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RESUME. — Soit S une surface fermée de genre g > 2, munie d’une mesure de probabilité
borélienne A de support total. Nous montrons que si f est un homéomorphisme préservant
A isotope a Iidentité tel que le vecteur de rotation rots(A\) € Hi(S,R) est le multiple d’un
élément de Hy(S,Z), alors f a une infinité d’orbites périodiques.

De plus, on peut supposer que ces orbites périodiques ont leur vecteur de rotation arbi-
trairement proche du vecteur rotation de toute mesure de probabilité borélienne et ergodique
fixée.
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1. Introduction
1.1. Rotation vector

If S is a smooth compact boundaryless oriented surface of genus g, we denote
Homeo(S) the space of homeomorphisms of S furnished with the C°-topology. This
topology coincides with the uniform topology because S is compact. The path-
connected component of the identity map Id, usually called the space of homeo-
morphisms isotopic to the identity, will be denoted Homeo,(S). A continuous path
I = (fi)iejoq joining the identity to a map f € Homeo,(S) is called an identity
isotopy of f. We call trajectory of a point z € S defined by I the path I(2) : t — fi(2)
joining z to f(z).

By compactness of .S, one knows by Krylov-Bogolioubov’s theorem that the set
M(f) of f-invariant Borel probability measures is not empty. More precisely it is
a non empty compact convex subset of the space M of Borel probability measures
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furnished with the weak* topology. Remind that the support of u, denoted supp(u),
is the smallest closed set of y-measure 1.

Let us recall the definition of the rotation vector of a measure u € M(f) (see
[Mat97, Pol92] or [Sch57]). Let I = (f;)tc0,1) be an identity isotopy of f. Fix z € §.
The homotopy class of I(z), relative to the endpoints, contains a smooth path =y
joining z to f(2). If o is a closed 1-form, the quantity [, o does not depend on the
choice of v and we denote it [;,) a. It is equal to h(f(2)) — h(z) if a is exact and h is
a primitive of a. One gets a real valued morphism a +— [g(/[;(,) @) du(z) defined on
the space of closed 1-forms, that vanishes on the space of exact 1-forms because pu is
invariant by f. So, it induces a natural linear form on the first cohomology group
H'(S,R). Hence, there exists a homology class rot;(1) € H(S,R), uniquely defined

by the equation
(o) = [ ([ ) aute

where « is any closed 1-form, [a] € H'(S,R) its cohomology class and
(,):H(S,R) x H(S,R) - R

the natural bilinear form. By definition rot;(x) € H;(S,R) is the rotation vector of
p (for the isotopy I). It is well known that two identity isotopies of f are homotopic
relative to the ends if the genus of S is larger than 1 (see [Ham66]). In that case,
Ji(») @ does not depend on I and one can write

rots(p) = rot;(p).

If O is a periodic orbit of f, one can define the rotation vector rot;(O) of O (or
rot;(O) if the genus of S is larger than 1) as being equal to the rotation vector of
1o, where pi is the probability measure equidistributed on O. In particular we have
rot;(O) = 0 if O is a contractible periodic orbit, which means that the loop I9(z) is
homotopic to zero, if z € O.

Let us give an equivalent definition. Furnish S with a Riemannian metric and for
every points z, 2’ in S, choose measurably a path ~, ./ joining z to 2’ in such a way
that the lengths of the paths 7, ., are uniformly bounded. For every z € S, and every
n > 1, consider the path

I"(z) = I(2)I(f(2) -1 ("7 '(2))
defined by concatenation, and the loop
Ln(2) = I"(2) 75 2).e-
Let us explain why there exists a p-integrable function rot; : S — H;(S,R) such

that for p-almost every point z € S, the sequence [I',,(2)]/n converges to rot;(z).
Moreover we will get that

rot;(p) = /rot[(z) du(z).

Indeed, if « is a closed 1-form, the function z — [}y a is well defined and continuous
on S. By Birkhoff Ergodic Theorem, there exists an integrable function /¢ satisfying
Js I¢du = ([a],rot;(p)) such that for p-almost every point z € S, the sequence
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(Jrn(z) @)/ converges to I(z2). In that case, the sequence ([fr,(,) @)/n also converges
to I2(z) because the lengths of the v, . are uniformly bounded. Moreover we have
Jr. )@ = (la], [[n(2)]). Now, consider a family (o)1 <i<2, of closed 1-forms whose
cohomology classes generate H'(S, R). For u-almost every point z € S, each sequence
([as], [T(2)]/n) converges to I&(z). It implies that the sequence [I',(2)]/n converges
in H,(S,R). Noting rot;(z) its limit, we have

(o) vots (1)) = [ 104(2) diz) = [ (], xoty (2)) dia(2)
which means that
rot;(p) = /rot;(z) du(z).

Let us give a last definition that will be used in this article. In the whole text
we will write [I'] € H,(S,Z) for the homology class of an oriented loop I' C S. Let
U C S be a topological open disk (meaning a simply connected domain) such that
u(U) # 0. Write ¢y : U — U for the first return map of f and 7y : U — N\ {0}
for the time of first return map. These maps are defined p-almost everywhere on U.
Kac’s Lemma [Kac47] tells us that ¢y preserves the measure p|y and that 7 is
p|y-integrable, and that moreover

/nwuzu(uf%w)zu(uf%w).

v k>0 kEZ

We also denote by py the normalized probability measure p|y/pu(U). One can con-
struct a map py : U — Hy(S,7Z) defined py-almost everywhere as follows: if ¢ (z)
is well defined, one closes the trajectory I™)~1(2) with a path 7 contained in U
that joins @y (2) to z, and set py(z) = [I"V®~1(2)4], noting that [I7V(*)~1(2)4] is
independent of the choice of «y. If the genus of S is bigger than 1 (what we suppose
from now), then this map does not depend on the choice of I. It is easy to prove that
the map py /7y is uniformly bounded on U and consequently that py is puy-integrable.
So, by Birkhoff’s theorem, there exist py-integrable functions py* : U — H(S,R)
and 7" : U — R such that for py-almost every point z it holds that

(1.1) gggzw@wnzw@,gggzm( 2)) =7’ (2).
These quantities are related to the rotation number by the fact that for py-almost
every point z, we have rots(z) = py*(2)/m*(2).

1.2. The main theorem

Let us begin this section by introducing the notion of homotopical interval of
rotation, that is inspired by the conclusion of Poincaré—Birkhoff theorem. If S is
an oriented closed surface, denote FHL(S) the free homotopy loop space of S. For
every k € FHL(S) and every I' € k, the homology class [I'] € H,(S,Z) does not
depend on the choice of T', we denote it [k]. If I' : R/Z — S is a loop and k an
integer, we can define the loop I'* : ¢ — T'(kt). For every k € FHL(S), every I € &
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and every k € Z, the free homotopy class of I'* does not depend on the choice of T,
we denote it x*. A homotopical interval of rotation of f € Homeo,(S) is a couple
(k,7), where k € FHL(S) and r is a positive integer, that satisfies the following:
there exists an integer s > 0 such that for every p/q € [0,1] N Q, one can find a
point z € S of period at least [¢/s], such that the loop naturally defined by I"(z)
belongs to xP. In particular, we have rots(z) = p/(rq)|[x].

Let us state the main result of the article.

THEOREM 1.1. — Let S be an oriented closed surface of genus g > 2. If f €
Homeo, (S) preserves a Borel probability measure A\ such that supp(A) = S and
roty;(\) € RHy(S,Z), then f has infinitely many periodic points.

More precisely, for every ergodic measure v € M(f) that is not a Dirac measure
at a contractible fixed point and every neighborhood U of rots(v) in H,(S,R), there
exists a homotopical interval of rotation (k,r) such that [k|/r € U.

Note that if f satisfies the hypotheses of the theorem and is different from identity,
then by ergodic decomposition it has an ergodic invariant probability measure v that
is not supported on a fixed point. Theorem 1.1 applies and implies the existence of
a homotopical interval of rotation; in particular f has an infinite number of periodic
points, of arbitrarily large period, and of rotation vector arbitrarily close to 0. If
rots(A) # 0, the measure v can be chosen such that rots(v) # 0 and consequently, f
has periodic orbits of arbitrary large period and with non zero rotation vector. In
any case, any ergodic Borel probability measure, supported on a contractible fixed
point or not, has its rotation vector approximated by rotation vectors of an infinite
number of periodic points. Remark that this property is also true for f equal to the
identity:.

Before explaining what are the two different sources of creation of homotopical
interval of rotation in Subsection 1.3, let us comment Theorem 1.1. We start by giving
a direct application. If w is a smooth area form on S, denote Diff] (5), 1 < r < oo,
the space of C" diffeomorphisms of S preserving w, endowed with the C"-topology,
and Diff], ,(S) the connected component of Diff],(S) that contains the identity. It is
a classical fact that Diff], (S) = Diff],(S) N Homeo.(S).

COROLLARY 1.2. — Suppose that g > 2. Then, for any 1 < r < oo, the set of
maps f € Diff], ,(S) that have infinitely many periodic points is dense in Diff7, , (5).

Proof. — There is no loss of generality by supposing that the measure p,, naturally
defined by w is a probability measure. Note that the map f — rot () is a continuous
morphism defined on Diff],(5). The continuity of this map can be obtained from the
first definition of rotation number, and the fact that for hyperbolic surfaces, the lifts
of homeomorphisms that are C%-close to the universal cover are themselves C%-close.

One can find a family of simple loops (I';)1<;<2, in S such that the family
([Ti])1<i<24 generates Hy(S,R). For every i € {1,...,2¢} consider a closed tubular
neighborhood W; of I';. It is easy to construct a divergence free smooth vector field
¢i supported on W; with an induced flow (hf);cr satisfying roty:(u,) = ¢[I';]. For
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every t = (t1,...,tay) € R¥, define f* =hi'o--- oh?gg o f. We have

2g 29
rot s (f) = rot s (p) + Zroth:i () = 1oty (pre) + > [Ty

i=1 =1

So, we can find ¢ “arbitrarily small” such that rot s (u,) € H1(S, Q). O

Remark. — A very close version of the theorem has been proved independently
by Rohil Prasad. A very strong recent result of Cristofaro—Gardiner—Prasad—Zhang
[CGPZ22|, whose proof uses Periodic Floer Homology theory, asserts that if w is a
smooth area form on S, then for every k € NU {oo}, the set of maps f € Diff*(9)
that have a dense set of periodic points is dense in Diff* (S) (which of course implies
that Corollary 1.2 holds in the smooth category, see also [CGPPZ, EH22]). The
following result is used in their proof: in the case where f € Diff;},(S) and rot () €
H,(S,Q)\{0}, the map f has a periodic orbit with non zero rotation vector. Moreover
they find an explicit upper bound of the period related to rot(u,) and to the genus
of S. As explained by Prasad [Pra25] in a recent note, a simple approximation process
permits to extend this result to the case where f € Homeo,(S) preserves p, and
satisfies rots(u,) € H1(S,Q) \ {0}. Moreover a blow-up argument allows to extend
the result in the case where rots(u,) € RH(S,Z) \ {0}. Consequently it holds that
f has infinitely many periodic orbits of period arbitrarily large. This last point is a
consequence of previous works where area preserving homeomorphisms with finitely
many periodic points are characterized ([TAZ07] in the case of the torus, [Cal22] in
the case of surfaces with higher genus). Using Oxtoby—Ulam theorem [OU41] and
the fact that every invariant probability measure is the barycenter of two invariant
probability measures, the first one atomic and the second one with no atom, the
measure [, can be replaced with any probability measure with total support. In the
present article, we give some precisions about the structure of the periodic points.

Remark. — The theorem is untrue in the sphere and in the torus. Indeed, suppose
that « € R\ Q.
The diffeomorphism f, of the Riemann sphere S? defined as follows

o0 if z = o0,
falz) = {e%mz if 2 €C,

preserves a probability measure p,, associated to an area form and has no periodic
point but 0 and oo. If I is an identity isotopy of f, then rot;(u,) = 0 because
Hi(S*:,R) = 0.
The diffeomorphism
Jo 1 R*/7? — R?/772
(z,y) — (z+ (@ + Z),y)
preserves the area form w = dx A dy and has no periodic orbit. If I = (g1a)ic 0,1,

then we have rot;(u,) = a(1,0) € RH(T? Z).

Remark. — In particular, the theorem asserts that if roty(A) = 0, then there
exists infinitely many periodic orbits. Moreover the set of periods is infinite if f is
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not the identity because there exist ergodic invariant measures that are not Dirac
measures at a fixed point. This result, that admits a version for the case g = 1, was
already known (see [Cal06]). It is a generalization of a result stated in the differential
setting (see [FHO3]) which itself is the two dimensional version of what is called
Conley conjecture, later proved in any dimension (see [Ginl0, Hin09]). Note that
in [Cal06] it is proved that if f has finitely many fixed points, then there are infinitely
many contractible periodic orbits.

