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256 Y. TADANO

RESUME. — Nous considérons une théorie du scattering pour les opérateurs aux différences
sur H = (?(Z%; C™) perturbés par un potentiel & longue portée V : Z¢ — R™. Un des exemples
motivants est celui des opérateurs de Schrodinger discrets sur des graphes Z?-périodiques. Nous
construisons des modificateurs indépendants du temps, appelés modificateurs d’Isozaki-Kitada,
et nous prouvons que les opérateurs d’onde modifiés avec les modificateurs d’Isozaki-Kitada
mentionnés ci-dessus existent et qu’ils sont complets.

1. Introduction

The aim of the present article is to construct a long-range scattering theory for
difference operators on the space of vector-valued functions on Z?. This problem is
motivated by discrete Schrodinger operators on an arbitrary non-primitive lattice,
e.g., hexagonal lattice, diamond lattice, Kagome lattice and graphite (see [AIM16]
for more examples). Note that the cases of primitive lattices and the hexagonal
lattice are considered in [Tad19a, Tad19b], respectively.

Let H = (*(Z%, C"), where d and n are positive integers. For u € H, we use the
notation

Uy
U2
u=| |, u e (Zd) Y (Zd;c).
Un
We consider a generalized form of discrete Schrodinger operators on H:
H=Hy+V.

The unperturbed operator Hy is defined as a convolution operator by (fix)1 < k<n.
that is,

How1 Hopo -+ Hoan
= | T B
HO,nl HO,TLQ Tt HO,TLTL
Ho jrug(x) = Zd Fir(x = un(y), ux € 2 (2%).
YyEeL

Here each fj;, : Z% — C is a rapidly decreasing function, i.e.,

sup ()" | ()] < o0

for any m € N, where (z) = (1 + |z[2)2. The perturbation V is a multiplication
operator by V ={(Vy, -+, V,,) : Z¢ — R™,
Vi(2)us ()
Va(x)ua(x
Vu(x) = 2 ): 2(7) , u€EH.

V() un ()
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Isozaki-Kitada modifiers on general lattices 257

We denote the discrete Fourier transform by F;

Fuy(§)

Fue) = |79 cettim Loy
Fu, (€)

Fuy(€) = (2m) 7% Z e Eu;(x),

for u € (1(Z4;C"). Then F is extended to a unitary operator from H onto H =
L*(T%;,C"), and we denote its extension by the same symbol F. We easily see that
F o Hyo F* is the multiplication operator on T¢ by the matrix-valued function

hi(§) hia(§) -+ ha(§)

h21 h22 hQn
Hy(€) = .(f) .(6) | '(6)

bl

B (€) as(€) - ()
where
€)= 3 e ().
rezd

Since fj;.’s are assumed to be rapidly decreasing, h;;.’s are smooth functions on T
Note that o(Hp) = {\ | det(Hp(£) — \) = 0 for some & € T4} and Hy is a self-adjoint
operator if and only if Hy(£) is a symmetric matrix for any £ € T i.e., by the
definition of Hy(§),

(1.1) fir(—2) = fij(x), z€Z% 1<jk<n
In this paper, we assume the following assumption concerning the self-adjointness

of Hy and a long-range condition of V.

ASSUMPTION 1.1. —

(1) fjx’s are rapidly decreasing functions satisfying (1.1).
(2) V. =%V,---,V,) has the following representation

V=V, + Vs,
where each entry of Vi, is the same, i.e., Vi = '(V,,--- | V,) with some Vj :
74 — R. Furthermore, there exist p > 0 and C,Cy, > 0 such that
1.2) 02V ()| < Cafay 1,
(1.3) Vs ()] < Cla)™' 7"

for any x € Z% and o € ZL. Here 9% = 921 - - - 9% 5%.‘/(:(:) =V(z)-V(r—e,)

Tq’
is the difference operator with respect to the j™* variable.

Assumption 1.1 implies that V' is a compact operator on H and hence
Uess(H) = Oess(HO)a
where 0ess(H) (resp. oess(Hp)) denotes the essential spectrum of H (resp. Hyp).

TOME 8 (2025)



258 Y. TADANO

We denote the union of Fermi surfaces corresponding to the energies in I' C R by
Ferm(I') := {p =N eT!xT ‘ A is an eigenvalue of Ho(f)}
= {p=(&N) € T" x I'| det (Hy(&) — \) = 0} .

Before describing the main theorem, we prepare the notation of non-threshold ener-
gies.

DEFINITION 1.2. — Xy € 0(H,) is said to be a non-threshold energy of Hy if the
following properties (1) and (2) hold:
(1) For any & € T¢ such that det(Hy(&) — \o) = 0, there exists an open neigh-
borhood G C T¢ x R of p = (&, \¢) such that Ferm(R) N G has a graph
representation, i.e.

(1.4) Ferm(R) NG = {(§,A\(¢)) [ £ € U}

with some U 3 &, and A € C*(U).
(2) Let & be arbitrarily fixed so that det(Hy(&y) — Ao) = 0 holds, and let A(§) be
as in (1.4). Then V¢A(&) # 0 holds.

