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68 S. ALLAIS, P-A. ARLOVE & S. SANDON

ABSTRACT. — Using Givental’s non-linear Maslov index we define a sequence of spectral
selectors on the universal cover of the identity component of the contactomorphism group of
any lens space. As applications, we prove for lens spaces with equal weights that the standard
Reeb flow is a geodesic for the discriminant and oscillation norms, and we define for general
lens spaces a stably unbounded conjugation invariant spectral pseudonorm.

RESUME. — En utilisant 'indice de Maslov non-linéaire de Givental nous définissons une
suite d’invariants spectraux sur le recouvrement universel de la composante de l’identité du
groupe des contactomorphismes de n’importe quel espace lenticulaire. Comme applications
nous démontrons pour les espaces lenticulaires de poids égaux que le flot de Reeb standard est
une géodésique pour les normes discriminante et d’oscillation, et nous définissons en général
une pseudonorme invariante par conjugaison qui n’est pas bornée au sens stable.

1. Introduction

For any integer k > 2 and n-tuple w = (wy, - -+ ,w,,) of positive integers relatively
prime to k, the lens space L?" '(w) is the quotient of the unit sphere S>*~! in
R?" = C" by the free Z;-action generated by the map

(217“' ,Zn>H <€k ’LU1217... ,ek wnzn) .

We endow L{" '(w) with its canonical contact structure &, the kernel of the con-
tact form ay whose pullback ag by the projection S~ — L2"!(w) is equal to
the pullback of 37_, x;dy; — y;dx; by the inclusion §**~1 < R*". We denote by
Conto (L H(w), &) the identity component of the contactomorphism group, and by

Conto(L2" *(w), &) its universal cover. The non-linear Maslov index is a quasimor-
phism
i = Contyg (LG’l(w),fo) — 7,

defined by Givental [Giv90] for real projective spaces and extended to general lens
spaces in [GKPS21]. Roughly speaking, it counts with multiplicity the number of
intersections of contact isotopies with (a certain subspace of) the space of contacto-
morphisms that have at least one discriminant point.

Recall that a point p of a contact manifold (M, ¢) is said to be a discriminant
point of a contactomorphism ¢ if ¢(p) = p and (¢*«a), = «, for some (hence any)
contact form « for &, and is said to be a translated point of ¢ with respect to a
contact form « if there exists a real number T' (in general not unique) such that
p is a discriminant point of %, o ¢, where {r¢'} denotes the Reeb flow; such T is
then said to be a translation of the translated point p. Discriminant and translated
points play a key role in certain proofs of several global rigidity results in contact
topology, related in particular to contact non-squeezing [AM18, FSZ23, Sanlla, or-
derability [AM18, Bhu01, EP00, GKPS21, Sanl1a, Sanl1b], and bi-invariant metrics
on the contactomorphism group [Arl23, CS15, San10]. In particular, Givental’s non-
linear Maslov index for projective spaces has been used in [EP00], [San13] and [CS15]
respectively to prove that real projective spaces are orderable, satisfy a contact ana-
logue of the Arnold conjecture and have unbounded discriminant and oscillation
norms. All these results have then been generalized to lens spaces in [GKPS21]
(recovering for orderability a result also obtained in [Mil08, San11b]). In the original
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Spectral selectors on lens spaces 69

article of Givental [Giv90], the non-linear Maslov index on projective spaces and
a Legendrian version of it have been applied in particular to prove the Weinstein
and chord conjectures, and a result on existence of Reeb chords between Legendrian
submanifolds Legendrian isotopic to each other. Moreover, an analogue of the non-
linear Maslov index for complex projective spaces has been used by Givental [Giv90]
and Théret [Thé98] to prove the Arnold conjectures on fixed points of Hamiltonian
symplectomorphisms and Lagrangian intersections.

In the present article we use the non-linear Maslov index to define spectral selectors
on the universal cover of the identity component of the contactomorphism group of
lens spaces, i.e. maps

¢ m<Lin_1(M),§o> —R

that associate to every element of Conto(L;" *(w), &) a real number belonging to
its action spectrum. Recall that the action spectrum of a contactomorphism ¢ of a
contact manifold (M, ¢) with respect to a contact form « is the set A,(¢) of real
numbers that are translations of translated points of ¢ with respect to a. We denote
by

IT : Conty(M, &) — Conty(M,E)
the standard projection, which sends an element ¢ = [{¢;}, ¢ 0,17] of Conto (M, &) to ¢y,

—_——

and define the action spectrum of an element ¢ of Contg(M, €) by Aa(¢) = A (TI()).
Let

L: 6(_)\11?0([/%"*1(@), 50) — 6(_)\1;0(82”71750 = ker(do))

be the map that sends ¢ = [{é}4e 0,1]] to the element of m(SQ”_l, &) represented
by the lift of {¢;};c 0,1 to (S*71,&). For ¢ € Conto(L2"(w), &) we denote

A(9) = Aay (9)

and
A() = Aso (L£(0)) C A(9) .

The sets A(¢) and A(¢) are invariant by translation by T, and 27 respectively,
where T,, denotes the period of the Reeb flow of ag on L;"*(w). For a real number

T we denote
[T]Tw =T, Hﬂ and [TJTW =T, L?J ,

thus [T']g, and |T'|7, are respectively the smallest multiple of 7}, greater or equal
than 7" and the greatest multiple of T, smaller or equal than 7.
Before stating our main result we recall that, since (L{" ! (w), &) is orderable, the

relation < on Conto(L2" ' (w), &) defined by posing ¢ < v if there is a non-negative
contact isotopy representing 12 . q~5_1 is a bi-invariant partial order; this is the partial
order that appears in point (vii) below. Recall also that a translated point p of a
contactomorphism ¢ of a contact manifold (M, ) with respect to a contact form «

is said to be non-degenerate for a translation 7" if there is no vector X € T,M ~\ {0}
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70 S. ALLAIS, P-A. ARLOVE & S. SANDON

such that (r%; 0 ¢).(X) = X and dg(X) = 0, where g is the conformal factor of ¢,

i.e. the function defined by the relation ¢*a = e’a. In the case of (S*"7! 50), if a
translated point of a contactomorphism with respect to ag is non-degenerate for a
certain translation then it is non-degenerate for all the translations; we then just say
that it is non-degenerate. For any T' € R we denote

T = [{TTt}te[o,l}] )

where {r} is the Reeb flow on L2" ™ (w) of ay. Moreover, we denote by id the identity

on Conto(L:" H(w), &).
Our main result is the following theorem.

THEOREM 1.1 (Spectral selectors). — There exists a non-decreasing sequence of
maps
{cj : (m(Li"_l(w),go) —R, je Z}
satisfying the following properties:
(i) Spectrality:
cj(¢) € A(o).
(ii) Normalization:
co(id) = 0.
(iii) Relation with translated points: if all the translated points of II(£(¢)) with

respect to &g are non-degenerate then the spectral selectors { ¢;(¢),j € Z}
are all distinct. On the other hand, if

cji-1(0) < ¢j(9) = cjt1(9) = - = cjym(d) =T < ¢jrmr1(9)

for some j and 1 < m < 2n—1 and either k is even or j is odd or m > 1 then
II(L(¢)) has infinitely many translated points of translation T with respect
to O_éo.

(iv) Non-degeneracy: if

Can41(¢) = co(¢) =0
then TI(L(¢)) is the identity.
(v) Composition with the Reeb flow: for every T' € R we have
¢( - §) = ¢(¢) + T';
in particular, co(rr) =T.
(vi) Periodicity:
Cvan(@) = ¢;(¢) + 27
(vii) Monotonicity: if ¢ < 1 then ¢;(¢) < ¢;(1)).
(viii) Continuity: if ¢ - ¢)~! is represented by a contact isotopy with Hamiltonian
function Hy : L7 ' (w) — R with respect to oy then

1 N _ 1
/ min H, dt < ¢j(¢) — ¢j(¢) < / max H, dt .
0 0

Moreover, each ¢; is continuous with respect to the C'-topology.
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(ix) Triangle inequality: if either k is even or j is even then

Cj+l(¢~5'l5) < Cj(@ + [c’(&ﬂ@ ;

in particular

(@ D), < @), +|a@)],, -

(x) Conjugation invariance:
e6-3 5], = @],
(xi) Poincaré duality:

(9)], = [e-imnn(67D)] -

Using the Hamiltonian version of the non-linear Maslov index for complex projec-
tive spaces ([Carl3, Giv90, Thé98]) it is possible to define also spectral invariants

{cj:ﬁaTn(CP",wo) —~R,jEL}

satisfying properties analogue to those of Theorem 1.1, with stronger statements
for (ix), (x) and (xi) not involving the T;,-floors and ceilings. Such spectral invariants
coincide with the ones defined by the first author in [All22a], and their projections to
S* coincide with the rotation numbers defined by Théret in [Thé98]. Moreover, their
properties are analogue to those satisfied by the spectral invariants defined with
Floer homology by Entov and Polterovich in [EP03]. The fact that in the contact
case the statements of the triangle inequality, conjugation invariance and Poincaré
duality properties are weaker than in the symplectic case and involve the T,,-floors
and ceilings is similar to what happens for the spectral selectors of compactly sup-
ported contactomorphisms of (R?" x S',&,) defined by the third author in [San11a].
Indeed, these spectral selectors are contact analogues of the spectral selectors of com-
pactly supported Hamiltonian symplectomorphisms of (R?*", wy) defined by Viterbo
in [Vit92], but they satisfy weaker versions of the triangle inequality, conjugation
invariance and Poincaré duality properties involving their (integral) floors and ceil-
ings. Roughly speaking, this difference with respect to the symplectic case can be
explained as follows. If we see (R*" x S', &) and (L7 *(1,---,1),&) as prequantiza-
tions of (R?", wy) and (CP" !, wy) respectively then in both cases the contact spectral
selectors are generalizations of the symplectic ones, in the sense that the symplectic
spectral selectors of Hamiltonian isotopies of (R*",wy) and (CP" !, wy) coincide with
the contact spectral selectors of their lifts to (R?® x S', &) and (L{" !(1,---,1),&)
respectively. The fact that the contact spectral selectors satisfy weaker versions of the
triangle inequality, conjugation invariance and Poincaré duality properties involving
their floors and ceilings with respect to the period of the Reeb flow is due to the
fact that, while the lifts of Hamiltonian isotopies of (R?",wy) and (CP™ !, wp) are
exactly the contact isotopies that commute with the standard Reeb flows, general
contact isotopies commute with the Reeb flow at time ¢ only when ¢ is a multiple
of the period of the Reeb flow. For conjugation invariance, for instance, while in
the symplectic case the action spectrum is invariant by conjugation, in the contact
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72 S. ALLAIS, P.-A. ARLOVE & S. SANDON

case this is in general not true: the translated points of a contactomorphism are in
general not in bijection with those of a conjugation. However, if the Reeb flow is
periodic then the translated points of translation equal to the period of the Reeb
flow are discriminant points, which are invariant by conjugation, and this fact can
be used to prove that the corresponding floor and ceiling of the spectral selectors
are invariant by conjugation (see also the discussion in [Sanllal).

