Annales Henri Lebesgue Py
8 (2025) 769-810

ANNALES
HENRI LEBESGUE

PHILIPPE EYSSIDIEUX

Lo-CONSTRUCTIBLE COHOMOLOGY
AND L,-DE RHAM COHOMOLOGY
FOR COHERENT D-MODULES
COHOMOLOGIE CONSTRUCTIBLE Ly ET

COHOMOLOGIE DE DE RHAM L, POUR LES
D-MODULES COHERENTS

ABSTRACT. — This article constructs Von Neumann invariants for constructible complexes
and coherent D-modules on compact complex manifolds, generalizing the work of the author
on coherent Ls-cohomology. We formulate a conjectural generalization of Dingoyan’s Lo- Mized
Hodge structures in terms of Saito’s Mized Hodge Modules and give partial results in this
direction.

RESUME. — Cet article construit des invariants de Von Neumann pour les complexes
constructibles et les D-modules cohérents sur les variétés complexes compactes, généralisant le
travail de I’auteur sur la cohomologie Lo cohérente. On formule une généralisation conjecturale
des structures de Hodge mixtes Lo de Dingoyan pour les modules de Hodge mixtes de Saito
et on donne des résultats partiels dans cette direction.

Keywords: complex manifolds, D-modules, constructible sheaves, Hodge modules, mixed Hodge
theory, Atiyah’s Lo-index theorem, group Von Neumann algebras, Lo Betti numbers.

2020 Mathematics Subject Classification: 32J27, 32C38, 32Q30, 14C30, 461,10, 58J22.

DOI: https://doi.org/10.5802/ahl.248

(*) This research was partially supported by the ANR projects Hodgefun ANR-16-CE40-0011-01
and GAG ANR-24-CE40-3526-01.


https://annales.lebesgue.fr/
https://doi.org/10.5802/ahl.248

770 P. EYSSIDIEUX

Introduction

This article is an extension of Dingoyan’s Lo-Mized Hodge theory [Dinl3] which
was inspired by Gromov’s influential article on Kéahler-hyperbolic manifolds [Gro91].

Gromov found a way to use the Lo-De Rham theory of an infinite Galois covering
space of a compact Kéhler manifold X and obtain algebro-geometric restrictions
if X is Kéahler-hyperbolic, for instance a compact complex submanifold of a neat
quotient of a bounded symmetric domain. This inspired the influential works of
Campana [Cam94, Cam95] and Kollar [Kol93, Kol95] masterfully exploiting in Kahler
geometry the striking ideas of [Ati76] to study compact Kahler manifolds with
infinite fundamental group. Gromov’s ideas were also extended in [Eys97] to polarized
Variations of Hodge Structures (actually to harmonic bundles) on a compact Kéhler
manifold X. They were also extended in [Cam01, Eys00] to a theory of coherent
Lo-cohomology in Complex Analytic Geometry. Some applications were given, say
in [BDET24, Bra21, Eys98, Eys99, Tak99]. The present article generalizes this theory
to constructible and D-module coefficients, hence to Mixed Hodge Modules [Sai90],
and generalizes Dingoyan’s Lo-Mized Hodge structures.

Let us describe our main constructions. N

Let X be a compact complex manifold. Let 7 : X — X be an infinite Galois
covering space with Deck(X /X) =T.

If F'* is a bounded complex of C-vector spaces with constructible cohomology
on X, we construct, using a classical observation of Kashiwara, cohomology groups

{2)()7, F*) that coincide in the case F* = Cx with the Ly-cohomology of X,
see [Lic02]. They obey Atiyah’s Ly index theorem, Poincaré—Verdier duality and are
compatible with proper morphisms of complex analytic spaces.

If M is a coherent D-module on X, we define, using the construction of [Eys00],
cohomology groups Hpy o) (j(v ,M). They coincide in the case M = Ox with the

Ls-De Rham cohomology of X with respect to a Riemannian metric pulled back
from X. If M = D®p, F, F being a coherent analytic sheaf, they coincide with the
Ly cohomology groups Hg(j(v , F @ w%) constructed in [Eys00]. They obey Atiyah’s
Lo-index theorem. We did not check except in the simplest cases whether they are
compatible with proper holomorphic mappings and did not study duality questions.

When an isomorphism in the derived category of sheaves rh : F* = DR(M) is
given, M being holonomic, we construct a natural isomorphism rhy) : HE2)(X ) =

Hyp o) (X, M).

These cohomology groups are typically infinite dimensional quotients of Hilbertian
I'-modules by non necessarily closed submodules. They are also modules over N (T")
the Von Neumann algebra of I'. But one can be much more precise.

Given I' a discrete countable group, the exact category of finite type projective
Hilbert I-modules naturally embeds in a rather simple abelian category E;(I") due
to Farber [Far96] and Liick [Liic02] endowed with a faithful functor to Mod(N(T)).
This abelian category has projective dimension one, its projective objects being finite
type projective Hilbert I'-modules. The preceding Ls-cohomology groups are in the
essential image of the forgetful functor and the isomorphism rhy) lifts too.

We summarize these constructions in the following:
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Lo-Invariants of coherent D-modules and Hodge Modules 771

THEOREM 0.1. — Let X be a compact complex manifold and X — X be a Galois
covering with Galois group I". Let M D(X) be the abelian category whose objects
are triples

M — (./\/l — MPR, p — MBetti, a)

where M is a holonomic Dx-module admitting a good filtration, P is a perverse
sheaf of R-vector spaces and a : P®g C — DR(M) is an isomorphism in the derived
category of sheaves and whose morphisms are the obvious ones.

There is a O-functor which, on the Betti side, is compatible with proper direct
images, satisfies Atiyah’s Ly index theorem and Poincaré—Verdier duality:

LydR : D°MD(X) — DYE4(T)
and for each M € M D(X) and q € Z functorial isomorphisms in E¢(I")
H(LydR(M)) = HY,) (X, MP) =L o (X, MPR).

If X is a projective algebraic manifold every coherent Dx-module admits a global
good filtration (a fact the author has learned from talks given by B. Malgrange).
The author does not believe admitting a good filtration is an essential restriction
here.

For applications, it seems to be useful to consider the case X is only a compact
complex-analytic space such that one can embed X in a complex manifold Z’. In that
situation, one can construct, taking a regular neighborhood Z of X, an infinite Galois
covering space 7 : Z — Z with Deck(Z/Z) = I' and a I'-equivariant embedding
X Z covering the closed embedding X — Z. Theorem 0.1 extends to this situation
restricting one’s attention to modules on Z whose support is contained in X.

Saito’s category of Mixed Hodge Modules MHM(X) [Sai90] is an abelian subcate-
gory of M D(X).

COROLLARY 0.2. — Let X be a compact Kéahler manifold and X = X bea
Galois covering with Galois group T'.

There is a 0-functor which, on the Betti side, is compatible with proper direct
images, satisfies Atiyah’s Lo index theorem and Poincaré—Verdier duality:

LydR : D" MHM(X) — DE(T)
and for each Ml € MHM(X) and q € Z functorial isomorphisms in E;(I")
H(LydR(M)) = HY,) (X, MP) = L o (X, MPR),

These cohomology groups are endowed with a real structure, a real filtration W
coming from the weight filtration on MP*Y" and a complex filtration F' coming from
Saito’s Hodge filtration on MP®. These filtrations and real structures are compatible
with morphisms of Mixed Hodge Modules.

It is not clear whether these filtrations define a Mixed Hodge Structure. It seems
difficult not to pass to reduced L*-cohomology. Using an idea of Dingoyan [Din13],
we conjecture:
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CONJECTURE 0.3. — Let N(I') C U(T") be the algebra of affiliated operators. Let
M be a Mixed Hodge module (resp. a pure Hodge Module).

UT) @y HY(X, LydR(M))

carries a Mixed (resp. a pure) Hodge structure in the abelian category of real U(T")-
modules with finite I'-dimension. It is given by the functorial filtrations in Corol-
lary 0.2. The restrictions on the Hodge numbers are as in the compact case.

We will use the notation H9(LydR(M)) "2 HI(X, LydR(M)) whenever it is neces-
sary to emphasize that M lives on X and that we are considering the covering space
X — X.

We do not understand Saito’s theory well enough to dare conjecture a similar
statement for the derived category of MHM(X).

THEOREM 0.4. — Conjecture 0.3 is true in the following cases:

e There is a closed complex submanifold i : Z < X and a smooth polarized
Q-VSH (Z,V,F,S) on Z such that Ml = M;(V) is the corresponding Hodge
Module on X.

e There is an open embedding j : U < X such that X \ U is a divisor with
simple normal crossings and a smooth Q-VSH (X,V,F,S) on X such that
M = R]*]_IMX<V)

e There is an open embedding j : U < X such that X \ U is a divisor with
simple normal crossings and a smooth Q-VSH (X,V, F,S) on X such that
M = Rjij~'Mx (V).

The first case follows easily from [Eys97]. The second item in case V = Qx is in fact
a reformulation of [Din13]. We nevertheless felt it was helpful to recast Dingoyan’s
results in our language. The third case does not follow from [Din13]. A more general
result holds, it is enough that the Gry, of the Mixed Hodge module is a direct sum
of modules of the form M, (V).

The methods we develop, see Section 6, reduce the problem to the case of pure
polarizable Hodge modules. The case dim(X') = 1 has been settled by B. Jean [Jea22],
as a part of his PHD thesis under the direction of the author. The higher dimensional
case is an open problem the author would like to attack using Jean’s technical
innovations.

The article is organized as follows. The Section 1 constructs L,-constructible
cohomology. The Section 2 constructs L,-De Rham cohomology for coherent D-
modules on complex manifolds. The Section 3 reviews some facts on the homological
algebra for N(I')-modules and about U (I"). The Section 4 lifts the Ly-cohomology
theory to Ef(I') and finishes the proof of Theorem 0.1. It gives a statement of a
refined form of Conjecture 0.3 in terms of the reduced L? cohomology of Mixed
Hodge Modules and a brief treatment of the singular case. The Section 5 studies
analytic L? Hodge decomposition in the Kéahler case. The Section 6 gives a proof of
Theorem 0.4. The Appendix A gives more details on some technical facts the author
preferred not to include in the text.

The article is a write-up of a project that was started 20 years ago with the
definition of constructible Ly-cohomology in E;(I'). The initial motivation was to
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extend [Gro91] to singular Kéhler varieties, the role of the Ly-cohomology being
played by the Lo-intersection cohomology defined here.

After [Dinl3] appeared, the scope of the project was extended to include Mized
Hodge Modules. The author has given a handful of seminar and conference talks
on this project during these years and wishes to apologize for not having made a
text available. At some point, it was a work in collaboration with P. Dingoyan, who
withdrew from the projet. The author would like to address special thanks to him
for many enlightening discussions.

In a forthcoming work in preparation, we will complete the task of extending
[Gro91] to the singular case modulo analytic realizations of Hodge Modules in the
spirit of [SZ21].

The author also thanks P. Bressler, S. Diverio, S. Guillermou, F. Ivorra, B. Jean,
W. Lick, J. Tapia and C. Sabbah for valuable discussions, some of them 25 years
ago, on topics related to this article. Many thanks to the referee for the many
improvements he/she suggested.

1. Constructible L,-cohomology

In the following 1 < p < +o00 will be a real number. No applicable results will be
lost if one restricts oneself to the case p = 2. We also let Q C K C C be a subfield
of the complex numbers.

1.1. Equivariant constructible sheaves on I'-simplicial complexes

In this section, we will recall basic well-known definitions, cf [KS90, Chapter VIII].
Our presentation relies on the observation that their constructions are so natural
that they are equivariant under proper actions of discrete groups.

Let T be a discrete countable group. Let T be a paracompact topological space
endowed with an action of I' (by homeomorphisms). We denote by Modr(Kr),
the category of I'-equivariant sheaves of K-vector spaces'’). Let A be an abelian
category, we also call D(A) its bounded derived category®. We use the shorter
notation Dy (T') := D* Modr(Kr). We shall drop dependance on K when K = C.

A T-simplicial complex S is a locally finite simplicial complex endowed with a
proper left action of T, i.e. S = (S5, A, i) where S is a non-empty set endowed with
an action of I' i : I' — &(5) and A is a set of non-empty finite subsets of S, the
simplices of S, such that:

e For every element s of S, the singleton {s} belongs to A.

e For every element o of A, any non-empty subset 7 of o belongs to A.

e For every element s of .S, the subset of A consisting of the simplices containing
s is finite.

OF compatible action of I on a sheaf S is a continuous action on Et(S) the étalé space of S such
that the canonical local homeomorphism Et(S) — T is I'-equivariant.

