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970 P. GERVAIS & B. LODS

ABSTRACT. — Triggered by the fact that, in the hydrodynamic limit, several different
kinetic equations of physical interest all lead to the same Navier—Stokes—Fourier system, we
develop in the paper an abstract framework which allows to explain this phenomenon. The
method we develop can be seen as a significant improvement of known approaches for which
we fully exploit some structural assumptions on the linear and nonlinear collision operators
as well as a good knowledge of the Cauchy theory for the limiting equation. In particular, we
fully exploit the fact that the collision operator is preserving both momentum and kinetic
energy. We adopt a perturbative framework in a Hilbert space setting and first develop a
general and fine spectral analysis of the linearized operator and its associated semigroup. Then,
we introduce a splitting adapted to the various regimes (kinetic, acoustic, hydrodynamic)
present in the kinetic equation which allows, by a fixed point argument, to construct a solution
to the kinetic equation and prove the convergence towards suitable solutions to the Navier—
Stokes—Fourier system. Our approach is robust enough to treat, in the same formalism, the
case of the Boltzmann equation with hard and moderately soft potentials, with and without
cut-off assumptions, as well as the Landau equation for hard and moderately soft potentials
in presence of a spectral gap. New well-posedness and strong convergence results are obtained
within this framework. In particular, for initial data with algebraic decay with respect to the
velocity variable, our approach provides the first result concerning the strong Navier—Stokes
limit from Boltzmann equation without Grad cut-off assumption or Landau equation. The
method developed in the paper is also robust enough to apply, at least at the linear level, to
quantum kinetic equations for Fermi-Dirac or Bose-Einstein particles.

RESUME. — L’article développe un cadre abstrait pour expliquer le fait que, dans la limite
hydrodynamique, plusieurs équations cinétiques différentes conduisent toutes au méme systéme
de Navier—Stokes—Fourier. La méthode que nous développons peut étre considérée comme une
amélioration significative des approches connues pour lesquelles nous exploitons pleinement
certaines hypotheses structurelles sur les opérateurs de collision linéaires et non-linéaires ainsi
qu’une bonne connaissance de la théorie de Cauchy pour ’équation limite. En particulier,
nous exploitons pleinement le fait que 'opérateur de collision préserve & la fois la quantité
de mouvement et ’énergie cinétique. Nous adoptons un cadre perturbatif dans un espace
de Hilbert et développons d’abord une analyse spectrale fine de I'opérateur linéarisé et de
son semigroupe. Ensuite, nous introduisons une décomposition du semigroupe adaptée aux
différents régimes (cinétique, acoustique, hydrodynamique) présents dans I’équation cinétique
qui permet, par un argument de point fixe, de construire une solution a I’équation cinétique
et de prouver la convergence vers des solutions du systeme de Navier—Stokes—Fourier. Notre
approche est suffisamment robuste pour traiter, dans le méme formalisme, le cas de I’équation
de Boltzmann avec des potentiels durs et (modérément) mous, avec et sans hypothéses de cutoff
angulaire, ainsi que ’équation de Landau pour des potentiels durs et (modérément) mous en
présence d’un trou spectral. De nouveaux résultats d’existence de solutions et de convergence
sont obtenus dans ce cadre. En particulier, pour des données initiales avec une décroissance
algébrique par rapport a la variable de vitesse, notre approche fournit le premier résultat
concernant la limite forte de Navier-Stokes pour 1’équation de Boltzmann sans hypothese
de cutoff angulaire de Grad ou pour I’équation de Landau. La méthode développée dans cet
article est également suffisamment robuste pour s’appliquer, au moins au niveau linéaire, aux
équations cinétiques quantiques pour les particules de Fermi—Dirac ou de Bose—Einstein.
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Hydrodynamic limits for kinetic equations 971

1. Introduction
1.1. From nonlinear collisional model to Navier—Stokes—Fourier system

The connection between the Navier—Stokes and Boltzmann equations originates
seemingly from the work [Hil12] regarding the mathematical treatment of the axioms
of physics. Since this original idea, the derivation of suitable hydrodynamic equations
from nonlinear kinetic equations has attracted a lot of attention in the recent years.
We will review later in this introduction several of the main contributions in the field,
illustrating in particular the large variety of models considered in the literature, but
we wish to focus here on some striking universal features shared by several binary
collisional models in the diffusive scaling.

Namely, for kinetic equations in adimensional form given by the evolution of a
particles number density f¢(z,v,t) (with x € R? denoting position, v € R? the
velocity, ¢t > 0 the time and ¢ > 0 the mean free path between particles collisions)

(L) B+ 0 Vaf = L IQUR ), F0,0)= falr)

for some suitable linear operator £ and quadratic operator Q, it has been shown in
various contexts that, in the limit € — 0, the solution f¢ converges (in some sense
to determine) towards a “macroscopic” distribution fys(z,v,t) of the form

(1.2) Irs(@,v,t) = (o(t,z) + u(t,z) - v+ Cob(t, z) (Jv]* — E)) u(v)

where Cy > 0, E > 0 are depending only on the universal distribution p (independent
of fin). More surprisingly, it is also known that the triple of functions

(o(t,x),u(t,x),0(t,z)) € R x RY x R

associated to the macroscopic mass, mean velocity and temperature of the gas are
suitable solutions to the Navier-Stokes—Fourier system

atu — Rinc A:r,‘u—+’19incu : vxu = vxp7
(1.3) 0,0 — Kpson Al + Dpon - V0 = 0,
Ve -u=0, V.(0+6)=0,

where the third line describe respectively the incompressibility condition of the fluid
and the Boussinesq relation between mass and temperature. The pressure of the
fluid p is here above obtained implicitly as a Lagrange multiplier associated to the
incompressibility constraint V, - u = 0.

The striking phenomena we wish to discuss in this paper is the fact that a large
variety of kinetic models described by (1.1) provide in the hydrodynamic limit the
same Navier—Stokes—Fourier system (1.3), making that system a universal hydrody-
namic limit for (1.1). The only memory of the original equation (1.1) kept in the
system (1.3) is encapsulated in the various coefficients:

Rinc > O, KBou > 07

TOME 7 (2024)



972 P. GERVAIS & B. LODS

which represent the viscosity and thermal conductivity, as well as and ¥,c, Ugou,
all of being defined explicitly in terms of the operators £ and Q that encode the
collision process. We refer to Section 2 for more details on those coefficients.

Recall that, in the kinetic equation (1.1), the unknown f¢(x,v,t) denotes typically
the density of particles having position € R? and velocity v € R? at time ¢t > 0
while the parameter ¢ represents the Knudsen number which is proportional to the
mean free path between collisions. Typically, small values of € correspond to a case
in which particles suffer a very large number of collisions. The hydrodynamic limit
e — 0 consists in assuming that the mean free path is negligible when compared to
the typical physical scale length. We refer to [Cer88, Son02] for details on the kinetic
description of gases.

That kinetic equation (1.1) leads to (1.3) in the limit € — 0% is a well-understood
fact that have been proven, for several type of solutions and various mode of conver-
gence, in the case of the classical Boltzmann equation for which

(14) Q(f. ()
= O/, f) = / B(lv - v.],0) (@) f() — f(v)F(v.)] dv.do

Rd xSd—1
where
U,:v—gv*+|v—2v*|0’ U;:v—gv*_\v;v*la’ s € i1
and the collision kernel B(|v — v,[, o) is given by
B(|Jv — v, 0) = |[v — v,|" b(cos §), cosf =o - ’U_U*|.
v — U,

The method developed in the paper allows to consider all kinds of collision kernel of
physical interest, covering the cases of hard and Maxwell potentials (y > 0) with and
without cut-off assumptions as well as that of moderately soft potentials (without
cut-off assumption) for which b(cos#) ~ ~(@"1D=25 and v + 2s > 0. We refer to
Appendix A for details. Besides this Boltzmann model, our approach is also robust
enough to treat in the same formalism the case of the Landau equation

Q(fa f) = QLandau(f7 f)
:vv' - *7+2H’U—’U 5 Uk vv 5 - 5 vv* 5 Ux d *
[ o= o M {60Vt (t0) = £t )V 0 o

where v > —d and
Z2QRz

2>

denotes the projection in the direction orthogonal to z € R?, z # 0. As before, our
results cover the two cases of hard or Maxwell (v > 0) and moderately soft potentials
(v + 2 > 0). For both these models, the solutions to (1.1) converges to a solution f
given by (1.2) where

I, =1Id — z € R\ {0}

(w) = (2m)fexp (~120)
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is a Maxwellian distribution with unit mass, unit energy and mean zero velocity,
which is an equilibrium state of the collision operator Q, i.e.

Qp, p) =0
whereas L is the linearized operator around that equilibrium, i.e.
(1.5) Lf=0Q(u f)+Q(fn)

for any suitable f for which this makes sense.

In this paper, we introduce an abstract framework allowing to recover the above
universal behaviour, as well as the well-posedness of (1.1) in a perturbative frame-
work. Even tough the Boltzmann and Landau equations are the two main models we
have in mind as field of applications of our method, we wish again to point out that
we are able to prove the convergence towards (1.3) for much more general models
than those ones. In particular, we can handle general linear operator £ and do not
ask for the rest of the analysis that £ and Q are related through (1.5).

The abstract framework developed in the paper is very general and robust and
rely only on core assumptions about the linear part £ and the quadratic part Q. In
particular, our approach can also be adapted to handle the case of the Boltzmann
equation with relativistic velocities and it is flexible enough to also encompass, at
the price of some modifications, the case of quantum kinetic model (for which the
collision operator is actually trilinear). Work is in progress in that direction in order
to prove the strong convergence of solutions to the Boltzmann—Fermi-Dirac equation
towards the above NSF system (1.3), see [GL].

1.2. Literature review

As said, the derivation of hydrodynamic limits from linear and nonlinear equation
is an important problem which received a lot of attention since the pioneering work
of [Hill2] and [Ensl7]. We do not review here the vast literature on the problem
of diffusion approximation for transport processes, just referring to the classical
references [BLP79, BSS84| and the more recent contributions [BM22, GW17] and
the references therein.

For nonlinear collisional models, we refer the reader to [Goll4, SR09] for a more
exhaustive description of the mathematically relevant results in the field regarding the
Boltzmann equation. Depending on the limiting equation and the type of convergence
one is interested with, there are mainly three different approaches for the derivation
of hydrodynamical limit from the Boltzmann equation: a first approach consists in
justifying rigorously suitable (truncated) asymptotic expansions of the solution to
the kinetic equation around some hydrodynamic solution

fe(t,x,v) = fo(t,x,v) <1 + zﬂ:gnFn(t>$’“))

where, typically fo(t,z,v) is a local Maxwellian whose macroscopic fields are re-
quired to satisfy the limiting fluid model. With such an approach, the works [Caf80)]
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974 P. GERVAIS & B. LODS

and [DMELS9] obtained respectively the first rigorous justification of the compress-
ible Euler limit up to the first singular time for the solution of the Euler system and
a justification of the incompressible Navier—Stokes limit from Boltzmann equation.
The work [Guo06] is another important reference on this line of research and we
point out that, with such an approach, one is mainly interested with strong solutions
for both the kinetic and fluid equations.

Regarding now weak solutions at both the kinetic and fluid models, a very im-
portant program has been introduced in [BGL91, BGL93| whose goal was to prove
the convergence of the renormalized solutions to the Boltzmann equation towards
weak solutions to the compressible Euler system or to the incompressible Navier—
Stokes equations. This program has been continued exhaustively and the convergence
have been obtained in several important results (see [GSR04, GSR09, JM17, LM10,
LMO1la, LMO1b] to mention just a few).

The present contribution belongs to the third line of research which investigates
strong solutions close to equilibrium and exploits a careful spectral analysis of the
linearized kinetic equation. Strong solutions to the Boltzmann equation close to
equilibrium have been obtained in a weighted L?-framework in the work [Uka74] and
the local-in-time convergence of these solutions towards solution to the compressible
Euler equations have been derived in [Nis78|. For the limiting incompressible Navier—
Stokes solution, a similar result have been carried out in [BU91]| for smooth global
solutions in R? with a small initial datum. The recent work [GT20] recently removed
this smallness assumption, allowing to treat also non global in time solutions to the
Navier—Stokes equation. A recent extension to less restrictive integrability conditions
has been obtained in [Ger23]. Our work is falling into this framework and is closer
in spirit to the work [GT20] than to [BU91] since it fully exploits the Cauchy
theory of the limiting NSF system. This line of research, complemented for instance
with [Brils, BMAM19, CC23|, exploits a very careful description of the spectrum of
the linearized Boltzmann equation derived in [EP75]. We notice that they are framed
in the space L*(p~') where the linearized Boltzmann operator is self-adjoint and
coercive. The fact that the analysis of [EP75] has been extended recently in [Ger21]
to larger functional spaces of the type L2((-)) opens the gate to some refinements of
several of the aforementioned results. We also mention here the work [JXZ18] which
deals with an energy method in L?(u~!) spaces (see also [GJJ10, Guol6] and [Rac21])
in order to prove the strong convergence of the solutions to the Boltzmann or Landau
equation towards the incompressible Navier—Stokes equation without resorting to
the work of [EP75].

Besides the above lines of research and contributions which are dealing mainly
with Boltzmann or Landau equation, we wish to point out that other kinetic and
fluid models have been considered in the literature. Exhaustive list of contributions
to the field is out of reach and we just mention some recent works spanning from
high friction regimes for kinetic models of swarming (see e.g. [FK19, KMT15] for the
Cucker—Smale model) to the reaction-diffusion limit for Fitzhugh—-Nagumo kinetic
equations [CFF19]. For fluid-kinetic systems, the literature is even more important,
we mention simply here the works [GJV04a, GJVO04b] dealing with light or fine
particles regimes for the Vlasov—Navier—Stokes system and refer to [HKM23]| for the
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Hydrodynamic limits for kinetic equations 975

more recent advances on the subject. We also mention the challenging study of gas of
charged particles submitted to electro-magnetic forces (Vlasov—Maxwell-Boltzmann
system) for which several incompressible fluid limits have been derived recently in
the monograph [ASR19].

1.3. Objectives of the paper

The main scope of the paper is threefold:

()

(IT)

(I1I)

First, we provide a unified framework which allows to capture a large variety of
quadratic models and explain the emergence of the universal NSF system (1.3)
in the hydrodynamic limit. To do so, we provide a general though seemingly
minimal set of Assumptions under which the NSF would emerge. Those
are structural assumptions on the collision operator Q as well as the linear
operator L. They are related to physical properties of the kinetic equation: we
assume in particular the rotational symmetry of £ and Q due to the isotropy
of the collision process as well as usual local conservation laws related to
mass, bulk velocity and energy. This work can be considered as a quantitative
version of the founding paper by [BGL91] in which general collision operators
are considered. We refer to Section A.3 for more details.

Second, within the abstract framework considered here, we aim to provide a
very fine spectral analysis of the linearized operator £ — v -V, as well as a
thorough description of the decay and regularization properties of the associ-
ated semigroup. As in previous contributions to the field, such an analysis is
performed in a Fourier-based formalism under which the linearized operator
of peculiar interest becomes

Egizﬁ—i(f"l)>

where the transport term has been transformed in the more tractable multi-
plication operator by i(v-£) in Fourier variable (see Section 2 for details). The
advantage of working in this Fourier-based formalism is that it encompass
the various scales of frequencies according to

e, lel<e ore<l

which let emerge the various (kinetic, hydrodynamic, dispersive) regimes of
description at the linearized level. Under the structural assumptions on the
linear part £, we give a full description of the spectrum of L, including the
asymptotic expansion of both its leading eigenvalues and associated spectral
projectors in the regime of small frequencies, || ~ 0. Such a spectral descrip-
tion yields to result similar to those obtained in the seminal work [EP75] but
we provide here a completely new and more direct approach to this question
in the unified and abstract framework. Our new approach is based upon
a combination of Kato’s perturbation theory [Kat66] and enlargement and
factorization techniques from [GMM17].

Finally, we provide a strong convergence result from solutions f¢ to (1.1)
towards the solution f given in (1.2) associated to (1.3). Moreover, the strong
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976 P. GERVAIS & B. LODS

convergence result is in essence quantitative since we carefully estimate the
difference between the solution f¢ and the solution f = fyg by introducing a
suitable splitting of f¢ which, roughly speaking, can be given as

1= fns + hey,

where h¢_ is an error term that we aim to estimate as

sup [|fe (D)l < B(e), - lim Ble) =0

t>1ty e—0

for any ¢, > 0 and some quantified error estimate 3(¢). Here above, the norm
|| - || is quite involved and takes into account several phenomena that produce
different convergence rates (e.g, acoustic waves, dissipation of entropy). The
restriction ¢ > t, stems from the difficult task of estimating the initial layer
and can be removed in the case of well-prepared initial datum (see Theo-
rem 1.12 for a precise statement and a complete description of the difference

fe— fns).

As a by-product of our third objective (IIT) here above, we show, for this variety of
model, a close-to-equilibrium Cauchy theory for the kinetic equation (1.1) for suitably
small value of €. One of the main feature of our approach is that, inspired by the
work [GT20], our methodology is “top-down” from the limit equation to the kinetic
equation rather than “bottom-up” as usually done. This means that, as far as possible,
we adapt our approach to the existing Cauchy theory for the limiting system (1.3)
and deduce the Cauchy theory for the kinetic equation (1.1) by comparing it to
the limiting equation (1.3) for small values of €. This is achieved through a suitable
fixed-point argument involving fluctuations around the solution fys. The fixed-point
argument is based upon a simple use of Banach fixed point theorem or, for the
more general case considered in the paper, by the convergence of a suitable scheme
mimicking Picard iteration. Such an approach allows in particular to obtain well-
posedness results without any smallness assumption on the initial datum f;, but
only under some smallness assumption on the scaling parameter ¢ yielding several
improvements of known results in the field.

Among the novelty of the paper, as just said, we adapt our approach to the existing
Cauchy theory for the limiting system (1.3). A lot of efforts in the present paper are
given to adapt several tools used in the estimates of the Navier—Stokes system and,
in particular, we resort to several Fourier analysis tools as developed in [BCD11] to
treat nonlinear terms. We in particular adapt the paraproduct estimates described
in [BCD11] to handle z-estimates of products of the form Q(f, g) (see Appendix B.1
for more details). The case d = 2 needs in particular a peculiar treatment for which
we face several technical difficulties to handle nonlinear estimates.

Regarding the method used to achieve the above objectives, as in previous contri-
butions to the field, we start by studying (1.1) without its non-linear part and in
Fourier variables:

~

(1.6 0T (& v.0) + (€ 0)(6 v.0) = SLF(Ev.0)
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where

Flewn = [ e

Rd
is the Fourier transform with respect to the position variable z € R% and we exploited
the fact that £ is local in z. In this framework, the linear operator of peculiar interest
becomes
E& :E—Z(fv)

where the transport term has been transformed in the more tractable multiplication
operator by i(v- &) in Fourier variable. The idea of studying (1.6) originates from the
seminal work [EP75] where a careful spectral analysis of the linearized Boltzmann
operator was performed. It enforces somehow the study of both (1.1) and (1.3) in
L2-functional spaces. Here, we push forward this idea and try to extract from it
minimal assumptions and optimal estimates for £ and Q.

1.4. Notations

In all the sequel, given a closed densely defined linear operator on a Banach space
Y of functions f :v € R4 — f(v) € C,

L:920L)CcY—=Y
we denote, for any £ € R?, the operator Lg : Z(L¢) CY — Y by
D(Le) ={f€2(L);vf €Y}  Lef=[f—i(v-&f,  feD(Le)
The spectrum of L is denoted &(L) (or Sx (L) if it appears necessary to explicit the
underlying Banach space) and, for z € C\ &(L), the resolvent of L at z is denoted
by
R(z,L) = (z— L)' € B(Y)
where Z(Y) is the space of all bounded linear operators on Y (with its usual norm

I l#0r))-
We introduce, for any a € R the right-half plane of the complex field C as

A, ={2€C; Rez>a}.

To handle now functions depending on the position variable z € R%, we define the
inhomogeneous Sobolev spaces of order s € R,

Hi(RY) = {f € P®Y; IfIE = [ (0%

and the homogeneous Sobolev space
2= | leP
R4

() = {7 € 7R |1
where .%/(R?) denotes the space of tempered distributions over R%. One can identify
H: (R?) as the space of tempered distribution f € .#/(R%) such that
(Id — A,)*? f € L2(RY)

fle)[" ae < oo}

fle)[ e < oo}
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978 P. GERVAIS & B. LODS

whereas H? (RY) is the space of mappings f € .#/(R%) such that
(=42 f = |V.[*f € LI(RY).

We also introduce the homogeneous Besov spaces for p,q € [1,00] and s € R

q
q _ ns
4= 5 (278],,) <o
E) nEZ xT

where the homogeneous dyadic projector A, from Littlewood—Paley theory is recalled
in Appendix B.1.

For a Banach space (Y, || - ||Y,) of mappings depending on the variable v, the space
H? (Y,) denotes the space of functions f : (x,v) — f(z,v) such that

Anf

B2, (RY) = {f e 7R ;|

1f sy = || 1£ G lva |, < o0
Equivalently, one has
~ 2
(L.7) o = [, (©% [FO] o
Rd

A similar definition applies to Besov spaces.

1.5. Assumptions

We work in a general setting of a perturbed kinetic equation of the form (1.1)
which, for e = 1, reads

O+ v-Vo)f = Lf+ QU /),

where £ and Q are local in z, that is to say, they act on functions depending only on

v. Their actions on functions f = f(z,v) depending on both = and v are naturally
defined as

LA, 0) = [Lf(@ ) @), QU flw,v) = (QF (), f(2,)) ) ()

At the linear level, we make the following assumptions on the linearized operator
L in the space

H="L(p ' (v)dv),
of functions depending only on the velocity variable where ;1 : R? — [0, 00) is some
measurable weight function.

STRUCTURAL LINEAR ASSUMPTIONS 1.1. — The linear operator L : (L) C
H — H satisfies the following.

(L1) The operator L is self-adjoint in H and commutes with orthogonal matrices:
(Lf,9)m =], La)n = (L(Of),Og)n,

for any f,g € P(L) and orthogonal matrix © € M yy4(R), where [O f](v) :=
f(©Ov).
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Hydrodynamic limits for kinetic equations 979

(L2) The weight function p is nonnegative, normalized, radial, and such that:

1= (o] >0, / n(w)do = 1,
Rd

1
E = / o> u(v)dv < oo, K = E2/ lv|*p(v)dv < oo.
Rd Rd

(L3) The null-space of L is given by
Ker (£) = Span {1, v1p, vapt, ..., vap, |v\2,u}
and there exists a Hilbert space H® such that
2(L)cH CH, | [u<]"|
and such that there holds
(Lf, Fa < =Acllf]
(L4) The operator L can be decomposed as
L=B+A, 2(B)=2(L), Aec B(H),

where the splitting is compatible with a hierarchy of Hilbert spaces (H;)
such that
(a) the spaces H; continuously and densely embed into one another:

HQ‘—>H1‘—>H0:H,

He*,

e for any f € 2(L£) NKer (L£)" .

2
J=0

(b) the multiplication by v is bounded from H;.; to H;, i.e.
loflle; S Wl € Hjpn, §=0,1,
(c) the operator A: H; — H,;. is bounded:
A€ B(Hj, Hj), J=0,1,

(d) the part Be is hypo-dissipative on each space H; uniformly in £ € R?,
that is to say there exists Az > Az such that, for j = 0,1,2

Sp,(Be) NA_y; = 2,
and

5su]£d ||R(Z,B§)H%,(Hj) <|Rez+ Ag| ™, VzeA_y,.
€

Remark 1.2. — Note that K > 1 by a simple use of Jensen’s inequality applied
to the probability measure p(v)dv. Moreover, according to (L1), Assumption (L3)
can be formulated as follows:

vfe 9(£)7 <‘Cf7:u>H: <‘Cf7U:u>H:<£f7 ’U|2M>H:07
that is to say Ker(£)* = Range(L), and the operator £ has a spectral gap in H:
Su(L)NA_,, ={0}.
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980 P. GERVAIS & B. LODS

Remark 1.3. — Notice also that Ker(£) C Hj. Indeed, given f € Ker(L), with
the spitting given in (L4), £f = 0 implies
f=R(0,B)Af

and thanks to (L4c), Af € H; which, with now (L4d), yields R(0,B)Af € H;.
Thus f € Hy and one can repeat the argument to deduce that f € Hs.

Example 1.4. — We show in Appendix A that the various Assumptions (L1)-
(L4) hold for several models of physical interest, explicating for each of those models
the precise definition of the various spaces H® and H; as well as the splitting
L = A+ B. Typically, Assumptions (L1)—(L4) apply to the Boltzmann equation
with hard potentials with or without Grad’s cut-off assumptions or to Landau
equation in spaces with Gaussian weights. To clarify right away the role of this set
of Assumptions in our analysis, we illustrate here the form of the spaces H*, H; in
the case of Boltzmann equation with hard-spheres interactions. This corresponds

o (1.4) with the choice

B(|lv —vi|,0) = [v — v, v,v, ERTxRY, o eS

In such a case, as said, p is a Maxwellian distribution:

2
2
(1.8) w(v) == (2m) Y2 exp <—|U2|) , E=d K=1+ 7

and the usual linearized operator given by (1.5) is known to satisfy (L1)-(L2) with
P(L) = L*({(v)?*u~(v)dv). Moreover, assumption (L3) is met with the choice

H* = L? ((v)p " (v)dv)
Regarding assumption (L4), one can chose the hierarchy of spaces H; as
Hj =L ((v)?p " (v)dv) ,
for j = 0,1, 2. The splitting is taken to be Grad’s splitting:

(Bf)(v / [v — vy |p(v,)doy, Af =L —B.

Details are given in Appendix A. We point out that, in full generality, H*® maybe much
more complicated than the above one and this is what motivated the introduction
of the abstract framework (L1)—(L4).

DEFINITION 1.5. — Under Assumption (L2), we define the “dual” space H® of
the dissipation Hilbert space H® as the completion of H for the norm

Ifllze == sup (f,@)m
lollme <1
Remark 1.6. — Since ||-||g < ||:||ge, for any f € H one has from Cauchy—Schwarz
inequality
me < sup (flllells < 1l

lollze <

we thus have the following comparison:
H* = H = H° e <[ llg < I [l
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At the nonlinear level, we make the following assumptions on Q.

STRUCTURAL QUADRATIC ASSUMPTIONS 1.7. — The nonlinear operator Q is
satisfying the following assumptions:
(B1) The bilinear operator is H-orthogonal to the null-space of L:

<Q(f7 9)7M>H = <Q<f’ g)7UM>H = <Q<f7 g)? |U|2M>H =0,

or, equivalently, in terms of integrals:

| ot = [ vorgeie = [ polsge=o
Rd Rd R4
(B2) The bilinear operator commutes with orthogonal matrices:

<Q(fvg)vh’>H = <Q(6f7 @g)>@h>H7

for any orthogonal matrix © € Myxq(R).
(B3) The bilinear operator satisfies the following dual estimate

1R e S N llellgle + 11 fllzzell gl

or, in other words, there holds

(Q(f.9). g < IIhllsze (I1£ 1]l

H.

gllm) -

we + || ]

1.6. Main results — first version

Under the above structural assumptions (L1)—(L4), the full description of the spec-
trum of £, and the decay and regularization properties of the associated semigroup
are made explicit in the following.

THEOREM 1.8 (Main spectral theorem). — Assume (L1)—(L4), there exist ex-
plicitly computable constants C', o, A, v, 09 > 0 such that the following spectral and
dynamical properties hold.

(1) Localization of the spectrum. The spectrum of L, is localized as follows.
o If || > ay, the spectrum is at a positive distance from {Re z > 0}:

Gy (,Cg) N A_,y = J.

o If|¢] < ay, the spectrum is at a positive distance from {Re z > 0}, except
for a finite number of small eigenvalues:

6H(['§) N A—)x = {/\inc(§)7 )‘Bou<§>’ /\—wave(f)7 )‘+Wave(§)}7
and these eigenvalues \,(§) expand for & — 0 as
(1.92) Awave (§) = Ficl¢] = favelé” + O (IE)
(1.9b) () = —r]EP+ O (I€)*), * = Bou,inc,

where the speed of sound is defined as
|KE
(]_]_0) C = 7,
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and the diffusion coefficients k, € (0,00) are given by

1

o -1 N
Kine 1= (d—l)(d+1)<£ AA),.  Rp = (CTBB),,

(1.11)
d—1 E*(K —1)
Rwave = Wﬁinc + #RBOM
where the Burnett functions A and B are defined as
( 2
A(w) = \/g (v Qv — |Z‘Id) w(v),
(1.12)

B(v) := K(;(—l)v <K - ‘UE|,2> w(v).

(2) Asymptotic behavior of the spectral projectors. For any non-zero
|€| < ap, the spectral projectors associated with these eigenvalues expand in

P (H°; H®) as

(1.13) P.(¢) = PO (é) +i¢ - PW <é|) + S,(¢), * = inc, Bou, +wave,

where S,(§) € B(H°; H*) with ||S.(§)||zme;msy S |€|°. The zeroth order
coefficients are defined for any w € S*! as

PLE) () £ (0) = (Lol f, o)) - v,

pO (w)f = <f, w*(w)>H Py (w), * = Bou, twave,

where we denoted 11, = Id — w ® w the orthogonal projection onto (Rw)*,
and the first order terms write explicitly for any f € ker(£)* as

d
P (0) = L (1L A) T

1 K -1
ng?vave(“’)f = <i\/§ <f7 £71AW>H + E T <f7 £1B>H> 2ﬂiwawe(w)a
and
(114) chzu(w)f - <f7 'C_lB)H'lyDBoua

where the zeroth order eigenfunctions \4yave and Yy, are defined as

(1.15) Yiwave (W, V) 1= \/;_K (1 + \/fw v+ ; (Jv]* = E)) p(v),

(1.16) VBou(v) == K(ll(—l) (K - ‘2’) p(v).

Notice, in particular, that

(1.17) w-PY W) f = \/Z(Hw {f, £_1A>Hw) o,
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(3) Resolvent bounds and decay estimates. Setting

(118) P(g) = 1|§|<O¢0(PBou(€) + Pinc(é) + P+wave(§) + P—wave(g))

the spectral projector associated to the part of the spectrum from point (1),
the following resolvent bound holds

(1.19) sup

zE A,JO

R(z, L) (Id — P(£)) <C, VEeRY,

B(H)

where o := min{\,v}. Finally, the C°-semigroup (U¢(t));>0 generated by
(Le,

D(L¢)) satisfies for any o € (0,0), any £ € R? and any f € H
(1.208) sup > |Ue(t) (1d — P(§)) /I3

=

+ [ T U(1) (1d — P(€)) /]

0
whereas, for any f € H®,

(1.20b) / " Ut (1 — PE) I dt < Col(1d — P& fI

2 dt < C,||(Id — P(9)) fII3

: \.\)‘erave (f)

Rez < =\ Rez < —v
Figure 1.1. Localization of the spectrum of £ — i(v - §) for || < ap and for |£] > g

Remark 1.9. — Recall from Remark 1.3 that (L4) implies that |- [*u € Hy. Using
then (L4b) twice, we deduce that the mapping | - |*u belongs to H. Thus,

/ lv[¥u(v)dv < oo.

Ra

Consequently, A,B € H and L7'A, L7 'B € H, and thus
Ky < 00, * = Bou, inc, wave.

We point out that, in a sense, we only assume (almost) enough integrability for the
diffusion coefficients x, to be finite. This is to be contrasted with the work [MMM11]
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984 P. GERVAIS & B. LODS

in which they prove that if x, = oo, then, under some appropriate scaling, one
observes fractional diffusion in the limit ¢ — 0. In this framework, a corresponding
version of Theorem 1.8 was proved in [DP23]. We also refer to [BM22] for a unified
spectral approach to the (fractional) diffusion limit for a large variety of linear
collisional kinetic equations with a single conservation law. Finally, we point out
that contrary to previous proofs of Theorem 1.8 for specific models, we do not assume
that the weight v decays like a gaussian.

Remark 1.10. — Notice that R(z, L¢)(Id — P(§)) = R(z, Le(Id — P(€))) and, by
virtue of (1.13) the above resolvent bound (1.19) can be rewritten as

R(z,L)— > (2= A©)Pu)

*=inc, +wave, Bou

<O
#(H)

sup
zEA_)

Note also that as L is self adjoint in H, the dual semigroup
(Uet) (4= P(©) ) =Ue(t) 14— P(=©)) ,

automatically satisfies the same estimates (1.20).

