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ABSTRACT. — Let G be a reductive group over a number field or p-adic field, and let V' be
a faithful representation of G. A lattice A in V' induces an integral model md1g(A) of G. The
first main result of this paper states that up to the action of the normalizer of G, there are only
finitely many A yielding the same md1g(A). We first prove this for split G via the theory of Lie
algebra representations, then for nonsplit G via Bruhat—Tits theory. The second main result
shows that in a moduli space of principally polarized abelian varieties, a special subvariety
is determined, up to finite ambiguity, by its integral Mumford—Tate group. We obtain this
result by applying the first main result to the symplectic representations underlying special
subvarieties.

RESUME. — Soit G un groupe réductif sur un corps de nombres ou un corps p-adique, et
soit V une représentation fidele de G. Un réseau A dans V' induit un modeéle intégral mdlq(A)
de G. Le premier résultat principal de cet article montre que, a action du normalisateur de G
prés, il n’existe qu'un nombre fini de A produisant le méme md1¢(A). Nous le prouvons d’abord
pour G scindé via la théorie des représentations des algebres de Lie, puis pour G non scindé via
la théorie de Bruhat—Tits. Le second résultat principal montre que dans un espace de modules
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de variétés abéliennes principalement polarisées, une sous-variété spéciale est déterminée, a
une ambiguité finie prés, par son groupe de Mumford-Tate intégral. Nous obtenons ce résultat
en appliquant le premier résultat principal aux représentations symplectiques sous-jacentes
aux sous-variétés spéciales.

1. Introduction

Let K be a number field or a p-adic field, and let R be its ring of integers. Let GG be
a connected reductive group over K. By a model 4 of G we mean a flat group scheme
of finite type over R such that ¥x = G. An important way to construct models of G
is the following. Let V' be a finite dimensional K-vector space, and let o: G — GL(V')
be an injective map of algebraic groups (throughout this paper we write GL(V')
for the abstract group, and GL(V) for the associated algebraic group over K). We
consider GG as an algebraic subgroup of GL(V') via p. Now let A be a lattice in V| i.e.
a locally free R-submodule of V' that generates V' as a K-vector space. Then GL(A)
is a group scheme over R whose generic fibre is canonically isomorphic to GL(V'). Let
mdls(A) be the Zariski closure of G in GL(A); this is a model of G. In general, the
group scheme mdls(A) depends on the choice of A, and one can ask the following
question:

QUESTION 1.1. — Suppose that G, its representation V, and its model mdlg(A)
(as an isomorphism class of models of G) are given. To what extent can we recover
the lattice A C V7

As a partial answer we can say that the group scheme mdlg(A) certainly does
not determine A uniquely. Let g € GL(V); then the automorphism inn(g) of GL(V)
extends to an isomorphism GL(A) =% GL(gA). As such, we obtain an isomorphism
between the group schemes mdl;(A) and mdl,q,-1(gA). This shows that the group
scheme mdls(A) only depends on the N(K)-orbit of A, where N is the scheme-
theoretic normaliser of G in GL(V'). The following theorem, which is the first main
result of this paper, shows that mdlg(A) determines the N (K )-orbit of A up to finite
ambiguity.

THEOREM 2.4. — Let G be a connected reductive group over a number field or
p-adic field K, and let V be a faithful finite dimensional representation of G. Let
N be the scheme-theoretic normaliser of G in GL(V'). Let & be a model of G. Then
the lattices A in V' such that mdlg(A) = ¢ are contained in at most finitely many
N(K)-orbits.

In general, a model of G will correspond to more than one N (K )-orbit of lattices,
see Examples 2.5 and 2.8.

We can apply Theorem 2.4 in the context of Shimura varieties and abelian varieties.
Let g and n > 2 be positive integers, and let A, ,, be the moduli space of complex
principally polarised abelian varieties of dimension g with a given level n structure.
Let Y be a special subvariety of A, ,, and let ¢4 = GMT(Y") be the generic (integral)
Mumford—Tate group of Y (with respect to the variation of rational Hodge structures
coming from the homology of the universal abelian variety with Z-coefficients). This
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is an integral model of its generic fibre %, which is a reductive algebraic group.
While reductive groups over fields are well understood, generic integral Mumford-—
Tate groups are more complicated: there is no general classification of the models
of a given rational reductive group, not even for tori (see [Fom97]). On the other
hand, the advantage of the integral group scheme GMT(Y') is that it carries more
information about Y than its generic fibre. This can be seen in [EY03, Thm. 4.1],
where a lower bound is given on the size of the Galois orbit of a CM-point z of a
Shimura variety in terms of the reduction of GMT(xz) at finite primes. In this paper,
we present another result that highlights the importance of studying the integral
group GMT(Y"), by showing that GMT(Y') determines Y up to a finite ambiguity:

THEOREM 7.1. — Let g and n be positive integers with n > 2, and let G be a
group scheme over Z. Then there are only finitely many special subvarieties Y of

Ay such that GMT(Y) = ¢.

Note that the integral information is of crucial importance here, as the rational
group GMT(Y")g is invariant under Hecke correspondences and thus will be the rational
generic Mumford—Tate group of infinitely many special subvarieties. The relation
between Theorems 2.4 and 7.1 can be sketched as follows: Let G := GMT(Y)g.
The inclusion Y < A, is induced by a morphism of Shimura data ¢: (G, X) —
(GSp2gVQ, H,) that is injective on the level of algebraic groups. The integral variation
of Hodge structures defining GMT(Y") corresponds to a lattice A in the standard
representation V' of GSp,, . Then GMT(Y') is isomorphic to mdlg(A), where V' is
regarded as a faithful representation of G via p. Replacing Y by a Hecke translate
corresponds to replacing the inclusion G — GSp,, o by a conjugate, or equivalently,
to choosing another lattice in V. This allows us to apply Theorem 2.4 and prove
Theorem 7.1, although we first need to make sure that up to a finite choice, Hecke
correspondences are the only way to obtain special subvarieties with the same G
(see Proposition 7.3).

This paper is dedicated to the proofs of these two Theorems. In section 2 we discuss
some facts about models of reductive groups and their relation to Lie algebras. In
Section 3 we briefly recap the representation theory of split reductive groups. In
Section 4 we prove Theorem 2.4 for split reductive groups over local fields. In Section 5
we extend this result to non-split reductive groups over local fields using Bruhat—Tits
theory, and in Section 6 we prove Theorem 2.4 in full generality. In Section 7 we
prove Theorem 7.1.
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2. Lattices, models, and Lie algebras

In this section we will discuss a number of properties of models, and their relation
to lattices in various vector spaces. Throughout we fix a number field or p-adic field
K, along with its ring of integers R.

2.1. Models of reductive groups

DEFINITION 2.1. — Let GG be a connected reductive algebraic group over K, and
let T' be a maximal torus of GG.

(1) A model of G is a flat group scheme ¢ of finite type over R such that
there exists an isomorphism ¢: Y, = G. Such an isomorphism is called an
anchoring of &. The set of isomorphism classes of models of G is denoted
Mdl(G).

(2) An anchored model of G is pair (¢, ¢) of a model 4 and an anchoring ¢. The
set of isomorphism classes of anchored models of G is denoted Mdl*(G).

(3) A model of (G,T) is a pair (¢,.7) of a model of G and a closed reduced
subgroup scheme 7 of ¢, for which there exists an isomorphism ¢: 4 =% G
such that ¢|z, is an isomorphism Jx =% T. Such a ¢ is called an anchoring
of (¢,.7). The set of isomorphism classes of models of (G,T) is denoted
Mdl(G, T).

Note that there are natural forgetful maps Mdl*(G) — Mdl(G,T) — Mdl(G). Our
use of the terminology “model” may differ from its use in the literature; for instance,
some authors consider the choice of an anchoring to be part of the data (hence their
“models” would be our ‘anchored models’), or they may impose other conditions on
the group scheme ¢ over R, see for instance [Conll, Fom97, Gro96]. Our choice of
terminology is justified by the fact that our models are exactly those that arise from
lattices in representations (see Remark 2.6).

DEFINITION 2.2. — Let V be a K-vector space. A lattice in V is a locally free
R-submodule of V' that spans V as a K-vector space. The set of lattices in V is
denoted Lat(V'). If H C GL(V) is an algebraic subgroup, we write Laty (V') for the
quotient H(K)\Lat(V).

Let G be a connected reductive group over K, and let V' be a finite dimensional
faithful representation of G; we consider G as an algebraic subgroup of GL(V). Let
A be a lattice in V. The identification Ax = V induces a natural isomorphism
fa: GL(A)gx = GL(V). Let md1g(A) be the Zariski closure of f1'(G) in GL(A); this
is a model of G. If we let px be the isomorphism fa|na1(a)x @ Mdle(A)x = G, then
(mdlg(A), pa) is an anchored model of G. This gives us a map

mdl: Lat(V) — MdI*(G)
A (mle(A)a (PA)'

The compositions of mdl% with the forgetful maps Mdl*(G) — Mdl(G,T) (for a
maximal torus T of G) and MdI*(G) — Mdl(G) are denoted mdlgr and mdlg,
respectively.
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LEMMA 2.3. — Let G be a connected reductive group over K and let V be a
faithful finite dimensional representation of G. Consider G as a subgroup of GL(V').
Let Z be the scheme-theoretic centraliser of G in GL(V), and let N be the scheme-
theoretic normaliser of G in GL(V'). Let T be a maximal torus of G, and let H :=
Z-T C GL(V).

(1) The map md1%: Lat(V) — MdI*(G) factors through Lat (V).
(2) The map mdlgp: Lat(V) — MdI(G,T') factors through Latg (V).
(3) The map mdlg: Lat(V) — Mdl(G) factors through Laty (V).

Proof. — We only prove the first statement; the other two can be proven analo-
gously. Let g be an element of GL(V'). The map inn(g) € Aut(GL(V)) extends to an
automorphism GL(A) — GL(gA) as in the following diagram:

(fg—A1 oinn(g) o f,\)“‘r

GL(A) _ GL(gA)
J f;/\l oinn(g) o fa J

GL(A)k — GL(gA)k
| fa 2| foa

GL(V) — vy
G — g(ig_1

This shows that (md1g(A), pa) = (mdl,g,-1(gA), inn(g) 'of,a) as anchored models
of G. If g is an element of Z(K) we find that (mdlg(A), pa) = (mdlg(gA), pgn), as
was to be proven. 0

Throughout the rest of this paper we say that a map of sets is finite if it has finite
fibres. Our first main result, whose proof will be finalized in Section 6, states that
up to a finite ambiguity, the model md1ls(A) characterises the N(K)-orbit of A.

THEOREM 2.4. — Let G be a connected reductive group over a number field or
p-adic field K, and let V' be a faithful finite dimensional representation of G. Let N
be the scheme-theoretic normaliser of G in GL(V'). Then the map mdls: Laty (V) —
Mdl(G) is finite.

Example 2.5. — Let F be a number field, and let G = Resp/g(Gr) be the Weil
restriction of G,, from F' to Q. Let V' be the Q-vector space F', together with its
natural representation of G. Let A be a lattice in V', and define the ring Ay := {z €
F: xA C A}; this is an order in F'. In this case one has mdlg(A) = Resy, /z(Gn) as
group schemes over Z. Now let A be such that Ay = Or. As a subgroup of F, the
lattice A can be considered as a fractional &r-ideal. The F*-orbit of A corresponds
to an element of the class group CI(F'), and conversely, every element of CI(F)
corresponds to a F*-orbit of lattices A in V satisfying Ay = Op. Furthermore, in
this case we have N(Q) = F* x Aut(F'), so every N(Q)-orbits of lattices yielding the
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model Resg,, /z(Gy) of G corresponds to at most #Aut(F) elements of the class group.
If #CI(F) > #Aut(F), such as for FF = Q(v/—14) [ST99], then Resy, /z(Gm) does
not correspond to a single N-orbit of lattices, showing that the map of Theorem 2.4 is

in general not injective. Since Aut(F) is finite, Theorem 2.4 recovers the well-known
fact that C1(F) is finite.

Remark 2.6. — Let G be a (not necessarily connected) reductive group over K,
and let 4 be a model of G. Then [Art06, Exp. VI.B, Prop. 13.2] tells us that there
exists a free R-module A of finite rank such that ¢ is isomorphic to a closed subgroup
of GL(A). If we take V' = Ay, we find that V is a faithful representation of G, and
that ¢ is the image of A under the map mdlg: Lat(V) — Mdl(G). Hence every
model of G arises from a lattice in some representation.