In [AA23] the first and second authors have defined invariants c; and c_ for
elements of the universal cover of any closed orderable contact manifold and for
contactomorphisms of any closed contact manifold with orderable contactomorphism
group. In the universal cover case, these invariants satisfy all the properties in The-
orem 1.1 (including conjugation invariance if the Reeb flow is periodic, and with
stronger versions for the triangle inequality and Poincaré duality properties not
involving floors and ceilings) except for periodicity (there are only two invariants
cy and c_, while we have a sequence c¢; related by periodicity), spectrality and (iii).
These properties are important for us to obtain the applications discussed below.
In particular, spectrality is crucial to obtain Corollary 1.5 and the relation between
the pseudonorm v of Corollary 1.6 and the oscillation norm, while periodicity is
used in Corollary 1.6 to show that the induced norm v, is bounded (see also Re-
marks 1.2 and 1.3 below for two more consequences of these properties). The first
and second authors also defined in [AA23] invariants for Legendrian submanifolds
and Legendrian isotopies (when the involved spaces are orderable) that do satisfy a
spectrality property. Using the Legendrian version of the non-linear Maslov index
defined in [Giv90] it should be possible to obtain also a Legendrian version of our
spectral selectors, with properties similar to those in Theorem 1.1. However, as far as
we can see, the only new application of these spectral selectors with respect to those
in [AA23] would be a better lower bound for the number of Reeb chords between
Legendrian submanifolds Legendrian isotopic to each other, but (at least in the case
of real projective space) such bound is already given by Givental in [Giv90] just
using the non-linear Maslov index.

Remark 1.2. — Properties (vi), (ix) and (xi) imply that each ¢; is a quasimor-
phism.
Remark 1.3. — Properties (i), (iii) and (vi) imply that every contactomorphism

of (L7" *(w),&) contact isotopic to the identity has at least n translated points
with respect to ag, and at least 2n if either & is even or all the translated points are
non-degenerate. We thus recover the corresponding result of [GKPS21], but not the
optimal bound obtained by the first author in [All22b], where it is proved that every
contactomorphism of (LY (w), &) contact isotopic to the identity has at least 2n
translated points with respect to «y.

Remark 1.4. — Suppose that k is prime. Recall that the cohomological index
ind(A) of a subset A of L:" '(w) is the dimension over Z; of the image of the
map H*(L? Yw); Z;,) — H*(A;Z;) on Cech cohomology induced by the inclusion
A — L7 Y(w). As we will see, property (iii) can be refined in this case as follows: if

cji-1(¢) < ¢j(9) = cjt1(9) = -+ = cjym(d) =T < ¢jrmi1(9)
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for some j and 1 < m < 2n — 1 then the set of translated points of translation T" of

I1(¢) has cohomological index greater or equal than m, and greater or equal than
m + 1 if either k£ = 2 or j is odd.

As a first application of Theorem 1.1 we prove that the standard Reeb flow on
lens spaces with equal weights is a geodesic for the discriminant and oscillation
norms introduced in [CS15]. The definition of the discriminant norm vg; and of the
oscillation pseudonorm v on the universal cover of the identity component of the
contactomorphism group of a closed contact manifold (M, §) are recalled in Section 4
below, as well as the definition of the discriminant and oscillation lengths of contact
isotopies. Recall also from [CS15, Proposition 3.2] that the oscillation pseudonorm
is non-degenerate if and only if (M, &) is orderable; in particular, it is thus a norm
for lens spaces. As in [Ar]23], we say that a contact isotopy of a closed orderable
contact manifold is a geodesic for the discriminant or for the oscillation norm if its
discriminant or oscillation length is equal to the discriminant or oscillation norm of
the element of the universal cover it represents. In other words, a contact isotopy is
a geodesic for the discriminant or oscillation norm if it minimizes the discriminant or
oscillation length in its homotopy class with fixed endpoints. In [Ar]23] it is proved
that certain contact isotopies of (R?" x St, &) are geodesics for the discriminant and
oscillation norms. We obtain here a similar result for lens spaces with equal weights,
answering a question in [CS15]. In [CS15, GKPS21] respectively it is proved that the
discriminant and oscillation norms on real projective spaces and on general lens spaces
are unbounded, by showing that the classes in the universal cover represented by
higher iterations of the Reeb flow have bigger and bigger discriminant and oscillation
norms. More precisely, it is proved in [GKPS21] that for every N the discriminant

and oscillation norms on Conto(L:" *(w), &) of 7ery and ro0.n respectively are at
least equal to N + 1. Since the discriminant length of {rexn¢}eco,1) is 3Nk + 1 and
the oscillation length of {raornt}icpo, is 10Nk + 1, the results in [GKPS21] (as
well as the previous ones in [CS15]) left open the question of whether there exist
contact isotopies in the same homotopy class with fixed endpoints as {re,n¢}ie 0,1]
or {720xNt}te 0,1 having shorter discriminant or oscillation lengths. Note that this
is what happens for the sphere (S*"71,&): the N iteration {rorni}ico1) of the
Reeb flow {T%t}te[o,” of ap has discriminant and oscillation length N + 1, but
by [CS15, Proposition 4.3] the discriminant norm and the oscillation pseudonorm
of [{raxnt}ico,) are smaller or equal than 4; in other words, there exist contact
isotopies of (S*"71,&) in the same homotopy class with fixed endpoints as certain
iterations the Reeb flow having strictly shorter discriminant and oscillation length.
As an application of Theorem 1.1, in Section 4 we show that for lens spaces with
equal weights this is not possible. More precisely, we show that Theorem 1.1 implies
the following result.

COROLLARY 1.5 (Non-shortening of the standard Reeb flow). — For every real
number T', the Reeb flow {714} c0,1) of the standard contact form aq on a lens space
of the form Li" '(w,--- ,w) is a geodesic for the discriminant and oscillation norms.
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In particular,

__ _ k
VdiS(TT) = VosC(TT) - \‘27‘_ TJ + 1 .

For general lens spaces L;"*(w) we also obtain lower bounds for the discriminant
and oscillation norms of the standard Reeb flow that are sharper than those in [CS15,
GKPS21], however in general these bounds are not sharp enough to prove that the
Reeb flow is a geodesic (see Remark 4.2).

Using the spectral selectors of Them@r\n/l .1 we also define a stably unbounded
conjugation invariant pseudonorm on Conto(L;" ! (w),&). More precisely, posing
Cc_ = Cc_opy1 and ¢ = ¢y we prove the following result.

COROLLARY 1.6 (Spectral pseudonorm). — The map v : a)\ﬁa)([,i"_l(w),fo) —
T, - Z defined by

I/(gg) = max{ [&L@)WTH » T {C_Qg)JTw}

is a stably unbounded conjugation invariant pseudonorm, which is compatible with

the partial order < and satisfies v(¢) < Ty Vesc() for every ¢ € m(Lin_l(w), &o)-
The induced pseudonorm v, on Conto(L{" ! (w), &) is non-degenerate and bounded.

Finally, we remark that the spectral selectors of Theorem 1.1 can also be used as
in [AA23] to define a time function on Conto(L" ! (w), &), i.e. a function

T m(Linfl(w),fo) — R

that is continuous with respect to the C L_topology and satisfies 7(¢) < 7(1)) whenever
¢ < 1 with ¢ # 1. Such function can be defined by

_ Co(%’w)
@) =a ¥ RRETEI
JEN 27 maX(l7 [00(1/’1')1:@ ’ [CO (1/)1_ )WTwD
with
a= 1 _1
jen2l max(l, [CO(%)WT& ) [CO (1%_1)-‘3@‘)

and b chosen so that 7(id) = 0, where (¢;),1 is any sequence in Conto (L (w), &)
that is dense with respect to the C!-topology. As in [AA23], the time function 7
satisfies moreover 7(77 - ) = T + 7(¢) for all T and ¢.

The article is organized as follows. In Section 2 we recall the definition of the
non-linear Maslov index and discuss the properties that are needed for the con-
struction of the spectral selectors. In Section 3 we define the spectral selectors and
prove Theorem 1.1. In Section 4 we prove Corollary 1.5, and in Section 5 we prove
Corollary 1.6.
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2. The non-linear Maslov index

In this section we recall the definition of the non-linear Maslov index
e m(Linfl(w),go) — Z

following the presentation in [GKPS21], to which we refer for more details. We
also discuss the properties of the non-linear Maslov index that are needed for the
construction of the spectral selectors. Several of these properties do not appear
in [GKPS21], and so we include detailed proofs.

Since the weights w do not play a particular role in the discussion, in this section
we denote L;" !(w) simply by L{"~'. As in [GKPS21], we first define the non-
linear Maslov index assuming that k is prime and then obtain the general case
(Proposition 2.12) by pullback. Assume thus for now that k is prime.

