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ABSTRACT. — We study the inviscid Burgers equation on the circle T := R/Z forced by
the spatial derivative of a Poisson point process on R x T. We construct global solutions with
mean 6 simultaneously for all # € R, and in addition construct their associated global shocks
(which are unique except on a countable set of 8). We then show that as 6 changes, the solution
only changes through the movement of the global shock, and give precise formulas for this
movement. This can be seen as an analogue of previous results by the author and Yu Gu in
the viscous case with white-in-time forcing, which related the derivative of the solution in 6
to the density of a particle diffusing in the Burgers flow.

RESUME. — Nous étudions I’équation de Burgers inviscide sur le cercle T := R/Z forcée
par la dérivée spatiale d’un processus ponctuel de Poisson sur R x T. Nous construisons des
solutions globales avec une moyenne 6 simultanément pour tout # € R, et nous construisons
en outre les chocs globaux associés (qui sont uniques sauf sur un ensemble dénombrable de 6).
Nous montrons ensuite que lorsque 6 change, la solution ne change qu’a travers le mouvement
du choc global, et nous donnons des formules précises pour ce mouvement. Ceci peut étre
considéré comme un analogue de résultats précédents par 'auteur et Yu Gu dans le cas visqueux
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avec un forcage blanc dans le temps, qui reliait la dérivée de la solution en 6 a la densité d’une

particule diffusant dans le flot de Burgers.
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Simultaneous global inviscid periodic Burgers flows 875

An animation is also included in the supplementary material® and described in
Section 1.2.

1. Introduction
1.1. Background

Let T := R/Z and let w: R — T be the projection map. Let p be a purely atomic
measure on R x T such that N := supp pu is a discrete set. We will think of u as
a random measure, and our main example will be when p is a realization of a
homogeneous Poisson point process. We are interested in global solutions to the
forced inviscid Burgers equation given by

1
(1.1a) Orug(t, x) + Oy <2u3 + u) (t,x) =0, 0,teR,zeT,

(1.1b) / up(t,z)de =6, 0,t e R.
T

This type of Burgers equation with discrete forcing has been considered in the whole-
line setting, and briefly in the periodic setting, in [Bak13, BCK14]. As is usual for the
inviscid Burgers equation, we make sense of the problem (1.1) via entropy solutions,
which we define via Lagrangian minimizers. For X € H'([s,t]; T), and § € R, we
define the action

1

t
(1.2) Ay X] = 5/5 (X'(r) = 0 dr — p({(r. X(r)) : 7 € [5,0)}),

where X’ denotes the derivative of X. Roughly speaking, entropy solutions to (1.1)
with initial data ug(s,z) = 0 + 0,G(x) are given by wuy(t,x) = X'(t), where X
minimizes A s [ X]|+ G(X (s)) over all paths satisfying X (¢) = x. (See Definition 1.2
below.) At some points, the slope of the minimizer is not unique, and at these
“shock” points, the solution u is discontinuous in space. This minimization problem
resembles that defining the Hammersley process [AD95, Ham72], but here we impose
a quadratic penalty rather than a hard cutoff on the slope of the minimizers.

The integral on the left side of (1.1b) is preserved by the Burgers evolution, as
can be seen formally by integrating (1.1a) in space. In terms of the minimization
problem (1.2), the role of 6 is to encourage potential minimizers to have average
slope 6. Previous works in the mathematics literature (see e.g. [Bak13, EKMSO00,
GIKPO05, IK03]) on the forced Burgers equation in the periodic setting have mostly
considered the case § = 0. This is essentially equivalent to considering the problem
for any fixed value of 6, since if u solves (1.1a), then u(¢,z) = u(t,x — 0t) + 0 solves

(1.3) it ) + 0. (1) + Depa(t, x — 01) = 0

If the forcing u is taken to be random and shear-invariant in law, then the solution
maps of the problems (1.3) and (1.1a) have the same probability distributions.

(1) Available online at https://annales.lebesgue.fr/public/assets/751/moving_global_
shock.mp4.
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However, equivalence in law of the solutions with different values of # does not
tell us about the behavior of the equation solved for all values of 6 simultaneously
(i.e. with the same realization of the forcing p). This has been a topic of significant
recent interest for various models in the KPZ universality class on the whole line;
see e.g. [BFS25, BSS24a, BSS24b, FS20, GRASS25]. In the Burgers setting on the
torus, a time-periodic version of the problem has been discussed at a physics level
in [BKO7]. Important questions in the multi-f context include (1) how to construct
jointly invariant measures for the randomly forced Burgers equation simultaneously
for all values of #; and (2) how solutions sampled from these invariant measures
change as the parameter # changes. On the whole line, it has been found in all
examples that have been considered that the spatial integral of the process (i.e. the
process of spatial increments of the KPZ equation) almost surely exhibits a countable
dense set of discontinuities in . However, the proofs of this property in each case are
relying on some exact computation that can be performed for the model, and the
physical phenomenology behind these discontinuities remains to be fully understood.

The author and Yu Gu have studied a related problem for the viscous Burgers equa-
tion on the torus, forced by a white-in-time Gaussian noise, in [DG24]. The equation
we considered in that setting is

(1.4a) dvg(t, x) = ;[aivg + (93;(1)3)} (t,x)dt +dV(t,z), 6O,teR,zeT;
(1.4D) /Tvg(t, 2)dz =6, 0.t cR,
where dV is the noise. We showed that, at stationarity, we have

(1.5) ug, (t, ) — ug, (t,z) = /;2 ge(t, ) do,

where gy is a statistically stationary solution to the associated coupled PDE
(1.6a) Ogo(t, x) = ;Agg(t,x) + 0, (ugge)(t, ), 0,teRxeT,
(1.6b) /ng(t, 2)de =1, 0,t € R.

The problem (1.6) can be obtained by differentiating (1.4) in 6 and setting gy = Jguy.
On the other hand, from the form of (1.6a), we see that gy(¢,-) is the density
of a particle diffusing in the flow given by wg, with unit diffusivity. A particular
consequence of (1.5) (along with a moment bound on gy proved in [DG24]) is that
ug(t, ) is continuous in #, which is in sharp contrast to the behavior that has been
observed on the real line.

The purpose of the present paper is to study the jointly invariant measures of the
inviscid periodic Burgers equation (1.1) simultaneously for all . The main results
we will prove can be seen as analogues of those in [DG24]. In particular, we will
show that jointly stationary solutions for (1.1) exist, that a one-force-one-solution
principle holds, and that an inviscid analogue of the relation (1.5) holds. It will
no longer be the case that ug(t,z) is continuous in 6 because the analogue of gy
is less regular in our setting. However, the spatial integral of gy will be continuous
in z, and hence [y ug(t,y) dy will still be continuous in 6. Actually, this is a rather

ANNALES HENRI LEBESGUE



Simultaneous global inviscid periodic Burgers flows 877

generic feature of the periodic case: if we define hy(t, ) = [ up(t, z) dz, then by the
comparison principle we also have for 0y > 6, that wp, > uy, (assuming a similar
ordering for the initial condition), and so for x € [0, 1] we have

(1.7) 0 < ho, (t, ) — ho, (t, ) < ho, (t,1) — R, (£,1) "2 05 — 0.

In the inviscid setting we consider here, the particle diffusing in the Burgers flow
should be replaced by a particle simply moving in the flow, without diffusion. It is
well-known that such a particle will eventually join a shock of the Burgers flow. This
suggests that, at least formally, the density gy should be replaced by a delta mass at
a single “global” shock, and (1.5) then suggests that the change in u as 6 is varied
should occur only at the location of this global shock. We will prove a precise version
of this statement in our main theorem Theorem 1.9 below. We also point the reader
to the video included the supplementary material for a visualization of the shocks
in the Burgers flow as 6 is changed; see Section 1.2 for a description.

The proof techniques in the present setting are entirely different from those
of [DG24]. In particular, we study the minimizers of the functional (1.2), and the
associated shocks as mentioned above, rather than using the stochastic analysis tools
of [DG24]. This leads us to a fine study of the structure of one-sided minimizers and
global shocks for the inviscid Burgers equation. One-sided minimizers and global
shocks have been studied extensively in the literature on the stochastic Burgers
equation. We refer to the survey [BK18] for an illuminating heuristic discussion.
The use of minimizers rather than polymers makes many features of the problem
more explicit than in the viscous case, and certain aspects of the phenomenology
are clearer. In particular, we will see how the topology of the minimizers plays an
important role in the analysis. The importance of the topology of the minimizers has
been previously observed in the physics literature in [BIK02, BK07] for the Burgers
equation with time-periodic forcing that is smoother in time than we consider here.

A consistent theme of work on stochastic Burgers with multiple means considered
simultaneously is the presence of exceptional values of 6 at which behavior is observed
that happens with probability zero for any fixed #. This holds as well in our setting.
Thus, our study of minimizers and shocks will go beyond that of previous work in that
we will prove the behavior at these exceptional values of # as well. In particular, an
important feature of the study of minimizers for the Burgers equation is that distinct
minimizers from the same point do not typically cross each other. At exceptional
values of #, a certain amount of crossing is possible, and thus the picture that
we describe exhibits significant additional topological complexity compared to the
fixed-0 case.

1.2. Main results

We now state precisely the main results of our study. Although we are primarily
interested in the setting in which p is a Poisson point process, we can actually state
simple deterministic conditions on g under which our results hold. We will then
check (see Theorem 1.7) that these conditions are satisfied with probability 1 by any

TOME 8 (2025)



878 A. DUNLAP

homogeneous compound Poisson point process. To facilitate this, we introduce the
following space of forcing measures.

DEFINITION 1.1. — Let €2 be the space of purely atomic measures y on R x T
such that N := supp u is a discrete set.

Since much of our work concerns the behavior of Lagrangian minimizers, we first
define them precisely.

DEFINITION 1.2 (Lagrangian minimizers). — Let § € R and s < t.
syt

(1) We define the set #? , . comprising all paths X € H'([s,t]; T) with X (s) =y
and X (t) = x such that if Y is another such path, then Ay s+[X] < Ags:[Y].

(2) We define the set of one-sided minimizers
M = {X € H,

loc

((—OO, t], T) . X|[S,t] € '%SQ,X(S)H,X(t) for all s < t}
(3) For x € T, we define
My =X € M) X(t) =z},

t,x

(4) We define the partial order < on .4, by
t t
(1.8) X < Xy if / X/(s)ds > / Xi(s)ds for all 1 < t.

The partial order < represents the ordering of minimizers when lifted to the
universal cover R of R/Z. The reason for the “>” sign in (1.8) is that we say that
X1 < X if the graph of X lies (not necessarily strictly) to the left of that of X5
when lifted to the universal cover, which corresponds to the integral of the derivative
of X being at least that of X,. This ordering will play an important role in our
topological arguments.

Our first theorem will state that one-sided minimizers exist. To state it, we first
need to introduce another assumption on the noise field:

DEFINITION 1.3. — We define ; to be the set of all w € ) such that there exists
an M = M () > 0 such that for allt € R, thereisan s =s(t) <t— M anday €T
such that

(1.9) NA([s — M, s+ M] xT) = {(s,9)}
and
(1.10) W59} > 11

and moreover that we can choose s(t) in such a way that
(1.11) tBeroos(t) = +00.

Definition 1.3 encodes the notion of small-noise zones: regions of space-time con-
taining only a single, sufficiently strong forcing point. All minimizers started suf-

ficiently far in the future and extending sufficiently far into the past must pass
through such points. Indeed, since there are no other forcing points in the vicinity,
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there is nothing to be lost by passing through the forcing point; see Proposition 2.2
below. These small-noise zones act as regeneration times for the dynamics, as the
behavior of the minimizers before and after them is decoupled. They have already
been mentioned for this problem in [Bak13], and the simple new observation here is
that the decoupling happens simultaneously over all 6.

Given the existence of small-noise zones, we can prove the existence of global
solutions to (1.1):

THEOREM 1.4. — Suppose that u € Q. For each 0,t € R and z € T, the set %91
is nonempty, consists of piecewise-linear paths connecting (t,x) and points of N, and
has unique minimal and maximal elements Xy, .1, and Xy r, respectively, under
the partial order <.

Again, we note that, in the case when p is a Poisson point process, Theorem 1.4
has been proved for a single 6 at a time in [Bak13]. The novelty here (even in the
case when p is a Poisson point process) is that we prove it for all 6 on a single set o
(which will have probability 1 when pu is a Poisson point process). Theorem 1.4 is
proved as part of Proposition 2.5 in Section 2.

Let LR = {L,R}. We define, for O € LR,

(1.12) up,0(t, @) = Xp, . o(t—),

the derivative from below of the process Xy, 0 at t. Both w1, and uyr are global-
in-time entropy solutions to (1.1). It is clear from the definitions that ugp(¢,2) >
upr(t,x) for all (0,t,2) € R x R x T. They differ only on the set

(1.13) S={0,t,2) e RxRxT:upp(t,x) > upr(t,x)},
which is the set of shocks. We define

(1.14) Se ={(t,z) eRxRxT:(0,t,x) € S}

and

(1.15) Spr ={xeT:(tz) €Sy}

Theorem 1.4 describes a picture (previously observed in [Bak13]) in which, for
each fixed 6, the time-space cylinder R x T is tessellated by regions of points (¢, x)
for which the last forcing point on Xy, , g is a given forcing point. The shock set Sy
is formed from the boundaries of these regions (except that points of N are generally
on the boundaries of these regions but not in Sy). The dynamics of shocks are also
well-understood. Each forcing point creates a pair of shocks starting at that point.
(See Proposition 5.4.) A shock at position (t,z) moves (as time advances) with
velocity 2 (ugy(t,z) + ugr(t,2)) (the well-known Rankine-Hugoniot condition; see
Proposition 5.3 for a proof in our setting). When two shocks collide with one another,
they merge to form a single shock. See Figure 1.1 for an illustration.