An important class of models that will turn up frequently in our discussions is
given in the Definition below.

DEFINITION 2.7. — Suppose G is a split reductive group with a split maximal
torus T'. In that case there is exactly one model (¢,.7) of (G,T) such that ¢ is
reductive (i.e. smooth with reductive fibres) and such that 7 is a split fibrewise
maximal torus [Art06, Exp. XXIII, Cor. 5.2, Exp. XXV, Cor. 1.2]. This model is
called the Chevalley model of (G,T'). We also refer to & as the Chevalley model
of G.

Example 2.8. — We give an example that shows that the map mdl: Laty (V) —
MdI(G) is generally not injective even when only considering p-adic fields. Take
K = Q,, and let G be the algebraic group PGL; g,. The standard representation V'
of G = SLy g, induces a representation of G on W = Sym?*(V). Let A := O(G) =
Q2x11, T12, To1, Too] /(T11T22 — X129 — 1), then A := O(G) is its K-subalgebra
generated by monomials of even degree. If A is a lattice in W, then Mdlg(A) =
Spec(&7), where & is the image of the composite map O(GL(A)) — O(GL(V)) — A.
Let {e1,es} be the standard basis of V. Then one can show that the lattices A and
N in W, generated by {e?, ejeq, €3} and {e?, 2e;eq, €3} respectively, both induce the
same 7, namely the Zs-subalgebra of A generated by

2 2 2 2
{%17 T11%12, T19, L11%21, T11X22 + T12T21, L12T22, L1, L2122, %2}-

On the other hand, the normaliser of G is equal to N =T - 0(GLyg,), where 7' C
GL(W) is the group of scalars and o: GLy g, — GL(W) is the natural representation.
One can show that each element of N(Qy) can be written (non-uniquely) as ¢ - o(g),
where t € Q3 and g € GLy(Qy). For such an element, one has det(t-0(g)) = t3det(g)3.
However, one has #(A/A’) = 2, and since 2 is not a cube in Qy this means that A
and A’ cannot be in the same N(Qs)-orbit.

2.2. Lie algebras

Let g be the (K-valued points of the) Lie algebra of G. Let ¢ be a model of G,
and let & be the (R-valued points of the) Lie algebra of ¢. Then g is a K-vector
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space of dimension dim(G), and & is a locally free R-module of rank dim(G). If ¢ is
an anchoring of ¢, then ¢ induces an embedding of R-Lie algebras Lie ¢: & — g,
and its image is a lattice in g. Suppose V' is a faithful representation of G and A C V
is a lattice such that md1,(A) = (¢, ). Then (Lie ¢)(®) = g N gl(A) as subsets of

gl(V).

2.3. Lattices in vector spaces over p-adic fields

Suppose K is a p-adic field, and let © be a uniformiser of K. Let V like before
be a finite dimensional K-vector space, and let A, A’ be two lattices in V. Then
there exist integers n, m such that 7"A C A’ C #™A. If we choose n minimal and
m maximal, then we call d(A, A") := n —m the distance between A and A’. Let G
be an algebraic subgroup of GL(V'), and as before let Latg (V) = G(K)\Lat(V'). We
define a function

dgi Latg(V) X Latg(V) — R>0

(X,Y)—  min d(AA).
(AA)EX XY
The following lemma tells us that the name “distance” is justified. Its proof is
straightforward and therefore omitted.

LEMMA 2.9. — Let V and G be as above. Suppose GG contains the scalars in
GL(V).
(1) Let X,Y € Latg(V) and let A € X. Then dg(X,Y) = minyey d(A, A).
(2) The map dg is a distance function on Latg (V).
(3) For every r € R and every Y € Latg(V) the open ball {X € Latg(V) :
de(X,Y) < r} is finite.

3. Representations of split reductive groups

As before let K be a number field or a p-adic field. In this section we will briefly
review the representation theory of split reductive groups over K, and we will set
up the notation for the (quite technical) next chapter. Furthermore, we will prove
some results on the associated representation theory of Lie algebras. We will assume
all representations to be finite dimensional.

Let G be a connected split reductive group over K, and let T C G be a split
maximal torus. Furthermore, we fix a Borel subgroup B C G containing 7. Let
U C X*(T) be the set of roots of G with respect to T let @ C X*(T) be the
subgroup generated by . Associated to B we have a basis A™ of ¥ such that every
B € ¥ can be written as = >, c o+ Mo, With the m,, either all nonpositive integers
or all nonnegative integers. This gives a decomposition ¥ = ¥+ ] U~ Accordingly,
if g and t are the Lie algebras of G and T, respectively, we get

g:t@rﬁ@n::t@(@ ga)@(@ ga).

ac¥t aeVv—
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The following theorem gives a description of the irreducible representations of G. If
V' is a representation of GG, we call the characters of T" that occur in V' the weights
of V' (with respect to 7).

THEOREM 3.1 ((See [Mill7, Thm. 24.3], [Mil13, 3.39] and [Bou06, Ch. VIII, §6.1,
Prop. 1])). — Let V be an irreducible representation of G.

(1) There is a unique weight 1 of V', called the highest weight of V', such that
Vi is one-dimensional, and every weight of V' is of the form ¢ — Y, c o+ Mo
for constants my € Zxy.

(2) V is irreducible as a representation of the Lie algebra g.

(3) V is generated by the elements obtained by repeatedly applying n~ to V.

(4) Up to isomorphism V' is the only irreducible representation of G with highest
weight ).

Remark 3.2. — With GG as above, let V' be any representation of G. Then, because
G is reductive, we know that V is a direct sum of irreducible representations of G.
By Theorem 3.1.1 we can canonically write V' = @,,¢p V{y), where for ¢ € X*(T)
the subspace V(y) is the isotypical component of V' with highest weight v (as a
character of T'), and D is the set of highest weights occurring in V. Furthermore,
we can decompose every V() into T-character spaces, and we get a decomposition

V= Dyep @xeX*(T) Vi) x-

Let U(g) be the universal enveloping algebra of g. It obtains a Q-grading coming
from the @-grading of g; we may also regard this as a X*(7")-grading via the inclusion
Q C X*(T). If V is a representation of GG, then the associated map U(g) — End (V)
is a homomorphism of X*(7T')-graded K-algebras. Furthermore, from the Poincaré-
Birkhoff-Witt theorem it follows that there is a natural isomorphism of )-graded
K-algebras U(g) Z U(n") @ U(t) ® U(n"), with the map from right to left given by
multiplication. The following two results will be useful in the next section.

THEOREM 3.3 (Jacobson density theorem). — Let G be a split reductive group,
and let g be its Lie algebra. Let Vi, ..., V,, be pairwise nonisomorphic irreducible
representations of G. Then the induced map U(g) — @,; End(V;) is surjective.

Proof. — This theorem is proven over algebraically closed fields in [EGHT11,
Thm. 2.5] for representations of algebras in general (not just for universal enveloping
algebras of Lie algebras). The hypothesis that K is algebraically closed is only used
in invoking Schur’s Lemma, but this also holds for split representations of reductive
groups. 0

PROPOSITION 3.4. — Let V' be an irreducible representation of G of highest
weight 1. Let x be a weight of V. Then the maps U(n™),_y — Homg (Vy, V,) and
Un")y—y — Homg(V,,V,) are surjective.

Proof. — From Theorem 3.1.3 we know that V' = U(n™) - V,,. Since U(n™) —
End(V) is a homomorphism of X*(T')-graded K-algebras, this implies that V) =
Um™)y—yp - Vi Since V,, is one-dimensional by Theorem 3.1.1 this shows that
U(n™)y—yp — Hompg (Vy,, V) is surjective.
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For the surjectivity of the second map, let f: V), = V,, be a linear map, and extend
f to a map f V. — V by letting f be trivial on all V,, with x" # x. Then f is
pure of degree v — x, and ¥ — x € @ by Theorem 3. 1 1. By Theorem 3.3 there
exists a u € U(g)y—y such that the image of u in End(V') equals f. We know that
Ug) =Unm")@Ut) @ U(n'); write u = 3, ¢y u; - t; - ul with each u; , t; and u;
of pure degree, such that each u; -t; - uj is of degree ¢ — x. Let I’ be the subset of
I of the i for which u; is of degree ¥ — . Since only negative degrees (i.e. sums of
nonpositive multiples of elements of A*) occur in U(n~) and only degree 0 occurs
in U(t), this means that u; is of degree 0 for i € I’; hence for these i the element
u; is a scalar. Now consider the action of w on V,. If i ¢ I’, then the degree of u;"
will be greater than ¢ — y, in which case we will have u; -V, = 0. For all v € V, we
now have

fW=u-v= (Zui-ti-uj> v

i€l

= Zuz_tzuj -V
iel

= | > wo(t)uf | v
el

Because every factor u; in this sum is a scalar, we know that 3=, o u; ¥(;)u; is an

element of U(n%),_y, and it acts on V, as the map f € Homg(V,, Vy); hence the

map U(n"),_, — Homg(V,, Vy) is surjective. O

4. Split reductive groups over local fields

In the rest of this chapter K is either a number field or a p-adic field, and R is
its ring of integers. All representations of algebraic groups are assumed to be finite
dimensional. The aim of this section is to prove the following theorem.

THEOREM 4.1. — Let G be a split connected reductive group over K, and let V
be a faithful representation of G. Regard G as a subgroup of GL(V'), and let N be
the scheme-theoretic normaliser of G in GL(V).

(1) Suppose K is a p-adic field. Then the map mdlg: Laty(V) — MdlI(G) of
Lemma 2.3 is finite.

(2) Suppose K is a number field. Then for all but finitely many finite places v of
K there is at most one N(K,)-orbit X of lattices in Vi, such that mdlg(X)
is the Chevalley model of G (see Definition 2.7).

The first point is Theorem 2.4 for split reductive groups over local fields. The
second point is technical by itself, but we need this finiteness result to combine the
local information in order to apply Theorem 2.4 for number fields. The proof is quite
involved, and the overall strategy is as follows. Let g be the Lie algebra of G, then
V' is a faithful representation of g. If ¢ is any model of GG, then its Lie algebra & is
a lattice in g. The proofs consists of the following steps:
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(1) We define a set of “nice” lattices in g (Definition 4.11) and a set of “nice”
lattices in V' (Definition 4.17);

(2) We show that the “nice” lattices in V' form only finitely many orbits under a
suitably chosen algebraic group (Proposition 4.22);

(3) We show that if ¢ is the model corresponding to a lattice A, then we can
give an upper bound to the distance between A and a “nice” lattice in V| in
terms of the distance between & and a “nice” lattice in g (Proposition 4.30).

This upper bound allows us to prove that there are only finitely many N (K)-orbits
corresponding to one model ¥.

4.1. Lattices in representations

In this section we will introduce two important classes of lattices that occur in
representations of split reductive groups. We will rely on much of the results and
notations from Section 3.

Notation 4.2. — For the rest of Section 4, we fix the following objects and notation:

e a split connected reductive group G over K and a split maximal torus 7' C G;

e the Lie algebras g and t of G and 7', respectively;

e the root system W C X*(7T') of G with respect to T', and the subgroup @ of
X*(T') generated by ¥;

e the image T of T in G* C GL(g);

e the decomposition g =t ® P, cv Jo;

e the basis of positive roots At of ¥ associated to some Borel subgroup B of

G containing T, the decompositions ¥ = T ¥~ and g=tdHn" & n;

the Q-graded universal enveloping algebra U(g) of g;

a faithful representation V' of G' and its associated inclusion g C gl(V);

the centraliser Z of G in GL(V), and the algebraic group H = Z - T C GL(V);

the decomposition V' = @y cp @y e x+(1) Viw).x (see Remark 3.2);

the projections pr(, ,: V' — V(g associated to the decomposition above.

Remark 4.3. —
(1) Since the set of characters of T that occur in the adjoint representation is

equal to {0} U U, the inclusion X*(T") < X*(T") has image Q.
(2) By Schur’s lemma the induced map Z — [1, ¢ p GL(V(y),) is an isomorphism.

DEFINITION 4.4. — Let W be a K-vector space with a decomposition W = @, W;.
An R-submodule M C V is called split with respect to this decomposition if one of
the following equivalent conditions is satisfied:

(1) M =, pr;M;
(2) M =&;(W;nM).
If M is split, we write M; := pr,M =W, N M.

