties. This is the core of the proof of our main results.

In § 4, we deduce Theorems 1.3, 1.4, 1.5 and 1.9.

In Appendix A, we prove several technical estimates that are needed for the analysis
in § 3.

In Appendix B, we explain how our analysis can be partially adapted to the Gevrey
case. In particular, we improve certain results from [Jéz20].

Acknowledgments
I would like to thank Oscar Bandtlow and Julia Slipantschuk for explaining the

construction from [SBJ22] to me. Most of this work was done while the author was
working at Massachusetts Institute of Technology.

2. Generalities
In this section, we recall several definitions and results that we will need for the

proof of our main results. In § 2.1, we recall the definition of Anosov diffeomorphism.
In § 2.2, we introduce notation that are useful when working with real-analytic

ANNALES HENRI LEBESGUE



Distribution of Ruelle resonances 679

functions on a manifold. In § 2.3, we discuss briefly Koopman operators associated
to real-analytic dynamics. In § 2.4, we recall some basic properties of a real-analytic
Fourier-Bros-Iagolnitzer that we will use in the proof of Theorem 3.1 below. In § 2.5,
we discuss a class of operators which is relevant to the study of Koopman operators
associated to real-analytic hyperbolic dynamics.

2.1. Anosov diffeomorphism

Let M be a smooth closed manifold. Endow M with any Riemannian metric. We
recall [KH95, Definition 6.4.2] that a C! diffeomorphism F : M — M is said to be
Anosov if there is a splitting of the tangent bundle of M as TM = E, ® F, into the
sum of two continuous bundles E and F, invariant by the derivative of F', and such
that there are constants C' > 0 and A > 1 with

e for every x € M,n € N and v € Ey(z), we have |DE - v| < CA"|v];
e for every x € M,n € Nand v € E,(x), we have |[DF_ ™ -v| < CA7"|v|.

As microlocal analysis is more naturally formulated on the cotangent bundle, we
will rather work with the related decomposition T*M = E? ® E;, where E; and
E? are respectively the annihilators of F, and E,. This convention ensures that for
A > 1 as above and some C' > 0, we have

e for every z € M,n € N and ¢ € E¥(z), we have ['(DF™)~! - £] < CAT"¢);
e for every z € M,n € N and £ € Ef(z), we have ['(DF,; ™)' - £ < CAT"|¢].

Let us point out that this definition does not depend on the choice of the Rie-
mannian metric on M. In particular, one may choose an adapted metric, that is a
metric for which C' =1 in the inequalities above.

If F: M — M is an Anosov diffecomorphism on M, then one may construct
following [FRS08] an escape function G on T*M, that is a function that decreases
under the action of F' on T*M. We will define G as follows. For (z,£) € T*M, we
write £ = &, + & for the decomposition of £ with respect to T M = EX(z) & EX(x),
and then
By choosing an adapted metric on M, we may ensure that for £ large enough, we
have

G(,F(:L‘,f)) - G(I’,f) < _C_l |€| )
for some constant C' > 0 and all (z,&) € T*M. Here, F denotes the symplectic lift
of F defined by F(z,¢) = (Fz,'(DF,)~'¢). For a general diffeomorphism H, if we
do not want to introduce a specific notation for the symplectic lift, we will denote it

by {DH~!. Let us point out here that we can give a particularly simple definition of
the escape function G because we do not care much about the smoothness of G.

2.2. Real-analytic manifolds and diffeomorphisms

Let us introduce now notation that are useful when working with real-analytic
functions on manifolds.
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Let M be a real-analytic compact manifold of dimension d. For convenience, we
endow M with a real-analytic Riemannian metric g (which is possible according
to [Mor58]). Let M denote a complexification for M, and endow M with a real, C'*

Riemannian metric g (in particular, there is a smooth distance on M ). For e > 0
small, we let (M), denotes the Grauert tube [GS91, GS92] of size € for M:

(M), = {expm(iv) rx e M,veT,M,g,(v) < 62}7

where exp, denotes the holomorphic extension of the exponential map. Here, we will
use the Grauert tubes of M as convenient complex neighbourhoods (they are Kahler
and pseudoconvex). The Riemannian metric g induces a decomposition of T'(7*M)
into a horizontal and a vertical bundle: for every o = (a,, a¢) € T*M, there is an
identification

T,(T"M) ~ T, M & T, M,
such that the derivative of the canonical projection T*M — M is given in this

decomposition by (u,v) +— u. We endow T*M with the Kohn—Nirenberg metric
defined for o € T*M and (u,v) € T,(T*M) ~T,,M © T; M by

. u g%(”)
gKNAX(U’U) _gaz( )+ <Oé>2 )

where the Japanese bracket (a) is defined by () = /1 + ga, (o). Here, we identify
a metric with the associated quadratic form. The distance associated to this metric
will be denoted by dg . Notice that two points «, 8 € T*M are close for the Kohn—
Nirenberg distance dgn if o, and (3, are close, as and ¢ have the same magnitude
and, in local coordinates, which makes sense since «, and f3, are close, |oe — ¢
is small with respect to this magnitude. We will sometimes also need the Japanese

bracket (|a|) = /1 + §a, (@) defined and positive for o = (e, a¢) in T*M (we can
identify T*M with TM using a Hermitian metric). When e > 0 is small enough, we
may define as above the Grauert tube (7%M), of T*M (using the metric gxx), that
identifies with a subset of T* M. Very roughly, (T* M ). may be thought in coordinates
as a set of points (z,£) such that the imaginary part of x is less than ¢, and the
imaginary part of ¢ is less than e(Re&). We refer to [GBJ20, § 1.1.1.2] for further
discussion of this notion (see also [Jéz22, § 5.1]).

Let us fix once for all ¢ such that (M), (M x M),, and (T*M )., are well-defined
and the holomorphic extension of the exponential map (z,v) — exp, (v) for g is well
defined on neighbourhood of the zero section of T'(M),,. Notice that since we do not
care about the actual choice of g, we could choose the value of €.

For e € (0,€0). We let O, denotes the space of bounded holomorphic functions on
(M), endowed with the supremum norm. We write O, for the closure in O, of the
space of holomorphic functions on (M),,. It follows from the Oka—Weil Theorem
that the dependance of O, on ¢ is irrelevant. We shall write O (M) if it is needed to
specify the manifold M. We will often identify an element of O, with its restriction
to M, which is unambiguous due to the analytic continuation principle. Hence, if
we say that a function f on M belongs to O, strictly speaking it means that it has
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an extension to (M) that belongs to O, and || f||,,, denotes the sup norm of this
extension. We also let V. be the space of holomorphic sections X of T'(M), such that
| X, = sup 1/7.(X(z)) < +oo.
z€(M)e
We endow V, with the norm |-|__ and let V¥ be the closed subspace of V. consisting
of vector fields that are tangent to M. We let then V¥ be the space of real-analytic
vector fields on M, that we identify with Uee(o ) VE. We can put on V¥ the topology
of the inductive limit (in the category of locally convex topological vector space)

V¥ = lim V¥
—

There are other possible topologies on V¥: the C'! and the C* topologies. They are
the metrizable topologies associated with the uniform convergence of vector fields
and respectively of their first derivatives or all their derivatives (which makes sense
in coordinates for instance). Notice that these two topologies make V¥ a locally
convex topological vector space which is not complete.

Let Diff”(M) denote the space of real-analytic diffeomorphisms from M to itself
and Anos“ (M) the subset of Diff”(M) made of real-analytic Anosov diffeomorphisms
on M.

Let 7 : T'"M — M be the canonical projection and exp : T'M — M the exponential
map associated to g. There is a neighbourhood U in T'M of the zero section and a
neighbourhood V of the diagonal in M x M such that the map (7, exp) : U — V is
a real-analytic diffeomorphism. If X is a vector field on M taking values in U, we
let Wy denote the map from M to itself defined by

(2.2) Uy :x— exp,(X(z)).
Notice that if X is C! small, then Uy is a diffcomorphism from M to itself. For
F € Diff* (M), write
Ur = {G € Diff*(M) : (F(z),G(z)) € V}.
and
U={X eV VreM X(z)eUand ¥y € Diff(M)}
It follows from the definition of V that the map
Hp : X —VUxoF

is a bijection from 4 to Ur. Notice also that 4 is an open neighbourhood of the
origin in V¥ for the C' topology (and thus for the C*° and C* topologies too). We
define the C',C>™ and C“ topologies on Diff“(M) by saying that a subset W of
Diff*(M) is open if and only if for every F' € Diff*(M) the set Hy' (W NUE) is
open in V¥, respectively for the C',C* or C* topology. All these topologies are
finer than the C* topology and consequently, Anos”(M) is always an open subset of
Diff“ (M) [Ano67].

The C¥ topology on Diff”(M) is rather intricate. The interested reader may refer
to [KM90] or [KM97, Chapter IX] for further discussion of the structure of the space
of analytic mappings from M to M, including the (infinite-dimensional) real-analytic
manifold structure. Fortunately, the only thing that matters to us concerning the C*
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topology on Diff( M) is the associated notion of convergence. A sequence (F},), ¢ n
of real-analytic diffeomorphisms on M converges to F' € Diff”(M) if and only if
there are complex neighbourhoods U and V' of M such that F' and the F},’s have
holomorphic extensions from U to V' and the holomorphic extension of F,, converges
to the holomorphic extension of F' uniformly on U. One can use [Flo71, 7.5] to
check that this is indeed the notion of convergence induced by the C*“ topology.
Notice that we will not even need that, since we could use this characterization as
a definition. Similarly, we will say that a sequence (w,,), ¢ n converges to w in the
C* topology, if the w,’s have holomorphic extension that converges uniformly to a
holomorphic extension of g on a complex neighbourhood of M. Once again, one may
check that this coincides with the notion of convergence associated to the topology
on C¥ defined in [KM90, § 3].

Most of the time, we will not work directly with the space of real-analytic vector
fields, as we will need some control over the size of the domain of the holomorphic
extensions of vectors fields we are working with. To do so, let us introduce some
additional notation. For € € (0, €y), we will write B, 5 for the ball of radius J centered
at the origin in V and BY; for B.s N V. Notice that for any e € (0, ), if ¢ is small
enough then, for every X € Bf;, the map Wy given by (2.2) is well-defined and a
real-analytic diffeomorphism from M to itself.

Now if €, e € (0,€9) and € € (0,¢€), notice that we can find § > 0 such that for
every X € B the formula (2.2) defines a holomorphic embedding ¥ x of (M), into
(M), such that ¥x (M) C (M).,.

2.3. Koopman operator

For F' € Diff*(M) and w € C¥(M,R), we recall that the Koopman operator
associated to F' and w is defined by (1.1).

Let € € (0,¢) and F' € Diff“(M). Since F is real-analytic, for any ¢ > 0 small
enough, the operator L, is bounded from O, to O for every w € O, . This follows
from the fact that the holomorphic extension of F' sends (M) into (M)..

Similarly, we can find a 6 > 0 such that for ¢ > 0 small enough and every X € B,
the map Uy o F sends (M) into (M),, and thus, for every w € Oy, we may define
the operator Ly orw by (1.1) as a bounded operator from O, to O, and its norm
is less than C'[|wl|o ,, for some constant C' > 0 that depends on F" and €, but not
on w. When X € B]f(;, that is when X is tangent to M, this is a standard Koopman
operator associated to the map Wx o F': M — M, and its action on any function
on M may consequently be defined.

Let us define the formal adjoint of Ly, or by

* —
WxoFw — EFflo\IJ;{I,J(Fflo\p;(l)woFflo\p)—{l’

where the Jacobian J(F~! o Wy') is defined by the relation (F~!o Wy!)'dr =
+J(F~1 o Wy')da, with dz the holomorphic extension of the Riemannian volume of
M, if M is orientable (and =+ is + if F' preserves orientation and — otherwise). If M
is not orientable, we define J(F~! o W!) by going to the bundle of orientation of M.

ANNALES HENRI LEBESGUE



Distribution of Ruelle resonances 683

Notice that this is the formal adjoint for the L? bilinear scalar product (and not the
sesquilinear scalar product). This definition makes sense under the same assumption
as above (in particular, X does not need to be tangent to M provided it is small
enough), and it has the same mapping properties than Ly op.. Moreover, for e
small enough and every u,v € O, we find by a contour shift that

/M U (Lyyorwv)de = /M ( ’&,XoF’wu) vdz.

As above, in the non-orientable case this formula is proved by going to the bundle
of orientation of M (and the integration is with respect to the Riemannian density
on M).

2.4. FBI transform

Let us recall that we want to construct a functional space adapted to a real-analytic
hyperbolic dynamics (see Theorem 3.1 below). As mentioned in the introduction,
we will use a real-analytic Fourier—Bros—lagolnitzer transform to get a localization
procedure that preserves real-analyticity. We will use the real-analytic transform
defined in [GBJ20]. However, we will only work with the basic properties of this
transform (and thus avoid to use the most complicated results from [GBJ20]).

We recall that M is a closed real-analytic manifold of dimension d. Let us consider
a real-analytic FBI transform 7" on M, as in [GBJ20, Definition 2.1]. This is an
operator, for instance from C*(M) to C*(T*M), given by the formula

(23 Tu(a) = [ Kr(a,y)uly)dy.

for every u € C*°(M) and o € T* M. Here, dy denotes the (real-analytic) Riemannian
density on M and K7 is a real-analytic kernel that satisfies the following properties:
e there is € € (0,¢) such that Kr has a holomorphic extension to (T*M), x
(M)e;
e for every ¢ > 0, there are € € (0,¢)) and C' > 0 such that for every a =
(o, 0¢) € (T"M), and y € (M), if the distance between o, and y is larger
than ¢ then
{la)

(24) o) < co (-2

e there are ¢ > 0,e € (0,¢) and C' > 0 such that for every a = (ay,a¢) €
(T*M),. and y € (M), if the distance between «, and y is less than ¢ then

(2.5) ‘KT(a, y) — eV g, y)‘ < Cexp (—@) :

In (2.5), the symbol a(a,y) is a holomorphic function on the set
{(a,y) € (T"M)e x (M) : d(e, y) < 2¢}
that satisfies

e

CYJal)T < a(e,y)| < C{lal)t.
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The phase ®7 is holomorphic on the same set and satisfies there

(2.6) |[Pr(e, y)| < Clal).