WV
o

Remark 1.11. — The zeroth order terms in the expansions of the projectors are
macroscopic in the sense that

PP = POP =P x = inc, Bou, +wave.
As a consequence, they can be characterized in terms of the macroscopic components
o], u[-] and 0[-] where

(

of =olfl ={(fimmu,

d

= E<f7 ’U:U“>H7

(1.21) up = ulf]

1
0, =61/ = {0 (ol — B) )
for any f € H. We refer to Proposition 2.10 for a precise statement.

For the Boltzmann equation with hard potential interaction, the above theorem
has been proven first in the seminal work [EP75] whose method has been adapted
subsequently to encompass much more general models in the recent work [YY16]
(see also [LY16, LY17, YY23]). The method in these contributions is based upon
some compactness argument and a study of the eigenvalue problem through the use
of the Implicit Function Theorem.

The approach we perform in the present paper appears much more direct and
simpler. Any explicit computation relies solely on the isotropy of the operator L.
To be more precise, we adapt here the perturbation theory of eigenvalues intro-
duced in [Kat66] and exploit the structural assumption (L4) to prove the regularity
and expansion of the eigen-projectors. Notice that, except for some peculiar cases
(including the Boltzmann equation for hard-spheres interactions), our perturbative
approach does not directly fall into the realm of the classical perturbation theory of
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unbounded operators developed in [Kat66] since the multiplication operator i(v - £)
is not L-bounded in general. This induces some technical complications and requires
to adapt the method of [Kat66] to the general situation we are dealing with here.
This is done, borrowing and pushing further some ideas of [Tri16], by fully exploiting
the splitting of L as
L=A+B

where B enjoys dissipative properties whereas A is a regularizing operator which
compensates the unboundedness of the multiplication by v (see (L4)). Moreover, in
contrast with existing results based upon [EP75], our method takes into account
the role of the dissipation space H® and its dual H°. This allows us to emphasise
and exploit regularizing effects of £ in the scale of spaces H* — H < H°. A
more detailed description of the approach we follow will be given in Section 3.1.
We point out already that we strongly use here the fact that all functional spaces
considered here are Hilbert spaces: this allows to use a suitable “diagonalization”
of the transport operator thanks to Fourier transform and also permits to deduce
spectral properties of the semigroup (Ug(t)), ., through some of its generator L¢
thanks to Gearhart—Pruss theorem.

We strongly believe that the new method we propose here to the fine spectral
analysis of kinetic models is robust enough to be adapted to various contexts and
can become a valid alternative to the technical approach of [EP75]. In our opinion,
it replaces in an efficient way the compactness arguments introduced in [EP75]
for the localization of the spectrum by a much modern and quantitative approach,
combining enlargement techniques from [GMM17] to describe small frequencies £ ~ 0
with hypocoercivity methods from [Duall] for frequencies [£| 2 1. Moreover, since
it is based on the isotropic nature of £ and O, it can be directly adapted to more
general equations of the type

hf+a(lv)v-Vof =Lf+Q(f, f)
where a(-) is a suitable smooth radial mapping and
Ker £ = Span {1, vy, ..., vap, b(|v])p}
for a suitable radial mapping b(-) such that

/fo (lo)dv

The relativistic Boltzmann and Landau equations both fall within the above frame-
work with

a(lv]) = (| ik b(jol) = 1+ c? ol p(w) =27t >0,

where Z > 0 is a normalization constant so that the Juttner distribution u sat-
isfies (L1). Our structural assumptions (L1)—(L4) can then easily be modified to
cover such a case. For instance, Assumption L4b should read now

latfeDvfllg, S 1m0

We point out that several moments of the Juttner distribution x involving powers
of a(|v])v and b(]v|) would have to be considered in Assumption (L2). In particular
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the expressions of 9, and k, would be much more intricate. Thus, we do not pursue
further this line of research since the present contribution is already quite technical
and lengthy:.

Besides the thorough description of the spectrum of L£¢ and the relevant eigen-
projectors, Theorem 1.8 also describe the long-time behaviour of the associated
linearized semigroup (Ug(t)), - Our approach uses, as said enlargement techniques
from [GMM17] as well as an abstract hypocoercivity result from [Duall]. The decay
of the linearized semigroup (Ug(t)),, in (1.20) is one of the fundamental brick on
which it is possible to build the Cauchy theory for (1.1) whereas a comparison of
(Ue(t))i=0 with the linearized semigroup associated to (1.3) is the main tool for the
study of the hydrodynamic limit. This yields, in the Hilbert space setting H(H,)
to our main result as far as the above objective (III) is concerned:

THEOREM 1.12 (Hydrodynamic limit theorem). — Let s > % be given as
well as some initial data

fin S H; (Hv) )

satisfying additionally, if d = 2, fy, € H;*(H,) for some 0 < a < %

Consider the solution of the Navier—Stokes—Fourier system (see Theorem 1.8 and
Proposition 2.5 for the definitions of the coefficients, and Theorem C.1 for the
existence of this solution)

atu — Rinc A:L‘u—*’ﬁincu : vxu = VmP,
(1.22) 04 0 — KEBou Azl + Upou - V0 = 0,
V., u=0, V,(0+6) =0,

spanned by the initial conditions
1

u(0,z) = Pu[fin] (), 0(0,z) = m

(K = Deolful(z) — 0 fin](2)),

and which satisfies for some T € (0, ]
(0,u,0) € Cy ([0, T); H), (Ve0, Vou, Vi.0) € L ([0,T); HS) .
Introducing, for any (z,v) € R? x R and t € [0,T),
0(t,x)
fns(t,x,v) = (Q(t,x) +u(t,z) - v+ (K -1) (Jv]* = E)) w(v),

the following holds.

(1) Existence of a unique solution. There exists some small ¢y > 0 and
g9 > 0 such that the equation

1 1
atfa = ?(ﬁ_gv'vx)f8+gg(fa7fa)a fa(07x>v) = fin<x>v)
admits for any € € (0,&] a unique solution

J= € Liee ([0, T); H; (H)) N C ([0, T); H; (H,))
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such that
Co

HE (Hy) S ;7

sup [ /*(2)]
0<t<T

which satisfies furthermore the following uniform estimate:

T
L+ | [V 0)

where we recall that 0 < o < % ifd=2and a=0ifd > 3.

(2) Decomposition and convergence of the solution. The solution f¢ splits
as the sum of some limiting part fxs, some initial layers (f§q,, fin), and a
vanishing part fS :

(123) fs :fNS+f§isp+flfin+ grr

where each part belongs to L>([0,T); H?(H,)) uniformly in € and
e The dispersive part fg, vanishes in an averaged sense:

2

sup [ f°(1)] s,
o<t T v

HZ_(I_OL)(H.

s

. c P B 2
lim : |fdisp(T)HLgo(Hv) dr=0, Y0<t<T, p>-"=
and uniformly away from t = 0:
i w2 [, =0 YOt <T

e The kinetic part fg,, satisfies for some universal o > 0

/e ) | )
(1.24) OS?ET€2 t/e I frcin (O s (11, + 2 ), p20t/e I fiéin () s ey A S 1
e The error term f¢

err

vanishes uniformly:

. : B
B, sup  ferr(8) g a1,y = O
Remark 1.13. — The rate of convergence of f§, and fg, can be made explicit.

Namely, the dispersive part fgg, satisfies:

d—1
9 2
< — . f .
‘ Loo(Hy) ~ 1A (t) <||Pdlspfm||Bj§1(Hv) + HPd1spf1n| H;(Hv)) )

whereas the error term €. is such that

err

||f§rr||Lf°HgHU S ﬁdisp(fina 5) + 6NS(fNS) fina 5)7

where Py, is defined in Definition 2.6, and fqisp, and fByg are rates of convergence
to zero described in Proposition 6.3.

f gisp

Remark 1.14. — Notice that the initial datum here above f;, is not depending
on . On this respect, the initial datum is well-prepared in a more restrictive sense
than [BU91]| (see in particular [BU91, Remark 1.5 (ii)]). We however point out that
it would be possible to choose a family of initial data f; depending on ¢ provided
with assume lim. ¢ f; = fin in some explicit and quantitative sense which would
allow to quantify the convergence of the error term as in the previous Remark. We
also wish to emphasise that, aware of the general issue of sensitivity with respect
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to initial data for both kinetic and hydrodynamic equations, the kind of solutions
we are considering in the present contribution is much more regular than weak
(renormalised) solutions considered for instance in [GSR04, GSR09] or, at the level
of fluid-dynamical equation, Leray solutions to the Navier—Stokes—Fourier system.
In particular, pathological issues as those exhibited in e.g. [ABC22, DLS12] are
naturally excluded by our analysis.

Example 1.15. — Elaborating on Example 1.4, we can formulate Theorem 1.12 in
the special case of the Boltzmann equation with hard spheres interactions. Recall that,
in such a case, the collision operator Q is given by (1.4) with B(|v—uv.|,0) = |v—v,].
In such a case, considering for simplicity the physical dimension d = 3, we can
consider functional spaces associated with Gaussian weight

H,=L*(p ' (v)dv) , H* =L ((v)p~ (v)dv)

where y is given by (1.8) and, with an initial datum f;, € Hi(H,), s > 2, The-
orem 1.12 provides, for any € > 0 a unique solution f¢ € L ([0,7);H:(H?)) N
C([0,T);H:(H,)) to the Boltzmann equation with moreover the convergence of f¢
to fns as € — 0 (in some suitable sense, we refer to Example 1.17 for a more explicit

statement).

To study both the kinetic equation (1.1) and the Navier—Stokes-Fourier sys-
tem (1.3), we adopt a mild formulation which consists in writing the equations
in Duhamel form

PO = UOfut 1 [ U0 =D)QU (). F () s
= U(0) fn + %, 1) (1)

where (U®(t)); >0 is the semigroup generated by —e 2L — e v - V,.

Of course, the most obvious difficulty in establishing the hydrodynamic limit ¢ — 0
lies in the control of the stiff term %Q( fe, %), however one first needs to construct
a solution for any . In [BU91, GT20] in which the cutoff Boltzmann equation is
considered, the authors only need to consider uniform in time estimates for the
semigroup (U®(t)):>0 to prove that We[f, f] is well-defined. This means that, in such
a case, U® is bounded in a space of the type L;*H; H,. The study of the Boltzmann
equation under cut-off assumption makes this approach possible since then, in the
splitting

L=A+DB

the dissipative part B is simply the multiplication by the collision frequency. In [KC22]
in which the Landau equation is considered, the authors prove uniform in time reg-
ularization estimates for the semigroup and the kinetic solution which subsequently
yield the boundedness of W¢[f, f]. The short-time regularization effects are of course
due to the elliptic-like nature of the Landau collision operator.

The abstract framework we are considering in this paper covers both cases, but the
assumptions (L1)—(L4) or LE are not strong enough to directly deduce regularization
effects and boundedness of W¢. To overcome this, we draw inspiration from suitable
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energy methods used to construct close-to-equilibrium solutions for Boltzmann and
Landau that leads us to a study of the solution in spaces of the form

L°H N L*H*

as expressed in (1.24). See Section 2 for more details of the functional setting and
the mathematical difficulties encountered in the proof of Theorem 1.12.

We wish to point out also that the nonlinear effects induced by the collision and
the lack of control for the L2 H, norm requires a refined inequality of quantity like

| fgllms of the type

1fgllay S Vel f

In the case of d > 3, one can take r = 1 so that the dissipation of the L2-norm and
the energy control the nonlinearity. In the case d = 2, we cannot take r = 1 so we
consider r = 1 — a where o > 0. This explains why we require, in this specific case,

fin e H_a
which is related to the control of the heat semigroup of the type

le v, S 1l
t,x

Note that in [Ger23, GT20], the stronger assumption f;, € LL(H,) was made.

More details about the proof of Theorem 1.12 will be given in the next Section 2.
However, let us already anticipate that the main relevant facts of our approach lie
in the following

d
]1_]:[577"||.g|]:[{;7 0<T<§<S

(i) We insist here on the fact that, in the broad generality we are dealing with
here, Theorem 1.12 is new even if results of similar flavors do exist in the
literature for the Boltzmann or Landau equations. In particular, as already
said, we do not assume here any special link between £ and Q apart from the
structure of Ker(£) and compatible nonlinear estimates. Precisely, we do not
require here that £ is the linearized version of Q around the equilibrium .

(ii) In dimension d = 2, one knows that solutions to the NSF system exist globally
in time. When working in dimension d > 3 one can prove that the solutions
to the NSF systems are global assuming

”(Qinauina‘gin)HH?,l <1

(see Appendix C for details), or equivalently, provided therefore that the

d
corresponding parts of the initial datum f;, are small in H2 71(Hv) norms. In
both cases, solutions to (1.1) constructed in Theorem 1.12 are also global. This
was already the case in the work [GT20] and this is an important contrast
with respect to the result in [BU91| which assumed small f;, to generate
global solutions.

(iii) In the same spirit, contrary to [BU91, CC23, KC22], we do not work with small
fin, but as in [Ger23, GT20], we consider the a priori limit fxs (which exists
at least locally in time) and construct the kinetic solution in its neighborhood
with the same lifespan. The smallness assumption we impose is transferred to
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the physical parameter ¢, i.e. assuming that a large number of collisions are
experienced by the gas. This for instance extends the results of [CC23, KC22]
to a larger class of initial data. Notice also that, since solutions to the NSF
system (1.3) can be global depending on the properties of the initial data
(such as symmetry, etc.), the kinetic solution to (1.1) we construct are also
global.

(iv) We also point out that our analysis is performed in the whole space R%. The
strategy we adopt in the paper can be easily adapted to treat the case of a
spatial torus T¢. Furthermore, in such a case, assuming the initial datum P f;,
to be mean-free in space, i.e.

/ Pfin(z)dx =0,
Td

one can show the exponential trend to equilibrium for solutions to the kinetic
equation (1.1). This is an easy consequence of Theorem 1.8 and this can be
seen in the case of the Boltzmann equation (see [BMAM19, Ger23, GMM17,
GT20]). The situation is much more delicate in the case of the whole space
RZ and the trend to equilibrium for solutions to (1.1) is not addressed in this
paper.

Moreover, we wish to emphasize that, for well-prepared initial datum, i.e. in the case

in which f;, is such that

VJ? : u[fin] = O, vx (Q[fln] + Q[fln]) =0
then no acoustic waves are produced:
fgisp(t> =0 te [07T]

and, with the notations of Proposition 6.3, there holds Byave(fin, €) = 0. In particular,
for a smooth initial datum f,, € HST(H,), this yields to the convergence rate
fns = O(e) which is optimal (see [Guo06]). Let us state this clearly in the following
corollary.

COROLLARY 1.16 (Optimal convergence rate). — If the initial datum is
smooth and well-prepared, in the sense that
(1.25) fw €HETN (H,), Ve-u[fu] =0, Vai(olf] +0fu]) =0,

then the conclusion of Theorem 1.12 holds with the decomposition

fe = fNS +flf1n+ grr?

where, in this case, the error term is such that

sup H (frr(t)| HE (H,) 5 €,
<t<T

and, in particular, away from t = 0

sup [£5(t) — fns(t)]

te <t<

Hs (Hy) ~ € Vo<t <T.
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Example 1.17. — With reference to Example 1.15, under the additional assump-
tion (1.25), the solution f¢ to the Boltzmann equation (1.4) with hard-spheres
interactions is converging to fys with an explicit rate in, say L°(H,) with

sup sup 1£5() = fnsOl p2(u-1a0) S €

te <t<T

for any < t, <T.

1.7. Main results — second version in larger functional spaces

We improve also the two main results here above by showing that the same
conclusion still holds in a larger functional space X such that

H — X.
To do so, our analysis requires a new set of Assumption which complement (L1)-
(L4):

ASSUMPTIONS ON ENLARGED SPACES. — Besides Assumptions (L1)—(L4), one
assumes that L satisfies
LE Besides the splitting provided in (L3), the operator L can be decomposed as

L=B"+A"  9(BY)=9), A”ecBX H

where the splitting is compatible with a hierarchy of Hilbert spaces (X j)?:O

such that
(a) the spaces X; continuously and densely embed into one another:

XQ‘—>X1‘—>X0:X, H‘-}X,
(b) the multiplication by v and its adjoint are bounded from X1 to X;:
lofllx, S Ifllxs 107 fllx, S Uflx0, 7=0,1,
c) the part BY = BO —jy. ¢ is dissipative on each space X; and H
3 J
uniformly in € € R?, that is to say, for Y = Xy, X1, Xo, H
Sy (BY)nA,, =0
and

sup
¢eRd

R (=50

< -1
By |Rez 4+ A\g| ™", VzeA_y,.

Specifically, in the space X, there holds
Re (BUf,f) < sl flkes YV feX"
for some dissipation Hilbert space X*® satisfying
H* = X=X, |- lx < llxe,

(d) the operator A and its adjoint (A®)* are bounded in the following
spaces

A(O) 6«%(X,H)ﬂ%<XJ,X]+1), (A(O)>*€@(Xj;Xj+1), jZO,l
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BE The corresponding nonlinear assumption is then the following:

(Q(f.9), b x S Ibllxe (I IxNgllxe + 11 xellgllx) . f.g,h e X"

Remark 1.18. — As shown in [BMAM19, Ger23, GMM17]|, the operator £ and
Q satisfy (LE) and (BE) in the spaces

Xj = L2 (<U>k+2jdv) 7 Xo — L2 (<U>k+1dv) 7 @ (ﬁ) — L2 (<U>k+2dv)
for some k > 0.

As in Definition 1.5, one can define the dual space X° of X*® as the completion of
X for the norm

/]

xo = sup (f,¢)x.

llellxe<1
In that space X, combining suitable enlargement techniques introduced in [GMM17]
with a bootstrap argument, we derive the following improvement of the spectral
Theorem 1.8.

THEOREM 1.19 (Enlarged spectral result). — Assume (L1)—(L4) as well
as (LE). Then the results of Theorem 1.8 hold with (H, H®, H°) replaced by (X, X,
X°). Furthermore the spectral projectors are regularizing in the sense that, in the
decomposition

P.(§) =P (&) +ig - PY (&) + S.(9),

each term belongs to %(X°; H*) uniformly in || < ao, and ||S.(§) || zxeme) S 1€]*
Finally, the decay estimate (1.20) extends to X as follows: for any ¢ € RY, any
o€ (0,00) and any f € X

Ue(t) (1d — P(©)) £

200t

(1.26a) supe
>0

N /0"" 7| Ue(t) (1 — P(©)) [, dt < Col| (10 — P(€)) £1%.

whereas for any f € X°

(1.26b) /OOO e | Ue(t) (1d = P(€)) fIIy dt < Col (1d = P(€)) £l -

The extension of Theorem 1.8 to a larger Hilbert space X is done using the
enlargement procedure developed in [GMM17], which inspired the subtle bootstrap
argument leading to the regularity properties of P,. Again, we refer to Section 3.1 for
a description of the proof. The aforementioned regularity of P, can be improved in
the presence of yet another suitable splitting of £, this time in Banach spaces instead
of just Hilbert spaces. This is done in Theorem 3.14, but, since such a result is not
necessary for the derivation of the NSF system (1.3), we do not give the statement
in this introduction.

We assume for this next theorem (L1)-(L4) and (B1)-(B2), as well as (LE)
and (BE).
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THEOREM 1.20 (Enlarged hydrodynamic limit theorem). — Under the
assumptions of Theorem 1.12 on f, € H (X,) and on the solution to the Navier—
Stokes—Fourier system, the conclusion of Theorem 1.12 still holds with the following
differences:

(1) Existence of a unique solution. There exists some small ¢g > 0 and
g0 > 0 such that the equation

1 1
atf(E = ? (*C — &V vx) fa + EQ(f€7f8)a f€(07x>v) = fin(xyv)
admits for any € € (0,&] a unique solution among those satisfying

CO £ S [ ]
Hs (Xy) < ;7 f < LIQOC ([07T)7Hx (Xv))’

sup |[f5(#)]
0<t<T

and it satisfies furthermore the following uniform estimate:

T
L+ | [V 0)

2

dt <1.

S “(t

Moreover,
f7eC((0,T); H; (Xy)) -
(2) Decomposition and convergence of the solution. The solution f* splits

as the sum of some limiting part fxs, some initial layers (f§g,, fin), and a
vanishing part f:.:

err-
f€ - fNS +f§isp +flfin + (—frr

° . satisfy the same estimates, and this time the kinetic part

£
where fg., and fg,

- .
fin satisfies

o 2
sup_e?" || £, (t)]

0o<t<T

1 [T )
2 20 2
Lo+ | IOl S 1

Example 1.21. — 'The above result provides a generalization of Theorem 1.12 to
larger functional spaces. Keeping on elaborating on the Boltzmann equation with
hard spheres interactions as in Example 1.4, we obtain now the existence, uniqueness
of solutions f¢ to (1.4) in the space

C ([0, 7); H; (X)) N L* ([0, T, HE (X))
where now X and X* are L% spaces with polynomial weights:
X =L ((v)fdv), X*:=L" ((v)“édv) . k>2.
Theorem 1.20 also provides the convergence in similar spaces of f¢ to fng as € — 0.

Finally, drawing inspiration from works such as [CG24, CM17, CTW16, HTT20]
which dealt with the Boltzmann equation without cutoff or the Landau equation, we
present an alternative to the nonlinear assumption (BE) in which the two arguments
of @ do not play symmetric roles.

STRUCTURAL ASSUMPTIONS — NON SYMMETRIC CASE. — Besides Assump-
tions (L1)—(L4), we assume the following:
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BED We consider a hierarchy of spaces (X;)j_ 5,
H—> X - X=Xyg— = X_o_,
whose dissipation spaces are embedded in the same way:
H X > X'=X]— - —=>X°, _,

and such that the following conditions hold:

for some s > 0 such that

(a) the assumption (LE) is satisfied in the larger spaces X o, ..., X _o (but
not necessarily in X;) and with a splitting of £ that may be different in each
space X,

(b) the nonlinear operator satisfies the following non-closed dual estimate:

(1.27) QS 9)llxe S Mfllxllgllxs,, + 1 lIxs llgllxs G=—-1=5,...,0,

i+1
(c) the nonlinear operator satisfies the following closed dual estimates:
(Q(f.9),9)x, < > 111 x. 119l xs ll9llxe

(128) {a,b,c}:{j,j,—l—s}
+ £ lxellgllx, gl
(d) A sends X;_; to X; at the dual level, in the sense that

<Af7f>Xj§|’f||%(j,17 j:_l_sa"'ao‘

THEOREM 1.22 (Enlarged hydrodynamic limit theorem under (BED)).
Consider s € N such that s > max{3,d/2 + 1} and denote for j = —1,0 the spaces
X?® and X** defined by the norms

1f1

For any fi, € X{, and under the assumptions of Theorem 1.20 on the solution to
the Navier—Stokes—Fourier system, the conclusion of Theorem 1.20 still holds with
the following difference. There exists some small co > 0 and 9 > 0 such that the
equation

Xg7 j:—1_87...,0,

xS = HfHLg(Xj) + HVZfHLg(Xj,S)a Hfo;s = HfHLg(X;) + ”v;fHLg(XJLS)'

atfg— l(ﬁ—é‘?}'vx)fg‘i‘ig(fg?fs)a fE(O,x,v) :fin(l‘,?])

=5
admits for any € € (0,g] a unique solution among those satisfying

€ Co € es
sup [l fF()llay < =, fFe L ([0,7); &57).
<t<T g

X

Moreover, it satisfies the following uniform estimate:

T
bt [ IO ey it S 1
0

0

sup_||(0)

0<t<
and is continuous in the larger space X* ,:
frec([0.7);H; (X7)) .
Finally, the kinetic initial layer is such that

/e |
sup U Ol + 5 [ Ol de S 1.

0<t<T
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Example 1.23. — The above result is particularly well-suited to the study of the
Landau equation. In such a case, the collision operator is given by

Q) =Vor [ o= e - o) (F@IVLF @)~ Ve f0)£(0))do,

3 /
Ry, xS,

where T1(z) = Id — |2|722 ® 2z is the orthogonal projection onto zt. We refer to
Appendix A for more details.

A few comments are in order regarding Theorems 1.20 and 1.22:

e Only the kinetic part is now living in the smaller space H2(X,), whereas the

dispersive parts f§, and fg, satisfy the same properties as in Theorem 1.12.

e The method of proof of Theorem 1.20 is the same as for Theorem 1.12;
the existence of solution to the kinetic equation can be deduced from the
application of Banach fixed point theorem (and the proof is led independently
of whether we assume (BE) or not). Concerning Theorem 1.22, the approach
is more involved and a careful study of an approximating scheme (a variation
of Picard iterations) has to be done in order to overcome the difficulty induced
by the lack of symmetry of Q.

e Notice that, as for Theorem 1.20, we do not require here any smallness as-
sumptions on f;, and the smallness is totally transferred in the parameter e.
Recalling that assumptions (BED) are suited for the study of the Boltzmann
equation without cut-off assumption and for the Landau equation, this is an
important improvement with respect to the previous results in the field which
all require some additional restriction on the size of the initial datum to derive
the hydrodynamical limit (see [KC22] for the Landau equation and [CC23]
for the Boltzmann equation).

e Finally, we emphasize that this provides, up to our knowledge, the first result
concerning the strong Navier—Stokes limit for initial data with algebraic decay
with respect to the velocity variable in the case of Boltzmann equation without
cut-off assumption or Landau equation (see Appendix A).

We will comment with more details the conclusion of Theorems 1.12; 1.20 and 1.22
in Section 2 where a detailed description of the proof and the role of the various
assumptions will be illustrated.

1.8. Outline of the paper

In the next Section 2, we introduce the main ideas underlying the proofs of the
hydrodynamic limit Theorems 1.12, 1.20 and 1.22. Notations and mathematical
objects that are used in the rest of the analysis are also introduced in Section 2.

Section 3 gives the full proof of both the spectral Theorems 1.8 and 1.19. A detailed
description of approach is given in Section 3.1 and the proof of Theorem 1.8 is then
derived in various steps, together with its “regularized version” Theorem 3.14.

Section 4 establishes the main consequences of Theorem 1.8 on the semigroup
(U%(t))t>0 generated by the linear part e %(L — ev - V,) of (1.1) in the various
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regimes/time scales relevant for the hydrodynamic limit. In particular, the com-
parison between the linearized semigroups associated to (1.1) and (1.3) is given in
Section 4.

The main bilinear estimates are then established in Section 5 as well as the main
tools used for the hydrodynamic limit (and in particular the mild formulation
of (1.3)). The proof of Theorems 1.12 and 1.20 under assumptions BE, is then
given in Section 6, whereas the proof of Theorem 1.22 under Assumption (BED) is
given in Section 7.

To make the paper self-contained, we end it with three different Appendices.In
Appendix A, we discuss the general assumptions (L1)—-(L4), (B1)-(B2), (LE)-(BE)
and (BED) for an extensive list of physical models including, as said, the classical
Boltzmann and Landau equations as well as their quantum counterpart covering,
at the linearized level, both the Fermi—Dirac and Bose-Einstein descriptions. Ap-
pendix B gives the functional toolbox with particular emphasis to Littlewood—Paley
theory (Section B.1 and other results relevant for our analysis). We also present in
Section B.4 the bootstrap argument for projection operators which is a cornerstone
of Theorem 1.19. The final Appendix C recalls the main properties of the Navier—
Stokes—Fourier system (1.3) that are needed for our analysis and proves some results
necessary for our framework.

2. Detailed description of our proofs

We give here a precise description of the main steps of our approach to prove
the above two Theorems 1.12 and 1.20. We use repeatedly the spectral properties
of L¢ and the properties of the associated semigroup (Ue(t));>0 as established in
Theorems 1.19 and 1.19. Notations are those introduced in those two results.

2.1. The functional setting

The conclusion of the Theorem 1.12 and the splitting of f° in (1.23) suggest
to introduce the following definitions of position-velocity spaces and time-position-
velocity spaces suited to the different regimes (kinetic, diffusive and mixed) we will
consider in this work.

DEFINITION 2.1. — Let s € R be given.
(1) For Y = H or Y = X, we define the position-velocity spaces

Y=y =H,(Y,),

which we endow with their natural norms || - ||y defined in (1.7). We define
in the same way the spaces

Y EYD), V= HLYY)
with Y,? = H® or X*® and Y] = H® or X°.
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(2) Given T € (0,00] and o € (0,0¢) (with oy defined in Theorems 1.8 or 1.19),
we introduce here the kinetic-type time-position-velocity space

2 = X(T,0,¢) = {f €C([0,T); X°) ; | ]l < o0},

where the norm || - || 4= is given by

1T e
17 O R VO
0

(3) Given T € (0,¢], 0 < n < 1 and some mapping ¢ such that
(2.1) Vo6 € L2 ([0,T); H**)

where « € (0, %) ifd=2and o =0 if d > 3, we introduce the parabolic-type
time-position-velocity space

A =T, ¢,n) ={f €C([0,T);H); || flloes <00}

endowed with the norm
2
dT} ,
Hess

t
£ 1% = sup {w¢,n<t>2||f<t>|%.,s+w¢,n<t>2 / Vol f ()]
0<t<T 0
where we set

(2.2) We.y(t) = exp (27172/; H|vx,1—a¢(7)\ i dT) .

(4) Finally, with the notation of the previous points, we introduce the mixed-type
time-position-velocity space
F =TT, ¢,m,¢) :={C ([0, T); H*) ; | fll#+ < o0}

endowed with the norm
1 t
11 = sup_ {ua PO + a0 [ 157 B}

Remark 2.2. — Drawing inspiration from [GT20] or more precisely [Ger23], the
above norm ||-||» and ||| #, and more specifically the time weight wy,,, are designed
so that, no matter how big ¢ is, there holds

(2.3) Ve [0,T), wey(t)|ws, Va0

2
o= sup e f(1)]
0<t<T

sup
0<t<T

<
(0o S

as can be seen by a simple computation (see Proposition 5.4). Notice also that wg,,
is decreasing and satisfies the bounds 0 < wy (1) < wg, < 1, consequently

T
ot [ 19217050

A7 < W (T) 2 f 115,

(24) IfI5 < sup_[If(t)] o
o<tLT

and

2 —
see AT < W (T) 72115+

1 T
HM%<stﬂm%+2/HﬂM
0<t<T e? Jo

We point out already that we will work in the proof of Theorems 1.12, 1.20 and 1.22
with the choice ¢ = fxg in (2.1).
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Remark 2.3. — Clearly, Theorems 1.20 and 1.22 suggest that, in the decomposi-
tion of the solution f¢ in (1.23), we will look for the kinetic part f£,, in the space

2 in the sense that

d

||flfin s < 00, 3>§7

and, although its is not as obvious, the error term f; will be constructed as the sum
of a part in 2 and one in .%, which explains the global energy estimate satisfied
by the solution.

The first two regimes 2 and . are preserved by the two corresponding parts
Uin(+) and Uf4,,(+) of the linearized flow of the equation (1.1) (see Sections 2.2-
2.3 for their definitions), and the mixed regime % is introduced to describe the

interactions between the two different regimes (see Lemmas 4.1 and 4.9).

2.2. Reduction of the problem

We present in this section how we frame the problem of hydrodynamic limits. We
start from the integral formulation

(2.5) fE(t) = US(t) fin + W5 [f5, f7] (1),
where, denoting 20%™(f, g) := Q(f,9) + Q(g, f)

WIfl0) = 2 [ U= D@ (). gt

and (U(t))¢ >0 is the CY-semigroup in J* generated by the full linearized operator
(in original variables):

G.f— —iv VoS4 ;zf, PG ={feV; Lf eV}

where Y = H or Y = X. Notice that the semigroup (U¢(t));>¢ is related to the
semigroup (U:¢(t))¢>o; for g € Y, setting

?@I%ﬁzﬂw@ﬂ@:/emmﬂMEY

Rd
one has
FalGeg] (6) = e Lecq(S, )
so that
FUO)F, ' =Use (;) , t>0.
We define now the linearized semigroup (Uns(t)):>0, adopting again a Fourier-

based description which involves the projectors Pi(r?g and P](303u as defined in Theo-

rem 1.8.