(2) There is no need to restrict to the bounded derived category until Section 3.2, but we will not
pursue more generality.
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e [ preserves A.
e [' acts on S with finite stabilizers.
Obviously, I' acts on A with finite stabilizers and I" acts properly on the topological
realization |S| of S. [S| is a closed subspace of R® (endowed with the product topology)
decomposed as [S| = Uyea || where

lo| = {xERS

z(p)=0 if p&o, z(p) >0 if peo, Zx(p):l}.
peEC

Say S is finite dimensional if sup, ., Card(o) < oco. Say S is cocompact if it is
finite dimensional and "\ S is finite. In this case, '\ A is finite and I'\|S| is compact.

A T-equivariant sheaf of K-vector spaces F' on |S| is weakly S-constructible, resp.
S-constructible, if for every simplex o, ZHF is a constant sheaf® | resp. and for every
x in |S|, F, is of finite dimension. The abelian category of S-constructible (resp.
weakly S-constructible) equivariant sheaves will be denoted by Consk r(S) (resp.
w Consk r(S)). A complex of I'-equivariant sheaves F** with bounded cohomology
(i.e.: an object of DA(|S])) is called S-constructible (resp. weakly S-constructible) if
its cohomology sheaves H’(F*®) are S-constructible (resp. weakly S-constructible).
S-constructible complexes (resp. weakly S-constructible complexes) are the objects of
a full thick triangulated subcategory D§_, 1 (IS]) (resp. D% _s_, x.r(|S|)) of D% (IS]).

PROPOSITION 1.1. — Let S be a finite dimensional I'-simplicial complex. Then
the natural functors

D*(w Consgr(S)) — Dyy_s_ccr(ISl), D'(Consg,r(S)) — DE_. . r(IS])
are equivalences of triangulated categories.

Proof. — The proof of [KS90, Theorems 8.1.10 and 8.1.11 p. 326] (which is the
special case where T is the trivial group) applies here mutatis mutandis. Actually, if
the action of I' is free, we can use the natural equivalence of categories between the
various categories of I'-equivariant sheaves on [S| and of sheaves on T'\|S| to formally
reduce the statement to [KKS90, Chapter VIII]. In the general case, observe that the
functor 8 constructed [KS90, p. 324], which is right adjoint to the inclusion functor
w Cons(S) — Mod([S]), lifts to the category of I'-equivariant sheaves. Then one can
apply S at the level of complexes to construct an inverse equivalence of categories to
the first functor. This equivalence maps D§_, x p(|S|) to D%OHSK,F(S) (wConsgkr(S))
thanks to the finite dimensionality hypothesis. Hence, the second equivalence follows
the fact that D*(Consg r(S)) — DbCOHSK’F(S)(w Consg r(S)) is an equivalence, the
main reason being that Consg r(S) is stable by extensions in w Consg r(S). O

1.2. L,-cohomology for equivariant constructible sheaves. The case of
simplicial complexes.

Let S be a finite dimensional I'-simplicial complex. Consider the natural quotient
map 7 : |S| — T'\|S|. It is easy to see that m, the direct image with proper support,

(3) Whenever Z is a locally closed subset of X, we denote by iz : Z — X the resulting embedding.
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is exact on S-constructible sheaves™® . On the category of equivariant S-constructible
sheaves, m factorizes through the category of sheaves of left KT-modules on I'\[S|.

Let oo > p > 1 be a real number. The left and right regular representations,
denoted by A and p, on the vector space [,I' of complex valued functions (a,),er
defined on I' such that > < |a, [P < oo define a bimodule over CI". We call RI,I" the
right I'-module attached to p. In particular, given a sheaf F' of left KT-modules on
a topological space T, the tensor product RIl,I' @ F is a sheaf of left CI'-modules.
Denote by W, ,(I") the bicommutant of A(ZI') in the algebra of continuous linear
endomorphisms of [,I". Certainly CI' C W, ,(I") and the left action of CI' extends
by construction to a left action of W ,(I') on RI,I". Hence RIL,I' @k F is actually a
sheaf of W, ,(I")-modules since RI,I" is a (W, ,(I"), KT')-bimodule (the first acts on
the left, the second on the right).

LEMMA 1.2. — The functor F +— RIL,I' @ xr mF' is exact on Consg p(S).

Proof. — Since C is a K-vector space it is flat over K and m commutes with ® xC.
Hence, it is enough to prove exactness of Fr — RI,I' ®cr mFc on S-constructible
equivariant sheaves of C-vector spaces. Since the stalk at p € I'\[S| of mF¢ is
isomorphic to C[I'/ H5]®*™ where n is a nonnegative integer and Hj is the stabilizer
of some lift p € [S]| of p, it follows that it is a projective module over CI'. Indeed,
whenever H is a finite subgroup of I', the pull-back injection i : C[I'/H] — CI" has
a right inverse 7((ay)yer)y = %) > hen agn, Which is equivariant for the left action
of I'. Exactness follows from the facts that stalks of tensor products are computed
stalkwise, that m is exact and that a short exact sequence of projective modules
splits. O

LEMMA 1.3. — The functor F +— RI,I’ @xr mF' is exact on Modrp(Kjg)).

Proof. — The above proof also works with a minor modification for all sheaves of
K-vector spaces. 0]

DEFINITION 1.4. — Let F* be an object of D*(Consgr(S)). Its k™ L,- hyper-
cohomology group is the W, ,(T")-module

Hl(fp)(|8|’ F*) = HA(\[S], RL,T @xr mF*®).

LEMMA 1.5. — The composition of the derived functor of H°(T'\|S|,—) and of
Rl @ gr m— gives a O-functor® of triangulated categories

H, (S|, ) : D*(Consgr(S)) — D*(Moduw, ,r)),

where Mody, () stands for the category of left W, ,(I')-modules such that the L,-
hypercohomology groups are its cohomology objects.

A1t is a direct consequence of [KS90, Proposition 8.1.4 p. 323] in case the action is free. The
general case is easily taken care of by a barycentric subdivision argument.

(5) As in [Har66, p. 22], a 0-functor of triangulated categories is an additive functor which commutes
with the translation functor and respects distinguished triangles.

TOME 8 (2025)



776 P. EYSSIDIEUX

Proof. — The fact that it is a O-functor follows from the exactness of the func-
tor Rl,I"’ @k m— and the property that sheaf cohomology on I'\|S| can be com-
puted using the derived functor of H°(T'\|S|, —), in particular for sheaves of W ,(T)-
modules. O

This definition gives rise to the long exact sequence attached to a short exact
sequence and to various spectral sequences generalizing it.

Thanks to Lemma 1.3, we also get with the same proof as Lemma 1.5:

LEMMA 1.6. — The same formula as in Definition 1.4 defines an extension of
(» (S]. =) to a O-functor

H,) (IS], ) : Dl r(IS]) — D" (Modw, ,r)-

We don’t use a different notation hoping this will not cause any confusion.

1.3. The subanalytic case
1.3.1. Subanalytic stratifications and constructible sheaves

A subanalytic® DI-space is a I'-space that can be realized as a locally closed
[-invariant subanalytic subset of a real analytic manifold endowed with a proper
real analytlc action of I'. A stratified subanalytic space X is a subanalytic space

= |X| endowed with a locally finite partition X = (J; X; in disjoint subanalytic
submanlfolds satisfying X; N X; # 0 = X; C X;. A stratified subanalytic ['-space X
is a proper analytic action of I" on X = |X]| such that for every g € I and every point
x € |X| the germ at x of the stratification is carried by ¢ to the germ at gz of the
stratification. When the stratification comes from a I'-simplicial complex, one calls
it a triangulation. [KS90, Proposition 8.2.5] implies that, in the cocompact case, any
[-stratification may be refined to a ['-triangulation and that the I'-triangulations
form a cofinal system with respect to refinement.

The obvious extension of the definitions and notations of Section 1.1 will be left
to the reader, the only change being that X-constructible sheaves on |X| are now
assumed to be locally constant along the strata of X.

Let X be a subanalytic I'-space. A sheaf of K-vector spaces F' on X is called
constructible if it is constructible with respect to some subanalytic stratification of X.
We denote by R Consg r(X) the category of equivariant constructible sheaves on X
and by DY 5. (X) the thick full subcategory of D% (X) consisting of complexes with
bounded constructible cohomology. The equivariant version of [KS90, Theorem 8.4.5
p. 339] is easily checked to hold and can be stated as the following:

PROPOSITION 1.7. — The natural functor D*(R Consg (X)) — D%C,K,r(y> is
an equivalence of triangulated categories if X is cocompact.

Proof. — 1 leave it to the reader to look through the arguments in [KS90] and
observe they can be made equivariant. 0

(G)Actually, “definable in a o-minimal structure” is the natural hypothesis.
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1.3.2. Constructible L,-cohomology

PROPOSITION 1.8. — Let X be a cocompact subanalytic I"-space. Let F* be an

object of Dy_ i p(X). Its kth Ly,-hypercohomology group is the W, ,r)-module
H, (X, F*) := H*(T\X, R, @xr mF*).
There is a O-functor of triangulated categories
zp) (y7 _) : D%—C,K,F(y) — Db (MOdWl,p(F)>7
where Modyy, (1) stands for the category of left W, (T')-modules such that
k (v T\ _ 17k o (Vv Te
HE,) (X, F*) = H*(H},) (X, F*)).

Proof. — We can replace Dj_, KF(X ) by D'R Consg (X) since the natural func-
tor is an equivalence by Proposition 1.1 and R[,I'® gr mC® — is exact by Lemma 1.6.
Since DR Consg.(X) is the limit of its full subcategories D® Consg (X), X
running through all subanalytic I'-triangulations, this follows from Definition 1.4. [

1.4. Complex Analytic case

We assume here K = C and drop K from the notation.

Assume from now on that X is a cocompact complex I'-space. The relevant stratifi-
cations are complex analytic stratification (by definition, a subanalytic stratification
is complex analytic if so are the closures of the strata) and we say that an equivariant
sheaf is constructible if it is constructible with respect to some complex analytic
stratification and that a complex of equivariant sheaves is constructible if so are its
cohomology sheaves. Then Consr(X) is a full abelian subcategory of R Consr(X)

stable by extensions, D!(X), the full subcategory of D, (X) whose cohomology

objects are in Consr(X), is a thick triangulated subcategory and we have a natural
O-functor - -
D’ Consr(X) — D1 (X).

Remark 1.9. — This functor is an equivalence of categories if X is a Galois

topological covering space of the analytization of a complex projective variety using
GAGA and [Nor02].

DEFINITION 1.10. — We can restrict Hzp)(j(v,—) to ch’r(j(v) to get the con-
structible L,-cohomology functor:

(X, =) Dbr(X) — D (Modwl’p(p))
An important special case is Ly-intersection cohomology.

DEFINITION 1.11. — Let Z be a singular compact complex space and 7 : Z—=Z
its universal covering space. Its k'™ intersection L, cohomology is the W, ,(I")-module
pr)(Z, 7 YIC%) where ZC% is the intersection cohomology sheaf of Z [BBD8&2].
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The initial impetus for this work was to formulate the following:

CONJECTURE 1.12. — Ifp =2, and Z is a closed analytic subset of a compact
Kéhler hyperbolic manifold then H’(CQ)(Z, 7 'IC%) = 0 for k # dim(Z).

1.5. Real structures

The algebra W ,(I') carries a real structure, namely a conjugate linear algebra
involutive automorphism we shall denote by . It comes from the real structure on
IPT" represented by the complex conjugation ¢ which maps f : I' — C to its complex
conjugate function. This complex conjugation lifts to a real structure on the bounded
operators of IPT" defined by ®' = co ® o ¢~!. Since the subalgebra ZI is invariant by
T, so is its bicommutant and W, ,(I") is f-invariant. A real structure on a module over
W, ,(I') is just a conjugate linear automorphism on the underlying C-vector space
compatible with {. For instance [,I" has a real structure.

Modules with real structures form a R-linear abelian category Mody,  (r)r which
has an exact faithful forgetful functor to Mody, g and if K C R the functors of

Proposition 1.8 and Definition 1.10 lift to D*(Modw, ,r)r)-

2. [P-cohomology and differential operators for coherent
sheaves

2.1. Coherent LP-cohomology

Let X be a complex manifold and let Ox (resp. Dx) denote its structure sheaf
(resp. the sheaf of holomorphic differential operators). Let 7 : X — X be a Galois
topological covering space and I' = Gal(/)z /X) be its Galois group, acting on X on
the left.

