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Abstract. — Caffarelli’s contraction theorem bounds the derivative of the optimal trans-
port map between a log-convex measure and a strongly log-concave measure. We show that
an analogous phenomenon holds on the level of the trace: the trace of the derivative of the
optimal transport map between a log-subharmonic measure and a strongly log-concave mea-
sure is bounded. We show that this trace bound has a number of consequences pertaining
to volume-contracting transport maps, majorization and its monotonicity along Wasserstein
geodesics, growth estimates of log-subharmonic functions, the Wehrl conjecture for Glauber
states, and two-dimensional Coulomb gases. We also discuss volume-contraction properties for
the Kim–Milman transport map.
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de l’application de transport optimal entre une mesure log-sous-harmonique et une mesure
fortement log-concave est bornée. Nous montrons que cette borne sur la trace a un certain
nombre de conséquences concernant les applications de transport avec contraction du volume, la
majoration et sa monotonie le long des géodésiques de Wasserstein, les estimations de croissance
des fonctions log-sous-harmoniques, la conjecture de Wehrl pour les états de Glauber, et les
gaz de Coulomb en deux dimensions. Nous discutons également des propriétés de contraction
de volume pour l’application de transport de Kim–Milman.

1. Introduction

1.1. The divergence of the Brenier map

The study of regularity properties of transport maps between probability measures
is an important topic in analysis, probability, and geometry. The most classical result
in the field is due to Caffarelli [Caf00] who established Lipschitz regularity of the
Brenier map of optimal transport under log-convexity/concavity assumptions on
the source and target measures. In this work we consider a low regularity notion of
convexity:

Definition 1.1. — A probability measure ρ on Rn, with density dρ = e−U dx
with respect to the Lebesgue measure, is c-log-convex (res. c-log-concave), for c ∈ R,
if the distributional derivative ∇2U satisfies ∇2U ⪯ c Idn (res. ∇2U ⪰ c Idn), where
⪯ (res. ⪰) are in the sense of positive semidefinite order.

It follows from Caffarelli’s work that if the source measure is α-log-convex, and
the target measure is κ-log-concave, then the Lipschitz constant of the Brenier map
between the source and target can be bounded in terms of α and κ.

Theorem 1.2 (Caffarelli [Caf00], Kolesnikov [Kol11]). — Let dµ = e−V dx and
dν = e−W dx be probability measures on Rn, with µ supported on all of Rn, such
that there exist α > 0, κ > 0 with

∇2V ⪯ α Idn and ∇2W ⪰ κ Idn .
Let ∇Φ : Rn → Rn be the Brenier map transporting µ to ν. Then,

(1.1)
∥∥∥∇2Φ

∥∥∥
L∞(dx)

⩽
√
α

κ
,

where ∥ · ∥L∞(dx) is the L∞ operator norm.

The bound (1.1) is sharp as can be seen by taking Gaussians for the source and
target, µ = N (0, α Idn) and ν = N (0, κ Idn). One special feature of (1.1) is that
the right-hand side is dimension-independent, which leads to numerous dimension-
independent functional inequalities [CE02, CEFM04, Har04, Kla07]. For example,
suppose µ satisfies logarithmic Sobolev inequality with constant cµ, that is, for every
test function f ,

(1.2)
ˆ (

log f 2
)
f 2 dµ−

ˆ
f 2 dµ log

ˆ
f 2 dµ ⩽ cµ

ˆ
|∇f |2 dµ.
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Then, the bound (1.1) can be used to show that ν satisfies a logarithmic Sobolev
inequality with constant α

κ
cµ:

(1.3)
ˆ (

log f 2
)
f 2 dν −

ˆ
f 2 dν log

ˆ
f 2 dν

(∇Φ)♯µ=ν=
ˆ (

log(f ◦ ∇Φ)2
)
(f ◦ ∇Φ)2 dµ−

ˆ
(f ◦ ∇Φ)2 dµ log

ˆ
(f ◦ ∇Φ)2 dµ

(1.2)
⩽ cµ

ˆ
|∇(f ◦ ∇Φ)|2 dµ ⩽ cµ

ˆ ∥∥∥∇2Φ
∥∥∥2

L∞
|(∇f) ◦ ∇Φ)|2 dµ

(1.1)
⩽

α

κ
cµ

ˆ
|(∇f) ◦ ∇Φ|2 dµ = α

κ
cµ

ˆ
|∇f |2 dν.

While Theorem 1.2 is highly useful there are numerous classes of probability measures
which fall outside its scope as they do not satisfy the required convexity. In this work
we will focus on a particular such class of probability measures.

Definition 1.3. — A probability measure ρ on Rn, with density dρ = e−U dx
with respect to the Lebesgue measure where U ∈ L1

loc(dx), is c-log-subharmonic (res.
c-log-superharmonic), for c ∈ R, if the distributional derivative ∆U satisfies ∆U ⩽ c
(res. ∆U ⩾ c).

Log-subharmonic measures arise naturally in complex-analytic settings since the
modulus of a holomorphic function on Cn is log-subharmonic (cf. Theorem 1.15). In
particular, we will see below (cf. Section 1.4) that c-log-subharmonic measures are
the right objects to investigate in the context of the generalized Wehrl conjecture.
In addition, probability measures in two-dimensional one-component plasma models
are log-subharmonic (cf. Section 1.5). We refer the reader to [BNT23, GG05, GKL10,
GKL15] for various functional inequalities enjoyed by c-log-subharmonic measures.

Our first main result establishes an analogue of Theorem 1.2 on the level of the
trace under log-subharmonicity assumptions.

Theorem 1.4. — Let dµ = e−V dx and dν = e−W dx be probability measures
on Rn, with µ supported on all of Rn, such that there exist α > 0, κ > 0 with

∆V ⩽ αn and ∇2W ⪰ κ Idn .

Let ∇Φ : Rn → Rn be the Brenier map transporting µ to ν. Then, the Laplacian
∆Φ satisfies

∥∆Φ∥L∞(dx) ⩽ n

√
α

κ
.(1.4)

The bound (1.4) is sharp as can be seen by taking

µ = N
(
0, σ2 Idn

)
, ν = N (0, Idn); κ = 1, α = 1

σ2 ,

since in this case ∇Φ(x) = x
σ

so

∆Φ(x) = n

σ
= n

√
α

κ
for all x.
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In particular the right-hand side of (1.4) must be dimension-dependent. Let us
also remark that following the first version of this work, Gozlan and Sylvestre
showed [GS25, §6] that our assumption on W can be weakened.

Remark 1.5 (Lipschitz bounds). — Since the Brenier map ∇Φ between µ and ν is
a gradient of a convex function, our bound (1.4) implies that under the assumptions
of Theorem 1.4 we get the Lipschitz bound

(1.5)
∥∥∥∇2Φ

∥∥∥
L∞(dx)

⩽ n

√
α

κ
.

The bound (1.5) is sharp as can be seen by taking

µ = N (0,Σϵ), ν = N (0, Idn); κ = 1, αϵ = 1 + n− 1
n

ϵ,

where Σϵ is a diagonal matrix with one entry equal to 1/n and the rest of the entries
equal to 1/ϵ for some ϵ ∈ (0, 1]. In this case ∇Φ(x) = Σ−1

ϵ x so that∥∥∥∇2Φ
∥∥∥
L∞(dx)

⩽ n = lim
ϵ→0

n

√
αϵ
κ
.

The bound (1.5) can be seen as the dimensional price that one has to pay if the log-
convexity assumption in Theorem 1.2 is relaxed to log-subharmonicity assumption.

While Theorem 1.4 is the trace analogue of Theorem 1.2, its applications to
functional inequalities is different in nature. The argument in (1.3) can no longer be
used if we only have the bound (1.4) to transfer functional inequalities (though one
can always of course use the dimension-dependent bound (1.5)). Instead, the natural
playground for trace bounds such as (1.4) is majorization.

1.2. Volume contracting maps and majorization

The starting point of this section is the result of Melbourne and Roberto [MR23]
on the relation between volume-contracting transport maps and majorization. To
introduce their ideas we recall the basic definitions from the theory of majorization
between probability measures [MOA11].

Definition 1.6. — A probability measure h dx on Rn majorizes a probability
measure g dx on Rn ifˆ

Rn

φ(g) dx ⩽
ˆ
Rn

φ(h) dx for every convex function φ : R⩾0 −→ R.

For example, we may take φ(x) = x log x to get that the differential entropy of h dx
must be bigger than the differential entropy of g dx. The observation of Melbourne
and Roberto is that the type of regularity of transport maps relevant to majorization
is volume-contraction.

Definition 1.7. — A differentiable transport map T : Rn → Rn between g dx
to h dx is a c-volume-contraction map if there exists a constant c > 0 such that

∥ det ∇T∥L∞(g dx) ⩽ c.
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Theorem 1.8 (Melbourne–Roberto [MR23]). — Suppose there exists a transport
map T : Rn → Rn between probability measures g dx and h dx which is a 1-volume-
contraction map. Then, h dx majorizes g dx.

The connection between volume-contracting transport maps and Theorem 1.4 is a
simple consequence of the arithmetic-geometric-mean inequality.

Theorem 1.9 (Volume contraction of the Brenier map). — Let dµ = e−V dx and
dν = e−W dx be probability measures on Rn, with µ supported on all of Rn, such
that there exist α > 0, κ > 0 with

∆V ⩽ αn and ∇2W ⪰ κ Idn .

Then, the Brenier map ∇Φ transporting µ to ν is a
(
α
κ

)n
2 -volume-contraction map,

∥∥∥det ∇2Φ
∥∥∥
L∞(dx)

⩽
(
α

κ

)n
2
.(1.6)

Combining Theorem 1.8 and Theorem 1.9 we obtain majorization under log-
subharmonicity.

Theorem 1.10 (Majorization). — Let dµ = e−V dx and dν = e−W dx be prob-
ability measures on Rn, with µ supported on all of Rn, such that there exist
α > 0, κ > 0 with

∆V ⩽ αn and ∇2W ⪰ κ Idn .
If α

κ
⩽ 1, then ν majorizes µ.

In [MR23] the authors combined Theorem 1.8 and Theorem 1.2 to establish ma-
jorization under log-concavity assumptions. Theorem 1.10 improves on this result
by relaxing to a log-subharmonicity assumption.

So far one might be under the impression that in the context of majorization only
the weaker determinant bound (1.6), as opposed to the stronger trace bound (1.4),
plays a role. This is not the case however as the following results show. As a first con-
sequence of the trace bound (1.4) we show that we have monotonicity of majorization
along Wasserstein geodesics.

Theorem 1.11 (Monotonicity along Wasserstein geodesics). — Let dµ = e−V dx
and dν = e−W dx be probability measures on Rn, with µ supported on all of Rn,
such that there exist α > 0, κ > 0 with

∆V ⩽ αn and ∇2W ⪰ κ Idn .
Let (ρt)t∈ [0,1] be the geodesic in Wasserstein space(1) connecting µ and ν. Then, if
α
κ
⩽ 1,

(1.7) [0, 1] ∋ t 7−→
ˆ
Rn

φ(ρt(x)) dx is monotonically non-decreasing

for every convex function φ : R⩾0 → R.

(1)The Wasserstein space is the space of probability measures on Rn, with finite second moment,
endowed with metric (µ, ν) 7→ infπ joint couplings of µ and ν

´
Rn×Rn |x − y|2 dπ(x, y) [Vil03].
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The second consequence of the trace bound (1.4) pertains to the important special
case of Theorem 1.10 regarding differential entropy. Letting φ(x) = x log x in the
definition of majorization we get that, if α

κ
⩽ 1, then the target measure must have

a bigger differential entropy than the source measure,
(1.8) H(ν) ⩾ H(µ),
where

H(ρ) :=
ˆ
Rn

ρ log ρ for absolutely continuous probability measures ρ on Rn.

Our next result, which requires the trace bound (1.4) as opposed to the weaker
determinant bound (1.6), provides a quantitative improvement of (1.8).

