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812 A. HIRSCHI

les invariants de Gromov—Witten symplectiques des variétés toriques lisses coincident avec leurs
variantes algébro-géométriques. Dans le cas semi-positif, les invariants étudiés ici retrouvent
ceux de Ruan et Tian.

1. Introduction
1.1. Background

The celebrated work [Gro85] of Gromov showed that pseudoholomorphic curves
provide a powerful tool in symplectic topology. In particular, while symplectic man-
ifolds are a strictly more general class than Kéahler manifolds, they exhibit many
of the rigid properties of the latter. To this day, most symplectic invariants are
defined using pseudoholomorphic curves; they figure prominently in Floer theory,
[F1lo88, Sal99], as well as in contact topology, e.g., in symplectic field theory [EGHO00]
or contact dynamics [HZ99].

The Gromov-Witten invariants of a closed symplectic manifold (X, w) are one of
the first symplectic pseudoholomorphic curve invariants to be defined, see [RT95,
RT97]. They are based on counts of J-holomorphic curves for an w-tame almost
complex structure J. However, due to transversality issues, these invariants were
first only defined for semipositive symplectic manifolds, which constrained certain
singularities of the moduli space of pseudoholomorphic curves, [MS12, Chapters 6-7].
In general, abstract perturbations of the Cauchy—Riemann equation are required
to deal with the non-regularity of the moduli space. The first virtual frameworks
were developed by [FO99, LT98|, defining Gromov—-Witten invariants for general
closed symplectic manifolds. Later frameworks were constructed in [CMO07, Gerl3,
HWZ17, 1P13, IP19b, Joyl17, MW17, Par16]. The aim of each approach, executed
in different ways, is to construct a replacement for the virtual fundamental class for

the moduli space of stable J-holomorphic maps /Wg{n(X, A). These moduli spaces
are solution spaces of the Cauchy—Riemann equation, an elliptic partial differential
equation. Early on, local modules were constructed. However, the construction of a
virtual fundamental class required delicate local-to-global arguments to pass from
this local information to a global invariant.

Despite the lack of a virtual fundamental class at that time, Kontsevich and Manin
conjectured in [KM94] that these invariants define a cohomological field theory on
the (rational) cohomology of the target manifold X. In genus 0, this reduces to a
deformation of the ordinary cup product, called the quantum cup product. This
structure stems from the rich geometry of the moduli spaces M, , of stable curves,
which was originally described in the seminal paper [Wit91]. Kontsevich used the
axioms to prove his famous recursion formula, giving counts of rational curves in CP?
of any degree. They have also been extensively used for applications in symplectic
geometry, such as in [HW24, LMP99, McD09, Sei99, Ushll]. The rich algebraic
structure of Gromov-Witten invariants was further developed by Dubrovin [Dub14]
and Givental [Giv0la, GivOlb, Giv96] among many others.
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GW invariants defined via global Kuranishi charts 813

1.2. Global Kuranishi charts

In [AMS21], the authors achieved a breakthrough by constructing a particularly
simple representation for the moduli spaces of stable maps in genus 0: that of a global
Kuranishi chart. In [HS524] and independently [AMS24], global Kuranishi charts were
constructed for moduli spaces of stable maps of arbitrary genus. These constructions
allow for a straightforward definition of a virtual fundamental class.

DEFINITION 1.1. — A global Kuranishi chart (G,7,&,s) for a space Z consists
of a compact Lie group G acting almost freely and locally linearly on the manifold
T and the vector bundle & — T, with an equivariant section s: T — £ satisfying
s 1(0)/G = Z. If Z is compact, the associated virtual fundamental class [Z]'" €
HY4im(Z:Q)V is the composite

(7, Q) ZTED, gamT/O) (T /G Q) P Hy(T; Q) —s Q.

Here vdim = dim(7 /G) —rank(E), while 7(€/G) is the Thom class of the orbibundle
E/G and PD denotes Poincaré duality.

To motivate this definition of the virtual fundamental class, note that for any
section s of a finite-dimensional vector bundle V' — M, the pullback s*7(V) is a
natural invariant of = *(0). In the case where s intersects the zero section transversely,
we have s*7(V) = PD(s !(0)) and integration over s~*(0) is precisely a special case
of this virtual fundamental class.

Thus, we can define the Gromov—-Witten homomorphism

GW, 2, HY(X™Q) — H* (M,,:Q)
by
. —J
GW,s(e) = PD (st, (ev* an [M, (X, A)]))
using either [HS24] or [AMS21]. Here ev denotes the evaluation at the marked

points, while the map st: M ; (X, A) — M,,, forgets the map to X and stabilises
the domain. The Gromov-Witten invariants of X are recovered by evaluating these
cohomology classes GWgnA( a) on [M,,].

1.3. Main results

The purpose of this paper is to set up and prove extensions and properties of the
invariants constructed in [HS24]. Any further mention of Gromov-Witten invariants
will refer to this construction unless specified otherwise. Given their usefulness for

both foundational results as well as applications, we prove that these invariants
indeed define a cohomological field theory on H*(X;Q).

THEOREM 1.2. — The Gromov—Witten classes of (X,w) satisfy the Kontsevich—
Manin axioms, listed below.

(Effective): If ([w], A) < 0, then GWX*, = 0.
(Homology): GWg w4 is induced by a homology class.

gnA
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814 A. HIRSCHI

(Grading): GWgnA has degree 2((dim¢ X — 3)(1 — g) + (c1(Tx), A) + n).
(Symmetry): Gng’ 4 Is equivariant with respect to the canonical S,-actions given
by permuting the factors, respectively the marked points.

(Mapping to a point): If E denotes the Hodge bundle over M, ,,, then

GWgnO(ozl, Ce, Q) = <a1 ----- Qs Caime(x) (Tx) N [X]> cy(E¥)

for all o; € H*(X; Q).
(Fundamental class): If 1x denotes the unit of H*(X;Q) and m, the map that
forgets the n'" marked point, then

GWg,nA(ala" y Op— lalX) =T, ngn 1A(CY1,...7CYTL_1).

for any aq,...,a,1 € H*(X;Q).
(Divisor): If |a,| = 2 and 7,, = PD omr,,, o PD denotes the exceptional pushforward,
then

T GWgnA(al, ce0) = (o, A) GWgn palor, .. ).

for any g, ..., a,-1 € H*(X;Q).
(Splitting): Write PD(Ax) = Ypc kv X 75 With v, v, € H*(X;Q). Given S C
{1,...,n}, let

ps: Mgy o1 X My, np1 — My,

be the associated clutching map. Then

QOS GWg,nA(a]-’ . e 7O[n)

e(a; X,w
= (—1) (s9) Z GWQO,”O+1 Ao ((ai>i€5’77k> Gng,nlJrl,Al (ryllﬁ (Oé])]gs)
Ag+A1=A

keK
where e(a; S) =[{i > j|i €S, 5 ¢ 5, |ail,|a;| € 1+2Z}| and oy € H*(X;Q)
(Genus reduction): If ¢): M, — M1, o denotes the map that creates a non-
separating node by gluing the last two marked points, then

¢ GWg+1n 2A( ) GWgnA(a7PD(AX))

for any o € H*(X"2; Q).

See [AMS24] for the analogous results for Gromov-Witten invariants valued in
certain complex-oriented generalised cohomology theories. One can generalise the
above-defined Gromov—Witten invariants by integrating natural cohomology classes
on the moduli space itself over the virtual fundamental class. In Section 4, we
define the so-called gravitational descendants, discussed in [Giv96, KM98, RT97,
Wit91]. We prove that these invariants satisfy the famous String, Dilaton and Divisor
equation.

In Section 5, we define the notion of an equivariant virtual fundamental class associ-
ated to a global Kuranishi chart equipped with a suitable group action. Subsequently,
we apply this to moduli spaces of stable pseudoholomorphic maps whose target X
admits a Hamiltonian group action to construct equivariant Gromov-Witten invari-
ants.
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GW invariants defined via global Kuranishi charts 815

PROPOSITION 1.3. — Let (X,w, u) be a Hamiltonian K-manifold, where K is
a compact connected Lie group. If J is K-invariant, we can construct a global

Kuranishi chart for M ; (X, A) that carries a compatible K-action. The equivariant
Gromov—Witten homomorphisms of (X,w, ) are the Hj-linear maps

GWot: Hi(X™Q) — H* (My; Q) ® Hic(pt, Q)

defined as in the non-equivariant setting. They define a cohomological field theory
on H}(X;Q).

Kontsevich observed in [Kon95] that one could use localisation in order to com-
pute Gromov-Witten invariants. The extension of Gromov-Witten theory to the
equivariant setting was first systematically explored by Givental, [Giv96], and used
to prove mirror symmetry for Calabi—Yau complete intersections. A construction
in the algebraic setting of the equivariant invariants for smooth toric varieties was
given in [GP99]. The authors generalise the localisation formula of [AB84] to Deligne—
Mumford stacks with equivariant perfect obstruction theories; see [Beh99] for an
alternative proof. They use it to derive a combinatorial formula for the equivariant
Gromov—Witten invariants of projective spaces. It allowed for the computation of
Gromov—Witten invariants of toric and compact homogeneous varieties; such as
in [Liul3, Spi99], as well as toric fibrations, [Brol4]. Givental, [Giv01b], used it to
obtain conjectural formulas for the higher genus Gromov-Witten invariants in terms
of genus 0 invariants in the case of generically semisimple quantum cohomology; this
was shown by Teleman in [Tel12]. Meanwhile, [GK95] computed the small quantum
cohomology of flag varieties using the localisation formula. For a localisation formula
in the symplectic setting, see [CT10].

We prove a virtual localisation formula, Theorem 5.13, for spaces admitting equi-
variant global Kuranishi charts. Under certain assumptions on the Hamiltonian
torus action, we can use it to derive a combinatorial formula for its equivariant
Gromov—-Witten invariants, generalising [Liul3, Theorem 78]. Explicitly, we consider
Hamiltonian torus manifolds (X,w) that satisfy the GKM condition, see Defini-
tion 5.18 for details. In particular, X has finitely many fixed points, and the union
of all at most 1-dimensional orbits is a union of spheres.

THEOREM 1.4 (Theorem 5.23). — If X admits a Hamiltonian GKM action by a
torus T, its equivariant Gromov—Witten invariants satisfy

(11) GW_ et (o, ..., an)([Mya))
1 —
= - ]* ev*a W 1" , M
FEG%:(X,A) | Aut(I)] < : (I) [ F]T>

in the fraction field of Hy(pt; Q). Here, G, (X, A) is a collection of decorated graphs,
Mr is a product of moduli spaces of stable curves, and w(I') € Hi(Mr;Q) is a
weight associated to the graph I'.

The class of Hamiltonian GKM torus manifolds contains not only all symplec-
tic toric manifolds but also many non-Kéhler examples, [GKZ20a, GKZ23, Tol98,
Wo098]. Their symplectic geometry has been studied in [GKZ20b, GKZ22a, GZ00,
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816 A. HIRSCHI

GZ01]. To any such manifold, one can associate its GKM graph, which combinato-
rially encodes information about the action and the topology of the manifold. In
particular, it allows for a complete determination of the equivariant cohomology,
[GKZ22b, Proposition 2.30]. As the right hand side of (1.1) only relies on the GKM
graph of the Hamiltonian torus manifold, so do its equivariant Gromov—Witten
invariants.

THEOREM 1.5. — Suppose (X, w, ) and (X' ,w’, i) are two Hamiltonian torus
manifolds satisfying the GKM condition. If their GKM graphs are isomorphic, then
their equivariant Gromov—Witten invariants agree.

In genus 0, this can be seen as a quantum version of the fact that the GKM graph
determines the equivariant cohomology of the manifold, [GKZ22b, Proposition 2.30].
Nonetheless, it is somewhat unexpected, as Hamiltonian GKM manifolds with the
same GKM graph need not even be homotopy equivalent, [GKZ22a, Theorem 1.3].
Since any symplectic toric manifold is symplectomorphic to a smooth toric variety,
[Del88, Theorem 2.1], we have the following comparison result.

COROLLARY 1.6. — The symplectic Gromov—Witten invariants of a toric sym-
plectic manifold agree with its algebraic Gromov—Witten invariants.

In [LS17], the equivariant Gromov—Witten invariants of algebraic GKM stacks
were computed, generalising [Liul3] in a different direction than we do here.

We point out that the equivariant Gromov—Witten invariants considered in this
paper do not agree with the Hamiltonian Gromov-Witten invariants defined in
[CGMiRS02, Mun03] or [TX17], which are defined using the vortex equation instead.
A construction of quantum Kirwan maps exists in the setting of projective varieties,
[GW22] and under certain assumptions in the symplectic setting, [Xu24|. The quan-
tum Kirwan map relates the equivariant quantum cohomology of a toric variety to
the quantum cohomology of its symplectic reduction. See also [NWZ14]. It would be
interesting to see whether this could be generalised further in the symplectic setting.

Finally, we compare the Gromov—Witten invariants considered here with the
Gromov—Witten invariants defined by Ruan and Tian in [RT97]. The latter ones are
only defined if the symplectic target is semipositive, that is, if any J-holomorphic
sphere u with negative first Chern number satisfies ¢1(u) < 3 — dime(X). This topo-
logical property ensures a certain control over the singularities of the moduli space
for stable maps and allows for a pseudocycle definition of Gromov—Witten invariants,
which will be recalled in Section 6.

THEOREM 1.7 (Theorem 6.3). — If (X,w) is semipositive, the Gromov—Witten
invariants considered here agree with the Gromov—Witten invariants of Ruan—Tian.

The following immediate consequence of this result is not at all obvious from the
global Kuranishi chart construction itself.

COROLLARY 1.8. — If (X,w) is semipositive, then Gng;:‘jA is integral for n > 3.

In [Sch23], Schmaltz shows that the polyfold Gromov-Witten invariants of
[HWZ17] specialise to the genus 0 Gromov—Witten invariants defined in [MS12]
via pseudocycles. Tonel and Parker show in [IP19a] that the analogue of Theorem 1.7
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for their relative virtual fundamental class. For comparison results between algebraic
and symplectic Gromov—-Witten invariants, see [LT99, Sie99].

2. Review of the global Kuranishi chart construction

Let (X,w) be a closed symplectic manifold, A € Hy(X;Z), and fix J € T (X,w).
We recall the construction of the global Kuranishi chart for M ;7 (X, A) described

in [HS24]. However, we will not go into too much detail and refer the reader to [HS24]
for a more thorough discussion.

DEFINITION 2.1. — An auxiliary datum
o= (V¥ 0x(1),p.UNE) for M, (X, A)

consists of:
(1) a J-linear connection V¥ on Tx;
(2) a Hermitian line bundle (Ox(1),V) — X with curvature F¥ = —2mi) for a
symplectic form € taming J. We set d := ¢([Q], A).
(3) p> 1 is an integer.
Given this, we abbreviate
m:=p (29 — 2+ 3d) N:=m-—g
and set
(2.1) G :=PGL(N + 1,C) G :=PU(N +1).
Here, given a smooth stable map u: C' — X of genus g representing A, we observe
that m is the degree of the p'" power of the line bundle
£, = we @u Ox(1)%3,
By [HS24, Lemma 4.1], if A # 0 or g > 2, we can choose p sufficiently large so that
£2P js very ample, and has vanishing H' for any [u,C|] € M;(X, A). If A= 0 and
g < 2, we have to allow for marked points and replace we with we(xy + -+ + ).
In either case, N = dim¢ H°(C, £%?) — 1 by the Riemann-Roch theorem. By
definition, any basis F of H°(C, £&F) induces a holomorphic map
LF: C — PN,

with non nontrivial automorphisms. It is regular because H'(C, £&7) vanishes. We
call any such map a framing. Denote by

(2.2) /\7;n (IPN, m) c Mg, (IPN, m)

the subspace of all regular automorphism-free holomorphic curves of genus g of
degree m whose image is not contained in a hyperplane. These moduli spaces are
smooth quasi-projective varieties of the expected dimension and will serve as our

base spaces.
To define the remaining data of the auxiliary datum «, let

/WZ;Z (IP’N, m) C ./\7;’361 (PN, m)
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818 A. HIRSCHI

be the locus of curves with stable domain. Then,

(4) U is a good covering in the sense of [HS24, Definition 3.10];
(5) X is a PGL¢(N + 1)-equivariant map

M5 (PN, m) /Ssq — G/G,

where G and G were defined in (2.1);
(6) k > 1 is an integer.

We use perturbations based on the complex vector bundle
(2.3) E = Ek = HOHI(C (pTTpN,p;TX> & pTOpN(k) & HO(PN, O(k))

over PV x X | where HO(PY, O(k)) is the underlying real vector space of H*(PY, O(k))
equipped with the conjugate complex structure. Note that E depends on k. Given a
map (1,u): C — PN x X we set

B = H(C, (1,u)*E).

We can now give the construction of the global Kuranishi chart, treating the case
of n = 0 first and generalising to the other cases in Remark 2.6.