If R is a sheaf of rings on X, denote by Mod(R) the abelian category of sheaves
of left R-modules by Homp, its group of morphisms and by Homy, the internal Hom
bifunctor on Mod(R). When considering right R-modules, we use the notations
Mod(R°), Homgo, Homp.. If R is a ring then we denote by Ry the sheaf of rings
of locally constant functions with values in R.

Denote by Coh(Ox) the full abelian subcategory of Mod(Ox) whose objects are
the coherent analytic sheaves of X. Denote by Coh(Dy) (resp. Hol(Dy)) the full
abelian subcategory of Mod(Dx) whose objects are the coherent (resp. holonomic)
Dx-modules. A Ox-module is quasi coherent if it is locally the limit of its coherent
submodules.

For every p € [1,+o0[ and F a coherent analytic sheaf on X, [Eys00] (see
also [Cam01]) constructs a subsheaf [P7,F C m,m~!F which can be described locally

as follows. Choose ¢ : OFY — F a presentation of F on a Stein open subset U such
that 7=3(U) =T x U then:

(81)yer € f(U)Fa 3 Si{ S O??N(U)Fa 90<5/7) = Sy
and VKU Z/|sﬂ,|p<+oo
K

vyel

P, F(U) =
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The independence on ¢ is checked in [Eys00]. Given ¢ : F — F' a Ox-linear
morphism of coherent sheaves
7T*7T71¢ s Y F — mor L F
maps [Pm,F into [P, F'. Denote by Pm.¢ : P, F — IPm, F' the restriction of m,m~1¢.
The resulting functor ’m, : Coh(Ox) — Mod(W,,(I') ®c Ox) is exact [Eys00] and
one can define N
H} (X, F) = H* (X, IPm,.F).
Since H?,(X,F) =0 for ¢ > dime(X) (at least when X is compact) this yields a
good cohomology theory on Coh(Qy), indeed a 0-functor
D" Coh(Ox) — D" Mody, (1) -
Observe that if F is coherent Pm,F = I’1,0Ox ®o, F. Hence, the functor {’x,
extends to D*(Mod(Oyx)) setting iPm, L := IPm.Ox @, L thanks to:
LEMMA 2.1. — The functor I’r, = IPm,Ox®e, Iis exact on Mod(Ox).

Proof. — The problem is local. Since this functor is exact on Coh(Ox), it follows
from the fact that tensor products of sheaves commute with taking the stalks [God73,

p. 137] that TOT?X’Z((ZPW*Ox)I, Ox /1) = 0 for every (finitely generated) ideal of
Ox .. Hence (IP7,Ox), is a flat Ox ,-module and exactness follows applying [God73,
p. 137] once more. O

It should however be noted that if a sheaf F has two different O x-module structures,
say F; and JF,, it may be the case that [Pw,F; # [Pm,F, as subsheaves of w7 1 F =
T Y Fy = mom L F.

Remark 2.2. — There is a natural structure of left Dy-module on P7,Ox hence
[P, gives rise to an exact endofunctor of Mod(Dy). When I' is infinite, it does not
preserve the full subcategory of coherent or quasicoherent modules.

2.2. Differential operators

We need to check that differential operators between quasicoherent analytic sheaves
preserve [Pr,.

Recall from [Sai89] that for £, L’ two Ox-modules Diffx (£, £') is the image of the
natural injective morphism:

Homps (£ ®oy Dx, L ®0, Dx) — Home, (£, L)
given by the composition of the natural adjunction
Homps (£ ®oy Dx, L @0, Dx) = Homo, (£, L @0, Dx),
L'®0, Dx being endowed with the right Ox-module structure, with left composition
by the natural C-linear (actually left Ox-linear) morphism
ve s L ®oy Dx — L
which maps ¢ ® P to P(1)¢. One has vy = L' ®p, Vo, where vo, : Dx — Ox

is the naturel left Dx-linear (hence left Ox-linear) morphism mapping P € Dy to
P(l) € Ox.
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LEMMA 2.3. — Assume L' is quasicoherent. Let (L' ®o, Dx); resp. (L' ®o, Dx).
the left resp. the right Ox-modules structures of L' ®¢o, Dx. Then:

lpw*(ﬁ’ Rox DX)I = lpﬂ'*(ﬁ, Rox Dx)r C 71'*7'('_1,6/ X Dx.

Proof. — Let us begin by treating the case where £ = Ox. Then both ?(7,.(Dx))y,
£ = I, r are the increasing union of the subsheaves (P, (F},Dx); where F},Dx is the
sub-Ox-bimodule consisting of the holomorphic differential operators of degree < k.
Hence it is enough to show that [?7,(FDx); = I’7.(F;Dx),. The problem being local
assume we have a coordinate system on an open set U such that 7= }(U) ~T x U. A
section of m, ™" F Dx of the form (3, <k fa,y0%) is in IP(m,(Dx)); iff, for all K € U,
> S X | fan [P < +00 whereas a section .~ Fi Dy of the form (¥, <t 0% ga,y) is
in [?(7.(Dx)), iff, for all K € U,

Z/ Z|g,m|p < 400.
v YK a

Since %9 = g0“ + Y54 Ps.o(9)0” where Ps,, is a universal differential operator,
the Cauchy inequality gives

/Kza:‘fa,'y’pch,K’ /Klza:‘ga,'y‘p

if K’ € U is a compact neighborhood of K. Whence the inclusion ?7,(FyDx); C
P, (FrDx),. The reverse inclusion follows by the same token.

This implies the lemma for £’ a free Ox-module of possibly infinite rank.

Now, for the general case. The statement being local, we may choose ¢ : O — L' a
presentation, N being some cardinal. The definition implies that "7, (L' ®o, Dx); €
. L' ®p, Dx is the image by m.m ¢ of IPm.(OF ®o, Dx); in mn 'L ®0, Dx.
The lemma follows. O

LEMMA 2.4. — Under the hypothesis of Lemma 2.3, let P € Diffx(L, L") and
let p € Homo, (£, L' ®o, Dx) be the unique right Ox-linear morphism such that
P =vg op. Then

Pr.P = vpyr o lPrp: Pn. L — P, L

is the restriction of w,m ' P and defines a W, ,(T")®¢c Ox-linear morphism of sheaves.
The assignment P — [Pm, P defines an additive functor

I’ : Qeoh(Oy, Diffx) — Mod (W,(T') )

where Wy, (') is the constant sheaf with constant value W,(I') and Qcoh(Ox,

Diffy) is the additive category whose objects are quasi coherent O x-modules and
whose morphisms are differential operators.

Proof. — The definition makes sense thanks to lemma 2.3. The statement is thus an
easy consequence of the definition and of the properties of [’7, described above. [
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2.3. L, De Rham cohomology

Let M be a (quasi) coherent Dx-module viewed as a O x-module endowed with a
flat connection V : M — M ®0, Q. The De Rham complex of M defined as:

DR(M) = (M 5 M@0, O 5 M@0, 0% — ...)[dim X]

is a complex in Qcoh(Ox, Diffx). Applying the functor [Pm, we define the LP De
Rham complex [Pm, DR(M) and the L” De Rham cohomology:

Hpp (X, M) := H*(X, I’m, DR(M)).

We will not try to put more structure than the natural W, ,(I')-module structure on
these general LP cohomology groups.
The LP De Rham constructible cohomology groups come from a O-functor

Hbyg v, : D'(Coh(Dx)) — D*(Modu, (1) )-
Example 2.5. — If F is a quasi coherent Ox-module,
Hip 1o (X, Dx ®0y F) = H, (X, F @ wy).

Proof. — The natural augmentation € : Dx ®o, F Qo wx — F o, wx gives
rise to a quasi-isomorphism DR(Dyx ®o, F) — F ®e, wx. Locally it is a Koszul

complex for the regular sequence (0, , ..., 0, ). The same is actually true for its ("7,
and we get a quasi-isomorphism [P, DR(F) L o, F R0y Wx- O

Example 2.6. — Denote by #1,C; C m.Cy the locally constant sheaf of W ,(I')-
modules attached to the right regular representation of I in LPT". Let V be a finite
rank complex local system on X and V be the Dx-module whose underlying finite
rank locally free Ox-module is V ®¢, Ox and holomorphic connection V so that
the natural morphism o : V. — V represents ker(V).

Then Hpy, 1, (X, V) = H ) (X, P7,C ®c, V) = H i (X, V).
Proof. — Left to the reader. O
Remark 2.7. — With the notation of Remark 2.2, ?7, DR(M) = DR({’7,.M).

2.4. Compatibility to the Riemann—Hilbert correspondence

Remark 2.8. — The natural sheaf monomorphism i, : #7,.Cs ®@c, Ox — P1.Ox
is not an epimorphism. One would need a completed tensor product of sheaves in
locally convex topological vector spaces we will not try and discuss.

PROPOSITION 2.9. — Let M be a holonomic Dx-module. Then the natural map
RIPT ®@cr mm ! DR(M) — IPm, DR(M) is a quasi-isomorphism.

Proof. — The problem is local. Thus, we can assume M has a good filtration F,.

Then F,DR(M) is a filtration of DR(M) by differential complexes of coherent
sheaves. For ¢ > 0, the natural morphism F,DR(M) — DR(M) is a quasi-
isomorphism [Sai89, Lemma 1.14] (see also [Bj693, Lemma 1.5.6 p. 31]). Hence
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it is enough to prove that RI’T ®@cr mm 'F,DR(M) — IPm.F,DR(M) is a quasi-
isomorphism for such a ¢ > 0.

Thanks to the Kashiwara constructibility theorem™ [Kas80, MNM93], the coho-
mology of F, DR(M) is constructible. Choose U appropriately such that it is Stein
and

H'(U,#/(DR(M))) =0
for ¢ > 0 and all j. We also have H'(U, H/(F,DR(M))) = 0 for ¢ > 0, i > 0 and
all j.
Note that the kernel and images of the differentials in F;, DR(M) have also van-
ishing cohomology in positive degree on U.
Under this hypothesis, we also have:

e — Fq+k,1M X Qkil(U) — Fq+kM X Qk(U)
— F e M@ Q"N U) — . '

Kashiwara’s constructibility theorem also implies that dim H*"(DR(M))(U) is
finite. The U satisfying these properties form a basis of the topology of X.

We have to show that every element z of Ker(d) : F xM @ Q¥(U) = F M ®
QF1(U) can be decomposed as a sum z = dt + g(h(z)) where

g: H""(F,DR(M)) — Ker(d) C F ;.M
is a section over U of the morphism of sheaves
h:Ker(d: FyaM @ QF — FpinM @ Q) — H(DR(M))

and t a section over U of F,;; 1M ® Q*! with local LP-estimates.

This means the following. The Fréchet structure of G(U) where G is coherent is
given by an inverse limit of a countable family of L? norms (|| — ||)nen defined by
integration on an exhaustive family of compact subsets of U if the sheaf is locally
free, of quotient norms of such L, norms in a locally presentation of the sheaf in
general [Eys00]. A local L? estimate is then, for all n € N, a series of estimates of
the form:

H(DR(M))(U) = H* (

[£lln < Cr-[[ 2]l
for some n’ € N.
This follows from the continuity of d for this Fréchet structure, the fact that a
continuous operator of Fréchet spaces has closed range if it has a finite dimensional

kernel and the open mapping theorem for Fréchet spaces using a standard argument
(cf. e.g. [Eys00, pp. 534-535]). O

COROLLARY 2.10. — The natural map i, induces a natural invertible transfor-
mation of functors on Hol(Dx):

thy) © Hiyg (X, ) < Hi ™Y (X, DR( ).

Remark 2.11. — As in Section 1, we may work in the more general set-up of a
proper action of I' on a complex manifold X with cocompact quotient or even restrict
our attention to cocompactly supported equivariant coherent Dx or Ox-modules.

(") Which is used implicitly in the statement of the proposition.
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3. Farber’s abelian category and its localisation

Up to this point, we were working with LP-cohomology. Now, it is time to admit
that unless p = 2 the objects we constructed are out of control.

We will change our notations and define N'(I') = W, »(T") and survey some relevant
homological algebraic aspects of modules over this operator algebra, which is known
as the Von Neumann algebra of the group I'.

3.1. Hilbert I'-modules

Let us first briefly review a very nice construction due to Farber and Liick [Far96].
For a longer review adapted to our purposes, see [Eys00, pp. 539-544]. For a com-
plete review, including applications in topology and algebra, see the bible of the
subject [Lic02].

DEFINITION 3.1. — A Hilbert I'-module (resp. of finite type, resp. separable) is
a topological C-vector space with a continuous I'-action which can be realized as
a closed I'-invariant subspace of ,I'®H where H is a Hilbert space (resp. of finite
dimension, resp. separable).