It has been observed in [EKMSO00] for a fixed value of 6 (with a different type of
forcing) that, with probability 1, there is a unique global minimizer and a unique
global shock (the latter also known as the main shock or topological shock). All mini-
mizers merge with the global minimizer as time goes to —oo, and all shocks merge
with the global shock as time goes to +oco. (In the forcing considered in [EKMS00],
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880 A. DUNLAP

the shocks converge towards each other exponentially fast rather than literally merg-
ing.) The term topological shock is particularly illuminating; it refers to the fact that
the global shock is characterized by the presence of minimizers that, at the point
that they merge back together, have between them completed a nontrivial winding
about the torus. See [EKMS00, Theorem 5.2].

Let us now state this topological characterization of global shocks precisely. For

(0,t,x) € S, we define
(1.16) Ty(0,t,x) =sup{s <t: Xgt.1.(s) = Xo12r(s)}.

DEFINITION 1.5. — We define the set GS of global shocks comprising all shocks
(0,t,x) € S such that

t t
1.17 / ! ds > / 5 "
( ) Ty (0,t,z) G’t’m’L(S) 5 Tu(0,4,2) G,t,x,R(S) S

We also define
GSp = {(t,z) € Sg: (0,t,2) € GS} and GSy; = {x € Sy, :(0,t,x) € GS}.

Figure 1.1. The bottom plot shows the forcing points (yellow), a sample of
minimizers (black dashed lines), and the shocks (blue solid lines), which are
points at which minimizers extend in multiple directions. The top plot shows
ug(t, ) = up,q(t,-), where O € LR is arbitrary from the point of view of plotting.
Note that the discontinuities of uy(t,-) correspond to the locations of the blue
shock curves at time .

ANNALES HENRI LEBESGUE
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T\/(ev ta (17)

Tv(ev ta y)

Figure 1.2. The global shock curve is shown as a thicker light blue line. The point
(0,t,y) is a global shock, since the left and right minimizer coming from (¢, y),
considered up until their first meeting point, together complete a wrap around
the torus before meeting again. The point (6,t,z) is a shock, since minimizers
come from z in multiple directions, but not a global shock, since the minimizers
do not accumulate a nontrivial winding before meeting again.

See Figure 1.2 for an illustration of the definition of global shock. Additional
pictures are available in [BIK02, BKO07], in particular in the higher-dimensional
setting, which is also of significant interest but which we do not consider here.

When we consider all values of # simultaneously, it is not the case that there exists
a unique global shock for each 6,t. In fact, this is impossible, since the global shock
must have asymptotic slope 0, and so it cannot vary continuously as € is varied. We
can nonetheless make a strong statement about the structure of the global shock set
GS if we make the following assumption on the noise, which holds with probability 1
for the Poisson point process.

DEFINITION 1.6. — We define Qs to be the set of all i € Q such that, for each
0 € R, we have

(1.18) #(GSpNN) <1

and

(1.19) Se NN\ GSy = 2.

We define

(1.20) Og ={0 € R: #(GSyNN) =1},

and we define maps sg: Og — R and yg: ©g — T by letting (sg(0),ys(6)) be the
unique element of GSy N N for each 6 € O.
We further define o
Q - Ql N QQ.
THEOREM 1.7. — Let P be the probability measure associated to a homogeneous

compound Poisson point process on R x T. Then P(Q2) = 1.

We prove Theorem 1.7 in Section 7. Now we can state our second result on the
structure of the global shock set.

TOME 8 (2025)
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THEOREM 1.8. — Suppose that u € Q. There are unique functions sp,,sg: R X
R — T (which we call the left and right global shocks, respectively) such that the
following properties hold:

(1) For each 0,t € R and O € LR, we have GSy; = {s.(0,t),sr(0,t)}.
(2) For each fixed t € R and O € LR, the function 6 — sg(0,t) is piecewise
continuous. In particular, for each fixed t € R,

(1.21) the set {6 € R :sp,(0,t) # sg(0,t)} is discrete,
and
(1.22) sL(0,t) = 191/1%3 so(0,t) and sg(0,t) = }91&% so(0,1)

for each 8 € R and & € LR.

Moreover, these functions have the following additional properties (which are not
necessary for the uniqueness statement):

(3) For each fixed 6 € R and O € LR, the map t — sg(6,t) is continuous.
(4) If 0 € R\ Og, then s (0,t) = sg(0,t) for all t € R. On the other hand, if
0 € Og, then there exists an sx(0) € (sg(0),00) such that

(tER s (0,1) £ sr(0,1)} = (s5(6), 57 (0)).

The functions s;, and sg are constructed in Definition 4.9, which gives a charac-
terization that is in many ways easier to work with than the characterization given
in Theorem 1.8, but requires some additional definitions to state. Theorem 1.8(1)
is implicit in that definition. The statement (1.21) is proved as Proposition 6.5,
and (1.22) is proved simultaneously with Proposition 6.6 in Section 6.2. Part (3) of
the theorem statement is proved as Proposition 5.6 (1), and part (4) is proved in
Section 5.2. The uniqueness statement in Theorem 1.8 holds because part (1) and
(1.21) characterize, for each ¢, s, (0,t) and sg(0,t) at all except a discrete set of 6,
which means that the limits in (1.22) are well-defined and characterize s, (6, t) and
sr(0,t) for all 6.

The discontinuity of sg(6,t) is in accordance with the topological obstruction to
the continuity of sg(6,¢) in # mentioned above. The phenomenon we observe is
that, generically, we have s,(0,t) = sg(0,t): a single global shock for each ¢ and t¢.
However, for 6 € O, there is a time sg () at which the global shock hits a forcing
point and splits into two global shocks sp,(0,t) # sg(0,t). These global shocks then
re-merge at a later time s,(6), but they may have accumulated a nontrivial winding
relative to one another by this merging time. By this last statement we mean that
the union of the two branches is not contractible; see Figure 1.3.

This motivates the conditions in Definition 1.6, which state that for each 6, there
can be at most one forcing point that lies on a shock. For fixed 6, this happens with
probability 0, but with probability 1, it will happen for some values of 6.

The global shock set is the analogue of gy defined in (1.6) for the viscous problem.
Indeed, gy represents the density of a passive particle that has been diffusing in the
Burgers flow since time —oo. A similar particle moving in the inviscid Burgers flow
(without diffusivity, in accordance with the inviscidity) will end up in the global
shock set, since all particles eventually merge with a shock and all shocks eventually
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Figure 1.3. The global shock splitting into two when it hits a forcing point.
Later, the two global shocks merge back together. The two branches accumulate
different a nontrivial winding relative to one another by the time they re-merge.

merge with the global shock (up to the fact that the global shock may itself split at
most once for each 0).

We are now ready to state our main theorem, which describes how the global
solutions to the Burgers equation change as 6 is varied.

THEOREM 1.9. — Suppose that u € Q and fix t € R.

(1) The functions sy (-,t) and sg(-,t) are left- and right-differentiable, respectively.
For any 6, < 0y and any O € LR, we have

1

1.2 tLa) = he)= o000, 1)
(1.23) o, 0 (1) = o, (1, 2) Ops0(0+0, 1)’

0 € [61,021q
S[] (0,6)=x

where we have defined
(61,02] it O=1L; — ifo=1L;
1.24 01, 0] - =
(1.24) [6:, 821 {[01,92) if O=R + if O=R.
(2) Ifs(0,t) # sr(0,t), then there is an € = ¢(6,t) > 0 such that
(1.25) (0’ t,s.(0,t)) €S foralld €[0,0+¢)
and

(1.26) (0 t,sr(0,t)) €S forall € (0 —«,0].

and iD:{

Let us now describe how (1.23) is an inviscid analogue of (1.5). Suppose for sake of
illustration that there is just a single global shock s(6,t) for each 6 and ¢, and that
it is differentiable as a function of §. Under this (incorrect) assumption, the analogy
of (1.5) would be

02
(1.27) ey (t,2) — g, (1, 7) = / 5(x — s(6,1)) db.

01

TOME 8 (2025)
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Here we have used the fact that the inviscid analogue of gy is a delta mass at
s(0,t), as discussed above. Formally performing the change of variables y = s(0, 1),
dy = 0ps(0,t)d0 in (1.27), we get

s(2,t) 5(;5 — y) 1
(128)  wny(t,2) = g, (t0) = | By = Y
2 1 s(01,t) 0 6%1:,92} 695(9, t) 0 6%1:,92] 895(9, t)
s(0,t)=y s(0,t)=x

which is almost but not precisely correct. Our main result (1.23) is a corrected
version of the statement: it takes into the account that in the inviscid case, neither
sg(f,t) nor ug (¢, x) will be continuous in 6, and selects the left or right versions
of these functions as appropriate.

Theorem 1.9 implies that, if £ and x are held fixed and 6 varies, then the solutions
up 0 (t, ) only change when s (6, t) = z. Definition 1.5 makes transparent the reason
for this phenomenon. Indeed, if we differentiate (1.2) in 6, we get

d ¢
@Ae,s,t[X] = —/s X'(rydr+60(t — s).

Therefore, roughly speaking, we see a change in the slope of the minimizer only when
there are multiple minimizers with different values of the integral of X’ from ¢ until
the point at which the minimizers meet, which is exactly what is encoded in (1.17).

Theorem 1.9(2) further develops the behavior of the jumps of s(6,t). Indeed,
it shows that when 6 +— s(6,t) has a jump, it jumps to a preexisting non-global
shock, which then becomes a global shock and begins to move. See Figure 1.4 and
also the animation in the supplementary material (described in Section 1.2).

Organization of the paper

In Section 2, we establish basic facts about the minimizers, and in particular prove
Theorem 1.4. In Section 3, we set the stage for our perturbative arguments by using
the discreteness of N to show that, as the parameters 6, ¢, x are changed, the points
used in the minimizer can only change when there are multiple minimizers coming
from the same point. In Section 4, we study the topological features of global shocks
Definition 1.5. In Section 5, we study how shocks, and in particular global shocks,
move as t is varied. In Section 6, we study how the flow changes as 6 is changed.
Finally, in Section 7, we prove Theorem 1.7, showing that our assumptions are
satisfied almost surely for a compound Poisson process.

Key to illustrations

The paper features several figures and is also accompanied by one animation. In
each of the figures, minimizers are drawn as dotted black lines, forcing points as
yellow dots with black borders, non-global shocks by dark blue solid lines, and global
shocks by thicker light blue lines. Time increases along the vertical axis and space
is drawn along the horizontal axis.
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In the animation, which is included in the supplementary material, the value of #
starts negative and is increased as the animation progresses. The shocks, global
shocks, and a sampling of minimizers are drawn, and the graph of uy(t,-) for the
last plotted time ¢ is also shown above as in Figure 1.1. The reader will note that, as
proved in Theorem 1.9, the only movement in the picture is through the movement
of the global shock. When the global shock hits a forcing point, it jumps to the shock
extending from the other side of that forcing point.
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2. Existence of one-sided minimizers

In this section we prove Theorem 1.4 on the existence of one-sided minimizers.
First we must establish some basic properties of minimizers. If X € H!([s,r];T)
and Y € H'([r,t];T) are such that X(r) = Y(r), we define the concatenation
X ©,.Y:[s,t] = T by

X(q), ifq<r;
2.1 X0o Y =
(2.) (X 0, Y)(a) {Y@, S,
PROPOSITION 2.1. — Suppose that p € Q). Let 0 € R, —o0 < s < t < +00, and
z,y€T.
(1) The set f///ﬁy”,m is nonempty. Every X € f//{f,wt,x consists of straight line

segments connecting points of {(t, x), (s,y)} UN.
(2) If o 7£ [S/,t,] - [S,t] and X € %50 then X|[s’,t’] S %SOI,X(S/)‘t/,X(t/) as well.

ylta

(3) Ifre(s,t), Xe#,), andY € //lgy‘nx(r), then Y ®, X € #? . as well.

s,yltx s,ylt,x

Proof. — The first point is a standard property of the convexity of the Dirichlet
energy in (1.2). For the second point, we note that if not, then we could modify X on
[¢', '] to improve the value of Ay ; +, contradicting the assumption that X € .Z(0, s, t).
To see the third point, note that

A9787t[Y O X] = AG,S,T [Y] + A@,r,t[X] < AG,S,T[X] + AG,S,T[X] = AG,s,t[X]

by the definitions and part (2). O

To prove Theorem 1.4, we use the existence of small-noise zones described in
Definition 1.3 to achieve decoupling. The point is that when a small-noise zone
occurs, the behavior of polymers inside the small-noise zone is independent of what
happens outside of the small zone. This then implies that the behaviors of the
polymer before and after the small-noise zone are conditionally independent. The
following proposition, whose statement appeared already in [Bak13] in the case when
u({(t,z)}) =1 for all (t,x) € N, is the reason for the definition of Q.
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PROPOSITION 2.2. — Suppose that p € () and that s € R, M > 0, andy € T
are such that (1.9) and (1.10) hold. Then, for any 6 € R, z1,20 € T, and X €
//SQ_M,ZIBJFM@, we have X (s) = y.