CONSTRUCTION 2.2. — Given an unobstructed auxiliary datum (VX , Ox(1), p,
U, k), the associated global Kuranishi chart K = (G, T, E,s) for /W;(X, A) is defined
as follows:

e The thickening T consists of tuples (u,t,C,n,«), up to reparametrisation,
where
(1) u: C — X is a framed stable map representing A and v: C — P defines
an element of /WZ(IP’N, m) so that (v,u) lies in the domain of N\y;
(2) n € B, satisfies

(2.4) dyu+ (n)odi=0
where @ and T denote the pullbacks to the normalisation C' of C;
(3) a € HY(C,O¢) is such that
[ Opn (1)] ® [£577] = exp(a)

where exp: H'(C,O¢) — Pic’(C) is the universal covering map.
(4) HY(C, (t,u)*E) = 0 and D(0;), ® ({-) o di) is surjective.
G acts on T via its standard action on PN making the forgetful map w : T —
M, (PN, m) equivariant.
e The obstruction bundle & — T has the fibre
(2.5) Ey=su(N+1)@ Eq.,) @ HY(C,O¢)

over a point y = (u,t,C,n,«) € T and it is endowed with the natural lift of
the G-action.
e The obstruction section s : 7 — & is given by

(2‘6> 5(“7 L? 07777@) = (eXp_l Au(b7 u)?n7a) .
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where exp: su(N+1) — G/G is induced by the exponential map and Ay : T —
G/G is a G-equivariant map defined in [HS24, Equation (3.2.1)] using the
good covering U and ).

Remark 2.3. — Condition (4) ensures that all fibres of £ have the same dimension,
while (2.4) ensures that the thickening is cut out transversely.

Remark 2.4. — 'The only purpose of the part Ay of the obstruction section is to
select a class of “unitary framings”. The problem is that the choice of a very ample
line bundle gives a full PGL-orbit of framings. However, we only have a PU-action
on the thickening and thus need to further reduce the space of framings lying in the
zero locus of the obstruction section.

DEFINITION 2.5. — An auxiliary datum is unobstructed if the canonical forgetful
map
57H0) — M (X, A)

1s surjective.

The existence of unobstructed auxiliary data is shown in [HS24, Section 4]. By
Proposition 5.1, K = (G, T, £, s) obtained from Construction 2.2 is a global Kuranishi

chart for M gJ (X, A) with a canonical orientation of its thickening and obstruction

bundle. Moreover, the canonical map 7: 7 — ./WZ(]P’N ,m), remembering only the
framing, is a topological submersion.

Remark 2.6. — We obtain a global Kuranishi chart for M ; (X, A) by pulling
back K along the map

Ty - M;n (]P’N,m) = 7'('@_1 (/\7; (IP’N,m>) — /WZ (IP’N,m)
that forgets all marked points.

By [HS24, Section6], the resulting virtual fundamental class [/WgJ (X, AT s
independent of the choice of unobstructed auxiliary datum. We define the Gromouv—
Witten class of (X, w) associated to (A, g,n) to be
(2.7) GW, 2, o= (ev x st), [M, (X, A)]  in H, (X" x M,,;Q)

gm,A T

If 29 — 2+ n < 0 and A # 0, we formally treat M,, as a point and use the same
definition. We use the notation

(aq,. .. ,ozn;a>;f;:)A = <a1 X e X Qg X PD<U)7GW§LL‘;A>

for aq,...,a, € H*(X;Q) and 0 € H,(M,,,; Q).

3. Kontsevich—Manin axioms

The Kontsevich—Manin axioms are a catchphrase used to describe the properties
in [KM94] that GW invariants are expected to satisfy. In contrast to the introduction,
we will consider here the GW classes defined by (2.7). While the axioms are less
elegant in terms of the GW classes, their proof is more transparent.
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3.1. The first five axioms

The Effective, Homology, and Grading axioms follow directly from the construction.

LEMMA 3.1 (Symmetry). — We have

X,w
9 X,w
. €r,a . ’
<047(1), o O () T*O'>g’n7A = (=) {aq,...,Qn; O) g

for any permutation T € S, and classes o; € H*(X; Q) and 0 € H.(M,,;Q), where
€ra=|{i > 7| 7)) < 7(), lail, |oy| € 2Z + 1}].

Proof. — Given a global Kuranishi chart K, as in Construction 2.2, the S,,-action
lifts to a continuous action by orientation-preserving rel-C'*° diffeomorphisms on
the thickening and the obstruction bundle. As the equivariant Thom class of the
obstruction bundle is S,-invariant, so is the virtual fundamental class. O

LEMMA 3.2 (Mapping to a point). — If2g — 2+ n > 0, then
—J vir —
[M),(X,0)] " = cgaimex) (Tx REY) 0 [X x M|
in H,(X x M, ,,;Q), where E denotes the Hodge bundle over M, . In particular,

<a17"'7an; [ptDéfr’;)O = <C“1 """ O‘m[XDa
Proof. — Given a constant stable map u: C'— X with image z, we have
H' (C,u'Tx) = H'(C,00) @ T, X.,

where the tensor product is taken over C as we will always do. Thus, the cokernel of
DO;(u) has (real) dimension 2g dim(X) and the obstruction bundle of /Wg{n(X, 0) =

X x M, is given by Ob = Tx K E*. Let so denote its zero section. Fix a global
Kuranishi chart K, = (G,T,€&,5) as given by Construction 2.2 with base space
M C M,,,(PY,m). Denote by C — M the universal curve and set £ = R'T,Op.

Then Kop = (G, Top, Ob, 5) with
Ton =X x {([1.C,a1,...,wal0) € L | [FO)] =p- [we(ws + -+ +z,)] +
is a global Kuranishi chart for M g{ (X, 0). The obstruction bundle is
Ob = ObHL @ su(N + 1)

and § is given by the zero section in the first summand, the obvious map in the
second one, and exp~! X in the last one. Let j: Tob = T be the inclusion. There
exists a natural equivariant morphism ®: j*€ — Ob of complex vector bundles; it
is given by the identity on su(N + 1) and £ and maps the perturbation term 7 to
the image of (1) o dv under the quotient map

Q5 (C,uTx) — H'(C,u'Tx).

By the construction of IC,,, the map ® is surjective. Moreover, its kernel agrees with
the normal bundle Ny, /7 of X x M in T (as rel-C* manifolds over M). Fixing

a splitting L: Ob — &|7 of ® we obtain that the two-term complexes associated to
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GW invariants defined via global Kuranishi charts 821

Kon and K, respectively, are quasi-isomorphic in the sense of Lemma A.8, whence
the claim follows. 0

Remark 3.3. — This argument can be applied in any situation where M ; (X, A)
is smooth with obstruction bundle Ob to see that

—J vir —J
(M),(X, 4] =e(0b)n [M,, (X, 4)]
under the identification of the dual of Cech cohomology with singular homology.

We observe the following vanishing statement, alluded to in [KM94]. See [RT97,
Proposition 2.14(3)] for the same statement in their setting.

LEMMA 3.4. — If (1 — g)(dim¢(X) — 3) + 2(c1(Tx), A) < 0, then GW;f;:fA =
for any n > 0.
Proof. — Let (G, T,E,s) be a global Kuranishi chart for ./\7; (X,A) and let

(G, Tn,En,5,) be the induced global Kuranishi chart for M ; (X, A). By construc-
tion, there exist equivariant maps m,: 7, — T and 7,: &, = m;€ — & satisfying
TnSn = $nTn. As |§°7¢ /| > dim(7T/G), it follows that s)7¢, /¢ = 78" 7¢/ = 0. O

3.2. Fundamental class axiom

Following [KM94], we call the pair (g,n) of nonnegative integers basic if it is an
element of {(0,3),(0,1),(0,2)}.

PROPOSITION 3.5 (Fundamental class). — Suppose n > 1 and (g, n) is not basic.
Then, for ay,...,a,—1 € H*(X;Q) and o € H,(M,,;Q), we have
<O-/1a e, O, 1X7 U);;LL‘,}A - <a17 ooy Qpg 7Tn*o->;f;Lw—17A7

where 1x is the unit of H*(X; Q).

Proof. — Let K be a global Kuranishi chart for M ; (X, A) as given by Construc-
tion 2.2. Let KC,, and K,,_; be the induced global Kuranishi charts for M ; A (X, A) and
/\7;”_1()(, A). Denote by M,, and M,,_; the respective base space. Let 7,: T, —
T.—1 be the forgetful map between the thickenings. By construction, &, = m,&,—1
and s,, = 7:6,_1. We will construct principal H-bundles 7,1 — 7,1 angi T - T
for some compact Lie group H so that the induced forgetful map w,: 7, — Tn_1
satisfies
(3.1) (Tn)1 st™ = st™ mp.

This will prove the claim since the global Kuranishi chart K, determined by the
principal bundle 7; — 7; is equivalent to K, via group enlargement. To this end, let
P,_1/H be a presentation of ./ng_l as a global quotient and let P, be the pullback
of P,_; along the representable morphism m,. Then P,/H is a presentation of Mg,n
and , pulls back to a smooth map P, — P,_1. Set

T="T X, Fe
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for ¢ € {n — 1,n}. By Lemma B.10, 7. — Ty is a principal H-bundle and determines
the global Kuranishi chart

I@ = (G X H,7~2,7~2 X1, €, id Xﬁg)

for M, ,J(X, A). By construction, the square

T T

1
lpn lpnl
Pn — Pn,1

is cartesian. As p,_; is a submersion away from a subset of codimension at least 2,
we can apply Lemma B.9 to deduce the equality in (3.1). 0]

Remark 3.6. — In the case where g = 0 and n = 3, we can apply the same
argument to My 3 and M o, the second of which we formally replace by a point, to
obtain

0 A£0

(3.2) (Qn, a9, 1x)554 = {<a1 -, [X]) A=0

using Lemma 3.2.

3.3. Divisor axiom

The Divisor axiom does not rely on the geometry of the moduli space of stable

curves but is due to the fact that generically a stable map representing A intersects
a divisor Y C X in (PD(Y), A) many points.

PrOPOSITION 3.7 (Divisor). — Suppose (g,n) is not basic and n > 1. For
ag,...,o, € H*(X;Q) with |oy,| =2 and 0 € H, (M, ,—1;Q) we have
(0, ..., Wéaﬁ%&l = (an, A) (o1, ..., 1 a}iﬁ_m.

The first observation is that for suitable auxiliary data, the evaluation maps become
(non-surjective) relative submersions from the thickening to X. Let us introduce the
following definition first.

DEFINITION 3.8. — An unobstructed auxiliary datum o = (VX, Ox (1), p, U, \, k)

n-unobstructed if for any (u,¢,C,xq,...,2,) € 5;7}1(0) and the perturbed opera-
tor (2.4) is surjective when restricted to
(3.3) {€ € O°(C,u*Tx) | £(z) =0} @ H(C, (1,u)*E)

for each 1 <1 < n.

LEMMA 3.9. — Ifa = (VX Ox(1),p,U, )\, k) is an unobstructed auxiliary datum
and n > 1, we can find k > 0 so that a == (V*,0x(1),p,U, \, k) is n-unobstructed.
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Proof. — Observe first that the zero locus 5;#(0) does not depend on the choice
of k. Now given a point (u,t¢,C,xq,...,2,,0,0) in the zero locus of the global Ku-
ranishi chart I, ,,, set

Vi = {& € C(C,u"Tx) | &(k(:)) = 0}

and let D; be the restriction of D := Dd;(u') to V;. Since V; is of finite codimension,
D; extends to a Fredholm operator

D;: V7 W (O Ty ) — W2 (O, 0% @c u " T ) |

!

on the Sobolev completion of V; for ¢ sufficiently large, whose formal adjoint is given

by D* post-composed with the orthogonal projection onto Vf—m. The proof of the
existence of k so that the map
Oy HO(C, (V,u)* Ey) — Q%1 (C~'/.u/*TX) :n— (n)ode
surjects onto the cokernel of D,/ relies on [AMS21, Proposition 6.26]. Explicitly, it
shows that for any element ¢ € ker(D,/) we can find k. > 1and ne H(C', (V/,u)* Ey,)
so that
(Pi(n),C)rz #0

for k > k.. Taking a (necessarily finite) basis of ker(D*), one obtains k; by taking
the maximum of the associated integers k.. We claim that both steps also work with
D; instead of D,,. Indeed, the first step only uses the continuity of . Choosing ¢ > 4,
this is given for any element of the domain of D},. Since ker(Dy) is finite-dimensional
as well, we may thus argue as in [AMS21, Proposition 6.26] to find k,; so that ®
surjects onto the cokernel of D; for any k' > k;u,i. Using the same argument as
in [HS24, Lemma 4.19] together with the fact that the codimension of (3.3) in
C>(C,u*Tx) ® H*(C, (1,u)*E) is constant and finite, the existence of k; > k with
k; > ky,; for any u now follows from the compactness of 5;}1(0). Taking k= max; k;,
the auxiliary datum a = (VX,0x(1),p,U, %) has the desired property. O

LEMMA 3.10. — If « is an n-unobstructed auxiliary datum, the evaluation map
ev;: T, — X is a relative submersion for 1 < j < n, possibly after shrinking T,.

Proof. — Given y = (u,1,C" 21, ..., &) € 5,5(0) with image (v, ¢, C") € s,(0),
let k: C'— C’ be the canonical contraction map. Let v € Tu@j)X = Tu(u(z;)X be
arbitrary. Extend it to a vector field £ € C*(C', v *Tx) and let (&,m1) € ker(Dy +
(-y o d') be such that & (k(z;)) = 0 and D& + (1) o de = —Dy€. Let &,€ and 7
be the pullback to an element of C°°(C,u*Tx), respectively H°(C, (1, u)*E). Since ¢
is constant on the irreducible components of C' contracted by k, we have

(& + &) € ker(Dy + () 0de) = T, Tarm
and
dev(y)(& + & m) = &(k(z;)) = v. O

Let now Y C X be a smooth hypersurface Poincaré dual to a class v € H*(X,Q),
possibly first multiplying v by a large integer. Let /C,, be a global Kuranishi chart for
M gj’ (X, A) satisfying the conclusion of Lemma 3.10. Let Ky be the global Kuranishi

TOME 8 (2025)



824 A. HIRSCHI

chart with thickening Ty = ev, L(Y) and all other data given by restriction. Set
My :=s3(0)/G and let j: Ty /G < T, /G be the inclusion. By Proposition A.7,

Jx [/Wy}m =ev, YN [/W;n(X, A)}

The forgetful map m, restricts to a proper map 7y — 7,1 of manifolds of the
same dimension.

vir

—J

LEMMA 3.11. — 7, {/WY}VH = (v, A) [/\/lg’n_l(X, A)}Vir.

Proof. — We show that the restriction 7: Ty — 7,_1 has degree (v, A). It suffices
to check the claim for a generic point in each connected component of 7,_;. Since
T._1 is a covering of a space of regular stable maps, we may choose each such point
to have smooth domain. Fix y = [u,¢,C,x1,..., 2, 1,a,n] in T,_; with u Y. By
the definition of 7, and 7,_; we can find a neighbourhood U C 7,1 of y so that
any curve in U intersects Y transversely and

U=V xB

where V' C M,,_1 and B C T7,,_,/m,_,,y are open neighbourhoods of the image of y,
respectively, the origin. Recall that 7: 7,, — 7,_; fits into the cartesian square

e
T —— Taa

J |

Uy
Mn z MTL—l

where the vertical maps are topological submersions and the horizontal maps are
submersions over a neighbourhood of y, respectively, of the image of y in M,,_;. As
the domain C' of y is smooth, the relative smooth structure on 7,_1, and thus 7,
extends to a smooth structure. However, we will only use that 7,1 has a relative
smooth structure over M,,_;.

After shrinking V', we have

7 U) =T X, m, ' (V) 2V, .1 x C x B

and the (relative) differential of ev,, at z € 7, '({y}) = C is given by
T,C x B — Ty X : (v,8) — du(x)v + &(z).
The orientation of T, /um, . is induced by it being the kernel of T /i, . —

Tu@)X/Tu@Y - As du(z) induces a complex linear isomorphism to Ty X/Tu@)Y,
we are reduced to showing that, given an exact sequence

0— W — Vo L22fore,

for a real-linear map f and a € C*, the projection W — V is an orientation-
preserving isomorphism. This follows from the fact that z — —az is complex linear
and thus orientation preserving. Hence

deg(my)= Y sign(dn(x)= Y ind(wY.x)=(y,4). O
zem1({y}) zem H({y})

The Divisor axiom is an immediate consequence.