Theorem 1.12 (Stability of entropy domination). — Let dµ = e−V dx and dν =
e−W dx be probability measures on Rn, with µ supported on all of Rn, such that
there exist α > 0, κ > 0 with

∆V ⩽ αn and ∇2W ⪰ κ Idn .
Let ∇Φ : Rn → Rn be the Brenier map transporting µ to ν. If α

κ
⩽ 1, then

H(ν) − H(µ) ⩾ 1
2n2

ˆ
Rn

∥∥∥∇2Φ − Idn
∥∥∥2

F
dµ,

where ∥ · ∥F is the Frobenius norm. In particular,
(1.9) H(ν) = H(µ) =⇒ µ = ν.

Theorem 1.12 implies that if the differential entropies of µ and ν are close, then µ
and ν themselves must be close, in the sense that the transport map ∇Φ between
them must be close to the identity. In particular, the next corollary shows that if
the entropies of µ and ν match then µ = ν.

1.2.1. Volume contraction of the Kim–Milman map

Our discussion so far focused on the Brenier map of optimal transport. While
the regularity properties of the Brenier map are interesting in their own right, for
the purpose of majorization any volume-contracting transport map would yield the
same result (note however that this would not be the case for Theorem 1.11 and
Theorem 1.12). The only other transport map for which regularity properties are
known, in particular Lipschitz regularity, is the Kim–Milman heat flow map [KM12].
To define the Kim–Milman map let (Pt)t⩾0 be the Langevin semigroup associated
to ν, and define the family of diffeomorphisms Ft : Rn → Rn as the solution to the
ordinary differential equation,
(1.10) ∂tFt(x) = −∇ log Ptf(Ft(x)), F0(x) = x, for t > 0 and x ∈ Rn,

where f := dµ
dν . One can check that Ft transports µ to ρt := (Ptf) dν. In particular,

the Kim–Milman map F := limt→∞ Ft transports µ to ν. Even assuming the existence
of F (which is unclear in our setting), the proof techniques that establish Theorem 1.9
are not applicable for the Kim–Milman map. However, when the target measure ν
is γ := N (0, Idn), the standard Gaussian measure on Rn, we can in fact establish
the analogue of (1.6).
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Theorem 1.13 (Informal). — Let dµ = e−V dx be a probability measure on Rn,
with µ supported on all of Rn, such that there exists α > 0 with

∆V (x) ⩽ αn, for every x ∈ Rn.

Then, under sufficient regularity, the Kim–Milman heat flow map F between µ and
the standard Gaussian γ on Rn satisfy

∥det ∇F∥L∞(dx) ⩽ α
n
2 .(1.11)

We have purposely left Theorem 1.13 vague in terms of regularity, and we refer
the reader to Section 4 below for a more precise discussion. Note however that in
contrast to Theorem 1.4 where the convexity of the potentials ensures that a bound
on the Laplacian implies a bound on the Hessian, which is helpful in approximation
arguments (cf. Proposition 2.3), in the case of the Kim–Milman map, passing to the
limit in (1.11) seems to require stronger assumptions on the densities of µ and ν.

Remark 1.14. — For a source measure µ and a target measure ν the Kim–Milman
heat flow map is based on the Langevin dynamics whose invariant measure is ν,
starting the dynamics at µ. (In the original work of Kim and E. Milman [KM12] the
reverse flow is considered.) Theorem 1.13 only applies to the flow whose invariant
measure ν is equal to γ, the Gaussian measure. However, by composing two Kim–
Milman maps we could get a (α

κ
)n

2 -volume-contraction map between µ and ν under
the assumptions of Theorem 1.4 (assuming sufficient regularity). Indeed, the Kim–
Milman map between γ and ν = e−W dx, with ∇2W ⪰ κ Idn, is known to be

1√
κ
-Lipschitz [KM12, Theorem 1.1], [MS23, Theorem 1], so it suffices to compose

this map with the Kim–Milman map of Theorem 1.13.

1.3. Growth estimates in Fock spaces and log-subharmonic functions

Let us now turn to the applications of majorization. We start by deriving some clas-
sical results on growth estimates of log-subharmonic functions. In particular, as men-
tioned above, the complex-analytic setting naturally gives rise to log-subharmonic
functions. Given σ > 0 let γσ := N (0, σ Id2) be the centered Gaussian measure with
covariance σ Id2 on the complex plane C. For functions f : C → R, for which the
following is finite, let

∥f∥p,σ :=
(

p

2πσ

ˆ
C
|f(x)γσ(z)|p dz

) 1
p

, p > 0,

and
∥f∥∞,σ := esssup{|f(z)|γσ(z) : z ∈ C}.

The following estimate is classical [Zhu12, Theorem 2.7].

Theorem 1.15 (Growth estimates in Fock space). — Fix 0 < p ⩽ ∞ and z ∈ C.
Then,

(1.12) f(z) ⩽ e
|z|2
2σ for all f which are entire and satisfy ∥f∥p,σ ⩽ 1.
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Proof. — Fix 0 < p ⩽ ∞ and z ∈ C. Let f : C → R be an entire function satisfying
∥f∥p,σ ⩽ 1. Define the probability measures µ and ν on C by

(1.13) dµ(z) := |f(z)|p
∥f∥p,σ

γσ
p
(z) dz, and dν(z) := γσ

p
(z) dz.

Since |f | is log-subharmonic we get that µ and ν satisfy the assumptions of The-
orem 1.9 with α = κ = p

σ
. Hence, (1.6) yields that | det ∇Φ(z)| ⩽ 1 for almost

all z ∈ C where ∇Φ is the Brenier map between µ and ν. By the Monge–Ampère
equation,

(1.14) |f(z)|p
∥f∥p,σ

γσ
p
(z) = γσ

p
(∇Φ(z)) det ∇2Φ(z),

we get

|f(z)|pγσ
p
(z)

det ∇2Φ⩽1
⩽ γσ

p
(∇Φ(z))∥f∥p,σ

∥f∥p,σ⩽1
⩽ γσ

p
(∇Φ(z))

γσ
p
⩽ p

2πσ

⩽
p

2πσ .

Hence,
|f(z)|p ⩽ ep

|z|2
2σ ,

which completes the proof. □

Inspecting the proof of Theorem 1.15 it is immediate that it is a statement about
cn-log-subharmonic functions, where f : Rn → R is cn-log-subharmonic, for c ∈ R,
if x 7→ log f(x) − c |x|2

2 is subharmonic.

Theorem 1.16 (Growth estimates for log-subharmonic functions). — Fix β ⩾ 0
and let f : Rn → R be a (−βn)-log-subharmonic function such that

´
Rn f dγ = 1,

where γ is the standard Gaussian measure on Rn. Then,

(1.15) f(x) ⩽ (β + 1)n
2 e

|x|2
2 .

Proof. — Define the probability measures dµ := f dγ and ν := γ, and note that
they satisfy the assumptions of Theorem 1.9 with α = (β + 1) and κ = 1. Hence,
by (1.6), the Brenier map ∇Φ between µ and ν satisfies

(1.16) | det ∇2Φ| ⩽ (β + 1)n
2 .

By the Monge–Ampère equation,

f(x)γ(x) = γ(∇Φ(z)) det ∇2Φ(z)
(1.16)
⩽ γ(∇Φ(z))(β + 1)n

2
γ⩽(2π)− n

2

⩽

(
(β + 1)

2π

)n
2

,

so
f(x) ⩽ (β + 1)n

2 e
|x|2

2 . □

In [GMRS17, Lemma 2.1] Theorem 1.16 is obtained under the stronger log-
convexity assumption. The log-subharmonic case was treated in [GKL10] (in the
print version, see [GMRS17, Remark 2.2]), but only for 0-log-subharmonic functions.
Theorem 1.16, which is probably already known, generalizes to cn-log-subharmonic
functions for any c ⩽ 0.
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1.4. The Wehrl conjecture for Glauber states

Next we apply our majorization results to provide a new proof and stability results
for the Wehrl conjecture for Glauber states. The Wehrl entropy is a classical notion
of entropy defined for quantum mechanical states. Wehrl presented this notion
in [Weh79] and conjectured that this entropy is bounded by 1 (in dimension 1). The
conjecture was proven by Lieb [Lie78], and the characterization of the minimizers
was established by Carlen [Car91]. The validity of Wehrl-type conjectures in other
settings has been actively investigated, but there are still questions which remain
open [Fra23, KNOCT22]. In this section we propose a new transport approach
towards this problem. In particular, we will provide another proof of the (generalized)
Wehrl conjecture for Glauber states using volume-contracting transport maps, as
well as stability results.

We will now present the setting of the original Wehrl conjecture following [Car91].
Fix h > 0 to be the Planck constant and let ℏ := h

2π be the reduced Planck constant.
Given a Schrödinger wave function ψ ∈ L2(Rd, dx) define the coherent state transform
L : L2(Rd, dx) → L2(R2d, h−d dq dp), where dx, dq, dp denote the standard Lebesgue
measure on Rd, by

(1.17) Lψ(q, p) := e
i

2ℏ ⟨q,p⟩
ˆ
Rd

e
i
ℏ ⟨x,p⟩e− |x−q|2

2ℏ ψ(x) dx.

The coherent state transform maps a wave function to a function on the phase space,
whose modulus |Lψ(q, p)|2 represents the density (not necessarily normalized) of
phase space states. The coherent state transform is isometric, so if |ψ|L2(Rd,dx) = 1,
hence
(1.18) ρψ(q, p) := h−d|Lψ(q, p)|2

is a probability measure on the phase space R2d. Wehrl conjectured that the differ-
ential entropy of ρψ (the negative of the Wehrl entropy), satisfies the bound

(1.19) H(ρψ) =
ˆ
R2d

log ρψ dρψ ⩽ −d log(2πeℏ).

Equality is attained in (1.19) for the Glauber states,
(1.20) ψGaussian(x) := eiθψq0,p0(x),
where θ ∈ R/2πZ, q0, p0 ∈ Rd, and

ψq0,p0(x) := (2πℏ)−de
i
ℏ ⟨x,p0⟩e− |x−q0|2

2ℏ .

In other words, according to the conjecture Glauber states maximize the differential
entropy (equivalently minimize the Wehrl entropy),

(1.21) H(ρψ) ⩽ H(ρψGaussian) for all wave functions ψ ∈ L2
(
Rd, dx

)
.

As mentioned above, the conjectured inequality (1.21) and the characterization of
its equality cases (only Glauber states are minimizers) were proven in [Car91, Lie78].
In fact, a stronger statement can be made, namely the generalized Wehrl conjecture
for Glauber states, where the entropy is replaced by other convex functions, which
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in our terminology means that Glauber states majorize; see [Fra23, KNOCT22] for
proofs of the inequalities and [FNT23] for their stability. Our next result applies the
tools developed in the previous sections to provide a new proof and stability results
for the generalized Wehrl conjecture for Glauber states. In fact, we can also address
mixed states,

(1.22) ρψ1,...,ψk
(q, p) := h−d

k∑
j=1

λj|Lψj(q, p)|2,

where {λj}kj=1 are nonnegative weights which sum up to 1, and {ψj}kj=1 form an
orthonormal system in L2(Rd, dx). (The measure constructed in (1.18) is a pure
states where all the weights but one vanish.) Our approach treats mixed and pure
states in the same way which simplifies the analysis of stability, which in general is
more difficult for mixed states [FNT23].

Theorem 1.17 (Generalized Wehrl conjecture for Glauber states). — Set h = 1
and let k be a positive integer. Let {ψj}kj=1 be an orthonormal system in L2(Rd, dx),
and let {λj}kj=1 be nonnegative weights which sum up to 1. Define the probability
measure

ρψ1,...,ψk
(q, p) := h−d

k∑
j=1

λj|Lψj(q, p)|2,

and let ∇Φ be the Brenier map between ρψ1,...,ψk
and ρψGaussian . Then,

∥∆Φ∥L∞(dx) ⩽ 2d.(1.23)

Moreover,

(1.24)
ˆ
R2d

φ(ρψ1,...,ψk
) dp dq

⩽
ˆ
R2d

φ(ρψGaussian) dp dq for every convex function φ : [0, 1] −→ R,

(1.25) [0, 1] ∋ t 7−→
ˆ
Rn

φ(ρt(x)) dx is monotonically non-decreasing,

where (ρt)t∈ [0,1] is the geodesic in Wasserstein space connecting ρψ1,...,ψk
and

ρψGaussian , ρt := (∇Φt)♯ρψ1,...,ψk
where ∇Φt(x) := (1 − t)x+ t∇Φ(x). Finally,

H(ρψGaussian) − H(ρψ1,...,ψk
) ⩾ 1

8d2

ˆ
R2d

∥∥∥∇2Φ − Id2d

∥∥∥2

F
dρψ1,...,ψk

.(1.26)

Proof. — First note that from the definition of ρψ1,...,ψk
, and as {ψj}kj=1 is an

orthonormal system, we have that ρψ1,...,ψk
⩽ 1. This will allow us later to restrict

to convex functions φ : [0, 1] → R in (1.24). To prove (1.23) first note that direct
computation shows that ρψGaussian is a Gaussian on R2d with mean (q0,−p0) and
covariance 1

2π Id2d,

ρψGaussian = N
(

(q0,−p0),
1

2π Id2d

)
.

