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ABSTRACT. — In this article, the Hodge decomposition for any degree of differential forms
is investigated on the whole space R™ and the half-space R’} on different scales of function
spaces namely the homogeneous and inhomogeneous Besov and Sobolev spaces, H?, Bg’ ¢ HP
and By, for p € (1, +00), s € (=1 + %, %’) The bounded holomorphic functional calculus, and
other functional analytic properties, of Hodge Laplacians is also investigated in the half-space,
and yields similar results for Hodge—Stokes and other related operators via the proven Hodge

decomposition. As consequences, the homogeneous operator and interpolation theory revisited
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by Danchin, Hieber, Mucha and Tolksdorf is applied to homogeneous function spaces subject
to boundary conditions and leads to various maximal regularity results with global-in-time
estimates that could be of use in fluid dynamics. Moreover, the bond between the Hodge Lapla-
cian and the Hodge decomposition will even enable us to state the Hodge decomposition for
higher order Sobolev and Besov spaces with additional compatibility conditions, for regularity
index s € (—1+ %, 2+ %) In order to make sense of all those properties in desired function
spaces, we also give appropriate meaning of partial traces on the boundary in the appendix.

“La raison d’étre” of this paper lies in the fact that the chosen realization of homogeneous
function spaces is suitable for non-linear and boundary value problems, but requires a careful
approach to reprove results that are already morally known.

RESUME. — Dans cet article, la décomposition de Hodge pour tout degré de formes dif-
férentielles est étudiée sur l'espace entier R™ et le demi-espace R} pour différentes familles
d’espaces de fonctions, a savoir les espaces de Besov et de Sobolev homogenes et inhomogenes,
HsP, B;yq, H*P et By ,, pour toutp € (1,+00) et s € (=1 + 117, %) Le calcul fonctionnel holo-
morphe borné ainsi que d’autres propriétés des Laplaciens de Hodge sont également étudiés
dans le demi-espace, ce qui donne des résultats similaires pour les opérateurs de Hodge—Stokes
et d’autres opérateurs qui lui sont liés, via la décomposition de Hodge qui est démontrée en
amont. En conséquence, la théorie des opérateurs et la théorie de l'interpolation dans leur
version homogene, revisitées par Danchin, Hieber, Mucha et Tolksdorf, sont appliquées aux
espaces de fonctions homogenes soumis & des conditions au bord. Cela conduit a divers ré-
sultats de régularité maximale avec des estimations globales en temps, pouvant étre utiles en
dynamique des fluides. De plus, le lien entre le Laplacien de Hodge et la décomposition de
Hodge nous permettra méme d’énoncer la décomposition de Hodge pour des espaces de Sobolev
et de Besov d’ordre supérieur avec des conditions de compatibilité supplémentaires, pour des
indices de régularité s € (—1 4+ %, 2+ %) Afin de donner un sens a toutes ces propriétés dans
les espaces fonctionnels souhaités, nous donnons également une signification appropriée aux
traces partielles sur le bord en annexe.

La raison d’étre de cet article réside dans le fait que la réalisation choisie des espaces de
fonctions homogenes est adaptée aux problemes non linéaires et aux problémes avec condi-
tions au bord, mais nécessite une approche minutieuse pour redémontrer des résultats déja
moralement connus.
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1. Introduction
1.1. Motivations and interests

1.1.1. One Laplacian to rule (almost) them all: the differential form formalism and
the Hodge decomposition

The study of incompressible fluid dynamics, and in particular the treatment of
Navier—Stokes equations, relies mostly on the Helmholtz decomposition of a vector
field in appropriate function spaces. The Helmholtz decomposition of vector field
u : 2 — C" is given by a vector field v : Q@ — C" and a function ¢ : 2 — C,
such that

u=1v+Vq and dive =0 (with possibly v -y, = 0) :

This point is central since the incompressibility condition for the velocity of a fluid
u is carried over by the condition divu = 0.

In the interest of the Navier—Stokes and related equations, one wants the above
decomposition to hold topologically in an appropriate normed vector space of func-
tions™") with uniqueness (up to a constant for ¢). It is indeed true in L?(€2, C"), since
P, the usual Helmholtz—Leray projector on divergence free vector fields with null
normal trace at the boundary, i.e. such that

P:L2(Q,C") — 12(Q) = {u e L2 (2,C") |divu = 0,u-y,, =0},

is well-defined, linear, bounded, and unique by construction of the orthogonal pro-
jector on a closed subspace of a Hilbert space, here L2(Q) C L*(Q,C"). It gives
the classical orthogonal and topological Helmholtz decomposition, see [Soh01, Chap-
ter 2, Section 2.5],

L?(2,C") = L2(Q) & VH2(2,C),

for any (bounded) Lipschitz domain €, see [Soh01, Lemma 2.5.3]. Here H?(£, C) is
the standard L2-Sobolev space of order 1 on .

() From here the divergence will be understood in the distributional sense.
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1460 A. GAUDIN

The L2-theory for the Helmholtz decomposition on a domain € relies mostly on
pure Hilbertian operator theory. However, the question about the LP-theory, p # 2,
i.e. to know if

(1.1) LP (Q,C") = L2(Q)eVHLP(Q, C),

(or even the Sobolev or Besov counterpart) is actually a harder question, which falls
generally in the field of harmonic analysis. The underlying range of Lebesgue and
Sobolev exponents for which such decomposition holds will generally depend on the
regularity of the boundary and the geometry of the domain 2.

The L? setting has been widely studied, we mention the work of Fabes, Mendez
and Mitrea, [FMM98, Theorem 12.2], where the result has been proven for bounded
Lipschitz domains: (1.1) holds whenever p € (3/2 — ¢,3 + ¢). The work of Sohr
and Simader [SS92, Theorem 1.4] yields (1.1) for C* bounded and exterior domains,
allowing p € (1,+00). For general unbounded domains, when p # 2, the decom-
position (1.1) may fail: see the counterexample by Bogovskii [Bog86, Section 2.
Tolksdorf has shown in his PhD dissertation [Tol17, Theorem 5.1.10] that (1.1) is
true for all p € (( In g, (237_‘1) +¢), provided € is a special Lipschitz domain, £ > 0

2n+1)
depending on 2. We also mention the works of Farwig, Kozono and Sohr where the

decomposition is investigated in a more exotic setting in [FKS05, FKS07] for general
uniform C! unbounded domains.

Our interest here is the case of the half-space R, where the Helmholtz decom-
position is mainly known to be true on LP(R%,C") for all p € (1, 4+00), see [Galll,
Remark I11.1.2]: we aim to generalize this result to the scale of inhomogeneous, and
homogeneous Sobolev and Besov spaces on the half-space. To be more precise, we
want to investigate decompositions of the type

(1.2) H*? (RY,C") = Hy? (R}, C") @ VHs+1» (RY, C),

and similarly for Besov spaces, and their inhomogeneous counterparts, provided
seR, pe(l,+00).

In the scale of inhomogeneous and homogeneous Besov and Sobolev spaces on
bounded and exterior C*! domains the Helmholtz decomposition was shown by
Fujiwara and Yamazaki [FY06, Theorem 3.1]: the Helmholtz decomposition holds
on H*P(€2,C") and B; (2, C"), p € (1,+00), s € (=1+1/p,1/p), q € [1, +00], even
allowing p = 1, 400 in case of Besov spaces. We also mention the work of Monniaux
and Mitrea [MMOS8, Proposition 2.16] on bounded Lipschitz domain where the result
is true for (inhomogeneous) Sobolev spaces that lie near the family (H*?)(5<1/2.

It has been notified in several works, e.g. see [GHT13, Introduction], [MS18, Sec-
tion 4], that the following Laplace operator acting on vector fields,

(1.3) —Ayu = —Au = curl curl u — Vdivu, and {u V), = 0,v x curl ), = 0}

called the® Hodge Laplacian, has a strong bond with, and respects, the Helmholtz
decomposition in the sense that for all u in the domain of above Laplacian, Pu also
lies in, and we have

2 1n fact, this is @ Hodge Laplacian, the one with normal boundary conditions, we do not make
the distinction here for introductory purposes.
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—PAu = curl curl u = —APu, and [Pu “V)po = 0, v X curl Puy,, = O} :

Therefore, since the Hodge Laplacian and the Helmholtz—Leray projector seem to
copy the corresponding behavior of the whole space, it seems reasonable to infer that

(1.4) P =1+ Vdiv(-Ayx)™",

where div drives a boundary condition v - uj,, = 0.

But, the above use of curl operators restricts us to the three dimensional case. We
can avoid such trouble, by means of the differential forms formalism, so that (1.3)
becomes

(1.5) — Ayu = —Au = (d*d + dd*)u = (d + d*)*u,
and [u AU = 0,7 aduy,, = O}

where d : AF — A**! is the exterior derivative, defined on the complexified
exterior algebra of R", A = A°® A @ ... ® A", and satisfies d> = 0. The operator
d* : A* — A*=1is the formal dual operator of d, satisfying also (d*)? = 0 so that
on R?, we can make the identifications

d|A1 = Curl, d|A0 = V,

* I
d|A2 = curl, dIAl = —div,

VaQue =v- 0, va0,.=vx0
The curl operator drives a boundary condition v X u,, = 0.

Notice this definition still makes sense for differential forms of any degree, in
arbitrary dimension. One would check that (1.5) reduce to the Neumann Laplacian
in the case of 0-forms identified with scalar-valued functions.

Going back to the case of vector fields, instead of (1.4), the above formalism and
the fact that d and d* are nilpotent, and then commutes (at least formally) with Ay,
we may infer the next formula, similar to the one mentioned in [ACDHO04, Section 5|:

(16) P=1- dd*(—Aq_L)il =1—- d(_AH)*l/Qd*(_AH)fl/%

Under the use of the differential forms formalism, the desired Helmholtz decomposi-
tion (1.2) becomes, for 0 < k < n different degrees of differential forms,

(1.7) AP (RY, AF) = H32 (RY, A®) @ dHo 12 (R7, AR

which is called the Hodge decomposition instead of the Helmholtz decomposition.

Here, the space Hi;{,’ (R7, A¥) stands for k-differential forms u whose coefficients lie

in Hs’p(]R’}r, C), and such that d*u = 0, and v Ju,,, = 0.
+

The Hodge decomposition for differential forms is treated by Schwarz [Sch95,
Theorem 2.4.2, Theorem 2.4.14] on smooth compact Riemannian manifold M with
smooth boundary where the decomposition is stated on H*?(M), k € N, p € (1, +00).
For the case of {2 a bounded Lipschitz domain of R", we refer to the work of Monniaux
and M¢Intosh [MM18, Theorem 4.3, Theorem 7.1] where the Hodge decomposition

is proved to be true on LP(Q2,A) for all p € ((2211) — g, (237’_‘1) + ) where ¢ > 0
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1462 A. GAUDIN

depends on 2. The bounded holomorphic functional calculus of the Hodge Laplacian
is also proved for the same range of indices. One may also consult the work of
Mitrea and Monniaux, and Hofmann, Mitrea and Monniaux, [MM09b, HMM11], for
the treatment of the Hodge Laplacian on bounded Lipschitz domains of compact
Riemannian manifolds, where functional analytic properties like analyticity of the
generated semigroup, or boundedness of associated Riesz transforms are investigated.

One may wonder about the superficiality of proving an identity like (1.7) for gen-
eral differential forms, instead of vector fields (differential forms of degree 1,n — 1)
only. In fact, the differential forms formalism has shown its efficiency, allowing to
treat some partial differential equations initially restricted to the three-dimensional
setting in arbitrary dimension. See for instance [Mon21, Den22], where the magne-
tohydrodynamical (MHD) system is treated, so that either the triplet A', A%, A3 or
the triplet A"=3, A"~2, A»~! are involved. Indeed, the magnetic field is in fact not an
effective vector field but a 2-form, identified, when n = 3, with a vector field. We also
mention that reformulation using differential forms for this kind of systems allows
looking at vorticity-like formulation of the Navier-Stokes (and related) equations, it
is also purely intrinsic so that one can perform a similar treatment on manifolds.

To reach our goal, the idea will be to prove that the formula (1.6) holds on
L?(R%, A), yielding an operator for which we can also prove its boundedness on
Sobolev and Besov spaces, so that we are able to obtain the next theorem.

THEOREM 1.1 (see Theorem 2.33 & Corollary 3.14). — Let p € (1,+0), s €
(=14 1/p,1/p), and let k € [0,n]. It holds that

(1) The (generalized) Helmholtz—Leray projector is well-defined and bounded as
an operator

R (]Rﬁ,Ak) — [P (Ri,/\k).
Moreover, the following identity is true
P=1-d(—Ay) 2d*(—Ay) 2.
(2) The following Hodge decomposition holds
e? (R, AF) = 37 (R, AF) @ 157 (RY, AF) .

Moreover, the result remains true if we replace

o H5P by Bf,’q, q € [1,+o0];

e (H,B) by (H,B).
The symbol X, stands for the range of I — P in X.3)

The way we reach Theorem 1.1 through intermediate results and proofs is so that
we recover many different properties of the Hodge Laplacian as well as its bounded
holomorphic functional calculus on Sobolev and Besov spaces almost for free. This
is due to the particular structure of the boundary of R, and the properties of the

(3)The subscript (or exponent in case of Besov spaces) v is a legacy of the writing of G spaces as
spaces of gradients of scalar functions in the case of vector fields.
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Laplacian on the whole space R™. This, above Theorem 1.1, and the fact that one
can define the Hodge-Stokes operator as

u € D;(AH) = IPD;(AH) and Ayu := —Ayu = d*du,
will yield automatically

THEOREM 1.2 (see Theorem 2.35). — Let p € (1,4+00), s € (—1+1/p,1/p). For
all i € (0, ), the operator Ay admits a bounded (H>(X,)-)holomorphic functional
calculus on Hy? (R, A). Moreover, the result remains true if we replace

o H5P by B;q, q € [1,+o0];
e (H,B) by (H,B).

We mention that our strategy is not morally so different from the one presented
in [GHT13, Beginning of Section 4], identifying some Neumann and Dirichlet bound-
ary conditions on various components. However, the treatment of boundary values is
done in a more careful way, adapted with the scales of homogeneous function spaces,
thanks to a weak-strong correspondence of (partial) traces by means of appropriate
results in the Appendix A.

1.1.2. Global-in-time estimates in L9-maximal regularity: the role of homogeneous
function spaces and their interpolation

Another tool which is central in the study of parabolic equations and also for a
large class of fluid dynamics problems is the L%-maximal regularity.

The general problem of global in time L?-maximal regularity is: for a closed operator
(D(A), A) on a Banach space X, let us consider the evolution equation

{ ou(t) + Au(t) = f(t),t € (0, +00),
u(0) = 0.

Provided ¢ € [1, +00] and f € LI((0, +00), X), can we solve uniquely (1.8), with an
a priori estimate

(1.9) 1y Al a(0,100),5) S I ILa(0,400),3) 7

When X is a UMD Banach space (i.e. a space such that the Hilbert transform is
bounded on L"(R, X)) for one (or equivalently all) r € (1, 4+00)), the problem has been
extensively studied in [Ama95, Chapter III, Section 4], [DHP03] and [KW04]. It has
been proved in this case, that the truthfulness of (1.9) for g € (1, 400) is equivalent
to the R-boundedness of the resolvent A of angle ¢% < %, i.e. if 0(A) C Iy, and for
some 5 > > ¢, the set

(1.8)

A=)}

is R-bounded, and ¢% is the infimum on all such p. More precisely, for some p €
(¢, %), for all (A\;)jen € C\ X, all (f;)jen C X, we have for all N € N

;)Tj(')fj

AeC\Z,

?

N
oA NI=A) T
J=0 L2((0,1),X)

SX A
L2((0,1),X)
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1464 A. GAUDIN

where (7;);en is the Rademacher system of functions, and the implicit constant is
independent of N. This result was initially due to Weis, see [Wei01, Theorem 4.2].
For a wide review of the concept of R-boundedness and its applications to maximal
regularity, we refer to, e.g., [DHP03, KW04] and [DKO07].

It has been shown in many cases that Stokes operators satisfy the LI-maximal
regularity on LE(2), for various classes of open sets €2 for p, ¢ € (1, +00), with various
boundary conditions and this has been widely used to treat various fluid dynamics
problems, mainly Navier—Stokes equations. See for instance, and the list is far from
being exhaustive, [GS91, HM13, HNPS16, Hie20, MM09a, Mon13, Mon21, Tol18,
TW20].

Getting back to the abstract problem (1.8), when X is UMD, ¢ € (1,4+00)
and A is invertible, i.e., 0 € p(A), it is known that the solution u belongs to
CH(Ry, (X, D(A))1-1/4,4) with the estimate

(1.10) ull o (B (X DAY jg) S [l x);

where (-, -)a., (0,7) € (0,1) X [1, +00], stands for the real interpolation functor; check
for instance [Ama95, Chapter I1I, Theorem 4.10.2].
If 0 € 0(A), one only has u € C°'(Ry, (X, D(A))1-1/4,4), With for each T" < +o0,

(1.11) ||uHLW([O,T),(X,D(A))l_l/%q) SAqT ||f||Lq(R+7X)7

where the implicit constant blows up as 1" goes to +00. Notice that this is the case
for the (negative) Laplacian A = —A on X = LP(R"), p € (1, +00), which is quite
inconvenient, see [Gau24a, Section 1] and the references therein for more details.
Another issue is that one cannot reach L' and L*°-maximal regularity estimates

through above theory, but one may recover such kind of results if X is replaced by a
real interpolation space between X and D(A), say Y,! := (X, D(A))q, (0,7) € (0,1)x
[1,+00]. Indeed, a theorem of Da Prato and Grisvard, see [DPG75, Theorem 4.15],
gives us that, provided either

e 0€p(A)and T € (0, +0o0],

e 0co(A)and T € (0, +o0),
for ¢ € [1,+00), 6 € (0, 1), the solution u to (1.8) belongs to C{([0, 7], Y, ~*/7) and
satisfies

(1‘12) HUHLOO ([OVT]qu1+0fl/q) SJA,q(,T) ||(8tu,AU)HLQ((O’T)’K](,) §A7q(,T) ”f||Lq((o7T)7yqe)-

If one wants to recover global in time estimates in (1.12) by means of [DPGT75,
Theorem 4.15], we have to assume that A is invertible, hence 0 € p(A). However,
for ¢ = 1 similar estimates have been shown for several non-invertible operators and
were of major importance to achieve existence in critical function spaces for some
fluid dynamic problems like global well-posedness of Navier—Stokes equations, even
for inhomogeneous flows, or free boundary problems, see for instance [Che99, DM09,
DM15, 0OS16, 0OS21, OS22].

While the work of Ogawa and Shimizu [0S22] provides a powerful framework for
many applications, we are mainly restricted to a specific class of second order elliptic
operators with “smooth enough” coefficients. A different and more abstract approach
was brought by the recent work of Danchin, Hieber, Mucha and Tolksdorf [DHMT21],
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where the idea was to give a homogeneous version of the Da Prato—Grisvard theo-
rem [DPGT75, Theorem 4.15], in the sense that (1.12) holds with implicit constant
uniform with respect to the time variable even when 0 € o(A). But further assump-
tions have to be made, mainly the injectivity of A on X. Their idea was to replace
the real interpolation space Y,! = (X,D(A))p,q in (1.12) by

(X’ D(A)) 0,q
where D(A) is called the homogeneous domain of A and stands morally for the
closure of D(A) with respect to the (semi-)norm ||A - ||x. Such kind of investigation
was already started by Haak, Haase, and Kuntsmann in [HHKO06], then developped
in Haase’s book [Haa06, Chapter 6], but the completion is considered instead of the
closure.

If A is a non-degenerate elliptic operator of order 2m equal to its principal part,
densely defined on X = LP(R"), such that D(A) = H?™P(R"), we should have
D(A) = H2mP(R") which encounter no trouble of definition, if one consider the
construction of homogeneous Sobolev and Besov spaces as equivalence classes of
tempered distributions up to a polynomial, see [Haa06, Chapter 8, Section 3], [Tri83,
Chapter 5]. In this case, we obtain

(X,D(A))g, = B2’ (R") and  (X,D(A)), =B (®").

However, if one wants to consider a similar problem on a domain, here the half-space
R?, with some boundary conditions, with the definition of homogeneous function
spaces as class of tempered distributions up to a polynomial, it is not clear that
we can make a proper meaning of boundary conditions or traces. To overcome
such difficulties, a construction of homogeneous Sobolev spaces H*P(R"}) and a
review of homogeneous Besov spaces on R} allowing to check interpolation between
homogeneous spaces, and to recover boundary conditions in some cases, is done
in [DHMT21, Chapters 3 & 4] continued in [Gau24b]. This construction is based
on, and consistent with, the one of homogeneous Besov spaces on the whole space
achieved in [BCD11, Chapter 2|. This leads in some cases to non-complete normed
vector spaces as D(A) could be if one wants to consider it as the (moral) closure of
D(A) in an appropriate subspace of H2m» (R%), which may be not complete. That
is why the construction of the homogeneous domain of A, its real interpolation
spaces with X, and the homogeneous Da Prato—Grisvard theorem from [DHMT21,
Chapter 2| are interesting: they allow D(A) to be a non-complete normed vector
space® . This could be necessary if one wants to deal with boundary conditions. One
can even recover the construction given in [Haa06, Chapter 6] when the completion
is used instead of the closure to construct the homogeneous domain.