Remark 1.3. — There is a sufficient condition of non-threshold energies:
Vedet(Hy(€) — Xo) # 0 for any & € T such that det(Hy(€) — Ag) = 0,

see Condition (A-3) in [AIM16, Sections 6 and 7]. The principal difference is that Def-
inition 1.2 covers the case where Hy(&) has degenerate eigenvalues but no branching
occurs.

On the other hand, the set of non-threshold energies in the present paper can be
smaller than that of [PR18, Definition 5.5]. Definition 1.2 is assumed in order for
each eigenvalue and its associated eigenprojection of the Fourier symbol Hy(&) of Hy
to be smooth with respect to £ on the non-threshold energy level, which is needed
to construct modifiers and to show some lemmas by the pseudodifferential calculus.

Let I'(Hy) be the set of non-threshold energies of Hy. Then I'(Hy) is an open set
of R and I'(Hy) C o(Hy). Note that Hy has purely absolutely continuous spectrum
on I'(Hy), i.e., o,p(Ho) NI'(Hy) = 05.(Ho) NT'(Hp) = ¢ (see Remark 3.2).

The main theorem of this paper is the following.

THEOREM 1.4. — Suppose Assumption 1.1 and I' € T'(Hy). Then there are
bounded operators J1 = Jy+r on H, called Isozaki-Kitada modifiers, such that the
modified wave operators exist:

(1.5) Wik (T) = s-lim_e"" Jpe™"0 By, (T),
where Ey, denotes the spectral measure of Hy, and that the following properties
hold:
(i) Intertwining property: HWit(T') = Wik(T') H.
(ii) Partial isometries: |Wik(T)u|| = || Eg, (T)u)|.
(iii) Completeness: Ran Wik (') = Ep(T)Hae(H).
Here H,.(H) denotes the absolutely continuous subspace of H.

ANNALES HENRI LEBESGUE



Isozaki-Kitada modifiers on general lattices 259

Various examples of unperturbed operators Hy are given by Ando, Isozaki and
Morioka [AIM16, Section 3]. Note that, if the perturbation V' is short-range, i.e.,
Vi, = 0, we can set J; = Idy, thus there exist the wave operators in this case.
See [PR18] for short-range scattering theory for discrete Schrodinger operators on
various lattices. We also note that a long-range scattering theory in the case of
n = 1, e.g., discrete Schrodinger operators on square and triangular lattices, is
considered by Nakamura [Nak14] and the author [Tad19a]. Moreover, Theorem 1.4
covers an arbitrary periodic lattice £ with each primitive unit cell £/T" containing
finite elements, where I' & Z% denotes the transformation group associated to £. In
particular, it includes the result by the author [Tad19b], where a long-range scattering
theory for discrete Schrodinger operators on the hexagonal lattice is studied. See
also [DG97, RS79, Yaf10] and references therein for scattering theory of Schrodinger
operators on R%.

The key idea of the present paper is to locally observe the eigenvalues A\ (&) of
Hy(€). This enables us to construct modifiers via the Hamilton flow on T*T¢ =
R? x T? associated with \;(€) + Vi(x), where Vj is a smooth extension of V; onto
R? satisfying |09V, (z)] < C’(z)~*~1%l  as well as to have the limiting absorption
principle and the radiation estimate. For local observation of eigenvalues, we need
to use the eigenprojections of Hy(§) depending smoothly on . We note that the
concrete diagonalization of Hy(§) is employed in [Tad19b], where the representation
of diagonalization is smoothly defined globally away from the Dirac points.

The organization of this paper is as follows. We first prepare notations and proper-
ties of pseudodifference operators in Section 2. In Section 3, the limiting absorption
principle and the propagation estimate for H are studied. We use the Mourre theory
and a standard argument of the propagation of wave packets as in Yafaev [Yafl0,
Chapter 10]. The construction of conjugate operators is essentially due to Parra and
Richard [PR18]. Section 4 is devoted to constructing phase functions which are given
as local solutions to eikonal equations corresponding to each fiber of eigenvalues of
Hy(€). The construction of phase functions is due to [Nak22]. In Section 5, using
the phase functions in the previous section, we construct Isozaki-Kitada modifiers.
Finally in Section 6, we use lemmas in the previous section to prove Theorem 1.4.
The proof is based on Kato’s smooth perturbation theory, and is an analogue of that
in long-range scattering theory for Schrédinger operators on R? (see [Yaf10]).

2. Preliminaries
2.1. Representations of fibers

Let I" be as in Theorem 1.4, and let I € I'(Hy) be fixed so that I' € I € T'(H,).
For each p = (&, A\o) € Ferm(I'(Hy)), let G = G, be as in Definition 1.2. Then

{Gp}p e Ferm(r(ay)) is an open covering of Ferm(I'(Hy)). Since Ferm(I) is compact, we
can take a finite family {G;}/_, = {G,, }/_, of open sets which covers Ferm(T).

