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996 S. VIALARET

RESUME. — La systole d’une forme de contact « est définie comme la plus petite période
d’une orbite de Reeb fermée de «. étant donné M un fibré principal en cercle non-trivial
sur S?, on prouve une inégalité systolique optimale pour la classe des formes de contact sur
M tendues et invariantes par I’action du cercle. Cette inégalité dépend de la classe d’Euler
du fibré de maniere non-triviale. En guise d’applications, on prouve une inégalité systolique
optimale pour les métriques Finsler de révolution sur S?, une inégalité systolique pour I’orbite
de Reeb contractile de période minimale, et un cas particulier d’une conjecture de Viterbo.

1. Introduction

A one-form « on a three-manifold M is called a contact form when aAda is nowhere
vanishing. It induces on M the contact structure ker o, as well as a canonical vector
field, namely the Reeb vector field R, defined by the following equations:

tra =1

tpda = 0.
The flow (¢")er of R is called the Reeb flow of . An important motivation for the
study of Reeb flows comes from the fact that they generalize geodesic flows. Indeed,
the cotangent bundle of any manifold can be equipped with a canonical one-form,
called the Liouville form, whose restriction to the unit cosphere bundle induced
by a Riemannian (or Finsler) metric on the base manifold is a contact form. The
associated Reeb flow coincides with the cogeodesic flow of the metric. Moreover, the

contact volume of this contact manifold is, up to a dimensional factor, the metric
volume of the base manifold.

Remark 1.1. — If the context does not specify which contact form is being used,
it will appear as an exponent on objects that depend on it.

1.1. The systolic ratio of a contact form

Given a compact Riemannian manifold (M, g) of dimension n, we define the systole
of g, which we write sys(g), as the length of the shortest closed geodesic of g.
On non-simply connected manifolds, one usually considers the homotopical systole,
namely the length of the shortest non-contractible closed curve (necessarily a closed
geodesic), but here we allow also contractible closed geodesics. The systolic ratio of

g is defined as p(g) = S\"y,zg?g); , where Vol(g) is the Riemannian volume of M. The
study of the systole and of the systolic ratio is the objective of systolic geometry
(see for example [Ben21, Kat07] for an introduction to the subject). Among objects
of interest in systolic geometry is the supremum of p(g) when g varies in the set
of all Riemannian metrics on a given manifold. Computing the possible values of
this supremum, understanding how they depend on the topology of the manifold
and describing the metrics for which the supremum is attained are important and
difficult questions.

Motivated by the Riemannian setting, the authors of [APBM] defined the systole

of a contact form « on a manifold M, which we write sys(«), as the minimal period
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Systolic inequalities for tight S'-invariant contact forms 997

of a periodic orbit of the Reeb flow of . If M is a closed orientable three-manifold,
this number is finite since Taubes proved in [Tau07] that Reeb flows on compact
three-manifolds have a periodic orbit. The systolic ratio of a contact form « on a

contact manifold of dimension 2n + 1 is defined as the ratio p(a) = %

Vol(«) is the contact volume of M. Note that if « is the contact form induced on a
unit cotangent bundle by a Riemannian metric, the metric and contact notions of
systolic ratio coincide up to a dimensional factor.

In general, the contact systolic ratio behaves quite differently than its Riemannian
counterpart. For example, write C'(§) for the set of contact forms inducing a given
co-orientable contact structure £ on M. It was proved that the contact systolic ratio
is unbounded on C'(§), first when M is the three-sphere and £ is the unique tight
contact structure on S* in [ABHS18], on compact three-manifolds in [ABHS19], and
in higher dimensions in [Sag21]. This has to be put in contrast with the fact that
the Riemannian systolic ratio is known to be bounded on a large class of manifolds.
Indeed, Gromov proved in [Gro83| that the homotopical systolic ratio is bounded
from above by a constant depending only on the dimension whenever the non-simply
connected manifold is essential. The boundedness of the Riemannian systolic ratio
for S* was proved by Croke in [Cro88]. There are no examples of compact manifolds
for which the Riemannian systolic ratio is known to be unbounded. The study of the
local maximizers of the systolic ratio on C'(¢) was started in [APB14], and completed
in [ABHS18] (on S? for the standard contact structure), in [BK21] (in dimension 3)
and in [AB23] (in any dimension), where it was proved that the local maxima of the
systolic ratio are exactly Zoll contact forms, namely contact forms whose Reeb flow
only has periodic orbits, all of them with same minimal period. Again, this has to
be compared with the metric situation where maximizers of the systolic ratio are
poorly understood.

1
, where

1.2. Invariant tight contact forms and the main result
1.2.1. Notations

Let M be a compact oriented three-manifold, endowed with an S'-principal bundle
structure M = S%, where S' denotes R/Z. Every such oriented manifold is either
diffeomorphic to S! x S§* when the bundle is trivial, or a lens space L(n,1) or
L(n,—1) depending on the orientation. Those lens spaces are defined as follows.
The three-sphere seen as the unit sphere in C? (and oriented as such) carries the
free circle action induced by the Hopf fibration ¢ - (21, 29) + (€™ 2, €*™2,). The
lens space L(n, 1) is the quotient of S* by the induced action of Z/nZ generated
by (z1,22) > (e z1,e % 2). The quotient of the Hopf fibration gives a free circle
action on L(n,1). Similarly, the anti-Hopf fibration on S? is the free circle action
given by t- (21, 22) — (e*™ 2, e72™2y). The lens space L(n, —1) is the quotient of S?
by the induced action of Z/nZ generated by (z1, z) — (e 21, e = 25). It carries a
free circle action given by the quotient of the anti-Hopf fibration. Let us remark that

when n is either 1 or 2, L(n, 1) and L(n, —1) are diffeomorphic as oriented manifolds,
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998 S. VIALARET

but this is not the case anymore when n is greater than or equal to three. This fact
will be illustrated in Theorem 1.2, where positive invariant contact forms on L(n, 1)
and L(n,—1) satisfy different systolic inequalities when n > 3.

For x € M, the orbit of x under the S*-action will be called the S'-orbit of z, and
denoted by S!-z. We will write © for the vector field generating the action, meaning
that O, = %|t:0t -x. A contact form on M is said to be positive if the volume form
aAda induces the orientation of M. Finally, we say that a is an S'-invariant contact
form on M if « is a contact form satisfying Lea = 0.

St-principal bundles over a base B are classified by homotopy classes of maps
from B to the classifying space of S', which is CP>. This allows us to define the
Euler class of an S'-principal bundle as the pullback by such a map of the unique
cohomology class in H*(CP>,Z) evaluating to —1 on the homology class [CP!],
where CP? carries the complex orientation. Since M is oriented, the principal bundle
structure induces an orientation on the base S? as follows: if (X,Y;©) is a positive
local frame on M, then (7, X, 7.Y) is a local positive frame on S?. We then define
the Euler number e of the bundle as the integer given by pairing the fundamental
class of S? with the Euler class. The data of an orientation on S? and of an integer e
determines a cohomology class in H%(S?, Z), which by the classification of S'-principal
bundles determines a unique S'-principal bundle over S? with Euler number e and
canonically oriented total space. We give a geometric description of the Euler number
in Remark 3.3.