We also mention that the homogeneous operator and interpolation theory revisited
by Danchin, Hieber, Mucha, and Tolksdorf in [DHMT21, Chapter 2] also gives a way

to circumvent the lack of global-in-time estimates in the usual L49-maximal regularity

(4)We notice that real interpolation of non-complete vector space makes sense, see [BL76, Chapter 3]
where completeness is not needed to deal with the K-method.
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framework, for the trace estimate issue (1.11). This has been done by the author in
a previous paper, see [Gau24a, Sections 1, 2& 4].

Finally, if one applies the homogeneous interpolation and then the homogeneous
Da Prato-Grisvard theorem as done in [DHMT21, Chapters 2, 3 & 4], choosing
X C LP(R%) to be a closed subspace, and D(A) to be a closed subset of H*™?(R"),
it would lead to L%(BZ?Q)—maXimal regularity results with 6 € (0, 1). Proceeding this
way disallow to obtain Lj (BY ) or L}(B%, )-maximal regularity results, for o < 0. Our
idea is to replace the use of LP(R"} ) as a ground space by Hs» (R), with p € (1, 400),
s € (=1 +1/p,1/p), so that we may expect to realize A on H*?(R") with domain

D(A) ¢ B (RY) A 12 (R7) |

Therefore, for s € (=14 1/p,1/p) and 6 € (0, 1), it seems reasonable to expect
L} (BZﬁQme)—maximal regularity results, and then recover maximal regularity for some
non-positive index of regularity.

To reach such realizations of A on homogeneous Sobolev spaces of fractional
order on the whole space or on the half-space, we are going to use the construction
started [DHMT21, Chapter 3], and continued in [Gau24b, Sections 2 & 3]. The
Appendix A is dedicated to the meaning of partial traces in such function spaces
to ensure that one can realize operators with boundary conditions on H*?(R" ),
provided s € (=1 4 1/p,1/p), see also [Gau24b, Section 4] for usual trace results.
We will also provide additional tools that will be useful to compute homogeneous
interpolation spaces in presence of boundary conditions, as in Section 3.

In our case, considering first the Hodge Laplacian, then the Hodge—Stokes operator,
we will be able to apply the homogeneous Da Prato—Grisvard theorem [DHMT21,
Theorem 2.20], as well as the usual L%-maximal regularity for UMD Banach spaces
or [Gau24a, Theorem 4.7], to reach various maximal regularity results as the next
one.

THEOREM 1.3 (see Theorems 3.17, 3.18, 3.19 & 3.22). — Let p € (1,40), q €
[1,+00), s € (=1+1/p,1/p+2/q), s,s+2—-2/qg¢ N+ %, such that (Csya-2/gpq)”
is satisfied and let T € (0, +o0].

For any

- 24s5—2 5

FeLt((0,7), B4 (RL,A)) uo € B, 5" (R, A)

g, H p,q;H

there exists a unique mild solution

u e Cy([0, 7], B o (R7,A))

D¢, H

(5) The condition (C
below.

) is here to ensure the completeness of considered function spaces. See (Cs p.4)

ey
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to
(9tu—Au :f’ on (O,T)XRT}F’
d*u =0, on(0,7) xR?,
(HSS) (6) v du|8]R:L_ =0, on (07 T) X aRi,
ViU, =0, on/(0, T) x OR™,
¥
uw(0) =wup, In B,Q,,:S “(R", A),

with the estimate

) +||(e, V?u)

u s-2 :
I HLoo([OT]BiZ (1) Le((0.7), 85,4 (RY))

S, HfHLQ((O,T),BISW(Ri)) T HUOHBZS_%(RQ '

In the case ¢ = +oo, if we assume in addition uy € D;(Agr[), we have

| (@, 724

< )
e (01135, (82)) oPon 1 e (01 B (1)) By (B2

1.2. Notations, definitions, and usual concepts

Throughout this paper the dimension will be n > 2, and N will be the set of
non-negative integers. For a,b € R with a < b, we write [a, b] := [a,b] N Z.

For two real numbers A, B € R, A <,,. B means that there exists a constant
C > 0 depending on a, b, ¢ such that A < CB. When both A S, Band B Sgpc A
are true, we simply write A ~, ;. B. When the number of indices is overloaded, we
allow ourselves to write A 525({ B instead of A Sgpedef B-

1.2.1. Smooth and measurable functions

Denote by §(R"™, C) the space of complex valued Schwartz function, and 8'(R", C)
its dual called the space of tempered distributions. The Fourier transform on 8'(R™, C)
is written F, and is pointwise defined for any f € L'(R" C) by

FHE) = [ f(a)e " da,§ € RN,

Additionally, for p € [1 4+ oo], we will write p' = By its Holder conjugate.
For any m € N, the map V™ : §/(R",C) — 8/'(R",C"") is defined as V"™u :=
(0°U)|a|=m- We denote by

(em) and (e_t(_A)%>
t20 t>0

respectively the heat and Poisson semigroup on R™. We also introduce operators V’
and A’ which are respectively the gradient and the Laplacian on R"~! identified with
the n — 1 first variables of R", i.e. V' = (0,,, ..., 05, ,) and A" =92 + ...+ 92

n—1"

(6) For introductory purpose, the notations here are either not precise enough or quite redundant.
For instance, the condition d*u = 0 already implies the boundary condition v Juy,,,, = 0.
+
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When € is an open set of R™, C(Q2, C) is the set of smooth compactly supported
function in €2, and D’(Q2, C) is its topological dual. For p € [1,400), LP(€2, C) is the
normed vector space of complex valued (Lebesgue-) measurable functions whose p*
power is integrable with respect to the Lebesgue measure, 8(Q, C) (resp. 84(2,C),
C>(Q2,C)) stands for functions which are restrictions on € of elements of $(R", C)
(resp. §o(R™, C), C*(R",C)). Unless the contrary is explicitly stated, we will al-
ways identify LP(€2, C) (resp. C*(€2,C)) as the subspace of functions in L?(R", C)
(resp. C°(R™, C)) supported in Q (resp. in Q) through the extension by 0 outside
Q. L>(€,C) stands for the space of essentially bounded (Lebesgue-) measurable
functions.

Fors € R, p € [1,+00), ¢£(Z,C), stands for the normed vector space of p-summable
sequences of complex numbers with respect to the counting measure 2*?dk; ¢>°(Z, C)
stands for sequences (x1)x ¢z such that (28z;)x ¢z is bounded. More generally, when
X is a Banach space, for p € [1,400], one may also consider LP(€2, X') which stands
for the space of (Bochner-)measurable functions u : € — X, such that ¢t —
|lu(t)||x € LP(Q,R), similarly one may consider (2(Z, X).

1.2.2. (Bi)Sectorial operators on Banach spaces

We introduce the following subsets of the complex plane

5, = {z€C : Jarg(z)| <}, if ue (0,7),
SM = (_EM) U ZM? if H € <07 g) ’

we also define X := (0, +00), Sp := R\ {0}, and later we are going to consider 3,
and S, their closure.
An operator (D(A), A) on a Banach space X, over the field of complex numbers,
is said to be w-sectorial if for a fixed w € (0, 7) both conditions are satisfied
(1) o(A) C X, where 0(A) stands for the spectrum of A;
(2) For all pu € (w, ), supyc oy, [IAAL = A) 7 xox < +00.
Similarly, (D(A), A) is said to be w-bisectorial, for a fixed w € (0,%), if 0(A) C S,
and for all 1 € (w, §), supy c o3, [IAAL = A) [ x—x < +o0.
The following two propositions are classical and well-known. It will be of paramount
importance throughout the present work.

PROPOSITION 1.4 ([Haa06, Proposition 2.1.1]). — Let (D(A), A) be a sectorial
operator on a Banach space X. Then the following assertions hold.

(1) If k € N, and 2 € D(A), then
lim t*(t1 + A) 2 =2 and lim A*(t1+ A) "z = 0.
t——+o0 t—+o00

(2) If k € N, and x € R(A), then
lim t*(t1 + A) %2 =0 and lim A*(t1 + A) Fz = 2.
t—0 t—0
In particular, N(A) N R(A) = {0}, so that X = R(A) implies that A is

injective.
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(3) For every k € N, D(AF) N R(A*) is dense in D(A) N R(A).
(4) If X is reflexive, then A is densely defined and induces a topological decom-
position

X = N(A) @ R(A).

The presentation of the preceding statement follows [Egelb, Proposition 3.2.2],
where a similar assertion is made for bisectorial operators, with suitable adjust-
ments. For the next proposition, we refer to [Haa06, Proposition 3.4.1], one may also
see [ABHN11, Proposition 3.7.2, Theorem 3.7.11].

PropPOSITION 1.5. — Let (D(A), A) be an w-sectorial operator on a Banach
space X, with w € [0, 7). There exists a unique holomorphic family of operators
(T'(2))-exx__ufoy such that the following assertions hold:

2 w
(1) For all ¢ € (w, 3), (T(Z))ZGE%7¢U{0} is a family of uniformly bounded opera-
tors such that
T0)=1 and T(z+2)=T(2)T(") forallz 2 €Xx_,U{0}.

(2) If v € D(A) N R(A), then for each ¢ € (0,5 — w),
T(z)v —— x and T(2)r — 0.
|2|—0 | 2]—+o0
larg(2)| <4 |arg(z)| <+
(3) If v € X, then T(2)x € D(A"), for all z € ¥z, n € N, and the map
z+— T(z)z is holomorphic on Xz _, with derivatives of order k € N,
TW(2)x = (—AFT(2)z  forall z € DIES
(4) Fora € Cy, 2 € ¥z, with ¢ € (w, 3), one has
o 1
[A“T(2)|lx o x Sasa T2
Therefore, one writes e ** :=T(z) for all z € Xz_,, U{0}, and (e **),ex, oy Is
2 7w
called the (holomorphic) Cy-semigroup with generator —A.
Provided p € (0,7), we denote by H*(X,), the set of bounded holomorphic
functions on ¥, the same goes with S, instead of X, for p € [0, 7).
If (D(A), A) is w-(bi)sectorial with w € [0,m) (resp. [0,7)), for p € (w,m) (resp.
(w,5)) we say that A admits a bounded (or H*(X,)- (resp. H*(S,)-)) holomorphic

functional calculus on X (of angle p), if for § € (w, p), there exists a constant Ky,
such that for all f € H®(3y) (resp. H*(Sp)), we have that

Hf(A)HX%X < KQHfHLoo.
For all x € D(A) NR(A), f(A)x is defined by the following convergent integral,

(1.13) F(A)z = 2; /826 F(2) (1 — AV de,

and the same goes with 0S5y instead of 9%, for the bisectorial case, both boundaries
being oriented counterclockwise.
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We also say that A has bounded imaginary powers (BIP) of type 04 if f(z) = 2%
plugged in (1.13) yields a bounded linear operator for all s € R, and

XX < +OO} )

Notice that if A has a bounded holomorphic functional calculus then it has bounded
imaginary powers.

The functional calculus of sectorial operators is widely reviewed in several references
but we mention here Haase’s book [Haa06]. However, there are only few references
known to the author that deal with a systematic treatment of bisectorial operators,
Duelli and Weis as well as Egert did such a treatment see [DWO05] and [Egel5,
Chapter 3].

sup el 4%

seR

0y = inf{w}O

1.2.3. Interpolation of normed vector spaces

Let (X, |- ]|x) and (Y, ||-|ly) be two normed vector spaces. We write X < Y to say
that X embeds continuously in Y. Now let us recall briefly basics of interpolation
theory. If there exists a Hausdorff topological vector space Z, such that X,Y C Z,
then X NY and X + Y are normed vector spaces with their canonical norms, and
one can define the K-functional of z € X + Y, for any ¢t > 0 by

K(t2XY)= it (el +tlyly).

Z2=x+Yy
This allows us to construct, for any 6 € (0,1), ¢ € [1,+0o¢], the real interpolation
spaces between X and Y with indexes #, g as
(X, V)pg={z€X+Y[t—t"K(tz,X,Y) € LI(R,) },

where LI(R,) := L?((0, +00),dt/t).
The interested reader could check [BL76, Lun18, Tri78] for more information about
interpolation theory and its applications.

1.2.4. Sobolev and Besov spaces on R"

To deal with Sobolev and Besov spaces on the whole space, we need to introduce
Littlewood—Paley decomposition given by ¢ € C°(R"), radial, real-valued, non-
negative, such that

e supp ¢ C B(0,4/3);
hd ¢|B(O,3/4) =1
so we define the following functions for any 5 € Z for all £ € R",

6;(€) = 0(27¢),  ¥i(8) == 65(¢/2) — (%),
and the family (1);); ez has the following properties

e supp (¢;) C{E€R™|3-2772 L |¢| <2073/3}
e VEERN\ {0}, £ (6 ——+ 1.

N,M—+o00
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Such a family (¢, (¢;)jez) is called a Littlewood-Paley family. Now, we consider the
two following families of operators associated with their Fourier multipliers:

e The homogeneous family of Littlewood—Paley dyadic decomposition operators
(Aj)jez, where
A; =TT,
e The inhomogeneous family of Littlewood—Paley dyadic decomposition opera-
tors (Ag)kez, where

Ay = F 167,

Ay = Ay, for any k >0, and A, := 0 for any k < —2.
One may notice, as a direct application of Young’s inequality for the convolution,
that they are all uniformly bounded families of operators on L?(R"), p € [1, 4+o0].
Both families of operators lead for s € R, p,q € [1,4+00], u € 8§'(R™), to the
following quantities,

o ks
HuHBfmq(R") = H(2 HAkuHLp(R"))keZ 0a(2)

and ||u]

respectively named the inhomogeneous and homogeneous Besov norms, but the
homogeneous norm is not really a norm since ||u| B (Bn) = 0 does not imply that
u = 0. Thus, following [BCD11, Chapter 2] and [DHMT21, Chapter 3], we introduce
a subspace of tempered distributions such that || - ”B‘;,q (R 18 point-separating, say

. )
JEL fq(Z)

S/ (R™) := {u € 8'(R")

VO e CERY), [O0D)ulloe@ny T572 0}’

where for A > 0, O(AD)u = F'O(\-)Fu. Notice that 8§}, (R") does not contain any
non-zero polynomials, and for any p € [1, +00), L?(R") C §),(R").

One can also define the following quantities called the inhomogeneous and homo-
geneous Sobolev spaces’ potential norms

How(Rn) 1= H(I —A)2uy

S (=A)2Au

JEL

[l and [|ull go.p ny =

)

Lp (R")

Lp(R)
where (—A)? is understood on u € 8}, (R™) by the action on its dyadic decomposition,
Le.

(—A)2Au = T ¢ TFAu,

which gives a family of C* functions with at most polynomial growth.
Hence for any p,q € [1,+o0], s € R, we define

e the inhomogeneous and homogeneous Sobolev (Bessel and Riesz potential)
spaces,

H?(R") = { w € 8'(R") | [ull o uny < +00 } ,
AP (R") = {u € 8,(R") |[|u|

fieagir) < 400
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e and the inhomogeneous and homogeneous Besov spaces,
Bs (R") = {u € §'(R™) ’ H“HB;q(Rn) < 400 } ,
B;q(]Rn) — {u € 8, (R™) ‘ ||u||Bg7q(R") < 400 };

which are all normed vector spaces. .

The treatment of homogeneous Besov spaces B;q(R”), s € R, p,g € [1,+00],
defined on &} (R™) has been done in an extensive manner in [BCD11, Chapter 2].
The corresponding construction for homogeneous Sobolev spaces HW(R”), s € R,
p € (1,400) has been achieved after wise, see [BCD11, Chapter 1] only for the case
p = 2, [DHMT?21, Chapter 3] only for the case s € N, and [Gau24b, Section 2] for
the case s € R.

The following subspace of Schwartz functions, say

So(R™) :={ue §R")|0 ¢ supp (Ff)},

is a nice dense subspace in LP(R"), H*?(R"), H*P(R™), B ,(R") and B;q(R”), for
all p € (1,400), g € [1,+00), s e R

The inhomogeneous spaces LP(R"), H*P(R"), and By (R") are all complete for all
p,q € [1,400], s € R, but in this setting homogeneous spaces are no longer always
complete (see [BCD11, Proposition 1.34, Remark 2.26]). Indeed, it can be shown
(see [BCD11, Theorem 2.25]) that homogeneous Besov spaces B;q(R") are complete
whenever (s,p,q) € R x (1, 4+00) X [1, +00] satisfies
3<ﬁ or [q—landsgn

Cs
(Cu) " p

From now, and until the end of this paper, we write (Cs,) for the statement (Cs ).
One may show that, similarly, Hs’p(R”) is complete whenever (Cs,) is satisfied,
see [Gau24b, Proposition 2.2].

We recall that all s > 0, (p,q) € (1,400) x [1,+0c], we have L?(R") N H*?(R") =
H*?(R"), and L?(R™) N B;Q(R”) = B; ,(R") with equivalent norms, see [BL76, The-
orem 6.3.2] for more details.

According to [BL76, Section 6.4], for all s € R, p,q € (1,+00) X [1, 00|, H*P(R")
and B} q(R”) are both complete, and moreover, they are reflexive when g # 1, 400,
and we have

o s ny)’ —5 n
(1.14) (HP(R") = H*¥'(R"), (B} ,(R")) = B,y (R"),
!/ /
(1.15) (B; o (R™) = B4 (RY), (By1(R")) =B, (R™).
We recall also the usual real interpolation identities,

(Hsg,p(Rn)7 Hsl,p(Rn))&q _ Bz,q(Rn)v (BSO (Rn)7 Bt (Rﬂ))a’q = B;’q(R“%

p,q0 p,q1

Y

whenever (p, qo, q1,q) € [1,+00] x [1,+00]3(p # 1, +00, when dealing with Sobolev
(Bessel potential) spaces), 8 € (0,1), so # $1 two real numbers, such that

s:=(1—=0)sg+ sy,
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see [BL76, Theorem 6.4.5]. A similar statement is available for homogeneous function
spaces.

PROPOSITION 1.6 ([Gau24b, Theorem 2.6]). — Let (p,q,q0,q1) € (1,4+00) X
[1,+00]?, so,s1 € R, such that sy # s1, and set

s:=(1—0)sg+ 0s.
Assuming (Cs, ) (resp. (Csyp.q0)), We get the following
1502 (R™) F[S1P(R™ _ (B ny s n
(1.16) (For@®e), B2 (RY), = (By, (R"). By, (RM),

p,q0 p,q1

W= B, (R").
If moreover, one consider py,p; € (1,+00), and assume that (Cs, p,) and (Cs, p,) are
true then also is (Csp,) and

(1.17) [Foro (R, Ho P (R | = HoP(R™),

and if (Csy po.q0) and (Cs, py 1) are satisfied then (Cs,, 4,) 1S also satisfied with
(1.18) B0, (R™),Bs: (1@“)]{9 =B, . (R"),

where p%; = 1p;09 + pil and qy defined similarly.

PROPOSITION 1.7 ([Gau24b, Proposition 2.9]). — For all p € (1,+00), ¢ €
[1,+0c], for all s € (=1 + 1, 1), for all u € H**(R") (resp. B; ,(R™)),

o ny oo ullieneny  (resp. | Ly ullg mny Sapn lullsg )

[152

The same results still holds with (H, B) instead of (H, B).

1.2.5. Homogeneous Sobolev and Besov spaces on R’

Let s € R, p € (1,400), g € [1,+0c]. Then for any X € {B5_,B?  H* H*"}, we

P9’ T Pq’
define
X(RY) = X(R”)M,
with the usual quotient norm
[ullx@n) = aﬁixn(%n)’ [@llx ®n)-
U‘Ri =U.

A direct consequence of the definition of those spaces is the density of 84(R"?) C $(R™)
in each of them, and also the completeness and reflexivity when their counterpart
on R™ also have the corresponding property. We can also define,

X, (RCLF) = {u € X(R”)‘supp u Cm},
with natural induced norm [|u|x,®z) = [|u|lx®n).

We have

TOME 7 (2024)



1474 A. GAUDIN

e density results [Gau24b, Proposition 3.9, Corollary 3.12]:
for p € (1,400), g € [1,+00), s > -1+ ]l], when (C;,) is satisfied for Sobolev
spaces and (Cs,,) in the case of Besov spaces,

(1.19) 17 (R7) = O (RY)#e | and By

p,9,0

n Foo on I lBs @0y
(1) = T e
e duality results, [Gau24b, Propositions 3.11 & 3.23]:

for all p € (1,40), q € (1,400}, s > =1+ }D, when (C,,,) is satisfied for

Sobolev spaces and (Cs, ) in the case of Besov spaces,

(20) (e (Ry)) =8 (), (Byy (RL)) = By, (BY).
(1.21) (57 (R2)) =i (RY), (B0 (RY)) =B, (R?).
e intersections are well-defined and complete [Gau24b, Lemma 2.5, Propo-
sition 3.3, Proposition 3.20]:

for po,p1 € (1,+00), qo, 1 € [1,+00], s; > —1 + p%., J €40,1}, when (Cs, )
is satisfied for Sobolev spaces, or (Cs,py.q) i the case of Besov spaces, we

have that
(122) frrom (1) (o (R = [0 0 H0n] (RY)
(1.23) By (RY) B3, (RY) = By, N By, (RY):

so that each space is complete. Moreover, it admits So(R" ) as dense subspace
whenever ¢y, ¢; < +o0.
e interpolation results, [Gau24b, Propositions 3.17 & 3.22]:

if (b7 b) € {(H7 B)a (H07 B~,-,0)}7 with (p7 q, 4o, Q1) € (17 +OO) X []-7 +OO]3 (p7p] 7é
1, 400 is assumed, when dealing with Sobolev (Riesz potential) spaces), 6 €
(0,1), sj,s > =1+ 1/p;, 7 € {0,1}, with s > —1 + 1/p, where s¢, 51, s are
three real numbers, with

s=(1—0)sp+ sy,

such that (Cs,,) is satisfied. Then, one has
(5 (), 677 (R)),,, = B (BY).