Remark. — The theorem was well known for the time one map of a conservative
flow. Indeed, let X be a (time independent) vector field of class C' whose flow
preserves w. The equalities 0 = Lyxw = ixdw+dixw tell us that the 1-form g = ixw is
closed. Moreover it is invariant by the flow of X because Lxf = ixdfS+dix(ixw) = 0.
If f is the time one map of the flow (f*),cr of X, then, denoting I = (f*)ic0,1), We
know that for every closed 1-form «a;, we have

mmwmm-/(&xgwma
= [ ([ aCxenar) dua(e)
- (/’ () dpo(2) ) d

= z))dpi(2)

Noting that 0 = ix (@ Aw) =ixa A w — a Aixw we deduce that

(fal, ot (1)) = [ anB.

The fact that rot;(u,) € RH;(S,Z) implies that [3] € RH'(S,Z). Suppose for
instance that [3] € H'(S,Z). Then there exists a function H : S — R/Z of class C?
such that § = dH. Indeed, let us fix zp € S. For every point z € M, the value
modulo 1, denoted H(z), of J, B does not depend on the C! path ~ joining z, to z.
We get in that way a function H : S — R/Z of class C? such that 8 = dH. It is
invariant by the flow of X because

LxH = ZXdH—Fd’le = ’Lxﬂ = ix(iXLU) =0.

Denote sing(X) the set of singular points of X. Remind that the a-limit set a(z)
and the w-limit set w(z) of a point z € S are the sets of subsequential limits of the
sequences (f7"(z))n>0 and (f"(z))n >0 respectively. Note that by the definition of H,
a point of S is singular for X iff it is a critical point of the flow-invariant map H.
This implies that if z is not singular, then either the orbit of z is periodic, or its
limit sets a(z) and w(z) are contained in sing(X'). In particular the ergodic invariant
probability measures that are non supported on a singular point are supported on
a periodic orbit of f lying on a periodic orbit of the flow with rational period, or
supported on a whole periodic orbit of the flow with irrational period.

The union W of periodic orbits of the flow is non empty (by Sard’s theorem)
and open (again, this is a consequence of the fact that H is invariant by the flow).
Moreover every connected component V' of W is annular (meaning homeomorphic
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to R/Z x R). The genus being at least two, there exist singular points. Furthermore
S is not a sphere. It implies that there exists at least one end of V' such that
for every sequence (z,)n,>0 in V' converging to this end, the period of z (for the
flow) converges to +o00. So the period is not constant on V. It implies that f has
periodic points of arbitrarily large period. More precisely, the loops I' that appear
in the theorem are the simple loops contained in such a component V' that are non
homotopic to zero in V' and suitably oriented. Note that if rot;(u,) # 0, there exits
at least one connected component V' of W such that i.(H,(V,Z)) # {0}, where
iv : Hi(V,Z) — Hy(S,Z) is the morphism naturally defined by the inclusion map
1V — S, meaning that the periodic points in V' have non zero rotation vector.

Remark. — The hypothesis rot;(\) € RH;(S,Z) is necessary to get the theorem.
Indeed one can find smooth vector fields with finitely many singular points, whose
flows preserves an area form w and such that every orbit is dense if not reduced to
a singular point. The time one map of this flow f has no periodic points but the
singular points. Of course it holds that rots(\) € RH;(S,Z). Classical examples are
given by translation flows in a minimal direction.

Remark. — Corollary 1.2 was already known. In fact we have a much stronger
result: the set of maps f € Diff] (5) that have a hyperbolic periodic point with trans-
verse homoclinic intersection, is an open and dense subset of Diff] (.S) (see [CS22]).
This result has been known for a long time in the case where g < 1 (see [AZ03,
Doe97, Ol1i87, Oli00, Pix82, Rob73, TAZO07]). A difficult step in the proof of the case
g > 2 is to show that the set of maps f € Diff], ,(S) having at least 29 — 1 periodic
points is dense in Diff], (5.

1.3. Proof strategy

The main tool of the proof is the forcing theory developed in [CT18, CT22, Lel23],
which we introduce in Subsections 3.1 and 4.1. Using this tool, we analyse the
possible configurations that can occur under the hypotheses of Theorem 1.1. In most
of the cases, we will find a rotational horseshoe (defined in Subsection 2.5), which
will allow us to get the conclusion of the theorem. In only one case we will not be able
to find such a horseshoe and indeed, there are some examples of homeomorphisms
satisfying the hypotheses of Theorem 1.1 and without topological horseshoe, for
example time one maps of area preserving flows. The conclusion will be obtained
using an improved version of Poincaré—Birkhoff Theorem 2.1 in a suitable annulus.
Caratheodory’s theory of prime ends (see Subsection 2.4) will be used in this last
case.

More precisely, one can find a suitable identity isotopy I of f and a singular ori-
ented foliation F on S whose regular set coincides with the set dom(/) of points
with non trivial trajectory under the isotopy, that satisfy the following fundamen-
tal property: every non trivial trajectory I(z) is homotopic in dom(I) to a path
transverse to JF. Given an f-invariant ergodic probability measure v such that
v(dom(I)) = 1, the proof starts by building an approzimation of a typical orbit
for v (Lemma 5.1): it is an oriented loop I, transverse to JF, such that [I',] is
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close to roty(v), and such that, for v-almost every point z, the transverse path
defined naturally by the whole orbit of z draws this loop. We will consider an an-
nular covering space dom(I) of dom(I) where T, is lifted to a non contractible
simple loop T',. The isotopy I |ldom(r) and the foliation F can be lifted to dom([).

The union of leaves that meet I', is an open annulus B. Depending of the properties
of the trajectories of typical points for the measure v with respect to this annulus B,
we get different conclusions: if they cross or visit this annulus (see Subsection 3.3 for
definitions), then we are able to find a topological rotational horseshoe, by means
of the forcing theory results proved in Subsection 4.2; if they stay forever in this
annulus then we prove that Poincaré-Birkhoff Theorem 2.1 applies and implies the
existence of an infinite number of periodic orbits.

We strongly use, or develop, the results proved by Gabriel Lellouch in his PhD
thesis [Lel23]. In particular we will need the main result of [Lel23|, where A denotes
the natural intersection form on H;(S,R) (see Subsection 4.1): if p and p' are
two invariant probability measures such that rots(u) A rots(y') # 0, then f has a
rotational horseshoe. The hypothesis rot(A\) € RH; (S, Z) will be used once: with the
help of Atkinson’s theorem [Atk76], it will permit us to assume that [I',]Arots(A) =0
(where I', is the approximation defined above.).
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2. Definitions, notations and preliminaries

In the sequel, the letter S will refer to a closed surface while the letter > will
refer to any surface (not necessarily compact, not necessarily connected). If f is a
surface homeomorphism, p will refer to any f-invariant measure, A to an f-invariant
measure with total support, and v to an f-invariant ergodic measure.

2.1. Loops and paths

Let ¥ be an oriented surface (not necessarily closed, not necessarily boundaryless,
not necessarily connected). A loop of 3 is a continuous map I' : T — X, where
T = R/Z. It will be called essential if it is not homotopic to a constant loop. A path
of ¥ is a continuous map ~ : I — X where I C R is an interval. A loop or a path
will be called simple if it is injective. The natural lift of a loop I' : T — X is the path
v : R — X such that y(t) = T'(t + Z). A segment is a simple path o : [a,b] — X,
where a < b. The points o(a) and o(b) are the endpoints of 0. We will say that o
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joins o(a) to a(b). More generally if A and B are disjoint, we will say that ¢ joins
A to B, if 0(a) € A and o(b) € B. A line is a proper simple path A : R — . As
it is usually done we will use the same name and the same notation to refer to the
image of a loop or a path ~.

Note that a simple loop or a simple path is naturally oriented by its parametrization
(the increasing one). Let I" be a simple loop of ¥, and denote ¥’ the connected
component of ¥ it belongs to. If ¥’ \ I" has two connected components, we say that
I' separates ¥3; in this case the connected component that is located on the right
of I" will be denoted R(I') and the other one L(I'). We will use the same notations
R(M), L(A) for a line A that separates the connected component it belongs to. In
both cases, if v is a segment that joins R(I') to L(I"), then it holds that the algebraic
intersection number between I' and ~ is 1.

Let f be an orientation preserving homeomorphism of 3. A Brouwer line of f is a
line A that separates 3 such that f(\) C L(\) and f~*(\) C R(\). Equivalently it
means that f(L(\)) C L(\) or that f~'(R(\)) C R(N).

2.2. Poincaré—Birkhoff theorem

Let us consider the annulus A = T x I, where (0,1) C I C [0, 1], and its universal
covering space A = R x I. We define the covering projection 7 : (x,y) — (x4 Z,y)
and the generating covering automorphism 7' : (z,y) — (x + 1,y). We denote

1 : A — R the projection on the first factor.

Let J be a homeomorphism of A isotopic to the identity (meaning orientation-
preserving and fixing the boundary circles or ends) and f a lift of f to A. The map
p1 o f — py lifts a continuous function Y5 A = R because f and T commute. In

particular, for every z € A, for every lift Z € A of z and every n > 1, we have

; v (1) =1 (73)) = m(3).

Let z be a positively recurrent point. Say that f has rot;(2) € R as a rotation
number if for every subsequence (f™(z))r=0 of (f™(2))n>0 that converges to z, we

have
np—1

lim — E V5 (fz ) = rot 7(2).

k—+00 N
If O is a periodic point of f of period ¢, then there exists p € Z such that for every
Z € #1(O) we have f(Z) = T?(%). In this case, p/q is the rotation number of O
for the lift f . We will use the following extension of the classical Poincaré—Birkhoff
Theorem (see for example [Cal05]):

THEOREM 2.1. — Let f be a homeomorphism of A isotopic to the identity and f
a lift of f to A. We suppose that there exist two positively recurrent points z; and
z, such that rot7(21) < rot7(z). Then:
e cither, for every rational number p/q € (rot;(z1),r0t7(22)), written in an
irreducible way, there exists a periodic orbit O of f of period q and rotation
number p/q for f:
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e or there exists an essential simple loop I' C T x (0,1) such that f(T')NT = (.

Of course, we have a similar result in an abstract annulus, meaning a topological
space homeomorphic to A.

2.3. Homeomorphisms of hyperbolic surfaces

Let ¥ be a connected oriented hyperbolic surface without boundary, meaning
different from the sphere, the plane, the open annulus or the torus. One can furnish
>, with a complete Riemannian metric of constant negative curvature —1. The
universal covering space of 3 is the disk D = {z € C||z| < 1} and the group of
covering transformations, denoted G, is composed of Mobius automorphisms of .
One can suppose that the metric is of first type, meaning that the closure in C
of every G-orbit contains S; = {z € C||z| = 1} (see [Mat00] for instance). Every
hyperbolic element T' € G can be extended to a homeomorphism of D having two
fixed points on the boundary: a repelling fixed point «(7") and an attracting fixed
point w(T) (see [Eis95, Theorem 4.3.10]). For every z € D\ {«(T),w(T)}, it holds
that

lim 7%z = (T), lim T*z = w(T).
k——o0 k—+o00

The metric being of first type, the set of points a(T") and the set of points w(T'), T
among all hyperbolic automorphism, is dense in S;. Every parabolic element T" € G
can be extended to a homeomorphism of D having one fixed point aw(7T') on the
boundary (see [Eis95, Theorem 4.3.10]). For every z € D\ {aw(T)}, it holds that

lim T%z = aw(T).

k—+4o0

A homeomorphism f of ¥ isotopic to the identity has a unique lift f to D that
commutes with the covering automorphisms. We will call it the canonical lift of f. It

is well known that f extends to a homeomorphism f of D that fixes every point of
S1. If T € G is hyperbolic, then f lifts a homeomorphism fof S =3 /T. Moreover f

extends to a homeomorphism of the compact annulus 5 obtained by adding the two
circles J = J/T and J' = J'/T, where J and J’ are the two connected components
of S1\ {a(T),w(T)}. Note that every point of JU J" is fixed, with a rotation number

equal to zero for the lift f| ‘ﬁ\ (a(T), w(T)}- Similarly, if T € G is parabolic, then f lifts

a homeomorphism f of S=% /T that extends to a homeomorphism of 3 obtained
by adding the circle (S; \ {aw(T)})/T at one end of 3. Every point of this circle is

fixed, with a rotation number equal to zero for the lift f \@\ (ow(T)}-

2.4. Caratheodory theory of prime ends
In this small subsection we state a result that will be used once in the article,

consequence of what is called prime end theory (see [Mat82] for instance). Let S be
a closed surface of genus > 1 and U an open annulus of S. Say that an end e of
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U is singular if there exists a point z € S and a neighborhood of e in U that is a
punctured neighborhood of z in S. Otherwise say that e is regular. There is at least
one regular end because S is not the 2-sphere. Suppose that U is invariant by an
orientation preserving homeomorphism f. Then the homeomorphism f|; extends to
a homeomorphism f;; of a larger annulus U, obtained by blowing up each regular
end of U and replacing it with the associated circle of prime ends. Moreover if U is
a connected component of the complement of a closed subset X of fix(f), then the
extended map fixes each point of the circles of prime ends. More precisely, suppose
that I = (fi)icp,1) is an identity isotopy of f, such that f,(U) = U and X C fix(f;)
for every t € [0,1]. Then, the rotation number of the points on the added circles
(they are fixed) is equal to 0, for the lift of f;; to the universal covering space of U,
that extends the lift of f|y to the universal covering space of U, naturally defined

2.5. Rotational topological horseshoes
Let X be a connected oriented surface. Say that Y C S is a topological horseshoe

of f € Homeo,(S) if Y is closed, invariant by a power f” of f, and if f"|y admits a
finite extension g : Z — Z on a Hausdorff compact space Z such that:

e g is an extension of the Bernoulli shift o : {1,...,m}? — {1,...,m}%, where
m = 2;
e the preimage of every s-periodic sequence of {1,...,m}% by the factor map

contains at least one s-periodic point of g.