DEFINITION 2.4. — We define the diffusive Navier—Stokes semigroup (Uxs(t))¢> o
through its Fourier transform for any g € Y° = H°® or Y° = X° and t > 0 as
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Uns(t)g =
F [exp (~trncl€R) P (8) 3(E) + exp (—trnnléP) PR, () a16)] . Ei= £
We also define the one parameter family (Vas(t))io as
(2.6) Wns(t)g ==
F 1[eXp( thinel€1%) Pla (£) G(6) + exp (—thponlS[?) Phaw (£) G ]

The link between the above objects and solutions to the NSF system (1.3) is given
by the following Proposition whose proof is postponed to Appendix C.

PropoOSITION 2.5. — Consider Ty > 0 and
(Q? u, 0) €L ([07 TO]? Hi) N L2 ([07 TO]a H;i+1) ;

and define the corresponding macroscopic distribution f as

E(Kl_l)G(t,x) (1o — E) u(v).

The macroscopic distribution f satisfies the integral equation

f(t) = Uns(t) fin + ¥ns [f, ] (2)
— Uns(t)fun + / V. - Vas(t — 1) QY™ (f(r), £(1)(0):

(2.7)  f(t,z,v) = o(t,x)p(v) + u(t,x) - vu(v) +

(2.8)

if and only if the coefficients (o, u, ) satisfy the incompressible Navier—Stokes—Fourier
equations:

at‘u + ﬁincu : qu = '%incAzu - prv v:c U= Oa

8t‘9 + ﬁBouu : vre = HBouA:B‘gu V.’L’(Q + 9) = 07
where we denoted
9, <d>3 1 ( 205 >
Vine =% | &= ) UBou = — 209 + ————
2 \E B KKK —1)\"° " E(K-1)

with ¥, ¥y and 93 defined in Lemma C.2.

With this at hands, one sees that (2.8) provides a kinetic formulation of the
NSF system (1.3). As said in the Introduction, our approach is “top-down” so we
start with solutions (o, u, ) to the Navier-Stokes—Fourier system (1.3) to recover
information about the kinetic equation (1.1) in its mild formulation (2.5). This allows
in particular to define the “kinetic formulation” to the NSF' system

(2.9) Ins(t) = Uns(t) fin + Uns [fxs, fns] (1)
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Then, on the basis of the above Proposition, the hydrodynamic limit problem consists
in proving

lim (UF(0) fin + W7 [F5, £ (1)) = Uns(0) i + Wi, fis] () = Frs(1)

e—0

in some precise sense. We point out already that using the representation (2.7),
the solution fys to (2.9) actually belongs to s (see Lemma C.5).The key point
will be therefore to split suitably U¢(-) (and V¢ accordingly) in order to prove the
convergence. The splitting will be based upon the different parts of the spectrum
identified in Theorem 1.8:

US(t) = Uxs(t) + Ugave(t) + U (#)-

Here Ugg(t) is the leading order term which is expected to converge, as ¢ — 0
towards the linearized Navier—Stokes semigroup Ungs(t) whereas US, () contains
the acoustic waves responsible for dispersive effects (which are absent if the initial
data is well-prepared), and the combination of these two semigroups can be seen
as a pseudo-hydrodynamic semigroup encapsulating the macroscopic behavior of the
solution f°. The part (Ug,(t)):>0 keeps track of the pseudo-kinetic (microscopic)
behavior of the solution which is exponentially small in 6% due to the dissipation of

entropy, enhanced by the numerous collisions in this hydrodynamic scaling. Since

1 t
VLM =2 [ U= 1), S ()i
0
the above splitting of U¢(+) induces a similar splitting of the nonlinear term as

WELS, f] = URs s T4+ Ve S5 1 4+ Wil ]

Precise definitions of these objects are given in the next sections. Before this, we
briefly describe the main difficulties faced in the proof of Theorem 1.12:

(1) As said, the major difficulty in establishing the hydrodynamic limit ¢ —
0 lies in the control of the stiff term 1Q(f, ). This requires a precise
understanding of the asymptotic behavior when ¢ — 0 of both U#(¢)f and
convolutions of the type

1 t

- / Us(t — 7)p(T)dr

€Jo

in various norms, having in mind that ¢ = Q(f, f). Furthermore, the nonlinear
operator Q induces a loss of regularity in the sense that Q(f, f) € H° when
f € H*, where we recall

H®* C HC H° = (H*)".

One of the difficulty is therefore to show that convolution by (U®(t));so is
able to compensate this loss of regularity.

(2) As explained in the introduction, in the abstract framework considered here,
our minimal assumptions on £ and Q are not sufficient to deduce in a direct
way regularization estimates or direct boundedness of V¢ as it is the case for
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the Boltzmann equation under cut-off assumptions in [BU91, GT20] or for
the Landau equation [KC22]. In a more explicit way, our splitting
L=A+B
does not induce, in full generality, regularization estimates of the form
t = | exp(tB) | acrre; m + || exp(tB)l| a1y € Lioe((0,T))
which would allow to compensate the unboundedness of @ in the Duhamel
nonlinear term V€. Inspired by known energy methods introduced for instance
in [Guo04] and which rely on a suitable dissipation in L*-norm, the abstract
functional setting which is adapted to our framework is the one involving
spaces of the type
LHNL?H®.
Such spaces correspond to the above defined space 27, 7 and .%.

2.3. The pseudo-hydrodynamic and pseudo-kinetic projectors

In this section, we denote by (Y,),Y*, V°) the spaces (H,H,H*, H°) under as-
sumption (L1)—(L4), as well as (X, X, X*, X°) under the extra assumption (LE).
We introduce the pseudo-hydrodynamic projector, denoted Py q,,, corresponding to
the small eigenvalues identified in Theorem 1.8, and defined as a Fourier multiplier:

Piyand = F¢ ' [P(e)3(6)].

Using the splitting of P in (1.18), one sees that it is made up of two parts; one
corresponding to the acoustic modes, denoted Ps and another one corresponding

wave?

to the Navier-Stokes—Fourier modes, denoted Pxg:
iydro = Pivave + PENS
defined in the following.
DEFINITION 2.6. — The projectors P%,.., and Pig are defined through their

wave
Fourier transform, namely for any g € )°

Pt = Fe " [Pvane(5T(E) + P e (=)3(6)].

P = 7 [Pine(2€)(€) + Pron (€)3(6)].

We also define the limit of the first one as € — 0 provided by the expansions of the
projectors in Theorem 1.8:

_ . . ~_ £
Paiong 1= F¢ ! [Pliane (€) 9€) + Pline () 3(0)] €= 157
Using these projectors, we define the corresponding partial semigroups:
U () :==PU*(-) = U*(-)P;, * = hydro, NS, wave,
which gives
Uﬁydro(') = UIETS() + Uvsvave('>‘

More precisely, the above semigroups are defined as follows.
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DEFINITION 2.7. — The pseudo-Navier—Stokes (diffusive) part (Ugg(t))i>o Is
defined through its Fourier transform for any g € Y° andt > 0 as

(2.10) Uxgs(t)g =
]:{1 [exp (_57215)‘13011(65)) Ppou(e€)9(€) + exp (_572t)‘in6(€£>) Pin0<55)§(5)]:

whereas the pseudo-acoustic (dispersive) part (Ug,..(t)), s is defined as

(2.11) US,..(t)g =

Fo [ oxp (572N s wane (2)) Pisane (B)T(E) + XD (57 e (£6)) P sne (2E)T(E) .
Because P, — Paisp as € — 0, the leading order terms of U, .(t) denoted

respectively Uj,(t) will play also a crucial roles in the study of hydrodynamic
limits:

DEFINITION 2.8. — The dispersive semigroup (Ug,,(t)):>0 is defined as

Ujisp(t)g = ]-"g [exp (zce te] — tlﬁwave‘ﬂ +Wave (E)
+ eXp ( 108 1t|§‘ - tliane‘€| —Wave <g) :|

Remark 2.9. — Recall that Uxs(t) and Vys(t) were introduced in Definition 2.4.
Observe that Uyg(t) is the leading order term in the expansion of Ugg(t) while
V. - Vxs(t) is the leading order term of Ugg(t) on Ker(£)*, that is to say

Uxs(t) = Uns(1), (Uxs(8)) ker(c) - & €V - Vs(t)

as will be exploited in Lemma 4.4.

Note that the projectors pU
they take values in

Ker(£) = {(Q+U'U+9(|U|2—E))u; 0,u,0 ¢ L? (]Rd)}

and vanish on its orthogonal, thus they can be characterized using the macroscoplc
components o,u and @ (see Remark 1.11). Similarly, the first order projectors p{

PBOu and Piwave are macroscopic in the sense that

1nc7

and PBOu restricted to Ker(£)* can be characterized in such a way, which will be
useful for describing Vxs.

PROPOSITION 2.10. — The zeroth order projector related to the Navier—Stokes
(incompressible) mode is characterized for f = f(x,v) € L3(H,) by
E
o[PR] =6 PRf] =0, w[PRf] = —Pulf],

the one related to the Fourier (Boussinesq) mode for f = f(x,v) by
u |Ponf] = o [Plouf] + 0 [PRLf] =0,
K(K —1) (K = 1)o [Poo.f] — 0 [PRLf]) = (K — el f] - 0111,
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and the ones related to the acoustic modes (recall that (Id — P)V, = V,) for
f=f(z,v) by

(K - 1)@ [Pgl?\zvave :| -0 [Pglggvave i| = 07
V2K [PLef] = (=82)72 V. (ol f] + 01f]) £ e (1d — P) u[f],

VIR (1= 1) (0 [PLuef] +0 [PRuaer]) = (olf] +0071) % e(~0) 40, -]

The first order projectors related to the Navier-Stokes (incompressible) mode satisty
the identities for f(z,-) L Ker(L)

o [PLUf] =0 [PLif] =0,

and the first order coefficient related to the Fourier (Boussinesq) mode for f(x,-) L
Ker(£)

u [Paouf] = o [Phof] +0 [Phouf] =0,
(K — 1o [Prouf] — 0 [Phouf] = m (f.LBY,.

We end this section by defining, in a similar way, the pseudo-kinetic part of the
whole linearized semigroup

DEFINITION 2.11. — We define the pseudo-kinetic projector P};, through its
Fourier transform for any g € )

Piing == e ' (1= P(6))5(6)| = (1d — Pyu) o,

as well as the corresponding semigroup (Ug,(t)),,

Ubin(t)g 1= F ' |Ue (£72) (1d = P(e€)) ()| = F¢ | (14 = P(€)) Ue (=72) 5(6)]

2.4. Decomposition of the solution
With the above definitions, we obtain the following decomposition of the semigroup
Us(t) as
(2]‘2) Ua(t) = Uﬁydro(t) + Ulfm(t) = UIEIS(t) + Uvavave(t) + Ulfln(t) t 2 0

and we split the nonlinear integral operator V¢ accordingly, that is to say as a
hydrodynamic part and a kinetic part:

WEf, gl(t) = Wiyanlf, 91(t) + Wi f, gl (1),
with

3

VL, g)(8) = PULf, gl(t) = / US(t — ) Q%™ (£(r), g(r))dr.
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The main idea behind the proof of Theorems 1.12 or 1.20 or 1.22 is to consider an
a priori decomposition of the unknown f¢in 2" + . + 7

(213) f = fkin + frgnix + fhydro7 fkin S %7 frsnix S J? f}fydro S H

which will enable us to reduce the construction of a solution of (2.5) to that of a
solution to some appropriate system of equations for all the new unknowns

(flfin? m1x7fhydro) S X X y x F.
The term [,

- ix 1S a coupling term between the purely kinetic ff;,, and macroscopic
Jiyaro Parts and which need to be studied separately.
Let us dive more deeply in such a strategy, aiming to determine the system solved
by (ffins i fiyaro). The splitting (2.13) induces the a priori decomposition of the
kinetic part of the non-linear term:

k1n [f€ fE] = kln [fkln? fkln] + 2\I[km [flfim fﬁydro + frfﬁx] + AmiX
where we expect the first two terms to belong to 2 and the third one

AmiX = l€<in [ mix + fhydro? mix + fhydroj| €.

In the same way, we introduce the following a priori decomposition of the hydro-
dynamic part of the non-linearity, which will only be used to make the following
presentation more compact:

iydro [f67 fé] = hydro [fhydro’ fhydro] + Ahydro [fhydro} + Bhydro
where we denoted

AhydrO [fhydr0:| = 2\I]hydro [fﬁydro? mix T fkln:| )
Bhydro = \Ijhydro [ mix + fk1n7 mix + fkm] :

We consider an arbitrary system of equations for each part, where Ay, is assigned
to the equation for f2.

mix*

fliln(t) = Ulfin( )fm + \Ijkm [flfirn flfin] ( ) + 2\Ilkln [flfin’ f}fydro + friix] )

mix(t) = Amix (%),

kfﬁydro (t) = Uﬁydro( )fln + \Ijhydro [fﬁydm? fﬁydro] (t) + Ahydro [fﬁydro} (t) + BhydrO(t)-

We see that, under the ansatz (2.13), solving (2.5) amounts to solve the above
system for

(fliin’ m1x7fhydro) € X X F x %

as well as proving the uniqueness of solutions to the original equation (1.1) since our
system is arbitrary.

In the hydrodynamic limit, we moreover expect fg 4, to be the leading term
of f¢ converging to fns, the other two terms being expected to converge to zero.
Notice that we look for the solution fg 4, € 7 and, as observed already, this is the
functional space to which fyg actually belongs. In other words, we expect

tim e = fs, =0
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Moreover, we need to prove that, in the above system, all terms are well-defined
and belong to the desired spaces. This is one the main technical difficulties of the
work and, as explained in the introduction, will follow from a careful study of the
behaviour of the various semigroups UZ(-) as well as their action on convolutions.
See Section 4 for full proofs.

2.5. Removing the acoustic initial layer and the hydrodynamic limit

To justify the convergence of fi 4, towards fxs, we actually will need to rewrite the
equation for fg i.,(t) by removing its leading order terms, namely a Navier—Stokes
part and an acoustic part. The construction of those leading order terms rely on
already existing theory for the Navier—Stokes equations and the wave equation.

More precisely, we split the hydrodynamic part fi 4, into an oscillating one fg;(t)
(which is explicit) and another one fgg(t) that will be shown to be an approximation
of the hydrodynamic limit fns(t):

(2.14) Sogaro(t) = Saisp(t) + fRs (@) Jaisp(t) := Uiy () fin -
Inserting this into the equation solved by fﬁydm, we see that figq(t) satisfies
flfls(t) = (Uﬁydro(t)fin - Ugisp(t)fi ) hydro [fNS> st] ( )
+ Qq}iydro [fgispa flfls] (t) + Ahydro [st] ( )
+ Anydro [f gisp] (t) + Buydro(t) + ¥iyaro [f dispr J. dlsp] (t).
We further split fgg into its a priori limit fyxs(t) and an error term g (¢):
frs(t) = fus(t) + g5 (1),
so that, using (2.9), the part g°(t) satisfies the equation
g°(t) = (Uﬁydro(t)fin — Uxs(t) fin — Ugisp(t)fin)
+ (‘I’iydro [fxs, fus] (t) — Uns [fns, frs] (1))
+ 2U5 o [fns, 971 () + 295 g [ fGipr 97] (1)
+ Anyaro [9°7] (8) + Viyaro 975 97] ()
+ 2%}y dro [fgiSpa Ixs] (t) + Wlydro [fdlsp’ fdlsp] (t)
+ Anydro [fns] (t) + Anydro [ fisp] (£) + Bhydro(t)
= ijlglydro |:g€a Ins + fgisp + faix t flfin} (t) + \Illslydro 9%, 9°] (t) + S°(t)

Here, we have denoted the vanishing non-linear source term (which depends on f£

and fS.. but not on ¢%), as

(2.15a) S°(t) = 81 (t) + S5 (1) + S5 [fign: fraind (1)

where the first two parts depend only on fg, through fi, and fxs, which are
considered given

Sf(t) = (Uﬁydro(t)fin - UNS(t)fin - Ugisp (t)fln)
(2.15b) + (Whyaro fns, fus] () — Uns [ fs, frs] (1))
S;(t) = \Ijiydro [fdgisp’ 2fNS + fjisp} (t) ’
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and the third one also depends on the partial solutions f¢,, and f; ..
S§[flfin7 Enx] (t> = Ahydro [fNS + fgisp] (t) + BhydrO(t)

(2150) € € € € € €
— Fhydro [fkin + fmix7 fkin + fmix + fNS + fdisp] (t)

2.6. Summary of the proof

The above technical splitting allows us to consider the solution to (2.5) we aim to
construct in the form

fs(t) = flfm(t) + friux(t) + fﬁydro(t)
= fran(t) + Fae(t) 4 faip () + fxs(t) + g7 (2)
where fys(-) as well as fi, (and thus f§,,(t) = Ujg,(t)fin) are functions to be
considered as fixed parameters since they depend only on the initial datum fi,
(and €).
According to the analysis performed in Section 4 (see Lemma 4.8, Lemma 4.1 and
Lemma C.5 respectively) that

U il e S Mol , ST Isllr ST

Since fyg is entirely determined by the solutions (o, u, ) to the NSF system (1.22),
we point out that, in the definition of the space 77, we choose the function ¢ to be
exactly the solution fyg. This corresponds, in Eq. (2.2), to the choice of the weight
function

2
d7'> t>0,
He:s

wpanl®) = o0 (5 [ 1917 fs(r)

with n > 0 is a parameter which is still to free to be chosen suitably small for the
upcoming fixed point argument to work. The above system considered in Section 2.2
writes now:

(fen() = Ugn(t) fin + Ui [fiins il (8) + 295 [fns fivaro + fane] (1),

(216) rfnx(t) = iin [(fNS + fgisp) + fl’EIIiX + g8 ) (fNS + fgisp) + fra;lix + g£j| (t>7
(97 (0) = O[S fand (D97 (1) + Wiyan [97, 971 (1) + S°(2).
We will construct a solution (f5,, f5.y, ¢°) of this system in the space 2" x % x #and

more specifically, in a product of suitable balls in such spaces. This is achieves through
a suitable use of Banach fixed point Theorem in the case of Assumptions (BE)
whereas, under Assumptions (BED), the situation is much more involved and we
adapt a Picard-like scheme to construct our solution (fg,, fu, 9°)-

As said already, in order to study the system (2.16), we first need to prove that
all the various terms make sense under the ansatz (2.13), that is we need to show
that the various bilinear terms Wi, [f&,, finls Viinlfiins fiydro T fii) are defined and
belong to 2 if (f,, fam: 9°) € 2 X .F x 7, that the bilinear term appearing in the
equation for f:, is well defined and belong to .# while the bilinear terms involved
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in the equation for ¢° are well-defined and belong to 7. This is done in Section 5
which is based on the thorough analysis led in Section 4 of the various semigroups
Ukin (), Ulyaro(+) and convolutions of the type

1 € 1 €
gUkin(') * @ and gUhydro(') * Q.

3. Spectral analysis of the linearized operator

This section is mainly devoted to the proof of the main spectral result Theorem 1.8
in the Introduction about the linearized operator L = £ —i(v - §).

3.1. Description of the novel spectral approach

We give here a precise description of the main steps of our approach to prove the
above two main results.

In order to prove our main spectral result, we adopt a “direct method” which
appears much simpler than the original method of [EP75]. More precisely, their
approach relies on the Lyapunov—Schmidt reduction process, which consists roughly
in projecting the eigenvalue problem on the unperturbed eigenspace, whereas ours
relies on Kato’s reduction process, which consists roughly in rectifying the perturbed
operator as another one defined on the unperturbed space. To some extent, we
believe our approach to be somehow more natural and direct, fully exploiting the
symmetry properties of the collision operators Q and L. It is for sure of a more
“functional analytic flavour” than the one of [EPT75].

First, to study the spectrum of L¢, we use the fact that, for £ = 0, the spectrum of
Ly = L is explicit thanks to Assumption (L3) and show that, for || small enough,
the structure of &(L¢) is similar to that of &(L), i.e. there exists some explicit value
ap and v > 0 such that

S(Le)N{z € Cy; Rez > —7}, V¢ < ao

consists in a finite number of eigenvalues. Such a localization of the spectrum is
obtained here without resorting to any compactness argument. This is the main
contrast with respect to the original work [EP75] whose approach disseminates in
the literature.

The localization of the spectrum is not enough for the purpose of the paper and we
also need to compute explicitly the asymptotic spectrum &(L¢) N{z € C; ; Rez >
—~} and the associated spectral projector. This is done in a quantitative way, using
Kato’s perturbation theory as developed in [Kat66]. Typically, one observes that,
since for any £ € R, L¢ is a perturbation of £ by the multiplication operator with
—i(v-§), for any z ¢ S(Le) U S(L), the following expansion formulae are valid for
N > 0:

N-1

(31) R(zL) = R(z,ﬁ)((—z’v-f)R(z,L’))nnLR(z,Eg)((—iv-5)R(z,£)>N,

n=0
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as well as
(32) R(z Le) = Z_o R(z.L)((~iv- OR(=.0)) "+ Rz L) ((—iv- §)R(z,£)>N.

Various choice of the parameter N > 1 would allow us to recover estimates on
R(z, L¢) from known result on R(z, £) and provide the asymptotic expansion of the
eigenvalue and eigen-projectors. In a more specific way, the proof of Theorem 1.8 is
done according to the following roadmap:

e In Lemma 3.3, we show that the spectrum of £; := £ — v - £ contained in
some right half plane is confined in a ball of radius of order ¢ centered around
the origin, and establish some bounds on the resolvent.

e In Lemma 3.4, we prove that the spectral projector associated with this
part of the spectrum has a first order expansion as & — 0. To study the
aforementioned part of the spectrum, we then introduce L¢ which is a matrix
conjugated to the restriction of £ to the corresponding stable subspace
(sum of eigenspaces), thus allowing to rely on perturbation theory in finite
dimension.

e We establish in Lemma 3.5 some invariance (isotropy) properties satisfied by
L¢ and give its first order expansion.

e A block matrix representation of L, is presented in Lemma 3.7, thus iden-
tifying its only multiple eigenvalue, and isolating it from the three simple
remaining ones as is shown in Lemma 3.8.

e From that point on, we use finite dimensional perturbation theory and show
that L, is diagonalizable and establish a second order expansion of its eigen-
values as well as a first order expansion of its spectral projectors in Lemma 3.9,
from which we deduce the spectral decomposition of the original operator L,
as well as expansions of the projectors in Lemma 3.10.

Finally, we combine the resolvent bounds for |{| < 1 from the previous lemmas, and
use a hypocoercivity theorem from [Duall] for || 2 to obtain an uniform exponential
decay in H of the semigroup generated by L, on the stable subspace associated with
the rest of the spectrum. We then improve this uniform decay estimate in H as an
integral regularization and decay in H — H®* and H° — H by combining it with an
energy method.

3.2. The spatially homogeneous setting

Before undertaking the program described here above, it is important to recall
the spectral picture in the spatially homogeneous setting corresponding to £ = 0.
Assumptions (L1)—(L4) directly give the localization of the spectrum and the fact
that 0 is a semi-simple eigenvalue of £ with d+2-dimensional (geometric) multiplicity.
Associated to such an eigenvalue, the spectral projection

P:zi
20 |

R(z, L)dz

z|=r

has the following properties:
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PROPOSITION 3.1 (Representation formulae involving P). — We recall the
macroscopic (fluctuations of) mass o € R, velocity u € R? and temperature § € R
as defined in (1.21). Under Assumptions (L1)-(L2), the spectral projector P on the
null-space Ker(L) is H-orthogonal and has the following explicit representation:

‘gf 2
(3.3) Pf(v) = (Qf+uf'U+E<K_1> (lv] —E)>M(v),
as well as, denoting T1, = Id — w ® w the orthogonal projection on w' = {u € R? |
u L w} for any w € SL:

PI(0) = (L) o) + i (€ = Doy —07) (K= D) o

1
+ =5 (or + 0[P u(v) + ((1d = TL) us) - vp(v)
where we introduced the speed of sound c in (1.10). More compactly, in terms of the
eigenfunctions Y 4yave and Ve, defined in (1.15)—(1.16)
d
Pf(’U) = 7Hw<f7 UM>HUﬂ’ + <f7 w—wave > 1/) Wave

E
+ <f> ¢+Wave(w)>Hw+wave(w) + <f7 77bBou>H¢Bou-

We finally notice that the Burnett functions introduced in (1.12) are related to
v € Ker(L) and ¢pe, € Ker(L) through

A(w)=(Id=P)lv®wvu] and B(v)= (Id — P)[vipou]-

Remark 3.2. — Note that, if a given function u satisfies (L2), and if one defines
P as the H-orthogonal projection on Span{y, v, ..., vau, |v]*u}, i.e. as (3.3), then
Proposition 3.1 still holds.

(3.4)

3.3. Proof of Theorem 1.8

We are now ready to attack the full proof of Theorem 1.8. We begin with the
localization of the spectrum.

LEMMA 3.3 (Localization of the spectrum). — For any gap size
0< A< /\5,

there exists some Cy = Cy(A\) > 0 and oy = ap(A) > 0 that can be assumed small,
such that the spectrum is localized as follows:

S(Le) VAL C {2l <Colel),  VEl<a
Moreover, there exist C; = Cy(ag, A) > 0 such that, for any |£| < ag
(3:5) sup [R(=, Le)ll e + s [[R(z, Le)llpqresmn) + 51 [R(z, Le)ll o) < C

|z[=r |z|=r
where r = Cyog > 0 and Q := A_, N {|z| > r}.

Proof. — 1In all the proof, we assume 0 < A < A\ to be fized.
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Step 1: Resolvent properties in the spaces H;. — We first observe that, B — A
being dissipative in the spaces H; by hypothesis (L4d), it holds for any j = 0,1,2

(3.6) IR (2, Be)ll ) S 1, Vze Ay,
uniformly in ¢ € R? In particular, the above is true for ¢ = 0, that is to say

for R(z,B). Using that Sy (£) N A_, = {0} from (L3), we have the factorization
formula for any N > 0:

N

(3.7) R(z L) = Zgn(z, B) (AR(=, B))” + (R(2,B)A) R(z,L).

holds for any z € A_, \ {0}. Furthermore, since L is self-adjoint in H by hypothe-
sis (L1), it is well-known that the zero eigenvalue is semi-simple so that

1
(3.8) IRz, L)y S 7l Vze A\ {0}
Thus, using the factorization (3.7) with N = 1, we deduce from a repeated use
of (3.6) that, for any f € H; and any z € A_, \ {0},
IRz, L) flla, < [|R(2, B) flla, + [|R(2, B)AR(2, L) f | 1,
SJ ||fHH1 + ||AR(Z7£)f||H17
and using the boundedness of A : H; — H;; from (L4c) as well as (3.8)

IRz, L) flle S Nl + ANz, m R (2, £) fll 2
1M+ 10 5 (14 7)1
where we used H; — H in the last inequality. Using this estimate and proceeding
in the same way for j = 2, we deduce that
(3.9) 1R(z, L) || ;) S 1—|—’i|, Vze A\ {0}, j=0,1,2.

We conclude that, in each space H;, the eigenvalue 0 is semi-simple (i.e. a simple
pole of R(-, L)) and the resolvent writes in Z(H,) as the sum of a singular part and
a holomorphic part (see [Kat66, Chapter 3, Section 6.5]):

(3.10) R(z,L) = 2P + R (2), VzeA ,\{0}.
with the regular part defined as

(3.11) RE(z) = 2"RyH, Ro :=R(0,£) (Id — P) ,
n=1

where we notice that Ry = —£7! (Id — P) € #(H;).

Step 2: Localization of the spectrum and resolvent bound in #(H). — We draw
inspiration from the proof of [Tril6, Lemma 2.16]. Let us start with the following
factorization formula permitted by the dissipativity hypothesis from (L4d) for some
large enough a > 0:

R(z, Le) = R(z,Be) + R(z, L&) AR(z, Be) Vzel,
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and, expanding the term R(z, L£¢) using (3.1) with N = 1, we deduce now

(3.12) R(z, Le)
=R(z,B¢) + R(z, L)YAR(z, Be) + R(z, Le)(—iv - §)R(z, L)AR(z, Be).

This allows to localize the spectrum using the bounds (3.9) and the regularization
hypothesis for A coming from (L4c). Indeed, according to (L4b)

|’UR(27£>AR(%B£)H@(H) S HR(ZaE)AR(ZaBQH@(H,HI)
and, using now (3.9) and the fact that A € Z(H, H) from (L4c), we deduce that

1 1
VR £) ARz, B) oy < (14 rz|) IRz, Bl S 1+
thanks to (3.6). In particular, for any ¢y > 0,

€]

)
Co

1€ - v) R(2, LYAR(z, Be)ll gy S €] +co, V|2 >

thus, considering ¢y, ap > 0 small enough, we deduce that

1
1€ - vR (2, L)AR(z, Bl s < =0 V2| > |C€0|

9’ ‘5’ < Qo
and in particular, for such a choice of (¢, z), the operator Id+ (iv-§)R(z, L) AR(z, Be)
is invertible in #(H) with

€]

<2, forany |z] > =, [§] < ag,
B(H) Co

(313) | (14 (iv- OR(:. L) AR B))

thus it follows from (3.12) that
R(zLe) = (R(z.Be) + Rz L)AR(. o)) (1 + (iv - R (= L)AR(.By))

Each term on the right hand side belongs to Z(H) for z € A_y N {|z| > ¢;'[¢]},
thus the following localization of the spectrum holds:

Gul(Le)NA_y C {z eC: |2 < cgl\§|}, v 1€] < ap.

More precisely, using the bounds on R(z, B¢) from (L4) and (3.9) together with (3.13)
we have

1
(3.14) IR(2, Le)ll ey S 1+ 7l

for any z € A_,, |z] > %, with || < ag. This proves the Z(H)-bound in (3.5).
This concludes this step.

Step 3: Resolvent bound in B(H; H*) N #B(H°; H). — First of all, note that the
following identity for bounded operator T : H — H* is proved in Appendix B.3
(where the adjoint T™* is considered for the inner product of H):

1T | aare; sy = T\l a1 1),

furthermore, using that £f = £_¢ since L is self adjoint, one has

R(z,Le)* =R(Z,L_¢) VEERY 2 € &(L),
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thus it is enough to prove the bound in #A(H; H*).
Using the dissipativity estimate for £ from (L3) and the fact that the multiplication
by iv - £ is skew-adjoint, we have for any z > 0

(Le =2, )y < =Acll(Td = P)fll7e = 2l f117-

Furthermore, using that P is H-orthogonal as well as the fact that P? = P and
Pl ; ey < M for some M >0

(Le—2)f, /g < =Aclld = P)fll7e — 2IPSflI%
< =Acll(Id = P)fl3e — =M 7P £l

The term ||(Id — P)f||%. can be estimated using the polar identity and Young’s
inequality (note that P may not be H*-orthogonal):

(315) [1(1d — P) /[ = 5(1d ~ P)

45 (1B = IPFI —2(d = PYF P ) > S0 e — 1P

therefore we have
A _
((Le =L 1)y < =5 I lie = (M2 = Ac) [P/

We conclude that for zy = A\ M?, we have

2
Hl.

Az
VieP(Le), ((Le—z20)f [)y, < —7||f| e
This, together with the comparison || - ||z < || - || e, implies the resolvent bound
2
(3.16) IR0, L)ooy < 5

Using the resolvent identity
Rz, Le) = R(z0, Le) + (20 — 2)R(20, L) R(2, Le),
we can combine (3.14) and (3.16) so as to obtain, for |¢| < ay,
1
(3.17) IR (2, Ll 1oy S 1412 + o VAEA 2] > ¢ '€l
from which we deduce the #(H; H*)-bound of (3.5). This concludes the proof of
Lemma 3.3. O

LEMMA 3.4 (Expansion of the total projector). — With the notations of
Lemma 3.3, considering some 0 < A\ < A, for any |£| < «p, the spectral projector
P (&) associated with the 0-group of Lemma 3.3 and defined as

PO) = —  R(zLodz, V€] < ao,

m |z|=r

where the integration along the circle {|z| = r} is counterclockwise, has the following
first order expansion in B(H®; H®):

P(§) = P+ (PuRy+RyoP) +5(¢), Ry =R(0,£) (Id - P)
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Rez = _)\B Rez = _)\L

Rez < —A\

Figure 3.1. Localization of the spectrum from Lemma 3.3. The hatched blue
part contains the “pseudo hydrodynamic part” of the spectrum of L (i.e. the
perturbation of the macroscopic eigenvalue of L, that is to say 0). The hatched
red part contains the “pseudo kinetic part” of the spectrum of L¢ (i.e. the
perturbation of the microscopic part of the spectrum of L, that is to say &(L)\

{0}).

where S(§) € B(H°; H*) with ||S(E)|| scre; ey S €I

Proof. — For a fixed 0 < A < Az, let og = () be provided by Lemma 3.3. Since

1
P(&)=— d
=g, P RELM=
we deduce directly from the bound (3.5) that
1P ; o) + [P o 1) S 1,

and using that P(£)? = P(£), we actually deduce
(3.18) Pz mey S 1, P(0) =P e B(H H®).
We will refine this information and prove a second order Taylor expansion using

the bootstrap formulae from Appendix B.4. Before doing so, we observe that the
following factorization holds true

R(z Le) = R(z Be) + (R(=. Be)A) Rz, Be) + (R(z, B A) "Rz, Le).

where the first two terms are actually %(H )-valued holomorphic in z € A_,. There-
fore, P(§) can be written equivalently as

1 2

P) = 2?5 (R(z,B¢)A) "Rz, Le)dz.

