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Abstract. — Using the global Kuranishi charts constructed by Hirschi–Swaminathan,
we define gravitational descendants and equivariant Gromov–Witten invariants for general
symplectic manifolds. We prove that these invariants satisfy the axioms of Kontsevich and
Manin and their generalisations. A virtual localisation formula holds in this setting; we use it to
derive an explicit formula for the equivariant Gromov–Witten invariants of Hamiltonian GKM
manifolds. In particular, the symplectic Gromov–Witten invariants of smooth toric varieties
agree with their algebro-geometric counterpart. In the semipositive case, the invariants studied
here recover those of Ruan and Tian.

Résumé. — En utilisant les cartes de Kuranishi globales construites par Hirschi–Swamina-
than, nous définissons des descendants gravitationnels et des invariants de Gromov–Witten
équivariants pour des variétés symplectiques générales. Nous prouvons que ces invariants satis-
font les axiomes de Kontsevich et Manin et leurs généralisations. Une formule de localisation
virtuelle est valable dans ce cadre ; nous l’utilisons pour dériver une formule explicite pour les
invariants de Gromov–Witten équivariants des variétés GKM hamiltoniennes. En particulier,
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812 A. HIRSCHI

les invariants de Gromov–Witten symplectiques des variétés toriques lisses coïncident avec leurs
variantes algébro-géométriques. Dans le cas semi-positif, les invariants étudiés ici retrouvent
ceux de Ruan et Tian.

1. Introduction

1.1. Background

The celebrated work [Gro85] of Gromov showed that pseudoholomorphic curves
provide a powerful tool in symplectic topology. In particular, while symplectic man-
ifolds are a strictly more general class than Kähler manifolds, they exhibit many
of the rigid properties of the latter. To this day, most symplectic invariants are
defined using pseudoholomorphic curves; they figure prominently in Floer theory,
[Flo88, Sal99], as well as in contact topology, e.g., in symplectic field theory [EGH00]
or contact dynamics [HZ99].

The Gromov–Witten invariants of a closed symplectic manifold (X,ω) are one of
the first symplectic pseudoholomorphic curve invariants to be defined, see [RT95,
RT97]. They are based on counts of J-holomorphic curves for an ω-tame almost
complex structure J . However, due to transversality issues, these invariants were
first only defined for semipositive symplectic manifolds, which constrained certain
singularities of the moduli space of pseudoholomorphic curves, [MS12, Chapters 6-7].
In general, abstract perturbations of the Cauchy–Riemann equation are required
to deal with the non-regularity of the moduli space. The first virtual frameworks
were developed by [FO99, LT98], defining Gromov–Witten invariants for general
closed symplectic manifolds. Later frameworks were constructed in [CM07, Ger13,
HWZ17, IP13, IP19b, Joy17, MW17, Par16]. The aim of each approach, executed
in different ways, is to construct a replacement for the virtual fundamental class for
the moduli space of stable J-holomorphic maps M J

g,n(X,A). These moduli spaces
are solution spaces of the Cauchy–Riemann equation, an elliptic partial differential
equation. Early on, local modules were constructed. However, the construction of a
virtual fundamental class required delicate local-to-global arguments to pass from
this local information to a global invariant.

Despite the lack of a virtual fundamental class at that time, Kontsevich and Manin
conjectured in [KM94] that these invariants define a cohomological field theory on
the (rational) cohomology of the target manifold X. In genus 0, this reduces to a
deformation of the ordinary cup product, called the quantum cup product. This
structure stems from the rich geometry of the moduli spaces Mg,n of stable curves,
which was originally described in the seminal paper [Wit91]. Kontsevich used the
axioms to prove his famous recursion formula, giving counts of rational curves in CP 2

of any degree. They have also been extensively used for applications in symplectic
geometry, such as in [HW24, LMP99, McD09, Sei99, Ush11]. The rich algebraic
structure of Gromov–Witten invariants was further developed by Dubrovin [Dub14]
and Givental [Giv01a, Giv01b, Giv96] among many others.
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GW invariants defined via global Kuranishi charts 813

1.2. Global Kuranishi charts

In [AMS21], the authors achieved a breakthrough by constructing a particularly
simple representation for the moduli spaces of stable maps in genus 0: that of a global
Kuranishi chart. In [HS24] and independently [AMS24], global Kuranishi charts were
constructed for moduli spaces of stable maps of arbitrary genus. These constructions
allow for a straightforward definition of a virtual fundamental class.

Definition 1.1. — A global Kuranishi chart (G, T , E , s) for a space Z consists
of a compact Lie group G acting almost freely and locally linearly on the manifold
T and the vector bundle E → T , with an equivariant section s : T → E satisfying
s−1(0)/G ∼= Z. If Z is compact, the associated virtual fundamental class [Z]vir ∈
Ȟvdim(Z;Q)∨ is the composite

Ȟvdim(Z;Q) s∗τ(E/G)−−−−−→ Hdim(T /G)
c (T /G;Q) PD−−→ H0(T ;Q) −→ Q.

Here vdim = dim(T /G)−rank(E), while τ(E/G) is the Thom class of the orbibundle
E/G and PD denotes Poincaré duality.

To motivate this definition of the virtual fundamental class, note that for any
section s of a finite-dimensional vector bundle V → M , the pullback s∗τ(V ) is a
natural invariant of s−1(0). In the case where s intersects the zero section transversely,
we have s∗τ(V ) = PD(s−1(0)) and integration over s−1(0) is precisely a special case
of this virtual fundamental class.

Thus, we can define the Gromov–Witten homomorphism
GWX,ω

g,n,A : H∗(Xn;Q) −→ H∗
(
Mg,n;Q

)
by

GWX,ω
g,n,A(α) = PD

(
st∗

(
ev∗ α ∩

[
M J

g,n(X,A)
]))

using either [HS24] or [AMS21]. Here ev denotes the evaluation at the marked
points, while the map st : M J

g,n(X,A) → Mg,n forgets the map to X and stabilises
the domain. The Gromov–Witten invariants of X are recovered by evaluating these
cohomology classes GWX,ω

g,n,A(α) on [Mg,n].

1.3. Main results

The purpose of this paper is to set up and prove extensions and properties of the
invariants constructed in [HS24]. Any further mention of Gromov–Witten invariants
will refer to this construction unless specified otherwise. Given their usefulness for
both foundational results as well as applications, we prove that these invariants
indeed define a cohomological field theory on H∗(X;Q).

Theorem 1.2. — The Gromov–Witten classes of (X,ω) satisfy the Kontsevich–
Manin axioms, listed below.

(Effective): If ⟨[ω], A⟩ < 0, then GWX,ω
g,n,A = 0.

(Homology): GWX,ω
g,n,A is induced by a homology class.
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814 A. HIRSCHI

(Grading): GWX,ω
g,n,A has degree 2((dimCX − 3)(1 − g) + ⟨c1(TX), A⟩ + n).

(Symmetry): GWX,ω
g,n,A is equivariant with respect to the canonical Sn-actions given

by permuting the factors, respectively the marked points.
(Mapping to a point): If E denotes the Hodge bundle over Mg,n, then

GWX,ω
g,n,0(α1, . . . , αn) =

〈
α1 · · · · · αn, cdimC(X)(TX) ∩ [X]

〉
cg(E∗)

for all αi ∈ H∗(X;Q).
(Fundamental class): If 1X denotes the unit of H∗(X;Q) and πn the map that
forgets the nth marked point, then

GWX,ω
g,n,A(α1, . . . , αn−1, 1X) = π∗

n GWX,ω
g,n−1,A(α1, . . . , αn−1).

for any α1, . . . , αn−1 ∈ H∗(X;Q).
(Divisor): If |αn| = 2 and πn! = PD ◦πn∗ ◦PD denotes the exceptional pushforward,
then

πn! GWX,ω
g,n,A(α1, . . . , αn) = ⟨αn, A⟩ GWX,ω

g,n−1,A(α1, . . . , αn−1).
for any α1, . . . , αn−1 ∈ H∗(X;Q).
(Splitting): Write PD(∆X) = ∑

k∈K γk × γ′
k with γk, γ

′
k ∈ H∗(X;Q). Given S ⊂

{1, . . . , n}, let
φS : Mg0,n0+1 × Mg1,n1+1 −→ Mg,n

be the associated clutching map. Then

φ∗
S GWX,ω

g,n,A(α1, . . . , αn)
= (−1)ϵ(α;S) ∑

A0+A1=A
k∈K

GWX,ω
g0,n0+1,A0 ((αi)i∈S, γk) GWX,ω

g1,n1+1,A1 (γ′
k, (αj)j /∈S)

where ϵ(α;S) = |{i > j | i ∈ S, j /∈ S, |αi|, |αj| ∈ 1 + 2Z}| and αi ∈ H∗(X;Q)
(Genus reduction): If ψ : Mg,n → Mg+1,n−2 denotes the map that creates a non-
separating node by gluing the last two marked points, then

ψ∗ GWX,ω
g+1,n−2,A(α) = GWX,ω

g,n,A(α,PD(∆X))

for any α ∈ H∗(Xn−2;Q).
See [AMS24] for the analogous results for Gromov–Witten invariants valued in

certain complex-oriented generalised cohomology theories. One can generalise the
above-defined Gromov–Witten invariants by integrating natural cohomology classes
on the moduli space itself over the virtual fundamental class. In Section 4, we
define the so-called gravitational descendants, discussed in [Giv96, KM98, RT97,
Wit91]. We prove that these invariants satisfy the famous String, Dilaton and Divisor
equation.

In Section 5, we define the notion of an equivariant virtual fundamental class associ-
ated to a global Kuranishi chart equipped with a suitable group action. Subsequently,
we apply this to moduli spaces of stable pseudoholomorphic maps whose target X
admits a Hamiltonian group action to construct equivariant Gromov–Witten invari-
ants.
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GW invariants defined via global Kuranishi charts 815

Proposition 1.3. — Let (X,ω, µ) be a Hamiltonian K-manifold, where K is
a compact connected Lie group. If J is K-invariant, we can construct a global
Kuranishi chart for M J

g,n(X,A) that carries a compatible K-action. The equivariant
Gromov–Witten homomorphisms of (X,ω, µ) are the H∗

K-linear maps

GWX,ω,µ
g,n,A : H∗

K(Xn;Q) −→ H∗
(
Mg,n;Q

)
⊗H∗

K(pt,Q)

defined as in the non-equivariant setting. They define a cohomological field theory
on H∗

K(X;Q).

Kontsevich observed in [Kon95] that one could use localisation in order to com-
pute Gromov–Witten invariants. The extension of Gromov–Witten theory to the
equivariant setting was first systematically explored by Givental, [Giv96], and used
to prove mirror symmetry for Calabi–Yau complete intersections. A construction
in the algebraic setting of the equivariant invariants for smooth toric varieties was
given in [GP99]. The authors generalise the localisation formula of [AB84] to Deligne–
Mumford stacks with equivariant perfect obstruction theories; see [Beh99] for an
alternative proof. They use it to derive a combinatorial formula for the equivariant
Gromov–Witten invariants of projective spaces. It allowed for the computation of
Gromov–Witten invariants of toric and compact homogeneous varieties; such as
in [Liu13, Spi99], as well as toric fibrations, [Bro14]. Givental, [Giv01b], used it to
obtain conjectural formulas for the higher genus Gromov–Witten invariants in terms
of genus 0 invariants in the case of generically semisimple quantum cohomology; this
was shown by Teleman in [Tel12]. Meanwhile, [GK95] computed the small quantum
cohomology of flag varieties using the localisation formula. For a localisation formula
in the symplectic setting, see [CT10].

We prove a virtual localisation formula, Theorem 5.13, for spaces admitting equi-
variant global Kuranishi charts. Under certain assumptions on the Hamiltonian
torus action, we can use it to derive a combinatorial formula for its equivariant
Gromov–Witten invariants, generalising [Liu13, Theorem 78]. Explicitly, we consider
Hamiltonian torus manifolds (X,ω) that satisfy the GKM condition, see Defini-
tion 5.18 for details. In particular, X has finitely many fixed points, and the union
of all at most 1-dimensional orbits is a union of spheres.

Theorem 1.4 (Theorem 5.23). — If X admits a Hamiltonian GKM action by a
torus T, its equivariant Gromov–Witten invariants satisfy

(1.1) GWX,ω,µ
g,n,A (α1, . . . , αn)([Mg,n])

=
∑

Γ ∈Gg,n(X,A)

1
| Aut(Γ)|

〈
j∗

Γ ev∗ α · w(Γ),
[
MΓ

]
T

〉
in the fraction field of H∗

T(pt;Q). Here, Gg,n(X,A) is a collection of decorated graphs,
MΓ is a product of moduli spaces of stable curves, and w(Γ) ∈ H∗

T(MΓ;Q) is a
weight associated to the graph Γ.

The class of Hamiltonian GKM torus manifolds contains not only all symplec-
tic toric manifolds but also many non-Kähler examples, [GKZ20a, GKZ23, Tol98,
Woo98]. Their symplectic geometry has been studied in [GKZ20b, GKZ22a, GZ00,
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816 A. HIRSCHI

GZ01]. To any such manifold, one can associate its GKM graph, which combinato-
rially encodes information about the action and the topology of the manifold. In
particular, it allows for a complete determination of the equivariant cohomology,
[GKZ22b, Proposition 2.30]. As the right hand side of (1.1) only relies on the GKM
graph of the Hamiltonian torus manifold, so do its equivariant Gromov–Witten
invariants.

Theorem 1.5. — Suppose (X,ω, µ) and (X ′, ω′, µ′) are two Hamiltonian torus
manifolds satisfying the GKM condition. If their GKM graphs are isomorphic, then
their equivariant Gromov–Witten invariants agree.

In genus 0, this can be seen as a quantum version of the fact that the GKM graph
determines the equivariant cohomology of the manifold, [GKZ22b, Proposition 2.30].
Nonetheless, it is somewhat unexpected, as Hamiltonian GKM manifolds with the
same GKM graph need not even be homotopy equivalent, [GKZ22a, Theorem 1.3].
Since any symplectic toric manifold is symplectomorphic to a smooth toric variety,
[Del88, Theorem 2.1], we have the following comparison result.

Corollary 1.6. — The symplectic Gromov–Witten invariants of a toric sym-
plectic manifold agree with its algebraic Gromov–Witten invariants.

In [LS17], the equivariant Gromov–Witten invariants of algebraic GKM stacks
were computed, generalising [Liu13] in a different direction than we do here.

We point out that the equivariant Gromov–Witten invariants considered in this
paper do not agree with the Hamiltonian Gromov–Witten invariants defined in
[CGMiRS02, Mun03] or [TX17], which are defined using the vortex equation instead.
A construction of quantum Kirwan maps exists in the setting of projective varieties,
[GW22] and under certain assumptions in the symplectic setting, [Xu24]. The quan-
tum Kirwan map relates the equivariant quantum cohomology of a toric variety to
the quantum cohomology of its symplectic reduction. See also [NWZ14]. It would be
interesting to see whether this could be generalised further in the symplectic setting.

Finally, we compare the Gromov–Witten invariants considered here with the
Gromov–Witten invariants defined by Ruan and Tian in [RT97]. The latter ones are
only defined if the symplectic target is semipositive, that is, if any J-holomorphic
sphere u with negative first Chern number satisfies c1(u) < 3 − dimC(X). This topo-
logical property ensures a certain control over the singularities of the moduli space
for stable maps and allows for a pseudocycle definition of Gromov–Witten invariants,
which will be recalled in Section 6.

Theorem 1.7 (Theorem 6.3). — If (X,ω) is semipositive, the Gromov–Witten
invariants considered here agree with the Gromov–Witten invariants of Ruan–Tian.

The following immediate consequence of this result is not at all obvious from the
global Kuranishi chart construction itself.

Corollary 1.8. — If (X,ω) is semipositive, then GWX,ω
0,n,A is integral for n ⩾ 3.

In [Sch23], Schmaltz shows that the polyfold Gromov–Witten invariants of
[HWZ17] specialise to the genus 0 Gromov–Witten invariants defined in [MS12]
via pseudocycles. Ionel and Parker show in [IP19a] that the analogue of Theorem 1.7
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for their relative virtual fundamental class. For comparison results between algebraic
and symplectic Gromov–Witten invariants, see [LT99, Sie99].

2. Review of the global Kuranishi chart construction

Let (X,ω) be a closed symplectic manifold, A ∈ H2(X;Z), and fix J ∈ Jτ (X,ω).
We recall the construction of the global Kuranishi chart for M J

g,n(X,A) described
in [HS24]. However, we will not go into too much detail and refer the reader to [HS24]
for a more thorough discussion.

Definition 2.1. — An auxiliary datum
α =

(
∇X ,OX(1), p,U , λ, k

)
for M J

g,n(X,A)
consists of:

(1) a J-linear connection ∇X on TX ;
(2) a Hermitian line bundle (OX(1),∇) → X with curvature F∇ = −2πiΩ for a

symplectic form Ω taming J . We set d := q⟨[Ω], A⟩.
(3) p ≫ 1 is an integer.

Given this, we abbreviate
m := p (2g − 2 + 3d) N := m− g

and set
G := PGL(N + 1,C) G := PU(N + 1).(2.1)

Here, given a smooth stable map u : C → X of genus g representing A, we observe
that m is the degree of the pth power of the line bundle

Lu := ωC ⊗ u∗OX(1)⊗3.

By [HS24, Lemma 4.1], if A ̸= 0 or g ⩾ 2, we can choose p sufficiently large so that
L⊗p
u is very ample, and has vanishing H1 for any [u,C] ∈ M J

g (X,A). If A = 0 and
g < 2, we have to allow for marked points and replace ωC with ωC(x1 + · · · + xn).

In either case, N = dimCH
0(C,L⊗p

u ) − 1 by the Riemann–Roch theorem. By
definition, any basis F of H0(C,L⊗p

u ) induces a holomorphic map
ιF : C ↪→ PN ,

with non nontrivial automorphisms. It is regular because H1(C,L⊗p
u ) vanishes. We

call any such map a framing. Denote by
(2.2) M∗

g,n

(
PN ,m

)
⊂ Mg,n

(
PN ,m

)
the subspace of all regular automorphism-free holomorphic curves of genus g of
degree m whose image is not contained in a hyperplane. These moduli spaces are
smooth quasi-projective varieties of the expected dimension and will serve as our
base spaces.

To define the remaining data of the auxiliary datum α, let
M∗,st

g,3d

(
PN ,m

)
⊂ M∗

g,3d

(
PN ,m

)
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818 A. HIRSCHI

be the locus of curves with stable domain. Then,
(4) U is a good covering in the sense of [HS24, Definition 3.10];
(5) λ is a PGLC(N + 1)-equivariant map

M∗,st
g,3d

(
PN ,m

)
/S3d −→ G/G,

where G and G were defined in (2.1);
(6) k ⩾ 1 is an integer.

We use perturbations based on the complex vector bundle

(2.3) E := Ek := HomC (p∗
1TPN , p∗

2TX) ⊗ p∗
1OPN (k) ⊗H0(PN ,O(k))

over PN×X, where H0(PN ,O(k)) is the underlying real vector space of H0(PN ,O(k))
equipped with the conjugate complex structure. Note that E depends on k. Given a
map (ι, u) : C → PN ×X, we set

E(ι,u) := H0(C, (ι, u)∗E).

We can now give the construction of the global Kuranishi chart, treating the case
of n = 0 first and generalising to the other cases in Remark 2.6.