We now define two classes of lattices that will become important later on. Since
the Lie algebra g is a K-vector space, we can consider lattices in g. For a vector
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space W over K, let FLat(WW) be the set of lattices in W that are free as R-modules.
Define the following sets:

£t = J[ FLat(ga);

ae At

L~ := ][] FLat(g-a);
ae At

J = 11 FLat(Vy)w)-
YeD

As before, let U(n™) be the universal enveloping algebra of n™. Let Lt = (L}),ca+
be an element of £1, and let %+ be the R-subalgebra of U(n™) generated by the
R-submodules LT C n*. Define, for an L~ € £, the R-subalgebra %;- C U(n")
analogously. Now let LT € LT, L= € L~ and J € J be as above. We define the
following two R-submodules of V:

ST(LT,J) = {x €V Vo € D,priy %+ -x) C Jw},
Si<L7,J) = Z %L— : J¢ cV.

YeD

Note that the sum in the second equation is actually direct, since %7~ - J, C Viy
for all v € D.

PROPOSITION 4.5. — Let Lt € LY, L~ € L™ and J € J.

(1) %+ is a split lattice in U(n*) with respect to the Q-grading.

(2) SE(L*,J) is a split lattice in V' with respect to the decomposition V =
Dy Viw) -

(3) For all ¢ € D one has S*(L*,J) )y = Jy. Furthermore, S*T(L*,J) (re-
spectively S™(L~,J)) is the maximal (respectively minimal) split lattice A
in V invariant under the action of the L (respectively the L) such that
A(w)’w = Jw for all w eD.

Proof. —

(1) It suffices to prove this for % +. Recall that U(n") has a Q-grading coming
from the @Q-grading on U(g). Since %+ is generated by elements of pure
degree, we see that %+ is split with respect to the Q)-grading; hence it
suffices to show that %+, is a lattice in U(n"), for all x. Since each g, is
one-dimensional, the R-module L7 is free of rank 1; let x, be a generator.
Then the R-module %+, is generated by the finite set

{xal Tyt Loy :k€Z>0,Zaizx}.

On the other hand, the Poincaré—Birkhoff-Witt theorem tells us that the
K-vector space U(n'), is also generated by this set; hence %+, is a split
lattice in U(n™),.
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We start with S™(L~, J). Since the action of U(n™), sends Vi v t0 Vig) x4y
we see that

SN =B @ %-xJs=D DS (L. 7) N Vi
YEDXER P eD xEQR

hence S™(L™, J) is split. Since %}~ , is a finitely generated R-module span-
ning U(n~),, and Jy, is a finitely generated R-module spanning V{y 4, we may
conclude that %, - Jy is a finitely generated R-module spanning U(n™),,
Vi), which is equal to Viy) 4+, by Proposition 3.4. Hence S™ (L7, J)(y),p+x
is a lattice in V{y) 44y, and since S7(L7,J) is a split R-module, this shows
that S=(L~,J) is a lattice in V.

Now consider S*(L*, J). Let x € V, and write & = 32, | @y, With 2y €
V(zb . Then for every ¢y € D we have

%L+ .1' Z pl" %L*'X [L’ Z %L+,x * L () ah—x
XEQ X€Q
hence z is an element of S*(L*,J) if and only if z(y, is for all vy € D
and all y € X*(T); this shows that S*(L*,J) is split with respect to the
decomposition V' = @, , Viy)- We now need to show that ST(L*,J) )
is a lattice in V(y,. Fix a x and ¢, and choose a basis fi, ..., fi of Jy;
then W; := U(g) - f; is an irreducible subrepresentation of V(). We get a
decomposition V(y), = @; Wi, and from the definition of S*(L*, J) we get

STLT, Nwyx = D STELT, T)wyx N Wiy

As such, we need to show that for each i the R-module S, := ST(L™, J) N
Wi is a lattice in W; .. Fix an ¢, and let ey, ..., e, be a basis of W; . For
J<mn,let p;: Wi, — W,y = K - f; be the linear map that sends ¢; to f;,
and the other e; to 0. By Proposition 3.4 there exists a u; € U(n™) such
that u; acts like p; on W, ,. Since %+ is a lattice in U(n™), there exists a
nonzero r € R such that ru; € %+ for all j. Then for all z € S;, one has
ru; - x € Rf; for all j, so x lies in the free R-submodule of W;, generated by
r~ter, ..., r~'e,; hence S;, is finitely generated.

Now we need to show that S;, spans W; . Since %+ _, is finitely gener-
ated, for every z € W; , we get that %+ y_, -2 is a lattice in W, , = K- f;. As
such we can find some nonzero 1’ € R such that %+ 4—, -7’2 C R- f; C Jy;
hence r'z € S; .. This shows that S; , generates W, , as a K-vector space, so
Si 1s a lattice in W, , as was to be shown.

Since %+ o = %~ o = R we immediately get S*(L*, J)w)p =S (L7, J) @)
= Jy for all 9. The other statement follows immediately from the definition
of ST(L*,J) and S™ (L™, J). O

Remark 4.6. — By Proposition 4.5 we can define maps S*: £L* x J — Lat(V).

Let H = Z - T as before. Since H normalises G, we see that H acts on G by
conjugation. This gives us a representation g: H — GL(g). Since Z acts trivially on
G, we see that the image of H in GL(g) is equal to T; hence the action of H on g
respects the decomposition g =t ® @, c ¢ ga-
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LEMMA 4.7. — The map o: H — T is surjective on K-points.

Proof. — The short exact sequence 1 — Z — H — T — 1 induces a longer exact
sequence

1 - Z(K) = HK) - T(K) = H(K, Z).
Since H'(K, GL,,) is trivial for every integer n and Z is isomorphic to a product of
GL,s by Remark 4.3.2, this implies that the map H(K) — T(K) is surjective. [

Since the action of H on g respects its decomposition into root spaces, we get
an action of H(K) on the sets £*. Furthermore, the representation H — GL(V)
respects the decomposition V' = @, cp V(y). Since H normalises T', the action of
H also respects the decomposition Vi) = @, e x«(1) Viw),x; hence H(K) acts on the
set J.

PROPOSITION 4.8. — The maps S*: L* x J — Lat(V) are H(K)-equivariant,
and the action of H(K) on L* x J is transitive.

Proof. — The Lie algebra action map g x V' — V is equivariant with respect to the
action of H(K) on both sides. From the definition of S*(L*, J) it now follows that
SEh-L* h-J)=h-S*(L* J) forall h € H(K). Let LT, L € LT and Jy, o € J.
For every a« € A™, let 2, € K* be such that Lia = xaL;a; the scalar z, exists
because Lia and LQf ., are free lattices in the same one-dimensional vector space. Since
A* is a basis for Q = X*(T') (see Remark 4.3 (1)) there exists a unique t € T(K)
such that a(t) = z, for all « € AT. By Lemma 4.7 there exists an h € H(K) such
that o(h) = t; then h- LT = L3 . Since Z(K) acts transitively on J by remark 4.3 (2),
there exists a z € Z(K) such that z - (h-J;) = Jo. As z acts trivially on LT, we
get zh - (L, J;) = (L3, J5); this shows that H(K) acts transitively on £* x J. The
proof for £~ is analogous. 0

4.2. Chevalley lattices

In this subsection we consider lattices in the K-vector space g. We will define the
set of Chevalley lattices in g. The distance (in the sense of Lemma 2.9) between
such a Chevalley lattice and the lattice corresponding to a model of (G, T") will serve
as a good measure of the “ugliness” of the model, and this will allow us to prove
finiteness results.

Let G be the derived group of G, and let 7" be the identity component of
T NG Let g and t' be the Lie algebras of G4 and T”, respectively. The roots
of G (with respect to T') induce linear maps Lie(«): ¥ — K, and these form the
root system of the split semisimple Lie algebra (g*,t'). Since the Killing form x on
t' is nondegenerate there exists a unique ¢, € t' such that k(t,, —) = Lie(«a). Since
K(ta,ta) # 0 we may define h, := ——2-—t,; see [Hum72, Prop. 8.3].

K(ta,ta)

DEFINITION 4.9. — An element * = (Z4)acw 0f [oew(8a\{0}) is called a Cheval-
ley set if the following conditions are satisfied:

(1) [#a, 7o) = ho for all a € V;
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(2) If a and B are two R-linearly independent roots such that 5 + Za intersects
VU in the elements  —ro, 3 — (r —1)a, ..., 5 +qa, then [x,, 25 =01if ¢ =0,
and [z, xg] = £(r + 1)xaqp if ¢ > 0.

There is a canonical isomorphism of K-vector spaces:
(4.1) K ®y X*(T) = Y
(4.2) 1 ® o Lie(a).

Under this isomorphism, we can consider T := (R ®z X*(T"))" as an R-submodule
of t.

LEMMA 4.10. — Let o« € ®. Then h, € 5.

Proof. — It suffices to show that Lie(\)(h,) € Z for all A € X*(T'). Since the
action of A € X*(T') on ¥ only depends on its image in X*(7"), it suffices to prove
this for semisimple G, for which see [Hum?75, 31.1]. O

DEFINITION 4.11. — A Chevalley lattice is an R-submodule of g of the form
Q(ZL’) :TO@ @ R‘.Ta,
acVv
where x is a Chevalley set. The set of Chevalley lattices is denoted C.

Remark 4.12. — 1t is clear that €(z) is a finitely generated R-submodule of g
that generates g as a K-vector space, hence it is indeed a lattice. The name comes
from the fact that if G is adjoint, then {h,: o € AT} U{z,: o € ¥} is a Chevalley
basis of g in the sense of [Hum72, 25.2], and the Lie algebra of the Chevalley model
(for any anchoring) is a Chevalley lattice in g.

LEMMA 4.13. — Let Aut(G,T) = {0 € Aut(G) : o(T) =T'}.
(1) There exists a Chevalley lattice in g.
(2) Every Chevalley lattice is an R-Lie subalgebra of g.
(3) Let 0 € Aut(G,T), and let € € C. Then the lattice o(€) C g is again a
Chevalley lattice.

Proof. —

(1) It suffices to show that a Chevalley set exists, for which we refer to [Hum72,
Thm. 25.2].

(2) By definition we have [z,,7_o] € %o and [z4,25] € R - Taqp if o+ # 0.
Furthermore for ¢ € ty one has [t, z,] = Lie(a)(t) - 2, € R - x, by definition
of to.

(3) The automorphism o € Aut(G,T) induces an automorphism & of ¥. Then o
maps ga to gs(a) and Ty to itself. Let x be a Chevalley set such that ¢ = (),
and define 2’ = (2,)aew by @, = 0(25-1(a)). Since o(hs) = hs(a) this is again
a Chevalley set, and o(€) = €(2’). O

It is easily checked that the action of H(K) on Lat(g) sends its subset C to itself.
Furthermore there are natural isomorphisms of H (K )-sets

fi:C%Ei

4.3
( ) Q:'_)(Q:mg:ta)aEA+-
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Since the action of H(K) on £ is transitive, we have shown:
LEMMA 4.14. — The action of H(K) on C is transitive.

LEMMA 4.15. — Let € € C be a Chevalley lattice and let % be the R-subalgebra
of U(g) generated by €. Then % is split with respect to the Q-grading of U(g). The
subalgebra %, C U(g)o does not depend on the choice of €.

Proof. — The fact that % is split follows from the fact that it is generated by
elements of pure degree. Now let €, € € C. Since H(K) acts transitively on C and
the action of H on C factors through T, there exists a ¢ € T(K) such that ¢ - & = @
Then % =t - U, where t acts on U(g) according to its Q)-grading. In particular
this shows that % o = % o. O

LEMMA 4.16. — There exists an r € R such that for every Chevalley lattice €,
every 1 € D and every x € X*(T'), the endomorphism TPT(yy OF V' lies in the image
of the map % — End(V).

Proof. — First, we show that pr, , lies in the image of U(g). Fix a 1y € D and
a x € X*(T). For every ¥ € D, let W (1)) be the irreducible representation of G of
highest weight 1. Let f € @, cp End(WW (1)) be the element whose v-component is
pr, and whose other components are 0. By Theorem 3.3 there exists a uy, € U(g)o
that acts as f on @y cp W(9); then uy, , acts as pr,, , on V. Let € be a Chevalley
lattice. Since there are only finitely many choices for ¢ and y, there exists an r € R
such that ruy, , € %, for all 1y € D and all x for which V{4, # 0. Then r satisfies
the properties of the Lemma for €. By Lemma 4.15 the element r works regardless
of the choice of €, which proves the Lemma. O

4.3. Chevalley-invariant lattices

In this section we consider lattices in V' that are invariant under some Chevalley
lattice in g. The main result is that for p-adic K, up to H(K)-action only finitely
many such lattices exist (Proposition 4.22).