ANNALES HENRI LEBESGUE



Optimal transport maps, majorization, and log-subharmonic measures 935

On the other hand, the relation between the coherent state transform and the
Bargmann transform [Grö01, Proposition 3.4.1] yields (when h = 1), for each j =
1, . . . , k,

(1.27) |Lψj(q, p)|2 = 2− d
2
∣∣∣f̃ j(q + ip)

∣∣∣2e−π(|q|2+|p|2),

where f̃ j : Cd → Cd is an entire function. In particular,

(1.28) ρψ1,...,ψk
(q, p) = 2− d

2 e−π(|q|2+|p|2)
k∑
j=1

λj
∣∣∣f̃ j(q + ip)

∣∣∣2.
The logarithm of the modulus of an entire function is subharmonic, so for each
j = 1, . . . , k, |f̃ j(q+ ip)|2 is log- subharmonic. Since the mixture of log-subharmonic
functions is log-subharmonic [GKL10, Proposition 2.2], it follows that ∑k

j=1 λj|f̃ j(q+
ip)|2 is log-subharmonic. Hence, we can apply Theorem 1.4 and Theorem 1.9, (in
fact also Theorem 1.13), with

n := 2d, µ := ρψ1,...,ψk
, ν := ρψGaussian , κ := 2π, α := 2π.

In particular,
√

α
κ

= 1 which yields the bound (1.23) and also means that we can apply
Theorem 1.10, Theorem 1.11, and Theorem 1.12 to get (1.24), (1.25), and (1.26),
respectively. □

1.5. Two-dimensional Coulomb gases

Coulomb gases are important models in mathematical physics with deep connec-
tions to random matrix theory; see [Cha23] for a brief survey. In this section we
review the two-dimensional (one-component) Coulomb gas, to which our results
above will apply. We consider N particles in R2 of identical charge in a fixed neutral-
izing background at inverse temperature β, whose interactions are logarithmic. We
identify R2 ≃ C and denote the positions of the particles as z := (z1, . . . , zN) ∈ CN ,
for zi ∈ C. Let µβ,N be the probability measure on CN defined by

(1.29) dµβ,N,Q(z) := e−Qβ,N (z)−Gβ,N (z)

Zβ,N

dz with Zβ,N :=
ˆ
CN

e−Qβ,N (z)−Gβ,N (z) dz,

where

(1.30) Qβ,N(z) := βN
N∑
j=1

Q(zj) with Q : C −→ R,

and

(1.31) Gβ,N(z) := −β
N∑

i<j=1
log |zi − zj|.

The termQβ,N models the particle-background interaction, and the termGβ,N models
the particle-particle logarithmic interaction. A common choice for Qβ,N is taking
Q to be quadratic, Q(zj) = |zj |2

2 . Since ∆Gβ,N ⩽ 0, we can apply our results to
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the two-dimensional (one-component) Coulomb gas µβ,N,Q and the pure background
model νβ,N,Q given by

dνβ,N,Q(z) := e−Qβ,N (z)´
e−Qβ,N (z) dz dz.

Theorem 1.18 (Two-dimensional one-component gas). — Suppose there exists
α2, κ2 > 0 such that

∆Q ⩽ 2α2 and ∇2Q ⪰ κ2 Id2,

where ∆Q,∇2Q are the distributional Laplacian and Hessian on R2, respectively.
Let ∇Φβ,N,Q be the optimal transport map between µβ,N,Q and νβ,N,Q. Then,

∥∆Φβ,N,Q∥L∞(dx) ⩽ 2N
√
α2

κ2
, and in particular ∥ det ∇2Φβ,N,Q∥L∞(dx) ⩽

(
α2

κ2

)N
.

(1.32)

Moreover, when

(1.33) Q(zi) = |zj|2

4 for all j = 1, . . . , N,

we have

ˆ
CN

φ(µβ,N,Q) dz ⩽
ˆ
CN

φ(νβ,N,Q) dz for every convex function φ : R⩾0 −→ R,

(1.34)

(1.35) [0, 1] ∋ t 7−→
ˆ
Rn

φ(ρt,β,N,Q(x)) dx is monotonically non-decreasing,

where (ρt,β,N,Q)t∈ [0,1] is the geodesic in Wasserstein space connecting µβ,N,Q and
νβ,N,Q, ρt,β,N,Q := (∇Φt,β,N,Q)♯µβ,N,Q where ∇Φt,β,N,Q(x) := (1 − t)x+ t∇Φβ,N,Q(x),
and

H(νβ,N,Q) − H(µβ,N,Q) ⩾ 1
8N2

ˆ
CN

∥∇2Φβ,N,Q − Id2N ∥2
F dµβ,N,Q.(1.36)

Proof. — Denote dµβ,N,Q =: e−Vβ,N,Q dz. The assumption ∇2Q ⪰ κ2 Id2 implies
that ∇2Qβ,N ⪰ κ2βN Id2N . Since ∆Gβ,N ⩽ 0, the assumption ∆Q ⩽ 2α2 implies
∆Vβ,N,Q = ∆Qβ,N + ∆Gβ,N ⩽ 2α2βN

2. Hence, setting
n := 2N, µ := µβ,N,Q, ν := νβ,N,Q, κ := κ2βN, α := α2βN,

we can apply Theorem 1.4 and Theorem 1.9 to get (1.32). The remaining assertions
of the theorem hold only when Q is quadratic, where α2 = κ2 = 1, by Theorem 1.10,
Theorem 1.11, and Theorem 1.12, respectively. □

Organization of paper

Section 2 proves Theorem 1.4, while Section 3 focuses on majorization, proving
in particular Theorem 1.11 and Theorem 1.12. Section 4 is dedicated to the Kim–
Milman heat flow map. Appendix A contains a number of technical results.
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2. The divergence of the Brenier map

In this section we will prove Lp estimates on ∆Φ (Theorem 2.1), which in particular
will imply Theorem 1.4. While the proof of our main result below Theorem 2.1 is
quite technical, at the formal level it follows the original (formal) derivation of
Caffarelli [Caf00], as we now explain. Our goal is to derive the bound

(2.1) ∥∆Φ∥L∞(dx) ⩽ n

√
α

κ
when ∆V ⩽ αn and ∇2W ⪰ κ Idn .

The derivation is based on differentiating the Monge–Ampère equation twice, and
using the optimality conditions at the point where ∆Φ attains its maximum. To this
end, given a unit vector e ∈ Rn and a function ξ : Rn → R, denote by ξe (res. ξee) the
first (res. second) directional derivative of ξ in the direction e. The Monge–Ampère
equation reads

(2.2) e−V = e−W (∇Φ) det ∇2Φ,

so take the logarithm on both sides of (2.2), and differentiate twice in a fixed direction
e, to get

Vee =
〈
∇2W (∇Φ)∇2Φe,∇2Φe

〉
+ ⟨∇W,∇Φee⟩ − ∂ee log det ∇2Φ.(2.3)

Using the identity

(2.4) ∂ee log det ∇2Φ = Tr
[
(∇2Φ)−1∇2Φee

]
− Tr

[(
(∇2Φ)−1∇2Φe

)2
]
,

the identity (2.3) becomes

(2.5) Vee =
〈
∇2W (∇Φ)∇2Φe,∇2Φe

〉
+ ⟨∇W,∇Φee⟩

− Tr
[
(∇2Φ)−1∇2Φee

]
+ Tr

[(
(∇2Φ)−1∇2Φe

)2
]
.

Using ∇2W ⪰ κ Idn, (2.5) implies

(2.6) Vee ⩾ κ
∣∣∣∇2Φe

∣∣∣2 + ⟨∇W,∇Φee⟩

− Tr
[
(∇2Φ)−1∇2Φee

]
+ Tr

[(
(∇2Φ)−1∇2Φe

)2
]
,
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so summing on both sides of (2.6) over a basis {ei} of Rn yields

(2.7) ∆V ⩾ κ
n∑
i=1

∣∣∣∇2Φei
∣∣∣2 + ⟨∇W,∇∆Φ⟩

− Tr
[
(∇2Φ)−1∇2∆Φ

]
+

n∑
i=1

Tr
[(

(∇2Φ)−1∇2Φei

)2
]
.

Suppose ∆Φ attains its maximum x0. Then the optimality conditions give ∇∆Φ(x0) =
0 and ∇2∆Φ(x0) ⪯ 0, so

(2.8) ⟨∇W (x0),∇∆Φ(x0)⟩ − Tr
[(

∇2Φ(x0)
)−1

∇2∆Φ(x0)
]
⩾ 0.

On the other hand,

(2.9) Tr
[(

(∇2Φ)−1∇2Φe

)2
]

= Tr[A2] ⩾ 0 with A := (∇2Φ)− 1
2 ∇2Φe(∇2Φ)− 1

2 .

Hence, combining (2.7), (2.8), (2.9), and applying the Cauchy–Schwarz inequality,
shows that

(2.10) αn ⩾ ∆V (x0) ⩾ κ
n∑
i=1

∣∣∣∇2Φ(x0)ei
∣∣∣2 ⩾ κ

n∑
i=1

〈
∇2Φ(x0)ei, ei

〉2
.

By Jensen’s inequality,

(2.11) αn ⩾ ∆V (x0) ⩾ κ
n∑
i=1

〈
∇2Φ(x0)ei, ei

〉2
⩾
κ

n
[∆Φ(x0)]2,

so it follows that

(2.12) ∆Φ(x0) ⩽ n

√
α

κ
,

where we used that ∆Φ(x0) ⩾ 0 since Φ is convex. Since x0 is a point where ∆Φ
attains its maximum, we conclude (2.1). Making the above argument rigorous is
difficult due to the need to show the existence of a point x0 where ∆Φ attains its
maximum. Instead, we follow the Lp approach of Kolesnikov [Kol13], [Kol11, § 6],
but with some necessary modifications (cf. Remark 2.12).

Theorem 2.1. — Let dµ = e−V dx and dν = e−W dx be probability measures
on Rn, with µ supported on all of Rn, such that there exist α > 0, κ > 0 with

∆V ⩽ αn and ∇2W ⪰ κ Idn .
Let ∇Φ : Rn → Rn be the Brenier map transporting µ to ν. Then,

∥∆Φ∥L∞(dx) ⩽ n

√
α

κ
.(2.13)

We start by showing that it suffices to prove Theorem 2.1 assuming sufficient
regularity for µ and ν. These regularity assumptions are captured as follows.

Assumption 2.2. —
(1) V is smooth.
(2) There exists a constant c > 0 such that ∇2V (x) ⪯ c Idn for all x ∈ Rn.
(3) There exist constants a, b > 0 such that lim|x|→∞ V (x) − (b|x|2 − a) ⩾ 0.
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(4) W is smooth.
(5) There exists a constant d > 0 such that ∇2W (x) ⪯ d Idn for all x ∈ Rn.

Note that Assumption 2.2(3) implies that µ has a finite second moment while
the assumption ∇2W ⪰ κ Idn implies that ν has a finite second moment (by the
Poincaré inequality for ν).

Proposition 2.3. — It suffices to prove Theorem 2.1 for µ, ν which in addition
to satisfying the assumptions of Theorem 2.1 also satisfy Assumption 2.2.

Proof. — The proof is based on the composition of the following two steps:
Step 1: Given µ, ν which satisfy the assumptions of Theorem 2.1 we show that there

exist sequences of probability measures {µk}, {νk} converging weakly to µ, ν,
respectively, such that, for all k, each pair µk, νk satisfies the assumptions of
Theorem 2.1 and Assumption 2.2.