Note that {G; N Ferm(R)}/_, is also a covering family of Ferm(I). Let G}, k =

1,..., K, be the connected components of U}izlGj N Ferm(R). We see that each G,
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260 Y. TADANO

remains to have a graph representation

(2.1) G = {(& Ak(€)) [€ € Uk}

with some open set U, C T¢ and A, € C°°(Uy). We denote by Py(€) the projection
matrix onto Ker(Hy(§) — \g(§)) for £ € Uy. Then we have for ¢ € C°(1)

(2.2) W(Ho(8)) = ;M&(E))Pk(ﬁ)wk(ﬁ)-

2.2. Pseudodifference calculus

For a : Zd X ']I‘d - Mn(C) [ (Can’
(e, DoJu(a) = (20) 4 [ e Calw OFu(©)ds, ue M,

denotes the pseudodifference operator on Z4¢ with symbol a(x, ). If a depends only
on &, we denote by a(D,) = F*oaf(-) o F the Fourier multiplier associated with a(§)
in short.

We cite a lemma concerning the pseudodifference calculus on H (see [RT09, Theo-
rem 4.2.10] and the proof of [Tad19a, Lemma 2.2]).

LEMMA 2.1. — Let a: Z% x Z¢ x T — M,,(C) be a smooth function with respect
to T¢, and let

Aufw) = 20 [ 3 e ala,y, uly)de.

d
Suppose that for any o € Z<

(2.3) sup
(z,y,€) €Z4xZ4xTd

Then A is a bounded operator on (*(H).

8§‘a(:c,y,£)‘ < o0.

Let S™ be the symbol class of order m € R, i.e.,
a(z,-) € C* (Td; Mn((C)) , Vz ezt
s =da:2x T = MyC)|  sup  (&)el|geofa(z,g)| L
(z,6) € Z4x T4
<oo, Va,B € Z‘fr
where 0% denotes the difference operator as in (1.2).

The following two assertions are analogous to the composition formula for pseudo-
differential operators. See [RT09, Theorems 4.7.3 and 4.7.10] for the proofs.

LEMMA 2.2. — Let a € S™ and b € S*. Then a(x, D,)b(x, D,) = c(x, D,) with
some ¢ € S™ satisfying the asymptotic expansion

c(z,6) = D 3?&(@5)55‘[)(3375) c gmHt—M-1

lo| <M
for any M € Z, .
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Isozaki-Kitada modifiers on general lattices 261

LEMMA 2.3. — Let a € S™. Then there exists b € S™ such that a(x,D,)* =
b(z, D,) and b(x,€) — a(x,&)* € S™L.

2.3. Kato’s smooth perturbation theory

For a self-adjoint operator H and an H-bounded operator G, we say that G is
H-smooth if
1

(2.4) o IIUIIH:S:LPED(H) /_O:O HGe‘i“quH2 dt < oo.

For a Borel set I C R, we say that G is H-smooth on [ if GEg(I) is H-smooth, and
we also say that G is locally H-smooth on [ if G is H-smooth on [’ for any I’ € I.

There are several conditions equivalent to (2.4) (see e.g. [Yaf92]), and the one we
need in the following is:

(2.5) sup ||Go-(\, H)G"|| < o0,

AeER,e>0

where 0:(\, H) = s={(H — A —ie)™' — (H — A+ ie)"'}.

3. Limiting absorption principle and radiation estimates

In this section, we consider the limiting absorption principle and radiation estimates
for the proof of Theorem 1.4.

3.1. Limiting absorption principle

For a self-adjoint operator A and m € N, let
C™(A) = {S € B(H) ‘]R — B(H),t — e "48e’ is strongly of class C’m} ,
and C*®(A) = N, enC™(A). We denote by C'(A) the set of the operators S satis-
fying
[ st 4 etased s G < oo

We set the Besov space

dt
2

B = (D(<I>),H)%,17

where we have used the notation of real interpolation (-, -)s, between Banach spaces
(see [ABAMGY96, Section 2.1]).

The following proposition is called the limiting absorption principle. The proof is
given by the Mourre theory, and the construction of conjugate operators is essentially
due to [PR18, Lemma 6.2].

PROPOSITION 3.1. — Suppose Assumption 1.1. Then:
(1) The set of eigenvalues of H is locally finite in I'(Hy) with counting multiplic-
ities.
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262 Y. TADANO

(2) For any X € I'(Hy)\opp(H), there exist the weak-* limits in B(B, B¥)
* . . - \N—1
w —al_lg_lo(H A Fie) .
Moreover, each convergence is locally uniform in A\ € I'(Hy)\o,,(H). In par-

ticular, for any I' € I'(Hy)\opp(H),

3.1 H—\Fie)™ < o0.
(3) ([ =awieTy, 5 <o
Proof. — Let I" € I'(Hy) be arbitrarily fixed, and recall the representation (2.2).