In view of the fundamental dichotomy between tight and overtwisted contact
structures in contact topology (see [Gei08]), we focus on contact forms inducing
a tight contact structure in this paper. We write Q(e) for the set of S'-invariant
positive tight contact forms on the total space M of the above S!-principal bundle
with Euler number e. In [Gir99], Giroux proved the following results:

e if ¢ < 0, then any contact form in Q(e) induces a contact structure that is
transverse to the circle action, see [Gir99, Theorem 1.1];

e if e > 0, then the contact forms in (e) induce a contact structure whose
set of Legendrian S!'-orbits is non-empty and connected, see [Gir99, Proposi-
tion 4.1.a.

The classification of invariant contact structures on principal S!-bundles has been
achieved in [Lut77, second proposition p. 6, Theorem p. 7], see also [GHS24, Section 5]
for a detailed discussion of S'-invariant contact structures on S®. We give below
examples of tight S'-invariant contact forms on bundles over S2.

e The standard contact form oy = i Y2, (zidz; — 2dz) on S? C C? is invariant

under the S'-action ¢ - (21, 29) — (€2™21, €™ 2y) given by its Reeb flow. The
corresponding S'-bundle has Euler number —1. More generally, any positive
Zoll contact form on a manifold M is invariant under the S'-action induced by
its Reeb flow, and the induced principal bundle structure on M has negative
Euler number. Zoll contact forms on non-trivial S'-principal bundles over a
symplectic manifold with integral symplectic form can be obtained by the

Boothby-Wang construction, see [Gei08, Section 7.2].
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e Another class of examples come from a class of metrics on S?. A Finsler
metric on a manifold M is a continuous non-negative function F': TM — R*
satisfying the following properties:

— F is smooth on the complement of the zero-section;

— if w € TM is not zero then d?F(u)(w,w) > 0 for all w € TV T M \ (Ru);

— F(A\v) = AF(v) for A > 0;

— F(v) >0if v #0.
Riemannian metrics are special cases of Finsler metrics, where F' is the Eu-
clidean norm induced by the metric. As in the Riemannian setting, a Finsler
metric induces a contact form ap on its unit cotangent bundle. We call a
Finsler metric on S? a metric of revolution if I is invariant under a circle
action on S? that has exactly two fixed points and is free on their complement.
This action lifts to a free S'-action on T*!'S? the unit cotangent bundle for F.
Giving T*'S? the contact orientation induced by ap and writing the clutching
map of this oriented circle bundle along an equator allows to compute its
Euler number, which is 2. Since the contact form ay is invariant under that
action, we have that ap is in (2). The fact that the Euler number is positive
is coherent with Giroux’s classification stated above, as this circle action has
a connected set of Legendrian orbits given by the points of T*!S? such that
the corresponding geodesic passes through the fixed points of the S'-action
on S2.

e If o is a positive S'-invariant contact form on M and f: M — ]0,+o0] is
invariant under the same action, then fo is an S'-invariant positive contact
form as well.

The main result of this work is a sharp systolic inequality for invariant tight contact
forms on non-trivial S'-principal bundles over S?. This inequality exhibits a behavior
which depends on the Euler number of the bundle in a non-trivial way.

THEOREM 1.2. —
o Ife < 0orifee {1,2}, then for all a in Q(e), we have
1
sys(a)? < ﬂVol(a).
e
Moreover, equality holds if and only if « is Zoll.
e If e > 2, then for all a in Q(e), we have

1
sys(a)? < 5\/01(04).

Moreover, the supremum of the systolic ratio p(c) on €)(e) is 1 (and is not
achieved).

Remark 1.3. —

e Since the set of invariant contact forms with fixed volume has infinite diameter
for the Banach—Mazur pseudo-metrics on the set of contact forms introduced
in [RZ21] and [ABE23], this result shows that boundedness of the systolic
ratio is not a purely metric phenomenon, as the dichotomy “usually bounded
metric systolic ratio”/“never bounded contact systolic ratio” might suggest.
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e We focus here on tight contact forms, for which we can prove the sharp systolic
inequality above. However, the existence of a systolic inequality for invariant
contact forms is not a purely tight phenomenon. We prove in a forthcoming
paper a general systolic inequality for invariant contact forms on S!-principal
bundles in dimension 3, valid for both tight and overtwisted invariant contact
forms.

e The fact that the supremum of p(«) on €2(e) is not achieved when e > 2
can be understood as follows("): the classification of Zoll contact forms in
dimension 3, achieved in [BK21], implies that there is no positive Zoll contact
form on M when e > 2. Moreover, contact forms that are local maximizers of
the systolic ratio p(«) in the class of S'-invariant contact forms are necessarily
Zoll, as proved in [APB 14, Theorem 3.4]. Thus the equality cannot be reached
for the systolic inequality for invariant forms on M when e > 2.

e The statement of Theorem 1.2 leaves the case of invariant contact forms on
S! x S% open. This will be an objective of further work.

1.3. Applications
1.3.1. Systolic inequality for Finsler metrics of revolution on S?

As discussed in [Cro88]|, the supremum of the Riemannian systolic ratio for S? is
finite, larger than the one of the round sphere but its value is not known. The authors
of [ABHS21] proved that the systolic ratio of a Riemannian sphere of revolution is
maximized by Zoll metrics. They also extended this result to a special class of S!-
symmetric Finsler metrics. We now explain how Theorem 1.2 allows us to extend
this result to all S*-invariant Finsler metrics on S2.

A subtlety arising in Finsler geometry is that, as opposed to the Riemannian
setting, there is no canonical notion of volume. As a matter of fact, several notions
of volume coexist in the literature. As it is of symplectic nature, we will consider the
Holmes-Thomson volume with the normalization convention of [ABHS21]: if (S, F)
is a Finsler surface, and U an open subset of S, we define the Holmes—Thomson area
of U as

areaHT(U) = ;ﬂ_ VOl (T*IU, /\Liouvﬂle> .
In other words, areagr(U) is, up to a normalizing factor, the contact volume of
the unit cotangent bundle over U for the canonical Liouville form. We will write
areagr (F) for the Holmes—Thomson area of a Finsler two-sphere (S?, F'). More details

on volumes in Finsler geometry can be found in [APT04]. We show that the following
systolic inequality holds for any Finsler metric of revolution.

COROLLARY 1.4. — IfF is a Finsler metric of revolution on S?, then the inequality
sys(F)? < mareayr(F)
holds, with equality if and only if F' is a Zoll metric.

(U The author wishes to thank Christian Lange for pointing out that the systolic inequality had to
be different for Euler numbers greater than 2.
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Proof. — Let F be a Finsler metric of revolution on S%. The contact form ap is
in €2(2). Theorem 1.2 applied to ap gives

1
sys(ar)? < 5 Vol(ap).