DEFINITION 4.17. — Let A be a lattice in V. We call A Chevalley-invariant if
there exists a Chevalley lattice € C g such that €- A C A.

LEMMA 4.18. — There exists a Chevalley-invariant lattice in V.

Proof. — This is proven for K = Q in [Bou06, Ch. VIII, §12.8, Thm. 4]; the proof
given there also works for general K. 0

LEMMA 4.19. — The set of Chevalley-invariant lattices is invariant under the
action of H(K) on V.

Proof. — If A is invariant under a Chevalley lattice € and h is an element of H (K),
then A - A is invariant under A - €; hence this follows from the fact that the set of
Chevalley lattices is invariant under the action of H(K). U

Remark 4.20. — Since H(K) acts transitively on the set of Chevalley lattices, we
see that for every Chevalley lattice € there is a lattice in V' invariant under €.
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The following Lemma shows that every Chevalley-invariant lattice is contained
within the lattices ST(L*,J) introduced in section 4.1. We let f* be the maps
from (4.3).

LEMMA 4.21. — Let €y be a Chevalley lattice in g, and let Jy € J. Let L§ =
fT (&) and Ly = f~(&). Let A C V be a split Chevalley-invariant lattice such that
Aw)w is a free R-module for all 1» € D. Then there exists an h € H(K) such that

S™(Ly,Jo) Ch-ACSHLE, Jo).

Proof. — Let € be a Chevalley lattice in g such that €-A C A. Let J = (Ay)4)yep;
since all Ay, are free lattices, it is an element of 7. Since C is isomorphic to £
as H(K)-sets, by Proposition 4.8 there exists an h € H(K) such that h-€ = &€, and
h-J = Jo. Now let Ag = h - A; this is a split lattice satisfying (Ao) (), = Jo,s for all
. Furthermore, the lattice Ag is invariant under the action of the Chevalley lattice
Co; in particular it is invariant under the action of the f7(&), = € N g, and the
f7(€)a = €N g_. By Proposition 4.5.3 we now get

S™(Ly,Jo) C Ao C ST(LS, Jo). O

PROPOSITION 4.22. — Suppose K is a p-adic field. Then there are only finitely
many H(K)-orbits of Chevalley-invariant lattices.

Proof. — Let €y, Jy, L§ and Ly be as in the previous Lemma. Let w be a uni-
formiser of K. Let m € Z-o be such that w™S*(L{, Jy) € S™(Lg,Jo), and let
n € Zs o be such that for every Chevalley lattice €, every ¢ € D and every x € X*(T')
the endomorphism w"pr,, , € End(V) lies in the image of %; such an n exists by
Lemma 4.16. Let P™ be the H(K)-orbit of lattices of the form ST (L™, J) (see Propo-
sition 4.8). Let X be an H(K)-orbit of Chevalley-invariant lattices. Let A be an
element of X, and let € be a Chevalley lattice such that A is invariant under €. Then
A is invariant under the action of %, hence

(4.4) W" @@ prigy N C U - A=AC P pry, A
(¥):x (¥):x

Since € = @, €, we see that A’ := @y, Pr(y),, A is also closed under multiplication
by €. Then (4.4) tells that d(A, A’) < n (using the function d from section 2.3). Since
K is a p-adic field, all locally free R-modules are in fact free, hence A’ satisfies the
conditions of Lemma 4.21, and there exists an h € H(K) such that

S™(Ly,Jo) Ch-N C ST(LS, Jy).
It follows from this that d(h - A’, ST(L{, Jy)) < m. From this we find
dy(X, P*) < du(X, H(K) - N') + du (H(K) - ', P*)
<d(AN)+d(h-N,ST(LE, Jo))
<

This implies that all H(K)-orbits of Chevalley-invariant lattices lie within a ball of
radius n + m around P7 in the metric space (Laty(V'),dy). By Lemma 2.9(3) this
ball is finite, which proves the Proposition 4.22. O
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PROPOSITION 4.23. — Let K be a number field. Then for almost all finite places
v of K there is exactly one H(K,)-orbit of Chevalley-invariant lattices in Lat(Vk, ).

Proof. — Fix a Chevalley lattice € C g and a J € J, and let L* = f*(¢€). For a
finite place v of K write €, := €p, and J, = (Jy g, )pep. Then €, is a Chevalley
lattice in gg,, and we set L := f*(&,); then it follows from the definitions of f*
and S* that LE = (L i Jaea+ and

S=(LE, J,) = 8% (L%, J)RU C Vk,.

This shows that S~(L;, J,) = ST(L}, J,) for almost all v. Furthermore, let r be as
in Lemma 4.16; then v(r) = 0 for almost all v. Now let v be such that S~(L,, J,) =
ST(LF, J,) and v(r) = 0. Consider the proof of the previous Proposition, applied to
the group Gk, and its representation on Vi, , taking &, := €, and Jy := J,. In the
notation of that proof we get m = n = 0, hence X = P, and there is exactly one
orbit of Chevalley-invariant lattices. ([l

4.4. Models of split reductive groups

In this section we apply our results about lattices in representations of Lie algebras
to prove Theorem 4.1. The strategy is to give a bound for the distance between a
lattice A and a Chevalley-invariant lattice in V| in terms of the distance between the
Lie algebra of md1;(A) and a Chevalley lattice in g. Combined with Propositions 4.22
and 4.23 this will give the desired finiteness properties.

Notation 4.24. — For the rest of this section, we write ¢ : U(g) — End(V)
for the homomorphism of K algebras induced by the representation g — gl(V).
Furthermore, if (¢,.7) is a model of (G,T), & is the Lie algebra of ¢, and ¢ is an
anchoring of (¢,.7), then we write %g ., for the R-subalgebra of U(g) generated by
(Lie ¢)(®) C g. We write ¥, 1= 0o(%s,,) and ¥¢ := o(%:) for a Chevalley lattice
¢, where % is as in Lemma 4.15.

LEMMA 4.25. —
(1) Let A be a lattice in V', let (¢4, ¢) = md1%(A) be the anchored model of G
associated to A, and let & be the Lie algebra of 4. Then Vs, is a lattice in

the K -vector space o(U(g)).
(2) Let € C g be a Chevalley lattice. Then ¥ is a lattice in o(U(g)).

Proof. —

(1) The image of %s,, under p is contained in o(U(g)) N End(A). Since End(A)
is a lattice in End(V'), we see that o(U(g)) N End(A) is a lattice in o(U(g));
hence ¥, is finitely generated. On the other hand, %, generates U(g) as a
K-vector space, hence ¥, spans p(U(g)); hence it is a lattice in this vector

space.
(2) Let A be a lattice invariant under €. Then the image of #¢ under p is contained
in o(U(g)) N End(A). The proof is then analogous to that of point 1. O
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LEMMA 4.26. — Let (¢,.7) be a model of (G,T), and let & be the Lie algebra
of 4. Then there is an v € R such that the following holds: Let ¢ be any anchoring
of (4,7 ) such that ¥, is a lattice in o(U(g)). Then there exists a Chevalley lattice
¢ such that r% C V..

The proof of this lemma consists of three steps: first we prove it in the case that
G is a torus, then for semisimple GG, and then we combine these results to prove the
statement for general reductive G.

LEMMA 4.27. — Lemma 4.26 holds if G is a torus.

Proof. — There is only one Chevalley lattice, namely the R-Lie algebra % from
section 4.2. The composite map g < U(g) — o(U(g)) is a bijection, and (Lie ¢)(®)
maps to ¥s.. By (4.1) we have g = K ®z X,(G). Under this identification a p €
X,(G) acts on V) (for y € X*(G)) as (i, x). Let M be a basis of X,(G), and let
k=3, e kup be an element of g. If there is a lattice A C V such that k- A C A,
then 3, ¢ s ku (i, x) € R for all x present in V. Since V' is a faithful representation
of G, these x span X*(G), hence k, € R for all p, and k € °. Now let ¢ be such
that ¥, is a lattice in p(U(g)); then for any lattice A C V the set ¥ ,-A C Vis a
lattice in V' which is fixed under the action of ¥ . As such we find that ¥, C 7%o.
Since Aut(G) is a group of automorphisms of g that sends T° to itself and permutes
the different (Lie ¢)(&) = ¥, transitively, we find that the index 7 of this inclusion
does not depend on the choice of ¢; this r satisfies the conditions of the Lemma. [J

LEMMA 4.28. — Lemma 4.26 holds if G is semisimple.

Proof. — Fix a Chevalley lattice € and an anchoring ¢ of (¢,.7). By Lemma 4.25
V¢ is a lattice in p(U(g)), hence there exists an r, € R such that r,% C ¥ ,. Let
Aut(G,T) = {0 € Aut(G) : o(T) = T} as in Lemma 4.18, and let Aut(G,T) be
the underlying K-group scheme. There is a short exact sequence of algebraic groups
over K

1= G = aut(G) T —1

where T is the automorphism group of the based root datum (¥, A*"). Since G is
semisimple, we know that I is a finite group. The kernel of the map Aut(G,T) — I' is
the image of the scheme-theoretic normaliser Normg(T') in G24; its identity component
is T. Since T is finite and the index of T in ker(Aut(G,T) — I') is finite, we see
that T'(K) has finite index in Aut(G, T). Now let ¢’ be another anchoring of (¢, .7).
There exists a unique o € Aut(G, T') such that ¢’ = o o ¢. The automorphism o also
induces automorphisms of g and U(g), which we will still denote by o. Suppose o is
an inner automorphism corresponding to a t € T(K). Then o acts as x(t) on U(g),
for every x € @Q. Since p is a homomorphism of X*(7T')-graded algebras, we get

7/@57@/ = Q(U(%@'#ﬂ)) = Q(t . %@57¢> =t- /qu’@ DTy t- n//@ = Tgpn//a(c).

This shows that r = r,, has the property that for all ¢’ in the T'(K)-orbit of ¢, there
exists a Chevalley lattice € such that r#y C ¥ . Since there are only finitely
many such orbits, we can find an r that works for all of them simultaneously. [

Proof of Lemma 4.26. — Let Z be the connected component of the center of
G, and let 3 be its Lie algebra. Similarly, let 2 C ¢ be the Zariski closure of the
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connected component of the center of ¥, and let 3 be its Lie algebra. Then 2 is a
model of Z, and any anchoring ¢ of 2 induces the R-Lie subalgebra (Lie ¢)(3) C 3,
which generates the R-subalgebra %3, of U(3). We let G’ be the derived group of G,
and 7" the connected component of T'N G’, and analogous to the above we define
R-group schemes 4" and 7', Lie algebras ¢, t', & and %', and the R-subalgebra
U , of U(g'). By our results for tori and semisimple groups, this means that there
exist 71,79 € R such that the following holds: For each anchoring ¢; of 2 and each
anchoring o of (¢', 7") for which o(%,,,) and o(%s ,,) are lattices, there exist
Chevalley lattices €; C 3 and €, C ¢’ such that

(4.5) r10(%e,) C o(%s.4,),
(4.6) r20(%e,) C ot p,)-

Now let ¢ be an anchoring of (¢,.7) such that ¥, is a lattice. Then the restric-
tions of ¢ to 2 and to ¥’ give anchorings of 2 and (¢’,.7"). For these anchorings
the following holds:

(Lie ¢)(®') = (Lie ¢)(&) N g,
(Lie ¢)(3) = (Lie p)(&) N 3.