Moreover, for every a = (ag,a¢) € T*M, we have the relations ®r(a, ;) =
0,d,®r(a, ;) = —a¢ and if y € M is at distance less than 2c¢ from «, then we
have

(2.7) Im O (o, y) = C'd(ag, y)*.

According to [GBJ20, Theorem 6], such an operator exists. Moreover, we may (and
will) assume that 7T is an isometry from L*(M) to L*(T*M) (where M and T*M
are associated respectively with the Riemannian density and the volume form da
associated to the canonical symplectic form). For every u,v € C*°(M), we have

/ uvdy = TuTvdo.
M T*M

The integral on the right hand side converges, as one can check using the non-
stationary phase method (i.e. doing repeated integration by parts) that, if u €
C*°(M), then Tu decreases faster than the inverse of any polynomial. One may
define the formal adjoint S = T of T" as the operator with real-analytic kernel
Kg(x,a) = Kr(a,z). For u a function on T*M that decreases faster than the
inverse of any polynomial and = € M, we set

Su(z) = /T*M Ks(z, a)u(a)da.

Since T is an isometry, we see that if u € C*°(M) then S(T'u) = u. One may object
that in [GBJ20], the FBI transform T' depends on a small semi-classical parameter
h > 0, and is only defined and isometric when A is small enough. However, one may
reduce to the description given above by taking A > 0 small enough and fixed, so that
there is a well defined and isometric FBI transform T and then define the kernel of
T as Kr(a,y) = h2 Kz(ha,y), where for a = (0, o) € T*M we set ha = (g, ha).
This rescaling makes the parameter h artificially disappear from the notation.

Notice that since the kernel K of the FBI transform is real-analytic, formula (2.3)
makes sense when wu is a distribution (or even a hyperfunction) and defines a smooth
function on T* M. Similarly, one can define Su as a distribution when u is a measur-
able function on T*M growing at most polynomially. We refer to [GBJ20, § 2.1] for
further discussions of the mapping properties of S and 7. It will not play a role here,
as we will define our spaces of anisotropic hyperfunctions as completions of spaces
of analytic functions.

We will need the following fact relating the real-analytic FBI transform T to the
real-analytic regularity.

PROPOSITION 2.1 ([GBJ20, Lemma 2.4]). — Let € > 0. Then there are C,p > 0
such that for every u € O, and for every o € T*M we have

[Tu(a)] < Cllullo, exp (=p(a))

where we recall that |ul|,, denotes the supremum of u on (M)..

To go in the other direction, we will use the following consequence of the inversion
formula STu = u and of [GBJ20, Lemma 2.6] (see also [GBJ20, Proposition 2.6])
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PROPOSITION 2.2. — Let p > 0. There are C,e > 0 such that if u € C*°(M) is
such that

sup " |Tu(a)| < +oo
aceT*M

then u € O, and
|ullp, < C sup e | Tu(a)] .
acT*M

Let us recall here that when we write u € O, we mean that u has a holomorphic
extension that belongs to O..

In addition to the real-analytic FBI transform 7" on M, let us choose a real-analytic
FBI transform 7 on the torus T¢, and write S = T* for its adjoint. This is the same
as above in the particular case M = T?, and we endow T¢ with its standard flat
metric.

For every k € Z%, let us introduce the function

ep . T — glimk-x

on the torus T¢. Here, k - x denotes a scalar product. In the following proposition,
we use the standard parallelization of T? = R%/Z? to identify its cotangent bundle
T*T¢ with T¢ x R%.

PROPOSITION 2.3. — Let ¢ > 0. There is a constant C' > 0 such that for every
k € Z* and (x,€) € T*T? such that |2k — &| > ¢(€) we have

(2.8) |Ter(x,&)| < Cexp <_rrwux(|§|,|k:|)> )

C
For every (z,§) € T*M, we have
d
(2.9) | Ter(z, &) < C(6)+.

It will be crucial in § 3 below to understand how the operators T" and S lift the
Koopman operators defined in § 2.3 to operators acting on functions on the cotangent
bundle. In the following proposition, we identify the operator 7Ly, oS with its
kernel, which is a real-analytic function on T*M x T*M. See Remark A.1 for the
definition of this kernel.

PROPOSITION 2.4. — Let F' € Dift“(M). Recall that the symplectic lift of F' is
F i (g, a¢) = (Fag, (D, F~Y)ag), and let

G={(o,F(a)) :a e T*"M}

be the graph of F. Let c¢,e > 0. Then there are constants C,d > 0 such that for
every X € Bes,w € O, and o, f € T*M, then

(2.10) T L xorwS (e, B)| < Cllw]lo, exp (c((a) + (5))) -

If in addition the distance between («a, ) and G (for the Kohn—Nirenberg distance)
is greater than c then

(2.11) T Ly orwS(, B)] < Cllw|ly, exp <_<a>+<ﬁ>> :

C
The proofs of Propositions 2.3 and 2.4 are given in Appendix A.
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Remark 2.5. — Notice that if X € BE% in Proposition 2.4 then the exponential
bound (2.10) may be replaced by a polynomial bound.

Remark 2.6. — If X = 0 in Proposition 2.4 then the kernel 7Ly opwS(av, )
may be approximated when « is close to F () by an application of the holomorphic
stationary phase method. This computation is explained in the case F' = Idy,
in [GBJ20, Lemma 2.10]. However, for our approach here the bound (2.10) is enough.
The main point of Proposition 2.4 is to prove that, on the FBI transform side, the
action on Ly, or, is negligible away from G (see the proof of Lemma 3.13 below).

2.5. Operators of exponential class

Let us end this toolbox section with the definition of a particular class of operators
that appear naturally when studying Koopman operators associated to real-analytic
or Gevrey dynamics. We refer for instance to [Pie87, § 2.3.1] for the definition of
approximation numbers (however, we use the convention that natural numbers start
at 0 rather than 1, hence the indices in sequences of approximation numbers are
shifted with respect to this reference).

DEFINITION 2.7. — Let a > 0. Let L : By — By be a compact operator between
two Banach spaces. We say that L is of exponential class « if there is a constant
C' > 0 such that the sequence of approximation numbers (a,)nen of L satisfies
la,| < Cexp (—n*/C) for every n > 0.

This kind of operators appeared in the context of hyperbolic dynamics already
in [Fri86, Fri95, Rug92, Rue76]. Similar classes of operators are used in [BN19]
and studied in [Ban08] (the main difference is that we include here Banach spaces
instead of only considering Hilbert spaces). Notice that it is clear that the product of
a bounded operator and an operator of exponential class « is of exponential class «.

Let us start by explaining how such operators usually appear in concrete setting.
In the following lemma, the summation over Z? naturally appears in two (related)
contexts: it can correspond to a decomposition in Fourier modes or in power series.

LEMMA 2.8. — Let By and By be two Banach spaces. Let v > 0. Let (L)peze be
a family of operators of rank at most 1 from By to By such that there are constants
C,B > 0 such that ||L;|| < Ce ™" for every k € Z%. Then the series Y .cza Ly
converges to an operator of exponential class v/d.

Proof. — The series is easily seen to be summable. Let us write L for the sum,
and (ap)nen for the sequence of approximation numbers of L. For m € N let us
approximate L by the operator

> L

kezd
|k|<m
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whose rank is at most Com® 4 1 for some constant Cy > 0 that does not depend on
m. Then we bound

L= Y Lil< Y L s> ptle?

kez kezZ® p=m
|k|<m |k|=m
_Bm”
<Ce 2

where the constant C' > 0 may change from one line to another. We find consequently

that acymiyr < Ce‘ﬁ%, and the result then follows since the sequence (a,),>1 is
decreasing. 0

The following lemma is based on standard estimates on Fredholm determinant.
We will use it to bound the number of Ruelle resonances for real-analytic Anosov
diffeomorphism.

LEMMA 2.9. — Let a > 0. Let ‘H be a Hilbert space and L : H — H be an
operator of exponential class ce. Then, L is trace class and there is a constant C' > (
such that for every z € C we have

|det (I — 2L)| < C'exp (C (log(1 + ‘z|))1+i> :

1

and for every r € (0, 3) we have

(2.12) #{Neo(L): |\ =1} <Cllogr|s,
where the eigenvalues are counted with multiplicities.

Proof. — Let (a,)nen denote the sequence of approximation numbers for L. For
every n € N, let L, be an operator from H to itself of rank at most 2" such
that ||L — L,|| < 2agn. Notice that we have ||L, — L,1|| < 2(agn + agn+1). Since
L is of exponential class «, there is a constant C' > 0 such that ||L, — L,11| <
C exp(—2°"/C) for every n € N. It follows that the series Y,,-q Ly41 — L,, converges
to L — L().

For n € N, the rank of L,,; — L, is at most 2""2. From Auerbach’s lemma
and Hahn—-Banach theorem, we find that for every n € N, there are linear forms

lin, ... lont2, of norm 1, elements e ,,...,em+2, of H of norms 1, and complex
numbers Ay, ..., Agn+2, of modulus less than ||L,q — L,|| such that
2n+2
Ln+1 - Ln = Z )\k,nek,n & lk,n~
k=1

Here, we write “e ® [” for the rank 1 operator u +— [(u)e. Summing over n and
relabelling, we find that there are a sequence of linear forms (I,),>1 of norm 1, a
sequence (e,),>n of elements of H of norms 1, and a sequence (\,)nen of complex
numbers such that

—+o00
L=> len®ly,

n=0

and |\,| < Cexp(—n®/C) for some C' > 0 and every n € N.
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With this representation of L, the bound on the Fredholm determinant of L follows
for instance from [Jéz20, Lemma 2.13]. The bound of the number of resonances can
then be deduced by applying Jensen’s formula to the entire function f : v —
det(I — e”L). Indeed, we find that the number of zeros of f of modulus less than r
is a O(r'*a). Using that each zero z of z — det(I — zL) produces a line of zeros
of f of the form vy + 2inZ with Revy = log|2| and Imwvy € [—m, 7], we get the
estimate (2.12). O

We end this section with a lemma that relates the notion of operators of exponential
class 1/d with the holomorphic regularity. While the result is not surprising, we were
not able to find a proof in the literature adapted to our particular case.

LEMMA 2.10. — Let €,¢ € (0,¢y) be such that € < e. Then the inclusion of O,
into O is of exponential class 1/d, where we recall that d is the dimension of the
closed real-analytic manifold M.

Proof. — Since (M), is relatively compact in (M), we can find two finite families
(A;)ier and (B;);er of open subsets of (M), such that the closure of (M), is contained
in Ujer Ai, the closure of U;c; B; is contained in (M), and for every i € I there
are holomorphic coordinates in which A; and B; are polydiscs with the same center,
with the polyradius of A; strictly smaller than the polyradius of B;. For i € I, we
write E; and F; for the spaces of bounded holomorphic functions respectively on B;
and on A;.

For each i € I, the map F; — F; obtained by restriction is of exponential class 1/d,
as can be seen by developing the elements of F; in power series around the center of
A; and using Lemma 2.8. It follows that the map

i [lier B0 = e 5

(fidier = (fija,)ier

is also of exponential class 1/d.
Define then
F = {(fi)ie[ ellEVijel, fyu, = fj|U¢}-

iel
This is a closed subspace of [[;c; F;, and there is a natural bounded linear map
P : F — O that associates to (f;)ies the function on (M), that coincides with f;
on U; N (M) for each i € I. As this function can be extended to a larger Grauert
tube, it belongs indeed to O, .

Let now () denotes the bounded linear map from O, to [];c; E; given by Qf =
(fiB:)ier- Using @, we can define the linear operator R =1i0@ : O, — [I;c; F;, which
is of exponential class 1/d as i is. Notice also that R actually maps O, into F, and
let R be R with codomain restricted to F. Since the inclusion of O, into O, is just
the map P o R, we only need to prove that R is of exponential class 1 /d.

Let us write (ay,)nen for the approximation numbers of R and (a,),en for the
approximation numbers of R. Let n > 1. There is an operator R, : O, — [Licr Fi
of rank at most n such that the operator norm of R — R, is less than 2a,. Using
Auerbach’s lemma and the Hahn-Banach theorem, we find linear forms Iy,...,[,
of norm 1 on O,, functions fi,..., f, of norm 1 in O, and elements eq,...,e, of
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[Ticr Fi such that R, = >°1_ e, ® Iy and lx(fy) = 0 for k, £ =1, ..., n. Define then
ex = Rfy for k =1,...,n, and notice that these are elements of F. Then, introduce
the operator R,, = >_;_; € ® l;. We have in operator norm

| B = Bal| < 3 Nlew = @l il = D2 1(Rn = R fill < 2nan.
k=1 k=1

It follows that~||}~%n — R|| < 2(n+1)a, and thus that @, < 2(n+1)a,. This inequality
implies that R is of exponential class 1/d since R is. 0

3. Construction of a space of anisotropic hyperfunctions

The goal of this section is to prove the following technical result from which our
main results will follow, as explained in § 4 below. In this result, we refer to the

Koopman operators discussed in § 2.3 and the map Uy for X a holomorphic vector
field in a neighbourhood of M defined in § 2.2.

THEOREM 3.1. — Let M be a real-analytic closed manifold. Let F' € Anos®(M).
Let € € (0,€y). There are § > 0 and a separable Hilbert space H with the following
properties:

(i) there are continuous injections with dense images ¢ and j from O, respectively
to H and to H*; B

(ii) for every X € B.s and w € O, there is a compact operator Ly op., from H
to itself of exponential class 1/d;

(iii) if z — X(z) is a holomorphic family of elements of B.s and z — w, is a
holomorphic family of elements of O, then z — Ly x(syoFw. IS @ holomorphic
family of trace class operator on H;

(iv) for every X € Bf;,w € O,n € N and u,v € O, we have

30) (L opat()) = [ 0L o) da.

