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ABSTRACT. — Given a probability measure p on a finitely generated group I', the Green
function G(z,y|r) encodes many properties of the random walk associated with p. Endowing
I' with a word distance, we denote by H,(n) the sum of the Green function G(e,z|r) along
the sphere of radius n. This quantity appears naturally when studying asymptotic properties
of branching random walks driven by p on I'. Our main result exhibits a relatively hyperbolic
group with convergent Poincaré series generated by H,.(n).

RESUME. — Etant donné une mesure de probabilité g sur un groupe de type fini T, la
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de Green le long de la sphere de rayon n. Cette quantité apparait de maniere naturelle dans
I’étude des propriétés asymptotiques des marches aléatoires branchantes dirigées par p sur I'.
Le résultat principal exhibe un groupe relativement hyperbolique dont la série de Poincaré
engendrée par H,.(n) est convergente.

1. Introduction

Let I" be a finitely generated group endowed with a finite generating set. Denote
by || the induced word distance and by S,, = {z € I': |z| = n} the sphere of radius n
centered at the neutral element e of I'. Set v = limsup,,_, ., = log #S,,. The number v
is called the volume growth of I' with respect to the chosen generating set. The
group [ is said to have exponential growth if v > 0.

Consider a probability measure p on I' and assume that p is admissible, i.e. its
support generates I' as a semigroup. Let p,(z,y) be the n-step transition probability
for the random walk (X}) with step distribution p. Define for 0 < r < R the Green
function

G(z,ylr) = > r"pu(z,y),
n=0

where R is the radius of convergence of the series, which is also the inverse of the
spectral radius of the random walk. When r = 1 we write G(z,y) = G(x,y|1)
for simplicity. Note that we have G(z,y|r) = G(e, e|r)F(x,y|r), where F(x,y|r) is
the first return Green function [Woe00, Lemma 1.13]. Define the growth function
associated with the Green function H,(n) as

H.(n)= Z G(e, x|r)

CCESn

and the growth rate of the Green function wr(r) as

wr(r) = limsup 1 log H,.(n).
n—oco 1

We will always consider admissible random walks that are transient at the spectral
radius, i.e. G(x,y|r) is finite for every z,y € T and for every r < R. By Varopoulos
theorem [Woe00, Theorem 7.8], only groups with at most quadratic growth can carry
a random walk which is not transient at the spectral radius. In other words, we will
always assume that I' is not virtually Z¢, d < 2. In particular, this ensures that
H,(n) and wr(r) are well defined for every r < R.

Notations

In all the paper, given two functions f and g, we write f ~ g if the difference
between f and g is bounded from above and below, that is |f — g| < C for some
constant C'. We write f ~ ¢ if the constant C' depends on a parameter L. Assuming
further that f and g are positive, we write f =< g if the ratio of f and g is bounded
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The growth of the Green function and Poincaré series 1063

from above and below, that is % f < g < Cf for some positive constant C'. Similarly,
if C' depends on L, we write f =< g. Also, if f < Cg, we write f < g and f <. g
if C' depends on L. If the dependency is not clear from the context, we will avoid
these notations.

This paper mostly deals with the asymptotics of H,(n) as n goes to infinity.
A fruitful line of research in the theory of random walks is to compute asymptotics
in space of the Green function, that is asymptotics of G(e, z|r) as x goes to infinity.
This is referred as renewal theory and goes back to Blackwell’s renewal theorem for
drifted random walks on R, see [Bla53] and earlier references therein. The terminology
renewal comes from an interpretation of the Green function G(e, x) as the probability
that a renewal event takes place at x for a suitable process, see [Spi76, Chapter 11.9].

In fact, the terminology renewal theory is used in a much broader setting and
we refer to [Fel66, Chapter XI] for a more complete exposition within the scope
of probability theory. Let us also mention that Lalley [Lal89] generalized classical
renewal theory, with a new approach to deal with asymptotics of certain count-
ing functions arising in geometric group theory. This led to significant research in
dynamical systems, where renewal theory is now a common thread.

Finally, note that Ledrappier interpreted the computation of the limit of H;(n)
on the free group as a renewal theorem for the distance [Led01], see also [Led93] for
related results concerning the Brownian motion on the universal cover of compact
negatively curved manifolds. However, besides such specific examples, the behaviors
of H,(n) and wr(r) have not been investigated much in literature, so let us first
explain in which context these quantities occur.

Consider a probability measure v on Z- = {0, 1,2,... }. The branching random
walk driven by v and g on T', denoted by BRW (T, v, i) is described as follows. One
starts with a single particle at e. For every n, every alive particle at time n dies after
giving birth to an independent number of children, according to the distribution
of v, each of which independently moves on I' according to the distribution of u.
The measure v is called the offspring distribution.

In recent years, there has been a large body of work dedicated to understanding
the asymptotic behavior of BRW(T', v, i) in terms of geometric features of I'. For
such study, one usually condition on non-extinction of the system, which boils
down to considering an offspring measure distributed on N = {1,2,...}, see [AN04,
Chapter 1]. It is thus natural to assume that E[v] > 1, otherwise, conditioned on
non-extinction, v is the Dirac measure at 1 and the branching random walk is nothing
but the usual random walk whose step distribution is given by pu.

One of the cornerstone result is that letting E[v] = r, then 1 < < R if and only
if the branching random walk is transient, i.e. almost surely it does not visit every
vertex infinitely many times, see [BP94, GMO06]. Furthermore, if 1 < r < R, then
the branching random walk has exponential volume growth by [BM12].

Precisely, letting M,, be the cardinality of the number of elements of .S,, that are
ever visited by the branching random walk, we have that almost surely,

1
lim sup — log M,, > 0.

n—oo N
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1064 M. DUSSAULE, L. WANG & W. YANG

In some cases, such as hyperbolic groups [SWX23, Theorem 1.1] and relatively hy-
perbolic groups [DWY25, Theorem 1.1], it was shown that this growth rate coincides
almost surely with the growth rate of the Green function at 1 < r < R. In other
words, almost surely,

lim sup 1 log M,, = wr(r).
n—oo T
Moreover, for hyperbolic groups, we have H,(n) < ™) ie. the Green function
has purely exponential growth, see [SWX23, Theorem 3.1].

In fact, our original motivation for this paper was to answer some questions raised
in [DWY25] about branching random walks on relatively hyperbolic groups. Recall
that a finitely generated group is called relatively hyperbolic if it acts via a geomet-
rically finite action on a proper geodesic hyperbolic metric space; see Section 4.1 for
more details. We introduce the following Poincaré series associated with x4 on I'. For
r < R and s € R, we set
(1.1) Or(r,s) = > Gle,z|r)e 1" = 3~ [, (n)e ™"

zel n=0
The growth rate wr(r) is thus the critical exponent of this Poincaré series, i.e. for
s < wr(r), Op(r, s) diverges and for s > wr(r), Op(r, s) converges.

Several criteria were found in [DWY25] to ensure that this Poincaré series diverges
at s = wr(r). One of the missing pieces was whether there exists an example with
convergent Poincaré series. Our main result exhibits such an example by actually
constructing a relatively hyperbolic group for which divergence of the Poincaré series
depends on r. Precisely, we prove the following.

THEOREM 1.1 (Theorem 5.9). — There exists a relatively hyperbolic group T,
endowed with a finitely supported symmetric admissible probability measure p, and
there exist 1 < r, < ry < R such that

(1) for any r < ry, Or(r,wr(r)) diverges,
(2) at r =ry, Op(r,wp(r)) converges.

Remark 1.2. — We are unable to determine whether the second assertion is true
for any r > r,. If this were true, we would obtain a phase transition for the divergence
of the Poincaré series and also for all the assertions in Corollary 1.3 below.

We are now moving on explaining several applications of Theorem 1.1. Before that,
let us put into context the series Op(r, s) under consideration. The question whether
Or(r,s) converges or diverges at s = wr(r) is of particular importance for many
properties such as the construction of boundary measures and growth problems. It is
also related to the parabolic gap property coined in [DWY25] that we discuss next.

Consider a relatively hyperbolic group I' and a maximal parabolic subgroup P.
The growth rate of the Green function induced on P is defined as

1
wp(r) =limsup —log Y G(e, z|r).
n—oo T rEP
|z|=n
Following [DWY25], we say that I has a parabolic gap along P for the Green function
at r € [1, R] if wp(r) < wr(r). If this holds along every parabolic subgroups, we say
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I' has a parabolic gap for the Green function at r and if this in turn holds for every
r € [1, R] we say that I" has a parabolic gap for the Green function.

This notion is analogous to the parabolic gap condition introduced in [DOP00],
where first examples of convergent (standard) Poincaré series were constructed
without this parabolic gap condition. As an interesting consequence, the authors
of [DOP00] produced Patterson-Sullivan measures having atoms at parabolic points
in the visual boundary of Hadamard manifolds. Convergence or divergence of Poincaré
series and the parabolic gap condition are also related to the growth tightness prop-
erty.

In [DWY25], we proved that if there exists a relatively hyperbolic group with
convergent Poincaré series, then the parabolic gap condition fails. On the other hand,
having a parabolic gap has various applications related to asymptotic properties of
branching random walks, see in particular [DWY25, Theorem 1.8, Remark 5.4].

Motivated by this discussion and by the work of [DOP00], we make use of the
above theorem to further develop various properties for Poincaré series associated
with the Green function. We introduce a family of Patterson—Sullivan type measures
ve(r) associated with the Poincaré series defined in (1.1). We also introduce a family
of proper distances 0,, which are quasi-isometric to the word distance. Recall that
a group I' endowed with a distance d is called growth tight if for every non-trivial
quotient I' endowed with the corresponding quotient distance d, the growth rate of
(T, d) is smaller than the growth rate of (', d), see Subsection 5.3 for more details.

We summarize here the different results we obtain, see Theorem 5.9, Corollary 5.13
and Theorem 5.19.

COROLLARY 1.3. — The pair (I', 1) in Theorem 1.1 has the following properties:

(1) the parabolic gap for the Green function holds for r < r, but fails at r = ry,

(2) the Patterson—Sullivan measure v,(r) is supported on conical limit points for
r < 1y and is purely atomic and supported on parabolic limit points at r = ry,

(3) the growth tightness for the proper distance 0, holds for r < r, but fails at
r = Tﬁ.