(652, (R7) B3, (RY)), =65, (RY)
Note that, due to Proposition 1.7, we have for free the following equalities of

homogeneous Sobolev and Besov spaces, with equivalent norms, for all p € (1, 400),
q €[l 400, s € (=141, 2),

(1.24)

(1.25) e (Ry) =157 (RY), B, (RY) = B0 (RY).
We also provide an additional interpolation inequality.

LEMMA 1.8. — Let 1 < pg,p1 < +00, s9,51 € R, such that s; > —1+ 1/p;,
g € {0,1}, and (Cy, p,) Is satisfied. For § € (0,1), we set s := (1 — 6)so + s,
1/p:=(1—=0)/po+0/p1.
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Then, for all u € H#*o#o (R™) N HstP1 (R}), we have u € H*#(R"), with the estimate

| [l

(1-6) ]
HS”’(RSLF) SS,p,nﬁ ||u’ H50-P0 (Ri) Hs1-P1 (Ri)
A similar result holds for Besov spaces, replacing (HSO’pO, Hsl’pl) and the condition

(Cso.p0) by (Bzquo, B ) and the condition (Cs, py.q0)-

P1,91

Proof. — Let u € H®#(R") N H*»(R"), then the extension operator E from
[Gau24b, Corollary 3.4], is such that Eu € H%# (R") N H* (R"). Therefore,
by [Gau24b, Proposition 2.2 (vii), Corollary 3.4] and the definition of function
spaces by restriction, one obtains

1-60
i Hsp(R7) < HEUHHW(R") Sspm.d ||Eu||§~{30’p)o(Rn)||Eu| %sum (R™)
(1-0) ]
§S7P,n,9 ||u||Hso,p0 (Ri> ||U| HS1-P1 (R:L_)
This ends the proof. O

1.2.6. Operators on Sobolev and Besov spaces

We introduce domains for an operator A acting on Sobolev or Besov spaces,
denoting
e D5(A) (resp. D;(A)) its domain on H*? (resp. Hsﬂf’);
e D5 (A) (resp. Di,q(,A)) its domain on By (resp. By );
e D,(A) = DJ(A) = D)(A) its domain on L.
Similarly, N7(A), N> (A) will stand for its nullspace on H*? and B; , and range

P
spaces will be given respectively by R;(A4) and Ry (A). We replace N and R by N
and R for their corresponding sets on homogeneous function spaces.

If the operator A has different realizations depending on various function spaces
and on the considered open set, we may write its domain D(A, 2), and similarly for
its nullspace N and range space R. We omit the open set € if there is no possible
confusion.
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2. Hodge Laplacians, Hodge decompositions and
Hodge—Stokes operators

This section is dedicated to the study of Hodge Laplacians, the Hodge decomposi-
tion and Hodge-Stokes operators, on Sobolev and Besov spaces on R" and R .
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We will first introduce here the formalism of differential forms in the Euclidean
setting. Resolvent estimates for the Hodge Laplacian and Hodge—Stokes like oper-
ators on the whole space will follow from standard Fourier and Harmonic analysis,
from which we will deduce the related Hodge decomposition on R™ as well as the
boundedness of holomorphic functional calculus for each operator.

Secondly, we are going to give all corresponding similar results for the Hodge
Laplacians, the Hodge decomposition and Hodge—Stokes operators on the half-space
R? . Those results are going to be built from what happens on the whole space R",
mimicking the behavior of Dirichlet and Neumann Laplacians on the half-space,
see [Gau24b, Section 5].

2.1. Differential forms on Euclidean space, and corresponding function
spaces

Here () stands for a domain of R™ with at least, if not empty, Lipschitz boundary.
The open set 2 will be specified later on to be either, the whole space R™ or the
half-space R".. Recall briefly that R" = @, and R} = R"~* x {0}. We also recall
that the outer normal unit at OR’; is v = —e,,, where (¢;)r e [1,n] is the canonical basis
of R", identified with its dual basis denoted by (dxx)k ¢ 1,n], Where day(e;) = Ly (J),
(k,5) € [1,n]".

Following [MM18, Mon21], we introduce the exterior derivative d := VA =
>or_y Ox ex /A and the interior derivative (or coderivative) § := =V 1= — 311 O, ¢x
acting on differential forms on a domain €2 C R"”, i.e. acting on functions defined on
Q2 which take values in the complexified exterior algebra A = A @ A' @ --- & A" of
R"™. We allow us a slight abuse of notation: here we will not distinguish vectors of
R"™, vector fields, and 1-differential forms.

We also recall that for k& € [0, n], u € A¥ can be uniquely determined by (u;) rezr €

(C@) such that
U= Z urdzy,

IeTk

where ZF = {(6;);ena € [Lnl" ¢4 < €0}, with ||ZF]] = (Z), and u; and dz;
stands respectively for sy, ¢, and dz, Adze, A ... Adzx,, whenever I = (fj)je[[l,k}]-
One may also notice that such representation of k-differential forms with increasing
index is possible due to symmetry properties (i.e. dz, A dxy = —dxyp A dz, for all
k.0 e [1,n]).
In particular, remark that A° ~ C, the space of complex scalars, and more generally
A~ (1), 50 that A ~ C2". We also set A = {0} if ¢ <0 or £ >n.

On the exterior algebra A, the basic operations are
(i) the exterior product A : A¥ x A — AF+E
)

ii) the interior product 1 : A¥ x AY — Ak,
(iii) the Hodge star operator x : A® — A",
)

(iv) the inner product (-,-) : A* x A* — C.
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If a € A',u e A and v € AL, then
{a N u,v) = (u,av).

For more details, we refer to, e.g., [AMO04, Section 2| and [CM10, Section 3|, noting
that both papers contain some historical background (and being careful that § has
the opposite sign in [AM04]). One may also consult [DC94] for an introduction from
the euclidean setting point of view, and [Josl1, Section 1-3| for basic and usual
properties in the more general Riemannian setting(” . We recall the relation between
d and ¢ via the Hodge star operator:

xou = (—1)'d(xu) and xdu=(=1)"""0(xu) for an (-form u.

In dimension n = 3, this gives (see [CM10]) for a vector a € R? identified with a
1-form

e 1 scalar, interpreted as 0 -form: a A u = ua, asu = 0;

e 1 scalar, interpreted as 3 -form: a A u = 0, asu = ua;

e 1 vector, interpreted as 1 -form: a Au=a X u, asu = a - u;
e y vector, interpreted as 2 -form: a Au = a - u, asu = —a X u.

From now and until the end of the present paper, if p € (1,+00), ¢ € [1,+0o0],
s € R, k € [0,n] and X* € {H*, H*, BS , Bf }, then X*(Q,A") stands for

P,
k-differential forms whose coefficients lie in X*(Q), i.e. X5(Q, A*) ~ XS(Q,C(Z)).
One may also consider similarly X3(€2, A¥).
Operators d and § are differential operators such that d> = dod = 0 and 6> = o d
= 0, and each of them are bounded seen as linear operators X*(£2, A) — X*71(Q, A).
We recall the following integration by parts formula, for all u,v € 8(Q, A),

(2.1) /Q (du(z), v(z))dz = / (u(z), dv(@))de + | (u(z),vov(z))doy,

Q oN
(2.2) /Q (u(z), v(z))de = /Q (u(w), dv(@))da + | (u(z),v Ao(@))do,

which are true since we are in the Euclidean setting and where v is the outer unit

normal identified as a 1-form. More generally, for all T' € D'(Q, A*) ~ D'(Q, C(@),
k € [0,n], we define

<dT, ¢>Q : <T, 5¢>Q for all ¢ € C° (Q,Ak“) ,
<5T,¢>Q = <T, d¢>Q for all ¢ € C° (Q,A’H) .

(7) Notice that the Riemannian setting presented by Jost deals with compact manifold but a lot of
computations remain true in their full generality, due to local behavior of each operation (Hodge
star operator, exterior and interior products etc.)
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In particular, one may see those operators as unbounded ones and introduce their
respective domains on LP(Q, A*), k € [0,n], denoted by D,(d,A*) and D, (4, A*)
defined as

D, (d, A*) = {u € L7 (2, A¥) \du e L7 (A7)}
and D,, (6,A%) := {u € 17 (2, A¥) ’5u eLr (0,0 1)},
as well as their ranges
R, (d,A%) = {v € L7 (2, A¥) [0 = du, w € D, (d,A*")}
and R,, (3, A") := {v € L” (2, A¥) \U = du, u € D, (d, AF1) ]

We can introduce their corresponding counterparts on homogeneous Sobolev spaces
scales, Dy (d, AF) on H*P, the same goes for inhomogeneous Sobolev spaces D;(d, AF)
on H*P. The same goes with the interior derivative ¢ instead of d. One may proceed
in a similar fashion considering their domains on inhomogeneous and homogeneous
Besov spaces.

As a sequence of (densely defined but not necessarily closed) unbounded operators,
we get:

d  X3(Q,A%

SOLAYD) — XH(AYD) — L — XA — X(QAY) — 0
0 +— X%(,A9 )

QAN — XA — . — XA — XE(Q,AM)

[

In dimension n = 3, one can specialize, by means of the identification A* ~ (C@), as
d : X(Q,0) % X(Q,C%) & Xs(0,03) % X5(Q,C) — 0
0 +— X(Q,C0) & X5(Q,¢%) &L X5(Q,C%) <~ X(Q,C) : 4

Thus for arbitrary dimension n, the operator d restricted to its action on X*(Q, A1),
with value in X*71(, A?), and § restricted to its action on X*(2, A»~1), with value in
X571(Q, A"72), are fair consistent generalizations of the curl operator on R3. Since
in dimension n higher than 4, n — 1 # 2, we also have to distinguish their dual
operators: the operator d restricted to its action on X*(£2, A»~?) and the operator ¢
restricted to its action on X*(£2, A?) which are fair consistent generalizations of the
dual operator ‘curl (usually fully identified with the curl operator) on R3.

We can use (2.1) and (2.2) to consider adjoints of d and ¢ in the sense of maxi-
mal adjoint operators in the Hilbert space L*(£2,A), so that we will see later, e.g.
Lemma 2.11, that they have the following exact description of their domains

D, (d*,Ak> = {u € dy (5, Ak) ’VJU|6Q = 0}
and Dy ((5*,]\’“) = {UEdQ (d,Ak) ‘u/\um :O}.

One can also see those adjoint operators through the following L?-closures of un-
bounded operators,

(D2 (d7,A%),d7) = (C¥ (A, AF),0)  and (D, (97,A%),07) = (C (2, A%) ,d).
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DEFINITION 2.1. —

(i)

The Hodge—Dirac operator on () with tangential boundary condi-
tions is defined as

Dy := 6" +6.

Its square denoted by —Ay  := D? = 6*§+06*, is called the (negative) Hodge
Laplacian with relative boundary conditions (also called generalised
Dirichlet boundary conditions)

v Aup,, =0, and v A du,, = 0.

The restriction to scalar functions u : Q — A° gives —Ag u = §6*u =
—Apu, where —Ap is the Dirichlet Laplacian.

The Hodge—Dirac operator on ) with normal boundary conditions
is defined as

D, :=d+d"

Its square denoted by —As, := D? = dd* + d*d, is called the (negative)
Hodge Laplacian with absolute boundary conditions (also called gen-
eralised Neumann boundary conditions)

vau,, =0, and v odu.. = 0.
lao ) loo

The restriction to scalar functions u : Q — A° gives —Agu = d*du =
—Anu, where —A s is the Neumann Laplacian.

Notation 2.2. — When it does not matter (9,D.,—Ay) will stand either for

(57 Dt7 _AH,’c) or (d7 Dm _AH,H)a jUSt ertmg
—Ay = D? =00 + 0.
Remark 2.3. — We make three independent remarks:

e The exterior and interior derivatives, as well as the Hodge—Dirac operators

are a priori unbounded operators only defined on the biggest space L(€, A).
However, throughout this paper we will use some semantic distortion referring
to Hodge-Dirac operators as “unbounded operators on L2(Q, A*)”, k € [0, n],
by their natural restriction to differential forms of degree k, such as

. Dy (Dn,Ak) 12 (Q,A’“‘l) o 12 (Q,Ak“)

— 12 (Q Al Ak‘“) C L2(, M),

and similarly for Dy, even if the range is not a subset of L2(€2, A¥). This
misuse will remain also for other function spaces that could replace L2. More
generally, for m € [0,n], for 0 < ko < k; < ... < k,,, < n, we always use the
canonical identification

CX (A" @ .. @A) — C2(QA) and D' (2, AR & ... & AF) — D'(Q, A)

with identically zero coefficients on remaining indices.
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e We recall here that, if Q C R? is an open set with, say at least, Lipschitz
boundary, one has formally for u with value in A ~ C3 or A? ~ C3,

—Ayu = —Aynu = curl curl v — Vdivu
with either one of the following couple of boundary conditions

[u V) = 0, x curl u, = O} or {u X V), = 0, (divu)y,, = O} .

e In the case of 2 = R", notice that no boundary value comes in, hence d* = 9,
0* = d, so that

D. =D, =D, = (d+96),
and — AH = _A’H,,t = _A,Hm = (d + 5)2 = do + 4d.

DEFINITION 2.4. —

(i) The orthogonal projector defined on L2(2, A¥) onto Ny(d*, A¥) is denoted by
P and called the generalized Helmholtz—Leray (or Leray) projector.
(ii) The (bounded) orthogonal projector defined on L%(€2, A¥) onto Ny(d, A¥) is
denoted by Q.
(iii) For p € (1,+00), s € R and k € [0,n], we say that H*P(Q2, A¥) admits a
Hodge decomposition if (D;(d, AF),d), (D5 (9, A¥),6) and their respective
adjoints are closable and

B (Q,A%) = N3 (0, A%) & Ry (07, AF),

(%) =Ry (0, A% & N; (07, 4),

holds in the topological sense. We keep the same definition of the Hodge
decomposition on other function spaces replacing (H*?, D> R5, N7) by either
(H*#, D3, R3, N3), (B3, d5 ., RS, N3 ), or even by (B3, D3 RS N3 ), with

[ ] P9’ TP,q’ T p,q? 21 Rl U R U
q € |1,+00|.

One can notice that in the case of vector fields (identified with 1-forms, i.e.
L2(Q,A') ~ L%(,C")), we can identify P as the usual Helmholtz—Leray projec-
tor on divergence free vector fields with null normal trace at the boundary

P:L*(Q,C" — L2(Q) = {ueL2(Q,(C”)‘disz:O,u-i/‘aQ :0}.

It gives the following classical orthogonal, topological, Hodge decomposition, see
[Soh01, Chapter 2, Section 2.5],

L?(2,C") = L4(Q) & VI'(2,C),

for any sufficiently nice domains €2, say for instance with uniform Lipschitz boundary,
see [Soh01, Lemma 2.5.3].

Before investigating the Hodge decomposition and the functional analytic proper-
ties of the Hodge Laplacian on differential forms on function spaces in R}, we want
to know a bit more about the whole space case. In the next subsection, devoted to
the whole space, we gather well known facts and results which lack explicit references
in the literature to the best of author’s knowledge.
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2.2. The case of the whole space

On the whole space R" the action of the Laplacian and the Hodge decomposition
for vector fields is well known in the literature on usual spaces as Lebesgue spaces
LP(R™,C™), p € (1,40), and so is the case of inhomogeneous and homogeneous
Sobolev and Besov spaces. Our main goal here is to extend and summarize those
results with the formalism of differential forms.

To do so, we introduce an extension of the Fourier transform to differential forms
whose coefficients lie in the space of complex valued Schwartz functions §(R", C), or
in the space of tempered distribution 8'(R", C).

o For all u € L'(R", A¥) ~ LY(R",C(M)), & € [0, 7], we define
Fui= Y Furdé e C) (R AF).

IeTk

Hence, as in the scalar valued case, the Fourier transform F induces a topo-
logical automorphism of §(R", A*) ~ §(R", (C(Z)).

e For k € [0,n], we write 8'(R", A¥) := (§(R", A¥))’ ~ S’(R”,(CG;)). Similarly,
the Fourier transform J is an automorphism of §'(R", A¥).

e For all T € 8'(R"™, A¥), k € [0,n], we define

<dT, ¢>Rn = <T, 5¢>Rn for all ¢ € 8 (R”,Ak“) :
<6T,¢>Rn = (T, d¢>Rn for all ¢ € 8 (R", AF1) .
The following lemma is straightforward and fundamental for our analysis.
LEMMA 2.5. — For all u € §(R"™, A¥), k € [0,n], for all £ € R",
Fldu)(€) = i€ AFu() and  T[5u)(€) = —i€ 5 Fu(€).
Remark 2.6. — This is somewhat consistent, when n = 3, with formulas like
Fleurl u](§) = i€ x Fu(§) and Fdivu](§) =i - Fu(f), u € 8 (R3,C3) £ ER?

From there, the identity for all differential forms u of degree k, and all vector
v e R,

vA (vou)+va(vAu) = vy,

with the use of Lemma 2.5 yields with Remark 2.3 that, for all u € §'(R", A¥),
k € [0,n],
F—Agu] (€) = FL(6d + dd)u](€) = i€ A (—i€ u) + —i€ 5 (i€ Au)
= [¢* - Fu(§) = F[-Au)(&).
Hence, the Hodge Laplacian on the whole space is nothing but the scalar Laplacian
applied separately to each component of a differential form so that its properties are

carried over by the scalar Laplacian. We state then a very well known result adapted
to our setting.
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Before the statement, we recall that, for 1 < p,p < 400, 1 < ¢q,q < +o0, s, € R,
the intersection spaces

[H*” A HOP) (R™,A), [B;,, N B,| (R™,A) C 8}, (R, A)

are complete whenever (C;,) is satisfied for Sobolev spaces, and when (C;,,) is
satisfied for Besov spaces. See [Gau24b, Lemma 2.5] and [BCD11, Proposition 2.17].

THEOREM 2.7. — Let p,p € (1,400), q,q € [1,+00], s,a € R, and k € [0,n].
The Hodge Laplacian is an injective operator on 8, (R", A¥), and satisfies the following
properties

(i) For f € 8} (R™, A*), consider the problem
—Au=f inR"

(a) If f € [H*? N HP|(R"?, A¥), and (Cy4o,) is satisfied, then there exists a
unique solution u € [H***P N H*™2P|(R", A¥) with the estimates,

|dsul V| Sy ]

fep ey T [|0dul

Hs.p (Rn) ~P,Nn,s Hsp (R") Hs.p (Rn);

1480l g05my + 1100|050y S || V21

5 (Rn) Sm.e ||f||Ha’f’(R")‘

In particular, —A : [H*t2? A HT2P|(R™, A¥) — [H5P 0 H*?|(R", AF) is
an isomorphism of Banach spaces.

(b) The result still holds if we replace (H*P, H*P Hs+2» Ho+2P) by the Besov
spaces (].3;7(1, B%@ Bgzz, 1'3%52).

(ii) For p € [0,7), A € ¥, f € 8 (R™, A*), consider the problem
Au—Au=f inR".

(a) If f € HS’I’(R"‘7 AF), then the resolvent problem above admits a unique
solution u € [H*P N H**2P](R", A¥) with the estimates,

1
Al [l igenny + (A2 [Vl

Hs,p(Rn) + HV2U‘

Hs.»(R™) ,Sp,n,s,p Hf| Hs.»(R7)>

IAZ][(d + )

Hs,p(Rn) + ”5du|

Hs:P(R") gp,n,s,u ||f| Hs:P (R

In particular, \I — A : [H*? N H"2P|(R", A¥) — H*P(R™, A*) is an
isomorphism of Banach spaces whenever (C;,,) is satisfied.
Furthermore, the result still holds, replacing (H" H*’ N H*t2?) by
(H®P, H¥*%P) without any restriction on (s, p).

(b) The result above still holds replacing (H*?, H*» N H***P) and (C,,) by
(B;q, B;q ﬂB;jf) and (Csp,4), or even by (B, BS*?) without any restric-
tion on (s,p,q).

(ili) For any p € (0, ), the operator —A admits a H*(X,,)-functional calculus on
the function spaces: [H*? N H*P|(R™, A*), (C,,) being satisfied, B;q(Rﬂ AR,
(Cspq) being satisfied, and on both H*?(R™, A*) and Bj (R", AF) without any
restriction on (s, p,q).
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Proof. —
Step 1: the scalar Laplacian is injective on 8} (R", C). For f € §'(R",C), let u,
v e 8, (R™, C), such that
Vo eSR,C), (u,~A0), =([.0),, = (v.-A¢), .
Therefore, it follows that w := u — v € 8§} (R", C) satisfies
¥ ¢ € S(R",C), (w, —A¢>Rn = 0.
Hence, one may apply the Fourier transform, to obtain

V¢ € 8(R",C), (Fu,|-FF'¢) =0,

R
so in particular, for test function in the form ¢ := ?[#}, with ¢ € C*(R" \ {0},C)
(notice that one can see that 3’”[%] € §(R™,C)), we deduce

¥y e PR\ {0},C), (Fw,¢) =0
Following the proof of [DHMT21, Lemma 3.6], we conclude that w = 0 (since
w € 8} (R™, C) and 8}, (R™, C) does not contain any polynomial), so u = v in §'(R", C).
Step 2: e For the point (i), it suffices to follow [DM15, Lemma 3.1.1]: In Step 1,

we have proved uniqueness of solution in 8, (R™, A), therefore it suffices to construct
a solution. For f € §;(R", A), the solution is given by

2]

u=F"1 [f»—>

We have the estimates
atl

fiop (R7) Spns ||f||Hsm(Rn) and ||v2u||H@aﬁ(R”) Shn.a ||f||Havﬁ(R”)'

Since [H*? N HY?|(R", A), [H*+2? 0 H*t2P|(R*, A) C 8} (R™, A) are both complete
with 8(R", A) as a dense subspace, see [Gau24b, Lemma 2.5], the result still holds
for all f € [H* N HP|(R™, A).