Proof. — Assume towards a contradiction that we have some 8 € R and X €&

///59_M721|S+M7z2 such that X(s) # y. By the assumptions on s and y, along with
Proposition 2.1(1), we see that X consists of a single straight line segment. Let

(2.2) §e(-1/2,1/2]
be such that X (s) + & =y, and define
SMor - if € [s, 5+ M];
Y(r)=X(r)+&- (= ifr € [s — M, s);
0 otherwise.

In particular, this means that Y (s—M) = X(s—M) = z1, Y (s+M) = X(s+M) = 29,
and Y (s) = X(s) + & = y. Then we have

Ags—rrsem[Y] — Ags—nrsina [ X]

= M[FX(5) = 0+ €/M)+ 5 (X'(5) =0 /)P = (X'(5) = )] = {1

=&t € e

But since Y (s£M) = X(s+M), this contradicts the assumption X € .47 /1y,
U

Now we can make the following important definition.

DEFINITION 2.3. — Suppose that pu € € and let M(u) be as in Definition 1.3.
For t € R, we define T,(t) to be the supremum of all s <t such that there exists a
y € T such that (s,y) € N and X(s) =y for all

0
X e U %S—M(M),ZH,:E'

feR
z,z€T

We note that it is an immediate consequence of Definition 2.3 and the defini-
tion (1.16) of T\, that

(2.3) T.(t) < Ty(0,t,x) forany §,t € Randz € T.
The point of Proposition 2.2 is that T, () is finite:
PROPOSITION 2.4. — Suppose that u € Q, and t € R.

(1) We have T, (t) > —c0.
(2) There is a y.(t) € T such that

(2.4) X(T,(t)) = y.(t) for all X € HUR ML, - 210 At
S
z,z€T

(3) Finally, we have
(2.5) lim 7.(t) = +o00.

t——+o0
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Proof. — Fix t € R. Let M > 0, s € (—oo,t — M], and y € T be as in the
definition of Q. We claim that in fact T,(t) > s. Proposition 2.1(2) implies that if
0 €R, 2,2 €T, and X € 47 " Mot then X € MY MfstM,x(s+0) 8 well, and
so by Proposition 2.4 we have X(s) = y. Since (s,y) € N by definition, we have
T.(t) > s > —o0, and the first assertion is proved. The second assertion is tantamount
to asserting that the supremum in Definition 2.3 is achieved; this follows from the
discreteness of N and the compactness of T. Finally, (2.5) follows from (1.11). O

The following proposition contains the statement of Theorem 1.4.

PROPOSITION 2.5. — Suppose that i € Q. For each 0,t € R and x € T, the set
,///fx is nonempty. In particular, we have

(2.6) {X 0. X € ///fx} = M1y 1.0

Moreover, .4, has minimal and maximal elements under the partial order <

Proof. — Since /// B (Dl
set AP b 18 nonempty 1t suffices to prove (2.6). The “C” direction is an immediate

is nonempty by Proposition 2.1 (1), to prove that the

consequence of Proposition 2.1(2) and the definition of ///t ., SO We turn our attention
to the “D” direction. In other words, given X; € ¢ (). ()]0 WE seek to extend
X, to an element X of #7 . Let to =t, and let ¢}, = T.(t)_1) and yp, = y.(tp_y) for
k > 1. We note that, since 7tk <tpog — M(u) we have

(2.7) |_| e te 1] = (=00, .

For k > 2, let X € . ilterun_, - (This inclusion is satisfied for k = 1 as well,
but X, has already been chosen.) Now for s € [ty,t;—1), define X (s) = Xi(s), so X
is defined as an element of H._((—o0,t]; T) by (2.7) and the fact that X (t;_1) =
Y- = Xk—l(tk—l) by definition.

We claim that X € .Z, f . Let s <t and let k be large enough that ¢, < s. Suppose
that z € T and that Y G M ap oo Then, by (2.4), we have Y(t;) = y; = X(t))

whenever j < k. This means that Yt € MY . Since the same is true

koYklt—1,Y6-1"

for Xl +,_,, we have Ag, . [X] = Aa,tj,tj,l[ |. Summing this up over all j, we
obtain
(28) Ag’t,wt[Y] - AG,tk, [X]

Now since Y € . it DY Proposition 2.1(2), (2.8) means that X € MY et
as well. But since t; < s, we can apply Proposition 2.1(2) once again to see that
X € ///(’X (s)|t,e Oince this is true for any s < ¢, we conclude that X € MY,

To show that ./, has minimal/leftmost and maximal /rightmost elements under <,
we observe that each ///tk veltn 11 1S finite and has leftmost and rightmost elements

(as can be seen using Proposition 2.1 (3) to build a path that is weakly to the left /right
of any other minimizer). Then we note that a concatenation of these leftmost and
rightmost elements in a similar manner to the above argument will yield leftmost
and rightmost elements of ///tew 0
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The following corollary emphasizes how times of the form 7, (t) serve as regenera-
tion times such that the behavior of minimizers before and after them is independent.

COROLLARY 2.6. —Ifueﬁl,eeR x €T, and s < t, then

% %T (8),yx(s) ®T (s) %T* (s),y«(s)|t,x

(2.9)
= {X O, (s) Y:Xe€ %T*(s),y*(s) and Y € %T* (8),ys( s)|tx}

In particular, if we make the shorthand definition
(210) ‘%Htx = %T* )y« ()]t

then we have

‘% ‘%T* (s) QT* ‘%ﬂt T

Proof. — This follows from Proposition 2.5, Proposition 2.1(3), and induction. [

2.1. Minimizers and shocks

Now that we have established the existence of global minimizers, the definition
(1.13) of the shock set S makes sense. Here we establish a few basic properties about
minimizers and shocks that will be useful in the sequel.

LEMMA 2.7. — Suppose that ju € Q. Let 0 € R, s < t, and X, X, € 7. If
r € [s,t] is such that X;(r) = Xo(r) but X|(r—) # X5(r—), then (r, X;(r)) € Sq. If
we moreover assume that r < t, then (r, X;(r)) € N as well.

Proof. — 1t follows from the definitions and Proposition 2.1(2) that
(2.11) Xil(—oo] € M) x,y ~ for each i€ {1,2},

o (0,r,X;(r)) € S by the definition of S.

Now we assume that r < ¢ and prove that (r, X;(r)) € N. We note that the re-
strictions of X; and X, are both elements of .Z7, (,y , (yrx,y DY (2.11) and (2.6),
so Proposition 2.1 (3) and the assumption that X (r—) # X}(r—) imply that there
is an element of //l ) (mlt.x1 1) Phat changes direction at (r, X1(r)). Hence Propo-
sition 2.1(1) 1mphes that (r, X;(r)) € N. O

PROPOSITION 2.8. — Suppose that j € Q.. For any 0.ty € R, there is a t >
such that #GSg;, = #Sp, = 1.

Proof. — Let M be as in Definition 1.3. Using (1.11), we can find an s > ¢, such
that (1.9) and (1.10) hold. By Proposition 2.2, we have X (s) = y for any X € ..
Thus all minimizers at time s + M begin with straight line segments to (s,y), and
there is a single shock at the point where the line segments switch the direction they
go around the torus, as shown in Figure 2.1. O
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s+ M

Figure 2.1. When all minimizers at time s+ M start with straight line segments
o (s,y), then there is a single shock, which is in fact a global shock, at time
s+ M.

3. Continuity of minimizers with respect to parameters

We now want to explore how the sets //{t"x change as we vary 6, t, and x. The
main result of this section is that, if 6, ¢, x are perturbed only slightly, then each new
minimizer uses the same forcing points as one of the original minimizers.

For a path X in H} ((—o0,t]), to < t, 7 € (to —t,+00), and n € R, if X|j, 4 is
linear, we define a new path Ty, ,,X € H\ ((—oo,t+ 7]) by

X(s), s < to;

X(to)—k(s—to)-%, s € [to, t + 7).

7;0,7',77X(8) = {

This means in particular that
Tiorn X (t+7) = X(to) + (t — 10) X'(t=) + 1= X(t) +n
(here we use the assumption that X|, 4 is linear) and

(t = o) X'(t=) 41

(3.1) (T XVt 7) = 20

We also define

(3.2) t_a[X] =min{r < t: (r, X(r)) € N}
and

(3.3) t_o[X] = min{r <t: (r, X(r)) € N}

and, for i = 1,2,
(34) 7?777X = 7;7;1'[X],7'777X'

We note that if (¢, X(t)) ¢ N, then 7, X does not depend on i. If (¢, X(t)) € N,
then both 7!, and 7?2, move the endpoint of X to (t + 7, X (t) +n), but 72, X keeps
the forcing point at (¢, X(t)), while T}, X skips over it. See Figure 3.1.

Now we can state our proposition.
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ta[X] T b

Figure 3.1. The distinction between 7!, X and 7?2, X when (t, X(t)) € N.

PRrROPOSITION 3.1. — Suppose that p € Q.. Fix 0,t € R and = € T. There exists
ane =¢e(p,0,t,x) € (0,t —t_[X]) such that whenever (, 7,1 € (—¢,¢), we have

(3.5) Y i T, if (t,z) ¢ N or 7 <0;
= 7;177//4935 U 7;2,,,///& otherwise.

The reason for the two cases on the right side of (3.5) is that ’TT?HX is not defined
for 7 <0, and if (t,2) ¢ N, then T, = T2 by definition.
Proof. — First we choose ¢y > 0 small enough that

(36) {(S,X(S)) : C,T,?] S (—50,60),X € '%t@_:fyx_i_ms € [t — €Q,t+€0]} NN

C {(t,2)}.

This is possible since N is discrete: first we choose €3 small enough that any element
(s,y) € NN ([t — g0, + o] X T) must have s = ¢, and then we can make ¢y even
smaller if necessary to ensure that it is not advantageous for a minimizer in %ﬂtan

to use any forcing point (¢,y) with y # x.
Now let Ty = T.(t—eo) and yo = y.(t—¢¢). By (2.6), whenever (, 7,1 € (—&, €0), we
have ///titfﬁn = ///{‘3: yco O, //lie“izfolt traty SO t0 complete the proof of the proposition

it suffices to show that, when (, 7,7 are sufficiently small, we have

{7;1,7,//1 if (t,xz) € Nor 1t <0;

3.7 M -
(3.7) Toyolt+7z+n = 7277 MU 7‘3"/// otherwise,

where we have defined
(3.8) M= M i

Fix X € . Let A be the set of all paths Y with Y(Ty) = v, Y(t) = =,
and Y consisting of straight line segments connecting a subset of the points of
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{(t, ), (To,y0)} UN N ([To,t + o] x T). We see from the definitions and Proposi-
tion 2.1(1) that

T N if (t,2) € N or 7 < 0;
3.9 ML i ’ S
(3.9) To.yolt+ra+n = T, Tn‘/’/ U 7;2,77(/1/ otherwise.

The discreteness of N implies that

(310) YGHB/I{/// A@,To,t[y] — A@,To,t [X] > 0.

Now (3.6) implies that, for each fixed Y € .47, the map
(C? T, 77) — A97T7t+7 [Z{ny]

is continuous on [—&(/2,¢¢/2]>. Combining this observation with (3.10) and using
the discreteness of N again, we can find an € € (0,(/2) such that, if {, 7,1 € (—¢,¢),
then

: 1 1
YeIn/}/I{/// AG,To,t-}-T [I—,ny] - A@,To,t+7 [7:—,7]X] > 07

and so

(3.11) {TLY Y e \a}naf @

golt+ra+n —

Combining this with (3.9) and recalling that 7Y = 72)Y whenever (t,z) ¢ N, we
see that (3.7) is proved in the case when (t,2) ¢ N, and also when 7 < t.

Thus we now have to consider the case when (¢,z) € N and 7 > t. By (3.11), we
see that

(3.12) MY CT M U{T2Y Y en}.

Toyolt+7,z+n

If Z ¢ 45 N{T2Y : Y € A}, then in particular Z(t) = z, so by

To,yolt+T,2+n

Proposition 2.1(2), we have Z|i5 4 € ’///7(2;750\@:1:' On the other hand, by the case 7 <t

considered above, we have //17‘2+< C .. Therefore, we have Z = T2, (Z|5,4) €

0,Y0 |t,l‘

T72,~# . This completes the proof of (3.7). O

We will apply Proposition 3.1 many times throughout the paper. The following
application is quite simple.