Construction 2.2. — Given an unobstructed auxiliary datum (∇X ,OX(1), p,
U , k), the associated global Kuranishi chart K = (G, T , E , s) for M J

g (X,A) is defined
as follows:

• The thickening T consists of tuples (u, ι, C, η, α), up to reparametrisation,
where
(1) u : C → X is a framed stable map representing A and ι : C ↪→ PN defines

an element of M∗
g(PN ,m) so that (ι, u) lies in the domain of λU ;

(2) η ∈ E(ι,u) satisfies

(2.4) ∂J ũ+ ⟨η⟩ ◦ dι̃ = 0

where ũ and ι̃ denote the pullbacks to the normalisation C̃ of C;
(3) α ∈ H1(C,OC) is such that

[ι∗OPN (1)] ⊗
[
L⊗−p
u

]
= exp(α)

where exp: H1(C,OC) → Pic0(C) is the universal covering map.
(4) H1(C, (ι, u)∗E) = 0 and D(∂J)u ⊕ (⟨·⟩ ◦ dι̃) is surjective.
G acts on T via its standard action on PN making the forgetful map π : T →
M∗

g(PN ,m) equivariant.
• The obstruction bundle E → T has the fibre

(2.5) Ey = su(N + 1) ⊕ E(ι,u) ⊕H1(C,OC)

over a point y = (u, ι, C, η, α) ∈ T and it is endowed with the natural lift of
the G-action.

• The obstruction section s : T → E is given by

(2.6) s(u, ι, C, η, α) =
(
exp−1 λU(ι, u), η, α

)
.
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where exp: su(N+1) → G/G is induced by the exponential map and λU : T →
G/G is a G-equivariant map defined in [HS24, Equation (3.2.1)] using the
good covering U and λ.

Remark 2.3. — Condition (4) ensures that all fibres of E have the same dimension,
while (2.4) ensures that the thickening is cut out transversely.

Remark 2.4. — The only purpose of the part λU of the obstruction section is to
select a class of “unitary framings”. The problem is that the choice of a very ample
line bundle gives a full PGL-orbit of framings. However, we only have a PU-action
on the thickening and thus need to further reduce the space of framings lying in the
zero locus of the obstruction section.

Definition 2.5. — An auxiliary datum is unobstructed if the canonical forgetful
map

s−1(0) −→ MJ
g (X,A)

is surjective.

The existence of unobstructed auxiliary data is shown in [HS24, Section 4]. By
Proposition 5.1, K = (G, T , E , s) obtained from Construction 2.2 is a global Kuranishi
chart for M J

g (X,A) with a canonical orientation of its thickening and obstruction
bundle. Moreover, the canonical map π : T → M∗

g(PN ,m), remembering only the
framing, is a topological submersion.

Remark 2.6. — We obtain a global Kuranishi chart for M J

g,n(X,A) by pulling
back K along the map

πn : M∗
g,n

(
PN ,m

)
:= π−1

n

(
M∗

g

(
PN ,m

))
−→ M∗

g

(
PN ,m

)
that forgets all marked points.

By [HS24, Section6], the resulting virtual fundamental class [M J
g,n(X,A)]vir is

independent of the choice of unobstructed auxiliary datum. We define the Gromov–
Witten class of (X,ω) associated to (A, g, n) to be

(2.7) GWX,ω
g,n,A := (ev × st)∗

[
M J

g,n(X,A)
]

in H∗
(
Xn × Mg,n;Q

)
If 2g − 2 + n ⩽ 0 and A ̸= 0, we formally treat Mg,n as a point and use the same
definition. We use the notation

⟨α1, . . . , αn;σ⟩X,ωg,n,A :=
〈
α1 × · · · × αn × PD(σ),GWX,ω

g,n,A

〉
for α1, . . . , αn ∈ H∗(X;Q) and σ ∈ H∗(Mg,n;Q).

3. Kontsevich–Manin axioms

The Kontsevich–Manin axioms are a catchphrase used to describe the properties
in [KM94] that GW invariants are expected to satisfy. In contrast to the introduction,
we will consider here the GW classes defined by (2.7). While the axioms are less
elegant in terms of the GW classes, their proof is more transparent.
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3.1. The first five axioms

The Effective, Homology, and Grading axioms follow directly from the construction.

Lemma 3.1 (Symmetry). — We have〈
ατ(1), . . . , ατ(n); τ∗σ

〉X,ω
g,n,A

= (−1)ϵτ,α ⟨α1, . . . , αn;σ⟩X,ωg,n,A

for any permutation τ ∈ Sn and classes αi ∈ H∗(X;Q) and σ ∈ H∗(Mg,n;Q), where

ϵτ,α =
∣∣∣{i > j | τ(i) < τ(j), |αi|, |αj| ∈ 2Z + 1}

∣∣∣.
Proof. — Given a global Kuranishi chart Kn as in Construction 2.2, the Sn-action

lifts to a continuous action by orientation-preserving rel-C∞ diffeomorphisms on
the thickening and the obstruction bundle. As the equivariant Thom class of the
obstruction bundle is Sn-invariant, so is the virtual fundamental class. □

Lemma 3.2 (Mapping to a point). — If 2g − 2 + n > 0, then[
M J

g,n(X, 0)
]vir

= cg dimC(X) (TX ⊠ E∨) ∩
[
X × Mg,n

]
in H∗(X × Mg,n;Q), where E denotes the Hodge bundle over Mg,n. In particular,

⟨α1, . . . , αn; [pt]⟩X,ω0,n,0 = ⟨α1 · · · · · αn, [X]⟩,

Proof. — Given a constant stable map u : C → X with image x, we have
H1 (C, u∗TX) = H1(C,OC) ⊗ TxX.,

where the tensor product is taken over C as we will always do. Thus, the cokernel of
D∂J(u) has (real) dimension 2g dim(X) and the obstruction bundle of M J

g,n(X, 0) =
X × Mg,n is given by Ob := TX ⊠ E∗. Let s0 denote its zero section. Fix a global
Kuranishi chart Kn = (G, T , E , s) as given by Construction 2.2 with base space
M ⊂ Mg,n(PN ,m). Denote by C → M the universal curve and set L := R1π∗OC.
Then KOb := (G, TOb, Õb, s̃) with

TOb := X ×
{
([ι, C, x1, . . . , xn], α) ∈ L

∣∣∣ [ι∗O(1)] = p · [ωC(x1 + · · · + xn)] + α
}

is a global Kuranishi chart for M J
g,n(X, 0). The obstruction bundle is

Õb = Ob⊞L ⊕ su(N + 1)
and s̃ is given by the zero section in the first summand, the obvious map in the
second one, and exp−1 λ in the last one. Let j : TOb ↪→ T be the inclusion. There
exists a natural equivariant morphism Φ: j∗E → Õb of complex vector bundles; it
is given by the identity on su(N + 1) and L and maps the perturbation term η to
the image of ⟨η⟩ ◦ dι under the quotient map

Ω0,1
J

(
C̃, ũ∗TX

)
−→ H1(C, u∗TX).

By the construction of Kn, the map Φ is surjective. Moreover, its kernel agrees with
the normal bundle NX×M/T of X × M in T (as rel-C∞ manifolds over M). Fixing
a splitting L : Õb → E|T ′ of Φ we obtain that the two-term complexes associated to
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KOb and Kn respectively, are quasi-isomorphic in the sense of Lemma A.8, whence
the claim follows. □

Remark 3.3. — This argument can be applied in any situation where M J

g,n(X,A)
is smooth with obstruction bundle Ob to see that[

M J
g,n(X,A)

]vir
= e(Ob) ∩

[
M J

g,n(X,A)
]

under the identification of the dual of Čech cohomology with singular homology.

We observe the following vanishing statement, alluded to in [KM94]. See [RT97,
Proposition 2.14(3)] for the same statement in their setting.

Lemma 3.4. — If (1 − g)(dimC(X) − 3) + 2⟨c1(TX), A⟩ < 0, then GWX,ω
g,n,A = 0

for any n ⩾ 0.

Proof. — Let (G, T , E , s) be a global Kuranishi chart for M J
g (X,A) and let

(G, Tn, En, sn) be the induced global Kuranishi chart for M J

g (X,A). By construc-
tion, there exist equivariant maps πn : Tn → T and π̃n : En = π∗

nE → E satisfying
π̃nsn = snπn. As |s∗τE/G| > dim(T /G), it follows that s∗

nτEn/G = π∗
ns

∗τE/G = 0. □

3.2. Fundamental class axiom

Following [KM94], we call the pair (g, n) of nonnegative integers basic if it is an
element of {(0, 3), (0, 1), (0, 2)}.

Proposition 3.5 (Fundamental class). — Suppose n ⩾ 1 and (g, n) is not basic.
Then, for α1, . . . , αn−1 ∈ H∗(X;Q) and σ ∈ H∗(Mg,n;Q), we have

⟨α1, . . . , αn−1, 1X ;σ⟩X,ωg,n,A = ⟨α1, . . . , αn−1; πn∗σ⟩X,ωg,n−1,A,

where 1X is the unit of H∗(X;Q).

Proof. — Let K be a global Kuranishi chart for M J
g (X,A) as given by Construc-

tion 2.2. Let Kn and Kn−1 be the induced global Kuranishi charts for M J

g,n(X,A) and
M J

g,n−1(X,A). Denote by Mn and Mn−1 the respective base space. Let πn : Tn →
Tn−1 be the forgetful map between the thickenings. By construction, En = π∗

nEn−1
and sn = π∗

nsn−1. We will construct principal H-bundles T̃n−1 → Tn−1 and T̃n → Tn
for some compact Lie group H so that the induced forgetful map π̃n : T̃n → T̃n−1
satisfies
(3.1) (π̃n)! st∗ = st∗ πn!.

This will prove the claim since the global Kuranishi chart K̃ℓ determined by the
principal bundle T̃ℓ → Tℓ is equivalent to Kℓ via group enlargement. To this end, let
Pn−1/H be a presentation of Mg,n−1 as a global quotient and let Pn be the pullback
of Pn−1 along the representable morphism πn. Then Pn/H is a presentation of Mg,n

and πn pulls back to a smooth map Pn → Pn−1. Set
T̃ℓ := Tℓ ×Mg,ℓ

Pℓ
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for ℓ ∈ {n− 1, n}. By Lemma B.10, T̃ℓ → Tℓ is a principal H-bundle and determines
the global Kuranishi chart

K̃ℓ :=
(
G×H, T̃ℓ, T̃ℓ ×Tℓ

Eℓ, id ×sℓ
)

for Mg,ℓJ(X,A). By construction, the square

T̃n
pn

��

π̃n
// T̃n−1

pn−1

��

Pn // Pn−1

is cartesian. As pn−1 is a submersion away from a subset of codimension at least 2,
we can apply Lemma B.9 to deduce the equality in (3.1). □

Remark 3.6. — In the case where g = 0 and n = 3, we can apply the same
argument to M0,3 and M0,2, the second of which we formally replace by a point, to
obtain

(3.2) ⟨α1, α2, 1X⟩X,ω0,3,A =

0 A ̸= 0
⟨α1 · α2, [X]⟩ A = 0

using Lemma 3.2.

3.3. Divisor axiom

The Divisor axiom does not rely on the geometry of the moduli space of stable
curves but is due to the fact that generically a stable map representing A intersects
a divisor Y ⊂ X in ⟨PD(Y ), A⟩ many points.

Proposition 3.7 (Divisor). — Suppose (g, n) is not basic and n ⩾ 1. For
α1, . . . , αn ∈ H∗(X;Q) with |αn| = 2 and σ ∈ H∗(Mg,n−1;Q) we have

⟨α1, . . . , αn; π!
nσ⟩X,ωg,n,A = ⟨αn, A⟩ ⟨α1, . . . , αn−1;σ⟩X,ωg,n−1,A.

The first observation is that for suitable auxiliary data, the evaluation maps become
(non-surjective) relative submersions from the thickening to X. Let us introduce the
following definition first.

Definition 3.8. — An unobstructed auxiliary datum α = (∇X ,OX(1), p,U , λ, k)
n-unobstructed if for any (u, ι, C, x1, . . . , xn) ∈ s−1

α,n(0) and the perturbed opera-
tor (2.4) is surjective when restricted to

(3.3) {ξ ∈ C∞(C, u∗TX) | ξ(xi) = 0} ⊕H0(C, (ι, u)∗E)

for each 1 ⩽ i ⩽ n.

Lemma 3.9. — If α = (∇X ,OX(1), p,U , λ, k) is an unobstructed auxiliary datum
and n ⩾ 1, we can find k̃ ⩾ 0 so that α̃ := (∇X ,OX(1), p,U , λ, k̃) is n-unobstructed.
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Proof. — Observe first that the zero locus s−1
α,n(0) does not depend on the choice

of k. Now given a point (u, ι, C, x1, . . . , xn, 0, 0) in the zero locus of the global Ku-
ranishi chart Kα,n, set

Vi :=
{
ξ ∈ C∞(C, u′∗TX)

∣∣∣ ξ(κ(xi)) = 0
}

and let Di be the restriction of D := D∂J(u′) to Vi. Since Vi is of finite codimension,
Di extends to a Fredholm operator

Di : V
ℓ,2 ⊂ W ℓ,2

(
C ′, u′∗TX

)
−→ W ℓ−1,2

(
C̃ ′,Ω0,1

C̃′ ⊗C u
′∗TX

)
.

on the Sobolev completion of Vi for ℓ sufficiently large, whose formal adjoint is given
by D∗ post-composed with the orthogonal projection onto Vi

ℓ−1,2. The proof of the
existence of k so that the map

Φk : H0(C ′, (ι′, u′)∗Ek) −→ Ω0,1
(
C̃ ′.u′∗TX

)
: η 7−→ ⟨η⟩ ◦ dι

surjects onto the cokernel of Du′ relies on [AMS21, Proposition 6.26]. Explicitly, it
shows that for any element ζ ∈ ker(Du′) we can find kζ ≫ 1 and η∈H0(C ′, (ι′, u′)∗Ek)
so that

⟨Φk(η), ζ⟩L2 ̸= 0
for k ⩾ kζ . Taking a (necessarily finite) basis of ker(D∗), one obtains kj by taking
the maximum of the associated integers kζ . We claim that both steps also work with
Di instead of Du′ . Indeed, the first step only uses the continuity of ζ. Choosing ℓ ⩾ 4,
this is given for any element of the domain of D∗

u′ . Since ker(D∗
i ) is finite-dimensional

as well, we may thus argue as in [AMS21, Proposition 6.26] to find ku,i so that Φk′

surjects onto the cokernel of Di for any k′ ⩾ kiu, i. Using the same argument as
in [HS24, Lemma 4.19] together with the fact that the codimension of (3.3) in
C∞(C, u∗TX) ⊕ H0(C, (ι, u)∗E) is constant and finite, the existence of ki ⩾ k with
ki ⩾ ku,i for any u now follows from the compactness of s−1

α,n(0). Taking k̃ = maxi ki,
the auxiliary datum α̃ := (∇X ,OX(1), p,U , k̃) has the desired property. □

Lemma 3.10. — If α is an n-unobstructed auxiliary datum, the evaluation map
evj : Tn → X is a relative submersion for 1 ⩽ j ⩽ n, possibly after shrinking Tn.

Proof. — Given y = (u, ι, C ′, x1, . . . , xn) ∈ s−1
α,n(0) with image (u′, ι′, C ′) ∈ s−1

α,0(0),
let κ : C → C ′ be the canonical contraction map. Let v ∈ Tu(xj)X = Tu(κ(xj))X be
arbitrary. Extend it to a vector field ξ ∈ C∞(C ′, u′∗TX) and let (ξ1, η1) ∈ ker(Du′ +
⟨·⟩ ◦ dι′) be such that ξ1(κ(xj)) = 0 and Du′ξ1 + ⟨η1⟩ ◦ dι = −Du′ξ. Let ξ̃1, ξ̃ and η̃
be the pullback to an element of C∞(C, u∗TX), respectively H0(C, (ι, u)∗E). Since ι
is constant on the irreducible components of C contracted by κ, we have(

ξ̃1 + ξ̃, η̃1
)

∈ ker(Du + ⟨·⟩ ◦ dι) = TyTα,n
and

d ev(y)(ξ1 + ξ, η1) = ξ1(κ(xj)) = v. □

Let now Y ⊂ X be a smooth hypersurface Poincaré dual to a class γ ∈ H2(X,Q),
possibly first multiplying γ by a large integer. Let Kn be a global Kuranishi chart for
M J

g,n(X,A) satisfying the conclusion of Lemma 3.10. Let KY be the global Kuranishi

TOME 8 (2025)



824 A. HIRSCHI

chart with thickening TY := ev−1
n (Y ) and all other data given by restriction. Set

MY := s−1
Y (0)/G and let j : TY /G ↪→ Tn/G be the inclusion. By Proposition A.7,

j∗
[
MY

]vir
= ev∗

n γ ∩
[
M J

g,n(X,A)
]vir

.

The forgetful map πn restricts to a proper map TY → Tn−1 of manifolds of the
same dimension.

Lemma 3.11. — πn∗

[
MY

]vir
= ⟨γ,A⟩

[
M J

g,n−1(X,A)
]vir

.

Proof. — We show that the restriction π : TY → Tn−1 has degree ⟨γ,A⟩. It suffices
to check the claim for a generic point in each connected component of Tn−1. Since
Tn−1 is a covering of a space of regular stable maps, we may choose each such point
to have smooth domain. Fix y = [u, ι, C, x1, . . . , xn−1, α, η] in Tn−1 with u ⋔ Y . By
the definition of Tn and Tn−1 we can find a neighbourhood U ⊂ Tn−1 of y so that
any curve in U intersects Y transversely and

U ∼= V ×B

where V ⊂ Mn−1 and B ⊂ TTn−1/Mn−1,y are open neighbourhoods of the image of y,
respectively, the origin. Recall that π : Tn → Tn−1 fits into the cartesian square

Tn Tn−1

Mn Mn−1

πn

πn

where the vertical maps are topological submersions and the horizontal maps are
submersions over a neighbourhood of y, respectively, of the image of y in Mn−1. As
the domain C of y is smooth, the relative smooth structure on Tn−1, and thus Tn,
extends to a smooth structure. However, we will only use that Tn−1 has a relative
smooth structure over Mn−1.

After shrinking V , we have
π−1
n (U) = Tn ×Mn π

−1
n (V ) ∼= Vn−1 × C ×B

and the (relative) differential of evn at x ∈ π−1
n ({y}) ∼= C is given by

TxC ×B −→ Tu(x)X : (v, ξ) 7−→ du(x)v + ξ(x).
The orientation of TTY /Mn,x is induced by it being the kernel of TTn/Mn,x →
Tu(x)X/Tu(x)Y . As du(x) induces a complex linear isomorphism to Tu(x)X/Tu(x)Y ,
we are reduced to showing that, given an exact sequence

0 −→ W −→ V ⊕ C (v,z)7→f(v)+az−−−−−−−−→ C −→ 0
for a real-linear map f and a ∈ C×, the projection W → V is an orientation-
preserving isomorphism. This follows from the fact that z 7→ −az is complex linear
and thus orientation preserving. Hence

deg(π; y) =
∑

x∈π−1({y})
sign(dπ(x)) =

∑
x∈π−1({y})

ind(u, Y, x) = ⟨γ,A⟩. □

The Divisor axiom is an immediate consequence.
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3.4. Splitting axiom

Fix g = g0 + g1 and n = n0 + n1 with ni ⩾ 0 and 2gi − 2 + ni + 1 > 0. Let
S ⊂ {1, . . . , n} be a subset with |S| = n0. The clutching map

φS : Mg0,n0+1 × Mg0,n0+1 −→ Mg,n

given by gluing two curves together at the (n0 + 1)th and first marked point and
renumbering according to the partition induced by S is a closed local immersion.
This map lifts to maps

φS,X : M J

g0,n0+1(X,A0) ×X M J

g1,n1+1(X,A1) −→ M J

g,n(X,A0 + A1).

Together with the clutching maps described in the next subsection, the images of
the maps φS form the boundary divisor of Mg,n. The same is true for moduli spaces
of stable maps, where one has an additional choice of how to “split” the homology
class. The Splitting axiom is an algebraic reflection thereof.