It follows from this that Spang (%3, - %s'.») C s,,. In particular this implies that
both 75, and ¥, are subalgebras of 7 ., hence finitely generated. This shows
that they are lattices in o(U(3)) and o(U(g')), respectively. As such, there exist
Chevalley lattices €; C 3 and €3 C g’ such that (4.5) and (4.6) hold. Then &; @ &,
is a Chevalley lattice in g and

rir2 Ve oe, = rir2Spang(Ye, - Ye,) C Spang(Y5e - Vo) C Yo,

This shows that » = r7y satisfies the conditions of the Lemma, as it does not depend
on the choice of . ([l

Remark 4.29. — One may suspect that %, is a lattice in o(U(g)) for all (¢, .7);
this would eliminate one of the assumptions in Lemma 4.26. Unfortunately, I was
not able to prove this statement. The difficulty lies in the fact that U(g) is an
infinite-dimensional K-vector space, and while & forms a lattice in g, it is a priori
possible to multiply more and more elements of & within U(g) to obtain smaller and
smaller results, resulting in a non-lattice. This does not happen if (¢, .7) is of the
form md1lg 7 (A) for some lattice A, since then ¥, is contained in End(A), but the
general case appears to be more difficult.

PROPOSITION 4.30. — Suppose K is a p-adic field. Then the map mdlg r: Laty
(V) = Mdl(G,T) of Lemma 2.3 is finite.

Proof. — Let (¢,.7) be a model of (G,T), and let  be as in Lemma 4.26. Let
P C Laty(V) be the set of H(K)-orbits of Chevalley-invariant lattices; this is a
finite set by Proposition 4.22. Let X be an H(K)-orbit of lattices in V' such that
mdler(X) = (¢4,.7). Let A € X, and let ¢ be the anchoring of (¢,.7) induced
by A. Then A is invariant under the action of ¥ ,. Let € be a Chevalley lattice in
g such that r% C ¥, and let A’ = % - A C V. Since ¥ is a finitely generated
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submodule of End(V'), we see that A’ is a lattice in V' containing A that is invariant
under €. Furthermore we see

rA CrN = 1Y\ C Yo A = A,

hence d(A, A") < v(r), where v is the valuation on K. For the metric space Latg (V)
this implies that X is at most distance v(r) from an element of P. Since P is finite
and balls are finite in this metric space, we see that there are only finitely many
possibilities for X. O

LEMMA 4.31. — Suppose K is a number field. Then for almost all finite places v
of K there is exactly one H(K,)-orbit X of lattices in Vi, such that mdlg, 1, (X)
is the Chevalley model of (G, , Tk,).

Proof. — Let (¢4,.7) be the Chevalley model of (G, T), let ¢ be some anchoring
of (¢,.7), and let € C g be a Chevalley lattice. Then &, p, = €, as lattices in
gk, for almost all finite places v of K. Hence for these v, the Lie algebra of the
Chevalley model of (G, , Tk,) is a Chevalley lattice via the embedding induced by the
anchoring ¢. However, two anchorings differ by an automorphism in Aut(Gg,, Tk, ).
Since the action of Aut(Gk,,Tk,) on Lat(gk,) sends Chevalley lattices to Chevalley
lattices by Lemma 4.18.3, this means that for these v the Lie algebra of the Chevalley
model will be a Chevalley lattice with respect to every anchoring. For these v, a
lattice in Vi, yielding the Chevalley model must be Chevalley-invariant. On the
other hand, by Proposition 4.23 for almost all v there is precisely one H(K,)-orbit
of Chevalley-invariant lattices; combining this, we find that for almost all v there
is at most one H (K, )-orbit of lattices yielding the Chevalley model. For existence,
note that any model of G will be reductive on an open subset of Spec(R), and any
model of T" will be a split torus on an open subset of Spec(R). This shows that any
model of (G, T) is isomorphic to the Chevalley model over almost all R,. It follows
that for almost all v there is at least one lattice yielding the Chevalley model. [

Proof of Theorem 4.1. —

(1) Let ¢4 be a given model of G. Let T" be a split maximal torus of G, and choose
a subgroup scheme .7 C ¢ such that (¢,.7) is a model of (G, T). Let A’ be
a lattice in V' with model mdlgr(A) = (¢',.7") and associated anchoring
¢ 9} = G. Suppose there exists an isomorphism ¢: ¢ = 4’. Then ¢(J)
is a split maximal torus of ¢}.. Since all split maximal tori of a split reductive
group are conjugate (see [Spr94, Thm. 15.2.6]), there exists a g € ¥'(K)
such that ¥(Jx) = gZ%g~'. Then inn(g) o ¢ is an isomorphism of models
of (G,T) between (¢, .7) and md1le r(¢(g)A’). By Proposition 4.30 there are
only finitely many H (K)-orbits yielding (¢,.7), so ¢(g)A’ can only lie in
finitely many H (K')-orbits; hence A’ can only lie in finitely many (G - H)(K)-
orbits. Since G - H is a subgroup of N, this shows that there are only finitely
many N (K )-orbits in Lat(V') yielding the model ¢ of G.

(2) Let T be a split maximal torus of G. By Lemma 4.31 for almost all finite
places v of K there exists exactly one H(K,)-orbit Y, C Lat(Vk,) yielding
the Chevalley model of (Gk,, Tk, ); let v be such a place. Repeating the proof
of the previous point, we see that gA’ has to lie in Y}, hence A’ has to lie in
(G- H)(K,)-Y,, and in particular in the single N(K,)-orbit N(K,) -Y,. O
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5. Nonsplit reductive groups

The main goal of this section is to prove Theorem 2.4 for local fields, as well as
a stronger finiteness result related to Theorem 4.1(2) needed to prove Theorem 2.4
for number fields, for connected reductive groups that are not required to be split.
We will make use of some Bruhat-Tits theory to prove the key Lemma 5.9.

5.1. Bruhat—Tits buildings

In this subsection we give a very brief summary of the part of Bruhat—Tits theory
that is relevant to our purposes; Bruhat—Tits theory will only play a role in the proof
of Lemma 5.9. If A is a simplicial complex, I denote its topological realisation by

Al

THEOREM 5.1. — (See [BT72, Cor. 2.1.6, Lem. 2.5.1, 2.5.2], [Tit79, 2.2.1, 3.2]
and [Bro89, Thm. VI.3A].) Let G be a connected semisimple algebraic group over
a p-adic field K. Then there exists a locally finite simplicial complex Z(G, K) with
the following properties:

(1) Z(G, K) has finite dimension;

(2) Every simplex is contained in a simplex of dimension dim(Z(G, K)), and these
maximal simplices are called chambers;

(3) There is an action of G(K) on Z(G, K) that induces a proper and continuous
action on |Z(G, K)|, where G(K) is endowed with the p-adic topology;

(4) Every point in |Z(G, K)| has a compact open stabiliser, and every open
compact subgroup of G(K) has a fixed point in |Z(G, K)|;

(5) G(K) acts transitively on the set of chambers of Z(G, K);

(6) There is a metric d on |Z(G, K)| invariant under the action of G(K) that
gives the same topology as its topological realisation.

Remark 5.2. — Since the stabiliser of each point is an open subgroup of G(K),
the G(K)-orbits in |Z(G, K)| are discrete subsets.

COROLLARY 5.3. — Let G be a semisimple algebraic group over a p-adic field K,
let C C |Z(G, K)| be a chamber, let C C |Z(G, K)| be its closure, and let r € Rs .
Then the subset V' C |Z(G, K)| given by

V= {x € |Z(G,K)| : d(z,C) < r}
is compact.

Proof. — Since the metric of |Z(G, K)| is invariant under the action of G(K) and
G(K) acts transitively on the set of chambers, we see that every chamber has the
same size. Since Z(G, K) is locally finite this means that V' will only meet finitely
many chambers. The union of the closures of these chambers is compact, hence V,
being a closed subset of this, is compact as well. 0

THEOREM 5.4. — (See [Rou77, Prop. 2.4.6, Cor. 5.2.2, Cor. 5.2.8] and [Tit79,
2.3.1]). Let G be a connected semisimple algebraic group over a p-adic field K, and
let L/ K be a finite Galois extension.
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(1) The simplicial complex Z(G, L) has a natural action of Gal(L/K);

(2) The map G(L) x Z(G, L) — Z(G, L) that gives the G(L)-action on Z(G, L)
is Gal(L/K)-equivariant;

(3) There is a canonical inclusion Z(G, K) < Z(G, L)S /%) which allows us to
view Z(G, K) as a subcomplex of Z(G, L);

(4) Every Galois invariant compact open subgroup of G(L) has a fixed point in
I(G, L)Gal(L/K);

(5) There is an r € R+ such that for every x € |Z(G, L)|%¥/5) there exists an
y € |Z(G, K)| such that d(z,y) < 7.

5.2. Compact open subgroups and quotients

Let G be an algebraic group over a p-adic field K, and let L be a finite Galois
extension of K. Let U be a compact open subgroup of G(L) that is invariant under
the action of Gal(L/K). Then G(L)/U inherits an action of Gal(L/K), and its set
of invariants (G(L)/U)G!E/K) has a left action of G(K). The goal of this section
is to show that the quotient G(K)\(G(L)/U)% /%) is finite for various choices of
G, K, L and U. We will also show that it has cardinality 1 if we choose U suitably
“nice”.

Notation 5.5. — Let G be an algebraic group over a p-adic field K, let L/K be
a finite Galois extension, and let U be a compact open subgroup of G(L) (with
respect to the p-adic topology) fixed under the action of Gal(L/K). Then we write

" (U) = GENG(L)/U)e1E/,

The next Lemma tells us that compact open subgroups often appear in the contexts
relevant to us.

LEMMA 5.6 (See [PPRR23, p. 134]). — Let G be an algebraic group over a p-adic
field K, and let L be a finite field extension of K. Let (¢, ) be an anchored model
of G. Then (¥ (0)) is a compact open subgroup of G(L) with respect to the p-adic
topology. O

We will now prove that Qé/ K(U) is finite for reductive G. To prove this we first
prove it for tori and for semisimple groups, and then combine these results.

LEMMA 5.7. — Let G be an algebraic group over a p-adic field K, and let L/ K
be a finite Galois extension. Let U' C U be two compact open Galois invariant
subgroups of G(L), and suppose Qé/K(U) is finite. Then Qé/K(U’) is finite as well.

Proof. — Since the map G(L)/U" — G(L)/U has finite fibers, so does the map
¢ (U) = Qi "W). 0

LEMMA 5.8. — Let T be a torus over a p-adic field K, and let L be a finite Galois
extension of K over which T splits. Let U be a compact open subgroup of T'(L).

Then Q:ﬁ/K(U) is finite.
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Proof. — Choose an isomorphism ¢: 17, =% de .- Then T'(L) has a unique max-
imal compact open subgroup, namely U = ¢ 1((€;)%); by Lemma 5.7 it suf-
fices to prove this Lemma for this U. Note that since T' is commutative, the set

LIK(U) = GK)\(G(L) /U)GE/5) s an abelian group.

Let w be a uniformiser of L; then X,(7T) = T'(L)/U by identifying a cocharacter n
with n(w)U. As a consequence the commutative group Qé/ K(U) is finitely generated.
Furthermore, from the short exact sequence

1-U—-T(L)—->T(L)/U—1
induces the exact sequence
1 - UNT(K) = T(K) — (T(L)/U)EE) 5 HY(L/K, U).

As a result, we get an injective map Q?K(U) — HY(L/K,U). Since the latter group

is annihilated by p [Sen69, Thm. 3|, the same holds for the former; hence Qrﬁ/ K(U )
is finite. 0

LEMMA 5.9. — Let G be a (connected) semisimple group over a p-adic field K,
and let L be a finite Galois extension over which G splits. Let U be a Galois invariant

compact open subgroup of G(L). Then Qé/K(U) is finite.

Proof. — By Theorem 5.4.4 the group U has a fixed point x € Z(G, L)GI(E/5),
Let U' C G(L) be the stabiliser of z; then U’ is a compact open Galois-invariant
subgroup of G(L) and U C U”. Hence it suffices to show that Q5™ (U) is finite. We
can identify Q& ™ (U’) with

GUN(G(L) - )5,
so it suffices to show that this set is finite. Let y € (G(L) - x)® /%) "and let r be
as in Theorem 5.4.4. Then there exists a z € Z(G, K) such that d(y, z) < r. Now fix
a chamber C of Z(G, K), and let g € G(K) such that gz € C' (see Theorem 5.1.5).
Then d(gy,C) < r, so gy lies in the set D = {v € |#(G, L)| : d(v,C) < r}, which is
compact by Corollary 5.3. On the other hand the action of G(L) on |Z(G, L)| has
discrete orbits by Remark 5.2, so G(L) - z intersects D in only finitely many points.