C—0
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3.4. Splitting axiom

Fix g = go + g1 and n = ng +ny with n; > 0 and 2g; — 2 +n; +1 > 0. Let
S C {1,...,n} be a subset with |S| = ny. The clutching map

ps: Mgy ner1 X Mg ngt1 > Mgn

given by gluing two curves together at the (ng + 1)™ and first marked point and
renumbering according to the partition induced by S is a closed local immersion.
This map lifts to maps

Ys.x: /\7;)’”0+1(X, AQ) X x '/\75;]1,711+1(X’ Al) — M;n(X, AO +A1)

Together with the clutching maps described in the next subsection, the images of
the maps (g form the boundary divisor of M, ,,. The same is true for moduli spaces
of stable maps, where one has an additional choice of how to “split” the homology
class. The Splitting axiom is an algebraic reflection thereof.

PROPOSITION 3.12 (Splitting). — Write PD(X) = Y ;77 X i for v;,v) €
H*(X;Q). We have

X,w
(al,...,an;gos*(%@gl))gm,A
X,w
_ €a,S iy ,
= (-1) > X <O‘fo(1)v"'7afo(”0)’%’00>g no+1,A
wa G 0,n0+1,A0
< , . >X,w
Yir Cf1(2)5 - A1 (a+1)5 O1) gy g +1,4,

for any o, ... 0, € H*(X;Q) and 0, € H, (Mg, »,+1;Q), where
€as={i<jli€S i¢S, |ail oy €2Z+1}].

By Lemma 3.1, we may assume S = {1,...,n} and omit it from the notation.
The domain of ¢x admits a global Kuranishi chart Ky no+1,40 Xx Kgini41,4, Of
the expected virtual dimension by Lemma 3.10, which embeds into Ky no+1,4, X
Kg1n1+41,4,- For the sake of brevity, we denote the base space of K, 4 by M. For

0<my <m, let /(/l\gomo,mo be the preimage of M under

pn : Mgy ngt1 (PN,mO) Xpn Mg, nyt1 (IP’N, m1> — M, (PN,m)

and set
Maon = |_| M go,n0,mo-
0<mo<m
LEMMA 3.13. — Mg, ny.mo IS @ complex manifold of the expected dimension.

Proof. — Suppose gpn ([t, C,z.], [V, C', 2)]) = [u, X, y.| € M. As the normalisation
of L is & = CUC’ and u is unobstructed, so are ¢ and /. If p is an automorphism of
(t,C,x,), it can be extended by the identity to an automorphism of (u, 3, y.). Hence
p = id¢. Similarly, we see that (¢/,C”, z’) has no isotropy. Thus, we may conclude

by [RRS08]. O

TOME 8 (2025)



826 A. HIRSCHI

Denote by @: /(/l\gom0 — M the map induced by @p~. It is a PGL¢(N + 1)-
equivariant immersion whose image has normal crossing singularities. Hence, $* Ky ,, 4
is a global Kuranishi chart whose thickening M\gomo X m Tgn,a admits a canonical
relative smooth structure over /(/l\goyno.

Let [u,C, x| € M;n(X, A) lie in the image of ¢x. Any splitting of the domain
into two curves of the prescribed genus and prescribed set of points defines (via
the restriction of a framing coming from £,) a unique element in the image of .
Conversely, any decomposition of the domain of the framing leads to a corresponding
splitting of [u, C, z.], where the degree of the restrictions of u may vary. This shows
that Ky n, = @ Kgn,a is a global Kuranishi chart for

Mapno(X) = || M oir(X, Ag) xx M

Apg+A1=A

J
g1,mi+1

(X, Ay).

: ! -
as 1s ’Cg,n,A — |_|A0+A1:A ’Cgo,no-ﬁ-l,Ao XX ]Cgl,n1+1,z41'
LEMMA 3.14. — Ky, n, and K, , 4 are equivalent.

Proof. — This follows from a double-sum construction as in [HS24, Section 6.1].
O

We can now prove Proposition 3.12. The strategy of proof is the same as in
Proposition 3.5 with the additional complication that ¢ is not the pullback of .

Proof. — We first sketch the proof in the case of genus zero. In higher genus, the
fact that we have to take the fibre products of orbifolds adds a layer of complexity;
however, the strategy is the same. Factor ¢: My, ,, — M as

— 19 R R S0/
Moy == M x gz (Mongir X Mo, 11) = M.

Then M X Moun (/Womﬂ X Mo,nlﬂ) is a quasi-projective variety over C but not
necessarily smooth. However, it is a homology Q-manifold. As ¢’ is the pullback of the
clutching map on the level of moduli space of stable curves, it is a closed immersion of
schemes. We will show below that ¢ has degree 1. Lifting this factorisation to the level
of thickenings, we obtain that @, st* = st* ¢, as maps H*(Mo o1 X Mo, 11; Q) —
H*(T/G;Q) by the results of the Appendix B.

For the general case, let P/H be a presentation of M,,, as a global quotient.
By [ACG11, Proposition 11.5.12], we may assume that P C M, (P ¢ + g) for

some ¢ > 1. As ¢ is representable by [ACG11, Proposition 12.10.11], P' :== P X My
(Mo not1 X Mg, ni+1) is a G-smooth manifold with P'/H representing M, ;11 X

Mg, ny41. Moreover, N :== P x M, M is a principal G'-bundle over M, while

—~

/
>< — —
MQO’”O+1 XMgl,n1+1 MQOJlO

Ngo,no =N XM Mgo,no =P

is one over /(/l\gom. Denote by st: N'— M., and st: Ny g — Mg ngr1 X My, i1
the induced stabilisation maps. Let ¢: N, ,, — N be the morphism of principal
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bundles covering . The diagram

Noo.no : N’ : N

\ lst },t

_ _ o  —
Mg g1 X Mg i1 —— My,

commutes, where ¢ = ¢'9 and N/ = P’ x p N, so the square is cartesian. To see that
¥ is a birational equivalence, let N\ C A7 be the preimage (under N — N — M)
of the subset of M consisting of curves with one node. As all elements of M
are unobstructed, the complement of N\ is of codimension at least 2. It follows
from a straightforward consideration of the fibre product N’ that the induced map
N aone N's™ ig an isomorphism. Thus, ¢ is a birational equivalence. In particular,
it has degree 1. N

Pull back lﬁgm along Ny, n, — My, n, and change the covering group from G to
G x G’ to obtain an equivalent global Kuranishi chart I@ﬁgm. Define ICg\’fn analogously
to obtain a global Kuranishi chart, which is rel-C* over N and equivalent to K, .
The pullback of ¢ to a map between thickenings descends to ¢ x when restricted to
the zero locus of the obstruction section. It factors as ¢ = @', which are lifts of ¢’

respectively 1. Then ¥ has degree 1, so ¢ satisfies
@ st™ = st*

as maps H*(Mgy i1 X Mgy mi1;Q) — H*(TV /G x H;Q) by Lemma B.6 and
Lemma B.9. As the obstruction bundle of Kﬁg,n , is the pullback of the obstruction
bundle of K, this shows that

g?”’

" —J —J vir
B 5 e (36070 My sgen (X, A0) xx My, (X, A0)] ™)
A0+A1=A

= st*(pm) N [, (X, 4)] "

for any v € H*(Mgynos1 X Mg, n,+1; Q). Applying Proposition A.7 to K, 4, we

obtain an expression for the left hand side that exactly gives the Splitting axiom. [

3.5. Genus reduction axiom

Fix g and n > 2 and let ev,,_; , be the evaluation at the marked points labelled by
n — 1 and n. Given an almost complex manifold (Y, Jy) and B € Hy(Y,Z), define

./\79,”(}/, B; JY)n—l,n = eV;il,n(AY) C Mg,n(ya B; JY)-
Let
wY : -/Wg,n(}/a Ba JY)nfl,n — Mngl,an(Ya 37 JY)

be given by gluing the (n — 1)™® and the nmhimarked point of the domain together.
It covers the corresponding smooth map 9: M, — M1 9.
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PROPOSITION 3.15 (Genus reduction). — We have
X7 . X7
<Oz17 e, 09, PD(A)(), 0->g,na:A = <O_/1, vy, Oy 9, ¢*U>g+ﬁ,n—2,A

for any ay, ..., 09 € H*(X;Q) and 0 € H,(M,,; Q).

LEMMA 3.16. — The preimage

T X

M = 7,/1]};% (./\/194_1’,,1_2 (PN,m)) c M, (]P’N,m)

is a smooth manifold of the expected dimension. The induced map {pn: M =

M1 _o(PY,m) is smooth and G-equivariant. It factors as the composition of a
double cover with a map which is generically an embedding.

Proof. — Suppose ¢pn ([t, C,x,]) = [/, C", 2] and let p € Aut(e,C,z,). Then p
descends to an automorphism of (¢//,C" ), which has to be the identity, as the

later stable map has no nontrivial automorphisms by definition. As the gluing map
k: C'— (" is injective on a dense subset, p = idc. We have a short exact sequence

0 — k" Opn (1) — *Opn (1) — C, — 0,

where C, denotes the skyscraper sheaf over z and the last map is given by s —
$(xp—1) — s(z,) (using a trivialisation of Opn (1) near ¢(x,,)). Part of its long exact
sequence is

0=H'(C',/"Opn(1)) — H' (C,1"Opn (1)) — H'({z},C) = 0.

Hence ¢ is unobstructed.

7,/2 acts smoothly on M by permuting the last two points and ¢p~ factors through
M/(Z/2). As p is an immersion and M/(Z/2) — M, (P, m) is injective
over the locus of curves with smooth domain, the claim follows. 0

Let K, 4 be a global Kuranishi chart for M g{ (X, A) satisfying the conclusion of

Lemma 3.10 and let Kyyq,-24 be a global Kuranishi chart for M;n(X, A). Note
that these charts are not related in any way.

By Lemma 3.16, the pullback global Kuranishi chart ¢pxKy 4 is a well-defined
global Kuranishi chart whose thickening is relatively smooth over M. Meanwhile, let
K’ be the global Kuranishi chart with thickening 77 = ev;!; ,,(Ax) and whose other
data are given by restriction from Ky, 4. As before, a double-sum construction as
in [HS24, Section 5.1] can be used to show that X' and ¢jxKyi1,—2 are equivalent

global Kuranishi charts for M ; (XL A) .
Pulling back ¢3x/KCyi1,—0 along N — ./\7;+1’n72(IP>N,m) and taking the product
of the covering group with G’, we obtain an equivalent global Kuranishi chart

/€g+1,n_g for /\7;”()(, A);—1n. The proof of Proposition 3.12 now carries over in a
straightforward manner.
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4. Gravitational descendants

The cohomology ring of M, ,, for higher genus is still relatively unknown. However,
it admits a subring, the tautological ring, which is relatively computable, [Pix13]. The
tautological ring is generated by the Chern classes of the tautological line bundles,
as well as pushforwards of these classes under the forgetful and clutching maps,
[FP00b, Section 0.3]. This section defines v-classes for moduli spaces of stable maps
and proves a generalisation of the Kontsevich—-Manin axioms.

DEFINITION 4.1. — Given an n-pointed family (n: C — V,01,...,0,) of stable
curves and i < n, we define the i tautological line bundle of V to be LY =
o} (ker(dm)*). We define the i*" 1-class to be

v o= (]Ly) € H*(V; 7).

The Hodge bundle of C — V is the complex rank-g vector bundle EV := mwe v The
A-classes are
)\}} = ¢ (EV) .

These vector bundles patch together to form orbibundles, the i*" tautological line
bundle, respectively the Hodge bundle, on the Deligne-Mumford stack M,,. In
this case, or if the family V is clear from the context, we omit the superscripts.
See [HKK™03, Chapter 25] and [FP00a] for context and relations satisfied by the
integrals of these classes.

Fix a closed symplectic manifold (X, w) and let J € J,(X,w) and A € Hy(X;7Z).

Let K, = (G, Tp/ M., En,5,) be a global Kuranishi chart for /Wg{n(X, A) as
given by Construction 2.2. Recall that M, is a G-invariant open subset of the
automorphism-free locus of regular maps in M, ,(PY m), where m = N + g and
N > 1. It admits a quasi-projective smooth universal family U,, = M, 1 on which
G = PU(N + 1) acts smoothly. Let II,,: 7,, = M,, be the structure map and define

L =Ly = IT, (L) E = IIj, (EM").

They are, by definition, relatively smooth vector bundles over 7,. The G-action on
T, lifts to a fibrewise linear G-action on L; and E. Define

wi = ¢n,i = (LZ/G) )‘j = CJ<E/G)
in H*(7T/G;Q). They restrict to classes on M;n(X, A), also denoted v; and .

LEMMA 4.2. — The - and \-classes of./W;n(X, A) are independent of the choice
of unobstructed auxiliary datum.

Proof. — Given two unobstructed auxiliary data, we obtain global Kuranishi charts
K0 and K; with base space Mo C M, (P, mg) and M; C M, (P, m;) respec-
tively. By [HS24, Section 6.1] there exists a double-sum global Kuranishi chart of
/W;n(X, A) with covering group Gp x G and base Mo, C M, (PN x PN (my,my))
contained in ®~1(Ny x N}) such that the projections Ny and N; do not collapse irre-
ducible components of the domains. The induced map ®;: Ny; — N is a principal
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Gj~bundle (for {j,j'} ={0,1}), so
LMo = Mo
i j

In particular, L{\/m is a principal Gj-bundle over Lﬁvj; hence cl(Lﬁvm)GOXgl =
iy (]L;vj)gj. Pulling these relations back to the thickening of the double-sum Ku-
ranishi chart, we obtain the claim. O

In particular, if M g{ (X, A) is unobstructed, we recover the standard definition of
the 1- and A-classes.

Proof. — Given two unobstructed auxiliary data, we obtain global Kuranishi charts
K0 and K with base space My C M, (P, mg) and M; C M, ,,(P**, my) respec-
tively. By [HS24, Section 6.1] there exists a double-sum global Kuranishi chart of
M;n(X, A) with covering group G x G and base My, C M, (PY x PN (my, my))
contained in ®~1(ANjy x N}) such that the projections Ny and N; do not collapse irre-

ducible components of the domains. The induced map ®;: My, — N is a principal
Gj~bundle (for {j,j'} ={0,1}), so

N N
L’L 0l — ®;LZ J.

In particular, Lévm is a principal Gj-bundle over L;vj; hence cl(Lfvm)Goxgl =
iey (L;\G)Gj. Pulling these relations back to the thickening of the double-sum Ku-
ranishi chart, we obtain the claim. O

Fix now a global Kuranishi chart K, as given by Construction 2.2 with base
space M,, and structure map II,: 7T, - M,,. Recall that M,, is the preimage of
M, (PN, m) under the forgetful map M, (PY,m) — M,,(PY,m) for any n; in
particular, the forgetful maps restrict to proper smooth maps M, 1 — M, with
canonical sections o; = afn): M, — M, 1. We abbreviate D, ,; = im(ai(")) and
set

Dny1i(A) =T (Dysri)  Dasri(A) = Dop1i(A)/G.

n

Dy114(A) is an oriented suborbifold of 7,41/G with Poincaré dual D,i1,4 =

IT* PD(Dy14).

DEFINITION 4.3. — The descendent Gromov—Witten invariant (or gravitational
descendant) of (X,w) associated to (A, g,n) is

. Xw . k1 * kn * *PD —J X A vir
<Tk1a1’ w00 Tha Ons O->Avg,n '_ 1 evyiay - ¢n ev,, oy, - st (0)7 Mg,n( ) )

forky, ...k, 2 0,0q,...,0q, € H*(X;Q) and o € H,(My,,; Q). The Hodge integrals
of X are the numbers

</\?1 e /\Zg ) /161 evyag .- ¢7’§n evy a, - st* PD(0), [M;n(X, A)]m> ,
where b, ...,by > 0 are integers.

Remark 4.4. — Given a different J' € J,(X,w), a cobordism between two global
Kuranishi charts for ./\79{ (X, A) and ./Wg{ (X, A) is constructed in [HS24, Sec-

tion 6.2]. These two global Kuranishi charts have the same base space M and
the cobordism between them is a rel-C'* manifold with boundary over M. Thus, the
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pullback of LM extends to an equivariant line bundle over the cobordism, showing
that the gravitational descendants of X do not depend on the choice of w-tame
almost complex structure.

Remark 4.5. — There are several slightly different definitions of descendent GW
invariants in the literature. The v-classes in [RT97] are defined to be the pullbacks

st* wiM *" of the 1-classes on the moduli space of these curves. These (respectively
a slightly modified definition thereof) are called gravitational ancestors in [Giv0la]
and differ from our definition of ¢-classes. In [KM98], whose definition agrees with
ours, the exact relationship between the two definitions is elucidated. In [KKPO03],
the enumerative modified ¢-classes 1; are defined, which satisfy 7" Hzﬁm =1, 1o

where 1 ; is the 1)-class on ./Wg{k(X, A).

LEMMA 4.6. — Let my41: M;nJrl(X, A) — M;n(X, A) be the forgetful map.
Then

(4.1) Ung1,i = Ty Uni + Digria
in Hg(Myy1,Q). Moreover, 141, - Dpy1ia = 0.