It means that g is a homeomorphism of Z that is semi-conjugated to f"|y and
that the fibers of the factor map are all finite with an uniform bound M in their
cardinality. Note that, if h(f) denotes the topological entropy of f, then it holds
that

rh(f) =h(f") =2 h(f"ly) = h(g) = h(o) = logg,
and that f" has at least ¢"/M fixed points for every n > 1.

Suppose now that S is a connected closed oriented surface. Say that a topological
horseshoe Y of f € Homeo,(S) is a rotational topological horseshoe of type (k,r),
where k € FHL(S) and r is a positive integer, if there exists a positive integer s such
that for every p/q € [0, 1]NQ, there exists a point z € Y of period at least [¢/s], such
that the loop naturally defined by I"9(z) belongs to x”. In particular the horseshoe
defines a homotopical interval of rotation. The rotational topological horseshoes
that appear in the present article will be constructed in an annular covering of an
invariant open set, satisfying the geometric definition given in [PPS18].

3. Foliations on surfaces

In this section we will consider an oriented boundaryless surface Y2, not necessarily
closed, not necessarily connected, and a non singular oriented topological foliation
F on . We will consider:
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the universal covering space S of X
the covering projection 7 : RS
the group G of covering automorphisms of this cover;
the lifted foliation F on 3.

For every point z € ¥, we denote ¢, the leaf of F that contains z. If ¢, : R — X
is a parametrization of ¢, inducing the orientation, such that ¢,(0) = z, we set
o (bz| 0,400y Nd @, = @ |(—s0 - Similarly, for every point Z € 53, we denote ¢; the

leaf of F that contains Z and we define in the same way ¢+ and gb The foliation
F being defined on a union of topological planes and being non singular, it has no
closed leaf. Moreover a leaf cannot accumulate on a point, it must be proper. So it is
a line and consequently it separates the connected component of Y it belongs to (by
Jordan theorem, because this connected component has to be a topological plane).

3.1. F-transverse intersections

A path v : J — X is positively transverse) to F if it locally crosses each leaf of
F from the right to the left. Observe that every lift 5 : J — 3 of v is positively
transverse to F and that for every a < b in J:

® 7|l meets once every leaf ¢ such that R(¢s) C R(¢) C R(dsp));
® Y|[a,5 does not meet any other leaf.

Two transverse paths v, : J; — Y and Yo i Jy — Y are said equivalent if they
meet the same leaves of F. Two transverse paths v : J1 — X and 92 : Jo — X are
equivalent if there exists a lift v, : J; — S of ~v and a lift 75 : Jo — X of 7, that are
equivalent.

Let 71 : J; — Y and Yo i Jo — ¥ be two transverse paths such that there exist
t1 € Jy and ty € Jy satisfying 1(t1) = J2(t2). We will say that 5, and 752 have
a F-transverse intersection at F1(t1) = Fa(ta) if there exist aq,b; € Jp satisfying
a; < t; < by and o, by € Jy Satisfying a9 < ty < by such that:

d ?’?1(@) C L(?’m(aQ ) gb:}?(aQ C L(%l(al))'

hd ~1(b1) C R(QS’YQ b2) ) ¢72 (b2) C R(Qb% bl))

e every path joining gzﬁvl (a1) 1O gzﬁvl b,) and every path joining qbw (az) tO gbw (b2)
must intersect.

It means that there is a “crossing” between the two paths naturally defined by 7,
and 75 in the space of leaves of F, which is a one-dimensional topological manifold,
usually non Hausdorff (see Figure 3.1).

Now, let 74 : J; — ¥ and 7, : Jo — X be two transverse paths such that there exist
t1 € Jy and ty € Jy satisfying 1 (1) = 72(t2). Say that ol and v, have a F-transverse
intersection at vy;(t1) = 72(tg) if 41 and 7, have a F-transverse intersection at
~1(t1) = Y2(t2), where 47 = J; — Y and 7 No i Jy — 3 are lifts of ~1 and 7, such that
F1(t1) = Fa(ta). If 41 = 2 one speaks of a F-transverse self-intersection. This means

(D n the whole text, “transverse” will mean “positively transverse”.
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Y1(a1) F2(b2)

Y2(az2) 71(b1)

Figure 3.1. Example of F-transverse intersection.

that if 4, is a lift of 4;, there exists T' € G such that 4, and T3, have a F-transverse
intersection at 31 (t1) = T (t2).

3.2. Recurrence, equivalence and accumulation

A transverse path (with respect to the foliation F) v : R — X is positively
recurrent if, for every a < b, there exist ¢ < d, with b < ¢, such that |,y and v|q
are equivalent. Similarly v is negatively recurrent if, for every a < b, there exist ¢ < d,
with d < a, such that 7|4 and 7|q are equivalent. Finally v is recurrent if it is
both positively and negatively recurrent.

Two transverse paths v : R — ¥ and v : R — X are equivalent at +oc if there
exists a; and a, in R such that 71|[a17+oo) and 72|[a2,+oo) are equivalent. Similarly v
and 7, are equivalent at —oo if there exists b; and by in R such that 71|(,oo,bﬂ and
V2| (—o0,b0] aTe equivalent.

A transverse path v : R — X accumulates positively on the transverse path
Yo : R — 3 if there exist real numbers a; and as < by such that fyl\[al,%o) and
V2| [as,b2) Ar€ equivalent. Similarly, v1 accumulates negatively on v, if there exist real
numbers b; and ay < by such that ’yl](_oo,bl] and 72|(a2752] are equivalent. Finally v
accumulates on s if it accumulates positively or negatively on vs.

3.3. Strips

We fix T € G\ {0} and consider
e the annulus £ = % /T (or, if 3 is not connected, the connected component of
5/T that is an annulus);
e the covering projections 7 : Yo Sand 7Y — PIX
e the foliation F on % induced by F.
Suppose that T, isa simple loop transverse to F. Then, [, is essential and Ve =

Wﬁl(f*) can be seen as an oriented line of 3, invariant by 7' and transverse to F.
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The set R o
B={ze%|¢:NT. #0}

is an open annulus which is ]?—saturated, meaning that it is a union of leaves.
Similarly

B=r'(B)={z€X| ¢:n7. £0}
is an F-saturated plane invariant by 7. We will call such a set a T-strip (or a strip
if we do not want to specify the covering transformation). In other words a T-strip
is a F-saturated plane invariant by 7" defined as the union of the leaves that meet a
transverse line invariant by 7.

The frontier of B, denoted OB, is a union of leaves (possibly empty) and can be
written 0B = 0B® LU 0B*, where
OB® =0BNR(3,), 0B*=0BNL(H,).
Let us state some facts that can be proven easily (see [Lel23, Lemme 2.1.7]). Note
first that:
e if there is a leaf ¢ C OB that is invariant by 7', then the set OB® or OB" that
contains ¢ is reduced to this leaf;
e if ¥ : R — ¥ is transverse to JF, then the set of real numbers ¢ such that
v(t) € B is an open interval (possibly empty).

Suppose now that 7 : R — % is transverse to F and that
{teR| y(t) € B} = (a,b),

where —oo < a < b < 0o. Say that

e 7 draws B if there exist t < t' in (a,b) such that ¢s) = Thsq)).

If, moreover, we suppose that —oo < a < b < 400, say that:

e 3 crosses B from the right to the left if 7(a) € OB® and 7(b) € OB*;

e 7 crosses B from the left to the right if F(a) € OB and 3(b) € OBE:

e 7 visits B on the right if 5(a) € OB" and 7(b) € OBF;

e 7 visits B on the left if 7(a) € OB* and 7(b) € OB".
We will say that 7 crosses B if it crosses it from the right to the left or from the
left to the right. Similarly, we will say that 5 visits B if it visits it on the right or
on the left. Note that T'(¥) satisfies the same properties as 7. Note also that if ¥
visits B on the right, then OB™ is not reduced to a T-invariant leaf. Indeed, suppose
that OBF is reduced to a T-invariant leaf gg With the notations above, we know
that 4|(4s) is included in L(¢) because it is disjoint from ¢ and ~(a) € ¢. Similarly,
¥(ap) 1s included in R(¢) because it is disjoint from ¢ and ~(b) € ¢. We have found

a contradiction. An analogous property holds if 4 visits B on the left. Let us state a
lemma whose proof is straightforward.

LEMMA 3.1. — At least one of the following situations occurs (the two last
assertions are not incompatible):
° 7 CI“OSS@S~§ ;
e 7 visits B;
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e 7 is equivalent to 7, at +00 or at —oo;
e 7 accumulates on 7, positively or negatively.

Let us conclude this list of properties by the following ones (see [Lel23, Sec-
tion 2.1.2.¢]):

PROPOSITION 3.2. — We have the following results:

o If ¥ visits and draws B, then 7 and T(7) have an F-transverse intersection
and so v = 7 oy has an F-transverse self intersection.

e If ¥, crosses B from the right to the left, if 35 crosses B from the left to the
right and at least one of the paths 3, or 5, draws B, then there exists k € Z
such that 7, and T*(;) have an F-transverse intersection, and so 4, = 7 07
and o = T o y9 have an F-transverse intersection.

3.4. More about the accumulation property

In this final paragraph, we will suppose moreover than ¥ is connected and that
Y # R?/Z2. The goal is to prove the following result that has its own interest and
will be used in the sequel to prove Theorem 1.1. This statement is stronger than
some results of [Lel23, Section 2.1.1]. It describes how a path v; can accumulate on
a path 9, the conclusion is that the situation depicted in Figure 3.2 is more or less
the only one that can occur.

PROPOSITION 3.3. — Suppose that v, : R — ¥ is a positively recurrent transverse
path that accumulates positively on a transverse path v, : R — .. Then, there exists
a transverse simple loop I', C ¥ with the following properties.

(1) The set B of leaves met by I, is an open annulus of ¥.

(2) The path =, stays in B and is equivalent to the natural lift of T,.

(3) If 54, 72 are lifts of v1, 2 to the universal covering space S such that Y1!far,+00)
is equivalent to ’yglm by) and if B is the lift of B that contains 71, then one of
the inclusions qbw bo) C OBE, qbw bo) C OB holds. In the first case, we have
BcC L(qb) for every ¢ C dB® and in the second case, we have B C R(¢) for
every ¢ C OBL.

In Proposition 4.19 we will get additional properties when the paths are supposed
to be trajectories that are typical for some ergodic f-invariant measures. The proof
of the proposition above will be developed along the section by means of a collection
of lemmas.

Proof. — Note first that if I' : T — X is a loop transverse to F and 5 : R — dom(!)
is a lift of I', there exists T" € G such that 5(t + 1) = T'(3(t)) for every ¢ € R. The
foliation F being non singular, there is no transverse loop. We deduce that 7" is not
the identity and that 7 is simple. The periodicity condition tells us that 7 is a line.
So it defines naturally a T-strip, the union of leaves meeting 7. We will say that T
and B are associated to 7.

Let us start with a lemma.
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e
i

T

Figure 3.2. An example where Proposition 3.3 holds.

LEMMA 3.4. — Let ' : T — X be a transverse loop and 7 : R — dom([) a lift of T,
Let T € G be the deck transformation associated to 7 and B the T-strip associated
to 4. Suppose that there exists a deck transformation T" € G and a € R such that
Y{a,a+1] is equivalent to a subpath of T'y. Then 7|jqq41) NT'"Y # 0. Moreover, if I is
a simple loop, then T" € (T').

This lemma can be reduced easily to the following fact.

SUB-LEMMA 3.5. — Let I' : T — ¥ be a loop transverse to F. Then, there exists
z € I" and 2’ € T such that ¢} does not meet I" but at the end point and ¢_, does
not meet I' but at the end point.