We set xx € O2(U,) so that x;, = 1 on A\, }(I'). We also set the conjugate operator
A by

I
Wk

A =3 PDa)xk(Da)i | M(Da), 2| Po(Da)x(Ds)

i
I

o

£
Il
—

where
Mk =T Vg)\k(DI) + vf)\k(Dx) - X.

Now we employ the Mourre theory ([ABAMG96, Proposition 7.1.3, Corollary 7.2.11,
Theorem 7.3.1], see also [Tad19b, Theorem A.1]). Then, since A is (z)-bounded, it
suffices to show that H € C"!'(A) and that, for any ¢ € C°(T), there exist ¢ > 0
and a compact operator K such that the Mourre inequality holds:

(3.2) G(H)ilH, AJW(H) > cb(H)? + K.

For the first assertion, we easily see Hy € C*°(A), and V € CY(A) is proved
by (1.2), (1.3) and Lemma 2.2 (see [PR18, Tad19b] for details of the proof).
For the proof of (3.2), we learn by Definition 1.2(2) that

(3.3) ¢ (Ho)i[Ho, AJp(Ho)

= 23" Pu(D2)v (M(Da) ) xu(D2) [ Vehs (Do) P Pi(Da)ts (Me(Dar) ) xi (D)

K
2
Z CZ Pk(Dx)w(Ak(DxD Xk(Da:)2 > CQ/J(HO)Q'
k=1
It follows from (1.2) and (1.3) that [V, A] and ©)(H) —(H,) are compact, and hence
we have (3.2). O

Remark 3.2. — If we adopt the Mourre theory to H = H,, (3.3) implies that Hy
has purely absolutely continuous spectrum on I'(Hy).

Since B D (z)*H and B* C (z) *H hold for any s > 1 (see, e.g., [ABAMGY6,
Theorem 3.4.1]), (3.1) and the equivalence between (2.4) and (2.5) imply the following
corollary.

COROLLARY 3.3. — For any s > %, (z)~* is locally H-smooth on T'(Hy)\opp(H).
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3.2. Radiation estimates

In order to prove the existence and completeness of modified wave operators, we
use, in addition to the limiting absorption principle, other propagation estimates
called radiation estimates (see [Yafl0, Theorem 10.1.7]).

PROPOSITION 3.4. — Let I' € I'(Hy) be fixed, and let \p(§), k=1,..., K, be as
n (2.1). Weset fork=1,..., K andj=1,...,d,
Vi = { (9 M) (Da) = Xtaroy 2] 22542, (VeAs) (D))} P D) xi(Ds),
where x;, € C®(Uy,) is fixed arbitrarily so that x = 1 on A\;*(T'). Then
(34) Xgaroyl 72 Vi
is locally H-smooth on I'(Hg)\o,,(H).

Proof. — Fix k =1,..., K. For simplicity of notation, we write A\, P, x and VjL
instead of Ag, Py, xx and Vj;, respectively.
Let a € C*(R?) be fixed so that a(z) = |z| for |z| > 1, and let

aj = &cja, vy = ng)\.
We set

A= Z {a;(x ) +0j(Dz)a;(2)} (Px)(Dx).

Then A is a bounded symmetric operator. It follows from [Yaf10, Proposition 0.5.11]
and Corollary 3.3 that we only have to show

(3.5) (u, i[H, Alu) QZHX{x;«AoHéE! 127t~ Ol ) ul?

with some C > 0, where ¢ = min(2+,1) > 1
We show (3.5) in the rest of the proof. The representation (2.2) implies

i[Ho, A] = (Px)(Dy) - M - (Px)(Dy),

where
M = 2_:1 {i [ MN(Dy), a;(x)] - vj(Dy) +v;(Dy) -t [N Dy), a;(z)]}.

It follows from Lemma 2.2 that, formally,

_QZZW 2)@0(2)v;(Dy) + Ry,

Jj=1/¢=1
where aj; := 8,,0,,a, and Ry satisfies (x)?(Px)(D,)R1(Px)(D,) € B(H). Since for
[ > 1
ZL’jZL'g

aﬂ(x) = afeaﬂfj (‘l”) ‘ |

+5jg‘£€|
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we learn
(u,i[Ho, Alu) = —QZZ u 7WX{:):;£O}U
j=1/¢=1
(3.6) . | |
+237 (2] Xaroy? ) + (PX)(Da)u, Ra(PY)(Dy)u),
j=1
where
W o= (v;Px)(Dy)u,
and

R1+222a]£ Xx 0( ) (Dx)

j=1/4=1

also satisfies (z)?(Px)(D,)Ra(Px)(D,) € B(H).
On the other hand, a direct computation implies for = # 0

Viu@)| = [w (@)~ |l Q%ZW( (@) + u @) ()

d d
+ ]93|_4:vj2 Z Z prput(z)u™(x).