LEMMA 3.2. — The action of CI' on a Hilbert I'-module F extends uniquely to
an action of the C*-algebra N(T") in such a way that the image of N'(I") is strongly

closed in B(E).

PROPOSITION 3.3. — The following categories E;(I') C E(T'):

e Objects of E(I") are triples (Ey, Es, e) where Fy et Ey are Hilbert I'-module
and e continuous I'-equivariant linear map.

o Hompm((E1, Fa,e), (F1, Fs, f)) is the set of pairs (¢1 : By — Fi, ¢o + By — F))
of continuous I'-equivariant linear maps such that ¢.e = f¢; under the
equivalence relation (¢1, ¢2) ~ (¢}, ¢h) <= 3T € Lp(Es, F1), ¢y — ¢ = fT.

o E¢(I") is the full subcategory of E(I') whose objects (E1, Es,e) have the
property that Ey is of finite type (E; is then also of finite type).

are abelian categories of projective dimension one. The forgetful functor ® from E(I")
to the category of N'(I')-modules defined by ®((E1, Ey,¢€)) := Es/e(E,) is faithful,
respects direct sums, kernels and cokernels and is conservative.

Proof. — See [Eys00]. The main point is that the proof in [Far96] does not require
finite type. ([l

Remark 3.4. — It is not clear to the author whether the forgetful functor ®
is fully faithful on E(I"). It is fully faithful on the full subcategory of projective
modules thanks to [Gri66]. Fully faithfulness would follow if ®(E) was a projective
N(I')-module whenever E is a finite type Hilbert I'-module but it doesn’t seem to
be true.

The following corollary greatly simplifies our treatment:
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COROLLARY 3.5. — If f*: K* — L*® is a continuous morphism of complexes of
Hilbert I'-modules whose terms are in E(I"), hence a morphism of complexes in E(T'),
f* induces a isomorphism in D(E(T')) if and only if ®(f*) induces an algebraic
isomorphism in cohomology.

An object X = (E1, Ey,e) of Ef(I') has two basic invariants. Its Von Neumann
dimension dimp X € R depends only on P(X) = Ey/eFE; and has properties similar
to the dimension function of ordinary linear algebra and its Novikov—Shubin invariant
NoSh(X) = (B, eFEy,e).

Remark 3.6 (Tapia). — This construction of an abelian category is a special case
of [BBD82, pp. 20, 40-41]. Actually Hilbert I-modules form an exact category, even
a quasi abelian one as follows from [Sch99, section 3.2], which satisfies the conditions
in [BBD82]. The same holds with N (T")-Fréchet modules.

3.2. I'-Fredholm Complexes

The main nice property complexes of Hilbert I'-modules can have in general is
being I'-Fredholm.

DEFINITION 3.7. — A bounded complex of Hilbert I'-modules (with a positive
inner product) (C*, dy,) is I-Fredholm if and only if the spectral family E§* 44
satisfies 3 A > 0 such that the image of E has finite I'-dimension.

This notion depends on the notion of a Fredholm operator given in [Liic02, Defi-
nition 1.20, p. 26]. It is invariant by quasi-isomorphisms in E(I") thanks to [Liic02,
Theorem 2.19 p. 83]. There is a stronger notion.

DEFINITION 3.8. — A bounded complex of Hilbert I'-modules (with a positive

inner product) (ék, dy) is strongly T'-Fredholm if and only if it is quasi-isomorphic
as a complex in E(I') to another complex (C*, dy) whose spectral family E§* +04

satisfies 3 X\ > 0 such that the image of F) is a finitely generated Hilbert I'-module.

This is a stronger notion since a finite I'-dimensional Hilbert module need not be
finitely generated (e.g. for I' = Z).

QUESTION 3.9. — Can one drop the quasi-isomorphism? Perhaps the proof
of [Lic02, Theorem 2.19 p. 83] can be modified using the center-valued trace.

LEMMA 3.10. — The homotopy category of bounded strongly I'-Fredholm is
equivalent to D*(E;(T)).

Proof. — Since the full abelian subcategory E;(I') € E(I') has enough E(T)
projective and both have finite projective dimension ¢ : D*(E¢(T")) — D%f(r)(E(F))
is an equivalence.

Certainly a strongly Fredholm complex has its cohomology in E(T").

Quasi-isomorphisms in the homotopy category of complexes in E(I") are exactly the

homotopy classes of morphisms of complexes that are algebraic quasi isomorphisms
thanks to the exactness of the faithful forgetful functor F(I') — Mod/(r).
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Since strongly Fredholm complexes are complex of projective objects in E(I),
the functor ¢’ from the homotopy category of bounded above strongly I'-Fredholm
complexes to the derived category DPE(T) is fully faithful and takes its values in
DZZEf(F)(E (I')). Since ® is an equivalence, whose image is contained in the image of ¢/,
1)’ is essentially surjective. a

3.3. An equivalence of categories

There is a more algebraic approach to Ef(I") [Liic02, p. 288]. V(T') is a semihered-
itary [Liic02, Theorem 6.7 p. 239] hence coherent ring. It turns out that E(I') is
equivalent to the abelian category of finitely presentable N (I')-modules. But the
equivalence in question, denote it by v, is not given by ®. Indeed it is constructed
using the equivalence given by the functor on finite rank free A/ (I')-modules defined
by M — I’T @y ry) M. It is not obvious that it is an equivalence.

There is also a dimension theory for arbitrary N (I")-modules which generalizes
dimr and more or less reduces the theory of Lo-Betti numbers and Novikov—Shubin
invariants to algebra. However non zero N (I')-modules of dimension 0 may exist in
sharp contrast with projective Hilbert I'-modules.

3.4. Affiliated Operators

The algebra of affiliated operators U(T") is a flat extension N (') C U(T") [Liic02,
Theorem 8.2.2] such that U(I') ® NoSh(X) = 0 whenever X is an object in E¢(T").
It is a coherent ring, even a Von Neumann regular one. So that finitely presented
U(T")-modules form an abelian category of projective dimension 0 (all objects are
projective!). Furthermore dimr extends to U(I")-modules (no topological structure
needed) in such a way that objects of the form U(I') @) E where E is a Hilbert
I'-module of finite type are finite dimensional, dimr being preserved. In particular,
for a complex K*® in E(I),

HOU(T) © K*) = U(T) @) BY(K®) = UD) @) PIHI(K®)).

The author does not know how to use in Complex Analytic Geometry the torsion
information lost in that process. So, forgetting about it seems to be appropriate from
a pragmatic point of view.

The relevance of this localization process for Hodge theory is one of the main ideas
of [Dinl3]. There, intermediate abelian categories fitting in a succession of exact

functors of abelian categories
faith.

Ep(T) 2% Mod(M(T)) — Mod(N () /7 — Mod((T))

are introduced where 7 is a torsion theory (or an appropriate Serre subcategory).
Here, we will only consider the case 7 = 1) in the notations of loc. cit.: when it
is possible, we will work in E;(I') and when it becomes necessary, we will apply the
functor U(I')@r(r)-
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However, the reason [Liic02] introduces affiliated operators is his [0, +oo]-valued
dimension theory for ¢ (T")-modules which enables him to make the theory of L?-
Betti numbers more or less algebraic. This enables one to look at non-locally finite
simplicial complexes like K (I, 1) simplifying Cheeger-Gromov’s article [CG86]. One
has however to do a minimal amount of functional analysis to prove the ¢ (I")-modules
we encounter are finite dimensional or finitely generated projective. This is why we
will not just apply the functor U(I')@arry to the construction of the two preceding
sections with p = 2, although it is extremely tempting.

We conclude with the following lemmas:

LEMMA 3.11. — U(T") @p(ry v is naturally equivalent to U(I')@arry on Ef(T).

Proof. — This follows from the construction of v and of the relation U(I") @)

I’T = U(T') which in turn follows from the realization of U(T") as an Ore localization
of N(T') [Liic02]. O

LEMMA 3.12. — Let E be an object of E¢(I") endowed with 3 filtrations W, F, G.
Then F' and G are n-opposed on Gri; P(E) if and only if U(T') @y F and U (L) @ prry
G are n-opposed on Gryypyg . w UT) @amy E.

Proof. — Left to the reader. O

3.5. A natural question

The construction of a completely satisfying Lo Mized Hodge Theory might be
eased by the use of further results from the theory of operators algebras. A salient
feature of U(I") is that it is self injective which is exactly, according to a remark
in [Liic02], what is needed for neat duality statements. It would be helpful if the
following question had a positive answer:

QUESTION 3.13. — Assume we have a complex of separable Hilbert I'-modules
(or Fréchet N (T")-modules) whose cohomology is isomorphic as a N (I")-module to the
N (T')-module underlying an object of E¢(T"). Is the complex strongly I'-Fredholm?

A slightly weaker statement is given in [Jea22| as a criterion for I'-Fredholmness.

3.6. Real Structures

The #-algebras N (I") and U(T") carry a real structure, namely a conjugate linear
algebra involutive automorphism { commuting with the conjugate linear algebra
involutive anti-automorphism *, and a real structure on a module over these algebras
is just a conjugate linear automorphism on the underlying vector space compatible
with f. For instance l,I" has a real structure. We will denote by RE((I") the category
of formal quotients of real Hilbert I"-modules.
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4. Refined L?-cohomology
4.1. Finiteness theorem for L? constructible cohomology

PROPOSITION 4.1. — Let S be a cocompact I'-simplicial complex. There is a
0-functor
H;(|S|, —) : D"(Consg,r(S)) — D"(E4(T))
such that, if the natural forgetful functor is denoted by
®: D'(E4(T)) — D*(Mod(N(I))),
we have with the notations of Definition 1.4:
® o Hy(IS], =) = Hiy (IS, —).

Proof. — First assume that S satisfies the following technical assumption: for every
pair of distinct adjacent vertices p,q € S, ¥(p) # ¥(q) where ¢ : S — I'\S is the
quotient map. In particular, the set of vertices of a given simplex maps injectively to
I'\S. Choose a well-ordering of I'\'S. This provides each simplex o with an order <,
on its vertices such that <, ,= v(<,) and if 7 C 0, <, |, =<,. This defines a sign
€ for every pair of simplices 7 C o such that Card(c) = Card(r) + 1, namely
€ro = (—1)” where ¢ : ({0,...,Card(c) — 1}, <) — (0, <,) is the unique increasing
bijection and o — 7 = {¢(v)}.

Let F be an object of Consr(S). For every simplex o, set U, := Uy, |7| and
F, := H°(U,,F). For 7 C o, the sheaf structure gives a map p,, : F, — F,. Set
Cf(&]:) = @Card(a):erl Fa’ and for fT S f‘ra

dfT = Z 67’,0',07',0<f7')~
7 Co,Card(c)=Card(r)—1
This defines a complex of I'-modules C?(S, F).

This complex is actually the Cech complex of mF in the covering (Up)ger\s of
[\|S| where we define U; = 7(U(p)) where p € S satisfies 7(p) = ¢. Using [KS90,
Proposition 8.1.4 p. 323], we see that [,I' ®xr C2(S, F) computes Hf, ([S[, F). In
case p = 2; this complex is in fact a complex in E¢(T).

This construction is obviously functorial, and taking the simple complex associated
to a double complex one would construct the sought-for d-functor. The technical
assumption on S is not always satisfied, but it holds for the barycentric subdivision SS.
We certainly have a fully faithful forgetful functor Consk r(S) — Consg r(3S) and
we define a functor between categories of complexes to be s(loI' @k C*(8S, —)).
Passing to derived categories, it descends to H;(|S|, —). O

PROPOSITION 4.2. — Let X be a cocompact subanalytic I"-space.
There is a d-functor Hj(X, —) : D%fC’P(XV)) — DY(E(T")) such that one has
D(H3(X, —)) = Hiy (X, ).
This functor enjoys the following properties:
e (Leray spectral sequence) Given Y another cocompact subanalytic I'-space, for
every proper I'-equivariant morphism f : X — Y, HQ(Y7 —) and ]HIQ(}N/, —)o
Rf. are naturally isomorphic functors.
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e (Atiyah’s Ly index theorem) If T is fixed point free on X
> (1) dimp Hy(X, F*) = 3" (—1)" dime H (T\X, T\ F*).
Proof. — As in the proof of Proposition 1.8, the first part derives from Proposi-

tion 4.1. The proof of the additional statements is simpler than the proof of similar
statements for coherent cohomology in [Eys00] and will not be given in detail. [

If X is complex analytic, we will restrict Hj(X, —) to D?(Consp(X)). We will also

denote by ]ﬁlg(y ,—) the k'™ reduced cohomology functor
—k T
Hy (X, =) = P(H*(H;(X, -)).
It is a projective Hilbert I'-module and one has

dimp Hy (X, F*) = dimp Hy (X, 7).