Proposition 3.12 (Splitting). — Write PD(X) = ∑
i∈ I γi × γ′

i for γi, γ
′
i ∈

H∗(X;Q). We have

⟨α1, . . . , αn;φS∗(σ0 ⊗ σ1)⟩X,ωg,n,A

= (−1)ϵα,S
∑

A0+A1=A

∑
i

〈
αf0(1), . . . , αf0(n0), γi;σ0

〉X,ω
g0,n0+1,A0

⟨γ′
i, αf1(2), . . . , αf1(n1+1);σ1⟩X,ωg1,n1+1,A1

for any α1, . . . , αn ∈ H∗(X;Q) and σi ∈ H∗(Mgi,ni+1;Q), where

ϵα,S :=
∣∣∣{i < j | j ∈ S, i /∈ S, |αi|, |αj| ∈ 2Z + 1}

∣∣∣.
By Lemma 3.1, we may assume S = {1, . . . , n0} and omit it from the notation.

The domain of φX admits a global Kuranishi chart Kg0,n0+1,A0 ×X Kg1,n1+1,A1 of
the expected virtual dimension by Lemma 3.10, which embeds into Kg0,n0+1,A0 ×
Kg1,n1+1,A1 . For the sake of brevity, we denote the base space of Kg,n,A by M. For
0 ⩽ m0 ⩽ m, let M̂g0,n0,m0 be the preimage of M under

φPN : Mg0,n0+1
(
PN ,m0

)
×PN Mg1,n1+1

(
PN ,m1

)
−→ Mg,n

(
PN ,m

)
and set

M̂g0,n0 :=
⊔

0⩽m0 ⩽m

M̂g0,n0,m0 .

Lemma 3.13. — M̂g0,n0,m0 is a complex manifold of the expected dimension.

Proof. — Suppose φPN ([ι, C, x∗], [ι′, C ′, x′
∗]) = [u,Σ, y∗] ∈ M. As the normalisation

of Σ is Σ̃ = C̃ ⊔ C̃ ′ and u is unobstructed, so are ι and ι′. If ρ is an automorphism of
(ι, C, x∗), it can be extended by the identity to an automorphism of (u,Σ, y∗). Hence
ρ = idC . Similarly, we see that (ι′, C ′, x′

∗) has no isotropy. Thus, we may conclude
by [RRS08]. □
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Denote by φ̂ : M̂g0,n0 → M the map induced by φPN . It is a PGLC(N + 1)-
equivariant immersion whose image has normal crossing singularities. Hence, φ̂∗Kg,n,A

is a global Kuranishi chart whose thickening M̂g0,n0 ×M Tg,n,A admits a canonical
relative smooth structure over M̂g0,n0 .

Let [u,C, x∗] ∈ M J

g,n(X,A) lie in the image of φX . Any splitting of the domain
into two curves of the prescribed genus and prescribed set of points defines (via
the restriction of a framing coming from Lu) a unique element in the image of φ̂.
Conversely, any decomposition of the domain of the framing leads to a corresponding
splitting of [u,C, x∗], where the degree of the restrictions of u may vary. This shows
that Kg0,n0 := φ̂∗Kg,n,A is a global Kuranishi chart for

Mg0,n0(X) :=
⊔

A0+A1=A
M J

g0,n0+1(X,A0) ×X M J
g1,n1+1(X,A1).

as is K′
g,n,A := ⊔

A0+A1=A Kg0,n0+1,A0 ×X Kg1,n1+1,A1 .

Lemma 3.14. — Kg0,n0 and K′
g,n,A are equivalent.

Proof. — This follows from a double-sum construction as in [HS24, Section 6.1].
□

We can now prove Proposition 3.12. The strategy of proof is the same as in
Proposition 3.5 with the additional complication that φ̃ is not the pullback of φ.

Proof. — We first sketch the proof in the case of genus zero. In higher genus, the
fact that we have to take the fibre products of orbifolds adds a layer of complexity;
however, the strategy is the same. Factor φ : M̂g0,n0 → M as

M̂0,n0
ϑ−→ M ×M0,n

(
M0,n0+1 × M0,n1+1

)
φ′

−→ M.

Then M ×M0,n
(M0,n0+1 × M0,n1+1) is a quasi-projective variety over C but not

necessarily smooth. However, it is a homology Q-manifold. As φ′ is the pullback of the
clutching map on the level of moduli space of stable curves, it is a closed immersion of
schemes. We will show below that ϑ has degree 1. Lifting this factorisation to the level
of thickenings, we obtain that φ̂! st∗ = st∗ φ! as maps H∗(M0,n0+1 × M0,n1+1;Q) →
H∗(T /G;Q) by the results of the Appendix B.

For the general case, let P/H be a presentation of Mg,n as a global quotient.
By [ACG11, Proposition 11.5.12], we may assume that P ⊂ Mg,n(Pℓ, ℓ + g) for
some ℓ ⩾ 1. As φ is representable by [ACG11, Proposition 12.10.11], P ′ := P ×Mg,n

(Mg0,n0+1 × Mg1,n1+1) is a G-smooth manifold with P ′/H representing Mg0,n0+1 ×
Mg1,n1+1. Moreover, N := P ×Mg,n

M is a principal G′-bundle over M, while

Ng0,n0 := N ×M M̂g0,n0 = P ′ ×Mg0,n0+1×Mg1,n1+1
M̂g0,n0

is one over M̂g0,n0 . Denote by st : N → Mg,n and st : Ng0,n0 → Mg0,n0+1 × Mg1,n1+1
the induced stabilisation maps. Let φ̃ : Ng0,n0 → N be the morphism of principal
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bundles covering φ̂. The diagram

Ng0,n0 N ′ N

Mg,n0+1 × Mg1,n1+1 Mg,n

ϑ

st

φ′

st st

φ

commutes, where φ̃ = φ′ϑ and N ′ = P ′ ×P N , so the square is cartesian. To see that
ϑ is a birational equivalence, let N ′\ ⊂ N ′ be the preimage (under N ′ → N → M)
of the subset of M consisting of curves with one node. As all elements of M
are unobstructed, the complement of N ′\ is of codimension at least 2. It follows
from a straightforward consideration of the fibre product N ′ that the induced map
N sm
g0,n0 → N ′ sm is an isomorphism. Thus, ϑ is a birational equivalence. In particular,

it has degree 1.
Pull back K̂g0,n0 along Ng0,n0 → M̂g0,n0 and change the covering group from G to

G×G′ to obtain an equivalent global Kuranishi chart K̂N
g0,n0 . Define KN

g,n analogously
to obtain a global Kuranishi chart, which is rel-C∞ over N and equivalent to Kg,n.
The pullback of φ̂ to a map between thickenings descends to φX when restricted to
the zero locus of the obstruction section. It factors as φ̃ = φ̃′ϑ̃, which are lifts of φ′

respectively ϑ. Then ϑ̃ has degree 1, so φ̃ satisfies

φ̃! st∗ = st∗ φ!

as maps H∗(Mg0,n0+1 × Mg1,n1+1;Q) → H∗(T N/G × H;Q) by Lemma B.6 and
Lemma B.9. As the obstruction bundle of K̂N

g0,n0 is the pullback of the obstruction
bundle of KN

g,n, this shows that

(3.4)
∑

A0+A1=A
φX∗

(
st∗ γ ∩

[
M J

g0,n0+1(X,A0) ×X M J
g1,n1+1(X,A1)

]vir)

= st∗(φ!γ) ∩
[
M J

g,n(X,A)
]vir

for any γ ∈ H∗(Mg0,n0+1 × Mg1,n1+1;Q). Applying Proposition A.7 to K′
g,n,A, we

obtain an expression for the left hand side that exactly gives the Splitting axiom. □

3.5. Genus reduction axiom

Fix g and n ⩾ 2 and let evn−1,n be the evaluation at the marked points labelled by
n− 1 and n. Given an almost complex manifold (Y, JY ) and B ∈ H2(Y,Z), define

Mg,n(Y,B; JY )n−1,n := ev−1
n−1,n(∆Y ) ⊂ Mg,n(Y,B; JY ).

Let
ψY : Mg,n(Y,B; JY )n−1,n −→ Mg+1,n−2(Y,B; JY )

be given by gluing the (n− 1)nth and the nnth marked point of the domain together.
It covers the corresponding smooth map ψ : Mg,n → Mg+1,n−2.
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Proposition 3.15 (Genus reduction). — We have

⟨α1, . . . , αn−2,PD(∆X);σ⟩X,ωg,n,A = ⟨α1, . . . , αn−2;ψ∗σ⟩X,ωg+1,n−2,A

for any α1, . . . , αn−2 ∈ H∗(X;Q) and σ ∈ H∗(Mg,n;Q).

Lemma 3.16. — The preimage

M̃ := ψ−1
PN

(
M∗

g+1,n−2

(
PN ,m

))
⊂ Mg,n

(
PN ,m

)
is a smooth manifold of the expected dimension. The induced map ψPN : M̃ →
M∗

g+1,n−2(PN ,m) is smooth and G-equivariant. It factors as the composition of a
double cover with a map which is generically an embedding.

Proof. — Suppose ψPN ([ι, C, x∗]) = [ι′, C ′, x′
∗] and let ρ ∈ Aut(ι, C, x∗). Then ρ

descends to an automorphism of (ι′, C ′, x′
∗), which has to be the identity, as the

later stable map has no nontrivial automorphisms by definition. As the gluing map
κ : C → C ′ is injective on a dense subset, ρ = idC . We have a short exact sequence

0 −→ κ∗ι′
∗OPN (1) −→ ι∗OPN (1) −→ Cx −→ 0,

where Cx denotes the skyscraper sheaf over x and the last map is given by s 7→
s(xn−1) − s(xn) (using a trivialisation of OPN (1) near ι(xn)). Part of its long exact
sequence is

0 = H1
(
C ′, ι′

∗OPN (1)
)

−→ H1 (C, ι∗OPN (1)) −→ H1({x},C) = 0.

Hence ι is unobstructed.
Z/2 acts smoothly on M̃ by permuting the last two points and ψPN factors through

M̃/(Z/2). As ψPN is an immersion and M̃/(Z/2) → M∗
g+1,n−2(PN ,m) is injective

over the locus of curves with smooth domain, the claim follows. □

Let Kg,n,A be a global Kuranishi chart for M J

g,n(X,A) satisfying the conclusion of
Lemma 3.10 and let Kg+1,n−2,A be a global Kuranishi chart for M J

g,n(X,A). Note
that these charts are not related in any way.

By Lemma 3.16, the pullback global Kuranishi chart ψ∗
PN Kg,n,A is a well-defined

global Kuranishi chart whose thickening is relatively smooth over M̃. Meanwhile, let
K′ be the global Kuranishi chart with thickening T ′ = ev−1

n−1,n(∆X) and whose other
data are given by restriction from Kg,n,A. As before, a double-sum construction as
in [HS24, Section 5.1] can be used to show that K′ and ψ∗

PN Kg+1,n−2 are equivalent
global Kuranishi charts for M J

g,n(X,A)n−1,n.
Pulling back ψ∗

PN Kg+1,n−2 along N → M∗
g+1,n−2(PN ,m) and taking the product

of the covering group with G′, we obtain an equivalent global Kuranishi chart
K̃g+1,n−2 for M J

g,n(X,A)n−1,n. The proof of Proposition 3.12 now carries over in a
straightforward manner.
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4. Gravitational descendants

The cohomology ring of Mg.n for higher genus is still relatively unknown. However,
it admits a subring, the tautological ring, which is relatively computable, [Pix13]. The
tautological ring is generated by the Chern classes of the tautological line bundles,
as well as pushforwards of these classes under the forgetful and clutching maps,
[FP00b, Section 0.3]. This section defines ψ-classes for moduli spaces of stable maps
and proves a generalisation of the Kontsevich–Manin axioms.

Definition 4.1. — Given an n-pointed family (π : C → V , σ1, . . . , σn) of stable
curves and i ⩽ n, we define the ith tautological line bundle of V to be LV

i :=
σ∗
i (ker(dπ)∗). We define the ith ψ-class to be

ψV
i := c1

(
LV
i

)
∈ H2(V ;Z).

The Hodge bundle of C → V is the complex rank-g vector bundle EV := π∗ωC/V . The
λ-classes are

λV
j := cj

(
EV
)
.

These vector bundles patch together to form orbibundles, the ith tautological line
bundle, respectively the Hodge bundle, on the Deligne–Mumford stack Mg,n. In
this case, or if the family V is clear from the context, we omit the superscripts.
See [HKK+03, Chapter 25] and [FP00a] for context and relations satisfied by the
integrals of these classes.

Fix a closed symplectic manifold (X,ω) and let J ∈ Jτ (X,ω) and A ∈ H2(X;Z).
Let Kn = (G, Tn/Mn, En, sn) be a global Kuranishi chart for M J

g,n(X,A) as
given by Construction 2.2. Recall that Mn is a G-invariant open subset of the
automorphism-free locus of regular maps in Mg,n(PN ,m), where m = N + g and
N ≫ 1. It admits a quasi-projective smooth universal family Un = Mn+1 on which
G = PU(N + 1) acts smoothly. Let Πn : Tn → Mn be the structure map and define

Li := Ln,i := Π∗
n

(
LMn
i

)
E := Π∗

n

(
EMn

)
.

They are, by definition, relatively smooth vector bundles over Tn. The G-action on
Tn lifts to a fibrewise linear G-action on Li and E. Define

ψi := ψn,i := c1(Li/G) λj := cj(E/G)

in H∗(T /G;Q). They restrict to classes on M J

g,n(X,A), also denoted ψi and λ.

Lemma 4.2. — The ψ- and λ-classes of M J

g,n(X,A) are independent of the choice
of unobstructed auxiliary datum.

Proof. — Given two unobstructed auxiliary data, we obtain global Kuranishi charts
Kn,0 and K1 with base space M0 ⊂ Mg,n(PN0 ,m0) and M1 ⊂ Mg,n(PN1 ,m1) respec-
tively. By [HS24, Section 6.1] there exists a double-sum global Kuranishi chart of
M J

g,n(X,A) with covering group G0 ×G1 and base M01 ⊂ Mg,n(PN0 ×PN1 , (m1,m1))
contained in Φ−1(N0 × N1) such that the projections N0 and N1 do not collapse irre-
ducible components of the domains. The induced map Φj : N01 → Nj is a principal
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Gj′-bundle (for {j, j′} = {0, 1}), so

LN01
i = Φ∗

jL
Nj

i .

In particular, LN01
i is a principal Gj′-bundle over LNj

i ; hence c1(LN01
i )G0×G1 =

Φ∗
jc1(LNj

i )Gj
. Pulling these relations back to the thickening of the double-sum Ku-

ranishi chart, we obtain the claim. □

In particular, if M J

g,n(X,A) is unobstructed, we recover the standard definition of
the ψ- and λ-classes.

Proof. — Given two unobstructed auxiliary data, we obtain global Kuranishi charts
Kn,0 and K1 with base space M0 ⊂ Mg,n(PN0 ,m0) and M1 ⊂ Mg,n(PN1 ,m1) respec-
tively. By [HS24, Section 6.1] there exists a double-sum global Kuranishi chart of
M J

g,n(X,A) with covering group G0 ×G1 and base M01 ⊂ Mg,n(PN0 ×PN1 , (m1,m1))
contained in Φ−1(N0 × N1) such that the projections N0 and N1 do not collapse irre-
ducible components of the domains. The induced map Φj : N01 → Nj is a principal
Gj′-bundle (for {j, j′} = {0, 1}), so

LN01
i = Φ∗

jL
Nj

i .

In particular, LN01
i is a principal Gj′-bundle over LNj

i ; hence c1(LN01
i )G0×G1 =

Φ∗
jc1(LNj

i )Gj
. Pulling these relations back to the thickening of the double-sum Ku-

ranishi chart, we obtain the claim. □
Fix now a global Kuranishi chart Kn as given by Construction 2.2 with base

space Mn and structure map Πn : Tn → Mn. Recall that Mn is the preimage of
M∗

g(PN ,m) under the forgetful map Mg,n(PN ,m) → Mg,n(PN ,m) for any n; in
particular, the forgetful maps restrict to proper smooth maps Mn+1 → Mn with
canonical sections σi := σ

(n)
i : Mn → Mn+1. We abbreviate Dn+1,i := im(σ(n)

i ) and
set

Dn+1,i(A) := Π−1
n (Dn+1,i) Dn+1,i(A) := Dn+1,i(A)/G.

Dn+1,i(A) is an oriented suborbifold of Tn+1/G with Poincaré dual Dn+1,i,A =
Π∗
n PD(Dn+1,i).
Definition 4.3. — The descendent Gromov–Witten invariant (or gravitational

descendant) of (X,ω) associated to (A, g, n) is

⟨τk1α1, . . . , τknαn;σ⟩X,ωA,g,n :=
〈
ψk1

1 ev∗
1 α1 · · ·ψkn

n ev∗
n αn · st∗ PD(σ),

[
M J

g,n(X,A)
]vir〉

for k1, . . . , kn ⩾ 0, α1, . . . , αn ∈ H∗(X;Q) and σ ∈ H∗(Mg,n;Q). The Hodge integrals
of X are the numbers〈

λb1
1 · · ·λbg

g · ψk1
1 ev∗

1 α1 · · ·ψkn
n ev∗

n αn · st∗ PD(σ),
[
M J

g,n(X,A)
]vir〉

,

where b1, . . . , bg ⩾ 0 are integers.
Remark 4.4. — Given a different J ′ ∈ Jτ (X,ω), a cobordism between two global

Kuranishi charts for M J
g,n(X,A) and M J ′

g,n(X,A) is constructed in [HS24, Sec-
tion 6.2]. These two global Kuranishi charts have the same base space M and
the cobordism between them is a rel-C∞ manifold with boundary over M. Thus, the
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pullback of LM
i extends to an equivariant line bundle over the cobordism, showing

that the gravitational descendants of X do not depend on the choice of ω-tame
almost complex structure.

Remark 4.5. — There are several slightly different definitions of descendent GW
invariants in the literature. The ψ-classes in [RT97] are defined to be the pullbacks
st∗ ψ

Mg,n

i of the ψ-classes on the moduli space of these curves. These (respectively
a slightly modified definition thereof) are called gravitational ancestors in [Giv01a]
and differ from our definition of ψ-classes. In [KM98], whose definition agrees with
ours, the exact relationship between the two definitions is elucidated. In [KKP03],
the enumerative modified ψ-classes ψi are defined, which satisfy π∗

n+1ψn,i = ψn+1,i,
where ψk,i is the ψ-class on M J

g,k(X,A).

Lemma 4.6. — Let πn+1 : M J
g,n+1(X,A) → M J

g,n(X,A) be the forgetful map.
Then
(4.1) ψn+1,i = π∗

n+1ψn,i +Dn+1,i,A

in H∗
G(Mn+1,Q). Moreover, ψn+1,i ·Dn+1,i,A = 0.

Proof. — This is classical. Let U := Mn+1 \Dn+1,i. Given [ι, C, x1, . . . , xn+1] ∈ U ,
the forgetful map πn+1 does not change the irreducible component of C containing xi.
Thus, Li := Li⊗π∗

n+1L−1
i is trivial over U . Set ρ := σ

(n+1)
i σ

(n)
i and V := im(ρ). Then,(

σ
(n)
i

)∗ (
Li ⊗ π∗

n+1L−1
i

)
= ρ∗ωπn+2 ⊗

(
σ

(n+1)
i

)∗
ωπn+1 .

As the normal bundle of Di,n+1 is (σ(n+1)
i )∗ωπn+1 , it remains to show that ρ∗ωπn+2

is equivariantly trivial. Let π̃ : Mn+1 → M4 be the map, which forgets all marked
points except the first, ith and last two ones. Then π̃ is G-equivariant and maps
Di,n+2 to

Mn,2 ×PN

(
PN × M0,4

) ∼= M2 × M0,4

and V to M2 × {∗} under this identification. Hence, ρ∗ω−1
πn+2 = π̃∗TM0,4,∗|V is trivial.

If ι : Dn+1,i ↪→ Mn+1/G is the inclusion, then

ψn+1,i,G · PD
(
Dn+1,i

)
= ι!c1

(
ρ∗ωπn+2

)
G

= 0.