Remark 1.4. — In [Peill], Peigné constructed a divergent Schottky group without
the parabolic gap condition. In view of our examples, it is relevant to ask here whether
there exist examples of Poincaré series (1.1) which are divergent, but without a
parabolic gap for the Green function.

Remark 1.5. — The proper metric in the third item is defined by
o (@,y) = wr(r)|a 'y + e 'y|

so it is a linear combination of the word metric |z 'y| and the r-Green metric

g((iZ\‘:)) . It is, in fact, quasi-isometric to a word distance for r < R.
Our result allows us to answer a variant of a question raised in [ACT15], namely
whether growth tightness is invariant among cocompact actions on geodesic metric
spaces. Note that Cashen—Tao [CT16] showed examples of product groups with
growth tightness for one generating set but not for another generating set. The

above examples within the class of relatively hyperbolic groups are new.

|z~ 1y|, := —log
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We now briefly outline the proof of Theorem 1.1. As fore-mentioned, the construc-
tion of a convergent Poincaré series was one of the unsolved problems of [DWY25].
However, we did explain there how it might be possible to perform such a construc-
tion. Namely, in [DWY25, Example C], we proved the following.

Assume that there exists a finitely generated group I'y endowed with a probability
measure jo such that the associated Poincaré series Og(s,r) is convergent at s =
wr, () for some fixed ro. Then, it is possible to construct a convergent Poincaré
series on the free product I'y * Z%. The proof consists in bounding the Poincaré series
O(w(r),r) on Ty x Z4 in terms of the quantity 3=, Og(wr,(r0),70)*O1(s1,71)*, where
©1(s1,71) is a suitable Poincaré series defined on the free factor 7. Then, by shifting
the weight toward the free factor Iy, it is possible to construct probability measures
on Iy * Z¢ in such a way that ©1(s1,71) is arbitrarily small. As a consequence, if
Oo(wr, (10), 7o) is finite, then the sum ¥, O¢(wr, (1), 70)¥O1(s1, 1) is also finite and
so the initial Poincaré series O(w(r),r) converges.

In fact, note that the conclusions of Theorem 1.1 are a bit stronger. Indeed we
do not only construct a convergent series, but we prove that convergence depends
on 7. Therefore, the technicality of [DWY25, Example C| needs to be refined a bit.
However, the overall strategy remains the same.

In other words, the problem of the construction of a convergent Poincaré series on
a relatively hyperbolic group reduces to the problem of finding one such convergent
series on some finitely generated group, not necessarily relatively hyperbolic.

Elaborating on the work of Picardello and Woess [PW94], we prove the following
phase transition result for random walks on bi-trees. Consider the Cartesian product
of two regular trees T} and T5, of respective degree [; and l5. Let p; be the driving
measure for the lazy simple random walk on T; and set p = apu; + (1 — a)ug for
0<a<l.

THEOREM 1.6 (Theorem 3.1). — The probability measure p on Ty x Ty satisfies
the following. If I, = ly, then for every fixed r < R, H.(n) < ™) for all n > 1.
If l; > Iy, then there exists a phase transition at some ro € (1, R) such that the
following holds.

(1) For every r < ro, we have H,(n) < e™r®) for alln > 1.
(2) At r =ro, we have H.(n) < n~'e™r®) for alln > 1.
(3) For every ro < r < R, we have H,(n) < n=%/2e"r() for alln > 1.

As a conclusion, for the group I'g = F, x F3, where F}, is the free groups with k
generators, we find that the series ©¢(wr,(r),r) diverges for r < ry, but converges
for ro < r < R. This allows us to prove Theorem 1.1.

Using the example given by Theorem 1.6, we can thus construct a convergent
Poincaré series on a relatively hyperbolic group such that the parabolic subgroups
are direct products of free groups of different ranks. A next interesting problem is
to find other classes of parabolic subgroups for which it is possible to construct a
convergent Poincaré series, or in the opposite direction, to rule out certain classes
of parabolic subgroups.
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Beyond free products, standard examples of relatively hyperbolic groups include
limit groups appearing as limits of free groups, fundamental groups of finite co-
volume hyperbolic manifolds or more generally fundamental groups of geometrically
finite Riemannian manifolds of pinched negative curvature. In the two former cases,
parabolic subgroups are virtually abelian and in the latter case, they are virtually
nilpotent. Therefore, it seems interesting to understand the behavior of H,(n) for
virtually nilpotent groups in view of our initial problem. In a separate paper, we
prove that Hi(n) is linear in n for abelian groups and for certain nilpotent groups,
as well as other amenable groups. In particular, the associated Poincaré series fails
to converge.

In fact, we prove here that whenever parabolic subgroups are amenable, the par-
abolic gap condition holds and so the Poincaré series must be divergent. Precisely,
we prove the following.

THEOREM 1.7 (Corollary 5.4). — Let I' be a relatively hyperbolic group endowed
with a finitely supported admissible and symmetric probability measure p. Assume
that maximal parabolic subgroups of I' are amenable. Then I' has a parabolic gap
for the Green function.

This rules out amenable groups as examples of parabolic subgroups for which there
is a convergent Poincaré series, or even a divergent Poincaré series, but without the
parabolic gap condition. Direct products of free groups are not amenable and so they
cannot arise as parabolic subgroups for the aforementioned examples of relatively
hyperbolic groups. Note, however, that direct products of free groups are right-angled
Artin groups. In fact, the group I' in Theorem 1.1, constructed using the example of
Theorem 1.6, can be written as I' = (Fy, x [}) * Z? and so it is also a right-angled
Artin group. Random walks on such groups have received a lot of attention recently.
This gives further motivation for our main theorem.

Let us give more details on how the paper is organized. It has four sections besides
the Introduction. Sections 2 to 4 contain preliminary results, whereas Theorem 1.1
and Corollary 1.3 are proved in Section 5.

Specifically, in Section 2, we consider the growth rate wr(r) at the special value
r = 1. We prove in particular that wr(1) = 0 and study further continuity of the
function r — wr(r) at 1. The results of this section will be mainly used to prove
Theorem 1.7, that is, the parabolic gap condition must hold and so Poincaré series
must be divergent whenever parabolic subgroups are amenable.

Then, in Section 3, we prove Theorem 1.6. As a particular consequence, we see that
the quantity H,(n) may fail to be sub-multiplicative. This disproves an argument due
to Candellero, Gilch and Miiller [CGM12] as well as its consequences, see Remark 5.14
for more details.

In Section 4, we develop a Patterson—Sullivan theory associated with the Poincaré
series O(s, 7). This section is not directly related to Theorem 1.1, i.e. the construction
itself of a convergent Poincaré series. However, this is the section in which we prove all
intermediate results needed to derive Corollary 1.3 from Theorem 1.1. We also recall
there the proper definition of relatively hyperbolic subgroups as well as standard
results for random walks on such groups.

TOME 8 (2025)



1068 M. DUSSAULE, L. WANG & W. YANG

Finally, in Section 5, we gather all the results of the previous sections to prove
our main theorems. First, we focus on amenable parabolic subgroups and we prove
Theorem 1.7. Then, we use Theorem 1.6 to construct a convergent Poincaré series
and prove Theorem 1.1. Finally, we prove Corollary 1.3, using the results of Section 4.

Acknowledgments

We are grateful to the referee for several helpful comments and suggestions that
helped us greatly improve the exposition of the text.

2. The growth rate of the Green function at 1

We study wr(1) in this section. We first show that wr(r) always vanishes at 1 and
then study continuity at this special value.

2.1. Nullity of the growth rate at 1

In this subsection, we do not need to assume that the random walk is symmetric,
nor that it is finitely supported. We start with the following lower bound.

LEMMA 2.1. — Let I" be a finitely generated group and . an admissible probability
measure on I'. Then, wr(1) > 0.
Proof. — Since the series > .00 Hi(n) = Y300 Yaerpr(e, ) = Y501 = 00, we
have that ]
wr(l) = limsup — log Hy(n) > 0. O
n—oo T
Remark 2.2. — 1If p is finitely supported, then there is a constant C' > 0 such

that Hy(n) > C for all n > 1. In fact, since the random walk driven by p is transient
and has bounded jumps of length at most Cy > 0, it will eventually visit the annulus

A(n,n+ Cy) = {z,n < |z| < n+ Coy}.

Note that
Z G(e,x) = Z Z pi(e, )
x € A(n,n+Co) z € A(n,n+Co) k=0
z€ A(nn+Co) k=0
Thus,
> G(e,z) > P(the random walk ever visits A(n,n + Cp))
z € A(n,n+Ch)

> 1.
Now by [DWY25, Lemma 3.1(1)], Hy(n) < Hi(n + 1), hence
> Gle,z) < Hyi(n),

z € A(n,n+C))
which concludes the proof that Hy(n) > C.
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PROPOSITION 2.3. — Let I' be a finitely generated group and p be an admissible
probability measure on I'. Then wr(1) < 0. Moreover, if I' has exponential growth,
there exists C' > 0 such that H,(n) < Cn®.

Proof. — Note that
Hi(n) < G(e, e)tS,,

hence, if the volume growth rate

1
v = limsup — log 15, = 0,

n—oo N

then wr(1) < 0.
We assume that v > 0 in the remainder of the proof. Then there exist ¢; > 1 and
v1, vy > 0 such that

(2.1) crte™ < #B, < c1e™",
where £B,, is the cardinality of the ball of radius n. By [Var91, Theorem 1],

—cgnt/3

pn(‘T? y) < €

for some ¢y, c3 > 0. Choose ¢4 so that 01/303 > vy. Then

can®

[oe)
Hn) <Y Y oplen)+e Y Y et
k=0 z€Sn, r€Sn k=cgn3+1
(o0}

_.11/3
<en® + 1+ s Z eU2nem ek
k=cqn3+1

Note that

- —c3kl/3 o —c3tl/3 2 —czetPn

g e < e S dt < egnie” B ™,
3

k=cqn3+1 can

Thus we have

1/3
v2—C3Cy

/ n
Hi(n) <cem® +1+ C7n2e( ) < egnd

and hence wr(1) < 0. O
Lemma 2.1 and Proposition 2.3 together yield the following corollary.

COROLLARY 2.4. — Let I" be a finitely generated group and let p be an admissible
probability measure on I'. Then, wr(1) = 0.