Proof. — This is classical. Let U = My, 11 \ Dpy14. Given [, C,xq, ..., 2p41] € U,
the forgetful map 7, does not change the irreducible component of C' containing x;.
Thus, L; == L; @, Ly ! is trivial over U. Set p = 01" Vo™ and V := im(p). Then,

7 7

) (e 5315) - (o

As the normal bundle of D, is (a-("ﬂ))*wﬂn .., it remains to show that p*ws, .,

7
is equivariantly trivial. Let 7: M,, 1 — M, be the map, which forgets all marked
points except the first, i and last two ones. Then 7 is G-equivariant and maps

Di,n+2 to

Mmg XpN (PN X MOA) = MQ X ./\7(),4
and \ito My x {*} under this identification. Hence, p*w ! = T TR, .| v 18 trivial.
If t: Dyy1i = Myy1/G is the inclusion, then

¢n+1,i,G’ : PD (Dn+17i) = L1C1 (p*wﬂ.n+2>G = 0
Thus, the last claim follows from Lemma B.7. ]

There are three further relations between the Gromov—Witten invariants that take
1-classes into account. The first one generalises the Fundamental Class axiom, while
the third corresponds to the Divisor axiom in Section 3. Denote by 1x the unit of
H*(X;Q) and formally treat M, as a point if 2g — 2 +n < 0.

PROPOSITION 4.7 (String equation). — We have
(4.2) (T, a1, .oy Thy Oy 1x 0}2(7’;n+1 = (Th Q1y -+ oy Thy, Qi 7rn+1*a)1)4(7’;n
n
=+ Z <Tk1041, N ,TkiflOéi, Ce ,Tknan; 7Tn+1*(PD(UZ'> N U))f:;n
i=1
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for any ay,...,a, € H*(X;Q) and 0 € H.(M,,41;Q). In particular, if 0 =
Mg n+1], then

J— Xw
<7’k1a1, ey Thy, Oy Ly {/\/lg,n+1} >A7g’n+1
n J— X,w
:Z<Tk1041,...,Tkiflai,...,TknOén; |:Mg’n:|>A .
. 7g7n
=1
Proof. — Write av:= oy X - -+ X o, and f := PD(0). By (4.1),
1y X,w
<Tk10517 vy Ty Oy Lx5 J>A,g,n+1

B <ﬁ (7T:L+1¢i + Dn+1,i,A)ki S evia,stt BN {/Wg{nﬂ(X, A)}Vir>

i=1
Note that
Dypy1,NDpyr; =10
for ¢ # j. Thus, it follows from induction and the last assertion of Lemma 4.6 that
. * ki * s k; S dij * ki—6ij
H1 (Wn+11/1z‘ + Dn—l—l,i,A) = Tpi1 1—[1 Yt + 21 H1 Dy a7
i= i= J=1i=

By the Fundamental Class axiom, Proposition 3.5,

N —J vir " —J vir
Tn+1y4 (St PD<T> A [Mg,n+1 (X7 A)} ) = st (Trn—l-l*T) N [Mg,n+1 (X7 A)} )
so (4.2) follows from the equality D,,11,; 4 = st* PD(o;). O
ProprosITION 4.8 (Dilaton equation). — We have
X,w X,w
<7'k10{1, vy Tk Qiny 7—11X; 71—;+10>A,g,n+1 = (2g -2+ n) <7—k71a17 ooy Thyp O CT>A,g,n

for any o, ...,a, € H*(X;Q) and 0 € H, (M, ,,; Q).
Proof. — By (the proof of) [Man99, Lemma VI.3.7.2],

(4.3) U:z+1w7rn+2 = Wi (Z 01(71))
i=1

as G-equivariant line bundles. Hence, V11,6 = c1(wr, 1 )a + Xiei Gint1,6- As M,
is automorphism-free, the forgetful map m,.1: M, 1 — M,, is its universal curve,
and we have

deg(wn,,,|c) =29 — 2

for any fibre C' of m,11. As Tho1 = T X, Myy1, the same is true for 7,41 — 7.
Thus,

Tt (41 5t PD(0) - s N [Tos1]) = (29 — 24 n) st* PD(0) N [T5].

Since (4.3) is an equivariant isomorphism, we obtain the same equality in equivariant
cohomology, and thus on the level of the quotient spaces:

Tnils (ﬂ;H st* PD(0) - nt1.c N [’EH/G]) = (29 —2+n) st"PD(o)N[T,/G].
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All other terms vanish because

zﬂn+1,G : 5n+,j,G = Cl<wﬂn+1 (Dn+1,j))G : 5n+1,j,G + Z 6n+1,i,G : 5n+1,j,G =0.

i#j
This completes the proof since both the obstruction bundle and section of C,, 1 are
pullbacks of the relevant datum of K, by m,.1. ]
ProprosITION 4.9 (Divisor equation). — Let

71—7!14—1: H*(Mg,n; Q) — H*+2 (Mg,n-i-l; Q)

be the exceptional pullback. Then

X,w
(44) <7'k10é1, ey Th Oy Y5 7T7!.L+1O'>Ag it = <% A) <7—k1041a vy Tl Ol U)i(:;n
+ Z <Tk1a17 s 7Tk¢—1(ai ’ ’7)7 s Thy Qs O->§:;n

for any ay,...,a, € H*(X;Q) and 0 € H,(M,,; Q).

Proof. — Let a == a3 X -+ X a,. By Lemma 4.6, the left-hand side of (4.4) splits
into a sum of terms, one of which is

<7T;k7,+1 (ev* a-I] 7/’212 st PD(“)) y €V Y N [Mg w1 (X A)}Vlr>
i=1
= <7a A> <Tk1@17 ooy Tk Onj J)i(,’;jn

by Proposition 3.7. The other terms are given by
ki—di; " " vir
< n+1 (ev Q- H w - st PD(U)) . Dn+l,j,A VLY |:Mg n+1 (X A):| >

< il <ev o X Hwk S0 gt PD(O’)) eviy - Dpiyja, {Mg g1 (X, A)}Vlr>

X,w

= <Tk1a1, e Ty 1 )5 T, O J>A’g’n

for 1 < j < n. We use in the second equality that ev,, |4 |5n+1 () =evj |5n+1 L(A)- O

5. Virtual localisation and equivariant GW theory

In this section, we define global Kuranishi charts endowed with a compatible group
action and construct an equivariant virtual fundamental class. We prove a localisation
formula analogous to [GP99] in the setting of global Kuranishi charts, Theorem 5.13,
and show that it applies to the equivariant GW invariants of Hamiltonian symplectic
manifolds constructed in Section 5.3. We use it to give a formula for the equivariant
GW invariants of a GKM Hamiltonian manifold in Section 5.4.
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5.1. Equivariant virtual fundamental classes

We define what it means for a global Kuranishi chart to carry a compatible
group action and construct the associated equivariant virtual fundamental class.
The technical background for this can be found in Section B.3. The construction can
be considered a special case of parameterised virtual fundamental classes.

DEFINITION 5.1. — Suppose K is a compact Lie group acting on a space M. A
K-equivariant global Kuranishi chart (IC, G) for 9 consists of a global Kuranishi
chart K = (G, T,E,s) for M together with an extension

1l —G—G—K-—1

of compact Lie groups so that:
e the G-actions on T and & extend to G-actions,
e all maps are é—equivariant,
e the induced action of K on s71(0)/G agrees with the action of K on 9 under
the homeomorphism s~1(0)/G = 9.
We say it is a rel-C* K-equivariant global Kuranishi chart if it is rel-C'*® over a base
space S so that T — S is K-invariant and G acts by rel-C* diffeomorphisms.

In the examples we consider later, we have G = G x K.

DEFINITION 5.2. — Let (K,G) be an oriented global Kuranishi chart for a
T-space 9. The equivariant virtual fundamental class [DM]}¥ is the element of
HomH?<(H;‘<+Vdim(9ﬁ; Q), H};) given by the composite

Jr/s

(51> H*+Vd1m(9:n Q) s*1x (E/G)- H;(—l—]?clm T/G) (T/G @) H*

where the subscript fc denotes cohomology with fibrewise compact support (of the
fibration (T /G)x — BK) and Hj, = Hj;(pt; Q).

Here we use that 5 5
i (Q) = lim H (W;Q)
w2
where we take the direct limit over open K-invariant neighbourhoods of 9t in 7/G.
The first map in (5.1) is induced by the composition

Hie(W; Q) T2 O | o @) = BTG Q)
— HMOUT/6 Q)
while the second map is the trace map of (7/G)x — BK defined in Section B.3.

LEMMA 5.3. — If K acts freely on 9 and K is a K-compatible global Kuranishi

chart, then the equivariant virtual fundamental class [9N]} vanishes.

Proof. — Write K = (G,T,&,s). As K acts freely in a neighbourhood of 9t in
T /G, we may shrink the thickening and assume K acts freely on all of 7/G. Then

H?;?<T/G)+*(T/G; Q) — Hj(pt; Q) vanishes, and thus so does [9]}3. O
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Remark 5.4. — By Corollary B.13 we have a commutative square

rrvdim 4 [m]Vir *
O Q) — Hiy(pt; Q)

(5.2) J J

im0, Q) 2 HO(pt; Q)

allowing us to recover DN partially from [90]7F.

The arguments of the Appendix A can be carried over to the equivariant set-
ting using Lemma B.15. We obtain the analogous statement for equivariant virtual
fundamental classes.

PROPOSITION 5.5. — Suppose j: K' — K is a rel-C* embedding of oriented
global Kuranishi charts as in Proposition A.7 and that K acts relatively smoothly
on each global Kuranishi chart. If the embedding is K-equivariant, then

Js (eKXG(j*g/g/) n [9)2’]?") = PDgxa(T") N[

Remark 5.6. — Suppose 91 is a moduli space parameterised by a topological
space B. Using the obvious definition of a parameterised global Kuranishi chart, the
results in SectionB.3 allow for the definition of a parameterised virtual fundamental
class of the form

(N5 H}’Sler*(Qﬁ; Q) — H*(B;Q).
In particular, by Lemma B.12 and Lemma B.14, the results of the Appendix A
generalise to this setting. The equivariant virtual fundamental class defined here is

just a special case of this construction. This is also discussed (for smooth parameter
spaces) in [AMS24, Section 4.7].

5.2. Virtual localisation

We recall the following localisation theorem, due to [AB84, Hsi75].

THEOREM 5.7 (Localisation formula). — Let M be a closed smooth manifold
equipped with a smooth action by a torus T. Then the restriction Hi(M;Q) —
H:(M?™; Q) becomes an isomorphism after tensoring with the fraction field of Hz.

We first discuss a generalisation of this result to orbifolds. This is classical,
cf. [Mei98, Theorem 2.1], but all accounts we found required the manifold and
the group action to be smooth, so we first explain how to adapt the argument to
our slightly more general situation.

For the subsequent discussion, let M be a topological manifold and T = (S*)*
a torus. Suppose M is equipped with a locally linear G-action, where 1 — G —
G — T — 1 is an extension by compact Lie groups and G acts almost freely
on M. In particular, we obtain an orbifold structure on M /G given by the groupoid
[M/G] = [G x M = M] as discussed in Appendix B. The G-action induces to a
T-action on [M/G], as well as on the coarse moduli space M/G.
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LEMMA 5.8. — Each component of the fixed point locus (M/G)" of the quotient
is a canonical suborbifold of [M/G].

By slight abuse of notation, we denote the union of these components with their
respective orbifold structure by [M/G]".

Proof. —Let q: M — M =M /G be the quotient map, and set M4 :=q~1((M/G)").
Then x € M% if and only if for any ¢ € T with lift § € G, we have § -z = ¢ - = for
some g € G. As G acts almost freely and T is connected, this is shows that

MY = {y € M|dim(G,) = dim(T)} .

Let y € M9 be arbitrary and fix a local slice S C M of the G-orbit through y. Then
y' € S := SN M9/ if and only if the identity component G 10 of G  agrees with Gy 0-
This ShOWS that S is a submanifold of S. Moreover, an open nelghbourhood U of
y in M is given by

(5.3) U%GXQS“

It follows that each path component of M% is a locally flat submanifold of M, on
which G acts almost freely and locally linearly. O

LEMMA 5.9. — Suppose the tangent microbundle T,,M admits a é—equivariant
vector bundle Iift E with a subbundle E' C E so that E'|g() is a vector bundle
lift of T,,(G - x). Then the embedding j: [M/G|" — [M/G] admits a T-equivariant
normal bundle.

Proof. — Let V. C E be a G-invariant complement of E’ and given a path-
component M, of M%7, define

Ny = {(J],U) S V|M>\

ageéw:@u¢u}

By definition, there exists a G-equivariant neighbourhood U C E of the zero section
and an equivariant embedding ¢): U — M x M onto a neighbourhood of the diagonal.
Then 1 descends to an open embedding

UNV)/G — M/G x M/G.

Hence, we can think of V/G as an orbibundle lift of the tangent microbundle of
M/G. Let x € M) be arbitrary and let S be a slice through x as in (5.3). By the
choice of S, the stabiliser G, of any 2/ € S is conjugate to a subgroup of G,. Due
to the equivariance of 1, we have pry¢(z,v) € SN M for v € V, if and only if
g-v=wv forany g € éx,o- As G - x C M), this shows that the normal bundle of M),
is given by N). 0

We abbreviate R == Hj(pt; Q) = Qluy, ..., ux] and let @ denote its fraction field.

PropPOSITION 5.10 (Localisation formula). — Suppose [M /G| satisfies the as-
sumptions of Lemma 5.9. Then the inclusion j: [M/G]" — [M/G] induces an iso-
morphism

H ([M/G);Q) @r Q = H; ([M/G]";Q) 0 Q
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with inverse given by T}V)(ﬂM)!' In particular, for o € Hy ([M/G]; Q) we have

(5:4) /M/Ga_Z/A/Ge Ny)

Proof. — By Lemma 5.8, there exists an T-invariant neighbourhood W of
(M/G)" inside M/G and an equivariant retraction r: W — (M/G)'. By (B.2),
we have

7 0(=) =D e(Ny) - — 37" ( ZT e(Na) -
A
Hence it suffices to show that e(N)) is invertible in HT([M,\/G]; Q)®@rQ. As M, /G
has finite cohomological dimension, it suffices to show that the image of e(NN))
in H([M,/G];Q) ®¢ Q is nonzero. This is can be checked at an arbitrary point
T € M, /G and follows from the fact that the G, ¢-action on (N,), has no nonzero
fixed points, whence the T-action on (N,/G)z only fixes the origin. O

Let now 2 be a compact space with an oriented rel-C*> global Kuranishi chart
K= (G, T/M,E,s) over a smooth manifold M. Suppose M admits a T-action and
KC lifts to a rel-C'* equivariant global Kuranishi chart (IC,G). By Lemma 5.8, we
have a decomposition

T =T
A

into its path-components, where the 7 are G-invariant submanifolds of possibly
varying dimension. For each A, we have a splitting €|, = & /{c @ &Y', where

&l ={(we) céln

V@'Eéxyo:fj-e:e},

and £ is a G-invariant complement, the choice of which is irrelevant. Since s is

G-equivariant, s(Th) C & f\c . Moreover, the rank of £ { is constant along 7. This shows
that

LEMMA 5.11. — Ky = (G, Tx, &L, s|7) is a global Kuranishi chart for 90ty =
“10)NT,/G and
= | |9,
By

Our assumptions imply that 7),7 admits a G-equivariant vector bundle lift of T,T,
given by T/ p @7 T, where m: T — M is the structural map. By a straightforward

generalisation of [HS24, Lemma 5.9] to compact groups, the G-action is locally linear,
and we may shrink 7 to assume that the G-action has only finitely many orbit types.

LEMMA 5.12. — Up to replacing K by an equivalent rel-C*> global Kuranishi
chart over M, we may assume that T satisfies the assumptions of Lemma 5.9.

Proof. — By [Las79, Theorem 3.6|, there exists an orthogonal G-representation
V so that 7 x V admits a smooth structure with respect to which the diagonal
G-action is smooth. Moreover, there exists a G-equivariant isomorphism
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by [AMS21, Addendum 4.14]. The infinitesimal action on 7 x V thus provides the
desired embedding (7 x V) x j <= Tr/pm @ 71w ® V. Replacing (G, T,&,s) by
(G, T xV,E xV,s xidy), the claim follows. O

THEOREM 5.13 (Virtual localisation formula). — Let K = (G, T /M,E,s) be a
rel-C'*™ global Kuranishi chart for the T-space 9t and suppose K is equipped with a
compatible rel-C* T-action. Then,

(55) = 5. (T 0 e

in (H}(M Q) © Q)"
Proof. — By definition,

(i) = [ s'ma(e/G) -

for any a € qu;(aﬁ; Q). Thus the claim follows from Proposition 5.5 combined
with (5.4). O

5.3. Equivariant GW invariants

Suppose (X, w) is a closed symplectic manifold equipped with a Hamiltonian action
by a compact connected Lie group K with moment map p. Let A € Hy(X;7Z). We
first note the following compatibility with our construction of a global Kuranishi
chart.

LEMMA 5.14. — If J € J.(X,w) is K-invariant, the following holds.