Since sys(F') = sys(ap) and Vol(ap) = 2 areagr(F'), we get the desired inequality,
with equality if and only if F' is Zoll. O

1.3.2. Contractible systole and Besse contact forms

Another class of special contact forms, generalizing the Zoll ones, is the class of
Besse contact forms. A contact form is Besse when its Reeb flow only has periodic
orbits (not necessarily of same minimal period as in the Zoll case). A classical
result due to Wadsley [Wad75], or in the three dimensional case an earlier result
of Epstein [Eps72], implies that the Reeb flow of a Besse contact form is periodic.
Moreover, the theorem of Epstein implies that in dimension three all orbits but
finitely many ones of the Reeb flow of a Besse form have the same minimal period T,
and the minimal period of the finitely many others divides 7. Similarly to the
principle conjectured in [APB14] and proved in [AB23, ABHS18, BK21], that Zoll
contact forms are exactly the local maximizers of the systolic ratio, some variations
of the systolic ratio were studied in [ALM22, BBLM23, L.S23] for which Besse contact
forms are exactly the local maximizers. In [LS23], the authors study the contractible
systole of a contact form «, denoted sys,.,, (@), namely the shortest period of a
contractible periodic orbit of the Reeb flow of a. They prove a systolic inequality
for the contractible systole for the contact forms induced by a class of singular
Riemannian metrics on S? called rotationally symmetric spindle orbifolds ([LS23,
Theorem Al), generalizing the main result of [ABHS21]. Moreover, equality holds
exactly when the spindle orbifold is Besse.

Theorem 1.2 also implies a systolic inequality for the contractible systole, stated
in Corollary 1.5 below, whose proof will be given in Section 4.2. It recovers as a
particular case [LS23, Theorem A]. Depending on the Euler number of the circle
action, the maximizers of the contractible systolic ratio are either Zoll contact forms,
or Besse contact forms with exactly two singular orbits, which have the same minimal
period. When e > 2, Besse contact forms with two singular orbits of same minimal
period can be obtained as a quotient of the standard contact form aq on S? c C? via
the Z/eZ action generated by (21, 2) — (€6 21, e ¢ 25). If T is the minimal period
of the Reeb flow «ay, the contact form induced on the quotient has two singular
orbits of period % The other Reeb orbits have period T if e is odd, % if e is even.
Alternatively, those Besse contact forms can be described as spindle orbifolds as
in [LS23].

COROLLARY 1.5. — Let e # 0, then for all a € Q(e),

syscontr<a)2 < ’6| VOI(CK)

Moreover, equality holds if and only if « is Zoll when e < 2, and if and only if « is
Besse with two singular orbits of same minimal period, when e > 2. In the latter
case, the singular orbits have period g if e is odd, % is e is even, where T is the
minimal period of the regular orbits.
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1.3.3. Viterbo conjecture for invariant domains

Another corollary of Theorem 1.2 is an application to a conjecture of Viterbo. Let
wo = i, dx; Ady; be the standard symplectic form on R?". We write Vol(U, wy) for
the symplectic volume of a set U C R?™. In [Vit00] (see also [GHR22] for an overview
of variations of this conjecture), Viterbo conjectures that for any symplectic capacity
¢ and any open bounded convex domain U C R?" the inequality

(1.1) c(U)" < Vol(U, wy)

holds, and that equality holds if and only if U is symplectomorphic to a ball. He also
proves the inequality up to a dimensional factor. Since any convex domain U in R?*"
is of contact type, its boundary carries a contact form «g. For many normalized
capacities ¢ it is known that ¢(U) = sys(ay) whenever U is a smooth bounded convex
domain. This is for example the case for the capacities cuyz, csu, &1, $H, Mt follow-
ing the work of Ekeland, Hofer, Zehnder, Abbondandolo, Kang, Irie and Hutchings
([HHR23] provides a related discussion). By a consolidated tradition, we denote their
common value on such domains by cgnz. As a consequence, systolic inequalities for
convex domains can be seen as special cases of Viterbo conjecture.

It is now known that Viterbo conjecture does not hold at this level of generality.

Indeed, in [HKO24], the authors constructed explicit examples of bounded convex

cenz(U)> _ V543
Vol(U,w?) 5

dimension, disproving Viterbo conjecture. On the other hand, Viterbo conjecture
has been confirmed for several subclasses of convex domains (see [HKO24] and the
references therein). Furthermore, in view of its connection with Mahler’s conjecture
in convex geometry (see [AAKO14]), it is interesting to explore the range of its
validity. Theorem 1.2 allows us to show that Viterbo conjecture holds in explicit
situations, some of which are new.

Let (¢")iest be a symplectic circle action on (R*,wp), and U a smooth compact
domain that is invariant under this action and with contact-type boundary. The
action restricts to the boundary of OU, which is diffeomorphic to S*. If Y is a Liouville
vector field on an invariant neighborhood of QU , transverse to QU, then averaging Y
along the orbits of the action produces an invariant Liouville vector field Y, which is
transverse to OU. The contraction tywy then induces a tight contact form oy on OU.
Furthermore, oy is invariant under the circle action restricted to 0U. Whenever this
action happens to be free on 9U, Theorem 1.2 implies that

sys(aU)2 < Vol(ay) = Vol(U, wy),

with equality if and only if oy is Zoll, which by [ABHS18, Proposition 4.3] is equiva-
lent to the fact that U is symplectomorphic to a ball. This leads us to the corollary
below.

domains U C R* satisfying

> 1, as well as examples in any higher

4

COROLLARY 1.6. — Let (¢');est be a symplectic circle action on (R*,wy), and U
a smooth convex domain that is invariant under this action. If the restricted
action on QU is free, then we have

CEHz<U)2 < Vol(U, wg),
with equality if and only if U is symplectomorphic to a ball.
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As a concrete example, let ag = %Z?Zl x;dy; — y;dx; be the radial Liouville form
on R Let (@} );est and (®; )iest be the two circle actions on C? defined by

+ _ 2imt 2imt — _ 2imt —2imt
D, (21, 22) = (e 21, € 22) and P, (z1,29) = (e 21, € 22).

Identifying each (z;,y;)-plane of R* with a copy of C yields two symplectic actions
on R*. Those two actions are not symplectomorphic, since they define two principal
bundle structures on S? with different Euler number, hence not conjugated via an
orientation preserving diffeomorphism. Moreover, those actions are free on R*\ {0}.
Hence, as implied by Corollary 1.6, any convex domain U that is invariant under
any of those action satisfies the Viterbo conjecture. We have respectively e = —1
and e = 1 for the induced actions of ®* and ®~ on IU. As we will see from
Proposition 2.4, this makes Corollary 1.6 essentially trivial for ®*, but non-trivial
and new for ®~. The non-triviality of the result for &~ can be illustrated by the fact
that the restriction of ®~ to the unit sphere in C? is a lift to S? of the circle action
on T1S? = RP3 described in Section 1.3.1, which follows from the classification of
St-principal bundles over S? by the Euler number. As such, Corollary 1.4 can be
seen as a consequence of Corollary 1.6 for the action ®~.

1.4. A sketch of the proof

The proof of Theorem 1.2 splits into two cases, depending on the sign of the Euler
number of the bundle. When it is negative, the result is proved by an easy argument,
see for example [Hut13]. This is the content of Proposition 2.4.