Proof of Lemma 3.4. — By Sublemma 3.5, there exist z, z’ in I' (possibly equal)
such that ¢F and ¢, do not meet T' but at their end point. Denote z = F(b),
7' = (V') the respective lifts of z, 2’ that belong to 7|jg,q+1). There is no loss of

generality by supposing that b < b'. The union of ¢, ¢3 and 5([b,¥']) defines a line
of 3 that separates ¢z \ {Z} and ¢F, \ {Z'}. If T’ does not meet F([b,¥']), then, by
Sublemma 3.5, it does not meet this line. So (as by the hypothesis of the lemma
it intersects both ¢: and ¢») T'F must intersect ¢z \ {Z} and ¢% \ {#'}, which
contradicts the connectedness of 7" and the fact that it is disjoint from the line.
We have got a contradiction. We conclude that T3 N J|jqq+1) 7 0.

In the case where I" is simple loop, we know that

TANY#£0) < TA=7 < T € (T). O

Proof of Sublemma 3.5. — Fix z € I'. The loop I" being transverse to F, there
are finitely many parameters ¢ € T such that z = I'(¢). Consequently, there exists a
compact neighborhood W, of z, a homeomorphism @, : W, — [—1,1]? and a finite
set I, such that:

e &, sends z onto (0,0);

e &, sends F|w, onto the vertical foliation oriented upward,;

e we have @, (I' N W,) = U;eyr. gr(vs.), where ¢, : [-1,1] — [-1,1] is a
continuous function satisfying 1; .(0) = 0.
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=, V(X NW,)
v AT DALY
T I

]
/-

>
A

N\

Figure 3.3. Local configuration of the path I" and the foliation F (in red) around
the point 0 = V,(z) in Sublemma 3.5.

Here the notation gr(¢)) denotes the graph of ¢ : [—1,1] — [—1, 1] oriented from the
right to the left. See Figure 3.3 for an example of such a configuration.
Consider the two continuous functions

Y, = HEHIH Vi, U= max (I

(3 z 2 z

and define
v =07 (er(WD)), v =07 (er(wd)).
We will argue by contradiction by supposing that for any z € T', the path ¢} meets

I' in a point that is not the end point. In that case, for every z € I', there exists a
sub-path 6, : [0,1] — X of ¢} such that

5.(0)=z ©&.(1)el, 6.(0,1)nT =0

In particular we can define a first return map 6 : I' — T' by setting 0(z) = 0,(1).
We will prove that X = U,r0.([0,1]) is a compact sub-surface (possibly with
boundary).

Note that for every z € I', the function # induces a homeomorphism from a
neighborhood of z in 7} to a neighborhood of #(z) in Yo(») and consequently that
every point d,(t), t € (0, 1), belongs to the interior of X. Moreover, reducing the W, if
necessary, one can suppose that ¢ is continuous on 7 and that X, = U, ..+ 0-([0, 1])
is compact. The compact set

X =07 ({() € 017 v (@) <y < v @)}
satisfies the equality

2z €y

XA\{= U (1))

2 € (W=NT)\v

which implies that
U d.(0,1]) = X, UX..

zZeWw,nr
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The loop I" can be covered by finitely many W,, z € I', and so X is compact. By
compactness of X, reducing the W, if necessary, one can suppose that the following
alternative holds:

(1) either «, is contained in the image of § and W, is included in X,
(2) or v, is disjoint from the image of § and we have

X, = o ({(w.y) € (017 [0 @) <y < 1}).

The fact that every point 0,(t), z € I', t € (0,1), belongs to the interior of X implies
that every point z of the frontier of X belongs to I'. Moreover W, satisfies the second
property. We have proved that X is a compact sub-surface (possibly with boundary).
Note that for every z € 90X it holds that ¢ \ {z} C int(X) (in other terms the
foliation is pointing inward on the boundary).

By hypothesis, 3 is connected and different from R?/Z2. So, it does not bear a
non-singular foliation. We deduce that X is a surface with boundary. More precisely
it is homeomorphic to the closed annulus because it bears a non singular foliation.
Let U : X — S? be a topological embedding compatible with the usual orientations.
The loop ¥(T') is homologous to 0 in S? and one can define a dual function 7 :
S?\ ¥(T') — Z. Such a function is defined by the following property: for every z,
2/ in §*\ ¥(T") and every path /3 joining z to 2/, the algebraic intersection number
U(T) A B is equal to n(2’) — n(z). Let U be a connected component of S? \ ¥(T")
where 7 reaches its maximum. The set U(I") being connected, the closure of U is a
topological disk. Moreover the fact that n reaches its maximum in U implies that
for every z € OU it holds that ¢ \ {z} C U. So U is not a connected component
of $? \ ¥(X) and it holds that U C (X). Summarizing, we have found a closed
topological disk bearing a non-singular foliation pointing inward on the boundary.
We have got a contradiction. O

Let us explain how to construct the simple loop Iy, associated to 7, that appears
in Proposition 3.3. As 7, is positively recurrent, there exist two numbers ¢; < ¢},
with ¢; > ay, such that ¢.,(c,) = ¢4, (see Figure 3.4 for these different points). It
implies that 71, ¢ is equivalent to a transverse path 7, : [c1, ¢}] — X such that
Ye(c1) = 7(c}). To get 7., one can modify v, on a left neighborhood of ¢, the
modification taking place in a flow box containing the segment of leaf joining = (¢;)
to y1(c}). The set

x={@t) e [01,6’1]2‘ t<t and 7. (t) = 7(t)}

is non empty (because it contains (c1,c))) and compact. Indeed, it is closed in
{(t,¥") € [e1, )| t < t'}, an its closure in the compact set {(t,¢) € [e1, )| t < t'}
does not contain any couple (¢,t). The function (¢,t') — t' — t being continuous

and positive on X, reaches its minimum at a couple (¢f, c}"). So, replacing (cy,c})

with (], ") if necessary, one can always suppose that 7.(t) # ~.(t) if t < ¢ and
(t,t') # (c1,c}). One defines a continuous map I', : T — S by setting I',(t + Z) =
V(1 =1t)ey +tc)) if t € [0, 1]. This map being injective, it is a simple loop transverse
to F. We denote B the union of leaves met by T',.
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Figure 3.4. The different objects appearing in the proof of Proposition 3.3,
Lemma 3.6 and Claim 3.7. The leaves are in orange.

By hypothesis there exist two lifts 7, and 75 of respectively v, and v, to S such
that ¥1|(a;,+00) a0d Y2|[a0,5,) are equivalent. We denote ¥, the lift of I', that contains
F1(c1). Then we consider the deck transformation 7" and the T-strip B associated to
4. Note that T" is primitive because I', is simple.

LEMMA 3.6. — The path 1|(¢, +oc) is included in B.

Proof. — We will argue by contradiction and suppose it is not. Then there exists
dy > ¢}, uniquely defined, such that 41(d;) ¢ B and 71|, ,a,) C B (see Figure 3.4).

CLAIM 3.7. — There exists a deck transformation R € G and ~rea] numbers
ey < €|, with e; > ay, such that either Pﬁlhel,eg] draws and crosses B, or it draws

and visits B.

Proof. — Note that to prove this claim one has to find R € G and e; < €| such
that Ry, ) draws B and both R7;(ey) and R¥4(¢}) do not belong to B.

As v, is positively recurrent, there exist real numbers e/ < €}, with e/ > dj,
and a deck transformation R € G such that R7|ir .1 is equivalent to 1|, q¢,); in

particular:

° 771|[c1,c’1 ] is equivalent to a subpath of R”~Vl|[e’1’76’1 I;

o Ryi([ef,€})) C B and Ryi(e}) ¢ B.
To prove the claim, it is sufficient to show that Ry ([a1,€})) ¢ B, because in that
case there exists e; € [ay,e/] such that Ry1((eq,€})) C B and R7i(e;) ¢ B.

We argue by contradiction. Suppose that R7:([a1,€})) is contained in B. Then
71([ay,€,)) is contained in R~'(B). Recall that there exists ¢ such that Vel lt,41]
is equivalent to i, ) which is a subpath of 1, ¢r). It implies that .|y
is equivalent to a subpath of R~'3, because 71([ai,€})) is contained in R~'(B).
Lemma 3.4 applies and ensures that R~! € (T'). As B is invariant by T', the condition
RA1([a1,€})) C B gives 71 ([a1,€,)) € B. This contradicts the condition 71(d,) ¢ B,
because a; < d; < €]. O
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As 71 is positively recurrent, there exist sequences (e1,,)n>0 and (€} ,)n>0 With
ap < ern < €y, < eiaq1, and a sequence (Ry,), o of deck transformations, such that
RoF1liey et ] is equivalent to RA1le,¢)- As 71 accumulates on 7y, a similar statement
holds for 7,: there exist sequences (€2,)n>0 and (€5, )n>0 With ay < ez, < €5, <
€2 nt+1 < by such that Rn%’[ez,meg,n]? is equivalent to R;?l‘[el,e/l]- Note that the R,, are
all different because every leaf of F intersects 5([ag, by]) at most once.

We have two possibilities given by Claim 3.7: either R7|j, ) draws and crosses
B, or it draws and visits B.

Suppose that R%hel,ei] draws and crosses B. In this case, for any n € N, the
path Rn%‘[e;me’g,n} intersects 7,. Replacing R,, with T%» o R,, for a certain k, € Z if

necessary, one can suppose that Rn%’[ez,n,e’z,n] intersects ¥ |+41) and so B, (Y r.e41))
intersects o([az, bo]). It contradicts the fact that the action of G on compact subsets
is proper.

Suppose now that R7|j, ¢ draws and visits B. Then BA1ley ety and T RY1 (e, e
have an F-transverse intersection. One deduces that for any n € N, one has
RoYalies e, ] and T'RA1|j¢, ¢ have an F-transverse intersection because R,7s | [e2.m:6), ]
and RY1lje, ¢ are equivalent. Consequently, it holds that Rn¥a|(e, e .} VT RY1](ey,e1]
# 0 and so that R,¥aliayp,) N TRY1|e,er) 7 0. It contradicts once again the fact
that the action of G on compact subsets is proper. This finishes the proof of
Lemma 3.6. O

By Lemma 3.6, we know that 1|, 100) stays in B. We first prove that 5, cannot
accumulate in 7.

Indeed, otherwise, as v is positively recurrent, there exist deck transformations
(Rn)n>0 € G and parameters d, < d], both going to 400 such that 7|4, is
equivalent to Rn%hq,c’l 1, which is itself equivalent to R,¥.|+1]- The fact that ¥,
accumulates in 7, implies that R, ¢ (T') eventually. Recall that for any n, the path
Y1lidn,a,) is equivalent to a subpath of 7,; this allows to apply Lemma 3.4 to the
simple path T',, which implies that R, € (T}, a contradiction.

Hence, there exists t; € R such that ¥, ;) is equivalent to 7*|[t1 +o0)- Moreover
it is equivalent to ¥o(c,,5,), Where g € [a2, bo]. It implies that gzﬁw2 by C OB. We do

not lose generality by supposing that ¢72(b2 C dBL. We choose dal, € [cy,bs) such
that ¥, ([a5, ba]) € L(7.).

LEMMA 3.8. — For every leaf ¢ C B it holds that B C R(¢).

Proof. — See Figure 3.5 for an example of configuration of the proof. Suppose
that there exists a leaf ¢y C dB” such that B C L(gg) One can find a transverse
path 75 : [as, bs] — % such that 75(as) € ¢o and F3((as, bs]) C B. Such a path enters
in B by the left. By taking a smaller by if necessary, we can suppose moreover that
Ys([as, b3]) C L(7.). We will prove that it prevents 7; accumulating positively in 7.
If X is an oriented line of B, denote R;(\) the connected component of B\ X located
on the right of A and Lz()\) the connected component of B\ A located on the left
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Figure 3.5. The configuration of the proof of Lemma 3.8.

of X. One defines two oriented lines X, A3 of B by setting

-~ _ 1~ -~ _ ~
(3.1) o= (Taligon) Oy As = Taliasns] O3, -
The line 7, intersects g?s%(a;) in a unique point Z, and we have Z, € QNS,?Y: (a)" Similarly,
7. intersects g%(bS) in a unique point z3 and we have Z3 € qg%;(b?)). Denote 5 C qg:m(@)
the segment that joins 7s(ab) to Za and &3 C ds(,) the segment that joins 3(bs) to

Z3. By compactness of all segments, if n is large enough, then we have

(32) T”(%([ag, bg]) U 5’3) N (5/2([@/2, bg]) U 5'2) = @
Moreover, one can suppose that
anb%(bs) - L(¢72(a’2)>‘

The fact that Fa([aj, b)), &a, F3([as, bs]) and &3 are included in L(7,) while ¢Z, and

1. are included in R(7,) tells us that
(3.3) gL N (Fa([ah, ba]) U Ga) = T (Fa([az, bs]) U &s) N o3, = 0.
By combining (3.1), (3.2) and (3.3), we deduce that the lines Ay and T"\3 are
disjoint. B B

The sub-path of 7, that joins Zp to T"z3 is disjoint frgm Ao and T™ A3 but at its
endpoints, entering in Lz(A2) at 25 and leaving Rz(T"\3) at T"Z3. Consequently
the inclusion L 5(TmXs) C L B (X2) holds. Every leaf ¢ C Lj(¢rnz,) is disjoint from
T A3. It is contained in L(T™A3) because the sub-path of 7, that joins ¢pn(z,) to ¢ is
disjoint from 7™ A3 but at 7"Z3 and enters in L 5(T")3) at T"Z;. The contradiction
comes from the fact that ¢ must intersect (s 1,) because ¢ C L(dz,). O

LEMMA 3.9. — The set B is an open annulus of 3.
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Proof. — Suppose it is not. Then there exists a deck transformation 7" ¢ (T')
of ¥ such that 7B N B +£ (. As B is the set of leaves met by 7,, it implies the
existence of t € R such that T"7.(t) € B. The line 7, lifts the simple loop I'y and
so we have T'y, N5, = (. Moreover, there is at least one leaf of F that is met
both by 7. and T"7,. Consequently, one of the following inclusions L(7"7,) C L(7.),
L(3,) € L(T'3,) holds. Replacing T" by T"~! if necessary, one can suppose that the
first inclusion holds, which implies that 7"7, C L(7,).