(1) There exists an unobstructed auxiliary datum (V¥ Ox(1),p,U, \, k) such
that V~ is K-invariant, Ox (1) admits a unitary K-linearisation, and Ny is
K-invariant.

(2) The resulting global Kuranishi chart obtained by [HS24, Construction 3.13]
using this auxiliary datum admits a relatively smooth compatible K-action.

(3) If (VX' Ox:(1),p',U' k') is another unobstructed auxiliary datum satisfying
the conditions of (1), then the associated global Kuranishi charts are equiva-
lent via K-compatible charts such that the moves respect the K-actions. If
J' is another w-compatible almost complex structure such that the K-action
is J'-holomorphic, then the cobordism constructed in [HS24, Section 6.2] can
be chosen to be K-compatible.

Proof. — By [Mun01, Corollary 1.4] we can find a polarisation Ox(1) as in Defini-
tion 2.1(2) such that the K-action on X lifts to a fibrewise linear unitary K-action
on Ox(1). If V¥ is a J-linear connection on T, then so is the connection V¥ ob-

tained by averaging V¥ over K. Given these two data, [HS24, Theorem 3.17] asserts
that we can complete them to an unobstructed auxiliary datum (V*, Ox(1),p, u.k).

Averaging the cut-off functions in ¢ over K and possibly increasing k to k, we ob-
tain an unobstructed auxiliary datum (V*, Ox (1), p,U, \, k) as claimed. By [HS24,
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Construction 3.13], the associated global Kuranishi chart is K-compatible. The state-
ments about relative smoothness follow from the description of its universal property
in [HS24, Definition 5.3]. Finally, (3) can be seen by noting that the proofs of [HS24,

Section 6] carry over verbatim to the equivariant setting. 0
DEFINITION 5.15. — The equivariant Gromov—-Witten invariants of (X,w, ) are

the maps

(5.6) GW,.k

vi

= ((ev X 8t) 1 ) [Mgn(X, A;)J]
where J is any K-invariant w-tame almost complex structure on X. We write

(00, 0 o) f = GW3t (0 % -+ % 0 x PD(0)

o H (X % M 05 Q) — Hi

for a; € H(X;Q) and 0 € H, (M, ,,; Q).
Remark 5.16. — By [Kir84, Proposition 5.8], (X, i) is equivariantly formal. Hence,
we can recover the non-equivariant GW invariants from the equivariant invariants

by (5.2).

PROPOSITION 5.17. — The invariants GW;f;ff satisfy the equivariant analogue

of the Kontsevich—Manin axioms.

Proof. — The equivariant Kontsevich—Manin axioms are the properties of the GW
homomorphisms, considered as maps H*(X"™ x M, ,; Q) — H*(pt; Q), in the setting
of equivariant cohomology. The arguments of Section 3 carry over, using Proposi-
tion 5.5 instead of Proposition A.7. As an example, we discuss the Fundamental
class axiom. It asserts that

<Oél, ey Qg 1X7 O'>;f;;‘_);_/iA = <CY1, <oy Qi 7Tn+1*0'>;f77:jf
as elements of Hj. Let K,, be a global Kuranishi chart for M 9{ n_1(X, A) equipped
with a compatible K-action and let IC,,;; be its pullback along the forgetful map
Tne1- By the proof of Proposition 3.5, we may replace them with global Kuranishi
charts Iﬁn and l%nn + 1 which are still compatible with the group action and where
the forgetful map 7,1 : ’7~;L+1 / G—T / G satisfies

(Tng1 ) st =st™ mpq,

in ordinary cohomology. Now we may conclude by using the straightforward gener-
alisation of Lemma B.9 to equivariant cohomology. The other axioms are left to the
interested reader. U

Set QH} (X, w) = Hj.(X;Q) ®g A and endow it with the product
ax 3= Z (a*ﬂ)Atw(A),

A€ Ha(X;Z)

where

K
(5.7) [ (@xBa-y = GWEH (@ 8,7)
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for any v € Hy(X;Q). By the equivariant Symmetry and Splitting axiom, this is
graded commutative and associative. Note that (5.7) determines (« * )4 uniquely
since (X, p) is equivariantly formal.

5.4. Equivariant GW invariants of Hamiltonian GKM manifolds

Throughout, T will denote a torus. We consider actions satisfying certain condi-
tions, which are essential for our computations later on. These actions are named
after Goresky—Kottwitz—MacPherson, who studied their cohomological properties
in [GKM9S].

DEFINITION 5.18. — An effective T-action on a closed smooth manifold M satis-
fies the GKM condition if
(1) M is equivariantly formal, i.e., HX(M;Z) = H*(M) @ H%,
(2) M" is finite,
(3) for each p € M", the weights of the irreducible T-subrepresentation of T, M
are linearly independent.

By [GKZ22b, Proposition 2.3], this shows that the subspace
My ={reM:dim(T-z) <1}

is a union of cleanly-intersecting spheres. Note that in the Hamiltonian case, condi-
tion (1) is automatically satisfied by [Kir84, Proposition 5.8]. Refer to [Kur09] for
a general introduction to GKM theory. We just mention an important invariant of
GKM manifolds.

DEFINITION 5.19. — Suppose T is a k-dimensional torus with Lie algebra t
and X admits a GKM action by T. Its GKM graph I'x has vertices V(I'x) = XT
with {z,y} € E(I'x) if there exists an T-invariant sphere containing both x and y.
It is equipped with a map V(I'x) — Z{/{x1}, which maps a vertex x to the
corresponding weight of the isotropy representation on T, X.

Example 5.20. — In [Tol98], Tolman constructed a symplectic 6-manifold with
an effective Hamiltonian 7?-action that does not admit an invariant Kéhler form.
The manifold is constructed by gluing two T2-invariant open subsets of projective
manifolds along an invariant hyperplane. It satisfies the GKM condition and her
construction generalises to give an infinite family of such examples, [LP21].

For the rest of this subsection, fix a Hamiltonian T-manifold (X, w, ) that satisfies
the GKM condition. Let Sx = {Si,...,S¢} be the set of T-invariant spheres and fix
an T-invariant almost complex structure J that leaves each T'S; invariant. The virtual
localisation formula, Theorem 5.23, requires notation that will be introduced in the
next subsection. The result relies on Theorem 5.13 and an explicit identification
of the components of the fixed point locus of the moduli space and the relevant
Euler classes. We first identify the components of M ; (X, A)T in Section 5.4.1, and
subsequently state Theorem 5.23. Its proof, that is, the computation of the respective
(fraction of) Euler classes, is carried out in Section 5.4.2.
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5.4.1. Components of the fixed points locus

Due to the GKM assumption, we can associate to each component of M Q{ (X, AT

a unique decorated graph I' as in the case of smooth toric varieties discussed in [GP99,
Liul3]. For this, let

DEFINITION 5.21. — A decorated graph I' = (V(I'), E(I")) is a finite non-empty
graph together with:
(1) a marking A: {1,...,n} — V(I'); denote n, = A~ ({v});
(2) pr: V(') — X maps each vertex to a fixed point;
(3) Sr: E(I') — Sx sends an edge to a T-invariant symplectic sphere so that if
e = {v,v'}, then pr(v),pr(v') € Sr(e);
(4) g: V(I') = Ny associates to each vertex a genus;
(5) d: E(I') — N associates to e a degree.
We denote by E, the set of edges adjacent to the vertex v and decompose the vertex
set as
V(D) =V*C)uv™()uvi(r)yuvm™(r),

where

|
[\
_I._
B
+
5
W

3}

Let F*(I') :=={(e,v) € E(I')xV*(I') | e € E,} be the set of stable flags. We associate
to I' the moduli space

and let or: Mp — /ng be the induced clutching map.

We call two decorated graphs I and I isomorphic if there exists an isomorphism
' — I" of graphs that preserves all decorations. Given A € Hy(X;Z) and g,n > 0,
denote by G, (X, A) the set of isomorphism classes of graphs I' as above such that

Y glv)=yg Y de[Sr(e)] = [A].
veV(I) ec E(I)

In particular, we can think of any [I'] € Gy, (X, A) as a graph equipped with a
morphism I' — I'y of graphs, as well as a labelling and genus and degree decorations.

PROPOSITION 5.22. — There exists a canonical bijection between the components
of M, (X, A)T and G, (X, A).

Proof. — We make a few preliminary observations about the elements of the fixed-
point locus.

Suppose [u,C,z,]| € ./Wg{n(X, A)T and let C' C C be an irreducible component
such that g(C”) > 0 or C" has at least 3 special points. Then for x € C’, its orbit

T u(x) Cu(Aut(C' y1,. .., yx) - ),
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is finite. As T is compact and connected, Ty = T, so u(z) must be a fixed
point. As the fixed points are isolated, u contracts C’ to a single fixed point. If
x € C is an arbitrary point, then T - u(x) C im(u). If v denotes the vector field
associated to & € t, this implies {ve(x), Jvg(x) | € € t} C im(du(z)). As ve(u(z)) ¢
R{vy(u(x)), Ju@)vn(u(z))) for linearly independent &, 7 € t, we have

dim({€ € t | ve(u(@)) £ 0}) < 1.
Thus, im(u) is contained in the union of T-orbits of dimension at most one. If C” is
an irreducible component not contracted by u, then C” is a sphere with at most two
special points. Since the complement of a finite number of points in the sphere is
connected, © maps C’ onto a sphere S € Sx. Hence, it induces a surjective holomor-
phic map u': P — (S, J|s). The S'-action on (S, J|s) induced by u extends to a
holomorphic C*-action with respect to which ' remains invariant (up to automor-
phisms). Identify S with P* and let R > 0 be sufficiently large such that u'~'(S?\Dg)
is a disjoint union of open subsets containing each at most one pole. Suppose v’
has two poles; let v be a path between them that is disjoint from «'~'({0}). Then
there exists t > 0 so that |t - u(y(s))| > R for any s € [0,1]. Let ¢ € PSL¢(2)
be such that ¢ - u = u¢. Then ¢(7y) has endpoints in two distinct components of
w'~'(S%\ Dg), a contradiction. Similarly, v’ has exactly one zero. It now follows
from the Riemann-Hurwitz formula that u’ is totally branched over 0 and oo and of
degree
{w, u[C"])

w(S)

Given a component P of ./\79{”()(, AT and [u,C, z,] € P, we obtain a graph I' €
Gyn(X, A) by setting

deg, (C") =

V(T) == m (u_l (XT))
with an (unoriented) edge connecting Cy and C; in V/(I') if and only if there exists
a non-contracted component C’ so that Cy U C" U (y is a connected, possibly nodal
surface contained in C. Then V*(I") corresponds to connected sub-curves of C' con-
tracted to a point and V"(I") and V™ (I") correspond to nodal, respectively marked
points of vertices lying on an edge, while V*(T") corresponds to non-special branch
points. The decorations are defined in the obvious way. 0

We denote by M(T',J) the component of /\7;”()(, A)T corresponding to I' €
Gyn(X, A).

THEOREM 5.23. — If (X, w, ) is a Hamiltonian T-manifold satisfying the GKM
condition, then its equivariant GW invariants are given by

1 J—
(o1, an; 0>)f;§% = Z ———— (jrevia- o PD(o) - w(['), IMrp
’ TeGyn(X,A) | Aut(I')| < [ Lr>

for any a, ..., o, € Hi(X;Q) and o0 € H,(M,,,; Q).

Here w(T') € H*(Mr; Q) ®rQ is a certain class defined below. Recall that R = H
and @ is its fraction field. Define

w(p) =ep(T,X) and w(S,p) = er(1,5)
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in R for p € XT and S € Sx containing p. For I' € G,,(X, A) and (e,v) € F*(T"), we
set

w(Sr(e), pr(v))
de

w(e7v) = eT(Txe,vCe) = € Q?
where {z.,} = C, N C..

We can now define the cohomology classes on moduli spaces of stable curves that
will appear in the definition of w(I'). Given p € XT and g > 0, define

To(=1)/ A jw(S, p)~7
(5.8) h(p,g) = ng w(5.0) :
peS

where \; is the j™ Hodge class of Mr. For a T-invariant sphere S, write its normal
bundle as

Ngjx =L1® -+ @ Ly,

where L; is a T-invariant complex line bundle of degree a;. Given an integer d > 0,

define
o (_1>dd2d m—1 1
(5.9) h(S,d) = @2 (8, )2 IIo (dw(S7p)veT((Li>p)adai) €Q,

i=1

where p € S N X7 is arbitrary and

{Hogkgr(x_ky)_l r=0

b =
(@.9.7) Ho<k<—r (z+ky) r <0

for z,y € @ so that x ¢ Zy, and r € Z. This is given in for the classes we apply the
function b on by the third property of Definition 5.18.

DEFINITION 5.24. — The weight w(I') of ' € G,,(X, A) is

(510) W(F) — H w<pf‘(v>> H :)(pl"(v)) H w<e7 U)

w(e,v) + w(e,v’) (ew) € Fo(T) w(e,v) = Y,e) v EVE(T)

ve V()
Ey={e,e'} (e,v) € F(I)
H h(pF(U)7gv) H h<SF<€)7de)
veVs() e€ BE(I)

where 1, ¢y is the ¥-class on My at the marked point (v, e), which corresponds to
e € b,

Remark 5.25 (Comparison with [Liul3]). — In [Liul3], Liu streamlines (5.10) by
introducing additional notation to deal with the unstable vertices. We refrain from
this as the global Kuranishi chart set-up already requires an abundance of symbols.
However, despite the superficial difference between Theorem 5.23 and [Liul3, Theo-
rem 73], they give the same formula in the case of a toric symplectic manifold, that
is, a smooth toric variety by [Del88].
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5.4.2. Proof of Theorem 5.23

Let I' € G,(A, J). We identify the class with an arbitrary representative. Fix an
unobstructed T-compatible auxiliary datum (VX, Ox (1), p, U, \, k) as in Lemma 5.14
(1), and let £ = (G,T/M,E,s) be the associated global Kuranishi chart for

M;n(X, A). Denote by Tr the preimage of M(T", J) under the forgetful map s~*(0) —
M g{ (X, A). Given Theorem 5.13 and Proposition 5.22, it remains to show that the
Euler class of the normal bundle of the global Kuranishi chart of M(T',J) agrees
with w(I).

We will make use of an intermediate global Kuranishi chart to simplify our com-
putations. To motivate this, observe that lying in M(T', J) imposes constraints on
the topological type of the domain, which are encoded in I'. Thus, we can con-
sider M(T', J) as the fixed point locus inside the T-invariant moduli space of maps
./\712] (X, A), whose domains satisfy the same constraints on their topological type.
Finally, we compute the virtual normal bundle of My (X, A; J) inside the full moduli
space of stable maps. This allows us to separate the contributions coming from
deformations of the map and those of the domain.

Base space: Given [i, C, x,] € M, define

V= {C”CC

maximal connected curve such that }
dege (¢ O(1)) = pdeg(wer (Der))

where D¢ is the divisor given by the nodal points connecting C” to other irreducible
components of C. Set

VL::VL/U{:C

x a special point, z ¢ | J C’} .
crevy
Let M C M be the subset of elements for which
(1) there exists a bijection ¢,: V, — V(') \ V¥(T'), which maps a marked (respec-
tively nodal) point to a marked (respectively nodal) point and preserves the
arithmetic genus and the markings (defined in the obvious way on V,);
(2) an irreducible component C” of C' not contained in |JV/ has genus 0, corre-
sponds to a unique edge e € E(I"), and satisfies

deg(¢*O(1)) = me := p(n. — 2)3pd. Q(Sr(e)).

where 2 was defined in Definition 2.1(2). By construction, 7t is mapped to Mr by
w: T — M.Let n. € {1,2} be the number of special points on the corresponding
irreducible component and set m,, == p (29, — 2+ |n,| + |E,|) for v € V*(T"). Denote
by

(511) Mr (PN) C H Mg(v)mquU (PN,TTLU) X H Mo}ne (IP’N,me)

veVs(T) ec E(T)

the domain of the clutching map ¢r: Mp(PY) = M, (PN, X) and define My =
¢ (Mr). By Lemma 3.13, applied iteratively, Mr is a smooth manifold of the
expected dimension.
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Kuranishi chart: Let
7\‘ C M\r Xm T
be the subspace consisting of maps [(, (u, C,x,,t,a,n)] with u.[Ce] = d[Sr(e)].
Denote by ¢r: T — T the pullback of o, and set € = or€, and § = ¢fs. This
defines an oriented rel-C* global Kuranishi chart K == (G, T /Mr, €,8) for

—J —J —J
(5.12) Mp(X,A) = ][] M, om, (X, 0) xx I Mg, (X, de[Se]),
veVs(T) ec E(T)

where we implicitly take the fibre product over X in the big products. Clearly,
admits a compatible T-action and its virtual normal bundle in I is the pullback

Of N//\/I\F/M'

Let M(L,.J) be the component of the fixed-point locus of ./Wll](X, A) that is
mapped to M(T, J) by the clutching map. Then

-/\//l\(r7 J) = H Mg('u),nuUEv == /\71_‘7
veVs(T)
since edge components are completely determined by their degree, which is encoded
in I'. Recall that Aut(I") is the group of automorphisms of I' that preserve the
decorations.