4.2. Finiteness theorem for L? coherent De Rham cohomology

Assume in this subsection that X is a compact complex manifold. The L? coherent
cohomology functor

2,(X,—) : D’ Coh(Ox) — D*(E4(T))

defined in [Eys00, Théoréme 5.3.8] comes from a C-linear functor denoted by C from
an ad hoc additive category A of coherent Oyx-modules endowed with inessential
local data taking values in an ad hoc triangulated category with a localization which
is naturally equivalent to D°(E;(T)). The resulting functor C*(A) — D°(E;(T))
factors through D*(Coh(Ox)) and gives H?, (X, —).

Up to some extra inessential technical auxiliary data, C can be identified with C’
the Cech cohomology of I?m, with respect to some Stein covering $ly of X. More
details are given in the Appendix for the reader’s convenience.

LEMMA 4.3. — The functor C' extends to C® Coh(Ox, Diffx) the full subcategory
of C*'M(Ox, Diffx) whose objects are differential complexes of coherent analytic
sheaves as an additive functor. Moreover, for every object F* in C®* Coh(Oyx, Diffx),
the totalization of the bicomplex C'(F*®) is quasi-isomorphic to a bounded complex
of finite type projective Hilbert I"-modules.

Proof. — Since differential operators between coherent analytic sheaves act con-
tinuously on the Fréchet space of their sections, the arguments of [Eys00] apply. O

Recall from [Sai89] that the correct notion of quasi isomorphism in the trian-
gulated category K*M(Ox, Diffx) of homotopy classes of bounded complexes in
M(Ox, Diffx) are the differential quasi isomorphisms. We denote by dqi this lo-
calizing class which is a priori smaller than the class qi of sheaf-theoretic quasi-
isomorphisms. The class dqi is needed to invert the De Rham functor and one has a
O-functor

v : K" Coh(Oy, Diffx)qq — K’ Coh(Oy, Diffx);.
Here K* Coh(Oy, Diffx)4qi stands for the essential image of C* Coh(Oy, Diffx) (the
essential image is a strictly full category).
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COROLLARY 4.4. — The functor H?,(X, —) extends to a d-functor
H3(X,—) : K* Coh(Ox, Diffx)qq — D*(E(T))

such that ® o Hg ,(X, —) is naturally isomorphic to H*(X, [*m,—).

Proof. — The functor F* — C’(F*) defined on C® Coh(Ox, Diffx) maps dqi iso-
morphisms, and actually qi isomorphisms, to quasi-isomorphisms and also sends a
morphism homotopic to 0 to a morphism of complexes homotopic to 0. In particular
it descends to a O-functor

K*(C" Coh(Oy, Diffx))dqi — K*(Mod(N(I)))g = D" (Mod(N(T)))

C(F*) view a complex of N'(T')-modules computes H®(X, [*m,F*).

The quasi-isomorphism C*(E;(T")) 2 K — C'(F*) constructed in Lemma 4.3 is
not uniquely defined but the techniques in [Eys00], in particular Corollary 3.5, can
be applied to check that

e K is essentially unique in D*(E(T")),
e choosing arbitrarily one of them (with a quasiisomorphism to C'(F*)) and
calling it K(F*®), the assignment F* — K (F*) defines a functor

K’ Coh(Ox, Diffx)aq — K"(E4(T))q = D*(E4(T))

which is the required lift of Hpg ,(X, —) by the forgetful functor ®. O

We will from now on make a technical assumption, namely that the coherent Dx-
modules we consider admit a global good filtration. A second possibility would be
to work on the category Filt Mod(Dy).

LEMMA 4.5. — Let K* € Ob(K®Coh(Dx)). Let F, be a filtration of K*® in-
ducing a good filtration on each term. Then F,DR(K®) — DR(K®) is a quasi
isomorphism for p > 0 and F,DR(K?®) is independent of p > 0 up to a unique
differential quasi-isomorphism hence defines unambiguously an object DR/(K*®) of
K® Coh(Ox, Diffx)aqi. This assignment is functorial.

Proof. — See [Sai89], in particular for the functorial behaviour of this construc-
tion. U

It is tempting to believe that one could work with local good filtrations (actually
with the local presentations inducing them) using simplicial gluing techniques as
in [Eys00, Section 6] but we shall refrain from doing so.

We can thus define a d-functor

tDR : D’ Coh(Dx )good a1t — K Coh(Ox, Diffx ) aqi
which is compatible to the restriction to D® Coh(Dx) of Saito’s equivalence:
DR : D’ Mod(Dx) — K"M(Ox, Diffx)q;
PROPOSITION 4.6. — The functor
Hppo(X,—) = H3(X,~) otDR : D" Coh(Dx)gooa st —> D°(E;(T))

is a O-functor such that ® o Hp, ,(X, —) is naturally equivalent to the restriction of
the functor Hpp 12(X, —).

TOME 8 (2025)



790 P. EYSSIDIEUX

Once again, one can define the reduced L, cohomology of M a holonomic Dx-
module admitting a good filtration (or a complex of such):

HIE)RQ(‘S(V?M) = P<HSR,2(5{/,M>>

Remark 4.7. — When F is a coherent Ox-module, one can form the induced
Dx-module ind(F) := Dx ® F, a coherent Dy-module with a global good filtration,
and there is a morphism of complexes of sheaves DR(ind(F)) — F ® w’% which is a
quasi-isomorphism. We have a natural isomorphism in D°(E(T))

Hy o (X, Dx @0, F) ~ HY(X, F @ w})

where we use the notation of [Eys00] for coherent L?-cohomology.

4.3. L? Poincaré—Verdier Duality

Assume now that S is a cocompact (in particular finite dimensional) I'-simplicial
complex. The category Consg r(S) can described combinatorially in terms of the
poset (3(S), <) where X(S) is the set of simplices and o < 7 if and only if o is a
face of 7 if and only if ¢ C 7. This partial order is I'-equivariant. Then Consg r(S)
identifies with the category of I'-equivariant covariant functors

(3(S), <) — Finite-dimensional K-Vector Spaces.

This is nothing but a reformulation of a part of the construction in the proof of
Proposition 4.1. The data of F' € Obb(Consg r(S)) is thus equivalent to the data
of maps F, — F, when 7 < 0.

Poincaré—Verdier has an explicit combinatorial formulation [Curl8, Sch98, She85]
which is presented very efficiently in the note [Curl4] and was apparently first
observed by A. Shepard in his 1985 unpublished thesis under R. MacPherson’s
direction.

Before stating Shepard’s result, we need to introduce some notation. Let o € 3(S)
be a simplex. We denote by & the closed subspace of |[S| which is the image of the
closed standard simplex corresponding to o in [S|. Denote by 7 : @ — |S| and by
K5 the constant sheaf whose stalk at any point of & is K. Then ¢,/ is a sheaf on
IS| whose support is @.

Shepard’s description of the Poincaré—Verdier duality can then be summarized as
follows:

PROPOSITION 4.8. — Let F' be a I'-constructible sheaf. Then its Verdier dual is
represented by a complex of injective I'-constructible sheaves :

DF)=...— P 1wk, 2F % @ nK:oF — ..
dim(o)=1 dim(7)=1i—1
where
e For every i € N, D'(F) = @ 15.K5 ® F is placed in degree —i.
e V — V'V is the usual duality functor on finite-dimensional K -Vector Spaces.

If F* is a bounded complex of I'-constructible sheaves D(F*) is represented by the
totalisation of the double complex obtained by applying D.
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This proposition gives a lift of Verdier Duality to the category of complexes, before
taking the derived category.

The differentials of D(F") are not described by the proposition. As a first approx-
imation, we note that the global sections of D(F') give, up to the conversion from
a cochain complex to a chain complex by changing the signs of the degrees of the
chain groups, the homological chain complex of a certain cosheaf on the simplicial
complex |S| which is dual to F. Indeed, if F' is a I'-constructible sheaf, we may
construct 'Y by applying the usual duality functor to the covariant functor attached
to F' and get a ['-constructible cosheaf, namely a contravariant functor

(3(S), <) — Finite-dimensionnal K-Vector Spaces.

We may construct its homology chain complex C,(S, F'Y), concentrated in positive
degrees, and view it as a cochain complex C_4(S, F"Y) concentrated in negative
degrees. These are complexes of finitely generated projective KT-modules.

A more precise description will appear in the proof of the next lemma.

LEMMA 4.9. — There is a functorial monomorphism of complexes of KT'-modules:
C_o(S,FY) — C2(S,D(F))
such that the quotient complex is contractible.

Proof. — The complex C*(S,D!(F)) is the same as
b C@eF

dim(o)=1

where C*(7) is the simplicial chain complex of the closed simplex @ converted to a
cochain complex.

We have a natural cochain equivalence K[0] — C*(7) sending 1 to the cochain
which takes the value 1 on all vertices of @. Its cokernel is therefore contractible.
This enables to construct a I'-equivariant cochain equivalence:

& Fl— & Cc@er
dim(o)=1 dim(o)=1
which commutes with the natural boundaries. By construction, the cokernel is
contractible as a complex of finite type projective KT-modules. This proves the

lemma since C?(S,D(F')) is the simple complex attached to the double complex
C2(S,D*(F)). 0

LEMMA 4.10. — Let F'* be a bounded complex of I'-constructible sheaves, then
there is a functorial map of bounded complexes of projective Hilbert I'-modules,
inducing an isomorphism on cohomology, obtained by taking the simple complex
attached to

IPT ®@xp C_o(S, F*Y) — IPT @k C2(S,D(F*)).

Proof. — Tensor the monomorphism given by lemma 4.9 by I°T" to get an injective
map of complexes such that the cokernel is contractible. Note that I’T'®gr is an
exact functor on projective KT'-complexes. 0]
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LEMMA 4.11. — Given F* an object of D*(Consgr(S), there is a functorial
perfect duality of projective Hilbert I'-modules

H,(|S|, F* ®x C) @ H, ' (|S|, D(F*) ®x C) —s C
which preserves the natural real structure if K C R.

Proof. — This follows from the previous lemma and [Liic02, Lemma 2.17(2), p. 82].
O

PROPOSITION 4.12. — Notations of Proposition 4.2. There is a functorial perfect
duality of projective Hilbert I'-modules

]ﬁ;()?: F* Qg (C) QH,”" ()7, RHom*(F*,w*®) ®x (C) —C
which preserves the natural real structure if K C R where w® = D(K ) is the Verdier

X
dualizing complex.

Proof. — This is a restatement of the previous lemma. Indeed, by construction,
we have functorial isomorphisms of projective I'-Hilbert modules:

B F* & ©) — B (¥, F* 0 ).
HL (181, D(F*) @1 €) — Hy' (X, RHom® (F*,*) @ C).
0
COROLLARY 4.13. — dimp H, (X, F*®x C) =dimr H, ' (X, RHom*(F*,w*)®xC).

Remark 4.14. — 1t is extremely tempting to conjecture that, with the notations
of [Eys00], we have a Ls-Serre Duality theorem for Coherent analytic sheaves on
complex spaces stating that there is perfect duality:

Hy(X, F) @ Hy"(X, RHom, (F, Q%)) — C,

where Q% is the dualizing complex and that this even holds for coherent Dx-modules
if X is smooth. Proving this conjecture is likely to be quite technical and does not
seem promising for applications.

4.4. The comparison isomorphism

We need to show that the comparison isomorphism, a quasi-isomorphism of com-
plexes of NV (I')-modules, lifts to a quasi isomorphism of bounded complexes in Ef(I').
This is not completely trivial. However, with the notations in Theorem 0.1:

LEMMA 4.15. — If ¥ is a triangulation of X refining a stratification S of X
and DR(M) has S-constructible cohomology, and if P is a bounded complex of
Y-constructible sheaves of C-vector spaces then one can represent the quasi-isomorp-
hism « by a morphism of complexes & : P — F, DR(M) composed with the natural
quasi-isomorphism F, DR(M) — DR(M) for some p > 1.

Proof. — This follows from [KS90, Proposition 8.1.9]. O
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COROLLARY 4.16. — If il is a finite covering by Oka-Weil domains such that:

e it refines the covering U of X by the stars of the vertices of X
e the non empty intersections are contractible,
we have a quasi-isomorphism of N (T')-Fréchet modules, the leftmost two being in
Ef(F): i
C*(, P) +— C*(U, P) = C* (4, F, DR(M)).