Note that 7"5. cannot accumulate on 7, (neither positively nor negatively) because
the natural lift v, of I', is recurrent and so, by Lemma 3.4, cannot accumulate on
itself. Moreover it cannot be equivalent to 7, neither at +00 nor at —oco (by using
Lemma 3.4). It cannot cross B because T" Y+ N7, = (. It remains to prove that it
cannot visit B.

Using the fact that 7", C L(7.), the line 7", must visit B by the left if it
visits B. This contradicts Lemma 3.8: no transverse trajectory enters in B by the
left side. 0

To prove Proposition 3.3, it remains to prove that 7; is entirely contained in B
(which will imply that 7, is entirely contained in B). But this is implied by the facts
that vija,,+00) is contained in B and that +, is recurrent. This finishes the proof of
Proposition 3.3. [l

The following results (and others related to the accumulation property) were
already stated by Lellouch in [Lel23, Section 2.1.1]. Using the precise description
given here, we get them as a trivial corollary.

COROLLARY 3.10. — Suppose that v, : R — ¥ is a positively recurrent transverse
path that accumulates positively on a transverse path v, : R — 3. Then there is
no positively or negatively recurrent transverse path 7, : R — X that accumulates
positively or negatively on ~;. In particular a positively recurrent transverse path
does not accumulate on itself. Also, the accumulated leaf ¢.,,) is not met by ;.

Proof. — To prove the first point, it suffices to note that by Proposition 3.3, the
function t = ¢, (1) is locally injective. The last point comes from the fact that - is
contained in B while ¢.,,) is contained in the frontier of B. O

4. Forcing theory
4.1. Maximal isotopies and transverse foliations

Let 3 be an oriented boundaryless surface, not necessarily closed, not necessarily
connected and f a homeomorphism isotopic to the identity. Recall that if I =
(ft)te 0,1 is an identity isotopy of f, the trajectory I(z) of a point z € ¥ is the path
t — fi(2) defined on [0, 1]. We can define the whole trajectory of z as being the path

"(z) = T (/")

keZ
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constructed by concatenation. More precisely, on every interval [k, k + 1], k € Z, it
is defined by the formula:

IA(2) e fi (F4(2)).
We define the fized point set and the domain of I as follows:
fix(I) = () fix(fy), dom(I) = X\ fix(I).
te[0,1]
Denote Z the set of identity isotopies of f. We have a preorder on Z defined as
follows: say that I < I’ if
o fix([) C fix(I');
e [’ is homotopic to I relative to fix(I).
Let us state two important results. The first one is due to Béguin—Crovisier—Le

Roux [BCLR20] (see also [Jauld] for a weaker version). The second can be found
in [Cal05].

THEOREM 4.1. — For every I € Z, there exists I' € T such that I < I" and such
that I’ is maximal for the preorder.

Remark. — An isotopy [ is maximal if and only if, for every z € fix(f)\fix(/), the
loop I(z) is not contractible in dom(/). Equivalently, if we lift the isotopy I|dom(r) to
an identity isotopy I = (f,)ic 0] on the universal covering space dom(I) of dom(1),
the maximality of I means that f; is fixed point free. Note that every connected
component of dom(I) must be a topological plane.

THEOREM 4.2. — If I € T is maximal, then there exists a topological oriented
singular foliation F on M such that
e the singular set sing(F) coincides with fix(I);
e for every z € dom(I), the trajectory I(z) is homotopic in dom([), relative to
the ends, to a transverse path v joining z to f(z).

We will say that F is transverse to I. It can be lifted to a non singular foliation F
on d/oTn(I ) which is transverse to I. This last property is equivalent to saying that
every leaf gg of F is a Brouwer line of the lift f induced by I, as defined in Section 2.1.
The path v is uniquely defined up to equivalence: if v; and = are two such paths
and if z € d,o\r/n(f) lifts z € dom([/), then the respective lifts 7y, J5 of 71, o starting
at z join this point to f (2) and consequently meet the same leaves of F. We will
write v = I#(2) and call this path the transverse trajectory of z. It is defined, up to
equivalence, on [0, 1]. For every n > 1, we will define by concatenation the path

I3(z) = Ir(2) I7(f(2) - Ir (£771(2)) -
We can also define the whole transverse trajectory of z as being the path
I3z = I] 17 ((2))
keZ

coinciding on [k, k + 1], k € Z, with Ix(f*(z)) after translation by —k. Similarly, we
define

~n ~

FE) =315 (F2) -1z (7'(2)

ANNALES HENRI LEBESGUE



Conservative surface homeomorphisms with rational rotation 353

and
=11 1:(7).

~Recall that a flow-box of F is an open disk U of dom(I) such that the foliation
F|g is homeomorphic to the foliation of R? by verticals. The following results, easy
to prove (see [CT18, Lemma 17]), will be useful in the article.

PROPOSITION 4.3. — For every z € dSI/n(]) and every pair of integers ki < k»
there exists a neighborhood U of % such that for every 3’ € U, the path ]Z( Z) |k ko]

is a subpath (up to equivalence) of I%T( MNigr—1,k94+1]-

PROPOSITION 4.4. — For every Z € dgr/n(_f) and every neighborhood V of , there
exists a flow-box U C V containing Z, such that for every z' € U, the path IZﬁ(E’)
intersects every leaf that meets U.

Remind that if f is a homeomorphism of ¥, a point z is positively recurrent if
z € w(z) and negatively recurrent if z € a(z). In the case where z € a(z) Nw(z),
we say that z is recurrent. For instance, if p is an invariant finite Borel measure
on S, then p-almost every point is recurrent. The following result is an immediate
consequence of Proposition 4.3.

PROPOSITION 4.5. — If z € dom(I) is positively recurrent, then I1%(z) is posi-
tively recurrent. If z is negatively recurrent, then I%(z) is negatively recurrent.

Let us state now the key lemma of [CT18, Proposition 20| that is the elementary
brick of the forcing theory and which will be used later.

LEMMA 4.6. — Suppose that there exist 1, Z5 in dom([) and positive integers ni,
ng such that I"l(zl) and I 2(%,) have an F-transverse intersection at I '(z1)(t) =

{;2(22)(t2).~Then there ex1sts Z3 € dom([) such that I?Jr”?(z;),) is equ1va]ent to
[;bi-l(gl)’[O,tl][;i?(22>’[t2,n2]'
Let us give now the principal result of [CT22]. Here, G is the group of covering

automorphisms of dom(I) and [Tz, € FHL(S) is the free homotopy class (in )
of a loop I' C dom(7) naturally defined by T' (see Subsection 2.5).

THEOREM 4.7. — Suppose that there exists Z € dom(I), T € G \ {Id} and
> 1 such that I7(Z ) and TTz(Z) have an F-transverse intersection at I z(%)(a) =
T(f;(fi))( ") where a' < a. Then f admits a rotational horseshoe of type ([T)zuc,7)-

Proof. — What is proved in [CT22] is the following, where dom(I) = dom(I)/T
and f is the homeomorphism of d/o?n(l ) induced by f.
There exists » > 1 and an fr-invarlant compact set Y such that
e /7 is an extension of the Bernoulli shift o : {1,2}% — {1,2}%;
e the preimage of every g-periodic sequence of {1,2}% by the factor map contains
at least one g-periodic point of fr;
e for every p/q € [0,1] N Q written in an irreducible way, there exists 2,,/, € Y
such that f“](Ep/q) = TP(Z,/q) for some z,/, € dom(I) lifting Zp/q-
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The image Y of Y by the covering projection 7 : d/o?n(]) — dom([) is invariant by f”.
It is a topological horseshoe because 7|y is a semi-conjugacy from ]?T‘y to f"|y and
because every z € Y has finitely many lifts in ¥ (with an uniform bound s) because
Y is compact. The loop of S naturally defined by 17 (2p/q), Where 2/, = T(Zp/q),
belongs to [T)%,, .. Moreover, the fr—orbit of Z,/, has ¢ points because p and ¢ are
relatively prime. It projects onto the f"-orbit of z,,,, which has at least [¢/s] points.
So, the period of z,/, (for f) is at least [¢/s]. O

Remark. — In particular, the theorem asserts the existence of a topological horse-
shoe, and so the positiveness of the topological entropy, in the case where there
exists z € dom([) such that [%(z) has an F-transverse self-intersection. It was
proved in [CT18] that such a situation occurs in the case where there exist two
positively (or negatively) recurrent points 21, 2 in dom(/) such that I%(z;) and
I%(z) have an F-transverse intersection. For example this happens if f preserves a
Borel probability measure with total support and if there exist two points z;, 29 in
dom([7) such that I%Z(z;) and I%(z) have an F-transverse intersection. Indeed, by
Proposition 4.3, it is also the case for I%(2]) and I%(z}) if 2}, 2, are close to 2, 2
respectively. But if f preserves a Borel probability measure A with total support,
then A-almost every point is recurrent and so, the set of recurrent points is dense.

What follows, which is stronger than what is said in the previous remark, is crucial
in [Lel23] and will also be fundamental in our study.

COROLLARY 4.8. — Suppose that ¥ is a closed surface and that vy, vs are ergodic
invariant probability measures. If there exists z; € dom([I) N supp(vy) and z; €
dom(I) N supp(v2) such that 1%(z) and I%(zy) intersect F-transversally, then for
every neighborhood U of rot (1) in Hy(S,R), there exists T € G\{Id} and r > 1 such
that [T)/r € U and such that f admits a rotational horseshoe of type ([T)ruc, 7).

Note that this corollary can be applied in the case where v; = 15, and some
z € dom(I) Nsupp(r) is such that I%(z) has an F-transverse self-intersection.

Proof. — Let j € {1,2}. One knows that vj-almost every point 2} satisfies the
following properties:

e 2} is recurrent;

e its orbit is dense in supp(v;);

o if 2/ € dom([]) is a lift of 2}, then there exists a sequence (Tj;)i>o in G and a
sequence (n;;);>o in N\ {0} such that

3 [TY,'L] . M6 -~
M=o, A S =), I TG =5

By Proposition 4.3 and the hypothesis of the corollary we know that I%(z}) and
I%(z}) intersect F-transversally. So there exists 1’ € N\ {0}, s1, 52 € Z and two lifts

Z1 and Z, of z1 and z; such that 1 f( f*1(%))) and I f( f*2(%,)) intersect F-transversally.

Denote 27 = fsﬂ( %). See Figure 4.1 for a description of the proof Conﬁguratlon
By Proposition 4.3, if 7 is large enough then, up to equlvalence 1 ~( /) is a subpath
P ' +2(f”1 i~1(z!)) and If( ") have an F-transverse

of T;; T (J5+1(21)). So Ty}
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Z3

~// F— i’ \

Ty H%(E) \

1
Tl K

Figure 4.1. The configuration of the proof of Corollary 4.8. The orange lines are
leaves.

intersection at Tl_ilfjd_- (fri=Y(Z) (a) = I]_-(N”)(b) as Well as T{:f;ﬁ(f”?i*l(%’))
and If( ") have an F-transverse intersection at Ty, 1; b (f"2 HE) () = II(N”)(d)
(we omit here the dependencies on 4,4 for briefness of notatlons).

Lemma 4.6 then implies that for any i, there exists Z; € dom(I) such that
20 +24n1 i+ng i

7 (Z3) is equivalent to the path

'+14n1 i, '+ 14ng ;0
Yig =17, le’ﬁ " (Z/ll>|[07n1,i—1+a} : N;- e ( //>|[br +14my ]

Consider the parameter e € [0,2r" + 3 + m i+ na | such that the leaf that contains
f?(gg)(E) is the leaf that contains T7; T 72y —1+a) = I #(Z5)(b). One can
always modify [ ?(53) close to this leaf in such a way that

Ta(z)(e) = T T3 1y — 14+ 0) = T 0).