COROLLARY 3.2. — Suppose that u € Q. Fix 0,t € R and x € T. There exists
ane = ¢e(u,0,t,x) > 0 such that whenever n € [0,¢),

(3.13) My =T X X €, and X'(t-)=Xp,,n(t-)}
and

(314) A, =T XX e, and X'(t-)= X}, (t-)}
In particular,

(3.15) Xoornr = TonXosor

and

(3.16) Xotanr=To nXotaL:
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Proof. — We prove the first statement, as the proof of the second is symmetrical,
and the third and fourth statements follow immediately from the first and second,
respectively. Let ¢ be as in Proposition 3.1 (although we will make it even smaller
shortly). By Corollary 2.6, ¢ :== Ag 1, 1)..[X] does not depend on X € ///fx Thus,

for any n € [0,¢) and any X € .//t‘fx, we can compute using the definitions that

A1, (t),2+n [%{nX ]—c

1
= S(t =t [X]) t—t_y

(X, 0P ) (X(t) - e>2]
=n(X'(t-) - 0) + 2(t—:f7_1[X])

From this expression we see that, when 7 is sufficiently small and nonnegative,
the action Ag 1, (¢) o4y[To,yX] is minimized over X € .4/, exactly when X'(t—) =
Xgi2r(t—) (as all such X will have the same value of ¢_,;[X]). Using this along
with Proposition 3.1 yields the conclusion. ([l

4. Topology of global shocks

In this section we explore the properties of the global shock set GS introduced in
Definition 1.5.

4.1. Basic properties

We begin with two refinements of the definition of global shock. We recall that a
global shock is one for which the left and right minimizers, when they merge back
together, do so with different winding numbers. We now show that the difference in
winding number is always exactly 1.

PROPOSITION 4.1. — Suppose that p € Q. If (0,t,z) € GS, then

t t
( ) T (0,t,z) e’t’x’L(S) 5 T (0.4,) 0,t,x,R<8) s+

Proof. — For O € LR, let Ig = f}v((,’m) Xp.+.»0(s)ds. Using the fact that
XH,t,x,L (Tv(9> ta l’)) - X9,t,:(:,R(T\/ (97 t? .73))

along with (1.17), we see that I}, — Ir is a positive integer. On the other hand, if
Iy, — Ig > 1, then the intermediate value theorem yields an s € (7,(6,t,x),t) such
that

t t
[ Xporyar = [ X on(yar =1,

and then we would have Xy, ,1.(s) = Xot.r(s), contradicting the definition (1.16)
of T\,(0,t, x). Thus we must have I;, — Ig = 1, which was the claim. O
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The next proposition says that, in order to check that a shock is a global shock, it
is sufficient to find two minimizers that have different slopes at time ¢ and a positive
winding number upon their first reconnection. (They do not have to be the left and
right minimizers.)

T\/(Q,LZL') B

Txy [

Figure 4.1. Tllustration of the situation in Proposition 4.2.

PROPOSITION 4.2. — Suppose that j € Q1. If there are X,Y € ///t(’x such that
X'(t) > Y'(t) and, with Ty = max{s <t: X(s) =Y (s)}, we assume that

t ¢
(4.2) / X'(s)ds# [ Y'(s)ds,
Txy Txy
then (0,t,z) € GS.
Proof. — We first note that
t
(4.3) / (X' —Y')(s)ds > 0 for all 7 € [Txy,1]

by the intermediate value theorem, the assumption that X'(¢) > Y'(¢), and (4.2),
since if there were a point r € (Txy,t] such that [*(X' —Y’)(s)ds = 0 then we
would have X (r) = Y(r) and hence Txy > r. In particular, this means that (4.2)
can be refined to

¢ ¢
(4.4) / X'(s)ds > Y'(s)ds

Tx,y Txy

We also note that
Xé,t,x,L(t_) 2 X/(t_) > Y/(t_> > Xé,t,:p,R(t)ﬂ

so (0,t,x) € S. Furthermore,
t

t
[ (Kbon = Xprwn)(s)ds > [ (X' =¥")(s)ds > 1
TX,Y T T

Tx,y

(with the last inequality by (4.4) and the fact that the last integral must be an

integer), and so 1\/(6,t,x) > Txy. (See Figure 4.1.)

But then we must in fact have
t

X}, o0 — X ds > [
»/T\/ (0.4,2) ( 0,t,x,L 9,t,a:,R> (S) S Ty (0,t,2)
and the proof is complete. O

t

4.3
(X' —Y')(s)ds 20,

ANNALES HENRI LEBESGUE



Simultaneous global inviscid periodic Burgers flows 895

4.2. Existence of global shocks

Now we show that there must be at least one global shock for each 6 and t. The
reason for this is topological: since all minimizers for a given # and ¢t must merge,
there must be some point at which the minimizers switch the direction they travel
around the torus.

PROPOSITION 4.3. — Suppose that u € Q. For each 0,t € R, we have #GSp,; > 1.
Proof. — Fix 0,t € R. For x € T and O € LR, let

t

Now since y = Xy, 0(7%(t)) depends neither on  nor on O, we know that fo(x) €
z —y + Z for each 0,2.?%) This implies that there exists an x € T such that
fu(z) — fr(z) € Z\ {0}. Let
(4.5)

X@,t,x,L<5) = XG,t,x,R(S)

& [ (Kpor = X ds € Z\ {0}
and [ (Xipan = Xopan) () ds € 2\ {0}

Let yo = Xota2n(Se) = Xpior(Se). Then we can see from the definitions and
Lemma 2.7 that (sg,ys) € GSy. If sg = t, then we are done, so assume that
Sg < t. In this case, Lemma 2.7 further implies that (sg,ys) € N. (Thus we have
(so,Ys) = (se(0),ye(f)) as in Definition 1.6, justifying the notation.) On the other
hand, the definition (4.5) implies that sg > T.(t), so in fact

n = min{f > 0: thereis an X € e//{fgwr£ such that X (sg) # y®}

Sg = ming s € [Ti(t),1] :

exists. Define 2/ = x + 7. By Proposition 3.1, there are X,Y € .#¢,, such that

(4.6) X(sg) =y # Y(se)
Moreover, since (Sg,¥ys) € GSy, we can use Proposition 2.1(3) to modify X on
[T.(t), sg| if necessary to ensure that
t
(4.7) / S =Y)(s)ds € 2\ {0}
T.(t
Let
sp =sup{s € [T.(t),t] : X(s) #Y(s)}
and
Sg = supq{s € [T(t),t) : X(s) =Y (s)}.
We claim that
t
(4.8) si=t and / (X'~ Y')(s)ds € Z\ {0}.

Indeed, if either of these conditions fail, then by Lemma 2.7 and (4.7), we can find
an s € [T.(t),t] such that (s, X(s)) = (s,Y(s)) € Sp N N. But then (4.6) implies
that (s, X(s)) # (Sg,¥s), and since (sg,ys) € N this contradicts the assumption

(2) Since z,y € T, x — y is not well-defined, but x — y + Z is.
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that yu € Q (recalling Definition 1.6). Thus we can conclude that (4.8) holds. Using
Proposition 4.2, we see that this implies that (¢,2') € GSy, and hence the proposition
is proved. U

4.3. Closedness of the global shock set

It will be helpful to know that the set GS is closed.

PROPOSITION 4.4. — Suppose that i € Q. The set GS is a closed subset of
T xR xR.

Proof. — Suppose that we have (0,,,t,,x,) — (0,t,x) and (0,,t,,z,) € GS for
each n € N. We claim that (6,¢,2) € GS. By Proposition 3.1, we can find n € N,
¢,7,no € R, ipg € {1,2}, and Zg € #f, (for O € LR) such that 6, = 6 + ¢,
ty,=t+71, 2, =x+n0, 7> t—;iD[Zl:l] —t, and

Xop toen,0 = Trig 200
for O € LR. In fact, by taking n sufficiently large, it is further possible to ensure
that n, = ng = 1 (which will be very small), so we have

i (3.4)
Xoptnan0 =Trp 20 =

- 7;_;”:‘ [ZD],TJ]ZD .

Now if Z{ (t—) = Zi(t—), then T\ (0,, tn, xn) = t_1[Z1] = t_1[Zgr] and it is impos-
sible that (0,,t,,x,) € GS. Therefore, Z{ (t—) # ZL(t—). From this we see that
Ty (0, tn, x,) =sup{s < t: Z1(s) # Zr(s)} and that

tn .
1 :/ X! _ X! d :/ gl _ g d
T\/(Hn,tn,xn)( 9n7t7u$n7L 97L7tn,1’n,R) (S) S Tv(0n7tn7xn)( L R)(S) S
which means by Proposition 4.2 that (0,¢,z) € GS. 0

Remark 4.5. — The set S of shocks is not a closed subset of T x R x R. Indeed,
each forcing point generates two shocks extending from it forward in time (see
Proposition 5.4 below), but most forcing points are not shocks. But Proposition 4.4
says that a forcing point with a global shock coming from it must be a global shock.
This is illustrated in Figure 1.3. (In fact, the closure of S is SU (R x N), but we do
not prove this since we do not need this fact in the paper.)

4.4. Multiple global shocks

We have shown in Proposition 4.3 that there is at least one global shock for every 6
and t. In this section we show that there cannot be more than two such global shocks.
The key ingredients for this are Lemma 2.7, which says that minimizers can only
cross each other at an element of SyNN, and Definition 1.6, which says that if © € Q5
then there can be at most one element of Sy N N. Since, in order to have multiple
global shocks at the same time, there must be some crossing of minimizers in order
to satisfy the topological conditions in Definition 1.5, these conditions restrict the
structure of multiple global shocks.
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Define
GS" = {(0,t,x) € GS : there is an s € (T, (0,1, 2),1) s.t. (5, Xprur(s)) € GSp NN}
and similarly
GS" = {(0,t,7) € GS : there is an s € (T(0,1,7),1) st. (s, Xgs01(s)) € GSp NN},
Define GSg' = {(t,z) : (0,,2) € GSH} and GSJ}, = {x : (0,¢,x) € GST}.

LEMMA 4.6. — If u € Q, then GS* N GSF = &.

Proof. — If there were a (0,t,x) € GS* N GS® then since Xg,,1, and Xy, r do
not intersect on the time interval (7\,(6,t,x),t) by definition, there would have to
be two distinct elements of GSy N N, contradicting the assumption that p € Q,. O

PROPOSITION 4.7. — Suppose that u € Q. Let 0,t € R and x1,z5 € GSy; be
such that x1 # x5. Then there are iy, ig € {1,2} such that {iy,ig} = {1,2} and
zig € GSH for O € LR.

Proof. — Define T; = T\,(0, t, z;), and assume without loss of generality that

(4.9) T > Ts.
Let Z; € R be such that
(4.10) T1<Tre <21 +1

and 7(Z;) = z; for i € {1,2}. (Recall that 7: R — T is the projection map.) Now
for i € {1,2} and O € LR, define

—~

Xin(9) =3+ [ Xp,,,0() dr+1{(,0) = (LL)},

so mo X; g = Xy, 0. In particular, we have

(4.11) Xip(t) —1=X1g(t) = 71.

and

(4.12) Xop(t) = Xog(t) = .

Using these together with (4.10), we summarize that

(4.13) Xip(t) —1=X1g(t) < Xorn(t) = Xor(t) < X1.0(t).
——

=21 =T =z1+1

Also, (4.11) along with (4.1) imply that

(4.14) X10(Th) = X1 r(Th),

while (4.12) along with (4.1) imply that

(4.15) Xop(Ty) = Xor(Ty) — 1.

Finally, we have
Xiv(s) = Xin(s)| <1 forallie {1,2} and s € (S;,1)
by the definition of T;.
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We claim that
(4.16) Xon(Th) < Xor(Th).
Indeed, if not, then we must have
(4.17) Xop(Th) = Xor(T4)

by the definitions, and since we assumed in (4.9) that 77 > T3, this implies that
Ty = Ty, and then (4.17) contradicts (4.15). Therefore, we conclude that (4.16) holds.
Define

§1 = min{s € (Ty,t) : 5(\2,L(8) = )/(\1,1%(5)}
and
S9 = min{s e (Th,t) : 5(\2,1{(5) < 5(\2,L(5)}-

Now (4.16) and (4.13) along with the intermediate value theorem imply that
s1V sy > Ty, If 57 > 51, then Lemma 2.7 implies that

)/(\2,L(51) = 5(\1,}{(81) =1
and (s1,7(71)) € Se NN, while if s > S, then Lemma 2.7 similarly implies that
X\Q,R(SQ) = X\l,L(SZ) =Y

and (s, (7)) € Sp N N. Using the fact that p € Qy, we conclude that in fact there
is an i € {1,2} such that (s;, 7(7;)) € GSp N N, and the proof of Proposition 4.7 is
complete. O

COROLLARY 4.8. — Suppose that j € Q. For any 0,t € R, we have #GSy, < 2.

Proof. — Suppose for the sake of contradiction that we have distinct x1, zq, x3 €
GSy,:. By Proposition 4.7, we can assume without loss of generality that z; € GS{;,t

and xy € GS?’t. But then applying Proposition 4.7 twice more we see that x3 €
Gslg,t N GS&t, contradicting Lemma 4.6. O

Proposition 4.7 and Corollary 4.8 allow us to make the following definition.

DEFINITION 4.9. — Suppose that j € Q. We define functions s.,,SR: RXR —T
as follows. For (6,t) € R x R, if GSy; = {x}, then we define s;,(6,t) = sg(0,t) = .
If GSp; = {xp, 2} with xg € GSEt for O € LR, then we define sg(6,t) = z.

Then the following proposition follows immediately from the definitions and Propo-
sition 4.7.