Now we have a model of HQ,DR(XV , M which is a bounded complex of finite type
projective Hilbert I'-modules with a quasi isomorphism:
L* — C* (U, F, DR(M)).
Since the left hand side underlies a ghtf complex of Montelian modules, by [Eys00,
Proposition 4.4.14], one constructs a morphism of complexes of projective Hilbert
I'-module which is a quasi isomorphism

C*(B,P) — M*®

and is the promised lift of rhy to an isomorphism in D?(E;(T')). The functoriality of
the construction is left to the reader. This concludes the proof of Theorem 0.1.

4.5. Ls-cohomology of Mixed Hodge Modules

Now, X is a complex projective manifold.
Let M be a Mixed Hodge Module in the sense of [Sai90]. It is a triple

(M, F,W), (M7, W7),a)

where:

o (M, F, W) is a bifiltered Dx-module (which is regular holonomic),
e (M, F) is a good filtration,
e M7 is a perverse sheaf over Q,
e Wy is a filtration of M? in the abelian category of perverse sheaves,
e o : DR(M) = M ®g C an isomorphism in D’%(X,C), actually a filtered
quasi isomorphism if the weight filtrations are taken into account.
All these data satisfying some extremely non-trivial conditions which will not be

needed here but are indispensable for proving the miraculous properties of Mixed
Hodge Modules.

DEFINITION 4.17. — We can define in E;(I"), a real structure and a real weight fil-
tration W on the N'(I')-module H5 (X, 7=*MP) by taking the image of the functorial

morphism
HE (X,7r‘1W.MB> — HE (X,ﬂ_lMB>
and a filtration Fpg o on HSRQ()A(/, M) by taking the image of the natural map
Hf(X, FuDR(M)) — HE(X,DR(M)).

Transporting the Fpg o filtration by the isomorphism rhy induced by o between
these objects of EfI', we get a real structure, a real W-filtration, the weight filtration,
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and a complex filtration F', which we shall call the algebraically defined Hodge
filtration, on HY(X , M) := H§(X, 7~ 1M?5).
There is a perfect duality of the Hilbert T-modules Ha(X, M) and H, (X, D(M)).

Proof. — This is a direct application of our construction. The last statement
follows from Proposition 4.12. O

The following implies Conjecture 0.3 in the introduction.

CONJECTURE 4.18. — After taking reduced cohomology and closure of W, F', the
real structure, the weight filtration and the algebraically defined Hodge filtration
on H¥(X,M) are the constituents of a functorial graded polarisable Mixed Hodge
structure in the abelian category RE(T").

The mixed Hodge numbers (namely the dimension of its I»?) obey the same
restrictions as in [Del71, Del74, Sai90].

If M is pure polarized, L is the cup product by a Hodge class, and S is a polarization
defined by the combination of a Saito polarization and Ly-Poincaré Verdier duality,
(B, HY(X,M), L, S) is a polarized Hodge-Lefschetz in RE;(T) in the sense of [SS,
Part 0, Chapter 3].

In the rest of the article we will see what can be done in that direction using
only standard results. To establish the Mized Hodge structure, it is enough to prove
that, after tensoring with 2(I"), F and F'' become n-opposed in Gr{;,, hence that the
tensor product with U(I") is a U(I")-Mized Hodge Structure thanks to Lemma 3.12.
The Hodge Lefschetz structure seems to require that the construction of the Hodge
filtration is compatible with [CKS87, KK87]. The duality statement survives after
tensoring with ¢/(I") thanks to the duality anti-equivalence on finitely generated U(T")-
modules given by M +— MY = Homyr)(M,U(I")) (recall that U(I") is selfinjective
and that all finitely generated U(I") modules are projective) the following form:

LEMMA 4.19. — There is natural isomorphism
UT) @y HE(X, M) — U(T) @y Hy (X, D(M))".
Proof. — This follows from Proposition 4.12. 0

5. Analytical L, Hodge Structures
5.1. Complex polarized VHS on complete Kdhler manifolds

DEFINITION 5.1. — Let M be a complex manifold. A quadruple (M,V, F-,S) is
called a complex polarized variation of Hodge structure (a VHS) iff V is a flat bundle
of finite dimensional complex vector spaces with flat connection D, F" a decreasing
filtration by holomorphic subbundles of V indexed by integers and S a flat non
degenerate (—1)"-hermitian pairing such that

(1) The C* vector bundle V associated to V decomposes as a direct sum V =
DBy g—w H?Y with F¥' = @, p HP.
(2) p#£7r) = S(HPI H") =0 and (v/—1)P74S is positive definite on HP1.
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(3) DVYFP c FP—' @ Qy).

The subbundle HP? can be given a holomorphic structure by the isomorphism
HP® — F?/FPT Denote by d!f the corresponding Dolbeault operator and set d” =
@, d,. D" induces a C*-linear map V) : H?4 — HP~H71 @ Q! called the Gauss-
Manin connection and set V' = @, V/. The Hermitian metric H = @, (v/—1)"%Sgn.a
will be called the Hodge metric. The triple (V,d”, V') is a Higgs bundle.

Following Deligne, we define EPQ(V)=@,,,_p i q—q HQE"™ and D" =d" + V.
One also defines E*(V) = @,y B, , H"? ® E™*. It follows that D"E"Q(V) C

EPQ+(V). Then, see [Zuc79], given any Kéhler metric wg on M = X, taking formal
adjoints of differential operators with respect to this Kdhler metric and the Hodge
metric on V, the usual Kéahler identities hold.

If furthermore the metric w¢ is complete then the Dirac operators D”+93", D+0, . ..
and the Laplace operator Ap = 2Apr = 2Ap are formally self-adjoint unbounded
operators on the Hilbert space of Ly forms with values in V| see e.g.: [Eys97, Sec-
tion 5.1] in this case or [BL92] and the references therein for the general theory.
Thanks to [Dem, Chapter VIII, Theorem 3.2|, it also follows that the closure of
D,D" D" is given by the naive ansatz (namely the domain of D is the space of
globally Ly forms ¢ such that D¢ taken in the sense of distributions is globally L),
the Hilbert space adjoints of D, D", D" are given by the naive adjoints (namely the
domain of ? is the space of globally Ly forms ¢ such that 0¢ taken in the sense of
distributions is globally L,) and that the Ly decomposition theorem holds replacing
images of D, D', D" and their adjoints by their closure, namely we have an orthogonal
decomposition:

L*(X, ENV)) = H*(X,V) © Im(D) & Tm(2),

where H := ker(Ap) is the space of Ly harmonic forms and similarly for D".

The L, De Rham complex L2 DR*(X,V) (resp. its Dolbeault counterpart) is the
complex of bounded linear operators obtained by restricting D (resp. D”) to its
domain. The Ly De Rham cohomology groups ker(D)/D Dom(D) (resp. their Lo-
Dolbeault counterparts) are not represented by harmonic forms but the reduced

cohomology groups ker(D)/D Dom(D) (resp.) are.

LEMMA 5.2. — The k" reduced L* cohomology of the complete Kihler mani-
fold X with coefficients in the VHS V has a Hodge structure of weight w + k.

Proof. — 1t follows from the fact that Ap = 2Ap» commutes with the decomposi-
tion in (P, Q) type. O

LEMMA 5.3. — The HodgeLefschetz package holds for the reduced L? coho-
mology of the complete Kéahler manifold X with coefficients in the VHS V. More
precisely (Hy(X,V), L) is a HodgeLefschetz structure polarized by J5S(=AN—)in
the sense of [SS, Part 0, Chapter 3].

Proof. — Since the reduced Ly cohomology is represented by harmonic forms and
the Kéhler identities hold, the usual proof in the compact case [Zuc79], which pre-

cisely relies on that property and not on the finite dimensionality of the cohomology
groups, applies. O
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Since Ap is essentially self-adjoint there exists a spectral decomposition
Ap= [ AdE,
0

where (E))x>o is the spectral family of Ap, an increasing orthonormal projector-
valued function on [0, +oo[ converging strongly to Id. The support of this spectral
projector valued measure dF) is the spectrum of Ap. Ej is the Hilbert space projector
on the closed subspace H := ker(Ap) and F) is the projector on the space of L
forms ¢ such that:

VneN (Apo, ¢) < Ao, ).
The E) commute with decomposition in (P, Q)-type and actually with all the op-
erators D, D', D", 0, ..., L, A. The statement that F, commutes with a differential
operator means in particular that it preserves its domain.

For future use, we record the following more precise notation, for every A > 0:

EX(X,V) = Im(E,) N L* DR*(X, V).

This gives a subcomplex of the L? De Rham complex:

EX(X,V) = (... E}(X,V) & E}T{(X, V) — ).

This first order differential operators have closed range if and only if £, = E, for
some € > 0 if and only 0 is isolated in the spectrum of the Laplace operator. This
fails for instance if X is the complex line and V is a the constant sheaf Cx on a
compact Riemann surface X of genus 1.

The natural analog of the space of smooth forms in the compact case is the
following subcomplex of L2 DR*(X,V):
LQ(X,E']“)>7D>'

L*DR%(X,V) = (@ N Dom(A%
k n>0
It is a complex of A(I')-Fréchet spaces and we have L2DR?_ (X, V) € C>*(X,V)
by standard elliptic estimates. The same construction works also for the Dolbeault
complex. See [BL92] for a wider perspective.

LEMMA 5.4. — Assume N > X\ > 0. Then the following inclusions of complexes:
E3(X,V) C E3(X,V) c L*DR® (X,V) c L*DR*(X,V)

are quasi-isomorphisms. In fact E;()? , V) is a homotopy retract of the three other
complexes.

The same holds for the L?-Dolbeault complex of a I'-equivariant holomorphic
hermitian vector bundle.

Proof. — Define g = [{° p~'dE,. Then g, a continuous linear operator, preserves
all the 4 complexes above and so does h = dg. Now, one has [D, h| = Id — E). The
proof works for the Dolbeault complex too, using the Dolbeault Laplacian and 0”. [

Hence E3(X,V) — L2DR*(X,V) is an isomorphism in the derived category of
the abelian category of formal quotients of Hilbert spaces (aka separable Hilbert
{1}-modules). And E$(X,V) — L?*DR® (X,V) is an isomorphism in the derived
category constructed in [Sch99].
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We endow the 4 complexes in Lemma 5.4 with filtration induced by the Hodge
filtration F* = @p-, P9 (V) on L2(X, E*(V)). This filtration is in each degree a
closed subspace which is furthermore a summand. Actually the first three complexes
are bigraded in the usual fashion.

LEMMA 5.5. — The first two inclusions of Lemma 5.4 are filtered quasi-isomorp-
hisms.

Proof. — We have to prove that the maps between the F-exact sequences are
isomorphic at the F; page. The usual proof does work perfectly well for the first
three complexes. Indeed Grp E3(X, V) = (Ep\(Apr), D) and Gry L2DR? (X, V) =
L? Dolb;o()? , V) whose cohomology are isomorphic by the Dolbeault version of
Lemma 5.4. O

Remark 5.6. — For the third one, it seems to be more delicate. One has:
Grp L*DR2,(X,V) G Grp L*DR*(X,V) G L? Dolb*(X, V).
Using 9”g as above, we obtain a quasi-isomorphism of the two extreme complexes
with Grr E,(X, V), hence the natural inclusion is a quasi isomorphism between them.

The problem is that 9”g does not seem to preserve Grh L DR'()A(: , V). This group
contains Dom(D’) N Dom(D”) which is preserved but the inclusion may be strict.

However, the classical case applies without any modification under a strong hy-
pothesis that fails in the simplest case of the universal covering space of a genus one
curve:

LEMMA 5.7. — Zero is isolated in the spectrum of Ap if and only if (Fy,0) C
(E\, D) is a quasi-isomorphism.

Proof. — If 0 is isolated in the spectrum and € > 0 is the infimum of the spectrum
we can improve of the proof of Lemma 5.4 and construct a bounded Green operator g
on E) by the formula g = [;° p~'dE,. Its operator norm is indeed < e'. It satisfies
A.g = gA = idg, — [lker(a) Where ke (a) is the orthogonal projector to the space
Ey of L? harmonic forms. [

LEMMA 5.8. — If zero is isolated in the spectrum of Ap then:
(1) The decomposition theorem is valid without taking the closure of Im(D),
Im(d). Namely, Im(D) and Im(d) are L?-closed and:
L*(X, ENV)) = HY(X,V) @ Im(D) & Tm(2),

and also we have an equivariant decomposition as a direct sum of closed
Fréchet subspaces:

L*DRA(X,V) = H*(X,V)® D(L*DRE (X, V) @ o(L* DREN (X, V).

(2) The decomposition theorem for the L* Dolbeault complex is valid without
taking the closure of Im(D"), Im(9").

(3) The decomposition theorem for the L?* D' complex is valid without taking
the closure of Im(D"), Im(?').
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(4) The D'D" lemma holds. Namely,
¢ € L*DRE (X, V)NIm(D') NIm(D") = J¢ € L*DRY(X,V) ¢ = D'D"y.