For the case of Besov spaces, we have to proceed a bit differently, since ¢ and ¢
may take the value +o00. First, when g < 400, as before, we can proceed by density
of 8o(R™, A). When ¢ = 400 the result follows from real interpolation. Thus, when
(Cs42p,q) 1s satisfied, we have an isomorphism

—A : BiE(RYA) — B (R, A).
Now, let f € B;’q(R”,A) N Bg‘@(R”,A) C 8}, (R™), then there exists a unique u €
By 2(R", A) C 8}, (R") such that
—Au = f.
We want to show that u € BI‘%Q(R”,A). Since f € Bg@(R”,A), applying the

Littlewood—Paley decomposition and Bernstein’s inequality [BCD11, Lemma 2.1],
one obtains

22j HAJU

| “han |A; Ay

LA (R" LA(Rn) - HAJf Lﬁ(R")'
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Finally, taking the ¢4(Z)-norm on both sides yields
Julls 2ay ~me 171 ooy

e For the point (ii), see [ABHN11, Example 3.7.6, Theorem 3.7.11] which imply
that for p € [0,7), all p € [1,+00], all A € ¥, all f € LP(R™, A),

ML= 2)~1f Sps | fllogn)-

Lp (R") /'\Jp7n7p’

We also have (AT — A)7'CJ(R™, A) € CJ(R™, A). Moreover, it is not difficult to show
that

maps continuously 8(R™, A) into itself boundedly. Therefore, the conjugation by the
Fourier transform implies that

(AL—A)"!: §(R™, A) — S(R™, A)
is well-defined and bounded, and by duality so is

(AL—A) : §'(R",A) — &' (R™,A).

Finally, we also have (AI — A)~18} (R™, A) C 8}, (R", A). Indeed, for u € 8} (R, A),
© € C°(R™), we have

H@(C@)()\I ~ A)’luHLw(Rn)

= |01 = a)" oD, . |”@(C@)UHLW ) ——— 0.

(R™) Sy A (—+oo

The estimates are then direct consequences of the LP-ones. Let f € HW(R”,A),
we have u := (\I — A)~1f € 8, (R"), and by the Fatou Lemma

N
lellpn oy < limin ) > (=A)2A;u
=N Lr(B7)
N N
Lliminf || Y (A= A)H(=A)zA;f
N .
S, lim inf (=A)2Af
DTl |)\| N—+o0 j:z—:N J .
1

Sp,n,u W”fHHsm(R")-

For the remaining estimates in the case of homogeneous Sobolev spaces, one may
proceed similarly. Note that we only took advantage of the completeness of Lebesgue
spaces up to now.

For Besov spaces, we have by Bernstein’s inequality [BCDH Lemma 2.1],

|1Au

o = H (AL—A)Af Lo (&™) Spa 1Al H Lr(R")
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but, we also have

22 HAJU

|~ [ Al A]

= |AGT = A)1A; f

Lp(R™ Lp(R™ Lr(R")

5177”7# HAJf LP(R™) :

Therefore, taking the ¢4(Z)-norms yields the desired estimates

|)\|||U||Bqu(Rn) Spnu ||f||Bg7q(R”) and ||u| B2 (n) Spanp ||f||B§,q(R")'

The remaining estimates follow the same lines.
e For the point (iii), the result on L”(R", C) is a consequence of a more general
one which is [Haa06, Proposition 8.3.4]. O

Similarly, thanks again to standard Fourier analysis, we can introduce appropriate
differential form-valued versions of Riesz transforms for the Hodge Laplacian. Their
boundedness on appropriate function spaces are again carried over by their scalar
analogue, and a direct consequence will be an explicit formula for our generalized
Leray projector P on R".

To do so, we notice that one can write associated Fourier symbols, thanks to
Lemma 2.5, to obtain

d(=A)2 =Y Reee A and  6(=A)"7 = =3 Ryey
k=1 k=1

where for k € [1,n], Ry is the k" Riesz transform on R™ given by the Fourier symbol

& %, which is well known to be bounded on LP(R", C), 1 < p < 400, see [Ste70,

Chapter 2, Theorem 1 & Chapter 3, Section 1|. Therefore, the next proposition
follows naturally.

PROPOSITION 2.8. — Let p,p € (1,400), q¢,q € [1,+¢|, s,a € R, and let
k € [0,n]. The operators
d(=A)"2,6(=A)"2,d5(—A) " and §d(—A) !
are all well-defined bounded linear operators,
e On [H*? N H*P|(R™, A), and on [B;,q N Bqu] (R™,A), (Cs,) being satisfied in
case of Sobolev spaces, (Cs,p,,) in the case of Besov spaces. Moreover, we have
decoupled estimates,

ITullxs @) Spas lullxs @)
and
||TU||XU‘(R") 5]7777«,04 ||u||Xo¢(Rn)7 u e [XS ﬂXOé] (Rn7Ak> ’
where (X®,X®) € {(H*?, H*?), (B Bg@)} and T denotes any of the operators

P,q’
above.
e On H*P(R", A), and on B; (R", A), without any restriction on (s, p, q).

Moreover, the following identity holds
(A(-A)% +6(-A)%) =1
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THEOREM 2.9. — Let p € (1,+00), ¢ € [1,+00], s € R, and let k € [0,n]. The
following hold

(i) The following equality is true, whenever (Cs ) is satisfied,

[H[P—

N3 (B, AF) = By (4, R, AF) 7

and still holds replacing d by ¢.
(ii) The (generalized) Helmholtz—Leray projector is well-defined and bounded as
a linear map

P [P (R”,A’f) — N (5, R”,Ak),
whenever (Cs,) is satisfied. Moreover, the following identity is true
P=1-d(-A)"s.
(ili) The following Hodge decomposition holds whenever (Cs,) is satisfied,
H*? (R, A") = N3 (6, R", A¥) @ N3 (d, R", A*) .

Everything above still holds replacing (H*?, Nf,, R;) by either (BS , N? Rz’q), (Cspq)

p,q’ = "P,q?

being satisfied, (H*?, N7 R>) or (B, ., N> RS ) without any restriction on (s, p, q).

P9’ " P’
In case of Besov spaces with ¢ = +00, the density result of point (i) only holds in

the weak™ sense.

Remark 2.10. — On A'-valued functions identified with vector fields one recovers
the usual well known formula, i.e.

P=1+V(-A)div.
Proof. —
Step 1: The orthogonal projector P is originally defined only as an operator
P12 (R”,A’“) — N, (5,R",Ak).
We claim that P is equal to the operator formally given by
P:=1—d(—A)7's.

The proof is standard, and works as in the case of vector fields, and then is left to
the reader.

Step 2: Previous step and Proposition 2.8 give that I’ is bounded H5P(R™, A¥).
For u € H*P(R"™, A¥), v € §(R™), we regularize with the resolvent, to compute

<Pu, dv>Rn = ,\IE& <u, dv>Rn - <d(/\1 — A)ou, dv>Rn

= lim <u, dv>Rn - <U; (AL - A)_ldédU>Rn

>\—>0+

= lim <u, dU>Rn — <u, (AL - A)il(_A)dU%Rn

>\—>0+

= <u,dv>Rn - <u,dv>Rn = 0.
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Hence PH*P(R™, A¥) C N;((S, R™, A¥), and we even have P e sn iy = L 50 that
PH*» (]R", Ak) =N (5, R", Ak) :
Similarly, [I — PJH*?(R", AF) C N3(d,R", A¥), and [I — P]

from

I« = I, which comes
NS (d,R™,AR)

1= Plu= lim d(\l - A)'ou, u € H* (R", A¥).
)\*)04r

Il ges.p gemy

This also gives N; (d, R™, Ak) = Rg (d, R™, Ak)

The proof is straightforward the same for other function spaces. 0

2.3. The case of the half-space R’}
2.3.1. L2-theory for Hodge Laplacians and the Hodge decomposition

The following lemma is fundamental for the analysis of the L? theory of the Hodge
Laplacian when one has explicit access to the boundary, and, moreover, several
proofs presented here do not depend on the open set €2, here {2 = R}, and remain
valid as long as integration by parts formulas (2.1) and (2.2) and partial trace results
for vector fields are available.

LEMMA 2.11. — Let k € [0,n]. We set
D, (8, Ry, AY) := {u € D, (6,R?, A¥)

VJuaRi:O},

V/\u|8Rj_ :0}.

The operator (da(d, R, A*),d) is an unbounded densely defined closed operator,
with adjoint

(2.3) (D2 (d*,m, Ak+1) ,d*) = (D2 (g, R”, Ak“) ,5) .

Dy (4, RY, AF) = {u € D, (4, R7, AY)

Similarly, (dz(0, R’}r,/\k),d) is an unbounded densely defined closed operator, with
adjoint
(2.4) (Do (6%, R%, AF1) ,5%) = (Dy (4, R, AFY) ).

Proof. — Closedness is straightforward by Theorem A.1, and the fact that both
are densely defined is straightforward since the space C2°(R, A¥) is contained in

both domains. We just prove the duality identity (2.3), the proof of (2.4) is similar.
Let u € Do(d, R}, A¥), then for all v € §y(R", A¥), we can use Theorem A.1, to

obtain that
<U,(5u>mr = <dv,u>R1.

Thus, by Cauchy—Schwarz inequality

‘<dv, U>R1

< H(SUHL2(R1)HUHL2(R¢)'
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Hence, v — (dv, u)rr extends uniquely as a bounded linear functional on L2(R%, AF),
so that necessarily (Dy(d, R, A¥),8) C (Do(d*, R, AP, d*).
For the reverse inclusion, let u € Dy(d*, R, A*™), for all v € Dy(d, R, A¥), we

have
<v, d*u>Rn = <dv, u>]Ri

+

In particular, for v € C(R%, A¥), it yields that

<U’d*u>m = <dv,u>Ri = <v,5u>Rn

+

Hence, d*u = du in D'(R%, A¥), then in L*(R", A¥), so that for all v € Dy(d, R", A¥),

<U, 5U>R" = <dv, u>R1.

+

From above equality, we apply Theorem A.1 to check v sy, = 0 and deduce
+

(Do (@, RY, A*#1) d*) < (Dy (8, RY, A*Y) 6),
the proof being therefore complete. 0

In particular, since (Dy(d*, R, A*),d*) and (da(8, R", A¥), d) are closed operators,
both

N, (5, R", A’“) and Ny (d*, R”, Ak)
are closed subspaces of Lz(RT}r, AF). Thus, the following orthogonal projections are
well-defined and bounded
P12 (Rﬁ,/\’“) — N, (d*,Ri,Ak), 1-P : L2 (Ri,Ak) — Ry (4, R, AF),
Q : L2 (Ri;,Ak) — N, (5,R1,Ak), [1—Q] : L2 (Rz,Ak) — Ry (6%, R, AF),

which induce topological Hodge decompositions

L? (R, A%) = Ry (BT AF) & N, (4, RE, ).
($2)

— R, (5, RL, A7) & N, (5, R, A¥).
LEMMA 2.12. — For k € [0,n], the following Hodge-Dirac operators
(D2 (Do, R, AF), Dy) = (Dy (d,RY, A¥) N D, (47, R, AF), d+d7),
(D2 (D Ry, AY) DY) = (D (6%, R, A¥) N D, (6, R, AF) 6% +6) .
are both densely defined closed operators on L2(R™, A¥).

Proof. — Let (uj)jen C Do(d, R, A*)NDy(d*, R, A¥), and (u,v) € L*(R7, AF) x
L2(R"%, A) such that it satisfies

uj ——u and Dyu; —— v in L2 (R’}r) :
J—r+0o0 J—r+oo
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By the Hodge decomposition (£),), there exists a unique couple of elements (vg, v1) €
Ro(d, R%, A) x No(d*, R, A) such that v = vy + v;. Since u; goes to u in L*(R", A¥),
by continuity of involved projectors, and uniqueness of decomposition, it follows that

duj —— vy and d*u; —— v; in L2 (Riv A) .
j—r+oo J—r+oo

But (u;);en converges to u in L2(R%, A*¥), so in particular in distributional sense,
thus necessarily (vg,v1) = (du, d*u) and v = Dyu, i.e. (Dao(Dy, R, A¥), D,) is closed
on L?(R, A*). The proof ends here since one can reproduce all above arguments for

(Da(Dy, R%, AF), Dy). U

PROPOSITION 2.13. — The Hodge-Dirac operator (Do(D., R, A), D.) is an injec-

tive self-adjoint 0-bisectorial operator on L*(R", A) so that it satisfies the following
bound, for all 0 € (0, %),

1

2. 5 S '
(2.5) Ve C\ S, L2(rn)-L2(R2) S sin(f)

lp(ul + D)

Moreover, it admits a bounded (H*(Sp)-)functional calculus on L*(R",A) with
bound 1, ie., for all f € H*(Sy), u € L*(R"}, A),

(2.6) ||f(D.)U||L2(R1) < (e sy) ||U||L2(R1) '

Remark 2.14. — Proposition 2.13 does not depend on the fact 2 = R . See [MM18,
Section 2] where the same result is stated for bounded (even weak-)Lipschitz domains.

Proof. — The resolvent bound (2.5) is usual since (Dy(D.), D.) is self-adjoint by
construction, see [Haa06, Proposition C.4.2]. The fact that it admits a bounded
holomorphic functional calculus follows from [McI86, Section 10]. O

For k € [0,n], the Hodge Laplacian (D(Ay,R"%,AF), —Ay) can be realized on

L2(Rﬁ,/\k) by means of densely defined, symmetric, accretive, continuous, closed,
sesquilinear forms on L*(R", A*), for

(2.7) ay : Dy (a;{,Ak)2 > (u,v) — - (du(x),dv(z))dz + - (ou(x), ov(x))dx

+ +
with D2<aH’n,Ak) = DQ(d,Ak) N Dg(d*,Ak), Dg(aqﬂt) = Dg(d*,Ak) n D2(5, Ak), SO
that it is easy to see that both are closed, densely defined, non-negative self-adjoint
operators on L?(R", A¥). See [Ouh05, Chapter 1] for more details about realization of
operators via sesquilinear forms on a Hilbert space. The next theorem is a standard
consequence.

THEOREM 2.15. — Let k € [0,n]. The operator (Da(Agy, R, A¥), —Ay) is an
injective non-negative self-adjoint and 0-sectorial operator on L?(R",AF), which
admits a H*(3y)-functional calculus for all 6 € (0, 7).

Moreover, the following hold

(i) Dao(Ay,R7, AF) is a closed subspace of H*?(R", A);
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(ii) Provided p € [0,7), for A € ¥, f € L3R, A¥), then u := (\I — Ay) 7' f

satisfies
(2-8> |)“ HUHL2(R1) + ‘)‘PHD-UHH(RQ + HAUHU(Ri) 5# Hf”]ﬁ(]}gi);
1
(2.9) RY ||u||L2(R1) + A2 ”VUHH(Ri) + ||V2u||L2(R1) Snyu HfHL?(]Ri);

(ili) The following resolvent identity holds for all pn € [0,7m), A € ¥,, f €
L2(R%, A),

Ey (Al = Ay) 7 f = (AL = A)'Ey f.
(For the definition of E4;, see (2.10) below.)

Remark 2.16. — In above Theorem 2.15, points (i) and (iii), as well as the esti-
mate (2.9) of point (ii) are the only points that rely on the fact that the considered
open set is 2 = R, but mainly the point (iii) is used to deduce the previous ones.
The beginning of the statement, as well as (2.8), does not rely on any particular
structure, and remains true on any open set €.

Every other result below, in the present subsection about L2-theory of Hodge
Laplacians and the Hodge decomposition, remain true on general domains () as long
as one can show that the Hodge Laplacian is injective.

Before proving Theorem 2.15, following [Gau24b, Section 5] for J € {D, N}, we
introduce the following extension operator defined for any measurable function u on
R", for almost every z = (2/, z,,) € R™

(', z,) if (o/,2,) e R x R,

E / n = ) 7 Y )

o', 2n) {—u(x’, —xy), if (2 2z,) € R"T x R¥;
u(z, ), if (z/,2,) € R xRy,
w(@', —xz,), if (¢',z,) € R"T x R*.

Exu(z', x,) = {

Now, we specify the definition of the extension operators Eq;, j € {n,t}, on measur-
able functions u : R? — A", provided k € [0,n], I € ZF,

Epu;, ifnel,
Enur, ifnélI;

Exuy, ifnel,

(210) - (Erau); = { Epus, ifn ¢ I,

and  (Epqu), = {

For u : R} — A*. we also set

1~Lj = [EH’juhRﬁ .

By construction, forj € {n,t}, s € (=1+1/p,1/p), p € (1,4+00), the Proposition 1.7
leads to the boundedness of

(2.11) Epj : H? (R}, A) — H7(R", A).

The same result holds replacing He» by either H*?, BS . or even by B;q, q € [1,+oa].
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LEMMA 2.17. — For all u € Do(d, R, A¥) (resp. Do(d*, R%, A¥)), we have
Eynu € Dy (d, R™ Ak) (resp. D, (5, R", Ak)>
with the formula
dEs qu = Egy ndu (resp. 0Ey qu = Egy nd*u) .
Proof. — Let u € Dy(d, R%, A¥), for v € §(R™, AF+1),
<EH7nu,5v>Rn = <u,5v> L+ <ﬁn,5v>m

Jr

<du v> " < —en) A u,v>8Ri + <CT{LH, U>R’j + <(en) A Uy, U>8R’1
<du, v> <dun, >R’1
{

Eyy ndu, v> .

Which holds, since (e,) A @y (-, 0) = (e,) A u(-,0).
Now, if u € Do(d*, R, A¥), for v € S(R™, AF71),
<EH,nu, dv>Rn = <u, dv>]Ri + <ﬂn,dv>m
- <5u, U>R1 * <(_e") - u’v>aR1 + <5ﬂm U>Rg * <(e") S U>8R’1
= <5u, U>R1 + <(§ZL“, U>RE
:< H,nd*u,v>Rn.
Which holds, since (e,,) 1 un(-,0) = —(e,) su(-,0) = 0. O

Proof of Theorem 2.15. — By the realization of the Hodge Laplacian by means of
the sesquilinear form (2.7), we have (Da(Ag, R, A¥), —Ay) = (D2(D?, R%, A¥), D?).
Thus, as the square of a self-adjoint 0-bisectorial operator, the Hodge Laplacian is
a non-negative self-adjoint 0-sectorial operator on L2(R’}r, AF), and it also admits a
bounded holomorphic functional calculus, see for instance [Egel5, Theorem 3.2.20].
In particular, (2.8) in point (ii) holds.

For now, we only consider the case (Da(Ay q, R™, AF), —Ag ), the proof could be
achieved in similar fashion for (Do(Agy, R, A%), —Agy ).

For A€ X, ue (0,m), f € LR, A¥), we set U := (\I—A)'Eg f € H¥*(R™, A).
By construction, as in the proof of [Gau24b, Proposition 5.1], for I € Z* we have

U[‘BRi =0, provided n € I,
é?gcnU%Ri =0, provided n ¢ I.

Therefore, we obtain first,

k
V2 Uy = —8n J U, = (—1) Z Upy byt yn(+0)dae, Ao Aday,
+ +
1<l <..<d—1<n
Z Ur n\* dl’p =0.
I'e l—k 1
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Similarly, we get that

vadu,., = —e, 2du.,.
|6]R+ n |8]R+
n—1
= — Z Z O, Uty .ty in (- 0) dj Adag, AL Adag,
J=11<b <. <1 <n
- Z aanglmgk(', O) d.rgl VARRAN d:l,’gk
1<h <. .<lp_1<lp<n
=0.

From above calculations, we deduce that u := U}, is such that u € H*?(R", AF) N
+
DQ(A’H,IU R17 Ak)a and
Au—Au=f in RY.

Hence, by uniqueness (A\I—Ag) 71 f = [()\I—A)*IEHf]Ri. One may conclude following
the lines of the proof of [Gau24b, Proposition 5.1], using Lemma 2.17. O

LEMMA 2.18. — Provided k € [0,n], u € (0,7), A € £, the following commuta-
tion identities hold,
(1) P(AI — Apn) tf = (AT = Ay )P/, for all f € L*(R7, A¥);
(2) AL = Agn)tf = (ML= Ay)tdf,  for all f € Do(d, R, AF);
(3) d*(MNL— Ag) 7t f = (ML= Agp)7td*f,  for all f € Do(d*, R%, AF).
Every above identities still hold replacing (n,P,d,d*) by (t,Q, ¢*,9).
Remark 2.19. — Lemma 2.18 does not depend on the domain €2 = R since

its proof only relies on the use of the sesquilinear form associated with the Hodge
Laplacian.