We also have the following result.

PRrROPOSITION 2.5. — Let I' be a finitely generated group and let p be an admis-
sible probability measure on I'. Then, r + wr(r) is monotonically non-decreasing.

Proof. — Since the Green function itself is non-decreasing in r, given s < r, we
have H,(s) < H,(r), hence wr(s) < wp(r). O
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2.2. Continuity of the growth rate

We start with the following result which holds for every finitely generated group,
without assuming that the random walk is finitely supported. We assume however
that it is symmetric.

PROPOSITION 2.6. — Let I be a finitely generated group and let pu be a symmetric
admissible probability measure on I'. Then, the function wr(r) is continuous for
0<r<R.

Proof. — We modify the arguments in [DWY25, Lemma 3.1], where x was assumed
to be finitely supported and only the case 1 < r < R was treated. There are constants
c1 > 0 and vy > 0 such that 15, < ¢1e"". Fix 6 > 0. We choose ¢ so that for every
0<r<R-9,

vy — ca(log R —log(R — 1)) < wr(r).
Note that since the underlying random walk is symmetric, for every x and every k,
we have py(e, z)pi(e, ) < par(e,e) and by [Woe00, Lemma 1.9], po(e,e) < R
Thus,

(2.2) pr(e,z) < R7*
for every x € I' and k£ > 0. Consequently, we have for 6 <r < R — 9,

Z Z T pk e, QZ v2n Z ( ) CléflRevgnfq(logRflogr)n'

€Sy, k>can k> con

By the choice of ¢, we have that

con

wr(r )—llmsupﬁlog S > rfpi(e, ).

z€S, k=0
Now for0 < s<r < R-—9,

B> ¥ s> (2) T X Y tule),

z€S, k=0 z€S, k=0
and hence 0 < wr(r) — wr(s) < cx(logr — logs), since wr is non-decreasing by
Proposition 2. 5 NOW d > 0 is arbitrary, so this proves that wr(r) is continuous in
0<r<R. O

The continuity at the inverse of the spectral radius seems to be a difficult problem in
general. It is already known that wr is continuous at R in hyperbolic groups [SWX23,
Theorem 1.1] and in relatively hyperbolic groups [DWY25, Theorem 1.1]. However,
we do not know much beyond these classes of groups.

We now investigate further continuity at » = 1. By [Woe00, Theorem 12.5], R =1
can only happen if I' is amenable, hence the following discussion only applies to
amenable groups.

Assume that the random walk satisﬁes the following Gaussian lower bound. There
exists a sub-exponential function f,i.e. = log f(n) — 0, n — oo, such that for every k,
for every x € T,

(2.3) pe(e,x) 2 f(k)e™

|2
k
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Then,

H,(n) = Z i?”kpk(e,x) 2 1S, Z f(k)e*klogr_lfc%
k=0

r €Sy k=0

Al

wr(r) = —(14c)y/logr=! +v.

Letting 7 1 1, we see that 0 > limsup,; wr(r) > v. Therefore v = 0 and

It follows that

1;1{111 wr(r) = 0.

Remark 2.7. — We thus recover the fact that a Gaussian lower bound like (2.3)
cannot hold for groups of exponential volume growth, which was already noticed in
literature, see for instance the comments after [Ale92, (0.3)].

PROPOSITION 2.8. — Let I' be a finitely generated virtually nilpotent group
endowed with a finite generating set and let . be a finitely supported symmetric
admissible probability measure on I'. Then, the function wr is left-continuous at 1.

Proof. — The fact that a Gaussian lower bound (2.3) with f(k) = k=%2 holds for
virtually nilpotent groups is well known, see for instance [Ale02, Corollary 1.9]. O

3. Cartesian products of trees

In this section, we study the behavior of H,.(n) for random walks on 7" x T", where
T,T" are regular trees. The asymptotics for the Green functions are given by the
work of Picardello and Woess [PW94], see also [Woe00, Section 28] and references
therein for the particular case of T' x Z.

Let T1, T, be regular trees of degree [, [y > 3. We consider the lazy simple random
walk p; on T; whose transition kernel p;(z,y) is defined by

2% if x,y are connected with an edge in T3,

pi(r,y) =43 ifz=y,
0  otherwise.
In particular, u; is an admissible symmetric finitely supported probability measures
on T;. For every ay,as > 0, a1 + ag = 1, we let p be the probability measure on

Ty x Ty given by
(3.1) = Qi + aopls.
In terms of Markov operators, this means that
P,=a1P, @I+ ol ®P,,.
As noted in [PW94, Section 3], the lazy simple random walk on 77 x Ty with
p(z,x) = 1/2 is given by a; = 4. Set p; = T+ \/ll—j and R = —L——_ Then,

l1+l2 a1 p1t+azp2
pi is the spectral radius of u;, see [PW94, (2.2)] and p = R~ is the spectral radius

of i, see [PW94, Section 3]. We prove here the following.
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THEOREM 3.1. — If I} = Iy, then for every r < R, we have H.(n) =< e™r(),
If Iy > ly, then there exists a phase transition at some 19 € (1, R) such that the
following holds.

e For every r < 1y, we have H,(n) < e™r (™),
o At r =rq, we have H,(n) < n~temr(),

e For every rg < r < R, we have H,(n) < n=3/2emnr(),

Proof. — The remainder of the section is devoted to the proof of this theorem.
By [PW94, Theorem 3.1], for every r < R, for every \g > 0, there exist 71,75 such
that as © = (x1,x2) € Ty X Ty tends to infinity and |zs|/|z1] = A converges A, we
have

[ ly 1
Gle, zr) ~ G1(€7351|7’1)G2(€75U2!7“2)<|IL'1| + ) (\ 2| + . 2) o ‘5/20()\)

where C()) is a continuous positive function.
The numbers r; and 75 are the unique solutions of the system

alrl_l + a2r2_1 =1
(3.2) B 2 B B 2 -
a2\/<r21 B %) B 12151 _ Aal\/(ﬁ 1 %) B 111%1
By symmetry, the same holds when |z1|/|za] = N converges to A, € [0, +o0),

switching the indices 1 and 2 and replacing the function C' with a function C’
which is also continuous and positive.

Set §; = Y4=L and

G = S AT Ee))

By [PW94, (2.4)], we have that
Giles, wilr) = Gi(r) Fi(r)™,
hence in particular G;(e;, el\r) = G,(r).
Since 1 < Gi(r) < Gi(p; '), we have
(33) Hé(?") = Z Gi(€i,$i|7") = lz(ll — 1>n—1G2(7,)E(7,)n = eani(T),
z; €T;: |Zl‘1‘:7l
where
wr, (r) = log(l; — 1) + log F;(r).

We now fix r < R and we consider n > 0. The sphere S,, in T} x T5 can be

decomposed as
n

=J Sy x S2,
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Then, for every k < n, there exists a unique couple (r1(\),r2(\)) satisfying (3.2)
with A\ = ”T_k Moreover,
1 1
———=C(\) =
w7 = [l s el
and for k > n/2, A <1, hence by the continuity of C'()),
1 1

~

—(C(\) < .
WY = Tl e

(1+X)2C(N)

Similarly,
1 1
C/ )\/ _ 1 )\/ 5/20/ )\/
a2 ) = Gl e ATO)
and so for k < n/2,
1 1
—C'(\N) = .
222 C ) = ol el
Setting k; = ll-li2’ we thus have
Y Gle,xlr)
IES’n

<Y T Y Gulemin)Gale malra()(k+ r)((n k) +5)
k=0 3516.5‘,1 xgessz
< s (b ) (0= B) 4 ) H ) (a4,
Applying (3.3), we see that
(3.4) H,(r) < ni/z i(k’ + K1)((n — k) + ko) exp(n¥ (X)),

Wl‘h )\ = ka and
\Ij()\) = ———Wr (7 1 ()\)) + 4)\ (.Ulz( ‘2()\))

In order to find the asymptotics of H,(r), we thus need to find where the function
V() takes its maximal value.

Now let t = 77! — % and t; = t;(\) = r;(A\)™' — . Then (1, t,) solves the system
of equations

t1 + agty =1,
(3'5) {041 1 T Qial

/3 — B3 = dany/t] — 3}

LEMMA 3.2. — The functions X — t1(\) and X — t3(\) are continuously differ-
entiable. Furthermore,

_ )\041(75% — 5%)

T oty + Nagty

A3 - 5)
(6%) L Oéztg + )\2a1t1 ’
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Proof. — Let U be the open set (S, +00) X (fa, +00) X (5, +00) x (0, 4+00) with
B=p-— % We set

T:(t,t,t, ) €U — <061751 + agty — 2t, ap\/13 — 5 — A /17 — 5%)

Then

oY
E - <_27 0)

oY
T (o, -arT ).

and

For t; > (1, the matrix

—2 0
(0 —Oély/t%—ﬁ2>
is invertible. The implicit function theorem shows that the solution (1, 3) of (3.5)

is continuously differentiable in the variables (¢, A). The formulas for ¢} () and t5(\)
are then derived from (3.5). O

Define
wi(t) =logl; + log(t — /12— ﬁf)
Then
1
V(N = m@l(tl()\)) + T+ )\802(1520\))-

Since
(3.6) (t) = ————

. 807, - tQ — 27

we have that

and hence
iy Pt(A) Ay (ta(N)) pa(t2(A) — 1 (t1(N))
i L e S (e
_anti(A) + asth(A) p2(t2(N) — pi1(ti(N)
(3.7) = EDY p1(t(A)) + (1+\)2
_ ea(ta(N) — (02 (N)
(1+A)2 '
Furthermore,
" _ t% - 5%
(38) VN = — gt — etV - e e
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By Lemma 3.2 and (3.6), we see that ¢1(t1())) (resp. p2(ta(N))) is strictly increasing
(resp. decreasing) in A. It follows that there is at most one Ay € [0, 400) such that
qf’()\o) = 0. Note that tQ(O) = ﬁg, t1<0) = Oél_l(t - Qgﬁg) > 61, and

1
On the other hand, limy_, ;o t1(A) = B1, Hmy_ 100 t2(A) = a3 ' (t — @1 B1) > Bo, and
. 1
Jim_py((V) = £ log(h — 1)

Assume l; = lp = [. Then for Ay = 2 we have that #1(\g) = t2(Ag) = t and

U’'(A\g) = 0. Note that
VT

T’'(Ng) = — <0
( 0) O[Qt
by Lemma 3.2 and (3.6). By Lemma 3.3 (ii) below, we can deduce that
nlog|:l<r_11 r=1-1 252)]
(3.9) H,(r) < ™) —¢ V) :

This concludes the proof of Theorem 3.1 for the case [, = I5.
Assume now that l; > lo. Then, we have that 8; < Sy and ¢1(81) > ¢2(f2). Since
limg_, 4 oo 1(8) = —00, there exists o > ay 51 + a2 > [ such that

901(%_1(150 — Oézﬁz)) = pa(fa).
If t < tg, then
£1(11(0)) = @1 (a7 (t = asf)) > @1 (a7 (ty — @22)) = a(t2(0))

and hence W/(\) < 0 for all A > 0. It follows that W(\) takes its unique maximum
at A = 0. By Lemma 3.3 (i) below,

(3.10) H, (7«) — p3/2gnlog e (afl(t*azﬁﬁ).