LEMMA 5.26. — Aut(T") acts on K and ¢p: T — T is the quotient map onto its
image. In particular, M(T,J)/ Aut(T") = M(T, J).

Proof. — The degree of each factor of the right-hand side of (5.11) is determined
by the decorations of ', so Aut(T") acts by biholomorphisms on My, leaving ¢r
invariant. Since an element of ¢r([¢, C,x,]) corresponds to an identification of the
(partially contracted) dual graph of (C,z.) with I', the action is transitive, so ¢r
is the quotient map. The claim for ¢r now follows since it is a pullback of pr. As
¢rs =5 and ¢r is equivariant, we may conclude. ([l

Combining this observation with Lemma 6.10 we obtain

_ vir ]_ —~ vir
M@,.]" = TG M@,.n]
so we may work with M (I, J) for the remainder of the proof.

We first determine the Euler classes of the virtual normal bundle in K and compute
the Euler class of the normal bundle of /ﬁr in M at the end. To relate the Euler
classes to more explicit data depending on I' and X, we will use as inspiration the
exact sequence

0 — HYC,u'Tyx) — Tr, L5 &, — HY(C,u*Tx) — 0

for y = (u,C,z,,1,,0) in T4 respectively its lift to 7. While the kernel and
cokernel of DJ;(u) do not form vector bundles over T, respectively ’7‘, in general, we
will determine explicit descriptions for the moving part of both kernel and cokernel
over the fixed point locus of {n = 0} in T, see Lemma 5.31. For this, it is easier to
work on the level of 7 as we can use well-defined partial normalisation sequences.
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Write
E=VaoDacL,
using the decomposition of the obstruction bundle in (2.5). Note that V' is the trivial
bundle with fibre su(N + 1), but its fixed and moving part will no longer be trivial
bundles. Furthermore, let
ZcsHo)ynT

be the preimage of M\(F, J) under the quotient map and let Tz € T4 be the
component containing 7.

Remark 5.27. — The projection p: (T x G), — T is surjective for any y € T4
since 7% is the preimage of the fixed-point locus of the quotient. As p is a morphism
of Lie groups and T is connected, the restriction (T x G),o — T to the identity
component is surjective as well.

LEMMA 5.28. — M\(F, J) is regular. In particular,
(M, )" = [ME, 0] = [Me].

Proof. — Given y = [((, (u, C, z,,(,0,0))] € Z be as above, we consider the partial
normalisation sequence

0—0c— P O @ Oc.— P 0.,

(513) veVs(T) ec E(I) veVn(T)
® P 0,,—0,
(e,v) € F35(T)

whose associated long exact sequence shows that

H1<C7OC) = @ Hl(CMOCv)'

veVs(T)
As any C), is contracted to a fixed point, we deduce
(5.14) £ =r.
To see the claim, twist (5.13) by u*Tx and take the fixed part of its long exact
sequence to obtain

f
H(CuTx) = @ H (C,TpwX) & @ H (CouTx) .
veVs(D) (e)e E(T)

Since the fixed points of X are isolated, the first direct sum vanishes. The second
direct sum vanishes because Sr(e) = P! is convex by [MS12, Proposition 7.4.3], so

H' (Co,u'Tx)" € H' (Co, ' Ts ) = 0.
Taking the fixed part of the exact sequence

(515)  0— H*(C,wTx) — Ts 0, % D, — H' (C,uTx) — 0,

/

the above shows that the fixed part of the vertical derivative dsp-(y) is surjective,
which is exactly dsi.(y). Finally, we note that by the proof of [HS24, Lemma 6.1],
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variations of the framing suffice to achieve transversality for the projection of the ob-
struction section to £ and that the section to V/ is transverse to V7 since the
G-action on T extends to a PGL¢ (N + 1)-action on Z. O

LEMMA 5.29. — The dimensions of H'(C,u*Tx) and H°(C,u*Tx)™ are indepen-
dent of the point [u,C, z,,,0,0] € Z.

Proof. — If v € V*(I'), then

H' (Cp,u*Tx) = H'(C,,0¢,) @ Ty (w)X,

whose rank only depends on v. If e € E(I") with S = Sr(e), then

H'(C., (ule,)Tx) = H' (P, (ul,)*TS) & H' (P!, (ulc.)* Ns/x)
where Ng,x is the normal bundle of S inside X. Then
(ule,) Ngyx =0(l1) & - O (édimC(X)—l) ,

where /; is determined by d. and S, both encoded in I'. Similarly, the dimension of

P H(CouTx)® @ H°(C.,uTx)

veVs(I) ec E(I)

does not depend on (u,C'). Twist (5.13) by u*Tx to obtain the long exact sequence
(5.16) 0 — H°(C,u*Tx) — P HC,,uw'Tx)® @ HC.,u'Tx)
veVs(T) ee E(T)
— @ Tprw) X @ @ Tpry X — H1(07 u'Tx)
veVn() (e,v) € F3(T)
— P H (C,,u'Tx)® @ H'(Ce,u'Tx)—0
veVs(T) ce E(T)

as in [Liul3, Section 5.3.4]. As the map from H° to the tangent spaces of X at
the respective fixed points is surjective, we obtain the claim for H'. The claim for
H°(C,u*Tx)™ now follows by taking the moving part of the first short exact sequence
derived from (5.16). O

For each e € E, fix an equivariant biholomorphism p.: P* — Sr(e) and set
W, := piTx. Then Z admits two vector bundles, the first one trivial:

Brzkef< D TwXe @ H(PLuW)"

veVs(I) e€ E(I)
— @ Tprw)X & @ Tpr(v)) J
(e,v) eVs(ID) veVn(l)
where uy: P! — P! is given by u4(z) = z%. The second one is
Obri= P L'@TwX® P H (P'u; W)
veVs(I) e€ E(I)

pulled back from ./(/l\p. Here M, is the factor in M\p indexed by v € V*(I') and
L" — M, is the dual of the Hodge bundle, i.e., has fibre £j, -y = HY(C,0¢).
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To see how these bundles are related to the normal bundle A of Ty in 7, decompose
it as
N=N"& N
i.e., into the moving part of the vertical tangent bundle of T restricted to 75 and
the moving part of the pullback of T/T/l\r restricted to T4/

LEMMA 5.30. — The identifications (Br), = H°(C,u*Tx)™ and (Obr), =
HY(C,u*Tx)™ fit into an exact sequence

of (G x T)-vector bundles over Z.

Proof. — As Br is the kernel of the linearisation of the restriction cutting out 7~
from a product of thickenings, it suffices to show the inclusion Z x Br — T% y M| 7

of (G x T)-vector bundles where we have a single stable vertex, respectively a single
edge. In this case, it is straightforward. As G x T acts nontrivially on Br, it follows

that Z x Br C N; /T’Z' The vertical tangent space of T at y = [u,C, 1, Ty, , 1]
A
satisfies
T?/X/l\,y - COO(C, U*TX) D E(L7u)

and the vertical derivative T SRy D, of §' is the projection onto the second

summand. Hence (£,7) € ker(ds ™(y)) if and only if ¢ € ker(Dd,(u)) and € is not
fixed by the torus action. Thus, Br is mapped bijectively onto the kernel of ds™.
To construct the map D™ — Obr, we can again reduce to the case of having just
one stable vertex or one edge. In the case where I' consists of a single stable vertex
and no edges, we can apply the argument in Proposition 3.2. In the case of a single
edge (and no stable vertices), M(T, J) is just a single point, and Z is thus a single
G-orbit. Letting ¢: P! — P¥ be given by ¢([20 : 21]) = [20% : 2™ : 0 : ... : 0], we
obtain, by the choice of p., a basepoint 1y, in Z. The composite

Dy — C™ (Pl,%c (L*TIP’Na U:LPZTX))
LONpSCS (Plymc (Tpl7u26p:TX>) — H! ([pﬂ, uj;eWe)

can be extended via the G-action to a map D™ — Z x H'(P',uj W) of vector
bundles. Exactness of (5.17) at Obr can now be checked pointwise. The argument
is analogous to the proof of Proposition 3.2. O

Let Br and Obr also denote the orbibundles induced by Br and Obr on M (T, J).

LEMMA 5.31. — The Euler class ex(Br) is invertible in H*(M(T', J); Q) ®r Q
and

GT(ObF)
e’H‘(BF)
= H w(pp(v)) H U)(pp(?))) H h(pp(U), gv) H h(S[‘(G), de)7
ve V(D) (e;v) € F3(T) veVs(D) e€ E(T)

where h(p, g) and h(S,d) are given by (5.8) and (5.9) respectively.
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Proof. — By definition,
er(Obr) = [ er(By, @ TpyX) T ex(H' (P uzW.)").
veVs(T) ec ET)

As Br, respectively its fibre, fits into the short exact sequence

0—Br— D TrwXe @ H (PLuw.)"

veVs(T) e€c E(T)
— @ TpF(U)X ) @ Tpp(v) — 0,
(e;,v) e V() veVn(T)

we have

ex(Br)= [ ——

veVn() w(pF (U))

H H w(pr(v)) H eT(HO(]P’l,uZ}EWe)m);

(e;v) € F3(T) U)(pr(l))) veVs(D) ec E(I)

1

whose last product is nonzero since we take the non-fixed part of the T-representation.
For e € E(I"), we observe that

or (Hi (PlyulWe)% e (Hi (IP’l,uj‘;eTPl)m) _nﬁl o (Hi (]pl’uj;eLj)m> ,
j=1

where L; — P! is a complex line bundle so that pf Ng.(¢))x = L1 ® -+ @® Ly_1.
The main ingredient of [Liul3, Lemma 66] is Example 19 op. cit., which holds for
any torus action on a line bundle over P!. Hence, [Liul3, Lemma 66] applies directly
to our situation. The claim follows. O
Given y = [(,u, C, x4, t,a,n] in Z, we turn to a second exact sequence, induced by
the Euler exact sequence:

0 — H(C,0c) — H° (C,70(1)*N*!) — HO (C, " Tpw) — H'(C,O¢) — 0.
This sequence is the fibre over 7 of an exact sequence of vector bundles
(5.18) 0 — Rm.0Oc, — (N +1) — Rm,ev* Tpy — R'7,.0c. — 0,

on Mr, pulled back to ’7A~, where 7: Cr — My is the universal curve.
To see this, note that the bundle R%7, ev* Opn (1)®V*1 admits a global trivialisation

over Mr given by the global sections 7;([¢, C, z.]) = t*o; for 0 < i < N, where o;
denotes the i™-standard section of Opn(1).

Remark 5.32. — Since ¢: C = PV is determined by t*0q, ..., t*ox, we obtain an
identification of the stabiliser of [¢, C, x,] under the PGL¢(N+1)-action with the auto-
morphism group of the domain (C, z,). In particular, the kernel of H°(C, .*O(1)®VN+1)

= T Lo 18 the Lie algebra of Aut(C, z,).
LEMMA 5.33. — We have
eT(Vm)

(5.19) = [I wlew).

9\ ~ v b
r (NTZ/T/ G) At
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Proof. — The induced map str: Mr — My is a submersion, so we can write

_ * rel

As My is unobstructed, the canonical map Rw, ev* Tpn — T /r/vt(ﬂ is a surjection. By

Remark 5.32, its kernel is the Lie algebra of the automorphismsrof (Cyxy). If (C)xy)
is the domain of y € Z, then

Lie(Aut(C, z,)) = Lie ( &P Aut(Ce,Xe))

ec ET)

since all other components are stable. Here x, = {z., | v ¢ V*(T')}. The Lie algebra
of the automorphism group of each edge component is given by H(C,, T¢, (—x.))
with

H(Ce, Te, (—x.)) = H*(Ce, To,(—x)),
where x!, .= {z., | (e,v) € F(I')}, and

T

Te,v

Ce Xe 7# X
0 X, =X

HO(C& To (—%e))™ = {

Pull (5.18) back to Z and take the natural complement of the image C — jI(N + 1)
to obtain
0 —sl(N+1) — ¢*R'n,ev* Tpn — L —0
By (5.14), the moving part of this sequence is
0 — sl(N +1)" — (¢"R7. ev” TPN)’“ —0.
Now, take the complement to the tangent space of the G-action on M\[‘, respectively,

of the adjoint action on s[(/N + 1), to obtain the exact sequence

(5.20) 0— P HYC.To.(—x)" — V" —

ec E()

b
N?Z/'?\"Z — 0.

The first bundle of this sequence is a trivial vector bundle whose equivariant Euler
class is the right-hand side of (5.19). As ep(NZ /T/G) -er(NL /@) is invertible in
zZ

e T2/T
the localised ring H*(M(T', J); Q) ®r Q, so is eT(N%Z/T/G). Thus, the claim follows
by taking the equivariant Euler class of (5.20) and inverting ep(N2 ~). O

Tz|T

Remark 5.34. — Equation (5.20) is the linearisation of the fact that [uy, C,x,]
is no longer fixed by the torus action for an automorphism ¢ of (C, z,) exactly if ¢
moves at least one branch point on an irreducible component C, corresponding to
an edge.

It remains to compute the Poincaré dual of the immersion T —T.
LEMMA 5.35. — We have

(5.21) e (N?F/T) = ] (w(ev)+wled)) ]] (w(e,v) —¢<v,e)),
2e:v{z (Bf (ev) € F3(I)

Tk

where 1), ¢y Is the ¢-class on M, ,, 5 (PV,m,) at the marked point (v,e).
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Proof. — As Tr is the fibre product T x M, it suffices to compute e(NX/l\F/M)‘

To this end, let y = (([tw, Cv, Xu])vevsry), ([te, Ces Xe])e e may) be an element of My,
The fibre of N at y is given by

Mrp /M

é .. coeL , Ce @ 7T.0T,,,C
ve V() (e,v) € Fs(T)
E,={e,e'}

where F*(I') = {(e,v) € E(I') x V(I') | v € V*(I')} is the set of flags associated to
the stable vertices of I'. Hence,

e(Nam) = T @) twed) T (wlen) = ve0),

ve V() (ew) € F3(T)
E,={ee'}

as claimed. ]

In summary, we obtain that

_er(&f) I w(pr(v)) I w(pr(v))

er (N?”.) ve V(D) w(e,v) +w(e,v')

E,={e,e'}
H w(e,v) H h(pF(U>>gv) H h<SF(€>7de)
ve V() veVs(T) e€ E(T)
(e,v) € F(T)

which is exactly w(T"). Therefore, by Theorem 5.13, the equivariant GW invariants
of (X,w, ) are given by (5.23).

6. Comparison with the Gromov—Witten invariants of Ruan
and Tian

6.1. Definition of GW invariants via pseudocycles

We call a symplectic manifold (X, w) semipositive if for any A € mo(X)
(6.1) w(A) >0, 1(A) 23—n = ¢1(A) > 0.
In particular, any symplectic manifold of complex dimension at most 3 is semipositive.
Let us recall the definition of GW invariants in [RT97] for (X,w) satisfying (6.1).
Suppose first that 2g —24+n > 0. A good cover p,,: ./\7’;7” — M, of the (coarse)
moduli space of stable curves is a finite cover such that M’ admits a universal

ag,n
family that is a projective normal variety. Such good covers can be constructed using

level-m structures; refer to [ACG11, Chapter XVI] or [Mum83] for more details. Let
Fu: Zj{g,n — /W’;n be the universal curve. Removing the bar means we only consider
smooth curves. Fix a closed embedding ¢: Uy, ,, < P*.

Given J € J.(X,w) our perturbations v are sections of Home (pjTpr, p5Tx) over
P* x X. Let /\7;”(14; J,v) be the space of equivalence classes of stable (J,v)-maps
of type (g,n) (u,j,C,j,x,) where:

(1) (C,j,) is of type (g,m),
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(2) j: C— Zj;n is a holomorphic map onto a fibre of I/,

g7n7

(3) u: C'— X is a stable smooth map, representing A and satisfying

Oyu = v(¢j,u) o d(¢j).

Here (u,j,C,x,) is equivalent to (u',j5',C", x.) if there exists a biholomorphism
(Cyz.) — (C'", 2%,) pulling back v’ to u. We call a stable (J, v)-map simple if:
(1) for each irreducible component Z C C' on which u is nonconstant, u|z is a
simple map, i.e., does not factor through a branched holomorphic covering,
(2) u(Z) # u(Z") for any two irreducible components Z # Z' C C on which u is
nonconstant.

The space of simple (J,v)-maps is denoted by MZ:Z(A; J,v). It admits a canon-
ical forgetful map M, (A;J,v) — M, through which the stabilisation map
/\7‘;’”(14; J,v) = M,, factors.