=1 m=1
Summing up over j = 1,...,d, we learn
d , A d d -
> [ Vi) = X ol @) — el Y23 g (u (@)ui (@) + uf(@)ed ()
j=1 =1 j=10=1
d d
(3.7) + 12720 Y et (z)u™(z)
f=1m=1
d d d
=) ‘u] (:C)‘ — 2] > merpul (z)u™(x), x #0.
j=1 (=1 m=1

Combining (3.7) with (3.6), we obtain
(u, i[H, Alu)
d
2 :
=23 |xerorll 2V 4 ((PX)(Da)u, Ba(PX)(Da)u) + (u, i[V; Alu).
=1
We see that (x)'*?[V,A] € B(H) by (1.2), (1.3) and Lemma 2.2. Finally we ob-

tain (3.5). O

4. Classical mechanics

In this section, we construct phase functions used for the definition of time-
independent modifiers J1 in (1.5). For the precise definition of Jy, see (6.1).
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Let \p(€) : Uy = R, k=1,..., K, be the functions in (2.1). The next proposition
concerns the classical scattering problem with respect to the Hamiltonian Ay, (€)+V; ()
on T"U, = RY x U, where V, is a smooth extension of V, onto R? such that
102V,(2)] < C" (z)=P~12l holds. See [Nak14, Lemma 2.1] for a concrete construction
of V.

The proof of the following proposition is given by [Nak22, Section 2] (see also [IK85,
Tad19al).

PROPOSITION 4.1. — Let A\i(§) : Uy = R, k=1,..., K, be fixed. Then for any
open set U @ Uy, and ¢ € (0,2), there exist R > 0 and smooth functions ¢% (x, )
defined on a neighborhood of

Dy s = {(w,f) e R x U’ |z| = R, £cos(z, VAr(§)) = —1 +5},

where
T V/\k(g)
such that
(4.1) M (Vah (2,9)) + Vilz) = M(€),  (2,€) € Dy

Furthermore, o~ satisfy for (z,€) € Dy, +

(42) 020 [l (,€) — - €]| < Capla) =71,
(43) V. Verh(n,6) ~ 1] < 5.

5. Construction of Isozaki—Kitada modifiers

Let I' € I'(Hp) be fixed. Let A\, € C®°(Uy), k = 1,..., K, be as in (2.1), and let
©% be the phase functions constructed in Proposition 4.1 with setting ¢ = i and U
so that A, '(T) € U € U,.

We take functions x, € C°(U;[0,1]), n € C*°(R?) and o+ € C*(R;[0,1]) such
that

(5.1) xk(€) =1, £e (D),
1 if |z| > 2R,
5.2 =
(5.2) n(x) {0 if o] < R,
1 if £0>1
. 0) = ok
(5:3) 7=(6) {0 it £0< -1,
(5.4) o, (02 +0_(0)>=1, R,

where R > 0 is the constant in Proposition 4.1. Then we define the Isozaki-Kitada
modifiers J¥ associated with the pair (P, Ax,Uy) by

(55) Teue) = (2m)7F [ @AEOs (2,0 Fu()de,
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266 Y. TADANO

where

st (2,€) == n(w)os (cos(w, VAK(€))) Pe(€)xx ().

We recall that Py (&) is the projection matrix onto Ker(Hp(€) — Ax(§)), and note that
supp s% C Dy, + holds. Their formal adjoints are given by

() uz) = F* ((%)3 > ewft(y")S’i(yw)u(y)> :

y€E€Zd

Direct computations imply

(5.6) sup  (z)

(x,£) eRIXTI

020¢sh (v, €)| < o0,

in particular (2.3) holds.
The next lemma follows from an analogue of the argument of calculus of Fourier
integral operators (see [IK85, Tad19a]).

LEMMA 5.1. — Let k = 1,..., K be fixed, and let p > 0 be the constant in
Assumption 1.1(2). Then:

(1) J% are bounded operators on H.
(2) The operators

) ()7 (T (JE) = shw, Do)sh (2, D)),
J ()7 ((J5)"JE = b, Do) sl (2, D))

are bounded on H.
(3) For any q > 0,

(5.9) (@)L (),

is bounded on H.
(4) Suppose that v = (£) € C=(T% M, (C)) commutes with sk (z,&) for any
(1,€) € Z% x T Then

(5.10) (@) [J5, (D))

is bounded on H. In particular, [J%,v(D,)] are compact.
(5) If k # ¢, then J%(JL)* =0, and (JX)*JL are compact on H.

Proof. — (1) We compute

JE(I5) @) = @)t [ Y ACOAEO) (@ 65t (y, €)uly)de.
yezd

We set b (z,£) — L (y,€) = (x —y) - (& 2,y), where

C(&z,y) = /01 Voo (y + 0(z — y), £)do.
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Then Proposition 4.1 implies that the mapping £ — ((&;z,y) is a diffeomorphism
from U into ((U) for any z,y € Z%. Thus we have

JE(J5) ) = o)~ [ S e (ay, Quiy)d,
yeZd

d§
det (dc>‘

Since |2—§(§) — I| < 5 by Proposition 4.1, (5.6) implies |0t} (x,y, ()| < C, for any
a. Therefore J¥ are bounded by Lemma 2.1.
(2) The same argument as in (1) implies