The construction of the non-linear Maslov index is based on generating functions.
Recall that a function F' : E — R defined on the total space of a fibre bundle
p : E — B is said to be a generating function if the differential dF' : £ — T*E
is transverse to the fibre conormal bundle N}, the space of points (e,n) of T*E
such that 7 vanishes on the kernel of dp(e). Then the set X = (dF)~}(N}) of fibre
critical points of F' is a submanifold of F, and the map

ip:Xp—>T1T'B, e (p(e),v*(e))

defined by posing v*(e)(X) = dF(X) for X € Tpe) B, where X is any vector in
T,E with dp(e)(X) = X, is a Lagrangian immersion with respect to the canonical
symplectic form we,, on T B. If ir is an embedding then F' is said to be a generating
function of the Lagrangian submanifold ir(Xr) of (7% B, wWean)- A function F' is said
to be a generating function of a symplectomorphism ® of (R?",wy) if it is a generating
function of the Lagrangian submanifold of (T*R?",w.,) that is the image of the
graph of ® by the symplectomorphism 7 : R2n x R?" — T*R?" defined by

X Y
oy X V) = (S5 ).

Y —y, e — X
2 2 Y

Any contact isotopy {¢: }+c 0,1 of (L1 &) starting at the identity can be uniquely
lifted to a Zg-equivariant contact isotopy {¢}iejoq of (S*"71, &) starting at the
identity, which in turn can be uniquely extended to a conical Hamiltonian isotopy
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76 S. ALLAIS, P-A. ARLOVE & S. SANDON

{®:}ieqo) of (R*, wp), i.e. a 1-parameter family of (Zj x Rs)-equivariant homeo-
morphisms of R?" that is a Hamiltonian isotopy on R?" \ {0}. If M is a multiple
of n then we say that a function F' : R* — R is conical if it is C' with Lip-
schitz differential, homogeneous of degree 2 with respect to the radial action of
Ry on R?” and invariant by the diagonal action of Z; on R**. We say that a
conical function F' : E — R defined on the total space of a trivial vector bundle
E = R?> x R>™N — R?" is a conical generating functions of a conical symplecto-
morphism ® of (R*", wy), i.e. a (Z;, X R.g)-equivariant homeomorphism of R*" that
is a symplectomorphism on R?*" \ {0}, if it is smooth near its fibre critical points
other than the origin, dF : E — T*FE is transverse to the fibre conormal bundle
N7, except possibly at the origin, and iy is a homeomorphism between > and the
image of the graph of ® by 7. We say that F; : R?" x RV — R ¢t € [0,1], is a
family of conical generating functions for a contact isotopy {¢;}re .1 of (L', &)
starting at the identity if for every t the function F; is a conical generating func-
tion of ®;, where {®;} denotes the conical Hamiltonian isotopy of (R*" wy) lifting
{¢:}, and the map (e, t) — F;(e) is C* with locally Lipschitz differential and smooth
near (e,t) whenever e is a fibre critical point of F; other than the origin. We say
that Fi, t € [0, 1], is a based family of conical generating functions for {¢;};coq; if
moreover Fj is equivalent to the zero function on R?", where we consider on the set
of conical generating functions the smallest equivalence relation under which two
such functions are equivalent if they differ by a stabilization (i.e. replacing a conical
generating function F : R x RN — Rby F & Q : R?" x R*N x RN & R for
a non-degenerate Zg-invariant quadratic form ¢ on R?"¥ /) or by a fibre preserving
conical homeomorphism (i.e. a (Zj, x R ¢)-equivariant homeomorphism of R?" x R
that takes each fibre {z} x R?"V to itself) that restricts to a diffeomorphism between
neighborhoods of fibre critical points other than the origin. It is proved in [GKPS21,
Proposition 2.14] that any contact isotopy {:}¢c0,1) of (L1 &) starting at the
identity has a based family F} : R?" x R?™¥ — R of conical generating functions.

A conical function F : R?¥ — R induces uniquely a function f : L2~ — R, which
is C! with Lipschitz differential. All the critical points of F' have critical value zero
and come in (Zj x R+ ¢)-families; moreover, there is a 1-1 correspondence between the
(Zy x R o)-families of critical points of F" and the critical points of critical value zero
of f. If F'is a conical generating function of a conical symplectomorphism ® whose
restriction ¢ to S**~! projects to a contactomorphism ¢ of (L7 &) then there
is a 1-1 correspondence between the critical points of critical value zero of f and
the discriminant points of ¢ that lift to discriminant points of ¢. In order to detect
discriminant points of contactomorphisms of (L2"~*, &) we thus study the topology
of the sublevel set at zero of the functions on (possibly higher dimensional) lens
spaces induced by the corresponding conical generating functions. The topological
invariant that we use for this is the cohomological index for subsets of lens spaces:
for a subset A of LY~ such index, which we denote by ind(A), is the dimension
over Z;, of the image of the map PVI*(LiM_l; Zy) — PVI*(A; Zy) on Cech cohomology
induced by the inclusion A < L™, For any conical function F : R* — R we
thus define

ind(F) = ind({f < 0}).
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The following property is proved in [GKPS21, Corollary 3.15] (cf. [GKPS21, Propo-
sition 3.14, Proposition 3.9 (v) and Remark 3.11] for the case k = 2).

LEMMA 2.1. — For any two conical functions F' and G we have
| ind(F & G) —ind(F) —ind(G) | < 1,
and
ind(F & G) = ind(F) 4+ ind(G)
if either k = 2 or ind(F') is even or ind(G) is even.

For a contact isotopy {@:}ie o) of (L7 ', &) we define

0 ({¢t}te [0,1]) = ind(Fp) — ind(F),

where F}, t € [0,1], is any based family of conical generating functions for {¢;}+c0.1-
It is proved in [GKPS21, Proposition 2.20] that any two based families of conical
generating functions for {¢:};c01) are equivalent, where we consider on the set of
based families of conical generating functions the smallest equivalence relation under
which two such families are equivalent if they differ by a stabilization (i.e. replacing
F iR xR S5 Rby F,®Q : R*™ x R*N x R?"N" 5 R for a non-degenerate Z;-
invariant quadratic form @ on R?™") or by a 1-parameter family of fibre preserving
conical homeomorphism that restrict to diffeomorphisms between neighborhoods
of fibre critical points other than the origin. Since, for k& > 2, ind(Q) is even for
every Zj-invariant quadratic form @ ([GKPS21, Remark 3.13]), it thus follows from
Lemma 2.1 that p({¢:}+c(o1)) is well-defined, i.e. it does not depend on the choice of
a based family of conical generating functions. Moreover, it is proved in [GKPS21]
(as a consequence of [GKPS21, Proposition 2.21]) that p descends to a map

W (/Jgﬂa) (Lin_l,&)) — 7.

Example 2.2. — By definition we have w(id) 0. By [GKPS21, Example 4~.1],
if ¢ is small enough in the C'-topology then 0 < u(¢) < 2n, and if moreover ¢ is

positive then p(¢) = 2n. In particular, for ¢ > 0 small enough we have u(r.) = 2n.
By [GKPS21, Example 4.13], for every integer m we have u(rorm,) = 2nm.

It is proved in [GKPS21, Theorem 1.4 (i) and Remark 1.7] that for any two elements
¢ and 9 of Conto(L2" !, &) we have

(2.1) | 1(6-9) = (@) — n(¥) | < 2n+1,
and
(2.2) | 16+ ) — 1(6) — (@) | < 2n

if kK = 2; in particular, p : Conto(Li”_l, &) — Z is a quasimorphism. The non-linear
Maslov index also satisfies the following triangle inequality, which is not proved

in [GKPS21].

TOME 8 (2025)



78 S. ALLAIS, P-A. ARLOVE & S. SANDON
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PROPOSITION 2.3. — For any two elements ¢ and 1 of Conto(L?"™, &) we have

(oY) < (o) + p(y) + 1,

and
u(9-9) < p(9) + p()
if either k = 2 or u(¢) is even or u(v) is even.

Before proving Proposition 2.3, recall ((GKPS21, Proposition 2.10]) that if F': R?*"x
R?"M — R and G: R* x R>"2 — R are conical generating functions for conical
symplectomorphisms ® and ¥ respectively, then the function

FEG: R x (R x R? x RN x R"N2) 5 R
defined by

F1G(q; G, G, v, 1) = F(Gyvn) + GG, v2) — 2(G — ¢,i(G — q))

is a conical generating function of ¥ o ® and ([GKPS21, Proposition 2.26]) there is
a linear (Zy x R.¢)-equivariant injection

L R2n % RQn % R2nN1 % R2nN2 N R2n % R2n % R2n % R2an % R2nN2
such that (F§G) o + = F @ G. Since the cohomological index is monotone, i.e.
ind(A) < ind(B) if A C B [GKPS21, Proposition 3.9(i)], we deduce that
(2.3) ind(F & G) <ind(FtQG).

Recall also ([GKPS21, Lemma 4.2]) that if F' and G are equivalent to the zero
function then
ind(F§G) = ind(F) 4+ ind(G) .
Proof of Proposition 2.3. — Let F; and G, be based families of conical generating

functions for contact isotopies {¢¢};eo1) and {9} p,1] representing ¢ and 1) respec-
tively. Then, by [GKPS21, Proposmon 2.10 and Remark 2.14], G141 F; is a based
family of conical generating functions for {¢; o 9;};c0,1], and thus

(- 9) = ind(Gof Fy) — ind(G1 £ Fy).
Since Fy and G are equivalent to the zero function, we have
ind(Go t Fy) = ind(Gp) + ind(Fp) .
Moreover, by (2.3) we have
—ind(G1 § F1) < —ind(G, & F) .
Using Lemma 2.1 we thus deduce that

w(¢ - ) < ind(Fy) + ind(Go) — ind(Fy) — ind(Gy) + 1 = u(¢) + p(e) + 1,
and that o N B
(@) < () + pu(¥)
if either & = 2 or ind(F7}) is even or ind(Gy) is even, hence (since, for k& > 2, ind(Fp)
and ind(Gy) are even by [GKPS21, Remark 3.13]) if either k = 2 or pu(¢) is even or
(1) is even. O
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It is proved in [Giv90] that
(6 - ¥) = p(o) + u(¥)

if either £(¢) or £(1)) are in m;(Conty(S?~1, &)). For our applications we only need
this property in the case when one of the factors is the Reeb flow.