We are going to construct H as the completion of O, for a certain norm. However,
one could also interpret H as a space of bounded linear functionals on O,. This is
why we might call H a space of hyperfunctions. It does not agree with the most
common terminology though, as the elements of H are not linear functionals on
the space of real-analytic functions on M, but only on real-analytic functions with
large enough radius of convergence. The elements of H are said to be anisotropic
since they satisfy regularity hypotheses that are adapted to the dynamics of F.
Morally, the elements of H are real-analytic in the stable direction of F' and dual of
real-analytic in the unstable direction. Let us recall from the introduction the idea
behind the construction of the space H: we want to use the space from [FR06] as a
local model. However, due to the absence of real-analytic partition of unity, we need
to use another localization procedure. We will rely on the FBI transform, see § 2.4.

Let us start the proof of Theorem 3.1, which is the technical core of the paper. For
the rest of this section, we fix a closed real-analytic manifold M and F' € Anos®”(M).
We let G be an escape function for F', as defined in § 2.1.
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3.1. Definition of the space

Let @ > 0 be a very small constant. Assume that «, 3, are three points in T* M
large enough and such that dgn (o, 8) < w and dgn(FB,7) < w. Then

G(7) — Gla) = G(F(B)) = G(B) + G(v) — G(F(B)) + G(a) = G(P)
(3.1) < —C7H Bl + Cw® ||
g _C_l ’B| )

where the constant C' may change on the last line, and we assume that w is small
enough. Notice that we used that the unstable and stable directions are Holder-
continuous [HP70, Theorem 6.3] (hence the exponent ). Here, F denotes the sym-
plectic lift of F, as in § 2.1.

Let (U,)wen be an open cover of M, such that for every w € €, there is a real-
analytic diffeomorphism k., : U, — V., where V, is an open subset of the torus
T? = R?/Z?. We assume in addition that the k,’s have Jacobian identically equal
to 1 and that the U,’s are so small that for every w € Q and k € Z? the diameter
(for the Kohn—Nirenberg distance) of

Wk = {oz €T*M : oy € Uy, (Do, ki) tag = 27rl€} :

is less than w/10, where w is the constant defined above.

Let (xu)weq be a partition of unity subordinated to (U, ).ecq. For every w € €,
choose a C* function Y, : M — [0, 1], supported in U, and such that Y, = 1 on
the support of x,,. Let also 6, p, be C° functions from T¢ to [0, 1] supported in V,
and such that p, = 1 on a neighbourhood of the support of x,, o 5! and 6, =1 on
the neighbourhood of the support of p,,.

Introduce the operators A, = Sx,1T,4, = Sx.T and B, = Sp,T. Here, if f is
a function on M, we identify it with a function on T*M depending only on the
position (o, ag) — f(o), and with the associated multiplication operator. Let us
also define the functions

ey = Au(kw)0,Byer and & = A, (k)" 0, Byer,
where the pullback (k,)* denotes just the operator of composition by k.

Remark 3.2. — The €}’s and €}’s will play the roles of local version the ej’s that
are defined on M. We will see below (Lemma 3.4) that the e}’s and €}’s are analytic.
It might seem surprising since their definitions involve the cut-off functions 6,,’s. Let
us explain how one can see quickly that e is analytic.

Since ey, is analytic, its FBI transform 7 e, decays exponentially fast, and it follows
then from an inspection of the kernel of S that B,e is analytic (this is the idea
behind the proof of Proposition 2.2, see [GBJ20, Lemma 2.6]). Multiplying by 6,,,
we lose the real-analytic property, but not everywhere. Indeed, (k,)*0,B,ey is real-
analytic on a neighbourhood of the support of x,. We can use this knowledge to
prove that T'(k,)*0,B,exr(a) is exponentially small when «, is in the support of x,,
(see for instance Lemma A.2). It follows that x,,7(k,)*0,,B.ex decays exponentially
fast and thus that e} is real-analytic.
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Notice that we do not need the presence of B, in order to prove the analyticity
of e}. It is needed for the proof of Proposition 3.6, which will play the role of the
Fourier inversion formula in our context.

Let study the e}’s and €¢’s more precisely.

LEMMA 3.3. — Let w € 2 and ¢ > 0. Then, there is a constant C' > 0 such that
for every k € Z* and o € T*M such that the (Kohn—Nirenberg) distance between «
and W, is more than ¢ we have

(3.2) [Tex (o) < Cexp <_me((a>,|k])> .

C

Moreover, there are constants C, N > 0 such that for every w € Q,k € Z* and
a € T*M, we have

(3:3) [Tei ()] < Cla)™.
The same result holds with the e}’s replaced by the €f’s

Proof. — We will prove the result for the e}’s, the proof for the €}’s is the same.
Let us start by noticing that we have

(3.4) Tey = TSxT (Kw) 0.Sp.T e

We are going to prove first that x,7(k,)*0.,Sp.Ter satisfies the bounds (3.2)
and (3.3) that we claimed for T'ef. Introducing the kernel of the operator T'(x,,)*0,S
as in Remark A.1, we write for o = (a,, a¢) € T*M

(35)  XT(5) 0uSpTer() = [ xulow)T (k) 0uS e B)pulB) Ter(5)d5.

Pick some small s > 0 and split the domain of integration in (3.5) into the sets
{/B cdg N (B,tD/{; a) > s and |B — 2mk| > s(ﬁ@},
{5 cdgn (B,tDﬁ;la) > s and |fe — 27k| < s(&)},
{B:din (8,'Drgla) < s and |5 — 27k| > s(Bc) |

and {6 tdgn (5,tDn;1a) < s and B — 2mk| < s(&)}.

We are going to estimate the integral on each of these sets separately.

We start with the first set. When « is such that «a, is in the support of x, and
B is such that 3, is in the support of p,, since 6, o K, = 1 on a neighbourhood of
a, and 6, = 1 on a neighbourhood of 3., we may use the first point in Lemma A.2
to control the kernel T'(k,,)*0,,S(c, ) when Dk 'ar is at distance at least s from f3.
We find that it is bounded by C'exp(—({a) + (3))/C) for some C' > 0. If in addition
we have |Be — 2mk| > s(f¢), then we can bound Te(8) using (2.8). Thus, we find
that the integral over the first set in (3.6) is bounded by C'exp(—max({(«a), |k|)/C)
for some C' > 0.

To deal with the second set, we notice that the exponential bound on the kernel
T(ky) 0,5 (a, B) is still valid here. We can only use (2.9) to bound Tex(/3), but since

we only consider a set of §’s that are approximatively of the size |k| (in particular,

(3.6)
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we are integrating on a set of measure bounded by C{k)?), we get that the integral
over the second set in (3.6) is bounded by C'exp(— max({«a), |k|)/C) for some C' > 0
using only the bound on the kernel T'(k,,)*0,S(«, B).

For the third set, notice that it has measure less than C{a)? and that « is ap-
proximately of the size of § there. We can then bound the kernel T'(k,,)*0,S(«, 5)
by C(a)2 (using directly the definition of the transforms) and bound Tey(8) us-
ing (2.8). It follows that the integral over the third set in (3.6) is also bounded by
C'exp(— max({«), |k|)/C) for some C > 0.

It remains to deal with the last set. As in the previous case, this set has measure
at most C'(a)? and the integrand is bounded by some polynomials in () there
(using (2.9) and the definition of the transforms). Hence, the integral on the third set
is at most C'(a) for some C, N > 0. This ends the proof of (3.3). Now, if we assume
in addition that the distance between o and W, ;, is larger than c then, by taking s
small enough, we may ensure that the last set in (3.6) is empty, which proves (3.2).

We proved that x,7 (k) 0.Sp,T e satisfies the bounds that we claimed for Tey.
From Lemma A.2 (or [GBJ20, Lemma 2.9], see also Remark A.4), we see that the
kernel of T'S is exponentially decaying away from the diagonal, which is enough to
end the proof of the lemma writing

Te (o) = MTS(a,B)XMT(mw)*QwSprek(ﬁ)dﬁ,

T*

and splitting as above the integral with respect to ’s that are close to or away from
a, and close or away from W, j. O

We can then use Lemma 3.3 and the properties of the FBI transform from § 2.4
to relate the e}’s and €}’s to real-analytic regularity.

LEMMA 3.4. — Let p > 0. There are C' > 0 and € € (0,¢y) such that for every
w € Q and k € Z¢ we have ¢ ,& € O, and

le¢llo, < O™ and [l2t]o, < Cer.
Proof. — This result follows immediately from Proposition 2.2 and Lemma 3.3. [

LEMMA 3.5. — Let € € (0,¢€y). There are C, p > 0 such that for every w € Q0 k €
Z4 and u € O,, we have

[(u, ex) 2] < Clullg, e P* and [(u, &) 2| < Clullo, eIkl
where the scalar product is in L*(M).

Proof. — As above, let us prove the result only for the e’s. Since T is an isometry,
we have

(3.7) (u, 635>L2(M) = <TU’T€LI:>L2(T*M)'
The result then follows from Proposition 2.1 and Lemma 3.3. U

The construction of the space H from Theorem 3.1 is based on the representation
formula for smooth function given in the following proposition.
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PROPOSITION 3.6. — There is an operator K with real-analytic kernel such that
for every analytic function u, we have
(3.8) w=Y (uef): 3 +Ku,
weN
kezd

where the sum converges in the real-analytic topology.

The proof of Proposition 3.6 is probably the most technical from the paper and
can be found in Appendix A.

For every w € Q, choose a point x, € supp x., (we may discard the w’s for which
SUpp Y. is empty), and for every k € Z< let us write

G, (k) = G(zy, ' D, Kk, (27k)),
where G is the escape function defined in § 2.1. For v > 0, let us introduce the norm

2 — 2 2
lull3 = > W [u, &) o + | Kullz:
weN
kez®

where /C is the operator from Proposition 3.6.

LEMMA 3.7. — Let € € (0,¢q). Then there are C,~y > 0 such that for every
0<v < ifu€ O then ||lull, < Cllullp, < +oo.

Proof. — This is an immediate consequence of Lemma 3.5. 0]

When the conclusion from Lemma 3.7 holds, we let H., . denotes the completion of
O, for the norm |||, and ¢ : O — H,, . be the inclusion. The space H in Theorem 3.1
will be H, . with v small enough.

3.2. Basic properties of the space

Now that we have a family of spaces defined, we check that they satisfy the basic
properties required in Theorem 3.1 (those that do not involve Koopman operators).
The existence of the inclusion ¢ following from the definition, we explain now how the
inclusion j is constructed in Lemma 3.8. After a discussion of the action of operators
with real-analytic kernel (Definition 3.9), we prove that our space is separable in
Lemma 3.12.

LEMMA 3.8. — Let € € (0,¢). Then there are C,~y > 0 such that for every
0 <y <y ifv € O, then the linear form
u = (U, v) e

on O, extends to a continuous linear form [, on H. .. Here, the scalar product is in
L*(M) as usual. Moreover, the map j : v+ l; is C-linear and continuous from O,

to the dual of H., .
Proof. — This is a consequence from Lemma 3.5 and Proposition 3.6. 0

Operators with real-analytic kernels play an important role in the analysis below,
so let us define precisely what we mean by an operator with real-analytic kernel
acting on H., ..
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DEFINITION 3.9. — Let € € (0,¢y). If L € O (M x M), then we can define the
operator with kernel L, that we also denote by L, and is defined for u an integrable
function on M by

Lu(x) = /M L(z,y)u(y)dy for x € M.

Notice that there is € € (0,¢y) such that the function (x — (y — L(z,y)) is
bounded and holomorphic from a neighbourhood of (M), (in (M), ) to O.. Moreover,
Lemma 3.5 and Proposition 3.6 imply that, if v > 0 is small enough, the inclusion

: Oc = H, e and the map j : O. — H:  extend to bounded operators from Oy
respecmvely to ", and H; .. Here, we reca]] that it follows from the definitions of
O, and Oy that O, N Oy 1s dense in Ou. We can consequently define an operator
from H., . to itself (still denoted by L) by the formula

Lu=(x+— j(L(z,-))(u)) forue H,,.

Notice that, up to taking € slightly smaller, we can find €” > €' such that the operator
L:H,.— H,. factorizes through an operator O, — Oo. Hence, it follows from
Lemma 2.10 that L is an operator in the exponential class 1/d, where d denotes the
dimension of M. Notice also that the trace class operator norm of the operator L is
less than C'||L||,, for some constant C' that may depend on € but not on L.

The following notation will be interesting in order to give an expression for the
norm of H, . in Lemma 3.11 below.

DEFINITION 3.10. — Let € € (0, €). Let K(z,y) denote the kernel of the operator
IC from Proposition 3.6. Working as in Definition 3.9, we see that when v > 0 is
small enough and u € H. ., we can define an analytic function on M by the formula
z — j(K(z,-))(u). We introduce then the abbreviation, for u € H. .,

IKulle = [ 1K) @) da.

With this notation and Lemma 3.8, we can express the norm of H, .

LEMMA 3.11. — Let € € (0,¢9) be small enough. Let v > 0 be small enough
(depending on €). Then for every u € H., . the sum

(3.9) S e o) lew ()

weN,kezZd

‘ 2

converges. Here, the notation 1, for v € O, is from Lemma 3.8. Moreover,
2 —27Go (K 2 2
(3.10) lally = > e i )] + IKCullz.
weN,kezd
In particular, the image of j is dense in the dual of H- ..
Proof. — Notice that if u € H, ¢ is in the image of O, by ¢, then the convergence

of the sum (3.9) and the equality (3.10) holds by definition. For a general v € H,,
let (u,)nen be a sequence of elements of the image of ¢ that converges to u. Since

Uy, — ||u||, and the w,’s satisfy (3.10), it follows from Fatou’s lemma that
Y n—+ vy
B 2
(3.11) > PO i )]+ IKull7e < Jull}
weN,keZd
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In particular the sum (3.9) is finite. To get the reversed inequality, use the second
triangular inequality to write

1
2

( Z 6—2’7Gw(k)

weN, kezd

2
lee ()] + Hmn‘;)

2

> ( Z e—?’yGw (k)

weN, kezd

2
L ()| + ||Kun||iz)

2

_( Z e~ 2Gu(k)

weN,keZd

lew (u — un)’2 + || C(u — un)||ig)

2 [lunll, = llu = unll, -

Here, we used (3.11) and the fact that (3.10) holds for u,. Letting n tends to +oo,
we get the reversed inequality to (3.11) and thus (3.10) holds.