Hence there are only finitely many possibilities for gy, so G(K)\(G(L) - z)%(E/5) is
finite, as was to be shown. 0

PROPOSITION 5.10. — Let G be a connected reductive group over a p-adic field
K, and let L be a finite Galois extension of K over which G splits. Let U be a Galois

invariant subgroup of G(L). Then Qé/K(U) is finite.
Proof. — Let G’ be the semisimple group G, and let G* be the torus G/G’.
This gives us an exact sequence
1 - G'(K) = G(K) % G™(K) —» H'(K, Q).

The image ¥ (U) C G**(L) is compact. It is also open: If Z is the centre of G,
then the map v: Z — G is an isogeny, and since Z(L) N U is open in Z(L), its

image in G® is open as well. Hence by Lemma 5.8 we know that Qéﬁf(w(U)) is
finite. Furthermore, by [SS79, 111.4.3] H'(K, G’) is finite, hence the image of G(K)
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in G* (K) has finite index. If we let G(K) act on (G**(L) /(U)K via o), we
now find that the quotient set G(K)\(G**(L)/v(U))%E/K) is finite. The projection
map 1: (G(L)/U)EEK) 5 (Gab(L) [4p(U)) SN E/K) is G K)-equivariant, so we get
a map of G(K)-quotients 1): QL/K( U) — G(K)\(G*(L)/y(U))GL/K) - To show
that QL/ K(U) is finite it now suffices to show that the map ¥ is finite.

Let z € QL/ K( U); we need to prove that there exist only finitely many y € @
such that ¢(2) = 1(y). Choose a representative & of x in G(L); then there exists a
representative § of y in G(L) such that Z = 7 in G**(L). Hence there is a ¢’ € G'(L)
such that ¢’ = . Since zU and yU are Galois invariant, the element ¢’ is Galois
invariant in G'(L)/(G'(L) N zUZ~'); this makes sense because the compact open
subgroup G'(L) N zUZ~! of G'(L) is Galois-invariant. Furthermore the element y
only depends on the choice of ¢’ in

G'(K\ (G'(L)/ (G'(L)ynavz! = Q4" (¢'(L)ynzUT ™).

Since this set is finite by Lemma 5.9 there are only finitely many possibilities for y
for a given x. This proves the Proposition 5.10. U

L/K( )

))Gal(L/K)

The final Proposition of this section is a stronger version of Proposition 5.10 in the
case that the compact open subgroup U comes from a “nice” model of G. We need
this to prove a stronger version of Theorem 2.4 over local fields in the case that we

have models over a collection of local fields coming from the places of some number
field (compare Theorem 4.1(2)).

PROPOSITION 5.11. — Let K be a p-adic field, and let 4 be a smooth group
scheme over Oy with connected fibres whose genenc fibre is reductive and splits over

an unramified Galois extension L /K. Then #Q@K (Y (0p) =1

Proof. — Let k be the residue field of K. Let g € ¢4(L) such that ¢¢(0}) is Galois-
invariant; we need to show that ¢& (&) has a point defined over K. Since L/K is
unramified, we see that Gal(L/K) is the étale fundamental group of the covering
Spec(0y)/Spec(Ok). As such ¢94(0',) can be seen as the & -points of a ¥-torsor A
over Spec(Ok) in the sense of [Mil80, II1.4]. By Lang’s theorem the %-torsor % is
trivial, hence #(k) is nonempty. Since ¢ is smooth over Ok, so is %, and we can
lift a point of #(k) to a point of #(0k). Hence ¢4 (0) has an Ok-point, as was
to be shown. O

5.3. Models of reductive groups

In this subsection we prove Theorem 2.4 over local fields, plus a stronger statement
for local fields coming from one number field. We need this to prove Theorem 2.4
for number fields.

THEOREM 5.12. — Let G be a connected reductive group over K. Let V' be a
faithful representation of G, and regard G as an algebraic subgroup of GL(V'). Let
N be the scheme-theoretic normaliser of G in GL(V).

(1) Let K be a p-adic field. Then the map mdlg: Laty (V) — MdI(G) of Lem-
ma 2.3 is finite.
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Let K be a number field. Then there exists a finite Galois extension L of K
over which G splits with the following property: For almost all finite places
v of K there is exactly one N(K,)-orbit X, of lattices in Vg, such that
mdlg, (Xy)e,, is the Chevalley model of G, for all places w of L over v.

Proof. — Let NY and my(N) be the identity component and component group of
N, respectively.

(1)

Let L/K be a Galois extension over which G splits. Let R and S be the rings
of integers of K and L, respectively. Then we have the following commutative
diagram:

LatNO<V) S LatNO(VL>
S _
Laty (V) on Laty(V2)
mdlg mdlg,
SpecS Xspecr —
Y [(€) P Y ) e

By Theorem 4.1.1 we know that the map on the lower right is finite. Further-
more, since NY is of finite index in N, we know that the maps on the upper
left and upper right are finite and surjective. To show that the map on the
lower left is finite, it now suffices to show that the top map is finite. Let A be
a lattice in V. The NY(L)-orbit of Ag in Lat(V7) is a Galois-invariant element
of Latyo (V7). As a set with an N°(L)-action and a Galois action, this set is
isomorphic to N°(L)/U, where U C N°(L) is the stabiliser of Ag; this is a
compact open Galois-invariant subgroup of N°(L). If A’ € Lat(V) is another
lattice such that Ay € N°(L) - Ag, then Ay corresponds to a Galois-invariant
element of N°(L)/U. We now show that N is reductive. First note that
in Remark 4.3 we saw that Zj is connected and reductive, hence so is Z.
In [usel2] it is shown that this implies that N° is reductive; we repeat the
argument here. The action of N on G by conjugation induces a morphism
of algebraic groups N — Autg/,. On connected components, this becomes
N® — Auty, ), = G4 this map is surjective since G C N°. Its kernel is Z,

and so we get a short exact sequence 1 — Z — N° — G* — 1. So NV is an
extension of reductive groups, hence reductive.

Since NY is reductive, the set QZ/OK(U ) is finite by Proposition 5.10. This
shows that, given A, there are only finitely many options for N°(K)-A’. Hence
the top map of the above diagram is finite, as was to be shown.

Let L/K be finite Galois such that the map N(L) — mo(N)(K) is surjective
and such that G splits over L. Choose a lattice A € Lat(V). Let 40 be
the model of N° induced by A. Let A, := A} ; this is the model of Ny
induced by Ap, C Vk,. For almost all v the R,-group scheme .A4,° is reductive.
Since Gy, is split, for almost all places w of L the model of G associated to
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Ag, is the Chevalley model. Furthermore, let ny,...,n, € N(L) be a set of
representatives of my(N)(K); then for every place w of L we have

Agw U NO nz ASw

For almost all w all the lattices n; - Ag, coincide, hence for those w we have
N(L,) - As, = N°(L,) - As,. Now let v be a finite place of K satisfying the
following conditions:

— For every place w of L above v, the N(L,,)-orbit of lattices N(L,,) - Ag,

is the only orbit of lattices in V7, inducing the Chevalley model of G ;

— for every place w of L above v we have N(L,) - Ag, = N°(Ly,) - As,;

— L is unramified over v;

— A0 is reductive.
The last three conditions hold for almost all v, and by Theorem 4.1.2 the
same is true for the first condition. Let us now follow the proof of the previous
point, for the group Gk, and its faithful representation Vi, . The first two
conditions tell us that N°(L,) - Ag, is the only N°(L,)-orbit of lattices
yielding the Chevalley model of GGy, for every place w of L over v. By the
last two conditions and Proposition 5.11 we know that Q%' ™" (#(S,)) = 1,
hence N(K,) - Ag, is the only N°(K,)-orbit of lattices that gets mapped to
N°(L,) - As,. This is the unique N°(K,)-orbit of lattices in Vi, yielding the
Chevalley model of G ; in particular there is only one N(K,)-orbit of such
lattices. 0

6. Reductive groups over number fields

In this section we prove Theorem 2.4 over number fields. To go from local fields to
number fields, we work with the topological ring of finite adeles Ag over a number
field K; let R C A k¢ be the profinite completion of the ring of integers R of K. If M
is a free Ak ¢-module of finite rank, we say that a lattice in M is a free R-submodule
that generates M as an Agr-module. The set of lattices in M is denoted Lat (M),
and if G is a subgroup scheme of GL(M ), we denote Latg (M) := G(Ak)\Lat(M).
If V is a finite dimensional K-vector space, then the map A — Ay gives a bijection
Lat(V)) = Lat(Va, ).

LEMMA 6.1. — Let K be a number field, let G be a (not necessarily connected)

reductive group over K, and let V' be a finite dimensional faithful representation of
G. Let 4 be a model of G.

(1) %(}A%) is a compact open subgroup of G(Ag¢) in the adélic topology;
(2) The map Latg(V) — Latg(Va,.,) is finite;
(3) The map Latg(Vy, ) — I, Lata(Vk,) is injective.
Proof. —
(1) Let V be a faithful representation of G and let A be a lattice in V' such that
¢ is the model of G associated to A. Then 9 (R) = G(Ag¢) N End(Aj). Since
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End(Ap) is open in End(Vy, ), we see that 4 (R) is open in G(Agy). It is
compact because it is the profinite limit of finite groups im &(R/I), where I
ranges over the ideals of R.

(2) Let A be a lattice in V, and let 4 be the model of G induced by A. Then
the stabiliser of Ay in G(Agy) is equal to ¢ (}A%), which by the previous
point is a compact open subgroup of G(Ag¢). Then as a G(Agg¢)-set we
can identify G(Agr) - Ay with G(Axs)/9(R). By [Bor63, Thm. 5.1] the
double coset G(K)\G(Ag¢)/%(R) is finite. This means that G(Agy) - Ap
consists of only finitely many G'(K)-orbits of lattices in Vi, .. Since the map
Lat(V) — Lat(Vy,,) is a G(K)-equivariant bijection, each of these orbits
corresponds to one G(K)-orbit of lattices in V'; hence there are only finitely
many G(K)-orbits of lattices in V' with the same image as A in Latg(Va,,),
which proves that the given map is indeed finite.

(3) Let A, A" be two lattices in Vj, , whose images in [], Latg(Vx,) are the same.
Then for every v there exists a g, € G(K,) such that g, - Ag, = A, . Since
AR, = A, for almost all v, we can take g, = 1 for almost all v; hence g-A = A’
for g = (gv)v € G(AK,f)' O

Proof of Theorem 2.4. — The case that K is a p-adic field is proven in Theo-
rem 5.12.1, so suppose K is a number field. Then we have the following commutative
diagram:

f1 f:
Laty (V) Laty (Vi) ’ I1, Latx(Vx,)
ndlg [I,mdlc,,
o Spec(Ry) Xspec(r) —
Mdl(G) IL. 5 e I, Mdl(G,)

Let L be as in Theorem 5.12(2), and let R and S be the rings of integers of K
and L, respectively. Let ¢ be a model of G. Then for almost all finite places w of L
the model ¥, of G, is the Chevalley model. By Theorem 5.12 we know that for
every finite place v of K there are only finitely many N (K, )-orbits of lattices in Vi,
whose associated model is ¥, , and for almost all v there is exactly one such orbit.
This shows that there are only finitely many elements of I, Laty(Vk,) that map to
(¥R, )v- Hence the map on the right of the diagram above is finite over the image of
the bottom map; since f; and f, are finite as well by Lemma 6.1, this proves the
Theorem. OJ

Remark 6.2. — The proof of Theorem 2.4 also shows that for every collection of
models (9,), of the G, there are at most finitely many N (K )-orbits of lattices in
V' that yield that collection of models.

7. Integral Mumford—Tate groups

Let g and n be integers with ¢ > 1 and n > 3. Let Ay, be the moduli space of
principally polarised abelian varieties of dimension g with level n structure. Let & ,,
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be the universal abelian variety over A, ,,, and let V,,, be the variation of integral
Hodge structures on Ay, for which V,,, = H' (X%, Z) for every y € Ay,(C). If
Y C A, is a special subvariety, then we can define its generic (integral) Mumford-
Tate group GMT(Y') analogously to how one defines the generic rational Mumford—
Tate group for a variation of rational Hodge structures, as for instance in [Moo04]. If
y € Y is Hodge generic (i.e. its special closure is V') then GMT(Y') is isomorphic to the
Mumford-Tate group of the integral Hodge structure V,,,,. The resulting integral
group scheme is flat and of finite type over Z, and its generic fibre is a connected
reductive rational algebraic group. The aim of this section is to prove the following

Theorem:

THEOREM 7.1. — Let g and n be positive integers with n > 2, and let 4 be a
group scheme over Z. Then there are at most finitely many special subvarieties Y of
A, such that GMT(Y) = ¢.