PROPOSITION 2.4. — For every element ¢ of Conto(L2"*, &) and every integer
m we have

(6 12mm) = 1 (amm &) = 2nm + u(9) .
Proof. — Since ¢ - Tamm = Tomm - b, it is enough to prove that u(& C Tomm) =
2nm + u(¢). We represent ¢ - 7., by the concatenation

{oi}iepny = {T4ﬂmt}te[0,%} U {Cbzt—l}te[%,u )

where {¢;};c01] is a contact isotopy representing ¢, and we consider a based family
F;, t € [0,1], of conical generating functions for {¢;};c(0.1] so that F}, ¢ € [0, 3], is a
family of quadratic forms generating {rurme}, ¢ o, 1 (cf. [GKPS21, Proposition 4.9]).

Since the lift of {rymme}y e 0,1 to (S*"=1 &) is a loop, by [GKPS21, Lemma 4.10] the
quadratic form F 1 is equivalent to the zero function, and so

i ({bi}icpy) = ind (Fi) —ind(Fy).
We thus have
1 (6 - 12mm) = ind(Fp) — ind(Fy) = ind(Fp) — ind (Fy ) +ind (Fy ) — ind(F})

2
= 1(Faem) + (8) = 2nm + p ({@}ec o) |
where the last equality follows from Example 2.2. U

In the next section we also need the following result.

PROPOSITION 2.5. — For every b € %(Linfl,&) and every Ty € R there
exists € > 0 such that u(r_r - ¢) = u(r_g, - ¢) for every T € [T, Ty + ¢€).

Before proving Proposition 2.5, recall that the cohomological index is continuous
([GKPS21, Proposition 3.9 (ii)]): every closed subset A of L?~! has a neighborhood
U such that if A CV C U then ind(V) = ind(A).

Proof of Proposition 2.5. — Let {¢:};c01] be a contact isotopy representing P,
and let F;, t € [0,1], be a based family of conical generating functions for the

concatenation
{¢2t}te [0,%] U {T*(Qtfl)(ToJre’)}

te[3.1]

for some ¢ > 0. Then for every T € [Ty, Ty + €') we have

p(r=r - 9) = ind ({fo <0}) —ind ({Jz( £ ) <o}) .

2\ To+¢€/
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By monotonicity of generating functions ([GKPS21, Proposition 2.23]) we can assume
that 4t < 0 for all ¢ € [£,1], and so

{fé(TOZE/'f‘l) S 0} . {fé(TOTJ;E/-H) S 0}

for T, 7" € [Ty, To + €') with T' < T". By continuity of the cohomological index, there
is a neighborhood U of {fl( < 0} such that if

To
Tore T

{fé<TOT.E€/+1> < 0} cycu

1nd(V) = ind ({f%( T, ,+1> < O}) .

For every T € [T, Ty + €) with € < € small enough we have

{fé(ToTﬁa 1) < O} C {fé(Toie/H) < 0} cu,

ind ({f%(%ﬁd ) S 0}) = nd ({fé(nﬁa ) S O}) |

ie. u(r=p - @) = p(r_g, - ¢) as we wanted. O

It is proved in [GKPS21, Proposition 4.21] that if {¢:};c[0,1) is a non-negative
(respectively non-positive) contact isotopy then pu([{¢¢}icp,1)]) = 0 (respectively
p([{@etecon]) < 0). We actually have the following result.

then

and so

PROPOSITION 2.6. — If ¢ < ¢ then pu(¢) < u(1)).
Proof. — Assume that ¢ < . Then ¢ can be represented by the concatenation

{Witiena) = {Pat}, e [0.4] U {X2-1},c [1.1]
of a contact isotopy {qbt}te[m} representing gg and a non-negative contact isotopy
{xt}tepa. Let F, : R*™ x R2"N — R be a based family of generating functions for
{¥¢}ic0,)- By monotonicity of generating function (|[GKPS21, Proposition 2.23])
we can assume that F; > F 1 and so, by monotonicity of the cohomological index

([GKPS21, Proposition 3.9(i)]), ind(F7) < ind(F%). We thus have

p(¥) = p(¢) + ind (Fy) — ind(F) > p(e).
O

Remark 2.7. — Tt follows from Proposition 2.5 and Proposition 2.6 that the map
T — p(r=r - ¢) is lower semi-continuous, i.e. {T" € R |u(r=r - ¢) < y} is closed for
every y € R.
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If F} is a based family of conical generating functions for a contact isotopy { ¢ }+c0,1]
of (L™, &) then for every t there is a 1-1 correspondence between the critical points
of critical value zero of f; and the discriminant points of ¢, that lift to discriminant
points of ¢;, where {¢;}+ejo1] is the lift of {¢;}re01] to (S*"71, &). Since the non-
linear Maslov index p({¢¢}¢c [0,1]) counts, with multiplicity given by the change in the
cohomological index of the sublevel sets { f; < 0}, the critical points of f; with critical
value zero as t varies in [0, 1], its value is related to the presence of discriminant
points of ¢, for t € [0,1]. More precisely, we have the following result ([GKPS21,
Theorem 1.4 (iii)]).

PROPOSITION 2.8. — Let {¢}+c(01) be a contact isotopy of (Li* ', &) starting at
the identity, and let [to,t,] be a subinterval of [0, 1]. If ({+}i e j0.t0]) 7 1({ Pt} eo,])
then there is t € [to, 1] such that @ has discriminant points. If moreover'™ the map
s ({ée}iecpo,) Is constant on [to,t) and on (t,t,] and all the discriminant points
of Q_SE are non-degenerate then

‘ 2 ({Cbt}te [0,to}) — M ({¢t}te [thﬂ) ‘ <1.

In particular, it follows from Example 2.2, Proposition 2.4 and the first statement
of Proposition 2.8 that for every real number T we have

(2.4) wr) =2n ]

We also have the following result.

PROPOSITION 2.9. — Let {¢:}+c 0,1 be a contact isotopy of (L1 &) starting at
the identity, and let [to,t1] be a subinterval of [0,1]. Assume that there is t € [tg, 1]
such that ¢, has discriminant points, and denote by A(¢,) C L™ the set of
discriminant points of ¢,. Assume also that the map s — p({¢:}+c0,s) is constant
on [tg,t) and on (t,t;]. Then

|1 ({ohece) — 1 ({E}ecpn) | < ind (As) +1,
and

1 ({8} ecom) — 1 ({oe}iepn) | <ind (A(g)
if either k = 2 or if {¢}1c[0,1] Is negative and pu({¢:}ieqou)) Is even.

Before proving Proposition 2.9, recall that the cohomological index is subadditive
in the following sense (|[GKPS21, Proposition 3.9(iv)]): for any two closed subsets
A and B of L;M~! we have

ind(AU B) < ind(A) +ind(B) + 1,
and
ind(AU B) < ind(A) + ind(B)

if either &k = 2 or ind(A) is even or ind(B) is even.

(DIn [GKPS21, Theorem 1.4 (iii)] it is assumed that there is only one ¢ € [0,1] such that o1
has discriminant points. However, the proof works in the same way also if we only assume that
s+ ({@t} e 0,5)) is constant on [tg, 1) and on (t,t1]. Similarly for Proposition 2.9 below.
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Proof of Proposition 2.9. — The first inequality and the second one in the case
k = 2 are proved in [GKPS21, Proposition 4.15]. Suppose thus that {¢:}icjo
is negative and f({¢¢}icjoz)) is even. By monotonicity of generating functions
([GKPS21, Proposition 2.23]), there is a based family of conical generating functions

F; for {¢i}ieoa) with %f; < 0. The proof of [GKPS21, Proposition 2.23] actually

shows that for every t either %’? < 0 or % = 0. We can thus assume that either

{fio, <0} ={fy <0} or {f;, <0} is included in the interior of { f; < 0}. In the first
case, by continuity of the cohomological index and since the map s — pu({¢¢}icp0,5) is
constant on (z,¢1] we have pu({¢¢}ieon)) = #({Pt}ee04]), which implies the desired
inequality

‘ 1% ({ﬁbt}te [0,t0]> — M ({¢t}te [o7t1]) ‘ < ind (A(%)) :
In the second case, take €, ¢ > 0 such that
{fio SO} C{fi< —e} C{fi-e <O} C{fi <O}.

By monotonicity of the cohomological index and since s +— j1({¢¢}+c[o,5) is constant
on [t,t) we then have

(2.5) ind ({f, < —¢}) = ind ({£,, < 0}).
As in the proof of [GKPS21, Proposition 4.15] we have

(2.6) ‘H ({¢t}t€[0,to]) —H ({¢t}te[0,t1]> ‘ <ind ({f; < e}) —ind ({fz < —e})
and
(2.7) ind ({f, < e}) <ind ({£, < —e} UU),

where U is a neighborhood of the set C' of critical points of f; of critical value zero
that has the same cohomological index as C'. Since

It <{¢t}t€[07t0]) = ind <{f0 < 0}) —ind ({fto <0})

is even (by assumption) and ind({fy < 0}) is even (by [GKPS21, Remark 3.13]),
using (2.5) we see that ind({f; < —e}) is even and so, by subadditivity of the
cohomological index,

ind ({fz < —¢} UL{) < ind ({fz < —e}) +ind(Y) = ind ({fé < —e}) +ind(C) .
Since ind(C') = ind(A(¢:)) by [GKPS21, Proposition 2.22], using (2.6) and (2.7) we
thus conclude that

‘ 2 ({¢t}te [o,to]) — U <{¢t}te [O,tl]) ’ < ind (A(%)) . O

The following Poincaré duality property for the cohomological index is proved
in [Carl3, Proposition 4.1.15] for subsets of complex projective space. We adapt here
the proof to the case of lens spaces.

