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ABSTRACT. — In a recent paper, Aldous, Blanc and Curien asked which distributions can
be expressed as the distance between two independent random variables on some separable
measured metric space. We show that every nonnegative discrete distribution whose support
contains 0 arises in this way, as well as a class of compactly supported distributions with
density.

RESUME. — Dans un article récent, Aldous, Blanc et Curien ont demandé quelles distribu-
tions peuvent s’écrire comme la distance entre deux variables aléatoires indépendantes sur un
espace métrique mesuré séparable. Nous montrons que toute distribution discreéte positive ou
nulle dont le support contient 0 apparait de cette maniere, ainsi qu'une classe de distributions
a densité a support compact.

1. Introduction
1.1. The problem

The distance problem asks the following. Given a distribution 6 on [0, c0), is it
possible to find a complete separable metric space (S,d) and a Borel probability
measure p on S, so that when X,Y ~ p are independent, their distance satisfies
d(X,Y) ~ 07 If so, we say that (S,d, 1) achieves 0, and that 0 is feasible. This very
natural and quite inviting problem was first proposed by Aldous, Blanc and Curien
in [ABC24], where they also give some statistical motivation.
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1.2. Examples

While any (5, d, ) gives some distribution 6 which can in principle be calculated,
the inverse problem, of finding an explicit space which achieves a given distribution,
is harder. The following examples show how to achieve some common distributions,
and may give some intuition about the types of constructions one can use.

(1) The uniform measure: let S = S' = R mod Z be the unit circle, u the
uniform measure on S', and d(z,y) the arc length between x and y. Then
d(X,Y) ~U[0,35].

(2) The exponential distribution: let S =R, let d(z,y) = |z — y|, and let p = (1)
be the exponential distribution. By the memoryless property, | X — Y| is also
exponentially distributed.

(3) Bernoulli distribution: let 0 < py < 1. In order to achieve the Bernoulli
distribution 6 = pgdy + (1 — po)d1, let m > 2 be an integer and let a € [0, 1]
to be chosen later. Let S = {0,...,m — 1}, equipped with the discrete metric

R

Let p be the distribution of the random variable on S whose value is 0 with
probability «, and uniform among {1,...,m—1} with probability 1—«. Then

(1.1) Pld(X,Y) =0] = a® + (;__01)2

Choosing m so that the quadratic equation py = a? + (ﬁf has a solution
and solving for a gives us the desired probability space.

(4) The uniform measure, revisited: let S = {0,1}" let u be the measure on
S where all entries are i.i.d. 0-1 Bernoulli random variables with success
probability 1/2, and let d(z,y) = S22, 27 %|z; — yi|. Then d(X,Y) ~ U[0, 1].
This is essentially a more explicit version of the first example.

(5) The exponential distribution, revisited: let S = (0, 1], p the uniform measure on
S,and d(z,y) = |[Y 1dt| = [log ¥|. A short calculation shows that P[d(X,Y") <
t]=1-e"" and so d(X,Y) ~ Exp(1).

(6) Non-example: let 6 be any distribution with density on [0, c0), and denote its
cumulative distribution function (CDF) by F. Let S = [0, 00), let

d(%y):{o ey

max(x,y) = #y,

and let u be the distribution whose CDF is v/F. Since 6 has density, the
event {z = y} has measure 0 under p, and so d(X,Y) = max(X,Y’) with
probability 1. The CDF of the maximum of two i.i.d. random variables is
the square of their individual CDF, and so d(X,Y’) ~ 6. However, while p
is a Borel measure with respect to the Euclidean topology, it is not a Borel
measure with respect to the topology induced by d. Note also that (.5, d) is
not separable (for small enough ¢, the only element e-close to x is z itself).
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1.3. Results

In [ABC24], Aldous, Blanc and Curien showed some basic constraints on the
support of the distribution (for example, it must contain 0) and gave several con-
structions and approximations. In their main constructions, the metric space S was
a weighted tree and the measure p a distribution on its leaves/rays. Choosing the
weights and distribution in a clever way, they showed that every finite discrete
distribution with 0 in its support is feasible. However, when applied to non-finite
distributions via finite approximations, their approach yields non-separable spaces.

