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1368 A. MECHERBET & F. SUEUR

Deuxiemement, dans le cas ot p > 3, nous démontrons 'analyticité des trajectoires par rapport
au temps. Enfin, nous établissons la controlabilité exacte globale & temps court du systéme
de transport-Stokes. Ces résultats étendent au systeme transport-Stokes certains résultats
obtenus pour le systéme d’Euler incompressible respectivement par Yudovich dans [Yud63],
par Chemin dans [Che92, Che95] et par Coron et Glass, dans [Cor96, Gla00].

1. Introduction and earlier results

We consider the following transport-Stokes system:

Op +div(up) = 0, on R x R3,

~Au+Vqg = —pes, on Rt x R3,

(1.1) divu = 0, on R* x R3
|$1|iinoo\u| = 0, on RT,

p(0,) = po, on R3.

The system (1.1) has been derived in [H6{18, Mec19] as a model for the sedimentation
of a cloud of rigid particles in a viscous fluid in the case where inertia of both
fluid and particles is neglected. Let us also mention that, recently, some systems
coupling a transport equation and the Navier-Stokes equations have been obtained
as hydrodynamic limits of the Vlasov-Navier-Stokes system in [HKM24].

Existence and uniqueness of solutions to (1.1) has been proved in [Hof18] for regular
initial data density, and extended to the case where the initial density is in L*(R*)N
L>(R?®) with finite first moment in [Mec21]. A similar result, without the assumption
on the finite first moment, has been proved in the parallel contribution [HS21]. In
the former paper, the authors also present a well-posedness result for a transport-
Stokes like model taking into account the correction to the effective viscosity, the
initial probability density is assumed to be W1 (R?) N WH1(R?) in this case. In
the paper [Leb22|, the author proves global existence and uniqueness for L>(R?)
initial densities in the case of bounded domain in R?® and R? and also in the case
of an infinite strip Q = (0,1) x R with a flux condition. We refer also to the recent
paper [Gra23] where the author proves global existence and uniqueness in R? for
LY (R?) N L>=(R?) compactly supported initial densities as well as propagation of
Holder regularity of the boundary of the patch.

Let us finally mention the work in progress [Cob23] regarding the wellposedness
of the transport-fractional Stokes system.

Let us emphasize that the transport-Stokes system can be seen as a particular
case of a large family of transport equations with a velocity given as the convolution
of the density p with a kernel K. The main key in order to ensure uniqueness is to
establish suitable stability estimates. The first result relying on the 1-Wasserstein
distance was obtained by Dobrushin [Dob79] in the case where p € P;(R?) and
K € Lip(R3,R?). This result has been generalized since for more singular kernels
but for which, in counterpart, the probability density p lies in L>(R3); we refer to the
stability result by Hauray [Hau09] in the case where the singular kernel (at origin)
satisfies a compatibility condition that mainly ensures local integrability of K, VK.
This result has been adapted from the 2-Wasserstein stability estimate obtained by
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A few remarks on the transport-Stokes system 1369

Loeper [Loe06] for the Vlasov—Poisson system with L probability measures. We
finally refer to the paper by Duerinckx and Serfaty [Ser20] where K is the gradient
of Coulomb, logarithmic or Riesz kernel. Authors prove the mean field convergence
for a large system of interacting particles by introducing a suitable distance built
as Coulomb (or Riesz) metric which overcomes the stability issue encountered when
considering the Coulomb case with Wasserstein metric.

2. Statement of the main results

2.1. Global existence and uniqueness result for L' N L? initial densities
where p > 3

In this section, we state the first main result of this paper regarding the global
existence and uniqueness of solutions to the transport-stokes system with lower
regularity than in the previous results, that is for L' N LP initial densities where
p>3.

Let us fix a notation before to state precisely the statement. For p > 1, let E), be
the subspace of probability measures in LP(R?). In addition to the global existence
and uniqueness issue, next result also establishes the validity of some well-known
conservation laws and the existence of a flow map in a classical sense.

THEOREM 2.1. — Let p > 3 and py in E,. Then there is a unique corresponding
solution

(u,q,p) € C ([0, +00), W*" (R*) x WP (R*) x E,)
if p > 3 and respectively for p = 3
(u,q. p)
cc ([o, oo W% (BE) AT (R) 1 () W (BY) x W (R) E)
q € (3,400

of the transport-Stokes equation (1.1) in the sense of distributions, the density
function satisfies the following conservation law: for any t > 0,

1) Ip(®) 2w = Doollzresy and  o(®llzs = looll

The velocity and pressure (u,q) satisfy for p > 3 and all't > 0

(2.2) |u(®)w2r@s) + [lg()]wrr@s) < Cpllp(t) |l @3)nLe@s),

and for p =3, q € (3, +o<]

(2.3)  [[Vu®)|lwras) + [[ul®)|lwrams) + [lq@)[[wra@s) < Collp()l|rr @) 0 Laes)-
Moreover,

(2.4) {C([O’ +00), O (R?), if p>3,

C ([0, +00),Log — Lip (R®)), if p=3,
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1370 A. MECHERBET & F. SUEUR

where . = 1—3/p, see Definition 3.3 for more details on Log-Lipschitz spaces. Finally,
for all s € [0, 400), there exists a unique

C ([0, +o0),C1* (R3)), if p> 3,

(2.5) 4Ww&0—“€{cqq+m»cwwww, if p=3,

where r, = e=¢*, with C' > 0 a constant depending only on ||p0||L1(R3)mL3(R3), such
that
(2.6) O Xt s,x) = u(t,X(t s x)), Vit sel0+o0),

' X(s,s,2) = =, vV s € [0,400),

and for any t in [0, +00),

In (2.7) the notation # stands for the push-forward of the measure which follows
the symbol by the mapping which precedes the symbol.

Remark 2.2. — The critical case where p = 3 can be seen as a counterpart of
the famous result by Yudovich in [Yud63] on the existence and uniqueness of the
weak solutions with bounded vorticity of the 2D incompressible Euler equations. In
particular, this result uses in a key manner that the velocity field is log-Lipschitz. A
related result, with a conditional flavour, also holds in the case of the Vlasov—Poisson
equations, see [Loe06].

The most delicate part of the proof of Theorem 2.1 is the uniqueness issue. Indeed
Theorem 2.1 is obtained by classical arguments from the following stability estimates
where W, denotes the first Wasserstein distance defined for two probability measures

p1, p2 by
Wi(p1,p2) ==  inf /\x —yldr(x,y),

7"—EH(IDl ,P2)
where II(py, p2) is the set of admissible transport plans 7 in P(R? x R?) having p;
as first marginal and p, as second marginal.

THEOREM 2.3. — Let p > 3. For any R > 0, there is C' > 0 such that for any
couple of initial densities (p, p3) in E, with max;—1»(||p?|| 12 &), [|00]|rgs)) < R, if
(u1, p1) and (ug, pa) satisfy the transport-Stokes equation (1.1) for any t > 0, then

(2.8) Wi(pr(t), pa(t)) < Wilph, p)e, ifp >3,
(2.9) Wi (pr(8), pa(t)) < Wi(p%, p2)e ", if p =3,

The proof of Theorem 2.3 is given in Section 4 and Theorem 2.1 is deduced from
Theorem 2.3 in Section 5.

Remark 2.4. — We emphasize that the existence and uniqueness result can be
extended to the case of transport-Stokes system with an additional source term f in
the right hand side of the Stokes equation provided that f € C([0,4o00), L'(R*) N
LP(R3)).
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A few remarks on the transport-Stokes system 1371

2.2. Analyticity of the flow map when p > 3.

Next, we prove that, in the case where p > 3, the flow map which describes the
trajectories of these solutions is analytic with respect to time. In the rest of this
paper we use the following notation

X(t,-) = X(t,0,-)
with X (¢,0,-) defined in (2.6). The following result holds true.

THEOREM 2.5. — Let p > 3, po in E, and (u, p) in C([0,+00), W*? x E,) the
unique corresponding solution of the transport-Stokes equation (1.1). Let p :== 1-3/p.
Then X, defined as above, is analytic from [0, +00) to C1#(R3).

This result extends to the transport-Stokes system a result which was obtained
for classical solutions of the incompressible Euler system by Chemin in [Che95], and
reproved by various other methods see by, among others [CVW15, FZ14, Gam94,
GST12, Inc16, Kat00, Ser95, Shn12].

To prove Theorem 2.5, the key point is to prove the following result.

PROPOSITION 2.6. — There exists T' > 0 depending only on ||po||pr~» and two
constants Cy and Cy depending only on ||po||, T and p such that for all t € [0,T]
and for alln > 1,

1/2

(210) jor (el (-0 (1

)@@ﬂ

Above we have used, for any n > 1, the notation

(1/2) _@/2/2-1--1/2-n+1)

n n! ’

(2.11)

which is extended by convention by (*/?) = —1. With this definition we observe that

(—4)n1<1/2> > 0.

n

Moreover, for all n > 2,

(2.12) (—1)" n! (17/12) < O;{.

Therefore to deduce Theorem 2.5 from Proposition 2.6, it is sufficient to com-
bine (2.10) and (2.12) on any time interval of the form [¢,¢ + T|. Indeed, since
the velocity v depends on time only through the density p, this ensures that the
ODE equation for the flow is autonomous, see also formula (6.10) for a self-contained
integro-differential equation of the flow. Consequently we have stated Proposition 2.6
in the case where t = 0 for simplicity.