PROPOSITION 4.10. — Suppose that u € Q. If s.(0,t) # sr(6,t), then 6 € O,
S@(t> > T\/(@,i’,l‘) > T*(t)7 and

Xots00.0).R(50(0) = Xorsp0.0,L(50(0)) = ys(0).
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4.5. Topological classification of minimizers

For certain purposes, it will be helpful to have a finer-grained classification of
minimizers according to the way they wind about the torus T. Recall the definition

(2.10) of A

x|t,x*

DEFINITION 4.11. — Suppose that u € Q1. Let 0,t € R and z € T. We define an

equivalence relation ~ on ///,ﬂm by X ~Y whenever

t
/ (X'~ Y')(r)dr = 0,
0

We define [X] to be the equivalence class of X under ~. We also define, for 0O € LR,

%ﬁt,x,m = [Xe,t,x,D] :

The partial order < is defined in (1.8) as a partial order on .#f,. We extend its
definition to .#?%, _in the obvious way. For O € LR, we define Xotz00nand Xg, . OR

*|t,z
to be the minimal and maximal elements, respectively, of .#Y

«t.e,0 under <. Finally,
for O, € LR, we define

(4.18) up 0t x) = Xpi o 0o (t—).
We note that
(4.19) Xot00 = XoreO and Up 0.0 = Up.0 for O € LR.

First we show that global shocks lead to multiple equivalence classes.

PROPOSITION 4.12. — Suppose that p € Q. If (0,t,x) € GS, then ///fu,z,L #
'%g\t,:c,R‘

*

Proof. — 1If (0,t,x) € GS, then we have

t
A*(t) (Xé,t,m,L - Xé,t,x,R) (5> ds = /Tv(O,t,x) (Xé,t,m,L — Xé,t,x,R) (3) ds > O,

50 XotoL % Xotar and hence E///ﬁm’L # ,///ﬁt’LR. O

The converse of Proposition 4.12 is false, even if we additionally assume that
(0,t,z) € S. Indeed, if s, (0,t) # sg(f,t), then any minimizer that passes through
(s(0),ys(0)) will split into two minimizers with different winding numbers on
[T.(t),t]. There may be additional non-global shocks at time ¢ whose minimizers
pass through (sg(0),ys(0)) after re-merging for the first time. However, we do have
the following:

t

PROPOSITION 4.13. — Suppose that u € Q. If (0,t,x) ¢ GS, then upo(t,x) =
upr,O(t,x) for each O € LR.

Proof. — We prove this for O = L; the proof for O = R is symmetrical. We
abbreviate Xo = Xgt,01, so (recalling (4.18)) we have ugo1(t,r) = X5 (t—).
Suppose for the sake of contradiction that X| (t—) # X, (t—). Let T := max{s < ¢ :
Xp(s) = Xgr(s)} and let y .= X,(T) = Xg (7). We note that

(4.20) /Tt (X! — X0)(s) ds = 0,
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since otherwise we would have (0,t,x2) € GS by Proposition 4.2. Now we consider
two cases (which are in fact symmetrical, but we prove both for clarity).

Case 1. — Suppose first that X (t—) < X} (t—). Define Y = X1, ©r Xg. Then we
have Y # Xi, and Y < X1. Also, we have f%*(t)(Y’ — X{)(s)ds = 0 by (4.20), so
Y e j/*glt,va' This contradicts the definition of X7, as the leftmost element of //*eltmL'

Case 2. — Suppose now that X| (t—) > X[ (t—). Define Y = Xg ®r Xp. Then
we have Y # Xy and Y < Xg. Also, we have f%*(t)(Y’ — Xg)(s)ds = 0 by (4.20),
soY € //l*ﬁm,R. This contradicts the definition of Xy as the leftmost element
of //l,ﬂtyva. O

The following lemma will also be useful.

LEMMA 4.14. — Suppose that i € Q1. Let 0.t € R and z € T. If
t
(421) Lo [Friaa ) = X)) ds > 2,
then there is some (Sg,ys) € [(T:(t),t) x T] N GSp NN such that Xg;.1(sg) =
Xotar(S2) = Ys-

Proof. — For (4.21) to hold, the minimizers Xy, .1 and Xy, r must cross in the
interval (7(t),t), so the conclusion is a consequence of Lemma 2.7. O

We now use the equivalence relation introduced in Definition 4.11 to give a further
characterization of the left and right global shocks, when they differ.

PROPOSITION 4.15. — Suppose that p € Q and that (0,t,z) € GS. If

upLr(t, ) = ugrr(t, ),

then

(4.22) s.(6,t) = x # sr(0,1).
Similarly, if ugy,1(t,x) = upr1(t, ), then

(4.23) sp.(0,t) # x =sg(0,1).

Proof. — We will only prove the first statement, as the second is symmetrical.
So assume that upr(t,2) = uprr(t,x). Let sg = sup{r < t : Xp;,Lr(r) #
Xotarr(r)}. Since uprr(t, ) = ugrr(t, z), we have sy < t. Also, we cannot have
Xo+21LR = Xotar R since these paths are in different equivalence classes of ~, so
we must have sg > —o00. Define

(4.24) Yo = Xoter(5g)

By Lemma 2.7, we have

(4.25) (5%,Ye) € Se N N.
We claim that

(4.26) sg > Ty(0,t,x).
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Suppose for the sake of contradiction that sg < 7\(6, ¢, z). Define the path

XotzL(s) if s > 1T,(0,t, z);

V() = (Xorarn Ororm Xorar)(s) =
(S) ( 0,t,x,L,R W\, (0,t,x) <20, 7L) (S) {Xejt,LL’R(S), ifse [T*(t),T\/<9,t,I’)]

This path is continuous since

XO,t,x,L(T\/ (9, t> 33)) = XG,t,x,R(TV(ea ta x)) = X@,t,x,L,R<T\/ ((9, t? .CC))

The first identity by the definition (1.16) of 73, and the second identity is because,
since sg < Ty(0,t, x), we see that, whenever s > T,,(0,t, ), we have Xy, 1. r(s) =
Xot2r(5). This last observation moreover allows us to compute

t t
/T*(t) (Xé,t,x,L - Xé,t,a:,L,R) (S) ds /T*(t) (Y’ — Xé,t,x,L,R) (3) ds

WV

t (1.17)

Xé,t,z,L - Xé,t,z,R) (8) ds > 0,

T\/ (G,t,x) <

but this contradicts the definition of Xy, , 1, r. Thus we conclude that (4.26) holds.
Now (4.24) and (4.26) imply that Xy;.1.(sg) # ye. In fact, using Lemma 2.7,

(4.25), and the fact that u € s, we see that

(4.27) X(sg) #ye forall X € 4, with X'(t—) = Xj, . 1.(t—).

Therefore, if we define £ :=1inf{n > 0: Xy 11y r(Se) # Yo}, then (4.24) and (3.15)
imply that £ > 0, while (4.27) and (3.14) imply that £ < 1. Therefore,

(4.28) o=c+{#.

Similar logic implies that

(4.29) Xotar1(50) = Yo # Xota r(S0)

which means (again using Lemma 2.7 and the assumption that p € Qg) that
(4.30) Ty(0,t,2") < sg.

Now (4.29) implies that

(4.31) Xot201.(5) = Xospyen(s) forall s € [Ti(t),sg).

Also, again using Lemma 2.7, in light of the fact that the path Xy, , g does not
cross any element of Sy M N by (4.29) and the assumption that p € Qs, we see that

Xorwr(TV(0,t,2) = X sower(TV(0,t,2))
and thus that
X012 r(S) = Xospyer(s) forallse [Tu(t),T,(0,t, )]
Combined with (4.30), this implies that
Ty(0,t,2") = Ty(0, 50, Yo)-

See Figure 4.2 for an illustration.
Now if we define

(4.32) Z = XgsgysR Ose X0,t,2,L;
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then Z < Xy, r and so

' t
Xbrwr — Xppa d)/ XN
/Tv(e,t,z')( b8, L 0.t vR) (r)dr Tv(e,t,x/)< 0,t,2 L )(T) r
= Ty (6,2 (X9,8®,y®,L - XG,S@,@@,R) (T’) dr = 17

with the first identity by (4.31) and (4.32) and the second by Proposition 4.1. This
implies that 2’ € GSy ;. But since (4.31) implies in particular that Xy, ./ 1.(s¢) = ys,
and (sg,vys) € S¢ NN and hence in GSy N N by Definition 1.6, we actually have
z' € GSGR,t, and hence that = € GSIg’t by Proposition 4.7 and Lemma 4.6. Therefore,
we have sp,(6,t) = x # 2/ = sg(6,t) by Definition 4.9 and (4.28). This completes the
proof of Proposition 4.15. O

Tv(ev tv I)

T* (t) = T\/ (07 S®, y®) = T\/(ga t; .Z'/)

Figure 4.2. Tllustration of the situation in the proof of Proposition 4.15.

PROPOSITION 4.16. — Suppose that p € Q. Suppose that 6,t € R are such that
sp.(6,t) # sr(0,t). Then we have

upLr(t,s0(0,t)) = ugrr(t,sL(0,1))
and similarly
up 1 (t,sr(0,t)) = ugrL(t,sr(6,1)).

Proof. — Again, we just prove the first statement, relying on symmetry to prove
the second. It is trivial that wgpr(t,sn(0,t)) > ugrr(t,sL(f,t)), so it suffices to
prove that

(433) Uy, R (t, SL(H, t)) < U97R’R(t, SL(Q, t)) .

Because of the assumption sp,(0,t) # sg(0,t), we know from Proposition 4.7 that
there is some (Sg,ys) € GSg N N such that

Y = Xe,t,sL(e,t),R(3®) = XO,t,sR(H,t),L(S(X))'
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Now define, for O € LR,

YO = Xo,s0,90,0 Osg Xo,ts1,(0,0),R-
Then we sece that Yo € .4/ 4, by Proposition 2.1(3). We also note that
(4.34) YR = Xo,150.0,6)R

while

[ i) - vis)ds = |

/ /
T.(t) T.(t) |:X973®7y®7L($) o X9,8®7y®7L($):| ds

S®
2 / |:Xé?8®7y®7L(S) - Xé,s®,y®7]_,(5>i| dS - ]_

Tv(0,50,9®)

(4.35)

since (Sg,Yz) € GSp. On the other hand, since Xy (0.4),1(52) # Yo by Lemma 4.6,
Lemma 4.14 tells us that

t
/ [Xé,t,sL(H,t),L - Xé,t,sL(e,t),R} (S) ds =1,

T, (t)

so (4.34) and (4.35) tell us that Y, € ///}ﬁt’SL(M)’L. Therefore, X, (9,),r must lie
to the right of Y, so

upLr(t,sL(0,1)) = Xg g 0.0 (t=) SYi(t=) = Xgq 00 (1) = uorr(0,5.(0,1)),

and so (4.33) is proved. O
PROPOSITION 4.17. — Let € Q and 6,t € R. If s, (A, t) # s (6, 1), then we have

(4.36) uprL(t,sr(0,t)) > ugrr(t,sr(0,1))

and

(4.37) upLL(t,sp(0,t)) > ugrr(t,sL(f,1)).

Proof. — We limit ourselves to proving (4.36), as the proof of (4.37) is symmetrical.
By Proposition 4.10, we have 6 € O,

(4.38) se(t) > Ty(0,t,sr(0,1)),

and

X@,t,sR(e,t),L(3®(9)) = 3/®(9>-
Define

(4.39) X(5) = Xp10(0)000) R Oso0) Xo tan(0.0)1
so X € M, by Proposition 2.1(3). Suppose for the sake of contradiction that

t —
! /
/T*o:) (X" = X s (o) (5) ds > 0.

Then we would have

¢
/T*(t) (Xé,t,sR(H,t),L — Xé,t,sa(e,t),R) (s)ds > 1,
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which implies by Lemma 4.14 that Xg ;<. (9,0),r(5(0)) = yx(6), contradicting (4.38).
Therefore, we must have [f, (X' — Xg, sn0.0r)(8) ds = 0 (as it is clearly nonnega-

tive), and hence X € MY, . x- But this means that

o 4.39)
u(”RﬁL(t’ SR(97t)) = Xé,t,sR(a,t),R,L(t_) 2 Xl@‘) = Xé,t,SR(e,t)aL<t_)
> Xp 1 sn@nr (=) = uorr(t,sr(6,1)),
and the proof of Proposition 4.17 is complete. ]

(

5. Movement of shocks as time is varied

In this section we study how shocks, and in particular in Section 5.2 global shocks,
move as t changes.

5.1. General case

(a) Three minimizers from a  (b) Proposition 5.3: just af- (c¢) Proposition 5.5: just be-

single shock at time t. ter ¢, there is a single shock. fore ¢, there is one shock for
The minimizers follow the each pair of time-t minimiz-
left and right time-¢ minimiz- ers with “adjacent” slopes.
ers.

Figure 5.1. Dynamics of a shock as time changes when there are more than two
minimizers coming from a single shock.