Throughout this section, by a symplectic representation of an algebraic group G
over a field K we mean a morphism of algebraic groups G — GSp(V, ) for some
symplectic K-vector space (V). The following result will be used multiple times
to translate statements about symplectic representations to representations.

LEMMA 7.2. — Let G be a connected reductive group over a field K of character-
istic 0. Then the isomorphism class of a symplectic representation of G is uniquely
determined by its isomorphism class as representation.

Proof. — Let p: G — GSp(V,v) and ¢': G — GSp(V’,¢’) be two symplectic rep-
resentations such that V' and V' are isomorphic as representations of G. We need
to show that there exists an isomorphism of symplectic vector spaces f: (V,¢) =
(V' ') respecting the action of G. Let g be the Lie algebra of G; since G is connected,
it suffices that f respects the action of g. The existence of such f has been shown, for
K = C and for representations in Sp(V, %) and Sp(V’,¢’), in [Kno06, Thm. 2.1 (b)];
however, the given proof works the same for our more general situation. ([l

Before we prove the main result in section 7.2, we first need to devote section 7.1
to Proposition 7.3, which is the “rational analogon” to Theorem 7.1.

7.1. The rational case

The goal of this section is to prove the following Proposition:

PrROPOSITION 7.3. — Let G be a reductive algebraic group over Q. Then up to
Hecke correspondence there are at most finitely many special subvarieties Y of A,
such that GMT(Y )g =

This is as far as we can get into proving Theorem 7.1 without using integral
information, as rational generic Mumford-Tate groups are invariant under Hecke
correspondences. We first need to set up some notation before we get to the proof.
For an algebraic group G over Q we write G(R)" for the identity component of
the Lie group G(R). We write S for the Deligne torus Resc/rGy,. Let H, be the
g-dimensional Siegel space; then (Gszg7 H,) is a Shimura datum. We fix a connected

component H; C H,.
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DEFINITION 7.4. — A reductive connected Shimura datum is a pair (G, X™)
consisting of a connected reductive group G over Q and a G(R)"-orbit X+ of
morphisms S — G such that the pair (G,G(R) - X*) is a Shimura datum.

A reductive connected Shimura datum differs from a connected Shimura datum in
the sense of [Mil05] in that we do not require G' to be semisimple, and we look at
morphisms S — Gg rather than morphisms St — G&%.

DEFINITION 7.5. — A connected Shimura triple of rank 2g is a triple (G, X, o)
consisting of:
e a reductive algebraic group G over Q;
e a G(R)"-orbit X* C Hom(S, Ggr) such that the pair (G, X") is a connected
reductive Shimura datum;
e an injective morphism of algebraic groups ¢: G < GSpy, o such that ggo X tC
H;“, and such that G is the generic Mumford—Tate group of X under this

embedding.

For a reductive group G, we define
(71) AC.g) =
{ (X * Q) : (G, X, Q) is a connected Shimura triple of rank 2g}.

There are commuting actions from Aut(G) on the left and GSp,,(Q) on the right
on Q(G, g), defined by

(7.2) o- (X+, Q) ca = (O']R o Xt inn(a) togo 0'_1> :

The reason to study these Shimura triples is that every special subvariety comes
from a connected Shimura triple in the following sense: The Shimura variety A,
is a finite disjoint union of complex analytical spaces of the form F\”H;, where
I' € GSp,,(Z) is a congruence subgroup, and 7—[;“ is a fixed connected component
of H,. For such a I', and a connected Shimura triple (G, X", o) of rank 2g, denote
by Yr(G, X, o) the image of o(X™) C H; in I'\H;. This is a special subvariety of
["\#H;, and all special subvarieties arise in this way. Furthermore, GMT(Yr (G, X, 0))q
is isomorphic to G. If Y = Y3 (G, X, 0) and Y are two special subvarieties of I'\#H}
that differ by a Hecke correspondence, then there exists an a € GSp,,(Q) such that
Y’ = Yr(G, X", inn(a) ! o ). To show Proposition 7.3 it is therefore sufficient to
prove the following result:

PROPOSITION 7.6. — Let G be a connected reductive group over Q. Then the
cardinality of the quotient set Aut(G)\Q(G, g)/GSp,,(Q) is finite.

The rest of this subsection is dedicated to the proof of this Proposition. We first
prove some auxiliary results.

LEMMA 7.7. — Let d be a positive integer. Let 11 be a finite subgroup of GL4(Z),
and let ny € Z be such that 11 - 1y generates the rational vector space Q%. Then up
to the action of Auty(Z?) there are only finitely many elements n € Z® such that for
all my,--- ,mq € Il we have

(7.3) det(my - mg, <+, mq-mo) = det(my -m, -+, W+ M).
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Proof. — Fix my, -+, mqy € 1I such that the m; - ny are Q-linearly independent,
and define the integer C' := det(m - no, - -+, mq - o). Let n € Z< be such that it
satisfies (7.3). Then det(m - n, -+, mqg-n) = C # 0, so the m; - n are Q-linearly
independent as well. If 7 is any element of II, then there exist ¢;, ¢; € Q such that
T-no =y ¢i(mi-mo) and m-n =3, ci(m - n). Then we may calculate

ci- C =det(m - mo, -+, Ti_1 Mo, T Mo, Tix1 Mo, * =+ » Td* 7o)
:det<771'777 ety T T TN T 1)y 7Td’n)
=c-C.

7

Hence ¢; = ¢}, and we find that for every collection of scalars (z),cn in Map(Il, Q)

we have
Y xp-(mom)=0& > .- (m-n)=0.

mell mell

It follows that there exists a unique Il-equivariant linear isomorphism f,: Q¢ — Q?
satisfying f,(n0) = 1. Let A, be the lattice in Q¢ generated by II-n; then f,(A,,) = A,
Now let 7 € Z? be another element satisfying (7.3); then f, o Iy 1'is the unique
II-equivariant automorphism of Q¢ that sends 7 to n’. This automorphism induces
a Il-equivariant automorphism of Z¢ if and only if I Y7d) = I Y(Z%) in Q% Hence
Autyy(Z%)-orbits of suitable 7 correspond bijectively to lattices of the form f,'(Z%)
in Q?. Let C' be as above; then A, C Z4 C C~'A,, hence A, C f,'(Z%) € C'Ay,.
Since there are only finitely many options for lattices between A, and C~'A,,, we
conclude that there are only finitely many options for the Auty(Z?)-orbit of . O

LEMMA 7.8. — Let T be a torus over Q, and let v: G, 5 — GSpy, g be a sym-
plectic representation. Let S be the collection of pairs (n,7), where n: G, o — Tg
is a cocharacter which does not factor through a strict subtorus defined over Q, and
T: T — GSpy, g Is a GSp,, (Q)-conjugacy class of faithful symplectic representations,
such that v = 75 o n as symplectic representations of G, 5. Define an action of
Aut(T) on S by o - (n,7) = (6gon,7oo~"). Then Aut(T)\S is finite.

Proof. — Define X = X,(T) as a free abelian group with a Gal(Q/Q)-action,
and identify X*(7') with X" via the natural perfect pairing. Let II be the image
of Gal(Q/Q) in GL(X); this is a finite group. Now let (n,7) € S; then 7 is an
isomorphism class of symplectic representations of 7'. By Lemma 7.2 this isomorphism
class is determined uniquely by its isomorphism class as representations, so 7 is
uniquely determined by its associated multiset W C XV of characters of T'. Since 7
is faithful, W generates XV, and the fact that 7 is defined over Q implies that W is
invariant under the action of II. Since n does not factor through a strict Q-subtorus
of T, we find that Xg is generated by II - . Now let d be the rank of X, and let
my, -+, Mg € II. Consider the homomorphism of abelian groups

Py X — Z°
A= (A m))i<a

The isomorphism class of the (symplectic) representation v is given by a multiset
Y C X*(Gy) = Z. Since we require v = 1 o7, we find that W on = ¥ as multisets
in Z. Furthermore, W is Galois-invariant, so W o (7 -n) = X for all 7 € II. Define
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m:= max{|0| co €N CZ}.

Then the multiset ¢, (), (W) in Z? is contained in {—m, -+ ,m}?%. Choose an iden-
tification X = Z¢, so that we may consider ¢, (), as an element of Maty(Z). In
this notation, the ¢ column of ¢, (), equals the column vector 7; - . Furthermore,
|det(¢y,(x), )| i equal to the volume of the image of a fundamental parallelogram of Z<.
Since X is generated by W, this volume cannot exceed m?, hence |det(py,(x,),)| < m?
for all choices of the ;. Hence, if we let (7,7n) range over S, there are only finitely
many possibilities for the map

by: | {—md,~~ ,md}
(71, -+, ma) > det(p,r,).

By Lemma 7.7 there are, up to the action of Aut(7") = Auty(X), only finitely many
n € X yielding the same t,. Since the set of possible ¢, is also finite, we see that
there are only finitely many options for n (up to the Aut(7')-action). Now fix such
an 7. For every w € W we need to have w(m - n) € X, for all 7 € II. Since II - 5
generates Xq, there are only finitely many options for w, hence for the multiset W,
since the cardinality of W has to be equal to 2¢g. We conclude that up to the action
of Aut(T") there are only finitely many possibilities for (), 7). O

LEMMA 7.9. — Let G be a connected reductive group over Q, and let Z be the
identity component of its centre. Let ¢ be the natural map Aut(G) — Aut(Z). Then
©(Aut(@)) has finite index in Aut(Z).

Proof. — Let H be the finite group Z NG9, and let n := #H. If ¢ is an auto-
morphism of Z that is the identity on H, then we can extend ¢ to an automorphism
o of G by having & be the identity on G9°*. Because of this, it suffices to show that
the subgroup

{a € Aut(Z) : oly — idH} C Aut(Z)

has finite index. Let X := X,(Z). Let 0 € Aut(Z), and consider ¢ as an element of
GL(X). If o maps to the identity in Autz/,z(X/nX), then o is the identity on Z[n],
and in particular on H. Since Autz/nz(X/nX) is finite, the Lemma follows. O

LEMMA 7.10. — Let G be a connected reductive group over Q, and let Z be the
identity component of its centre. Let 0cone and oqer be 2g-dimensional symplectic
representations of Z and G9°°. Then there are at most finitely many isomorphism
classes of symplectic representations ¢ of G such that 9|z = gcens and o|gaer = 0ger
as symplectic representations of Z and G, respectively.

Proof. — Let T' be a maximal torus of G, Then the isomorphism classes of gcent
and pqer as representations, hence as symplectic representations by Lemma 7.2, are
given by multisets Yeens € X*(Z) and Xger C X*(T”), both of cardinality 2g. Let
T := 7 -T" C @G, this is a maximal torus. The isomorphism class of a symplectic
representation g of G satisfying these conditions corresponds to a multiset ¥ C X*(7')
of cardinality 2¢, such that ¥ maps to Ycens in X*(Z) and to 3ge in X*(7”). Because
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X*(T)g = X*(Z)g ® X*(T")q, there are only finitely many options for ¥, as we can
obtain all of them by creating pairings of elements of ¥ .; with elements of ¥g.,. [

For the proof of Proposition 7.3 we furthermore need some more notation. We fix
a G and g, and write 2 := Q(G, g)/GSp,,(Q); we need to show that Aut(G)\Q is
finite. Let Z be the identity component of the centre of G, and consider the natural
projection Z x G4 — . This is an isogeny, and we let n be its degree. Let (X, o)
be an element of €. If x is an element of X, then the composite map S = S % G
factors uniquely through Zr x Gﬁ{’r. Let eent and xger be the associated maps from
S to Zg and GI, respectively. Define X, = {z4er : © € X}, and let X be the
image of X* under ad : G — G2, We define the sets Qger and Qeep:

o Let Qqer be the set of all pairs (YT, 0), where Y is a G4 (R)T-orbit in
Hom(S, G£) such that adgoY ™ = X on for some connected Shimura datum
(G*, X 1), and o is an isomorphism class of symplectic representations of
G4 of dimension 2g.

o Let pu: Gpc — Sc be the Hodge cocharacter. Let Zc., be the set of all
pairs (n,7), where n € X,(Z), and 7 is an isomorphism class of symplectic
representations of Z of dimension 2g. Let Qeent C Zeent be the subset of all
pairs of the form (Zeent.c © 4, Q|Z)), where (X*,0) € Q, and z € X+,

Note that there is a natural map
(28 Q — Qder X chnt
(X*,0) = ((Xdaro

where z is any element of X since Ty is invariant under the action of C_Jder(]R)Jr
on Xt the choice does not matter. We can define left actions Aut(G) on Qqe, and

Qeent analogously to (7.2), and this makes ¢ an Aut(G)-equivariant map.