Our first result is a new construction which does not involve taking limits of finite
distributions, avoiding limiting questions of separability. This result resolves the
question of discrete distributions.

THEOREM 1.1. — Every nonnegative discrete distribution € supported on 0 is
feasible. (proof /)

Rather than building a metric space (.5, d, 1) which directly achieves 6 from scratch,
our proof combines together several simpler spaces (.S, d,, i1, ), allowing us to sample
from different 6,,s with different probabilities. The main challenge is to decompose 6
into subdistributions so that combining the spaces preserves the triangle inequality.
As will be described in the next section, this construction can also be interpreted as
a metric on the rays of a tree, where two rays are close if they travel together for a
long time, generalizing a commonly used metric on the space of ends of a tree.

Our second result concerns distributions with density.

THEOREM 1.2. — Let g be a probability density function on [0, 1], and suppose
that there exist constants ¢, C' > 0 such that

(1.2) c<g(ty<C
for all t € [0,1]. Then the distribution § with density g is feasible. (proof /)

The theorem is derived by altering the metric of a known-to-be-feasible distribution;
here, subadditivity is used in order to preserve the metric. The theorem represents

one step towards answering the open problem in [ABC24].

PROBLEM 1.3. — Prove that for every probability density function f on [0, 00)
whose support contains 0, the distribution with density f is feasible.
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2. Proof of Theorem 1.1

Our proof uses the following construction, which, given several feasible distribu-
tions, returns a mixture of these distributions. The resultant distance can be thought
of as being computed by a “selection” mechanism: we linearly order the distributions,
and iteratively flip a coin for each one to see whether or not it is the one that we
sample from; if none of the distributions are chosen, the default 0 is returned.

2.1. Selection space

Denote the integers by Z and the positive integers by N = {1,2,...}. We say that
a triplet (S,d, p) is a measured metric space if (S,d) is a metric space and p is a
Borel probability measure on S with respect to d.

Let I C Z, and for each n € I, let (S, d,, it,) be a complete countable measured
metric space with more than 1 point. Assume that for every n € I NN there exists
a special s, € S, such that

(2.1) > 1 palfsa}) < oo

nelNN

We now define a new space (5, d, i) out of these spaces; later, in Proposition 2.2, we
give conditions under which it is a complete separable measured metric space.

(1) The space: we say that a vector x € [],, ¢Sy is eventually constant if there
exists an N > 0 such that z, = s, for all n > N (we still index the vector x
by the set I). Note that when sup I < oo, every vector is eventually constant.
We set

x is eventually constant}.

S—{xe II S»

nel

(2) The function d: for © # y € S, let n(x,y) = sup{n | z, # y,}. This is always
finite since x and y are eventually constant. We then define

d(xay):{o Y

(o) (Tntaw)s Yney) T # 9

(3) The measure: let i = @y ¢ 11, be the product measure on [, ¢ S,. By (2.1)
the sum Y-, c ;v 1 — pin({S,}) is finite, and the Borel-Cantelli lemma implies
that X ~ i is eventually constant with probability 1 under i. The measure
it can therefore be restricted to a measure p on S.

We call the tuple (S, d, i) the selection space of {(Sy, dn, tin)}ner. Let us find the
distribution of d(X,Y") when XY ~ p are independent. The probability of obtaining
0 is

(2.2) Pld(X,Y) = [[ PX = [ Pld.(X,,Y,) =0],

nel nel
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while for » > 0,
(2.3) PA(X,Y) =r]
= > P(X,Y) =n] - Pld,(X,, Y,) = 7| n(X,Y) = 7]

= Z ( H P[Xk = Yk]>P[Xn 7é Yn] 'P[dn(Xm YN) =T | Xn 7é Yn]
= Z < H ]P)[d(Xk’aY;c) = 0])P[d7L(Xn7Yn) = T]a

and we have indeed obtained a mixture of positive elements of the distributions
achieved by (S, d,, tin)-