Proposition 3.1 tells us that, if (¢,z) € Sp and we perturb ¢ and z by 7 and 7,
respectively, then the minimizers will be perturbations of a subset of the original
minimizers starting at ¢ and x. Thus, we can seek another shock at (t + 7,z + n)
by trying to solve for n such that there are multiple distinct slopes of minimizers
starting at (¢t + 7,2 + 7). If there are only two minimizers starting at (¢,z), then
this procedure is relatively straightforward since in that case those two minimizers
must be the ones that we perturb to find minimizers at (¢ + 7,z + 7). In this case
we simply recover the usual Rankine-Hugoniot condition ((5.3) below). However,
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it could also be the case that there are more than two minimizers meeting at the
same shock. (See Figure 5.1(a) for an example.) In this case, when time is moved
slightly forward, only the greatest and least slopes of minimizers at time ¢ persist, as
illustrated in Figure 5.1(b) and proved in Proposition 5.3. On the other hand, when
time is moved slightly backward, if the slopes of minimizers are ordered, then every
pair of adjacent slopes corresponds to a separate shock, as illustrated in Figure 5.1(c)
and proved in Proposition 5.5.

We begin by considering the perturbative theory for single pairs of minimizers.
Recall the definition (3.4) of the path perturbation operator 7;177

LEMMA 5.1. — Suppose that ju € Q. Suppose that § € R and (t,z) € Sg \ N. If
X1, Xy € M, are such that

(5.1) Xi(t=) # Xa(t-),

then there is an € > 0 and a unique function ry, x,: (—¢,&) — R such that rx, x,(0)
and, for all T € (—¢,¢), we have, defining T, = T,(t — ), that

(5.2) Ao i [Ty, s, Xi] s equal for i € {1,2}.
Moreover, we have

1
(5.3) rxx, (0) = (X (t=) + X5(1)).

Proof. — For any piecewise-linear path X : [T}, ¢] — T, we first compute from (3.1)
that

e )

Thus we can compute, using the definition (1.2) as well as (5.4), that
(55) Ao pir| T X]

n—71X'(t-)
t+7—t 4[X

— ;(t + 7 — t_;l[X]) (X/(t—) + ] — Q) + AG,T*,t,;l[X] [X]

Using this with X = X7, X5 and differentiating with respect to 7, we see that

(5.6) 4 [AH,T*,t+T [7277)(2] — Ap1, 147 {7;'%77)(1”

5 — Xj(t-) - X{(t-).

n=1=0
Now the assumption (5.1) let us use the implicit function theorem to find an € > 0
and a unique function rx, x,: (—¢,¢) = R such that rx, x,(0) = 0 and (5.2) holds
for 7 € (—¢,e). We can also compute from (5.5) that

d 1 1 1 2, 1 2
(57 (Ao, [ T2, = Ao s [’nmxlﬂn:T:O = 5 X5(t=)" + S X (1),
so (5.3) follows by implicit differentiation along with (5.2), (5.6), and (5.7). O
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Remark 5.2. — Generalizing the computations in the last proof, we can compute,
for any f: (—e,e) — R, that

(5.8) Ci_[-AO,T*,t—i-T {ﬁf(T)XQ} = Aor 4 [7;1,f(T)X1H

= —;Xg(t—)Q + ;X{@—)2 +F(0)(X3(t—) — X1(t-))
- (ro - HOTHO ) ey - 100,

Now we will seek to identify the actual minimizers that occur after a perturbation.
First we see what happens immediately after time ¢. The following proposition
justifies the picture in Figure 5.1(b).

PROPOSITION 5.3. — Suppose that ju € Q. Suppose that 6 € R and (t,xz) € Sp\N.
There is an € > 0 and a function r: [0,¢) — R such that r(0) = 0,

1
(59) 7(04) = 5 (X pant=) + X o)),

and, for all T € (0,¢), we have
(510) '%tif,err(T)

={ThoX: X e, and X'(t—)€{X},,n(t-):0€LR}}.
In particular, (t+ 1,z +r(7)) €Sy. Moreover, if n€ (—e,e) \ {r(7)}, then (t+ 7,2 +n)

¢ Sy.

Proof. — We choose € > 0, T, = T,(t — ¢), and r :=
Lemma 5.1, so (5.9) holds by (5.3), and we have

FXp001.X000r @S defined in

5.2
(5.11)  Agr.t4r [ﬁ}r(T)Xe’m’L} (3.2 Ao tir [Z{,(T)Xe,t,z,R} for all 7 € (—¢,¢).

If X € .4/, is such that
(5.12) Xorapn(t=) > X'(t=) > Xy, , n(t-),
then we have
d
(5.13) E[AQ,T*,HT {Tﬁr(ﬂX} — Aot t4r [ﬁ%r(T)XG,t,m,DHT:O

@9 (r'(o> SHEEE é’t’z’m(ﬂ) (X'(t) = Xp00(8)):

Now, since (t,7) € Sy, we have Xj, . (t—) > Xp,,r(t—), and hence must either
have

X'(t—) + X t— X'(t—) + Xy t—
r’(O) < ( ) 5 B,t,a:,L( ) or I’/(O) > ( ) 5 9,t,x,R( )
In the first case, we see (also using (5.12)) that the right side of (5.13) is strictly
positive when O = L, and in the second case the right side of (5.13) is strictly
positive when O = R. From this and Proposition 3.1, we see that the “C” direction

of (5.10) holds.
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On the other hand, if X'(t) € {Xj,, (t—) : O € LR}, then it is clear from the
definitions and (5.11) that

(5-14) AQ,T*JH—T [Tﬁr(T)X] = -AG,T*,H—T [t{r(T)XG,t,x,D}
for all 7 € (—¢,¢) and O € LR.

Using this observation along with Proposition 3.1, we conclude the equality in (5.10).
The last assertion of the proposition then follows from the uniqueness assertion in
Lemma 5.1. O

We also consider the case when (¢, x) € N.

PROPOSITION 5.4. — Suppose that u € Q. Suppose that 6 € R and (t,z) € N.
There is an ¢ > 0 and two continuous functions ry,, rg : [0,¢) — R such that r(0) =0
and for all T € (0,¢), we have r, (1) < rg(7) and
(515) '%Z—T,:E-FFD(T) = {Z—%rD(T)X X € '%tajx and X/(t_> = Xé,t,x,lj(t_)}

: 9
AT g X : X e ).

In particular, this implies that if (t,x) € GSy NN, then (t + 7,2 + rg(7)) € GSy for
all T € [0,¢) and O € LR.

Proof. — Let X = Xg1,0, mg = XH(t—) — 60, and sg =t —t_41[Yg]. We
have, for 7 > 0 and n € R, that

Ao, )42 | T2 XD = Aoz e | T XO]

1 2
= 57(2-0) — n{t ) + Aor0lYD) ~ Avr [T, X0

(‘;5) 07_2:@ — Iu({(t,aj)}) —+ ;SDTFLZD — ;<3D + 7-) <m|:| + n— ;’ém+DT+ 9))
= sy (=707 2rme(y = 76) + 7*my) = u({(1,2)})
50

- m(n — 70 +71mn)’ — p({(t,2)}).

Therefore, if we define
o (7) = 7(6 — mo) £0 /27 (1 + 7/so)u({ (t,2)})

(with £ as in (1.24)), then the fact that rp(7) < rg(7) is clear, and we moreover
have for sufficiently small 7 > 0 that

(5.16) A@,T*(t),t+7 [Tgrm (T)XD} = .AQ,T*(t)ﬂerq— |:7_7"]JFD(T)XD:| for O € LR.
We note that
(5.17) Ao, (), 44+ [TfrD(T)X} is independent of O € LR.
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Also, if X € .4, and X'(t—) > X4, . g (t—), then (5.8) implies that, for sufficiently
small 7 > 0, we have

(5-18) AG,T*(t),tJrr[ o X} > AQ,T*(t):tJrT [ﬁ%rD(T)Xe,t,x,RL
and similarly if X'(t—) < Xp, ,1.(t—), then for sufficiently small 7 > 0 we have
(5.19) AG,T*(t),tJrT{ g () X} > Ao 1, (1), 047 {Z}rD(T)XGJ,x,L}-

Now using Proposition 3.1 along with (5.16), (5.17), (5.18), and (5.19), we conclude
(5.15).

The last claim of the proposition statement is thus clear, since in this case, at
least if 7 is sufficiently small, then T L (r )Xgm 1, and T2 Xgm r will satisfy the

)Xﬁth and7:2 X@tzL ]

Now we look at what happens just before time ¢. The followmg proposition justifies
the picture in Figure 5.1(c).

conditions of Definition 1.5, as will 7;; (r

PROPOSITION 5.5. — Suppose that u € € and that 6 € R, (t,x) € Sy, and
X1, Xy € MY, are such that X{(t—) > X}(t—) and, for any X € .#f,, we have

X'(t—) & (X4(t—), X1 (t—)). Then there is an € = £(0,t,x) > 0 and a function
rx,.x,: (—¢,0] = T such that r(0) = 0,

Xi(t=) + X5(t-)

(520) rl)(l,XQ (0_) = 2 ?
and, for all T € (—¢,0),
(521) '%te—&—’r,ac—i-rxl XQ(T)
AT e X X e, and X'(t-) e {X{(t-), X}(t-)}}.
Proof. — We choose ¢ > 0, T, = T.(t —¢), and r == rx, x, as in Lemma 5.1,

so (5.20) is simply (5.3). If X € ./, is such that X'(t—) & [X5(t—), X{(t—)], then
we can use (5.8) and (5.20) to obtain

=0

d 1
a7 (Ao s Tan X] = Ao e | T X1 |
= SX3=) = X)X (0-) = X (=) <0,

On the other hand, if X'(t—) € {X(t—), X5(t—)}, then it is clear from the definitions
and (5.2) that

Aoz [T X| = Ao e [T X1| = Apgsir [Thin Xo] forall 7 € (—z,).

Thus we can take € smaller if necessary and apply Proposition 3.1 along with the
last two displays to see that (5.21) holds for all 7 € (—¢,0). O
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5.2. Global shock movement

We now use the results of the previous subsection to describe the movement in time
of s;,(0,-) and sg (0, -). The first part of the following proposition is Theorem 1.8(3).
At the end of this section, we also prove Theorem 1.8(4).

PROPOSITION 5.6. — Suppose that u € Q. Fix0 € R and O € LR.
(1) The function t — s(0,t) is continuous in t.
(2) The function t — sg(0,t) is right-differentiable at every t € R such that
(t,so(0,t)) € N, and for each such t we have

(5.22) s (0, t+) _ 1 > ugo(t,so(6,t)).

O €LR
Proof. — Let t € R. We consider two cases.

Case 1. — First we consider the case when sp,(0,t) = sg(0,t). Let O € LR. Suppose
for the sake of contradiction that there is a sequence ¢, — ¢ such that s(0, ;)
does not converge to s(f,t) as k — oo. By the compactness of T, we can pass
to a subsequence to assume that = = limg_,o, sg(0,tx) # sg(f,t) exists. But then
Proposition 4.4 implies that € GSy;, whereas the assumption that si,(0,t) = sg(6, )
implies that GSg; = {sg(6,t)}, a contradiction. Therefore, we must have

lim s (6,2) = s (6, 1),

and hence s(0, +) is continuous at ¢. If we now moreover assume that (¢,s(6,t)) € N,
then Proposition 5.3 implies that, if we take € and r as in that proposition, we have
s, t+ 1) =sg(0,t) +r(r) for 7 € [0,¢), and then (5.9) implies (5.22).

Case 2. — Now we consider the case when sg (6, t) # s1.(6,t). Note that this implies
in particular that § € ©4. We proceed in two steps.

Step 1. — First we address continuity from above. For O € LR, define e, r as
in Proposition 5.3 with x = sg(0,t), and put € = ep, A €gr, so we know from that
proposition that, for all 7 € (0,¢), we have

(5.23) Xo,thrs 0.0+ (1,0 = ﬁ%,D(T)Xe,t,sD(e,t),o for O, & € LR.
From this we see that, for O € LR, we have
t+7 , , d
X — X, 5)ds # 0,
/Tv (97t+7_7$|:| 0.6+ (T)) ( 0,t+7,57(0,t)+r(7),L 0, t+7,s7(0,t)+r (T),R) ( ) 7é

so (t+ 7,50(0,t) + rg(7)) € GSy. Also, using (5.23) and Proposition 4.10, we have

Xotrsn@)+m(n)L(56(0) = Xopsn0.0,.L(52(0) = ye(0)
and

Xotrrs 0.0+ (nR(50(0) = Xors 0.0,r(50(0)) = ys(0),
which means that sg(6,t + 7) = sg(6,t) + rg(r) for each 0 € LR. Then the
continuity from above follows from the continuity of r(7). Moreover, if we assume

that (t,sg(6,t)) ¢ N (which is in fact guaranteed in this case since sg(0) < t by
Proposition 4.7), then (5.22) follows from (5.20).
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Step 2. — Now we address continuity from below. We will prove this for sg; the
proof for s, is symmetrical. Continuity from below is somewhat more delicate than
continuity from above because multiple shocks may be merging at time ¢, and so we
need to figure out which of the merging shocks is the global shock to be followed
backward in time. (At most one can be a global shock since we have assumed that
sp.(6,t) # sr(0,t), so we cannot be at a point where global shocks merge.)