Similarly, if ¢ = ¢¢, then 0 is also the unique maximum point of ¥(\), and we have
further that ¥'(0) = 0,

\/(to — )’ — o B} -

lI]”(O) T Q232

0.

Thus, Lemma 3.3 (iii) below shows that
(3.11) H,.(n) =< n~1en?(0) — p-1gnlogpr(ay’ (tazfa))
It remains to consider the case that ¢ > ty. Since ty > 11 + @32 we have
Jimoa(t2(N) = a0t — ) < a(Be) < pa(B1) = Jim_pi(11(N),

and

£1(11(0) = o1 (a7 (t — a2pa) ) < 1 (a7 (to — @2a) ) = pa(t2(0)).
Thus there exists Ay > 0 such that ¢q(t1(Xo)) = @2(t2(No)). By (3.8), ¥"(Ag) < 0,
and we see from Lemma 3.3 (ii) below that

(3.12) H,(n) < g™ (1)),
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To conclude, what is left to do is proving that ro > 1, i.e. {y < 1/2. Lengthily
computations would prove that

/1
1 (041 ' (2 - Oé252>) < p2(fa),
hence we necessarily have to < 1/2. However, we see that at ¢y, we have by (3.11)
H,(n) < n~1e™(0 = n-lenloser(or ! (t-0282)) 1y particular,
wr(ro) = log g1 (a5 (to — aB2)) = loga(32) > 0.

Since wr(1) = 0 and wr is increasing, we see directly that ro > 1. This ends the
proof of Theorem 3.1. U

LEMMA 3.3. — Assume that ® € C*([0,+00)) is eventually decreasing and has
a unique maximum point at 0 < A\g < 0o. Define

n

Fn) =S k(n — ke,

k=0
(i) If \g = 0 and 9'(0) < 0, then

f(n) < ne®©.
(ii) If Ao > 0 and ®"(\g) < 0, then
f(n) = nd/2en®Ro),
(iii) If \g = 0, (0) = 0 and ®"(0) < 0, then
f(n) = n®2em®O),

Proof.

(i). — For every 0 < e < —®’(0), there exists § > 0 such that for every 0 < A < 0,
|®'(A\) — @'(0)| < e. By the mean value theorem, for A <4,

(@'(0) — )X < D(N) — ®(0) < (P(0) + ).
If ”k;k < 4, then we have k > (1 + )" 'n. Thus

f)= Y k(- k)T

k> (140)"1n
> ne"®0) Z (n— l{:)e”(‘b/(o)*e)%k
k> (1+6)~'n
> ne®O) Lo @ (0)—e)k
= ne"®),

Since 0 is the unique maximum point of ®(\), there exists n > 0 such that ®(\) <
®(0) —n for all A > §. Thus

> k(n— k:)e"q)(nTik) < nBen@O=m),
kE<(1+46)~1n
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Also,
S k(- ke UF) <nem®© ST (= f)en(® O
k> (1+6)~1n k> (1+6)~1n
< ne"®© Z Le(®'(0)+e)(1+0)~ 1k
k< %n
[ee]
< ne®©) Z ke(@’(o)—&-a)(l-&-é)*lk
k=0
Combining the last two displays yields the desired upper-bound.
(ii). — For0 < ¢ < —w < ¢, there exists § > 0 such that
(3.13) —ca(A = X)? < DN) — D (o) < —e1(A — No)?

for |A — Ao| < 0. Clearly, we have that
> k(n — k)e"q)(%k) < ne(®h0) =)

ke | 2R —xo| >0

for some 1 > 0. Now,

Z kz(n . k)en<1>(nT7k> ~ n3en‘1>()\0) Z le—cln(%_l_%)?

ke |2k —o| <o k:‘"T’k—)\olgén

(1+>\0—5)71 1 2
= n3e”‘b()‘°)/ e—an(z =1=%0)" g
(1+X0+0) 1

By a change of variables, we get

n— 5
Z k(n — k)enq)(Tk) = n3enq>()‘0) / ec1ny2;iy>\2
k:‘nTik_Aolét; -5 (y_|_ + 0)
svn
— 15/2en%(N0) / e
—5/n
= nd/2en®(No)

The lower bound can be proved by the same arguments, changing ¢; with cs.
(iii). — The proof of (iii) is similar to that of (ii), except that we need to re-
place (3.13) with
—c A2 < D(N) — B(0) < —cr N2
and the order of magnitude is not ”T’k = \g £ anymore, but k > (1+6)"'n as
in (i). O

4. Twisted Patterson—Sullivan measures

In the next section, we will give applications of our results to relatively hyper-
bolic groups. Before that, we introduce here all the necessary material to derive
Corollary 1.3 from Theorem 1.1. In particular, we introduce a proper distance 0,
which is quasi-isometric to the word distance and a family of Patterson—Sullivan
type measures on the Bowditch boundary of a relatively hyperbolic group.
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4.1. Some background on relatively hyperbolic groups

Since their introduction by Gromov, relatively hyperbolic groups were studied
by many authors through several equivalent definitions. We will mainly use the
viewpoint of Bowditch [Bow12] and Gerasimov—Potyagailo [GP13, GP15, GP16] in
the sequel. Consider a finitely generated group I' acting properly via isometries
on a proper geodesic Gromov hyperbolic space X. Define the limit set Ar as the
closure of I' in the Gromov boundary 0X of X, that is, fixing a base point zy in X,
Ar is the set of all possible limits of sequences g, - o in 90X, g, € I'. The proper
action of I' on X by isometries extends to a convergence group action on Ar by
homeomorphisms, which means that the induced action on the space of distinct
triples is properly continuous (see [Bow99, Proposition 1.11] for example). If A
contains at least three points, then I' acts minimally on Ar.

A loxodromic element x € I' is an infinite order element with exactly two fixed
points x_ # x, in Ap. Moreover, x acts via North-South dynamics on Ar in the
sense that for any £ # x4, "¢ converges to x4 as n goes to +oo. Then x is called
the attracting fixed point of x and z_ is called its repelling fixed point. The fixed
points of any two loxodromic elements are either the same or disjoint. So I' contains
infinitely many loxodromic elements with pairwise disjoint fixed points.

A point € € Ay is called conical if there is a sequence g, of I' and distinct points
&1, & in Ap such that g,& converges to & and g, converges to & for all { # £ in Ar.
A point & € Ar is called parabolic if its stabilizer in I' is infinite, fixes exactly &
in Ar and contains no loxodromic element. If, in addition, its stabilizer in I acts
co-compactly on Ar \ {{}, then & is called bounded parabolic. Say that the action
of I' on X is geometrically finite if the induced convergence group action on the limit
set Ar is geometrically finite: Ar only consists of conical limit points and bounded
parabolic limit points. See [Bow99] for more general facts on convergence groups.

A group I is called relatively hyperbolic with respect to a collection of subgroups P
if it acts geometrically finitely on a proper geodesic hyperbolic space X such that
the stabilizers of parabolic limit points are exactly the conjugates of the elements
of P. Elements of P are called maximal parabolic subgroups. We will write Py for the
choice of a set of representatives of conjugacy classes of elements of P. By [Bow12,
Proposition 6.15], such a set PPy is finite.

The limit set Ar in the Gromov boundary of X is called the Bowditch boundary
of T'. By [Bow12, Theorem 9.4], it is unique up to equivariant homeomorphism and
in particular does not depend on the choice of a proper geodesic Gromov hyperbolic
space X on which I' acts geometrically finitely. We will write OI" for the Bowditch
boundary of I' in the sequel. A relatively hyperbolic group is called non-elementary
if its Bowditch boundary is infinite; equivalently, 10I" > 2.

We now fix a finite set Py of representatives of conjugacy classes of maximal
parabolic subgroups. When P € Py and g € I', we call gP a maximal parabolic
coset.

DEFINITION 4.1. — Let gP be a maximal parabolic coset and n, L > 0 be fixed
constants. A point p on a geodesic « is called (n, L)-deep in gP if

B(p,2L)Na C N,(gP).
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It is called an (n, L)-transition point if it is not (n, L)-deep in any maximal parabolic
coset gP.

The following set of inequalities is called weak relative Ancona inequalities and
will be helpful below. They extend similar inequalities proved for hyperbolic groups
by Ancona [Anc88] for r = 1, by Gouézel-Lalley [GL13] on co-compact Fuchsian
groups for r < R and by Gouézel [Goul4] in full generality for » < R. The version for
relatively hyperbolic groups that we use here were first proved for r = 1 by Gekhtman—
Gerasimov—Potyagailo-Yang [GGPY21] and then by Dussaule-Gekhtman [DG21]
for r < R.

LEMMA 4.2 ([GGPY21, Theorem 1.1], [DG21, Theorem 1.6]). — Let I be a
relatively hyperbolic group and let p be a finitely supported admissible and symmetric
probability measure on I'. Then, for every c,n, L > 0 there exists C' > 0 such that
for every r < R, the following holds. For every x,y,z € I', if y has a distance at
most ¢ to an (n, L)-transition point on a geodesic from x to z, then

GGy, 2Ir) < Glr, 2lr) < CGleylr)Gly, =Ir).