The proof of Proposition 2.6 is given in Section 6 and is based on the approach
developed in [CVW15] where authors prove analyticity of Lagrangian trajectories
for several incompressible inviscid models including the 2D surface quasi-geostrophic
equation, the 2D incompressible porous medium equation, the 2D and the 3D incom-
pressible Euler equations and the 2D Boussinesq equations. It turns out that, for
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1372 A. MECHERBET & F. SUEUR

the transport-Stokes model, the Oseen kernel benefits from better integrability prop-
erties, compared to the kernels considered in [CVW15], which allows us to consider
an initial density function py which is less regular than the initial data considered
in [CVW15].

Remark 2.7. — 1In the case where p = 3, it is likely that the flow map X still
benefits from Gevrey regularity from [0, +00) to C™(R?). Such a result is proved in
the case of the 2D incompressible Euler equations with bounded vorticity in [Gam94]
in the case where the fluid occupies the full space and in [Suell] in the case where
the fluid occupies a bounded domain.

2.3. Exact controllability of the transport-Stokes system

Our third main result establishes the small-time global exact controllability of the
transport-Stokes system when distributed forces are allowed in an arbitrary non-
empty open subset of R?, in the case where the initial and final densities are in L?
with p > 3. Here the index ¢ means that these densities are compactly supported.

THEOREM 2.8. — Let T' > 0, p > 3. Let w a non-empty open subset of R3.
Let po and py in LE. There exists (u, p) in C([0,T), W*?(R?) x LP(R?)) and anal-
ogously for p = 3, u € C([0,T], W-3(R?) N W23(R?) N N, 3 LI(R?), there are
feC.(0,T,L>(R?) and g € C.(0,T, L*(R*) N LP(R?)), both compactly supported
in (0,T) x w such that

Op + div(pu) = g, on R3,
—~Au+Vp = —pes+ f, onR3,
divu = 0, on R3,

p(0)=po , p(T)=ps, onR’

Theorem 2.8 adapts to the case of the transport-Stokes system some earlier results
obtained for the incompressible Euler equations in [Cor96, Gla00, Gla12]. The proof
follows closely a now well-known strategy, relying on Coron’s return method and the
existence of peculiar vector fields, which solves the Stokes system in the uncontrolled
zone R? \ w. For sake of completeness, we give a sketch of proof in Section 7. Let
us also mention that results regarding the Lagrangian controllability could also be
obtained, in the spirit of the results [GH10, GH12, HK17] in the case of the Euler
equations and the result [GH16] in the case of the steady Stokes equations. The
proof of Theorem 2.8 is given in Section 7.

2.4. A few open questions on the transport-Stokes system

e [t would be interesting to investigate whether the results obtained in this paper
can be extended to the case of R? and the case of domains with boundaries.
We have already mentioned the recent paper [Gra23] for the case of compactly
supported initial densities in L!'(R?) N L*°(R?) and the paper [Leb22] where
existence and uniqueness is proved in the case of bounded domain in R? and
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R? and also in the case of an infinite strip Q = (0,1) x R with a flux condition.
In both cases the density is assumed to be in L*. Regarding the issue of
the regularity in time of the flow map, let us mention [GST12, GS12, Kat00,
Suell] where the case of the incompressible Euler equations in domains with
boundaries is tackled.

Another question is whether or not the well-posedness part of our results could
be extended to lower regularity by making use of the theory of renormalized
or Lagrangian solutions in the spirit, for example, of [CCS21, Li096]. One
natural goal in this direction would be to be able to deal with densities p
which are merely measures, with the aim to tackle the mean field limit.

It has been shown in [Mec21]| that if py = 15, with By the unit ball then the
solution p = 15 remains a spherical patch for all time, more precisely there
exists a constant v € R3 such that (p,u) satisfies

(u(t, x), p(t, %)) = (uo(x — vt), po(x — vt)),
(u—wv)-n=0ondB,

where n is the unit outer normal vector. A natural question is then to investi-
gate the reciprocal property, that is, if there exists a constant velocity v and
a bounded domain By for which (2.13) is satisfied then By is necessarily a
ball. Note that this type of characterisation of the ball has been proved in
any dimension by [Fra00, Theorem 1.1] in the case where ug is a Newtonian
potential housed in a bounded open set G. The author shows that if ug is
constant on 0G then necessarily G is a ball.

A related issue would be to investigate the spherical case in the two di-
mensional setting as well since well posedness of 2d patches were established
in [Gra23].

3. A few preliminary reminders

In this section we gather some classical material which is useful later on.

3.1. Multivariable calculus tools

We denote by N3 the set of three dimensional multi-indices a = (aq, az, a3) en-
dowed with the component-wise sum and difference and with a partial order

a<6@(m<&,v1<i<@.

We introduce the following notations: for any «, 3 € N3, for any y € R?, we set

la] == a1+ as +as, al:=alaglag!, 0% := 0210520, y* = (y) (v52) (¥53),

x1 Y2

(5= () (2) (3) = s
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1374 A. MECHERBET & F. SUEUR

and we recall the classical Leibniz formula
o*(fg) =Y (9°f) (0 9).
<«

We introduce for alln > 1, 1 < s <n and a € N} with 1 < |a] < n the set Py(n, a)
of the
(ky, - kgl - L) € NS x oo x Ng x N x -+ N,

such that

0<kjl, O<li<--<ly Ski=a, > |kll=n.
=1 J=1

We now recall the following formula from [CVW15, Lemma 3.2], which is useful
for the proof of Proposition 2.6.

LEMMA 3.1 (Multivariate Faa di Bruno formula). — Let g : R — R? be a vector
function C* in the neighborhood of xy € R. Let h : R® — R be a scalar function
C® in the neighborhood of yy = g(z¢). Define f(x) := h(g(x)) : R — R. Then

s alj To ki
5 Eg=n T @he@)s ¥ 11 00m)

en S pi 1 EDEGORT

holds for any n > 1, with the convention that 0° := 1.

3.2. Holder, Lipschitz and log-Lipschitz spaces

We introduce the following notations for Lipschitz, log-Lipschitz and Hoélder spaces.
DEFINITION 3.2 (Holder spaces). — Let u €]0,1] and n € N

cmH (R3) = {1/) e C™R?), Y sup [0%Y(z)| + D [0%Plo, < —i—oo}

z€R3 la|=n
e 0(2) = 6
(x) —Ply
Yo, 1= sup ——————.
s i = o o =y
The space C™*(R?) is endowed with the following norm

n

%]l = Z Sup 103 ()] + [On¥]o,u-

=0 z€R

In the case of the space of Lipschitz functions C%!(R3) we use the notation

Lip(v)) :=sup M
zty |z — 9

Y

and set
Lip (R?) := C"" (R?).
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We introduce the following real function In_

—1In(s) ifs €]0,1],
0 ifs > 1.

(3:2) In_(s) := max(0, —In(s)) = {

DEFINITION 3.3 (Log-Lipschitz space). — We introduce the following notation
for any function

| B [U(x) — (y)|
Log — Lip(¢)) := i‘;&x —yl(l+In_|z —y|)

We say that a bounded continuous function 1) is Log-Lipschitz if Log — Lip(¢) < 400
and we set

Log — Lip (]R?’) = {w cC (R3) ,||Y]|co + Log — Lip(¢) < —l—oo} .

3.3. Steady Stokes equations

Let (U, P) the Stokes Green function, also called the Oseen tensor, given by

1 TR 1 =z

. = Id+ ——— d =———
(3.3) U(x) Sala] ( + E ) and P(x) Tl
Let us observe that the Oseen tensor U satisfies the following bound:

1
(3.4) U(x)| < cm, Ve R\ {0},
and
11 ;

35 @) - U<l ] g5+ o) Yy e BN (o)

Let us recall the following classical result on the Stokes equations, see for exam-
ple [Galll, Theorem IV.2.1].

PROPOSITION 3.4. — Let f in LP(R®*)N LY (R?) with p > 3. Then there is a unique
solution of the Stokes equation

—Au+Vr = f, inR3,

(3.6) divu = 0, inR3
lim |u| = 0,
|z|—o0

such that (u,7) € W*P(R3) x WHP(R?) if p > 3 and (Vu,m) € WH3(R3) x W3 (R3),
u € WH(R?) for any q > 3 in the case p = 3.
Moreover,

(3.7) u=U*f and w™=Px*f.
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1376 A. MECHERBET & F. SUEUR

3.4. Sobolev embedding

The reason why the value p = 3 appears in our analysis is due to the following
result, which establishes that the unique velocity solution of the Stokes equation
with data in L' N L? is Lipschitz when p > 3 and Log-Lipschitz in the critical case
p=3.

PROPOSITION 3.5. — Let p in LP(R®) N L*(R?) with p > 3, and (u, p) the unique
corresponding solution in W?P(R3) x WP(R3) (resp. in W*3(R3) N W13(R3) N
WH(R3) x WH3(R?) for p = 3, ¢ € (3,+00]) of the Stokes equation (3.6). Then

(3.8)

_ [Lin(®9), it p> 3,
Log — Lip (R?), if p =3,

with the following estimates:

(39) Llp(U) < CHpHLl(RB)mLp(RLS), if p > 3,
(3.10) Log — Lip(u) < C||pl|L1(rs)n z3msy if p = 3.

Proof. — In the case where p > 3 we have the embedding W?2?(R3) — W1>(R3),
so that

(3.11) H'U,HWl,oo(]RS) g CHuuwz,p(RS) g C’|p|’L1(R3)mL?(R3).