Let Zy, be the rightmost element Z of //Q?SR(Q,t) such that

Z(se(0)) = Xe,t,sR(e,t),L(5®(9)) = ys(0),

and define the concatenated paths

(5.24) 21, = X055 (0)ws(0)L Osg(0) 2L
and
(5.25) Y = X,00(0)0(0)R Qs (0) 211

recalling the definition (2.1) of ®. Now let
mo = max{X'(t-=): X € M{, 4, and X'(t-) < Z{(t-)},

and let Zg be the leftmost element Z of ,//t?SR(Q’t) such that Z’(t) = my. (See
Figure 5.2 for an illustration.)

Figure 5.2. Three shocks, including the right global shock sg(6, ), are merging
at time t. In backward time, the right global shock continues between Z;, and
Zr (drawn with thicker black dashed lines).

From the definitions, we have Zi(t—) > Zy(t—) and, if X € .4 4, then
X'(t—) ¢ (Zi(t—), Z{(t—)). Thus, Proposition 5.5 applies, so taking ¢ > 0 and
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r =rz 7z, as in that proposition, we see that for any 7 € (—¢,0), we have

(526) 'ﬂtq&—fr,sﬁ(ﬁ,t)—&-r(ﬂ
={Th X : X € Mo and X'(t-) € {Z](t-), Zp(t-)} }.
Now we observe that
(5.27) X < Zg forall X € 4/, 4, such that X'(t—) = Zj(t—),
which is clear from the definition of Zy, and also that

(5.28) X =2y forall X € M), such that X'(t—) = Zj (t—).

To see (5.28), we note that if there is some r < ¢ such that X(r) = Zy(r) but
X'(r—) # Z] (r—), then by Lemma 2.7 we must have r = sg(f) and X (r) = Zp(r) =
Yo (6). This means that X |, 0) = Z1|[ss0),q- Then the fact that X = Z;, follows
from the fact that Zp|(—oo,sy(0)) is the leftmost minimizer from (sg(0),ys(0)) by the
definition (5.24). Using (5.27) and (5.28) in (5.26), we see that for any 7 € (—¢,0),
we have

(529) X@,t-}—T,SR(a,t)-f—r(T),D == 7;':!-I'(T)ZD for D 6 LR
We also note that

s0(0) s@(0) s@(0)
(5.30) /® Zﬁ(s)ds</® Y’(s)ds</® ZL(s)ds for all 7 € [T.(t),1].

The second inequality is clear from the definitions, and the first is a restatement of
(5.28). Using this, we see that if we define

T :=sup{s <t:Zy(s) = Zr(s)},

then
(5.31) /Tt (ZL — Z0)(s)ds = 1.

Indeed, the fact that this integral is positive follows from (5.30), the definitions
(5.24) and (5.25), and the fact that (sg(0),vys(0)) € GSp, and then the definition of
T implies that it is an integer and at most 1. From (5.31) we conclude that, for any
T € (—¢,0), we have

/Tt((th(r)ZL)/ - (TQr(T)ZR)) (s)ds =1

and hence that (¢ + 7,sr(6,t) + r(7)) € GSy in light of (5.29). Moreover, since

Xorrsnrn)L(se(0)) = ZL(se(0)) = ye(0)

by (5.29) and the definition of Z1,, we in fact have sg(t + 7) = sg (6, t) + r(7) for all
7 € (—&,0). Thus the continuity from below of sg at ¢ follows from the continuity
of r. U

Now we can prove Theorem 1.8(4).
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Proof of Theorem 1.8(4). — 1If # € R\ Og, then s;,(0,t) = sg(0,t) for all t € R
by Proposition 4.10.

Thus we now assume that 0 € Og. Let T = {t € R : s;(0,t) # sg(0,t)}. By
Proposition 5.6 (1), T is an open subset of R. Also, Proposition 4.7 tells us that
T C (sp(0),00).

We claim that if ¢, € T and t; L ¢t € T as k — oo, then in fact t = sg(6). The
continuity of s, (6, -) and sg (0, -) implies that limy_, sp.(0, tx) = limg_00 Sr (0, ) = y.
But this is implies that (¢,7) € N by the last statement in Proposition 5.3, and since
the continuity of s;(f, -) implies that (t,y) € GSy as well, we have t = sg(f) by the
assumption that p € Qs.

Thus we can conclude that T = (sg(6), sA(0)) for some s,(6) € [sg(0), 00]. But we
know that s, () < co by Proposition 2.8, and that s,(6) > sg(#) by Proposition 5.4.
This completes the proof. 0

6. The dependence of u on ¢

Now we begin our study of how the structure of the Burgers flow changes as 6
changes, and ultimately prove Theorem 1.9. The key observation is the following.

LEMMA 6.1. — Suppose that p € Q. If s <t, X: [s,t] = T and 0,60, € R, then

t 1
(6.0)  Apoal X] = Agy o[ X] = (81 = 62) [ X'(r)dr + (¢ = ) (65 — 63).
Also, for 0 € R, we have

(6.2) Agst / X'(r)dr + 0(t — ).

Proof. — This follows immediately from the definition (1.2). O

The remainder of this section is divided into two parts. In Section 6.1, we show
that, as 6 changes, up(t,x) is constant except when (0,t,z) € GS, and at such
values of 0 the size of the jump is w1, O (t, ) —ugr.O(t, ). See Proposition 6.4 below.
In Section 6.2, we relate ugy,o(t, ) — ugr,0(t, ) to dpsn(6, ) (see Proposition 6.6
below), and then complete the remaining proofs.

6.1. Jumps of u occur at global shocks

Recall the definition (1.12) of ug o, and the definitions (2.10) of .
of up0.o(t, ).

and (4.18)

[t,x

PROPOSITION 6.2. — Suppose that pu € Q1. For each fixed t € R and x € T, the
set

(6.3) GS,, ={0 €R: (0t )€ GS}
is discrete.

It is important in the statement of Proposition 6.2 that we do not assume that
i € s, because we use Proposition 6.2 in the proof of Proposition 7.2 below.
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Proof. — To have (0,t,z) € GS, we must have paths X,Y: [T,(¢),t] — T, each
consisting of straight line segments connecting points of N, such that

(6.4) /t X'(s)ds > /Ti(t) Y'(s)ds

T.(t)

and

(6.5) Ao 1.y X] = Ao [Y]-

By (6.2), we have
d t , ) (6.4)
@[AQ,T*(t),t[X] - AH,T*(t),t[Yﬂ = /T*(t)(Y - X')(s)ds < 0,

which means that for a given X and Y, there is only at most a single value of 6 for
which (6.5) can hold. Since, for # in any bounded set, there are only finitely many X
and Y that can achieve (6.5), this means that the set {6 € R: (0,t,2) € GS} must
be discrete. ([l

PROPOSITION 6.3. — Suppose that y € Q;. For each 0,tc R,x €T,and O € LR,
there is an ¢ = €(0,t,z,0) > 0 such that, whenever § —e < 0_ <0 <0, <0+¢, we
have

, M if0 € (0 —e,0);
6.6 %6 — *|t,z,R ’ ’
(6.6) Hlie {///ﬁt,x,L if 0" € (6,0 +¢),

and hence that
(6.7) ug, O(t,x) =ugr,a(t,z) and wg gt z) =ugr0lt,x).
Proof. — 1t is a consequence of Proposition 3.1 that there is an £ > 0 such that if

|0/ — 0] < e, then

%9/ e {X E %flt’x . AG’,T*(t),t[X] < A917T*(t)7t[y] fOl“ a].l Y G ‘%*ﬂt,x}'

*|t,z

We have by (6.1) that, for X,V € .7

*|t,z?

Ao 1.4 X] — Ao )2 [Y]
0 —0

B Ao 1), [ X] — Aoy X] — (AO’,T*(t),t[Y] — Ao )t [YD
N 0 —0
. =0 ifandonlyif X ~Y;
= - (X' =Y')(s)ds { =0 if X € A, ,5;
T (1) . pa
< 0 if X S %*‘tvxalﬂ

where we recalled Definition 4.11 of ~ and .Z, *ﬂt,x,D‘ Combining the last two displays,
we conclude that (6.6) holds, and then (6.7) follows from (6.6) and the definitions. [J

The next statement gives us our first formula for wy, (¢, x) — ug, o(t, z), which is
the subject of Theorem1.9. Recall that [¢1,02] 5 was defined in (1.24).
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PROPOSITION 6.4. — Suppose that u € Q. Fixt € R and = € T. We have, for
O € LR, that

(68) uGQ,D(tul’) - u@l,D(twr) = Z (ng,L’D(th’) - UG,R,D(tax))'
0e [[91,92]“3 OGS;J

Proof. — First we note that if § € R\ GS;,, then ugp, o(t,z) = upr.o(t,x) for

t,x?

<& € LR by Proposition 4.13, which means by Proposition 6.3 that there is some
e > 0 such that if |¢' — 0] < ¢, then

UG’,D(t7 .T) = u9,L,|:|(t7 ZL') = UG,R,D(ta ‘I) = UG,D(ta I)
(with the last identity by (4.19)). This, for each O € LR, the map 6 — uy (¢, x) is

constant on each connected component of R\ GS; .. Moreover, for each § € GS; ,,
we have again by Proposition 6.3 that

101&% u@’,D(ta ZL‘) - 191,% u@’,D(tv I’) = u@,L,D(t7 l‘) - UG,R,D(ta I)
So, for any O € LR, we have

u92,|:|(t7 ZL') - u91,|:|(t7 l‘) = UGQ,D(t7 ZE) - u@Q,R,D(t7 'T)

+ Z (UG,L,D (ta J]) — Ug,Rr,00 (t7 ZE))
0e (91,92)0(1.52’1
+ u91,L,D(t> .1') - u@l,D<t7 l')
We observe that the sum comprises only finitely many terms by Proposition 6.2. For
0 = R, we note that upr(f,z) = ugr r(t, ) by (4.19), so we obtain
up () —ugr(tr) = Y (uno(te) —uwrolt ).
0e [91792)0GS{‘,,1
Similarly, for O = L, we have ug1,(t,z) = upr(t,z) by (4.19), so we obtain
g, 1, (t, ) — ug, L(t, 2) = > (Ue,L,L(t7$) - Ua,R,L(t,x))-
0e (91,92] ﬁGS;’;C
The conclusion (6.8) is a summary of the last two displays using the notation

(1.24). O

PROPOSITION 6.5. — Suppose that i € Q. For any fixed t € R, the set {feR:
sp.(6,t) # sr(0,t)} is discrete.

Proof. — Let N,(t) == ([T(t), t] x T)NN. We know from Proposition 4.7 and (1.16)
that
(6.9) if sp.(0,t) # sr(0,t), then N.(t) N GSy # 2.
By Proposition 6.2, we see that for each (s,y) € N, (), the set {# € R : (s,y) € GSy}
is discrete. But since N is discrete, the set N, () is finite, and so
{0eR:N(t)NGSy#2} = |J {0€R:(s,y) € GSp}
(s,y) €N(t)

is also discrete. Hence, using (6.9), we conclude that {6 € R : s;,(0,t) # sg(0,t)} is
discrete, as claimed. O
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We can also complete the proof of Theorem 1.9 (2).

Proof of Theorem 1.9(2). — We will just prove (1.26), as the proof of (1.25) is
symmetrical. By Proposition 6.3, there is an € > 0 such that, if 8’ € (0 — ¢, 0], then
,///*9‘;5 08 = ///*ﬂts (0.4) > and so In particular

2RV, s»2RA\V,L),

(6.10) up O(t,sr(0,t)) = upro(t,sr(f,t)) for O € LR.
By Proposition 4.17, we have
upr.L(t,sr(6,t)) > ugrr(t,sr(f,1)),
so (6.10) implies that
ug L(t,sr(0,1)) > ug r(t,sr(0,1)),
so (0',t,sr(0,t)) € S by the definition (1.13). O

6.2. Movement of shocks as 6 is varied

In this subsection, we will prove the following proposition, which we will combine
with Proposition 6.4 to complete the proof of Theorem 1.9 (1).

PROPOSITION 6.6. — Suppose that u € Q and fix 0,¢ € R. We have

1
11 - t t) =50 H
(6 ) U97L7R(t, SR(Q, t)) U97R7R( ) SR(ea )) aGSR(9+7 t)
and
1
(6.12) ugLL(t sL(0,1)) — ugr.L(t,sL(0,t)) = Tps(0—1)

In particular, the one-sided derivatives on the right sides of (6.11) and (6.12) both
exist.

In this section we will only prove (6.11), as the proof of (6.12) is symmetrical. To
simplify notation, we make the abbreviation

7:7 = 76{777
with 7!, defined as in (3.4), and we also recall the definition (3.2) of t_;[X].

LEMMA 6.7. — Suppose that p € Q. Let 0,t € R and & € T. There is an
e =¢(0,t,x) > 0 such that, if 0 < |(|,|3¢| < e and X € .47, , then

*|t,z7

(6:13) Avecra(TocX] = Aur2[X] = 2= To(0) = 28) + u{(t.))
_ glﬁ(X’(t—) _9) - /Ti(t)(x'(s) —0) ds] + TR _Btim).
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An immediate consequence of (6.13) is that if X, X, € .#9, _, then

*|t,x)

(6.14)  Agicm 041 Tac X2 — Aorer ). Tac X

= ¢|B(X5(t-) - Xi(t-)) - |

T.(t)

150 r 1
NI (t—t_;l[Xz] t—t_;l[Xﬂ)'

PROPOSITION 6.8. — Suppose that p € Q. Let 0,t € R and x € T, and let
Y1 = Xosarr and Yo = Xgiarr. Let so = sup{s < t : Y(s) = Ys(s)} and
Y, :=Y) ©y Yo. Then we have

t

(X3(s) - XJ(s)) ds]

t t
(6.15) J o 07 =¥ ds = [ (07 =¥)(s)ds e {0,1)
T (t S0
and, for any Z € //lflt,x’ there is an i € {1,2} such that
t
(6.16) Z'(t=)=Y/(t—) >0 and (Z'=Y/)(s)ds 0.