It follows from (3.10) that if u € H, . is such that j(v)(u) = 0 for every v € O,
then v = 0. Since H, . is reflexive (it is a Hilbert space), it follows that the image of
O, by j is dense in the dual of H O

From Lemma 3.11, we deduce another part of Theorem 3.1.

LEMMA 3.12. — Let € € (0,¢). Let v > 0 be small enough (depending on ¢).
Then the Hilbert space H.  is separable.

Proof. — Let D be a countable dense subset of M. It follows from Lemma 3.11
that if u € H, . is such that j(KC(x,-))(u) = 0 for every x € D and j(ef)(u) = 0 for
every w € Q and k € Z%, then u = 0. Consequently, the span of the j(K(z,-)) for
x € D and the j(ef) for w € Q and k € Z% is dense in HZ . Hence, H ., and thus

H. ., is separable. ]

3.3. Action of Koopman operators

We are finally ready to study the action of Koopman operators on our space, and
complete the proof of Theorem 3.1.

Let us introduce I' = Q x Z? (where Q is the set indexing our family of real-
analytic charts introduced at the beginning of the section) and the relation < on I
by (w, k) — (', k") if and only if the Kohn-Nirenberg distance between W, ; and
F (W, i) is less than @w/10. Here, we recall that F denotes the symplectic lift of
F, as defined in § 2.1. It follows from (3.1) and our choice of the U,’s that there is
C > 0 such that if (w, k) — (&', k') and k is large enough then

(3.12) Gu(k) < Gy (k) — C k.

This estimate is at the core of the proof of Theorem 3.1, along with the following
lemma.

LEMMA 3.13. —
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(i) Let € € (0,€). There are C, 0,7 > 0 such that, if X € B.s and w € O,, for
every (w, k), (W', k') € I such that (w, k) + (&', k"), we have

{(Logorutis ) | < Clluwllg, e ™D,

(ii) Let € € (0,€0) and p > 0. Then there are C’, d > 0 such that if X € B.s and
w € O, for every (w, k), (W', k') el

(3.13) )<£‘11X0F,w€;§,6%//>L2‘ < Cwl,, P max([k|,[K])

Proof. — To prove (3.13), let us first apply Lemma 3.4 to find ¢ € (0, ¢€) such
that for every (w, k) € T’ we have & € O,, with norm less than Cefl¥l. Let us then
recall from § 2.3 that there are 6 > 0 and e, such that for every X € B.s and
w € O, the operator Ly, or, is bounded from O, to O,, with operator norm less
than C'[Jw||, where C' depends on F' and e. Thus Ly orw€f is in O, with norm
less than C'[|w||,,_e?*!. The estimate (3.13) is then a consequence of Lemma 3.5.

We move to the proof of (i). Let us assume that (w, k) ¥ (', k') and use that T
is an isometry to write

(314)  (Luyorwi ) , = /T *MXT*MTE\I,XOF@S(@,B)Té'jj(ﬁ)Tek,( a)dadp,

where the kernel 'Ly, o5 S (v, 5) is the one that we described in Proposition 2.4.
Let us split the integral (3.14) into pieces. Choose some small s > 0 and split the
domain of the integral in (3.14) into the four pieces:

{dKN(Oé,Ww/,k/) z 8 dKN(ﬂ Wi k)
{drn(, W i) < 5,dgn (8, Wook)
{den(a, Wy p) < 8,dgn (B, Wask)
{drn (o, W) 2 8, dgn (B, W) < s}

If o and 8 are both at distance more than s respectively from W, and W, 4,
then we can use the estimate (3.2) from Lemma 3.3 to bound Te¥ (o) and T&¥(53).
We bound the kernel T'Ly oS (v, f) using (2.10) where we recall that ¢ may be
made arbitrarily small by taking ¢ small enough. Hence, the part of the integral
in (3.14) corresponding to the first set in (3.15) is bounded by C' [lw||, e~ 7 max(kLk])
for some C, 7 > 0.

Now, if a and 8 are both at distance less than s respectively from W, and
Wk, then we can only use (3.3) to bound Te¥ (a) and T&?(3). However, since
(w, k) 4 (W', k"), the distance between § and F(«) is more than w/20, provided
s is small enough. We can then use (2.11) to bound T'LyopwS (e, ). The part of
the integral in (3.14) corresponding to the second set in (3.15) is consequently also
bounded by C [|wl|,, e~ ™™*UFFD for some C,7 > 0 (notice that in this case the
order of magnitude of @ and /5 are |k'| and |k|).

Let us now consider the third case in (3.15): « at distance less than s from W,y
and [ at distance more than s from W, (we will not detail the symmetric case,
which is similar). In that case, we can bound Té¥(5) using (3.2). If F(«) is away from
3, then we can use (2.11) to bound T'Ly ,orwS (e, B), since the order of magnitude
of ais |K'|. If F(«) is close to 3, then the size of |k| and |k’| are approximately the

//\ \\/

3.15
( ) and

s}
s}
s}

WV
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same, so that applying (3.2) to bound 7%/ (/) is enough to get the required decay
(taking ¢ small enough so that ¢ in (2.10) is small enough). O

We will use Lemma 3.13 to estimate the norm of Ly, orw€5 in H, .. We will also
need the following bound to do so.

LEMMA 3.14. — Let € € (0,¢q). There are C, 6,7 > 0 such that, for every (w, k) €
I''X € B.s and w € O,, we have

Proof. — Let us rewrite for x € M:

K (Loera?) (1) = | K(2.9)Luyorafi(y)dy

= | Lo (Kl ) ) )y,

where we identified the operator K with its kernel IC(x, y), and the operator Ly ,p,,
is discussed in § 2.3. Notice that by taking ¢ small enough we may ensure that there
is ¢ > 0 such that for every x € M the function Ly .z, (K(2,-)) is an element of
O of norm less than C' [|w||, . The result then follows from Lemma 3.5. O

We are now ready to estimate the norm of Ly, or €5 in H .

LEMMA 3.15. — Let € € (0,¢). There are constants C, T,vy,0 > 0 such that if
X € Bes,w e O, and 0 <y < 7y then, for every (w,k) € I', we have

||'C\I/XoF7wgz}||,y < C ||’LU||(96 e_T‘kl_'YGw(kJ)‘

Proof. — Let us compute

Z e —27G,,/ (k")

w'eN
K ezd

2

<£\PXon€k 3 ek;’ >

2

< Z efQ'yG

<£\I’X0Fwek7 ek/ >L

W' eQ K €z
(w k)= (w' k")
2
—27G
+ Z e v <£\I/X0Fw€k,ek/>
w'eQ k' ez?
(w,k) 7> (w' K)
—2vGo(k gaill] 2
< e Gu(k) Z e Eq,Xonek,ek,>
W' eQ K ez
(w,k)—(w',k")
+ 02 “wH?Q Z 6727Gw/(k’)72‘rmax(|k|,\k’\)
w'eQ k' ez
(w,k) > (w' k")

k|

< O fw|f, e G We " M4 O || e e
Ik\

< Cllwllp, e Weme

where the constant C' may change from one line to another. To go from the second
to the third line, we applied Lemma 3.13 and the estimate (3.12) that is valid when
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(w, k) = (W', K'). To go from the third line to the fourth one, we assumed that ~
is small enough (to deal with the second sum) and applied the estimate (3.13) in
Lemma 3.13. Notice in particular that p may be chosen arbitrarily small by taking
0 small, which allows us to get from the fourth line to the last line.

It remains to bound ||K(Lworwéy)| 2- To do so, we apply Lemma 3.14 to get

1K (ﬁQXoF’wgcg)|‘L2 <C ||w||05 e~ 3 k+1Gu (k) =3 [kl —7Gu (k)

Since G, (k) is controlled by |k|, the factor e~3*+7G«(*) is hounded provided 7 is
small enough, and the result follows. 0

Notice that the norm of the linear form /., defined in Lemma 3.8, on M, . is less
than e?“~®) . Consequently, under the assumptions of Lemma 3.15, for w € Q and
k € Z% large, the norm of the rank 1 operator

L (C\I!XOF,ng]:) ® lez’
on H., is less than Ce~ Pl for some C, 3 > 0. From the estimate above, the sum

Z L (ﬁq/XoF,ngJ) X le;;
weN,keZd
converges to an operator from ., . to itself of exponential class 1/d (see Lemma 2.8).
Notice also that if X € B.s, with 0 small enough, and w € O, then the operator
Ly orwK has a real-analytic kernel, and thus extends to an operator of exponential
class 1/d on H ., see Definition 3.9. Thus, if € > 0, and v,6 > 0 are small enough
(depending on €), we may define an operator

(3.16) Loyorw= . t(Logorwey)® les + Loyoruk
weN,kezd

on H, .. This is the operator from Theorem 3.1. In the following two lemmas, we
check that it satisfies the required properties.

LEMMA 3.16. — Let € € (0, ¢y). There are constants C, 7, 0,a > 0 such that, if
v € (0,7), then, for every X € B.s and w € O,, the operator Zq,xop,w on H, . is of
exponential class 1/d.

Moreover, if z — X (z) is a holomorphic family of elements of B, s and z — w, is a

holomorphic family of elements of O, then z ﬁ‘llx(zw Fuw, 18 a holomorphic family
of trace class operator on H. .

Proof. — That ﬁpxo Fuw is of exponential class 1/d follows from Lemma 2.8. The
holomorphic dependence on the parameter follows from the uniform convergence
in (3.16). O

LEMMA 3.17. — Let € € (0,¢€y). There are constants C,vy,d > 0 such that, if
v € (0,70), then, for every X € BE(;, w € O,n €N and u,v € O, we have

(3.17) J(u) (/:'ff,on’wL(vD = /M u (EELonF,wU) dz.

Proof. — Let € and ¢ be so small that for every X € Bf; and w € O, the operator
¥yorw defined in § 2.3 is bounded from O, to O By taking v small enough, we
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ensure that the map j : O, — H? _ extends to a continuous map j : O — HJ _ (this
is a consequence of Lemma 3.5).

The proof is by induction, the case n = 0 being a consequence of the definition
of the maps ¢ and j. Let n € N and assume that the equality (3.17) holds for every
u,v € O, (the other parameters are fixed). Let u,v € O, and consider a sequence
(Um)men of elements of O, such that (v, )men converges to Z@XoEww in H, .. We
have consequently

W) (L5 () = lim j(u) (Luyorut(vm)) -

m—-+00

It follows from the definition (3.16) of Ly woFw that
Z\IIXOF,w[/(Um) = Z <Um7 €7§>L2b (ﬁxpon,wéf) +t (Eq/XoF,w/C?Jm) .
weN,kezZd

Thus

J () (Lo xorwt(vn))
= Y (Um, €)1 /Mu(ﬁq;Xonéf)dx%—/Mu(ﬁ\yxop,wlem)dx

weN,kezd

= /M U ( Z <Um> GLI;J>L2£\IIX0F,wé1];) + £\I/X0F,wlcvm) dz

weN,keZd
*
= /M ULy oFwUmdr = /M (‘C\IJXOF,wu) VU dx

= § (Ciyorutt) (tom).

Here, we can use Lemma 3.5 to justify the interchange of the series and the integral
(from the second to the third line). We use (3.8) to go from the third to the fourth
line. In the last line, we use the extension of j to Q. Letting m tends to +oco, we
find that

J@W) (L3 put @) = 5 (Loyorutt) (L yorut(v))

Since O, is dense in O, it follows from our induction hypothesis that
j(w) (E:IL/J;:FM(U)) = / (E*\pXonU) (‘C\IIXOF,wU> dx
- / (L3t 0) da.
This ends the proof of the lemma. O

Let us finally gather all our findings and prove Theorem 3.1.

Proof of Theorem 3.1. — We take H = H,  with 7 small enough. Remember that
H is separable (Lemma 3.12). The point (i) follows from the definition of the space
H., . and Lemmas 3.8 and 3.11. The operator Ly or4 is defined by the formula (3.16)
(provided ¢ is small enough) and satisfies points (ii) and (iii) according to Lemma 3.16.
Finally, point (iv) is a consequence of Lemma 3.17. OJ
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4. Consequences
4.1. First consequences

Let M be a closed real-analytic manifold and F' € Anos“(M). Let € € (0, ¢),
where ¢ is as in § 2.2. We will use the notation from Theorem 3.1. The goal of
this section is to use Theorem 3.1 to study the Ruelle resonances of F'. We start
by proving Theorems 1.3 and 1.4, the proof of Theorems 1.5 and 1.9 can be found
respectively in § 4.2 and § 4.3.

We will only work with the properties given in Theorem 3.1. In particular, we
will not need to go back to the construction of the space H. The first step is to
explain how the eigenvalues of the operators from Theorem 3.1 are related to Ruelle
resonances.

PROPOSITION 4.1. — Let X € BY; and w € O.. The non-zero eigenvalues of
Ly orw are the Ruelle resonances of Ly o (counted with multiplicity).