L APTE
Since, according to the regularization properties (L4c) of A together with the resol-
vent bounds (3.5) and (3.6) for £¢ and B respectively, it holds, uniformly in |z| =7
and |¢] < ap
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IR (2, Be) All (e, 1) + 1R (2, Be) All gy 1) + |R(2, Le) |l pos my S 1,
and thus, using Hy — H;

<
H Z B& (Z Ef) B(H®; H) ]'7
which once integrated along |z| = r, gives
(3.19) POz ny S1,  7=01,2,  [fl<a
Step 1: First order expansion. — A representation of the first order Taylor expan-

sion is given by integrating (3.1) or (3.2) with NV =1 yielding
PO =P+&- P, <au,

where P (€) has the integral representation

PL(g) = 2; - R(z, Le)(—iv)R(z, L)dz = 2; - R(z, L)(—iv)R(z, L¢)dz.
We know that P (&) € Z(H°; H*) (since & - PD(€) = P(€) — P) let us prove that
this holds uniformly in £. We begin with the following estimate in Z(H;; H®) which
is made possible since the multiplication by v is bounded from H; to H. Namely,
thanks to (L4b) and the resolvent bounds (3.5) and (3.9), we have uniformly in
€] < ao
1

Hp(l) < —
B(Hi H®) ~ 21

IR (2, Le)vR(z, L) || (1, 1reyd|2]

|z|=r

(3.20)
SP IRG Lot 1R £)andlel S 1

Let us now explain how to extend such an estimate to #(H°; H). Using the for-
mula (B.6), we have, for [£| < ap

PU(E) = POPI(E) + PP,

and therefore

HP(I)@) Aoy S HP(@P(D )H%’(HO;H‘) + HP(D(@PH@(H%H')
< [POEPE ey +IPPOP e e

where we used the adjoint identity (B.1) (where the adjoint is considered for (-, -)g).
Since we have P(£)* = P(—¢) and P* = P, one has PW(&)* = —PW(—¢). Therefore

=
B(H°; H*)
< [POEOPE oo T IPPEOP e e
< HP(I)(—S) s oy NP e ) + s o WP lcres )
S HP(1)<_§) B(Hyi; H*) * HP(I) )H%‘(HMH’)’
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where we used the regularizing property (3.19) of P(¢) in the last line (recall that
P = P(0)). Using the above estimates (3.20), we deduce that

IPM©) €] < ao,

which concludes this step. Notice that a clear implication is that, for any |£| < g

IP(§) — Pllame; ey S [€]-
Step 2: Second order expansion. — In a similar fashion, we obtain a second order
expansion integrating once again (3.1) or (3.2) with N = 2:

PE)=P+if-Pi+£@&:PA©E), € < ap

where the first and second order terms are defined as

< 1,
B(Ho HY) ™

1
P, = ~5i - R(z, L)vR(z, L)dz,
1 ®2
1 ©2
= R(:L (UR(Z, c)) dz.

|z|=r
The first order term is explicitly computable using the Laurent series expansion (3.10):
1
2

P, = R(z, L)vR(z, L)dz = RyvP + PuRy,

|2|=r
so in particular, one checks directly that
Pl - PP1 + Pl P

We use now the formula (B.8), which gives

[P

B(H°; H)
< [PP(g) N aGEI

We use the bound from Step 1 for the second term, and, after using duality as in
Step 1 (for the first term), we use the regularization property (3.19) of P(¢):

o+ [P@(g)P

B(H°; H® He; H* B(H; H*) '

PO 10,10y = 2+ [POCOPEO 1y + PP OP
S1H[POCO s, ey + PO O s, e

As previously, using the fact that the multiplication by v is bounded from H; to
H;., for j = 0,1, we show using the resolvent bounds (3.5) for £, and (3.9) for £
that

[P®e) Ld |rec )(vR(= E))®2 dl2|
B(Hz H*) = 2m |z|=r e ’ %(Haz; H*)
S §]|§_ IR (2, Le)llars ) | Rz, L)l iy R (2, £) || zazyd]z]| S 1.
This concludes the proof, setting S(¢) := £ ® £ : PA)(¢€). O
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Following Kato’s reduction process from [Kat66, Section 1-4.6, pp. 32-34], we
introduce for any |£| < ag a “rectified” version of L¢ in which we cut off any spectral
points that is not a small eigenvalue. Precisely, following [Kat66, Section 1-4.6] and
since

IP(€) = Pllage, ey S 16l Y IEl < ao,
according to the previous Lemma and the injection H®* — H — H°, we deduce that
for g small enough

|P© -P7[,,.,

where we recall that H* < H — H°. In particular (see [Kat66, Eqs. (4.36)—(4.39),
p. 33]), we can define

Ue = (POP + (14— P(9))(1d — P)) (14 - (P(§) — P)?)
= (1= (&) = P?) *(POP+(1d-PE©)Id-P)). [ <as

where we used the definition (Id—7")"2 = 3> (_%) (=T)" for any T € B(H). With

n=0 n
such a definition, 4 mapping isomorphically the null-space of £ onto the eigenspaces

corresponding to the small eigenvalues of Lg:

<17 V|§|<Oé0,

1
2

=

Ker(L) = Range(P) Ye, Range (P(¢)),
we define the finite dimensional rectified operator on Ker(L):
Le:= (UL P (Ker(L V¢l <
c= (U Letke) e AKalL),  ViE <o

whose spectrum is related to that of L¢ by &(Le) NA_y = S(L¢). In the rest of this
section, we will study the structure of L, so as to reduce its diagonalization to the
perturbation of a diagonalizable matrix with simple eigenvalues. Using (Kato’s) clas-
sical perturbation theory for matrices, this will provide expansion of the eigenvalues
and eigenfunctions of LL¢, and in turn those of L.

LEMMA 3.5 (Properties of the rectified operator). — The rectified operator
L¢ has the following properties:

(1) L¢ is compatible with any orthogonal d x d matrix:
OLes = L¢O,

in particular, L commutes with orthogonal matrices that fix {, and it pre-
serves evenness and oddity in directions orthogonal to &:

0§ = = OL, = L6,
(u 1 & and p(—u) = j:go(u)) — <L£g0> (—u) = j:(]Lgp) (u).
(2) L¢ has the following second order expansion in %(Ker(L))

Le = —iP(v- &) +P(v-&§Ro(v- &) +1o(§)
where 1y(§) € #(Ker(L)) is such that ||ro(§)|| zxercy S €7
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Proof. — As ©Lge = L0 holds for any orthogonal matrix ©, it is clear that the
resolvent satisfies the same relation OR(z, Log) = R(z, L¢)O, and thus OP(O¢) =
P(£)©. Using the above definition of U, this implies OUg: = UO and thus the
first point of this lemma. We only need to check the expansion for L¢. According to
Lemma 3.4, there holds

P(§)P =P +iRo(v - )P +11(&),
(Id = P(£))(Id = P) = Id — P —iP(v - )Ro + 12(§),

and
(P(§) — P)* = 73(¢),

where the remainder operators ry are such that
”T’C(£>||%’(HO,H') 5 |§|27 k= 172a37

for || < o with ap small enough. Inserting this in the definition of U, there exist
additional remainder operators 1, (¢) € Z(H°, H*) M such that

U = (Id —iP(v - €)Ry + iRo(v - €)P + m(g)) (Id + r5(5))

=1Id —iP(v-&§)Rg + iRo(v - §)P + 14(&),
where ||rx ()| 2o, mey S 1€]? for k=1, ..., 6. Note that there holds as well
U ' =1d —iRo(v - £)P +iP(v - §)Rg + 77(€),

(3.21)

with [|77(€) | cme mey S €] Notice that in the above decompositions of U and Z/{gl,
all terms (except Id) are in ZB(H°; H*). We thus compute the second order expansion

Le = PLeP = P(U; 'Lk )P
as follows. Observe that PRy = RgP = 0 so that
(322)  PU ' =P +iP(v- &Ry + Prr(§), UsP =P +iRo(v - &P + r6(€)P,

and that Range(r¢(§)P) C Z(L) so that r5(§) := Lre(&)P is well-defined and in
the end we have ||rs(§)||zme, mey S 1€]?. Therefore, using also that £LP = 0 while
LRy = 1Id — P, we deduce that

Le = (P+iP(v- R+ Pre(§) ) (£ — iv- &) (P + iRo(v- P +76($)P)
= (P+iP(v- R+ Prr(§)) (= iP(v- P + (- ORo(v- OP +75() +71(6))
= —iP(v- &P+ P(v-&§)Ro(v- )P + (&),

where [|75(E) ||z, mey S |€]° for k = 1,2 because the second order remainder term
Prs(€) vanishes since PL = 0. The lemma is proved. O

Remark 3.6. — Note that in order to compute a second order expansion of the
rectified operator, only a first order expansion of the spectral projector is needed.

(D with for instance ra(§) = 7r1(&) +ra(€) and r5(&) = > 00, (:?)(*73(5))71
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1018 P. GERVAIS & B. LODS

LEMMA 3.7 (Block matrix representation of the rectified operator). —
For any non-zero |£| < «y, the rectified operator LL¢ writes, along the H-orthogonal
decomposition

Ker(£) = {u cop ;s u L 5} & Span (Yo, Uswave (§)  Pwave (€)) . €= o

as a block matrix:

(323) ]LE _ ()\mc(gg)i(jgi;X(dl) Ogﬂ(lé;@)) M(E) c %3><3(R)

where the “incompressible” eigenvalue A\i.(§) can be expressed for any normalized
ul & as

Aine(§) = Z<L§(u SUONTE U,U>H-

Proof. — Fix some non-zero |£| < ag and consider some u L £, using the first
point of Lemma 3.5, the functions L¢(u - vp) and (i, & - vu, [v]*u) are respectively
odd and even in the direction u, and thus H-orthogonal. Similarly, L¢(p, & - v, [v]|* 1)
and u - vu are also H-orthogonal. Thus, one may write

_ Ml(g) 0(dfl)><3
Le= (03><(d1) M(¢) ) ’

for some (d — 1) x (d — 1) matrix M'(§), because {(a + b€ + c|v|*)u | a,b,c € R} is

Spanned by ¢B0u7 ¢—Wave(£) and w—i-wave (5)
In the case d > 3, we still have to show that M'(¢) is a multiplication matrix. To

do so, consider a pair of H-orthogonal functions ¢ = u - vy and ¢’ = v’ - vu for some
vectors u,u’ € R? such that (u,’, &) is an orthogonal triple. From the first point of
Lemma 3.5, the function Ly is odd in the direction u and even in the direction v/,
thus

(Le(u-vp),u' - vp), = (Le (u - op) ,u-vp),, = 0.

Furthermore, choosing an orthogonal matrix © mapping (&, u,u’) onto (£, 4/, u), we
have

<L§<U ’ UIU), u- U:LL>H = <L£(@U) C UM, (@U) ’ U:u>H = <Lf (u/ ’ M) 7ul ’ U/L>H
We conclude by applying these two relations to any orthogonal basis of
{u cop | u L€ }
This conclude the proof. 0

LEMMA 3.8 (Ezxpansion in matrixz form). — Recall that k, and c are defined
in Theorem 1.8. With the notations of Lemma 3.7, the “incompressible” eigenvalue
expands as

Ainc(€) = —Kinclé]* + O ([€]%) -
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Furthermore, in the basis ¥pou, ¥—wave (), Viwave (&), the matrix M() can be written
as

0 0 O —KBou * *
Gony @ =il [0 c 0 )+l ¢ cme = ) +O(P).
0 0 —c * * —Rwave

Proof. — Straightforward calculations show that, in the basis gy, @Z)_wave(g),
Vi wave(§), the first order coefficient is diagonal:

o O

0
0

M(€) = —iP(v- &) + O ([¢]°) = il¢| +0(I¢)-

o
o o0 O

—C

We then turn to the second order coefficient (v - €)Ro(v - €).

Step 1: The diffusion coefficient ki,.. — In this step, we will use the following
identity:

(3.25) (L' Au-u',Au-u'), = (LTTA(Bu) - (Ou), A(Bu) - (B)),, ,

which holds for any u,u’ € R? and any orthogonal matrix ©, and is a consequence
of the identities (where we recall Ry = —£71(Id — P))

©Ry = R¢9O, A()u-u' = A(Ov)(Ou) - (Ou').

The diffusion coefficient ki, is given for any o € S~ orthogonal to 5 by

d L~ ~
fine = = (Ro (0 €) (v o)y, (v &) (v-0) ) = (LT AL 0, AL o)
which, for any orthogonal pair w, o € S¥1, rewrites using (3.25) as

(3.26) Kine = — <£’1Aw co, Aw - 0>

1

-
1

(u—') and 0 = —=(u + '), where u,u’ € S¥1 are

Choosing in particular w = 5

orthogonal, we have

S

2

Kine = —; (LM (Au-u— A '), Au-u— Au - o)

o
where we used the fact that A is symmetric. Consequently, we have by (3.25)
Kine = — <£’1Au “u, Au - u>H + <£’1Au cu, A - u’>H ,

and since A is trace-free, one can get rid of the term involving u’ by averaging over
: ! / / 1
some orthonormal family ' =u}, ..., u), ; € (Ru)":

1 -1
Kine = — (L7 Au - u, Au-u), + d—1 <£‘1Au -, Zl A - u;>
i= H

=— <£’1Au-u,Au-u>H— di<£1Au-u,Au-u>H,

and therefore

d
(3.27) Kine = ~71 <£*1Au cu, Au - u>H )
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Summing (3.26) and (3.27) over all pairs of vectors in the canonical basis of R?, we
rewrite the coefficient xi,. as a Hilbert—Schmidt norm of matrices:
1
inc — T y ;C_lA, A .
" CECESIA Jn

Step 2: The diffusion coefficient kgo,. — The coefficient kpy, writes

KBou = — <RO (U : g) wBoua (U ’ g) Q/)Bou>H
= —(L'B-{B-¢) = _clz (£7'B,B),,

where we used the invariance of £ again, as well as the identity B(v) - u =
B(Ov) - (Bu), allowing to sum over £ taken in the canonical basis of RY.
Step 3: The diffusion coefficient Kyave. — The coefficient Kyawe Writes

e =~ (R (0-8) e (©). (0 ©) e (3,

(K

- <£—1Ag.gAg.g>H_E22—1><£—1B.gB.g>H,

where we have used the fact that Ag . E, and thus L‘lAg . E again by the invariance
of £71, is even in the direction ¢, whereas B - £ is odd in this direction, and therefore
these functions are H-orthogonal. Using the results of the previous steps, we actually

have
d—1 EQ(K - 1)

Rwave = Td/{inc + fKBou'
The lemma is proved. [l
LEMMA 3.9 (Second order diagonalization and decomposition of the

rectified operator). — With the notations of Lemma 3.7, the rectified operator
L¢ has four distinct eigenvalues which expand as

Ainc(€) = —kmel€[* + O (I€%)
>\Bou(€) = _'l’{'Bou|€|2 + 0O (|§|3) ) )\:twave(€> = :i:’LC|§| - Kwave|§|2 +0 (|€|3) :

Furthermore, the “incompressible” eigenvalue is associated with the following spectral
projector:

Pine (€) [ap + - o+ clo]’p] = (Hgu-v)p,
and the spectral projectors associated with the “Boussinesq” and “waves” eigenvalues

expand in the basis VBou, V¥ wave (E) s Ut wave @ as

(3.28) P, (&) =PO 4 |¢PM) + 0 (1€1) * = Bou, £wave
where
100 000 000
3290 PY —=(o0oo0o0), P%U.=(010]), PO =[0 0 0
000 000 001

and P\ is a constant 3 x 3-matrix for « = Bou, wave.

ANNALES HENRI LEBESGUE



Hydrodynamic limits for kinetic equations 1021

Proof. — Because the operator M(¢) has the asymptotic expansion
M(6) = (€| (M© (&) + e (8) + 0 (i) )

where M©) (E) has three distinct eigenvalues by Lemma 3.8, we know from [Kat66,

Chapter 2, Theorem 5.4] that M(¢) has three distinct eigenvalues for ¢ small, and
thus admits the following spectral decomposition:

M(S) = ABou(g)PBou(g) + )‘+Wave(§)P+Wave<€) + )\—wave(g)]P)—wave(f)-

The expansions of the eigenvalues is given by [Kat66, Chapter 11-(5.12)] applied
to (3.24):
Ainc(f) = _Kinc‘€|2 +0 (’£|3) ’ )‘Bou(€> = _KBou’§|2 + 0 (|£|2) )
Asvave(€) = Ficl€] — Fave €* + O (I€%) ,

and the expansions of the spectral projectors are given by [Kat66, Chapter 11-(5.9)]
applied to (3.24) yielding (3.28) and (3.29) and we point out that the first order

coefficients P in matrix form has coefficients independent of E and can be explicitly
computed, although their expression will not be needed. O

Rez= M gRez= -\,

\.\)‘—i—wave (5)
A \
)\inc (5) \
/\Bou(f) //
) )\—wave(g)

Rez < =X\

Figure 3.2. Localization of the spectrum of L —i(v - ) for |£| < ap.

LEMMA 3.10 (Ezpansion of the spectral projectors). — For ay > 0 small
enough, the following spectral decomposition holds for any |£| < ag:

LeP(§) = P(§)Le = Aon(§)PBou(§) 4 Aine(§)Pine(€)
+ /\+wavc <§>P+wavc (5) + )\—WaVC (g)P—Wavo (6)

where the projector operators P,(£) (x = Bou,inc, +wave) expand in Z(H°; H*)
as (1.13) with the zeroth order coefficients being defined in Theorem 1.8.
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Proof. — Recall that L¢ and L, are related through L¢ = (U 1£§L{§)|Ker(£), thus,
using the fact that UP = P(§)Ue, we deduce that

P(&)Le = LP(E) = L{ngL{gl.
This lemma is therefore a lifted version of Lemma 3.9, and the corresponding pro-
jectors are related through

P.(&) = UP, (U = (UP)PL(E) (PUT).
We then deduce the expansion of each P,(§) from those of P,(§) in A(Ker(L))
established in Lemma 3.9 and those of U:P and PU; "' in Z(H°; H*) from (3.22):
P.(§) = (P+ig-RovP+Prr(6) ) (P (€) + 1P (€) +5(8) ) (P+i€-PuRo-+rs(6)P)

where we recall that ||r;(&)||zmeme) S [€]* while S(€) € A ar2)x(a+2)(R) with norm
of order O(|£]?). We can expand further to deduce

Po(&) =PI (€) i€ - PLY () +54(0)
where we have denoted @
(&) =PPO ()P, P (&) = PO (€)uRy + RywP (¢) — PP (¢) P.
We notice that both RovPi (5) and PP (S)P vanish on Ker(£)*:
¢ € Ker(L (E) ¢ =P0 (g) vRyp = P© <g~> ve.

Therefore, the first order term of the projector associated with the “incompressible
eigenvalue writes explicitly for any ¢ € Ker(£)*, and w € S41

7

d

Pie(w)p = g([(ld —wQw) (ijogo,va] -w)

= g<<?}jROS@7U”>H ' [(Id - ®w) U]”)

- \/g<<p,£_1A>H [(Id—w@)w)v}u

o Pw)p = S (10~ w @ w) (v wRop,vm) | -om

:\/Z[(Id w®w) (g, L 1AW>H]'UM,

the one associated with the “Boussinesq” eigenvalue writes for any ¢ € Ker(£)+

P](313u<w)90 = <R0907 UwBOu>H wBou = <Q0; £71B>H¢B0u7

and the ones associated with the “waves” eigenvalues write, for ¢ € Ker(£)*,

J=1

and, in particular,

) Of course, PP&O)(JP can be identified with }P’io)(-) but we make here the (slight) distinction
between operators defined on the finite dimensional space and the associated matrices.
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Pglzlgvave<w)§0 = <'UR0<)07 wiwave< )> wiwave

= (:f:\}§ <g0, £ ‘l‘ E \/ <S07 1B >H> 77D:|:Wave

This concludes the proof of Lemma 3.10. 0
We recall now the following hypocoercivity result extracted from [Duall]:

LeEMMA 3.11 (Hypocoercivity [Duall, Lemma 4.1]). — Assume that L : Z(L)
C H — H satisfies Assumptions (L1)—(L4). Then, for any £ € R? there exists

some &-dependent bilinear symmetric form ®¢[-,-] : H x H — R defined through
£
P = (Pf, ThP JoPv (Id — P
§[f7f] 1+|€|2 < f7 1 f+ QU( )f>H7

where T, € ZB(Ker(L);R?) and T, € B((Ker(£))% R?), such that there holds for
some ¢ > ()
clél?

(3.30) P, [EEfa f} < 1 1€]2

uniformly in £ € R? and f € D(L;).

1
IP£1I7 + 11 (0d = P) £l

With this at hands, we may turn to the proof of the decay estimates of Theorem 1.8.

LEMMA 3.12 (Resolvent bounds and decay estimates of the semigroup).
With the notations of Lemma 3.3, let 0 < XA < A,. There exist some constants
C,~ > 0 such that, for any |£| > «g, the spectrum is localized as follows:

GH([{) N A_7 =,
and the resolvent satisfies

sup Rz, £z < C.

z€EA —

Furthermore, for any 0 < o < 0o := min{\, v}, the decay estimates

sup V()1 = POM I+ [ e [Uet) 1 = PO
< G (14 = PL&)) £

and

HO

| et e - POy e < 0~ P I

hold uniformly in £ € R? and f € H, where (U¢(t));>0 denotes the C°-semigroup in
H generated by (Le, Z2(Le)).

Proof. — In a first step, we prove resolvent bounds using the above hypocoercivity
result as well as the uniform decay estimate in H. In a second step, we prove the
H* — § integral decay estimate using an energy method, from which we deduce the
H — H° one in a third step. Let us fix 0 < A < A.
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Step 1: Resolvent bounds and uniform decay estimate. — Using the above Lemma 3.11,
we define, for any |£| > «ap the equivalent inner product on H
(e =G+ %l ]
with some small n > 0. By combining the control of (Id — P)f from (L3) and the
control of Pf from (3.30), we have for any [£| > ag

J 2 cl¢f? 2
Cef, e < (2= 2c) 10a—P)fI3 - P
(Lef Due < (= Ac) I Ml =17 Ig‘QH il
. [Ar cad 9
< —min {57, 1500 L1
where we chose n < $A,. Assuming 7 small enough so that the norm induced
by (-,-)me is equivalent to || - ||z uniformly in £ € R we have for some v > 0

(Lef Dpe < = VIEI > a0, f€D(Le).
We thus deduce that for || >
We®ll ) S e,
as well as (up to a reduction of 7 for the resolvent bound)
S(L)NA =93,  sup [[R(z, Le)llzum S 1.

ZEA_4

On the other hand, for €| < oy, the resolvent of (Id — P(§))L is given for z € A_,
by
R(z Le(Id=P(§)) =R(z,Le) = >, (2= A(§)'Pu(E)

*=inc, Bou, wave
which is therefore holomorphic in z € A_, and thus can be explicitly bounded
using the bound (3.5) and the maximum principle. We deduce that the semigroup it
generates is bounded by the Gearhart—Pruss theorem [EN00, Theorem V.1.10], i.e.

1Ue(t) (1d = P(©)) fllyuy S Ifl - V1€l <ao, feH.

To sum up, putting together both decay estimates and denoting oy := min{\, v},
there holds

sup [|Ue(t) (1d = P(&)) fll iy S ¢ I fllws ¥ f € H,

£eRd
where we recall that P(§) = 0 for || > ap. This concludes this step.

Step 2: Integral decay estimates. — Let us prove both integral decay estimates.

Step 2a: The H® — H-integral decay estimate. — Let f € Range(Id—P(&))NZ(Le)
and denote f(t) = Ug(t)f the unique solution to

{&f(t) = Lef(t) = Le (Id = P(S)) f (1),
fO) =

Using that L is self-adjoint in H and that the multiplication by v - £ is skew-adjoint,
we have the energy estimate

SIAB = 2Re (Lef (1), F(B)y = 2LF), FD)y
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Furthermore, using the dissipativity estimate of £ from (L3), we get

d
SOl + 22 [1(1d = P) f ()7 <0,

which we complete using (3.15) and P € B(H; H®) as

d
(3.31) IOz + Al Ol S IPFOIz S IFOW S e 1z,

where we also used the decay estimate established in the previous step. Multiplying
this by e2°* and integrating, one easily deduces

sup 7| f(£) [z + Az:/o e fON7dt S N f 15

=

This identity holds for any f € (Id — P(£)) N Z(L¢) and we conclude the proof using
that Z(L¢) is dense in H.

Step 2b: The H — H°-integral decay estimate. — As before, we assume now that
fe(Id—P(§))NH® and set f(t) = Ue(t)f for any ¢t > 0. We use a duality argument
together with a density argument and prove that

(e F0),6) oy S N8l 20
To perform the duality argument, we need to point out that L is self-adjoint, thus

(Ue(t) (Id = P(€)) )" = U—¢(t) (Id — P(=¢)) .

Since the step functions span a dense subspace of L?(H), it is enough to check that
the dual estimate holds for such a following function:

. ¢0€H7 te[tht?]a —
o(t) = {07 L [ty b, 91l L2y = V2 — tallgoll ar-

For such a step function, the inner product writes explicitly as

(e F(8),6) s / (), (1)) dt = / U(t) (1~ P(E) f, du),, dt.

We then get by duality and using Cauchy-Schwarz’s inequality
to
(O = [ (e Uoelt) (1d = P(=) i)t
t1

<Hf\|Ho/t ! |Ue(t) (1d = P(=)) 0|, .t
1

< e vt ([ e o-eto da - Pr-e) o] )
thus, using the H® — H estimate from Step a
(™ F(0),8) 300y S 1l v =Tl uller S 1l 6l 3o
This concludes the proof of Lemma 3.12. O
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Rez = min{l‘ﬁnc; ’{Bou}|£|2

~ min {1, |¢*}

Figure 3.3. Localization of the spectrum of L, provided by the hypocoercivity
Lemma 3.11 for ¢ € RY, compared with the localization of the hydrodynamic
eigenvalues defined for || < «y.

3.4. Proof of Theorem 1.19

We present here the full proof a the “enlarged” version of Theorem 1.8 as provided
in Theorem 1.19. We present in a first step how to extend the resolvent bounds,
in a second step how to extend the decay estimate. In a third step, we extend the
projector bounds from Lemma 3.4 as this is enough to deduce the same bounds on
the expansion of U, and in turn of P,(¢).

Proof. —

Step 1: Resolvent bounds. — Using the factorization formulae
5 R(z,Le) =R (2. B”) + R(z, L) AOR (2, BY)
3.32

=R (2,BY) + R (2,B") AOR(z, L¢)
and the fact that the function z € A_, — R(z, Béo)) € B(H)NA(X) is holomorphic,
as well as H < X and A € B(X; H), we deduce that, for any z € A_y
R(z,Le) € B(X) <= R(z,Le) € B(H),
or in other words, the spectrum of £, in A_) does not depend on the space H or X:
Cu(Le) NA_y =6x(Le) NA_,.
More precisely, since R(z, Béo)) € B(H)N PA(X) uniformly in £ € R? and z € A_,
there holds for any z € A_, \ &(L¢)
L+ Rz o)l S 1+ IR (2, L)) S 1+ IRz, Lo)llncny

This implies that the bounds in Z(H) on the resolvent from Theorem 1.8 also hold
in A (X). Actually, also the bounds (3.5) in Lemma 3.3 can be refined for |£] < ap
small enough as
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(3.33) sup [[R(2, Le)l|mx: xo) + sup [|R(2, Le)l| zxe; x x)+sup IR (2, Le)llwx) < Ch,

|2|=r |2|=r

where 7 is small enough and Q := A_, N {|z| = r}. Indeed, starting from the
dissipativity estimate involving X* and A® € %(X) from (LE):

Re ((Le —2)f, f)x :RG<B(O)f,f>X+Re<A(°)f,f>X—Z||f||§<
—AMUM§-+(\ o~ %) 171

which gives for some zp > || A© || zx

HR(zo,Ea)H@(X,X.) < Ag

Performing the same computations with the decomposition
£; = (BO) +iv-¢+ (40),

where (B(©)* satisfies the same dissipativity as B?), we get | R (20, L¢)*||z(x: x+) <
A\z' and thus by the adjoint identity (B.2)

IR (20, Le) | aixe: x) < X'
Using the resolvent identity as in the proof of Lemma 3.3, we deduce (3.33).

Step 2: Decay estimates. — We first prove the uniform estimates, and then the
integral ones.

Step 2a: The uniform decay estimate. — To improve the decay estimate of (1.20a)
o (1.26a), we apply the Duhamel formula to the decomposition L = Béo) + A©)

t
Ue(t) = VO (t) + / Ue(t — 1) AOVO (r)dr,
0

where (VE(O) (t)):>0 denotes the C%-semigroup in X generated by (Béo), D(Le)). After
composing with Id — P(§) from the left, we get

(1~ P(&)) Uelt) = (1~ PENV20) + [ (1~ PL&) Uelt — 1AV

0
Since [|P(€)||zx) S 1 from (3.33), and using A € B(X; H), we have
A
|1 = PNV, S [V O]
t
+ [ 104 =PE) et = )y V)

and using the decay estimate of (Id — P(§)) Ue(t) in #(H) from Theorem 1.8, as well
as the dissipativity hypothesis for Béo) from (LE), we then get (recall that op < \)

dr,
B(X)

t
I1(1d = P(€) Ue(®) gy S € + / ¢o0(t=7) A < oot
0

This proves the uniform in time decay.
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Step 2b: The integral X*® — X and X — X° decay estimates. — From then on, the
proof of the integral decay estimate follows the same strategy as the one adopted
for the proof of Lemma 3.12, starting from the decomposition £ = B® + A© and,
resuming the computations of Lemma 3.12. Typically, estimate (3.31) can be adapted
to give now

d —20
GO+ 281701 < AP O IFO1F < AP, e 11

After integration, one obtains easily (1.26a) as in Lemma 3.12, as well as the corre-
sponding estimate for (Ug(t)(Id —P(&)))*, from which we deduce (1.26b) by a similar
duality argument.

B(X)

Step 3: Expansion of the projectors. — To establish the uniform bounds in
PB(X°; H®) on the expansion of the spectral projectors

P.(§) =P (&) +ig - PY (&) + 5. (¢)

we use a similar bootstrap strategy as in the proofs of Lemma 3.4 and Theorem 3.14.
More precisely, in each step, we will prove uniform bounds in #(X°; X) and then
combine with those in Z(H; H*) from Lemma 3.4 to conclude. Similarly, we will
need the following regularization properties for P(¢):

(3.34) [Pl zxe: x2) + IPE)]| z(x0; 0y S 1,

which, as in the original proof, comes from combining the identity P(£)? = P(¢) with
the resolvent bound (3.33) (for the X°— X bound), with Lemma 3.4 (for the H — H*
bound), and with the regularization hypothesis (LEd) for A© (for the X — X, and
X — H bounds) applied to the representation
_ 1 (0)

P() = Dy - < (z B ).A ) R (z, L) dz
Similarly, we will need the regularization properties
which comes from the regularization hypothesis (LEd) for (A®)* applied to the
representation

N 1 * *x77 N

P(&)" = — R (2.87) (AD)] (R (2 Le)" d.