Thus, the last claim follows from Lemma B.7. □

There are three further relations between the Gromov–Witten invariants that take
ψ-classes into account. The first one generalises the Fundamental Class axiom, while
the third corresponds to the Divisor axiom in Section 3. Denote by 1X the unit of
H∗(X;Q) and formally treat Mg,n as a point if 2g − 2 + n ⩽ 0.

Proposition 4.7 (String equation). — We have

(4.2) ⟨τk1α1, . . . , τknαn, 1X ;σ⟩X,ωA,g,n+1 = ⟨τk1α1, . . . , τknαn; πn+1∗σ⟩X,ωA,g,n

+
n∑
i=1

⟨τk1α1, . . . , τki−1αi, . . . , τknαn; πn+1∗(PD(σi) ∩ σ)⟩X,ωA,g,n
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for any α1, . . . , αn ∈ H∗(X;Q) and σ ∈ H∗(Mg,n+1;Q). In particular, if σ =
[Mg,n+1], then〈

τk1α1, . . . , τknαn, 1X ;
[
Mg,n+1

]〉X,ω
A,g,n+1

=
n∑
i=1

〈
τk1α1, . . . , τki−1αi, . . . , τknαn;

[
Mg,n

]〉X,ω
A,g,n

.

Proof. — Write α := α1 × · · · × αn and β := PD(σ). By (4.1),

⟨τk1α1, . . . , τknαn, 1X ;σ⟩X,ωA,g,n+1

=
〈

n∏
i=1

(
π∗
n+1ψi +Dn+1,i,A

)ki · π∗
n+1 ev∗ α, st∗ β ∩

[
M J

g,n+1(X,A)
]vir
〉

Note that
Dn+1,i ∩Dn+1,j = ∅

for i ̸= j. Thus, it follows from induction and the last assertion of Lemma 4.6 that
n∏
i=1

(
π∗
n+1ψi +Dn+1,i,A

)ki = π∗
n+1

n∏
i=1

ψki
i +

n∑
j=1

n∏
i=1

D
δij

n+1,i,Aπ
∗
n+1ψ

ki−δij

i .

By the Fundamental Class axiom, Proposition 3.5,

πn+1∗

(
st∗ PD(τ) ∩

[
M J

g,n+1(X,A)
]vir)

= st∗ (πn+1∗τ) ∩
[
M J

g,n+1(X,A)
]vir

,

so (4.2) follows from the equality Dn+1,i,A = st∗ PD(σi). □

Proposition 4.8 (Dilaton equation). — We have〈
τk1α1, . . . , τknαn, τ11X ; π!

n+1σ
〉X,ω
A,g,n+1

= (2g − 2 + n) ⟨τk1α1, . . . , τknαn;σ⟩X,ωA,g,n

for any α1, . . . , αn ∈ H∗(X;Q) and σ ∈ H∗(Mg,n;Q).

Proof. — By (the proof of) [Man99, Lemma VI.3.7.2],

(4.3) σ∗
n+1ωπn+2

∼= ωπn+1

(
n∑
i=1

σ
(n)
i

)
as G-equivariant line bundles. Hence, ψn+1,G = c1(ωπn+1)G + ∑n

j=1 δi,n+1,G. As Mn

is automorphism-free, the forgetful map πn+1 : Mn+1 → Mn is its universal curve,
and we have

deg(ωπn+1|C) = 2g − 2
for any fibre C of πn+1. As Tn+1 = Tn ×Mn Mn+1, the same is true for Tn+1 → Tn.
Thus,

πn+1∗

(
π∗
n+1 st∗ PD(σ) · ψn+1 ∩ [Tn+1]

)
= (2g − 2 + n) st∗ PD(σ) ∩ [Tn] .

Since (4.3) is an equivariant isomorphism, we obtain the same equality in equivariant
cohomology, and thus on the level of the quotient spaces:

πn+1∗

(
π∗
n+1 st∗ PD(σ) · ψn+1,G ∩ [Tn+1/G]

)
= (2g − 2 + n) st∗ PD(σ) ∩ [Tn/G] .
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All other terms vanish because

ψn+1,G · δn+,j,G = c1(ωπn+1(Dn+1,j))G · δn+1,j,G +
∑
i ̸=j

δn+1,i,G · δn+1,j,G = 0.

This completes the proof since both the obstruction bundle and section of Kn+1 are
pullbacks of the relevant datum of Kn by πn+1. □

Proposition 4.9 (Divisor equation). — Let

π!
n+1 : H∗(Mg,n;Q) −→ H∗+2

(
Mg,n+1;Q

)
be the exceptional pullback. Then

(4.4)
〈
τk1α1, . . . , τknαn, γ; π!

n+1σ
〉X,ω
A,g,n+1

= ⟨γ,A⟩ ⟨τk1α1, . . . , τknαn;σ⟩X,ωA,g,n

+
n∑
i=1

⟨τk1α1, . . . , τki−1(αi · γ), . . . , τknαn;σ⟩X,ωA,g,n

for any α1, . . . , αn ∈ H∗(X;Q) and σ ∈ H∗(Mg,n;Q).

Proof. — Let α := α1 × · · · × αn. By Lemma 4.6, the left-hand side of (4.4) splits
into a sum of terms, one of which is〈

π∗
n+1

(
ev∗ α ·

n∏
i=1

ψki
n,i · st∗ PD(σ)

)
, ev∗

n+1 γ ∩
[
M J

g,n+1(X,A)
]vir
〉

= ⟨γ,A⟩ ⟨τk1α1, . . . , τknαn;σ⟩X,ωA,g,n

by Proposition 3.7. The other terms are given by〈
π∗
n+1

(
ev∗ α ·

n∏
i=1

ψ
ki−δij

n,i · st∗ PD(σ)
)

·Dn+1,j,A · ev∗
n+1 γ,

[
M J

g,n+1(X,A)
]vir
〉

=
〈
π∗
n+1

(
ev∗ α×

n∏
i=1

ψ
ki−δij

n,i · st∗ PD(σ)
)

· ev∗
j γ ·Dn+1,j,A,

[
M J

g,n+1(X,A)
]vir
〉

=
〈
τk1α1, . . . , τkj−1(αj · γ), . . . , τknαn;σ

〉X,ω
A,g,n

for 1 ⩽ j ⩽ n. We use in the second equality that evn+1 |Dn+1,j(A) = evj |Dn+1,j(A). □

5. Virtual localisation and equivariant GW theory

In this section, we define global Kuranishi charts endowed with a compatible group
action and construct an equivariant virtual fundamental class. We prove a localisation
formula analogous to [GP99] in the setting of global Kuranishi charts, Theorem 5.13,
and show that it applies to the equivariant GW invariants of Hamiltonian symplectic
manifolds constructed in Section 5.3. We use it to give a formula for the equivariant
GW invariants of a GKM Hamiltonian manifold in Section 5.4.
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5.1. Equivariant virtual fundamental classes

We define what it means for a global Kuranishi chart to carry a compatible
group action and construct the associated equivariant virtual fundamental class.
The technical background for this can be found in Section B.3. The construction can
be considered a special case of parameterised virtual fundamental classes.

Definition 5.1. — Suppose K is a compact Lie group acting on a space M. A
K-equivariant global Kuranishi chart (K, G̃) for M consists of a global Kuranishi
chart K = (G, T , E , s) for M together with an extension

1 −→ G −→ G̃ −→ K −→ 1
of compact Lie groups so that:

• the G-actions on T and E extend to G̃-actions,
• all maps are G̃-equivariant,
• the induced action of K on s−1(0)/G agrees with the action of K on M under

the homeomorphism s−1(0)/G ∼= M.
We say it is a rel-C∞ K-equivariant global Kuranishi chart if it is rel-C∞ over a base
space S so that T → S is K-invariant and G̃ acts by rel-C∞ diffeomorphisms.

In the examples we consider later, we have G̃ = G×K.

Definition 5.2. — Let (K, G̃) be an oriented global Kuranishi chart for a
T-space M. The equivariant virtual fundamental class [M]vir

K is the element of
HomH∗

K
(Ȟ∗+vdim

K (M;Q), H∗
K) given by the composite

(5.1) Ȟ∗+vdim
K (M;Q) s∗τK(E/G)·−−−−−−→ H

∗+dim(T /G)
K,fc (T /G;Q)

∫ K

T /G−−−→ H∗
K

where the subscript fc denotes cohomology with fibrewise compact support (of the
fibration (T /G)K → BK) and H∗

K := H∗
K(pt;Q).

Here we use that
Ȟ∗
K(M;Q) = lim−→

W⊇M

Ȟ∗
K(W ;Q)

where we take the direct limit over open K-invariant neighbourhoods of M in T /G.
The first map in (5.1) is induced by the composition

Ȟ∗
K(W ;Q) s∗τK(E/G)|W ·−−−−−−−−→ Ȟ

∗+rank(E)
K (W | M;Q) ≃−→ Ȟ

∗+rank(E)
K (T /G | M;Q)

−→ Ȟ
∗+rank(E)
K,c (T /G;Q)

while the second map is the trace map of (T /G)K → BK defined in Section B.3.

Lemma 5.3. — If K acts freely on M and K is a K-compatible global Kuranishi
chart, then the equivariant virtual fundamental class [M]vir

K vanishes.

Proof. — Write K = (G, T , E , s). As K acts freely in a neighbourhood of M in
T /G, we may shrink the thickening and assume K acts freely on all of T /G. Then
H

dim(T /G)+∗
K,c (T /G;Q) → H∗

K(pt;Q) vanishes, and thus so does [M]vir
K . □
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Remark 5.4. — By Corollary B.13 we have a commutative square

(5.2)
Ȟvdim +∗
K (M;Q) H∗

K(pt;Q)

Ȟvdim +∗(M;Q) H0(pt;Q)

[M]vir
K

[M]vir

allowing us to recover [M]vir partially from [M]vir
K .

The arguments of the Appendix A can be carried over to the equivariant set-
ting using Lemma B.15. We obtain the analogous statement for equivariant virtual
fundamental classes.

Proposition 5.5. — Suppose j : K′ ↪→ K is a rel-C∞ embedding of oriented
global Kuranishi charts as in Proposition A.7 and that K acts relatively smoothly
on each global Kuranishi chart. If the embedding is K-equivariant, then

j∗
(
eK×G(j∗E/E ′) ∩ [M′]vir

K

)
= PDK×G(T ′) ∩ [M]vir

K .

Remark 5.6. — Suppose M is a moduli space parameterised by a topological
space B. Using the obvious definition of a parameterised global Kuranishi chart, the
results in SectionB.3 allow for the definition of a parameterised virtual fundamental
class of the form

[M]vir
B : Ȟvdim +∗

fc (M;Q) −→ H∗(B;Q).
In particular, by Lemma B.12 and Lemma B.14, the results of the Appendix A
generalise to this setting. The equivariant virtual fundamental class defined here is
just a special case of this construction. This is also discussed (for smooth parameter
spaces) in [AMS24, Section 4.7].

5.2. Virtual localisation

We recall the following localisation theorem, due to [AB84, Hsi75].

Theorem 5.7 (Localisation formula). — Let M be a closed smooth manifold
equipped with a smooth action by a torus T. Then the restriction H∗

T(M ;Q) →
H∗

T(MT;Q) becomes an isomorphism after tensoring with the fraction field of H∗
T.

We first discuss a generalisation of this result to orbifolds. This is classical,
cf. [Mei98, Theorem 2.1], but all accounts we found required the manifold and
the group action to be smooth, so we first explain how to adapt the argument to
our slightly more general situation.

For the subsequent discussion, let M be a topological manifold and T = (S1)k
a torus. Suppose M is equipped with a locally linear G̃-action, where 1 → G →
G̃ → T → 1 is an extension by compact Lie groups and G acts almost freely
on M . In particular, we obtain an orbifold structure on M/G given by the groupoid
[M/G] = [G × M ⇒ M ] as discussed in Appendix B. The G̃-action induces to a
T-action on [M/G], as well as on the coarse moduli space M/G.
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Lemma 5.8. — Each component of the fixed point locus (M/G)T of the quotient
is a canonical suborbifold of [M/G].

By slight abuse of notation, we denote the union of these components with their
respective orbifold structure by [M/G]T.

Proof. —Let q : M→M :=M/G be the quotient map, and set M qf :=q−1((M/G)T).
Then x ∈ M qf if and only if for any t ∈ T with lift g̃ ∈ G, we have g̃ · x = g · x for
some g ∈ G. As G acts almost freely and T is connected, this is shows that

M qf =
{
y ∈ M

∣∣∣ dim(G̃y) = dim(T)
}
.

Let y ∈ M qf be arbitrary and fix a local slice S ⊂ M of the G̃-orbit through y. Then
y′ ∈ Sqf := S∩M qf if and only if the identity component G̃y′,0 of G̃y′ agrees with G̃y,0.
This shows that Sqf is a submanifold of S. Moreover, an open neighbourhood U of
y in M qf is given by

(5.3) U ∼= G̃×
G̃y
Sqf .

It follows that each path component of M qf is a locally flat submanifold of M , on
which G acts almost freely and locally linearly. □

Lemma 5.9. — Suppose the tangent microbundle TµM admits a G̃-equivariant
vector bundle lift E with a subbundle E ′ ⊂ E so that E ′|G(x) is a vector bundle
lift of Tµ(G · x). Then the embedding j : [M/G]T ↪→ [M/G] admits a T-equivariant
normal bundle.

Proof. — Let V ⊂ E be a G̃-invariant complement of E ′ and given a path-
component Mλ of M qf , define

Nλ :=
{
(x, v) ∈ V |Mλ

∣∣∣∃ g̃ ∈ G̃x,0 : g̃ · v ̸= v
}
.

By definition, there exists a G̃-equivariant neighbourhood U ⊂ E of the zero section
and an equivariant embedding ψ : U → M×M onto a neighbourhood of the diagonal.
Then ψ descends to an open embedding

(U ∩ V )/G −→ M/G×M/G.

Hence, we can think of V/G as an orbibundle lift of the tangent microbundle of
M/G. Let x ∈ Mλ be arbitrary and let S be a slice through x as in (5.3). By the
choice of S, the stabiliser G̃x′ of any x′ ∈ S is conjugate to a subgroup of G̃x. Due
to the equivariance of ψ, we have pr2 ψ(x, v) ∈ S ∩ M qf for v ∈ Vx if and only if
g̃ · v = v for any g̃ ∈ G̃x,0. As G · x ⊂ Mλ, this shows that the normal bundle of Mλ

is given by Nλ. □

We abbreviate R := H∗
T(pt;Q) ∼= Q[u1, . . . , uk] and let Q denote its fraction field.

Proposition 5.10 (Localisation formula). — Suppose [M/G] satisfies the as-
sumptions of Lemma 5.9. Then the inclusion j : [M/G]T → [M/G] induces an iso-
morphism

H∗
T,c([M/G];Q) ⊗R Q

≃−→ H∗
c

(
[M/G]T;Q

)
⊗Q Q
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with inverse given by 1
e(N)(j|M)!. In particular, for α ∈ H∗

T,c([M/G];Q) we have

(5.4)
∫ T

M/G
α =

∑
λ

∫ T

Mλ/G

j∗α

e(Nλ)
.

Proof. — By Lemma 5.8, there exists an T-invariant neighbourhood W of
(M/G)T inside M/G and an equivariant retraction r : W → (M/G)T. By (B.2),
we have

j∗j!(−) =
∑
λ

e(Nλ) · − j!j
∗(−) =

∑
λ

r∗e(Nλ) · −.

Hence it suffices to show that e(Nλ) is invertible in H∗
T([Mλ/G];Q) ⊗R Q. As Mλ/G

has finite cohomological dimension, it suffices to show that the image of e(Nλ)
in H0([Mλ/G];Q) ⊗Q Q is nonzero. This is can be checked at an arbitrary point
x ∈ Mλ/G and follows from the fact that the G̃x,0-action on (Nλ)x has no nonzero
fixed points, whence the T-action on (Nλ/G)x only fixes the origin. □

Let now M be a compact space with an oriented rel-C∞ global Kuranishi chart
K = (G, T /M, E , s) over a smooth manifold M. Suppose M admits a T-action and
K lifts to a rel-C∞ equivariant global Kuranishi chart (K, G̃). By Lemma 5.8, we
have a decomposition

T qf =
⊔
λ

Tλ

into its path-components, where the Tλ are G̃-invariant submanifolds of possibly
varying dimension. For each λ, we have a splitting E|Tλ

= Efλ ⊕ Emλ , where

Efλ :=
{
(x, e) ∈ E|Tλ

∣∣∣∀ g̃ ∈ G̃x,0 : g̃ · e = e
}
,

and Emλ is a G̃-invariant complement, the choice of which is irrelevant. Since s is
G̃-equivariant, s(Tλ) ⊂ Efλ . Moreover, the rank of Efλ is constant along Tλ. This shows
that

Lemma 5.11. — Kλ := (G, Tλ, Efλ , s|Tλ
) is a global Kuranishi chart for Mλ :=

s−1(0) ∩ Tλ/G and
MT =

⊔
λ

Mλ.

Our assumptions imply that TµT admits a G̃-equivariant vector bundle lift of TµT ,
given by TT /M⊕π∗TM, where π : T → M is the structural map. By a straightforward
generalisation of [HS24, Lemma 5.9] to compact groups, the G̃-action is locally linear,
and we may shrink T to assume that the G̃-action has only finitely many orbit types.

Lemma 5.12. — Up to replacing K by an equivalent rel-C∞ global Kuranishi
chart over M, we may assume that T satisfies the assumptions of Lemma 5.9.

Proof. — By [Las79, Theorem 3.6], there exists an orthogonal G-representation
V so that T × V admits a smooth structure with respect to which the diagonal
G-action is smooth. Moreover, there exists a G-equivariant isomorphism

T (T × V ) −→ TT /M ⊕ π∗TM ⊕ V
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by [AMS21, Addendum 4.14]. The infinitesimal action on T × V thus provides the
desired embedding (T × V ) × ȷ ↪→ TT /M ⊕ π∗TM ⊕ V . Replacing (G, T , E , s) by
(G, T × V, E × V, s × idV ), the claim follows. □

Theorem 5.13 (Virtual localisation formula). — Let K = (G, T /M, E , s) be a
rel-C∞ global Kuranishi chart for the T-space M and suppose K is equipped with a
compatible rel-C∞ T-action. Then,

(5.5) [M]vir
T =

∑
λ

jλ∗

(
eT(Emλ /G)
eT(Nλ/G) ∩ [Mλ]vir

T

)

in (Ȟ•
T(M;Q) ⊗R Q)∨.

Proof. — By definition,

⟨[M]vir
T , α⟩ =

∫ T

T /G
s∗τT(E/G) · α

for any α ∈ Ȟ•
T(M;Q). Thus the claim follows from Proposition 5.5 combined

with (5.4). □

5.3. Equivariant GW invariants

Suppose (X,ω) is a closed symplectic manifold equipped with a Hamiltonian action
by a compact connected Lie group K with moment map µ. Let A ∈ H2(X;Z). We
first note the following compatibility with our construction of a global Kuranishi
chart.

Lemma 5.14. — If J ∈ Jτ (X,ω) is K-invariant, the following holds.
(1) There exists an unobstructed auxiliary datum (∇X ,OX(1), p,U , λ, k) such

that ∇X is K-invariant, OX(1) admits a unitary K-linearisation, and λU is
K-invariant.

(2) The resulting global Kuranishi chart obtained by [HS24, Construction 3.13]
using this auxiliary datum admits a relatively smooth compatible K-action.

(3) If (∇X′
,OX′(1), p′,U ′, k′) is another unobstructed auxiliary datum satisfying

the conditions of (1), then the associated global Kuranishi charts are equiva-
lent via K-compatible charts such that the moves respect the K-actions. If
J ′ is another ω-compatible almost complex structure such that the K-action
is J ′-holomorphic, then the cobordism constructed in [HS24, Section 6.2] can
be chosen to be K-compatible.