(5 (J) = sh(@ Do)sk(e, D)) ula) = 2m) 7 [ 30 ¢ (a,y, Quiy)dc,

y €74

where

th(z,y,¢) = st (2,&(¢ 2, 9))sh (v, £(C 2, )

where

r(@,y,¢) = th(z,y,¢) - sh(z, sk (y, ).
Since |0¢r(x,(,y)| < C}(r)", Lemma 2.1 implies the boundedness of (5.7).
The other case (5.8) can be treated similarly if we consider the justification of PDO

calculus; the argument using Poisson’s summation formula as in [Nak22, Lemma 7.1]
(see also [Tad19a, Lemma 2.3]) implies

F (in)* Jif*f(é)
,d /Rd /Td —ok (2,8)+¢k (z.n)) i(xf)si(xa??)f(n)d??dl' + K f(6),
Fsh(x,D,)*s ( D)F*f(
= (2m)” /Rd /qrd SRMOK (2 f)si(x n)f(n)dndx + Ky f(§),

where K, j = 1,2, is a smoothing operator in the sense that (D,)VK; € B(H)
for any N > 0. Then by changing variables x — [ Vepk (z,& 4+ 0(n — €))db, PDO
calculus on T? implies the boundedness of (5.8).

(3) By a complex interpolation argument, it suffices to show (5.9) for ¢ € 2Z, ..
Note that for o € Z4

Jeatu(w) = (2m)7F [ @Ok (@, €)1 Fu(¢)dg
= (=i)lem) [ op (O n.6)) Fu(e)de

Then we learn for any N € Z,,
T ()N u() = (2m) 72 /T LR (LN (2, ) Fu(€)de,
where L := (Veph)? —iAcpk — 2i(Veph V) — Ag. Since
07 (LVs4) (2, 8)] < Gy (@)™
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for any 8 € Z%, we have the boundedness of (5.9).
(4) Tt suffices to show the boundedness of (D¢)?[J%,1(£)] as an operator on
L*(T%,C"), where J% := FJE¥F*. A direct computation implies

(De)” [T, ()] £(€)
—@n) Y [ e @y (y) — (€)) (@, n) f(n)d

—(en) Y [ ) ()ow (o )5k (o) £ )y

+ @m0 S [ e @y € ) () Fo)dn,

where
Uy (2, ) =) — ¢ (Vo (o, m) |
Uy(z,€,m) =0 (Vaph (z.m)) — 9 (6).

The first term is treated similarly to (2), since |0p W, (z,1)| < Co(z)~* by (4.2). For
the second term, we first employ the argument in the proof of boundedness of (5.8)
to replace the summation over Z¢ by the integral on R¢ modulo smoothing operators.
Then, since

V(e &,) = (Vagh(en) — €) - [ Ve (€40 (Vagh (2.0) — €)) db

we have

(2m)” /Rd/ﬂ‘d o) ()W (2, €, ) s (2, m) £ (1)
=im [ [ e en)age . a) f(n)dnda,

where
alema) = V- (2 e, [ Ve (€40 (Vagh(,) - €)) o)

satisfies |0g0) 0a(¢,n, z)| < Cap,- Finally we apply [AF78, Theorem 2.1] to obtain
the boundedness of the second term.

(5) The first assertion follows from s (x,&)sy (y,€) = 0 for any z, y and £. For
the second assertion, we set 1), € C°°(T¢; M,(C)) so that ¢ (£) = Py(€) on supp xs.
Then we use the equality J§ = J¥(D,) and compactness of [J%, 1y (D,)], which

follows from (4). O
Now we prove the existence of the following (inverse) local wave operators

(5.11) W*(J):= s-lim e JemitHo gy (T,

(5.12) I=(J):= s-lim e!tHo g =itH pac(Ty,

for J = J;i with k = 1,..., K and # € {4, —}. Note that, if J is compact, then
WH(J)=I1*(J) = 0.
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We set xi € C2°(Uy,) so that x, = 1 on supp xx. Since
(Pexx)(Da)Jj — Ji = [(Pkfckz)(Da:)a Jfﬁ]
is compact by Lemma 5.1(4), we have
W (75) = WH((Pux) (D2) 5,
I~ (J;i) = [i<(Pk>~(k) (DI)J;:E)?
and thus it suffices to show the existence of (5.11) and (5.12) for
T = (PuXn)(Dy) 3.
LEMMA 5.2. —
(H(Pixa)(D2).JE — <Pk>zk><Dx>JiHo) ()
() [ A9k (@ July)de,

y€ezZd

where

(5.13) dh(x,8) = —in(z)o’, (cos(z, VeAr(€)))
Ve (O — |2 (2 - VeAr(€))?