Let us now deal with the case where p = 3.
We provide here a self-contained proof which we will adapt later on in the proof
of Theorem 2.3. First, by the convolution formula (3.7), we have

lu()| g(]/ pl2) dz+/ ) g,
B(z,1) |x — 2| B(z,1)e |z — 2|

dz 1/2
s (/B(m 1) |x_z|2> llpllLesy + |l ol (m3)

< Cllpllpr®syn L3 sy,

where the notation -¢ stands for the complementary set in R3.
Second, by the convolution formula (3.7), we obtain that for any x # 2’ in R3,

lu(z) —u(@')] < I + I,
where

/ Ul —u) — U — )| plu)du,
B(z,e) UB(a',€)

Uz —u) — U2 —u)| p(u)du,
/B(ac,e)cmB(x/’e)c‘ ( ) ( )’p( )

with € := |z — 2/|.
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For Iy, by (3.4), we have

1 1
L <C (/ p(u)du +/ p(u)du
B(z,e€) |$’ — U| (z/,€) |(L’ — U|

+/ du+/“|x1_u|()du>

Since B(z,€) C B(a',2¢) and B(2' ,e) C B(x, 26) by the triangle inequality and the
definition of €, we have that

1 1
L<cC / p / Do |
o ( B(z,2) |v — ulp(U) v B(a'2¢) |1/ — U|p(u> U) = 6||p||L3(R3)

by Holder’s inequality.
For I, by (3.4), we have

1 1
<C’x—m'/ + w)du
< | B(x,E)CﬂBx/E)C <|x—u|2 |2 — u|? plu)

< Clz - 2] (/B(“) |z — ‘2p ‘I'/ (.0 ’29( )du)

If e =]z —2'| > 1 we have I, < Clz — 2'|||p||; and this ylelds the desired result. On
the other hand, if € < 1, then

1 1 1
P udug/ udu—i—/ ———p(u)du
/B(z,e)c |z — u|2p( ) B(z,2)\B(x.€) | — u|2p( ) B(z,2)° |T — u|2p( )

< Cllpll s s og()] + o]l 1 gs),

by Holder’s inequality. By combining the estimates we conclude the proof of (3.10).
O

3.5. Flow map and Osgood’s lemma

The following result on the existence and uniqueness of a classical flow in the case
of Lipschitz or Log-Lipschitz vector fields is quite classical, let us refer for example
to [BCD11].

PROPOSITION 3.6. — Let u a vector field in (2.4). Then there exists a unique
corresponding flow X such as in (2.5) and satisfying (4.4).

In order to recall Osgood Lemma we introduce first the notion of Osgood modulus
of continuity, see [BCD11, Definition 3.1] for more details.

DEFINITION 3.7. — Let a > 0. A modulus of continuity n : [0,a] — [0, 4o00[ is
any continuous non-decreasing function vanishing at 0 and continuous at 0. We say
that i is an Osgood modulus of continuity if in addition

o dz
b ==
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1378 A. MECHERBET & F. SUEUR

We recall Osgood lemma which will be useful for the proof of Theorems 2.1 and 2.3
in the critical case p = 3.

LEMMA 3.8 (Osgood Lemma). — Let f a measurable function from [ty,T] to
[0,al], v a locally integrable function from [ty,T] to RT and n : [0,a] — [0, +o0[ an
Osgood modulus of continuity. Assume that there exists ¢ > 0 such that for a.e

t € [to, T]
t

f@) <e+ [ w(s)n(f(s))ds.

to
(1) If ¢ > 0 then we have
t ) a dz
M(e) S M(F(0) + | o(s)ds with M(x) :/ et

(2) If ¢ =0 then f =0 a.e on [ty, T].

4. Proof of Theorem 2.3

Let p > 3, R > 0, a couple of initial densities (p, p3) in E, with

max ( ) <R
i=1,2 LP(R3)
and (u, p1) and (ug, p2) in C([0,+00), WP x E,) satisfying the transport-Stokes
equation (1.1) for any ¢ > 0, with, respectively, p? and p) as initial condition.
Let us recall that if py is absolutely continuous with respect to the Lebesgue
measure then

(4.1) Wilp,p2) = inf | [T(x) — zldpa(z),

Py

Py

L1(R3)’

where the infimum runs over all measurable transport maps 7' : R? — R? and there
exists an optimal transport map 7* for which the infimum is reached, see [Sanl4,
Theorem 1.5]. We emphasize that we use transport maps in the whole analysis for
the sake of lightness and that one can adapt all the arguments using only optimal
transport plans which are known to exist, see [San15, Theorem 1.7].

We introduce Ty the optimal transport map such that

(4.2) P(1) = To#ﬂ(z),

and

(43) Wi (o8 8) = [ 1To(a) = alpba)da.

For i = 1,2, let X, associated the characteristic flow with u; by

(4.4) { 8t))§i(t, S, ) = ui(s, Xi(t,s,xz)), V t,s€0,+00),
i(s,s,2) = =, V s € [0, 400),

For i = 1,2, for any ¢ in [0, +00),
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We set, for any t > 0,
(4.6) Ty == X1(t,0,-) o Ty o X5(0,t,-).
Let us define, for any t > 0,

Q) = [ | ITi(w) - alph(da).
By (4.3), we observe that

(4.7) Wi (o}, 3) = Q(0).

In what follows we use the shortcut pl := p;(¢,-) for t > 0 and i = 1,2. From (4.5),
0,

(4.2) and (4.6) we deduce that for any ¢t >

(4.8) i = Ti#ph.
We therefore deduce from (4.1) and (4.8) that for any ¢ > 0,
(4.9) Wi(p1, p3) < Q(1).

Now, using (4.5) (with ¢ = 2) and (4.6) (which implies that for any ¢t > 0, T; o
Xo(t,0,) = X1(¢,0,+) o Tp), we have for any ¢ > 0,

(4.10) Qt) = [ 11 (8,0, Ty() = Xa(t,0,)] ph(da)
From (4.4) we deduce that for any x in R3, for any ¢ > 0,
(4.11) | X1(£,0,To(x)) — Xo(¢,0, )|

< |To(z) — 2| + /Ot un(s, X (5,0, To())) — (s, Xa(s,0,2))|ds
< |To(z) — 2| + /Ot un(s, X (5,0, To())) — (s, Xa(s,0,2))|ds

t
[ s (s, X, 0,)) = was, Xa(s,0,2))|ds.

To go further we need to distinguish the case where p > 3 and the case where p = 3.

4.1. Case where p > 3

Let us first deal with the case where p > 3. Then by Proposition 3.5, the velocity
field u; is Lipschitz and therefore for any ¢ > 0,

X(t,0, To(x)) — Xa(t, 0,7)| < [To(x) — 2
[ i ()| X (5,0, To()) — Xa(s,0,)]ds

t
+ [ fn(s Xals,0.2)) — (s, Xo(s,0,)lds

By integration over R? with respect to the measure pj(dx), we deduce by using (4.5)
and (4.10) that for any ¢ > 0,

(4.12) Q1) < Q(0) +/Dt Lip(ul(s))Q(s)ds—f—/ot/|u1(s,x) — us(s, 2)|pi(dx) ds.
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Let us now estimate the last term in the right hand side of (4.12). By using the
convolution formula (3.7) and (4.8) we obtain that for any s > 0,

(4.13) /RB lui (s, ) — us(s, x)|ps(x)dx

= s /R U(x —Ti(y)) — U(x — y))esps(y)dy| py(d).
Thus we deduce from (4.13) and (3.5) that for any s > 0,
/RS |u1(3,37) — U2(8,$)|p§(aj)dm
1 1
<C Tsy—y< + >5ydysda:,
R?" ( ) ’ |x—y|2 |SC_T5(y)|2 p2< ) pQ( )

Therefore, by Fubini’s principle, for any s > 0,

(414) [, fur(5,2) = wa(s, @)l p3(@)de < L()Q(s),

where

1 1 .
I(s) := sgp/Rs (‘37 pE + - Ts(y)]2> p5(z)dx.

The integral corresponding to the first term in I;(s) can be estimated for all y in R?
and for all s > 0 as follows:

1 1
—_pi(@)d </ z)d / d
o< [ e [ i)

1 1/p'
< - s ot |
= (/B(y,l) |l — y|?P ) ||p2||LP(R3) ||p2||L1(]R3)

by Holder’s inequality, with p’ = p/(p — 1) < 3/2, so that z — 2>~?' is integrable
near the origin, and therefore

1 s s 1 —2p' s
/R3 sz(x)dx < C||102||LP(R3)/0 27 dz + ||| o ey
< C(llli) + o3l
Proceeding similarly for the second term in [;(s), we arrive at
(4.15) L(s) < CllA3ll o) + 193]l es) )
for any s > 0. Combining (4.12), (4.14) and (4.15) we get that for any t > 0,

QM) < QW) + [ Lin(ur()Q(s)ds + [ C(pllwqes) + 13l QAs)es.
By using || pf||ars) = [|?]|Laws) for ¢ = 1,p and i = 1,2, (3.11) and a Gronwall-type

argument, and combining this with (4.9) and (4.7) we arrive at (2.8). This concludes
the proof of Theorem 2.3 in the case where p > 3.
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4.2. Case where p=3

Let us now deal with the critical case where p = 3. By using (4.11) and Proposi-
tion 3.5, we obtain that for any z in R?, for any ¢ > 0,

X0(1,0, Ty () — Xa(t,0,2)| < |To(x) - o]
+ c/ot [X1(5,0, To(x) — Xa(s, 0,2)| (1 4+ In_(|X1(s, 0, Ty(x)) — Xa(s,0,2)|)ds
+ /Ot ’U1(5>X2(S, 0,2) — ua(s, Xa(s,0, x)‘ds,

where C' = C(||p}||3®s)n 11 wsy) > 0. By integration over R? with respect to the
measure pY(dz), we deduce by using (4.5) and (4.10) that for any ¢ > 0,

Q) < Q)+ [ [ s Xals,0,2) — sl Xals,0, )| ) s
+C [1 [ n(13005,0,To(2) = Xa(s,0,2)]) p(a)ds

with 7(z) = 2(1 4+ In_(2)). Since 7 is concave for z > 0, it follows from Jensen’s
inequality and (4.10) that for any s > 0,

[ 1 (X1(5.0.To(@) = Xas, 0.2)]) () < 1 (QLs)
Therefore, for any ¢ > 0,
(116) QW) <QO)+C [ n (@) ds+ [ [ Turls,2) — unls, ) p3(w)deds.