Proof. — Let A be a non-zero complex number. We let £ denote the generalized
eigenspace of E\I,Xc,p,w associated to A and II, the associated spectral projector.
Similarly, we let E/y be the space of generalized resonant states for Ly, op. and IIy
be the associated spectral projector, that is the residue at A of the meromorphic
continuation of (z — Ly or,) "' given by Theorem 1.1. We recall that II, is a finite
rank operator from C*°(M) to D'(M), and that F) is its image. Since E) and F)
are finite dimensional and ¢(O,) and O, are dense respectively in H and in C*(M),
we see that the operators ﬁ/\ or: 0, — E,\ and II, : O, — F, are surjective. We
will prove that these operators have the same kernel, which will imply the existence
of an isomorphism between E\ and E,, and hence the result.

Let u,v € O.. Let us introduce for z € C large

U,(2) = 2t /M u ( @XoF’wv) dz = /M U (2 — Lygorw)  vda.
n>=0

Thanks to the meromorphic continuation of the resolvent (z — Ly orw) ' given by
Theorem 1.1, we see that ¥, , has a meromorphic continuation to C. Moreover, the
residue of U,,,, at X is ), ullyvdz.

On the other hand, using the last point in Theorem 3.1, we see that for |z| large,
we have

W,o(2) = 3 274 j(u) (NgXoEwL(U)) = j(u) ((z - ,E@XOM)*l w) :

n=0

Consequently, the residue of ¥,,, at A is j(u) (ﬁ,\o(v)). Hence, we have

/M ullyvdz = j(u) (ﬁ,\L(U)) :

Since O, is dense in C>°(M) and the image of j is dense in the dual of H, we find
that the kernels of 1T, o ¢ : O£—> E\ and II, : O, — E, are the same, and thus there
is an isomorphism between F) and F). O
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Remark 4.2. — One could actually prove that the isomorphism between E\ and
E) constructed in the proof of Proposition 4.1 conjugates the actions of Ly, o5, and

Ly orw- In particular, the operators Ly opw and Ly, or, have the same Jordan
blocks.

In prevision of the proof of Theorem 1.4, we relate the dynamical determinant (1.2)
with the operators from Theorem 3.1.

PROPOSITION 4.3. — Let X € BE; and w € O,. For every n € N*, the trace of
the trace class operator E’\},Xo Fa 1S
(4.1) r (Lhgorn) = O i w ((x o F)'a)

' Yxobw) ™ |det (I — Do (Ux o F)™)|'

(UxoF)"z=x

Proof. — Since E(I‘,XO Fu 1 @ trace class operator, its trace is the sum of its eigen-
values (counted with multiplicities), which by Proposition 4.1 is also the sum of
the Ruelle resonances of Ly, .5, Since ¥x o F' and w are real-analytic, they are in
particular Gevrey, so that it follows from [Jéz20, Theorem 2.12 (iv)] that the sum of
the Ruelle resonances of LY p,,. coincides with the right-hand side of (4.1). O

We are now ready to prove Theorems 1.3 and 1.4.

Proof of Theorems 1.3 and 1.4. — It follows from Proposition 4.3 that for every
2 € C we have dp,(2) = det(I — 2Lp,). The results then follow from Lemma 2.9
since £ Fuw 18 of exponential class 1/d: Theorem 1.4 follows from the upper bound on
det(I — 2£Lp,) and Theorem 1.3 from (2.12). O

4.2. Proof of Theorem 1.5

We are going to prove a slightly more general statement than Theorem 1.5. To do
so, we will need the following definition.

DEFINITION 4.4. — Let I be an interval of R and M a closed real-analytic
manifold. We say that a function ¢ : I — Anos”(M) is a real-analytic curve if the
map (t,z) — c(t)(x) is real-analytic.

We define similarly real-analytic curves from I to C*(M), and we say that a
function from I to Anos”(M) x C¥(M) is a real-analytic curve if its components
are.

Notice that this definition coincides with the one given in [KM90] using the struc-
ture of real-analytic manifold on the space of real-analytic maps from M to itself
(according to [KM90, Lemma 8.6]). With this definition, we can state a generalization
of Theorem 1.5.

THEOREM 4.5. — Let M be a closed real-analytic manifold of dimension d. Let
Q be a subset of Anos” (M) x C*(M) such that

(i) Q is connected for the topology induced by the C' topology;
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(ii) for every x € Q, there is a neighbourhood U of z in Q (for the C* topology)
such that for every y,z € U there is a real-analytic curve that joins y and z
in Q;

(iii) there is (Fo,wo) € Q such that

o0 log|logr|
Then, for every (F,w) € Q, there is a sequence ((F,,,w,))n>1 of elements of
Q that converges to (F,w) in the C* topology and such that

log N
lim sup 28 NV (1) _
r—o0  log|logr|

for every n € N.

Theorem 1.5 is deduced from Theorem 4.5 by taking @ = W x {1}. The following
lemma ensures that the hypotheses of Theorem 4.5 hold in that case.

LEMMA 4.6. — Let F' € Anos”(M). Then there is a neighbourhood U of F' in
Anos®(M) for the C! topology such that if G, H € U then there is a real-analytic
curve that joins G and H.

Proof. — Recall that there is a C'* neighbourhood V of 0 in V¥ such that if X € V
then Uy is a diffeomorphism of M. Moreover, we may assume that V' is convex
(since the C! topology is normable). Notice that

U={UxoF:X eV and ¥y € Diff(M)}

is a neighbourhood of F for the C! topology. By taking V small enough, we may
ensure that U is contained in Anos”(M) [Ano67]. Now, if G and H are in U, then
there are Xg, X7 € V such that G = Ux,0oF and H = Vx, oF. If weset ¢(t) = Ux,oF
where X; = (1—t)Xo+tX; for t € [0,1], then ¢ : [0, 1] — Anos®(M) is a real-analytic
curve (since the exponential map associated to a real-analytic metric is real-analytic).
Notice here that the fact that ¢(t) € Anos”(M) for every t € [0, 1] is ensured by the
fact that V' is convex. O

The proof of Theorem 4.5 is based on the strategy from [BCHP11, BN19, CHO5,

CH10, Chr05, Chr06]. This method is based on potential theoretic tools. Let us start
by recalling the following definition.

DEFINITION 4.7. — If f is an entire function, we define the order of growth of f

as
1 1,1
lim sup sup og(max(1, log |f(2)|))
r—=400 |z|=r 10g7“

Let us now relate the notion of order of growth with the number of resonances for
Koopman operators.

LEMMA 4.8. — Let (F,w) € Anos”(M) x C*(M). Then the order of growth of
2+ dp,(€?) is less than or equal to d + 1 with equality if and only if

10g N,
(4.9) lim sup 28 NVEe () _
r—o0  log|logr|
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Proof. — That the order of growth of z — dp,(e?) is less than d + 1 follows from
Theorem 1.4. It follows from Jensen’s formula (as in the proof of Lemma 2.9) that
if the order of growth of z — dp,,(e?) is strictly less than d + 1 then (4.2) does not
hold. Reciprocally, assume that (4.2) does not hold and choose a real number 7 such

that
. log Ng.,(7)
limsup —————=
r—0  log|logr|
Notice then that Ng,(r) < |logr|” for r large enough. Let then (\,),en be the
sequence of Ruelle resonances of Lp,, (ordered so that the modulus is decreasing).
It follows from Theorem 1.4 that dp, has genus zero, and thus for z € C we have

T <d.

“+00

drw(z) = [T (1 = 2zA).

n=0
Thus, we have for z € C large and r small enough:

+00
log |dru(2)] < C D~ log(1 + [2][An)

n=0

< CNpw(r)log(L+1z]) + 12 D |l

n>NF,w(r)
< Cllogr|" log(1 + |2|) + |z|/0 Npa(t)dt
< C|logr| log(1 + |2]) + yzy/ | log ¢[7dt,
0

where the constant C' may change from one line to another. Here, we used Fubini’s
theorem to get

> al= /1[0M t)dt = / > 1[0|A|1()d

n>NF,w(7") n>NFw n>NFw
/Zl[om £t = /NFw £)dt.
n=0

Noticing that
T +o0
/ |log t|"dt = / e r"dx ~ r|logr|”
0 | log 7| r—0
and taking r = |z|7, we find that for large z € C we have
log [drw(2)] < C'log(1 +[2])"*7,
for some new constant C'. It follows that the order of growth of the function z —

dpw(€?) is of order at most 7+ 1 < d + 1. O

The following technical lemma will be fundamental in order to understand how

the asymptotic of the number of resonances varies along a real-analytic curve in
Anos® (M) x C¥(M)

LEMMA 4.9. — Let I be an interval in R and ¢ : I — Anos”(M) x C¥(M) be
a real-analytic curve. There is a complex neighbourhood Z of I and a holomorphic
function D : Z x C — C such that the following holds:

(i) for every t € I and every z € C, we have D(t,z) = d.u(€7);
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(ii) for every t € Z, the order of growth of the entire function z — D(t, z) is less
than d + 1.

Proof. — Let us write c(t) = (Fy, w;) for t € I. Thanks to the unique continuation
principle, we only need to construct D locally in ¢t. Let ¢y € I. From the real-
analytic implicit function theorem, we know that there is a real-analytic function
(t,x) — Xi(z), from a neighbourhood of {tx} x M in R x M to TM, such that for
every t € I near tg and x € M, we have X;(Fy,(z)) € Tk, ()M and

CXPFy, (x) (Xe(Fiy(2))) = Fi(x).

Notice that when ¢ is fixed, X; defines a real-analytic vector field on M. Using that
the map (¢, x) — X;(x) has a holomorphic extension to a complex neighbourhood of
{to} x M, we find that there is € € (0, ¢y) such that ¢ — X} is a real-analytic curve
taking values in the Banach space V,. Similarly, up to making e smaller, we find that
t — w, is a real-analytic curve from I to O..

Apply then Theorem 3.1, for that value of € and with F' = F},, to get 6 > 0 and
‘H satisfying the conclusion of the theorem. Since X;, = 0, we find that for ¢ in
a complex neighbourhood U of t;, we have X; € B.s and [} = Ux, o F;. Up to
making U smaller, we can assume that the map ¢ — wy, originally defined from 7
to O, extends holomorphically as a map from U to O.. Using the notation from
Theorem 3.1, we define for t € U and z € C:

D(t,z) = det (I - GZZ\I/XtOthwt) :

If ¢ is real, it follows from Proposition 4.3, that D(t,z) = dp, (7). It follows
from (iii) in Theorem 3.1 that D is holomorphic. Finally, we get from point (ii) in
Theorem 3.1 and Lemma 2.9 that for every ¢t € U the order of growth of the entire
function z — D(t, z) is less than d + 1. O

Before understanding how the number of resonances varies on Q, we start by
studying the particular case of a real-analytic curve. This is where potential theoretic
tools are used.

LEMMA 4.10. — Let I be an interval in R and ¢ : I — Anos”(M) x C¥(M) be a
real-analytic curve. Assume that there is a t € I such that
log Nc(t) (7“)

4.3 li — = =
(4.3) qunfélp log | log 7|

Then the set of t € I such that (4.3) does not hold has Hausdorff dimension zero.

Proof. — Let D be the holomorphic function from Lemma 4.9. We may assume
that Z is connected. We follow then the lines of the argument in [BN19, p. 309].
For t € Z, we let p(t) denotes the order of growth of the entire function z —
D(t, z). Let U be a connected, relatively compact subset of Z that contains I. Then,
according to [LG86, Proposition 1.40] applied to the plurisubharmonic function
(t,z) — max(1,log |D(t, z)|), there is a sequence (¢, )nen of subharmonic functions
bounded above on U such that for every ¢t € U we have

1 1
lim sup 1 (t)

= - —= <0
koo d+1  p(t)
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By assumption and Lemma 4.8, there is a t € [ such that p(t) = d + 1 and for such
at,
lim sup ¢, (t) = 0.
k—400
Hence, according to [LG86, Proposition 1.39], the set of ¢ € U such that p(t) < d+1is
polar. It is also a Borel set (since p is measurable), and thus has Hausdorff dimension 0
(see for instance [HK76, Theorems 5.10 and 5.13]), and so does the intersection with 1.
However, according to Lemma 4.8, a point ¢ € [ is such that (4.3) holds if and only
if p(t) =d+ 1. O
With Lemma 4.10, we have all the tools to prove Theorem 1.5.
Proof of Theorem 4.5. — Let us write C for the set of x € Q such that

_ log N, (r)
limsup ———= =
r—0  log |logr|

We let B be the set of x € Q such that there is a sequence (x,,),en of elements of C
that converges to x in the real-analytic topology. We want to prove that B = O.

Let € Q be in the adherence of C for the C* topology. By assumption, there is
a neighbourhood U of z € Q such that for every y, 2 € U there is a real-analytic
curve in @ that joins y and z. Since x is in the adherence of C, there is an element
y € CNU. Now, if z € U, there is a real-analytic curve that joins y and z and it
follows from Lemma 4.10 that z actually belongs to B. Thus, the neighbourhood U
of x is included in B, and thus in the adherence of C.

It follows that the adherence of C is open. Since C is not empty and Q is connected,
we get that Q is the adherence of C. Moreover, we showed that the adherence of C
coincides with B, so that B = Q. O

4.3. Proof of Theorem 1.9

In this section, we specify to the case M = T?, and deduce Theorem 1.9 from
Theorem 1.5. We will rely on the examples given in [SBJ22]. For certain Anosov
diffeomorphisms F' of T?, the authors of [SBJ22] construct a space H, on which
L1 (denoted there by Cr) is trace class and has an explicit spectrum. They men-
tion [SBJ22, Remark 1.4] that the Fredholm determinant of Lr; acting on H,
coincides with its dynamical determinant defined by (1.2). From Theorem 1.2, it
follows that the spectrum of £r; on H, coincides with its Ruelle spectrum. This
fact will be crucial in the proof of Theorem 1.9, and since its proof is not detailed
in [SBJ22], we explain here why it holds.

LEMMA 4.11. — If F is one of the C* Anosov diffeomorphisms of T? given
in [SBJ22, Theorem 1.3(i)] then, the spectrum of L, on the space H, from [SBJ22,
Theorem 1.3] is the Ruelle spectrum of L.