T.(t)

Proof. — It is clear from the definitions that the first two expressions in (6.15) are
equal, and moreover that they are in {—1,0, 1}. Moreover, if they were equal to —1,
then we would have

t t
“l= [0 =YD ds = [ (X - X ds > 0,
T*(t)( 1 5)(s)ds T*(t)( 0.t,z,L 9,t,:]c,R) (s)ds
a contradiction. Thus we conclude that (6.15) holds.
It Z € MY, ., then f%*(t)(Z’ —Y/)(s)ds =0and Z'(t—) > Y/(t—), so (6.16) holds

with ¢ = 1 in this case. Thus we now assume that Z ¢ ///ﬁt’m. This implies in
particular that

/t (7 —Y!)(s)ds < —1.

T.(t)
Combining this with (6.15), we see that
¢
/ (Z' — Y))(s)ds < 0.
T.(%)
Since it is also clear that Z'(t—) > Y, (t—) = YJ(t—), we see that (6.16) holds with
1= 2. 0
PROPOSITION 6.9. — Suppose that u € Q. Suppose that (0,t,z) € GS and

(617) U97L7R(t, .%’) > U97R7R(t, .73)

Then there is an ¢ = ¢(0,t,z) > 0 and a function r: [0,e) — T such that r(0) = z,
(04, t,r(C)) € GS for each ¢ € [0,¢), and

1

uprr(t,x) —uprr(t, )

(6.18) r'(0+) =

ANNALES HENRI LEBESGUE



Simultaneous global inviscid periodic Burgers flows 917

Proof. — The proof proceeds in several steps.

Step 1. — By Proposition 3.1, there is an ¢ > 0 such that, if |5{| < e and
|0/ — 0] < ¢, then x + 3¢ € GSy, if there exist Vy,Y; € 4%,  such that

*|t,x

(6.19) (TacY2)'(t=) > (TacY)'(t-), /Ti(t)[(Tﬁch)’— (Tsc¥1)](s) ds > 0,

and, for all Z € .#%, , we have

*|t,z)
(6.20) Ao 1.04[TscZ] 2 Ap 20 1 Toc V1] = Apr 10,4 [Tac Yal-
We also assume that ¢ is chosen small enough that, if X € ., , and [5¢] < e,

then there are no points of N on 73X that are not also on X; this is possible by
the discreteness of N.

Step 2. — We select Y7, }72, Y5 as in the statement of Proposition 6.8. We note
that

(6.21) Yi(t-) < Y{(t-)

by the assumption (6.17). We claim that
t

(6.22) / (Y] — Y3)(s)ds = 1.
T, (t)

In light of (6.15), it suffices to show that

[ 07 = vi)s)ds #0,

To(t)

but this is true because otherwise we would have Y € ., ,; and then (6.21)
would contradict the definition of Y; as the rightmost element of ///*ﬂm’L. Now (6.21)
and (6.22) imply that (6.19) holds.

Step 3. — By (6.14) and (6.22), we have

(6.23) Ags¢r. 4 TacYo] — Agicm il TacYal
= ¢(BOV3(t-) = Y{(t=)) — 14 B*Q¢/2),

where we have defined

1 1
O

Now define, as long as ( is sufficiently small,

_2\1/2
(6.24) BC — (Yg(t—) _ Y'1/<t_)) ‘ <1+2QC(Y2(15—);;</1 (t—)) ) —17 i QC £ 0.
(Y3(t=) = Yi(t=) ™, if Q¢ = 0.

Using (6.24) in (6.23), we see (for ¢ small enough that (6.24) is well-defined) that

Aot TaccYa] = Apse | ToecVi)
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which verifies the identity in (6.20). We also observe that, for small ¢, we have the
Taylor expansion

625) & : <

S Y(t) — Vi) 2Yi(t-) - Yi(t-))
Step 4. — Now we want to verify the inequality in (6.20). Let Z € .Y, . By

*|t,z°
Proposition 6.8, we can find an i € {1,2} such that (6.16) holds. Using (6.14), we
can compute, for ¢ > 0, that

(6.26) Agrcm .| TomZ] — Ao | TomYi)
t

= (Be(Z'(t=) =Y/ (t=)) = ¢ )(Z' —Y/)(s)ds

5 +0(C%).

T, (t
1 1 1
+ §€25§ (t - t—;l[Z] B [ t—;l[Yi]>
1 1 1
2 (Be(Z'(t=) = Y{(t=)) + 285?(15 —t_a[Z] - t—‘l[Y']>,

where the inequality is by the second inequality in (6.16). Now if the first inequality
in (6.16) is strict, then the right side of (6.26) is (strictly) positive for sufficiently
small ¢ > 0 (and is zero for ¢ = 0). On the other hand, if Z'(t—) = Y/(t—), then
t_a[Z] = t_.1]Yi] as well (recalling the definition (3.2)), and so in this case the right
side of (6.26) is zero. Therefore, the inequality in (6.20) is verified.

Step 5. — We now define r(¢) = = + (. For ¢ > 0, the conditions (6.19) and
(6.20) have been verified and so we have (6 + (,t,r(¢)) € GS. The derivative (6.18)
follows from (6.25), and so the proof is complete. O

We can now complete the proof of Proposition 6.6 and in fact simultaneously
prove (1.22).

Proof of Proposition 6.6 and (1.22). — As noted above, we will only prove (6.11)
of Proposition 6.6, since the proof of (6.12) is symmetrical. Similarly, for the proof
of (1.22), we will only prove that

(627) SR(Q, t) = 191’1391 S<><(9, t), & € LR,

as the proof of the other limit is again symmetrical. By Proposition 4.15, we have

ugr(t,sr(0,t)) # uorr(t,sr(0,t)),

which means that (6.17) is satisfied and Proposition 6.8 applies with = sg(0,1).
Therefore, we have an € > 0 and a function r: [0,e) — T such that

(6.28) r(0) = sr(0,1),

(6.29) (04, t,r(¢)) € GS for each ¢ € [0,¢),
and

(6.30) ¢ (0+) = !

uprr(t,sr(0,t)) —uprr(t,sr(0,t))
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Now Proposition 6.5 and (6.29) tell us that, by reducing ¢ if necessary, we can assume
that r(¢) = sL(0 + (,t) = sr(0 + ¢, t) for all ¢ € (0,¢). Combining this with (6.28),
we see that in fact r(¢) = sg(0 + (,t) for all ¢ € [0,e). The continuity of r then
implies (6.27), and the conclusion (6.11) of Proposition 6.6 is now simply (6.30). [

Finally, we can prove Theorem 1.9(1).

Proof of Theorem 1.9(1). — We assume that O = R; the proof in the case 0 =L
is analogous. We have by Proposition 6.4 that, for any 6, < 6, t € R, and x € T,
we have
(631) U92’R(t, LE) — ’U,gl,R(t, $) = Z (UQ’LR(t, LE) — U97R,R<t, l’))

XS [91,92)
(0,t,z) € GS

Now if (0,t,z) € GS, then x € {sg(,t) : O € LR}. But if z = s1,(6,t) # sr(0,1),
then Proposition 4.16 tells us that g r(¢,2) = ugrr(f, ), so the contribution to
the right side of (6.31) is zero. Thus, we obtain

1
ug, r(t, ) —ug r(t,z) = > (upLr(t,x) —ugrr(t,z)) = W7 I
’ ' 96[91,92)< ) 0€[01,02) Opsr(0+,1)
sr(0,t)=z SR (9 t)
with the last identity by Proposition 6.6, and thus we obtain (1.23). OJ

7. Verifying the hypotheses for compound Poisson forcing

In this section we show that compound Poisson processes are in Q (defined in
Definition 1.6) with probability 1, proving Theorem 1.7. In this section, we let P
be a probability measure under which p is the measure associated to a nonnegative
homogeneous compound Poisson process on R x T. Theorem 1.7 is a combination of
the three propositions in this section.

First we address €2, defined in Definition 1.3.

PROPOSITION 7.1. — We have P(€);) = 1.
Proof. — Let U be the weight distribution of P, so U is a probability measure on
(0, 00). This means that
(7.1) U(B) =P(u(A) € B| #(NNA) =1)
for any Borel A CR x T and B C (0, 00).

Choose M > 0 large enough that U(( L oo)) > 0. Defining A, y == [r—N,r+N|xT,

we see that e
]P’(#(N A Aon) = #(NOAa) =1 and u(NA Ay > 4}\4)
=P#HNN (420 \ ATM)) =0)-P(#(NN A ) =1)
IP’( (NOA) > ‘ (N Ang) = 1)

PN (A=) PN A (7)) >0
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By the independence and spatial homogeneity of the Poisson process, this means
that there are constants p < 1 and C' < oo, independent of ¢, such that for any
k > 3, we have

dr e [t— kM,t— QM] s.t. #(N ﬂAngM)

1 | >1-Cpr
=#NNA.p)=1 and u(NNA ) > —
’ ’ AM
The fact that P(Q;) = 1 then follows from the Borel-Cantelli lemma. O

Now we address @2, defined in Definition 1.6. We note that §~22 = Qg;l N 622;2, with
(2.1 and .5 defined in Proposition 7.2 and Proposition 7.3 below, respectively.

PROPOSITION 7.2. — Let 62;1 be the set of all i € Q) such that #(GSyNN) <1
for all § € R. We have P(€y,1) = 1.

Proof. — If 1 € Q; and t € R, then we define
Ry ={0 €R:GSgNNN((—o0,t] xT) # 2} = U GS!

(s2) ENN (=00t xT)

with GS; , defined in (6.3). By Proposition 6.2 and the countability of N, we see that
R; is countable for each ¢, being the countable union of countable sets. Also, for
t < t', we define

Ewi={0€R 3 (s,y) €Sy st [(,#) x TINN = {(s,9)}}.

We note that, if u ¢ Qz;l, then there must be some ¢,¢ € Q such that R,N& v # @,
which means that

(7.2) P(Q1 \ Q2;1) < ) P(M € and RN Ev # @)-
tt' €Q
Let F.v be the o-algebra generated by /L‘R\(t’t/). From Definition 1.2, it is not

difficult to check that Ql is measurable with respect to F;, for any —oo <t <t <
+00. (That is, it is a tail event in an appropriate sense, although we will not need
any zero-one theorems here.) It is also not difficult to see from Proposition 2.1 (1)
that, for any fixed # € R and ¢t < t/, we have, lﬁl(u)P(Q €&y | Firy) = 0. Thus we
can compute

]P’(,u S Ql and Rt N (C/’t’t/ % @) < E{#(Rt N (c/,t7t/); 1% € Qlj|
= E{E[#(Rt N gt,t’) ‘ ft,t/];,u S Ql] =K Z ]P)(e € gt,t’ ]ft,t/);,u S Ql =0.
0ER:

Using this in (7.2), we see that P(Q; \ €24) = 0 and hence that P(Qy4) = 1 by
Proposition 7.1. 0

PROPOSITION 7.3. — Let §~22;2 be the set of all u € Q) such that Sy NN \GSy =92
for all § € R. We have P(€y,5) = 1.
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Proof. — Suppose that € Qy. If (¢, ) € Sp\GSp, then we must have Xoiop(t—) #
Xé,t,z,R(t_) but
t t
(7.3) [ Xppawds= [ Xp,, () ds,
T (0tz) 0 o

TV (0,t,1‘)
as well as

0= Ao, 0,2),¢[Xot2.r] — Ao, 0.42),[X0,t,2,1]

(12) 1t ) 2y 2 !
=2 W’m)(xo,t,wﬁ(s) — X}, 00(5)%) ds —0 Mm(

_N({(57X9,t,z,R(s)) s € (TV(evt’x)’t)D
T+ 1({(s, Xouwr(s)) : s € (Tu(6,1,),1)})

O NppaP s u({(s Boaealo) 5 € (0100}

Xppon(s) = Xp,,0(s)) ds

O=R

T\/ (07t)$)

O=L
Fix some arbitrary y € T such that (t1,y) &€ N. If u & S~22;2, then there must exist

t1,te € Q with ¢, < to, paths Y, Ys connecting (y,¢;) and elements of N by straight
line segments (of which there are at most countably many), and 7,7 € R such that

(7.4) ;/Ti(t) (T2 1) ()2 ds — u({(s, T2 Y(9) - s € (T(0).1)})

does not depend on ¢ € {1,2}.

Now given such ti,ty,Y7,Ys, the set J(t1,t0,Y1,Ys) of (t,z) € [t1,t3] x T such
that (7.4) can hold is at most countable. This means that

]P(Ql \ 62;2) < Z Z ]P((t,x) € N) = O,

t1,t2€Q (t,x) € T (t1,t2,Y1,Y2)

Y1,Y2
and hence that P(Qy,) = 1 by Proposition 7.1. O
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