20 J 2=

Finally, we will the need the resolvent bounds

(3.36) IR(z O)llaxy S1+ 7 7=012 ze A \{0},

which also come from a factorization strategy as in the original proof.
Step 3a: First order expansion of P(§). — We use the bootstrap formula (B.6):

PU(E) = POP(&) + PP,

and the adjoint identity ||T||sxe,x) = ||| s(x;x+) from (B.2) to establish the
bound
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[P®e)

o <[PUEPE”
< PO, PO sy + PPN, ) Pl x0)

S HP(l)(@* B(X1;X°) T HP(D(S) B(X1;X)

where we used the regularization property (3.34) for P = P(0) and (3.35) for P*(&)
in the last estimate. We now turn to the first term HP(l)(f)*H‘@(Xl;X.):

1

B(X°; B(X; X*) + HP(I)(g)PH%’(XO,X)

PW(&)* < — * ]

H (f) P 2m |z|=r <R(Z’£>UR(Z7[’§)> B(X1;X°) |Z|
1 * )k *

%P IR (2, Le) 0" R (2, L) iy, o A2

SP IRG L oy IR £ s 4L
where we used the fact that the adjoint of the multiplication by v is in Z(X7; X)
according to (LEb). We can rewrite this estimate without the adjoints and estimate
it using the resolvent bounds (3.33) and (3.36):

PO < ;z|§ _IRG LNt 0 [R(: Ollapendlel £ 1

B(X1;X°®) ~

The second term ||PW(€)]|5(x,; x) < 1 is estimated in the same way, thus we obtain

HP(1)<§> B(X°; X) S

Integrating the formula (3.32) and combining with the H — H® resolvent bound (3.5),
one proves the estimate

IPEzcx;me S 1,

which then allows to perform another simpler (duality-free) bootstrap argument by
combining the above estimates with the bounds of Lemma 3.4:

PP < [POPV ey + [PUCOP
<IP@llacx: ey [P
<1.

This concludes this step.

PB(X°, H® B(X°; H®)

+|[PO)

Pllz(xe; x)

PB(X°; X) B(X; H®) H

Step 3b: Second order expansion. — We use this time the bootstrap formula (B.8)
and the first order estimates, together with the duality identity (B.2)

[P() S 1+ PP +[POOPO, o
H[PPeP©
Using the regularization estimate (3.34) on P, we obtain

PR, oy S 1+ PO

B(X°; X) PB(X°; X)

S1+|P@ ) P

B(X; X B(X°; X)

* 2
B(X2;X*) PNl + HP( )<5>"%(X2;X) IPllcce: o
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S 1+ [P + P2

B(X2;X°®) B(X2; X)

We conclude as in the previous step that ||P®(€)[|5(xe x) < 1, and then perform a
second bootstrap to deduce ||[P® ()| zxe,mey S 1 from the estimates of Lemma 3.4.
This concludes the proof. 0]

Remark 3.13. — Notice that, since
ITAd = P() Ue(B)]"ll gy = 11 = P(E)) Ue(B)l

the decay estimates (1.26) extends easily to the adjoint Ug(¢)*(Id — P(£))*.

5. Regularized version of the spectral result

We present here yet another improved version of Theorem 1.8, taking now advan-
tage of possible alternative splittings of the linearized operator L. In order to prove a
“regularized” version of our main result, we will need the following extra assumption.

LR Besides Assumptions (L1)—(L4), assume that the operator can be decomposed
in a way £ = BM + AW compatible with a hierarchy of Banach spaces
(W;)3-_, where £ > 0, such that

(a) the spaces W; embed into one another and the regular space embeds into
the original space:

WQ‘—>W1(—>W:WO(—>W_1<—>”'(—>W_Z, W<—>H,
(b) the multiplication by v is bounded from W; to W;_; for some j:
H'UfHW] S HfHWj+17 J= 0,1,
(c¢) the operator AW is bounded from W; to W, and from H to W_:
-’4(1) Gg(ijm/]-‘rl)ﬂ’@(HvW—f)v .]:17 ) _£7
(d) the part Bél) is dissipative on Y = W_,, ..., W5, H in the sense that

R (z,Bg”)H%(Y) < [Rez+ Mg,

Sy (B§1)> NA_, =9, sup
£€Re

uniformly in z € A_,,.
Under this new set of Assumptions, we derive the following version of Theorem 1.8:

THEOREM 3.14 (Regularized result). — If Assumptions (LR) are in force,
then the spectral projectors from Theorem 1.8 are regularizing in the sense that in

the decomposition (1.13)

P.(§) =P (&) +i - P (&) +S.(€)

each term belongs to S8(H°; W) uniformly in |§| < ap, and ||S«(&) ||z w) S €2
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Remark 3.15. — Once again, we illustrate this set of assumptions in the case of
the Boltzmann equation for hard spheres. In this context the hierarchy of spaces can
be taken to be

Wy =L (p 2y dv), =2, L,
for some integer ¢ > %, and the splitting is also Grad’s splitting (see Remark 1.4).

Proof of Theorem 3.14. — Let us prove that the coefficients of the expansion
P()=P+¢&- P+ PO
belong to Z(H®°; W) uniformly in £ small enough. As pointed out in the proof of
Theorem 1.19, this will be enough to deduce it also holds for P,(£).

Step 1: Estimate for the resolvent in the regular space W. — Starting from the
factorization formula

(337) R(z.Le) = 3 (R (2, BI) AD)" R (2,B0) + (R (2, BI) A0 Rz, L),

n=0
one gets from (3.5), the embedding W < H, as well as the bounds (LRd) on
R(z, Bél)) and the regularization hypothesis (LRc) for A™M that, for any 0 < A < A,
there are some ag,r > 0 small enough such that

(339 sup [R(z, £e)llaor) <O, €] <
FAS

with, as before, @ = A_, N {|z| > r}.

Step 2: Behavior of the spectral projector as & — 0. — We use a similar bootstrap
strategy. It is simpler because no duality argument is involved, in exchange we replace
the use of adjoint operators by estimates in W_; and W_s.

The first step is to extend the bound (3.38) from W to W for j = —2, ..., 2 using
similar factorization arguments as in the previous proofs.

The second step is then to deduce, using the bounds (LRc)—(LRd) and the repre-
sentation formula

P(€) =

" 2im

(R (z, Bél)) A(l))2 R(z, Le)dz

|z|=r

the regularization bounds

IPE w2y + POl pw_oiwy ST, €] < .

From then, we follow a simplified version of the bootstrap procedures used in the
proofs of Lemma 3.4 and Theorem 1.19. This concludes this proof. 0

4. Properties of the linearized semigroup in the physical
space

If one assumes only (L1)-(L4), we denote in this section X = H. Under the extra
assumption (LE), X is the space from (LE).
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In this section, we exploit the spectral description of the previous Section to
study the main properties of the semigroup (U®(t));>0. We adopt the notations and
definitions introduced in Section 2. We only recall that

U® (t) - Ulfln(t> + Uﬁydro@)? Uﬁydro(t) = UIEIS (t) + Uviave(t)

where the various semigroups are defined in Definitions 2.7 and 2.11. As explained in

the Introduction and in Section 2, it is important for the definition of the various stiff

terms Wi 4.,1f, 9] and W, [f, 9] to study suitable bounds on the semigroups U, ()

and Uf 4,,(t) as well as their convolution with suitable time-dependent functions.
We begin with the following uniform estimates on Uy 4,,(-)

LEMMA 4.1 (Bounds for the hydrodynamic semigroup). — For » = NS,
wave, disp, the hydrodynamic semigroups US(-) are bounded from X to J:

(4.1) 1UZ(O)gllor S Mgl + gllag = xe):

Furthermore, if o € L*([0,T); X°) where T € (0, 00] is such that Py(t) = 0, then
for x = NS, wave and thus * = hydro

1
1 t ) 3
(4.2a) SIUZC) = el S S {qu,n(t) </0 le(T)] XomH;%xg)dT) } )

and

1
2

+
L ' e\ C
(@) U el S sw {w¢,n<t> ([ tetongzar) }
g 0o<t<T 0

Remark 4.2. — The above estimates still hold true for x = hydro since

Uﬁydro(t) = va/ave@) + Ulfls (t>

Notice also that (4.2b) shows that, with respect to (4.2a), no use of Sobolev space
of negative order is required under the stronger integrability assumption ¢ €

L7 ([0, T); X°).

Proof. — Let us fix x = Bou, inc, wave. First of all, notice that for ¢|¢| < ap,
where we recall from (1.9) that ag can be taken small enough

_ Ky
Re (A (€)) = —mul]* + O (elP’) < =5 lel’,
and thus, the following estimate holds:
s L lEP
exp (e 2 tA(€€)) < exp | —trs 5 )

Let us prove in the first step (4.1) and in the second step (4.2).
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Step 1: Proof of (4.1). — Using the Fourier representation from Definition 2.7 of
U f, together with the boundedness ||P,(£)||s(xe;m+) of Theorems 1.8 and 1.19, we
easily have for d > 2

U@l = [ 1 W20) @)l (617
< / eI G(6) % (€)dE S g3,
]Rd
as well as

| Ivarevial = [ a1z e Ol €2

T
< 2—2a  —tr €)% || 2 2s
S [ e e e e

T 2
< PNIE: 2s 2-2a ,—tr. L&
S [ 13- ( | e dt>d£.

Consequently,
g l—agre 2 ~ 2 —2a 2s g 2 —tk ¢
@3) [ [Irevsofaes [ E@RlE @ ([ P ) ae
Using that
T 2
le]
(44)  [E7O™ SO g1+ g1 and /|§|26_t”*2dt51
0

we deduce that

2 2 2
Lo At SNl + 9lEe oy

/0 ' IV Uz (1)

This concludes this step thanks to (2.4).
Step 2: Proof of (4.2). — Recall from the expansion (1.13) of P, that

P.(c8) = PO (&) +ieg - PI(€) + Si(e€)

4.5
(45) = PO) () 42 - P (c€),

where the remainder 5&1)(55 ) satisfies

—(1
sup [IPL ()| ppxosmey S 1

elél <o

by virtue of Theorems 1.8 and 1.19 whereas p (E) is an H-orthogonal projection
on a subspace of Ker(L£). In particular, we have

(4.6) P.(c€)P(t,€) = e€ - P (e6) (2, €)
and thus there holds, for any t > 0,7 > 0
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Jexp (260 () Pulet) 27, 6) . < cléle™F [PL() Bm )|
< elefe 5 30, )|
Therefore,
1 1 t 2
LU e 0)lEe = = [ (&) / Fo[US(t - 1)p(r)] (€)dr|  de
(47> € € R4 0 He

1 2 2
< <€>25 (/0 €‘€|e—(t—7)n*|§2‘ ||§5(7-’§)||X0d7—) dg

52 R4

Using Cauchy—Schwarz’s inequality to estimate the integral over [0,t], we have

Sz i < [ 07 ([ igeem ] ar) ([ 1etmelgear) ag

< 2s ' -~ 2o < '
< [ (e [ e ledr < [ o)

2odT.

In the same way,
@) 2 [ Vv s o a
8 = " B w()],,.
1 [T t le12 2
S5 [ ar [ gl ([ ede I F et o lear) ag
€ Jo Rd 0

< [omerae [ ([ iere e Fiee cdr)

Recalling (4.4) and using Young’s convolution inequality in the form L!([0,T7]) *
L*([0,T)) = L*([0,T]) we deduce that

1 g —QyTE 2 S —2a g N
S IVl Uz s | dr S | @lel [ Bt &) Redtdg
€= Jo H Rd 0
T T
S [ IeOledt+ [ 1Ol ot
which easily prove (4.2a). To prove (4.2b), we rewrite (4.8) as

T
= [ 9o s et a

< [ emac [ ([ lep-oe e Fipe lear)
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Using now Young’s convolution inequality in the form Lﬁ([O, T)) LH%([O, T)) —
L*(]0,T]) we deduce that

14+«

T T 2
[0z () )], dt < / (™ ( / \I@(n&)llééo“dt) de

T 1+o
5(/ lo(t)| 5 ) ,

where we used Minkowski’s integral inequality for the last estimate. Since the esti-
mates established are uniform in 7', this concludes the proof of Lemma 4.1. 0

1
=]

We now make precise the asymptotic equivalence between the semigroup

(va/ave( ))t20
and its leading order (Ug,(£)):>o0-

LEMMA 4.3 (Asymptotic equivalence of the oscillating semigroups). —
Given s > 0 and some regularity parameter r € (s, s + 1], it holds

(4.9) 1T e () = Usiap O e S €7 (1l + 1 itz )
for any f € X°" NH,*(X?) while there holds
(410) hm H Wave( )f - Ugisp<'>f’|=7f =0

for any f € X° NH;*(X?), i.e. whenever r = s.

Proof. — We start by expanding the symbol of U5,,..(t) using the decomposition
of Pryave(€€) from Step 2 of the proof of Lemma 4.1, we obtain

€xp (5_2t)\iwave(5£)) Piwave(gg)
= exp (5_2t>\:twave(€§)) (Pg?\?vave (A) + 255 ) ﬁEl:l\?vawe(‘c:g))
= exp (:I:zcs e — tliwave|§| (é)

+

exp (e tA(e€)) — exp (dice™"tE| — thyave| €] )] fgvave (E)

+eexp (e7A(€€)) € - P v (26).

Thus, the symbol of the difference Ug,.(t) — Ugy, (t) writes, for €|§] < ap, as the
sum of the two terms (corresponding to x = +wave):

[eXp (E_gt)\*(eﬁ)) — exp (iice‘1t|§| — t;gwave|5|2) ] p(©) ({N)
+eexp (72, (e€)) € - P (e€).

On the one hand, when ¢|¢| > ayg, since 5(*1)(55) is supported in {¢|¢| < ag}, the
symbol reduces to

— €Xp (i06_1t|£| t'%wave|§| g\(f);gve (a eXp —ice 1t|§| t/{wave|€| —Wave (g)
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On the other hand, when ¢|¢| < ag, we estimate the difference of exponentials using
the inequality |1 — e?| < ael? as well as the expansion (1.9) of Aiyave(€):

‘ exp (E_Qt)\*(éf)) — exp (:I:ics_l\fl - t/ﬁwave’f‘z) ‘
= |exp (Ficte ™ |¢] — thyave|E[?) | ‘ exp (O (tel¢]?)) - 1‘

< (2[€0) (H€) exp (~trumelél?) exp (O (telel?) ).

thus, using re™" < 2" and assuming ag small enough so that O(e|€[?) < +kyaveE[%,

1
we obtain

‘ exp (e %tA(g€)) — exp (Ficte ] — thwavel€]*) ‘
< elefexp (s mvanelel?) exp (O (i) )
S elélexp (_iﬁwave’§‘2> .

Putting together the previous estimates, we then bound the operator norm in
HB(X°; H*) of the symbol of the difference Uy, () — Ugi, (t). It is controlled by

wave

t t
15|§\<a05|€| exp (_4l{wave|€|2> + 15|§\>a0 exp (_4/{wave|§|2>

r—S t
< (elel) exp (— Ehvancll?).
where we used the comparison ul, < oy +1lusa, S v~ ° for any u > 0 since r—s € [0, 1].
As in the proof of Lemma 4.1, such an estimate on the symbol of U5, () — Ug,(t)

yields the controls (4.9), from which we deduce (4.10) by density. O
A similar result holds for the difference between Ugg(t) — Uns(t).
LEMMA 4.4 (Asymptotic equivalence of the Navier—Stokes semigroup).

Given s > 0 and consider some regularity parameter r € (s,s + 1], the part Ugg(+)
of the hydrodynamic semigroup is such that

(4.11) 1U%()f = Uns()f e S €7 (I 1o + [ iz xsy)
for any f € X" NH,*(X?), while, for f € X° NH,*(X?) (i.e. r = s), there holds
(4.12) lim [[Uxs (). = Uns () fll» = 0.

Furthermore, if ¢ € L*([0,T); X°) where T € (0, 0] is such that Py(t) = 0, then

1
(4.13) ~[URs() * 0 = eV Vas() * ¢l s

1
t
557“*5 sup {w¢7n(t) (/0 H()O(T)’BYOWQHJQ(Xﬁ)dT)

0<t<T

N}
—
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Proof. — Let us fix x = Bou, inc. As in the previous proof, we start by expanding
the symbol of Ugg(t) so as to compare it with those of Uxg(t) and Vis(t). We first
prove (4.11) and (4.12), and then (4.13).

Step 1: Proof of (4.11) and (4.12). — For €|¢| < ayp, using the decomposition (4.5),
there holds

exp (£ 2\ (6€)) Pu(e€) =exp (—tr.[¢[2) P (€) + e exp (72N (€)) € - P,
+ [exp (5_ t)\*(sf)) —exp( th, €] } PO (é)

whereas, for €|¢| > &, since P, () vanishes, the symbol of the difference Ugg(t) —
Uns(t) reduces to that of —Uns(t) given by

—exp ( t/{Bou|£| Bou (g) - exp tlimclﬂ Pl(r?g <~>

To sum up, the symbol of the difference Ugg(t) — Uns(t) writes as the sum over
* = Bou, inc of the symbols

Lig <an (20xp (=720 (c6)) € - PL(c)
+[exp (e72tA(€8)) —exp (—tr,|€[ } (@) Leje| > a €xp (—tr.|¢]?) P (g)

and its operator norm in #(X°; H*) is controlled as in the proof of Lemma 4.1 by

el&] exp < Ky |€|2>

We then deduce (4.11) as well as (4.12) by density as in the proof of Lemma 4.3.

Step 2: Proof of (4.13). — In the case Pyp(t) = 0, the projector Pio)@(t) vanishes,
and we use the second order expansion of P, (££) provided in (1.13) in Theorem 1.8:

P.(e¢) = iz - PW (€) + S.(=9),

where we recall that ||S,(€) || z(xo.ne) S €2]€]? uniformly in ]| < ap. Similarly, the
symbol of Ugg(t) — eV, - Vns(t) restricted to Ker(P) then writes

Liel< oo (22 0xD (720.(26)) €184 (<€)
+ i [exp (e72tA(€€)) — exp (—tr.|€]?) ]5 -pW (E) )
- 1€\§|>aoi5 exXp (_tﬁ*|£‘2) f ’ PS}) <§> ’

(1

(e€)

1)

which is similarly controlled by

2
clel(etel = exp (x5 )

These representations allow to proceed as in the proofs of Lemmas 4.1 and 4.3 to
get the desired conclusion.

U

We present now a dispersive estimate for the semigroup (Ugy,(t)):>0 which is
deduced from a general result about the decay rate for solutions to the wave equation.
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1038 P. GERVAIS & B. LODS

LEMMA 4.5 (Dispersive estimate). — The part Ugy, of the hydrodynamic
semigroup satisfies the dispersive estimate

d—1
g\ 2
3 < (=
(4.14) HUdlsp(t)gHw;v“(H;) ~ <t> HgHBﬁ?“(Xs)'

Proof. — In virtue of the macroscopic representation of Ugy, from Proposition 2.10

and the continuity of the heat semigroup on L', we can deduce (4.14) directly from
Lemma B.4. 0

LEMMA 4.6 (Vanishing estimate for the convoluted oscillating semi-
group). — Suppose ¢ € L>([0,T); X°) is such that |V, |'"%p € L*([0,T) ; X°)
and Py(t) = 0 for any t > 0 together with

.1
dup € LN L ([0,T); x>+~ (L3 N L ([O,T);Hm : (X;;)) .
Then, there holds

1, . .
S 0ave () * @l S 10 (O)lligze ) + el o,y ey + MVal @l 2qom); o)
+||8t90|\(

2
LQHLW)([O,T);XOvS—l)

+ ol (L%mLﬁ)([O,T);H;%(Xg))

Remark 4.7. — Note that if T < 0o, we have L3 NL%% = L5 and LT NL2 = L2.

Proof. — In the first step, we establish a preparatory estimate for any ¢ € R¢
satisfying ¢|¢| < ap, which we will use in the following step to prove the lemma.
Since wy, < 1, we neglect it for the estimates on 0,¢.

Step 1: Preparatory estimate. — Recall that ||US, () * ©(t)]|3 is given by (4.7)
which allows us to work, as in the proof of Lemma 4.3, on the two parts of the
symbol of US, . (t). Recalling (4.6), for any fixed ¢t > 0 and any 7 € [0, ¢] one has

€xp (5_27—)\iwave(5£)) Piwave(gg)@(t - T, 5)

= exp (62T A v (£6)) € - Pl (€6)B(t — 7,€)
= &exp (5_27—>\iwave(€§)) 5 ' ¢i(7_7 5)

where we denoted ¢*(7, &) := ﬁgvave(sf)gﬁ(t —7,€&). We now integrate with respect
to 7 € [0,t] using integration by parts:

/ exXp (E_QTAiane(Eg)) le:wave(gg)@(t - T f)dT
0

=e£ - / exp (5_27—>\:twave(5§)) ¢i(7—’ f)dT
0

_ e%¢ ¢
R EN / exp (7T Awane(6)) 0,07 (7, E)d7
3
+ Aiwgg(gg) [oE(t,€) exp (7 A tyave(€€)) — ¢7(0,9)] .
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As in Lemma 4.3, we can choose «q small enough so that

_ 1
|/\:|:wave(5§>| ~ 6|§|7 Re (5 2/\:|:wave(5§)) < _§Hwave|f|2a

uniformly in |£] < ap, and one notices

—=(1 -~ P
[62.6)] . = [Plaec020.0)] S 1B0.O)xe,
while, in the same way,

|¢*0.9)],,. S 1@ )

Those considerations lead to

1

2

H':

Xo -

0,6%(r, )|

e S 0.3 —7.6)|

X

/ exp (527 A wave(2€)) Powave (£) Bt — 7, €)drT
0

HO

XO

t
T ~ ~
< [ exp (= Jrumelél?) 1030t = 7, ©)llxedr + ¢.€)
0

~ t
H150,6)x exp (S mamelel?)

In other words, we have shown that

(4.15)

i Sa [Uviave(') * 90] (té)‘ < /0 exp <_g’€wave‘€|2> 10;5(t — 7, 8)|| x-dr

g2

-
IR0 )l + 150, E)llxe exp (s rvanelel)

Step 2: Completion of the proof. — We first deduce from (4.15) that

e

t
et [[emLo b - rolts
0

1
S Uave()x0(®) [l S sup (7))
€ 0<T<t

ITx

2
L&

For notations simplicity, we call J = J(t, ¢) the above Lg—norm and split it according
to €] < 1or ¢ >1,ie J=J + Jy where

t e kP R 2
p= [ tgr ([ e ot - rolyear) ag
lgl<1 0

and

t ke R 2
R R e T .
l€l>1 0

<[ ([ aee 10560

On the one hand, using Cauchy—Schwarz inequality and the second estimate in (4.4),
one has

2
o d7> de.

t
15 [ e [ 103 Ol a7 = 10l s
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1040 P. GERVAIS & B. LODS

On the other hand, invoking Holder’s inequality (with exponents p = 4,q = %) to
estimate the time integral, we deduce that
t
([ 105t -r.0)
0

¢ 62
ps [ ([ rt] o
lgl<1 \J0
t . 3
< [ e ([ 1osmeikoar) e
R4 0

which, thanks to Minkowski’s integral inequality, yields

s t 3 t 1
s [ ([ e 10ewolk.a) ar= [l , dr
0 \JRd 0 Ha ? (X3)

4 2
3, d7> d¢

NI

Therefore,

TSNl e o) + 19l gy

v

i.e.

1
2 1Wsae () # 0l S sup ol + 102l gy o F 10PN 2z

0<7< x

Furthermore, coming back to (4.15),

1 T
o [P [Une ) < ) (16| at

2

-
T t

5/ </ [Iéll‘ae—%“wave‘ﬂQ] 10,5(t — 7, €)|
OT 0 ’ 2

+ [ e . ( I dt>

Using now Young’s convolution inequality in the form L%[O,T]) « LP([0,T]) —
L*([0,T]) (p € [1,2]) in the first time integral, we deduce that

T
814/ ‘5’27204
0

2
Xo dT) dt

2 ~
* e+ [3(0,6)]

2

dt

H.

2 o 1~
et 167 800,63

Fo [Usave () * ] (£,€)

T
s [ ereeo)

+ ( / (e o f)HXO)pdT> R

We integrate this inequality against (£)** with the choice p = H% € [%, 2] on the
region [¢] > 1 and with p = 5-5- € [1, 3] on the region [¢| < 1, to obtain, after a
simple use of Minkowski’s integral inequality,
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1
T 2
1( / Hrw-aU;avemw<t>Hi.dt> 1T ey + 19O iz

+ 10wl T loell 2
L X9 L

f*ﬁ M, 2 FeHsTixe )
Since the estimates established are uniform in 7" and wg, < 1, this concludes the
proof of Lemma 4.6. 0

The decay and regularization estimates for (Ug,(t)):>0 are given by scaling the
estimates from Theorem 1.8, or under the enlargement assumptions (LE), Theo-
rem 1.19.

LEMMA 4.8 (Decay and regularization of the kinetic semigroup). —
For any fixed decay rate o € (0,0¢), the kinetic part (Ug,(t)):>o of the semigroup
satisfies the decay and regularization estimates

1 (e 9]
sup VU, (0f5 + 5 [ @ UG, 0

t>0 0

e dt SSfI%

as well as

2
Xos

1 &0 ot /&2
5 / 27/ |UE (1) FI12 dt < |1£]
0

with exactly the same estimate satisfied by the adjoint ((Ug,(t))*)¢>o-

As for the hydrodynamic semigroup Uf, 4,,(-), We establish now suitable convolution
estimates:

LEMMA 4.9 (Decay and regularization of the convoluted kinetic semi-
group). — Consider T € (0, 00]. For any ¢ € L? ([0,T); H®), there holds uniformly
me

1

1, .. t 3
(4163)  L|Usa() * Pl rmans S sup {w¢,n<t> ([ Hotrizear) }

€ 0<t<T 0
Furthermore, consider o € [0, 0¢), there holds uniformly in €

1 v :
(4.16b) 2U) * el < ( | e i) iodt)
0

for any ¢ for which the right-hand-side is finite.
Proof. — Denote by (Y, Y, Y*, V°) either (H,H,H*,H°) or (X,X,X*, X°). In a
first step, we use a duality argument to prove the ) — Y°-integral decay:
1 g lon 52 (3 g
Y A AR e G PTO)
0 0

and we deduce from it the ) — Y°-uniform decay together with the stronger Y* — )°-
integral decay using an energy method in a second step:

i/e? LT e T
sup e*7"/ IIUﬁm(')w@)II%Q/ | Ui (4) = @(1)]130 552/ () [I3. dt.
o<t<T € Jo 0

2
2. dt.

TOME 7 (2024)



1042 P. GERVAIS & B. LODS

Note that this proves (4.16b), and it is enough to prove (4.16a) as it follows from
the particular case c =0 and Y = H.

Step 1: Integral decay in ) —Y°. — We will prove the following estimate uniformly

in T € (0,00] and ¢ € L*([0,T); Y):
T 3
(€70 U5a) * 00.8) a0 3y S W0llomn ( | e et yd> ,

and as in the proof of Lemma 3.12, it is enough to check that it holds for ¢ of the
form

€Y, telt,t
o= {07 LB ol = VBTl

By duality, we have
(e Ugnl) 4 ). )
= / O't/E Ukln )(20(7_)7 ¢0>y drdt
0

O'T/E a(t 7)/€? Us (t . 7_)* ¢0>yd7— dt

ea(t—T)/52 Ulfm(t . 7_)* ¢0Hy. dr dt,

yO

and so, using first Cauchy—Schwarz’s inequality and then Young’s convolution in-
equality in the form L2([0,77]) * L([0,T]) < L?([0,T1]), there holds

<€ot/e (Ugin(4) * ), ¢>L2([0 T);Y)

N (/ / e o), e Ul — e d7>2d7)

;
<Vh— ( / e o). dt) / T\Ie"t/62U§in<t)*¢o L.t
0 0

Furthermore, using Cauchy—Schwarz’s inequality, we deduce for some ¢’ € (o, 0¢)

(e (Ug () * ), )
58\/t1—t1 (/THSUUE%O(ZS)’;O dt>2 (/T j). dt>2
0 0

from which, using the Y* — Y-integral estimate for ((Ug,(t))*):>0 obtained in
Lemma 4.8, we obtain

=

L3([0,7);))

7 U (1) 00

(7% (Ugn(-) * 0),9)

L2([0,7); )

1
T 9 2
S 62 /tl _ t]_ (/ Hea't/&j(p(t)‘ yo dt) H¢0”y
0
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This concludes this step.
Step 2: Regularized uniform and integral decay. — Denote u(t) := Ug, * o(t) =
Us x P, (1), it satisfies the evolution equation

1
8tu:6—2(£—51)~v Ju+Pi,e, u(0)=0.

Note that, considering the decomposition £ = (£ — P) + P in the case Y = H (from
Assumption (L1)—(L4)), or £ = B+ A in the case Y = X (from Assumption (LE)),
the following degenerate dissipativity estimate holds for some A > 0:

Re(LS, Ny + AIFI3+ < IF13-
We now write an energy estimate, using the skew-adjointness of v - V,:
1d

ol +
Recall that Pf;, = Id — Pj4,,, where we know from the spectral analysis performed
in Theorems 1.8 or 1.19 that P} ., € Z(V°;Y*) C #(Y°) uniformly in ¢ from the
embedding Y* < Y < Y°. Thus, we have P§,, € #()°) uniformly in e, from which
we deduce

14 e
2dt yr

Therefore, multiplying by e

LS (@ ) + G

QHUI@- S lull3 + [(PRne: w)y|

ullys S ||U||§; + [l llye

2IIUII§;- S N3+ [Pielly-

2 .
20t/¢" we obtain

1 o 2 o 2 1 o 2
sg;?mnm@+s@ﬁknww0(€emnww0,
or more simply by Young’s inequality

1d 20't/5 A 20't/5
537 (7 ully) + o5 full3e S e

Integrating in time, we finally deduce from the previous step

T
o 2
o S 2 [ ot
0

This concludes the proof of Lemma 4.9. 0

20t/e? ‘ 20t/e?

[ully + %< fl]l 3.

2
2.dt.

5. Bilinear theory

We come now to the main nonlinear estimates involving the various stiff terms

Ue[f, g] = ;U‘E * QV(f, g).

We will exploit the decomposition of U¢(t) given in (2.12) and the associated non-
linear decomposition

ELS, g1(t) = Viyarolf 9)(8) + Wiulf, 9)(1),
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1044 P. GERVAIS & B. LODS

with
I vm
VE[£.9)(0) = PIVLLgl(0) = - [ VR = 1)@ (7). g(r))e
0
We first need the following spatially inhomogeneous nonlinear estimates of Q.

LEMMA 5.1 (Nonlinear Sobolev estimates for Q). — Denote Y = H under
assumption (B3), or Y = X under assumption (BE). Consider s > ¢ and recall
that a € (0,3) if d = 2, or a = 0 if d > 3. There holds

510 QUM + 199
da
’1 : ’y-s - a)+H‘v |1 af’yos (1-a) HgH.y9
sy |9+ .
| g ey Wl [V

Furthermore, we have the following control when g € W (Y,*) for s' > s:
(52) 100 )= S 17y I e ey + 1yl e e

Remark 5.2. — Because the estimates provided in the Lemma are involving frac-
tional Sobolev spaces in the variable x, and due to the locality in x of the bilinear
operator Q, the proof requires some estimates reminiscent to paradifferential calcu-
lus. This is not the case when dealing with mere H*(X,) spaces with k € N as in
Lemma 7.2 where LP-estimates and Sobolev embeddings will allow to recover the
needed estimates.