When the bundle has positive Euler number and the invariant contact structure
has a non-empty connected set of Legendrian S'-orbits, the proof goes as follows.

e The first technical tool coming into play is a well-suited choice of surface of
section for the Reeb flow of an invariant contact form. Given a flow on a
manifold M, a surface of section for this flow is an embedded surface S € M
transverse to the flow, whose boundary is a union of orbits of the flow, and
with the property that for any z in S, the orbit of & by the flow hits S again
in forward time. Knowing that such a surface exists allows us to reduce the
study of the flow, or at least part of the flow, to the study of the first-return
map defined on S, and hence to reduce the dimension of the problem by one.
The use of surfaces of section in dynamics dates back to Poincaré in his
study of the three-body problem, and has been very fruitful since then (see
for example the surveys [Ghy09, SH19]). It has proved to be helpful in the
quantitative study of Reeb flows (see for example [AASS23, AG21, AGZ23,
CE22, CDHR22, CM22, CKMS22, Edt24, MvK22] for recent applications)
and in particular for proving sharp systolic inequalities in both the metric
and contact setting (see for example [ABHS17, ABHS18, ABHS21, AB21,
BK21, Sag21]. We construct in Section 3.1 an invariant surface of section ¥
for the Reeb flow of any S'-invariant contact form. This surface of section is
a union of embedded cylinders, each of them invariant under the S'-action.
Even though ¥ has a priori several connected components, we will only make
use of the one that intersects the set of Legendrian S'-orbits.
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e By Sl-invariance of the surface of section and of the Reeb flow, studying
the first-return map boils down to the study of a real-valued function, which
we obtain using the decomposition of invariant contact forms obtained in
Section 3.2. This function both encodes information on periodic orbits of the
Reeb flow and their periods, and on the contact volume of M via its integral.
Building on techniques used in [ABHS21|, we use this function to find a
suitable periodic point of the first-return map, corresponding to a periodic
Reeb orbit with controlled period. This yields the result.

Acknowledgments
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2. Generalities on S'-invariant contact forms

We introduce in this section the first integral of the Reeb flow induced by the
St-symmetry, and give some of its properties. It is a general fact that to a symmetry
of a dynamical system corresponds an invariant of the dynamics. In our case, this
invariant is given by the moment map of the action. Recall that (e) is the set on
Sl-invariant positive tight contact forms on the total space of the principal S*-bundle
over S? with Euler number e.

DEFINITION 2.1. — Let ar€Q(e). The moment map of « is the function K : M — R
defined by -

K =iga.
By Sl-invariance, K induces a function on S?, which we denote K.
PROPOSITION 2.2. — K is left invariant by the Reeb flow.
Proof. — We must prove that £ RE = 0, which follows from Cartan’s formula:
LK = (igd + dig)iea = igdiea = irLoo — igieda.
Since « is Sl-invariant, one has Lea = 0, hence the first term is zero. The second

term vanishes as R is in the kernel of da. O

An important property of the moment map is that there is a bijection between the
critical points of K and the Reeb orbits of a that coincide with an S'-orbit as sets.
Moreover, the period of those Reeb orbits is up to a sign the corresponding critical
value of K.

PROPOSITION 2.3. — The differential of K is dK = —igda. Moreover, the critical
points of K are in bijection with S*-orbits of critical points of K, and themselves are
exactly the S'-orbits that coincide as sets with Reeb orbits. The associated critical
value of K is the minimal period of this Reeb orbit up to sign, depending on whether
the orientations of the corresponding Reeb orbit and S*-orbit coincide or not.
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Proof. — We can apply Cartan’s formula to compute dK:
dK = diga = Loa — igda = —igda

which proves the first claim. We obtain from dK odm = dK that dK vanishes at
x € S$? if and only if ©, is in the kernel of day,, with m(y) = z. Since the kernel
of da is spanned by R, dK vanishes at « if and only if ©, and R, are parallel. By
Sl-invariance of R and ©, this happens if and only if S'-y and the Reeb orbit starting
at y coincide as sets. In that case, writing + for the Reeb orbit starting at y, with
minimal period T', and v for v parameterized by the flow of ©, one has

7= [a=|[ o =|[ an@)] = 1K) = 1K(a) O

A corollary of Proposition 2.3 is that 0 is always a regular value of K. Indeed,
K vanishes exactly when © lies in the contact structure, hence © and R cannot be
parallel when K vanishes. We finish this section by proving the inequality stated in
Theorem 1.2 when the Euler number is negative. For a tight invariant contact struc-
ture, this happens exactly when the action of S* is transverse to the contact structure.
In that specific case, this inequality was already proved in the blog post [Hut13] of
Hutchings (see also [GHR22, Proposition 1.4]).

PROPOSITION 2.4. — Let e < 0 and a € §(e). Then the inequality
Vol(«)

sys(a)? < ]

holds. Moreover, equality holds if and only if « is Zoll.

Proof. — Since e < 0, [Gir99, Theorem 1.1] gives that the S'-action is transverse
to the contact structure. As a consequence, K does not vanish. This means that
Q) = 74 Is an Sl-invariant contact form on M, and K® = 1. Since K is constant,
all the Reeb orbits of ag are also S'-orbits, and have period 1. In other words, ayq is
a Zoll contact form on M, and as such has volume |e| (see [APB14, Proposition 3.3]).

The volume of « can be written

Vol(a) = / aNda = / (K%)%aq A da.
M M

Since K does not vanish, (_/f(/ @)2 has a positive minimum that we write as KZ2. This

critical point of Ke corresponds to a closed Reeb orbit of period |Ky|, hence the
systole of « is not larger than |Kj|. Finally, one has

Vol(a) = / (K209 A dag > Kg/ ag Adag = |e|KZ > |e|sys(a)?.
M M

Equality holds if and only K is constant, i.e. if and only if « is Zoll. 0

Remark 2.5. — From now on, we will assume that e > 0. The Giroux classification
of tight invariant contact structure implies that for « in (e), the set of Legendrian
S'-orbits is non-empty and connected, in other words the regular level set (K*)~1(0)
is not empty and connected, and therefore a circle.
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3. Invariant surfaces of section and potentials

This section contains the two main geometrical constructions underlying the proof
of Theorem 1.2, namely an invariant surface of section, and a decomposition for
invariant contact forms. These two constructions will allow us to introduce a family
of potentials encoding most of the dynamic of the Reeb flow. We end this section by
giving some important properties of these potentials.

3.1. An invariant surface of section

Let us fix « in (e). In this section, we will construct an S'-invariant surface of
section for the Reeb flow of o. We write Z for the regular level set K ~'(0) C M. Let
C C S? be the union of the connected components of levels sets of K that contain
a critical point. Note that we do not make any assumption on the critical points
of K, in particular they are not necessarily isolated or non-degenerate. It follows
from the fact that dK does not vanish on S?\ C, that S*\ C decomposes as a union of
open cylinders (I';);e;. By Remark 2.5, 7(Z) is connected. Hence, there is a unique
index % such that K has zeroes on I';,.

For each i € I, we write ¢/ and ¢; for the two components of OT';, with K () >
K(e;), and K, (resp. K; ) for K(¢;) (resp. K(¢;)). We choose x; (resp. z;) to
be an arbitrary critical point of K in ¢ (resp. ¢; ). Finally, we choose a curve
7i:]0,1] = I'; such that:

e 7, is transverse to the level sets of K;
o lim, ,ovi(s) = z; and lim,_,; v;(s) = ;.

Writing 7; for a lift of 7; to M, we define ¥; to be the image of 7; under the
St-action, i.e. ¥; = S* - 5; = 77 1(7;). The ¥; are disjoint cylinders, whose boundary
components have the form S! - z, with x a critical point of K, and as such are both
closed Reeb orbits and S'-orbits. We write ¥ for their union U;c; ;. The following
proposition states that X is a surface of section.

PROPOSITION 3.1. — The vector field R is transverse to Y. Moreover, for all x
in 3, the Reeb orbit of x intersects ¥ in positive time.