To bound the last term above, we establish the following result.

LEMMA 4.1. — For any t > 0,

(4.17) /’ul(t, x) — ug(t,x)’pg(t,m)dx <C (Hpt2

) Q)1+ - Q).

LinrL3

Proof. — By (4.13) and Fubini’s principle, we obtain that for any ¢ > 0,

/RS ui(t, ) — ua(t, )| pa(t, x)dx

< [ ([, e = Tiw) ~ tta = y)lpa(t, 0)d ) ph(y)dy.

RS

Now we split the inner integral into three parts, corresponding to the domains

B(Ti(y), ¢,), B(Ti(y). €,) and By, €,)° N B(Ti(y), €,)", where ¢, = |Ti(y) — y|. Ob-

serving that the Oseen tensor U satisfies that there exists C' > 0 such that for all
in R3\ {0}, |4(x)] < O, and using (3.5) we deduce from (4.13) that for any ¢ > 0,

||
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[ st ) — wo(t, )l polt, )
1 1 .
\0/4@@@(m—ﬂ@ﬂ+m—m>”@”@%@”y
1 1 .
+0/4w@(u—nwn*u—m)”mﬂﬂﬁ@”y

1 1
+O/€t/ . c( + ) t,l’dl’t d
Y JB(ye) nB(Tiw)e) \ |z = Te(y)|? |z —yl? pa(t, x)dxpy(y)dy
=: [1 +Ig+[3.

Regarding I7 and I, we can proceed in the same way as in the proof of Proposition 3.5
and obtain

I+ I < C(|lp2l s rs))Q(2)-
For I3 we distinguish two cases. First if €] = |y — T(y)| > 1 we get

1
z < o5l
Ty estonsy (F=Te * g ot < i
On the other hand, if € = [y — T} (y)| < 1, then
J (- )
B(y.et) nB(Tuw).e,) \ |z — Ti(y) ]x —y|? palt
1
S/ TP ta:dx—i—/ 7/) t,x)dx
snmar o= TP Tt

1

——————o(t, x)dx
/B(Tt@),z)\B(Tt(y),ez) |z — Tt(y)PpQ( )

1
‘ng(t,:c)d:c

+ —
By2\B(v.et) [T —y
Cllp2llrns) (1 + [log [Ti(y) — yl])-
Gathering all the estimates we get
/ |U1<t,$) - u2(t7 J])|p2(t,$)dl’

Clllpallznrs) [ 1Tly) = yl(1+In- [Tily) = yDob(v)dy

Using the fact that z — z(1 + In_ z) is concave for z > 0 we get (4.17) and this
concludes the proof of Lemma 4.1. 0

< lpally +

We have for any t > 0,

Q(t) < Q(0) + C (llpillz=orr o) /OtQ(S)(l +1In_Q(s))ds

Thanks to the Osgood theorem, see Lemma 3.8 with 7(z) = z(1 + In_(z)), we
deduce (2.9). This concludes the proof of Theorem 2.3.
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5. Proof of Theorem 2.1

The proof of existence can be done by a density argument using the well known re-
sults for the existence of a solution in the case of regular data, see [H6f18] and [Mec21],
however we propose below a self-contained proof based on a fixed-point argument.

5.1. Iterative scheme

Let p > 3, py € E, and consider the sequence (u", p") where

WP (R%) it p>3
ut) € W RHNAWHB RN N WW(RY) if p=3,

q € (3,400
the unique solution to the Stokes equation

—Au" + Vp" = —p"es, div(u™) =0, on R?,
lim |u"| =0,
|z|—o0

and p"*! the unique solution to the transport equation

Ot + div (p" ™) = 0, on R,
anrl(O") = po,

with p° = pg. Since u" is divergence free and the associated flow X™ is well defined,
classical considerations for the transport equation ensure that

p e C ([0, +00), L' (R*) N L7 (R?))
for each n and we have for any ¢,
(5.1) "1 ()] ()

Hence, we get the following uniform bounds of the velocity:

) = ”POHLl(H@)» ) = HPOHLP(R’J),

L1(R3 LP(R3

(5.2) ||u”(t)|\W2,p(R3) <O ||pn(t)||L1(R3)ﬁLP(R3) < OHpOHLl(W)ﬂLP(W)
in the case where p > 3 and
(5.3) Log — Lip(u"(£)) + [V (£)[ly1.(rs) + 1" () [ yr.0rs)
S Cp" Oz reynzaey < Cllpollres) nrs@s),

in the case p = 3 with ¢ € (3, +o0]. Moreover for p > 3, we have, for all 0 <t < ¢/
<T,

Wi (100 ) < [ X 0,2) = X7(1,0,2)] po(de)

(5.4)
< (" = Of[u" [z 0,750 o)) | ol L1 ).

This shows that
pteC ([O7T], P <R3> NnL! (Rg) N LP (R3)) uniformly in n for any 7" > 0.
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Using the same arguments as in (4.13), We emphasize the following estimates for
any compact set K of R3

(5.5) lu™(8) = w" ()l wroe () < CxWa (p" (), p"(t)) , i p > 3,
(5.6) [ (£) = u™ ()| oo (1) < CuxWa (p"(2), p"(¢)) , if p = 3.

5.2. Convergence of (p"),

We introduce the following space for M > 0

BT,M = {p ecC ([O7T]7P (Rg)) ) Sule(p(t)apO) < M} .

(0,7]

which is complete for the metric d(py, p2) = supg 7 Wi(p1(t), p2(t))-
Since p"*(t) := X"(¢,0,-)#po we have

Wi (p"(t), po) < /R [ X"(1,0,2) = x|po(dy) < Tllpollt [t | oo 0.2:2),

which shows that (p,,), lies in By s for an adequate choice of M > 0. We aim to
show that (p,) is a Cauchy sequence in By s for T > 0 small enough. We present
below the argument by distinguishing the case p = 3 from the case p > 3.

Case where p > 3

For p > 3, the stability estimates (4.12) ensure that

(00 0) < (] [l

M, = ( sup Lip(u”(s))) .

0<s<t

(s, ) —u"(s, x)’p”(s,x)da:ds) eMnt,

with

On the other hand, performing an estimate as in (4.14) yields

L) = s, )| 7 (s, ) < C (10" sy o ey) W (77 (5):7(9))

Hence for all t € [0,7] we get using (5.1) and M, = supyc,<rLip(u”(s)) < M
thanks to (5.2)

sup W, (p",p”“) < CTeMT sup W,y (p”,p”’l) .

t€[0,17] te[0,1)

This shows that for 7" > 0 small enough, p, is a Cauchy sequence.
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Case where p =3

For p = 3 we use estimates (4.16) to get for all n,k € N

(5.7) Wi <pn+k+1(t)7pk+1(t)> < Ok /Ot77 (WI (pn+k+1(8),pk+1<8))) ds

t
I
R3
with 7(2) = 2(1 +In_(z)) for z > 0 and
C™* = sup Log — Lip (u”*k( )) C sup Hp”+k
s€[0,1) s€[0,T]

thanks to (3.9) and the uniform bounds on (p"),.
On the one hand, using the uniform bounds of (u™),, in C([0,T], L>°) and (p,), in
C([0,T], L*) and the fact that n(z) < max(z, 1) we have from (5.7)

u" (s, ) — uP(s, x)’ P (s, x)dxds,

<G,

L1(R3) N L3(R3)

sup Wy (o4 (1), "1 (1)) < Ct (1 + sup W, (,o"+k+1<t>,pk+1<t>)) +1tC,
0<s<t

0<s<t

which shows that, for ¢ small enough, the sequence (supy<,<, Wi(p"™(t), p*(£)))n.k
is uniformly bounded.
On the other hand, thanks to Lemma 4.1 we have

(5.8) /Ot/Rg

u"R (s, ) — uP(s, x)‘ p" (s, x)dxds

<0 [(a (W (0"4),04(9)) ) ds,

where we used again (5.1), (5.2) to get a constant 1ndependent of n, k. Hence gath-
ering inequalities (5.7) and (5.8) and setting

fr(t) :==sup sup W, (p"+k(3),pk(s)) ,

n 0<s<t

we get for all T > 0
for(T) < C / (fesn(s)) ds + C / () ds,

where we used the fact that z — 7(z) is a non-decreasing function. By setting
f(t) :==limsup,, _, o, fx(t) we have

7) <20 [y (7(s)) ds

We conclude thanks to Lemma 3.8 that f = 0 a.e on [0, 7], which shows that p" is a
Cauchy sequence.

Conclusion

Hence for p > 3, there exists a limit measure p € By € C([0,T], P(R?)) such
that

sup Wi(p", p) — 0.

te[0,7)
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5.3. Convergence of (u"), and (X"),

The second step is to extract a converging subsequence of (u"),, by distinguishing
again the case where p > 3 from the case where p = 3.

Case where p > 3

Since for each compact set K of R3 the sequence ¢ — u™(t) is equicontinuous in
Whoo(K) thanks to (5.5), (5.4) and x — u"(¢, ) relatively compact in C*(K) (using
Ascoli with the equicontinuity of z — u"(¢,x) in C'(K)), we get using again Ascoli
the existence of u € C([0,T], C*(R?)) such that v — w in C([0,T],C*(K)) up to a
subsequence for each compact K.