LEMMA 2.10. — Assume that zero is a regular value of a function f : L¥M~' — R,
Then

ind ({f < 0}) +ind ({f > 0}) = 2M.
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Proof. — Let A ={f <0} and B = {f > 0}. Since zero is a regular value of f,
A and B are smooth submanifolds with boundary and thus deformation retract to
sets A" and B’ that are strictly included in {f < 0} and {f > 0} respectively. By
continuity of the cohomological index, there are thus open subsets U4 and Up of
LMY strictly included in {f < 0} and {f > 0} respectively with ind(2/4) = ind(A)
and ind(Up) = ind(B). Assume first that ind(A) is even. Since AU B = LM~ by
subadditivity of the cohomological index we have

ind(A) + ind(B) > 2M .
Assume by contradiction that
(2.8) ind(Us) + ind(Up) = ind(A) + ind(B) > 2M + 1.

Let ind(A) = ind(U4) = 2a. By definition of the cohomological index (cf. [GKPS21,
Lemma 3.3]) and since Cech cohomology agrees with singular cohomology on open
sets, the homomorphism H2~1(L2M~1:7,) — H?*"(U,; Z;) induced by the inclu-
sion Uy — LM~ is injective. Since k is prime, the coefficient ring Zy is a field and
so cohomology is the dual of homology, thus the homomorphism Hs, 1 (Ua;Zy) —
Hyq_ 1 (L2M1 Zy) induced by the inclusion U, < LM~ is surjective. Consider the
commutative square

Hyoor (LM N int(B); Zi) —— Haat (L3524

(2.9) 4 4

F2(M—a) (LiM_l,B;Zk) JB [J2(M—a) (L%M—l;zk)

where the horizontal arrows are induced by the inclusions and the vertical ones are
Poincaré duality isomorphisms (composed with excision H*M-)(L2M=1 B:7,) —
HXM=a)([2M=1int(B),0B; Z;,) for the vertical arrow on the left hand side). Since
Uy C LM (int(B), surjectivity of the inclusion homomorphism Ha, 1 (Ua; Zi) —
Hy, 1 (LM% Zy) implies that the homomorphism on the top horizontal line of the
diagram is also surjective. Thus jp is surjective, and so there exists a class

ue HWM= (LMY B 7,)

such that jp(u) = BY~? where B denotes a generator of H*(L{M™;7Z;). By (2.8)
we have ind(Ug) > 2M + 1 — 2a, and so by a similar argument there exists a class

ve H* (LMY A2y
such that j4(v) = aB%!, where
Ja: Hoq1 (LiMA, A; Zk) — Hag1 (Lszl; Zk)

is the homomorphism induced by the inclusion and where « denotes a genera-
tor of H'(L;"~*;7Z;). We then obtain a contradiction: on the one hand v U u €
HM=Y( M1 AU B; Zy) s zero since AU B = L' on the other hand by natu-
rality of the cup product we have

jaus(vUu) = ja(v)Ujplu) =ap™ T #£0.
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This finishes the proof in the case when ind(A) is even. If ind(B) is even a similar
argument also gives the result. Suppose thus that ind(A) and ind(B) are odd. Then
ind(A) + ind(B) is even, and so it is enough to prove

2M — 1 < ind(A) +ind(B) < 2M .

The first inequality follows from subadditivity of the cohomological index. For the
second one, suppose by contradiction that

ind(Uy) + ind(Up) = ind(A) + ind(B) > 2M + 1,
and let ind(A) = 2a — 1. By a similar argument as above, there exist cohomology
classes u in H2M~2e+1([2M=1 B 7,y and v in H?>*~2(L:" 7', A; Zy,) such that jp(u) =
afM= and ja(v) = 1. Since jp(u) U ja(v) = afM™~1 £ 0, this leads to the same
contradiction as above. 0

Applying Lemma 2.10 we obtain the following result.

PROPOSITION 2.11. — For every ¢ € C/J()\Iit/()(LG_l,fO) such that TI(L(¢)) does
not have discriminant points we have

w(B) + (™) = 2n.

Proof. — Let F; : R*"xR**Y — R be a based family of conical generating functions
for a contact isotopy {¢: }+c[0,1] representing ¢. Then —Fj is a based family of conical
generating functions for {¢; '}, ¢ 0,1, which represent ¢~'. Thus

(@) + (o™t = ind(Fp) — ind(Fy) + ind(—Fp) — ind(—F}) .

Since Fj is equivalent to the zero function, up to a fibre preserving conical homeo-
morphism it is equal to a Zg-invariant quadratic form ()y. Since Fj generates the
identity, by [GKPS21, Proposition 2.22] the nullity of Qg is equal to 2n. Let ¢ be the
dimension of the maximal subspace on which @)y is negative definite. Then

ind(Fp)+ind(—Fp) = ind(Qo)+ind(—Qo) = (2n+1)+ (2n+(2nN—1)) = 4n+2nN .

On the other hand, since II(L£(¢)) has no discriminant points we have that zero is a
regular value of F} and so we can apply Lemma 2.10 to obtain

ind(Fy) + ind(—Fy) = 2n+ 2nN'.

We conclude that p(¢) + u(¢=t) = 2n. O

So far we have assumed that k is prime. Suppose now that £ is not prime, and let
k" be the smallest prime that divides k. As in [GKPS21, Remark 1.4], we define the
non-linear Maslov index

= Conto (L3",&) = 7

by pulling back pu : m([;zil’l,fo) — Z by the natural map &E(LGfl,&)) —

Conto(L2" 1, &). This general non-linear Maslov index then satisfies the following
properties.
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PROPOSITION 2.12 (Non-linear Maslov index for general k). — For any integer
k > 2 and n-tuple w = (wq,- - ,w,) of positive integers relatively prime to k, the
non-linear Maslov index

e %(Lin_l(w),fo) —Z
satisfies the following properties:

(i) Identity and small elements: if qg is small enough in the C'-topology then
0 < u(@) < 2n, and if moreover ¢ is positive then ;i(¢) = 2n. Moreover,
p(id) = 0.

(ii) Quasimorphism property:

| (- 9) — () — p(@) | <2m+1,
and
| (- ) — () — p(¥) | < 2n
if k is even; in particular, u is a quasimorphism.
(iii) Triangle inequality:
(&~ 9) < @) + () +1,
and

(- 9) < (o) + ()

if either k is even or u(¢) is even or u(v) is even.

(iv) Monotonicity: if ¢ < ¢ then u(¢) < u(i).

(v) Relation with discriminant points: for any contact isotopy {¢:}ieco) start-
ing at the identity and any subinterval [to,t1] of [0,1], if u({d+}ieqon)) #
(1({¢}1c o)) then there ist € [to, 1] such that ¢, has discriminant points.
Assume that the map s — 1({¢:}ic(o,s)) is constant on [ty,t) and on (t, 4],
and denote by Ay (¢;) C L'~ (w) the set of discriminant points at time t of
the lift of {¢} to L3’ "(w), where k' is the smallest prime dividing k. Then

| bikiernm) — i) | <ind (Aw(e) +1,

and

|1 ideeom) = n{dtienm) | < ind (Aw ()

if either k is even or if {¢:}icio,1) is negative and p({¢:}ico,)) is even. If
moreover all the discriminant points of ¢, are non-degenerate then

| b)) — n{dhenm) | < 1.

(vi) Reeb flow: for every real number T' we have
N T
w(ry) = 2n {QW-‘ :
(vii) Composition with the Reeb flow: for every integer m we have

M(¢'T%>=u<r§;@~<g):2nm—|—,u(g5).
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viii) Lower semi-continuity: the map T — u(r_r - b) is lower semi-continuous.
1
(ix) Poincaré duality: for every ¢ such that II(L(¢)) has no discriminant points
we have

(@) + (@) =2n.

Proof. — In the case when k is prime all the properties have been discussed
above in Example 2.2, Equations (2.1) and (2.2), Proposition 2.3, Proposition 2.6,
Proposition 2.8, Proposition 2.9, Equation (2.4), Proposition 2.4, Remark 2.7 and
Proposition 2.11. If k is not prime and &’ is the smallest prime that divides k& then the

properties of y : 6(_)\11?0([/%7’1(@), &) — Z imply the corresponding properties for the
pullback p : Conto(L{" ! (w),&) — Z by the natural map Conto(L:" (w), &) —
Conto (L3 (w), &)- O

3. Spectral selectors

For any j € Z we define the j-th spectral selector on a)\n_a)(LZ"’l(w), &) by
cj(@) =inf{T €R | p(r=z-¢) < —j}.

By Proposition 2.12(iv), (ii) and (vi), the function T — p(r_7 - ¢) is non-increasing
and tends to Foo as T' — oo, thus ¢;(¢) is a well-defined real number. By Propo-
sition 2.12 (viii) the infimum is in fact a minimum, in particular

(3.1) [cj(@]&:mm{zve@.z|u(m.gg)<_j}.

It follows from the definition that the sequence {c;} is non-decreasing. In the rest of
this section we prove the other properties listed in Theorem 1.1.

We say that a contactomorphism of (L"*(w), &) is non-degenerate with respect
to ag if all its translated points with respect to g are non-degenerate for all their
translations. We then have the following lemma.

LEMMA 3.1. — The set of contactomorphisms contact isotopic to the identity
that are non-degenerate with respect to oy is dense in Conto(LY" ' (w), &) for the
C'-topology.