Note that if 7, 7" are large enough thenn;;—1+a > d, and b < ng» —1+c. It implies
that T} ;7; has an F-transverse intersection with T} 1/% # at a point T ;7. (e') =
TQ_l,%Z( "), where ¢ < e < €”. So, 4;+ has an F-transverse intersection with
Ty T ;i at a point 7, »(e”) = Tg,i/TLﬁm-/(e’), where ¢/ < €”. By Theorem 4.7, there
exists s > 1 such that f admits a rotational horseshoe of type ([T%:711:|Fuc, 21’ +
2+ny1,;+ng,). If ¢ is large enough (¢’ being fixed but large enough to ensure that the
above properties hold), then we have [T5 T ;) Fuc/(2r" +24+n1,; +nop) €eU. O

Let us finish this quick introduction to some forcing theory tools by the following
theorem of Lellouch’s thesis [Lel23, Théoreme CJ:

THEOREM 4.9. — Suppose that g > 2. If f € Homeo,(S) preserves two Borel
probability measures p and pg such that rots(uy) A rots(us) # 0, then f has a
topological horseshoe. In particular, f has infinitely many periodic points.
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Moreover, if u, is ergodic, then these periodic points can be supposed to have
rotation vectors arbitrarily close to rots(u;) and with arbitrarily large period: for
every neighbourhood U of rots(py) in Hy(S,R), there exists a rotational horseshoe
of type (k,r) with [k]/r € U.

Here A is the intersection form. It is the symplectic form on H;(S,R) defined by
the property that if 'y and I'y are two loops in S, then [I';] A [['5] is the algebraic
intersection number between I'y and I'y. Equivalently, up to a multiplicative constant,
it is the form induced via Poincaré duality by A : H'(S,R) x H'(S,R) — H?(S,R).
The proof of Theorem 4.9 strongly uses Corollary 4.8. Under the hypotheses of the
theorem, one can deduce by using the ergodic decompositions of p; and us that there
exist two ergodic probability measures vy and v, such that rots(v4) A rots(re) # 0.
One must prove that the hypotheses of Corollary 4.8 are satisfied under the previous
hypothesis. The fact that v;-almost every point is recurrent implies that its complete
transverse trajectory is recurrent. In particular this trajectory draws transverse
loops I'. The existence of F-transverse intersections is proved by studying how
complete transverse trajectories enter and leave the domain B defined as the union
of leaves that meet I'. In the present article, we will use the same kinds of arguments
and will develop the ideas appearing in [Lel23]. In the next subsection we will
introduce the tools necessary to do so.

4.2. Forcing theory in the annular covering space

We suppose now that ¥ is an oriented closed surface and denote it S. We keep
the other notations. We consider T € G \ Id and a T-strip B C dom(I) (we suppose
that T' coincides with the identity on the connected components of dom(7) that do
not contain B). We fix a T-invariant line 7, C B. We define
the surface dom(I) = dom(I)/T;
the projections 7 : dom(I) — dom(I) and 7 : dom(I) — dom([);
the identity isotopy I on d/o?n(l ) lifted by I;
the 1ift f of f|aom(r) to dom([) lifted by f;
the foliation F on dom(I) lifted by F;
the loop [, = (7).

The complement of T, in its connected component has two annular connected com-
ponents L(T',) and R(I',). We denote 55, the common end of dom(I) and L(T,) and
50g the common end of dom(I) and R(T,).
We consider
e the set WE=L of points Z € dom(/) such that I%(Z) crosses B from the right
to the left;
e the set WX of points Z € dom(I) such that I%(Z) crosses B from the left
to the right;
o the set WA of points Z € dom([) such that I%(Z) visits B on the right;
e the set WL of points Z € dom(/) such that 1:%7(2) visits B on the left;
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e the set WP of points Z € dom([) such that ]Z( Z) draws B.

Note that all these sets are invariant by f and by T'. Note also that they are open,
as a consequence of Proposition 4.3.

We define the respective projections in d/oTn(I )
WR—>L WL—>R WR—>R WL—>L WD
that are open and invariant by f and the respective projections in dom([)
WR—>L WL—>R WR—>R WL—)L WD
that are open and invariant by f.
Finally, we define
e the set 305 — 50, of points Z € dom(I) such that

lim f*(2) =g, lim f(2) = %
k——o0 k—+o0
e the set 55, — 50 of points Z € dom(I) such that
. Thi~> =~ . Tk~ o~
kl—l>r—noof (Z> = oL, kl—l>r-{loof (Z) — OCR:

We will state some results that have been proven in [Lel23] and will add some
others that do not explicitly appear there. The following result has been proved
in [Lel23] (Proposition 2.2.12).

LEMMA 4.10. — Suppose that v € M(f) is ergodic and that v-almost every
point z has a lift Z € dom(I) such that IZ( Z) is equivalent in +00 or —oo to .
Then there exists a > 0? such that rot(v) = a[T].

The next one also has been proved in [Lel23] (Lemma 2.2.3 and Proposition 2.2.4).

LEMMA 4.11. — Suppose that v € M(f) is ergodic. We have the following:
(1) if [T] Arots(v) > 0, then v(7T(50r — 00L)) = 1;
(2) if [T] Arots(v) <0, then v(7(30L, — XR)) = 1.

Let us prove now:

LEMMA 4.12. — If there exists A € M(f) with total support such that [T] A
rots(A\) = 0, then every essential simple loop of dom(I) meets its image by f.

Proof. — We will use the second interpretation of rotation vectors introduced
in the introduction. We furnish S with a Riemannian metric and for every points
z, z' in S, we choose a path 7, . joining z to 2’ in such a way that the lengths
of the paths v, . are uniformly bounded. For every z € S, we consider the loop
[n(2) = I"(2)7fn(2),-- We know that for p-almost every point z € S, the sequence
', (2)]/n converges to rots(z) € H1(S,R) and that rot;(A) = [y rotf( 2) dA(2).

Suppose that there exists an essential simple loop [ such that f ( )N [ = 0. Orient
I in such a way that 0, is the common end of dom(7) and L(I') and 55 the common

() The proof given in [Lel23] states that a > 0 but we will slightly improve it in Lemma 4.17 to
obtain a > 0.
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end of df)?n(] ) and R(F) There is no loss of generality by supposing that f ( )
included in L(T). Consider the line 5 of S that lifts I. We have f(L(5)) C L(3) and
more generally

(4.1) F(L(T'G))) € L(T'(%))  for every T' € G

because f commutes with 1. -
If 4’ is an oriented line of dom([), recall that dom(/)s is the connected component

of dom(I) that contains 7. Denote n5 the function defined on dom(I )5 that is
equal to 0 on R(¥'), to 1 on L(3') and to 1/2 on 7. Noting that T"(¥) = T'(¥)
it 7"7'T" € (T), one deduces that the notation 77 has a sense for every left coset
7€ G/(T). Now fix z € S and a lift Z of z to S. For every n > 1, consider the lift of

Vfn(z),» that starts from f"( ). It ends in a point T,,Z. Observe now that
7] ACa()) = Y (15(T0(2)) = 0-5(2)),
TeG/(T)
the sum being finite. It implies that
1 - ~
7] Arotp(z) = lim ~ 3= (no5(Tu(2) = 0s(2)).
" reg/m)
The paths 7, . having a length uniformly bounded, we deduce that the quantity
> (13(T(@) = s (7(2)) )
TeG/(T)
is uniformly bounded. It implies that

7] Arots(z) = Jim = S (s (7)) — 1s(2)

n—>+oonTeg/<T>

Each function 7,50 f~ nm is non negative on dom(/ )5 (because of (4.1)) and positive
in the strip between f~(5) and 7. So, the function z — g/ >(77n7(f(§)) —1r5(2))
is non negative on dom(/) and positive on a non empty open set (the sum does not
depend on the choice of the lift ). Using Birkhoff Ergodic Theorem, and because
supp(A) = S, we deduce that

1] Arot;(\) = /S 1] Arot;(2) dA(2)

—/ Z (ne5(F(2) = ne5(2)) dA(2) > 0.

TeG/T

We have got a contradiction. ([l
LEMMA 4.13. — Suppose that v € M(f) and v' € M(f) are ergodic and satisfy
I/(WR%L N WD) =1, [T] Arots(v') <O.

Then one of the following assertions holds:

e for v-almost every point z and v'-almost every point 2', the paths I%(z) and
IZ(%") have an F-transverse intersection;
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e for v-almost every point z and v'-almost every point z', the path I1%(2)
accumulates on 1Z%(z).

Proof. — Define three f-invariant sets Wy, Wy, W3 as follows:
e 2/ € Wy if it has a lift Z' such that I 2(%') is equivalent to 7, at +oc or at
e 2/ € W, if it has a lift 2’ such that I%(Z’) accumulates on 7, positively or
negatively; B B
e 2/ € Wy if it has a lift 2" such that I%(Z') crosses B from the left to the right.

By Lemma 4.11, we know that /-almost every point 2z’ has a lift 2/ € d?)?n(f )
that belongs to 60, — a0g. Consequently, using Lemma 3.1, we get v/(1W; U Wy U
W3) = 1, which implies by ergodicity of v’ that one of the sets Wy, Wy, W3 has v/
measure 1. By Lemma 4.10, v/(WW;) # 1 because rots(v') ¢ R[T] (by the hypothesis
[T] Arote(v') <0). If /(W3) = 1, then the second item of the lemma holds because
for every leaf ¢ C B, v-almost every point z belongs to Wp and so has a lift
%z € dom([) such that I’ %(2) meets ¢. Indeed, the fact that z belongs to Wy means
that there exist a 1ift~2 of z and~t e R such that I’ .Zf(%) meets &%(t) and T%*(t),
which is nothing blit b5, (t41)- SO Ié(%) meets every leaf @5, 1y, where t <t/ <t + 1.
One deduces that I?(Tk,?) meets every leaf ¢ (), where t + k <t' <t +k+ 1. So
every leaf contained inside B is met by at least one complete transverse trajectory
of a lift of z. By Proposition 3.2, if /(W3) = 1, then the first item of the lemma
holds. 0J

COROLLARY 4.14. — Suppose that v € M(f) is ergodic and satisfies
V(WRHL N WD) =1, |[T]Arote(v)<DO.
Then, for v-almost every point z, the path I%(z) has an F-transverse self intersection.

Proof. — 1t suffices to apply Lemma 4.13 with / = v and use the fact that a
recurrent transverse path does not accumulate on itself (Corollary 3.10). U

This result is still true if v(WEZENWP) =1 and [T] Arot(r) = 0. More precisely
we have (see [Lel23], Proposition 3.3.1).

LEMMA 4.15. — Suppose that v € M(f) is ergodic and satisfies
V(WRHL N WD) =1, [T] Aroty(v) =0.

Then v(WE=R) = 1 and for v-almost every point z, the path I%(z) has an F-
transverse self intersection.

Remark. — The conclusion v(WL7%) = 1 is not explicitly stated in [Lel23],
Proposition 3.3.1. But, as explained by the author at the beginning of the proof, it
is the key point that permits to get the second conclusion. The first condition says
that there are points “that go up”, which implies by the second condition, that there
are points “that go down”. We have a situation very similar to the one that occurs
under the hypothesis of Corollary 4.14, but more subtle arguments of ergodic theory
are needed.
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LEMMA 4.16. — Suppose that there exists A € M(f) such that supp(\) = S and
[T] Arotp(A) = 0. If v € M(f) is ergodic and satisfies

p(WHREAWP) =1, [T] Aroty(v) >0,

then there exists v/ € M(f) ergodic, such that one of the following assertions holds:

e for v-almost every point z and v'-almost every point 2', the paths I%(z) and
IZ(2') have an F-transverse intersection;

e for v-almost every point z and v'-almost every point z', the path IZ%(2')
accumulates on I%(z).

Proof. — By hypothesis WE2L 0 WP is a non empty invariant open set and so

we have
A(WEZEAWP) > 0.

Suppose first that [T] Arots(Ayr—zAwp) < 0. Using the ergodic decomposition of
Awr L awp, we deduce that there exists v/ € M(f) ergodic such that v/(WE=L n
WP) =1 and [T] Arots(v') < 0. If [T] Arot (') < 0, we can apply Lemma 4.13 and
so the conclusion of Lemma 4.16 holds. If [T] Arot (') = 0 we know, by Lemma 4.15,
that /(WL =%) = 1, and so the first item of the conclusion of Lemma 4.16 holds
thanks to Proposition 3.2.