Proof. — Using the notation from [SBJ22], we recall that (e,),cz2 denotes the
family of trigonometric monomials on T2. Then, for every n € Z2, the function
en belongs to H,. We let g, denote e,/ [|e,| ;.- Then, (¢,)nezz is an orthonormal
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basis of H, (see the remark after Definition 2.2 in [SBJ22]). Moreover, it is proven
in [SBJ22] that L, is trace class on H,.
Hence, for every k € N* we have

tr(Lhy) = > (Lh10n n)m,

nezZ?

The trace here is the trace of L}, as an operator on H,. Moreover, it follows
from [SBJ22, Remark 4.7] that for k € N* and n € Z?

<£]13,1Qn7Qn>HV = <‘C’l€:',1€n7€n>L2 _ /T2 627;7m.(pk(z)_z)d$'

For k € N*, let g; be the map from T? to itself defined by gi(z) = F¥(x) — .

The map F is of the form given by [SBJ22, (19)]. Let k£ € N*. From the com-
putation of DF* that is made in [SBJ22, Proposition 5.5], we find that, for every
x € T2, the number 1 is not an eigenvalue of D, F* (where we identify D,F with an
endomorphism of R? using the usual parallelization of T?). Indeed, D, F"* is, up to
sign, a product of matrices of the form

o

with a > 0. Consequently, (D, F*)* is of the form I + A, where A is a matrix with
positive coefficients. It follows from Perron—Frobenius theorem that (D,F)* has an
eigenvector with positive coefficients, and it must consequently corresponds to an
eigenvalue greater than 1. Since the determinant of (D, F)?* is 1, its other eigenvalue
is in (0,1). It implies that 1 is not an eigenvalue of (D, F)%.

Consequently, for k& € N*, the map g, is a local diffeomorphism, and thus by
changing variable we find that for n € Z? we have

, 1
k _ 2imn-x
<£F,1en7 €n>L2 o /H*Q ¢ Z |det (I - l)yﬁwﬂdaj

Fhy—y=x

We recognize here a Fourier coefficient of a smooth function and it follows from the
Fourier inversion formula that

1
tr (Ck,) = Lyienen) , = '
r( F,1> n§2< F16n, € >L2 q%;Q |det (I — D, F*)]
Fkgp=g

Consequently, the Fredholm determinant of L, acting on H, coincides with the
dynamical determinant (1.2), and it follows from Theorem 1.2 that the spectrum of
L, on H, is its Ruelle spectrum. OJ

Now that this precision has been made, we can write the proof of Theorem 1.9.

Proof of Theorem 1.9. — Let F' be a real-analytic diffeomorphism of the torus
and let W denote the connected component of W in Anos®(T?). According to Theo-
rem 1.5, we only need to prove that W contains an element G such that

log N,
(4.4) lim sup 98 Yealr) (r) =
r—0  log|logr|
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Using the standard identification of the fundamental group of T? with Z2, we let
A € SL(2,Z) be the matrix giving the action of F' on the fundamental group
of Z%. By a result of Manning [Man74], the matrix A is hyperbolic (it has no
eigenvalues of modulus 1). According to [SBJ22, Theorem 1.3(i)], there is a C¥
Anosov diffeomorphism G on M whose action on the fundamental group is given by
A and such that (4.4) holds. Here, we use Lemma 4.11 to identify the eigenvalues
from [SBJ22] with the Ruelle resonances.

It follows from results of Franks and Manning [Fra69, Man74], that F' and G are
topologically conjugate to the action of A on T? via a homeomorphism homotopic
to the identity. Then, [FG14, Theorem 1] implies that G belongs to W. This refer-
ence only gives a path of C* diffeomorphisms joining F' and GG. However, one can
then deduce the existence of a path of C* diffeomorphisms joining F' and G by a
mollification argument. U

Appendix A. Kernel estimates

In this appendix, we gather several technical estimates that are used at different
places of the paper.

Proof of Proposition 2.3. — The proof is based on an application of the holomor-
phic non-stationary phase method. However, there is a subtlety in the proof that
forbids to apply directly the versions of this argument in the literature we are aware
of.

Let K7 denotes the kernel of the FBI transform 7 on T¢, and let a and ®7 be the
associated symbol and phase, from (2.5). By definition if (z,¢) € T*T¢ and k € Z¢
then

(A1) Ter(w,€) = [ Kr(w, & y)e™rdy.

The estimate (2.9) then follows by using a straightforward L* bound on KCr.
Let now ¢ > 0 and assume that |£ — 27k| > ¢(£). Choose some small number s > 0.
Since the integrand in (A.1) is holomorphic, we may shift contour and replace the

integral on T¢ by an integral over T¢ + iséﬂ:j After a change of variable, it yields
= . 21k — ¢ Yimhky  —s2mk- 2xh_E
(AQ) Tek(x7£) _/]I‘d KT <$a£>y+7/$|2ﬂ_k_£‘> e e [27k €\dy.

The result will follow by bounding pointwise the integrand in this new integral. Let
r > 0 be small. If the distance between y and z is larger than r, and s is small
enough (depending on r), it follows from (2.4) that we have

2k —
‘KT (I,f,y +ZS|2;]€_§|>‘ < CeXP <_<§C’>> )
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where the constant C' > 0 depends on 7. Consequently, the integrand in (A.2) is less
than

Cexp <_<€> B S27Tk27rk_§> < Cexp <—<€> — s|2mk — ] — s¢ - m_f)

C 21k — €| C 2nk — €|
< Cexp —@—27rsi|k|+s|§|
C c+1
() ¢
< NS
\Cexp< 50 27rsc+1]k| :

where in the last line we assumed that s < % Let us now consider the case of y and
x at distance less than r. We want to get a similar bound on the integrand in (A.2).
To do so, we only need to bound

, 2wkt . 21k — ¢ < sk 2Tk=E
A3 T (@ ey ris =g ) o [ 4is—— 2| 2R Y TR g

Indeed, the error term in (2.5) may be dealt with as in the previous case (z away
from y). Let us estimate the phase in (A.3) using Taylor’s formula

Lk —
o7 (x,ﬁ,y + ZSM)
= Or(2,&,y) + isd, Pr(z, & )-MJro(s?(g))
= 7T, G, Y y T\, G, Y |27T]€—£|
= Br(r.€.0) +isd, Py (e, 6.3) - TG+ O (s(s 4 1)(6).
Tk — ¢

Here, we used Cauchy’s formula and (2.6) to bound the second derivative of ®.
Consequently, we have for some C' > 0:

2k — & 2k — &
2k —§|> > kg

It follows that (A.3) is less than
C(€)* exp (—s 2k — €] + Cs(s +7)(€)

< C{e)F exp (" max((k], [¢]) + Cs(s +7)(6)).

Im &7 (x,ﬁ,y%—is — Cs(s+1)(§).

+1
The result then follows by taking s and r small enough. 0
Remark A.1. — The following proof establishes estimates on kernel of operators

of the form T LS where T and S are a real-analytic FBI transform on M and its
adjoint, as defined in § 2.4, and £ is an operator that maps real-analytic functions
on M to smooth functions (we could deal with more general operators, but this is
the only case that will appear here). Let us detail what we mean by this.

Pick €¢; > 0 small enough so that for every a € T*M the function z — Kg(z,a) is
in O, where Kg is the kernel of S. Assume that £ is a bounded operator from O,
to C®°(M), for o, f € T*M, we define formally the kernel T£S(«, 5) of TLS as
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TeS(a,B) = [ Krla,y)L(Ks (-, 8)(y)dy.

We use here the common practice to identify an operator with its kernel.

Such a kernel is interesting for the following reason. If € € (0, ¢y) and ¢€; is small
enough, then one may use Proposition 2.1 and [GBJ20, Lemma 2.5] to find that,
for every u € O, and o € T*M, the function on M x T*M given by (y,[) —
Kr(a,y)L(Ks(-, 8))(y)Tu(p) is integrable on M xT* M. It follows then from Fubini’s
theorem that
(A.4) TLu(a) = s TLS(a, B)Tu(B)dps.

In particular, the integrand is integrable (one can even check that it decays expo-
nentially fast). We will use such formulae to get estimates on T'€u from estimates
on Tu and on the kernel of T£S.

In Proposition 2.4, we have £ = Ly, or. When X is tangent to M, this is just the
composition of a multiplication and a composition operator, but this is in general
more complicated as ¥y may not leave M invariant. In Lemma A.2 below, we study
what happens when £ is the composition of a multiplication and a composition
operator, but we allow there to multiply by a function which is only C'* (rather
than analytic) at some places.

Proof of Proposition 2.4. — Let us write the kernel of 7Ly opS as

(A5)  TLugoruS(a8) = [ Kr(ayhu(y)Ks(Px o F(y). B)dy

for a, 5 € T*M. We start by proving (2.10). By direct inspection of the kernel Kg
of S, we see that there is ¢ > 0 such that for every y € (M) and § € T*M we have

c(B)

|Ks(y,8)] < Cexp <2> :

By taking 6 > 0 small enough, we may ensure that for every X € B, ; the map Uy
sends M into (M).. Using a crude estimate to bound the kernel of 7', we find that

T Ly orwS(a, B)]

< Ol @) exw (%)) < €l e el + )

Let us now prove (2.11). We assume that the distance between (o, ) and G is
larger than c. Let s > 0 be very small and assume first that the distance between
a, and F~14, is larger than s/2. Let us split the integral in (A.5) as

(AG) TE\IJXOF,wS(a7 5)

o o
</D(o¢z,s/100) D(F~18,,5/100) M\(D(az,s/lOO)UD(F—l,BI,s/mO))>
Kr(a,y)w(y)Ks(Yx o F(y), B)dy,

where D(x,r) denotes the ball of center x and radius r. From the second point (2.4)
in the definition of a real-analytic FBI transform, we see that if X € B, s with ¢
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small enough, then the third integral in (A.6) decays exponentially fast with o and
B (because if F(y) is away from [, and 0 is small enough then ¥y o F'(y) will also
be away from [, and it will also be close to M).

Let us now deal with the second integral in (A.6) (the first one is dealt with
similarly taking F' to be the identity and X to be zero). From the definition of a
real-analytic FBI transform, we see that for y on a small complex neighbourhood of
D(F~'8,,5/100), the kernel K7(c,y) is an O (exp (—{(|a])/C)) and Kg(¥x o F(y),3)
is given by e!®s(UxFWAp(Wy o F(y),3) up to a O (exp(—{|3|)/C)). Here, the

)
phase ®g is given by ®g(y,3) = —®p(5,%) and the symbol b(y, 5) is given by
(

b(y, B) = a(f,y). Hence, up to a negligible term, the second integral in (A.6) is given
by

(A.?) ' ®s(F(y).5) hmg(y)dy,

/D(F—lﬁz,s/l()o)
where
o) = WL © F(y), 8)Kp(a,y)e Psxer 0205000,

Notice that the function h, g has a holomorphic extension to a small complex neigh-
bourhood of D(f,,s/100), and that this extension is bounded by

C ]

0. exp (=7{a) +v(8)),

where the constant v > 0 can be made arbitrarily small by taking ¢ small enough.
Notice also that the phase in (A.7) is non-stationary when f; is large:

dy (q)S(F(y))B))w:F—lﬁz — tDFflﬁxF . Bg

Consequently, if s is small enough, then the norm of d, (®s(F(y), 8)) will be larger
than C~1(B) for every y € D(F~1f,,5/100). We can then use the holomorphic
non-stationary phase [GBJ20, Proposition 1.1] method with phase ®s(F(y), 3)/(5)
and large parameter () (notice that the phase is positive on the boundary of
D(F~'3,,5/100) as a consequence of (2.7)) to get that (A.7) is bounded by

Clwllo, exp (=v{e) +7(B) = 7(5)),

for some 7 that does not depend on 7. Taking 6 > 0 small enough, we get v < 7,
and we find that the second integral in (A.6) is exponentially small in (o) and (5).

Let us now deal with the case of o and [ such that the distance between o, and
F~13, is less than s. We can consequently work in coordinates, and in these coordi-
nates the distance between o and *Dp-15 F - B¢ is much larger than s ((a) + (53))
when s is much smaller than ¢. As above, we can write the integral (A.5), up to a
negligible term, as

i(®r(ay)+Ps(F(y),8))
e he d
~/D(ax,1005) P (y)dy

where
has(y) = ala, y)w(y)b(Vx o F(y), B)e®s(FxeFu)A-esEw)5)
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As above, we see that h, s as a holomorphic extension to a complex neighbourhood
of D(ay, s/100), and that this extension is bounded by

Cla)t [Jwlly, exp (v(B)),

where 7 > 0 can be made arbitrarily small by taking § > 0 small enough. Provided
s is small enough, the phase y — Pr(a,y) + Ps(F(y),5) is non-stationary on
D(a,,100s) as

dy (Pr(a,y) + @s(F(y). ) = —ag + 'Dp-15,F - B + O (s ({a) + (8)))

and the distance between a¢ and "Dp-15 F - ¢ is much larger than s ((a) + (3)).
The result then follows from the holomorphic non-stationary phase method using a
rescaling argument as in the previous case. 0

We state now a result that allows to deal both with change of variables and
multiplication by C* (a priori not analytic) functions when working with FBI
transforms.

LEMMA A.2. — Let My and Mj be closed real-analytic manifolds endowed with
real-analytic FBI transform Ty, T, with adjoint Si,S,. Let Uy, Us be open subsets
respectively of My and My and k : Uy — U, be a real-analytic diffeomorphism. Let
0 be a C'* function on M, supported in U;. Let W be a closed subset of M, such
that 0 is real-analytic on a neighbourhood of W. Then, for every ¢, N > 0, there
is a constant C' > 0 such that for every a € T*M; and § € T*M, such that the
Kohn-Nirenberg distance between 'Drx ' and 3 is more than c¢ then the kernel of
T10k* Sy satisfies

o ifa, € W and §, € k(W) then

IT30x* Sa(0, B)| < C exp (—@

Q|+
=
~

e if a, € W then
|T10Kk" S (v, B)| < Cexp <— (oz)) (B,

o if B, € k(W) then

T 0K* Sy (ar, B)| < Cla) ™ exp <—<g>> :

e in general
IT0k" S, B)] < C () + (8) ™.