Remark 2.1. — As a space of vectors indexed by I C Z, the selection space can
also be interpreted as the steps of a bi-directional walk, where at time-step n, the
walker may go in the “direction” x,, € S,. When sup [ is finite and we view time
as starting at sup I and directed down towards inf I, the index n(x,y) is the first
time that two walkers x and y split up when starting at a common origin. In this
case the elements of S can be seen as the space of ends on some rooted tree, and
the function d is a generalization of the metric e *% on the space of ends, where
h(z,y) is the depth of the last common vertex of the rays x and y. See Figure 2.1.
When sup I = oo, however, there is no such common root.

d(z,y) =dn_3(rN_3,YN—3)

Figure 2.1. When sup I = N < oo, the function d is a generalization of a class
of metrics on the space of ends of a tree rooted, where the distance between two
rays from the origin depends on the depth of their last common vertex.

PROPOSITION 2.2. — Let I C Z and {(Sy, dy, lin) }ne 1 be as above. Assume that
the following two properties hold.

(1) For every m <n € I, every x1 # x5 € S,, and every y; # ya € Sp,
(2.4) dm (1, 72) < 2dp (Y1, Y2).
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(2) We have

(2.5) either inf] > —oo or lim sup d,(z,w)=0.

nN—==00 ; we Sy
Then the selection space (S, d, p) is a complete separable measured metric space.

Proof.

Metric. — 1t is clear that d(z,y) = 0 if and only if z = y, so we only need to
verify the triangle inequality. Let x,y, z € S be distinct, and denote b = n(zx,y).

(1) If either n(y, z) > b or n(x, z) > b, then since x and y agree on indices greater
than b, we must have n(z, z) = n(y, z) > b, and also d(z, z) = d(y, z). Then
by (2.4),

d(l‘7 y) - db(xba yb) < 2dn(z,z) (xn(z,z)a Zn(x,z)) = d(l‘, Z) + d(y’ Z)

(2) If both n(y,z) = b and n(x, z) = b, then the triangle inequality is satisfied
because d; is a metric.

(3) Otherwise, we have n(y, z),n(z,z) < b, and at least one of n(y, z) or n(x, z)
is strictly smaller than b. But it is impossible for both to be strictly smaller,
since that would mean that z, = z, = y,, contradicting the fact that x, # yp.
Supposing w.l.o.g. that n(x, z) = b, we then trivially have

d(z,y) = dp(zp, yp) = dp(xp, 2p) = d(x, 2) < d(z,2) + d(y, 2).

Completeness. — Let N € I, and let a # b € Sy. Then by (2.4), for every n > N
and every w, z € Sy, dn(w, z) = tdy(a,b). Thus, for every N € I,
(2.6) gljfv w,i%fsn dn(w,z) > 0.
Let (")), cn be a Cauchy sequence in S, and let L = inf I. When L = —oo0, (2.6)
implies that if d(z*), 2(*2)) < ¢ for some k; and all k; > k; and small enough e,
then x(¥2) = 21 for all n > N for some N € I, with N — —oo as &€ — 0. Thus z(®)
converges to an element in S. When L > —o0, (2.6) implies that for small enough ¢,
zk2) = (k) for all n > L, while the first elements (;E(Lk)) ren form a Cauchy sequence
in S;. Since Sy, is itself complete, we again get that 2(*) converges to an element
in S.

Separability. — If inf I > —oo, then S is a countable union of countable sets, and
so is countable itself. Otherwise, by (2.5), lim, o sup, ,, ¢ 5, d(z,w) = 0. For each
negative n € I, let a™ € S, and set

An:{xeS‘xi:a(i) Vién}.

Since all vectors in S are eventually constant, each A, is a countable union of
countable sets and is therefore countable, and so the union U,, ¢ ;A is also countable.
It is also dense in S: for any = € S and any n € I, the set A, contains an element
y such that y, = xy for all & > n, and so n(z,yt) < n; denseness follows since
SUp, e 5, dn(2, w) — 0 as n — —oo.
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Borel measure. — Under the metric d, an open ball around x € S of radius r is
given by
B(z,r)= | U {y € S|yn = s,yn =, for all n > N} U {z}.