Step 2: Assume that Theorem 2.1 holds true for each pair µk, νk and then pass to the
limit to deduce (2.13).

Before we start with Step 1 let us state a number of important smoothing properties
of the Ornstein–Uhlenbeck semigroup which we will use to smooth out the measures
µ and ν.

Proposition 2.4. — Let γ be the standard Gaussian measure in Rn, and let
f : Rn → R⩾0 be a nonnegative function in L1(γ). Let (Pt)t⩾0 be the Ornstein–
Uhlenbeck semigroup,

(2.14) Ptf(x) :=
ˆ
Rn

f
(
e−tx+

√
1 − e−2ty

)
dγ(y), t ⩾ 0, x ∈ Rn.

(i) For every x ∈ Rn and t > 0,

(2.15) ∇2 log Ptf(x) ⪰ − e−2t

1 − e−2t Idn for all x ∈ Rn and t > 0.

(ii) Suppose f is c-log-concave for c ∈ R (i.e., x 7→ log f(x) − c |x|2
2 is concave).

Then, for every x ∈ Rn,

(2.16) ∇2 log Ptf(x) ⪯ e−2tc

1 − c(1 − e−2t) Idn

for any t ∈ [0,∞) if c ⩽ 1
for any t ∈

[
0, log

(√
c
c−1

)]
if c > 1.

(iii) Suppose f is cn-log-subharmonic for some c ⩽ 0 (i.e., x 7→ log f(x) − c |x|2
2 is

subharmonic). Then, for every x ∈ Rn and t > 0,

(2.17) ∆ log Ptf(x) ⩾ e−2tcn

1 − c(1 − e−2t) ⩾ cn.

The proof of Proposition 2.4 (with some extra results) is given in Section A.2.
Let us begin with Step 1.
Step 1. — We first construct the sequence {µk ∝ e−Vk dx} whose members all

satisfy the assumptions of Theorem 2.1 as well as Assumptions 2.2(1)–(3). Given
µ = e−V dx let

Ṽ k := − log P 1
k
e−V .
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Then Ṽ k is smooth, and by Proposition 2.4(iii) it satisfies ∆Ṽ k(x) ⩽ αn for all
x ∈ Rn. This shows that we can construct a measure ∝ e−Ṽ k dx which satisfies
the assumptions of Theorem 2.1 as well as Assumption 2.2(1). Moreover, Assump-
tion 2.2(2) is also satisfied for some ck by Proposition 2.4(i). Next we modify Ṽ k so
that Assumption 2.2(3) is also satisfied. Define

Vk(x) :=
(

1 − 1
k

)
Ṽ k(x) + 1

k
α

|x|2

2
and note that ∆Vk ⩽ αn, Vk is smooth, and

∇2Vk ⪯
((

1 − 1
k

)
ck + 1

k
α
)

Idn,

so the measure ∝ e−Vk dx satisfies the assumptions of Theorem 2.1 as well as As-
sumptions 2.2(1)–(2). Let us show that Vk also satisfies Assumption 2.2(3). To this
end we first need to argue that V is positive outside of some ball. Indeed, since
∆V ⩽ αn, we have that, for any x0 ∈ Rn, the function

Rn ∋ x 7−→ eα
|x−x0|2

2 −V (x)

is subharmonic. Hence, choosing x0 such that |x0| > R for some R > 0, we have

(2.18) e−V (x0) ⩽
 
B1(x0)

eα
|x−x0|2

2 −V (x) dx ⩽
e

α
2

Vol(B1)

ˆ
(BR−1(0))c

e−V (x) dx.

The right-hand side of (2.18) converges to 0 as R → ∞ since
´
e−V is finite. Hence,

limx→∞ V (x) = 0 and Assumption 2.2(3) follows by the construction of Vk. Finally,
let µk ∝ e−Vk dx and note that µk → µ weakly.

Next we construct the sequence {νk ∝ e−Wk dx} whose members all satisfy the
assumptions of Theorem 2.1 as well as Assumptions 2.2(4)–(5). Given ν = e−W dx
let

Wk := − log P 1
k
e−W

and let {νk ∝ e−Wk dx}. Then, as in the construction of Vk, Wk is smooth and there
exists a constant dk such that ∇2W ⪯ dk Idn. Hence, Wk satisfies Assumptions 2.2
(4)–(5). Finally, by Proposition 2.4(ii), Wk satisfies the assumptions of Theorem 2.1
with ∇2Wk ⪰ κk where

(2.19) κk := κe− 2
k

1 + κ
(
1 − e− 2

k

) = κ−
κ(κ+ 1)

(
1 − e− 2

k

)
1 + κ

(
1 − e− 2

k

) .

We now move to Step 2.
Step 2. — Assume that Theorem 2.1 holds true for each pair µk, νk, and let ∇Φk

be the Brenier map between µk and νk. Then, for k large enough, by Theorem 2.1
and Remark 1.5,

(2.20) ∥∆Φk∥L∞(dx) ⩽ n

√
α

κk
and ∇2Φk(x) ⪯ n

√
α

κk
Idn for every x ∈ Rn.

By [MS23, Lemma 1], which follows [Nee22, Lemma 2.1] building on [KM12, Lem-
ma 3.3], we get that, up to a subsequence, {∇Φk} converges almost everywhere to
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some transport map T between µ and ν. Since {∇Φk} converges so does {Φk} to
some convex function Φ. It follows that T = ∇Φ is the Brenier map between µ
and ν. Finally, the proof is complete since Φk converges to Φ locally uniformly, ∆Φk

converges to ∆Φ as distribution, and as

∥∆Φ∥L∞(dx) = sup
η ∈C∞

c ,∥η∥L1 =1

ˆ
∆Φ(x)η(x) dx = sup

η ∈C∞
c ,∥η∥L1 =1

ˆ
Φ(x)∆η(x) dx

= sup
η ∈C∞

c ,∥η∥L1 =1
lim
k→∞

ˆ
Φk(x)∆η(x) dx

= sup
η ∈C∞

c ,∥η∥L(dx)=1
lim
k→∞

ˆ
∆Φk(x)η(x) dx

⩽ lim
k→∞

∥∆Φk∥L∞(dx) = n

√
α

κ
. □

Proof of Theorem 2.1. — In light of Proposition 2.3 we may assume Assump-
tion 2.2 from here on. Under the assumptions of Theorem 2.1, together with As-
sumption 2.2, we have that there exists an optimal transport map ∇Φ between µ
and ν which is smooth [CEF19, Theorem 1.1], satisfies the Monge–Ampère equation,

(2.21) e−V (x) = e−W (∇Φ(x)) det ∇2Φ(x), for all x ∈ Rn,

and, by Theorem 1.2, satisfies the bound

(2.22) 0 ⪯ ∇2Φ(x) ⪯ C Idn for all x ∈ Rn,

for some constant C > 0. Taking the logarithm in (2.21) we get

V (x) = W (∇Φ(x)) − log det ∇2Φ(x),(2.23)

so, for every x, y ∈ Rn,

(2.24) V (x+ y) + V (x− y) − 2V (x)

=
{
W (∇Φ(x+ y)) +W (∇Φ(x− y)) − 2W (∇Φ(x))

}
− log

[
det ∇2Φ(x+ y) det ∇2Φ(x− y)

(det ∇2Φ(x))2

]
.

Equation (2.24) is the finite difference analogue of equation (2.3). The left-hand side
of (2.24) is a second-order finite difference of V which we wish to relate to ∆V , so to
this end we introduce the following ∆ϵ operator and its properties; see Section A.1
for the proof.

Lemma 2.5. — Fix ϵ > 0 and for a function f : Rn → R denote

(2.25) ∆ϵf(x) :=
 
∂Bϵ(0)

[f(x+ y) − f(x)] dy,

where  
∂Bϵ(0)

f := 1
|∂Bϵ(0)|

ˆ
∂Bϵ(0)

f.
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Then,

lim
ϵ→0

∆ϵf(x)
ϵ2 = ∆f(x)

2n ,(2.26)

where ∆f is the distributional Laplacian of f . Further, if ∆f ⩽ ℓ, then

∆ϵf ⩽
ℓ

n

ϵ2

2 , ∀ ϵ > 0.(2.27)

We now integrate (2.24) over y with respect to the uniform measure on the sphere
∂Bϵ(x) of radius ϵ centered at x. By the assumption ∆V ⩽ αn, together with (2.27),
we have

(2.28) ϵ2α ⩾ 2∆ϵV (x) = 2
 
∂Bϵ(0)

[
W (∇Φ(x+ y)) −W (∇Φ(x))

]
dy

−
 
∂Bϵ(0)

log
[

det ∇2Φ(x+ y) det ∇2Φ(x− y)
(det ∇2Φ(x))2

]
dy.

On the other hand, by the assumption ∇2W ⪰ κ Idn,

(2.29) W (∇Φ(x+ y)) −W (∇Φ(x))

⩾
〈
(∇W )(∇Φ(x)),∇Φ(x+ y) − ∇Φ(x)

〉
+ κ

2 |∇Φ(x+ y) − ∇Φ(x)|2,

which is the analogue of (2.6). Combining (2.28) and (2.29) implies

(2.30) ϵ2α ⩾ κ

 
∂Bϵ(0)

|∇Φ(x+ y) − ∇Φ(x)|2 dy

+
 
∂Bϵ(0)

{
2
〈
(∇W )(∇Φ(x)),∇Φ(x+ y) − ∇Φ(x)

〉

− log
[

det ∇2Φ(x+ y) det ∇2Φ(x− y)
(det ∇2Φ(x))2

]}
dy.

Next we will multiply both sides of (2.30) by (∆ϵΦ(x))p and integrate against
e−V (x) dx. This requires showing that some integrals are finite.

Lemma 2.6. — For every p > 0 we have

(2.31) ϵ2α

ˆ
(∆Φϵ(x))pe−V (x) dx

⩾ κ

ˆ  
∂Bϵ(0)

[
|∇Φ(x+ y) − ∇Φ(x)|2

]
dy(∆ϵΦ(x))pe−V (x) dx

− log
[

det ∇2Φ(x+ y) det ∇2Φ(x− y)
(det ∇2Φ(x))2

]}
dy
}

dx,

and all the integrals are finite.

Proof. — Once we show that the integrals are finite, Equation (2.31) follows by
multiplying both sides of (2.30) by (∆ϵΦ)p and integrating against e−V dx. Note
that at the moment we are only interested in these quantities to be finite and not
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uniformly bounded in ϵ. The integral
´

(∆ϵΦ)pe−V dx is finite by (2.22) and (2.27).
The integral

´ ffl
∂Bϵ(0)[|∇Φ(x+ y) − ∇Φ(x)|2] dy(∆ϵΦ)pe−V dx is finite since by the

fundamental theorem of calculus we can write the difference ∇Φ(x+ y) − ∇Φ(x) as
an integral along a path between x+y and x of ∇2Φ multiplied by a vector of length
⩽ ϵ, so the difference is bounded since ∇2Φ is bounded by (2.22). To bound the term
⟨∇W (∇Φ(x)),∇Φ(x+ y) − ∇Φ(x)⟩ use Assumption 2.2(5) according to which ∇W
grows at most linearly, and the fact that again ∇Φ(x+ y) − ∇Φ(x) can be bounded
by a constant, to see that

´
(∆ϵΦ)p

ffl
∂Bϵ(0) 2⟨∇W (∇Φ(x)),∇Φ(x+ y) − ∇Φ(x)⟩e−V

is finite since ν has a finite first moment. Finally, to bound the term
ˆ  

∂Bϵ(0)

∣∣∣∣∣log
[

det ∇2Φ(x+ y) det ∇2Φ(x− y)
(det ∇2Φ(x))2

]∣∣∣∣∣e−V (x) dx dy

we use identity (2.28) so we need to bound
ˆ  

∂Bϵ(0)

∣∣∣W (∇Φ(x+ y)) −W (∇Φ(x))
∣∣∣(∆ϵΦ)pe−V dy dx

as well as ˆ
|∆ϵV |e−V dx.