Suppose now that [T] Arots(Ayr—rqwp) > 0. From the equalities

[T] Arotg(A) =0
and
I'Otf()\ﬁx([)) =0 if )\(ﬁX([)) 7& O,

we deduce that

A (dom(1)\ (WH=E 0 wP)) >0
and

[T] Aoty ()\dom([)\(WRameD)) < 0.
Using the ergodic decomposition of Agom(ry\wz— 1 awp), we deduce that there exists

V' € M(f) such that [T] Arots(v') < 0. Here again we refer to Lemma 4.13 to ensure
that the conclusion of Lemma 4.16 holds. U

We conclude this section with a new result that improves the conclusion of Propo-
sition 3.3 under the hypothesis that the paths we consider are transverse trajectories
associated to typical orbits for some measures. Let us begin with a lemma.

LEMMA 4.17. — Let v be an f-invariant ergodic probability measure such that
v(dom(I)) = 1 and I', be a simple loop transverse to F such that the union of leaves
met by ', is an annulus B. If v-almost every point z € dom([) satisfies I%(z) C B,
then there exists a > 0 such that rots(v) = a[l'.].

The proof of this lemma will also give us the following result, that we will need
thereafter.

Remark 4.18. — Let v be an f-invariant ergodic probability measure such that
v(dom(I)) = 1, U C ¥ a disk and T" a deck transformation. Let U be a lift of

U C dom([]). Suppose that for v-almost every point z € dom(I) N U, for any time
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n > 0 such that f"(z) € U, denoting Z the lift of z belonging to U, there exists
k € N such that f*(Z) € T*(U). Then there exists a > 0 such that rot;(v) = a[l,].

Proof. — Note first that v-almost every point z is recurrent and meets every leaf
in B infinitely many often in the future and in the past. In other words, I%(z) is
equivalent to the canonical lift of I',. Fix a lift v, of 'y in dgr/n(l ) and consider the
deck transformation 7 and the T-strip B associated to . By Lemma 4.10 there
exists a > 0 such that roty(v') = a[T], because v-almost every point z € dom([)
has a lift that is equivalent to .. We need to prove that a # 0. Let U C B be a
topological open disk such that v(U) # 0. We can suppose that U is a flow-box that
satisfies the conclusion of Proposition 4.4. Write ¢ : U — U for the first return
map of f and 7y : U — N\ {0} for the time of first return map, which are defined
v-almost everywhere on U. Note that v|y is an ergodic invariant measure for ¢y .
Fix a lift UcCBofU. Taking U sufficiently small, we can suppose that for every z,
Z" in U, the leaf containing f(Z) is on the left of the leaf containing Z’. In particular,
no point fk(Z), k > 1, belongs to U. For every point z € U such that 7 (z) exists,
denote % the lift of z that is in U and dy/(z) the integer such that f7v()(z) € T
One gets a map oy : U — Z defined v-almost everywhere on U. Remind that a map
pv : U — H(S,Z) has been defined in the introduction and that py(z) = oy (2)[T].
Note also that dy(z) > 0 because f*(U)NU = @ if k > 1. The measure v being
ergodic, by Kac’s theorem one knows that

/UrUduzv (U mm) =v<U fk(U)) =1,

k>0

and consequently that 7j;(z) = 1/v(U) for v-almost every point z € U, where 7
and p}; have been defined in (1.1) (page 332). Furthermore, for v-almost every point
z € U, it holds that

rot, (v) = rot; (2) = pu"(2)/ 75 (2) = U)oy () = ( | bu(=) dv(2)) )

Observe now that, by the above discussion, [ dy(z)dv(z) > 0. This proves the
lemma. U

PROPOSITION 4.19. — Suppose that v € M(f) and v' € M(f) are ergodic and
that for v-almost every point z € dom(I) and v'-almost every point z' € dom(I),
the path I%(z") accumulates on 1%(z). Then rot(v) Arot (V') # 0.

Proof. — One can suppose that z and 2’ are recurrent. There is no loss of generality
by supposing that IZ(z") accumulates positively on IZ(z). By Proposition 3.3, there
exists a transverse simple loop I', C X such that

o /%(2') is equivalent to the natural lift of T',;

e The union B of leaves met by I', is an open annulus of S

o If 7 € dom(I), Z € dom(I) are lifts of z, 2’ such that f?(%’) accumulates
on I é(?}, more precisely such that I (7)) [a1.4+00) I8 equivalent to I 2(2) | lazbo)
and if B is the lift of B that contains I%(Z'), then one of the inclusions
f?_(?)(bg) € OB", fé(%)(bg) € dBL holds. In the first case, we have B C L(¢)
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for every ¢ C OB® and in the second case, we have B C R(gb) for every
¢ C OBL.
We will suppose that [ Z( %)(by) € OB*, the other case being similar.

LEMMA 4.20. — The point Z crosses B from the right to the left.

Proof. — The point z being recurrent, every leaf of F met by I%(z) is met infinitely
many often in the past and in the future. In particular, /%(z) goes in and out of
B infinitely many times, but it never enters in B on the left because B C R(¢) for
every 5 C OBY. We deduce that % crosses B from the right to the left. ([l

To get Proposition 4.19 we want to prove that rot(v') A rotg(r) > 0. One can
apply Lemma 4.17 to v/ and so, one must prove that [['.] Arots(v) > 0. Let U C B
be a topological open disk such that v(U) # 0 and that is a flow-box satisfying
the conclusion of Proposition 4.4. Perturbing I', and reducing U if necessary, one
can suppose that U N T, = (. Write ¢y : U — U for the first return map of f
and 7y : U — N\ {0} for the time of first return map, which are defined v-almost
everywhere on U. We will define a function dy : U — Z (in a different way from
the previous definitions of similar quantities). For every point z € U such that 7y(2)
exists, set m = 7y (z) and consider the set

X. = {te[0,m]|I%(=)(t) € B},

which is an open set of [0, m].

Suppose first that X, # [0,m]. Then denote (J¢)¢e= the family of connected
components of X,. The component Je- that contains 0 will be written Je- = [0, be-),
the component Je+ that contains m will be written Je- = (ag+,m] and the remaining
components will be written J¢ = (ag, be). Consider such a component Je. The path
I?(z) can be lifted to a path Im( Z) (the lift depending on &) such that ]m( Z)|(ag,be) C

B. The set B being an annulus, its preimage by the universal covering projection
is a disjoint union of strips, each of them being the image of B by a covering
automorphism. The points I’ 2(2)(ag) and I m( Z)(be) do not belong to one of these
strips because they project onto points that are not in B. They belong to the closure
of B because 1" 2(2)|(aebe) C B. So they belong to the frontier of B which is the
disjoint union of OB® and BL. The path I m( Z) being transverse to F, the path
I 2(2)|(ae.be) 1s on the left of the leaf that contains ]?( Z)(ag). By assumptions, we
know that B C R(¢) for every ¢ € AB* and so we can deduce that f?(g)(ag) € OBE,

We have no such a constraint about / m( Z)(be) and we set

{0 if T(z)(be) € OBF,
5_1ﬂWU@e%L

In the first situation I 2(2)ag.be) Visits B on the right, in the second one it crosses B

from the right to the left. In this last situation I~T]§f(2)|[a§,b£] meets ¥, and s0 7 (2)|ag,be]
meets I',. Note that there are finitely many £ € = such that d; = 1 because there
are finitely many £ € = such that I7(2)]ja.p) N '« # 0. Indeed, by compactness of
[0,m], there are finitely many ¢ € = such that the diameter of I (2)|4 ] is not
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smaller than the distance between I', and S\ B. The path I7(z) can be lifted to a
path Im( Z) such that I”( Z)|jope ) C B. Set

512 i I(2)(be_) € OBL,
ST 12 if TL(E)(be) € OB

Finally, set ¢, = 1/2. Observe now that we have

L] A pu(z) = 0u(2),
where py is defined page 332, and

o Z 6562' it Xz 7é [OaTU(Z)L
ou(2) = {06 it X, = [0, 7(2)].

The function dy is non negative but does not vanishes almost vy -everywhere because
IZ(2) does not stay in B for v-almost every point. So, we have

0.] Aot (v) = (U0, A pi (2 / 5ur(2) du(z) > 0. O

Remark. — Using Lellouch’s techniques [Lel23, Section 3.4], one can show more
generally that if z and 2’ are recurrent points (not necessarily trajectories of typical
points for ergodic measures) and if I%(2') accumulates on I%(z), then f has a
topological horseshoe® . However, we will not use this property in the sequel.

5. Proof of the main theorem

We suppose in this section that the hypotheses of Theorem 1.1 are satisfied. We
consider an oriented closed surface S of genus g > 2 and a homeomorphism f of
S isotopic to the identity that preserves a Borel probability measure A\ with total
support such that rots(\) = sp, with p € H{(S,Z) \ {0} and s € R. We keep the
notations of the article.

There is no loss of generality by supposing that f is not the identity map; in
this case one can consider a maximal isotopy [ of f by Theorem 4.1 with non
empty domain. By Theorem 4.2, one can find a non singular foliation F on dom(/)
transverse to /. Remind that:

e dom(7) is the universal covering space of dom(I);

e dom(I)y is the connected component of dom(I) that contains a given con-
nected set X C dom(I);

e 7 :dom(]) — dom([) is the covering projection:

e § is the group of covering automorphism of 7;

e [T] € H,(S,Z) is the homology class of a loop I' C dom(I) associated to
T eg; .

e [ is the lift of T ldom(r) to dom(I) that starts from the identity;

(3)Be careful, in this case it can occur that [ Z(2') and IZ(2) do not intersect F-transversally, see
Figure 3.2.
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. f is the lift of f|qom(r) to dGI/n(]) that is the end point of T;

e F is the lift of F to dom(I);

e /%(2) is the whole F-transverse trajectory of a point z € dom(I);
. f%:.(,%) is the whole F-transverse trajectory of a point z € dom([).

We consider a Borel probability measure v, invariant by f and ergodic. We consider
a neighborhood U of rots(v) in Hy(S,R) and want to prove that there exists a
homotopical interval of rotation (k,r) such that [k]/r € U.

Suppose first that rots(v) A roty(A\) # 0. Using the ergodic decomposition of A,
we deduce that there exists ¥/ € M(f) ergodic such that rots(v) A rots(v') # 0.
By Theorem 4.9, we know that f|qom(r) has a rotational topological horseshoe of
type (k,r) with [k]/r € U. If T' C dom([) is a loop associated to T, then for every
p/q € [0, 1] written in an irreducible way, there exists a periodic point z € dom(7) of
period r¢ such that I"(z) is freely homotopic to [['|P in dom(]): it is freely homotopic
to [['J? in S. Hence, f has a homotopical interval of rotation of type (k,r) such that
[k]/r € U, and the conclusion of Theorem 1.1 holds.

It remains to study the case where rots(v) Arots(A) = 0.

LEMMA 5.1. — Suppose that rots(v) Aroty(\) = 0. There exists T € G\ {Id}
satisfying [T]Arot;(\) = 0 and a T-strip B such that v-almost every point z € dom(I)
has a lift Z such that fé(%) draws B. Moreover if U is a neighborhood of rot(v),
one can suppose that there exists r > 1 such that [T]/r € U.

Proof. — Fix zy € supp(v) Ndom(/) and a lift Z, € dom(I) of z. One can find a
topological open disk U C dom([) containing zy such that the connected component
U of #'(U) containing % is a flow-box that satisfies the conclusion of Proposition 4.4.
Write ¢y : U — U for the first return map of f and 7y : U — N\ {0} for the time
of first return map, which are defined v-almost everywhere on U. Note that v|y is
an ergodic invariant measure of ¢y. Remind that a map py : U — Hy(S,Z) has
been defined in the introduction. For every point z € U such that 7 (z) exists,
denote % the preimage of z by 7 that is in U and dy(z) the automorphism such that
&)%) € 6y(2)(U). One gets a map 0y : U — G defined v-almost everywhere on
U such that py(z) = [0y (2)]. The measure v being ergodic, one knows that

[ o dv=v (U f’“(U)> =u(u fk(U)) -1,

and consequently that 7,*(2) = 1/v(U) for v-almost every point z € U, where 7*
and py* have been defined in (1.1) (page 332). Furthermore, for v-almost every point
z € U, it holds that

/UpU(z) dv(z) = v(U)py™(z) = rots(z) = rots(v),
which implies that

/U,OU(Z) Arotg(N) dp(z) = v(U)pu™(z) Arots(X) = rots(v) Arots(N) = 0.
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By Atkinson’s Theorem [Atk76], one knows that if ¢ > 0 is fixed, then for v|; almost
every point z, there exists n > 1 such that

z oo (5 (2)) Avots ()

As observed by Lellouch [Lel23, Lemme 3.2.2], we can slightly improve this result:
for v|y almost every point z, it holds that

<e.

lim mf
n—-+oo

(ng (2)) /\rotf()\)| =0.

So, if we fix a norm || || on HI(S, R) and n > 0, we can find z; € supp(u) N U and
n > 1 such that (recall that rotf(/\) = sp, with p € H1(S,Z) \ {0} and s € R)

(ch ) Arotp(N)| < s,
and such that )
1 n—
=~ pu (o' (20)) = voty ()| < 1.
k=0

Every number py(pr*(21)) Aoty ()\) belonging to sZ we deduce that

:2: PU (SOUk(Zl)) Artot(A) = 0.