Note that the constant C' is independent of r € [1,R]. In other words, the
Green function is roughly multiplicative along transition points on a geodesic. In
both [DG21, GGPY21], these inequalities are formulated in terms of the Floyd dis-
tance, which is an appropriate rescaling of the word distance. However, the statement
for transition points directly follows from [GP15, Corollary 5.10] which relates tran-
sition points with the Floyd distance. We also refer to [GGPY21, Section 9] for more
details.

We will also use the following at some point.

LEMMA 4.3 ([Yan22, Lemma 2.14]). — There exist universal constants 1, L with
the following property. Let v be a geodesic ray ending at a conical point & € OT.
Then v contains a unbounded sequence of (n, L)-transition points x,,.

In the remainder of this section, we consider a finitely generated relatively hyper-
bolic group I'. When speaking of a transition point, we mean an (7, L)-transition
point with (n, L) satisfying Lemma 4.3. We also fix a finitely supported symmetric
and admissible probability measure p on T

4.2. Busemann cocycles

Given z,y,z € I, let B,(x,y) := d(x,z) — d(y,2) and K,(z,y|r) = ggz‘l:; The

function B, is called the Busemann function associated with the distance d at z.
Following [BB07], we define the r-Green distance by

G(x,y|r)

Gle,elr)’

Then K, (z,y|r) = e”ldr@2)=d:2)] s the exponential of the Busemann function for
the r-Green distance. We also write |2~ 'y|, = d,(z,y), and |z 'y| = d(x, ).

dr(may) = —IOgFr(fB,y) = _log
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Consider the distance 0, defined for x,y € T" by
0,(z,y) = wr(r)‘x_ly’ + ’x_ly‘r.

LEMMA 4.4. — If 1 < r < R, then the distance 0, is proper and quasi-isometric
to the word distance.

Proof. — The proof is standard, but we write a complete argument for sake of
completeness. First we prove that for every r < R, there exist C; > 0 and a; > 0
such that for every x € I’

(4.1) Gle, x|r) < Creoel,
Since p is finitely supported, there exists ¢ > 0 such that
Gle,z|r) = Y r"pyle, ).

n>clz|
Moreover, by (2.2),
pnle,z) < R7™
Therefore,
r\" 7\ clzl
Gle,zlr) < ( )g(]() .
(e, z|r) n;ﬂ I i 7

This proves (4.1).
Second, we prove that for every r > 1, there exists Cy > 0 and ay > 0 such that
for every x € T,

(4.2) Gle, z|r) > Cyee2lel,

Indeed, since the support of i generates I', there exists a path xg = e, x1,..., 2, =
such that n < |z| and p(x,'21) > 0. In particular, we find that

G(e,x|r) = G(e,x|1) > u(xglxl) . .u(m;ﬁlwn),

which proves (4.2). We conclude that for 1 < r < R, the Green distance is quasi-
isometric to the word distance and that G(e, z|r) vanishes at infinity. Consequently,
the distance 0, also is quasi-isometric to the word distance and satisfies that as x
goes to infinity, 9,.(e, x) tends to infinity. In particular, any ball for 9, is contained
in a larger ball for the word distance and thus is finite, so 0, is proper. 0

Remark 4.5. — According to [GL13, Lemma 2.1], for any non-amenable group T’
and any finitely supported symmetric admissible probability measure p, G(e, z|R)
converges to 0 as |z| goes to infinity. As a consequence, the distance 0y is proper,
although it might not be quasi-isometric to the word distance.

Define the corresponding Busemann cocycle

(4.3) Be(z,y;7) = wr(r)Be(z,y) — log Ke(x, y|r)
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LEMMA 4.6. — There exists a constant C' > 0 with the following property. Let
¢ € OU be a conical point, and z,y € I'. There exists a neighborhood V =V (z,y)
of £ in ' U Ol such that for any z € V NT:

|Be(2,y) — B(z,y)]
|log K¢(x, y|r) —log K (z,y|r)|

Proof. — The statement for By is proved in [Yan22, Lemma 2.20]. Also, by [DG21,
Proposition 4.1], the Martin kernel K, (-,e|r) = G(-, z|r)/G(e, z|r) extends continu-
ously to K¢(-,e|r) as z converges to a conical limit point . This follows from weak
relative Ancona inequalities. In particular, K, (z,y|r) converges to K¢(z,y|r) as z
converges to £, so the statement for K¢ also holds. 0

b

<C
<C

As a consequence, the Busemann cocycle B, (z,y) extends to a coarse cocycle
B¢(x,y) at a conical point £. That is,

Be(x,y) := limsup Be(x, y)
z—¢&

does not depend on the choice of z — &, up to a bounded additive error C' independent
of &.

4.3. Quasi-conformal densities

A Borel measure p on a topological Hausdorff space T' is regular if p(A) =
inf{u(U) : A C U,U is open} for any Borel set A in T. It is called tight if
pu(A) = sup{u(K) : K C A, K is compact} for any Borel set A in 7. A finite
Borel measure is called Radon if it is tight and regular. It is well-known that all
finite Borel measures on compact metric spaces are Radon, see [Bil99, Theorem 1.1,
Theorem 1.3].

Denote by M(JT") the set of finite positive Radon measures on OI'. Then I acts
on M(9T') via g,v(A) = v(g ' A) for any Borel set A in O

DEFINITION 4.7. — We call a map x + v, equivariant if for every x,qg € I', we
have

Voo(A) = 1y (g’1A>
for every Borel set A C OI.
DEFINITION 4.8. — Let w € [0, 00[. We call a I'-equivariant map
v:I'— M), z+—u,
an w-dimensional quasi-conformal density if for any x,y € ' the following holds

dv,
dv,

(4.4) (&) = e D Ke(a, ylr),

for vy-a.e. points & € OI', where the implicit constant does neither depend on z,y,
nor on €.

We prove the following result.
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LEMMA 4.9. — Let {v,}zer be a o-dimensional quasi-conformal density on OT.
Then the support of any v, is OT.

Proof. — By definition, the support supp(v,) is a maximal closed subset such
that any point in OI' \ supp(v,) has an open neighborhood which is v,-null. It is
well-known that OI' is a minimal T'-invariant closed set, see for instance [Bow99,
Section 2]. Thus, it suffices to prove that the support of v, is I'-invariant. This
follows from equivariance and quasi-conformality, since v,(A) = v,,(gA) for any
Borel subset A C JI' and v, and v, are absolutely continuous with respect to each
other. O

As explained in the introduction, we associate the following Poincaré series to
and to the word distance, by setting
Or(r,s) = >_ Gle,z|r)e S‘xl—ZH e " = G(e,elr) - Zesm -

zel n=0 zel

where we recall that H,(n) = Y ,cg, G(e,z|r) and that the critical exponent wp(r)
is defined by

1
wr(r) = 1ig1_>sogp - log H,.(n).

The group I' is of divergent (resp. convergent) type for the Green function if Op(r, s)
is divergent (resp. convergent) at s = wr(r).
Recall 0,(z,y) := wr(r)|lz " y| + |27y,

LEMMA 4.10. — The series Pr defined as
Vs>0, Pr(s Ze’sa”cy
zel

has critical exponent 1, and the divergence of Pr(s) at s = 1 is equivalent to that of
Or(r,s) at s = wr(r).

Proof. — By [GL13, Lemma 2.1}, G(e, z|R) goes to 0 as |z| tends to infinity. Thus,
G(e,z|r) < G(e,z|R) < 1 for large enough x. In particular, we see that for s > 1,

Z G(e, x|r)’e —ser(lzl < ¢ Z G(e, x|r)e T ()l

zel zel
The right-hand side converges, so the left-hand side also converges. Conversely, for
s <1,

3 Gle,z|r)e = r®lEl < €3 Gle, afr)emer®ll,

zel zel
The left-hand side diverges, so the right-hand side also diverges. Thus, the critical
exponent of Pr(s) is 1.

Also, note that Pr(1) = Or(r,wr(r)), so the second conclusion of the lemma

follows. 0J

Write u(f) = [ fdu for a continuous function f € C'(9T"). We endow M (IT") with
the weak topology. That is, a sequence pu,, € M(II") converges to p if p, (f) converges
to u(f) for any f € C(9T'). Equivalently, by the Portmanteau Theorem [Bil99,
Theorem 2.1], p, converges to p if liminf, ,. p,(U) > wu(U) for any open set

Ucor.
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We start by constructing a family of measures {v¢},cr supported on I' for any
s > 1. First, assume that Pr(s) is divergent at s = 1. Set
1 (7). D
vy = e %) Dirac(z),
Zop

where s > 1 and x € I'. Note that v/} is a probability measure.

On the contrary, assume that Pr(s) is convergent at s = 1, Patterson introduced
in [Pat76, Lemma 3.1] a monotonically increasing function H : R5y — R with
the following property:

(4.5) Ve>0,3t, Vt>t, Ya>0, H(a+t)<expae)H(t).
and such that the following modified series

PL(s) := Z H(,.(z,2)) - o= 5r(@:2)

zel

is divergent for s < 1 and convergent for s > 1. Then define measures as follows:

v = 7:;1<s> X e H@.(a,2)) - Dirac(),
where s > 1 and z € I'.

Choose s; N\ 1 such that v* are convergent in M(OT' UT) for all x € T'. Let
v, = limv]" be the limit measures, which are called Patterson—Sullivan measures
associated with the Poincaré series Pr. Note that forcing the Poincaré series to
be divergent at 1, we have 1,(0I') = 1. In the sequel, we write PS-measures as
shorthand for Patterson—Sullivan measures. We also write 01'°°" for the set of conical
limit points in the Bowditch boundary.

PROPOSITION 4.11. — The PS-measures {v, },er on the Bowditch boundary are
absolutely continuous with respect to each other and satisfy
dvy
(4.6) Ve, () z e,
dv,
dv,

(4.7) Yy, a.e £ € O™, (&) x e “r BV R (1 y|r),

dv,

where the implicit constant is independent of x,y and &.

Remark 4.12. — 1If T is of divergent type for Green function, then Theorem 4.17
below says that PS-measures have no atoms on Bowditch boundary and give full
measure to conical limit points, so (4.7) holds for v,-a.e. £ € OI'. In this case, v is
an wp(r)-dimensional quasi-conformal density.