For the first term, again by (2.22), the distance between ∇Φ(x + y) and ∇Φ(x) is
bounded by a constant, so by Assumption 2.1(5),

ffl
∂Bϵ(0) |W (∇Φ(x+y))−W (∇Φ(x))|

is linear in ∇Φ (at some point between x + y and x) and, since ∇2Φ is bounded,´ ffl
∂Bϵ(0) |W (∇Φ(x+ y)) −W (∇Φ(x))|(∆ϵΦ)pe−V dy dx is finite since ν has a finite

first moment. Finally, for the term
´

|∆ϵV |e−V dx, we use the definition of ∆ϵ and
note that at infinity V grows quadratically so

´
|∆ϵV |e−V dx is finite since µ has a

finite second moment. □

We will show in Proposition 2.8 below that the second term in (2.31) is nonnegative,
which is the replacement of (2.8)–(2.9). Let us complete the proof of Theorem 2.1
assuming the validity of Proposition 2.8.

Lemma 2.7. — Suppose that for every p > 0,

(2.32) ϵ2α

ˆ
(∆ϵΦ(x))pe−V (x) dx

⩾ κ

ˆ  
∂Bϵ(0)

[
|∇Φ(y + x) − ∇Φ(x)|2

]
dy(∆ϵΦ(x))pe−V (x) dx.

Then,

∥∆Φ∥L∞(µ) ⩽ n

√
α

κ
.(2.33)
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Proof. — Dividing both sides of (2.32) by ϵ2p+2, and using (2.26), we get

α

ˆ (
∆Φ
2n

)p
e−V dx

⩾ κ

ˆ {
lim
ϵ→0

1
ϵ2

 
∂Bϵ(0)

[
|∇Φ(y + x) − ∇Φ(x)|2

]
dy
}(

∆Φ
2n

)p
e−V dx

= κ

ˆ 
 
∂B1(0)

lim
ϵ→0

∣∣∣∣∣∇Φ(x+ ϵy) − ∇Φ(x)
ϵ

∣∣∣∣∣
2

dy


(

∆Φ)
2n

)p
e−V dx

= κ

ˆ { 
∂B1(0)

∣∣∣∇2Φ(x)y
∣∣∣2 dy

}(
∆Φ
2n

)p
e−V dx.

Since  
∂B1(0)

∣∣∣∇2Φ(x)y
∣∣∣2 dy = Tr[(∇2Φ(x))2]

n
⩾

(∆Φ(x))2

n2 ,

it follows that

α

ˆ (
∆Φ
2n

)p
e−V dx ⩾ κ

ˆ (∆Φ)2

n2

(
∆Φ
2n

)p
e−V dx,

and hence, ˆ
(∆Φ)pe−V ⩾

1
n2
κ

α

ˆ
(∆Φ)p+2e−V dx.(2.34)

By Hölder’s inequality, with exponents p+2
2 , p+2

p
, we have

(2.35)

ˆ
(∆Φ)pe−V ⩽

(ˆ
[(∆Φ)p]

p+2
p e−V

) p
p+2
(ˆ

1
p

p+2 e−V
) p+2

p

=
(ˆ

(∆Φ)p+2e−V
) p

p+2

,

so combining (2.35) and (2.34) we get(ˆ
(∆Φ)p+2e−V

) p
p+2

⩾
1
n2
κ

α

ˆ
(∆Φ)p+2e−V .

Relabeling p 7→ 2p, the above can be written as

∥(∆Φ)2∥Lp+1(µ) ⩽ n2α

κ
.(2.36)

Inequality (2.33) follows by taking p → ∞,

□(2.37) ∥∆Φ∥L∞(µ) ⩽ n

√
α

κ
.

It remains to show that the second term in (2.31) is nonnegative, which was first
observed by Kolesnikov in [Kol13]. Here we essentially follow his proof with some
minor adaptations to our case.
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Proposition 2.8. —

(2.38)
ˆ

(∆ϵΦ(x))pe−V (x) ·
{ 

∂Bϵ(0)

{
2⟨∇W (∇Φ(x)),∇Φ(x+ y) − ∇Φ(x)⟩

− log
[

det ∇2Φ(x+ y) det ∇2Φ(x− y)
(det ∇2Φ(x))2

]}
dy
}

dx ⩾ 0.

Proof. — Let ∇Ψ = (∇Φ)−1 be the optimal transport map between dν = e−W dx
to dµ = e−V dx. The key estimate required to obtain (2.38) is contained in the
following proposition.

Proposition 2.9. —

(2.39)
ˆ

(∆ϵΦ(x))pe−V (x)
 
∂Bϵ(0)

2
〈
∇W (∇Φ(x)),∇Φ(x+ y) − ∇Φ(x)

〉
dy dx

⩾ 2
 
∂Bϵ(0)


ˆ

(∆ϵΦ(∇Ψ(x)))p{
Tr
[
∇2Φ(∇Ψ(x) + y)∇2Ψ(x)

]
− n

}
dν(x)

 dy.

Assuming the estimate (2.39) let us prove the estimate (2.38). Using the symmetry
of ∂Bϵ(0) under reflection y 7→ −y we have
ˆ

(∆ϵΦ)pe−V ·
{ 

∂Bϵ(0)
{2⟨∇W (∇Φ),∇Φ(x+ y) − ∇Φ(x)⟩

− log
[

det ∇2Φ(x+ y) det ∇2Φ(x− y)
(det ∇2Φ(x))2

]}
dy
}

dx

(2.39)
⩾ 2

 
∂Bϵ(0)

{ˆ
(∆ϵΦ(∇Ψ))p

{
Tr
[
∇2Φ(∇Ψ(x) + y)∇2Ψ(x)

]
− n

}
dν
}

dy

− 2
ˆ

(∆ϵΦ)p
 
∂Bϵ(0)

log det
[
∇2Φ(x+ y)(∇2Φ(x))−1

]
dy e−V dx

= 2
 
∂Bϵ(0)

{ˆ {
Tr
[
∇2Φ(∇Ψ(x) + y)∇2Ψ(x)

]
− n

}
(∆ϵΦ(∇Ψ))p dν

}
dy

− 2
 
∂Bϵ(0)

{ˆ
log det

[
∇2Φ(∇Ψ(x) + y)(∇2Φ(∇Ψ(x)))−1

]
(∆ϵΦ(∇Ψ))p dν

}
dy

= 2
 
∂Bϵ(0)

{[Tr[A(x)] − n− log detA(x)](∆ϵΦ(∇Ψ))p dν} dy,

where A(x) = ∇2Φ(∇Ψ(x) + y)(∇2Φ(∇Ψ(x)))−1. By [Kol11, p. 8], Tr[A(x)] − n −
log detA(x) ⩾ 0 for every x, which completes the proof. □

It remains to prove Proposition 2.9.
Proof of Proposition 2.9. — Let ∇Ψ = (∇Φ)−1 be the optimal transport map

between dν = e−W dx to dµ = e−V dx. The estimate (2.39) will obtained as a
consequence of integration by parts. But in order to justify the vanishing of the
boundary terms in the integration by parts we need to work with cutoff functions.
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Let {ηk} be a sequence of compactly supported smooth functions ηk : Rn → R such
that

• 0 ⩽ ηk ⩽ 1 for every k.
• limk→∞ ηk = 1 uniformly on every compact set.
• limk→∞

´
|∇ηk(x)|2 dν(x) = 0.

In the computations below we will simplify the notation and write

δΦy(x) := ∇Φ(x+ y) − ∇Φ(x),

omitting the dependence on x when it is clear from context, δΦy := δΦy(x).
By the Monge–Ampère equation (2.21) (and since the integrals can be exchanged

by the proof of Lemma 2.6), multiplying the integrand in the left-hand side of (2.39)
by ηk(∇Φ(x)), and integrating against e−V (x) dx, yields

ˆ {
(∆ϵΦ)p

 
∂Bϵ(0)

2⟨∇W (∇Φ), δΦy⟩ dy
}
ηk(∇Φ) dµ

=
ˆ {

(∆ϵΦ)p
 
∂Bϵ(0)

2⟨∇W (∇Φ), δΦy⟩ dy
}
ηk(∇Φ)e−W (∇Φ) det ∇2Φ dx

= −
ˆ {

(∆ϵΦ)p
 
∂Bϵ(0)

2
〈
∇
(
e−W (∇Φ)

)
, (∇2Φ)−1δΦy

〉
dy
}
ηk(∇Φ) det ∇2Φ dx

= −
 
∂Bϵ(0)

{ˆ
2
〈
∇
(
e−W (∇Φ)

)
,Cof(∇2Φ)δΦy

〉
(∆ϵΦ)pηk(∇Φ) dx

}
dy.

By integration by parts in the x variable (which has no boundary terms because ηk
is compactly supported), and using the fact that the cofactor matrix is divergence
free, we get

−
ˆ 〈

∇
(
e−W (∇Φ)

)
,Cof(∇2Φ)δΦy

〉
(∆ϵΦ)pηk(∇Φ)

=
ˆ
e−W (∇Φ) div

[
Cof(∇2Φ)δΦy(∆ϵΦ)pηk(∇Φ)

]
=
ˆ
e−W (∇Φ) Tr

[
Cof(∇2Φ)∇[δΦy(∆ϵΦ)pηk(∇Φ)]

]
=
ˆ
e−W (∇Φ) Tr

[
Cof(∇2Φ)∇[δΦy(∆ϵΦ)p]

]
ηk(∇Φ)

+
ˆ
e−W (∇Φ) Tr

[
Cof(∇2Φ){((∆ϵΦ)pδΦy) ⊗ ∇[ηk(∇Φ)]}

]
,
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where we use the convention (∇u(x))ij = ∂iuj(x) for a vector field u, and (w⊗v)ij =
wjvi for vectors v, w. Hence, our goal is to lower bound the term

(2.40)
ˆ {

(∆ϵΦ)p
 
∂Bϵ(0)

2⟨∇W (∇Φ), δΦy⟩ dy
}
ηk(∇Φ) dµ

= 2
 
∂Bϵ(0)

ˆ
e−W (∇Φ) Tr

[
Cof(∇2Φ)∇[δΦy(∆ϵΦ)p]

]
ηk(∇Φ) dx dy

+ 2
 
∂Bϵ(0)

ˆ
e−W (∇Φ) Tr

[
Cof(∇2Φ)

{
((∆ϵΦ)pδΦy) ⊗ ∇[ηk(∇Φ)]

}]
dx dy.

The second term on the right-hand side of (2.40) will be shown to vanish as k → ∞
so it suffices to lower bound the first term on the right-hand side of (2.40), and then
take the limit k → ∞. We start with the first term in (2.40).

Lemma 2.10. —

(2.41)
 
∂Bϵ(0)

ˆ
e−W (∇Φ(x))

Tr
[
Cof(∇2Φ(x))∇[(∇Φ(x+ y) − ∇Φ(x))(∆ϵΦ(x))p]

]
ηk(∇Φ(x)) dx dy

⩾
 
∂Bϵ(0)

ˆ {
Tr
[
∇2Φ(∇Ψ(x) + y)∇2Ψ(x)

]
− n

}
(∆ϵΦ(∇Ψ(x)))pηk(x) dν(x) dy.

Proof. — Let ∇Ψ = (∇Φ)−1 be the optimal transport map between dν = e−W dx
to dµ = e−V dx, and recall ∇2Ψ(x) = (∇2Φ)−1(∇Ψ(x)). Using the chain rule we
have, for any vector field u in Rn, divx[u(∇Ψ(x))] = Tr[∇2Ψ(x)∇u(∇Ψ(x))], so with

δΦy := ∇Φ(x+ y) − ∇Φ(x),
δΦy(∇Ψ) := δΦy(∇Ψ(x)) = ∇Φ(∇Ψ(x) + y) − ∇Φ(∇Ψ(x)),

we have
ˆ
e−W (∇Φ) Tr

[
Cof

(
∇2Φ

)
∇[(∆ϵΦ)pδΦy]

]
ηk(∇Φ) dx

=
ˆ

Tr
[
∇2Ψ(∇Φ)∇[(∆ϵΦ)pδΦy]

]
ηk(∇Φ) dµ

=
ˆ

Tr
[
∇2Ψ∇[δΦ(∇Ψ)(∆ϵΦ(∇Ψ))p]

]
ηk dν

=
ˆ

div[(∆ϵΦ(∇Ψ))pδΦy(∇Ψ)]ηk dν

=
ˆ

div[(∇Φ(∇Ψ(x) + y) − x)](∆ϵΦ(∇Ψ))pηk dν

+
ˆ 〈

δΦy(∇Ψ),∇(∆ϵΦ(∇Ψ))p
〉
ηk dν.
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Hence,

(2.42)
 
∂Bϵ(0)

ˆ
e−W (∇Φ) Tr

[
Cof(∇2Φ)∇[(∆ϵΦ)pδΦy]

]
ηk(∇Φ) dx dy

=
 
∂Bϵ(0)

ˆ
div[(∇Φ(∇Ψ(x) + y) − x)](∆ϵΦ(∇Ψ))pηk dν dy

+
 
∂Bϵ(0)

ˆ 〈
δΦy(∇Ψ),∇(∆ϵΦ(∇Ψ))p

〉
ηk dν dy.