Proof. —

Step 0: For u € Dyo(D,, R, A¥), we have Pu € Dy(D,, R, A¥). Indeed, by def-
inition Pu € No(d*,R", A¥). Hence, it remains to prove Pu € Dy(d, R%, A*). For
¢ € CX(R%, A), we have

<Pu,5g0>Ri - <Pu,d*<p>m - <U’Pd*gp>u@1 - <u,d*gp>R1 - <du, ¢>R1'

Therefore, dPu = du in D'(R", A), hence dPu € L*(R’}, A).
Now, for all u,v € Dy(Dy, R%, A), since dPw = dw and d*Pw = 0 for w € {u, v},
we have

- < R7 R
= <du, dv>Ri

= <du, 011%>Ri

= (du, dPv) - (du, d*Pv>M
= aan(u, IP)U)
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Step 1: Let € (0,7), A € 3, and f € L*(R, A¥), we set u:= (Al — Ay )7 f,
then for all v € Dy(D,,R%, A),

)\<Pu, ’U>Rn + ay o (Pu,v) = )\<u,]P’v>Rn + ay o (u, Pv)
- (120
- )

R%
R’
Hence, by uniqueness of the solution to the resolvent problem in L*(R%,A), we
deduce Pu = (A — Ay,) 'PSf.
Step 2: We use the same notations as the ones introduced in Step 1, but we

assume that f € Dy(d,R%, A¥). For all v € Dy(Aga, R%, A), since d* = 0, as well as
(d*)Q =0,

<df’ U>R1 <f’ d*U>R1
A

u, d*v>Rn + ay o (u, d*v)
+

{
>\<u,d*v>Rn + (du, dd"v)
+
>\<du,v>
/\<du, U>Rn + <ddu, dv>Rn 1 <d*du, d*v>Rn

+ +

(@, (d)%)

n
+ R%

+ <d*du, d*v>

n

R +

I
£3

+

= )\<du, U>Rn + ay o (du, v).
+

Since the continuous embedding Do(Ayn, R, A) — Do(Dy, R, A) is dense, the
equality above still holds for all v € Dy(D,,R’, A). Hence, by uniqueness of the
solution to the resolvent problem in L?(R”, A), we obtain du = (AI — Ay )~ 'df.
The proof ends here since all remaining results can be proven similarly. U

LEMMA 2.20. — Let k € [0,n], following operators
d(_AH,n)_% L2 (RivAk) N, (d,Ri,Ak“) :
e 5 L (R 08) o (R

are well-defined bounded linear operators on L*(R', A), and are each-other’s adjoint.
Moreover, for all u € L2(R", A¥), we have

|d(=Ag0) 20 — (AT = Agyp) 2w

Everything still holds replacing (n,d,d*) by (t,0%, ).

A* (= Agg) 71— d* (AL = Aggy)

Proof. — We prove the L*(R", A)-boundedness of d(—AHm)_% and compute its
adjoint.
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e We recall that the Hodge Laplacian is O-sectorial and injective over L*(R”, AF),
so that by Proposition 1.4,

Dy ((—Aagn)? L, AF) MRy ((—Aga)? R, Ak)“ ha(ey) _ 12 (R, AF) .

We use the bounded holomorphic functional calculus of D, on L2(]R7}r, A) provided
by Proposition 2.13. By means of f\ : z — m, and the boundedness of P, we

have, for all A > 0, and all u € L*(R", A¥),
2

APl g = [ Do = Baa) 0

2

= a0 = vea)2u; )

L2(RY

)t

d* )\I—Ayn) u

||u||L2(Rn>

e We did the abuse of notation fo(Dy) = Dy(—As.,)"2. We clarify this point and
show that for all u € L2(R%, AF),

Hd (=Ag) 21— d (ML= Agy) 7
|

We start with an element v € Do((—Ag0)"2, A¥) N Ro((—Agn)'/2, A¥), so one can
write v = (—Agn)?w for w € Dy(Asy,, A¥), and we obtain by Lemma 2.18:

L2(Ry)

_1 _1 — 0.
d* (_AH,H) 2y —d* ()\I — Aq.[,n) 2u

>\—>0+

L2(R7)

_1 2 * 1 .
| AT = Agg) "2 v — du La(e) + [[d" (L= Agg) 7w — d*w

2 L2(Ry)
= (=B L= ) = dwo
e amn T O = Ay dw —avu
A 1 2
= ||(=A%0)2 (AL = Ap) 2 D L2(k}) 2
B L
= |I(=A0n)* L= D) 20 =0,

But thanks to [Haa06, Theorem 5.2.6], originally due to an idea of M Intosh [McI86],
one has the representation formulas

dt
A n 2 tAHn
and
1 1 1 +00 1 dt
(=Bt (= BwaH = 2 [ (a)f Pz
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Since v € Do((—Az )2, AF) N Ro((—Agn)'/2, A¥) the integrals are absolutely con-
vergent, and we can also apply the Dominated Convergence Theorem, so that

2

_1 2 * *
(212) [d (AL = Ag) 2w — du gen) F as (A= Ag) 72 0 — d*w L2 (mn)
) 1 2
= H(—AHm)Q ()\I — A’H,u) 2 v—=v LQ(Ri) A—04 0.

Now, recalling that the Hodge Laplacian is injective, we can write

an = Dn (_A’H,n)_% v = fO(Dn)Ua

so we obtain
2
HfO( ) HLQ ]Rn Hd AH“) U L2(

Since Dy((—Az)Y2, AF) N Rg((—AH7n)1/2,Ak) is dense in L2(R%, A*), everything
coincides by uniqueness of continuous extensions.

It remains to relax the convergence to all u € L*(R}, A*). For u € L*(R7%, AF),
e > 0, there exists @ € Dy((—As.0)Y2, A¥) N Ro((—Apn)'/2, A¥) such that

2
d* AHn) ?) LQ(R") \ HUHL2(RH)'

)l

[|u — ﬁ”m(m) <E€.

We deduce for A > 0,

_1

[d (= Ar0) 72w = d (AL = Agg) 2w

L2 (E1)

<ot b am

[|d (= Q) T — A (AL = Agy,) 2

L*(R7)

-

+[d AT = Ag) T - d (AL Ag) 7w

L2(R7)

G—d\ = Ayn) 24

N[

<26+ [|d (= Apn)”

L*(Ry)
So that, for A large enough, since % € Dy((—As.n)Y2, AF) N Ro((—As0)Y/?, AF), we
use (2.12) to reach the inequality

< 3e.

|d(=20) 7 u—d (X = Ag) 2 a(ms)

We proceed similarly for d*(—Ay.,) 2.

e Now, we compute the adjoint. The adjoint of d(Al — Ay )~ 2 , provided A > 0,
s (A — AHM)_%d* — d*(Al — Ay,) "2 up to a dense subset of L2(R%, A) (here
Dy(d*,R%, A)), thanks to Lemma 2.18. By previous steps, we can pass to the limit
as A goes to 0 in the L? inner product yielding the identity

(d <_A7-L,n>_%)* =d” (_AH,n)_% : U

We can summarize with the next theorem.
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THEOREM 2.21. — Let k € [[0,n], the following assertions are true
(1) The following equality holds

S
Ny (d,R7, A%) = Ry (d,RY, AF) w2(r1)

and still holds replacing d by d*.
(2) The (generalized) Helmholtz—Leray projector

P12 (Ri,A’f) — N? (d*,Ri,A’f)
satisfies the identity
P =1 d(~Ayn) 2" (~Aya) 2.
(3) The following Hodge decomposition holds
L? (R7, AF) = N2 (a7, Ry, AF) @ N2 (4, RY, AF)
Moreover, the result remains true if we replace (n,d,d*,P) by (t,0%,6,Q).

Remark 2.22. — The Theorem 2.21 and the whole construction of this section
mainly depends on the injectivity of the Laplacian: the construction is done via
resolvent approximation, abstract functional calculus provided by the Hilbertian
structure of L?(R", A) and the self-adjointness of the Laplacian. Therefore, a such
construction does not depend on the open set 2 = R’}

To be more precise, the above Theorem 2.21 should remain true for all open sets
Q, say at least Lipschitz, that admit no non-zero harmonic forms. In the case of a
bounded domain: the theorem remains true whenever all its Betti numbers vanish.

Proof. —

Step 1: Identity for P. — From boundedness of the operators from Lemma 2.20,
we deduce that the new operator P defined for all f € L*(R", A) by

Pf = f —d(—Ag) 7d"(=Ag0) 2 f,

is well-defined and bounded on L?(R,A). We are going to check that P is an
orthogonal projector, hence, firstly, a projector. By Proposition 1.4 and Lemma 2.20,
we have

@Qf - @f —d (_A’H,n)_% d” (—Aq.[’n)_% @f
=Pf—d (_Aan)ié dx (_AH,H)*% £+ [d (_A’H,n)ié J (_AHm)f%r /
— lim (Bf = d"d (A1 = B0) ™+ [a7d (AL = 20) 7] /)
= lim (Bf = Ad'd (AL = Ay)~ /)

_ By,

By construction and by Lemma 2.20, P is self-adjoint, hence orthogonal.
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For all f € Dy(d*, R}, A), by Proposition 1.4, Lemma 2.18 and Lemma 2.20, since
(d*)2 =0,
d'Pf = lim (A f = d*d (AT = Agy) 72 d" (AL = Agg) 7 f)
T * o -1 3%
= lim (d°f + g (AL = D)~ d°f)
=(d"f—-d*f)=0.
Thus, since the embedding Do(d*, R, A) < L*(R", A) is dense, it follows that
R, (P Ri,A) c N, (d*,m,A) .
For all f € Nyo(d*,R%,A),
Ff— g =
Pf =lim (f = d (Al = Ayn) > d" (AL = Ag) % f)
s . _ —1 3%
= lim (f = d (ML= Ay) " d"f)
=([+0)=/.
Hence, ]P)lNQ(d*,Ri,A =1L

)
By construction, we also have

Ry (I P.R%,A) = Ry (d(~Ag) 2 d* (~Ag) 7 R%,A) C Ry (4R A);
so that by uniqueness of the orthogonal projection on Ny(d*, R, A), P = P.

Step 2: We notice first that the inclusion Ry(d, R%, Ak)H'”LQ(R? C Na(d,R7, A")
is true.
Now, for the reverse inclusion let f € Ny(d,R%, A*), we have

1 o - —1 — 1 * o —1 — -
J = 1 gy (AL~ D)™ f = lim dd* (AL — Agg)™ (= [1 — B]).
By construction, for all A > 0, we have dd*(Al — Ay ,)7' f € Ra(d, R7%, AF), so that
the reverse inclusion No(d, R, A¥) C Ro(d, R%, Ak)”'HLQ(Ri) holds. O

2.3.2. H*? and B;q—theory for Hodge Laplacians and the Hodge decomposition

We start this new subsection claiming about closedness of the exterior and interior
derivatives with and without 0 boundary conditions. The two following lemmas are
straightforward.

LEMMA 2.23. — Let p € (1,400), s € (=1+1/p,1/p), k € [0,n]. With the same
notations as in Lemma 2.11, the operators

(D; (d,m, Ak) ,d) and (D; (g, Ri,Ak) ,5)

are densely defined closed operators on H*? (R7, AF).
Moreover,
e the result still holds replacing (Hs’p, D;) by either (H*?, D7), (B; ,D; ) or

. ' p,q’
(B;,Qa D:Z,q)7 with g € [17 +OO);
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e in case of (B; ,D; ) and (B;OO,D;OO) above operators are only weak*
densely defined, strongly closed operators;

e all the above results remain true exchanging the roles of d and ¢.

LEMMA 2.24. — Let p € (1,+00), s € (=1 +1/p,1/p). With the same notations
as in Lemma 2.11, the dual operator of (D, (d, R}, A),d) on H*P(R", A), is

(DI;,S (d*,Ri, A) ,d*) = (DI;,S (g, Ri,A) ,5)

as an operator on H=5 (R%,A).
Moreover,
e the result still holds replacing (HS’I’, DZ, H—s#' d;,s) by (B;q, D;q, B;,fq,, d;,fq,)
with g € [1,400);
e we may replace (D, H,B) by (D, H, B);
e all the above results remain true exchanging the roles of d and §.

Remark 2.25. — Notice that talking about D7 (d, R}, A) in above lemmas, with
respect to notation introduced in Lemma 2.11, in particular the involved 0-boundary
condition, actually makes sense, thanks to Theorem A.2.

Before we start our investigation of Hodge Laplacians and the Hodge decomposition,
we need to show the closedness of Hodge—Dirac operators. In order to verify such a
property, the next result will be of paramount importance, to reproduce the behavior
obtained in the L? setting on other scales of function spaces. We mention that many
results presented here will strongly depend on the fact that the considered open set
is R (mainly Lemma 2.26, and point (ii) of Theorem 2.29 which are widely used to
construct other results of the present section).

The proof of the next lemma is identical to the one of Lemma 2.17.

LEMMA 2.26. — Let p € (1,+00), s € (=1 +1/p,1/p), k € [0,n]. For all
u € Di(d, R, A%) (resp. D3(d*, R, A¥)) we have
Eynu € D; (d, R", Ak) (resp. D; ((5, R", Ak))
with formulas
dEy qu = Egy ndu (resp. 0Ey qu = Egy nd™u) .
Moreover,
e the result still holds replacing DZ by D;q with ¢ € [1, 4+00];
e we may replace D by D;
e all the above results remain true exchanging the roles of d and ¢, and replacing
n by t.

PROPOSITION 2.27. — Let p € (1,4), s € (=1 + 1/p,1/p), k € [0,n]. The
Hodge—Dirac operator

(D5 (Da, R, AF), Dy) = (Dj (d, R, A%) N D5 (d, R, AF)  d +d7)
is a densely defined closed operator on H*?(R", AF).

Moreover,
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o the result still holds replacing (H*”, Df;) by either (H*?, D7), (B; , D, ,) or
(st;,q; D;,q), with q € [1,+00);

e in case of (B; D5 ) and (B;oo, D;oo) above Hodge-Dirac operator is only

weak* densely defined, and strongly closed;
e all above results remain true replacing (n,d) by (t,9).

Proof. — Let (uj);en C D3(d, R, AF)ND3(d*, R, A¥), and (u,v) € H*P(R?, A*)x
H*P(R?, A) satistying

uj ——u and Dyu; —— v in H*P (Rﬁ,/\) .
J—+oo J—+oo
We set for all j € N, Uj := Eynuj, U = Eynu. By Lemma 2.26, we have for all
j € Z U; € Dy(d, R™, AF) N D (9, R™, AF)
DUJ = EH,nDnuj-
We also have,

DU; —— V 1= Eyqv in HP(R™, A).

j—r+00
By the Hodge decomposition on R", check Theorem 2.9, there exists a unique couple
(Vo, V1) € R;(d,]R”,A) X NZ((S, R", A) such that V = V{ + V. Since U; goes to U in
H*P(R™, A*), by continuity of involved projectors, and uniqueness of decomposition,
it follows that

dU; —— V, and 6U; —— Vi in H*? (R, A).
j—+oo J—+too
In particular, if we set vy := V|, for £ € {0, 1}, we necessarily have by restriction
+
du; —— vy and du; —— vy in H*P (Ri,A) .
J—+oo J—+oo

But (uj)jen converge to u in H*P(R™, A*), so in particular in distributional sense.

Thus, necessarily (vo,v1) = (du, éu) and v = Du. By continuity of trace provided by

Theorem A.1, we also have v _uj, ., =0, i.e. (D,(Dy,RY, AF), D,) is a closed operator
+

on H*? (R%, AF). The proof ends here, since one can reproduce all above arguments
for (D;(Dy, RY, AF), Dy), and also for all other kind of function spaces. O
The next result about closedness of Hodge Laplacian admits a similar proof.

PROPOSITION 2.28. — Let p € (1,400), s € (=1 + 1/p,1/p), k € [0,n]. The

Hodge Laplacian
(D5 (Age R, AF)  =Ag0) = (D (D2, RY, AF), DY)
is a densely defined closed injective operator on He» (R%, A¥). The following formula
holds for all u € Dy (Agya, RY, AF),
—AEynu = Eyn [—Apau].
Moreover,
e the result still holds replacing (Hs’p, D;) by either (H*?, D7), (B; ,D; ) or
(B, D; ), with q € [1,400);

p,q’
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e in case of (B; ., D; ) and (B? D;OO) the Hodge Laplacian is only weak*

p7oo7

densely defined, and strongly closed;
e all above results remain true replacing n by {.

From there, the whole context has been established in order to be able to claim
the next theorem.

THEOREM 2.29. — Let p € (1,4+00), ¢ € [1,4+0], s € (=1 + 1/p,1/p), and
k € [0,n].

(i) For p € [0,7), A € %, if f € H*P(R?, A*) then the following resolvent
problem

Au—Ayu=f in RY,

admits a unique solution u € DZ(A% R?, A%) C [H*? N H*27)(R?, A¥) with
estimates,

Al

1
it (rr) A2V

Spansu |If]

fer(re) T Hvzu’ fis» (R7.) Her (R )

A2 [[(d + 8)ul

+ ||ddul

fe (1) ien(zy) 100Ul (ry) S 1l )

In particular, N\ — Ay : D;(AH, R?, A*) — Hs’p(Ri, AF) is an isomorphism
of Banach spaces. . _ . _
Furthermore, the result still holds replacing (H*P H*P N HS“”’,DZ) by

(102, 110922, D), (By,,B;, 05312, D;), or even by (B}, B;1%.D;,,)

p,q’ pq p,q’ Tp,q
(ii) For any p € (0,7), the operator —Ay, admits a H*(X,)-functional calculus

on function spaces: H*?(R”, A¥), B3 (R, A¥), H*?(R?, A¥) and B (Rt A).
Moreover, the following resolvent identity holds on any previously mentioned
function spaces,

Ex(AL — Ay) ™' = (AL — A)'Ey,.

Proof. — For € [0,7), A € X, if f € Hs’p(Ri,Ak), we have by Theorem 2.7
and (2.11):

(L= A By f € [t 0 1129] (B, AF)
Thus, the definition of function spaces by restriction yields u := [(Al—=A) " 'Eq f] .. €
. . +
[H®P 0 H*2P)(R%, A¥) and it satisfies
Au— Au = fin RY,

so that by the definition of function spaces by restriction, Theorem 2.7, and the
boundedness properties of Eg; (2.11), we also have the estimates

1
Al gy + A1Vl ) + V20

Hsap(Ri) Sp,n,s,u ||f||Hs,p(R1),

IAZ][(d + )

Hs’p(Ri) + Hd5u| H&P(Ri) + H(Sdu‘ Hsm([{gﬁ) Sp,n,s,u ”f’ Hs,p(Ri)‘
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By density of [L2 N H*?)(R", A*) in H*?(R"?, A¥), one may use Theorem 2.15 and
continuity of traces provided by Theorem A.2 to show that necessarily v Ju),,, =0
+

and v Jduj,,, =0 (or resp. v Auy,,, =0 and v A duj,,, =0). Hence
+ + +
ueDb; (AH,Ri,Ak) .
Now assume v € D;(AH, R7, AF) satisfies
A — Ayv = fin RY.
We apply Proposition 2.28 to claim that V := E4v must satisfy
AV — AV = Ey f in R™,

Thus, necessarily Ex(A — Ay) 7 f = (A — A)1Eyf.
This resolvent identity leads to the construction of bounded (H*(3,)-)holomorphic
functional calculus, given by the following identity for all ¥ € H*(X,), u € (0, 7):
EqU(—Ay) = U(—A)E4.

The result for homogeneous Besov spaces B;vq, q < +oo, and other similar in-
homogeneous function spaces may be achieved in a similar manner. The case of
inhomogeneous and homogeneous Besov spaces with ¢ = 400 follows from real
interpolation. [l

The goal for now is to prove the Hodge decomposition. The idea is to prove that
the representation formula of P (resp. Q) proved in Lemma 2.20 still makes sense on
He» (R, A), B;CI(]R’}F, A), and their inhomogeneous counterparts. To do so, we adapt
Lemma 2.18 in the present setting.

LEMMA 2.30. — Let p e (1,400),s € (=1+1/p,1/p), p€[0,m), A€ E,, t >0,
k € [0,n]. The following commutation identities hold,

(1) d(AL = Agg)7Hf = (AT — Ag)tdf,  for all f € D3(d, R, AF);

(2) d*(AI— Ag) 7t f = (AL — Ag)'d*f, for all f € D3(d*, R?, AF);

(3) detAwnf = etAundf,  for all f € D3(d, R, A*);

(4) drethnnf = etAund*f,  for all f € D3(d*, R, AF).
Every above identities still hold replacing (n,d,d*) by (t,9%,6), and dls) by either d;,

ds , or even by ds ., with g € [1, +oc].

p,q’
Proof. — Let f € D(d, R, A¥) € H*P(R, A¥), then by Theorem 2.29 there exists

a unique u € D;(AHM,RT}F, AF) C D;(Dn,Rﬁ, AF) C D;(d7 R", AF) such that

A — Ay pu = f.