Proof. — Since 0, satisfies the triangle inequality and lim;_, % =1, we see

that {v, : x € I'} are absolutely continuous with respect to each other,
dv,

eiDT (I7y) g
dv,

(&) < o™i,

We now verify the quasi-conformality at conical limit points. We only consider the
case where I is of convergent type, the divergent type being simpler. Let € > 0 and ¢,
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the number be given by (4.5) for the function H. Let ¢ = fﬁ be the Radon—Nikodym

derivative, uniquely defined up to a v,-null set. Let £ € OI" be a conical limit point
and consider the open neighborhood V' of ¢ and the uniform constant C' given by
Lemma 4.6.

Let f be a continuous function supported in V. One can choose V also such that

0,(y,2) >t for all z € V. If z € V satisfies 0,(z, z) > 0,.(y, z), then we have
H®(z,2)) = HOq(z,2) —0,.(y,2) +0,(y, 2))
< ee[ar(w,z)fbr(y,z)] . H(Dr(y, Z))
< OBV . [T (v, (y, 2)).

Since H is increasing, we have

(4.8) Co H(,(y, 2)) < H(dp (2, 2)) < CH(0,(y, 2)),

where C, = e(“+P¢@¥) > 1 depends on ¢, C' and (x, ) but not on z € V. Note that
C. — 1 as ¢ = 0. By symmetry, the conclusmn (4.8) also holds if 9,.(x, z) < 0,(y, 2)
for z € V.

Using (4.8), we get the following estimates. First,

iD= p 2 eI H 2 (2)

< CeB:ly) .~

= Cee B0 5 f)

and second

vp(f) =

1 e 50 (:2) T, 2 z
P )1

1
S O lesB ) | S e AH (D, (y,2)) f(2)
PF(‘S) zeV

= Co @0y f)
where the implicit constants depend only on C' but not on e. Letting s — 1, we get
Cle ™ BV () < v, (f) < Cee™Be@¥)y, (f)

for any continuous function f supported in V. As e = 0, C. — 1, hence it follows
that

9(¢) = o)

for v,-a.e. conical limit point £ € OT. O

4.4. Shadow Lemma

The key observation in the theory of PS-measures is the Sullivan Shadow lemma
shedding some light on the relation between the PS-measure and the geometric
properties of the boundary.
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Recall that OI' is a visual boundary for the Cayley graph Cay(G,S): any two
distinct points z,y € Cay(G, S) U OI' can be connected by a geodesic. See [GP13,
Proposition 2.4].

DEFINITION 4.13. — Let C' > 0 and x € I'. The shadow [Io(z) at « is the set of
points £ € OI' such that there exists some geodesic v = |e, &| intersecting B(z, C').

The partial shadow V¢ (z) at x is the set of points & € OI' such that some geodesic
le, &] contains a transition point C-close to x.

We now state the Shadow lemma in our context, whose proof follows closely the
proofs of [Yan22, Lemmas 4.1 & 4.2] with Lemma 4.6 replacing Lemma 2.19 there.
Let us denote by U¥"(g) the set of all conical limit points in V¢ (g).

LEMMA 4.14 (Shadow lemma). — Let {v;},er be an wr(r)-dimensional PS mea-
sures on the Bowditch boundary OI'. Then there exists Cy > 0 such that for any
C > Cy and x € T the following two inequalities hold

(4.9) ermlGle, zr) <o ve(Ve(z)) < ve(le(x)),
(4.10) Ve (TS (2)) <o e~ r™llG e, z|r).
Remark 4.15. — If v, has no atoms at parabolic points which form a count-

able subset of the Bowditch boundary, then we obtain the full strength of the
partial shadow lemma without having to restrict our attention to conical points.
The upper bound (4.10) for the partial shadow uses the relative Ancona inequalities
(Lemma 4.2), while it is unknown whether the upper bound holds for the usual
shadow.

Proof. — Let F be a set of three loxodromic elements with pairwise disjoint fixed
points. For each f € F, let a := U;cz f'le, f] be an (f)-invariant quasi-geodesic
between two fixed points f_, f € OI'. Let Uy C OI' be an open neighborhood of
f+ so that for any n € Uy, the projection of n to the axis o has a distance to e at
least C. By [DWY25, Lemma 2.4], for any x € T, there exists f € F so that [z71, 7]
contains a transition point C-close to e. Thus, Uy C 27 W ().

As T" acts minimally with a dense orbit in OI', the I'-orbit of any open set U C 9T’
covers OI', so U have positive v.-measure. Hence, setting

D =min{v.(Uy) : f€e F} >0
which is independent of z, we have
Ve (xil‘llc(:v)) > D.
Since v, is equivariant, the lower bound in (4.6) implies

(r)|x\G(ea$|””) )
Gle,elr)
)z| G(e, $|7").
Ge,e|r)
Since G(e, e|r) is bounded by G(e, e|R), this concludes the proof of the lower bound.

Ve(We(x)) = vy (:1:_1\1!0(.7:)) >e T Ve (x_l\Ifc(a:))

2 De*wr(r
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For any & € 71 W% (z), there is a geodesic v from 27! to £ which intersects B(e, C)
and contains a transition point. Thus, |Be¢(z7 1, e) — d(z 71, €)| < 2C. By the relative
Ancona inequalities (Lemma 4.2), there is a constant C independent of r such that

N . Gzt z|r)
Ke(2elr) = lim ———=1"
5(1’ ,e]r) Y G(e, z|r)

Also, by (4.7) there is a constant Cy > 0 such that for v.-a.e. conical limit point
é- c arcon,

< C1G(e, z|r).

dl/x—l

dv,
Combining together the above estimates, we have

ve(UE" () = vy (270G (7))
< C / —wr‘(r)B§<:c*1,e)K 71’ d .
2 fquccgm(x)e g(x e|r) Ve(§)

< O, CLe*Cer() -e’“’r(r)l’”‘G(e, x|r),

which finishes the proof of the upper bound. O

© < Cormr A (5l

PROPOSITION 4.16. — Suppose that v, gives positive measure to the set of conical
limit points. Then I' is of divergent type for the Green function.

Proof. — List I' = {z1,...,z;,...} such that for all i, |x;| < |zi1|. Let Cp be
given by Lemma 4.14. For any C' > C, set

(4.11) Ao = () U 9 (2).

n=11i=n
By Lemma 4.3, we have 90°"I' = Aq. In other words, any conical limit point is
shadowed infinitely many times by elements of T'.
We claim that ©p(r,wr(r)) is divergent. Recall that

Or(r,wr(r)) = Y e rOklG(e, z|r).
zel
By Lemma 4.14, we see that

Z e_wr(r)lg”'G(e,xV) - Z v (V& (2))

x| =>n lz| =n

- Ve( U \Ilccon(x)) = v.(Ac) > 0.
lz| >n

This is true for all n > 0 and v.(A¢) is independent of n. Thus, Or(r, s) is indeed

divergent at s = wr(r). O

THEOREM 4.17. — If T is of divergent type for Green function, then v, has no
atoms. Otherwise, v, is purely atomic and supported on the set of parabolic points.

Proof. — First of all, the otherwise statement follows from Proposition 4.16. Indeed,
if I" is of convergent type, then v, cannot give positive measure to conical limit points,
hence it is supported on the set of parabolic limit points. Since this set is countable,
V. is necessarily purely atomic.
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Assume now that I' is of divergent type. Let ¢ € dI' be a bounded parabolic point
so that the stabilizer P € P acts co-compactly on 0T’ UT'\ {¢}. Let K C TUJI'\ {¢}
be a compact fundamental domain. For a point y € I', we let mp(y) be the set of
nearest point-projections

mp(y) ={p € P :d(y,p) = d(y,P)}.
Define mp(A) := Uycamp(a). As 0K is disjoint with 0P = {q}, the shortest pro-
jection Z := wp(K NT) has bounded diameter by [GP16, Proposition 3.3]. By
enlarging 7, assume without loss of generality that 1 € Z.

Note that a maximal parabolic P has the contracting property by [GP16, Propo-
sition 8.5]: any geodesic [z, y| with large projection to P is uniformly close to mp(x)
and 7p(y). Thus, for any y € T'N K and p € P, any geodesic [e, py|] passes within
uniformly bounded distance of p € pZ. Consequently, |py| ~ |p| + |y|. Moreover,
le, py] exits P with bounded distance to pZ, so p is within a bounded distance of a
transition point on [e, py]. Now, by the relative Ancona inequalities in Lemma 4.2,
G(e,py|r) < G(e, p|r)G(e,y|r). Here the implicit constants in ~ and =< are indepen-
dent of y and p.

We can estimate the vJ-measure of an open neighborhood

U, ={q} U{pK :p € P;|p| > n}

as follows
1
vi(Un) < ) vi(pK) < YooY e erlG e, pylr))*,
Ip|>n PF(S) p|>n yeK
hence
1
ve(Un) < oY err@lemserbG e, y|r)]*[G e, plr))*
PF(S) p|>n y€K
< V(K) > e r PG e, plr)).
[p| >n

By [DWY25, Corollary 3.9], ©p(r,wr(r)) is convergent. Also, by the Portmanteau
theorem [Bil99, Theorem 2.1], limsup,_,, v5(K) < v.(K). Letting s — 1 and then
n — 0o, we see that v.(U,) — 0. Thus, v, has no atoms at parabolic limit points.
By Lemma 4.3, a conical limit point £ is contained in infinitely many partial shadows
Vo(xy,). By Lemma 4.14, as x,, — &, the ve.-measure of U (z,) tends to 0, so conical
limit points are not atoms as well. 0

5. Convergent Poincaré series and applications

This final section is devoted to the proof of Theorem 1.1 and Corollary 1.3. One
important notion that was coined in [DWY25] is the parabolic gap for the Green
function whose definition we now recall. Let u be a probability measure on I', let P
be a finite set of representatives of conjugacy classes of maximal parabolic subgroups

and let P € Py. We set
Hp,(n) = Z G(e, x|r)

r € S,NP
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and |
wp(r) = limsup — log Hp,(n).
n—oo T
DEFINITION 5.1. — Ifwp(r) < wr(r), we say that I has a parabolic gap along P

for the Green function at r. If for every P, for every r € (1, R], wp(r) < wr(r), then
we say that I' has a parabolic gap for the Green function.