Regarding the flow X", one can show that for each 0 < s < T, X"(-,s,-) is
uniformly bounded in C([0, 7], C'(K)) on each compact set K € R?, equicontinuous
in C([0,T],C*(R?)) and that for each t € [0,T], X"(t,s,-) is relatively compact
in C'(K). Indeed we have the following bounds for each z,y € R3 ¢, ¢ € [0,T],
lt—t| <1
(5.9)  [X"(t,s,2)| < 2] + [t = slllu"[lcoroms), VX"t s,2)] < ",

(5.10) IVX"(t,s,2) — VX"(t,5,9)] < |z — y|e =3,

(5.11) X" (t,s,) = X" (', 5, )| on sy < MePT|t —#]1.

From (5.11) we get that ¢ — X™(t,s,-) is equicontinuous with values in C# (5.9)
and (5.10) ensure that for each ¢, X"(¢,s,-) is relatively compact in C*(K). Since
X™ is uniformly bounded in C'([0, T], C**(K)) thanks to (5.9), then using the Ascoli
theorem, there exists X (-, s,-) € C([0,T], C**(R?)) such that X"(-,s,-) = X (-, s,")
in C([0,T],C*(K)) for each compact K. In particular passing in the limit we have
for all s,t € [0,T], X(t,s,-) o X(s,t,-) = Id, and using the convergence of u™ to u
in C([0,T],C'(K)) for each compact K we get that X satisfies (2.6).

Case where p =3

We proceed analogously using (5.6) and show that there exists u € C([0, T, C(R3))
such that for each compact set K we have " — u in C([0,T]; C(K)).

Regarding the flow X", X"(-, s, -)—Id is uniformly bounded in C([0, T], C(R?)) and
in particular in C'([0, 7], C'(K)) for each compact set. Now, let z,y € R3, |z—y| < 1/2
and T™ the maximal time such that | X™(¢,s,z) — X"(¢,s,y)| < 3/4 for t, s € [0, T,
we have

X"(t,s,2) = X"(t,5,9)| < o -yl + ( sup Log — Lip <u"<f>>)
T€1[0,T)
t
>< /
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where (sup, ¢ (o yLog — Lip(u”(7))) is uniformly bounded thanks to (5.3). Using
Lemma 3.8 with 7(z) := 2(1 + In_(z)), we get for some constant C for any ¢t < 7™,
[z =yl <1/2

(5.12) X"(t,s,2) — X"(t,s,)] < Clz —y|< T

which shows that the maximal time 7™ can be taken independent of n and T™ = T for
T small enough. hence, X" (¢, s, -) is relatively compact in C(K) for each ¢, s € [0, T].
Moreover

[ X7 (t, s, ) = X", s, Mo < It =ll[u"loorrems),
which ensures that t — X"(t,s,-) is equicontinuous for each s € [0,7]. Using

again the Ascoli theorem this allows us to extract a converging subsequence in
C([0,T],C(K)). This allows us to construct X € C([0,7T], C(R?)) and by passing in

the limit in (5.12) pointwisely we get for all z,y € R3, for all ¢,s in [0, T],
X (t,s,2) — X(t,5,y)| <Clz —y|l* "
and analogously to the case p > 3 we have for s,t € [0,T], X(t,s,-) o X(s,t,-) = Id.

5.4. Existence and uniqueness of the solution

Convergence of p" and u" (up to a subsequence) allows to pass in the limit in both
the Stokes and transport equations and show that (u, p) satisfies the transport-Stokes
system weakly. Moreover, using the fact that X" satisfies

P, ) = X™(t,0,-)#po,

one can pass in the limit in both sides thanks to the strong convergence of X™ up to
a subsequence and the convergence of p™ using the Wasserstein metric. Indeed, we

get for all ¢ € Cy(R?)
[ e@pltx)dz = [ G(X(0,t,2))p0(a)dr,

which means

p(t;-) = X(,0,-)#po,
and since X € C([0,T],C(R3)) we recover that p € C([0,T], LP(R3) N L'(R3)).
From this it follows that u € C([0, T], W??(R?)) with the bounds (2.2) (resp. Vu €
C([0, T], WH3(R3)), u € C([0, T], WH4(R3)) for ¢ €]3, +oo] with the bounds (2.3)).
Global in time existence is ensured thanks to the uniform bounds of p(¢) in LP(R?)N

L'(R?) while uniqueness is ensured thanks to Theorem 2.3. This concludes the proof
of Theorem 2.1.

6. Proof of Proposition 2.6

This section is devoted to the proof of Proposition 2.6. In the course of the proof
we shall use a technical lemma, see Lemma 6.2, which is proved in the next section.
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6.1. A first few basic estimates

We gather below some useful estimates. First, by (2.6), for all z and y in R3,

t t
61) o=t~ PO oy~ Xt < o gleho PPV
Thus, for 7' > 0 small enough, this implies that there exists A € (1, 3/2] such that
1 [X(te) - X(ty)
A |z —y]

(6.2) <\ Va#y telo,T)].

Next, by splitting the integral into two parts, distinguishing the cases where |z—z| < 1
and where |z — z| > 1, and using Hoélder’s inequality for the first case with the
observation that p > 3, we obtain the existence of L = L(p) > 0 such that for all
0<s<2,

dz
(63) sup / pO( )s < LHpoHleLP.
z €R3 |CL’ - Z|
Finally, from the definition of the Oseen tensor in (3.3) we deduce the following
property.

LEMMA 6.1. — There exists K > 0 such that for all x in R*\ {0} and all multi-
index o € N3

Klol|a|!
[ THal

(6.4) 0°U(x)| <

Proof. — Let n > 1 and a € N? a multi-index such that |a| = n. We consider first
1

the term u(z) := 7 in the Oseen tensor. Since
1 x;
6.5 Opy—— = —p——s

one can show by induction that for all || = n there exists polynomials P2, k =

[51],--+,n such that

(6.6) Z |1+2k7
=31

where P is a sum of monomials in x;, x9, x3 such that each monomial is of degree
—n + 2k > 0 and [ ] denotes the ceiling function of .

Indeed the induction formula is satisfied for n = 1 as a consequence of (6.5) with
p = 1. Now we assume that (6.6) holds true up to n, and we observe that, for any
1 <4 < 3 and for any o € N? with |a| = n, by the induction assumption (6.6),
Leibniz’ rule and (6.5),

Q - 'I’L—Pk- n a Pk
0;0%u(x) = — Z (1+ 2k) 3+2k Z 1+2k
k=12 | | =121 ||
0; Pf () n 9. PYg) — — 1) P pa
s i Pg () — (26 — Dz P (2) z Py ()
= mlfz[g} + > |12 — (1+2n) 320

k=341

ANNALES HENRI LEBESGUE



A few remarks on the transport-Stokes system 1389

Since [2]+1 = [%*] for n > 0, all the terms in (6.7) except the first one correspond

to a term of the form % with 3 = ¢; + a and k € {[*],...,n + 1}. For the
first term we distinguish two cases
e If n = 2p, the polynomial Pfaq is of degree —n + 2[5 ] = —n + 2p = 0 hence
8,-Pf‘%] = 0.
e If n=2p+1, then [2] =p+ 1= [22F] = [21] and hence the polynomial
0;Pfuy corresponds to a term of the form PP with k = (2.

Now if we set D, the maximal number of monomials appearing in (6.6) for all
|a] = n we have using (6.7)

D, <D,+2D, =3D, <3"D;.
If we set C,, the largest coefficient (in absolute value) appearing in (6.6) for all

a € N3 with |a| = n, we have, by using (6.7), that

Crp1 < (14 2n)C, < [](2k +1)C
k=1

We observe that C; = 1, that D; = 1 and that

1 Dl 37937+2 ()
[ Jaftte T et

|0

with n = |a|. Above we used that
(2n+1 (1‘[ 2k+1)> <H(2k)> :2”n!<H 2k:+1>
k=1 k=1 k=1
and
2n+ 1) = (2n 4+ 1)(2n)! < n(2n + 1)2" T (n!)? < 2% 127 (nh)2,

i

For the second term in the Oseen tensor T;g one can show analogously that the

derivatives of u(x) = ﬁ are of the form

where in P is a sum of monomials of degree —n + 2k. Using the same arguments
as above, we get that for « € N* with n = |«

3n23n+5 311n

1
ERD

aOé

|x|3+n
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we conclude by using Leibniz formula

a(L’in ﬁ) 8 ( 1 )
—| = 0" | —= ) 9" (zix )
=2 (2)7 () e
s
< () iz
a2 5Tl <lag \/ 217
313\04 |
< Selalt
where we used o< |5 <jal(2) = 2lel. This concludes the proof of Lemma 6.1. O

6.2. The case where n =1

From (2.6), we deduce that

< Julloo < Cllpollrr @3)nze@s),
(6.8) IVOX(t,)]|o < |

Vtlloo[VXloo < Cllpol 21 g3)nze @) A,

and for any x # y we have

VOX(t,2) - VOX(ty)|
< [Vuloul X (8 2) = X ()" IV X oo + [VX (8 2) = VX )|Vt oo

Moreover, we recall that the flow X is Lipschitz thanks to (6.2). Therefore, we get
for any x # vy

VOX(t,7) - VOX(ty)|
< (Vo MUV X o 2 =yl + [Vl [ [VOX(s,2) — VOX(5,y)]ds
Hence by Gronwall lemma, we arrive at
(V0 X]oy < Cllullap V[V X el 71,
This entails that the induction assumption is satisfied for n = 1 with
Co = Cy (|’;00HL1(R3)QLP(R3)7 AT, M)

such that

Co

(6.9) 10X (t, )10 < 5

where we used (6.7) and (6.8).
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6.3. Beginning of the iteration

Assume that (2.10) is satisfied up to n € N*, we need to prove by induction the
bound (2.10). Hence we split the proof into three parts corresponding to the L*
estimate |07 X (¢,-)|les, the Lipschitz estimate ||V} X (¢,-)||o and the Hélder
estimate [V X (¢, )]o -

From (2.6) and (3.7), we deduce the key formula
(6.10) X (tw) = [Us(X(t,2) = X (t9))polv)dy,

where

6.4. L*>° Estimates

By (6.10) and the Multivariate Faa di Bruno formula (3.1),
OMtIX (t,x) = 01O X (t, )

LY [ (usX () m)zzn

kj
1<|a\<n s=1 Ps(n,a) j=1 )(l ')| |

— X(t,2))k ).