Gdcr> ) (Icent ou, o |Z) )7

LEMMA 7.11. — The map ¢ is finite.
Proof. — This follows directly from Lemma 7.10. U
LEMMA 7.12. — The set Qqe, is finite.

Proof. — Let X be the image of X under ad: G — G*!. Then (G®, X)) is a
connected Shimura datum in the sense of [Mil05]. It follows from [Del79] that, for a
given G, there are only finitely many possibilities for X}. Since adg 0 X, = X}, on
as subsets of Hom(S, G&%) and ad: G4 — G is an isogeny, there are only finitely
many possibilities for Y*. Furthermore, a semisimple group has only finitely many
symplectic representations of a given dimension, so there are also only finitely many
possibilities for . O

LEMMA 7.13. — There are only finitely many possibilities for the isomorphism

class Or © Teent Of S as we let x range over all possible elements over all possible X +,
for (X, 0) € Q.

Proof. — Let (Y'+, o) be an element of Qge,. The isomorphism class of the symplec-
tic representation or oy of S does not depend on the choice of y € Y. Since Qge, is
finite, in this way we obtain only finitely many symplectic representations of S. If we
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apply this to an (X*,0) € Qand a 2 € X, then gp o T4 is one of these representa-
tions. It follows that there are only finitely many options for the isomorphism class
of gr 0 ger as we let (X T, o) range over all possible options (it again does not depend
on the choice of x € X*). On the other hand, there is only one possibility for the
isomorphism class g o z; it is the representation of S corresponding to a polarised
Hodge structure with weights {(1,0),(0,1)} and dimension 2g. We know that the
representations gg o T, gr © Tger and Qg © Teene are given by their multisets of weights
Y, Yders eent C X« (S). The fact that x on factors as Zeens X Tger implies the following
property of these multisets: There exist orderings Yger = {01.der, *** , T2g.der} and
Yeent = {T1cent> 5 O2g.cent } SUCh that n¥ = {0} der + T cent : ¢ < 2g}. By the above,
there are only finitely many possibilities for both ¥ and Yg.,, hence there are only
finitely many possibilities for Y qp. [

LEMMA 7.14. — The set Aut(G)\(Qqer X Qeens) is finite.

Proof. — Let (X*,0) € Q, and let (Zeen © p1, 0|z) be its associated element of
Qcent. By Lemma 7.13 we know that there are only finitely many options for the
isomorphism class of the symplectic representation v := oc © ZTeent,c © 12 Gme —
GSpy, c- Let chnt,v C Qeent be the subset of all (Zeent.c © W, 0|z) that yield this v.
Each of these is closed under the action of Aut(Z). Since G is the rational generic
Mumford-Tate group of (X, p), the image of the cocharacter z¢ oy does not factor
through a Q-subgroup of G for generic x; hence Zeentc © p does not factor through a
Q-subtorus of T'. Furthermore, each v is defined over QQ, so Lemma 7.8 tells us that
each Aut(Z)\Qcent,, is finite. Since the image of Aut(G) has finite index in Aut(Z2)
by Lemma 7.9, we know that Aut(G)\chm is finite. Furthermore, we know from
Lemma 7.12 that Qg is finite, so Aut(G)\(Qeent X Qqer) is finite. O

Proof of Proposition 7.3. — Since ¢ is finite by Lemma 7.11, the induced map
Aut(G)\Q — Aut(G’)\(Qder X chnt)

is finite as well. Since the codomain of this map is finite by Lemma 7.14, we find
that its domain is finite. O

7.2. The integral case

In this subsection we prove Theorem 7.1. Recall that as a complex analytic space we
can view A, ,, as a disjoint union of spaces of the form F\”H;, where [' is a congruence
subgroup of GSp,,(Z). As before, for a connected Shimura triple (G, X™, o), let
Yr(G, X*, o) be the image of gr 0 X+ C H in I\H].

LEMMA 7.15. — Let (G, X%, ) and (G', X'",¢") be two special triples. Then
Yr(G, X, 0) = Yr(G', X', ¢)) if and only if G = G’, and if under such an identifi-
cation we have (X T, ) = (X'T, ') in Aut(G)\Q(G, g)/T.

Proof. — As “if” is trivial, we focus on “only if”. Assume that gg 0 X = gf o X'*
in ['\'H;. The generic Mumford-Tate group of any element of gr 0 X™ C H] is
o(@), i.e., it is the algebraic closure of any generic element of gg o X in GSpyy.0-
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Thus, the image of gg o X in I'\'H " determines the subgroup o(G) C GSpy, g up to
[-conjugation. Thus we can conclude from our assumption, that o(G) = ¢/ (G')y™*
for some v € T'. We may replace (X', ¢') by (X", inn(v) o ¢') without changing its
class in (G, ¢g)/T'; thus we may assume without loss of generality that o(G) = ¢'(G’).

/—1
Since o, ¢’ are injective, it follows that we get an isomorphism o: G - o(G) 2

G'. Then ¢ = o o g, hence it follows that (X, p) and (X'*, o) are identical in
Aut(G)\Q(G, ¢g)/T under the identification G = G'. O

This lemma allows us to define the generic (integral) Mumford-Tate group of
elements of (G, g):

DEFINITION 7.16. — Let G be a connected reductive group over Q. For (X, o) €
Aut(G)\Q(G, g)/T, define GMT(X ™, 9) to be the generic (integral) Mumford—Tate
group of Yr(G, X, p).

Since G is the generic Mumford—Tate group of gro X+, the group scheme GMT(X T, p)
is a model of GG. This allows us to formulate the following theorem, of which Theo-
rem 7.1 is a direct result:

THEOREM 7.17. — Let G be a connected reductive group over Q, and let I' C
GSp,,(Z) be a congruence subgroup. Then the map GMT: Aut(G)\Q(G,g)/T" —
Mdl(G) is finite.

Proof of Theorem 7.1 from Theorem 7.17. — The Shimura variety A, ,, is a finite
disjoint union of connected Shimura varieties I'\H . We need to show that for every I
and for every group scheme ¥ over Z there are only finitely many special subvarieties
of F\’H; whose generic Mumford—Tate group is isomorphic to ¢4. Let G be the generic
fibre of ¢; then every such special subvariety is of the form Yr(G, X, p) for some
(XT,0) € Q(G,g). The Theorem now follows from Theorem 7.17. O

The remainder of this section is dedicated to proving Theorem 7.17. We first need
two auxiliary results. The first of these describes the map GMT in terms of Section 2.

LEMMA 7.18. — Let (X, 0) € Q(G, g). Let V := Q% be the standard representa-
tion of GSp,, o, and let A = 7?9
(1) One has GMT(X ™, p) = md1,)(A).
(2) Let a € GSp,,(Q). Then GMT(X™,inn(a)~" 0 o) = md1,c (al).

Proof. —

(1) Let x € X be generic. The point gg o x € ’H; corresponds to the polarised
integral Hodge structure A = Z? (with standard polarisation), whose S-
representation is given by or o x. Since x is generic, the rational Mumford—
Tate group of this Hodge structure is o(G); hence its integral Mumford—Tate
group is mdl,c)(A).

(2) We have GMT(X T, inn(a) 'op) = md1l,-1,).(A). As in the proof of Lemma 2.3,
one can show that this is equal to md1l,)(al). O

The second auxiliary result relates connected Shimura varieties to their equiva-
lent construction using GLy, rather than GSp,,. Let I' be a congruence subgroup of
GSpy,(Z). Write M (') := I'\H; this is a real analytic space. If I is small enough,
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then M(I') is a connected Shimura variety. Let ’;'/-[\g+ be the subspace GLgy(R)™ - H
of Hom(S, GLyy g ), let T be a congruence subgroup of GLayy(Z), and define M(T') :=

f‘\?f-[\; This is a real analytic space, but for g > 1 it will not have the structure of a
connected Shimura variety.

LEMMA 7.19. — Let I' C GSp,,(Z) be a congruence subgroup, and let T c
GLyy(Z) be a congruence subgroup containing I'. Then the map of real analytic

spaces M(T') — M(T) is finite.

Proof. — It suffices to prove this for I' = GSp,,(Z

) and I' = GLgy(Z). For these
choices of congruence subgroups we have (see [EY03]):

1), (1,0)} on 2%} /=,

M) = {prmc pol. Hodge structures of type {(0
0)} on Z2g} /=

M) = {Hodge structures of type {(0,1), (1,

In this terminology, the natural map M (I") — M (f) is just forgetting the polarisation.
By [Mil86, Thm. 18.1], a polarisable Z-Hodge structure of type {(0,1),(1,0)} has
only finitely many principal polarisations (up to automorphisms of polarised Hodge
structures), which proves the Lemma. O

Proof of Theorem 7.17. — By Proposition 7.3 it suffices to show that for every
GSpy, (Q)-orbit B in Aut(G)\Q the map GMT: B/I' — MdI(G) is finite. Fix an
element (X7, o) of such a B, and identify G with its image o(G) in GSpy, o- Let N
be the normaliser of G in GSp,, ; then as a right GSp,,(Q)-set we can identify B
with V(Q)\GSp,, (Q), identifying N(Q)a with (X, o) - a. Under this identification
we find

BT = N(Q)\GSpy,(Q)/T
(X*,0)-a-T'+— N(Q)al.
Let V and A be as in Lemma 7.18. By this Lemma and under the identification
of (7.4), the map GMT sends the double coset N(Q)al" to mdlg(aA). On the other

hand, let N be the scheme-theoretic normaliser of G in GLy, p. We can then identify

Latg (V) 2 N(Q)\GLay (Q)/GLay (Z)

by identifying ]/V\(QaGng(Z) with N(Q)aA. Taking all of this together, we can
decompose the map GMT into

B/T = N(Q)\GSp,,(Q)/T

(7.4)

(7-5) - N(@)\GSPQQ(@)/GSPQQ<Z)

(7.6) — N(Q)\GLay(Q)/GLay(Z)
o2 LatN(V)

(7.7) "8 MAI(G).

The map in (7.5) is finite because I' is of finite index in GSp,,(Z), and the map
in (7.7) is finite by Theorem 2.4. Hence it suffices to show that the map in (7.6)
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is finite; denote this map by f. Let Z be the set of connected real analytic sub-
spaces of M(GSp,,(Z)), and let Z be the set of connected real analytic subspaces

of ]\/Z(GLQQ(Z)). By Lemma 7.19 the induced map z: Z — Z is finite as well. There

are maps
(7.8) v N(Q)\GSpyoy(Q)/GSpyy(Z) — Z,
(7.9) it N(Q)\GLyy(Q)/GLay(Z) — £

where ¢ sends an a € GSpy,(Q) to the image of a™'o(XT)a in GSpy,(Z)\H],
and 7 is defined analogously. We can use Lemma 7.15 to (G, X, inn(a) o p) and
(G, X7, inn(a’) o o) with I' = GSp,,(Z) (which does not yield a connected Shimura
variety, but the proof still applies) to conclude that ¢ is injective. Furthermore,
zot=T7o f, so the fact that z is finite and ¢ is injective implies that f is finite, which
proves the theorem. 0

Remark 7.20. — Let L be the set of prime numbers. By applying Remark 6.2
rather than Theorem 2.4, we can also prove that for a collection of Z,-group
schemes (%;)scr, there are at most finitely many special subvarieties Y C A,
with GMT(Y )z, = %, for all £. In particular, if A is a g-dimensional abelian variety
over a number field with a degree n polarisation, and Gy(A) is its ¢-adic Galois
monodromy group (as a group scheme over Zy), then there are only finitely many
Y with GMT(Y)z, = Gy(A) for all £ € L. On the other hand, the Mumford-Tate
conjecture states that if MT(A) is the (integral) Mumford—Tate group of A, then
MT(A), = Go(A) for all £ (see [CM20] for the integral version of the conjecture). In
particular, it implies that at least one Y as above exists, namely the special closure
of the point on A, ,, corresponding to A.
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