Proof. — Let x € 3. Since the vector field R is nowhere parallel to © on M\ 7~ *(C),
its pushforward 7, R is a nowhere vanishing vector field on S§? \ C. Moreover 7, R is
tangent to level sets of K, as K is preserved by the Reeb flow. Since ~; is transverse
to the level sets of K, it is transverse to m,(R). Thus R is transverse to X = 7~ *(v;).
The level sets of K in S? \ C are unions of circles, hence the flow lines of 7, R are
circles as well. In particular, they pass infinitely many times through m(z), which
means that the Reeb orbit of x in M must intersect the S'-orbit of z, which is
contained in 3J;, infinitely many times. This proves the result. 0

For z in ¥, we will write 7(z) for the first positive time at which the Reeb orbit
starting at = hits ¥ again. This allows us to define a diffeomorphism ® of ¥ as

oY —X

z — ¢" ()
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as well as ®; = ®|x,,. Note that periodic points of ® correspond to closed Reeb orbits
of a.

3.2. A decomposition for invariant contact forms

In this section, we give a decomposition for invariant contact forms on M. We
start with a preliminary lemma.

LEMMA 3.2. — Let U be an S'-invariant open set of M, and k a one-form on U.
Then there is a one-form 3 on w(U) C S? such that k = 7*f3 if and only if Lok =0
and igk = 0.

Proof. — The direct implication is easy. Conversely, let k satisfying Lox = 0 and
iok = 0. We define § by 5,(X) = k,(Y), where 7(y) = z and dm,(Y) = X. Since
iok =0, 5,(Y) does not depend on the choice of Y. 3,(Y") also does not depend on
the choice of y as Lgr = 0. O

Since S? \ 7(Z) is the union of two disks, and because the only S!-principal bundle
over a disk is the trivial one, each of the two components of M \ Z is a solid torus,
whose fundamental group is generated by the S'-orbits of the action. Let ¢ be an
St-invariant closed one-form on M \ Z such that [u 0 = 1 for all z in M \ Z,
the orientation of S! - z being given by the action. We will occasionally write o+
(resp. o) for the restriction of o to (K > 0) (resp. to (K < 0)).

Since the one-form o — Ko defined on M \ Z is Sl-invariant, and satisfies
io(a — Ko) = K — K = 0, according to Lemma 3.2 we have on M \ Z,

a=Ko+n"j,

for some one-form 3 on §*\ 7(Z).

We end this section with a useful geometrical interpretation of the Euler number e
of the S'-bundle M — S? (see for example [JN83] for a detailed discussion in the
more general context of Seifert manifolds).

Remark 3.3. — Let 17, T be two oriented solid tori, each of them being the total
space of an S'-principal bundle T; = D, over a disk D,. We write h; for an S'-fiber of
T; = D;, and p; for a circle in T; projecting bijectively to dD; (both being oriented
respectively by the S'-action and by the natural boundary orientation of 9D;). If a
bundle M — S? is obtained by gluing T} to T} via an attaching map ¢: 9Ty — 9T,
whose action on fundamental groups is given by ¢, = (é :‘f) in the basis (h, i1)

and (hs, 112), then the integer e coincides with the Euler number of M defined earlier.

We will write ¢, for the portion of Reeb orbit ¢l%7@)! starting at z and ending at
O(x). If k € |K;, K;|, there is a unique z; in ¥; such that K(x;;) = k. We will
occasionally write ¢; for ¢, , .

PROPOSITION 3.4. — The following identity holds:
/ ot -0 =e.

10,0
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Proof. — We write D; (resp. Ds) for the 2-disk (K > 0) (resp. (K < 0)), and
Crit(f) for the set of critical values of a real-valued function f. The bundle M is
obtained by gluing the two bundles Ty = 7—!(D;) and Ty = 7~ 1(Ds) via the attaching
map described above. To understand the attaching map, we must understand the
orientations of 9T, and 9T,. Let Y be an Sl-invariant gradient-like vector field
for K on M, i.e. a vector field vanishing exactly at critical points of K and such
that dK(Y) > 0 otherwise. Since a A da(R,Y,0) = da(Y,0) = dK(Y) > 0 on
M \ Crit(K), (R,Y,0) is a positive basis on M \ Crit(K). Thus, (m.R,7,Y) is a
positive basis on §? \ Crit(K). We get that the induced boundary orientation of
0D (resp. of ODy) coincides with (resp. is the opposite of) the orientation induced
by the Reeb flow. Following Remark 3.3, the attaching map ¢ acts on the level

of fundamental groups via the map ¢. = ((1) :f) in the basis (hy, 1) and (hg, o).
Hence, the induced map ¢*: HY(9Ty,Z) — HY(0Ty,7Z) is (%, %) in the dual basis
(hy, py) and (RS, p3). Since ot = hi on Ty and 0~ = hj on T, and since 7(c;,0) = f11
in m (07T}), we get

/ ot —0o" = hl—gb*hg:/e;[{:e. O
Cig,0 Cig,0 75

3.3. A family of potentials

For each i € I we define the map

Ji K7 K[ — R

W(Cz‘,k)

Since the curves m(c;y) are closed curves that uniformly converge to €& when
k goes to K, J; can be extended continuously to [K;, K;]. Moreover since
hmk_m’k>0 Jlo<k) = lirnk_>0,k>0 sz‘,k a—ko = fCiO,O «, and simﬂarly limk_)07k<0 Jio (k) =
f% , @, Ji, is continuous at 0.

LEMMA 3.5. — The map J; is differentiable on |K; , K;"[\ {0}, with J!(k) =
— J.,, 0. In addition,

T (0F) = J7,(07) = —e.

Proof. — Let k= < kT be in |K; , K; [, such that k= and kT have same sign.
Define S to be Uy cpept Cik- This surface projects injectively on S?, with image
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;N K]k, k™), whose oriented boundary is 7(k~) — w(k™) (both oriented by the
flow of 7. R). By Stokes theorem, one then has

Ji(k) = Ji(k7) = — RC

:—/HM

S

:—/da—dK/\a
S

= — / o NdK
s
kt+
_ (- / 0> dk.
k— Cik
The penultimate equality follows from the fact that the restriction of da to T'S
vanishes as R is tangent to S, and the last equality is obtained after the change of

variable z € ;NS — K(z) € |k~, kT[. Dividing by k™ — k&~ and letting k™ go to k™
yields the result. Finally, J; (07) — J{ (07) = —e follows from Proposition 3.4. [

2

An immediate corollary of Lemma 3.5 is the identity below relating 7 and J;.
COROLLARY 3.6. — For all k € |[K; , K;"[, 7(zix) = Ji(k) — kJ!(k).

Proof. — Integrating the identity a = Ko + 7" along ¢; ; yields
(k) = k/ o+ Ji(k).
Cik

By Lemma 3.5, [, o = —Jj(k) and the result follows. O

A second corollary of Lemma 3.5 is that the derivative of J; is closely related to
periodic points of the first-return map of the surface of section.

COROLLARY 3.7. — The Reeb orbit starting at z;;, € 7; is closed if and only
if Ji(k) is rational. Moreover, if Ji(k) = £ with ged(p,q) = 1, then w;y is a ¢-
periodic point of ®;, and the corresponding closed Reeb orbit has minimal period
q(Ji(k) — kJi(k)).