Since the integers [; in the formula above satisty [; < n, we get by using the (Lipschitz
part of the) induction hypothesis (2.10) and (6.4),

K'O“\od'
X (t,z)| < /
‘ ) 1<‘a|<n s | X (t, ) (t,z>’1+\a|
%5
(151 ()Ch e (1/,2> 2 — i
]

Po(dz),

2 (k1) ()

and therefore

X ()| < ml-1rCpey Y Kal(-1)eer

1<]al<n

T )
</1R3|X(t,:v) X (7, 2)ria o4 )Z Z H 7

s=1 PS
by using the definition of Ps(n,a). Then, by (6.2) and (6.3), we deduce that

o7 X (8 )|

n s l
<nl(=1)"CCIALlpoll D2 lali(=1) (KC'A) 30 3 i~
1<|0¢\<n s=1 Ps(n,a) 7j=1 J*
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Hence, considering Cy > 0 and C} > 0 such that KC;'A < 1 and L||po||A < Co/2,
and using that, according to [CVW15, Lemma 3.3], there holds:

(1/2>k|
(6.11) S (- “’"Z 3 H =2(n+1) (nl_/|_21>’

1<]al<n s=1 Ps(n,a) j=1

we get that

X (o) < (n+ DI(-1)"CyICp (711421) .

6.5. Lipschitz estimates

First, from (6.10) we deduce, by derivation in space, that
(6.12) HVX(t,x) = /11{3 VU5 (X (t,x) — X (t,2))VX(t, 2)po(dz).

Moreover, by applying 9" and applying the Leibniz formula, we arrive at

NIV X(t,x) = zn; @ /]R O (VU(X (¢, ) = X(t,2))) VX (t, 2)po(d=).

k=0

A subtlety here is that it is necessary to distinguish between the case where 0 < k < n

and the case where k = n.
First, for 0 < k < n, it follows from the induction hypothesis (2.10) that

1) lrtex(es] < oo i () e
Second using for all 0 < k& < n, by the multivariate Faa di Bruno formula (3.1),

Of (VUs(X (t, ) — X(t, 2)))

=kl D (0°VUs) (X(t,x) — X(t,2)) x Y 1:[ o

1<|al<n s=1 Py(

) = X(t.2)
k) ()™
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Therefore, for 0 < k < n, we get by (6.4) and the induction assumption (2.10), which
is assumed to be satisfied up to n € N*,

o1 (|
/R3 OF (VUs(X (,2) = X (1,2))) | poldz) < k /Rs IXK (laf + 1)!

1<|a|<k X(t, 2)[He

(—1)5 )y ey (1{ .2>
J
=1 P(ma) =1 (k;!) ()™

< (=DFRICEer Y ORI 4 ) (/R po(d2)>

1<]o| <k s |z — z|?

A
|x — Z|‘kj|

po(dz)

1/2\"!
s 5 gl

s=1 Ps(k,a) j=1

by (6.2). Therefore,

L |0 (Vs 0, ) = X (220)| o(d2)
< (DFRICECE > (2K Lol 2?) (2C;1KA)"" (1)l o)

1<l <k

where we used (6.11) and assumed that 2C7 ' KA < 1 and 2K L||p[|A? < <L,

We treat the case n = k slightly differently by assuming that 2K L|po\?

Co instead. Thus,

Col 1
< 2 1VXw

L Jor (e (X 0.) = X (1. 20) [ (02 < (<17 + DG e <n1f1>

Gathering the estimates we get
‘(9n+1VX(t JJ)‘ < i " (=1)" (0 — k)! 1/2 Cn—kom—k-1
t 9 X = k ! N — k 0 1

CHt [ 1/2
_1\k k+1
X (=1)F(k + DICET = <k+1>

< nlOPCEHS (k4 1) (1) (;ﬁ) (-1 i (;ﬁ)

k=0
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< (n+ DICTCEH (-1 (nlfl) ,

where we used [CVW15, Lemma 4.2] for r = n to get

(6.14) > (k+1)(—1)F (/flﬁ) (1) (;ﬂ) <A(n +1)(—1)" <nlf1) .

k=0

Indeed we emphasize that (—1)”(;421) > 0 which allows us to bound the sum on

m =0...n and r = n by the double sum on m,r =0---n in [CVW15, Lemma 4.2].

6.6. Holder estimates

By (6.12) and Leibniz’ rule,
o (VX(t ) - VX (L))
— o /R VU (X () — X (1, 2)) — Vs (X (t,y) — X(2.2))] VX (1, 2)p0(d2)

+0p [ [VUs(X(ty) = X(1,2)] (VX (1, 2) = X (1,9)) pold2)

with
Ak =
/R O (VU(X (¢, 7) = X(t,2)) — VUs(X (t,y) = X (t,2)) ) po(d) (0] FVX (¢, )

By = /R O | VUs(X (t,y) = X (1, 2))] pold2)0p (VX (1, 2) = VX (L,y))
For Ay, by the Multivariate Faa di Bruno formula (3.1),

OF (VUs(X (t,2) = X (t,2)) = VUs(X (t,y) — X (¢, 2)))

=kl > {(8aVU3) (X(t,z) — X(t, 2 Z > H ha) = )fk(sz))kj
1<]al <k s=1 Ps(k,a) j=1 )(l ')
. (8"‘VZ/{3) (X( Zf Z zk: Z H 79))(;';|(kg7f;2))kj }7
s=1 Ps(k,a) j=1 J

and therefore

(6.15) Of (VUs(X (t,x) — X (t,2)) — VUs(X (t,y) — X (t,2)))
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with, for 1 < |o| <k,

Galt.,2) = (V) (X (t2) = X(t:2)3 Z H g 7))(1 ,j(k(f S
s=1 Py(k,a) j=1

We shall use the following Lemma.

LEMMA 6.2. — Let k > 1 and 1 < || < k. Then there exists a constant C,, > 2L
independent of k such that

(6.16) [ 1Galt,y.2)| pold2) < Lllpollzs 10,
and
617) [ 1Galt,2,2) = Galty,2)| pold2) < Al = 9" Cyllpoll 111 s
with
lj |k]'|
s |orxt,-) o

k
(6.18) A= N4 o) (KA +1) | D I ECE
s=1 Po(ha) j=1  (Kkj!) ()™

Proof. — First, by (6.4),

Kol (2 4 |al)! Xk: 5 190280,
X (tx) = X (1 2) el | = o (k) ()™

|Ga(t, 2, 2)] <

and therefore, by (6.2),
(6.19) |Ga(t,x, 2)] < Ay——

with
K]

H@ (. >\

1,p
51

A= e [ 8 ]

s=1 Py(k,a) j=1 )

Observing that, since A > 1, A} < A, where we recall that A is defined in (6.18), we
conclude the proof of (6.16) using (6.3).

Next, to prove (6.17), we first observe that, for any distinct z, y and z in R?, we
have that

(620) |Ga(t,$, Z) - Ga(t7yaz)| < sup |VUGa(tau7 Z)HZE - y|’

u€ Syy
where S, is a C! path from z to y such that for all u € Szys
(6.21) lu — z| = min(|z — z|, |z — y|).

We refer to [H6f18, Lemma 3.15] for the proof of existence of such a path.
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Now, using (6.4) and (6.2), we obtain that

100G (t,u, 2)|
1; |51
c e [ s g X
< u—z —
| X (¢, u) — X (2, 2) 3l s=1 Pi(kay =1 (Kj!) (1)
; IK;
K1+‘°‘|(1—|—|Oz|)! ol || 1 Zk: s HQ%AX(E-) 1
+ al|lu — 2|~ — 5
| X (t,u) — X (2, 2) [ ity s () R (1) Bl

l]' |k]|
VIR o) (A4 1) [§5 g g o xce.]
ju— 2P = r =R COIUIL
By combining with (6.20) and (6.21), this ensures that
1 1
6.22 Galt,1,2) — Gult,y, 2)] < Az — ,
02 [Gultr.9) = Galto ) < Al ol (4 )

recalling the definition of A in (6.18).

Now, following the proof of [Miol6, Lemma 2] with the kernel G, (t, x, z), we set
d := |z — y| and observe that, thanks to (6.19), it is enough to show the result for
d < 1. Indeed if d = |z — y| > 1 then

(6.23) /RS |Galt,z,2) — Galt,y, 2)|po(dz) < 2SLmlp /RS |Ga(t, z, 2)|po(dz)
<2M L|pollrnre < 201 LI pol[ 2t A ze|w — y|*.