Proof. — By [Mun01, Corollary 1.4] we can find a polarisation OX(1) as in Defini-
tion 2.1(2) such that the K-action on X lifts to a fibrewise linear unitary K-action
on OX(1). If ∇̃X is a J-linear connection on TX , then so is the connection ∇X ob-
tained by averaging ∇̃X over K. Given these two data, [HS24, Theorem 3.17] asserts
that we can complete them to an unobstructed auxiliary datum (∇X ,OX(1), p, Ũ , k̃).
Averaging the cut-off functions in Ũ over K and possibly increasing k̃ to k, we ob-
tain an unobstructed auxiliary datum (∇X ,OX(1), p,U , λ, k) as claimed. By [HS24,
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Construction 3.13], the associated global Kuranishi chart is K-compatible. The state-
ments about relative smoothness follow from the description of its universal property
in [HS24, Definition 5.3]. Finally, (3) can be seen by noting that the proofs of [HS24,
Section 6] carry over verbatim to the equivariant setting. □

Definition 5.15. — The equivariant Gromov–Witten invariants of (X,ω, µ) are
the maps

(5.6) GWX,ω,µ
g,n,A

:= ((ev × st)K)∗
[
Mg,n(X,A; )J

]vir

K
: H∗+vdim

K

(
Xn × Mg,n;Q

)
−→ H∗

K

where J is any K-invariant ω-tame almost complex structure on X. We write

⟨α1, . . . , αn;σ⟩X,ω,µg,n,A := GWX,ω,µ
g,n,A (α1 × · · · × αn × PD(σ))

for αj ∈ H∗
K(X;Q) and σ ∈ H∗(Mg,n;Q).

Remark 5.16. — By [Kir84, Proposition 5.8], (X,µ) is equivariantly formal. Hence,
we can recover the non-equivariant GW invariants from the equivariant invariants
by (5.2).

Proposition 5.17. — The invariants GWX,ω,µ
g,n,A satisfy the equivariant analogue

of the Kontsevich–Manin axioms.

Proof. — The equivariant Kontsevich–Manin axioms are the properties of the GW
homomorphisms, considered as maps H∗(Xn×Mg,n;Q) → H∗(pt;Q), in the setting
of equivariant cohomology. The arguments of Section 3 carry over, using Proposi-
tion 5.5 instead of Proposition A.7. As an example, we discuss the Fundamental
class axiom. It asserts that

⟨α1, . . . , αn, 1X ;σ⟩X,ω,µg,n+1,A = ⟨α1, . . . , αn, πn+1∗σ⟩X,ω,µg,n,A

as elements of H∗
K . Let Kn be a global Kuranishi chart for M J

g,n−1(X,A) equipped
with a compatible K-action and let Kn+1 be its pullback along the forgetful map
πn+1. By the proof of Proposition 3.5, we may replace them with global Kuranishi
charts K̃n and K̃nn+ 1 which are still compatible with the group action and where
the forgetful map π̃n+1 : T̃n+1/G̃ → T̃n/G̃ satisfies

(π̃n+1)! st∗ = st∗ πn+1!

in ordinary cohomology. Now we may conclude by using the straightforward gener-
alisation of Lemma B.9 to equivariant cohomology. The other axioms are left to the
interested reader. □

Set QH∗
K(X,ω) := H∗

K(X;Q) ⊗Q Λ and endow it with the product

α ∗ β =
∑

A∈H2(X;Z)
(α ∗ β)Atω(A),

where

(5.7)
∫ K

X
(α ∗ β)A · γ = GWX,ω,µ

0,3,A (α, β, γ)
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for any γ ∈ H∗
K(X;Q). By the equivariant Symmetry and Splitting axiom, this is

graded commutative and associative. Note that (5.7) determines (α ∗ β)A uniquely
since (X,µ) is equivariantly formal.

5.4. Equivariant GW invariants of Hamiltonian GKM manifolds

Throughout, T will denote a torus. We consider actions satisfying certain condi-
tions, which are essential for our computations later on. These actions are named
after Goresky–Kottwitz–MacPherson, who studied their cohomological properties
in [GKM98].

Definition 5.18. — An effective T-action on a closed smooth manifold M satis-
fies the GKM condition if

(1) M is equivariantly formal, i.e., H∗
T(M ;Z) ∼= H∗(M) ⊗H∗

T,
(2) MT is finite,
(3) for each p ∈ MT, the weights of the irreducible T-subrepresentation of TpM

are linearly independent.

By [GKZ22b, Proposition 2.3], this shows that the subspace
M1 := {x ∈ M : dim(T · x) ⩽ 1}

is a union of cleanly-intersecting spheres. Note that in the Hamiltonian case, condi-
tion (1) is automatically satisfied by [Kir84, Proposition 5.8]. Refer to [Kur09] for
a general introduction to GKM theory. We just mention an important invariant of
GKM manifolds.

Definition 5.19. — Suppose T is a k-dimensional torus with Lie algebra t
and X admits a GKM action by T. Its GKM graph ΓX has vertices V (ΓX) = XT

with {x, y} ∈ E(ΓX) if there exists an T-invariant sphere containing both x and y.
It is equipped with a map V (ΓX) → Z∗

t /{±1}, which maps a vertex x to the
corresponding weight of the isotropy representation on TxX.

Example 5.20. — In [Tol98], Tolman constructed a symplectic 6-manifold with
an effective Hamiltonian T 2-action that does not admit an invariant Kähler form.
The manifold is constructed by gluing two T 2-invariant open subsets of projective
manifolds along an invariant hyperplane. It satisfies the GKM condition and her
construction generalises to give an infinite family of such examples, [LP21].

For the rest of this subsection, fix a Hamiltonian T-manifold (X,ω, µ) that satisfies
the GKM condition. Let SX = {S1, . . . , Sℓ} be the set of T-invariant spheres and fix
an T-invariant almost complex structure J that leaves each TSi invariant. The virtual
localisation formula, Theorem 5.23, requires notation that will be introduced in the
next subsection. The result relies on Theorem 5.13 and an explicit identification
of the components of the fixed point locus of the moduli space and the relevant
Euler classes. We first identify the components of M J

g,n(X,A)T in Section 5.4.1, and
subsequently state Theorem 5.23. Its proof, that is, the computation of the respective
(fraction of) Euler classes, is carried out in Section 5.4.2.
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5.4.1. Components of the fixed points locus

Due to the GKM assumption, we can associate to each component of M J
g,n(X,A)T

a unique decorated graph Γ as in the case of smooth toric varieties discussed in [GP99,
Liu13]. For this, let

Definition 5.21. — A decorated graph Γ = (V (Γ), E(Γ)) is a finite non-empty
graph together with:

(1) a marking Λ: {1, . . . , n} → V (Γ); denote nv := Λ−1({v});
(2) pΓ : V (Γ) → XT maps each vertex to a fixed point;
(3) SΓ : E(Γ) → SX sends an edge to a T-invariant symplectic sphere so that if

e = {v, v′}, then pΓ(v), pΓ(v′) ∈ SΓ(e);
(4) g : V (Γ) → N0 associates to each vertex a genus;
(5) d : E(Γ) → N associates to e a degree.

We denote by Ev the set of edges adjacent to the vertex v and decompose the vertex
set as

V (Γ) = V s(Γ) ⊔ V n(Γ) ⊔ V b(Γ) ⊔ V m(Γ),
where

• V s(Γ) = {v ∈ V (Γ) | 2g(v) − 2 + |nv| + |Ev| ⩾ 3}
• V n(Γ) = {v ∈ V (Γ) | g(v) = 0, |nv| = 0, |Ev| = 2}
• V b(Γ) = {v ∈ V (Γ) | g(v) = 0, |nv| = 0, |Ev| = 1}
• V m(Γ) = {v ∈ V (Γ) | g(v) = 0, |nv| = 1}.

Let F s(Γ) := {(e, v) ∈ E(Γ)×V s(Γ) | e ∈ Ev} be the set of stable flags. We associate
to Γ the moduli space

MΓ :=
∏

v ∈V s(Γ)
Mg(v),nv∪Ev

and let φΓ : MΓ → Mg,n be the induced clutching map.

We call two decorated graphs Γ and Γ′ isomorphic if there exists an isomorphism
Γ → Γ′ of graphs that preserves all decorations. Given A ∈ H2(X;Z) and g, n ⩾ 0,
denote by Gg,n(X,A) the set of isomorphism classes of graphs Γ as above such that∑

v ∈V (Γ)
g(v) = g

∑
e∈E(Γ)

de[SΓ(e)] = [A].

In particular, we can think of any [Γ] ∈ Gg,n(X,A) as a graph equipped with a
morphism Γ → ΓX of graphs, as well as a labelling and genus and degree decorations.

Proposition 5.22. — There exists a canonical bijection between the components
of M J

g,n(X,A)T and Gn(X,A).

Proof. — We make a few preliminary observations about the elements of the fixed-
point locus.

Suppose [u,C, x∗] ∈ M J

g,n(X,A)T and let C ′ ⊂ C be an irreducible component
such that g(C ′) > 0 or C ′ has at least 3 special points. Then for x ∈ C ′, its orbit

T · u(x) ⊂ u(Aut(C ′, y1, . . . , yk) · x),
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is finite. As T is compact and connected, Tu(x) = T, so u(x) must be a fixed
point. As the fixed points are isolated, u contracts C ′ to a single fixed point. If
x ∈ C is an arbitrary point, then T · u(x) ⊂ im(u). If vξ denotes the vector field
associated to ξ ∈ t, this implies {vξ(x), Jvξ(x) | ξ ∈ t} ⊂ im(du(x)). As vξ(u(x)) /∈
R⟨vη(u(x)), Ju(x)vη(u(x))⟩ for linearly independent ξ, η ∈ t, we have

dim({ξ ∈ t | vξ(u(x)) ̸= 0}) ⩽ 1.
Thus, im(u) is contained in the union of T-orbits of dimension at most one. If C ′ is
an irreducible component not contracted by u, then C ′ is a sphere with at most two
special points. Since the complement of a finite number of points in the sphere is
connected, u maps C ′ onto a sphere S ∈ SX . Hence, it induces a surjective holomor-
phic map u′ : P1 → (S, J |S). The S1-action on (S, J |S) induced by µ extends to a
holomorphic C×-action with respect to which u′ remains invariant (up to automor-
phisms). Identify S with P1 and let R ⩾ 0 be sufficiently large such that u′−1(S2 \DR)
is a disjoint union of open subsets containing each at most one pole. Suppose u′

has two poles; let γ be a path between them that is disjoint from u′−1({0}). Then
there exists t > 0 so that |t · u(γ(s))| > R for any s ∈ [0, 1]. Let ϕ ∈ PSLC(2)
be such that t · u = uϕ. Then ϕ(γ) has endpoints in two distinct components of
u′−1(S2 \ DR), a contradiction. Similarly, u′ has exactly one zero. It now follows
from the Riemann–Hurwitz formula that u′ is totally branched over 0 and ∞ and of
degree

degu(C ′) = ⟨ω, u∗[C ′]⟩
ω(S) .

Given a component P of M J

g,n(X,A)T and [u,C, x∗] ∈ P, we obtain a graph Γ ∈
Gg,n(X,A) by setting

V (Γ) := π0
(
u−1

(
XT

))
with an (unoriented) edge connecting C0 and C1 in V (Γ) if and only if there exists
a non-contracted component C ′ so that C0 ∪ C ′ ∪ C1 is a connected, possibly nodal
surface contained in C. Then V s(Γ) corresponds to connected sub-curves of C con-
tracted to a point and V n(Γ) and V m(Γ) correspond to nodal, respectively marked
points of vertices lying on an edge, while V b(Γ) corresponds to non-special branch
points. The decorations are defined in the obvious way. □

We denote by M(Γ, J) the component of M J
g,n(X,A)T corresponding to Γ ∈

Gg,n(X,A).

Theorem 5.23. — If (X,ω, µ) is a Hamiltonian T-manifold satisfying the GKM
condition, then its equivariant GW invariants are given by

⟨α1, . . . , αn;σ⟩X,ω,µg,n,A =
∑

Γ ∈Gg,n(X,A)

1
| Aut(Γ)|

〈
j∗

Γ ev∗ α · φ∗
Γ PD(σ) · w(Γ),

[
MΓ

]
T

〉
for any α1, . . . , αn ∈ H∗

T(X;Q) and σ ∈ H∗(Mg,n;Q).

Here w(Γ) ∈ H∗(MΓ;Q)⊗RQ is a certain class defined below. Recall that R = H∗
T

and Q is its fraction field. Define
w(p) := eT(TpX) and w(S, p) := eT(TpS)
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in R for p ∈ XT and S ∈ SX containing p. For Γ ∈ Gn(X,A) and (e, v) ∈ F s(Γ), we
set

w(e, v) := eT(Txe,vCe) = w(SΓ(e), pΓ(v))
de

∈ Q,

where {xe,v} = Cv ∩ Ce.
We can now define the cohomology classes on moduli spaces of stable curves that

will appear in the definition of w(Γ). Given p ∈ XT and g ⩾ 0, define

(5.8) h(p, g) =
∏

S ∈ SX
p∈S

∑g
j=0(−1)jλjw(S, p)g−j

w(S, p) ,

where λj is the jth Hodge class of MΓ. For a T-invariant sphere S, write its normal
bundle as

NS/X = L1 ⊕ · · · ⊕ Lm−1,

where Li is a T-invariant complex line bundle of degree ai. Given an integer d > 0,
define

(5.9) h(S, d) := (−1)dd2d

(d!)2w(S, p)2d

m−1∏
i=1

b
(1
d
w(S, p), eT((Li)p), dai

)
∈ Q,

where p ∈ S ∩XT is arbitrary and

b(x, y, r) :=


∏

0⩽ k⩽ r (x− ky)−1 r ⩾ 0∏
0⩽ k⩽−r−1 (x+ ky) r < 0

for x, y ∈ Q so that x /∈ Zy, and r ∈ Z. This is given in for the classes we apply the
function b on by the third property of Definition 5.18.

Definition 5.24. — The weight w(Γ) of Γ ∈ Gn(X,A) is

(5.10) w(Γ) :=
∏

v ∈V n(Γ)
Ev={e,e′}

w(pΓ(v))
w(e, v) + w(e, v′)

∏
(e,v) ∈F s(Γ)

w(pΓ(v))
w(e, v) − ψ(v,e)

∏
v ∈V b(Γ)

(e,v) ∈F (Γ)

w(e, v)

·
∏

v ∈V s(Γ)
h(pΓ(v), gv)

∏
e∈E(Γ)

h(SΓ(e), de)

where ψ(v,e) is the ψ-class on MΓ at the marked point (v, e), which corresponds to
e ∈ Ev.

Remark 5.25 (Comparison with [Liu13]). — In [Liu13], Liu streamlines (5.10) by
introducing additional notation to deal with the unstable vertices. We refrain from
this as the global Kuranishi chart set-up already requires an abundance of symbols.
However, despite the superficial difference between Theorem 5.23 and [Liu13, Theo-
rem 73], they give the same formula in the case of a toric symplectic manifold, that
is, a smooth toric variety by [Del88].
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5.4.2. Proof of Theorem 5.23

Let Γ ∈ Gn(A, J). We identify the class with an arbitrary representative. Fix an
unobstructed T-compatible auxiliary datum (∇X ,OX(1), p,U , λ, k) as in Lemma 5.14
(1), and let K = (G, T /M, E , s) be the associated global Kuranishi chart for
M J

g,n(X,A). Denote by TΓ the preimage of M(Γ, J) under the forgetful map s−1(0) →
M J

g,n(X,A). Given Theorem 5.13 and Proposition 5.22, it remains to show that the
Euler class of the normal bundle of the global Kuranishi chart of M(Γ, J) agrees
with w(Γ).

We will make use of an intermediate global Kuranishi chart to simplify our com-
putations. To motivate this, observe that lying in M(Γ, J) imposes constraints on
the topological type of the domain, which are encoded in Γ. Thus, we can con-
sider M(Γ, J) as the fixed point locus inside the T-invariant moduli space of maps
M J

Γ (X,A), whose domains satisfy the same constraints on their topological type.
Finally, we compute the virtual normal bundle of MΓ(X,A; J) inside the full moduli
space of stable maps. This allows us to separate the contributions coming from
deformations of the map and those of the domain.

Base space: Given [ι, C, x∗] ∈ M, define

V ′
ι :=

{
C ′ ⊂ C

∣∣∣∣∣ maximal connected curve such that
degC′(ι∗O(1)) = p deg(ωC′(DC′))

}
where DC′ is the divisor given by the nodal points connecting C ′ to other irreducible
components of C. Set

Vι := V ′
ι ∪

x
∣∣∣∣∣∣x a special point, x /∈

⋃
C′ ∈V ′

ι

C ′

 .
Let MΓ ⊂ M be the subset of elements for which

(1) there exists a bijection ϕι : Vι → V (Γ) \ V b(Γ), which maps a marked (respec-
tively nodal) point to a marked (respectively nodal) point and preserves the
arithmetic genus and the markings (defined in the obvious way on Vι);

(2) an irreducible component C ′ of C not contained in ⋃V ′
ι has genus 0, corre-

sponds to a unique edge e ∈ E(Γ), and satisfies
deg(ι∗O(1)) = me := p(ne − 2)3pde Ω(SΓ(e)).

where Ω was defined in Definition 2.1(2). By construction, TΓ is mapped to MΓ by
π : T → M.Let ne ∈ {1, 2} be the number of special points on the corresponding
irreducible component and set mv := p (2gv − 2 + |nv| + |Ev|) for v ∈ V s(Γ). Denote
by
(5.11) MΓ

(
PN
)

⊂
∏

v ∈V s(Γ)
Mg(v),nv∪Ev

(
PN ,mv

)
×

∏
e∈E(Γ)

M0,ne

(
PN ,me

)
the domain of the clutching map φΓ : MΓ(PN) → Mg,n(PN , X) and define M̂Γ :=
φ−1

Γ (MΓ). By Lemma 3.13, applied iteratively, M̂Γ is a smooth manifold of the
expected dimension.
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Kuranishi chart: Let
T̂ ⊂ M̂Γ ×M T

be the subspace consisting of maps [ζ, (u,C, x∗, ι, α, η)] with u∗[Ce] = de[SΓ(e)].
Denote by ϕΓ : T̂ → T the pullback of φΓ, and set Ê := ϕ∗

ΓE , and ŝ := ϕ∗
Γs. This

defines an oriented rel-C∞ global Kuranishi chart K̂ := (G, T̂ /M̂Γ, Ê , ŝ) for

(5.12) M J
Γ (X,A) :=

∏
v ∈V s(Γ)

M J
gv ,nv∪Ev

(X, 0) ×X

∏
e∈E(Γ)

M J
0,ne

(X, de[Se]),

where we implicitly take the fibre product over X in the big products. Clearly, K̂
admits a compatible T-action and its virtual normal bundle in K is the pullback
of NM̂Γ/M.

Let M̂(Γ, J) be the component of the fixed-point locus of M J

Γ (X,A) that is
mapped to M(Γ, J) by the clutching map. Then

M̂(Γ, J) ∼=
∏

v ∈V s(Γ)
Mg(v),nv∪Ev = MΓ,

since edge components are completely determined by their degree, which is encoded
in Γ. Recall that Aut(Γ) is the group of automorphisms of Γ that preserve the
decorations.

Lemma 5.26. — Aut(Γ) acts on K̂ and ϕΓ : T̂ → T is the quotient map onto its
image. In particular, M̂(Γ, J)/Aut(Γ) ∼= M(Γ, J).