(5) The Hodge to De Rham spectral sequence of L* DR*_ (X, V) degenerates at
E, and D is F-strict. -

(6) The Hodge to De Rham spectral sequence of E5(X,V) degenerates at £y and
D is F-strict.

Proof. — If 0 is isolated in the spectrum, we can construct a bounded Green
operator G on L? k-forms by the formula G = [ u~'dE,. It satisfies A.G = GA =
Id — [Tker(ay Where []ier(a) is the orthogonal projector to the space of L? harmonic
forms.

Granted this, the textbook proof of these statements in the compact case applies
without any modification. 0

5.2. Polarized VHS on Galois covering spaces of compact Kihler
manifolds

Let X be a compact Kahler manifold and (X,V, F- S) be a polarized complex
Variation of Hodge Structure of weight w. Assume X is a Galois covering space of
X so that its Galois group I' acts properly discontinuously by automorphisms on
(X, 7wy, 7V, 77 F 7~18). Then it is easy to see that all the Hilbert spaces
considered in the previous section are separable projective I'-modules and as such
are endowed with a N/ (T")-module structure. Furthermore if the VHS is real the E)
and the De Rham L, cohomology groups carry a natural real structure. Basic elliptic
theory gives:

PROPOSITION 5.9. — The L*-De Rham complex L* DR*(X,n V) is strongly
I'-Fredholm.

Proof. — This is essentially in [Ati76]. One can construct a I' equivariant paramet-
rix namely a L? bounded I'-equivariant operator

L?DR* (X 7T_1V> — L?DR* (5(’ w—lv) [—1]

such that [D,P] = I — S where S is a smoothing operator. This also follows
from [Shu95] which applies to any elliptic complex (including the case of opera-
tors!). For the reader’s convenience, we will however give an easy argument.

Let (¢a)ac a be a finite family of smooth real functions such that

Y. =1
acA

~Y

and Supp(¢,) C U, where U, is an open subset of X small enough so that 7~(U,)
I'x U,.

If ¢ € L2DR¥(X, 77'V), ¢, identifies with an element with compact support in
L’T®L? DRk(Ua, V), where by ® we denote completed Hilbert space tensor product,
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which we may extend by 0 to an element ¢,1) of L?I'® L? DRk(X , V). By construction
the map ®:

L*DRF(X,77'V) — (LT)*&L?DRF(X, V) ¢ +— O(¢)) = (Gath)ac

is a ['-equivariant Hilbert space isometric (hence closed) embedding.
Let op4p+ be the symbol of the operator D + D*. For every ¢ in the domain of
D + D* on L? DR¥(X, 77'V) we have:

(D + D*)¢ut) = ¢a(D + D) + 1 o (dpa ).
Summing up, we obtain

(D + D*)l| + K[| > ||iders @(D + D) (a)aca = |(D + D7)l — K|l

where K = Card(A) max,ex [|o.|-
Assume now ¢ € E (X, 771V). Then [|(D + D*)¢|| < A||¢||. Hence

[1dsros @(D + D) (@ath)ae | < A+ K]

Introduce the tensor product by Id 2rya of the spectral projector E,, of (v,V :
pri (LT)*®L? DR*(X, V) — (LT)'QEN(X, V).

Then if \/ii > X\ + K we have [[pr o ®(¢)|| > €||[¢)]]. for e = \/u — A — K > 0.
It follows that we have a closed embedding of Hilbert I'-modules:

prio®: BY(X, 77 'V) — (L’T)*QEF(X, V).

Since Eﬁ(X , V) is a finite dimensional vector space by standard elliptic theory it

follows that E¥ ()Af ,m V) is a finitely generated Hilbert I'-module for every A > 0.
We conclude using:

LEMMA 5.10. — The Ly De Rham and Dolbeault complexes are I'-Fredholm
(resp. strongly) if and only if there exists € > 0 such that E. is a finite I'-dimensional
(resp. finite type) projective module.

Proof. — This follows directly from Definitions 3.7 and 3.8. OJ

OJ

In the most general relevant case, I' need not act in a cocompact fashion, hence
we have to add the I'-Fredholm hypothesis to state the following:

LEMMA 5.11. — Assume L2DR*(X,n'V) is [-Fredholm. The following inclu-
sions of complexes:
Ey(X,77'V) C By (X, 77'V) € I’ DRS (X, 7'V) C L*DR*(X,7~'V)

are quasi-isomorphisms of complexes of Hilbert (resp. Fréchet for the third one)
['-modules and define the same element of D*(FExe,(T")) (resp. of the derived category
of the exact category of N (T')-Fréchet modules) all of whose cohomology groups have
finite N (T')-dimension.
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Proof. — That the inclusions are quasi-isomorphisms of complexes has been proved
in the preceding few paragraphs. Except for the third one they are complexes of
Hilbert I'-modules. The first two are complexes of projective Hilbert I'-modules. The
Fredholm condition means that the first one is a complex of finite type projective
Hilbert I'-modules for A > 0 small enough. In particular its cohomology groups are
in F¢(T") and have finite NV (I')-dimension. However having finite NV (I')-dimension is
an algebraic property of A(I')-modules [Liic02, Definition 6.6 p. 239]. O

LEMMA 5.12. — Assume L? DR*(X, 7~ 'V) is T-Fredholm.

(1) The decomposition theorem is valid. Namely, we have a direct sum decompo-
sition of U(I") modules

FUT) @y L2 (X, EX(r7'V)) =U(D) @xry HY(X, 77'V) @ Im(D) @ Im(2).

(2) The decomposition theorem for the corresponding U (I")-Dolbeault complexes
is valid.

(3) The decomposition theorem for the U(I")-D' complexes is valid.

(4) UD)@nm ES(X, 77'V) CUT)@p ) ES(X, 7 1V) is a filtered quasi-isomorp-
hism where A > 0. -

(5) The Hodge to De Rham spectral sequence of U(T') @y E3(X, 7 'V) degen-
erates at ) and D is F'-strict. N

(6) The Hodge to De Rham spectral sequence of U(I') @prry L* DRE (X, 7 1V)
degenerates at E; and D is F-strict.

(7) Dingoyan’s D'D" lemma holds. Namely,

¢ € L2DR¥X, V)N Im(D') NIm(D") =3¢ Ju € UT)* u¢ = D'D"p.

Proof. — As in [Dinl13], (1), (2), (3) follow from [Din13, Lemme 2.15] and the fact
these complexes are I'-Fredholm. Observing that the formation of the cohomology of
a complex commutes with U(I")®xr), since N (I") — U(T') is flat, (4) follows from
the fact that we have an isomorphism on cohomology after tensoring with U (T),
and we also have an isomorphism on cohomology after passing to Grg since the
L*-Dolbeault complex is I'-Fredholm too (I-Fredholmness means that E)\ has finite
[-dimension for A > 0 small enough). (5) follows from (4) and the fact that the
statement is trivially true for A = 0 and invariant by filtered quasi-isomorphism. (6)
follows in the same way from Lemma 5.5 and (5). (7) follows by an easy adaptation
of the argument of [Dinl3, Lemma 3.13]. O

THEOREM 5.13. — Under the same I'-Fredholm hypothesis, the k' cohomology
group of U(T') @y L? DR? (X, 7 'V) carries a U(T)-Hodge structure of weight
k 4+ w which we call the analytic Hodge filtration.

It gives rise to a weight w + k real Hodge structure on U(I") @) HE (X, M).

Every Kéhler class on X induces a Hodge—Lefschetz isomorphism

LF  UT) @pery He ™ (X, V) — UT) @y He™ O (X, V).
Proof. — The I'-Fredholm condition is the unique new ingredient relative to the

case where I' is finite and X is compact that is used in [Dinl3] to construct the
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U(T")-Hodge structure in case V = C. He also gives a proof, based on the same
I-Fredholm condition, of the fact that the natural morphism

UT) @pry Hy™ O™ (X, V) — UT) @pry Hy ™ (X, V)

is an isomorphism in the case V = C. So this Hodge-Lefschetz isomorphism is a
consequence of the Hodge—Lefschetz isomorphism for the reduced cohomology, which
follows from the fact it is represented by harmonic forms. ([l

5.3. U(I')-Hodge Complex

In this paragraph, we compare these analytic Ls-cohomology groups with the
previous Dx-module theoretic and combinatorial constructions.

We can construct on X a resolution of >, 7'V by the sheafified L? De Rham
complex. This is a complex of sheaves [? DR*(V) whose value over U C X is given
in degree k by

I?DR*(V)(U)
- {w e L (x ' (U), E*x'V)) VK €U /K lwl? + || Dw|)? < +oo}.

loc

One can construct a polarizable Hodge module M = M (V) such that M? =
V[dim(X)], with a trivial W-filtration, the underlying filtered Dx-module V = V ®¢
Ox endowed with the filtration F* made increasing, the underlying perverse sheaf
is V[dim(X)] and the comparison morphism « is the usual resolution V|dim(X)] —

DR(V).
PROPOSITION 5.14. — There is a natural filtered quasi isomorphism of complexes
in E(T")
CDy: (C(DR(V), F.) — (L*DRE, (X, 77'V), F.)
such that the composition with the comparison morphism induced by «:
thy : H (X, 77'V) — C(DR(V)) ~ Hpy o(X, V)
is the Cech-De Rham comparison isomorphism.

Proof. — First observe that C'Dy indeed maps into L? DRY, and that there is
indeed a morphism of complexes. Then, it is a routine task to check that these maps
are quasi-isomorphisms and that they have the stated compatibility. It is a filtered
quasi-isomorphism thanks to the Cech-Dolbeault isomorphism for Gr V described
in the appendix. 0

PROPOSITION 5.15. — Consider a locally finite covering 31 of X by small enough
Oka—Weil domains, we can define a morphism of filtered N(T")-Fréchet complexes

(c* (4, Pm. DR(MRX(V))), F) — (L*DR2, (X, #7'V), F.)
which is a filtered quasi isomorphism of complexes of N (I")-modules.

Proof. — The preceding argument gives also this. O
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Using the flatness of V(') € U(T'), we deduce:

COROLLARY 5.16. — Tensoring by U(I"), we obtain a filtered morphism of com-
plexes of U(T")-modules

U @y (€ (4, P DR(MRE(V))), F) — U(T) @) (L* DR, (X, 77'V), F)
which is a filtered quasi isomorphism.

Before summarizing the outcome of the discussion, we need the following defini-
tion [Del74]:

DEFINITION 5.17. — A Hodge complex of U(T")-modules with real structure and
weight w is a triple: (A®, (B®, F'),y) where A® is a complex of U(I")-modules with real
structures, v : A* — B® an isomorphism in the derived category of U(I")-modules
such that the F-spectral sequence degenerates at Ey and the pair of filtrations (F, F)
on H*(B®) is a Hodge structure of weight w + k in the category of U(T")-modules.

We say (B®, F') underlies a Hodge complex of U(I")-modules with real structure
and weight w if it can be completed to such a triple.

THEOREM 5.18. — Let X be a compact Kahler manifold and (X,V, F",S) be a
polarized complex Variation of Hodge Structure of weight w.

(1) The F-spectral sequence of U(T) @ury (C* (4, I*m, DR(MRY(V))), F) degen-
erates at F.

(2) The algebraically defined Hodge filtration gives rise to a weight w + k real
Hodge structure on U (I") @ rr) H%(X, V) which coincides with the analytically
defined one.

(3) UT)@pry (C* (4, 1P, DR(MRE(V))), F) underlies a weight w Hodge complex
of U(T")-modules with real structure and finite U(I")-dimensional cohomology
objects.

(4) Every Kahler class on X induces a Hodge—Lefschetz isomorphism

LF U @pery Hy ™ (X, V) — UT) @y He™ (X, V).

Proof. — Immediate. We use the natural quasi-isomorphism U (I") @ r) rhy to
construct the Hodge complex in the third statement. Actually, the cohomology
objects are in the abelian category of finitely presented U (T")-modules. O

5.4. Using analytic realizations of Hodge Modules

Assume now that U C X is a Kéhler snc compactification and let X > X bea
Galois covering space. Endow U with a Poincaré Kéhler metric wy [CKS87, KK87,
Zuc79]. The lift wy of wy to U := U xx X is a complete Kéhler metric which is
Poincaré with respect to the partial Kahler snc compactification U C X. Consider
(U,V,F-,S) a (say real) polarized VHS on U with quasi unipotent monodromy.
Recall the fundamental result of [CKS87, KK87] that the sheafified L? De Rham
complex DR (U, V) with respect to the Poincaré metric on U is a fine model of the
perverse sheaf ZCx (V).
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A trivial modification of the definition in [KK87] replacing U — X with U —
X yields sheaves on X we shall denote by (?>7,DRE(U,7~'V) and the operators
D', D", D between these sheaves on X and we have:

PROPOSITION 5.19. — >m,DRS(U,n~'V) is a fine model of I*m,n ' ICx (V).
Proof. — Same method as in the proof of Proposition 2.9. Left to the reader. [J

COROLLARY 5.20. — Under the current assumptions, the k™ cohomology of
the Ly De Rham complex of U with values in 7='V in the Poincaré metric wy is
isomorphic as a N'(I')-module to the N'(I')-module underlying HX (X, 7= ZC x (V)).