Now assume d < 1, we set A := %’y, and we split the following integral into three
parts:

(6.24) /R Golt, z,2) — Galt,y, 2)|po(dz) = Jy + Jo + Js,

where

L:&WM“MWW%GN%QMW%

Jy = ) |Gul(t,z,2) — Galt,y, 2)|po(dz),

/B(A,l)\B(l,d
Ty = /B(A,d) |Ga(t7 Z, Z) - Ga<t7 Y, Z)|p0(dZ)

e For Ji, we have for all z € B(A,d), |z—xz| < |z—1|+d/2 < 3d/2. This yields,
by (6.19), that

1
Ji < 2A1/ 72p0<d2)
B(z,3d/2) |T — 2|

1/p'

sdj2
<CA (/0 57 p) llpoll e,
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and therefore
(6.25) Ji < Cphal|poll o d®™ =2 < CpA || pol| o d®P 2.
e For J, we use that for z € B(A, 1)\ B(A4,d),
|z —z|>|z—A|—d/2>d/2 and |z—z|<|z—A|+d/2<1+4d/2,

and (6.22) to arrive at

1 1
T < o — A/ + d
s < |z — vyl BAD\B(Ld) <|3j —P Ty z|3> po(dz)

1+d/2 ) , 1/p/
<0|x—y|A||po||Lp([l/2 ) ds,

and therefore
(6.26) T2 < Gyl — ylAllpoll o d*? = = Gy poll od®’” 2

e For J; we have that any z such that |z — A| > 1 satisfies

1 1 1
\z—x|>|z—A\—§d>\z—A\—§>§\z—A|,

which yields using (6.22),

1 1

6.27) J3 < Alr — +
( ) 3 X |ZE y| R\ B(A,1) <|fl7 IR 2’3 ‘y - Z|3

) po(d2) < 16]z — ylAl ol

By combining (6.23), (6.24), (6.25), (6.26) and (6.27), we establish inequality (6.17)
by choosing

Cp > max (2L,2C, + 16)
This concludes the proof of Lemma 6.2. U

We start with the treatment of the term Ay which is the most difficult. By com-
bining (6.15) and (6.17) we first deduce that

il
|z — yl# Jrs

k
X HRTG 2 el (3 1) | 3 5 T
s=1 Py(k,a) j=1

1<\o¢|<k

O (VUs(X (t,2) = X (t,2)) — VUs(X(t,y) — X(t,2))) po(dz)|

Ik

o xe. )
k:' )Ikl

L b N7
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with ||po]| = |lpollztAzr- Then we use the induction assumption (2.10), which is
assumed to be satisfied up to n € N*, to infer that

z —1?11“ /R OF (VUs(X (t,7) — X(t, 2)) — VUs(X(t,y) — X(t, 2))) po(dz)|

KD NG, ol o (2 + ) (KA + 1)

1<l <k
1 1/2 I—1 !
k o (=D I Co Y
> > I _
s=1 Py(k,a) j=1 (kj!) (lj!)‘kjl
SHICECH(=1)F X NHIOT (=) K C, oo v 1 (2 + |a)! (KA + 1)

1<|oz\<k

— KOECH-1F Y VK (M) Cyllpollu 2420 (0N + 1)

1<|o¢\<kz

(1/2>'k
s lj
> Ia\‘apz Z HW )

s=1 P,(k,a) j=1

We now assume that 4\C7 'K < 1 and

CoC
NKCyllpollprnrr2* (KA +1) < 0=t

in order to get for n # k

[ O (VU (X (1,2) = X (2. 2)) = V(X (1) — X (1,2))) po(d2)

|z — y|*
1 1/2
< gk DICET et (—1) (k J/r 1) ,

by using again (6.11). Again, we treat the case n = k differently by assuming

Co 1

NKCylpoll1 a2 (KA + 1) < 2 4VX|o,
I
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which yields

1
|z — y|»

/R3 8?(VU3(X(75, x) —X(t,2)) — VUs(X(t,y) — X(t, z)))pg(dz)

(n+ DICPHCr(— 1) ( 1/2 ) .

1
T AV lo n+l

We get, by using again (6.11) and (6.13), that

Z( )lAk < Z( ) (k+ DICE O 1)ki (kﬁ)

|z —y|
X (—1)"F (0 — k)| ( UQ/«) Cnkemhl

mz Leptep(k+1)(-1)¢ (;ﬁ) (=1 <n112k>

k= O

n—+1

< OO (1) (n + 1) ( 1/2 ) ,

where we used (6.14).
Analogously for By we emphasize that

OF [VUs(X(t,y) = X(t,2))] = k! Y Galt,y,2),
and that, analogously to (6.13) we have for n # k
o (X000 - V@] < () prer e

Using (6.16) and the two estimates above, we can treat the term By, as the term Ay
and conclude the proof.

7. Proof of Theorem 2.8

This section is devoted to the proof of Theorem 2.8. By a reversibility argument,
it is enough to find a control which sends the initial density py to 0 on the time
interval [0,7'/2], indeed one can then proceed in a similar way and send 0 to the
final density ps in the time interval [T°/2,T] by switching the time variable ¢ into
T —t. We emphasize that it is actually sufficient to prove that it is possible to prove
that there exists € € (0, 7) and a control which steers the initial density py to 0 on
the time interval [0, €T}, since then one may turn off the control and let the density
stays at zero during the rest of the interval |eT', T'/2].

Without loss of generality we assume that there exists § > 0 small enough such

that B(0,46) C w
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7.1. Construction of a controlled auxiliary solution starting from 0 and
returning at 0

Following [Gla00], in this subsection we construct, for any 7' > 0, a vector field
u with zero initial and final values and such that during the imparted time the
corresponding flow map sends the support of py to the ball B(0,2) in several time
steps and then back to the support of py. More precisely we have the following result.

PROPOSITION 7.1. — Let T'> 0, w and py as above. There exists
feC.((0,1); L= (R%)),
compactly supported in (0,T) X w and

(U, o) € Cl ((O,T); L (R3) A 1723 (R3)) M W2 (R3) x () Wt (Rs)) ’

q>3 q=3
satisfying
—AUpgyx + Vpaux = f and  divua,, =0, on R3,

and there exists a covering U~ | B(z;,7;) of supppy and a sequence 0 < t; < tiv1/a <
tz‘+1/2 < ti+1 < T/2, 0<1< L with ty = T/4, try1 = T/2 such that

(71) V1 g 1 g L, Ve B(a:i,n), VvVt E]ti+1/4,ti+1/2[:> Xaux(t,O,:L’) < B(0,25),
VI<i< LV 2eR X,(t,0,2) =z

Proof of Proposition 7.1. — By a scaling argument we may choose T = 1. Let
a € w and r > 0 such that B(a,r) C w\ B(0,49). The proof relies on the following
Lemma that we prove later.

LEMMA 7.2. — Let v : [0,1] — R®\ B(a,r) a curve of class C* such that
~(t) =~(0) for t € [0,(] and y(t) = (1), for t € [1 — (, 1], for a given small { > 0.
Then there exists f € C(0,1, L*(R?)) compactly supported in (0,1) x B(a,r) and
the unique associated solution u € C,(0, 1, W23(R%) N W3(R?) N, ~ 3 W24(R?)) of

—Au+Vp=f divu=0, on R?
such that the associated characteristic flow X satisfies X (t,0,~(0)) = ~(¢).

Now let a € supppg \ B(a,r). There exists a curve v, : [0,1] — R3\ B(a,r) of
class C*° such that

Ya(t) = a for t € [0,1/4], ~,(t) =0 for t € [1/2,1]

Denote by u, the velocity and f, the right hand side obtained by Lemma 7.2
associated to the curve 7,. By continuity of the flow X,, there exists r, > 0 and
N > 0 small enough such that for all x € B(a,r,) and for all t €]1/2 —n,,1/2 4+ 04|
we have X,(¢,0,z) € B(0,2d). We emphasize that the stationarity of the curve near
t =0 and t =1 is crucial in order to have a compactly supported velocity field u,.

Now for a € supppy N B(a,r) we consider B(f,r") such that B(S,r") C w \
(B(0,46) U B(a, 7)) and apply Lemma 7.2 for B(3,r’) instead of B(«,r) in order to

drive each point a of supppy N B(c, r) to 0. This yields the existence of a control u,
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satisfying a Stokes equation with a right hand side f, compactly supported in B(3,1”)
and we may apply the same continuity argument as above to get the existence of r,
and 7, such that X,(¢,0,2) € B(0,20) for x € B(a,r,), t €]1/2 — 14, 1/2 4+ n4].

Hence, to summarize, for all a € supppy, there exists r, > 0 and u, compactly
supported in (0,1) which solves the Stokes equation with a right hand side f,
compactly supported in (0, 1) X w and such that for all x € B(a,r,), in X,(¢,0,x) €
B(0,26) for t €]1/4,1/2].

By compactness one can extract a finite subcover

UB(ZL’Z, T’Z‘),

i=1
of supppyg. Let (u;); the associated velocity fields. We split the time segment [1/4, 1/2]
by considering the subdivision

t0:1/4,
i
i =to+ ——— Vie{l,-- L+1},
otz Vet +1}
bjg =t ot vie{o,---, L}
i+1/4 — U 44(L—|—1)7 t ) ) )
1 1
Lo =i+ 53—, ¥ i€{0,- L},
np=tit oy ViEd ;

We set then

uaux(t,x) = 8<L + 1)U1(8<L + 1)(t - ti>,$), 0 < 1 < L, te [ti7ti+1/2],

Uaux(t,.l?) = _8(L + 1)U2(8(L + 1)(tl - t)a .77), 0 < i < L> le [ti+1/27ti+1]'
Uauyx 18 then well defined and compactly supported in (0, T') since each u; is compactly
supported. Moreover, .. solves the Stokes equation on R? \ w. Moreover, on each
time segment ]¢;,t;11] the domain B(z;,r;) is transported inside B(0,29) during
the time interval |t;,4 /45 tig1 /2[ and then again to B(x;, ;) during the time interval
Jtit1/2, tiy1[, more precisely the characteristic flow X, associated with ..y satisfies

Vi<i< L, Vze B(Z‘Z‘,T‘i), Vite ]tl‘+1/4,ti+1/2[ = Xaux(t,(),x) c B<0,25)
V1<i<LVareR, X, 0,2) =21
0

Adapting [Glal2, Proposition 3.2.8] to the Stokes context, the proof of Lemma 7.2
relies on the following result which establishes the pointwise reachability of any value
in R? by velocity vector fields satisfying some controlled steady Stokes systems. For
sake of self-containedness, we include below the proof of Lemma 7.2 using Lemma 7.3.