Since u, f € D;(d, R", A¥), we deduce that Ay zu € D;(d, R7, AF) and we use d* = 0
to deduce

Adu — Ay pdu = df.
Thus, we obtain that du € H? (R, AF*1) is a solution of the equation
A — Ay v = df.
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Thus, uniqueness of the solution yields du = (A\I—Ag ) ~'df. If it holds for resolvents,
then it holds for semigroups, since we have the Cauchy integral formula, provided
0 € (3, m) and t > 0 are fixed,

1
A — %/ MAL = Agga)~tdA,

where v = —v_ + v + 7+ is the path given by
Yo {t*1,+oo) — C, vi(s):=se and 5 :[-0,0] = C, Ao(s) :=tte™.
O

PROPOSITION 2.31. — Let p € (1,400), s € (=1+1/p,1/p), k € [0,n]. For any
A = 0, following operators are well-defined and uniformly bounded with respect to A

A(AL = Ag) ™2 ¢ 197 (RYAF) — N3 (d,RY, AR 5
A4 (ML= Agg) 2 ¢ B (R AR) — N3 (d* RY, AR
Moreover, the following identities also hold for all A > 0:

o d(AI— Aga) 7 f = (ML= Ag)72df,  forall f € D3(d, R, A¥);

o d*(A\L—Ayn) 2f = (AL = Ag)"2d*f,  forall f € D3(d*,R?, A%).
Everything still holds replacing (n,d,d*) by (t,6*,0), and replacing (Hs’p,NZ) by
either (B;q, N;q), (H*P,N?) or even by (B, ,, N> ) with ¢ € [1,+o0].

Proof. — For A\ > 0, we introduce the representation formula,

rgrana 4T

VT / VT
This representation formula makes sense thanks to holomorphic functional calculus,
and the integral is absolutely convergent for every for f € Ry (As ., RY, AF).

We use the definition of function spaces by restriction and the bounded holomorphic
functional calculus, with the identity provided by point (ii) of Theorem 2.29, i.e.
EHmeTA”ﬂ“ = eTAEHm, to obtain

(2.13) (AL — Agn) % f

Hd (AL = Ag) “f]

d*(>‘ A’Hn _7f‘

HSP R”) ’

Hs p Rn)
_1
o [FO1 3 Bt
Sn,k,s,p Hf| Hs,p(Ri)

Therefore, the boundedness follows by density of R;(AHM, R?, AF) in Hs» (R™, AF).
Commutations relations when A > 0 follow from Lemma 2.30 and the representation
formula (2.13). The boundedness on the Besov scale follows from real interpolation.

O

According to more convenient and usual notations with respect to the field of
partial differential equations we set new symbols.
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Notation 2.32. — We introduce the following notations

HSP:=N3(d*),  H3P:=N5(d) and H3P:=N5(0),  HiZ:=N3(0%);
Bso :=N3 (d), B :=N3 (d) and B37:=N3(), Byl =N ().

Then we are able to obtain the following result.

THEOREM 2.33. — Let p € (1,400), g € [1,+00], s € (=14 1/p,1/p), and let
k € [0,n]. It holds that

(i) The following equality holds,

: : e (g
Ns (d, R, AF) = Ry (d, Rz, AF) (=1)

and still holds replacing d by d*.
(ii) The (generalized) Helmholtz—Leray projector is well-defined and bounded as
a linear operator

P : H? (R, AF) — H32 (RY, A").

Moreover, the following identity is true

N|=

P=T—d(—Ayn) 2 d* (—Ayn)”
(iii) The following Hodge decomposition holds
P (RY, AF) = H32 (RY, A®) @ HyP (R, AF)
Moreover, the result remains true if we replace
o HoP by B§7q;
o (I1,B) by (H,B);
L4 <n7 d7 d*7IP)7 0—7 Py) by (t7 5*757 Q’ 77 O—)'
In case of Besov spaces with ¢ = +oo, the density result of point (i) only holds in
the weak® sense.
Proof. — One may reproduce the proofs of Theorem 2.21, thanks to Proposi-
tion 2.31 above. O
The following corollary is a direct consequence of the given expression for the
Helmholtz-Leray projection in Theorem 2.33.

COROLLARY 2.34. — Letp € (1,400), s € (-1 +1/p,1/p), u € 0,7), A € E,,
k € [0,n]. The following commutation identities hold for all f € H*?(R", A*), for
all't > 0,

(ML= Agn) "PF =P (Al — Agn) ' f,
etAH,n]P)f — ]P)etAH,nf'
Above identity still holds replacing (n,[P) by (t,Q), and H*? by either HP, B, or

even by B;,q’ with q € [1,400].
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2.3.3. Hodge-Stokes and Hodge-Maxwell operators

The present subsection is about discussing properties of Hodge—Stokes and Hodge—
Maxwell operators. First, one can define Hodge—Stokes operator’s domain, for
all p € (1,+00), s € (=1 +1/p,1/p), k € [0,n], by

(2.14) D; (AH,H, R”, A’“) =37 (Ri, Ak) nb; (A%n, R”, Ak) ,

and for all u € D3(Ag,, R, AF)

(2.15) Ay v = d"du = —PAu = —APu = —Au.

Above operator Ay, , is called the Hodge—Stokes operator with absolute bound-

ary conditions which is a closed densely defined operator on Hy (R'}, AF).

Similarly one can treat the case of Hodge—Maxwell operators,
(2.16) D3 (MH,H, R”, A’“) = 37 (R’;, A’“) nb; (AM, R", Ak) ,
and for all u € D;(MH’H, R, A)

(2.17) My u = dd*u = —[I = P|Au = —A[l — Plu = —Au.

The operator My, , defined as above is called the Hodge—Maxwell operator with
perfectly conductive wall boundary conditions which is a closed densely
defined operator on H3?(R', AF).

Similarly, one may replace (n,d,P) by (t,6,Q), respectively in, (2.14) and (2.15),
and in (2.16) and (2.17). This leads to the construction of

(2.18) (D; (Am, R”, Ak) , Am) and (D; (MH,t, R", Ak) , Mm)

called respectively the Hodge—Stokes operator with relative boundary condi-
tions and the Hodge—Mazwell operator with relative boundary conditions
which are both closed densely defined operator on H&P(R", AF) and H?(R%, A¥),
respectively.

Those Hodge-Stokes and Hodge-Maxwell operator are still meaningful on other
function spaces replacing (H*?, D;) by (B; ,, D, ,), then (H,B,D) by (H, B, D).

Notice again the exception of Besov spaces, homogeneous and inhomogeneous,
where the domains of any Hodge—Stokes and Hodge-Maxwell operators are only
weak® dense in the case ¢ = 400.

With the above definitions, Theorem 2.29, Corollary 2.34 and Theorem 2.33, we

obtain for free the next theorem.

THEOREM 2.35. — Let p € (1,400), s € (=14 1/p,1/p). For all u € (0,7),
the operator Ay, (resp. My, ) admits a H*(X,)-functional calculus on Hﬁ:{;(Rﬁr, A)
(resp. Hff’p(R’jr, A)).

Moreover, the result remains true if we replace
e H*? by B;W q € [1,+o0];
e (H,B) by (H,B);
o (n,o,v,AM) by (t,7v,0,M, A).
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3. L%-maximal regularity with global-in-time estimates

In order to motivate the results in next Sections 3.1 and 3.2, we provide short
reminders about recent advances for maximal regularity in the Sobolev framework
provided by [DHMT21, Chapter 2] and [Gau24a]. We are going to follow the presen-
tation from [Gau24a, Section 2].

First, let us consider (D(A), A) a densely defined closed operator on a Banach
space X. We recall, see [ABHN11, Theorem 3.7.11], that the two following assertions
are equivalent:

(1) A is w-sectorial on X, with w € [0,5);
(2) —A generates a bounded holomorphic semigroup on X, denoted by
(e )izo0-

Thus, provided that A is w-sectorial on X for some w € [0, ), for T" € (0, +-o0],

we look at the following abstract Cauchy problem,

{ du(t) + Au(t) = f(t),0<t<T

(ACP) w(0) = g,

where f € L ((0,7),X), ug € Y, Y being some normed vector space depending on
X and D(A).

We want to look at global-in-time maximal regularity results for (ACP). To obtain
estimates that are uniform in time, we require the involved function spaces to
be homogeneous. This keypoint was captured in the work of Danchin, Hieber,
Mucha and Tolksdorf [DHMT21, Chapter 2] to build a homogeneous version of the
Da Prato—Grisvard theorem for injective sectorial operators under some additional
assumptions on A. We are going to present briefly their construction to motivate
the next section.

Before that, we introduce two quantities for v € X + D(A),

1
+oo _ B g dt\¢
10115, 0.9y == ( | eraea, t) s and [[vllo, o) = [0lx + 0], 0.,
where 6 € (0,1), ¢ € [1, +00], with the special case
vl = sup |[t' P Ae || .
9115 50,009 = 500 | I
This leads to the construction of the vector space
Dal,q) = {U € X[[[vll5,0,q < +OO}-

The vector space D 4(f, q) is known to be a Banach space under the norm || - o ,(,q)
and, moreover, it satisfies the following equality with equivalence of norms

(31) DA<9>Q) = (XaD(A))H,qa

see [Haa06, Theorem 6.2.9]. If moreover, 0 € p(A) it has been proved, [Haa06,
Corollary 6.5.5], that || - [|5, 5., and [| - [[p,(0,¢) are two equivalent norms on D4(0, q).
So we restrict ourselves to the case of injective operators.
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ASSUMPTION 3.1. — The operator (D(A), A) is injective on X, and there exists
a normed vector space (Y, || -||y), such that D(A) C Y, and for all x € D(A),

(3-2) Az x ~xy.a llzlly -

The idea is to construct a homogeneous version of A denoted A, defining first its
domain

D(A) = {y € ¥ |3 (wa)nes < DA), ly— 2y~ 0}

o

So that, for all y € d(A), X being complete, it is meaning full to set

Ay = nl_lgloo Axy.
Constructed this way, the operator A is then injective on D(A). We notice that
D(A), endowed with the norm ||A - ||x, is a normed vector space, but not necessarily
complete. We also need the existence of a Hausdorff topological vector space Z, such
that X, Y C Z, and to consider the following assumption.

ASSUMPTION 3.2. — The operator (D(A), A) and the normed vector space Y are
such that
(3.3) X ND(A) = D(A).

As a consequence of all above assumptions, we can extend naturally, see [DHMT21,
Remark 2.7], (e7*),5 ¢ to a Cy-semigroup,

e X +D(A) — X +D(A),t >0,
so that, one can fully make sense of the following vector space,
Da(0,9) = {v € X +D(A) | [v]l5,(5,9 < +0} -
Similarly to what happens for D 4(6,¢q) in (3.1), it has been proved in [DHMT21,
Proposition 2.12], that the following equality holds with equivalence of norms,

(3.4) Da(6.9) = (X.D(A)), .

but the possible lack of completeness of D(A) implies that D (0, q) is not necessarily
complete. This has consequences on how to consider the forcing term f in (ACP),

choosing f € LI((0,T), D4(0,q)) instead of f € LI((0,T), D4(0,q)) to avoid defini-
tion issues, the latter choice being possible when D 4(6, q) is a Banach space.

THEOREM 3.3 ([DHMT21, Theorem 2.20]). — Let w € [0,7), (d(A4),A) an
w-sectorial operator on a Banach space X such that Assumptions 3.1 and 3.2 are
satisfied. Let q € [1,+00), 6 € (0, é), 0, =0+1—1/q, and let T € (0, +00].

For f € L((0,T),DA(0,q)) and uy € D4(0,,q), the problem (ACP) admits an

unique mild solution

we O (10,7),Da 0, q)) .
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such that dyu, Au € L4((0,T), DA(6, q)) with estimates,

(3:5) Netlloe (10,115 (00.00) + 1100t AWl a( 0,09, 5 4 0.09)
Sa ||f||L‘I((O,T)7®A(9,q)) + [luoll5, 0,.q)-
In case q¢ = 400, we assume in addition that uy € D(A?) and then for each 6 € (0, 1),
(3:6) N Al e (10775 4 (0.00)) S W llLe0,1)240,00) + [1AU0 ], (9,0
One also have the following result.
THEOREM 3.4 ([Gau24a, Theorem 4.7]). — Let w € [0,%), (d(A),A) an w-

sectorial operator on a UMD Banach space X, such that it has BIQP on X of typef, <
7, and satisfies assumptions (3.1) and (3.2). Let ¢ € (1,+00), @ € (=14 1/q,1/q)
and T € (0, +o0]. We set oy :=1+a —1/q.

For f € H‘W((O, T),X), ug € @A(aq, q), the problem (ACP) admits a unique mild

solution u € CJ([0,T], @A(aq, q)) such that dyu, Au € H*9((0,T), X) with estimate

\|U||Loo([o,T],95A(aq,q)) Saga “(atuaAu)HHO‘»q((O,T),X)
(3.7)
,SA,q,a HfHHM((O,T),X) + HUOH®A(aq,q)'
Moreover, if uy € D 4(ay, q) for all § € [0, 1],
(3.8) |(=01)7 A7

Remark 3.5. —
e In Theorem 3.4, Assumptions 3.1 and 3.2 are assumed here in order to ensure
that D 4(0,q) is a well-defined, even if not complete, normed vector space.
The estimate (3.8) still holds for uy € D 4(14+a—1/q,q) whenever this space
is complete.
o If uy = 0, the estimate (3.8) remains valid if we replace the operator (—d;)1=#
by (8;)' 7.
e If one asks instead the initial data ug to be in the smaller, but complete, space

D4(0,q) then one can drop Assumptions 3.1 and 3.2, and the estimate (3.7)
still holds.

Before going further, we want to simplify notations. From now on, we will only
consider function spaces on R’} and no longer on R", so that we drop the mention
of the open set in the domains of operators, we also drop the mention of degree of
differential forms, except when it is necessary. Any discussion involving Dirichlet and
Neumann Laplacians will always contain the implicit information that their domains
are made of scalar valued functions, whereas talking about Hodge Laplacians and
their derived operators will always contain the implicit information we are talking
about general differential forms valued functions of any degree, unless it is explicitly
stated.

A first aim of this section is about to give an explicit description of homogeneous
interpolation spaces, provided 6 € (0,1), ¢ € [1, +o0],

(3.9) (X, D(A))ejq = Da0,q),

Ha’q((O,T),X) SJAaq»OC ||f||HO"q((O,T),X) + ||U’0||@A(aq,q)'

TOME 7 (2024)
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where X = Hs’p,B;’T and A € {—Ay, Ay, My}, with p € (1,40), =1+ 1/p <
s < 1/p, r € [1,400). The main task here will be to compute the space (3.9)
above, provided A = —Ay. Indeed, for the related Hodge-Stokes operator, due to
the commutation relations between the Hodge Laplacian and its Helmholtz—Leray
projections, see (2.15), (2.17) and Corollary 2.34, we should have (at least formally
or up to a dense subset)

Difn(0:0) = (135 (BY). D (Ana)),,
=B (17 (R)) . 0 (Ana),.
=PD%, (0,9).

Obviously similar identities can be obtained with (t, Q) instead of (n,P), but also
for the Hodge-Maxwell operators up to appropriate changes.

Secondly, we will aim to recover global-in-time L¢-maximal regularity estimates for
the abstract Cauchy problem (ACP), provided T € (0, +00|, A € {—Ayx, Ay, My},
so that we will apply Theorems 3.3 and 3.4.

3.1. Interpolation of homogeneous H*-domains of operators

We start this section claiming that one can reduce the problem to the computation
of interpolation spaces

DR (0,q) and D™ (8,q).

We recall here for convenience that —Ap and —Ajs stands respectively for the
(negative) Dirichlet and the Neumann Laplacian on the half-space for which a wide
review of their properties in homogeneous function spaces was achieved by the author,
see [Gau24b, Section 5.

~LEMMA 3.6. — Let p € (1,+00), s € (=1 +1/p,1/p), k € [0,n]. For all u €
D5 (Apn, AY), we have

AH’RU = Z ANU[ d[L’[ + Z ADUI’,n d[)?[/ A dl’n

Tezk_, rezh!
We also have estimates,
10dullgo.p (g ) + [[dOUll o (g )
~p,s,n Z [Anu] f=p (R7 ) + Z |Apur | fis» (R7)

Iezk

n—1

~p.sn HV2U

k—1
I'ez;—;

Hor(RY)

~p,s,n Hu| s+2.p <R1>

The result still holds replacing (n, N, D) by (t,D,N).
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Proof. — The results combine [Gau24b, Propositions 5.4 & 5.6], formula (2.10),
Proposition 2.28 and Theorem 2.29. Indeed, we have the consequence, that for
u € [0 0 27| (R, AF),

: Di(Ap), ifnel
T O P
P ’ ur € Dy (Ay), ifn ¢l
By the identity provided by Proposition 2.28,
EH,nAH,nu = AE’H,nu7

and the boundedness properties of Ez ., (2.11), we deduce by the definition of
function spaces by restriction

||u||Hs+2,p(Ri) < ”EH,nU||Hs+2,p(Rn = ||AEHnU||Hsp (R")
- ||E7-l nAH nu|

Hs-p(R™) Sp,s,n HAH,nu‘ Hs,p<Ri) .

Now, we close the estimates in two different ways

> HANU1|HSp(Rn)+ Z | Apup |

IeTk | rezi”)

|6dul i1 (k) + [|déul i1 (E7 )

2
Snan [V

s, P(R” )
| Agynul

e (Ry) S

fer(R)
This ends the proof of the Lemma 3.6. ([l

And for the same reasons, one has more generally,

LEMMA 3.7. — Let p € (1,4+00), s € (=1 +1/p,1/p), a € [0,2], such that
s+a#1/p,141/p. Forallu € D5((—Ay)?2, A), we have

+
~p,s,a,n ||u||Hs+a,p(Ri) ~p,s,a,n H( A’H)SQQU

[(=as)% ]

fer (RY) Lr(R})

We recall that, in particular, AH?“\AO = A and AH’t\AO = Ap.

In general, explicit description for interpolation spaces with boundary condition
may be quite tedious. We mention the work of Guidetti [Gui91la, Gui91b], where such
investigation is done. Guidetti’s results were used to make an extensive treatment
of elliptic boundary value problem with general Lopatinskii-Shapiro boundary con-
ditions in inhomogeneous Besov spaces on the half-space and on bounded domains
with smooth boundary.

Thanks to Lemmas 3.6 and 3.7, the current work will be reduced to Dirichlet and
Neumann boundary conditions in the homogeneous case which is unknown to the
author’s knowledge yet.
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For p € (1,400), ¢ € [1,+00], s € (—14+1/p,2+1/p), such that (Cs,,) is satisfied,
we set:

g N B:., (Ri), if (s<l),

Bp,q,D (R+)-: {u c B;q (Ri) ul"’Rfi = O}, if (s > Z) or (s = %,q = 1) ,
B, (R2). if (s<1+1),

S (RL):=1{we By, (RY) [0y, =0}, if (s> 14 )

or (s:l—l—%,q:l).

and similarly if (Cs,) is satisfied, we also set:

HDP(R+) = {uEHs,p(Ri)’uaRizo} ifs>z,
fop (R¢)7 if s <142,

HS? (R?) = :
i () {u e oo (R1)
And then, for J € {D, N}, we introduce the following subspace
Yro= (1 [DynDynD;, ND5 [ (As).

s € (=1+1/p,1/p)
p € (1,+00)
q € [1,400]
PROPOSITION 3.8. — Let p € (1,+00), ¢ € [1,400), s € (=1 +1/p,2+ 1/p),
such that (Cs,,) is satisfied, we have that

B;’#LJ (R:L-) _ lel.|lBg,q(R1)7

8,,u|a]Ri:0}, if3>1+%.

whenever
e J=D,s#1/p,1+1/p;
o J=N,s#1+1/p.
When q = +o0, we still have weak® density.
Proof. — We recall that for all p € (1,+00), § € [1,+00), § € R, we have that
.. ——"lss (pn
B0 (R5) = 8o (RE) 5.
e First, assume that s € (14 1/p,2+ 1/p), for u € Bqu,J(R’}r), we set f =
—Agu € B52(R?). For (fj)jen C 8o(R%) such that

P
s s—2 n
fi o f B (7).
Since it is not clear that u; := (—A7)~'f; is an element of Y 7, we set for all
A>0,

un =AM =A7)7 €Yy
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where belonging to the space Y7 is a consequence of [Gau24b, Proposi-
tions 5.4 & 5.6]. For u, A > 0, by [Gau24b, Propositions 5.7 & 5.8] and
Proposition 1.4, we have

lujx = winllps | (an)

Seman |~A7 AL=AN) T fj+ Ay (I —Ay)7 f
gs,p,q,n _AJ ()‘I - AJ)_I fj - fj
i+ Az (=AD"

By uniqueness of the solution for the Neumann (resp. Dirichlet) problem pro-
vided by [Gau24b, Proposition 5.8] (resp. [Gau24b, Proposition 5.7]), (u, ;) >0
is a Cauchy net that admits a limit that must be the unique solution u;. Since
as j tends to infinity, u; = (—Az) "' f; converges to u = (—Az) ' f, it follows
that for any € > 0, one can find j and A large enough so that

By (R)

By (R7)

0.

By (R%) Au—0

< 2e.

[ — uja Bs . (R7) < Jlu =y B ,(R7) + [Juy — ujal Bs ,(R7)
This concludes the case s € (1 +1/p,2 + 1/p).
e For s € (1/p,1+ 1/p), we consider first the case J = N. Again, for u €

s w(R7) =B (R?), we can introduce (u;);en C So(RT) such that

and we set for all 7 > 0,
Urj 1= (I — TAJ)_IUJ' €eYs

where belonging to the space Y7 is a consequence of [Gau24b, Proposi-
tions 5.4 & 5.6]. It is direct to see that

U e Y in B (R}).

uT?j

This argument still works for s € (=1 +1/p,1+1/p), when J = N.