Proof. — The degree of each factor of the right-hand side of (5.11) is determined
by the decorations of Γ, so Aut(Γ) acts by biholomorphisms on M̂Γ, leaving φΓ
invariant. Since an element of φΓ([ι, C, x∗]) corresponds to an identification of the
(partially contracted) dual graph of (C, x∗) with Γ, the action is transitive, so φΓ
is the quotient map. The claim for ϕΓ now follows since it is a pullback of φΓ. As
ϕ∗

Γs = ŝ and ϕΓ is equivariant, we may conclude. □

Combining this observation with Lemma 6.10 we obtain[
M(Γ, J)

]vir
= 1

|Aut(Γ)|
[
M̂(Γ, J)

]vir
,

so we may work with M̂(Γ, J) for the remainder of the proof.
We first determine the Euler classes of the virtual normal bundle in K̂ and compute

the Euler class of the normal bundle of M̂Γ in M at the end. To relate the Euler
classes to more explicit data depending on Γ and X, we will use as inspiration the
exact sequence

0 −→ H0(C, u∗TX) −→ TT ,y
dvs−−→ Ey −→ H1(C, u∗TX) −→ 0

for y = (u,C, x∗, ι, α, 0) in T qf , respectively its lift to T̂ . While the kernel and
cokernel of D∂J(u) do not form vector bundles over T , respectively T̂ , in general, we
will determine explicit descriptions for the moving part of both kernel and cokernel
over the fixed point locus of {η = 0} in T̂ , see Lemma 5.31. For this, it is easier to
work on the level of T̂ as we can use well-defined partial normalisation sequences.
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Write
Ê = V ⊕ D ⊕ L,

using the decomposition of the obstruction bundle in (2.5). Note that V is the trivial
bundle with fibre su(N + 1), but its fixed and moving part will no longer be trivial
bundles. Furthermore, let

Z ⊂ ŝ−1(0) ∩ T̂ qf

be the preimage of M̂(Γ, J) under the quotient map and let T̂Z ⊂ T̂ qf be the
component containing Z.

Remark 5.27. — The projection p : (T × G)y → T is surjective for any y ∈ T qf

since T qf is the preimage of the fixed-point locus of the quotient. As p is a morphism
of Lie groups and T is connected, the restriction (T × G)y,0 → T to the identity
component is surjective as well.

Lemma 5.28. — M̂(Γ, J) is regular. In particular,[
M̂(Γ, J)

]vir
=
[
M̂(Γ, J)

]
=
[
MΓ

]
.

Proof. — Given y = [(ζ, (u,C, x∗, ι, 0, 0))] ∈ Z be as above, we consider the partial
normalisation sequence

(5.13)
0 −→ OC −→

⊕
v ∈V s(Γ)

OCv ⊕
⊕

e∈E(Γ)
OCe −→

⊕
v ∈V n(Γ)

Oxv

⊕
⊕

(e,v) ∈F s(Γ)
Oxe,v −→ 0,

whose associated long exact sequence shows that
H1(C,OC) ∼=

⊕
v ∈V s(Γ)

H1(Cv,OCv).

As any Cv is contracted to a fixed point, we deduce
(5.14) Lf = L.
To see the claim, twist (5.13) by u∗TX and take the fixed part of its long exact
sequence to obtain

H1(C, u∗TX)f ∼=
⊕

v ∈V s(Γ)
H1

(
Cv, TpΓ(v)X

)f
⊕

⊕
(e) ∈E(Γ)

H1 (Ce, u∗TX)f .

Since the fixed points of X are isolated, the first direct sum vanishes. The second
direct sum vanishes because SΓ(e) ∼= P1 is convex by [MS12, Proposition 7.4.3], so

H1 (Ce, u∗TX)f ⊂ H1
(
Ce, u

∗TSΓ(e)
)

= 0.

Taking the fixed part of the exact sequence

(5.15) 0 −→ H0 (C, u∗TX) −→ TT̂ /M̂Γ,y

ds′
Γ(y)

−−−→ Dy −→ H1 (C, u∗TX) −→ 0,

the above shows that the fixed part of the vertical derivative ds′
Γ(y) is surjective,

which is exactly dsfΓ(y). Finally, we note that by the proof of [HS24, Lemma 6.1],
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variations of the framing suffice to achieve transversality for the projection of the ob-
struction section to L and that the section to V f is transverse to V f since the
G-action on T̂ extends to a PGLC(N + 1)-action on Z. □

Lemma 5.29. — The dimensions of H1(C, u∗TX) and H0(C, u∗TX)m are indepen-
dent of the point [u,C, x∗, ι, 0, 0] ∈ Z.

Proof. — If v ∈ V s(Γ), then
H1 (Cv, u∗TX) = H1(Cv,OCv) ⊗ TpΓ(v)X,

whose rank only depends on v. If e ∈ E(Γ) with S = SΓ(e), then

H1(Ce, (u|Ce)∗TX) = H1
(
P1, (u|Ce)∗TS

)
⊕H1

(
P1, (u|Ce)∗NS/X

)
where NS/X is the normal bundle of S inside X. Then

(u|Ce)∗NS/X = O(ℓ1) ⊕ · · · ⊕ O
(
ℓdimC(X)−1

)
,

where ℓi is determined by de and S, both encoded in Γ. Similarly, the dimension of⊕
v ∈V s(Γ)

H0 (Cv, u∗TX) ⊕
⊕

e∈E(Γ)
H0 (Ce, u∗TX)

does not depend on (u,C). Twist (5.13) by u∗TX to obtain the long exact sequence

(5.16) 0 −→ H0(C, u∗TX) −→
⊕

v ∈V s(Γ)
H0(Cv, u∗TX) ⊕

⊕
e∈E(Γ)

H0(Ce, u∗TX)

−→
⊕

v ∈V n(Γ)
TpΓ(v)X ⊕

⊕
(e,v) ∈F s(Γ)

TpΓ(v)X −→ H1(C, u∗TX)

−→
⊕

v ∈V s(Γ)
H1(Cv, u∗TX) ⊕

⊕
e∈E(Γ)

H1(Ce, u∗TX) −→ 0

as in [Liu13, Section 5.3.4]. As the map from H0 to the tangent spaces of X at
the respective fixed points is surjective, we obtain the claim for H1. The claim for
H0(C, u∗TX)m now follows by taking the moving part of the first short exact sequence
derived from (5.16). □

For each e ∈ E, fix an equivariant biholomorphism ρe : P1 → SΓ(e) and set
We := ρ∗

eTX . Then Z admits two vector bundles, the first one trivial:

BΓ = ker
 ⊕
v ∈V s(Γ)

TpΓ(v)X ⊕
⊕

e∈E(Γ)
H0

(
P1, u∗

de
We

)m

−→−→
⊕

(e,v) ∈V s(Γ)
TpΓ(v)X ⊕

⊕
v ∈V n(Γ)

TpΓ(v)

 ,
where ud : P1 → P1 is given by ud(z) = zd. The second one is

ObΓ :=
⊕

v ∈V s(Γ)
Lv ⊗ TpΓ(v)X ⊕

⊕
e∈E(Γ)

H1
(
P1, u∗

de
We

)
pulled back from M̂Γ. Here Mv is the factor in M̂Γ indexed by v ∈ V s(Γ) and
Lv → Mv is the dual of the Hodge bundle, i.e., has fibre Lv

[ι,C] = H1(C,OC).
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To see how these bundles are related to the normal bundle N of T̂Z in T̂ , decompose
it as

N = N v ⊕ N b,

i.e., into the moving part of the vertical tangent bundle of T̂ restricted to T̂Z and
the moving part of the pullback of TM̂Γ

restricted to T̂ qf .

Lemma 5.30. — The identifications (BΓ)y ∼= H0(C, u∗TX)m and (ObΓ)y ∼=
H1(C, u∗TX)m fit into an exact sequence

(5.17) 0 −→ BΓ −→ N v ds
′m

−−→ Dm|Z −→ ObΓ −→ 0
of (G× T)-vector bundles over Z.

Proof. — As BΓ is the kernel of the linearisation of the restriction cutting out T̂
from a product of thickenings, it suffices to show the inclusion Z × BΓ ↪→ TT̂ /M|Z
of (G×T)-vector bundles where we have a single stable vertex, respectively a single
edge. In this case, it is straightforward. As G× T acts nontrivially on BΓ, it follows
that Z × BΓ ⊂ N v

T̂Z/T
|Z . The vertical tangent space of T̂ at y = [u,C, ι, x∗, α, η]

satisfies
TT̂ /M̂,y

⊂ C∞(C, u∗TX) ⊕ E(ι,u)

and the vertical derivative TT̂ /M̂,y
→ Dy of s′ is the projection onto the second

summand. Hence (ξ, η) ∈ ker(ds′m(y)) if and only if ξ ∈ ker(D∂J(u)) and ξ is not
fixed by the torus action. Thus, BΓ is mapped bijectively onto the kernel of ds′m.
To construct the map Dm → ObΓ, we can again reduce to the case of having just
one stable vertex or one edge. In the case where Γ consists of a single stable vertex
and no edges, we can apply the argument in Proposition 3.2. In the case of a single
edge (and no stable vertices), M(Γ, J) is just a single point, and Z is thus a single
G-orbit. Letting ι : P1 → PN be given by ι([z0 : z1]) = [zme

0 : zme
1 : 0 : . . . : 0], we

obtain, by the choice of ρe, a basepoint y0 in Z. The composite

Dm
y0 −→ C∞

(
P1,HomC

(
ι∗TPN , u∗

de
ρ∗
eTX

))
dι∗−→ C∞

(
P1,HomC

(
TP1 , u∗

de
ρ∗
eTX

))
−→ H1

(
P1, u∗

de
We

)
can be extended via the G-action to a map Dm → Z × H1(P1, u∗

de
We) of vector

bundles. Exactness of (5.17) at ObΓ can now be checked pointwise. The argument
is analogous to the proof of Proposition 3.2. □

Let BΓ and ObΓ also denote the orbibundles induced by BΓ and ObΓ on M̂(Γ, J).

Lemma 5.31. — The Euler class eT(BΓ) is invertible in Ȟ∗(M̂(Γ, J);Q) ⊗R Q
and
eT(ObΓ)
eT(BΓ)

=
∏

v ∈V n(Γ)
w(pΓ(v))

∏
(e,v) ∈F s(Γ)

w(pΓ(v))
∏

v ∈V s(Γ)
h(pΓ(v), gv)

∏
e∈E(Γ)

h(SΓ(e), de),

where h(p, g) and h(S, d) are given by (5.8) and (5.9) respectively.
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Proof. — By definition,
eT(ObΓ) =

∏
v ∈V s(Γ)

eT
(
E∨
gv

⊗ TpΓ(v)X
) ∏
e∈E(Γ)

eT
(
H1

(
P1, u∗

de
We

)m)
.

As BΓ, respectively its fibre, fits into the short exact sequence
0 −→ BΓ −→

⊕
v ∈V s(Γ)

TpΓ(v)X ⊕
⊕

e∈E(Γ)
H0

(
P1, u∗

de
We

)m
−→

⊕
(e,v) ∈V s(Γ)

TpΓ(v)X ⊕
⊕

v ∈V n(Γ)
TpΓ(v) −→ 0,

we have

eT(BΓ) =
∏

v ∈V n(Γ)

1
w(pΓ(v))∏

(e,v) ∈F s(Γ)

1
w(pΓ(v))

∏
v ∈V s(Γ)

w(pΓ(v))
∏

e∈E(Γ)
eT
(
H0

(
P1, u∗

de
We

)m)
;

whose last product is nonzero since we take the non-fixed part of the T-representation.
For e ∈ E(Γ), we observe that

eT
(
H i

(
P1, u∗

de
We

)m)
= eT

(
H i

(
P1, u∗

de
TP1

)m)
·
m−1∏
j=1

eT
(
H i

(
P1, u∗

de
Lj
)m)

,

where Lj → P1 is a complex line bundle so that ρ∗
eNSΓ(e)/X = L1 ⊕ · · · ⊕ Lm−1.

The main ingredient of [Liu13, Lemma 66] is Example 19 op. cit., which holds for
any torus action on a line bundle over P1. Hence, [Liu13, Lemma 66] applies directly
to our situation. The claim follows. □

Given y = [ζ, u, C, x∗, ι, α, η] in Z, we turn to a second exact sequence, induced by
the Euler exact sequence:
0 −→ H0(C,OC) −→ H0

(
C, ι∗O(1)⊕N+1

)
−→ H0 (C, ι∗TPN ) −→ H1(C,OC) −→ 0.

This sequence is the fibre over y of an exact sequence of vector bundles
(5.18) 0 −→ R0π∗OCΓ −→ ȷl(N + 1) −→ R0π∗ ev∗ TPN −→ R1π∗OCΓ −→ 0,
on MΓ, pulled back to T̂ , where π : CΓ → MΓ is the universal curve.

To see this, note that the bundle R0π∗ ev∗ OPN (1)⊕N+1 admits a global trivialisation
over M̂Γ given by the global sections σ̃i([ι, C, x∗]) = ι∗σi for 0 ⩽ i ⩽ N , where σi
denotes the ith-standard section of OPN (1).

Remark 5.32. — Since ι : C ↪→ PN is determined by ι∗σ0, . . . , ι
∗σN , we obtain an

identification of the stabiliser of [ι, C, x∗] under the PGLC(N+1)-action with the auto-
morphism group of the domain (C, x∗). In particular, the kernel of H0(C, ι∗O(1)⊕N+1)
→ TM̂Γ,[ι,C,x∗] is the Lie algebra of Aut(C, x∗).

Lemma 5.33. — We have

(5.19) eT(V m)

eT

(
N b

T̂Z/T̂
/G
) =

∏
v ∈V b(E)
Ev={e}

w(e, v).
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Proof. — The induced map stΓ : M̂Γ → MΓ is a submersion, so we can write
TM̂Γ

= st∗
Γ TMΓ

⊕ T rel
M̂Γ

.

As M̂Γ is unobstructed, the canonical map R0π∗ ev∗ TPN → T rel
M̂Γ

is a surjection. By
Remark 5.32, its kernel is the Lie algebra of the automorphisms of (C, x∗). If (C, x∗)
is the domain of y ∈ Z, then

Lie(Aut(C, x∗)) = Lie
 ⊕
e∈E(Γ)

Aut(Ce,xe)


since all other components are stable. Here xe = {xe,v | v /∈ V b(Γ)}. The Lie algebra
of the automorphism group of each edge component is given by H0(Ce, TCe(−xe))
with

H0(Ce, TCe(−xe))f = H0
(
Ce, TCe(−x′

e)
)
,

where x′
e := {xe,v | (e, v) ∈ F (Γ)}, and

H0(Ce, TCe(−xe))m =

Txe,vCe xe ̸= x′
e

0 xe = x′
e

Pull (5.18) back to Z and take the natural complement of the image C → ȷl(N + 1)
to obtain

0 −→ sl(N + 1) −→ q∗R0π∗ ev∗ TPN −→ L −→ 0
By (5.14), the moving part of this sequence is

0 −→ sl(N + 1)m −→
(
q∗R0π∗ ev∗ TPN

)m
−→ 0.

Now, take the complement to the tangent space of theG-action on M̂Γ, respectively,
of the adjoint action on sl(N + 1), to obtain the exact sequence
(5.20) 0 −→

⊕
e∈E(Γ)

H0(Ce, TCe(−xe))m −→ V m −→ N b
T̂Z/T̂

∣∣∣
Z

−→ 0.

The first bundle of this sequence is a trivial vector bundle whose equivariant Euler
class is the right-hand side of (5.19). As eT(N v

T̂Z/T
/G) · eT(N b

T̂Z/T
/G) is invertible in

the localised ring Ȟ∗(M̂(Γ, J);Q) ⊗RQ, so is eT(N b
T̂Z/T

/G). Thus, the claim follows
by taking the equivariant Euler class of (5.20) and inverting eT(N b

T̂Z/T̂
). □

Remark 5.34. — Equation (5.20) is the linearisation of the fact that [uψ,C, x∗]
is no longer fixed by the torus action for an automorphism ψ of (C, x∗) exactly if ψ
moves at least one branch point on an irreducible component Ce corresponding to
an edge.

It remains to compute the Poincaré dual of the immersion T̂Γ → T .
Lemma 5.35. — We have

(5.21) e
(
NT̂Γ/T

)
=

∏
v ∈V n(Γ)
Ev={e,e′}

(w(e, v) + w(e, v′))
∏

(e,v) ∈F s(Γ)

(
w(e, v) − ψ(v,e)

)
,

where ψ(v,e) is the ψ-class on M∗
gv ,nv∪Ev

(PN ,mv) at the marked point (v, e).
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Proof. — As T̂Γ is the fibre product T ×M M̂Γ, it suffices to compute e(NM̂Γ/M).
To this end, let y = (([ιv, Cv,xv])v ∈V s(Γ), ([ιe, Ce,xe])e∈E(Γ)) be an element of M̂Γ.
The fibre of NM̂Γ/M at y is given by⊕

v ∈V n(Γ)
Ev={e,e′}

Txe′,v
Ce ⊗ Txe,vCe′ ⊕

⊕
(e,v) ∈F s(Γ)

Txe,vCv ⊗ Txe,vCe.

where F s(Γ) = {(e, v) ∈ E(Γ) × V (Γ) | v ∈ V s(Γ)} is the set of flags associated to
the stable vertices of Γ. Hence,

e
(
NM̂Γ/M

)
=

∏
v ∈V n(Γ)
Ev={e,e′}

(w(e, v) + w(e, v′)))
∏

(e,v) ∈F s(Γ)

(
w(e, v) − ψ(v,e))

)
,

as claimed. □
In summary, we obtain that
eT(EmΓ )

eT
(
NT̂ /T

) =
∏

v ∈V n(Γ)
Ev={e,e′}

w(pΓ(v))
w(e, v) + w(e, v′)

∏
(e,v) ∈F s(Γ)

w(pΓ(v))
w(e, v) − ψ(v,e)

·
∏

v ∈V b(Γ)
(e,v) ∈F (Γ)

w(e, v)
∏

v ∈V s(Γ)
h(pΓ(v), gv)

∏
e∈E(Γ)

h(SΓ(e), de)

which is exactly w(Γ). Therefore, by Theorem 5.13, the equivariant GW invariants
of (X,ω, µ) are given by (5.23).

6. Comparison with the Gromov–Witten invariants of Ruan
and Tian

6.1. Definition of GW invariants via pseudocycles

We call a symplectic manifold (X,ω) semipositive if for any A ∈ π2(X)
(6.1) ω(A) > 0, c1(A) ⩾ 3 − n =⇒ c1(A) ⩾ 0.
In particular, any symplectic manifold of complex dimension at most 3 is semipositive.
Let us recall the definition of GW invariants in [RT97] for (X,ω) satisfying (6.1).

Suppose first that 2g − 2 + n > 0. A good cover pµ : Mµ

g,n → M g,n of the (coarse)
moduli space of stable curves is a finite cover such that Mµ

g,n admits a universal
family that is a projective normal variety. Such good covers can be constructed using
level-m structures; refer to [ACG11, Chapter XVI] or [Mum83] for more details. Let
fµ : Uµ

g,n → Mµ
g,n be the universal curve. Removing the bar means we only consider

smooth curves. Fix a closed embedding ϕ : Uµ
g,n ↪→ Pk.

Given J ∈ Jτ (X,ω) our perturbations ν are sections of HomC(p∗
1TPk , p∗

2TX) over
Pk × X. Let Mµ

g,n(A; J, ν) be the space of equivalence classes of stable (J, ν)-maps
of type (g, n) (u, j, C, j, x∗) where:

(1) (C, j, x∗) is of type (g, n),
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(2) j : C → Uµ
g,n is a holomorphic map onto a fibre of Uµ

g,n,
(3) u : C → X is a stable smooth map, representing A and satisfying

∂Ju = ν(ϕj, u) ◦ d(ϕj).

Here (u, j, C, x∗) is equivalent to (u′, j′, C ′, x′
∗) if there exists a biholomorphism

(C, x∗) → (C ′, x′
∗) pulling back u′ to u. We call a stable (J, ν)-map simple if:

(1) for each irreducible component Z ⊂ C on which u is nonconstant, u|Z is a
simple map, i.e., does not factor through a branched holomorphic covering,

(2) u(Z) ̸= u(Z ′) for any two irreducible components Z ̸= Z ′ ⊂ C on which u is
nonconstant.