Mg,n(A; J,v) can be stratified by the topological type of the domains together with
the distribution of the homology class. These are most concisely described in terms
of their dual graph. Explicitly, to each stable (J,v)-map we can associate a marked
graph «y consisting of a n-marked graph G together with maps 0: V(G) — Hy(X,Z)
and g: V(G) — Ny so that

dim(HY(G)) + > g(v) =g > =4
veV(G) veV(G)
and for any v € V(G) the stability condition 2g(v) + [{f € FI(G) : s(f) = v}| > 3
holds, where F1(G) is the set of flags of G. We denote by ./W:(A; J,v) the stratum

of stable maps whose dual graph is given by v and by ./Wﬁ’*(A; J,v) its intersection
with the space of simple maps.

By [RT97, Proposition 2.3, Theorem 3.1], respectively [Zin17, Theorem 3.3 (whose
arguments simplify to our setting), there exists a Baire subset H of tuples (J,v) so
that for any (J,v) € H

(1) M:’*(A; J,v) is a smooth oriented manifold of dimension
2(1 — g) dime(X) + 2(ea(Tx), A) + dimg (M) .

(2) The maps ev and st, define a pseudocycle ev x st,,: ME>(A; J,v) — X X
We use the definition of a pseudocycle given in [IP19a]; see also [MS12, Chapter 6.1]
or [Zin0§].

DEFINITION 6.1. — A d-dimensional pseudocycle f: M — N is a continuous
map from a d-dimensional oriented manifold M to a locally compact space N so
that f(M) has compact closure and

Q= () JOM\E)
C(I)(chpjé\l{:t

has Lebesgue covering dimension < d — 2.
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Given a d-dimensional pseudocycle f: M — N, we can define a class [f] €
HBM(N,Z) as follows. Let M° := f~'(N\€;). Then M° is an oriented d-dimensional
manifold and the restriction f°: M° — N\ is proper. We define [f] € HPM(N,Z)
to be the image of [M°] under

HPM(MC,Z) L HBM (N \ Q,Z) = HPY(N, 7).

Here the isomorphism is an immediate consequence of dim(£2y) < d — 1 and the long
exact sequence in Borel-Moore homology. Refer to [IP19a, Section 3, Section A.3]
for more details.

DEFINITION 6.2. — [RT97| The pseudocycle Gromov-Witten invariant of (X, w)
is
1 -
aﬁn =T (id xp,), lev x st,| € H, (X” X Mg,n;@) :
m
THEOREM 6.3. — Suppose (X, w) is semipositive. Then the pseudocycle Gromov—
Witten invariants agree with the invariants defined in [HS24]. Explicitly,
(6.2) o, = (ev xst), [M,, (X, 4)]"

for any g,n > 0, where [-]'" is the virtual fundamental class constructed in [HS24].

Remark 6.4 (Unstable range). — The GW invariants for (g,n) in the unstable
range are defined via the Divisor and Symmetry axioms, see [MS12]. Since both the
invariants defined via global Kuranishi charts as the ones of [RT97] satisfy these
axioms, we only have to prove Theorem 6.3 for the cases where 29 — 2 +n > 0.

6.2. Proof of Theorem 6.3

Fix (g,n) with 2g9 — 24+ n > 0. The case of (g,n) in the unstable range will follow
from the cases in the stable range and the Divisor axiom. Let p,,: /\757,1 — Mg, be
a good finite cover. Set d, = deg(p,) and define

u: (C,x,) — X smooth stable of type (g,n),
WE =1 (tu,Coay,g) | te[0,1], j: (Coa) — Uy, w]C] = A,

gm

dyu=1t(¢j x u)v
where j: C' — L?’;n is a contraction onto a fibre £ of ngm. We have a canonical map
P: W:,n,A — [O, 1]

LEMMA 6.5. — W;’WA is compact and Hausdorff when endowed with the topology
induced by Gromov convergence.

Proof. — Compactness follows from [RT95, Proposition 3.1], while the Hausdorff
property follows by the arguments of the proof of [MS12, Theorem 5.5.3]. O

Remark 6.6. — Denote by Zjl;’zing the nodes and marked points of the universal
curve. In order to apply [Swa2l] later on, we restrict to perturbations v that are

supported away from ¢(L7‘;;fj“g). By elliptic regularity, such perturbations v suffice
to achieve transversality.
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We will construct a global Kuranishi chart with boundary for Wy',, ,, which restricts

to a cover of the previously constructed global Kuranishi chart for M g{ A (X, A) over
P~1({0}) and to a global Kuranishi chart for MZVR(X,A; J,v) over P~1({1}). By
Lemma 6.10 and Lemma B.17, this will imply that
d,y (v x st), [M,) (X, A)] " = (ev xst). [M, (X, A; J,0)] "
in H.(X" x M,; Q). Then we compare (ev x st),[M} (X, A; J,v)]"™ with o2, in
order to conclude.
Fix an unobstructed auxiliary datum (VX, Ox(1),p,U, \, k) where:

(1) p>> 01s so large that £37 is very ample for any (t,u) € W', 4;

(2) U is a good covering in the sense of [HS24, Definition 3.10] where we take the
image of W', , in the polyfold of smooth maps to X instead of ./Wg{n(X, A)
in the third condition;

(3) the integer k£ > 1 will be determined later.

Define 7 to be the set {(t,u,C,xy, g, t,a,m)} | ~ so that:

e u: (C,x,) — X is a smooth stable map of genus g representing A.

e j: (C,x.) = Uy np is a holomorphic map onto a fibre F' of the universal curve
so that the induced map C' — F' is a contraction of pointed nodal surfaces,
v (C,x.) = PV is an element of M, (PN, m),

a € HYC,O¢) satisfies [1*Opn (1)] = p - [£,] + a in Pic(C),
N € B =H(C,o'Tyn™ @ u*Tx ® *O(k)) ® HO(PN, O(k)) is such that

(6.3) Ot + (n) o di — tv(gj, i) =0

on the normalisation C' of C,
and ~ denotes the equivalence given by reparametrisations of the domain. Denote
by P: T — [0,1] the obvious projection as well, and define 7; :== P~'({t}).
Set M = M, X, M ,(PV,m) and let 7: 7 — M be the forgetful map.

Define £ — T by letting its fibre over y = (t,u,C,j,t,a,m) be
gy = 5u(N + 1) () Hl(C, Oc) D E(L’u),

while the obstruction section s is given by s(y) = (ilog(A(u,¢)),a,n). Let G =
PU(N + 1) act via post-composition on the framings and the perturbation terms 7.
For i € {0, 1}, denote

/61- = (G7ﬁagi|7~;’g|7~;) .

LEMMA 6.7. — We can choose k sufficiently large so that the linearisation of (6.3)
restricted to C*°(C,u*Tx )z} ® E(.u) is surjective for any element in 5-1(0).M

Proof. — This follows from a straightforward adaptation of the proof of [HS24,
Lemma 4.19]. The proof of said lemma, respectively its predecessor, uses the linear
gluing analysis of [Par16, Appendix B], which considers the presence of perturbations
such as the one we consider here. 0

() The subscript denotes the subspaces of vector fields which vanish at the marked points.
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PROPOSITION 6.8. — For k > 0, T"% is naturally a rel-C> manifold over [0, 1] x
M and the structure map is a topological submersion. The restriction Eres = £~ Freg
is a rel-C'*™ vector bundle, and the restriction of s is of class rel-C'*. Moreover,
ev: T — X" is a rel-C* submersion.

Proof. — Forgetting the a-parameter and using Gromov’s shearing trick, we can
consider T as a subset of the moduli space of embedded regular perturbed holomor-
phic maps to the total space of a vector bundle £ — PV x X. Fixing a splitting
T = mTpnx ® 1 E, we define the family of almost complex structures on E by

JL@,v,¢) = (JoF, Ju+ (e)(3), J7¢)
for (Z,v) € Tpnyx np(e) and € € E,.

By Remark 6.6, we can use [Swa2l] as in [HS24, Proposition 5.4] to deduce the
relative smoothness of 7 over [0, 1] x M. The other claims follow from the same
reasoning as in [HS24, Section 5], respectively a straightforward generalisation of
Lemma 3.10 for the last assertion. O

As the arguments in [HS24, Section 5] carry over word by word, we obtain the first
step of our proof.

COROLLARY 6.9. — W}, , admits an oriented global Kuranishi chart K, with
boundary of the expected dimension.

In particular, K, ¢ is an oriented global Kuranishi chart for MY = M ; (X, A)
X]Wg " ./\7/;’” with
(6.4) (ev x st), [M“]V” d,, (ev x st)., [M, (X, A)]"

due to

LEMMA 6.10. — Suppose K = (G, T, &,s) is an oriented global Kuranishi chart
of a space M and T admits a degree-d cover p: T' — T . If p is G-equivariant with
respect to some G-action on T', then K' .= (G, T’,p*E,p*s) is a global Kuranishi
chart for M’ == (p*s)~'(0)/G. The canonical map p: M' — M is a degree-d cover
and

P = d[M]E

Proof. — The first part is straightforward. The relation between the virtual funda-
mental classes follows from the functoriality of Thom classes and because the map
Té — T of homotopy quotients has degree d. O

It remains to show that
_ vir
duazﬁn = (ev x st,). [./\/l;n(A; J, V)LEl :

This is a consequence of the following general result. It is the analogue of [IP19a,
Theorem 5.2] in our setting. Compare also with Lemma 3.6 op. cit.

LEMMA 6.11. — Let M be an oriented manifold of dimension d inside a compact
space M that admits a global Kuranishi chart K = (G,T,&,s) of dimension d.
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Suppose s intersects the zero section transversely over the preimage of M and
G acts freely on that locus. Let f: M — N be a continuous map to (the orbit
space of) a smooth compact oriented orbifold, so that f|y; is a pseudocycle. Then

flM]™ = [fu] in Ho(N; Q).

Proof. — Set P == f(M\ M) and M° := f~'(N\ P). Then M° is an open subman-
ifold of M and f: M° — N \ P is proper. In particular, [f] = f.[M°] € HEM(N \
P;:Q) = HPM(N;Q). Let j: M < M be the inclusion inducing ji: H*(M°; Q) —
H*(M;Q). By assumption on the Kuranishi section s, the class (j)*[M]"" in
H(M°; Q)" corresponds to evaluation at the fundamental class [M°]. This implies
that the diagram

4N\ P;Q) T (v Q) 2 Hy(M; Q)

li! lj! J
v d ] f* “ d/ T, [M]vir
HYN; Q) ——— HY(M;Q) ——— Q
commutes. Hence, f,[M]"" agrees with the evaluation at [f|y/] and thus the two
define the same class in homology. 0

Remark 6.12. — In [IP19b], Ionel and Parker define the virtual fundamental class
associated to a space with a thin compactification. The proof above shows that if M
is a smooth manifold with a thin compactification M that satisfies the assumptions
of Lemma 6.11, then the two notions of virtual fundamental class agree.

Appendix A. Virtual fundamental classes of cut-down
moduli spaces

This section is the technical backbone of Section3. We investigate how geometric
relations between global Kuranishi charts translate into relations between their
virtual fundamental classes.

DEFINITION A.1. — A morphism of global Kuranishi charts f: ' = (G', 7", &', s')
— K = (G, T,E,s) consists of a group morphism «: G — G', an a-equivariant map
f: T — T and an a-equivariant vector bundle morphism f: & — f*& so that
fs=45"f. We call f an embedding if o = id, f is an embedding of manifolds, and if
f is an injection of vector bundles.

If IC and K are rel-C'™ over base spaces M respectively M’, we say the morphism is
of class rel-C™ if o is smooth and f and f are rel-C™ covering a smooth morphism
M= M.

Remark A.2. — If § = (a, f, f) is such that «, f and F are embeddings in the

respective category, we can replace (G',T",&’,s") with (G,G x¢ T',G X E',1id xs').

If T/M is a rel-C* manifold with smooth base, its tangent microbundle has
a canonical (equivariant) vector bundle lift given by T = ¢*T ® T7/sm, Where
q: T — M is the structural map. Given a rel-C*>° embedding j: 7'/ M’ — T /M,
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where M’ is a smooth submanifold of M, we define the normal bundle of T’/ M’
inside 7 /M to be

Ny = ¢ Nawvym ® Ny s
where N%/TS, = j*TTM//M'/TT'/M' is the wvertical normal bundle with Ty =
T X M M.
DEFINITION A.3. — Suppose j: K' = K = (G, T/M,€&,s) is a rel-C> embed-
ding. We call Ni/jx = N7 — D its virtual normal bundle, where D = coker(j).

Throughout, we assume our global Kuranishi charts to be oriented in the following
sense, equivalent to [AMS21, Section 5.4]. Clearly, if both I and K’ are oriented,
then so is N/C’/IC'

DEFINITION A.4. — A (Borel equivariant) orientation of a Kuranishi chart K =
(G, T,€&,s) consists of a Q-orientation of the virtual vector bundle (T'T )¢ — g and
Eq over Tq.

We need orientations of both 7 /G as well as € in order to define the virtual
fundamental class. By [AMS21, Lemma 5.11], this is equivalent to a Q-orientation
of (TT)G —g- E.

NOTATION . — Given A C B, we write H.(B | A;Q) = H.(B,B\ A;Q) and
similarly for cohomology.

Example A.5. — 1f T and the action on it are smooth, there exists an embedding
T x ) < TT, where ) = Lie(G). Taking a G-invariant complement D of this

distribution, any choice of equivariant Thom class 7 € Hgim(T/ c) (D | T,Q) defines
a Q-orientation of 7 — j.

Given an oriented orbifold 7 and an oriented suborbifold 77 < T of codimension
k, we have the Poincaré duality isomorphisms

Hy(T | T5Q) = H™T(T | T:Q) = Ho(T'; Q)
Thus, H*(T | T Q)= Q'”O(?/” and taking the sum of all generators, we obtain the
Poincaré dual PD(T') of T in T. The composite jij*: H*(T;Q) — H**(T;Q) is
given by multiplication with the image of PD(T") in H*(T: Q).

Remark A.6. — 1In the case of thickenings as above, we can give an explicit
description of the Poincaré dual in terms of the normal bundle. Factor the inclusion

j: T =T as
T ST =TxuyM —T,
where we equip 7 with the canonical G-orientation. A relative version of the equi-

variant tubular neighbourhood theorem shows that PD~(7"/G) corresponds to the
equivariant Thom class of Nz, T under the canonical isomorphism induced by the

tubular neighbourhood. Meanwhile, PD7 /(7 /G) = ¢* PD g a(M'/G), which cor-
responds to the equivariant Thom class of ¢* Ny 4. Thus,

(A1) PDr/(T"/G) = PDy/e(T/G) - PDA(T'/G).
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PROPOSITION A.7. — Let j: K' — I be a rel-C* embedding of oriented rel-C*
global Kuranishi charts, covering a smooth embedding M’ < M of oriented base
spaces. If Nx//x @ D = N7, then
(A.2) ju(ea(D) N [IV]™) = PD(T'/G) N [

Here we identify eq(D) € H&(T'; Q) with the corresponding element in H*(7T"/
(; Q) and equip D with the unique orientation so that eq(E' @ D) = eq(E)| 7.

Proof. — Suppose first that j*€ = £’. The equality
(A3) [ = PD(T/G) 1 [0
follows from the commutativity of

e (M Q) e HET IO (TG | M Q)

N I
FVAmO) (AL Q) PTG prvdim () ++ (M; Q) TE/G), HImT/O+(T /G Q)
where we need the convention
(o [, B) = (], 3 - @),

Now assume rank(D) > 0. Let K = (G, 7", j*£,'). This is also a global Kuranishi
chart for M'; albeit with a larger obstructlon bundle. By the definition of the virtual
fundamental class,

(D) 1 [} = (]
This completes the proof. O
Proposition A.7 is not optimal since one might have &' = j*€ © Nyv/7, in which

case we would expect that the virtual fundamental classes agree, at least under
certain assumptions.

LEMMA A.8. — Let K' and K be rel-C* smooth global Kuranishi charts over
M for M. Suppose there exists a rel-C* embedding j: K' — K over M, inducing
a quasi-isomorphism

Ds’
(A.4) Trmlor10) 25 5'|5,1(0)} [T als-10) 25 Eloro)]
of complexes of vector bundles. Then [M]gF = [M]}r.

Proof. — Using a relative tubular neighbourhood, we may assume that 7 admits
a vector bundle structure p: T — 7. Fix a splitting £|7» = £ & D. We may assume
without loss of generality that £ = p*E’ @ p*D, where p: T — T’ is the bundle map.
Write s = 51 & 5o with respect to this splitting.

As K' — K, we have T’ C s5(0). Given z € Z := &' '(0) = s (0) we have an
associated commutative diagram of vertical derivatives

dvs’(x)

Trma &,

i J

Trijma ® Te Lo @)odn @) & @D,
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Since coker(ds(x)) = coker(d's’(x)) is a quotient of £, it follows that coker(d'ss(x))
= 0. Replacing T by a neighbourhood of Z, we may assume s, h 0. Set .S := s5(0).
As dim(S) = dim(7”), the two global Kuranishi charts Ky == (G, S, p*E’|s, 51]s) and
K’ are related by (Germ equivalence).
Finally, [M]} = [M]}, since the Poincaré dual of S in T is s57,p. O
In other words, the virtual fundamental class only depends on the global Kuranishi
chart up to quasi-isomorphism, similar to [BF97, Proposition 5.3].