For the case J = D, since Bz’q)D(Ri) = B;qﬁo(Rﬁ) and C°(R%) C Yp, the
result follows from [Gau24b, Lemma 3.16].

e Finally, when s € (—1+1/p,1/p), we notice that B§7q7j(R1) = ]'3;%0(]1%1) =

B;Q(]R?}r). Since CF(R%) C Yz, the result follows from [Gau24b, Corol-
lary 3.18]. O

The next result has a similar proof and is left to the reader.

PROPOSITION 3.9. — Let p € (1,4+00), so,s1 € (1/p,2+1/p), J € {D,N} such
that (Cs, ) is satisfied, we have

: . — Ml ys0.papys1.p1 (mn
iy ] () = 5 o)
whenever 1/p < sg,81 < 2+ 1/p, except for s =1+ 1/p when J = N.

The next lemma is inspired from [Gui91lb, Lemma 2.4].
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LEMMA 3.10. — Let p; € (1,+00), ¢; € [1,+00), and s; > 1/p;, for j € {0,1}.
Let T be the map

T: f— (2, 2,)— e’m"(’Al)jf(x') )

(i) Assume s; € (1/p;j,1 + 2/p;), for j € {0,1}. Then the operator defined
formally by

Ppu:=u—T [uaRn} ,
+

is such that

(a) If (Csypo) is satisfied, then Pp : [Ho? O Hon)(RY) — [HS? N
Hov#](R?) is a well-defined linear and bounded projection. For all
u € [HeoPo N HovP](R™) the following estimate is true

||PDU||HSJ"P]'(R1) gpj,sj-,n HUHHsj’pj(Ri)?j € {07 1}‘

(b) If instead (Cs, py.q,) 1s satistied, then the above statement still holds with
(B;g’qo, Bfﬁ’ql) replacing (HoPo HsvP1).
We also have that Pp : Bfog’oo(Ri) — B;&OO’D
linear and bounded.
(ii) Assume s; € (14 1/p;,1+2/p;), for j € {0,1}. Then the operator defined
formally by

(R%) is also well-defined

Py = u+ (=A)73T {@numn} :
n
satisfies points (ia) and (ib) with N instead of D.

Proof. — This a direct consequence of [Gau24b, Proposition B.2, Corollary B.3].
O

PROPOSITION 3.11. — Let p € (1,+00), s € (=1 +1/p,1/p), T € {D,N,H},
then (D7 (Ays), —Ay) satisfies Assumptions 3.1 and 3.2. In other words, —Ay is

injective on Hs’p(Ri), and we can define
D; (Ag) = {u e i ()
such that it also satisfies

(3.10) A7 (R}) N D; (Az) = Dy(Ag).

The result holds with either Ay, (resp. My, ) on Hﬁg(Ri) (resp. Hi’p(Rﬁ)), and
similarly replacing (n, 0,7, A, M) by (t,7,0, M, A).

3 (uj)jen C DE(AL), [lu—u;l

eran(ar) T Of

Proof. — We only show (3.10). The following inclusion is clear
Di(Az) C HY” (RT)ND; (As) .
Now, let u € Hs’p(RTfr) N DIS)(AJ), by definition and Lemma 3.6, we obtain
w e 1 () M (RY).
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It suffices to show that u has appropriate boundary conditions. We assume here that
J = D, other cases would be achieved similarly. Let (u;);en C D3 (Ap), such that

— 0.
Jj—+oo

|u — uj 15420 (R

Since u —u; € H¥?(R? ) NH**+2?(R"), one may apply [Gau24b, Proposition 4.6], and

use u; = 0 to obtain
‘aRi

—0.
J—r+oo

Hu'f)R’l gz tr gy Sevm 1= Uillgeran (a)

Therefore uj,,, = 0 so that u € D;(AD). O
+

The Proposition 3.11 tells us that, for all p € (1,+00), s € (=1 + 1/p,1/p), it
makes sense to consider the semigroup,

e 11 (RY) 4D (A) — 197 (RY) 4+ (Aw),

thanks to [DHMT21, Chapter 2, Section 1].

For convenience of notations, and for later use, one may think about Lemma 3.6,
we also set for all p € (1,4+00), ¢ € [1,+00], s € (—1+1/p,2+41/p), such that (C;,,)
is satisfied, and for k € [0,n],

(3.11) Bj, 4, (RL,AF) =
B, (R, AF), s <5
{uEBISJ’q(RTjF,A’“) enJuaRizo}, 0<s—1i<1,

{u € B;q (R"}r,/\k) ¢ J (u,du)|mi = (0,0)} , 1<s— % < 2.
It is not difficult to see from point (iii) of Theorem A.2, that,

(RY, A¥) ~ By

p,9,D

R By v (R (),
for which one may check for instance the Step 3 of Theorem A.2’s proof.
One can also build in the same fashion B, (R%, AF), with boundary conditions
VAU, =0and v Adup, =0,so that
+ +

Bs

D, Hn

- (]Rﬁ ) (")

(R, A).

oY n S n (n:}) S
BS g (R +,Ak) ~ By (R +) U B
We denote by B 5, (R™), either B _,, (R",A) or B?

g, H D,q,Hn .4, Ht

PROPOSITION 3.12. — Let p € (1,400), q € [1,400], and s € (=1 + 1/p,1/p).
For all 0 € (0,1) such that (Csy20,,4) is satisfied, provided J € {D,N,H}, one has

(8 (R:). D} (As)),,, = By (RY),
with equivalence of norms, whenever
e s+20£1/pif J =D,

e s+20£1+1/pift J =N,
o s+20#1/p,1+1/pif J="H.
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The proof is heavily inspired from the one of [DHMT21, Proposition 4.12].
Proof. —

Step 1: We start applying [Gau24b, Proposition 3.17] which yields the embedding
(17 (R). D5 (Ag)),, = (0 (RY) 7027 (RY)) = B2 (R

Now, if ¢ < 400, we recall that H*?(R”)N D;(AJ) = D;(AJ) is a dense subspace of

(H*#(R™), DZ(AJ))M by [BL76, Theorem 3.4.2], so that by continuity of the trace
operator,

(Ber (R2).D; (Ag)),, = B2y (Rp) -

The case ¢ = +oo will be done in later steps.

Step 2: The reverse embedding when s+ 20 € (—1+ 1/p,1/p). Let f € D;(AJ),
then for all £t > 0

.t d
(3.12) f:etAJf+Aj/ TeTAJf—T =:b+a
0 T

with obviously f € DZ(AJ) C H*P(R") + D;(AJ) and by definition of the K-
functional, we obtain

K (t, £,87 (R}), D5 (Az)) < la|

s (ry) AT e )

So, as in the proof of [DHMT21, Proposition 4.12], we apply [DHMT21, Lemma 2.11]

so that
1
q dt \ ¢
Hor(RL) ¢ )

Now, for 0 < 6 < €, such that s 4 20 < s+ 2¢ < 1/p we want to bound the LZ-norm
of |t1=0A 7et27 f| fer(rey DY the Li-norm of the K-functional associated with the

real interpolation space (H*P(R™? ), H+2» (R}))e 4

Notice that Lemmas 1.8 and 3.6 do imply that e'27 f € H”Qé’p(RS‘r) for0 <e<1:

146 +oo
(3.13) ||fH(Hs,p(R¢)7D;(AJ)) < ; (/O Htl—eAjetAyf

0,q

&

eae (RY)

(1-8)

= o

5 tA
Span €47 7]

Spam |If]

’etAjf

Hes+22p (R )

(1-¢) A
Hs,p(Ri) H jf|

€
o () -

Hence, by (3.12), f € H*?(R?) + H**+252(R?) for all £ € (0,1).
Let (a,b) € H*?(R"?) x H**?*?(R"), such that f = @+ b, the fact that f € D;(Aj)
implies @, b € [H** N H**?#](R"). By Lemma 3.7, since s + 2¢ < 1/p, we have

be Dy((-Ag)).
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Therefore, since the semigroup (e47),¢ is analytic, by the use of Lemma 3.7, we
have

Htl GA etAjf‘ +Ht1 HA etAjb‘

g

< [e-ragessa],

St <Ha|

Taking the infimum of all such 5,5, yields
[0nge g S 0K (1, (L) (RY))

Hsp Hs» p( Hsp )

i () T 1

HSP R")

Therefore one may take the Li-norm on both sides, and use [Gau24b, Proposi-
tion 3.17], to obtain for all f € D;(Ay),

~p,s,n,0.e H f HBZ?&QG (Ri) .

17l oo (r2) 15(80)),, Spsmoe Wl ooy ) o)),

q

Then, thanks to Step 1, one has for all f € D;(A]),

||fH(Hs,p(Ri)J:);(Aj))g’q Np7s,n,9,€ Hf| B§Z20(Ri)

If ¢ € [1,+00), the result follows from [Gau24b, Corollary 3.18], since CX(R") is a
subspace of D;(A 7)- The case ¢ = 400 is obtained via the reiteration theorem [BL76,
Theorem 3.5.3].
Step 3: The reverse embedding when s + 26 € (1/p,2+ 1/p), J = D. Provided
f € Yp, as introduced before Proposition 3.8, we may reproduce above Step 2 up
o (3.13). From there, for 0 < 1 < # such that 1/p < s+ 2n < s + 26, we want to
prove that one can bound (3.13) by the Lé-norm of the K-functional associated with
the real interpolation space (H**2?(R"), H*+2?(R")) oy
Since f € Yp C HS”””’(Ri) + H3+2’p(Ri), for (a,b) € HS“W’(R?F) X HS”’?’(R?}F)
such that f = a + b, we get

a= f—be e (RY) 0 (22 (RY) + Yp) € Ho#20 (RE) n o2 (RY)

and the same argument leads to b € H**27?(R") N H**>P(R"). From Lemma 3.10,
we have

f="Ppf ="Ppa+Ppb

where Ppa, Ppb € Hy, ?"(R”) N H*+2P(R" ) with the estimates

s+2.p (Ri) ,Sp,s,n H b||Hs+2,p (Ri) .

1Poalyesans o) Snsmn 1ol gecons ny and [Pob)

Therefore, by above estimate, analyticity of the semigroup (e'*?);~ o, and Lemma 3.7,
we are able to obtain

[t~ Apetao | + ||t~ Apet2r P

< Htl oA etADPpa‘

fer (R Hep (R7) Her (R7)

Snps t 77 || Ppal

Sope 0 (o

Hs+2n. (R% ) +1t0 | Pobl Hs+2p(R7)

Hs+2n,p (Ri) + ¢ Hbl

Hs+2,p(m)) ‘
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Taking the infimum of all such couples (a, b), yields
Htl GA etADf‘

—(6— 1— T5+27, n 1542, n
Hsp R") §p7n75t ( n)K<t 7]7f’H+77p(R+>’H+ p<R+))
As in the Step 2, one may take the LI-norm on both sides, and use [Gau24b, Propo-
sition 3.17], to obtain for all f € Yp,

170 oo () 030am), , ~smoon 1l aesann (g iesan(in)) gy | ~momtn 1 g )

1—n>

If ¢ € [1,400), the result follows from Proposition 3.8. The case ¢ = +o0 is obtained
via the application of the reiteration theorem [BL76, Theorem 3.5.3], by means of
Lemma 3.10.

Step 4: The reverse embedding s + 20 € [1/p,1+ 1/p), J = N. One may pick
f € Y so that, as before, we can reproduce above Step 2 up to (3.13). From there,
for 0 <mp <60 <esuchthat 1/p < s+2n<s+20 <s+2 <1+ 1/p, we want
to prove that one can bound (3.13) by the Li-norm of the K-functional associated
with the interpolation space (H*+27?(R™), H*2#(R"))o, .

e—n’

Since f € Yp C HS””’p(R:‘_) + Hs“""p(R’jﬁ), for (a,b) € H”Z”’p(R’}r) X HS”E”’(R’}F)
such that f = a + b, we get

b= f—a e i1 () 0 (020 (RL) 4 Yr) € 04209 (R2) A2 ().
By Proposition 3.9, there exists sequences (a;);en, (b;)jen C Y such that

||aj - aHHs-F?n,p(R:L_) + ”b b||[HS+2npmHS+2s p](R") mj 0.

Therefore, the analyticity of the semigroup (')~ and Lemma 3.7 works together
to deliver

HtANetANaj‘

Hs p(Rn) SJP,S,”J? tha]‘ HS+2U7P(R1) ?

JtAneas,

ng Rn) Szwm,e tEHijHerzs,p(Ri) )
so that taking limits, it yields

HtANetANa‘

Hs: p(Rn ) SP,S,TLJ] tn ||a| Hs+2n,p (Ri) 5

(314) HtANetANb‘

gy o Wl i)

Therefore, by the estimates (3.14), the following holds

Htl N etANf’

-n) (”(lHHs.t,.zn,p(Ri) + tE_ngHHS‘*‘Qs’p(Ri)) .

Hep Rn) 5”71715»7]15 t
From there, we can take the infimum of all such couples (a,b), and we see that

Htl HA etANf‘

i

(k) Spms (0= (tsfn, £, Hs+2np (Rﬁ) ’ s +2ep (Ri)) .
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As in the Step 2, one may take the LIZ-norm on both sides, and use [Gau24b, Propo-
sition 3.17], to obtain for all f € Y,

A1 om0 (& X))y, Pemone AW peozn (e ) 1o 20 (R0 )) oy

== 4

~p,s,n,0,m, H f HBZ:ZQG (Ri) .

If ¢ € [1,400), the result follows from Proposition 3.8. The case ¢ = +o0 is obtained
via the application of the reiteration theorem [BL76, Theorem 3.5.3]. The case
s = 1/p follows from reiteration theorem [BL76, Theorem 3.5.3] between Step 2 and
this one.

Step 5: The reverse embedding s + 20 € (1+1/p,2+ 1/p), T =N. For f € Yy,
we reproduce again the Step 2 up to (3.13). Now let 0 < n < 6 such that 1 +1/p <
s+2n < s+20 <2+ 1/p, we want to achieve the same estimate obtained at the
end of Step 3. . ‘ ' '

Since f € Yy C HP21P(R7%) + H¥T2P(R?), for (a,b) € HP#1P(R"}) x HSP2P(R")
such that f = a + b, we get

b=f—acH™P(RY) N (H7(RY) + Yu) C B2 (RY) 0 H*27 (RY)

We want to fall in the expected homogeneous domains, i.e. to get back the Neumann
boundary condition, to do so, we use Lemma 3.10, and we get

[ ="Pnx[f="Pyxa+ Pyb,
with estimates

| Paral <

Hs+2,p(Rn) ~SP,M,8,M Hb|

HH—%@(R“) SP#%SJ] ||CL’ HH—%@(R”) and HPNb| HS+2,p(Ri)'

By Proposition 3.9, there exists sequences (a;);en, (b;)jen C Yo such that
0 = Paaliesans ) + 185 = Pabllfssnanisas)(my) 75750 O

As in Step 4, we obtain

HtANetAN’PNa‘

bea(ry) Sporn 00z )

Hm NetANPNb\

Hsp ]R") 5]’78,77, t||b”HS+2,IJ(R1)'

Therefore, by the estimates above, the following estimate holds

—(6—
Hép R") 5n,p,st (0—n) <||a| H5+2vP(R1)> .

Finally, one may finish the present Step 5 with the same arguments present in Step 3.

Step 6: The case J = H. Let k € [0,n], from Lemma 3.6, we deduce that the
following holds with equivalence of norms

Htl N etANf’

Hs+2n,p (Ri) + tl_n || b|

n—1 n—1

D5 (Agerm, A) = D3 (Ap) ) s 1 (A4) )
The result is then immediate, by all above steps. The case of the Hodge Laplacian
with generalized tangential boundary conditions admits a similar proof. O
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Finally, we want to compute interpolation spaces for the Hodge-Stokes and the
Hodge-Maxwell operators. To do so, we set for all p € (1,40), ¢ € [1,400],
se€ (=1+1/p,2+1/p), such that (Cs,,) is satisfied, provided, k € [0, n],

(3.15) By, (RL,AF) =

P45 Hn
By, (R, AY) s< 3,
{{ueB;qﬁ“ (R2,AF)[du=0}, L<s<24ls#1+1/p.
(3.16) B4, (RL,AF) =
By (R, AF) s< 1
{{UGBZ’%H“ (R, A¥) |du=0}, L<s<2+ls#14+1/p.

One may build similarly B37,, (R, A¥) and B2?

D,q,H p,q,Ht(R:l—a Ak) replaCing (ﬂ, g,7, d7 5)
by (t,7,0,6,d).

PROPOSITION 3.13. — Let p € (1,400), q € [1,400], and s € (=1 + 1/p,1/p).
For all § € (0,1) such that (Csi20,,4) Is satisfied, one has

(3.17) (122 (RY) D (Awa)), = Bromir (RL).
315) (13 (R2) .0; (1), = B33 (R2).

with equivalence of norms, whenever s + 20 # 1/p, 1+ 1/p.
The same result holds replacing (n,o,v, A, M) by (t,7,0, M, A).

Proof. — We only prove (3.17), other equalities have the same proof.
Step 1: We start with [Gau24b, Proposition 3.17] which yields the embedding

(B2 (RY) D (Awa)), = (87 (RY) P27 (RY)), =By (RY).

q

Now, if ¢ < +00, we recall that Hﬁ:{;(Rﬁ) ﬂd;(AH,n) is a dense subspace of (Hi:{;(Rﬁ),
d;(AHm))@q by [BL76, Theorem 3.4.2], so that by continuity of traces,

0,9, Hn D,q,Hn

(37 (Ry) Dj (Awa)), = Boiir (RZ) = B33, (RL).

Again density of Hﬁ:’;(Rﬁr) ﬂD;(AH,n) yields §f = 0 for all f € (H*?(R?), D;(AJ))Q’(].
The case ¢ = 400 is left to the end of Step 3.

Step 2: We want to extend the range of exponents for the boundedness of P, and
get a density result.
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Let f € D;(AHM) - B;;?%n (R%), we have Pf € D;(AHm) and by Proposition 3.12,

[DHMT21, Proposition 2.12], Corollary 2.34 and Theorem 2.33, we obtain succes-

sively
dt\7
q
Heop(RY) ¢ >
1
+o0 A
SP,S,H,G (/O tl QPA netAH nf HSP(RH) p >

1
a dt\
fer(Ry) ¢

From above estimates, if ¢ < 400, by density of D;(AHM) in B;szln (R7%), we have
that

IPf]

< +oo 1-60 tA
. H,n
B3+20 (Ri) Spsin,0 /D t " Ay n€ Pf‘

T ie tA
Sp,s,nﬂ /0 t AH,ne H,nf

Sp,sm,e ”fHB;?zze (Ri)

P: By (RY) — Bi%, (RT)

D:q,Hn D¢, Hn

extends uniquely as a bounded projection on B;,J;,thn (R%) with range BSZQZ;’(]R“)

The result still holds for ¢ = 400, by above Step 1, the reiteration theorem [BL76,
Theorem 3.5.3] and Proposition 3.12.
In particular, D7 (As ) = PD;(Az,) is dense in B;Z?f[’f (R?%), when ¢ < +o0.

Step 3: For the reverse embedding. Let f € D;(Aﬂm) C B;f;?f{n (R%), and note

that B;:Z,Qfln (RZL—) = '(Hs’p(RT—il-)a D;S)(ADH,n))G,q - HSW(RQL—) + D;(A"H,n)
If we let (a,b) € H*P(R}) x D;(As,) such that f = a + b, by Proposition 3.11, it
is given that

b=f—ac (Dy(Awa)+ 7 (R})) N D; (Agn) € Di(Asn)
and for the same reason a € DZ(AH,H). Therefore,
f=Pf=Pa+PbeH(RL) + D5 (Ayy) .
By (2.15) and Corollary 2.34, we have

HtlfOAH’neftAHmf

Her (R7)

Htl GAH e thn. “lP’a‘

Htke[&% “thapp|

- OIP’AH petBrng —|— Htl GPAH netAr "b

Sp?n S

oo (s o)

From there, we use analyticity of the semigroup, boundedness of P given by Theo-
rem 2.33, to obtain

|10 Agypethrn f + 170 | Aggab]

Spis t’lla]

fien(ry) fen(87)

Hop (R7 )
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Taking the infimum on all such pairs (a, b) yields
[ Bt gy S 70K (b £507 (R2) 5} (Brea))

One may take the LI-norm of the inequality above, then applies [DHMT21, Propo-
sition 2.12] and Proposition 3.12, to deduce that

.l

for(Ry)

< o010 tAx
W it (e ) g (), Ne/o |10 Mgy et renpf|

Spnsh Hf”(Hs,p(Ri),Dz(M,n))e ]

Hsm(m

Sp,n,s,@ ||f| B;ﬁfa (Ri)'

With Step 1, one has for all f € D;(AH’H),

Hf”(Hﬁ:g(Ri)Dz@(AH,n))o’q ~p,n,s,0 Hf|

If ¢ < 400, then the end of the Step 2 above, and [DHMT21, Lemma 2.10] allows to
conclude by density. If ¢ = +00, the result follows from the reiteration theorem [BL76,
Theorem 3.5.3] and the boundedness and the range of IP in Step 2 (use a retraction
argument [BL76, Theorem 6.4.2]). O

The Step 2 from the proof above leads to the immediate following corollary.

B (RY):

COROLLARY 3.14. — Let p € (1,40), ¢ € [1,+00|, s € (—14+1/p,241/p), such
that s ¢ N 4 %, and (Cs ) Is satisfied. Then,

P B, (RL) — Bi%s, (RY),
1—P) : By, (RY) — B2s, (RY)

are both well-defined bounded linear projections, so that the following Hodge de-
composition holds

B;’q’H“ (R1> - B;:Z:Hn (Ri> @ BZ:Z,Hn (Ri) ’
The result still holds if we replace (n,P) by (t,Q).