Nel seSnldn(zn,s)<r,s#zN

Each set of the form {y € S | yx = s,y, = z,, for all n > N} is measurable under
the product measure ji, and therefore so is the countable union of such sets. The

restriction measure p is therefore defined on the o-algebra generated by the open
balls in S. Since (.5, d) is separable, u is Borel. O

PROPOSITION 2.3. — Let a > 0, let pg € (0,1) and let \ be a discrete probability
distribution with supp(\) C [a,2a]. Then the distribution 8 = pody + (1 — po) A is
feasible.

Proof. — Let ag = 0, and let (a,), e be the positive atoms of A arranged in some
arbitrary order; here, I = N if there is an infinite number of atoms and I = [N] for
some N otherwise. For every n € I, denote p,, = 0({a,}), and define ¢, by

DPn
Po+pi+...+Dn

dn =

Forn € I, let (S, dy, it,) be the metric space corresponding to the Bernoulli measure
0, = (1 —q,)00 + gnda, , obtained by multiplying the metric described in the examples
section by a,. Then the assumption in the construction of the selection space and
the two conditions in Proposition 2.2 hold for {(S,, dn, tin) }ner:

(1) When constructing a Bernoulli random variable pdg + (1 —p)d; with probability
p of obtaining 0 as in Example 3, the parameters m and a may be chosen so
that « > p. Indeed, setting f,,(z) = 2? + (-=%)?, we have p = f,, (). Since
lim,,, 500 fr(p) = p* < p, there exists an m large enough so that f,,(p) < p,
and by continuity of f,, and the fact that f,,(1) = 1, there exists o € [p, 1]
with f,,(a) = p as required. This shows that the probability to obtain 0 under
[y is bounded by

(2.7) tn({0}) = 1 — gy
Thus
Dn pn 1 —po
2.8 1—pu,({0}) < Gn = < —
(2:8) ,; n({03) ng] T;poﬂ)ﬁr Pn ngpo Do

and the sum in (2.1) is finite.
(2) Since a,, € [a,2a], the requirement (2.4) is immediate: the left-hand side
of (2.4) is at most 2a, while the right-hand side is at least 2a.
(3) inf I =1 > —o0 as required in (2.5).
Thus, the selection space (S, d, i) constructed from {(S,, d,, in) }ne s i @ complete
separable measured metric space. Since the positive atoms of the u,s are all distinct,
equations (2.2) and (2.3) imply that

(2.9) Pld(X,Y) =[] Plda(X,,,Y,) =0 = [] (1 — ga) = po,

nel nel
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and
iel,i>n
as needed.
We remark that by (2.7) and (2.9),
(2.10) P[X = (0,0,...)] = [T #n({0}) = TT (0 = ¢n) = po. O
nel nel
Proof of Theorem 1.1. — The measure € can be written as
0= p0050 + Z pn)\ru
nel

where I C Z, and for every n € I, p, > 0 and the measure )\, is discrete and
supported on (2", 2""!. Note that if p,, = 0, then necessarily inf I = —oo. Define
the numbers

DPn

)
1- Zie[,i>npi

ﬁn:

and let (S,,d,, 1) be the metric space defined in the proof of Proposition 2.3
corresponding to the measure 0, = (1— $3,)do + B, An. Note that each S, is countable.
Then the assumption in the construction of the selection space and the two conditions
in Proposition 2.2 hold for {(S,, dn, tin) }ner:

(1) If sup I < oo then of course the sum in (2.1) is finite. Otherwise, by (2.10),
if X,, ~ p,, then

P[X, = (0,0,...)] > 1 — B,.

Thus
S PX,#£(0,0,..0]< Y 1-(1-8)= > B
nelNN nelNN nelNN

< ¥ Pn < 1 .
nGIﬂNl_ZiEI,i>npi poo+ZieI,i<1pz‘
(2) Since the range of d,, is (2", 2"!], the requirement (2.4) is immediate; in fact,
the left hand side of (2.4) is bounded by just half of the right hand side.
(3) limy oo SUP, 4 e 5, dn(2, w) = lim,,_o 2" = 0 as required in (2.5).