Example A.9. — Both the embedding condition and (A.4) are necessary for this
to hold. To see this, consider 7 = R = 7" and & = R? = & with s(t) = * and
s(t)=t. Or T"=R x {0} C T =R?* with & =R and £ = R? and s(¢,r) = (t*,7?)
and §'(t) = t2.

Appendix B. Intersection theory on orbifolds
B.1. Orbifolds

In this appendix, we prove several results we needed in the previous sections. They
mainly consist of projection formulas and the definition of a trace map in a quite
general setting. We found neither in the literature in the form, respectively, generality
necessary for our purposes.

For us, an orbifold is a tuple X = (X, [X]), where X is a topological space, called the
coarse moduli space of X, X is a (topological or smooth) proper étale groupoid and
[] denotes its Morita equivalence class. Here proper means that the source and target
maps combine to give a proper map X; — X X Xy, while the groupoid is étale if both
source and target map are local homeomorphisms, respectively diffeomorphisms. X is
called a presentation of X. Refer to [Beh04] for more details. By [Par22, Corollary 1.2],
any orbifold with only finitely many isotropy types can be represented by a global
quotient, that is, a proper étale groupoid of the form [G x M = M] where G is a
compact Lie group acting almost freely, and possibly smoothly, on the manifold M.
We denote by [M/G] the orbifold presented by such a global quotient.

A proper étale groupoid X = [X; = X is orientable if X, and X; are orientable
and if the source and target maps from X; to X, are orientation-preserving. We
call an orbifold orientable if each representing groupoid is orientable. Thus, [M/G]
is orientable if and only if M is orientable and G acts by orientation-preserving
homeomorphisms.

Remark B.1. — This notion of orientability is strictly stronger than requiring the
orientability of the coarse moduli space as the example of the Klein bottle shows,
whose quotient by an S'-action is S! itself.

By [Beh04, p. 27], there is a canonical isomorphism
(B.1) H*([M/G],Q) = H;(M, Q).

Let q: Mg — M/G denote the canonical map to the quotient; it defines by [Beh04,
Proposition 36] an isomorphism

H*(M/G, Q) — Hg(M, Q).

TOME 8 (2025)



860 A. HIRSCHI

As the coarse moduli space of an oriented orbifold is an oriented homology Q-
manifold, it satisfies rational Poincaré duality

H2(Z,Q) = Hamex)(X, X\ Z,Q)

by [Bre97].%?) Replacing singular homology with Borel-Moore homology, the same
isomorphism holds with ordinary Cech cohomology on the left-hand side.

An orbibundle € over X = (X, X) consists of an equivalence class of proper étale
groupoids F = [E; = Ey| so that there exists a morphism of groupoids 7: £ — X
with my: Ey — Xy a vector bundle such that the square

ElLEO

bl

X1 = XO
is cartesian and tXm = mot”.

Example B.2. — If X = [M/G], then orbibundles & — X correspond to global
quotients [E/G] of G-vector bundles £ — M.

Remark B.3 (Tangent bundle). — If G acts smoothly and almost freely, the
infinitesimal action defines an inclusion M x j — T'M of vector bundles, where
j = Lie(G). Let D C TM be a G-invariant complement. Then the orbibundles
|G x D = D] and [TG x TM = TM] are equivalent. By (B.1), an orientation of
[M/G] is therefore the same as an equivariant Thom class of D — M.

B.2. Exceptional pushfoward

Let f: M™ — N™ be a G-equivariant map between smooth manifolds on which G
acts smoothly and almost freely. Suppose [M /G| and [N/G] are oriented. Then f
induces a morphism [M/G] — [N/G] and the exceptional pushforward

fir H*(M/G,Q) — H*'""™(N/G,Q)
is defined by fi .= PD f. PD. We clearly have g fi = (gf):.
pry

By [Bre72, Theorem 4.1], we can factor f as a composite M % N x SV =% N,
where SV is the one-point compactification of a finite-dimensional orthogonal G-
representation V' and j is an equivariant embedding. We can describe j and pry,
explicitly.

Example B.4 (Embedding). — Suppose f is an embedding with Poincaré dual
PD(M/G). Then

(B2) fif(a) = a-PD(M/G)

for « € H*(N/G;Q). If there exists an equivariant retraction r: W — M, then
fila) =r*a- PD(M/G).

(2)The proof of [Parl6, Lemma A.6.4] also generalises easily to this setting.
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Example B.5 (Projection). — Suppose M = N x SV, where V is a finite-dimensio-
nal G-representation, SV is its one-point compactification (to which the G-action
extends trivially), and f is the projection. Then fg: (N x SV)g — Ng is the sphere
bundle of (N x (V& R))g — N and

H (N x §¥,Q) —— H5™ (N x (V@& R),N x (V &)\ 0),Q)

—

HEH(N, Q)

commutes by [Dua03, Section 3], where the vertical map comes from the Thom
isomorphism.

In particular, we have the following observation.

COROLLARY B.6. — Suppose we have a cartesian square

PLP’

[l

B-1.p
where q and ¢’ are principal G-bundles for a compact Lie group G, B, B’ are oriented
smooth manifolds (and P, P" are equipped with the corresponding G-orientation),

f is smooth and proper, and a compact Lie group G’ acts on the whole square almost
freely. Then

(B.3) hat =4q" fv.
LEMMA B.7 (Projection formula). — Suppose we have a cartesian square

x sy

b

X%Y

of oriented G-manifolds, where G acts almost freely. If f is proper and p is a sub-
mersion, then

(B.4) !/q* =p"fi.
If the G-action on X' and Y’ extends to an almost G x G'-action with respect

to which f', q and p are equivariant, then the equality (B.4) holds for the maps
H*(X/G;Q) — H**(Y'/G x G;Q).

Proof. — If f is an embedding, so is f’ and the claim follows from (B.2). If f is
a projection Y x SV — Y for some finite-dimensional G-representation V', we can
assume [’ is the projection Y’ x SV — Y”. Denoting the induced map Y., o — Yo
by p as well, we have

Y' ) (VOR)) oo =p"(Y x (VOR)G.

Thus, the claim follows from Example (B.5) and the functoriality of the Thom
class. O
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COROLLARY B.8. — Suppose we have a cartesian square as in Lemma B.7, where

f is an embedding. Then p* PD(X/G) = PD(X'/G x G').

Proof. — Let Y’ and X’ denote the quotients, and suppose k = codim(X"). Since
both p* PD(X/G) and PD(X'/G x G') live in H*(Y" | X'; Q) = Q70X they differ

by multiplication with a locally constant function b. Thus, p* fif*a = p*a - p* PD(X)
on the one hand, while

pfiffa=fl¢ffa=flf"p'a=pa PDX') =bp‘a-p*PD(X).
As the same equality holds locally on Y and p admits local sections, we must have
b=1. 0]

LEMMA B.9. — Let

x Ly

P
x 1.y

be a cartesian square of smooth manifolds, where f is proper. Suppose there exists
an open subset V. C Y’ so that Y’ \ V has codimension at least 2 and p|ly: V — Y
is a (not necessarily surjective) submersion. Then

q"=p"fi
The same is true in equivariant cohomology if given the assumptions of lemma B.7.

Proof. — Set U := X' xy» V and let i: U — X’ and j: V — Y’ be the inclusions.
Let f: U — V be the induced map. The fundamental classes appearing below are
elements of Borel-Moore homology. By [Bre97, Section V.10(57), Corollary V.10.2]
and Lemma B.7, the claim holds in the nonequivariant case.

Suppose now that G and G’ are compact Lie groups so that G x G’ acts almost
freely on X’ and Y’ and GG acts almost freely on Y with f and f’ being equivariant
and p, ¢ being invariant under the G’-action and restricting to principal bundles over
V,U. Since we can check the equality f{q* = p* f! as maps Hj:(X, Q) — H5E, (Y, Q)
degree for degree, we can use finite-dimensional approximations of the classifying
space of GG. To these, apply Corollary B.6 to see that the projection formula holds for
the pullbacks to U. Then use the same argument as in the first step to conclude. [

LEMMA B.10. — Suppose f: X — Y is a smooth map of étale proper groupoids
and [M/G] is a global quotient representing Y. If X is a manifold, then the orbifold
fibre product M xy X is a principal G-bundle over X.

Proof. — Since M and X are manifolds, so is Z = M xy X. Let ¢o: M — Y}
be the canonical map. Then Z = {(p,a,x) € M x Y; x X : a: q(p) — f(z)} and
7. Z — X is given by 7(p, a, x) = x. Define a G-action on Z by setting

g9-(p,a,z) = (g-paoqle.p) ).

Clearly, 7 is G-invariant and ¢ - (p,,x) = (p,a,z) implies that ¢ - p = p and
¢1(g,p) = id. Since q: [M/G] — Y is étale, we must have g = e. Thus, G acts freely
on Z. To see that 7 is locally trivial, it suffices to consider the case where Y = [V/T]
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for some finite group I' and M = [S/G,] for some slice S through p. In this case, =
is the pullback of a covering map and thus a local diffeomorphism. This completes
the proof. O

B.3. Trace maps

In the definition of the equivariant virtual fundamental class, we make use of a
trace map H' 7 (T; Q) — Hiy(pt; Q), which is a special case of integration along the
fibre. While this is classical for fibre bundles of closed smooth manifolds, [BT82],
and has been generalised in algebraic geometry, [Ive86, KS90], we found no results
for the specific situation needed in this paper. Thus, we give a brief definition and
show the required properties. To avoid any subtleties with families of supports, we
will assume that all spaces are locally compact, Hausdorff and paracompact.

DEFINITION B.11 (Integration along the fibre). — Suppose 7: P — B is an
oriented fibre bundle over a paracompact base B with fibre an oriented topological

orbifold X = [M/G]. Denote by H}(X) the locally constant sheaf on B with stalks
given by H:(X), = H}(P,; Q) for b € B. By [Bre97, Theorem 6.1] there exists a
spectral sequence { EP1} converging to Hj (P; Q) with

By = HY (B HI(X)).

In particular, E5? = 0 for ¢ > n = dim(X), so EP™ C EP", for any r > 2. We have
a canonical map [y: H}(X) — Q of locally constant sheaves on B; it is given at the
stalk over b € B by

H(X)y = B (X5 Q) 5 Q
We define the integration along the fibre m,.: H;*(P; Q) — H*(B;Q) to be the
composite
n-* *n *,M * n (fX)# *
Hy " (PQ) — EJ" — Ey" = HY(ByHI(X)) —— H(B; Q).

By [AueT73], this agrees with the standard definition of integration along the fibre
for smooth fibre bundles.

LeEMMA B.12 (Base change). — Suppose m: P — B is an orientable fibre bundle
over a paracompact base with fibre T an oriented orbifold and f: B’ — B is a proper
continuous map from another paracompact space. Then

HIM(PQ) —— H*(B;Q)
F lf*
H o (f*P;Q) —— H*(B;Q)
commutes.

Proof. — This follows from the functoriality of the Leray—Serre spectral sequence
associated to a fibration; see [Bre97, Section 6.2]. O
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COROLLARY B.13. — Suppose T is an oriented topological orbifold of dimension
m with a continuous action by a compact connected Lie group G. Then

Hg ™ (T:Q) —— Hg(pt: Q)

P

H(T;Q) —— H*(pt; Q)

commutes, where H¢, .(T;Q) = H}kc(T@ Q).

LeEMMA B.14 (Functoriality). — Suppose 7: P — B and p: E — P are two
oriented fibre bundles with fibres X and Y the coarse moduli spaces of oriented
orbifolds. Then

(Tp)e = Tuput,

where ¢ is the canonical map from cohomology with (mp)-fibrewise compact support
to cohomology with m-fibrewise compact support.

Proof. — We will assume both X and Y are compact, of dimension k, respectively ¢,
in order to simplify the notation. The general case can be obtained by restricting
to cohomology with suitable support. Let 6 := wp and set Z, := 671 ({b}) for b € B.
The maps py, : H* (Zy; Q) — H*(P,; Q) induce a morphism p, : H¥(Z) — HF(X)
and 6, factors as

H(B:Q) — H' (BAH(2)) 2% 1 (BHAX)) = HY(B:Q).

By [Bre97, Corollary 1V.7.3], the Leray sheaf H(m; H!(Y)) of m with coefficients in
HY(Y), defined in [Bre97, Section IV.4], is locally constant with stalks of the form
H*(Py; HY(Y)).®®) Due to the functoriality of the Serre spectral sequence, there exists
a canonical morphism H*(Z) — H*(m; HY(Y)) of locally constant sheaves on B,
given stalkwise by

HHZ)y = H (07 ({0}Q) —» BE() — H* (P H'(Y)) = 1" (m H'(Y)), -

where { E(b)??} is the Leray-Serre spectral sequence of 6! ({b}) — P,. This stalkwise
description shows that p,: H*t¢(Z) — H*(X) factors through H*(m; H*(Y')). Thus

Hk-I—Z-I—*(E;@) H* (B;/H]H—Z(Z)) ()% H* (B,Hk(X))

J -

HE (PyHAY)) —— H* (P (mHA(Y)))

(3)We use here that the monodromy of H*(¢) is trivial in degree £ since we work with oriented fibre
bundles.
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commutes. By [Bre97, Section 6.2],
Hk+ (P; Hf(Y)) — H* (P; H* (w; Hf(Y)))

[, |

H*"*(P;Q) ———— H* (B HM(X))
commutes as well. The claim now follows by composing with . 0

LEMMA B.15. — Let m: P — B be an oriented locally trivial fibration over a
locally contractible space with fibre the orbit space of [M/G]. Suppose P’ C P is a
subspace so that the induced map ©': P’ — B is an oriented fibre bundle with fibre
given by the orbit space of [M'/G], for a G-invariant submanifold M’ C M. Assume
the inclusion P’ — P admits a normal bundle and a tubular neighbourhood. Then

HJH(P3Q) = H(B;Q)

T
g /

H7 (P Q)

commutes, where m = dim([M/G]) and m' = dim([M'/G]). Moreover, jj* = o- for
a class 0 € H*(P | P'; Q) restricting to the Poincaré dual of X' over a fibre.

Proof. — Let p: N'— P’ be the normal bundle of the embedding and ¢: V —
W C N be a tubular neighbourhood. Then o = *7y and j, are given by the
composite

H}(PQ) = HiF(N| P5Q) = HEF (W | P3Q) — HEF(PQ).
It suffices thus to show that the above triangle commutes with P replaced by N.

In this case, j is an isomorphism with inverse given by p,. Thus, the claim follows
from Lemma B.14. O

LEMMA B.16. — Suppose X is the orbit space of an oriented global quotient
orbifold of dimension n with boundary and w: P — B is a fibre bundle with fibre X.
If j: P — P denotes the subbundle with fibre 0X , then the composition

HI"H(PiQ) == HIH(PQ) ™ HY (B;Q)
vanishes.

Proof. — The homology Q-manifold /)i = X Upy 0X x [0,1) admits a proper
deformation retraction onto X, as does P := X Up/ P’ x [0,1) onto P (where it is
fibrewise proper). The deformation retraction fixes P’ pointwise and is a map of fibre

bundles over B. By the long exact sequence in compactly supported cohomology, it
suffices to show that H*™"~1(P’;Q) — H*(B;Q) factors through H*""'(P"; Q) —

H:(P;Q).
The results of [Bro62| generalise directly to the setting of topological manifolds
with boundary, on which a compact group G acts almost freely and locally linearly,

and to fibrations thereof. Hence, 0X admits a collar inside X and P’ admits one
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inside P. Thus, we can find a neighbourhood U € P with U = P’ x (—1,1) and the
claim reduces to showing the commutativity of

HA" Y P, Q) —— H™(P' x (—1,1); Q)

> =

H*(B;Q)
which is an immediate consequence of the Kiinneth theorem. 0

LEMMA B.17. — Suppose two oriented global Kuranishi charts K; = (G, T;, &;, 6;)
for M, are cobordant via K = (G, T,E,s). If f;: M; — N is a continuous map so
that fo U f1 extends over s 1(0)/G, then fo,[DMo]"" = f1,[94]" in H*(N;Q)V. The

same is true in the equivariant setting.

Proof. — Set 20 := 5 !(0)/G. The claim follows from Lemma B.16 and the com-
mutativity of

A4(N;Q) —F—— o (;,Q) — T HMH(T5/G U Ti/G;Q)

~ah | J

A (90 U My; Q) 5 B (To/G U TG Q) 2 Q

where d is the virtual dimension of 9ty and 9)t;. Since the equivariant version of this
diagram also commutes and Lemma B.16 is phrased for the equivariant setting, the
last assertion is immediate. O
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