Proof. — Since K is preserved by the Reeb flow, the first-return map ®; of X;
induces a circle diffeomorphism of S! - x; ;. for each k € |K; , K;[. By S'-invariance
of the Reeb flow, each of those circle diffeomorphism is a translation. Finally, for
k # 0, homotoping ¢; relative to its boundary in M \ Z to a path contained in
S* - x; x, together with the closedness of o, gives us that the circle diffeomorphism of
S'- x;x is a translation of shift [, o¢. As a consequence, the Reeb orbit starting at
i is closed if and only if [, o — —J;(k) is a rational number.

When Ji(k) = £ with ged(p,q) = 1, the translation of shift Joro = —is ¢
periodic. Furthermore, the closed Reeb orbit starting at z; has period ¢7(z; ) =
q(J;(k) — kJ!/(k)) according to Corollary 3.6. O

We now give some properties of the family of potentials (J;);c;. First of all,
Lemma 3.8 tells us how the integral of the J;’s are related to the volume.
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LEMMA 3.8. — The identity

Vol(a —22/

+
el K [

holds.
Proof. — Since o is closed, the identity o = Ko + 7* implies that
aNda=oc AT (Kdf+ p NdK).

Let T be a connected component of M \ Z. The volume of T' can be written as
WMT%iAaAﬁuﬁw+ﬂAdK)
= / Kdg+ pNdK
_/' d(KB) + 28 A dK

= KB+2 [ BAdK

(2) ~(T)
:2/ BAdK
w(T)
_9 BAdK
r(TNC
_9 / B AdK
zEZI ;N (T)
—9 / / >dh
zEZI K+[ﬂK ( m(ci,k) B

The last equality follows from the change of variable z € ~; N #(T) — K(z) €
|K;, K- [N K(m(T)). The claimed identity is then obtained by summing over both
components T of M \ Z. O

The key properties of the family (J;);c; all follow from a differential inequality
involving J;.

PROPOSITION 3.9. — For all i in I, the map J;: |K; , K;"[\ {0} — R satisfies
V k€K7 KT\ {0}, Ji(k) — kJ;(k) > 0.

Proof. — This follows immediately from Lemma 3.5 and Corollary 3.6 in addition

to the positivity of 7. 0
We now state some properties of this differential inequality.
LEMMA 3.10. — Let f: [a,b] — R be a continuous function, smooth on |a, b,
with 0 ¢ |a, b[, such that for all x € ]a, b|,
(3.1) fla) —af'(z) >0

If f(b) > 0 (resp. f(a) > 0) and b > 0 (resp. a < 0), then f(x) > 0 for all x in ]a,b|.
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Proof. — Without loss of generality, we can assume that f(b) > 0 and 0 < a < b.
If there exists xy € ]a,b] such that f(xg) < 0, it follows immediately from in-
equality (3.1) at x¢, plus the fact that zo > 0, that f’(z¢) < 0. Furthermore, the
inequality (3.1) implies that f(z) > 0 whenever f'(x) = 0. Thus f’ is negative on
[0, b]. As a consequence, f(x) < 0 on [z, b] and in particular f(b) < 0, which is a
contradiction. 0

LEMMA 3.11. — The function
[ [min(K), max(K)] \ Crit(K) — R

ki s / 3
K1)

is positive.

Proof. — Let T be a component of M \ Z. Assume without loss of generality that
K is positive on T'.

e When K has isolated critical points: let It = {i € I,7;NT # 0}, and i € Ir.
We claim that when K has isolated critical points, f extends continuously
to [min(K), max(K)]. Indeed, in that case if ky € Crit(K), the curve K~!(k)
converges to K 1(ky) for the Hausdorff topology when k goes to k. As a
consequence, f(k) converges to Jr-1(k0) B When k goes to ko. Let us write
K, < --- < K, = max K for the ordered critical values of K on 7', and set
Ky = 0. f is smooth on |0, K,| \ {Kj, ..., K,}, and continuous on [0, K},).
Moreover, fik, i, is the sum of all the J; such that |K;, K [C] K[, K.
By Proposition 3.9 applied to each of those J; and by linearity, f satisfies the
differential inequality

fl@) —af(z) >0
on each |Kj, K;i1[. Since K7!(K,) consists of isolated points, all of them
maximizers for K, f(K,) is zero. Lemma 3.10 gives that f is positive on
| K1, Kp[. Moreover, continuity of f at every K; when i < p allows us to
apply Lemma 3.10 on each |K,_;_1, K, successively when [ goes from 1 to
p — 1. This gives us the result.

o The general case: Let k € [min(K), max(K)] \ Crit(K). Since [min(K),
max(K)] \ Crit(K) is open, let [k — 7,k + n] be a closed neighborhood of k
in [min(K), max(K)] \ Crit(K), and let g: M — ]0, +00[ a smooth function
such that:

— ¢ is S*-invariant and hence induces a function g: S* — ]0, +o0;

— § is constant equal to 1 on K ([ — 7,k +n]);

— gK has isolated critical points.
Such a function g exists since [k — n,k + 1| only contains regular values
of K. Then goa is an S'-invariant contact form on M, with Koo = §K . Since
gK has isolated critical points, the previous argument implies that f9¢ is
positive on [min(¢gK), max(gK)| \ Crit(gK). Since g is constant equal to one
on KNk —n,k+n]), K9 = K and 8% = 8* on K~Y([k —n,k + 1)), we
have f9% = f* on [k — 1,k + n]. In particular, f*(k) > 0. The result then
follows as k is an arbitrary regular value of K. O
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4. Proof of the main results
4.1. Proof of Theorem 1.2

In this section, we prove Theorem 1.2. Since the case of S'-actions transverse to
the contact structure has been taken care of in Proposition 2.4, we focus now on the
case where e > 0 and for which the set of Legendrian S'-orbits is non-empty and
connected. We prove separately in Proposition 4.1 the optimality of the constant %
in the systolic inequality when the Euler number is larger than 2.

2

PROPOSITION 4.1. — Ife > 2, then the supremum of bvzf(o‘a)) on Q(e) is at least 3.
Proof. — We will construct contact forms « in Q(e) such that S\y/zf(o‘of)z is arbitrarily

close to % We fix n € |0, 2%@[, a=3—9>0and f: |2 a[ — R, a smooth function
satisfying:
o forallre|-22[, f(r)=1—
o forall v € |n,al, f(r)=a—r;
e fis convex on ]Z,n|.

€.
27

See Figure 4.1 for an example of such a function. Taking f to be a convex smoothen-
ing of the piecewise linear function defined by

1 e : n
1_ep §f —1
r 3{2 2 ] 2

gives a function as requested since 7 < L <1 when e > 2.

e+2
f(z)
1
_n n o7 a v
2 2
Figure 4.1. Example of a smooth convex function f defined on |—1,a[, satisfying
fry=2%—%ron]-1, 2 and f(r) =a—r on|n,al.
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We now define two contact forms o and a_ on the solid torus T' = S' x D? as
follows:

oy = (a—r2)dt+f(a—r2)ds
and
a_ = —(a—'rQ)dt—f(a—rz)ds
where t is the coordinate along the S' factor and (r,s) € [0,,/a+ 2t] x S' are

polar coordinates on the 2-disk of radius ,/a + 7. Note that o, and a_ are indeed

contact forms since the contact condition a4 A day > 0 becomes the condition
fla—1r?)—(a—7?)f"(a—r*) > 0, which is easily seen to be satisfied. We write U for

the neighborhood |\/a — %, /a + 2] x0T of OT'. Let g: U — U be the diffeomorphism

defined by g(r, s,t) = (2a —r?, —(s+et), t). Following Remark 3.3, gluing T to itself
along U via g produces the manifold M that is the total space of the S'-principal
bundle over S? with Euler number e. Furthermore, since