Proof. — As just said, due to the locality in x of the bilinear operator Q, one can
adapt classical results from paradifferential calculus, replacing the multiplication
(u,v) — uv (resp. the modulus | - |) by the collision operator (u,v) — Q(u,v)
(resp. the Y°-norm). In particular, we redefine the homogeneous paraproduct and
remainder (see Appendix B.1) as

TU—ZQ( i luAv) R(u,v) = > Q(Aku,Ajv),

k<1
which satisfy, under the assumption (B3) or (BE), the estimates

iz HHS“u v 187y
Yollre * H‘ 7 ‘

One then checks that (5.2) is the Q-version of Proposition B.3. Furthermore, denoting
for compactness a =1 — a € (0, ‘21) one gets from the OQ-version of Proposition B.1

Sj,1U

Y

Ly

H Si_ 1uAv)

A
Iy,

I/Z ;O < H Yy ®
( ~ v

’u

HQ (Aku, Ajv)

< HHAW

LE(Y, Vel

with s; = 7—16 [0, )andSQ—a so that 31+32—g:—a:
o < vz « ° Va: « ° a_
190 Doz S 1141, WVl + NVl Az Nl g,
S o) 1Vl 9l 2 vy + 1Vl * Fll 2 ey 190l 07)-
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We now turn to the estimate in Y*° = H3(Y,?). Using (B3) or (BE), we have

12(f, 9)]

Hﬂﬁ)ZN@S/?Q(Yé—CxﬁKDdC

<o
*W@J@

We split the frequency weight as
E =1+ [P STH[E =2+ SIE—2["(€—2)""+(2)°,

since s — a > 0, which allows to control the term I; as follows:

LA(YP)

1 IOy, d¢

2
Lg

FEe= 0, 13y d¢

= ]1 + ]2.
L

L S

[ Jie—spie—2=|fie— |

o |18y, dz

I

Using Young’s convolution inequality L7 * Ly < L we deduce that

ns|leee |7

2
L&

_I_

& —2)|

v [ 18y, Jaz

2
Lg

A+ |17

€ gy, |,

Y.

SVl f]

HE™o(¥3) Hg“L%W " HﬂLé(Y;) Hg“an(Yv)'

Using the fact that (€)~° € Lg (resp. |&|~*(&)~=) ¢ Lg), a simple use of Cauchy—
Schwarz’s inequality allows to estimate L%—norms with weighted Lg—norms resulting
in

I S IVl fllageqvg

We prove in the exact same way that
I Sl o) 11Vl e yey »

thus (5.1a) is proved, and the proof of (5.1b) is similar. The proofs of (7.4) and (7.5)
are also similar. This concludes the proof of Lemma 5.1. 0

|9||H;(Yv)-

5.1. Bilinear and linear hydrodynamic estimates

We have all in hands to estimate the bilinear “hydrodynamic” operator ¥ 4,.,(f,9) =
%Uﬁydm(-) * Q%™ (f g). The results of this section hold under any assump-
tion (B3), (BE) or (BED). They are based upon the above properties of Q as
well as the results of Section 4 on the various semigroups involved:
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PROPOSITION 5.3 (General bilinear hydrodynamic estimates). — The bi-
linear operator Vi 4, satisfies the following continuity estimates in 7 when at least
one argument is in ¢ :

(5.3a) |9 saol £ 91|, S won(@) M Il gl
(5.3) |Vl 9|, S cwon(T) I Ll 7
(5.3¢) |9 il fodl], S ellfllrligla,

as well as the following ones when at least one argument is in % :
(5.4a) Hwhwhof,gugf:sau@m<fv*1nfwyugwg,
(54b) H\I/hydro[fvg H/f ~

and the following one when both arguments are in 2" :

(55) H\Ijiydro[fa g]H)Z’ 5

Furthermore, it is strongly continuous at t = 0:

lim || 5, 4,0 (£,9)®), =0
in all cases considered above.

Proof. — We recall the definition of W§ 4, and the orthogonality property of Q:

Ul f)(0) /c@m —)Q(f(r),g(r)dr,  PQ=0,

thus, denoting for compactness w = w,,, the convolution estimate (4.2) gives

Yois NH; vO)dT} )

where (V,Y) = (H,H), (X, X) or (X_1, X_1), and we recall that w is non-increasing
and bounded from above and below:

The continuity at t = 0 will be an easy consequence of the estimate (5.6).

Step 1: Proof of (5.3) for f € #.— When g € J, we combine (5.6) with the
bilinear estimate (5.1a) for Q, to deduce the following, where a := 1 — «

|9l fogl], < sup {u«w2[f[nf@vn%quvxwgwoﬁ

0<t<T Moo
2
Vel F(T)5g05-a lg(7)]

%s}dT}
S s [ [eOUOR Il

H.S @
o<t T

V2l () g-a w ()l (T) 15,

66 [l < sup {u /HQ (DI

0<t<T

si|d7'
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where we used (5.7) in the second inequality. Recalling that

b 40 [0 hf dr}.

and using H* — H and (5.7), we deduce

Il o= s {wle?Ino)

X

H2

H\Ilhydro (f,9) w dt

2
He,s—o dt —I'_ ||g|

He,s—a

T T
< ||f||§f / TA0! 2, / AT

w(T) 2 f 15 llgll5

which is exactly (5.3a). When g € %, using furthermore H*® — H, we similarly
have (5.3b):
2
H.) dr

T 1 2 B
SN [ (Sl ) ar S o) 2ol

|9 yaeel .91, < €° / ) e (iug(rn

which gives now (5.3b). In the same way, using also H® <— X'*, we have (5.3c).

Step 2: Proof of (5.4) and (5.5). — When f € .# and g € 2", we combine (5.6)
with the bilinear estimate (5.1a) for Q. Using that H*® < AX’® and the property (5.7)
of w, we have:

[l 22 s {w<t>2 / t [Hf(T)H% Qrem
+ (205 umm] dr}
=4 @Rl () a

et sup {w(t)? [ Cirone) ||g<f>||idf}

S NI lgl%-

This proves (5.4b) The proofs of (5.4a) and (5.5) are similar and omitted. O
PROPOSITION 5.4 (Special bilinear hydrodynamic estimates). — When

f € 5 and ¢ is the parameter defining the J-norm

(5.8) |Wsanol sl , Sl e

Furthermore, when g5, = Uji,(*)g where g = Pyaveg € H* N H_*(H,), there holds

(5.9) H‘I’hydro I gflisp] ‘

o~ Bdlsp(ga )Hf”a"fa Eli_rf[l)ﬁdisp(g7€) = 07
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and in the case d > 3, the rate of convergence is explicit assuming g € ]B%S Hd+y/ 2(Hv)ﬁ
‘H?® for some s' > s:

Baisp(9,€) S Ve (||g| a2, ))

Proof. — We start by proving (5.8) and then prove (5.9). We use again the short-
hand notation w = wy,, and recall that, besides (5.6), the convolution estimate (4.2)
also leads to

2 1+«
610)  [Wanliall’. S sw {w ([ 106 ami=e) }

0t<T

HS

Step 1: Proof of (5.8). — We combine the convolution estimate (5.6) with the
nonlinear bound (5.1b), and use H* < H to obtain (where we denote for compactness

a=1-a)
[Wigalrodl, < sup_ fuwiry / | [ ] [l NVl ee ] )
S s {w<t>2 / i) |||vx|a¢<r>|\H.Mde}

0<t<T
and then, using (2.3), we finally get | W o, (f, ®)|I% < 7*[1fI|%. which is exactly (5.8).

Step 2: Proof of (5.9). — As in the previous step, but using the nonlinear
bound (5.1b) for Q, one has

dt,
He s~

2
H‘Ilhydro f gdlsp ”f”j?”/ “V |agd15p ’
which, according to (4.3) and (4.4), satisfies for some universal k > 0
T
(511 H‘Ijhydro f gdisp] H]f

T
2 el
S 1% (gl + lgllazem,y) sup / €Petrlea

¢ € supp |l

Since the supremum term is bounded uniformly in 7" € (0,00) and g € H>* N
H_O‘(H ), it is enough to prove (5.9) in the case where g € H* ﬂIB%S T d+1)/2(H°) for

x
some s’ > s and & — |[g(§)]| g5 is supported away from 0, as it will allow to conclude

by a density argument. We assume therefore there is some v > 0 such that
Vigl<v, 9 =0,
and we point out that when T' < oo, using e™" < 71, for any R > 0

4 2 Tt
sup [ fePe e s [ ~tog(r) ~ log(R)
R

€l =zv R

and when T' = oo

sup / \§|26_”t‘5|2dt = sup / e "dt < exp (—RVQ) ,
R

1137 €| >v J RIg)2
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so that, in both cases, we have

T
C,(R,T) := sup / (R ()
llzvJR

We split for some 0 < R < T the nonlinear term:
Q (gtsiispJ f) - 10<t<RQ (g(siisp7 f) + 1R<t<TQ (g(iisp7 f) = QO_(t) + ¢+(t)7
so that, using an estimate analogous to (5.11) we have
1 € + ? 2 2
(5 Uy () % 0 H%) SIFI3 (gl + Ngllize ) Co(R,T).

Furthermore, combining this time (5.10) with the boundedness estimate (4.1) (resp.
the dispersive estimate (4.14)) Ugg,(+), together with the corresponding nonlinear
bound (5.1) (resp. (5.2)) for Q, we have for ¢~ (¢)

(5.12) (i |Vt * ‘P_H,y)z

R oy 4L 1ta
2 14+a
tenn) < ([ 10() 7 w)

Put together, the two previous controls yield uniformly in R € (0, 7))

9 R c % 1+«
195, g0 [f,ggisp]ufsuf|r§f(||g||;o,s+Hg|@i(d+lvm) ( / 1A () a

2
+ 171 (gl + lglizaqm,)) Co(R.T).

Letting ¢ — 0 and then R — T, one deduces (5.9) for g € H>* N Bif(dﬂ)/?(}[j)
with s’ > s and whose Fourier transform is supported away from 0. We conclude
to the general case of g € H*® by density thanks to (5.11). Note that in dimension
d > 3, there holds o = 0, thus one has

T € d—1 € T
/ 1A (7> dt = / dt + ed—l/ tdat <e.
0 14 0 €

This concludes the proof of Proposition 5.4. 0

<171 (Mol + g

5.2. Bilinear kinetic and mixed estimates

The results of this section hold assuming (B3). We point out that only one estimate,
namely (5.15a), holds assuming (B3) or (BE) but not BED, which is why it has
to be treated using the alternative strategy of Section 7. We have the analogue of
Proposition 5.3 for the kinetic bilinear operator Wy, (f,g) = 1Ug, * Q¥™(f, g).

PROPOSITION 5.5 (General bilinear kinetic and mixed estimates). — The
bilinear operator Wi, satisfies the following continuity estimates in the mixed space
F when at least one argument is in .7 :

(5.13) 195l S, 9l 7 < ewsn(T) " fll min {llgll7 . Ngll~} .
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and the following one when f,g € 5 (note the absence of a factor €):

(5.14) 195l f 9lll 5 S won(T) L f e llgll e

Furthermore, considering X = H in the definition of 2  under Assumption (B3), or
considering X to be the space from (BE) under this assumption, there holds in the
kinetic space 2~ when at least one argument is in 2~

(5.15a) 15l f5 91 o

(5.15b) IWmUﬂM%Nﬂ%M) lglle} -
Finally, it is strongly continuous at t = 0 in the sense that in the corresponding cases

lim (Wi, [f, 9]l = 0, Tim W5, [, g (B[], = 0.
Proof. — Recall the definition of U§, :
1 t
Valf.dlt) = 2 | Uil = 1QU ). o)

thus denoting for compactness wy,,(t) = w(t), the convolution estimates (4.16b)
and (4.16a) give respectively

Selfllallgllz,

(516) Uil all < / 2712 | Q(F (1), g(1)|[3e dt,
and
Ga1) Rl S s {w<t>2 / 12/ (). ()2 dt} -

We also recall the bound (5.7) for w. The continuity at ¢ = 0 will be immediate from
the estimates below by letting 7" — 0. For the reader convenience, we also recall the
definitions of || - |2 and || - || #:

ot/e 1 r g 82
Hﬂ@f—ﬂm U FONF + gl/ 2”Hﬂﬂudt

ol = swp_ {w(®?lg )1, + )lBedr

RS

Step 1: Proof of (5.15) for f € 2. — On the one hand, if g € 2, combining the
estimate (5.16) with the bilinear estimate (5.1a) for Q, one has:

T 2
Wialfall’ << [ {(ie”t/EQI\f(t)\lx-) lo(e) I

X.)Q} dt

HFOI (Te= lote)

S eI gl

which is (5.15a). Similarly, when g € .%, we have
€ 2 2 g 1 ot/e?
[alrally <& 3 (e sl
0
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(e 10l) (Sllo e ) } at
< e*w(T)”

where we used (5.7). This proves (5.15b) for g € H®. On the other hand, if g € 2,
using furthermore X* — X and H® — X*, we have

il 52 [ (e 1) o)

which gives (5.15b).

Step 2: Proof of (5.13) for f € #.— In the case f,g € .%, combining the
estimate (5.17) with the bilinear estimate (5.1a), and using the bound (5.7) for w,
we have

195l 9l

< 62/0 {<€||f(t)HH.>2 [w(t)Hg(t)HH]Q + [w(lt)llf(t)uy}2 (i“g(t)HH.)z} a

which readily gives (5.13) for f,g € .Z. In the case f € F and g € S, using
furthermore H*® — H, we have

widsaly << [ (Giso)

This shows (5.13). Similarly, using the nonlinear estimate (5.1b) for Q, denoting for
compactness a = 1 — «, we have

hedt S (T2 I Mgl %

2
H) lwo@®)g(®)15dt S e*w(T) 21 1% lglZ-

T
1W5nlfs 9115 5/ (@) f ()1 111V g()[[30.0-a At
0
w(T) 2 fI% 119115
This proves (5.14) and concludes the proof of Proposition 5.5. 0
This next proposition is proved as Proposition 5.4 and its proof is omitted.
PROPOSITION 5.6 (Special bilinear mized estimates). — When f € 7 and
¢ is the parameter defining the 7¢-norm
(5.18) Wil Az <
furthermore, when gg;,, = U§,,(-)g where g = Pgigpg € H* N H_*(H,), there holds
(519) | Wi [f i) | 5 S Bussn (9,91 fles 1im Baip(g.) = 0,

and in the case d > 3, the rate of convergence is explicit assuming g € IB%S T d+1)/2(H;’)ﬂ

He°* for some s’ > s:

Baisn(9:) S VE (lg]

ns + |lg Bi’f(dJrl)/Q(Hv)) :
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6. Proof of Theorems 1.12 and 1.20

In this section, we denote X = H under the sole assumptions (L1)-(L4) and (B1)-
(B3), and X is the space from assumptions (LE) and (BE) under these extra
assumptions.

In this section, we construct a solution of the perturbed equation and then show
it must be unique. We follow the approach described in Section 2. We refer more
specifically to Section 2.6 that we briefly resume here. Recall that we look for a
solution of the form

fE (t) = f}fm(t) + frfnx(t) + flfydro(t)
= flfln(t) + fremx(t) + fgisp(t) + fNS(t) + gs(t)

where fys(-) as well as fi, (and thus f§,(f) = U§g,(t)fi) are functions to be
considered as fixed parameters since they depend only on the initial datum f;,
(and €). We point out that by Lemma 4.8, Lemma 4.1 and Lemma C.5 respectively

HUlim<>flnH9” S 17 ‘fjisp % 5 17 HfNSHJf S/ 17

without those quantities being necessarily small. The smallness necessary to our
fixed-point argument is coming from Proposition 5.4 which yields

H‘I/iydro(fN& )

and from Proposition 5.6 which yields

i (|95 a0 i) o T i (fiisp:)

e—0
From now on, we work with the space .# and ¢ associated to the solution fyg
which corresponds, in Eq. (2.2), to the choice of the weight function

wranlt) = e (5 [ 191 fus(r)

with n > 0 still to be chosen.
We recall that we showed in Section 2.6 that solving equation

JE) =U(@) fin + O [f5, F7] (1)
can be reformulated, under the above ansatz, into the system of coupled nonlinear
equations

(fen) = Ugn(t) fin + Wi iims ] (8) + 295 [ fivaro + S (1),

(6.1)

B(A; ﬁ))

2
sy d7'> t >0,

(62) ranlx(t) = \Ijiin [(fNS + féisp) + frfiix + g6 ) (fNS + fgisp) + franix + ga} (t)a

(@) =P [fi fand (g7 (F) + Viyar [9°, 971 (1) + S°(2),

where the source term S°(t) is defined through (2.15). We construct a solution
(fens fois g°) of this system in the space 2~ x .# x . and more specifically, in a

product of the following balls for some small radii co, c3 > 0:
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Bii= {UsOfut o clols <1} Bo=fpe % olls <o),

Bs = {Ib €A |[Ylle < 03}7

where 7 = (T, fxs,n) with T being the lifespan of fys. To do so, we reformulate
the system (6.2) as a fixed point problem of the type

(flfin? §1ix7g€> =E [flfim rilix?gs]
where the mapping B = (=, Z», Z3)
= B1XBQ><Bg—>Bl><BQ><Bg

is defined through its components:

'El [¢7 2 77Z)] - Ulfin(')fin + \Ijiin [¢7 ¢] + 2\1/15(111 [gba fNS + fgisp]
+2W5, (0,0 + ¢

6.3
68 N2 o] = W [(fas + F5n) + 0+, (fus + o) + 0+ 0]

(E3 (0,0, 0] = Do, 1Y) + Wiyaro [0, U] + S°[0, ],

for any
(¢a%¢)€Bi:B1XBQXB;),C%XQX%,

where we recall that fys and fg, are fized parameters for this problem and thus,
with a slight abuse of notation, the source term S¢[¢, ](t) writes

S%[0,¢](t) = Si(t) + S5(1) + S50, (1)

where we recall that S5(¢) depends only on fys(t) and fi, while S5(¢) depends only
on f§, and fxs. We also defined, for (¢,¢) € 2" x F, the linear operator ®°[¢, p|
on J as

U [¢7(p]h:2q]iydro [h7 (fNS+f§isp)+90+¢]7 VhE%

6.1. Linear estimates and source terms estimates

The source term S° and the linear terms involved in the above system (6.2) can
be estimated with a simple use of the results of Section 5. In particular, we recall
that the norm 2 depends on a parameter 1 > 0 which can be chosen freely.

PROPOSITION 6.1 (Linear hydrodynamic estimate). — With the notation
Baisp of Proposition 5.4 and assuming that fi, € X and fgg, = Uj, fin are given, the
following continuity estimate holds in = (T, fxs,n):
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H\Ijhydro h fNS + fgisp + Gmix + gkin} o
S (77 + Bdisp (Pdispfim 5) + 6waSv77( )

as well as the following stability estimate:

2) |hlle,

H\Ijhydro h fNS + fjisp + Gmix + gkin} - \I]flydro [h/’ fNS + fjisp + g;nix + gllcin} w
S =R e (n+ By(e) + ewpyn(T)” )
+ 12l (ewpes (1) ™" 1 gmix = Ganicll 5 + € [l Gan —

)

Proof. — The two estimates are direct consequences of Propositions 5.3 and 5.4
since

Wi ydro [h> Ixs + faisp T Gmix + gkin] — Ulydro [h’, Ins + faisp + Iinix gfdn]
= Wliaro [ — 1, s + fisp T Gimix + Yiin)
+ 20 dro [P Gmix — Gimis] T 2¥haro [P Gxin — i) -
This proves the result. 0

The first part S7 of the source term &° which depends only on the initial data fi,
and the Navier-Stokes solution fys (but not on the partial solutions fg,, fo. or ¢°)
is estimated in this next lemma.

LEMMA 6.2 (Estimate of the first source term Sf). — Consider some
fin € X. The source term S} satisfies

STlle < Bns (fxs, fins€) s ;LfrbﬂNs(st,fin,E) = 0.

If we assume additionally that the initial data fi, lies in X579 N H;‘”(Xv) for some
d € (0,1], then the rate of convergence can be made explicit as

Brs (s fins€) S € (14 1 ful

ws+s + || finllgze(x

3
+ ||st||Loo([0,T);Hs+a) + ||foNs||L2([O,T);HS+5)> :

Proof. — Recalling that Uf 4,,(t) = Uxs(t) + Usae
Si(t) as

Sf@) = ( Wave( )fln Ujisp(t)fin) + (UIEIS(t)fm - UNS<t>fin)
+ WS ave [fns, fs] (8) + (Wi [fxs, fas] (B) — Uns [fxs, fs] (1)) -
Using Lemmas 4.3 and 4.4, we have for a smooth initial data f;,
HUli:ydro(')fin - UNS('>fiH - Ugisp<')fin w
< H wave )fln Udlbpfll’l + ||UNS( )fin - UNS(')finH,}f
S (I fnllaess + | fnllizoixs) ) »

(t), we write the source term

ANNALES HENRI LEBESGUE



Hydrodynamic limits for kinetic equations 1055

and in general, by a limiting argument
T | Uyaro () fin = Uns () fin = Ugisp () f

Furthermore, using the estimate of Lemma 4.6 with ¢ = Q(fxs, fxs), and where we
point out that, for d = 2, we have 0 < a0 < % and thus

=0.
H

4 c (1 4) 2 c (4 2)
34 2 '3/ 1+« 377/
whereas, for d > 3, we have a = 0 and thus
4 4 2

)

3420 3 1+ a

we estimate [|p(0)||g-a g, thanks to (5.1a), and the other ones using Lemmas C.4-
C.5 to deduce that

[V Save s fus] e
N 8(1 + [ fs(O)lggz o ar,) + ILfxslzoe o,y ) + ||waNS||L2([0,T);H5)>3-
Finally, one proves as for (5.3) using this time (4.13), that for any ¢ € [0, 1]
1W5s [ s, fus] = Wns [fns, sl s S €Ml faslpors,

which, on the one hand, implies by Lemma C.5

[ Wxs [fns, fns] — Uns [fns, fs] | e

2
S, 56<HfNS(O>HH;“(HU) + HfNSHLOO([ovT);HsM) + Hvu’CfNSHB([O,T);HHé)) )

and on the other hand, since fxg can be approximated by elements of s7°! by
Lemma C.5, we have in general

lim [ W [fxs; s = Uns (s, fus]l]gs = 0.
This concludes the proof of Lemma 6.2. O

PROPOSITION 6.3 (Estimate for the source term S°). — Consider some fi, €
X and denote f§, = Uji, () fin, the source term S° satisfies in ° = (T, fxs, )

1S [Gxin, Gmix] || o S Baisp (Paispfins €) ([ fnslle + [|glla) + Bxs(fns, fins €)
+ gwasW(T)_l (”gkinHﬁb" + ||gmix||f>

X <Hgk1n”% + ”gmiXHﬂ‘ + HfNSHJf + ”PdispfinH’H + HPdispfin”Hz—o‘(Hv)> )
where there holds
Eh_r}%) /Bdisp(PdiSpfina 5) - Eh_IR) BNS(fNSa fimg) =0.

The rate of Convergence.of the term Pns(fns, fin, €) can be made explicit if the initial
data fi, lies in X*7° NH;*(X,) for some § € (0,1]:
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BNS(fNSafimg)
3
S & (1 + HfinHXSJ“s + HfinHH;a(Xv) + HfNSHLOO([O,T);HS+5) + HvfoSHLQ([O,T);HS+5)> ‘

and if d > 3, the rate of convergence of Baisp(fin, €) Is explicit if Pyisp fin € Bif(dﬂ)ﬂ

(H,) NH* for some s’ > s:

Bdisp(fimg) 5 \/g (HPdiSpfin‘

Hs + ||PdiSpfin"Bitr(dﬁ-l)/Q(Hv)) .
Furthermore, the source term S°¢ satisfies the stability estimate

185 [9xin, Gmix] = S5 [Giins Gumix] L

N 5was,n(T)71 (I|9kin — Gikin 2+ || gmix — g;nixH,?)
7t | Gmix + g:niXHﬁ + [ fnslloe + HPdiSPfin”H + ||PdiSpfin||H;a(Hv)) :

X (Hgkin + glldn

Remark 6.4. — Note that the terms 3, and Syg depend respectively on g, which
stands for Pgisp fin, and fxs which are to be considered as fixed data of the problem,
thus the lack of uniform estimate for their convergence is not an issue for the iterative
scheme.

Proof. — Recalling the definition of S5:
85 = ‘Ijiydro |:g(81isp7 2fNS + féisp}
we easily have thanks to Eq. (5.9) in Proposition 5.4 and Lemma 4.1
1S5 1l7 S Baisp(Paisp fins €)12fxs + fispllor S Baisp(Paisp fin, €) (|| sl + llgll) -
Furthermore, recalling the definition of S3:

S§ [gkim gmix] = \Ijiydro [gkin + Jmix, Jkin + Gmix + fNS + fgisp} )

we easily have thanks to the various estimates of Proposition 5.3 and Lemma 4.1
together with the bilinearity of Wj 4,

155 91, gmiel e S €won(T) ™" (lgicinll 2 + Il gl #)
% (Iginll 2 + llgmixll = + | fslloe + IPaisp fnllyy + IPaisp Finllgzzo sz, ) -
The stability estimate comes from the identity
S5[9xin: Jmix] — S5 [Ghin: Gonis]
= Wiydro [Fkin = Giin + Jmix = Iimi Jkin + Giin T Imix + Grnisd
+ Ui dro [Yxin — Gkin + Imix — Jrmixs SNS + Saisp)

which we control using the same estimates. This concludes the proof. O
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6.2. The mapping is a contraction

In what follows, we will simplify some estimates by using the fact that
C2,C3,1), € 5 17 1 < waSW(T)_l

and that 8(e) = Baisp(Paisp fin, €) + Ons(fxs, fin, €) (see Proposition 6.3) can be as-
sumed to vanish at a slower rate that e:

e S Be).
To prove the existence and uniqueness of a fixed point for =, we need to check that

E is a contraction on B. We begin by showing that B is stable under the action of
E under suitable smallness assumption on ¢, 3,7, ¢s:

LEMMA 6.5. — For a suitable choice of
€<<C3<<77<<02<<1
the mapping B is well-defined on B and E(B) C B.

Proof. — Let us check that the first component Z; is well defined and take values
in By. We assume (¢, p,9) € B

121 (6,0, 9] = Ugin() finll o < 19500 [0, @Ml + 2| Ui [0 Fs + Fip) |,

Using (5.15), we have the estimates

195 (6, Al Selldll’ Se,
2| W5n [ Al o S ewpsan(D) N2 18]l 5 S ewpesn(T)

x

as well as
2 H\Ifiin (&, fns + faisp) H% + 2 [ Wi [0, ¥ 2

S ewpan(T) @l (| s + fiop

5 E:waSJ](T)il °

Al

Consequently
IZ1 [0, 0, %] = Uit () finll o S s (T) 7,
thus, considering ¢ < 1, we conclude that Z;[¢, ¢, 1] € By.
The second component = is also well-defined. We have

[=2[6.0.01],
<N [0 Pl 5 + 195 s, Aslll s + || Wiin [Fiisps fiisp) |5 + 11 W5 [0, 91115
+ 2|5, [, sl + 2 |5 [0 Fipd |5 + 21195 [, 0115

+ 2 H\Ilim [fNS7 fgisp:| H? + 2 ||\Iji1n [fNS; ¢] “7 + 2 H\I}im |:f§isp7 w] ng :
Using (5.13), (5.18), (5.19) and (5.14) respectively, we have
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195 [0, 0115 + 119500 s sl + || Wiin [fisps o) | + 195 [0, 91115
S ewps n(T) Il + nll fsllor + BE) | Fispllr + Wi (T) M 0113
S eWyen(T) ™+ 1+ B(e) + G g (T)
S (B(e) + e3) we n(T) ™ 41,

Furthermore, using (5.13), we have

2| W5, [, sl > + 2| WEin [0 £ || + 2 11W5in [, 0115

< cwpon(™) Nl (sl L+ i)
5 502(1 + C?))was,n(T)_ 5 waNsW(T)_lv
whereas, (5.18) and (5.19) give respectively
2|\, s Foin) |, + 21950 Uns 0l 5 S (|| £ |, + 1001

Sn(l+cs) 5 m,
and
20| [fiip U] 5 S BEIIL S Be)es S Ble)-
Gathering these estimates yield
122 [, 0, ¥l 5 < (B(e) + €3) Wi n(T) ™ + 10
We deduce for max{e, c3} < n < co that =, takes value in Bs.
Finally, the third component =3 is well defined. We have

125 16,0, 0]l < 19°[@, @16l + | Whyaroltt 0], + 15516, €l
By Proposition 6.1
196, @111 S (14 B(E) + eotpg n(T) ™" +€) 05 S BlE)W s n(T) ™ + 713,
while, from (5.3) and Proposition 6.3

|9, 8], S Gupen™ 1576, S Ble).
All these estimates gathered together give
12510, 0, Y]l S BE)Wsn(T) ™ + (n+ cswpys(T) ) €

thus =3 takes value in Bs by taking ¢ < ¢35 < 1 < 1. This completes the proof of
Lemma 6.5. U

We show now that, up to reducing further the parameters ¢, 5, c3, 7, the mapping
E is a contraction on B.

PROPOSITION 6.6. — Under the smallness assumption
max{e, 3} <K n<K1,
the mapping 2 : B - B C 2" X % x J¢ is a contraction.
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Proof. — Let us fix (¢, p,¢) € B, (¢, ¢',9') € B. We prove that each component
of E is contractive. We have

1Z1¢, 0. 9] = E1 [¢, ' Il o
<N (6= ¢ 6+ & + 2| Vi [6 = &', s + fi) |,
+ 2| Win [0 — ¢ ¥l + 21 Whin [0 00 = ]Il 5
F 2 (6 — ¢ el + 200 (60—
As in the previous proof, using (5.15) we have
195 16— &', &+ &l +2 | Wi [0 — &, s + Fiil |,
Se(l+wpen(T) ) 16— ¢l
S WD) o = &l 5,

and

2||\Ilk1n [¢ (b ¢”|Q’+2||\Pk1n [Qb/ﬂﬁ—w/mﬁ”
S ecswpsn(T) 7 |0 = ¢l o + ewp (D)7 [0 = ¢/l
5 5wasﬂ7(T)_1 ||(¢7 ¢) - (¢,7 QW)H%X%”’

as well as
21V [0 — &, 0lll o + 21V [, 0 — @11l o
SecxWsn(T) o — &'l + ewpe n(T) "l — &Il 5
Sgwasm(T)_l ||(¢v ‘p) - (¢/v ¢/)||%x§‘
This shows that
HEl [(b’ 2 w] - El [¢I? 90/7 w/]HéK 5 waNsJ](T)il H(¢7 2 ¢) - (¢I7 90/7 w/)H%xﬂx,}’f :

Thus, taking ¢ < 7, the first component =, is indeed a contraction. We argue in the
same way for the second component. It holds

122 (0,0, 9] = Z2[¢, ¢ ]l 2 < [Win [0 — ¢ 0 + 0]l
+2H\I/k1n (o — &', fns + fiiop) H
+ 2V [ — @ Yl 7 + Wi [ ¥ — ¥l 5
+ 2| W5 s ¥ = W15 + 2| Wi [ ¥ = ],

As in the previous proof, resorting to (5.13), one deduces that

195 [o — ', 0 + @lll 5z S et ()l = ¢l 2 S ewpesn(T) 7l — €'l 5
and
2[| Uil — ¢, s + Fil| 5 S e0nen(@ 7 e = ¢l

whereas

2 1Win [e = ¢ ¥l 5 + W [ ¥ = ¢l 5
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5 563was,77(T)_1 ||<P - Q0/||9‘ + 502wasy77<T)_1 ||¢ - @Z/Haf
5 waNSJ](T)_l H(Soa ¢) - (@law,)Hﬁx%’ '

Finally, using (5.18) and (5.19), one has as previously
2”\Ijkm [fNSalD @ZJ] +2H\I]k1n fdisp7¢_w,} z

which, together with the previous estimates, yields

S+ BE)) 1Y =4l

HE2 [¢7 P, ¢] - EQ [¢/7 <)0/7 ¢/]||£Z
S [ewasﬂ?(T)_l + n + 5(8)] H (¢, P, ¢) - (¢/7 Qolv wl)H%ngjf )

thus, taking ¢ < 7, the second component =, is also a contraction. As far as the
third component is concerned, one has

1Z5 [, 0, 8] — E3 ¢, ', ']
<197 (6, 9] & — & [¢', @1V ||y + || Wyaro [ — 00 + 0|,
+ 18716 = &, @l + 1576 0 = Nl -

Now, using Proposition 6.1,

19° (¢, o] — @ 8, 'TY' ||
S (n+B(e) + ecowpg (1) +2) [0 =]l
+ eseWpn(T) o — @l 7 + csello — &l
S+ B(e) + ecawps n(T) 7 +2) [(6,0,9) = (8, ) s
S+ BE) Wi n(T) ) (s 0,0) = (8,00 g x5

while (5.3a) yields

|y 0 — w0+ 0],

Finally, Proposition 6.3 easily gives
1S°[0, 0] = 71, &Nl < NIS5 [0 = & @l + 1185 [0, 0 = @l e

(o~ ¢l + o~ 15 ).