The space of simple (J, ν)-maps is denoted by Mµ,∗
g,n(A; J, ν). It admits a canon-

ical forgetful map Mµ

g,n(A; J, ν) → Mµ

g,n through which the stabilisation map
Mµ

g,n(A; J, ν) → Mg,n factors.
Mµ

g,n(A; J, ν) can be stratified by the topological type of the domains together with
the distribution of the homology class. These are most concisely described in terms
of their dual graph. Explicitly, to each stable (J, ν)-map we can associate a marked
graph γ consisting of a n-marked graph G together with maps d : V (G) → H2(X,Z)
and g : V (G) → N0 so that

dim(H1(G)) +
∑

v ∈V (G)
g(v) = g

∑
v ∈V (G)

d(v) = A

and for any v ∈ V (G) the stability condition 2g(v) + |{f ∈ Fl(G) : s(f) = v}| ⩾ 3
holds, where Fl(G) is the set of flags of G. We denote by Mµ

γ(A; J, ν) the stratum
of stable maps whose dual graph is given by γ and by Mµ,∗

γ (A; J, ν) its intersection
with the space of simple maps.

By [RT97, Proposition 2.3, Theorem 3.1], respectively [Zin17, Theorem 3.3] (whose
arguments simplify to our setting), there exists a Baire subset H of tuples (J, ν) so
that for any (J, ν) ∈ H

(1) Mµ,∗
γ (A; J, ν) is a smooth oriented manifold of dimension

2(1 − g) dimC(X) + 2⟨c1(TX), A⟩ + dimR

(
Mµ

γ

)
.

(2) The maps ev and stµ define a pseudocycle ev × stµ : Mµ,∗
g,n(A; J, ν) → X ×

Mµ
g,n.

We use the definition of a pseudocycle given in [IP19a]; see also [MS12, Chapter 6.1]
or [Zin08].

Definition 6.1. — A d-dimensional pseudocycle f : M → N is a continuous
map from a d-dimensional oriented manifold M to a locally compact space N so
that f(M) has compact closure and

Ωf :=
⋂

K⊂M
compact

f(M \K)

has Lebesgue covering dimension ⩽ d− 2.
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Given a d-dimensional pseudocycle f : M → N , we can define a class [f ] ∈
HBM
d (N,Z) as follows. Let Mo := f−1(N \Ωf ). Then Mo is an oriented d-dimensional

manifold and the restriction f o : Mo → N \ Ωf is proper. We define [f ] ∈ HBM
d (N,Z)

to be the image of [Mo] under

HBM
d (Mo,Z) fo

∗−→ HBM
d (N \ Ωf ,Z) ∼= HBM

d (N,Z).
Here the isomorphism is an immediate consequence of dim(Ωf ) < d− 1 and the long
exact sequence in Borel–Moore homology. Refer to [IP19a, Section 3, Section A.3]
for more details.

Definition 6.2. — [RT97] The pseudocycle Gromov–Witten invariant of (X,ω)
is

σAg,n = 1
dµ

(id ×pµ)∗ [ev × stµ] ∈ H∗
(
Xn × Mg,n;Q

)
.

Theorem 6.3. — Suppose (X,ω) is semipositive. Then the pseudocycle Gromov–
Witten invariants agree with the invariants defined in [HS24]. Explicitly,

(6.2) σAg,n = (ev × st)∗
[
M J

g,n(X,A)
]vir

for any g, n ⩾ 0, where [·]vir is the virtual fundamental class constructed in [HS24].
Remark 6.4 (Unstable range). — The GW invariants for (g, n) in the unstable

range are defined via the Divisor and Symmetry axioms, see [MS12]. Since both the
invariants defined via global Kuranishi charts as the ones of [RT97] satisfy these
axioms, we only have to prove Theorem 6.3 for the cases where 2g − 2 + n > 0.

6.2. Proof of Theorem 6.3

Fix (g, n) with 2g − 2 + n > 0. The case of (g, n) in the unstable range will follow
from the cases in the stable range and the Divisor axiom. Let pµ : Mµ

g,n → Mg,n be
a good finite cover. Set dµ := deg(pµ) and define

Wµ
g,n,A :=

(t, u, C, x∗, j)

∣∣∣∣∣∣∣∣
u : (C, x∗) −→ X smooth stable of type (g, n),
t ∈ [0, 1], j : (C, x∗) −→ Uµ

g,n, u∗[C] = A,

∂Ju = t (ϕj × u)∗ν

 ,
where j : C → Uµ

g,n is a contraction onto a fibre F of Uµ

g,n. We have a canonical map
P : Wµ

g,n,A → [0, 1].
Lemma 6.5. — Wµ

g,n,A is compact and Hausdorff when endowed with the topology
induced by Gromov convergence.

Proof. — Compactness follows from [RT95, Proposition 3.1], while the Hausdorff
property follows by the arguments of the proof of [MS12, Theorem 5.5.3]. □

Remark 6.6. — Denote by Uµ,sing
g,n the nodes and marked points of the universal

curve. In order to apply [Swa21] later on, we restrict to perturbations ν that are
supported away from ϕ(Uµ,sing

g,n ). By elliptic regularity, such perturbations ν suffice
to achieve transversality.
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We will construct a global Kuranishi chart with boundary for Wµ
g,n,A, which restricts

to a cover of the previously constructed global Kuranishi chart for M J

g,n(X,A) over
P−1({0}) and to a global Kuranishi chart for Mµ

g,n(X,A; J, ν) over P−1({1}). By
Lemma 6.10 and Lemma B.17, this will imply that

dµ (ev × st)∗
[
M J

g,n(X,A)
]vir

= (ev × st)∗
[
Mµ

g,n(X,A; J, ν)
]vir

in H∗(Xn × Mg,n;Q). Then we compare (ev × st)∗[M
µ
g,n(X,A; J, ν)]vir with σAg,n in

order to conclude.
Fix an unobstructed auxiliary datum (∇X ,OX(1), p,U , λ, k) where:
(1) p ≫ 0 is so large that L⊗p

u is very ample for any (t, u) ∈ Wµ
g,n,A;

(2) U is a good covering in the sense of [HS24, Definition 3.10] where we take the
image of Wµ

g,n,A in the polyfold of smooth maps to X instead of M J

g,n(X,A)
in the third condition;

(3) the integer k ≫ 1 will be determined later.
Define T̃ to be the set {(t, u, C, x∗, j, ι, α, η)} / ∼ so that:

• u : (C, x∗) → X is a smooth stable map of genus g representing A.
• j : (C, x∗) → Ug,nb is a holomorphic map onto a fibre F of the universal curve

so that the induced map C → F is a contraction of pointed nodal surfaces,
• ι : (C, x∗) → PN is an element of M∗

g,n(PN ,m),
• α ∈ H1(C,OC) satisfies [ι∗OPN (1)] = p · [Lu] + α in Pic(C),
• η ∈ E(ι,u) := H0(C, ι∗T ∗

PN
0,1 ⊗ u∗TX ⊗ ι∗O(k)) ⊗H0(PN ,O(k)) is such that

(6.3) ∂J ũ+ ⟨η⟩ ◦ dι̃− t ν
(
ϕj̃, ũ

)
= 0

on the normalisation C̃ of C,
and ∼ denotes the equivalence given by reparametrisations of the domain. Denote
by P : T̃ → [0, 1] the obvious projection as well, and define T̃t := P−1({t}).

Set M̃ := Mµ

g,n ×Mg,n
M∗

g,n(PN ,m) and let π : T̃ → M̃ be the forgetful map.
Define Ẽ → T̃ by letting its fibre over y = (t, u, C, j, ι, α, η) be

Ẽy = su(N + 1) ⊕H1(C,OC) ⊕ E(ι,u),

while the obstruction section s̃ is given by s̃(y) = (i log(λ(u, ι)), α, η). Let G :=
PU(N + 1) act via post-composition on the framings and the perturbation terms η.
For i ∈ {0, 1}, denote

K̃i :=
(
G, T̃i, Ẽi|T̃i

, s̃|T̃i

)
.

Lemma 6.7. — We can choose k sufficiently large so that the linearisation of (6.3)
restricted to C∞(C, u∗TX){xi} ⊕ E(ι,u) is surjective for any element in s̃−1(0).(1)

Proof. — This follows from a straightforward adaptation of the proof of [HS24,
Lemma 4.19]. The proof of said lemma, respectively its predecessor, uses the linear
gluing analysis of [Par16, Appendix B], which considers the presence of perturbations
such as the one we consider here. □

(1)The subscript denotes the subspaces of vector fields which vanish at the marked points.
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Proposition 6.8. — For k ≫ 0, T̃ reg is naturally a rel-C∞ manifold over [0, 1]×
M̃ and the structure map is a topological submersion. The restriction Ẽ reg := Ẽ |T̃ reg

is a rel-C∞ vector bundle, and the restriction of s̃ is of class rel-C∞. Moreover,
ev : T̃ → Xn is a rel-C∞ submersion.

Proof. — Forgetting the α-parameter and using Gromov’s shearing trick, we can
consider T̃ as a subset of the moduli space of embedded regular perturbed holomor-
phic maps to the total space of a vector bundle E → PN × X. Fixing a splitting
TE = π∗TPN ×X ⊕ π∗E, we define the family of almost complex structures on E by

J̃ te(x̂, v, e′) =
(
J0x̂, Jv + ⟨e⟩(x̂), JEe′

)
for (x̂, v) ∈ TPN ×X,πE(e) and e′ ∈ Ee.

By Remark 6.6, we can use [Swa21] as in [HS24, Proposition 5.4] to deduce the
relative smoothness of T̃ over [0, 1] × M̃. The other claims follow from the same
reasoning as in [HS24, Section 5], respectively a straightforward generalisation of
Lemma 3.10 for the last assertion. □

As the arguments in [HS24, Section 5] carry over word by word, we obtain the first
step of our proof.

Corollary 6.9. — Wµ
g,n,A admits an oriented global Kuranishi chart K̃n with

boundary of the expected dimension.

In particular, K̃n,0 is an oriented global Kuranishi chart for Mµ

X := M J

g,n(X,A)
×Mg,n

Mµ

g,n with

(6.4) (ev × st)∗
[
Mµ

X

]vir

K̃0
= dµ (ev × st)∗

[
M J

g,n(X,A)
]vir

.

due to

Lemma 6.10. — Suppose K = (G, T , E , s) is an oriented global Kuranishi chart
of a space M and T admits a degree-d cover p : T ′ → T . If p is G-equivariant with
respect to some G-action on T ′, then K′ := (G, T ′, p∗E , p∗s) is a global Kuranishi
chart for M ′ := (p∗s)−1(0)/G. The canonical map p : M ′ → M is a degree-d cover
and

p∗[M ′]vir
K′ = d [M ]vir

K .

Proof. — The first part is straightforward. The relation between the virtual funda-
mental classes follows from the functoriality of Thom classes and because the map
T ′
G → TG of homotopy quotients has degree d. □

It remains to show that

dµσ
A
g,n = (ev × stµ)∗

[
Mµ

g,n(A; J, ν)
]vir

K̃1
.

This is a consequence of the following general result. It is the analogue of [IP19a,
Theorem 5.2] in our setting. Compare also with Lemma 3.6 op. cit.

Lemma 6.11. — Let M be an oriented manifold of dimension d inside a compact
space M that admits a global Kuranishi chart K = (G, T , E , s) of dimension d.
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Suppose s intersects the zero section transversely over the preimage of M and
G acts freely on that locus. Let f : M → N be a continuous map to (the orbit
space of) a smooth compact oriented orbifold, so that f |M is a pseudocycle. Then
f∗[M ]vir = [f |M ] in H∗(N ;Q).

Proof. — Set P := f(M \M) and Mo := f−1(N \P ). Then Mo is an open subman-
ifold of M and f : Mo → N \ P is proper. In particular, [f ] = f∗[Mo] ∈ HBM

d (N \
P ;Q) ∼= HBM

d (N ;Q). Let j : M ↪→ M be the inclusion inducing j! : Ȟ∗
c (Mo;Q) →

Ȟ∗(M ;Q). By assumption on the Kuranishi section s, the class (j!)∗[M ]vir in
Ȟd
c (Mo;Q)∨ corresponds to evaluation at the fundamental class [Mo]. This implies

that the diagram

Ȟd
c (N \ P ;Q) Ȟd

c (M ;Q) H0(M ;Q)

Ȟd(N ;Q) Ȟd(M ;Q) Q

(f |M )∗

i! j!

PD

f∗ [M ]vir

commutes. Hence, f∗[M ]vir agrees with the evaluation at [f |M ] and thus the two
define the same class in homology. □

Remark 6.12. — In [IP19b], Ionel and Parker define the virtual fundamental class
associated to a space with a thin compactification. The proof above shows that if M
is a smooth manifold with a thin compactification M that satisfies the assumptions
of Lemma 6.11, then the two notions of virtual fundamental class agree.

Appendix A. Virtual fundamental classes of cut-down
moduli spaces

This section is the technical backbone of Section3. We investigate how geometric
relations between global Kuranishi charts translate into relations between their
virtual fundamental classes.

Definition A.1. — A morphism of global Kuranishi charts f : K′ = (G′, T ′, E ′, s′)
→ K = (G, T , E , s) consists of a group morphism α : G → G′, an α-equivariant map
f : T → T ′ and an α-equivariant vector bundle morphism f̃ : E → f ∗E ′ so that
f̃s = s′f . We call f an embedding if α = id, f is an embedding of manifolds, and if
f̃ is an injection of vector bundles.
If K and K′ are rel-C∞ over base spaces M respectively M′, we say the morphism is
of class rel-C∞ if α is smooth and f and f̃ are rel-C∞ covering a smooth morphism
M → M′.

Remark A.2. — If f = (α, f, f̃) is such that α, f and F are embeddings in the
respective category, we can replace (G′, T ′, E ′, s′) with (G,G×G′ T ′, G×G′ E ′, id ×s′).

If T /M is a rel-C∞ manifold with smooth base, its tangent microbundle has
a canonical (equivariant) vector bundle lift given by TT := q∗TM ⊕ TT /M, where
q : T → M is the structural map. Given a rel-C∞ embedding j : T ′/M′ ↪→ T /M,
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where M′ is a smooth submanifold of M, we define the normal bundle of T ′/M′

inside T /M to be
NT ′/T := q∗NM′/M ⊕N v

T ′/TM′ ,

where N v
T ′/TS′

:= j∗TTM′/M′/TT ′/M′ is the vertical normal bundle with TM′ :=
T ×M M′.

Definition A.3. — Suppose j : K′ ↪→ K = (G, T /M, E , s) is a rel-C∞ embed-
ding. We call NK′/K := NT ′/T − D its virtual normal bundle, where D = coker(j̃).

Throughout, we assume our global Kuranishi charts to be oriented in the following
sense, equivalent to [AMS21, Section 5.4]. Clearly, if both K and K′ are oriented,
then so is NK′/K.

Definition A.4. — A (Borel equivariant) orientation of a Kuranishi chart K =
(G, T , E , s) consists of a Q-orientation of the virtual vector bundle (TT )G − g and
EG over TG.

We need orientations of both T /G as well as E in order to define the virtual
fundamental class. By [AMS21, Lemma 5.11], this is equivalent to a Q-orientation
of (TT )G − g − E .

Notation . — Given A ⊂ B, we write H∗(B | A;Q) := H∗(B,B \ A;Q) and
similarly for cohomology.

Example A.5. — If T and the action on it are smooth, there exists an embedding
T × ȷ ↪→ TT , where ȷ = Lie(G). Taking a G-invariant complement D of this
distribution, any choice of equivariant Thom class τ ∈ H

dim(T /G)
G (D | T ,Q) defines

a Q-orientation of T − ȷ.

Given an oriented orbifold T and an oriented suborbifold T ′ ↪→ T of codimension
k, we have the Poincaré duality isomorphisms

Hk

(
T
∣∣∣ T ′;Q

) ∼= Hdim(T ′)
c

(
T
∣∣∣ T ′;Q

) ∼= H0
(
T ′;Q

)
Thus, Hk(T | T ′;Q) ∼= Q|π0(T ′)| and taking the sum of all generators, we obtain the
Poincaré dual PD(T ′) of T ′ in T . The composite j!j

∗ : H•(T ;Q) → H∗+k(T ;Q) is
given by multiplication with the image of PD(T ′) in Hk(T ;Q).

Remark A.6. — In the case of thickenings as above, we can give an explicit
description of the Poincaré dual in terms of the normal bundle. Factor the inclusion
j : T ′ → T as

T ′ i−→ T̂ := T ′ ×M M′ −→ T ,
where we equip T̂ with the canonical G-orientation. A relative version of the equi-
variant tubular neighbourhood theorem shows that PDT̂ (T ′/G) corresponds to the
equivariant Thom class of N v

T ′/T under the canonical isomorphism induced by the
tubular neighbourhood. Meanwhile, PDT /G(T̂ /G) = q∗ PDM/G(M′/G), which cor-
responds to the equivariant Thom class of q∗NM′/M. Thus,

(A.1) PDT /G(T ′/G) = PDT /G(T̂ /G) · PDT̂ (T ′/G).

TOME 8 (2025)



858 A. HIRSCHI

Proposition A.7. — Let j : K′ ↪→ K be a rel-C∞ embedding of oriented rel-C∞

global Kuranishi charts, covering a smooth embedding M′ ↪→ M of oriented base
spaces. If NK′/K ⊕ D = NT ′/T , then

(A.2) j∗
(
eG(D) ∩ [M′]vir

)
= PD(T ′/G) ∩ [M]vir.

Here we identify eG(D) ∈ H•
G(T ′;Q) with the corresponding element in H•(T ′/

G;Q) and equip D with the unique orientation so that eG(E ′ ⊕D) = eG(E)|T ′ .
Proof. — Suppose first that j∗E = E ′. The equality

(A.3) j∗[M′]vir
K′ = PD(T ′/G) ∩ [M]vir

K

follows from the commutativity of

Ȟvdim(M′)+∗(M′;Q) Hdim(T ′/G)+∗
c (T ′/G | M′;Q)

Ȟvdim(M′)+∗(M;Q) Ȟvdim(M)+∗(M;Q) Hdim(T /G)+∗
c (T /G;Q)

s′∗τ(E ′/G)

j!j∗

· PD(T ′/G) s∗τ(E/G)

where we need the convention
⟨α ∩ [M]vir, β⟩ = ⟨[M]vir, β · α⟩.

Now assume rank(D) > 0. Let K̃ := (G, T ′, j∗E , s′). This is also a global Kuranishi
chart for M′, albeit with a larger obstruction bundle. By the definition of the virtual
fundamental class,

eG(D) ∩ [M′]vir
K′ = [M′]vir

K̃ .

This completes the proof. □
Proposition A.7 is not optimal since one might have E ′ = j∗E ⊕ NT ′/T , in which

case we would expect that the virtual fundamental classes agree, at least under
certain assumptions.

Lemma A.8. — Let K′ and K be rel-C∞ smooth global Kuranishi charts over
M for M . Suppose there exists a rel-C∞ embedding j : K′ ↪→ K over M, inducing
a quasi-isomorphism

(A.4)
[
TT ′/M|s′−1(0)

Ds′
−−→ E ′|s′−1(0)

]
−→

[
TT /M|s−1(0)

Ds−→ E|s−1(0)
]

of complexes of vector bundles. Then [M ]vir
K′ = [M ]vir

K .
Proof. — Using a relative tubular neighbourhood, we may assume that T admits

a vector bundle structure p : T → T ′. Fix a splitting E|T ′ = E ′ ⊕ D. We may assume
without loss of generality that E = p∗E ′ ⊕ p∗D, where p : T → T ′ is the bundle map.
Write s = s1 ⊕ s2 with respect to this splitting.