Proof. — We first prove the following result. Let Ay be a closed Legendrian sub-
manifold of a contact manifold (M, ¢ = ker(a)), and denote by Leg(Ay) its Leg-
endrian isotopy class. Then for any collection N = {N;, [ € Z} of submanifolds
of M the set Legn(Ag) of elements of Leg(Ag) transverse to N, for all [ is dense
in Leg(Ag) for the Cl-topology. Indeed, let A be an element of Leg(Ay) and let
U(A) C M be a Weinstein neighborhood of A. Fix a diffecomorphism ¥ from U(A) to
an open neighborhood U (5'0) of the zero section of J'A such that U(A) = 50 and
U*(dz — Acan) = a. Denote for each [ by N/ the submanifold W(N; NU(A)) of U(50),
and let N = {N/, [ € Z}. Since the map j' : C>*(A) — Leg(j'0) that associates to
a function its 1-jet is a local homeomorphism with respect to the C*-topology on
C>®(A) and the C'-topology on Leg(;5'0) (cf. for instance [Tsu08, Section 3]), for a
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sufficiently small C%-neighborhood U(0) of the zero function in C*°(A) the 1-jet of
any f € U(0) is in U(5'0) and the map U(0) — Leg(Ay) that sends f to U5 f) is
a local homeomorphism. By Thom’s transversality theorem (see for instance [GGT3,
Corollary 4.10]), the subset Ty, of U(0) consisting of functions with 1-jet transverse
to N/ for all [ is dense in U(0) for the C*°-topology, hence also for the C*-topology.
Thus for any C'-neighborhood U of A in Leg(Ag) there exists f € Th, such that
U-l(41f) € U. The Legendrian U~1(j1f) intersects each N; transversely, and so
belongs to Legn(Ag). This shows that Legy(Ag) is C'-dense in Leg(Ay).

Using this, we now prove that the set of contactomorphisms of (L{" !(w), &)
contact isotopic to the identity that are non-degenerate with respect to oy is C!-
dense in Conto(L{" ! (w), & ). Consider the contact product of (L} *(w), &), i.e. the
product L{"'(w) x L *(w) x R endowed with the contact structure given by the
kernel of the contact form 75 — e’7fag, where 7, and 7 denote the projections on
the first and second factor respectively and where 6 is the coordinate in R. Denote
by gr,,(¢) the graph with respect to ag of a contactomorphism ¢ of (L7" " (w), &),
i.e. the Legendrian submanifold

g, (8) = {(p. ¢(p), ) | p € L}" ' (w) }

of the contact product, where ¢ is the conformal factor of ¢ with respect to ay.
Denote by {R;} the Reeb flow of mjay — e/miag. Let 0 = tg < -++ < t, = 27
be a decomposition of the time interval [0, 27| such that, for some ¢ > 0, N; :=
Ute (e trsr+e) Ft(8T4,(1d)) is a submanifold of L7 (w) x L Y(w) x R for every
1 €{0,---,m—1}. A contactomorphism ¢ of (L;" *(w),&) is non-degenerate with
respect to aq if and only if gr, (¢) is transverse to N; for all [. In other words, using
the notation of the first part of the proof, ¢ is non-degenerate with respect to «ay if
and only if gr, (¢) € Legn(gr,,(id)), where N = {Ng,--- , N;p_1}. Our result thus
follows from the first part of the proof and the fact that the map

gty : Conto (L7 (w), &) — Leg(gr,, (i)
that associates to a contactomorphism its graph is a local homeomorphism with
respect to the C!-topologies. O
We also remark the following fact.

—~—

LEMMA 3.2. — For any element ¢ of Conto(L?" (w), &), the sets A(¢) and A(¢)
are closed and nowhere dense in R.

Proof. — Let F; : R?" x R*™N — R, t € [0,1], be a based family of conical
generating functions for the concatenation

{@2t}ie o, U Ar-2nz-v}ie 3]

For every ¢ € [, 1], the Zg-orbits of translated points of ¢; of translation 27 (2t — 1)
are in 1-1 correspondence with the critical points of critical value zero of f; :
Lin(NH)_l — R. Consider the function

o
f oLl 2,1} SR, (z,t) — fi(z).
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As in [Thé98, Section 5.2 and Lemma 4.4], zero is a regular value of f and so f~!(0)
is a submanifold of Li"(NH)_l x [3,1]. Let p: f7*(0) — [3,1] be the composition of
the inclusion f~1(0) — Li"(NH)_l x [5,1] with the projection on the second factor.
Then (z,t) € f71(0) is a critical point of p (of critical value t) if and only if z is a
critical point of f; (of critical value zero). Thus the Zj-orbits of translated points of
¢1 of translation 27(2t — 1) are in 1-1 correspondence with the critical points of p

of critical value ¢. It follows that

A(p) = 27r<2p(Crit(p)) - 1) +27 -7,

and so A(@) is closed and nowhere dense. Since

AG) + T, 2.C AG) C A@) + 72,

we deduce that A(¢) is also closed and nowhere dense. O

We now prove that the spectral selectors satisfy the properties listed in Theo-
rem 1.1.

Spectrality

We have to show that ~ o
¢i(9) € A(9)
for every ¢ in ponto(Li”’l(w),go). Suppose by contradiction that this is not the

case. Since A(¢) is closed (by Lemma 3.2), there is then e > 0 such that [c;(¢) —
e,¢i(¢) +¢] C R~ A(¢). By the first statement of Proposition 2.12(v) we thus have

1 o 8) =nl(r e 9)

but this contradicts the definition of ¢;(¢).

Normalization

It follows from Proposition 2.12(vi) that

—4r  forj=—-6n+1,---,—4n
-2 forj=—-4n+1,---,—2n
c;i(id) =<0 forj=—-2n+1,---,0

27 forj=1,---,2n
47 forj=2n+1,--- ,4n

In particular, co(id) = 0.
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Relation with translated points

If all the translated points of II(£(¢)) are non-degenerate, it follows from the last
statement of Proposition 2.12(v) that the spectral selectors {c¢;(¢), j € Z} are all
distinct. Suppose now that

cj-1(0) < ¢j(9) = cjr1(9) = - = ¢jym(d) =T < ¢jrms1(9)

for some j and 1 < m < 2n — 1. Then for € > 0 small enough we have
‘M(Tf(:\r:)'qg) —,u(rf(;;)-gg) ‘ =m-+1

and pu(r_(7_o - ¢) = —j + 1. It thus follows from Proposition 2.12(v) that if either k

is even or j is odd or m > 1 then II(L(¢)) has infinitely many translated points of
translation 7. If moreover k is prime then Proposition 2.12(v) also implies that the

set of translated points of translation T" of TI(¢) has cohomological index greater or
equal than m, and greater or equal than m + 1 if either £ = 2 or j is odd.

Non-degeneracy

Assume that
072n+1(¢) = CO(¢) =0.

Then for € > 0 small enough we have

(e @) = p(r=e- ¢) | = 2n

and u(7 - ¢) = 2n. By Proposition 2.12(v) we then conclude that II(¢) is the identity.
Since, by spectrality, 0 € A(¢), we have in fact that [I(L(¢)) is the identity.

Composition with the Reeb flow

By definition of the spectral selectors, for every ¢7 and every T € R we have
¢;(7r @) =it {T R | (g 77 9) <—j}
=inf{T-TeR|u(rrr-¢)<—j}+T

= Cj(gb) +T.

Periodicity

Using the previous property and Proposition 2.12 (vii) we have

¢() + 27 = ¢; (Far - 8) = cjran(9)
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Monotonicity

Suppose that ¢ < . Then r—7 - ¢ < 7—7 - 1 and so, by Proposition 2.12 (iv),
(e 0) <u(rr-9).
This implies that ¢;(¢) < ¢;(1).

Continuity

Suppose that (;NS . 12_1 is represented by a contact isotopy with Hamiltonian function
H, : L7 ' (w) — R with respect to ag. Let m(t) = min H, and M (t) = max H,. The
flows of m and M are respectively {Tftm} and {TftM}7 thus

0 0

—_—~— —_—~—

71
Tfolm<¢'w grfolM

and so

ﬁ;}&<$<ﬂ5}&

By the composition with the Reeb flow property and monotonicity we thus have
1 _ _ 1
(3.2) / min H, dt < ¢;(9) — ¢;(¢) < / max H, dt .
0 0

We now show that (3.2) implies that each ¢; is continuous with respect to the C'-

topology. Notice first that the Shelukhin-Hofer norm v, : @E(LG’l(w), &) — R,
which is defined by

- 1
Vo) = inf/ max | Hy| dt
0

with the infimum taken over all contact Hamiltonian functions H; whose flow repre-
sents ¢, is continuous with respect to the C!-topology. This follows from the main

result of [AA23], or can be seen directly as follows. Since Conto(L;" *(w), &) is
a topological group, it is enough to show that v, is C'-continuous at the identity,

i.e. that for every ¢ > 0 there is a C'-neighborhood U of id in Conto(L2"(w), &)
such that for every 5 € U we have ya(é) < €. As in the proof of Lemma 3.1 we
consider the product ;" (w) x L{" !(w) x R endowed with the contact structure
given by the kernel of the contact form 7iag — emfay. Applying the Weinstein
theorem we can find a neighborhood U (gr,, (id)) of gr, (id), a neighborhood U(;'0)
of the zero section of J'L:"*(w) of the form U(5'0) = U(j'0) x (—¢€',€) with € < e
and a diffeomorphism ¥ from U(gr,, (id)) to U(j'0) with W¥(gr,, (id)) = j'0 and
U*(dz — Aean) = Thap — e’ ap. Since the map ;' : C*°(L¥" ' (w))) — Leg(j'0) that
associates to a function its 1-jet is a local homeomorphism with respect to the C2-
topology on C*(L{"'(w)) and the C!-topology on Leg(j'0), we can find a convex
C2-neighborhood ¢4(0) of the zero function in C®(L;"*(w)) such that j'f € U(;'0)
for any f € U(0), and the map U(0) — Leg(gr,,(id)) that sends f to U'(5'f) is
a local homeomorphism. Since the map gr,, : Conto(Ly" " (w), &) — Leg(gr,, (id))
that associates to a contactomorphism its graph is a local homeomorphism with
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respect to the Cl-topologies, we obtain a map U(0) — Conto(L:" *(w), &) that
associates to a function f a contactomorphism ¢ with j'f = W(gr, (¢)), which is a
homeomorphism on its image Y. Since U (0) is convex, U is simply connected; let thus