Po()xx(€) + i (x,€)

2] Ve (§)]
and |8§ri(x,§)| < Cy{z)~min(+p2),
Proof.
Step 1. — Let

gla) = (o)™ [ S Ho©) PO (€
= n) [ e MOP(OEE.
Then we learn

Ho(Pua) (D:)TEu(e) = (2m) [ 37 (A9 (0, puly)ae

yezd
where
&Y (z,€) = 3 gy i(Ph (29,6 —eh (@) gk E(x—y, )
y€eZd
= > g(y)e YO0+ Rz, y, ))sh (v — ,8),
yezZd
and

R($7y7€) ‘= eXp [Z (gp]j:(:)j - yaf) - gplj:(aj,f) +y- VJJSO’:T:(:U?g))] -
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Since
‘8? Wi(flf —y,6) — (&) +y- VI@’;(%@H
= /01 08 (V. 0,) — V(e — 00,)) ]

‘ (/01 0 V2h (x — o0y, é)d¢> Hyde‘
< CB< > —p y>3+p

we learn \8?]%(3:, y,&)| < Ch(m)t=r(y)BreImaxtLIsl “and thus

93 gly)e v VEEO Ry, €)sh (x — y,€)

Iy

< Clx)~'°

Furthermore, since (5.6) implies the similar inequality

\3? [S’i(w — 4, &) — s (2, &) +y - Vst (z, 5)”
=l [ ([ 092 — 00y, €1d0) oyas] < Cote) ()"

we have

Z g( —iy- Vzwi(ﬁé) (:C—y 5)

y€zd

= 2 g)e "V REI (sh(@,6) —y - Vash(2,)) + O ((2)7?)

yezd

= (\WPitn) (Vo (2,6)) st (2,€) — iVeMPee) (Vaph (2,€)) - Vashi (2, €)
+0 (()7?).
Thus we obtain
a! (2, €) = Pike) (Vaph (2,6)) sh(x, €)
- lVg(/\kPkak) (ngﬁi<l’, 5)) ’ vxsi('I? £) + O (<x>7min(1+p,2)) :

Similar computations imply that

V(P (Do) Touta) = (2m) [ 32 e ARO)al2 e, uy)ie

y €4

(P (Do) T Hou(w) = (2m)* [ 57 A0 9ab(a, puiy)de,

yezd
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where

a?(x,€)
=V () (Pxe) (Vo (2, ) s (2, ) = iVe(Pesta) (Vi (2,)) - Vash (2, )
+0 (<x>—p—min(l+p,2)) ’
a*(x,€)
= (&) (Pexn) (Vaith (,)) 5 (2,€) — iMk(€) Ve (Pia) (Vagh (2, €) ) - Vashi (2, €)
+0 ((a)~mima+02).

Step 2. — Step 1 implies

ok (2,€)
= (Pute) (Ve (0,)) s (2, 6) (O (Vo (0, ) + V() = Me(9))
— iVe(Pee) (Vo (2, 6)) - Vash (,6) (Me(Vah (2,6)) + V(@) = M(©))
_Z(szf(k) (vx@j: x S )Vé)‘k( ISO:I: ) : xslj:('raf)
+0 ({a) minCe)

The first and second terms are of order (x)~'~* by (4.1) and (1.3). Moreover simple
computations imply that, setting v := VA, (€),

1 XU

V.5 (2, €) = n(e)o' (cos(z, ) ( ) PUOXR(E) + O (1))

U —
[zllv] [z 3yl
and therefore

ai(m, 6) = Z(Pk)Zk)<§>V§)\k(£) . vmsi(g;7 g) +0 <<x>—min(1+p,2))

= — in(x)o, (cos(x,v)) (‘”' @ “>2) PUE)(€) + O ((a) 0502

[ [z [v]
Here we have used (4.2) in the first equality to replace V% (z,€) by &. O

PROPOSITION 5.3. — Forany k =1,..., K, there exist the limits (5.11) and (5.12)
with J = Jf:.

Proof. — We only prove the existence of (5.11), since the other is done in the
same way.

We may assume p < 1 without loss of generality. The standard argument of
existence of (modified) wave operators (see, e.g., [Yafl0, Lemmas 10.2.1 and 10.2.2,
Theorem 0.5.4] and [RS78, Theorem XIII. 24]) implies that it suffices to prove that
H(PuXr)(Dg)JE — (Poxe)(Dg)JEHy is a finite sum of the form G%B;G with G
(resp. G}) being H-(resp. Hy-) smooth in I' and B; € B(H).
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We set
ab(w,€) = n(a)]a| 7% (9, Me(6) — a2 (2 - VeMr(€))) Pu(&)Xn(©),
M (2,) = —in(x)o’ (cos(x, VeAn(£)) ) Pr(€)x(€).
Then we observe that
af(, Do) = n(2)le| Vi,
where Vj; ; is as in Proposition 3.4. Moreover we have by the definition (5.13) of
af (z,¢)
d
af(w,€) = th(z,6) 3 aj(@,€)* + rh(z.),
7=1

where 9% (z,€) = O((x)~?).
We take functions y € C®(U,) and 6. (0) € C*(R) such that