As K′ ↪→ K, we have T ′ ⊂ s−1
2 (0). Given x ∈ Z := s′−1(0) = s−1(0) we have an

associated commutative diagram of vertical derivatives

TT ′/M,x E ′
x

TT ′/M,x ⊕ Tx E ′
x ⊕ Dx

dvs′(x)

dvs1(x)⊕dvs2(x)
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Since coker(dvs(x)) = coker(dvs′(x)) is a quotient of E ′
x, it follows that coker(dvs2(x))

= 0. Replacing T by a neighbourhood of Z, we may assume s2 ⋔ 0. Set S := s−1
2 (0).

As dim(S) = dim(T ′), the two global Kuranishi charts K2 := (G,S, p∗E ′|S, s1|S) and
K′ are related by (Germ equivalence).

Finally, [M ]vir
K2 = [M ]vir

K , since the Poincaré dual of S in T is s∗
2τp∗D. □

In other words, the virtual fundamental class only depends on the global Kuranishi
chart up to quasi-isomorphism, similar to [BF97, Proposition 5.3].

Example A.9. — Both the embedding condition and (A.4) are necessary for this
to hold. To see this, consider T = R = T ′ and E = R2 = E ′ with s(t) = t2 and
s(t) = t3. Or T ′ = R × {0} ⊂ T = R2 with E ′ = R and E = R2 and s(t, r) = (t2, r2)
and s′(t) = t2.

Appendix B. Intersection theory on orbifolds
B.1. Orbifolds

In this appendix, we prove several results we needed in the previous sections. They
mainly consist of projection formulas and the definition of a trace map in a quite
general setting. We found neither in the literature in the form, respectively, generality
necessary for our purposes.

For us, an orbifold is a tuple X = (X, [X]), where X is a topological space, called the
coarse moduli space of X, X is a (topological or smooth) proper étale groupoid and
[ ] denotes its Morita equivalence class. Here proper means that the source and target
maps combine to give a proper map X1 → X0×X0, while the groupoid is étale if both
source and target map are local homeomorphisms, respectively diffeomorphisms. X is
called a presentation of X. Refer to [Beh04] for more details. By [Par22, Corollary 1.2],
any orbifold with only finitely many isotropy types can be represented by a global
quotient, that is, a proper étale groupoid of the form [G × M ⇒ M ] where G is a
compact Lie group acting almost freely, and possibly smoothly, on the manifold M .
We denote by [M/G] the orbifold presented by such a global quotient.

A proper étale groupoid X = [X1 ⇒ X0] is orientable if X0 and X1 are orientable
and if the source and target maps from X1 to X0 are orientation-preserving. We
call an orbifold orientable if each representing groupoid is orientable. Thus, [M/G]
is orientable if and only if M is orientable and G acts by orientation-preserving
homeomorphisms.

Remark B.1. — This notion of orientability is strictly stronger than requiring the
orientability of the coarse moduli space as the example of the Klein bottle shows,
whose quotient by an S1-action is S1 itself.

By [Beh04, p. 27], there is a canonical isomorphism
(B.1) H∗([M/G],Q) ∼= H∗

G(M,Q).
Let q : MG → M/G denote the canonical map to the quotient; it defines by [Beh04,
Proposition 36] an isomorphism

H∗(M/G,Q) −→ H∗
G(M,Q).
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As the coarse moduli space of an oriented orbifold is an oriented homology Q-
manifold, it satisfies rational Poincaré duality

Ȟ•
c (Z,Q) ∼= Hdim(X)−∗(X,X \ Z,Q)

by [Bre97].(2) Replacing singular homology with Borel–Moore homology, the same
isomorphism holds with ordinary Čech cohomology on the left-hand side.

An orbibundle E over X = (X, X) consists of an equivalence class of proper étale
groupoids E = [E1 ⇒ E0] so that there exists a morphism of groupoids π : E → X
with π0 : E0 → X0 a vector bundle such that the square

E1 E0

X1 X0

sE

π1 π

sX

is cartesian and tXπ1 = π0t
E.

Example B.2. — If X = [M/G], then orbibundles E → X correspond to global
quotients [E/G] of G-vector bundles E → M .

Remark B.3 (Tangent bundle). — If G acts smoothly and almost freely, the
infinitesimal action defines an inclusion M × ȷ ↪→ TM of vector bundles, where
ȷ = Lie(G). Let D ⊂ TM be a G-invariant complement. Then the orbibundles
[G × D ⇒ D] and [TG × TM ⇒ TM ] are equivalent. By (B.1), an orientation of
[M/G] is therefore the same as an equivariant Thom class of D → M .

B.2. Exceptional pushfoward

Let f : Mm → Nn be a G-equivariant map between smooth manifolds on which G
acts smoothly and almost freely. Suppose [M/G] and [N/G] are oriented. Then f
induces a morphism [M/G] → [N/G] and the exceptional pushforward

f! : H∗(M/G,Q) −→ H∗+n−m(N/G,Q)
is defined by f! := PD f∗ PD. We clearly have g!f! = (gf)!.

By [Bre72, Theorem 4.1], we can factor f as a composite M j−→ N × SV
pr1−−→ N ,

where SV is the one-point compactification of a finite-dimensional orthogonal G-
representation V and j is an equivariant embedding. We can describe j! and pr1!
explicitly.

Example B.4 (Embedding). — Suppose f is an embedding with Poincaré dual
PD(M/G). Then
(B.2) f!f

∗(α) = α · PD(M/G)
for α ∈ H∗(N/G;Q). If there exists an equivariant retraction r : W → M , then
f!(α) = r∗α · PD(M/G).
(2)The proof of [Par16, Lemma A.6.4] also generalises easily to this setting.
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Example B.5 (Projection). — Suppose M = N×SV , where V is a finite-dimensio-
nal G-representation, SV is its one-point compactification (to which the G-action
extends trivially), and f is the projection. Then fG : (N × SV )G → NG is the sphere
bundle of (N × (V ⊕ R))G → NG and

H∗
G

(
N × SV ,Q

)
H∗+1
G

(
N × (V ⊕ R), N × ((V ⊕ R) \ 0),Q

)

H∗−k
G (N,Q)

f! ∼=

commutes by [Dua03, Section 3], where the vertical map comes from the Thom
isomorphism.

In particular, we have the following observation.
Corollary B.6. — Suppose we have a cartesian square

P P ′

B B′

f

q q′

f

where q and q′ are principal G-bundles for a compact Lie group G, B,B′ are oriented
smooth manifolds (and P , P ′ are equipped with the corresponding G-orientation),
f is smooth and proper, and a compact Lie group G′ acts on the whole square almost
freely. Then
(B.3) f!q

∗ = q′∗f !.

Lemma B.7 (Projection formula). — Suppose we have a cartesian square

X ′ Y ′

X Y

f ′

q p

f

of oriented G-manifolds, where G acts almost freely. If f is proper and p is a sub-
mersion, then
(B.4) f ′

! q
∗ = p∗f!.

If the G-action on X ′ and Y ′ extends to an almost G × G′-action with respect
to which f ′, q and p are equivariant, then the equality (B.4) holds for the maps
H∗(X/G;Q) → Hk+∗(Y ′/G×G′;Q).

Proof. — If f is an embedding, so is f ′ and the claim follows from (B.2). If f is
a projection Y × SV → Y for some finite-dimensional G-representation V , we can
assume f ′ is the projection Y ′ × SV → Y ′. Denoting the induced map Y ′

G×G′ → YG
by p as well, we have

(Y ′ × (V ⊕ R))G×G′ = p∗(Y × (V ⊕ R))G.
Thus, the claim follows from Example (B.5) and the functoriality of the Thom
class. □
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Corollary B.8. — Suppose we have a cartesian square as in Lemma B.7, where
f is an embedding. Then p∗ PD(X/G) = PD(X ′/G×G′).

Proof. — Let Y ′ and X ′ denote the quotients, and suppose k = codim(X ′). Since
both p∗ PD(X/G) and PD(X ′/G×G′) live in Hk(Y ′ | X ′;Q) ∼= Q|π0(X′)|, they differ
by multiplication with a locally constant function b. Thus, p∗f!f

∗α = p∗α · p∗ PD(X)
on the one hand, while

p∗f!f
∗α = f ′

! q
∗f ∗α = f ′

!f
′∗p∗α = p∗α · PD(X ′) = bp∗α · p∗ PD(X).

As the same equality holds locally on Y and p admits local sections, we must have
b ≡ 1. □

Lemma B.9. — Let
X ′ Y ′

X Y

f ′

q p

f

be a cartesian square of smooth manifolds, where f is proper. Suppose there exists
an open subset V ⊂ Y ′ so that Y ′ \ V has codimension at least 2 and p|V : V → Y
is a (not necessarily surjective) submersion. Then

f ′
! q

∗ = p∗f!.

The same is true in equivariant cohomology if given the assumptions of lemma B.7.

Proof. — Set U := X ′ ×Y ′ V and let i : U → X ′ and j : V → Y ′ be the inclusions.
Let f̂ : U → V be the induced map. The fundamental classes appearing below are
elements of Borel–Moore homology. By [Bre97, Section V.10(57), Corollary V.10.2]
and Lemma B.7, the claim holds in the nonequivariant case.

Suppose now that G and G′ are compact Lie groups so that G × G′ acts almost
freely on X ′ and Y ′ and G acts almost freely on Y with f and f ′ being equivariant
and p, q being invariant under the G′-action and restricting to principal bundles over
V, U . Since we can check the equality f ′

! q
∗ = p∗f ! as maps H∗

G(X,Q) → H∗+k
G×G′(Y ′,Q)

degree for degree, we can use finite-dimensional approximations of the classifying
space of G. To these, apply Corollary B.6 to see that the projection formula holds for
the pullbacks to U . Then use the same argument as in the first step to conclude. □

Lemma B.10. — Suppose f : X → Y is a smooth map of étale proper groupoids
and [M/G] is a global quotient representing Y . If X is a manifold, then the orbifold
fibre product M ×Y X is a principal G-bundle over X.

Proof. — Since M and X are manifolds, so is Z := M ×Y X. Let q0 : M → Y0
be the canonical map. Then Z = {(p, α, x) ∈ M × Y1 × X : α : q(p) → f(x)} and
π : Z → X is given by π(p, α, x) = x. Define a G-action on Z by setting

g · (p, α, x) :=
(
g · p, α ◦ q1(g, p)−1, x

)
.

Clearly, π is G-invariant and g · (p, α, x) = (p, α, x) implies that g · p = p and
q1(g, p) = id. Since q : [M/G] → Y is étale, we must have g = e. Thus, G acts freely
on Z. To see that π is locally trivial, it suffices to consider the case where Y = [V/Γ]
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for some finite group Γ and M = [S/Gp] for some slice S through p. In this case, π
is the pullback of a covering map and thus a local diffeomorphism. This completes
the proof. □

B.3. Trace maps

In the definition of the equivariant virtual fundamental class, we make use of a
trace map H∗+m

K,fc (T ;Q) → H∗
K(pt;Q), which is a special case of integration along the

fibre. While this is classical for fibre bundles of closed smooth manifolds, [BT82],
and has been generalised in algebraic geometry, [Ive86, KS90], we found no results
for the specific situation needed in this paper. Thus, we give a brief definition and
show the required properties. To avoid any subtleties with families of supports, we
will assume that all spaces are locally compact, Hausdorff and paracompact.

Definition B.11 (Integration along the fibre). — Suppose π : P → B is an
oriented fibre bundle over a paracompact base B with fibre an oriented topological
orbifold X = [M/G]. Denote by H∗

c(X) the locally constant sheaf on B with stalks
given by H∗

c(X)b = H∗
c (Pb;Q) for b ∈ B. By [Bre97, Theorem 6.1] there exists a

spectral sequence {Ep,q
r } converging to H∗

fc(P ;Q) with

Ep,q
2 = Hp (B; Hq

c(X)) .
In particular, Ep,q

2 = 0 for q > n := dim(X), so Ep,n
r ⊂ Ep,n

r−1 for any r > 2. We have
a canonical map

∫
X : Hn

c (X) → Q of locally constant sheaves on B; it is given at the
stalk over b ∈ B by

Hn
c (X)b = Hn

c (Xb;Q) pt!−→ Q.
We define the integration along the fibre π∗ : Hn+∗

fc (P ;Q) → H∗(B;Q) to be the
composite

Hn+∗
fc (P ;Q) −→ E∗,n

∞ ↪−→ E∗,n
2 = H∗(B; Hn

c (X))
(
∫

X
)#−−−−→ H∗(B;Q).

By [Aue73], this agrees with the standard definition of integration along the fibre
for smooth fibre bundles.

Lemma B.12 (Base change). — Suppose π : P → B is an orientable fibre bundle
over a paracompact base with fibre T an oriented orbifold and f : B′ → B is a proper
continuous map from another paracompact space. Then

Hm+∗
c (P ;Q) H∗(B;Q)

Hm+∗
c (f ∗P ;Q) H∗(B′;Q)

f̃∗ f∗

commutes.

Proof. — This follows from the functoriality of the Leray–Serre spectral sequence
associated to a fibration; see [Bre97, Section 6.2]. □
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Corollary B.13. — Suppose T is an oriented topological orbifold of dimension
m with a continuous action by a compact connected Lie group G. Then

Hm+∗
G,c (T ;Q) H∗

G(pt;Q)

Hm+∗
c (T ;Q) H∗(pt;Q)

i∗

commutes, where H∗
G,c(T ;Q) = H∗

fc(TG;Q).

Lemma B.14 (Functoriality). — Suppose π : P → B and ρ : E → P are two
oriented fibre bundles with fibres X and Y the coarse moduli spaces of oriented
orbifolds. Then

(πρ)∗ = π∗ρ∗ι,

where ι is the canonical map from cohomology with (πρ)-fibrewise compact support
to cohomology with π-fibrewise compact support.

Proof. — We will assume bothX and Y are compact, of dimension k, respectively ℓ,
in order to simplify the notation. The general case can be obtained by restricting
to cohomology with suitable support. Let θ := πρ and set Zb := θ−1({b}) for b ∈ B.
The maps ρb∗ : Hk+ℓ(Zb;Q) → Hk(Pb;Q) induce a morphism ρ∗ : Hk+ℓ(Z) → Hk(X)
and θ∗ factors as

Hk+ℓ+∗(E;Q) −→ H∗
(
B,Hk+ℓ(Z)

) (ρ∗)#−−−→ H∗
(
B,Hk(X)

)
π∗−→ H∗(B;Q).

By [Bre97, Corollary IV.7.3], the Leray sheaf H(π; Hℓ(Y )) of π with coefficients in
Hℓ(Y ), defined in [Bre97, Section IV.4], is locally constant with stalks of the form
H∗(Pb; Hℓ(Y )).(3) Due to the functoriality of the Serre spectral sequence, there exists
a canonical morphism H∗+ℓ(Z) → H∗(π; Hℓ(Y )) of locally constant sheaves on B,
given stalkwise by

H∗+ℓ(Z)b = H∗+ℓ
(
θ−1({b};Q

)
−→−→ E(b)∗,ℓ

∞ ↪−→ H∗
(
Pb; Hℓ(Y )

)
= H∗

(
π; Hℓ(Y )

)
b
.

where {E(b)p,qr } is the Leray–Serre spectral sequence of θ−1({b}) → Pb. This stalkwise
description shows that ρ∗ : H∗+ℓ(Z) → Hk(X) factors through H∗(π; Hℓ(Y )). Thus

Hk+ℓ+∗(E;Q) H∗
(
B; Hk+ℓ(Z)

)
H∗

(
B; Hk(X)

)

Hk+∗
c

(
P ; Hℓ(Y )

)
H∗

(
P ; H∗

(
π; Hℓ(Y )

))
(ρ∗)#

(3)We use here that the monodromy of H∗(ℓ) is trivial in degree ℓ since we work with oriented fibre
bundles.
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commutes. By [Bre97, Section 6.2],

Hk+∗
c

(
P ; Hℓ(Y )

)
H∗

(
P ; H∗

(
π; Hℓ(Y )

))

Hk+∗(P ;Q) H∗
(
B; Hk(X)

)(
∫

Y
)#

commutes as well. The claim now follows by composing with π∗. □

Lemma B.15. — Let π : P → B be an oriented locally trivial fibration over a
locally contractible space with fibre the orbit space of [M/G]. Suppose P ′ ⊂ P is a
subspace so that the induced map π′ : P ′ → B is an oriented fibre bundle with fibre
given by the orbit space of [M ′/G], for a G-invariant submanifold M ′ ⊂ M . Assume
the inclusion P ′ ↪→ P admits a normal bundle and a tubular neighbourhood. Then

Hm′+∗
fc (P ′;Q) H∗(B;Q)

Hm+∗
fc (P ;Q)

π′
∗

j!
π∗

commutes, where m = dim([M/G]) and m′ = dim([M ′/G]). Moreover, j!j
∗ = σ· for

a class σ ∈ Hk(P | P ′;Q) restricting to the Poincaré dual of X′ over a fibre.

Proof. — Let ρ : N → P ′ be the normal bundle of the embedding and ψ : V →
W ⊂ N be a tubular neighbourhood. Then σ = ψ∗τN and j! are given by the
composite

H∗
fc(P ′;Q) ≃−→ Hk+∗

fc (N | P ′;Q) ψ∗
−→ Hk+∗

fc (W | P ′;Q) −→ Hk+∗
fc (P ;Q).

It suffices thus to show that the above triangle commutes with P replaced by N .
In this case, j! is an isomorphism with inverse given by ρ∗. Thus, the claim follows
from Lemma B.14. □

Lemma B.16. — Suppose X is the orbit space of an oriented global quotient
orbifold of dimension n with boundary and π : P → B is a fibre bundle with fibre X.
If j : P ′ ↪→ P denotes the subbundle with fibre ∂X, then the composition

H∗+n−1
c (P ;Q) j∗

−→ H∗+n−1
c (P ′;Q) π∗−→ H∗(B;Q)

vanishes.

Proof. — The homology Q-manifold X̃ := X ∪∂X ∂X × [0, 1) admits a proper
deformation retraction onto X, as does P̃ := X ∪P ′ P ′ × [0, 1) onto P (where it is
fibrewise proper). The deformation retraction fixes P ′ pointwise and is a map of fibre
bundles over B. By the long exact sequence in compactly supported cohomology, it
suffices to show that H∗+n−1

c (P ′;Q) → H∗(B;Q) factors through H∗+n−1
c (P ′;Q) →

H∗+n
c (P̃ ;Q).
The results of [Bro62] generalise directly to the setting of topological manifolds

with boundary, on which a compact group G acts almost freely and locally linearly,
and to fibrations thereof. Hence, ∂X admits a collar inside X and P ′ admits one
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inside P . Thus, we can find a neighbourhood U ⊂ P̃ with U ∼= P ′ × (−1, 1) and the
claim reduces to showing the commutativity of

H∗+n−1
c (P ′;Q) H∗+n

c (P ′ × (−1, 1);Q)

H∗(B;Q)

π!
π!

which is an immediate consequence of the Künneth theorem. □

Lemma B.17. — Suppose two oriented global Kuranishi charts Ki = (G, Ti, Ei, si)
for Mi are cobordant via K = (G, T , E , s). If fi : Mi → N is a continuous map so
that f0 ⊔ f1 extends over s−1(0)/G, then f0∗[M0]vir = f1∗[M1]vir in Ȟ∗(N ;Q)∨. The
same is true in the equivariant setting.

Proof. — Set W := s−1(0)/G. The claim follows from Lemma B.16 and the com-
mutativity of

Ȟd+n(N ;Q) Ȟd+∗(W;Q) Hm+∗
c (T0/G ⊔ T1/G;Q)

Ȟd+∗(M0 ⊔ M1;Q) Hm+∗
c (T0/G ⊔ T1/G;Q) Q

f∗

f∗
0 ⊔−f∗

1

s∗τE

s∗τE pt!

where d is the virtual dimension of M0 and M1. Since the equivariant version of this
diagram also commutes and Lemma B.16 is phrased for the equivariant setting, the
last assertion is immediate. □
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