U be the open neighborhood of id in Conto(L2" Y(w), &) that projects homeomor-
phically to U. Consider now any ¢ in U. Let f : L?* *(w) — (—¢, €) be the function
in U(0) such that j'f = W(gr,, (II (¢))). Since U(0) is convex, f, :=tf is in U(0) for
every ¢ € [0,1], and so for every t € [0,1] there is ¢, € U with j'f, = U(gr,, (¢))-
Consider the two Legendrian isotopies 7' f; and gr,, (¢¢), with parametrisations given
respectively by

il : [O, 1] X ]10 — JlLin_l(M) ) il (ta (.2?, 07 O)) = jlft(x)
and
in  0,1] x gr,, (id) = L (w) x L"(w) x R, ia(t, (z,2,0)) = (2, ¢i(x), gi(w)) ,

where ¢; is the conformal factor of ¢;. Let H; be the contact Hamiltonian function
of the contact isotopy {¢;}. Then

H, (gzbt(x)) = (77';0{0 — egﬂao> <Z io (t, (z,z, 0)))
— (d2 — Aean) <jtz'1(t, (x,0,0))) = f(2),

and so |H;| < e. Moreover [{¢;}ic0,1)] = ¢, because ¢ - {¢}ee) ™" can be repre-

sented by a loop in U, which is simply connected. We thus conclude that Va(qg) < €,
as we wanted.
Using (3.2) and the fact that v, is C'-continuous we now deduce that each ¢; is

Cl-continuous. Let ¢ € (/]E)E(LQ” Yw ) &). By C'-continuity of v,, for any € > 0
there is a C'-neighborhood U of id in ContO(LQ” Yw), fo) such that v,[;< €. Then
Vi=U-¢isalC -neighborhood of & such that for every ¢ € V we have

V(@ 7)) =va(P-97") <€
This implies that there is a contact Hamiltonian function H; whose flow represents

¢ ¢! and satisfies fo max |Hy|dt < e. Using (3.2) we thus conclude that for every
¥ € V we have | ¢;(¢) — ¢;(¥) | < €, and so that ¢; is C'-continuous.

Triangle inequality

We have to prove that if either k is even or j is even then
ci(d- ) < () + [CI(YZ)-‘

Let T = ¢;(¢) and N = (CI(JHTH. Since

Tw

I : m(Lin‘l(w),&)) — Contq (L3 (w), &)
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is a local homeomorphism, by the continuity property of the spectral selectors and
Lemma 3.1 we can assume that H((}E) is non-degenerate with respect to agy. By the
relation with translated points property, the spectral selectors of ng are thus all
distinct, and so p(r_7 - ¢) — —j. Using the fact that 7—y commutes with ¢ (since
{r} has period T,,) and the triangle inequality for the non-linear Maslov index
(Proposition 2.12 (iii)) we thus have

w(r"win - 6 0)
—u((ﬁ}-@(ﬁvﬁ))<M(E}@)+M(T_NN-1/7)<—(j+l)-

By definition of ¢;;; we conclude that

Cj.H(Qg‘ 1;) < T+N == Cj((g) + [Cl(?ﬁ)—‘Tw .

Conjugation invariance

We have to prove that

(3.3) [Cj (?Z X3 @Z_lﬂ@ - [Cj(MTE

Assume first that H(¢) does not have discriminant points. Let {¢¢}1 1] be a contact
isotopy representing 1, and consider the homotopy 95 = {st}ee o) from o =
to ¢1 w By the continuity property, the map

SHCJ(&S'$'1;;1>6-’[‘(&3'9’5'&;1)

is continuous. Moreover, ¢; (123 - zzs_l) € R\T,-Z for all s € [0, 1]. Indeed, if we
had ¢; (@ZS b LE’ ) € T\, - Z for some s then, by the spectrality property, (@/}S b 77/1 h
would have discriminant points. But this is absurd, because the discriminant points
of TI(t - ¢ - ;') are in bijection with the discriminant points of II(¢). We thus
obtain (3.3) in this case.

The general case can be obtained as follows. Given any ¢ € (TO\Iit/o(LG_l(w), &),
since (by Lemma 3.2) A(¢) is nowhere dense, there is a sequence (¢) of positive real
numbers with ¢ — 0 such that, for every [, II(r—, - 55) does not have discriminant
points. Pose x; =1, - $ By the first part of the proof we have

3 o (55107, = [ot)],

w

for all [. Since (x;) converges to gzNS in the C!-topology and y; < gz~5 for all [, by the
continuity and monotonicity properties of the spectral selectors for [ big enough we

have [¢;(6)17, = [¢;(X)1n, and [¢; (-9~ )]n, = [¢;(- Xy ™)z, Equation (3.4)
thus gives the desired result (3.3).
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Poincaré duality

We first notice that if H((E) does not have discriminant points then

(3.5) Lcj(gzﬁ)JTw = maX{N €Ty Z ‘ w(r=y - ¢) > —j} :

Indeed, by spectrality we have ¢;(¢) ¢ T, - Z and thus N := Lcj(gg)jTﬂ < ¢;(¢). This
implies that p(7_y - ) > —j, and so the inequality < in (3.5). On the other hand,
the opposite inequality follows (without any assumption on ¢) from (3.1) and the

fact that [¢;(¢) |z, + Tw > [¢;(¢)]1.,
We now prove the Poincaré duality property, i.e. that

(3.6) 9)],, = = [ (@)],,
for any ¢ € m(LG_l(w), &). Assume first that II(¢) does not have discriminant
points. Then Proposition 2.12 (ix) implies that

(3.7) p(in - o) +p (o 7x) =2n

for every N that is a multiple of T},. The Poincaré duality (3.6) then follows from (3.1),
(3.5), (3.7) and the fact that ¢~ -7_y = r_n - ¢~ for every N that is a multiple
of T.

For a general gb, as in the proof of conjugation invariance we can find a sequence
(X;) that converges to ¢ in the C'-topology and such that, for all I, ¥, < ¢ and
II(x;) does not have discriminant points. By the first part of the proof we have
[e; (X)) 11 = —c—j—@n-1)(X; ") |7, - By monotonicity and continuity of the spectral
selectors we thus obtain (3.6) also in this case.

4. Non-shortening of the standard Reeb flow with respect to
the discriminant and oscillation norms

Recall from [CS15] that, for any closed contact manifold (M, ), the discriminant

norm g on the universal cover Contg(M, &) of the identity component of the
contactomorphism group is the word norm associated to the generating set D formed
by elements ¢ that can be represented by an embedded contact isotopy, i.e. a contact
isotopy {¢¢}ie o) such that ¢, o ¢; ! has no discriminant points for all s # ¢ € [0, 1].
Recall also from [Ar]23] that the discriminant length of a contact isotopy {¢:}:e o]
is the minimal N such that there is a decomposition 0 = t5 < --- < ty = 1 of the
time interval [0, 1] with {¢;};c 1, +,,,) embedded for all j =0,--- | N — 1.

Consider the discriminant norm on Conto(L{" ! (w), &). For every positive real
number 7" we have

j+1]

2n[L]+1

41 is rr 2
(4.1) Vais(T'7) ot 1
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Indeed, let N = vg;(rr) and write 7p = Hé\;l % with @ € D. Then, by Proposi-
tion 2.12(i), (iii), (vi) and the first statement of (v) we have

T X -
o [2] — w(77) < S p(d;) + N—1<2aN+N—1.

Similarly, in the case of projective space we have

(4.2) Ve (F7) > [QTA |

The estimates (4.1) and (4.2) are better than those obtained in [CS15, GKPS21], since
in those references just the quasimorphism property of the non-liner Maslov index
(Proposition 2.12(ii)) is used and not the triangle inequality (Proposition 2.12 (iii)).
However, they are still not optimal. Indeed, writing

T 2
0< TO = < 1
% TJ +1 Kk
we have
(4.3) {reekiepy ={rneo - ornitiep -
N———
|25 7] +1

Since the minimal period of a closed Reeb orbit of ap on L;"'(w) is 2X we have
that {rre}iepa) € D, and so {rri}ieoa) has discriminant length smaller or equal
than | 2= T’ 4 1; this length is actually equal to [5= T'| + 1, because for any interval
[to, 1] of length ¢, — to > 2* the contact isotopy {r¢}ie ) is not embedded. For
instance, in the case of projective space the discriminant length of {romms}ie 0,1] 18
thus 2m+1, while (4.2) only gives vgis(7orm) = m. In this section we prove the optimal
estimates for the discriminant and oscillation lengths of the standard Reeb flow of
lens spaces with equal weights using the spectral selectors defined in Section 3. The
main advantage of using the spectral selectors is that while (by Proposition 2.12(v))
the non-linear Maslov index only jumps in the presence of discriminant points of the
lift of a contact isotopy of a lens space to the sphere, so that in particular for instance
pu(r7) = 2n [ L], the spectral selectors allow to distinguish 77 also for different values
of T"in [0, 27], indeed by Theorem 1.1(v) we have for instance co(rr) = T.
We start with the following lemma.