Finally, we mention without its proofs, that follows exactly the same lines, the result
for interpolation spaces of the homogeneous domains with Besov spaces as an ambient
function space, say, for 0 € (0,1), r,q € [1,+00], p € (1,400), =1+ 1/p < s < 1/p,

DI (0.0) = (B], (RY), D3, (Aw))

We are able to obtain,

0.q°

PROPOSITION 3.15. — Let p € (1,400), r € [1,400) ¢ € [1,400], and s € (—1 +
1/p,1/p). For all € (0,1) such that (Csy20,,) is satisfied, provided J € {D, N, H},
one has

s n NS A 5426 n
(87 (RY) D5 (B9)),, = Bra (R
with equivalence of norms, whenever

e s+20#£1/pif J =D,
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e s+20£1+1/pif J =N,
o s+20#1/p,1+1/pif J="H.

Then by means of Corollary 3.14,

PROPOSITION 3.16. — Let p € (1,
(=1+1/p,1/p). For all € (0,1) such that

), T
(C
(Byra (R}) D5, (Awa)), = Briiiy (RL)

q
s, n s 5+20, n
(B3 (R:) Dy (W) ), = B30 (RE).
with equivalence of norms, whenever s + 260 # 1/p, 1+ 1/p.
The same result holds replacing (n, 0,7, A, M) by (t,7, 0, M, A).

€ [1,+0), q € [1,+00], and s €
s+20.p.q) 1S satisfied, one has

3.2. Maximal regularity for Hodge Laplacians and related operators

We will present here a direct application of Theorem 3.4, and [DHMT21, The-
orem 2.20] with appropriate identification of real interpolation spaces, provided
p;r € (1,+00), s € (=14+1/p,1/p),

D3P0, q), D" (0,q), 6 € (0,1), ¢ € [1,+00] and A € {—Ay, Ay, My}
subject to either normal or tangential boundary conditions, see Propositions 3.12,
3.13, 3.15 and 3.16.

We recall that the definition of involved spaces are given in Notations 2.32, see
also (3.11) and (3.15). To alleviate notations in inequalities, we drop the references
to the open set R’!.

We give first two theorems in the case where the ambient spaces is a UMD Banach
space which is the case of H*? and B? ., provided p,r € (1,+00), s € (=1 +1/p,2 +
1/p).

THEOREM 3.17. — Let p,q,r € (1,+00), and for o € (=14 1/q,1/q) fixed, we
set ag:=14+a—1/q.

Let s € (=1 +1/p,2+ 1/p) such that s,s + 2o, ¢ N+ ;lw (Cst2ay,p.q) Is satisfied,
and let T € (0, +o0].

For any f € H*9((0,T), B;TH (R%,A)), ug € B;Jffzq (R}, A), there exists a unique
mild solution u € CY([0, T], B: nt (R, A)) of

p,r?

Pq,Hn
O —Au = f, on (0,T) x RY,
vaduy,,, =0, on(0,T)x 8R’}r,
+
(HHS,) VU =0, on (0,T) x OR?,
2

Co4s 2
w(0) =up, inByy " (REA),
with estimate

lll ooy 5220, S H(@tu, v%)\

S50 1 a0y, + o

Hewa ((0,7),Bs,.)

. s+2aq .
BP»‘I
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For all § € [0,1], we also have

(3.19) [(=0)° (=Awa) "yl

<5 i

Ha"Z((O,T),B; ) Npqn ||f||H0t CI( 0,7), Bs T) + ||U0| B;tf"‘q .
Proof. — From Theorem 2.29 we have the bounded holomorphic calculus of —Az, n
on By 4. (R%), so that we may apply Theorem 3.4 to obtain maximal regularity
estimates, whereas Proposition 3.12 gives an exact description of interpolation spaces.

O

THEOREM 3.18. — Let p,q € (1,4), s € (=1 4+ 1/p,1/p), and a € (—1 +
1/q,1/q) fixed, we set oy :== 1+ a —1/q. We assume that s+ 2c, ¢ N+ %, (Cst2aq.p.9)
is satisfied, and let T € (0, +00].

For any f € H*((0,T), HSP(R” A)), ug € B;Jfﬁ‘f T(R%, A), there exists a unique
mild solution u € CY([0, T], BS 25w (R?  A)) of

D,q, M
Ou—Au =f,  on(0,7T)
du =0, on(0,7)xR"
(HMSy) v A 5u|a]Ri =0, on(0,7T)
vAu,, =0, on(0,T)x 8]R"
+
u(0) =uo, in Byi2e (R, A),

with estimate

o, Vu )‘

||U’||Loo 0T)Bé+2aq Npqn H(

ijfzm HfHHqu((o,T)HSyp) + Hu0|

Feoa ((0,7),Hs)

B;—ZQQQ .
For all § € [0,1], we also have

s+2aq .

(320) (0" (M) Pl

HO"‘I((O,T),HSJ’) 5pqn ||f||HOt q( 0,7), Hs :D) + ||U0|

Proof. — From Theorem 2.35, we have the bounded holomorphic calculus of
My on H*P(R?), so that we may apply Theorem 3.4 to obtain maximal regu-
larity estimates, whereas Proposition 3.15 gives an exact description of interpolation
spaces. [

Finally, the homogeneous Da Prato—Grisvard Theorem 3.19 yields our (almost)
last L%-maximal regularity theorem.

THEOREM 3.19. — Let p € (1,40), ¢ € [1,40), s € (=1 4+ 1/p,1/p+ 2/q),
such that s,s +2 —2/q ¢ N+ % and (Csta—2/qp,q) 1S satisfied and let T € (0, +00].
For any

24s5—

Ferr((0,7), B4, (R, A)), ug € BMH T (R, A),
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24s—2 g
there exists a unique mild solution u € CJ([0,T1, BZQ);H: (R%,A)) of
O —Au = f, on (0,T) x RY,
du =0, on(0,T)xR%,
(HSS,) v du‘aR1 =0, on(0,7) x JRY,
VU, =0, on(0,T)xJRY,
+ 2
uw(0) =wuy, in ]31292875 (R’}r, A) ,

with estimate

lall, e 3, | (0 9%0)

(ompy,) Shan Wlin(omsg ) + ol zerg-

In the case ¢ = +o0, if we assume in addition ug € d;(A%tn), we have

H(atu’ VQU)HL“’([O,T]B%OO} Sran ||f||L°°((0’T)’Bfwo) * HAH’HUOHB’S”“’ '

Remark 3.20. — Notice that above Theorem 3.19 is the only one presented here
that allows L' and L™ in time maximal regularity estimates.
In particular, one should notice that in the case ¢ = 1, that above solution u satisfies
for almost every ¢t € Ry,

u(t), dwu(t), Vu(t) € B;l(]Rﬁ).

Proof. — We may apply Theorem 3.3 to obtain maximal regularity estimates, since
Proposition 3.13 gives an exact description of interpolation spaces. 0

Remark 3.21. — One may perform a cyclic permutation of systems (HHS,),
(HMS;) and (HSS,), but also exchange n and t, up to appropriate modification
on boundary conditions and considered function spaces, to obtain each type of
results for each operator

{=A20, Agpn, Mg, =D, Agy e, My}

3.3. Maximal regularity for the Stokes system with Navier-slip
boundary conditions

The flatness of OR”: has the interesting consequence that, for u : R — C" ~ A
regular enough, the normal Hodge boundary conditions

Vaiu =0
{ \aRi J

vV du‘f’R’}, = 0,

are equivalent to the Navier-slip boundary conditions

Ve ljggn =

tan
| o™

Y

0
0.
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Indeed, recalling that v = —e,,, one has
(‘VutVu)v| = ("Vu+Vu)(=e) = [('Vut Va) (=en) - (—en)] (—en)
= — nil (kaun + Qvnuk) CL.
k=1

We may use —e¢, - U|,,, = un(-,0) =0, yielding for all k£ € [1,n — 1]
+

n—1 n—1
0 =3 (Outin(-0) + Do ui (- 0) e = > Do ui(-, 0) e
k=1 k=1

This implies that u satisfies exactly n — 1 Neumann boundary conditions, and a
single Dirichlet boundary condition on w,. This stands exactly as in Lemma 3.6. The
converse also holds.

As long as one has enough regularity on u, at least in the Sobolev / Besov sense
on R”, one is still able to perform the same decoupling for the boundary values.

This occurs when s € (=1 + 1/p,1+ 1/p), p € (1,+00) for the spaces H*"27,
Hs» N H*+2P H5t2P when those are complete. It still occurs when we replace H? by
B, q € [1,+o].

Therefore, in each of the previous definitions restricted to A! ~ C", such as
e.g. (3.11), one may replace the boundary condition v 1 du orn = 0 by

{(tVu + Vu) I/} =0.
tan|ggn
However, we mention the fact that, as exhibited in [MMO09a, Section 2], such an
identification is no longer true for (even smooth) domains 2 with non-flat boundary.

In this case, the equivalence holds up to a correction term Wu, i.e. (3.21) is equivalent
to

{ V- Uy 0,
vadu+Wup,, = 0.
Here, W is the Weingarten map. It is linear in u and its coefficients depend linearly
on the first derivatives of the outer unit normal v, requiring then some smoothness
on the boundary 0€2. With the flat boundary OR”, the outer unit normal v = —e,
is constant, which explains why the map W vanishes.

We can then exhibit the following maximal regularity result, where we identify Al
with C". Similar results such as Theorems 3.17 and 3.18 are also available.

THEOREM 3.22. — Let p € (1,400), ¢ € [1,+0), s € (=1 + 1/p,1/p+ 2/q),
such that s,s +2—2/q ¢ N+ % and (Csyo-2/qp,q) 1s satisfied and let T € (0, +00].
For any

- 24s—25

F el ((0,1),B5 5, (RL,C")), up € B, 57" (R}, C"),
there exists a unique mild solution
(u, Vp) € CO(10,7], Bt (R2,€7) ) x 19 ((0,7), 15, (R%,C")) of
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du—Au+Vp =f,  on(0,T) xR,

divu =0, on(0,7)xRY,
tVu+Vu 1% =0, on O7T XaR”?

(NSS) [( ) ]tama]Rzi ( ) +
VU, =0, on(0,T)x0IR%,
+
. s—z
w(0) =up, inByg * (RL,CY),

with estimate

0,73, La((0,7),B5,,)

HUHLOO( .2+s_%) + H(atu,VQu, Vp)

Sg,qm HfHL‘1<(07T)7B§’q> + HUOHB2+57§ .
pP,q

In the case ¢ = +o0, if we assume in addition vy € D;(A%’n), we have

[0, 7200 ) e 85,0y S 10185 + Wil

Appendix A. Partial traces of differential forms

We state here a trace theorem for generalized tangential and normal traces of dif-
ferential forms. The general case for vector fields in inhomogeneous function spaces is
well-known, also is the case of differential forms in the setting of inhomogeneous func-
tion spaces on bounded Lipschitz domains of a Riemannian manifold, see [MMSO0S,
Section 4] and the references therein.

We recall that v = —e, is the outer unit normal at the boundary R = R"~' x {0}.

THEOREM A.l. — Let p € (1,4+00), ¢ € [1,+0], s € (-1 + %,%) and let k €
[0,n].
(i) For all u € D3(0, R, AF). Then there exists a unique function
Y 3ty € Bpy” (R, AR

called the generalized normal trace, such that
an [ <,/ Sty (27, V) (x’)> dz’
— [ {u@),av(@)de — [ (Su(x), ¥(@))da
R? R?

for all U € H'=*# (R"  A*=1), with estimates

vV ul@n{i 517787% HuHHs,p(Ri) + HéuHHs,p(Ri)‘

S

Bp;% (Rnfl)
The same result holds with corresponding estimate, for v € d(D,R", AF) we
have a partial trace

vAuL. € B (RH Ak“)
\BRK p,p )

TOME 7 (2024)



1526 A. GAUDIN

called the generalized tangential trace, satisfying the identity
(A.2) /RW1 <1/ A Ul (z'), %mi (:U’)> da’

= [ {du(@), W(@)de — [ (u(z), 00 (2))dz.

R R
for all W € HI==#' (R? | AF+1).
s 1
(ii) For all u € D} (6, R, A¥) we have v . Ulggy € Bpg” (R"1, A1) such that
formula (A.1) holds for all ¥ € B, 5 (R", A). Moreover, we have the estimates

S

_1
B@qp (Rnfl)

Y Hony S g ) 10wl ()

The same results holds with the corresponding estimate, foru € d; (d, R, AF)
we have a partial trace

v AL € BL? (R”” AR
‘(’)Ri y2U )

such that (A.2) is satisfied for all ¥ € B 5 (R, A1),
(iii) For all u € Bjt'(R", A*), we have

1—1
(viudvA u)|émi €Bpg (Rn_la Al AkH)
with estimate
(vaoudvA u)laJRS; B;Zk%(Rn,l) S U] Byl (R )

and everything still hold with H**1? instead of B**!, when q = p.

p,q 7’
THEOREM A.2. — Let p € (1,4), ¢ € [1,4+], s € (=1 + }D,%) and let k €
[0, n].
(i) For all u € Dfo(é, R, AF), 1
e If s < 0, then there exists a unique function v yuj,,, € By’ (R™1, AF-1)
+

such that the formula (A.1) holds for all U € H'=*¥ (R%, A), with esti-
mate

2l gy S el () 10 e )

), there exists a unique function

such that the formula (A.1) holds for all ¥ € HY'(R?, A*=1) with esti-
mate

vV 1 U’|8]R" 1 Sr,p,s,n Hu‘

B r et

1or (k) 10Ul (gn) -
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The same result, up to appropriate changes, still holds for u € D;(d7 R, AF)
with partial trace v A uy,,, satisfying the formula (A.2).
. +
(i) For all u € D} (6, R, AF),

1

o If s < 0, there exists a unique v Juj,,, € BZ,;; (R™=1, A*=1) such that
+
the formula (A.1) holds for all

Ve [snBy ] (RE, A @A),
with estimates

Vau
\ami

s—

< : :
By.q” (Rn—1) PS5 “u”BZ,q(Ri) * Hdu”st”q(Ri) .

oIfs>O,for%—

— =€ <%’ %), there exists a unique

1_ s
P n

1
—=—& — —
vy, € By (R AR,

£

for any sufficiently small ¢ > 0, with + — £ =

= %, such that the for-
mula (A.1) holds for all ¥ € [$ N BL7](R7, A) with estimate

3

g, Spane
,q

Vau
|E)]R7+l &

B;,,(=) + 190llg; , (my):
e If s =0, there exists a unique

—7=¢ (mpn—1 Ak—1
V 1Uj, € Brg (]R" ,Ak ) :
+
where = =

% % — =, for any sufficiently small ¢ > 0, such that the for-
mula (A.1) holds for all ¥ € [ N BZ](R7, A), with estimates

] g e TR L LAY

The same result, up to appropriate changes, still holds for u € d]“’; (R, AF)
with partial trace v A uy,,, satisfying the formula (A.2).
+

(ili) For all u € [B;q N B;;I](R’}r, AF), if ¢ # +o00, we have

+1-1
(vaoudvA u)mn € B;q r (R"*I, AN AkH)
+
with estimate

(vaudvAu)

1
lorn stl-y5
+11Bpq

ey oo Nl g ) )
and everything still hold with (H*?, H*+1?) instead of (

s Ss+1 _
Bs ,Bytt), when g = p.
If ¢ = +00, we have

(viudvAu),, €L (Rn—17Ak—1 & Ak+1)
+
with corresponding estimate.
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Remark A.3. — The proof of Theorem A.1 in case of inhomogeneous function
spaces follows straightforward the same proof provided for corresponding results
in [MMSO08, Section 4] and is somewhat sharp.

Notice that Theorem A.2 is certainly not sharp, and investigation of sharp range for
partial traces could be of great interest in the treatment of inhomogeneous boundary
value problems in homogeneous function spaces.

Proof. — Without loss of generality, we only investigate the case of normal traces
V4 U| or™ *

Step 1.1: Proof of (i), for s < 0. Let u € Df,(d, R7, AF), We can define for all
v eBy, (R AMY),

and ¥ € H'=*7(R?, AF~1) such that ¥, = 1, the following functional,
+

Ko (W) := /R

First, the map (u, V) — k,(¥) is well-defined and bilinear on D;(é, R, AF) x
Hi-sv (R, AF1) i.e., in particular only depends on the boundary value ¢ of W. It
is straightforward from duality that,

{u(z), d¥(z))dz - /R {Bu(z), ¥(x))da.

[£u (W) Sspom HUHHs,p(Ri) “d\IIHH*SJ)’(Ri) + ||5u||H8,P(R1)||\Ij||H—Sviﬂ/(Ri)

)

Hs,p(Ri) ||\Ij HH*S»P' (Ri)

gs,p,n Hu| Hs,p(Rﬁ) H‘IJHHks,p’(]Ri) + H5u| Hs,p(mﬁ) “‘IJHHfs’p’(]R

£3

Ss,p,n Hu|

HS”’(M) ||\I]HH17s,p’ (Rﬁ) + ”5U|

< : : /
Sopn (10l () + 160lkton ) ) 1ot ()
where above inequalities follows from
Ho? (Ry) — H-* (RY) H'7 (RY) < H (RY)
since —1 + % < s <0, then from H'7*# (R7) — H~*7(R7).
Now, if we have Wy, ¥, € H'=*F (R, A*!) such that Uy, = Uy, = ¥, we
+ +

introduce

Uy =Ty — U, € H*V (Ri, A’H) .
Therefore, let’s consider (®)ren C C°(R%, A*7!) such that,

p 1—s,p’ n Ak—1
Py Uy in Hy (R7, A1)

We can deduce,

(u(z), dy(z))dz — / (Su(), By (z))de

R}

Ku(V1) = Ku(P2) = Ku(¥o) = lim [/R

k—+o0

=0.

n
+
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Thus, the following equality occurs, where we also consider the extension operator
Extgn from [BL76, Exercises 25, 26, p. 166], see also [Gau23, Theorem 2.45],

Fu(¥) = ko (Exten ® ) = k(W)

and with estimate, also obtained from [Gau23, Theorem 2.45],

IRl Sepn (Nl gy + 1

Hs,p(m)) WHB%; T

S
p’.p’

By duality, there exists a unique function depending linearly on
1
U,V JU,,, € B;,pp (R”_l, Ak_l)
+

such that (A.1) holds.
To guarantee that the representation formula makes sense, one may use the usual
integration by parts formula with u, ¥ € §(R", A).

Step 1.2: Proof of (i), for s > 0. For the same assumption on u, and ¥ as
before, everything works similarly except the way we bounded bilinearly the map
(u, W) — £, () on D(6, R, A*) x HI=*#(R%, A*1). For r € (1,400) such that
1 1 s

= T We deduce from Sobolev embeddings and duality that

1£u () Sspon lul

Srapm [ ul

fs» (R7) “d\IIHH—s,p’ (1) + “5UHLT(R1) ”\PHLW (r)

fsp (R ) (RGP (r7) + [|ul
Sronn (l10

Thus everything goes similarly.

e (i) | W oo ()

eo(ay) * 100l ag)) 1 o)

Step 2.1: Proof of (ii) for s < 0, is very similar to the one of above Step 1.1.

Step 2.2: Proof of 2.(ii), for s > 0, is somewhat similar to the one of Step 1.2
but needs further explanations. We use Sobolev embeddings, and generalized Holder
inequalities using Lorentz spaces,

B (R}) = L (RY), Bhg (RY) = L7 (RY) = By, (R}), for e >0,

< . 3—s n T n ' q' (pn
| (V)] PNEX-XD HUHBE,q(Ri)”d\P”Bp/,q/ORJr) + ||du L ,q(R+)”\IJHL q (R+)

i35, (21 ) 1Y oo (g y + (|0}
Srspn <||u|

B, () 1V o ()

5r,s,p,n [ ul

b)) 10 s

Step 2.3: Proof of (ii), for s = 0 is shown via similar Sobolev embeddings
arguments and is left to the reader.

By, (ry) + 19!
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Step 3: Proof of (iii), follows from [Gau24b, Proposition 4.4], with explicit rep-
resentation formula for any suitable k-differential forms u:

_ _ k
V. ul‘mi = —¢, 4 ul‘mi = (—1) Z Ug1g2mgk71n(-, O) dxe, Ao A d:ljgki1
1<l <. <lp_1<n

= (1" > upn(,0)dap.

rezk!
A similar treatment yields the same conclusion for the boundary term v A uj,, , so
+

that one ends the proof here. O

Remark A.4. — Let’s make further comment about estimates used in the proof
of Theorem A.2 above, in particulacr the ones used in Step 2.2.

We recall that from Sobolev embeddings, see [BCD11, Proposition 2.39], for 0 <
so < §<s1<1/p,ro,m1,p € (1,+00), 1/r; =1/p — s;/n, we have by the definition
of function spaces by restriction

By, (RY) < L (RY) , j € {0,1}.
If (s,1/r) = (1 —0)(s0,1/ro) + 0(s1,1/r1), by real interpolation, for g € [1, +o0] we
obtain,

By, (R1) = (B (R2) By (RY)),
And one may proceed similarly for the reverse embedding,

L7 (RY) — By, (RY) .

(1 () 0 (), =1 ().

q )

For more details about Lorentz spaces and their interpolation, one could con-
sult [Lunl8, Section 1, Examples 1.10, 1.11 & 1.27] and [BL76, Chapter 5, Sec-
tion 5.3].
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