Remark A.3. — The kernel of the operator T10x*S, in Lemma A.2 does not fit
exactly in the framework from Remark A.1 as T} and Sy are associated to different
manifolds. However, the kernel is defined similarly as

116" So(er, ) = [ Ky (00,9)0(y) Ko, (5(w). £)dy,

for « € T*M; and 8 € T*M,. One can adapt (A.4) similarly.
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Proof of Lemma A.2. — In the first case, one may write
T Sale ) = [ Ko, 9)0(y) K, (k9. ) dy
= || Kn(0.)0(y)Ks, sy, )y

+ Ml\vKTl(oz,y)G(y)K&(Hy,ﬁ)dy,
where V' is a neighbourhood of W on which 6 is analytic. The integral on V' may
be dealt as in the proof of Proposition 2.4 (this is actually slightly simpler since
there is no Wy involved). The second integral is negligible since both kernels are
exponentially small on M; \ V' when «a, and 3, are in W.

Let us now consider the second case. We only need to deal with the case in which
the distance between £~!3, and W (and thus «) is more than some small constant
s > 0 (since otherwise the first case would apply). As in the proof of Proposition 2.4,
we split the integral defining the kernel of T10x*S5 into three:

(A.8) T10kSs(a, B) = ( / + / + / )
D(az,s/100) D(k~1B4,5/100) M\(D(ag,s/100)UD(k~18,,5/100))
KTl(a7y)e(y)KSb(H(y)’B)dy

The first and the last integrals may be dealt with as in the proof of Proposition 2.4,
and thus they are actually exponentially decaying with oo and 3. In the last integrals,
both kernels K7, and Kg, are exponentially small, and in the first integral the inte-
grand is analytic, so that it can be dealt with using the holomorphic non-stationary
phase method as for the first and second integral in (A.6) in the proof of Proposi-
tion 2.4. Up to an exponentially decaying term, the second integral in (A.8) is given
by

(A.9) 52 5WB) by (k(y), B)0(y) Kz, (e, y) dy.

:ha,ﬁ(y)

/D(nlﬂx,s/loo)

Here the indices 1 and 2 are used to denote objects associated respectively to the
manifolds M; and M. Since the imaginary part of ®g,(k(y), 5) is positive when y
is away from x~'f3,, we may multiply h, s by a C* bump function and assume that
ha. s is compactly supported in the interior of D(k™'3,,s/100). Using that K7, is
negligible away from the diagonal, we see that there are constants v, L > 0 such
that, for every k € N, there is a constant C' > 0 such that the C* norm of h, g is
less than

C(B)" exp (—v(a)).

As in the proof of Proposition 2.4, when (3 is large the phase y — ®g,(k(y), 5) is non-
stationary, and we can consequently use the C' non-stationary phase method [Hor03,
Theorem 7.7.1] to find, using the C* bound on h, g, that the integral (A.9) is a

O ((@‘N exp (—’y(a})) for every N > 0.

The third case is similar to the second, with the roles of o and [ swapped.
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The fourth case follows the lines of the proof of Proposition 2.4 in the case X = 0,
with the application of the holomorphic non-stationary phase method replaced by
an application of the C'™° non-stationary phase method [Hoér03, Theorem 7.7.1]. O

Remark A.4. — Taking M; = My = M, k the identity and # identically equal to
1 in Lemma A.2, we retrieve a consequence of [GBJ20, Lemma 2.9]: the kernel of
the operator T'S is exponentially small away from the diagonal (we are always in
the first case in Lemma A.2).

Remark A.5. — 1In the proof of Proposition 3.6 below, we are going to make
extensive use of the following fact: if K is a measurable function on T*M x T*M
such that

a0 809 - 0 o (- 222)

for some C' > 0, then the function
(All) Y= Ks(y,@)ﬁ(@,ﬁ>KT(ﬁ,y)d@d5
T*MxT*M

is real-analytic on M (see for instance [GBJ20, Lemmas 2.5 and 2.6]). Here, K7 and
K¢ are the kernels of 7" and S from §2.4. In terms of operators, the function (A.11)
is the kernel of the operator SRT', where we identify K with the operator on T*M
with kernel K.

In the proof of Proposition 3.6, we are going to combine this observation with
Remark A.1.

Proof of Proposition 3.6. — It follows from Lemmas 3.4 and 3.5 that if u is C*

then the sum
Z <u7 62)>L2 é?c}

weN
kezd

converges in C*. For w € Q and k € Z%, we have, since A,, and B,, are self-adjoint
and k., has Jacobian 1:

(u,ef) 2 = <Bw9w (/4;;1)* A, ek>L2 )

For w € , since B,0,,(k;')*A,u is C¥ (it follows from Propositions 2.1 and 2.2 and
Lemma A.2), we can write it as the sum of its Fourier series

B0, (/@;1>* Asu= Y (u,ef);2 ey

kezd

Since the operator le(/iw)*ﬁwa is bounded on C% (this is also a consequence of
Propositions 2.1 and 2.2 and Lemma A.2), we get

Au(5) 0BuBub (k31) Au=3 (u,ef) 2 &5
kezd
Since (Xw)weq is a partition of unity and S(Tu) = u, we have
u=3" ()2 + > (Aw— Au(k0) 0u BBt (K5") Au)u.

weN weN
kez?

=Ku
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Thus, we only need to prove that for w € €2 the operator
(A.12) Ay — Ay(h) 0. BuBub (55") A,

has a real-analytic kernel.
We start by proving that the operator

Au(r,)"0u(I = Bu)Bubo (55')" A

(A.13) .
= S%wT(HwyewS(l - pw)TSprew (lﬁ;l) SXUJT

has a real-analytic kernel. Recall that 6§, = 1 on a neighbourhood of the sup-
ports of p, and x,, o k!. Consequently, it follows from Lemma A.2 that the kernel
P T 0,51 Sxw(a, B) of p, T, (k;')*Sx,, is exponentially small (it satisfies (A.10))
when « is away from ‘Dx'3. Similarly, see Remark A.4, the kernel of TS is ex-
ponentially small away from the diagonal of T*T¢ x T*T?. Writing the kernel of
TSp,TO,(k;1)*Sx., as

TSpuTb (55') Sxule,8) = [ TS, M)puTba (55') Sxw(r, B)dv,
T+Td

we find that TS8p,T 0., (k;')*Sxw(a, B) is exponentially small when « is away from

tDr;. Since p, = 1 on a neighbourhood of the support of x,, o k!, we find that

the kernel of /T — p,TSp,T0.(k,;')*Sx. is exponentially small (it satisfies (A.10)

everywhere). We study now the kernel of x,7(k,)*0,Sv/1 — p,. Since 6, = 1 on

a neighbourhood of the support of ¥, o k!, we can apply the second point in

w )

Lemma A.2 to bound the kernel of x,,7(k,)*0,Sv/1 — p,,. Using in addition that p, =
1 on a neighbourhood of the support of Y, o k!, we find that for every N > 0 there

is a C' > 0 such that the kernel x,T(k,)*0,S/1 — po(a, B) of XoT (kw)*0uSVI — pu
is bounded by the quantity Cexp(—(a)/C){8)~. Writing

T (5) 0,81 = p) TSP, T (K5') Sxwla, B)
= [ RT (5 0.8V T = pu(a VI = p TSP T (151) Sx0(7, B)do

and using the bound we just proved, we find that the kernel x,7'(k,)*0.,S(1 —
P0) TSP, T, (k1) *Sxw(a, B) is exponentially small. It follows then from Remark A.5
that the operator (A.13) is analytic.

We prove now that the operator

(A1) Au(rn) 0.1 — Bu)0 (r5') Al
= SXuT (k) 0,81 — p,)THO, (m;1>* SxwT

has a real-analytic kernel. As we proved above that, for every N > 0 thereisa C' > 0
such that the kernel X, T (k,,)*0,Sv/T — pu(c, 8) is bounded by C exp(—{a)/C){B)~Y,

we find that the kernel /T — p, 70, (k;1)*Sxw(a, B) is a O({a)™ exp(—{(B)/C)).
Writing
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T () S = pu) TO, (55") " Sxu(ar, B)
= [ KT ) ST = Pl VT = T8 (521) Skl B)d,

we find that the kernel of X, T (k,,)*0,S(1 — pu)T 0. (k;)*Sx., is exponentially small.
It follows then from Remark A.5 that (A.14) has a real-analytic kernel.
We keep going and prove that the operator

(A.15) AuAy = Au(50) 0,0, (55") Aw = SXLT (1 02 0 k) SxuT
has a real-analytic kernel. To do so, we write for o, § € T*M

(A16) XuT (1= 620 k,) Sxw

= [ XeleanalBe) (1 = 02(ku0)) Krlo,y)Ks(y, B)dy.

Since 6, o Kk, = 1 on a neighbourhood of the supports of x,, and y,,, and the kernels
Kr(a,y) and Kg(y, 5) are exponentially small when y is away respectively from a,
and f3,, we find that the integral in (A.16) satisfies the estimate (A.10). It follows
then from Remark A.5 that the operator (A.15) has a real-analytic kernel.

Finally, we prove that the operator

(A.17) Ay — AyA, = S(1 — X,)TSx,T

has a real-analytic kernel. Since Y, = 1 on the support of y,, it follows from
Remark A.4 that the kernel of (1—%,,)7'Sx., is exponentially small (it satisfies (A.10)),
and thus the operator (A.17) has a real-analytic kernel according to Remark A.5.
Summing the operators (A.13), (A.14), (A.15) and (A.17), we retrieve the opera-
tor (A.12), which consequently has a real-analytic kernel. O

Appendix B. Gevrey case
B.1. Main results

Let us explain how the analysis above can be applied in the Gevrey case. Let
o > 1. We recall that a C* function f from an open subset of R¢ to C is o-Gevrey
if for every compact subset K of U, there are constants C', R > 0 such that for every
a € N? and z € K, we have

0% f(z)| < CRIlae.

Notice that 1-Gevrey functions are exactly real-analytic functions. When o > 1
however, there are o-Gevrey compactly supported functions.

From now on, we assume that ¢ > 1. We say that a function valued in R™ is
o-Gevrey if its components are. With this definition, o-Gevrey mappings are stable
under composition [Gev18]. We can then define a o-Gevrey manifold: we just modify
the usual definition of C*° or C* manifold by asking for o-Gevrey (instead of C* or
C%) change of charts in the atlas defining the o-Gevrey structure. Since there is a
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o-Gevrey version of the implicit function theorem (see for instance [Kom79]), most
of the basic differential geometry carries to the o-Gevrey setting. Notice that a C¥
manifold has a natural structure of o-Gevrey manifold, since real-analytic functions
are o-Gevrey. Reciprocally, if M is a compact o-Gevrey manifold, one can endow M
with a structure of C* manifold that is coherent with its o-Gevrey structure. We
say that a function on a o-Gevrey manifold, or a map between o-Gevrey manifolds,
is o-Gevrey if it is o-Gevrey in 0-Gevrey coordinates.
The Gevrey analogue of Theorem 1.4 is then:

THEOREM B.1. — Let o > 1. Let M be a closed o-Gevrey manifold and F' : M —
M be a o-Gevrey Anosov diffeomorphism. If w : M — C is a o-Gevrey function,
then there is a constant C' > 0 such that for every z € C, we have

|dpw(z)| < Cexp (C (log(1 + |Z|))0d+1) ‘
As a corollary, we have

COROLLARY B.2. — Under the assumption of Theorem B.1, the number N, (1)
of Ruelle resonances of L,, of modulus more than r satisty the asymptotic bound

Npw(r) =, O (|log r|ad) :

Remark B.3. — Notice that Theorem B.1 and Corollary B.2 are quantitative
improvements over the bounds given in [Jéz20, Theorem 2.12].

Theorem B.1 will follow from a Gevrey analogue of Theorem 3.1 (Theorem B.4
below). To state this result, we will need to define the Gevrey analogue of the spaces
O.. To do so, let ¢ > 1 and M be a closed o-Gevrey manifold of dimension d, and
cover M by a finite family (K)xea of compact subsets such that for every A € A,
the set K, is contained in the domain O, of a o-Gevrey chart ¥, : Oy — O,. If
f: M — CisaC* function and € > 0, we define the norm

laf | Ha oL
If]l,.. = sup sup sup - ’3 (foun )(m)\

AeA z€K) acNd alo

We let then G7 be the space of C*° functions f on M such that || f[[,, < oo. One
easily checks that G7 is a Banach space. As in the real-analytic case the space O,
depends on the choice of a real-analytic metric on M, the space G7 depends on the
particular choice of charts (1))aea, but the union .o G? is the space of o-Gevrey
functions on M, and thus does not depend on our particular choices.

We can now state the Gevrey analogue of Theorem 3.1.

THEOREM B.4. — Let 0 > 1. Let M be a closed o-Gevrey manifold. Let F' be
a o-Gevrey diffeomorphism on M. Let € > 0. There is a separable Hilbert space H
with the following properties:

(i) there are continuous injections with dense images ¢ and j from G respectively
to H and to H*;

(ii) for every w € G?, there is a compact operator Ep,w from H to itself of
exponential class of type 1/(od);
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(iii) the map w — ERw is a bounded linear operator from G? to the space of trace
class operators on H,;
(iv) for every w € GZ,n € N and u,v € G7, we have

J(u) (~’Z}’wb(v)) = /M u ( }ﬂuv) dz.

Proof of Theorem B.1 and Corollary B.2. — Using the point (iv) from Theorem B.4
as in the proof of Proposition 4.3, one gets that

dpw(z) = det(] — zfgw),

and the results then follow from Lemma 2.9. ]

The proof of Theorem B.4 follows roughly the same lines as the proof of The-
orem 3.1, so that we will only outline the main differences. The proof is actually
simpler due to the existence of compactly supported Gevrey functions. For the rest
of this section, let us fix 0 > 1, a closed o-Gevrey manifold M and F' be a o-Gevrey
Anosov diffeomorphism on M.