Thus, the selection space (S, d, 1) constructed from {(S,, dy, fin) }ner is a complete
separable measured metric space. Since the supports of A, are disjoint, equations (2.2)
and (2.3) imply that

PAX.Y)=0] = [ P[X, =Ya] = ][ (1 = B1) = peo

nel nel

while the probability to sample from A, is exactly B, [licsisn(1 — Bi)) = pn, as
needed. 0J
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3. Proof of Theorem 1.2

Our proof first finds an easy-to-construct feasible “starter” distribution, and then
changes its metric in order to obtain the distribution . The idea is as follows. Let
W be a random variable on [0, 1] whose cumulative distribution function Fy, is
continuous and strictly increasing on [0,1], and let ¢ : [0,1] — [0, 1] be a strictly
increasing bijection. The cumulative distribution function of the random variable
©(W) is given by

Fy(t) =Plp(W) <] = P[W < 7' ()] = Fw (7 (1)).

Denoting by G the cumulative distribution function of ¢ and choosing ¢(t) =
G (Fw(t)) gives us, for t € [0,1], Fiw (¢ (t)) = G(t), and so the random variable
©(W) has distribution 6. If W is achievable by some (5, d, 1), then when XY ~
are independent, we have p(d(X,Y")) ~ 6. However, this does not immediately mean
that (S, od, ) is a measured metric space that achieves 6, since there is no guar-
antee that ¢ o d is still a metric (or that u is still Borel under the topology induced
by ¢ od). The essence of the proof is to find a suitable W which allows ¢ to preserve
the metric d.

DEFINITION 3.1. — A function f : [0,00) — [0,00) is called metric preserving
if for every metric space (S,d), the function f o d is also a metric on S. It is
called strongly metric preserving if it is metric preserving and (.S, d) is topologically
equivalent to (S, f o d).

Metric preserving functions have been well studied; see [Cor99] for a brief intro-
duction. We will require only the following standard result.

THEOREM 3.2 ([Kel75, p. 131]). — Let f : [0,00) — [0, 00) be continuous, non-
decreasing, and satistying the following two conditions:
(1) f(x) =0 <= x=0.
(2) (Subadditivity) f(x+y) < f(x) + f(y) for all z,y € [0, 00).

Then f is strongly metric preserving.

Theorem 3.2 implies that it suffices to find a continuous random variable W
such that G7'(Fy (1)) is subadditive. If G™! is itself already subadditive, then no
modification by Fj is actually needed; in this case, we can take W to be the
uniform measure on [0, 1], so that Fy(t) =t for t € [0,1] and G~ (Fy (t)) = G(¢).
Obtaining € is then just an instance of the inverse sampling theorem (as we saw
in the examples section, the uniform measure is indeed feasible). However, when
G~ is not subadditive, the idea is that if F}y itself is in some sense very strongly
subadditive, then its subadditivity is enough to counter the non-subadditivity of G~!.
This is made precise in the following simple proposition.

PROPOSITION 3.3. — Let ¥ : [0, 1] — [0, 1] be an absolutely continuous nonde-
creasing function, and assume that there exist m, M > 0 such that
(3.1) m < V'(t) < M.
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Let f :[0,00) — [0,1] be such that for every x,y € [0,00) with z < y,

(3:2) flo+y) < Tf@0) + Fy).
Then V o f is subadditive.

Proof. — By absolute continuity, for all z < v,

f(z+y)

V(f(z+y)=V(f(y) + ” v'(t) dt

INE

U(f(y)+M(flx+y) — f(y))
C W) + mfa)
Cu(rw) + (). 0

The next proposition shows that it is indeed possible to obtain such f.

PROPOSITION 3.4. — For every ¢ € (0,1), there exists a feasible continuous
random variable W whose cumulative distribution function Fy, satisfies

Fy(x+y) <ebw(z) + Fw(y)
for all x < y.

Given the above, Theorem 1.2 quickly follows.