One of the consequences of having a parabolic gap for the Green function is that
H,(n) is roughly multiplicative and the Green function has purely exponential growth.
Namely, by [DWY25, Theorem 1.8], if ' is a non-elementary relatively hyperbolic
group and if p is a finitely supported admissible and symmetric probability measure
on I' such that the parabolic condition for the Green function holds, then for every
1 < r < R, there exist C' and C” such that for all n,

1
(5.1) 5Hr(n +m) < H.(n)H.(m) < CH.(n+m)
and
1
(5.2) —emr() < H,(n) < Ce™r(),

Cl

As proved in [SWX23], these two properties (5.1) and (5.2) hold for all hyperbolic
groups. It was proved in [DWY25] that if maximal parabolic subgroups are amenable
and if r < R, then the parabolic gap condition holds, hence so do the properties (5.1)
and (5.2). Under additional assumptions on the random walk, this was also proved
at R. Among the unanswered problems in [DWY25] are the following questions. Does
the parabolic gap condition holds at R as soon as maximal parabolic subgroups
are amenable? Does there exist examples of relatively hyperbolic groups endowed
with a finitely supported admissible symmetric probability measures such that the
properties (5.1) and (5.2) fail? As particular cases of our work, we answer these two
questions here.

5.1. First return to maximal parabolic subgroups

We gather the results of Section 2 to prove that whenever maximal parabolic
subgroups are amenable, the parabolic gap for the Green functions holds.
Consider the first return kernel p, p to P for rp defined by

prp(T,y) = Z Z rp (x, z1)p(21, 22) - . . P(2n—1, 7).

nzl1 Z1yeesZn—1 ¢ P

Denote by pf,?})) the n'® convolution power of this transition kernel and by G, p the
associated Green function. It turns out that for every x, y € P, we have G, p(z,y|1) =
G(z,y|r); see [DG21, Lemma 4.4]. Set t,p = >, cpprpr(e,z). Then t;};pnp is a
symmetric admissible and P-invariant transition kernel, thus it defines a random
walk on P.

PROPOSITION 5.2. — Let I' be a relatively hyperbolic group and let P € P.
Consider an admissible and symmetric probability measure pv on I'. If t, p < 1, then
we have wp(r) < 0; in particular, wp(r) < wp(r).
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Proof. — Denote t = t, p for simplicity and let G; be the Green function associated
with t~'p, p. By Proposition 2.3, 3, ¢ p |sj=n Gi(e, |1) has growth rate at most 0.
Since t < 1 we have for every € P that

G(e,z|r) = G, p(e, z|1) = Gi(e, z|t) < Gi(e, x|1).
Therefore wp(r) < 0. O

PROPOSITION 5.3. — Let I' be a relatively hyperbolic group and let P be a
maximal parabolic subgroup. Consider an admissible and symmetric probability
measure p on I'. If P is amenable, then for every r < R, wp(r) < 0.

Proof. — Since G(e,z|r) < oo, we deduce that the spectral radius of p, p is at
most 1. By [Woe00, Corollary 12.5] and the fact that P is amenable, the spectral
radius of t,. },pn p is 1 and hence ¢, p < 1. The result follows from Proposition 5.2. [

Note that we do not need to assume that p is finitely supported in this proposi-
tion, although we need this assumption in the following corollary, which also relies
on [DWY25, Theorem 1.8] mentioned above, where the assumption is crucially used.

COROLLARY 5.4. — Let I" be a relatively hyperbolic group endowed with a finitely
supported admissible and symmetric probability measure p. Assume that maximal

parabolic subgroups of I' are amenable. Then I' has a parabolic gap for the Green
function and so (5.1) and (5.2) hold.

Note that ¢ p is the probability that the random walk associated to ;1 eventually
returns to P. We see that t; p < 1 for all P € P;. Otherwise, the random walk
would visit P infinitely many times with positive probability, which in turn would
imply that it accumulates at the parabolic limit points fixed by P. This would
contradict the fact that the random walk almost surely converges to a conical limit
point [GGPY21, Theorem 9.14].

More generally, consider a branching random walk on I' whose step distribution
is given by p and with mean offspring r. Following [CGM12], by collecting all
particles returning to P, one gets a Galton-Watson process with mean offspring ¢, p,
see precisely the proof of [CGM12, Proposition 4.3]. Consequently, the branching
random walk returns to P infinitely many times if and only if ¢, p > 1. In such case,
the branching random walk must accumulate in P. Moreover, the same arguments
as in [CGM12, Proposition 4.4] show that there are almost surely infinitely many
cosets g P, such that the branching random walk accumulates in gP. On the contrary,
it ¢, p < 1, then for all coset gP, the branching random walk eventually leaves gP.
This follows from the fact that ¢ is visited finitely many time almost surely and
that starting a branching random walk at g, it comes back to gP only finitely many
times, see also [CGM12, Proposition 4.5] for a more detailed proof.

Define now

rp=sup{r >1:t,p <1 forall PePy}.

Then for 1 < r < rp, we have wp(r) < 0 for all P € Py, hence I" has a parabolic gap
for the Green function and H,(n) has purely exponential growth. Moreover, rp is
the transition for the branching random walk spending infinite times in maximal
parabolic subgroups: if » < rp, then the branching random walk eventually leaves
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every coset gP, P € Py, while if » > rp, it accumulates in infinitely many cosets gP
for at least one of the P € Py.

Recall that the limit set A of a branching random walk inside the Bowditch
boundary OI is the set of accumulation points in OI" of the trace of BRW(I', v, u),
which is the set of elements of I' that are ever visited by the branching random walk.
We take the occasion to derive the following consequence which sheds some light on
the geometry of the limit set.

PROPOSITION 5.5. — Let I' be a relatively hyperbolic group endowed with a
finitely supported admissible and symmetric probability measure pu. Consider a
probability measure v on N with mean r < R. Let A be the limit set inside the
Bowditch boundary of I' of the branching random walk associated with y and v.

(1) If r < rp, then almost surely, A does not contain any parabolic limit point.
(2) Ifr > rp, then almost surely, A contains an infinite number of parabolic limit
points.

Note that A cannot contain all parabolic limit points in case (2). Otherwise, since
parabolic limit points are dense, A would coincide with the whole Bowditch boundary,
but this is impossible since its Hausdorff dimension with respect to the shortcut
distance is at most half the Hausdorff dimension of the whole boundary by [DWY25,
Theorem 1.1, Theorem 1.2].

This result is a consequence of the following one. For x € I' and C' > 0, we denote
by Q(z,C) the partial cone at = of width C', which is the set of points y € ' such
that = is within C' of a transition point on a geodesic from e to y.

PROPOSITION 5.6. — Let I' be a relatively hyperbolic group endowed with a
finitely supported admissible and symmetric probability measure u. For every r €
[1, R], there exist # > 0 with the following property. Consider a probability measure
v on N with mean r < R. For any x € I, the probability that the branching random
walk visits Q(z, C) is at most Cy(1 + |x|?)G(e, z|r), where C} is a constant.

The proof of this proposition relies mostly on material from [DWY25] and its proof
is postponed to the Appendix A.

Proof of Proposition 5.5. — As we saw above, if r > rp, then the branching
random walk accumulates in infinitely many cosets gP for at least one P € Py. In
particular, the limit set A contains all parabolic limit points fixed by gPg~!, for
every such coset gP. Thus, we only need to prove (1) to conclude and we assume
that r < rp.

Recall that a sequence z, in I' converges to a parabolic limit point £ fixed by
gPg~t, P € Py, if and only if the sequence of projections of x, on ¢gP tends to
infinity. Thus, £ € A if and only if the branching random walk visits infinitely many
Q(z,C), with x € gP. Fix g € T and P € Py. Denote by A,, the event

A, = {BRW(F, v, 1) visits Q(x, C) for some x € gP, with ‘g’lx‘ = n}
Then, by Proposition 5.6,
P(A,) <Ci(1+n)? > Gle, gzlr).

z € P,|z|=n
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Since g is a transition point on a relative geodesic from e to gz, by relative Ancona
inequalities we get

P(An) < 02(1 + n)BHp,T(n).

Since t,.p < 1, wp(r) < 0 by Proposition 5.2 and so Hp,(n) decays exponentially
fast as n goes to infinity. This proves that

> P(4,) < .

By the Borel-Cantelli lemma, we deduce that almost surely, the branching random
walk only visits finitely many Q(x,C), x € gP, hence £ ¢ A. Since parabolic limit
points are countable, this settles the proof. 0

The critical case r = rp remains open. In the context of free products, the branching
random walk needs to visit gP infinitely many times in order to accumulate at £. As
a consequence, the authors of [CGM12] prove in Propositions 4.3, 4.4 and 4.5 that
for r = rp, almost surely, A does not contain any parabolic limit point. However, for
arbitrary relatively hyperbolic groups, the branching random walk can visit infinitely
many partial cones Q(z,C), x € gP, without entering gP at all. Thus, we might
need new material to figure this critical case.

5.2. Convergent Poincaré series

Let I' be a relatively hyperbolic group and let i be a finitely supported symmetric
admissible probability measure on I'. We consider the Poincaré series Or(r, s) de-
fined above and for P a maximal parabolic subgroup, the Poincaré series ©p(r, s)
defined by

Op(r,s) = Z G(e,x|r)e’Sd(e’x).
zeP

In [DWY25, Example C|, we proved that if a finitely generated group I'y can
be endowed with a symmetric finitely supported admissible probability measure
such that Or,(ro,wr,(ro)) is convergent for some ry < Ry, then the free product
I' = Iy * Z% can also be endowed with a symmetric finitely supported admissible
probability measure p such that Op(r,wr(r)) is convergent for some r < R depending
on ro. Here, Ry denotes the inverse of the spectral radius of pp and R the inverse of
the spectral radius of pu.

Note that in this situation, I' is relatively hyperbolic with respect to the conjugates
of I'y and Z<. In the sequel, when it is considered as a maximal parabolic subgroup
of ', we will write P for I'y, to be consistent with the notations of the previous
sections. The question of whether such a couple (I, o) exists was left unanswered,
but we announced that it was possible to construct one. We provide the details of
this construction here and prove in fact a more precise result.

Let F, be the free group with n generators and let I'y = F}, x F,,, n # m. The
Cayley graph of I'y is a Cartesian product of two regular trees 7, , 1}, with respective
degrees l; = 2n and ly = 2m. We consider the measure g on I'y defined by (3.1).
We deduce the following from Theorem 3.1.
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PROPOSITION 5.7. — There exists 1 < rq < Rq such that for r < rq, the Poincaré
series Or, (r,wr, (1)) is divergent and for ro < r < Ry, it is convergent.