LEMMA 4.1. — For any element ¢ of 60\r_1t/0(L%"_1(@),§0), if ¢ € D then

C0(¢) < Ty

Proof. — If gg € D then 5 can be represented by a contact isotopy {¢:}¢e0,1) such
that ¢, does not have discriminant points for all ¢ € (0, 1]. Suppose by contradiction

that co(gg) > T, and for s € [0, 1] let 55 = [{&st}reo,1)- Since co(qgl) = co(gz~5) > T,
and, by Theorem 1.1(ii), co(do) = co(id) = 0, by continuity of ¢y (Theorem 1.1 (viii))
there is a value of s in (0, 1] such that ¢y(¢s) = T}, But then, by spectrality (Theo-

rem 1.1(i)), T,, belongs to A(¢,). This means that ¢, has discriminant points, which
is a contradiction. O
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We can now prove that for every real number 7' the Reeb flow {rr:}; ¢ 0,1) of the
standard contact form ag on a lens space of the form L2"*(w,--- ,w) is a geodesic
for the discriminant norm. We have seen above that {rg;};c01 has discriminant
length | 4= T| + 1. In order to prove that it is a geodesic we thus have to show that

N k
(44) Vdis(TT) 2 \‘271_ TJ +1.
Let vgis(r7) = N, and write rp = Hé\[:l % with % € D for all j. By Theorem 1.1(v),
(ix) and Lemma 4.1, and since T, = 2—” for w = (w,- -+ ,w), we then have
N 27r
T = co(rr) < Z [Co b, W k: )

This implies that vgs(rr) > {% TJ + 1, as we wanted.
We now show that the standard Reeb flow {774 }:cjo,1) on a lens space of the form
L7 H(w, - -+ ,w) is a geodesic with respect to the oscillation norm. Recall from [CS15]

P

that the oscillation pseudonorm v on the universal cover Contg (M, £) of the identity
component of the contactomorphism group of a closed contact manifold (M,¢) is

defined as follows. Let Dy and D_ be the sets of elements of Contg(M, &) that can
be represented respectively by an embedded non-negative or non-positive contact
isotopy. It is proved in [CSl5] that every element b of a)\n—t/o(M €) can be written
as ¢ = H] 1 qu] with (;5] € Dy or gbj € D_ for every j. We denote by v (¢) and
v_(¢) respectively the minimal number of elements of D, and minus the minimal

number of elements of D_ in such a decomposition. The oscillation pseudonorm is
then defined by

Vose(9) = v4(0) — v—(9)

for ¢ # id, and Vosc(ia) = 0. By [CS15, Proposition 3.2], the oscillation pseudonorm
on Conty (M, £) is non-degenerate if and only if (M, &) is orderable; it is thus a norm
for lens spaces. Recall also from [Ar]23] that the oscillation length of a contact isotopy
{&i}ie 0,1 is the sum of Li({pt}ie [0,1}) and L_({dt}ie [0,1})7 where £ ({¢1}:e [0,1}) is
the minimal N, for which there is N > N, and a decomposition 0 =ty < --- <ty =
1 with each {¢}iet;,.,) embedded and non-negative or non-positive and exactly
N, of them non-negative, and £_({¢¢};c[o1]) is the minimal N_ for which there
is N > N_ and a decomposition 0 =ty < --- < ty = 1 with each {¢:}rep; ;]
embedded and non-negative or non-positive and exactly N_ of them non-positive.

Consider now as above the class 77 = [{rr¢}reoy] of the Reeb flow of ag on a
lens space (L;"'(w), &). Similarly as before, the oscillation length of {rri}sc o
is | &£ T] + 1. The decomposition (4.3) shows moreover that v_(r7) = 0, and thus
Vosc(T7) = v4(77). In order to show that the Reeb flow {rr:}icqo1) of g on a lens
space of the form LZ”_I(w, -+, w) is a geodesic with respect to the oscillation norm
we thus have to show that

. k
> | — .
vy (rr) > {2% TJ +1
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Let vy (rr) = N, and write rp = ]_[j»\[:1 Eb; with {bj € Dy for all j and with exactly Ny

of the EEJ in D,. Denote such elements by ¢:a), 0y Qo(nvyy- Then rp < T2 1 qba G)>
and so by Theorem 1.1(v), (vii), (ix) and Lemma 4.1, and since T,, = 2 for w =
(w,--- ,w), we have

Ny Ny _
r = ) <o T o) < tben)+ 3 o ()] < 0

j=1 =2 z
This implies that v, (r7) > bﬂ TJ + 1, as we wanted.

Remark 4.2. — TFor a general lens space (L"*(w), &) the above discussion implies
that the discriminant and oscillation norms of 77 = [{rr¢}1ej0,1)] are greater or equal
than L%J + 1, while the discriminant and oscillation lengths of {rp;}¢co,1] are equal

0 L% T|+ 1. We do not know thus if the standard Reeb flow on general lens spaces
is a geodesic for the discriminant and oscillation norms. The gap for general weights
between the minimal period Zf of a closed Reeb orbit and the period T3, of the Reeb
flow seems to suggest that it might be possible to shorten the Reeb flow. It would
be interesting to investigate if this is indeed the case, or if other methods could be
used to prove that the Reeb flow is still a geodesic.

5. A spectral pseudonorm

Let ¢ = ¢_9,41 and ¢; = ¢, and define v : C/\()n—a)(l}z”’l(w),fo) — Ty - Z by

/(@) = max{ [e+(D)], .+ = |e-@)],, |-

In this section we prove that v is a pseudonorm satisfying the properties stated in
Corollary 1.6.

Recall that a pseudonorm v on a group G is said to be stably unbounded if there
is an element o of G such that lim,, ”(” ;é 0, and is said to be compatible with
a bi-invariant partial order < if id < oy g oy implies v(oq) < v(09).

PROPOSITION 5.1. — The map v : Conto(Ly" ' (w),&) — T, - Z is a stably
unbounded conjugation invariant pseudonorm compatible with the partial order <.

Proof. — We first show that for every qg we have l/(qb) 0. Suppose by contra-
diction that v(¢) < 0. Then [c (czﬂTw < 0, thus ¢y (¢) < 0, and —|c_(¢ )JTw <0,
thus c_(gz~5) > 0. But this contradicts the fact that, since the sequence ¢; is non-
decreasing, ¢_(¢) < ¢, (¢). The triangle inequality V(o - @Z)) V() + v(1)) follows
from Theorem 1.1 (ix) and (xi), and symmetry 1/(¢) = 1/(¢ 1) from Theorem 1.1 (xi).
This shows that v is a pseudonorm. Invariance by conjugation follows from Theo-
rem 1.1(x) and (xi). The pseudonorm v is stably unbounded, indeed Theorem 1.1 (v)

implies that
V(?"AT;’”> = 1/(%) =mT,
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for every positive integer m, thus posing o = r7,, we have lim,, . % =T, #0.
Finally, the fact that v is compatible with the partial order < follows from Theo-
rem 1.1 (vii) and (xi). O

It would be interesting to know if v is equivalent to the oscillation norm vyg.. In
this direction, we prove the following inequality.

PROPOSITION 5.2. — For every element ¢ ofa)\n—t/o(Lz”’l(w), &) we have
v(0) < Ty Vosc(9) -
Proof. — Let v, (¢) = N, and write ¢ = Hé-v:l ;bv] with all the Ebj in D, or D_

and exactly N, of them in D,. Denote such elements by ¢:a), “, Qg(Ny)- Then
¢ < Hévjl $o(;), and thus by Theorem 1.1 (vii), (ix) and Lemma 4.1 we have

Ny Ny -
c+(<5) S ey (H ¢o(j)) < Z [C+ (%(j)ﬂTw S Tw - Ny
j=1 j=1

Similarly, setting v_(¢) = —N_ we have c+(<5_1) < T, - N_ and so, by Theo-
rem 1.1 (xi),

= |e-@],, =fer ()], <Tu- M-

We deduce that

1(3) < T max {12(0), —v-()} < Tu(v4(8) = v-(0)) = T vecld). T

We do not know whether the pseudonorm v is non-degenerate, i.e. whether v(¢) = 0
if and only if ¢ = id. Indeed, by the definition of v we have that v(¢) = 0 if and
only if ¢,(¢) = c¢_(¢) = 0, which by Theorem 1.1(iv) only implies that II(¢) is
the identity. On the other hand, the induced conjugation invariant pseudonorm on
Conto(L2" *(w), &), i.e. the pseudonorm v, defined by

vi(9) = inf { v(9) | T(@) = 0} |
is non-degenerate, hence a norm. However, this norm is bounded (hence equivalent
to the trivial norm, since it is discrete), as shown in the following proposition.
PROPOSITION 5.3. — For every ¢ € Conto(L;" *(w), &) we have
vi(p) <2m+ 1T, .
Proof. — We show that

51 o (10) < [er @], ~ |- (@], <20+
for every ¢ € &E(LGfl(w), &o). Using periodicity of the spectral selectors (Theo-
rem 1.1(vi)) and the fact that the sequence of spectral selectors ¢; is non-decreasing

we have ¢ (¢) < c—(¢)+2m, which implies the second inequality in (5.1). For the first
inequality, it is enough to find N € T,,-Z such that v(r_n-¢) = [c¢1(¢)]|1, — (@) .-

TOME 8 (2025)



98 S. ALLAIS, P-A. ARLOVE & S. SANDON

Suppose first that v(¢) = |—c+(ggﬂTE, and pose N = fc+(ggﬂT£. By Theorem 1.1 (v)
we then have

(- 3) = max{ {CJF(?"/—VN : (EﬂTE , — LC_(Tf_VN : CE)JTw}

— max { 0, [CJF((/ﬁ)—‘TH — {C, (gg)J T } = [C+((E)—‘Tﬂ — {Cf ((@JTE

Similarly, if v(¢) = — lc_(¢)]r, then, posing N = Lc,(q;)jTH we have
v(roy - 8) = [es(d)], — |e-(9)], - O

Remark 5.4. — 1t follows from [AA23, Corollary 4.12] that on the universal cover
of the identity component of the contactomorphism group of the unit cotangent
bundle of the torus T" for n > 2 the difference of the invariants ¢, and c_ defined
in [AA23] is unbounded. This difference with respect to (5.1) might be related to
the fact that the identity component of the contactomorphism group of the unit
cotangent bundle of the torus does not contain positive loops. It would be interesting
to investigate if on the other hand the difference of the invariants ¢, and c_ of [AA23]

is bounded on %(Li”_l(w), &o). This would then imply as in Proposition 5.3 that
the induced norm on Conto(L;" *(w), &) is bounded, and therefore answer partially
a question in [FPR18, Example 2.21].

Remark 5.5. — If v: G — R is a pseudonorm on a group G then, for any ¢ > 0,
the map v/ : G — R- o defined by

oo Jmax{v(g),c} if g #id
V(g>'_{ 0 if g=id

is a norm. Moreover, 1/ is invariant by conjugation if and only if so is v. This
trick (which is similar to one used in [BIP08]) can be applied to our pseudonorm
v, with ¢ = T, to obtain a stably unbounded conjugation invariant norm v’ on

m(Li”_l(m), &o). Since v takes values in T}, - Z, if v is already a norm then v/ = v.
Proposition 5.2 holds also for v/, indeed for any element ¢ # id we have

V’(@ = max { [c+(¢ﬂTﬂ ,— {c,(@JT ,Tw}

< Tﬂ-max{l/osc(i),l} :

= Ly - Vosc<¢> .
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