Set

r= Z TU(SDUk(Zl))

0<k<n
and denote z; the lift of 2; that belongs to U. The automorphism 7 such that
fr(z1) € T(U) can be written
I'=Ty10---0Ty,
where T}, is an automorphism conjugated to dy(pp*(21)), so we have
1= |ou(ev*(=0)]
0<k<n

Consequently, it holds that
[T] Arots(A) =0, |[T]/r = rots(v)| < n.

Note that we have f7(Z;) € T(U) if % is the lift of z; that belongs to U. The
property of U stated in Proposition 4.4 tells us that I% 2(Z1) intersects every leaf that
meets U and every leaf that meets T(U). So, there is subpath ; of Ié(zl) that
joins ¢z, to T'(¢z, ). Of course we have T' # Id. Moreover fé(gl) draws the T-strip
B defined by the line 5, obtained by concatenating® the paths T* (71), k € Z.

(4) Strictly speaking one has to modify the path 7; lifted by 7; to be able to concatenate T*(7;)
with T*+1(5,): it is sufficient to move it along the leaves so that the last endpoint of 7; with the
first endpoint of T'(71) coincide.
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As explained before, Proposition 4.3 tells us that the set WP of points 2 € U
that have a lift z such that 1 %:.(Z) draws B is open. It is T-invariant and contains
z1 € supp(v). The measure v being ergodic, it holds that v(W?P) = 1. O

We consider T given by Lemma 5.1. We will write T'=T"", m > 1, where T" € G
is irreducible.

Proof of Theorem 1.1. — Let us summarize in which cases the results we have
already proved allow us to get Theorem 1.1. Recall that the sets WE=% WP etc. are
defined in Subsection 4.2. Recall also that by lemma 5.1, we have v(W?) =1 and

that by Lemma 3.1, if y(WERUWEZLWIZRUWE=L) = 0, then v-almost every
point is either equivalent to v or accumulates in .

o If yWEZEAWP) =1 or y(WE?E N WP) = 1, then by Proposition 3.2 for
v-almost every point z, the path I%(z) has an F-transverse self intersection;
this allows to apply Corollary 4.8 and to get a suitable rotational horseshoe.

o If y(WH?LNWP) =1, there are three cases:

— If [T] Aroty(v) < 0, then one can apply Corollary 4.14 which shows
that for v-almost every point z, the path I%(z) has an JF-transverse
self intersection; this allows to apply Corollary 4.8 and to get a suitable
rotational horseshoe.

— If [T] Arotg(v) = 0, then one can apply Lemma 4.15 which shows that
for v-almost every point z, the path [%(z) has an F-transverse self
intersection; as before this allows to apply Corollary 4.8 and to get a
suitable rotational horseshoe.

— If [T]Arots(v) > 0, then one can apply Lemma 4.16. It tells us that there
exists an ergodic invariant probability measure v/ such that for v-almost
every point z and 1/-almost every point 2/, either the paths I%(z) and
IZ(Z') have an F-transverse intersection, or the path I%(z’) accumulates
on I%(z). In the first case one can apply Corollary 4.8 to get a suitable
rotational horseshoe. In the second case Proposition 4.19 tells us that
rotf(v) Arots(v') # 0. Lellouch’s Theorem 4.9 then gives us a suitable
rotational horseshoe.

e The case v(WE?ENWP) =1 is identical to the case v(WEL NWP) = 1.

In all these cases the existence of a suitable homotopical interval of rotation is due
to the presence of a rotational topological horseshoe. To get Theorem 1.1 it remains
to study a last case where the existence of a suitable homotopical interval of rotation
will have another reason. The following proposition will permit us to finish the proof
of Theorem 1.1.

PROPOSITION 5.2. — If the sets
WR—)L N WD WLHR N WD WR—)R N WD WL%L N WD

are v-null sets, then there exists a > 0 such that :

e one has rots(v) = a[T"];
e for every p/q € [0,a) N Q, written in an irreducible way, there exists Z such
that f1(z) = T'?(z).
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End of proof of Theorem 1.1. Let U be a neighborhood of rot(v) in H;(S,R). By
Lemma 5.1, one can find py/qo € (0,a) written in an irreducible way such that
po[T"]/q0 € U. By Proposition 5.2, for every p/q € [0,1] written in an irreducible
way, there exists Z,/, such that f9%(2) = 7' (). The image 2,/, = T(Z,4) € S is
fixed by f9% and the loop of S defined by 19%(z,,,) belongs to [1”] 7y P. Denote
¢ = qqo/r the period of z,/,. There exists T} € G such that f7(2,/,) = Ti(Z,/)-
We deduce that T"(%,,,) = fi(Z,,,) = Ti(Zp/,). It implies that T = T7.
The group (T",T}) being a free group, it must be infinite cyclic. We deduce that
T, is a power of T" because T” is irreducible and so r divides ppy. Recall that
rq = qqo so r also divides ¢qqo. The integers py and gy being relatively prime, it
holds that 7 ged(r, po) =t ged(r,qo) ! is an integer. Moreover it is relatively prime
with pg and with gq. So it divides p and ¢g. These integers being relatively prime, we
have r = ged(r, po) ged(r, qo) < pogo and hence the period ¢ = qqo/r of z,/, satisfies
q = q/po. We deduce that ([T"]722"°, qo) is a homotopical interval of rotation (for
S = po). O

The remaining of the article is devoted to the proof of Proposition 5.2.

Proof of Proposition 5.2. — Recall that T'=T"™, where m > 1. Let us begin by
proving that B is invariant by 7". It is sufficient to prove that for every n > 0 we
have L(T™¢) C L(¢). If L(¢) € L(T'™@), then for every k > 1 we have L(T""*¢) C
L(T"* 4D 3) and so we deduce that L(¢) C L(T""™¢), which contradicts the inclusion
L(T™m) C L(). If L(¢) N L(T™p) = 0, then L(¢) is disjoint from its image by
T'™. The map T"™ being fixed point free, Brouwer Translation Theorem [Brol2] tells

us that L(¢) is disjoint from its image by 7", which contradicts the inclusion
L(T™m¢) C L(¢). Similarly, if R(¢) N R(T™¢) = 0, then R(¢) is disjoint from
its image by T'™™, which contradicts the inclusion R((E) C R(T’”m@. The only
remaining case is the case where L(Ti”gg) C g/(gg)

In the following, instead of seeing B as a T-strip, we will see it as a T"-strip: one
can choose 7, to be invariant by 7" and suppose that 7.(t) = T"7.(t) for every t € R.

By construction of B we know that v(WP) = 1. So, v-almost every point z €
dom(I) is recurrent and has a lift Z € dom([) such that I° %(%) meets a leaf ¢ CB
and T"¢. Moreover, by Lemma 3.1, the trajectory I %E(?Z) stays in B in the future

or in the past. It implies that I° ?E(Z) is equivalent to 7, at 400 or —oo. Indeed if
I %%(E) accumulates on 7,, it accumulates onto a leaf ¢’ C B. One can find k € Z
such that ¢/ lies between T ¢ and T"*+1¢ and is met by I Z(T"*%), which means that
I “(%) accumulates on I Z(T""%). Tt is impossible because z is recurrent and so has no
self-accumulation by Corollary 3.10. Hence, I %;(E) does not accumulate on 7,, and

by the hypothesis of the proposition it cannot go out of B both before and after it
draws B. This implies that it has to be equivalent to 7, at +00 or —oc.
In fact we can be more precise: if there are a < @’ and b € R such that

(5.1) F}(E)ha’aq is equivalent to ¥ |pp+1),
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then either I §(2)|[a7+oo) is equivalent to a subpath of 7, (and equivalent to 7, at

+00 but we will not use this property) or I 2(2)|(=00,a) s equivalent to a subpath of
~«. From this we will deduce the following lemma.

LEMMA 5.3. — The transverse path f%;_(g) is equivalent to 7,. Moreover there is

a neighborhood U of % such that if the orbit of Z meets RU for some R € G, then R
is a power of T".

Proof. — Let us treat the case where I §(2)|[a7+oo) is equivalent to a subpath of 7,
the other case being identical.

Suppose that I Zﬁ(g) is not equivalent to 7,. Then, as we have already seen that
it cannot accumulate in 7., this means that there exists ¢t < a, t € Z, such that
fi(%) ¢ B. As (as already mentioned) the set of times s such that fé(%)(s) € Bis
an interval, we can suppose that t < a — 1.

By recurrence of the point z, there exists a sequence of integers ny — —oo, and
a sequence of deck transformations (Ry)ren € G such that Ry f”’f (Z) tends to z; in
particular for any k large enough:

® 7.|pp+1) is equivalent to a subpath of Ry I ?(Z)hnﬁa_l,%@ (and in particular
this path draws B);

. Rklzﬁ(g)(nk +1) ¢ B.
By the same reasoning as before the lemma, and (5.1), we deduce that either
the trajectory ka%;_(g)\[nk+a+17+oo) is equivalent to a subpath of 7,, or the trajec-
tory kazﬁ(g)|(_oo7nk+a/_1] is equivalent to a subpath of 7,. By the second point
above, and because t < a — 1 < a’ — 1, the second situation is impossible. Hence,
ka?;.(g)hnﬁaH#OO) is equivalent to a subpath of 7,.

In particular, this implies that R,7, is equivalent at +oo to 7,. By Lemma 3.4,
this implies that Rp¥. N7, # (); more precisely it implies that for any n large enough,
RiAe N Vsl ptnprnt1y 7# 0, hence that Ry, N7, has infinite diameter. This implies
that R, = 7., in other words Rj, = T"%* for some i}, € Z.

We deduce that 7" I 2 (D)l ing+at1,+00) Is equivalent to a subpath of 7., equivalently
(as 7. is T"-invariant), for any k € N, the path [N%%(Z)][nﬁaﬂ,ﬂo) is equivalent to a
subpath of 7,.

This proves that I ?(2) is equivalent to a subpath of 7,. As it cannot accumulate
in 7,, this proves that I’ é(g) is equivalent to 7,.

To get the second part of the lemma, consider a neighborhood U of % such that
for every ' € U, the path fé(}:’) draws 7,. If f*(2) € RU, R € G, then f?(}:) draws
R(7,). We deduce that I ?E(E) is equivalent to R7,, which means that 7, is equivalent
to R7.. Applying again Lemma 3.4 as we did a few lines above, we deduce that
R N As|pekt1) # O for every k € Z, which implies that R € (T"). O

Now, let us consider

e the connected component dom (! )5, of dom(I) that contains 7,,
e the quotient space dom(/) = dom(/)/T,
e the foliation F of dom(/) induced by F,

ANNALES HENRI LEBESGUE



Conservative surface homeomorphisms with rational rotation 369

e the covering projection 7 : dom(I) — dom([),
e the annulus dom(/)5, = dom([)5, /1",
e the universal covering projection 7 : dom([/)s, — dom([)5,.

LEMMA 5.4. — It holds that v-almost every point z has a lift in d/OI\n(I),;,* that
is positively recurrent and has a rotation number a > 0 (in the annulus). Moreover
we have rot;(v) = a[T"].

Proof. — We know that v-almost every point z is positively recurrent and has a
lift Z in dom(I)s, that draws B. We have seen in Lemma 5.3 that I 2(2) is equivalent
to 7, and that there exists a neighborhood U of Z such that if the orbit of Z meets
ToU, for some Ty € G, then T is a power of T". Using the fact that z is recurrent,
we deduce that z = 7(2) is positively recurrent. By Remark 4.18, we deduce that z
has rotation number a > 0. Moreover we have rot¢(v) = a[T"]. O
End of proof of Proposition 5.2. Now there are two cases to consider. The first
case is the case where the stabilizer of dom(/)5, is generated by 7" and the second
case is when it is larger. In the first case, @ sends homeomorphically d?)?n(f )5,
onto a connected component of dom(I). Moreover, the frontier of this annulus is
made of contractible fixed points of f. In the second case, 7 sends d/o?n(l )5. onto
a hyperbolic surface whose universal covering space is dgfn(l )5, and the group of

covering automorphisms is the stabilizer of d/o?n(f )5. in G. In both cases, there

exists an extension dom(/ )5, of dom(I )5. obtained by blowing at least one end e

with a circle I',, and where f extends to a homeomorphism f of dom(I )s. (see
Subsection 2.4). Furthermore, the rotation number(s) induced on the added circle(s)

by the lift of f that extends f are equal to 0.

By Lemma 5.4, there exist positively recurrent points with rotation number a > 0
where rots(v) = a[T"]. Consequently, according to Theorem 2.1 that can be applied
thanks to Lemma 4.12, for every rational number p/q € (0, a), written in an irre-
ducible way, there exists a point Z such that f4(3) = T?(%). As f also has a fixed
point by Lefschetz index theorem, this means that f has a homotopical interval of
rotation of type (k,r) such that [x]/r € U. O
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