Proof of Theorem 1.2. — By (1.2), G! is absolutely continuous, strictly increasing,
and has upper and lower bounds on its derivative (G7!)(t) = m. Then by
Propositions 3.3 and 3.4, there is a feasible W achieved by (S, d, ) such that ¢ =
G~ o Fyy is subadditive. Since both G~! and Fy are continuous, by Theorem 3.2,

¢ is strongly metric preserving, and so (S, o d, 1) achieves 6. O
Proof of Proposition 3.4. — Let a € (0, %) to be chosen later, define H : R — [0, 1]
by

0 t<0
H(t)=<t* 0<t<1
1 t>1,

and let p be the distribution whose cumulative distribution function is H. This
distribution has density h(t) = at®! for t € [0,1]. Let W = |X — Y|, where
X,Y ~ p are i.i.d. By definition, W is feasible. For ¢ € [0,1], the cumulative
distribution function Fy is given by

Furt)= [ [ ha)h(@) Loy < dyde
= 2/01 /:Hh(x)h(y) dydz
i /01 h(x)(H(z + 1) — H(x)) da

1t 1\ 1
- 2/ osza_1<<1 + ) — 1) dx + 2 az® (1 — 2%) dx.
0 x

1-t
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The function Fy can readily be shown to be concave on [0, 00) by calculating the
second derivative of 2 [y [Z*" h(z)h(y)dydz. Thus, for all z,w € [0, 00),

Fin(2) < Fir(w) + (2 — w)Fy (w)
Let x,y € (0,00) with < y. Choosing z = z + y and w = y, we get
Fy(z +y) < Fw(y) + 2 (y)
< Fw(y) + ok ()

cF}y, ()
- F F A
It therefore suffices to show that for all ¢ € [0, c0),
/
Finlt) _ _
Fy (t)

As Fy is concave and increasing, it is enough to show a bound of %5 for all t < %,
since for all t > 1, F{y,(t) < Fy,(3) and Fy (t) > Fiw(3). Assuming that ¢ < 3, the
denominator is bounded by

Fy(t) = 2a</01_t pet <<1 + ;)a - 1> dx + 1 T O R dx)

1-t

t 2c0—1 i\ 1 2a ]' 2c 2c
2204/ T (() —1) dl‘—2()é<t — —t ) = %
0 T Q 200

Recalling that a < %, the numerator is bounded by

1
Flo(t) = 2/0 h(z)h(z + t) do
t t a—1 1—¢ t a—1
= 202 (/ 2?2 (1 + ) dx + / 22 (1 + ) dx)
0 T t z
t A 1—t
< 202 </ o2 () dx + / o2 dx)
0 T t

1 1 1
A 1—204((1—@”& t)

< 20— (1+ . )
S T T 200 )

then gives F};(t) < 4at?**~1. We thus have

Choosing a < %

tEYy (1) - 4ot

B =4 s

Fw(t) S o ¢
and the proposition follows for o < ée. 0
Remark 3.5. — The function Fy may be expressed in a slightly more closed form

using hypergeometric functions; a short calculation reveals that for ¢ € [0, 1],

Fw()=1+21-t)"GF(—a, ;1 +a;1—1t) — 1),

TOME 8 (2025)
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where 5 F(a, b; c; z) is the hypergeometric function

o T(o Lgh=1(1 — ) !
2Fi(a, b 2) = L'(b)(c—b) /o (1—x2)" de.

A plot of Fy for some values of « is given in Figure 3.1, where the asymptotic
behavior of t2* can be seen near the origin.

Fw(t) for various o

1.0 4

0.8 4

0.6

Fwlt)

0.4 4

0.2 4

0.0 4

T T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Figure 3.1. The function Fy, for various values of a.

Remark 3.6. — It might perhaps be possible to extend the proof method of
Theorem 1.2 to distributions on [0, 00) where the density is always positive. Indeed,
if we compose G~! with another function f, we still have

Gt ) =G+ [ L a
<G+ ety — @) s oG,

te[f(y), flaty)] At

An analogue of Theorem 1.2 would follow if we could find, for each ¢ > 0, an
unbounded feasible random variable W such that for all z < y

d
wa+w<fwww+G sup G*@Qﬂm@.
te [Fw (), Fw (a+y)) dt
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Unlike the random variable from Proposition 3.4, such a W would have to rely
directly on GG in some way. However, the method cannot be easily extended to
distributions whose density is 0 in an interval: this would imply that G~ o Fyy is
discontinuous, which would prevent it from preserving the metric.
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