(g*our)m’t = — (a — T2) dt — (f (T2 — a) (r — a)) ds

and since f(r? —a) +e(r* —a) = f(a —r?) when (r* —a) € |1, Z[, we obtain that

(g*a-f—)r,s,t = - (CL - TQ) dt — f (CL =T ) ds = (a—)r,s,t

holds true on U. As a consequence, gluing o, and «a_ via g produces a contact form
a € Q(e). This invariant contact form satisfies the following properties:

e Its moment map K°(r, s,t) = tp;as(r, s,t) = £(a—r?) has image the interval
[—a,a], and has exactly two critical points, with critical values +a. They
correspond to two closed Reeb orbits that coincide with orbits of the S!-
action, which have both period a.

e Since K® only has two critical points, the family of surfaces of sections
constructed in Section 3.1 consists in only one surface of section, corresponding
to the interval |—a, a[ of regular values of K.

e On (K > 0), the decomposition of « described in Section 3.2 is given by the
identity o, = (a — r?)dt + f(a — r?)ds. With the notations of Section 3.2,
one has o = dt, K(r,s,t) = a—r? and 3,5, = f(a —r?)ds. Similarly, one has
o=dt, K(r,s,t) = —(a—r?) and B, 5, = —f(a —r*)ds on (K* < 0).

e Since there is only one surface of section, we omit the index and write
J%: ]—a,a] — R for the corresponding potential. It follows from the identity
Brst = fla—1r?)ds on (K* > 0) that J*(k) = f(k) for k € [0, a]. Similarly,
JY(k) = f(=k) for k € ]—a,0].

Except for the two closed Reeb orbits that coincide with S'-orbits, the closed Reeb
orbits of « are in correspondence with points where (J*)' is rational, with period
given by Corollary 3.7.

o If |r| > n, then [(J¥)(r)] = |f'(r)] = 1, and the corresponding closed Reeb
orbit has period a;

o if |r| < I, then [(J*)'(r)| = |f'(r)| = 5, and the corresponding closed Reeb
orbit has period % if e is even, or 1 if e is odd;
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o if [r| €]3,n[and |(J*)'(r)| = [f'(r)] = £, then the corresponding closed Reeb
orbit has period

a(7(r) = r(J*) () = a(£(Ir]) = (7))
> f(lrl) = rf' (7))
> a

where the last inequality follows from the convexity of f.

As a consequence, sys(a) = a, which converges to % when 7 converges to zero.

Moreover, Lemma 3.8 implies that Vol(«) converge to % when 7 converges to zero.

We conclude that lim S\Zsfay — 1 which proves the result. O
n—0 Vol(@) 2
Remark 4.2. — The contact form « constructed in the proof of Proposition 4.1

is briefly described in [L.S23, Section 3], as a deformation of the round metric on S?
to a spindle orbifold.

We can now prove Theorem 1.2.

Proof of Theorem 1.2. — Let a € §(e), where e > 0. We write J for J;,, and
K for the minimal absolute value of a critical value of K. Since |—Kin, Kmin| 18
contained in U;, and does not intersect | K, , K; [ when i # iy, Lemma 3.11 tells us
that J is positive on [—Kpin, Kmin]. By Lemma 3.8 and 3.11, we have

Kmin
(4.1) Vol(a) > 2 / Jdk.
_Kmin

We first prove that sys(a)? < 3 Vol(a) when e > 2. In that case, we write g, for the
function k — J(k) + |k|. By virtue of Lemma 3.5, g, is continuously differentiable
on |—Kpin, Kmin[, and ¢, is continuously differentiable on |—Kyin, Kmin| \ {0}. We
claim that if e > 2,

(4.2) ge(k) = max (|k|, sys(«))

Indeed, since J is positive, one has g.(k) > |k|. Furthermore, as a continuous function,
ge reaches its minimum on [— Ky, Kmin] at a point ky. Three cases can occur:

o If ko € {—Kuin, Kmin}, then ge(ko) = K = sys(a);

o If kg € |—Kuin, Kmin| \ {0}, then kg is a critical point of g.. Thus we have
|J(ko)| = 1. By Corollary 3.7, ko corresponds to a fixed point of the first-
return map of the surface of section, hence a periodic orbit of the Reeb flow,
of period the corresponding critical value of g.. In particular, g.(ko) = sys(«).

e If kg = 0, then for g, to be minimal at 0, we must have that J(k) + k£ > J(0)
for k positive, implying J'(0%) > —1. Similarly, we must have J(k) —k > J(0)
for k negative, which gives us J'(0~) < 1. Since J'(07)—J'(07) = —e, this can
only happen when e = 2, in which case we have J'(0") = —1 and J'(07) = 1.
As in the previous case, Corollary 3.7 gives that the corresponding Reeb orbit
is closed, with period g.(ko), which is larger than sys(«).
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We get that min(g.) > sys(«), which together with g.(k) > |k| gives the lower
bound (4.2). Additionally, the following holds:

Kmin Kmin Kmin
/ Jdk:/ ge(k)dk—/ k| dk
_Kmin Kl]’lll’l _Kmin
Kmm
-/ k)dk — K2,

Kmln mln
> [ max (k] sys(a) db — K2,
7Kn11n
= SYS( ) + KI?IHH - Kgnn
= sys(a)”.

The two lower bounds (4.1) and (4.3) together yield the systolic inequality for e > 2,
namely that

1
(4.4) sys(a)? < ) Vol(«).
When e = 1, we define g; as the function k — J(k) + @ The lower bound

|k SyS(Oé)>

27 2

(4.5) g1(k) > max (

holds for similar reasons to (4.2). Furthermore, plugging the lower bound (4.5) in
the equation (4.1) gives

Kmln
Vol(a 2/
—2/ dk—2/ k| dk
>/ max (|k|, sys(a)) dk — K2,
_Kmln

= sys(@)” + Ky — Ko

= sys(a)?.
This proves the systolic inequality when e = 1, namely
(4.7) sys(a)? < Vol(a).

We now study the equality case. When e > 2 (resp. e = 1), the inequality (4.4)
is an equality if and only equality holds in (4.1) and (4.2) (resp. in (4.1) and (4.5)).
Equality holds in (4.1) if and only if K has exactly two critical values Ky, and — K.
In particular, all Reeb orbits that do not intersect the surface of section X are
closed, with period Kin. Furthermore, equality holds in (4.2) if and only if J(k) =
sys(a ) |k| = Kmin — |k|, which only happens if e = 2 by Lemma 3.5. In that
case, |J'(k)| = 1 for all k, thus x;,, is a fixed point of the surface of section.
The Reeb orbit starting at any of the z;,; is then closed, with minimal period

(k) = J(k) — kJ'(k) = Kpin.
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Similarly, when e = 1, equality holds in (4.5) if and only if J(k) = Sys2(o‘) - % =
Kain _ |2£| In that case, |J'(k)| = 3 for all k, thus z;, is a 2-periodic point of the
surface of section. The Reeb orbit starting at any of the z;,; is then closed, with
minimal period 27(k) = 2(J(k) — kJ'(k)) = Kuin-

In both cases, we get that every Reeb orbit of « is closed, with common minimal
period K. In other words, « is Zoll. It follows from the previous argument that
the equality case cannot be reached when e > 2. Finally, Proposition 4.1 implies

that the systolic inequality is sharp also when e > 2. O

4.2. Proof of Corollary 1.5

We define the prime action spectrum of a contact form « on a manifold M, denoted
by op(M, ), as the set of prime periods of closed Reeb orbits of ov. We will make
use of the following theorem of Cristofaro-Gardiner and Mazzucchelli ([CGM20,
Theorem 1.5]), stating that two Besse contact forms on a closed three-dimensional
manifold are diffeomorphic if and only if they share the same prime action spectrum.