COROLLARY 5.21. — If the L?> De Rham complex is I'-Fredholm, the reduced k'"
cohomology group twisted by U(T),
U @) H (X, 77 ZCx (V) = H* (X, UT) @pry P ' ICx(V))
carries a natural real U(I")-Hodge structure of weight k + w.

Proof. — Immediate. O

We do not have a proof of the I'-Fredholmness in this case. It is not clear whether
the filtrations of this analytically defined Hodge Structure coincide with the algebraic
ones we have constructed in this article.

6. Proof of Theorem 0.4

Let X be a compact Kéhler manifold and 4 be a finite covering of X by sufficiently
small Oka—~Weil domains.

6.1. Direct image by a closed immersion

Let 7 : Z — X be a closed immersion of a smooth compact complex manifold and
(Z,V, F-S) be a polarized complex Variation of Hodge Structure of weight w. The
case when Z = X follows from Theorem 5.18.

Then MMM (V) = M;(V). The filtered Dy-module (MPR(V), F) can be com-
puted as i, (MPR(V), F). DR(MPR(V)) is not equal to i, DR(MDR(V)) except if
7 = X where i, = Ri, is the ordinary sheaf theoretic direct image. Nevertheless, we
can prove:

LEMMA 6.1. — U(D)@u ) (RT(X, PrMP), (C* (U, P, MPR(V), F), 1hy) isald (D)
Hodge Complex.

Proof. — For ¢ > 1, there is a filtered quasi isomorphism
Fy(DR(MPR(V)), F) — (DR(MPR(V)), F)

and there is a (differential) filtered quasi-isomorphism of bounded differential com-
plexes coherent sheaves of

i. DR(MY™(V)) — F,(DR(MP™(V)), F).
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On the other hand, one does have i, V[dim(Z)] = MZ(V) and the comparison
isomorphism satisfies any,(v) = i, 0 17).

Consider a locally finite covering il of X by small enough Oka—Weil domains. We
have a canonical identification of filtered N (I')-Fréchet complexes

(c* (4, Pmi, DR(MPM(V))), F) = (C*(i7'4t, P*m DR(MRR(V)) ), F)

in particular it is a filtered quasi isomorphism.
It follows that there is a filtered quasi isomorphism

UI) @y (C* (i7" P DR(MRR(V))), F)
— U) @pry (C*(4 PmMPR(Y)), F).

which is compatible with the comparison isomorphism. Hence, the Lemma 6.1 is a
consequence of Theorem 5.18. 0

It follows from the construction that the real Hodge structure on U(I') @)
HY(X, L*dR(MP®(V)) is the same as the one on U(I') @ r) HY(Z, L*dR(MOR(V)).
The first part of Theorem 0.4 is proved.

6.2. Comparison with Dingoyan’s work

In this subsection, we finish the proof of the second and third cases of Theorem 0.4.

DEFINITION 6.2 ([Del74]). — A Mixed Hodge complex of U(I")-modules with
real structure is a triple ((A®, W), (B®, W, F'),~) where A® is a biregular increasingly
filtered complex of U(I")-modules with real structure, v : (A*, W) — (B*,W) an
isomorphism in the filtered derived category of U(T")-modules such that, for all k € Z,

(Grll’fv A*, (Gr]{jv B*,Grk, F), Grk, fy)
is Hodge complexes of weight k with real structure.

LEMMA 6.3 ([Del74]). — If (A, W), (B,W, F),v) is a Mixed Hodge Complex of
U (T)-modules with real structure, for all n € Z

n n n n — n _ T
(H (A),Im(H (W) — H (A))7 H (7) I(FH”(B)>, (H (7) 1<FH”(B))) )
where Fyn(py = Im(H"(F) — H"(B)) is a real U(I") mixed Hodge structure.

LEMMA 6.4. — Let X be a compact Kahler manifold and M such that the Gr’év
satisfy Conjecture 0.3. Then M satisfies Conjecture (0.3.

Proof. — Under these hypotheses, we see immediately that:
UT) Dnry (RF (X, Pr,M5B, W), (C° (u, Pr MPR(V), W, F) : th))
is a U(T')-Mized Hodge Complex. O
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Thanks to [Sai90] (see [Sch99, Example 5.4 for one smooth divisor) the second
case of Theorem 0.4 follows from the first case and Lemma 6.4. Indeed the weight
graded pieces of Rj,j ' Mx(V) are sums of Hodge modules of the form M;(V) with
¢ an immersion of a closed smooth submanifold.

The third case of Theorem 0.4 also follows using some of the properties of Verdier
duality on Mized Hodge Modules, see [Sai90]. Indeed

Rjij 'Mx (V) = DRj.j " Mx(VY)
hence Rjij My (V) is a Mized Hodge Module. Furthermore, one has
D(Grjy, M) = Gy (D(M))
and D(M;(V)) = M;(VY).

Appendix A. Fréchet Sheaves and the functor C
A.1. Cech model

Given B a Banach algebra and X a second countable locally compact topological
space, a B-Fréchet sheaf is just a sheaf taking its values in the category of Fréchet
spaces with a continuous action of B. A coherent analytic sheaf on a complex analytic
space is a C-Fréchet sheaf [GR65, Chapter VIII], in fact a sheaf of Fréchet modules
over the structure sheaf which is a C-Fréchet sheaf of algebras, see [Hou73, Sch94].

Given F a I'-equivariant coherent analytic sheaf on a proper I'-complex manifold X ,
the sheaf [?m,F is a Fréchet sheaf of A/(T")-modules as follows from the construction
in [CamO01, Eys00] but it is not Montel in the sense of [GR65] when T" is infinite. There
must be a good concept of I'-Montel sheaves (see [Eys00] for the corresponding notion
of I'-compactness and cp. [GR65, p. 235]) but we don’t want to try and develop it.
It will be enough for our present purposes to use the ad hoc theory given in [Eys00].

For a locally finite covering Ll of F\)? by small enough Oka—Weil domains [GR65,
p. 211] we can define C*(4, >, F) the Cech complex of /27, F. Here, an open subset
Q is small enough if and only if the preimage in X is a disjoint union of open subsets
finite over 2.

By a standard application of Leray’s theorem, C*(4, (*m,F) computes the coho-
mology of 7, F.

The complex C*(4, I?m,F) does not depend on 4 in the derived category D of
the exact category of N (I')-Fréchet modules (cf. Remark 3.6) hence in the derived
category of the abelian category of N (I')-modules.

In [Eys00] it is proved that the functor D* Coh(Ox) — D®Mod(N(T')) defined
by F — C*(U, *m,F) at the level of complexes lifts uniquely and functorially to
DY(E;(T")) under the natural functor D*(E;(T)) — D®Mod(N(T')) if T\ X is com-
pact.

The main ingredient is a construction of a quasi-isomorphism

K — c,"(u, z%*f)
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from a bounded complex of projective finite-type Hilbert I'-modules K*.

To this end, one uses that the I-Fréchet space (*m,F(Q) of an open subset Q C X
is the inverse limit of a sequence of Hilbert I'-modules with I'-compact transition
maps and the fact that Hilbert I'-modules are projective in E(T").

Actually one has to do something slightly more complicated, one has a germ at
t = 0 of an increasing family of coverings U; defined for ¢ > 0 such that 4 = Ly and:

Cu(t) = C* (th, Pm.F) — C* (8, 7. F)

is a quasi-isomorphism for 0 < ¢’ < t and there is a germ at t = 0 of a family of
Hilbert I'-modules (C(t)):>o endowed with morphisms C(t) — C(t') for t > ' that
are '-compact for ¢t >t and C.(t) = fm,, C(t') if t > 0. The family (C(t))¢>o is
an inessential auxiliary datum but it is instrumental to the construction of K*°, its
essential uniqueness in the derived category D°(E;(T)) and the functorial properties
of the construction. At least when F is locally free, C(t) is the subspace of Ly Cech
cochains in C,(t), Ly being measured with respect to a smooth volume form.

The pair ((Ci(t))i>o0, (C(t))t>0) is an object of an ad hoc additive category
MontMod of so-called ghtf Montelian modules, introduced in [Eys00], which contain
finite complexes of Ef(I") as a full subcategory. The property of family (C.(t), C(t)):~ o
that is called ghtf in loc. cit. is that the mappings C.(t) — C.(t') are quasi iso-
morphisms for all ¢ > ¢ > 0. The homotopy category of ghtf Montelian modules
localized with respect to a specific class of quasi-isomorphisms is naturally equivalent
to D°(E(I")). Unfortunately to construct a Montelian module structure one had to
add yet another inessential set of auxiliary data to F, namely a locally free resolution
defined on each open subset of 4. for some € > 0: these data are the objects of the
category A alluded to in Section 4.2.

The motivation in [Eys00] was to do the above construction in the greater possible
generality and define Novikov-Shubin invariants for coherent analytic sheaves®.
Indeed, there, X is a complex analytic space that needs not be smooth nor reduced.
Once one knows that

dimyy(ry H§ (X, *m,F) < +oo,

e.g. that it lies in the essential image of E;(I"), for all 7 € Coh(Ox), a purely
algebraic property, the special model of the Leray spectral sequence used in [Eys00,
Section 6.1] whose main feature is that it comes from a E(I")-spectral sequence
starting at the F-page, can be replaced with the usual Leray spectral sequence whose
terms will have finite dimas(r)-dimension as a consequence of the above finiteness
statement. This is the main ingredient of the reduction to the case of a vector bundle
over a smooth complex manifold of the coherent sheaf version of Atiyah’s Lo-index
theorem given in [Eys00, Theorem 6.2.1]. The case of a vector bundle on a smooth
complex manifold is a special case of Atiyah’s Lo-index theorem. Liick’s dimension
theory and the many remarkable facts collected in his systematic exposition [Liic02]
were not available when [Eys00] was written. This is unfortunate since it would have
led to major simplifications.

®)If one is ready to sacrifice some generality and assume X is a complex projective manifold a
much simpler construction is given in [Eys99].
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Most of the abstract nonsense in [Eys00] needed to establish the functoriality of
the lift to E¢(I') can also be eliminated tensoring everything with U(I") if one is
ready to forget about Novikov—Shubin invariants.

A.2. Dolbeault model

In the case where F is locally free and X is smooth there is a much better way to
proceed. Define

Dolb(X, F) = {s e i (X.09(F), [ lsll*+ 195 < +oo}

where the norms and volume form are computed with respect to a ['-equivariant
hermitian metric on F and a I'-equivariant hermitian metric on X

Indeed it is very natural to use the natural map of complexes of N (I')-Fréchet
modules which will be referred to as C'Ds, the Cech-Dolbeault comparison map:

C* (4, Pm.F) — Dolby(X, F))
- ( .. — DolbE(X, F)) & DolbEH (X, F) — .. )

attached to a smooth partition of unity (¢,) subordinate to i sending the g-cochain
(Sapa(1)...a(q))ja|=q to the twisted (0, ¢ form:

Y Sava()).al@IPa©) A - - 0a(g-1)-Da(a):

lo|=¢

The complex Dolb3(X, F)) is complex of separable I-Hilbert modules and the
resulting map K* — Dolb}(X, F)) is an algebraic isomorphism induced by a contin-
uous maps at level of the representatives hence Dolb3(X, F)) € D%f(F)Esep(I‘) and
is quasi-isomorphic to C(F) € D°E;(T).

A.3. Cech—-De Rham comparison map

In a similar fashion, if V is a local system on X, and the intersections of elements of
il are contractible, we can construct, as in [Dod77], a quasi-isomorphism of separable
projective Hilbert I-modules in the essential image of D*E(T")

CDR,: C* (u, 127r*v) — L’DR*(X, V).

Given a smooth partition of unity (¢,) subordinate to i, it is defined by sending
the Cech g-cochain (Saga(1)...a(q))jaj=¢ t0 the twisted ¢ form:

>~ Saoa(1).a@@Pa() A - - dba(g-1)-Gala):

lo|=g¢
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