Let us bound the two terms in (2.42) separately. For the first term in (2.42) we
use the chain rule to get

div[∇Φ(∇Ψ(x) + y) − x]

= div[∇Φ(∇Ψ(x) + y)] − n ⩾ Tr
[
∇2Φ(∇Ψ(x) + y)∇2Ψ(x)

]
− n.

Using ∇2Ψ(x) = (∇2Φ)−1(∇Ψ(x)) gives

(2.43)
 
∂Bϵ(0)

ˆ
div[(∇Φ(∇Ψ(x) + y) − x)](∆ϵΦ(∇Ψ))pηk dν dy

⩾
 
∂Bϵ(0)

ˆ {
Tr
[
∇2Φ(∇Ψ(x) + y)∇2Ψ(x)

]
− n

}
(∆ϵΦ(∇Ψ))pηk dν dy.

For the second term in (2.42) we use the definition of ∆ϵ to write

(2.44)
 
∂Bϵ(0)

ˆ
⟨∇δΦy(∇Ψ),∇((∆ϵΦ(∇Ψ))p)⟩ηk dν dy

= p

 
∂Bϵ(0)

ˆ
(∆ϵΦ(∇Ψ))p−1

〈
δΦy(∇Ψ),∇2Ψ∇∆ϵΦ(∇Ψ)

〉
ηk dν dy

= p

ˆ
(∆ϵΦ(∇Ψ))p−1

〈 
∂Bϵ(0)

δΦy(∇Ψ) dy,∇2Ψ∇∆ϵΦ(∇Ψ)
〉
ηk dν

(2.25)= p

ˆ
(∆ϵΦ(∇Ψ))p−1

〈
(∆ϵ∇Φ)(∇Ψ),∇2Ψ∇∆ϵΦ(∇Ψ)

〉
ηk dν

= p

ˆ
(∆ϵΦ(∇Ψ))p−1

〈
∇∆ϵΦ(∇Ψ),∇2Ψ∇∆ϵΦ(∇Ψ)

〉
ηk dν ⩾ 0,

where we used the convexity of Φ and Ψ as well as ηk ⩾ 0. Combining (2.43)
and (2.44) yields (2.41). □

We now turn to the second term in (2.40).
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Lemma 2.11. —

(2.45) 2
ˆ
e−W (∇Φ(x)) Tr

[
Cof(∇2Φ(x)){

((∇Φ(x+ y) − ∇Φ(x))(∆ϵΦ(x))p) ⊗ ∇[ηk(∇Φ(x))]
}]

dx

⩽ 2
(ˆ ∣∣∣(∇Φ(∇Ψ(x) + y) − ∇Φ(∇Ψ(x)))(∆ϵΦ(∇Ψ(x)))p

∣∣∣2 dν(x)
) 1

2

(ˆ
|∇ηk(x)|2 dν(x)

) 1
2

.

Proof. — Given a symmetric matrix M and vectors u, v we have Tr[M−1{u ⊗
(Mv)}] = ⟨u, v⟩, so applying this identity we get, with δΦy := ∇Φ(x+ y) − ∇Φ(x),

ˆ
e−W (∇Φ) Tr

[
Cof(∇2Φ){(δΦy(∆ϵΦ)p) ⊗ ∇[ηk(∇Φ)]}

]
dx

=
ˆ

Tr
[
{[δΦ(∆ϵΦ)p] ⊗ [(∇ηk)(∇Φ)]}

]
dµ

=
ˆ

Tr
[
{[δΦy(∇Ψ)(∆ϵΦ(∇Ψ))p]} ⊗ ∇ηk

]
dν

⩽

(ˆ ∣∣∣δΦy(∇Ψ)(∆ϵΦ(∇Ψ))p
∣∣∣2 dν

) 1
2
(ˆ

|∇ηk|2 dν
) 1

2

. □

Let us now take the limits k → ∞ of the two terms in (2.40). For the first term
in (2.40) we first use (2.41) and then take the limit k → ∞ in (2.41). We can
move the limit past the integrals in (2.41) by dominated convergence theorem using
ηk ⩽ 1, and the fact that the rest of the integrand is integrable (as in the proof of
Lemma 2.6). Thus, if the second term in (2.40) vanishes in the limit k → ∞ we will
get (2.39). To show that the second term in (2.40) vanishes in the limit k → ∞ it
suffices to show that the first term on the right-hand side of (2.45) is finite since
by assumption limk→∞

´
|∇ηk(x)|2 dν(x) = 0. The first term on the right-hand side

of (2.45) is finite by the same argument as in the proof of Lemma 2.6. □

To summarize, the combination of Lemma 2.10 and Lemma 2.11 yields Propo-
sition 2.9, which in turns implies Proposition 2.8. It follows that the second term
in (2.31) is nonnegative and the proof of Theorem 2.1 is complete by Lemma 2.7. □

Remark 2.12. — Our proof of Theorem 2.1 follows the proof of [Kol11, Theo-
rem 6.2]. However, one important modification we need to make is the introduction
of the ∆ϵ operator. In [Kol11], the lack of regularity of V and ∇Φ is remedied by
considering finite differences (rather than actual derivatives), V (x+ e) − V (x) and
∇Φ(x + e) − ∇Φ(x), for vectors e ∈ Rn. The finite difference V (x + e) − V (x) is
then controlled by explicit assumptions on the second directional derivatives of V ,
which in turn leads to control on the second directional derivatives of Φ. In contrast,
we only have at our disposal the control of ∆V , so the finite differences approach
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just outlined does not work. The operator ∆ϵ is the appropriate replacement to the
finite differences scheme.

3. Majorization

Theorem 1.9 and Theorem 1.10 were established in Section 1.2, so with regard to
majorization it remains to prove Theorem 1.11 and Theorem 1.12. We begin with
Theorem 1.11.

Theorem 3.1 (Monotonicity along Wasserstein geodesics). — Let dµ = e−V dx
and dν = e−W dx be probability measures on Rn, with µ supported on all of Rn,
such that there exist α > 0, κ > 0 with

∆V ⩽ αn and ∇2W ⪰ κ Idn .

Let ∇Φ : Rn → Rn be the Brenier map transporting µ to ν, and let (ρt)t∈ [0,1]
be the geodesic in Wasserstein space connecting µ and ν, ρt := (∇Φt)♯µ where
∇Φt(x) := (1 − t)x+ t∇Φ(x). Then, if α

κ
⩽ 1,

(3.1) [0, 1] ∋ t 7−→
ˆ
Rn

φ(ρt(x)) dx is monotonically non-decreasing

for every convex function φ : R⩾0 → R.

Proof. — Let ∇Ψ := (∇Φ)−1 be Brenier map between ν and µ, and let ∇Ψt(x) :=
(1 − t)∇Ψ(x) + tx be the Brenier map between ν = ρ1 to ρt. Let us show that the
Brenier map (∇Ψt)−1(x) = [(1 − t)∇Ψ(x) + tx]−1 between ρt and ρ1 = ν satisfies
∆[(∇Ψt)−1] ⩽ n. Indeed, the eigenvalues of ∇[(∇Ψt)−1(x)] are{

λi(x)
1 + t(λi(x) − 1)

}n
i=1
,

where {λi(x)}ni=1 are the eigenvalues of ∇2Φ(x). Given a fixed x ∈ Rn define the
function θ : [0, 1] → R by θ(t) := ∑n

i=1
λi(x)

1+t(λi(x)−1) . The function θ is concave and
satisfies θ(0) ⩽ n, by (2.13), and θ(1) = n. It follows that θ(t) ⩽ n for all t ∈ [0, 1],
i.e., ∆[(∇Ψt)−1] ⩽ n. In particular, using α

κ
⩽ 1, det[(∇Ψt)−1] ⩽ 1 so ρ1 = ν

majorizes ρt.
Moreover, setting ∇Φs(x) := (1 − s)x + s∇Φ(x) to be the Brenier map between

ρ0 and ρs we clearly have that ∆Φs ⩽ n and so ρ0 = µ is majorized by ρs. To show
that for 0 < r ⩽ s the measure ρr is majorized by ρs, we can apply the first step
with ρ1 replaced by ρs and Φ replaced by Φs. Notice indeed that the only property
we have used of Φ is that ∆Φ ⩽ n, which is true for Φs as well. □

Let us now prove Theorem 1.12.

Theorem 3.2. — Let dµ = e−V dx and dν = e−W dx be probability measures
on Rn, with µ supported on all of Rn, such that there exist α > 0, κ > 0 with

∆V ⩽ αn and ∇2W ⪰ κ Idn .
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Let ∇Φ : Rn → Rn be the Brenier map transporting µ to ν. If α
κ
⩽ 1, then

(3.2) H(ν) − H(µ) ⩾ 1
2n2

ˆ
Rn

∥∥∥∇2Φ − Idn
∥∥∥2

F
dµ,

where ∥ · ∥F is the Frobenius norm. In particular,

(3.3) H(ν) = H(µ) =⇒ µ = ν.

Proof. — By (2.13), and the assumption α
κ
⩽ 1,

∥∆Φ∥L∞(dx) ⩽ n

√
α

κ
⩽ n.

Abusing notation we identify between the measures µ, ν and their densities, so the
Monge–Ampère equation reads

µ = ν(∇Φ) det ∇2Φ.

By the change of variables formula,

H(µ) =
ˆ (

ν(∇Φ) det ∇2Φ
)

log ν(∇Φ) +
ˆ (

ν(∇Φ) det ∇2Φ
)

log det ∇2Φ

= H(ν) +
ˆ

log det
(
∇2Φ ◦ (∇Φ)−1

)
dν = H(ν) +

ˆ
log det(∇2Φ) dµ,

so

H(ν) − H(µ) =
n∑
k=1

ˆ
[− log λk(x)] dµ(x),

where 0 ⩽ λ1(x) ⩽ · · · ⩽ λn(x) are the eigenvalues of ∇2Φ(x). Using

− log s ⩾ − log t+ t− s

t
+ (s− t)2

2 max{s, t}2 , s, t ∈ (0,∞),

(see [FMP10, Proof of Lemma 2.5]), with s = λk(x) and t = 1, we get

H(ν) − H(µ) ⩾
n∑
k=1

ˆ {
(1 − λk(x)) + 1

2
(λk − 1)2

max{λn, 1}2

}
dµ(x)

⩾
ˆ

[n− ∆Φ] dµ+ 1
2n2

n∑
k=1

ˆ
(λk(x) − 1)2 dµ(x)

⩾
1

2n2

ˆ ∥∥∥∇2Φ(x) − Idn
∥∥∥2

F
dµ(x),

where we used ∆Φ ⩽ n ⇒ λn ⩽ n in the second inequality, and ∆Φ ⩽ n in the last
inequality. This establishes (3.2). Equation (3.3) follows from (3.2) since

H(ν) = H(µ) =⇒ ∇2Φ(x) = Id for almost-eveywhere x,

which implies that ∇Φ is the identity map. □
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4. The Kim–Milman heat flow transport map

When the target measure ν is the standard Gaussian measure γ we can construct a
volume-contracting map based on the heat flow map of Kim and E. Milman [KM12]
(following Otto and Villani [OV00]). While this transport map exists outside the
Gaussian setting [KM12, FMS24], our techniques to establish volume contraction
are restricted to Gaussian targets. In addition, in contrast to the Brenier map, we
can only establish volume contraction rather than control of the divergence of the
map. Finally, to establish the existence of the heat flow map we require further
regularity than those for the optimal transport map. For these reasons, we will keep
this section brief and assume whatever regularity is needed.