S Wisa(T) " es 9 = ¥l -

All these estimates yield

HES [¢7 P, ¢] - EB [¢Iv 90/7 wl]Hyf
S [e40+ (B() + e3) wps )] 16,0, 8) = (&0, | e

thus, taking max{e, c3} < n < 1, the third component Z3 is indeed a contraction.
O
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6.3. Proof of Theorem 1.12: existence and convergence

We have established that Z is a well-defined contraction on B = By x By X By
under the smallness assumption

e KKKl

thus it admits a unique fixed point denoted (fg,, f5ic, 9°)- The part ¢° satisfies (for

some sufficiently small ¢ > 0)

mix’ g

L9l < ellg™ll e + 1871 2,

and therefore, considering ¢ small enough, we have:

gl S IS°]le < Ble)-

The part f. satisfies the equation

mix

rflix - \Ijiin [fNS7 fNS] = lE(in [ Iili)(’ le] + ‘Ilkm [gf gE] + \Ijiin [fgisp’ fgisp}
+ 2\I]kln [ mix> fNS] + 2\:[lkm [ mix’ fdlsp] + 2\I]kln [ mix> 9 ]
+ 205, [fnss fisp) + 2% [fnss 6] + 285 [foip 9] 5

therefore, from the computations of Section 6.2, we have

i = Wiin s sl S g7l + B(e) S B(e)-

Furthermore, by a duality argument similar to the one from the proof of (4.16b)

| Wl fsl(0) 00)ydt = - [ [ (QUss(): fusl)) Ualt = 7)) e
t1 tp JO

2o dt

1 oo
S 2l sl oy ta = 10) [ UG (060
0

1
Stt—t) ([ Uz ol )
0
S elta — t)l[ollw,
where we used that || fxs||zee(o,m)me) S 1. Thus, we deduce
”\Piin[fNS,fNS]HLOO([QT);H) <eg,

from which we conclude that || f5 + 9%l n) < B(e). We conclude to Theo-
rem 1.12 by letting

err = g + frEnlx'

This concludes the proof of Theorem 1.12.
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6.4. Proof of Theorem 1.12: uniqueness

Consider another solution associated with the same initial data fi,:

frel™(0,T7);X)N Ly, ([0,T); X°)

loc

satisfying for some universal small ¢ > 0 the bound (note that the same bound holds
for f¢ since || f¥]|zec(xy S 1)

Define the difference of solutions

C

=€
/ Loo([0,T); X) S e

W= - F
and observe it satisfies the equation

O = L (L —ev V)B4 iQ (. f7+F), h(0)=0.

=5
We write an energy estimate for h® (see Step 2 of the proof of Lemma 4.9 for the
dissipative part):

1d, .o Ay,
5 <l + SR

1 € € € e
o T oIl e || £ 4 F

1 1 —
S Il + Il |4+ T

2
X'

xe’

which gives after integrating on [0, ¢] in the space 2 (0 = 0,t,¢):

_ ) 1/2
FEATOdr)

g t € 13 g !
118 5 51 + el el (]|
Thus, since ¢ is supposed to be small, taking ¢ close enough to 0 yields (for instance)
3 1 &

which in turn implies h(7) = 0, or equivalently f¢(7) = f () for any 7 € [0,1].
Repeating this argument yields the uniqueness of the solution.

7. Proof of Theorem 1.22

We prove here Theorem 1.22 under the assumption (BED). Note that the following
strategy can also be seen as an alternative proof under assumption (BE).
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7.1. Modification of the strategy

Under the assumption (BED), the arguments of Q(f,¢) in X no longer play
symmetric roles, so we no longer consider Q in its symmetrized form. This
does not induce any change for the parts f 4, and fg;. of the solution since they
are constructed using assumption (B3) and not (BED), for which both arguments
play symmetric roles. The only modification is therefore the need to adjust the
iterative scheme constructing f,, as well as its space-velocity functional space so
as to take into account the assumptions (BED) following the strategy adopted

in [CG24, CM17, CTW16, GMM17, HTT20]. We detail below this new strategy.
e We no longer consider the equation on fy;, in integral form

flfin (t) = Ulfin (t) fin + \Ijiin [flfin? flfin] (t) + 2\Ijiin [flfin? f}?ydro + fIilin| (t)a

but we study the evolution of f7,, it in its differential form

1 1
Ocfiim = 2 (L —ev-V,) fagn + gpiinQ (fins fin)
2 € Sym € € €

+ nginQ (fkin? fhydro + fmix) :
This equation can be studied through a suitable energy method so as to be
able to use the “closing estimate” of (BED) (which does not translate in
integral form).

e Since the roles played by both arguments of Q(f,¢) in X under the assump-
tion (BED) are different, we do not construct fg, using Banach’s theorem,
which, as far as (7.1) is concerned, would correspond to the convergence an

iterative scheme of the form

1 1
atflfin,N = =2 (L—ev-V,) flfin,N + gpiinQ (flfin,NAa flfin,Nfl)

2
+ gpiinQSym (fliin,Nflfﬁydro,Nfl + friix,Nfl)

but using a variation of such a scheme which allows to use the “closing
estimate” of (BED). Namely, we prove the stability of the scheme (7.2)
hereafter.

e We define a new hierarchy of spaces (X)

(7.1)

1
j=—2—s

X;=L2(X;) NHE (X;-,)

which allows to prove spatially inhomogeneous counterparts of the estimates
of (BED). Notice here that we assume our “regularity parameter” s to be
integer s € N and it is now assumed an additional role in the hierarchy of
spaces X o 4, ..., X1.

e The operator £ — cv - V, is not dissipative for the inner product of X, but
it is hypo-dissipative on Range(P§, ), so, we introduce an equivalent inner
product of the form

(oD, i= 80000, + 55 [ (Ua(OF. V019D,

of the form

j—1
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1064 P. GERVAIS & B. LODS

for which £ — ev - V, is dissipative and Q satisfies the same estimates
as (BED).
To summarize, our approach will be aimed at constructing a solution ( f£.,, f5i, 9°) as
the limit of a sequence of approximate solutions {(fg, x» faix.n: 95) f 3 >0, Where the
first component fg;, v is constructed inductively by solving the following differential
equation:

1 1
atflfin,N = 2 (L—ev-V,) flfin,N + gpiinQ (flfin,th ffin,N)

7.2) F2PELQY™ (S Fisiron 1 + Frier)
flfin,N(O) - kmfma
\f lfin,o = 0,
where we naturally denoted f{ 4., v = fNs + [§isp T 9, and the other parts are still
constructed as in Section 6:

£

9N = o° [flfin,N—lu ffnix,N—l} gJEV—l + \Ijiydro [g]EV—h g?\/—l]
+86 [flflnN 17fr€me 1] ’

I%iX,N _\ka [fmlxN 1+fk1nN 17fm1xN 1+fk1nN 1}
g% =0, fame=0.

mix,0
Let us define the new functional space we will use in this section.

DEFINITION 7.1. — Suppose s € N and satisfies s > 3 ifd =2 or s > —i— 1 if
d > 3, we define

Ifll2s = [ f 12y + IVEfll2x, )

and note that, since X;, — X; as soon as j < k, the following equivalence of norms
holds:

S S
1512 3 1M o,y = 22 W s

In particular, this hierarchy of spaces is decreasing in both indexes:

(7.3) s1 < sy and ji < jo = X — AL

LEMMA 7.2. — The bilinear operator Q satisfies in X'; the estimates
(7.4) 1R, Dl e S N llx,llglles,, + 1712 Mgl
(7.5) (Q(f,9), 9)x, S W F Ml Nglzes + 1 fl2es g2, Lol s -

Proof. — The general non-closed control (7.4) is easily obtained from its spatially
homogeneous counterpart of (BED) so we only prove the closed control (7.5).
The inner product writes according to Leibniz’s formula and the locality of Q as

(Q(F,9), b, = (QUE 9) 1) xy + D2 (92QF,9), D0h) 1o,

|Bl=s
:<Q<f7g)7h>L%(Xj) + Z <Q(8;f,af_7g) 7a£h>L%(ins)-

[v[+]8—7I=|B|=s
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We first look at the terms which can be controlled using the closed estimate (1.28)
of (BED). Using Hélder’s inequality in L x L2 x L2 (or some appropriate permu-
tation) together with the embeddings H? — L$° and X;_; — X _;_, and therefore
H(X;_s) — LP(X_1_s), we immediately have the estimate
(Q(f.9): 9)r2(x;)
S (/151N [ 11
{abct= {JJ —1-s}
SISl llgl s
as well as the terms associated with || = s and |y| = 0:
(Q(£,079),079) 15 x, ) S If gl + 1 £ 112 gl 19l x5
We are thus left with the terms associated with |5| = s and |y| > 1 which have to
be controlled starting from the non-closed estimate (1.27) of BED:
(7.6) (Q(01f.0079),0g)

L (Xj—s)
< [ W@, e, [ple),, as

X .
+ [ 107w
Rd I

and we will show in each case that

oz, o2

97 g(x)

T

lg(x)|

dz,

Xj-(s-1) X5_s

S 1l gl s

L]
Xj—(s—l) L2

2@l [0, | Sl lgl,
J—s J=(s=1 L2

Step 1: The case d = 2. — When |y| = s, we have |5 — 7| = 0, thus, using the
fact that HE™! < L since s > 3, followed by (7.3)

(7.7)

B—" H < ~ <
%9 15(X)— (o)) ™ 19l (x, (o) S Nl9lls

thus, (7.7) holds. When |y| = s — 1, using the injection H. < L%, we have
102 f s,y S I llmzx,—) S (115
similarly, since | — | =1 < s — 2, we also have
) S
thus, (7.7) holds. When |y| < s — 2, we have
102 fll oo x,_y S Wl x,—0), S 1|2,

and similarly, since [ — | <s—1 ( =sand |y > 1)

B <
’ g L%(Xj—(s—l) H;_1<Xj_(s_l)) ~ ||f||X];

g

S /]

<
L%(X]-_(S_l)) Hi_l(Xj_(s_l)) ~ ||f||X]a
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1066 P. GERVAIS & B. LODS

thus (7.7) holds. This concludes this step.
Step 2: The case d = 3. — First, a simple use of Cauchy-Schwarz inequality yields

. -
(27 O o] R PR 58 {PPYESRRY L l PA
and, since | — 7| + |7| < s, we deduce that
(7.8) [102 0, 0270 o I,y S 150, lglls:
S (o
Now, using Sobolev embeddings, we have
1 1 s—|
192 iz, S M o S Ml 2 =5 ==
as well as
1 1 (=1)—-p=1
s, ) Sl ) Slelag <=5
Lz(Xjf(sfl)> z j—(s=1) q 2 d

Since |f| = s and s > %l + 1, Holder’s inequality implies

Using (7.8) and simple interpolation, we deduce that

v B— H < .
oz, ool | S 150 s

107 f1x, . [0 .

1(91)[,

this proves the first estimate in (7.7) and the second one is done in the same way.
Combining then (7.7) with (7.6) and Cauchy-Schwarz inequality yields

(Q@f.0079).009) Il ol

12(X;-) s T flles llgll 2,

This concludes this step and the proof of Lemma 7.2. O

As stated above, we will study the equation (7.2) using an equivalent inner product.
The next proposition defines it and presents its properties.

ProposITION 7.3 (Kinetic dissipative inner product). — Let j = —1,0
and o € (0,00). For some 6 > 0 small enough, the inner product defined for any
f?g € Range( iin) N Xj as

(., = 8000, + 5 [ V(R0 V(D) 4,

induces a norm equivalent to that of X; (uniformly in €), i.e. there exists C' > 0
independent of € such that

1
(7.9) cllfllz, < Ufllx,e < Cllfll;-
Moreover, there is ;v > 0 such that

Re (L —ecv-Vo)f fla, . < —0lfll%, - — wlfl3

X;»
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and the nonlinear estimates for P, @ are the same as those from (7.4) and (7.5):

(PranQ(f.9): M) x, . Sl (11122 N9l 0 + (£ 112, gz, )

and
(PenQ(f,9), 9, e SIFllx, 9l%es + Mgl glles 1 f L5 -
Proof. —
Step 1: Proof of the equivalence of norms. — The norm || - || x, . writes

1 [, 0 )
e e A ROV

and thus, using X'; — X;_; and the decay estimate for the semigroup U, (¢) from
Lemma 4.8, we have for some C' > 0

O, < 1%, < 0+ OIS,
This proves (7.9).

Step 2: Proof of the dissipative estimate. — Using the decomposition £ =B + A
coming from (LE) in the space X, (recall that, from (BED), the dissipativity
estimate of (LE) is valid in X;) together with the estimate for A from (BED), we
have for some K > 0

Re (£ —ev-Vo)f, flx,. =0Re (L —cv-Va)f, fa,

e [ Te (v {5 e v s o)

X1
< =0l fli%, + 0K fll%,

_ g - 20t /2 3 2 1 - E 20t /e? € 2
e O, g [ [ IR0, ] ot
and thus, since limy _, o [|[U®() f||x,_, =0 and || - |

Re (£ = 20+ VS . <= el
g o 2 c 1
| e 0, de = 571,

e Jo
| Y 2
<—0<5||f||3(j+62/ et/ llUﬁm(t)fllxj_ldt)
0

1
2 o — -~ 5K)
2~ (5 - 0K) I
We finally deduce, considering § < (2K)~! and letting = 6(Ag — ) > 0

Re (£ —ev-Va)f, fla, . < =0l fllx, e = nllfllxs-

This concludes this step.

x> |- [lx,. we have

—6(As — )|/

2
H (X7_,)"
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Step 3: Proof of the nonlinear estimates. — Using the definition Pf;, = Id —Pj 4,
we have

<<Pl€<1nQ<f’ g)7h>>)c’]-7e = <Q(f7 g)7h>Xj + R(fv.gv h),

where

1 [ .. .
f gv : <Phydr0 h>X]+52/0 2 tet <Uk1n() (f7 g)kain(t)h>X- dt.

Jj—1

On the one hand, the boundedness P§ 4, € B(X;_;H) C B(X;_,; X3) implies

| (Piyan@(f.0). ), Prare @(F. )
< bl QF. 9)l .

and on the other hand, using Cauchy—-Schwarz inequality and the integral estimates
of Lemma 4.8:

y /Doo 2 (U (0)Q(f, 9), Ugin ()R 5, di

g2 -
1 o0 ot/e2 c e _
<5 [ (IO D, ) (¢ MUy, ) dt

S Qs 9)lles 10l 2,0 < 1QFs 9)lles (17l 2

Jj— 1°

| S n]

X?

Combining these estimates and using the injection X5 < X;_;, we deduce that

R(f.9.1) S Bl 1Q(F. 9)]

Recalling that X';_; is defined so that the general non-closed estimate of Q in
(-,-)as_, only involves the norms of the space X; < X ; and X7 — X;_; (but
not Xj; nor X3,,), that is to say,

1, 9llxs_, S f s llglle, + [1f 1], 1l 22
we finally end up with
)

R(f,9,h) < |[Bllxs (
This allows to conclude this step and the proof of Proposition 7.3. 0

;1]

7.2. Stability estimates

We study here the scheme (7.2) in the kinetic-type time-position-velocity space
& ; which corresponds to the space 2" introduced in Definition 2.1 with E replaced
with X, i.e & is characterized by the norm:

1 T
(7.10) 1/l = sup €2°t/€2\|f(t)||3vj+2/ | (1) et
o<t T 15 0 J

We have the following estimates, valid for any N > 0:
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LEMMA 7.4. — With the notations of Section 6, one can choose
€<<Cg<<77<<02<<1, 01%1
such that, for any N > 0 and 7 = —1,0:

(7.11) < O[PSl

€
mix, N

flfin,N z, z < O, Hgle\/”,}f < e
Proof. — The proof of the lemma is made by induction over N. Thanks to (7.9),
it will turn useful to estimate the various norms rather with || - [|x, .
The estimates (7.11) are satisfied for N = 0. Let us assume they hold at rank
N — 1 for some N > 1 and deduce them at rank N.

We recall that fg;, v is a solution to (7.2) where, thanks to Proposition 7.3, it holds

1 € € € 2 2
;2«(/: —EU - Vw)fkin,N?fkin,N»Xj,s < _;2 fkin,N x - ? fkin,N X
as well as
<<Pi1nQ (flfin,N—D flfin,N) ’ flfin,N»Xj,s
S ‘ f}iin,N X; (‘ flfin,N X; ‘ flfin,N—l X4 + ‘ flfin,N X, ‘ fliin,N—lHX;> .

Still using Proposition 7.3, the coupling term is estimated thanks to the non-closed
estimate combined with the injections H* — X7, and H < X1, and the closed
estimate respectively:

<<Pi1nQ (flfin,N? flfydro,N—l + fIiliX,N—l) ) flfin,N»Xj,E

2
~ flfin,N x° (HflfydoN 1H +Hf1§an 1H )
J
+ {[fein v | o || in, (HfhydoN 1‘ mix, N 1H )
J
and
(Prin@ (fﬁydro,N—1 + fricN_1> flfin,N) 7f1fin,N>>x e
2
~ flfin,N X (Hf}fydro,N 1 IanN 1H )
J
+ flfin,N X, flfin,N X (Hfhydro,N—lH,H. leN IH )
J

Note that the second part of both previous estimates coincide. Put together, and
multiplying by e2?%/ =* we have the energy estimate

2
>+/L2 20t/e2
Xj.e €

fkin,N

1d 2
(7~12) 5. (e%t/e fkin,N

2 dt t
S () + At) + H5(t) + Aa(t)

where we introduced

fl _ 1620t/€2
e

(I
x5

fkin,N

‘5
L
xS

fkin,N—l

+ | fnn

3
o Il

fkin,N X,
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1070 P. GERVAIS & B. LODS

1 2
o 20t/e 5
Sy = ge / fkin,N

leN 1H >

flfin,N

° ( HH.
].

2
o 20’t/52 € € 5
I3 = -¢ Jeim v | o (Hfhydro,N—lH,H + Hfmix,N—1H )
J

: (el +
XJ.' hydro,N—1 e

Sy = ge%t/sz Jein v
T

/Lﬂ@mgg :
0

fkin,N
where we recall the definition (7.10) and the fact that [|- |lx; < |- [|as. We write the
time integral of the second term as follows

T T 1
/ Jg(t)dtzs/ {e”t/e }[e”t/a

0 o L€ X3 Le
Ry t/e?
ot/e? ot/e

I RE o) [2 e H

where, in each integral, the first two terms in brackets belong to L?(0,T) whereas
the third one belongs to L>°(0,T). Then, it is easy to deduce that

leN 1H )

X; flfin,N

One easily sees that

€
Z; fkln,Nfl sz

H dt

fkin,N fan

}dt

fan fan

[ 00 £ v [l (sl + Wisoral,)
where we used again that || - [[x; < || [[2s. One also sees that
Tj _ T 2
| aarse [ 2 [l ] (amisa o+ [l )
S ewpe (1) Jéinn ; ( ‘ mix, N 1” )

Finally, the term involving .#; is dealt with as the one involving .%, writing

T rrm . 1,
/ Si(t)dt = ¢ / {e"t/g ] [eat/e
0 o LE Xl Le

1 >
e [ e i) [ Mimnal]

where for both integrals, the first two terms in brackets belong to L?(0,T) whereas
the third one belongs to L*°(0,T). This gives easily

T
/O Fi(t)dt < ew g n(T) ! ;j (| fivaron— , +

Coming back to (7 12), we finally deduce the recursive estimate

2 2 9
] +HP ofinllfs x,)

z, (I

B HH dt

fkin,N fk'n N

X7

fan flfin,N in| dt

fkin,N 1’1’11XN 1H )

fan fan

+ewaS,77(T) mix, N - 1H )’

et

fan
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and using the inductive hypothesis (7.11)

so that, for € small enough, there holds

|

which allows to deduce the stability estimate at rank N for fg, y.
The proof of the stability estimates for fg; v and g% is the same as in Section 6.
This concludes the proof of Lemma 7.4. 0

2 _ 2 9
Fannly S €O+ wnen ™ (U4 e+ )| | fnnll + IPEfil,
Z Z; ’

fann|| g S IPunfinllar; s
Z; J

7.3. Convergence of the scheme

The convergence will be proved in the larger space £ _; using, of course, the
stability estimate in £ _1, but also those in Z o because of the non-closed estimates.
To do so, we denote the difference and sum of successive approximate solutions as

€ - fs _fs € . f€ _ fE
kin,N = Jkin,INV kin,N—1> mix,N *— Jmix,N mix,N—1

}€1ydro,N = fﬁydro,N - f}fydro,Nfl =9y —9n_1-
One has the following recursive estimate.
ProprosiTION 7.5. — With the notations of Lemma 7.4, up to reducing again
e KKKl

the following estimate

3
o ’ dminNHy

1
<<]d
2
holds for any N > 0.

Proof. — As for the proof of Lemma 7.4, the difficulty lies in estimating df;, v
which solves

(at iin,N 2512(5 —EU- Vm)diin,N
1 1
+ gPlEﬂnQ (flfin,N—D Igtin,N) + gpimQ ( iin,N—l’ flfin,N—l)

2
+ g Pf{in stm (f}fydro,N—l + frilix,N—l? iin,N)

S €
kin7NH£w71 + ‘ hydro,N’

€ € e
kin,N—lH‘%fA + ‘ hydro,N—Iij + Hdmiva—luﬁ‘ >’

2
“pe sym ( re =2 e
+ gpkinQ (fkin,N—l? dpydron—1 1 dmix,N—l) )

| diin, v (0) = 0.

We use as previously the equivalent norms || - || x_, . which allows the use of dissipa-
tivity:
1 o 2 L 2
g I3 g g
g«(ﬁ — v Vo), vy dn v ey e S T2 ‘ kin,NHxil’E T2 ‘ km,NHX._1 ;
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as well as the closed estimate:
<< iinQ (flfin,N—l? iin,N)? iin,N»X,he

<]

and the non-closed estimate involving the Xy and X'j—norms of fg, v i:

<< iinQ< iin,N—l’flfin,N—l) ) l€<in,N>>X,1,a

5|

flfin,N— 1

2
€ 51 € €
km,NHX._I‘ X kin, N[ o || in, N[ 5| fkln,N—l xe

€ € f€
kin, N xe, kin,N—1 X, kin,N—1 X

+

e, [inva] e [
kin, N X, kin,N—1 X, kin,N—1 Xo

The coupling term involving df;, y is estimated using both the closed and non-closed
estimates, together with the injections H — X, and H®* — X{:

<< iin stm (flfydro,N—l + fIiliX,N—l’ iin,N) ) iin,N» X_1,e

] e +

3
kin, N X,

i1 )
mix,N—1 H

€
fhydro,N—l ”H

3
dkin,N

+

)
mix7N—1H,H.) ’

and the coupling term involving fg, y_; using the non-closed estimate, together
with the injections H — Xy — X _; and H®* — X[ — X°;:

€ g
kin,NHX71 (Hfhydqu—lH,H. + ‘

<< iin m ( iydro,Nfl + d‘rsnix,th flfin,Nfl) ) iin,N»X,l,s

5| (
fs
kin,N—1 X0

20t/e?

3 & 3 3
dkin,NHX:I ‘ fkin,NA‘ hydro,NAHH + Hdmix,NAHH>

+)

13 € €
kin,NHX.l ‘ hydro,N—lH,H. + ’ dmix,N—lHH.) :

Multiplying these estimates by e , we get the energy estimate

14 2ot/ || 2 2 20t /<2
2dt (6 dkin,NHx_l,s> =

2
£
kln,NHX:1

2dt
1 2 2
<*620t/€ dE. H ‘ 3 H
~e kin, N xe, fkln,N—l X,
2 i g { [l ]
c kin, N xe, kin, N X0 kin,N—1 X_,

&€ 3
fkin,N—lHX(.) + ’ dkin,N—lHX:I ‘

+ o] o |
kin,N—1 X_,

3
fkm,N—leI )

1 2 2
20t/e € € €
+ ¢ kin,V | yo (‘ fhydro,N—lHH + Hfmix,N—lH,H>
+ 1620'15/82 € e f& + €
c kin, N X, kin, N X, hydro,N—1 e mix,N—1 e
1 2
20t/e 3 € € €
+ ge Kin,N [ e ’ fkin,N—1HX(.) (Hdhydro,N—IHH + Hdmix,N—lHH)
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+

1 20t /e?
+ ge 2o

€ € S
fkin,N—l’ X0 <Hdhydro,N—1’ dmix,N—l‘

k ‘ ‘
kin, N
n xe,

Arguing as in the proof of Lemma 7.4, we then obtain

2
€
dkiH,NH‘%‘71
2
e 5 e 5 €
Se kin,NH‘%71 fkin,N—lH‘%71 te kin,NH(%‘71 kin,]\f—1H3L1 fkin,N—1H£0
2

-1 € € €

+ 8U)fNSJZ(jﬁ) dkin,NH‘%‘71 <‘ fhydro,N—lHP}f + Hfmix,N—leg)
-1 € 3 € 5

+ 5waS:77(T> dl{irl,NH‘%/-71 fkin7N—1H£«-0 ( hydro,N—lH% + dmix,N—lH(;;) )

and thus using the stability estimates (7.11)

€ -1 € € 3
dldn,f\/HgL1 S EWfysn(T) ( dkin,N—lH'%Ll + dhydro,N—lH(%; + dmix,N—1H9>

i.e., and assuming ¢ small enough,

1
diin,NH‘%-71 < 1 < dfnix,N—1H9~> .
Arguing in the very same way as in Section 6.2, one also shows

1
dfniX,NHﬁ <4< dfnix,N—lHy) :

Summing up the last two estimates yields the result. 0

€
dhydro,N—l H W +

dina, +
kin,N—1 X,

e
hydro,N—1 ij +

I3
kil’l,N—l H.%‘,l +

5
hydro,NH% +

The above result allows to prove in a standard way the convergence of the ap-
proximate solutions {(f, n» fai.n: 9x) v to some limit (fg,, foi 9°) solving the
system

( 1 1
atflfin = ? (E — &V - VI) flfin + gPlEan (flfina flfin)

F2PELOY™ (f Frvna + o)
fﬁin(o) = Piinfin,
mix = ‘I'iin [ mix T b ﬁydrm f mix T bi ﬁydr0:| )
L =P [ fand 0+ Vi (95, 9°) + S
A similar argument as the one from Section 6.4 performed in £ _; yields the

uniqueness, which implies the uniqueness in & o = 2 and achieves the proof of
Theorem 1.12 under Assumptions BED.

Appendix A. About Assumptions L1-L4 and B1-B3

The various assumptions (L1)—(L4) and (B1)—-(B2), as well as the “enlargement
ones” (LE), (BE) and (BED) were identified as being the properties shared by the
Boltzmann and Landau equations in a close to equilibrium setting. We specify in
this section that the aforementioned assumptions are proven in the literature, with
precise references.
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1074 P. GERVAIS & B. LODS

A.1. The case of the classical Boltzmann equation

Let us recall that, in the case of the classical Boltzmann equations, the distribution
i can be taken assumed to be the centered Maxwellian:

2
2
n(v) == (2m)~ % exp <—|U2| ) , E=d K=1+ 7

The linear operator L is the linearized nonlinear operator Q around pu:

Lf:=Q(u f)+Qu, f)
where Q is defined as

QU )= [ o= e Heost) (F()F(wh) = F)f0.) e

for some parameter v € (—3, 1) and some positive function b smooth on (0, 1], and

the pre-collisional velocities v', v) as well as the deviation angle are defined as
, v+ v — v, , UVt v — v, v — v,
= , Vo= —0 , cosf :=o -
2 2 2 2 |v — v,

and illustrated in Figure A.1.

*

Figure A.1. On the left, the representation of a binary collision. On the right,
an illustration of the so-called collisional geometry, representing the distribution
of the pre-collisional velocities (v',v)) and the post-collisional ones (v, v,) on the
circle centered about (the conserved mean velocity) *5%= of radius (the conserved
relative velocity) |v — v,| in the plane Span(v — v,, o). This representation allows
to visualize the deviation angle 6.

A.1.1. The cutoff case

One talks about an angular cutoff assumption when the function b is assumed
to be well-behaved enough close to # = 0 to satisfy some integrability property.
Concerning our basics assumptions (L1)-(L4) and (B1)-(B2), one considers hard
or Maxwell potentials under a mild cutoff assumption:

v =0, sin(0)b(cos ) € Ly ([-1,1]).
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The hierarchy of spaces H; and the dissipation space H*® are defined as
Hj:=L* (p " (v)?dv), H*:=L? (u’1<v)7/2dv) :

and the dissipation estimate is given by the interpolation of the following two es-
timates coming respectively from Hilbert—-Grad’s splitting ([Gra63, Hil12]) and the
spectral gap estimate [BM05, Theorem 1.1]:

(Lg, 90 < —cllgltre +Cllgll,  (Lg,9)u < —cllgllF-
The splitting we consider is
Bg:=Lg— Mly<mg,  Ag:= M1y <umy,

for a large enough M > 0, and it satisfies L4 thanks to the following weighted
estimates coming from [Guo06, Proof of Lemma 3.3 for g = 0]:

(L9, 9}, < =), +C )]

2

Ho'

for some ¢, C' > 0. The nonlinear estimate B3 is given by [Guo04, Lemma 4.1].
The “enlarged” assumptions (LE) and (BE) are satisfied for some restricted ver-

sions of the cutoff model. The linear assumptions (LE) are proved under the strong
cutoff assumption:

b= b(cosf) € C' ([-1,1])
in the larger energy space X and dissipation space X* defined as
X =L ((0)fdv), X* = L2 (()*72dv), k> 2.
The splitting considered is of the form
L=(L—-A)+A=B+A,

Ag(v) == /Rd a(v,v.)g(vs)dv,, a€CX(RExRY),

and the dissipation estimate is given in [BMAM19, Lemma 3.4], whereas the regu-
larization estimate follows from the form of A. The nonlinear estimate BE is given
by [BMAM19, Lemma 4.4].

A.1.2. The non cutoff case

One talks about a non cutoff case when the function b has a non-integrable
singularity close to 8 = 0, and more precisely when it behaves as follows:

sin(6)* 2b(cos0) ~ 7%, se (0,1).

In this situation, the angular singularity improves the dissipation in the sense that
L presents a spectral gap even for some negative values of ~, at least in the suitable
space H. The basics assumptions (L1)—(L4) are satisfied for Maxwell, hard and
moderately soft potentials:

0<s <1, v+ 25 > 0.
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1076 P. GERVAIS & B. LODS

The energy space is defined as in the cutoff case, whereas this time, the dissipation
space H*® is defined as (see [AHL19, AMU*11], we also mention [GS11])

lg]

2w ()2

" / () e (9(v) = 9(v))* dodv,du
H RS~ xSd—1

V, V%

~ [ wpr2tgl) [yl A TPy

2
‘H’

where |v A V,|* is defined as a pseudo-differential operator. The dissipativity esti-
mate L4 is given by [AMUT11, Lemma 2.6], and the nonlinear one (B3) is given
by [GS11, Theorem 2.1]. The intermediate spaces H; are defined as in the cutoff

case, but this time the associated splitting is
\U!) <|v\>
Bg:=Lg— M < =Mxl|—]g,
g=Lyg—-Mx\3; )9 Ad X\ 379

where x is some smooth bump function and M is large enough. This splitting
satisfies (L4) thanks to the following weighted estimates from [GS11, Lemmas 2.4-
2.5]:

(Lg.9)m, < —cllgllhy, + Cll<cfllE,-
The enlargement assumptions are known to hold only for hard and Maxwell potentials
(v = 0) and the enlarged spaces are defined as

X; = L% ((0)*"*dv), k>3+~/242s,

and the dissipation space X* is defined in a similar fashion as in the Gaussian case.
The decomposition from (LE) is defined as in the Gaussian case and the dissipativity
estimates follow from the weighted estimates

(Lg,9)x; < —cllgll, + Cllfll7z: (L9, 9)x < —cllgllxe + CllfII7,

which are proved in [HTT20, Lemma 4.2]. The nonlinear estimates are proved
in [CDL22, Lemma 2.12] (see also [AMSY21, HTT20]).