THEOREM 4.3 ([CGM20, Theorem 1.5]). — Let M a closed connected 3-manifold,
and oy, ap two Besse contact forms on M. Then op(M, o) = op(M, ) if and only
if there exists a diffeomorphism V: M — M such that V*as = a;.

We now give the proof of Corollary 1.5.

Proof of Corollary 1.5. — When e # 0, M has fundamental group Z/|e|Z, which
is torsion. As a consequence, every closed Reeb orbit of o € €(e) has an iterate
which is contractible. The classification of S'-principal bundles over S? yields that
the circle action on M lifts to a free circle action on S* via any degree |e| covering
map S* 5 M. Moreover, the contact form p*a on S? is invariant under the lifted
circle action. We observe that contractible closed Reeb orbits of a are precisely the
closed orbits which lift to closed Reeb orbits of p*a, meaning that a Reeb orbit ¢ of
p*a with basepoint x € S? is closed if and only if the Reeb orbit ¢ of o starting at
p(z) is closed, and in that case the period of ¢ is the shortest period of a contractible
iterate of c. It follows that the systole of p*a agrees with the contractible systole
of . Combining this discussion with the fact that the covering map S* % M has
degree |e|, we get that Theorem 1.2 in the case of Euler number £1 implies the
inequality

Syscontr<a)2 < ’6‘ VOI(@)

Equality holds if and only if the lifted form p*«a is Zoll. Since the contractible systolic
% does not depend on p, whether or not p*« is Zoll does not depend on
the specific choice of covering map p. If p*«a is Zoll, then « is Besse since the Reeb
orbits of p*a, which are closed, project on M to the Reeb orbits of . However not
all Besse forms on M can be lifted to Zoll forms on S?. We spend the rest of the

proof on proving a characterization of such Besse forms on M.
e When e < 0:if p*a is Zoll, it follows from the proof of Proposition 2.4 that the
lifted circle action on S? coincides with the Reeb flow of p*a. Therefore the
free circle action on M coincides with the Reeb flow of «, which is hence Zoll.

ratio
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Conversely, the Reeb flow of a Zoll contact form in €2(e) coincides with the
St-action, which lifts to a free circle action on S* via any degree —e covering
map. Hence Zoll contact forms in Q(e) lift to Zoll contact forms on S3.

o When e > 0: if p*a is Zoll, we claim that K7 ® has exactly two critical points,
meaning that exactly two Reeb orbits of p*a coincide with orbits of the circle
action. Indeed, the study of the equality case in the proof of Theorem 1.2
gives that:

— KP'® has exactly two critical values T and —T, with 7" > 0. They are
respectively a global maximum and global minimum. Hence, the level
sets of T and —T for K?"® are connected.

— T is the common minimal period of all the Reeb orbits of p*a.

— If € S? is such that —T < K?®(x) < T, then the Reeb orbit of =
intersects the S'-orbit of = exactly at the two points z and % - T

Let n be a positive integer. Since p*« is in €2(1), we have that p*a induces an
invariant contact form a,, € ©(n) on the quotient S*/(Z/nZ), where Z/nZ
acts as a cyclic subgroup of the circle action. Since p*« is Zoll, a,, is Besse,
and the Reeb orbits of «,, are given by projecting the Reeb orbits of p*a.
Every Reeb orbit of p*a in the critical set of K?"® projects to a Reeb orbit
of o, with period % Moreover, the fact that all the other Reeb orbits of p*a,
with base point z € S3, intersects S! - z at exactly z and % - x implies that
the Reeb orbit of x projects to an orbit of a,, with periodT if n is odd, and
period % if n is even. In particular, if n > 3, «,, is not Zoll, and its singular
Reeb orbits are given by the projection of the Reeb orbits of p*« in the critical
set of KP"®. Since in dimension three, Reeb flows of Besse contact forms have
finitely many singular orbits [Eps72], this gives that the level sets of T" and
—T for p*« are finite. Since they are both connected, each of them consists
of a single point. This proves the claim. The previous discussion applied to
n = e gives that if e € {1,2}, a is Zoll as well, but otherwise « is only Besse
and has two singular orbits, which have the same minimal period.

Conversely, Zoll contact forms in Q(e) lift to Zoll contact forms on S* when
e € {1,2}. Assume now that e > 2. We claim that if « is a Besse contact
form on M with exactly two singular orbits, which have the same minimal
period, then « lifts to a Zoll contact form on S3.

Indeed, the Reeb flow of any Besse contact form induces a Seifert fibration
of M, namely a circle action on M with finite isotropy groups. For any coprime
integers ki, ky € Z \ {0}, we define a S'-action on M, whose orbits define a
Seifert fibration of M, as follows : the S'-action on S* defined by

t-(z1,22) €S*—> (eikltzl, eik?tzg)

commutes with the Z/eZ action generated by (z1,20) — (e 21, e ¢ 2).
As such it induces a circle action on the quotient S* £ M by the latter
action. When (ki,k2) = (1,—1) or (—1,1), this defines a free action on
M. Moreover, when (ki, k) = (1,1) or (—1,—1), the circle action on S3
coincides (up to orientation) with the Reeb flow of the standard contact form
o = i S22 (%dz; — z:d%), which is Zoll. aqg induces a Besse form a; on M,
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with prime action spectrum (£,7) if e is odd, (£, %) if e is even. The circle
action on M for (ky, ko) = (1,1) or (—1,—1) coincides with the Reeb flow
of a;. Finally, the regular orbits of the circle action on M for (ky, ks) = (1, —1)
or (—1,1) have period 1 if e is odd, % if e is even. It has two singular orbits,
which have period é

As a consequence of the classification of Seifert fibrations on lens spaces
(see [GL18, Theorem 5.1]), there exist coprime integers ki, ks € Z \ {0}
and a constant 7" > 0 such that the Reeb flow of % is conjugated via a
diffeomorphism of M to the S'-action on M associated to (ki, k2). For the
two singular orbits to have the same minimal period, |k;| and |ky| must be
equal. Since k; and ko are coprime, they must belong to {—1,1}. If ky = —ka,
the induced action on M is free, hence « is Zoll. The third point in Remark 1.3
implies that this cannot happen when e > 2. Consequently k; = ko, and in
that case the prime action spectrum of a is (£,T) if e is odd, (£,%) if € is
even. It follows that 7 has the same prime action spectrum as «;. Applying
Theorem 4.3, we get that there is a diffeomorphism v of M such that ¥*a = «;.
Finally, this gives that (1) o pg)*a = pjay is a Zoll contact form on S3. As a
consequence, when e > 2 a Besse contact form on M lifts to a Zoll contact
form on S? if and only if it has two singular orbits, which have the same prime
period. This conclude the proof. O
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