We recall the definition of the Ornstein–Uhlenbeck semigroup (Pt),

(4.1) Ptf(x) :=
ˆ
Rn

f
(
e−tx+

√
1 − e−2ty

)
dγ(y), t ⩾ 0, x ∈ Rn, f ∈ L1(γ).

The construction of the heat flow map between a source measure µ and a Gaussian
target γ is based on the following flow.

Proposition 4.1. — Let ρ be an absolutely continuous probability measure
on Rn, and let f := dρ

dγ . Suppose the ordinary differential equation

(4.2)

∂tFt(x) = −∇ log Ptf(Ft(x)), for t > 0 and x ∈ Rn,

F0(x) = x, for x ∈ Rn,

has a unique smooth solution. Then, the probability measures ρt := (Ft)♯ρ satisfy
(4.3) dρt(x) = Ptf(x) dγ(x), for t ⩾ 0 and x ∈ Rn.

The identity (4.3) follows from the standard switch between the Eulerian and
Lagrangian perspectives, as well as the partial differential equation satisfied by
(t, x) 7→ Ptf(x) (cf. [KM12, §1.2]). The key point is that as t → ∞, Ptf → 1, so
ρt → γ. In particular, whenever F := limt→∞ Ft exists, we find that F transports ρ
to γ. The map F is the Kim–Milman heat flow map. The main result of this section
is that, when the target measure is Gaussian, the Kim–Milman heat flow map also
achieves the bound (1.6).

Theorem 4.2. — Let dµ = e−V dx be a probability measure on Rn such that
there exists α > 0 with

∆V (x) ⩽ αn for every x ∈ Rn.

Suppose that the flow (4.2), with f := dµ
dγ , converges to a differentiable limit F :=

limt→∞ Ft, and that limt→∞ det ∇Ft = det ∇F. Then, the Kim–Milman heat flow
map between µ and the standard Gaussian γ on Rn satisfy
(4.4) ∥ det ∇F∥L∞(dx) ⩽ α

n
2 .

The observation behind the proof of Theorem 4.2 is that det ∇Ft can be controlled
if ∆ log Ptf can be controlled. On other hand, by Proposition 2.4(ii), ∆ log Ptf can
be lower bounded provided that ∆ log f can be lower bounded. The next result
implements these observations.
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Proposition 4.3. — Fix c ⩾ 1 and let dρ = f dγ be a (−cn)-log-subharmonic
measure. Fix t ⩾ 0 and let Ft be the heat flow map from ρ to (Ptf)γ. Then, for all
x ∈ Rn and t ⩾ 0,

|det ∇Ft(x)| ⩽
[(

1 − e−2t
)
(c− 1) + 1

]n
2 , for every x ∈ Rn.

Proof. — We start by recalling the Jacobi formula. Let (Mt)t⩾0 be a family of
invertible n× n matrices such that the map t 7→ detMt is differentiable. Then,
(4.5) ∂t detMt = Tr

[
M−1

t ∂tMt

]
detMt.

In order to apply (4.5) we first need to derive the evolution equation for (∇Ft). The
evolution of (Ft) is determined by the equation
(4.6) ∂tFt(x) = −∇ log Ptf(Ft(x)), F0(x) = x, ∀ x ∈ Rn,

so differentiating (4.6) with respect to x yields the evolution equation of (∇Ft),
(4.7) ∂t∇Ft(x) = −∇2 log Ptf(Ft(x))∇Ft(x), ∇F0 = Id, ∀ x ∈ Rn.

Hence, by the Jacobi formula (4.5) and the cyclic property of the trace,

∂t det ∇Ft(x) = Tr
[
(∇Ft(x))−1∂t∇Ft(x)

]
det ∇Ft(x)

= Tr
[
(∇Ft(x))−1

{
−∇2 log Ptf(Ft(x))∇Ft(x)

}]
det ∇Ft(x)

= [−∆ log Ptf(Ft(x))] det ∇Ft(x).
We conclude that
(4.8) ∂t det ∇Ft(x) = [−∆ log Ptf(Ft(x))] det ∇Ft(x), det ∇F0 = 1, ∀ x ∈ Rn.

Since ρ is a (−cn)-log-subharmonic measure it follows that f is a −(c − 1)n-log-
subharmonic function. Hence, by Proposition 2.4(iii),

−∆ log Ptf(Ft(x)) ⩽ n(c− 1)e−2t

1 + (1 − e−2t)(c− 1) ,

and it follows from Grönwall’s inequality that

det ∇Ft(x) ⩽ e
´ t

0
n(c−1)e−2s

1+(1−e−2s)(c−1)
ds
.

To conclude the proof note that, for every x∈Rn, det ∇F0(x)=1 and det ∇Ft(x) ̸=0
for every t ⩾ 0 since Ft is a diffeomorphism. Hence, for every x ∈ Rn and t ⩾ 0,
det ∇Ft(x) > 0, so

|det ∇Ft(x)| = det ∇Ft(x) ⩽ e
´ t

0
n(c−1)e−2s

1+(1−e−2s)(c−1)
ds
.

The indefinite integral of the integrand inside the exponential is log[1 + (c− 1)(1 −
e−2t)]n/2, which completes the proof. □

Proof of Theorem 4.2. — By Proposition 4.3 and the assumption on V ,

(4.9) |det ∇Ft(x)| ⩽
[(

1 − e−2t
)
(α− 1) + 1

]n
2 .

Taking t → ∞ yields
|det ∇F(x)| ⩽ α

n
2 , for all x ∈ Rn. □
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Appendix A.

A.1. The operator ∆ϵ

In this section we prove some of the properties of the operator ∆ϵ. In particular,
let us prove Lemma 2.5.

Lemma A.1. — Fix ϵ > 0 and for a function f : Rn → R denote

∆ϵf(x) :=
 
∂Bϵ(0)

[f(x+ y) − f(x)] dy,

where  
∂Bϵ(0)

f := 1
|∂Bϵ(0)|

ˆ
∂Bϵ(0)

f.

Then,

lim
ϵ→0

∆ϵf(x)
ϵ2 = ∆f(x)

2n ,(A.1)

where ∆f is the distributional Laplacian of f . Further, if ∆f ⩽ ℓ, then

∆ϵf ⩽
ℓ

n

ϵ2

2 , ∀ ϵ > 0.(A.2)

Proof. — To prove (A.1) first note that letting ∇2f be the distributional derivative
of f we have

lim
ϵ→0

f(x+ ϵy) + f(x− ϵy) − 2f(x)
ϵ2 =

〈
∇2f(x)y, y

〉
,

in the sense of distributions, where the distribution ⟨∇2f(x)y, y⟩ is defined as〈〈
∇2f(x)y, y

〉
, η
〉

=
ˆ
f(x)

〈
∇2η(x)y, y

〉
dx,

for test functions η. Hence, using the symmetry of ∂Bϵ(0) under reflection, and
changing variables y 7→ ϵy,

lim
ϵ→0

∆ϵf(x)
ϵ2 = lim

ϵ→0

1
2ϵ2

{ 
∂Bϵ(0)

2[f(x+ y) − f(x)] dy
}

= 1
2 lim
ϵ→0

{ 
∂Bϵ(0)

f(x+ y) + f(x− y) − 2f(x)
ϵ2 dy

}

= 1
2 lim
ϵ→0

{
1

ϵn−1

 
∂B1(0)

f(x+ ϵy) + f(x− ϵy) − 2f(x)
ϵ2 ϵn−1 dy

}

= 1
2

 
∂B1(0)

〈
∇2f(x)y, y

〉
dy.

For each i, j ∈ [n], by the symmetry of ∂Bϵ(0) under yj 7→ −yj, 
∂B1(0)

yiyj dy = δij

 
∂B1(0)

y2
i dy = 1

n
.
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It follows that

lim
ϵ→0

∆ϵf(x)
ϵ2 = 1

2

n∑
i,j=1

 
∂B1(0)

∂2
ijf(x)yiyj dy = 1

2

n∑
i=1

∂2
iif(x)

 
∂B1(0)

y2
i dy

= 1
2n

n∑
i=1

∂2
iif(x) = ∆f(x)

2n .

Next we move to the proof of (A.2). We have

∆ϵf(x) =
ˆ ϵ

0

d
dr

{ 
∂Br(0)

[f(x+ y) − f(x)] dy
}

dr

=
ˆ ϵ

0

d
dr

[ 
∂Br(0)

f(x+ y) dy
]

dr.

Since, by the change of variables y 7→ ry, 
∂Br(0)

f(x+ y) dy =
 
∂B1(0)

f(x+ ry) dy,

we have, by integration by parts,
d
dr

[ 
∂Br(0)

f(x+ y) dy
]

=
 
∂B1(0)

d
drf(x+ ry) dy =

 
∂B1(0)

⟨∇f(x+ ry), y⟩ dy

=
 
∂B1(0)

1
r

⟨∇y[f(x+ ry)], y⟩ dy =
 
B1(0)

1
r

∆y[f(x+ ry)] dy

= r

n

 
B1(0)

∆f(x+ ry) dy ⩽
ℓr

n
,

where the last inequality used ∆f ⩽ ℓ. It follows that

∆ϵf(x) ⩽
ˆ ϵ

0
r dr = ℓ

n

ϵ2

2 . □

A.2. Smoothing under Ornstein–Uhlenbeck and heat semigroups

In this section we discuss Proposition 2.4. Since most of the results in the proposi-
tion are standard, when relevant we will only sketch the arguments and give refer-
ences for detailed proofs. For the sake of completeness we will prove some additional
smoothing properties beyond those stated in Proposition 2.4.

Proposition A.2. — Let γ be the standard Gaussian measure on Rn, and let
f : Rn → R⩾0 be a nonnegative function in L1(γ). Let (Pt)t⩾0 be the Ornstein–
Uhlenbeck semigroup,

(A.3) Ptf(x) :=
ˆ
Rn

f
(
e−tx+

√
1 − e−2ty

)
dγ(y), t ⩾ 0, x ∈ Rn,

and let (Ht)t⩾0 be the heat semigroup

(A.4) Htf(x) :=
ˆ
Rn

f
(
x+

√
ty
)

dγ(y), t ⩾ 0, x ∈ Rn.
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(1) For any x ∈ Rn and t > 0,

(A.5) ∇2 log Ptf(x) ⪰ − e−2t

1 − e−2t Idn and ∇2 log Htf(x) ⪰ −1
t

Idn .

(2) Suppose that f is c-log-concave for some c ∈ R (i.e., x 7→ log f(x) − c |x|2
2 is

concave). Then, for every x ∈ Rn,

(A.6) ∇2 log Ptf(x) ⪯ e−2tc

1 − c(1 − e−2t) Idn

for any t ∈ [0,∞) if c ⩽ 1
for any t ∈

[
0, log

(√
c
c−1

)]
if c > 1 ,

and

(A.7) ∇2 log Htf(x) ⪯ c

1 − ct
Idn

for any t ∈ [0,∞) if c ⩽ 0
for any t ∈

[
0, 1

c

]
if c > 0

.

(3) Suppose that f is c-log-convex for some c ⩽ 0 (i.e., x 7→ log f(x) − c |x|2
2 is

convex). Then, for every x ∈ Rn and t > 0,

(A.8) ∇2 log Ptf(x) ⪰ e−2tc

1 − c(1 − e−2t) Idn and ∇2 log Htf(x) ⪰ c

1 − ct
Idn .

Suppose f is cn-log-subharmonic for some c ⩽ 0 (i.e., x 7→ log f(x) − c |x|2
2 is

subharmonic). Then, for every x ∈ Rn and t > 0,

(A.9) ∆ log Ptf(x) ⩾ e−2tcn

1 − c(1 − e−2t) and ∆ log Htf(x) ⩾ cn

1 − ct
.