) 1 i 46>
o:(0) = {o if £0> -3,

e(€) =1, &€ supp -
We set

(2, §) = n(@) PUO)Tu(E),
P (2, €) = n(w)5 (cos(z, VAk(E)) )P (e, €) + (1 — (@) (cos(x, m(&))))x 33
and
TFeue) = (2m)F [ 00 @, Fu()de,
AL jue) = (2m)78 [ @000 (@, ) Fu(€)de,
Ot julx) = (2m)7F [ OO (2, €)al (o, ) Fu(€)de.
Then it follows from the same argument as Lemma 5.1(2) that
JE(JE)" = 8" (2, Da)* + RE 1,
(J5) ALy = aj(w, D) + RY .
(J5)"CL ;= af(e, o)W (@, Do)al (e, D) + Y5,

where (x > o RE ol >i € B(H), ¢ =1, 2, 3. Moreover we learn by the argument in
Lemma 5.1(4) that

gk( )ZAij :Aij—i_Rijb
gk( )Cij_cij—i_Ri]&
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where (z )" R:I:]€< ) B B(H), ¢ = 4, 5. Thus we have, modulo operators of the

+p

form (z)~ 2" B(z)~ " with B € B(H),

H(Pex) (D) JE — (PeX)(Dy) JE Ho = ZCiJ

d
= Z 5F( D$)2C'i7j
j=1
d ~ ~
=SSRyt

<
Il
.

Jtak(x, D) (z, Dy)ak(x, D)

<
Il
-

Il
.M&

L(JL) AL U (2, Dy)af (2, Da)

<
Il
_

[T
M& =

§%(x, Dy)* AL b (z, Dy)al(z, D)

<.
Il
—

Il
M&.

Aijbk(az Dy)a}(z, D).

<.
Il
—

Since bY (x, D,) € B(H) and Proposition 3.4 implies a¥(x, D,) is Hp-smooth on T,
it remains to prove that A%  1s H-smooth on I'. However, the proof is completed if
we observe that a%(z, D,) and <x>1+Tp are H-smooth on I' and that

(AL,) AL = al(z, D.)af(w, D.) + RY,

1

where (x )HPR”( V2" € B(H). O

6. Proof of Theorem 1.4
We set
K
(6.1) Je=>"Jh,
k=1

where J#¥’s are given by (5.5). Then Proposition 5.3 implies the existence of the
modified wave operators (1.5). The proof of the intertwining property is skipped
since it is easily proved.

PROPOSITION 6.1. — W*(J5) = I*(J5) = 0.

Proof. — For the first assertion, it suffices to prove lim;_, 4 Jie‘itHou = 0 for any
u satisfying

(Pexr)(Dg)u = u.
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We easily see that

(V]IS

JEe=itHoy(z) = (27)~ /Ed ez‘(go’;(ac,s)fuk(&))77(90)0.3F (COS(%V)\,C(g)))]:u(g)dg,

The estimate (4.2) and the conditions (5.2) and (5.3) imply there is a constant ¢ > 0
such that on the support of the integrand

Verk (2,6) = tVA(E)] > [ = tVM(E)] — |2 — Vieidhi (,6)|

. \/1 — COS(JJ,2:|:V)\k<§>) |||tV A\ (€)] — Cz) =P

> c(je] + [HIVM(€)])

for sufficiently large +¢ > 0. The non-stationary phase method implies that
| T Hou(z)| < Oy (1 + ol + [t) N, z ez’ £t >0,

for any N > 1. Thus we obtain ||[W*(Jx)ul| = 0.
For the other assertion /%(J5) = 0, the intertwining property implies

IF(J) = IF(J)En(T) = Eg, (D) IF(T).
Thus we learn that for any v € ‘H

(IF(J2)u,v) = (Euy(DI*(Je)u, v)
= lim (e"Jre ™ E3(D)u, En,(I)v)

t—+oo
= tliinoo (EZ,C(F)U, eitHJer_itHoEHO(F)U)

= (B (), W= (Jz)0)

=0
by the first assertion. 0
PROPOSITION 6.2. — For any u € H,
(6.2) |W= ()| = (| By (D)ull,
(6.3) | ()| = 1B (D)l -

Proof. — We learn

[w=@y =

Jim |76 By (D) = i (w, 7" Tw),
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where u; = e "H0 By (T)u. Thus Lemmas 2.3, 2.2, 5.1(2), (5) and (2.2), (5.1), (5.4)
imply

[ Wzl + [

k=1
K
= tl&iﬂoo Ug, n(x)2 ’; (PkX@ (Da:>ut>
- tlg:noo (ut’ n(x>2ut)
= || B, (D)ul®.

Here we have used (2.2) and (5.2) to obtain 31, (Pux?) (D) Ew, (T') = Epn, (T') and
compactness of 1—n(x)2. Therefore we have the first equality (6.2) by Proposition 6.1.
The other equality (6.3) is obtained by the similar argument and the compactness
of w(H) — ¥ (Hy) for ¢ € C°(R). O
[t remains to prove the completeness of (1.5). However it is proved by the existence
of I*(J1) and (6.3).
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