LEMMA 7.3. — Let x € R3\ B(a,r), then we have
{u(x), Jfel™ (R3> compactly supported in B(a, ) st

—Au+Vp=f and divu:OonR3}:R3.
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Proof of Lemma 7.3. — We set for a given z € R*\ B(a,r) and any a € R?

1(r — _
F :=8n|z — «f I——(m )@ [z~ a) a € R?,
2 |z — af?

we consider then the velocity given by u = U(- — a)F where we recall that U is the
fundamental solution of the Stokes system in R3, see Section 3.3. We define as well
the associated pressure as p := P(- — a)F. Thus (u, p) satisfies divu = 0 and the
steady Stokes equation —Au + Vp = 6, F on R3. Moreover,

w(z) =U(x — a)F
:1< I +(:z—oa)®(x—oz)>87r|x_a|<l_1(3:—04)@(3:—04))&:&'

87 \ |z — ¢f |z — of? 2 |z — af?

XB(a,e)

|B(a,s)\F with e < rie

In order to regularise the right hand side §,F we set u = U

iz) = £ o U= v)Fdy

One can show that |a — @(z)| = |u(z) — u(z)| < Cyq¢ for € small enough and this
shows that the set

{u(x), Jfel”™ (R3> compactly supported in B(a, ) st
—Au+Vp=f, divu=0on R3},

is dense in R?, since it is a finite dimensional vector space and hence closed, we get
the desired equality. ([l

Proof of Lemma 7.2. — Let v : [0,1] — R*\ B(a,r) a smooth curve. For any
t € [0, 1], thanks to Lemma 7.3, there exists u;, i = 1,2, 3 satisfying —Au; +Vp; = f;
and divu; = 0 on R? for some f; € L>°(R?) compactly supported in B(a,r) such
that

det [un (v(1)),val(y(8)), us(1(8))] 0.

By openness of the above condition and continuity of both + and the functions
u;, one can find a neighbourhood V; of t such that for all s € V;, the family
{u1(v(5)), ua(7(s)), us(v(s))} generates R? and hence one can find \;(s), i =1,2,3
such that for all s € V;,

3

Y(s) = D Xi(s)ui(v(s)) := u'(s,7(s)).

=1

Note that the functions ); are continuous on V; and hence by linearity, u’ still satisfies
a Stokes equation with as a right hand-side the vector field:

F = SN € € (V1 (R)).
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Now, by compactness of [0,1] one can extract from UrcpVe @ finite covering
(Vi;)1<j < such that for any s € [0, 1] we have

y(s) = ;Xj(S)utf(sm(S)) = u(s,7(s)),

where 1, - -+, X is a partition of unity adapted to the covering (V)1 << n- Finally,
one can check that u satisfies the desired properties, in particular the fact that the
associated right hand-side

M

F&) = xi(0)f", (t)

j=1

is compactly supported in (0, 1) in time is due to the fact that the curve ~ is stationary
near t =0 and t = 1. 0

In the sequel we will look for a solution (u, p) to the transport-Stokes system in
R3\ w starting with py at time 0, and exactly reaching the null state at time 7', whose
main part is given by a rescaling of the auxiliary solution u,,x, while the influence
of the initial data will be considered as an error term. More precisely, let € > 0, set

. 1 t . 1 t
uaux(t’ w) = guaux (6717) and paux(tVI) = ;paux <€7 x> y
which satisfy

(7.2) —AuS, +Vpi=0 in R*\w, divu, =0 inR®

Let us set accordingly
Xe(t,s,x) .= X(t/e, s, x),
the associated flow defined on [0, €T].

7.2. Construction of an error term due to the initial density and
reaching equilibrium

This section is devoted to the proof of the following result, where, roughly speaking,
it is proved that for € > 0 small enough, one may construct an error term, due to
the initial density, which reaches equilibrium before the imparted time.

PROPOSITION 7.4. — Let p > 3 and py € LE(R?). There exists (u*,p*) in
C(]0, +00), W2P(R3) x LP(R?)) (resp. C([0, +o0), W>3(R3) N W3(R3) N5 5 W9 x
L3(R3)) if p = 3) so that, in R3, for € > 0 small enough,

atp* + div((ug,ux + u*)p) = g*7
(7.3) —Au*+Vp=—p*es and divu* =0, in R?
p*(()? ) =po and p*(€T7 ) =0.

with g* € L*>(0,Te; LP(R?)) compactly supported in (0,€T) X w.
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Proof of Proposition 7.4. — We introduce the following sequence (p",u"),>0
defined on [0, €T] x R? such that for p > 3
(7.4) 1"t e < llpollzrare, (Ul < K

and for p=3, ¢ >3
(7.5) 10" s < Mlpoller s, Ul + (VU |l <K,

defined as follows.

o We set (u°, p°) := (uo, po) where ug the solution to the Stokes equation on R?
with a right hand side given by —pges.
e Given (u", p") satisfying (7.4), we set p"/? as

pn+1/2 Xn#po

where X the characteristic flow associated to u
weakly

+u™. Then p™*+'/? satisfies

aux

8tpn+1/2 + div ((u;ux 4 un)pn+1/2) =0, on R?

pn+1/2<07 ) = 0o.
e Using (7.1) together with (7.4), there exists ¢g = C(T, K, 0, Lip(taux)) > 0
independent of n such that for all € in (0, &),
(76) Vite [0, ET], Ve B(Z‘Z, Tz‘), t e ]ti+1/47ti+1/2[ = Xﬁn(t, 0,$) c B(O, 3(5)

With the same notations as above, let {x;}1<i<r a partition of unity such
that suppyx; C B(x;, ;). We set then for ¢ € [0,¢T] and x € R3,

L Z 2(0,t,2))x:(X2(0, ¢, 2))
Z

)2 () ) (X0, 8, 7)),

with S;(t) := B (8(L )(t —t;)) with 3 a cutoff function such that § =1 for
t<1/2and 8 =0 for t > 1. We observe that p"*! satisfies weakly

77 Oip" T + div ((ugux + u”)p”“) =g¢" on R?
PN 0,) =po  and  p"THET, ) =0,
with
= ZB )po(XZ (0,8, 2))xi (X2 (0, ¢, 2)).
e Finally we define u"*! as the unique solution to the Stokes equation:
(7.8) Ayt L Vpttt = —p"tley  and  dive™™' =0 in R
LEMMA 7.5. — The vector fields g™ are compactly supported in (0, €T) X w.

Proof of Lemma 7.5. — 1If ¢g"(t,z) # 0 there exists 1 < ¢ < L such that
Bi(t)po(X2(0,t,2))x:(X2(0,t,2)) # 0 hence t € €]t;i1/a,tiz1/2] with X(0,t,z) €
supppo N B(z;,7;) which yields z € X2 (¢,0, B(x;,7;)) C w according to (7.6). O
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The sequences p" and ¢" satisfy the following uniform bounds for all ¢ € [0, 400,

H9n||Lq(o,eT;L1mLp) + ||Pn||Lq(o,eT;leLp) + ||atPnHLq(o,eT;LerW—l,p) <M
which yields for 4™ using the fact that —Aou™ + VOo,p™ = —0yp"es, divou™ = 0,

Hun“Lq(o,eT;W?,p) + ||atun||Lq(o7gT;W1,p) < M: ifp > 37
<

10"l paqoermzey + 10 || agoerir—ra) < M, if p=3.

Hence using the Aubin—Lions Theorem we get the convergence of a subsequence
u™ — u* in L0, €T; Co* N WLP(R?)) if p > 3. This allows us to pass in the limit in
the weak formulations of the Stokes equations (7.8) and the transport equation (7.7),
using the weak convergence p™ — p* and ¢" — ¢* in L9(0,€T"; L?). For p = 3 we
get analogously u” — u* in L9(0, €T, W53 (R?)) together with p" — p* weakly in

L9(0,€T; L®) for any 1 < s < 3 which allows us to pass in the transport equation for
s = 3/2, so that, in R3, (7.3) holds true.

We emphasize that an Ascoli-type argument similar to the one used in the proof
of Theorem 1.1 still holds true for the sequence of flows X and we get X”(-,s,-) —
X*(-,s,-) in C[0,€T],CL.) (resp. in C[0, €T, Cloe)) if p > 3 (resp. p = 3).

This allows us to get a pointwise convergence of g" to

g* = Zatﬁi(t)pO(X*«)’ t x))Xz(X*«)’ t l’)),

in (0,€T) x R? and ensures that g* is compactly supported in (0, €T’) x w. Moreover,
passing in the limit, pointwise, in the identity:

anrl(t? :L') = ;ﬁi(t)po (X?(Oa t, x))Xi(Xg(()? 2 :Ij')),

we obtain that p* is in C'(0,7"; L”) and the continuity for the velocity u* as well. This
concludes the proof of Proposition 7.4. O

7.3. Conclusion of the proof of Theorem 2.8

Combining Proposition 7.1 and Proposition 7.5, in particular by (7.2) and (7.3), and
since g* is compactly supported in (0, €T) X w, the vector field (u := u  +u*, p := p*)
satisfies

Op +div(pu) =0 in R*\w,
—Au+Vp = —pes inR*\ w,
divu=0 in R3
p(0,-) =po and p(Te,-) =0,

Recalling the preliminary remark at the beginning of this section, this concludes the
proof of Theorem 2.8.
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