B.2. Construction of the space

As in the real-analytic case, our construction starts with the choice of an escape
function. In order to take into account our Gevrey parameter, we replace (2.1) by

Gla,€) = |&]7 — |67 -

The crucial estimate in that case is that there are constants @ > 0 and C such that
if a, B,y € T*M are large enough and such that dgy(«, 5) < w and dgn(FB,7) <
w, then

G(y) = Gla) < —C|B)7 .

We follow the exposition from § 3. We let the (U, )weq, (Fw)weas (Xw)wen and (Xuw)w
be as in § 3. The only difference is that we require that the x,’s, the y,’s and
the Y. ’s are o-Gevrey (instead of real-analytic or C'*°). In that case, we can give a
simpler definition of the e4’s and the é¢’s. For w € Q and k € Z¢, we define

e = Xw(kw)er and € = Xu(Ky) e

This simpler definition is made possible by the existence of o-Gevrey bump functions.
It would be possible to state an analogue of Lemma 3.3, but we will not need it.
The analogues of Lemmas 3.4 and 3.5 in this context are:

LEMMA B.5. — Let p > 0. Then there are C,e > 0 such that for every w € ()
and k € 7 we have

F 1
ezl < Ce!”  and 121, < ClePlkl
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Proof. — Let us start by estimating the derivatives of the functions e;’s defined
on the torus T If k € Z¢ and o € N%, then we have

0 (k)| el (opeyial
= K4
alo al?
_ Cnlk
ale

Using Stirling’s formula to estimate !, we find constants C' and A that does not
depend on k nor « such that

o (o) el _ Atk 9

ale ‘ala\od

N

Then, we notice that for every a > 0 we have

ox

sup a*z~ 7" = exp (aaé/e) ,

xeRi

and thus
eled

‘aa (62i7rkm)

ale

< Coxp ((Arkl)> |
e

To end the proof, we only need to notice that such estimates are preserved by
multiplication by a Gevrey function and composition by a Gevrey mapping (up to
making C' larger and the € on the right hand side smaller). A proof of this fact may
be found for instance in the original paper of Gevrey [Gev18]. O

LEMMA B.6. — Let € > 0. Then there are constants C, p > 0 such that for every
w€ N keZand u € G° we have

z 1
(s ) el < Cllull, ™" and - [(u,&)12] < Clul,, e™H7.

Proof. — We will deal only with the case of e}’s. The €} are dealt with similarly.
Let us change variable and write

<u7 64]:;)>L2 = /Ed 6—2i7rk.m,u(x>dx7

where v = (x,u) o k' is a 0-Gevrey function. Integrating by parts, we find that for
every L € N, we have

(I o A)L <672’L’7’l’k-x)

) = d
(u,ex) /Td B +47T2\k\2)L v(z)dx
_ / —2imka (L= A)0(@)
— Ldz,
(T A k)
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where A denotes the standard (non-positive) Laplace operator on T?. It follows that,
for some constants C, R > 0 (that depend on ¢), we have

1
——————su
(14 472|k[2)" po

L
R
< Cull,, <> L.

[(u, ) 12] < (I —A)"

1+ 472?|k|?

].+4ﬂ'2|]€|2)
R

Taking L to be approximately ( % /e, we get the announced result. 0

The analogue of Proposition 3.6 is just the following direct consequence of Fourier
inversion formula.

ProprosITION B.7. — Ifu is a smooth function on M then
W= Y ()t
we kezd

We define the G,,’s and the norms ||| ’s by the same formulae as in § 3 (using our
new escape function). Using Lemma B.6, we immediately get the following analogue
of Lemma 3.7.

LEMMA B.8. — Let € > 0. There are constants C,~y > 0 such that for every
0 <7 <0 and every u € GZ we have [Jul, < C'[ul,

For v and € as in Lemma B.8, we let H, . denotes the completion of GZ for the
norm H, ., and we let ¢ : GZ — H., . be the inclusion. The analogue of Lemma 3.8 is
the following consequence of Lemma B.6.

LEMMA B.9. — Let e > 0. Then there are C, vy > 0 such that for every 0 < v < 7
if v € G? then the linear form
w = (u,v) e
extends to a continuous linear form [, on H... Moreover, the map j : v > l; is

C-linear and continuous from GZ to the dual of H..

We also have an analogue of Lemma 3.11: for € > 0 and v > 0, the norm of H,
is given by the expression (3.10), and as a consequence the Hilbert space H, . is
separable, and the map 7 has dense image.

With I' = Q x Z4, we define the relation < as in § 3, and we notice that there is
a constant C' > 0 such that if (w, k) — (@', k') and k is large enough then

Gul(k) < Gu (W) = Ck|7 .
The main point to prove Theorem B.4 is to get an analogue of Lemma 3.13.

LEMMA B.10. — Let € > 0. There are C,7 > 0 such that, if w € G?, for every
(w, k), (W' k") € T such that (w, k) 4 (W', k") we have

1
~w L w' —7 max(|k|,|k']) 7
(Lrudt.ed) | < Cllwl, e kHrD?
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Proof. — Changing variables, we may write

! 7 o' k! T
(B.1) (Crufi el) , = /T U O (),

where

h o () = w (/ﬂ&l (x)) Xw (F (/i;}.iﬁ)) Xw (/ﬁ&%)
and

(Pit;fl(x) =271k - K, 0 F ok} (z) —2nk - x.

Notice that the function Ay . is o-Gevrey, with Gevrey norm controlled by |lw]], ..
Consequently, h,, . has a o-Gevrey pseudo-analytic extension wa. This is a smooth
function on the complex neighbourhood C¢/Z% of T¢ that coincides with h,, ., on
T¢ and such that (‘556‘,76‘,/ vanishes at infinite order on T%. Moreover, since Dy 18
o-Gevrey, we may choose ?LMJ/ as a o-Gevrey function, with Gevrey norm controlled
by |lw|, .. It implies in particular that the moduli of the components of 57Lw7w/ at a
point z € C?/Z% are less than

(B.2) Clwll,, exp (~C Im2[~77),

where the constant C' may depend on o and € but not on w. Moreover, the sup norm
of hy,. is also controlled by |wl[, .. We can also assume that the support of R o i
contained in a small neighbourhood of the support of h,,,. Similarly, construct a
o-Gevrey pseudo-analytic extension @i:}f/ by choosing a o-Gevrey pseudo-analytic
extension for 0 F ok near the support of h,, .. One may refer to [GBJ20, §1.1.1.3]
for the details of this construction.

Let us now study the phase @i/}f,. For z € TY, the gradient of this phase is given
by the formula ’

Ve (@)
= 27' Dk} (z) (tDF (/i;,lx) ' Dk, (F (/{L%)) -k — "Dk (m;,lx) : k') .
This quantity is *Dk/'(z) applied to the difference of a point of a point in W, u

and a point in F(W,,x). Since these two points are in the same fiber of T*M, it
follows from our hypothesis (w, k) ¢ (@', k') that

(B:3) V| > 0 max((k]K]),

for some constant C' that does not depend on w,w’, k nor k’.
1-0

Let then § = 0(k, k') = max(|k|, |k’|) = , and shift contour in (B.1), replacing x

by @+ 6V, /| VD] We find that

!
(BA) (Lrgei, )
~ 1 7 . Y
ok (a:+z’6VCI>Z’)/,’f/ / ’Vcbj ik
o Ce , ,
']Td

)i (x +ioves) [ [ves D JEK Az R

Here, Jf;”;k,; is the Jacobian that appears when parametrizing the new domain of

integration by T¢, it is uniformly bounded. The remainder sz}ﬂk/ is an integral
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involving 5?Lw7w/ and géilky It follows from Taylor’s formula that the phase that

appears in Ri‘jﬁ,’f/ has a non-negative imaginary part, provided max(|k|, |k’|) is large
enough. Hence, it follows from the bound (B.2) that for some C' > 0, we have

(B2 | < Cllwllyexp (~C710777) = C flw], exp (=€~ max (KL [K])=)

To estimate the integral in (B.4), we start by noticing that, when max(|k|,|k’|) is
large (and thus ¢ is small), Taylor’s formula and (B.3) give that

Im 3 (:z: +iovel / \Vcbgj;f’\) > —C s max(|k], [¥))

= —C " max(|k], [K])7,

w’ k'

for some constant C' > 0. Here, we used the fact that the derivative of (f%;c at a

real point is C-linear. This estimate with the bound on R‘;j;f/ and (B.4) gives the
announced result. U

From this estimate, we get immediately the analogue of Lemma 3.15. Notice that,
since we do not consider complex perturbations of F', the analogue of (3.13) is the
straightforward bound [(Lp,,e%, e )| < [lw]| ..

LEMMA B.11. — Let € > 0. There are constants C, T,y > 0 such that if w € G
and 0 < v < v then for every (w, k) € I' we have

1
H‘C‘IJXOFMgI:H«, <C ”w”o6 o TRl T =G (k)

As in § 3, we use this bound to define the operator £ Fw by the formula
(B5) EFw = Z L (£F7wé1];)) X lef-

weN,keZ

It follows immediately from Lemmas 2.8 and B.11 that ENF,w is an operator in
the exponential class 1/(do). One can then check that these operators fulfill the
conclusions of Theorem B.4 (to prove the point iv, one may follow the lines of the
proof of Lemma 3.17).

B.3. Consequences

As we mentioned, Theorem B.4 implies Theorem B.1 and Corollary B.2. Let us
sketch the proof of another consequence of Theorem B.4. We consider a closed real-
analytic manifold M. Let us consider the space G'* of functions that are o-Gevrey
for every o > 1. Similarly, we say that a map F' : M — M is 1+-Gevrey if it is
o-Gevrey for every o > 1.

We endow G't with a structure of Fréchet space (in particular, this is a Baire
space) by endowing it with the semi-norms ||-||, . for o > 1 and € > 0. To do so, we
require that the charts used to define the norm ||-[|, are real-analytic rather than
Gevrey.

Thanks to this notion, we can state:
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THEOREM B.12. — Let M be a closed real-analytic manifold. Let F' : M — M
be a 14+-Gevrey Anosov diffeomorphism. Then the set of w € G'* such that

log Nr
(B.6) lim sup 08 VEwll) (r) =
r—o0  log|logr|

is a G dense subset of G'T.

In Theorem B.12, we can consider indifferently G'* functions valued in R or C.

Proof. — Start by noticing that it follows from Theorem B.1 that for every w € G'*
we have

, log Ng. (1)
lim sup ——————= < d.
r—0 log|logr|

Let A denote the set of w € G'" such that (B.6) holds. It follows from [GLOG,
Theorem 2.7] that A is a G in the C* topology (and thus in the G'* topology
which is finer).

It remains to prove that A is dense. We will start by proving that A is non-empty.
Let 9 € M be a periodic point for F. Thanks to the expansiveness of F' [KH95,
Corollary 6.4.10], there is an open neighbourhood U of the orbit {Tkxo ke Z}
such that if y € M is such that the orbit of y for F' is contained in U then y is a
point of the orbit of zy. Let then wy be a G function supported in U and such that
wo(y) = 1 for every y in the orbit of x.

Now, if n > 1, we notice that in the sum

HZ;& W (F%)
2 |det (I — D F™)|’

Fre=zx

the only z’s that will have a non-zero contributions are the elements of the orbit of
xo, and this only happens if n is a multiple of the minimal period m of zy. Hence,

Z Z;é Wo (Fk:z;)
o |det (I — Dy F™)|

if m does not divide n. Now, if n = ¢m for some integer ¢, we find that

Z ITiZo wo (Fkx> B mz_:l 1 B m
prmey [det (I = D Fm)| = |det (I — Dppg ) |det (I — Dy )|

Let us denote by Aq, ..., A\q the eigenvalues of D, ,F™. We order them in such a way
that, for some ¢t € {2,...,d — 1}, we have |\;| > 1 for j =1,...,¢t and |\;| < 1 for
j=t+1,...,d. This way, we have
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1 1
et (T = Day F)] Ty (X — 1) Ty (1 X))
) VA
= —7 t
(B.7) L= S LA
d
—ke ke
=TI I1 2
j=1k>1 J=t+1 k>0
— A
AeZ
where Z is the set of complex numbers of the form A" ... A% )\ffll - /\Zd, where
k1,...,k; are larger than or equal to 1 and k;yq, ..., kg are larger than or equal to 0.

It is understood that the multiplicity of an element of Z is the number of ways to
write it in the form above.
From (B.7), we get that

/=1 AeZ AEZ

A () = oxp (—io Z: > Af) o ICE DY

It follows that the resonances of Lp,, are the mth roots of the elements of Z.
Counting the elements of Z, we find that there is a constant C' such that N, (1) >
C~1|logr|? for r small enough, and it follows that w, € A.

We prove now that A is dense in G!T. Working as in the proof of Lemma 4.8, we
see that if w € G'" then the order of growth of z + dp,(e*) is less than d + 1 with
equality if and only if w € A. For w an element of G!T, let us consider the function
of two complex parameters f(u, 2) = dp,1—uywy+uw(€)-

For every s > 1, we can find € > 0 such that wy and w belong to G?. Applying
Theorem B.4 and then working as in the proof of Proposition 4.3, we find that the for
u, z € C we have f(u,z) = det (I — ezfﬂ(l_u)woﬂw). In particular, f is holomorphic
in C?, and for every u € C, the order of growth of the function z — f(u,2) is less
than od + 1. Since this is true for every o > 1, the order of growth of this function
is actually less than d + 1. Moreover, we have equality for u = 0, since wy € A.

Working as in the proof of Theorem 1.5, we see that the set of u € C such that
(1 — u)wg + uw does not belong to A is contained in a polar set, in particular it has
Hausdorff dimension zero (and thus its intersection with R has empty interior). As
a consequence, w belongs to the closure of A, and following A is dense in G'*. O
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