Remark A.3. — It was shown in [BNT23, Remark] that there exists a 0-log-
superharmonic f such that, for any t > 0, Ptf is strictly log-subharmonic. Concretely,
let n = 2 and f(x) = f(x1, x2) := ex1x2 . Then, ∆ log f(x) = 0 for all x ∈ Rn while
∆ log Ptf(x) > 0 for all x ∈ Rn and t > 0. We conclude that log-superharmonic
functions are not preserved under the Ornstein–Uhlenbeck/heat semigroups.

Proof. — We will present a number of proofs for the various parts in Proposi-
tion A.2. Since the Ornstein–Uhlenbeck semigroup and heat semigroup are related
by the change of variables

(A.10) Ptf(x) = H1−e−2tf(e−tx),

we will use whichever one is convenient for the specific proof. The most robust proof
technique (which works also on manifolds) is due to Hamilton [ACCM23, Ham93]
based on deriving a partial differential equation for M(t, x) := ∇2 log Htf(x), and
then using the maximum principle. Standard computation (e.g. [Mül06, Proposi-
tion 2.11]) shows that

(A.11) ∂tM(t, x) = 1
2∆M(t, x) + L(M(t, x)) +M2(t, x),

where L(M(t, x)) is a linear differential operator in M(t, x). Below we will apply the
maximum principle to (t, x) 7→ M(t, x) to deduce Proposition A.2(1-3).
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Another proof technique, which is more probabilistic in nature, uses the specific
from of the Ornstein–Uhlenbeck/heat semigroup in Euclidean space. Specifically, it
is based on the following covariance identity

(A.12) ∇2 log Ptf(x) = e−2t

1 − e−2t

(
Cov[pe−tx,1−e−2t ]

1 − e−2t − Idn
)
, ∀ x ∈ Rn, ∀ t > 0,

where Cov[pz,s] is the covariance matrix of the probability measure

(A.13) dpz,s(y) ∝ f(y)e− |y−z|2
2s dy.

The identity (A.12) is standard, e.g., [MS24, Equation (3.2)], [KP23, Equation (3.4)].
Proofs of Proposition A.2(1).
Proof 1. — This is Hamilton’s matrix inequality [ACCM23] which is proven via

the maximum principle. Indeed, by (A.11), since the smallest eigenvalue λ is a
concave function of M(x, t), it satisfies

(A.14) ∂tλ(x, t) ⩾ 1
2∆λ(x, t) + L(λ(x, t)) + λ2(x, t).

Hence, λ(x, t) ⩾ g(t) where g(t) := −1/t solves the equation,

∂tg(t) = g2(t), g(0) = −∞.

Proof 2. — Use (A.12) and Cov[pe−tx,e−2t ] ⪰ 0.
Proof 3. — Consequence of the intrinsic dimensional local logarithmic Sobolev

inequality: the term inside the logarithm in [ES24, Eq. 29] must be nonnegative.
(This is analogous to the way in which the Li–Yau inequality is deduced from the
dimensional local logarithmic Sobolev inequality [BBG17].)

Proof 4. — Mixture of log-convex densities is log-convex: for any fixed y ∈ Rn the
function x 7→ e−2t

1−e−2t
|x|2

2 + log Ptδy(x) is convex, where δy is a point mass at y. Hence,
the mixture x 7→ e−2t

1−e−2t
|x|2

2 + log
´
f(y)Ptδy(x) dy is also convex for any probability

density f : Rn → R⩾0. The proof is complete since
´
f(y)Ptδy(x) dy = Ptf(x) [EL18,

Lemma 1.3, Appendix]. □

Proofs of Proposition A.2(2).
Proof 1. — We will use the maximum principle. Let Λ(t, x) be the maximal

eigenvalue of M(t, x) := ∇2 log Htf(x). Since the maximal eigenvalue Λ is a convex
function of M , (A.11) implies that

(A.15) ∂tΛ(t, x) ⩽ 1
2∆Λ(t, x) + L(Λ(t, x)) + Λ2(t, x).

Fix x ∈ Rn. Then,

Λ(t, x) ⩽ g(t) where g solves the equation ∂tg(t) = g2(t), g(0) = Λ(0, x),

for every t for which g is well-defined. Since the solution of the ordinary differential
equation for g is g(t) = Λ(0,x)

1−Λ(0,x)t for all t where the denominator does not vanish,
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we see that if Λ(0, x) ⩽ 0, then g is well-defined for all t ⩾ 0, and if Λ(0, x) > 0,
then g is well-defined for all t ∈

[
0, 1

Λ(0,x)

)
. Hence, since Λ(0, x) ⩽ c,

Λ(t, x) ⩽ Λ(0, x)
1 − Λ(0, x)t

for any t ∈ [0,∞) if c ⩽ 0
for any t ∈

[
0, 1

c

]
if c > 0,

which completes the proof of (A.7).
Proof 2. — We will use the covariance identity following the argument in [MS24,

Lemma 3.4(2)]. If f is c-log-concave then the measure pz,s in (A.13) is (1
s

− c)-log-
concave. In particular, pe−tx,1−e−2t is ( 1

1−e−2t −c)-log-concave so by the Brascamp–Lieb
inequality [BL76], as long as ( 1

1−e−2t − c) ⩾ 0,

Cov[pe−tx,1−e−2t ] ⪯
( 1

1 − e−2t − c
)−1

Idn .

Hence, by (A.12),

∇2 log Ptf(x) ⪯ ce−2t

1 − c(1 − e−2t) Idn

for any t ∈ [0,∞) if c ⩽ 1
for any t ∈

[
0, log

(√
c
c−1

)]
if c > 1,

which proves (A.6).
Proof 3. — We will use the Prékopa–Leindler inequality. We need to show that

x 7→ Htf(x)e−ct
|x|2

2 is log-concave were ct := c
1−ct . We have

Htf(x)e− c
1−ct

|x|2
2 =

ˆ
f(z)e− |z−x|2

2t e− c
1−ct

|x|2
2 dz

=
ˆ
f(z) exp

(
−1

2

[
1

t(1 + tct)
|z − (1 + tct)x|2 + ct

1 + tct
|z|2

])
dz

= Ht(1+tct)fct((1 + tct)x),

where fct(z) = f(z)e− 1
2

ct
1+tct

|z|2 , as long as 1 + tct ⩾ 0. Since f is c-log-concave, the
function fct is 0-log-concave as c− ct

1+tct
= c−

c
1−ct

1+t c
1−ct

= 0. Hence, Ht(1+tct)fct is log-
concave because it is the convolution of log-concave functions, which is log-concave
by the Prékopa–Leindler inequality [Gar02, § 9]. Hence, as long as 1 + tct ⩾ 0,
Htf(x)e− c

1−ct
|x|2

2 is log-concave, which implies (A.7). □

Proofs of Proposition A.2(3). —
Proof 1. — We will use the maximum principle. Recall that the minimum eigen-

value λ(t, x) of M(t, x) := ∇2 log Htf(x) satisfies (A.14). Hence, λ(t, x) ⩾ g(t) where
g solves the equation ∂tg(t) = g2(t) with g(0) = λ(0, x). Since the solution of the
ordinary differential equation for g is g(t) = λ(0,x)

1−λ(0,x)t for all t where the denominator
does not vanish, we get that if λ(0, x) ⩽ 0, then, for all t ⩾ 0, λ(t, x) ⩾ λ(0,x)

1−λ(0,x)t .
Since λ(0, x) ⩾ c the proof of (A.8) is complete.
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To prove (A.9) let m(t, x) := Tr[M(t, x)], and note that, by Tr[M2(t, x)] ⩾
Tr[M(t,x)]2

n
, (A.11) implies that

(A.16) ∂tm(t, x) ⩾ 1
2∆m(t, x) + L(m(t, x)) + m2(t, x)

n
.

Again, this implies that, for any fixed x ∈ Rn and t ⩾ 0, m(t, x) ⩾ m(0,x)
1− m(0,x)

n
t
. Since

m(t, x) ⩾ cn the proof of (A.9) is complete.
Proof 2. — The proof is based on the fact that a mixture of log-convex (res.

log-subharmonic) functions is log-convex (res. log-subharmonic): the argument we
present below is based on the proof of [MS23, Lemma 5] which treats the c-log-convex
case. Here we adapt the proof also to the cn-log-subharmonic case. Our starting
point is the following identity for the action of Ornstein–Uhlenbeck semigroup. The
point of this identity to separate the effect of the semigroup on the quadratic part
of the function.

Lemma A.4. — Fix β ⩾ 0 and let f(x) = e−R(x)−β |x|2
2 . Let (Pt) be the Ornstein–

Uhlenbeck semigroup (A.3). Then,

Ptf(x) = e
− βe−2t

1+(1−e−2t)β

|x|2
2

ˆ
e−Rt,z(x)e− β

2 |z|2 dz,(A.17)

where

(A.18) Rt,z(x) := (2π)− n
2
(
1 − e−2t + β−1

)− n
2

R

( √
1 − e−2t

√
1 − e−2t + β−1 z + e−t

1 + β(1 − e−2t)x
)
.

Proof. — By definition,
Ptf(x)

=
ˆ
f
(
e−tx+

√
1 − e−2ty

)
dγ(y)

= 1
(2π)n

2

ˆ
e−R(e−tx+

√
1−e−2ty)−β

|e−tx+
√

1−e−2ty|2

2 − |y|2
2 dy

= e−βe−2t |x|2
2

(2π)n
2

ˆ
e−R(e−tx+

√
1−e−2ty)−β

2⟨e−tx,
√

1−e−2ty⟩+(1−e−2t+β−1)|y|2

2 dy

= e−βe−2t |x|2
2

(2π)n
2

ˆ
e

−R(e−tx+
√

1−e−2ty)− β
2

∣∣∣√1−e−2t+β−1y+
√

1−e−2te−t
√

1−e−2t+β−1 x

∣∣∣2
e

−
−(1−e−2t)e−2t

1−e−2t+β−1
β|x|2

2 dy

= e
−
(

1− 1−e−2t

1−e−2t+β−1

)
e−2tβ

2 |x|2

(2π)n
2

ˆ
e

−R(e−tx+
√

1−e−2ty)− β
2

∣∣∣√1−e−2t+β−1y+
√

1−e−2te−t
√

1−e−2t+β−1 x

∣∣∣2 dy

= e
− βe−2t

1+(1−e−2t)β

|x|2
2

(2π)n
2

ˆ
e

−R(e−tx+
√

1−e−2ty)− β
2

∣∣∣√1−e−2t+c−1y+
√

1−e−2te−t
√

1−e−2t+β−1 x

∣∣∣2 dy.
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Let z =
√

1 − e−2t + β−1y +
√

1−e−2te−t√
1−e−2t+β−1

x, so that dy = (1 − e−2t + β−1)− n
2 dz,

and change variables to get

Ptf(x)

= e
− βe−2t

1+(1−e−2t)β

|x|2
2

(2π)n
2

ˆ
e

−R
( √

1−e−2t√
1−e−2t+β−1 z+ e−t

1+β(1−e−2t)x
)

− β
2 |z|2(1 − e−2t + β−1

)− n
2 dz

= e
− βe−2t

1+(1−e−2t)β

|x|2
2

ˆ
e−Rt,z(x)e− β

2 |z|2 dz,

where

Rt,z(x)

:= (2π)− n
2
(
1 − e−2t + β−1

)− n
2R

( √
1 − e−2t

√
1 − e−2t + β−1 z + e−t

1 + β(1 − e−2t)x
)
. □

Let us now complete the proof of Proposition A.2(3) using (A.17). Given f which
is c-log-convex (res. cn-log-subharmonic) let R(x) := − log f(x) − |c| |x|2

2 . Then R is
concave (res. superharmonic), so with Rt,z as in (A.18) we have that x 7→ e−Rt,z(x) is
log-convex (res. log-subharmonic). Since the mixture of log-convex functions is log
convex [MOA11, Chapter 16.B] (res. the mixture of log-subharmonic functions is
log-subharmonic [GKL10, Proposition 2.2]), it follows that x 7→

´
e−Rt,z(x)e− |c|

2 |z|2 dz
is log-convex (res. log-subharmonic). From (A.17) we see that Ptf is ce−2t

1−c(1−e−2t) -log-
convex (res. n ce−2t

1−c(1−e−2t) -log-subharmonic). □
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