A.2. The case of the classical Landau equation

The Landau equation corresponds in some sense to the non-cutoff Boltzmann
equation for s = 1. This time, the nonlinear operator Q is defined as

Q1) = 9o+ [ o= w10 = 0) (F0)90f(0) = Vo (00 (0)) o

where I1(2) = Id — |2| 22 ®z is the orthogonal projection onto 2. The basics assump-
tions (L1)—(L4) and (B1)—(B2) are satisfied for hard, Maxwell and moderately soft
potentials (7 + 2 > 0) and the energy space remains the same as for the Boltzmann
equation, but the dissipation space is defined as

lglize = |17 + @720 A )

~ o2 gl + )2 9ug], + [0 T) Tgl[,
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The dissipativity estimate (L4) is given by [Guo02, (24)], and the nonlinear one (B3)
is given by [Rac21l, Lemma 2.2]. The intermediate spaces H; and splitting are the
same as for the non-cutoff Boltzmann equation, which satisfies (L4) using this time
the weighted estimates which can be proved as [Guo02, Lemma 6]:

(Lg,9)m, < —cllglli, + Cllufll

The enlarged assumptions (LE) and (BED) hold for Maxwell and hard potentials
(v = 0) and the enlarged spaces are defined as

X;=L? ((v>2k+2jdv) , k> +17/2,
and the dissipation space is defined as
ol = @02} + @) 2V}, + ||ty > (w0 Vg

The decomposition from (LE) is defined as in the gaussian case and the dissipativ-
ity is proved in [CTW16, (2.22)-(2.23)]. The nonlinear bounds (BED) are proved
in [CTW16, Lemma 3.5].

A.3. Towards more general collision operators

The method tailored in the present contribution should be robust enough to deal
with more general models. As in [BGL9I1], one can tackle the derivation of the Navier—
Stokes—Fourier system from a generic collisional kinetic equation conserving mass,
momentum and energy, and dissipating entropy of the form

(A1) (OF +v-V,)F(t,z,v) = C[F(t,z,)](v).

Neglecting for a while any functional analytic issues, let us explain formally how our
framework would adapt to such model.

General collisional equation

The macroscopic conservation property reads

1
C[F](v) v dv =

w o

o O O

while we assume there exists some convex ® : [0,00) — R* such that the following
dissipation property (H-theorem) holds

mﬂzégw@mmmwgo

together with the equivalence for some universal profile M : R4 x R? — [0, c0)
C[F]=0 < D[F]|=0 < F(v) =M (m;v)
where the macroscopic quantities m = (Rp,Up,TF) € R4*+2 are defined as
1 1

Rp = / F(v)dv, Up=— [ vF(v)do, Tp=—
Rd dRF Rd

= — Up|*F(v)dv.
e ) v — Up|“F(v)dv
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1078 P. GERVAIS & B. LODS

Let us also assume that M is related to ® through
(A2) B(M(M;0)) = G + b -V + c|v|? for some (A, cm) € R?, by, € R

and that, denoting m, = (1,0,1) and M, (v) = M(m,;v), the macroscopic fluctua-
tions can be factored as

0
M+ e(p,u0):0) = Mu(w) 42 (p+ vt 5 (ol = B) ) (o) + ofe).
where we denoted

M) = S )

The hydrodynamic limit problem

With the above premises, the scaling leading to (1.1) is then
F(t,z,v) = M, (v) +ef (£°t, ez, v)
which, plugged in (A.1), yields
O + v Vuf = LI+ QU ) + RIS
where the operators £, Q and R° are related to C through its Taylor expansion
about M,:
C[M, +eg] =eLg+e°Q(g,9) +e*R[eg] where Ehix}) Rleg] =0.

The assumptions (LE) and (BE) are partially satisfied at a formal level. Denote the
spaces

N :=Span (p, vipt, ..., vap, |v]*p), H:= L* (p(v)~ dv)

B 1

Y (M.(v)
The macroscopic conservation property implies the orthogonality properties for £
and Q:

and the H-theorem implies, at the quadratic order, the dissipativity of £ for the
inner product of H:

where p(v) :

lim %D[M* +egl=(Lf, fHu <0
£

e—0

thanks to (A.2)—(A.3). Finally, the assumption made on the form of the Maxwellian
fluctuations implies the inclusion

N C Ker(£)

and the reverse inclusion holds as soon as the dissipativity inequality is strict for
f Ly N.
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To handle the presence of the remainder R taking into account how C fails to be
quadratic, note that it satisfies the macroscopic conservation property

(Rlgl, o)u =0, YoeN.

As a consequence, we expect it can be handled in a similar way as Q, thus it is
enough to prove uniform bounds R[ef¢] = o(1) in H(Hj).

Examples

The above general set of assumptions holds for the classical Boltzmann or Landau
equation, as well as the BGK or non-linear Fokker—Planck models with

(205 ana ar) = 1og()
————exp | — an r) = log(r).
(2rT)i2 P 2T &

The above formalism allows to also encompass other models of physical interest. For
instance, the BGK operator, defined as

C[F](v) = M(Rp,Up,Tr;v) — F(v),
or the nonlinear Fokker—Planck operator (see [Vil02, Section 1.6]) as defined as
CIFl(v) =V, - (TpV,+ (v —Up)F).

Another set of examples are given by the quantum Boltzmann or Landau equations
for which

M(R, U, T;v) =

|v—bm|2) M(m,v) ( r >
FiMemi] 20 = E

In the case of Fermi-Dirac (6 > 0) or Bose-Einstein (0 < 0) statistics (see [Dol94,

ABL21]), the function F is given by

Flrl=1—or,
and in the case of Haldane statistics (see [AN15]), F is given by
Flrl=0—ar)*(1+(1—-a)r)'™ forsome a€ (0,1).

The quantum Boltzmann operator is then given by
i) = [ Blo= el re) )P @IFL )
— FO)f)FIF@OIFIf ()] fdv.do,

whereas the quantum Landau operator is given by

CIF)) = Vo [ fomv 2 o {F@OFU IV (0)= ) P 0]V (0]} o

R

At the linear level, the quantum Boltzmann and Landau equations fit within our
framework. The various assumptions (L1)—(L4) have been shown to hold for the
Boltzmann—Bose-Einstein equation (6 < 0) in [YZ24, Zho22] in the case of very soft
potentials (v 4+ 2s < 0) for which there does not hold || - ||[ge = || - ||z, but is more
intricate than the one for which (L4) would be satisfied (y + 2s > 0).

Gy, €XP (

Cm
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For Fermi-Dirac statistics, a spectral gap estimate can be found in [JXZ22| in the
case v = b(cos ) = 1. Concerning the Landau equation in the case § > 0, the linear
assumptions (L1)—(L4) as well as (LE) have been partially checked in [ABL21]. We
refer the reader to the work in preparation [GL] for more details on the quantum
Boltzmann equation.

Appendix B. Technical toolbox
B.1. Littlewood—Paley theory

For some appropriate ¢ € C>°(R?) supported in an annulus centered about 0 and
X € C®(R?) supported in a ball centered about 0 such that

0<e,x<L,  xEO+D 027 = ¢(27¢ =1,
i=0 pr—

one defines the homogeneous Littlewood—Paley projectors for any j € Z (see [BCDI11,
Section 2.2)):

Aju=F ' [o (27€)a©)],  Sju=F "' [x(27¢) ue)],
as well as Bony’s homogeneous decomposition (see [BCD11, Section 2.6.1]):
wv = Tyv + Tyu + R(u,v),

where the homogeneous paraproduct ng and the homogeneous remainder R( f,9)
are defined as

Trg:= Y Sio1fAjg, R(f.9):= > AjfAug.
j=—00 li—k|<1

This decomposition allows to prove the following product rule, which follows from
the combination of [BCD11, Corollary 2.55] and the embedding IB%2 L — B 5o = = He.

PROPOSITION B.1. — For any sy, 55 € (—%, ) such that s; + s, > 0, there holds

27 2)

[woll o grey ey S ellgzs 0]

One also defines the inhomogeneous Littlewood—Paley projectors for j > —1 (see
[BCD11, Section 2.2]):

Aju = S; = ]z:l Apu,
Aju, j=0, k=t
as well as Bony’s inhomogeneous decomposition (see [BCD11, Section 2.8.1]):
wo = Tyv + Tyu+ R(u,v),

where the inhomogeneous paraproduct Trg and remainder R(f, g) are defined as

Trg = Z Sg 1fA;97 R(fvg) = Z AijkQ-

j=-1 li—kl <1
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This decomposition allows to prove the following product rule, which follows from
the combination of [BCD11, Corollary 2.86] and the embedding H? = B, < L>
whenever o > d/2.

PROPOSITION B.2. — For any s > 0 and o > d/2, there holds
[uvl[gs S Mlullgs|vllge + lullzello]| e

We also present the following Sobolev—Hélder product rule.

ProroSITION B.3. — For any s’ > s > 0, there holds

lwollzs S Tlullas [vllsr oo

Proof. — When s € N, the estimate follows from the combination of Leibniz’s
formula and Hélder’s inequality in L? x L*: for any o < s

g e
IV (o)l 2 S 3 |Viuveo|| , S S IVTulle [ Voo, o S llulluellollwes,
r=0 r=0
and thus ||uv||gs < ||ullgs||v||wses-
When s ¢ N, then W** = B, and we rely on Bony’s inhomogeneous decom-

position. On the one hand, [BCD11, Theorem 2.82] and [BCD11, Theorem 2.85]
yield

1Tl + 1RO, ) are S Tullar ol leoe

so we are left with estimating T,v. Following the proof of [BCD11, Theorem 2.82]
(or more precisely [BCD11, Theorem 2.82]), there holds

o0
20 S D 29|18 ud |3,
j=—1

o o » 2 2
S 2 (259 Aol ) 1S vl s

i=-1

[Tl

S Nulliye o lJullZ2,
where we used the definition of the norm B7_ , = W and the fact that [|.S;_jul|z2 <

~Y

||U||L2. ]

B.2. About the wave equation

On the basis of the above Littlewood—Paley decomposition, we also establish the
following decay in time of the wave semigroup. Such a result is very likely to be part
of the folklore knowledge for dispersive equations and we give a full proof here:

. dt1
LEMMA B.4. — Given u € B;3 (R?) one has
; _d-1
Ml STl o, >0
Loe 2
IEB1,1
dtl
whereas, for s > 0 and u € By
. d—1
Myl| St g, >0,
Ws,oo BL%
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1082 P. GERVAIS & B. LODS

Proof. — For any j € Z, we denote uj(x) = u (2/x) and notice

P Aju = <622 tIDzlﬁou—j) oo Aouy = (Aju)
J

J
Using the scaling properties of the L' and L*-norms, we deduce

it|Dz| A — || 2’ tIDa| A . A , — 9Jd||A .
e'tlve AJUHLOO = ||e" " Agu_; Agu_j| =229 AjulL1,

)
Loo Ll

and thus, using the dispersive estimate for functions whose frequencies are localized
in an annulus (see [BCD11, Proposition 8.15])

L. _d=1 .
<y LEY @07 S|
® jEZ * jEZ
d+

d—1 . dtl d—1
SEE Y @20 1 Agullyy =t ullene
JEL ’

zt\Dz|u 61t|Dz|Aju

e
L

Furthermore, there holds

ezt|Dz\u‘ a||eittDely 1 sup 2% en|DI|AjuH
Wy’ Lge 720 Lge
d—1 . d+1 .
—_ = ] SJ’,i
<5 <||uy|B§dl+l>/2 +sup 27 (HE) || Al L1>
’ Jj=0 ©
_d-1
SJt 2 HU||B(d+1)/2+s.
1,1
This concludes the proof. U

B.3. Duality

Consider some surjective isometry A : Y* — Y that is to say

[f1lve = [[Af]ly-

Its adjoint A* : Y — Y for the inner product of YV is then an isometry as well:

A" fllye = sup (f,Ag)y = sup (f,g)y =Iflly,

lgllye=1 lg'lly=1

and it extends naturally to a surjective isometry since Y° was defined as the com-
pletion of Y. This allows to write the Z(Y°;Y*®)-norm in term of the A(Y)-norm
as well as the isometries A and A*:

[T[yomsye = [ATA |y v,
and thus deduce the identity

(B.1) ITllyesye = 1T lyoosye,
from the classical one [|S||y_y = [|S*]|y—y and (A*)* = A. Similarly, we have
(B.2) Ty =ye = [|[T™]lyesys
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B.4. Bootstrap formula for projectors

We present some formulas relating the remainder of Taylor expansions for projec-
tors with the lower order terms and remainders. This will allow to prove inductively
regularizing properties on each term of said expansion.

LEMMA B.5. — Consider a projector P(r) € A(FE) depending on a parameter
r € [0,1] and its Taylor expansion at order N > 0:

N-1
P(r)y =Y r"P"™ 4+ NP (),
n=0
whose (constant) coefficients belong to %(E) and satisfy the identities

M
(B.3) o pmpd=m — pOh g <M KN -1,

n=0

then the remainder satisfies a similar one:

(B.4) PYr) = PIYPO(r) + 3 PO PO
(B.5) — P(N)(T)P(T’> + i pWN-n) pn) (r).

Proof. — We only take care of (B.4). Note that when N = 0, this reduces to
P(r) = P(r)P(r), which is true since P(r) is a projector. We prove the case N > 1
by induction. We start from the induction hypothesis at order N:

N
P (r)y = P(r) PN (r) + 3 P (r) PO
n=1

and inject the expansions P (r) = PW) 4+ PN+ (r) and PM™(r) = PM 4+
r P+ (1)

N
PN (r) =P(r) (PN + PO (r)) + 3 (P™ 4 P4 (r)) PN
n=1

n=1

N N
=P(r)P™) + 3 pypN=m) 4 g <P(r)P<N+1>(r) +> P<”+1>(r)P<Nn>> :
n=1
Next, we expand P(r) = P© + rPM(r) in the first line:

N
PM () = (p(O) + rP(l)(r)> PN 4 3 pn pv=n)
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Since we assumed (B.3), we replace the first term and thus have
N
PM(r) = PN 4 r <P(r)P(N“)(r) +3 P<"+1><7«)P<Nn>> ,
n=0
from which we conclude using PN (r) = PW) 4 ¢ POV (1), O
In the case of the spectral projector from Lemma 3.4, we use the following corollary.

COROLLARY B.6. — The following identities hold for N = 1:

(B.6) PU(&) = PEOPH(E) + PU(OP.

(B.7) = PO(©P(&) + PP (9),

and, assuming P = PP + POP, for N = 2:

(B.8) PP(&) = P(PP(&) + PU(¢) @ PY + PP ()P,
(B.9) =P (P(E) + PW @ PO () + PPP)(¢).

Appendix C. Properties of the Navier—Stokes equations

We recall here some classical results on the Navier—Stokes equations and refer
to [LR16] and references therein.

THEOREM C.1 (Cauchy theory for Navier—Stokes). — Let s > g — 1 and
consider a triple of initial conditions (i, Ui, 0n) € HE satisfying

vx(@in + Hin) - O, V;U * Uip = 0.

There exists a unique maximal lifespan T, € (0, oo| such that, for any T' < T, the
initial data (o, Uin, Oim) generates a unique solution

(0,u,0) € C([0,T];H;) N L* ([0, T} H;™)
to the incompressible Navier-Stokes—Fourier system

{&u +u-Vau = KneDgu — Vup, Vi -u=0,

C.1
(C.1) 00 + u - V20 = KpoulA.0, V.(o+0) =0,

and it satisfies for some universal constant C' > 0

1(0, w, )| Lo (po,77;5) + Va0, 0, 0) || 220,73 125)

< CH (Qina Uin, 91n)|

s € C||Vzu
m; exp | C] ||L2<[07T];H§_1>

If the solution is global (i.e. T, = cc), the solution vanishes for large times:
tm | (p(8), u(t), ()|

this is the case if d = 2, or if d > 3 and |[ul| 4_, is small.

we = 0;
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Note that, on the one hand, o(t),6(t) € L? thus the Boussinesq condition V(o +
0) = 0 is equivalent to ¢ + 6 = 0, and on the other hand, since u is incompressible,
the pressure (which is to be interpreted as a Lagrange multiplier) can be eliminated
using Leray’s projector P on incompressible fields:

Ou+ P (u-Vuu) = KineAzu,
(C.2) O = KouAa0 +u - V0,
0= _97

or, equivalently,

oyu + IP’[VZ : (U & U)j| = "fincA:Bua
(C.3) 0,0 = Kponlal + Vs - (uf),
o= —0.

The next two results detail in what sense the Navier—Stokes—Fourier system is
equivalent to (2.9), proving Proposition 2.5.

LEMMA C.2. — The following identities hold.
(1) For the Burnett function A, one has
o, 2
<stm (vipe, vjp) 1A>H 21 (Ezg + B — d5z’,j1d) ;

where (Ei,j)‘j’j:l is the canonical basis of .# x4, and the coefficient 1, is
defined as

= —d@(@sym(vlu,vm), L7 (1d = P)v3p),, -
Moreover, there holds for ¢ = u, (|v]* — E)u
(Q¥™ (¢, vp), LTIA) ;= (@Y (0, 0), LTIA), =
(2) Regarding the Burnett function B, one has
<stm(vl,u i), 1B>H s €;,
(Y™ (vips, (|v]* — E) p), L7'B),, = Vse;,

where (e;)¢_, is the canonical basis of R and the coefficients ¥; are defined

as
o 1 sym -1 _ 2
Ye = i K(K = 1) <Q Y (Ulluu M)VC (Id P) U1|U| M)H
1 2 -1 2
= — Sym - E I - P .
Us E\K(K — 1)<Qy (012, (0> = B) ), £71 (Id = P) vy [v[?p),

Furthermore, for ©,v = pu, vu, (|v|> — E) u, one has
(Q¥™ (i, 1), 1B>H =0 and  ( QY™ (vip, v;p), L 1B>H
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Proof. — We recall the notation from Section 3

/d
Ro:=L ' (Id—P) as well as the identity L 'A = ERO [v®vp.

We also recall that both £ and Q%™ commute with orthogonal matrices, and in
particular preserve the evenness/oddity.

In this proof, we only prove the first identity which is the most intricate, that is
we compute for all ¢, 5, k, ¢

<stm(viﬂ> Ujﬂ)a RO [UkUgIMD .
The other identities are proved in a similar yet simpler manner.

Step 1: The case i # j. — If {i,j} # {k, ¢}, then O™ (v;u, v;p) is odd in the
variables v; and v;, however Rg [vkvg,u} is even in at least one of these variables, thus

<stm(vz‘ﬂa vj); Ro [Ukw,u} > =0.

If {4,j} = {k, ¢}, we use the isometric change of variables (v;,v;) — (”1\%”, ”1\;%’2),
which is compatible with the invariance of £ and Q¥%™:

<stm(%‘/ﬁa Ujﬂ)7 Ro [Uivju] >

1

=1 <stm((v1 + va) i, (V1 — v2) ), Ro [(Ul —vg)(v1 + U2)M}>

1
=1 <stm(v1li; vipt) — Q%™ (vapt, vapt), Ro [vf,u} — Ry [U;UD
1
"2 ((Q¥™ (v, vaps), Ro[oipe] ) — Q™ (v pa, vaps), Ro 3] )

where we used the change of variables (vy,v2) > (vq,v1) in the last identity. Using
that

Rolu] + 3 Rofon] = Ro [loP] = 0

=2
together with the change of variables v; — v, we can rewrite the previous identity
as

Q™ (vips, vjpe), Ro [viv ] )
. ( = > (9™ vy, v1 1), Ro [U?ND — (@Y™ (v1p, v112), Ro[v3p1] ) )

2\ 4

d
= —5 (@™ s, vip). Ro[u3u]).

¥
To sum up, if i # j, we have (Q¥™ (v, vju), LT'A) = jl(Ew + Ej;).

Step 2: The case i = j. — If k # ¢, then Ry[vgveu] is odd in both vy, and wvy,
whereas Q%™ (v;u, v;pt) is even in all directions, thus

<stm(viluv Uilu“)a RO [Uk’l]g,ld > =0.
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When k = ¢, arguing as in Step 1, we have
_(d - 1) <stm(vlua Ul/JJ)a RO [U%M}> ) k= 2.7
Q™ (v, vin), Ro [ v = ,
< (U,u U,U/) O[Uk:u]> {<stm(vlﬂ’>vlﬂ)aRO[U%M]>7 k 7&2.

To sum up, when i = j, we have (Q¥™(v;u, v;u), LA) = 91 (E;; — 51d) and this
proves the result.

Step 3: Comments on the other coefficients. — Regarding the Burnett function
A, one proves similarly for ¢ = p, (Jv]* — E)u

d
(¥ (p,0), LTA), = \/7<st“1(@0, @), L7 (Id = P)vipu) , 1d,

and observing that the Q(i, o) is radial and that |v|>u = %, v?u € Ker(L), we
deduce using the change of variable v; — v; that these coefficients vanish.

Regarding the Burnett function B, one proves similarly for ¢ = p, (|v]* — E)u
1
Q™™ (v, QY™ (v, ), L7 (Id — P) vy |v]? :
E)u, we have that
TE/RET

where we used that Q(y,v) is radial and £71(Id — P)v;|v|?i is odd in v;. Finally,
there holds

and for o, = 1, (|v]?

(@ (p,9), L7B); =

QY™ (ip, ), L7 (Id = P)vafv*p) ;= 0,

(@Y™ (vit, vj), L7 B)y = 0
because O™ (v;u, v;u) is odd in both v; and v; if ¢ # j, or even in v; = v; otherwise,
and £7'B is odd. This concludes the proof. 0

Remark C.3. — Note that in the case of the classical Boltzmann and Landau
equations, the operator L is related to Q through a linearization procedure, and one
can show the identity

VfeKer(L), Qf f)= —*ﬁ (e,
which implies that ¥ = 0 and the coefficients ¥, and 3 can be computed explicitly.

Thanks to the above result, we are in position to prove the Proposition 2.5.

Proof of Proposition 2.5. — We recall the integral formulation of the incompress-
ible Navier—Stokes system:

¢
u(t) = et Py, — 191110]1)/ elt=kincAs x7 (u®u)(7)dr,
0
t
ot) = elrmonleg, 19Bou/ e(t=TrBouAey (uf)(7)dr,
0

Q:_ea

where we recall that P is Leray’s projector on incompressible fields, and we point
out the equivalence between V(0 + 6) = 0 and ¢ + 6 = 0 since o(t),0(t) € L2.
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Regarding the kinetic integral equation, we recall the definitions of Ung and Vys:

UNS<t> t’imc zP( ) +etK301| zP() VNS( ) tﬂmc CL‘P(l) _i_et/ﬁ?Bou zP()

inc Bou» inc Bou»

and point out the equivalence coming from Proposition 2.10:
(C4) (1d=PR) f=(Td=Pg,) f=0 < V,(0+0)=0 and V, -u=0,
and since (B1) assumes Q(f, f) L Ker(L), we have

PLePLIQ(S. f) = PLIQ(L D). PRoPRownQ(f f) = PR, Q(f. ),

thus we assume (C.4) from now on.
Since Uns and Vyg both take values in macroscopic distributions, it is enough to
consider their macroscopic components.

Step 1: Description of Pi(ng(f, f) and P](glqu(f7 f). — Plugging the expression (2.7)
of f into the nonlinearity Q(f, f), we have
92

Q(f,f)ZQQQ(u,uHQ(u-vu,u-meQ((leQ E) p, (Jv]* — E) )

200

+ 20u - Q(p, vp) + mQ (1, ([ = E)p)

20u 9
—_— — FE)u) .
On the one hand, Lemma C.2 yields

(Q(f, /), LT'A),, = ‘921<u®u—\uyld>

and, since for any g : R? — R, there holds V, - (gId) = V,g and thus P (V,, - (gId)) =
0, we deduce from Proposition 2.10 that

u |V PRIO(f. f)] = <g>2p{vx-<Q(f7f),E‘lA>H}

3
d\2 v
(E) —P{V, (u®u)}.
On the other hand, Lemma C.2 and (C.4) yield

) 29 20
<Q(f, f),»c 1B>H — 2192ug+ E(Kig—l)ue = <2192 + 3)) u9,

and thus, according to Proposition 2.10,

1 203 )
0 pU = (219 ————— | V. - (uf).
[V Bou (ﬁf)} Kk —1) 2+E(K—1) V.- (uf)
Step 2: The integral formulation in macroscopic variables. — We are only left with

checking that the u-part of the kinetic integral system satisfies the Navier—Stokes
equations, and that the #-part satisfies the Fourier equation.
Indeed, by Proposition 2.10 and the previous step, there holds
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ult) = ulF(0] = ulUss(Oful + u | [ Vaslt = Q). £7)

t
- etmnCAzuin - ﬁincp/ e(tiT)mnCAz Vx : (u & u) (T) dTa
0

as well as
6(0) = 017(1)] = 8O0l +6 | | Vis(t = 7)QUF(7). ()

t
_ emchinn _ 798011/ e(t—T)HBouAm Vz . (u@)(T)dT
0

This concludes the proof of Proposition 2.5. O

The next two lemmas provide estimates related to the kinetic version of the Navier—
Stokes—Fourier solution, and the first one is essentially a quantitative version of those
proved in [GT20].

LEMMA C.4 (Estimates for Navier—Stokes). — Suppose s > g and denote
the bilinear term ¢ = Q(f, f) where f is defined as

f@tz,0) = ot x)p(v) + ult, z) - vp(v) + 0(t,z) (Jv]* — E) u(v),

1
BE(K —1)

and the coefficients (o, u, ) are a solution to the Navier—Stokes—Fourier equations
given by Theorem C.1. Then ¢ satisfies

e
[[oll oo o,7ysms (1) + H\VIV Pllr2qor) ms a0

2
S (1 + 11(@ins tin, O llz-0 + [1(0: w, 0) || oo 0.1y 115 + HVI(Q,U,H)HL?([O,T);H;)) )

and for any p € (1,2], where p =1 is allowed for d > 3, its derivative Oyp satisfies

190z s aey) T NOPN 1y b )

< (14 e Ol oy ) + 1920 0.0) oy ) -
Proof. — The function ¢(t,z) € H® writes for some ¢; € H® as (note that p = —0)
o(t,r) = u(t,z) @u(t,z) : o1 +ult,x)o(t,z) - o + 0*(t, z)ps,
and its derivative writes

Ohp =2 (Opu) @ u o1 + [(Fpu) 0 +u (Dr0) ] - 92 + 20(0r0) 3

We only prove that the term o(0,u) satisfies the estimates of the lemma, the other
ones being treated the same way. Since (g, u, ) is a solution of the Navier—Stokes—
Fourier system, using the formulation (C.2), the term writes (omitting constants)

0 (Owu) = g(IP’ (u-Vu) ) + oA u.
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We will require the product rules recalled in Appendix B.1:

d d
(C.5) V51,82 € <—2, 2) , S1+82>0, |ghl P < s 1Pl gez »
d
(C.6) Vis1 >0, Vs> 5 lghl Hi X S N9l [P llgse + N9 llgss | ollge

and this last one which can be proved as (5.1a):

o S Vel gll gy

(C.7) Vs> ;l, Vre {O,Z) , |lghl

Step 1: The estimates for o(P(u -V, u)). — Using the algebra structure of H*® and
P e %(H):

H (u- Vu)‘ P(uvmu))HH

Applying the product rule (C.5) a first time with the parameters (s, s2) = (3,454
and using the boundedness P € Z(H(1/?)

s || Vaul

2
H Hs € Lt'
H: !

le(P@- )|, S lellzz 1P (- Vewllggona S Nellzz Nl Vel
3 x xr

and then using the product rule (C.5) a second time with the parameters (s, s2) =
(v,d — % —v) for some v € (451, 4) so that s, € (41, 9)

HQ P(u- qu))

When d > 3, we have v € (1,s) and d — v — % < s, and thus
lou- aull,_y S Nl I Vol s [V aulls € LE O L2,

o S llellezllully Veull ooy -
T

Hg

and when d = 2, since v € (%, 1), we have by interpolation

c€L? mL“”,

lou - Vaull -1 < llof]m: |
thus, taking v arbitrarily small to 1 yields the result.
Step 2: The estimates for oA,u. — We rewrite this term as
oA u =V, - (oV,u) = V0 - Vyu,
from which we deduce
leAzullyor S loVaully, + [1Veo - Vaul oo -

Using for the first term the product rule (C.7) with v € (0,1) when d=2or v =1
when d > 3, and (C.6) for the second term, we have

loAzul| gams SIVal”0ll g Vaullms + [[Vaoll ge IVaullmg
+ Va0l Hs vaHH;—I cL?’n LT,
Furthermore, using the product rule (C.5) with the parameters (s1, s2) = (v, % —v)

for some v € (3, %), and with (s1, 52) = (%2, 0), we have
loAsull -y < lloVoull 3 +11Vae- Vaull
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S el Vaullgarnz— + [ Vaoll a2 [Vaull 2
SIVaullg, (el + V20l

In the case d > 3, we deduce taking v =1

H&sjfl) .

loAvull_y S IVaulls: Vool it € L0 L2
and when d = 2, by interpolation,
_2
loAsull —y S Vol [Vaollfsllels” € Li™ N LE,

from which we conclude the result by taking v arbitrarily close to 1. This concludes
the proof of the estimates for ;.
For the estimates of ¢, one proves similarly

loullus S Ilolles |lwlms

and

V. ul

s + ||oflu

s
€T

HZ

122w, < ([IV:1"¢]

Vol

;) Il

which allows to conclude using Lemma C.5. This concludes the proof of Lemma C.4.
O

H

LEMMA C.5 (The Navier—Stokes—Fourier solution and the space 5¢).
The Navier—Stokes solution in its kinetic form belongs to the space J° (where the
parameter « defines this space):

1f 12 S 1ot thin, On) gz + 10w, O)| Lo o1y ) + 1V (0,15 O] 20,112 -
Furthermore, it can be approximated by a smoother sequence; there exists (f:)zc(0,1] €

25T such that
tig 1 — s = 0.

Proof. — The proof is given in two steps.

Step 1: Bound in 5. — We only need to consider the case d = 2 and only prove
the estimate for u. We start by applying Duhamel’s principle to (C.3):

t
u(t) = e, [ Iplr)dr, o= B[V o w)],
0
from which we obtain

/ RCAE

dt

2 T 2
L dt 5/ H|V$|1—Oé€tf€inchuin
z 0

12
T
/
0

2

dt,

L3

t
Vpe [ p(rar
0
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or, equivalently, in Fourier variables:

! 2 - T . 2
/0 17212 u(t)], at §/ﬂ@ |£|‘20‘\uin(£)|2/0 €[22ttt g

+/Rd €17 /OT (/Ot €]t 5, 5)d7)2dtd£'

Using Young’s convolution inequality in the form L2([0,T]) = L*([0,T]) — L*([0,T])
followed by Minkowski’s integral inequality for the second term, we thus get
2

/ A e e e s+ [ 1 ( / e dt)

T 2
< Nuinllf-o + () |lg-adt )
‘ 0

Since P € # (H;O‘), we get using the product rule (C.5) (using that ¢ = 1) and then

dg

by interpolation

lollize < llu@ullg-e S ullf-g S 1Vaullzz Vol ~u
T

L}

from which we conclude using Cauchy—-Schwarz

T 2

| vl
T

S e + ( / |11 "u(t)

and thus, by Young’s inequality

[ v

This concludes this step.

Step 2: Approximation by functions in ##**!. — Since the solution is instantly
regularized in the sense that
(Vae0,Vou, V,0) € L ([0, T); HE),

and in virtue of the control from Theorem C.1, there holds for any ¢ € (0,7T)

dt

NV N
) ([ 19 )
x O b

T
2 2
1S ol + [ IVau) at

||(Qv u, Q)HL"O([&T);HS“) + ||Vz(g, u, Q)HL?([(S,T);HSH)

g C 5 , 5 ’0 (5 s+1 C x &1 )
@) (8. 00 s exw | UVl )

and thus from Step 1, we have that f(J + ) € 2! From this observation, consid-
ering (by the continuity of f and the density of H**!) for any € > 0 some 4. > 0
and fi,. € H:(H,) such that

O
0 1)~ fucligny <5 [ IV 0)

0<t< 38

2

dt < e,
Hg (Ho)
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and up to a reduction of §,

3

<=
Hy(H,) 0

H’vx|17afin,€

We can therefore define

_ fin,sa te [075&:)7
0= {f<t>, e (5.T)

so as to have f. € ! and

2 2
| fe — f“ﬁ”s S o SuE 1f(t) — fin,szH%(Hv)

X lx Ve

2
dt < &2,
H; (Hy)

|V$|17af(t) - |vx|17afin,s

55
/
0

which concludes the proof of Lemma C.5. O
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