We now recall how the measure p is constructed on the free product I' = I'g % I’y
where I'; = Z%. Let u; be any finitely supported symmetric admissible probability
measure on Z%. Following [IDWY25], we assume that d > 3 for convenience, so that
the random walk associated with py is transient at the spectral radius, i.e.the Green
function G, (e, e|Ry) is finite, where Ry is the inverse of the spectral radius of ji;.

For 0 < a <1, we set

fa = opr + (1 — a)po.

For simplicity, we write i = p, below. We write G for the Green function associated
with u and G; for the Green function associated with p;. By [DWY25, (10), (11)],
there exist two numbers wg,, and w ,, and continuous non-decreasing functions
Gia of 7 < R such that

1

(5.3) G(e,z|r) = ———Go(e, x|Co.a(r)), x € Ty
1- Wo,a,r '

and

1
(5.4) G(e,x|r) = ﬁGl(e,xlg,a(r}), rely =7%

- Wl a,r

Furthermore, we have (, o(r) = 1(_1;3();, and

(5.5) woar = Y P(X,=e X\ #e,1<k<n, first step chosen using oy )r™.

n=1
Similar expressions hold for wy ,, and (4 1(7).
LEMMA 5.8. — For fixed o, the functions w; o, and (, ;(r) are (strictly) increasing
inr.

Proof. — The functions w; ., are power series in r with positive coefficients, so
they are increasing. It follows from the above expression of (,; that these functions
are increasing too. U

We prove here the following.
THEOREM 5.9. — If a is small enough, then there exist r,(«) < ry(a) < R so
that the following holds. For r < r.(«), the Poincaré series Or(r,wr(r)) is divergent

and I' has a parabolic gap for the Green function. On the other hand, at r = ry(),
it is convergent and wp(r) = wr(r), where P =T.

In the proof of Theorem 5.9, we shall also use the following result which is an
enhanced version of [DWY25, (14)].

LEMMA 5.10. — For every € > 0, there exists agy such that for a < «p, the
following holds. For every r € [0, R| and for every x € I'y \ {e}, we have

G(e,z|r) < e
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Proof. — By [DWY25, Lemma 3.15], there exists ag such that for o < ap, wy o
stays bounded away from 1 and moreover, (i o(7) converges to 0 as a tends to 0
uniformly over r < R. We conclude from (5.4) that for small enough «, independently
of r, for every x # e € I'y we have

Gl <€7 x‘Cl,a(T»

1— wl,a,r

G(e,z|r) < < e O

We are ready to complete the proof of Theorem 5.9. Let us first explain briefly
how the quantities a, r.(c) and r4(a) are chosen.

By [DWY25, Lemma 3.14], as « converges to 0, (y(R) converges to Ry. Let us
now fix any r; > rg, where ry is given by Proposition 5.7. Then, there exists a;
such that (,o(R) > r for any o < «. Since (po(r) is increasing in 7, there exist
r. < ry < R depending on a such that (,o(rs) = 7o and (o (r¢) = 71.

We will also need to choose some € > 0 only depending on g, p; and ry such
that Equation (5.10) holds below. Then, we choose a small enough such that the
conclusions of Lemma 5.10 holds for such € and such that there exist r, < ry < R
with (u0(7) =19 and (o a(ry) = 71.

Proof of Theorem 5.9. — The proof follows the lines of [DWY25, Example CJ.
We will write as announced above P for I'y when it is considered as a maximal
parabolic subgroup of I'. In particular, we write

1
wr,(s) = lirr;sup —log Y. Gole zls)
o z €To,|z|=n

for the growth rate of the Green function Gq associated with py and

1
wp(r) =limsup —log > G(e, z|r)

n—oo N z € P,|z|=n

for the growth rate of the Green function G associated with y, induced on P. By (5.3),
we see that

(5.6) wp(r) = wry (Coalr))-

We will also write ©r,(r, s) for the Poincaré series associated with o on I'y and
Op(r, s) for the Poincaré series associated with p induced on P, defined as above by

Op(r,s) = > Gle, z|r)e V.

zeP

If « is small enough, there exist r. < ry < R with (5o (7) = 10 and (oo (ry) = 71,
where r; is fixed in (79, Rp). First, if » < r,, then {y(r) < 7. By Proposition 5.7,
Or, (Co.a(7), wry (Co.a(r))) diverges, hence ©p(r,wp(r)) also diverges. Consequently,
according to [DWY25, Corollary 3.9], wp(r) < wr(r). Moreover, since I'; is amenable,
we also deduce from Proposition 5.3 that the induced growth rate on I'; considered
as a maximal parabolic subgroup is smaller than wr(r). In other words, ' has a
parabolic gap for the Green function on (0,r,]. Therefore, [DWY25, Lemma 3.7
yields that the Poincaré series Orp(r,wr(r)) is divergent for r < ..
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Next, fix r at the value r = 7y so that (o, (r) =71 > ro. By [DWY25, (15)],
Glesalr) ) Gleylr) )
e, xlr) _ e,y|lr) _
Or(r,s) <Gleelr) Y[ > N DY e W
k>0 \zeTo\{e} G(G, 6|T) yeTi\{e} G(e’ €|’f’)

By (5.6), wp(r) = wr,(Co.a(r)) = wr,(r1) Moreover, by Theorem 3.1, ry > 1, so that
r1 > 1 and so we deduce from Lemma 2.1 and Proposition 2.6 that wr,(r1) = ¢ > 0.
Therefore,

(5.7) wr(r) = wp(r) = wr(r) = wr,((.a(r)) = c¢> 0.
Using (5.3) and Proposition 5.7, we see that

(5.8) Z G(e, z|r) ()] 1

o < Oy (r1,wry(r1)) < oo
veTove) G(e,e|r) Gole, elry) Tol M %ol

Also, Z% has polynomial growth and so by (5.7)

1 1
(5.9) Z e—wr(n)lyl < Z e—clyl < O}
yeTi\{e} G(e, €|7“) G<€7 €|T‘) yeTi\{e}
We then choose € > 0 such that
1
5.10 Cy =m=e——0 ) < 1.
( ) 2 6G0(67€|r1) 1o (71, wry (1)) Ch

Note that € does not depend on p but only on Cy, ug and 7. In particular, it does
not depend on « and so by Lemma 5.10, we can choose o small enough so that for

every y € I'1 \ {e},
Gle,ylr) < e

Combining (5.8), (5.9), (5.10) and (5.2), we get

@p(?”, CUF<7")) < G(€7 6‘7") Z (6 GO( ! @Fo (C0,0H wry (Co,a(r))> Cl)

k>0 €, €l¢0.a(r))

Gle,elr) > C5,
k>0
so that Op(r,wr(r)) is finite.
Finally, we deduce from [DWY25, Lemma 3.7] that at r = 74, I' does not have
a parabolic gap for the Green function. Since I'; is amenable, we necessarily have
wr(r) = wp(r) by Proposition 5.3. This concludes the proof of Theorem 5.9. O

Remark 5.11. — In the proof of Theorem 5.9, note that we can choose ry arbitrarily
close to 1. Unfortunately, as 1 goes to 1o, Or,(71,wr,(r1)) tends to infinity, so €
satisfying (5.10) converges to 0. Consequently, the parameter « also tends to 0. In
other words, as r; tends to ry, we need to choose a measure p that tends to the
measure o distributed on I'g. Now, since the functions (;, of r depend on «, we
cannot guarantee that r tends to r,. In particular, we cannot prove that there is a
true phase transition for the convergence of the Poincaré series Or(r, wr(r)) at r,.
However, since r; can be chosen arbitrarily close to ry there is a phase transition
at ro at the level of the parabolic subgroup.
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COROLLARY 5.12. — If «v is small enough, then the following holds. For r = ry(«),

I does not have a parabolic gap for the Green function and (5.1) and (5.2) do not
hold.

Proof. — By Theorem 5.9, if r = ry(«), then the Poincaré series ©p(r,wp(r)) is
convergent and I' does not have a parabolic gap. Assume by contradiction that there
exists C such that

H.(m+n) < CH,(n)H.(m).
Then, the quantity C' H,(n) is sub-multiplicative, hence by Fekete’s lemma,

1 1
wr(r) = lim —log CH,(n) = inf ~log CH,(n).

n=>1ln
Thus, for every n, we have
CH,(n) > ener(r),

This implies that Or(r,wr(r)) diverges, which is a contradiction. In particular, we
see that (5.1) fails. Now, (5.1) is a direct consequence of (5.2), with C' = (C”)3,
hence (5.2) also fails. O

We also deduce the following from Theorem 4.17 and Theorem 5.9.

COROLLARY 5.13. — If « is small enough, then the following holds. For r < r.(«),
the measure v, on the Bowditch boundary has no atom and is supported on the set
of conical limit points. For r = ry(«), it is purely atomic and is supported on the set
of parabolic limit points.

Remark 5.14. — In [CGM12], the authors prove that in the context of free prod-
ucts, we always have wp(r) < wr(r) for every maximal parabolic subgroup P, i.e.
I' has a parabolic gap for the Green function. However, their proof relies on an
unproved statement, namely that the quantity H,(n) is sub-multiplicative for every
finitely generated group and then apply this property to the maximal parabolic
subgroup P, see precisely the proof of [CGM12, Lemma 4.7] and also [DWY25, Re-
mark 3.17]. However, by Theorem 3.1, we see that sub-multiplicativity fails for the
Cartesian product of two regular trees if r > ry. Moreover, by Corollary 5.12, in the
above example, if 7 = ry(«), then I' does not have a parabolic gap for the Green
function.

5.3. The growth tightness property

Let d be a proper left invariant distance on I'. The growth rate of ' for d is defined
as follows:

5T, d) = Tim sup logt{z € I' : d(e,x) < n}
n—00 n
A nontrivial quotient I’ of I' means that the kernel of the canonical projection I' — T
is an infinite normal subgroup of I'. We say that I' is growth tight for the distance d
if for every nontrivial quotient I' of I', endowed with the quotient distance d from d,

we have §(T',d) < 6(T, d).
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Let us assume that I is a relatively hyperbolic group. Whenever a maximal para-
bolic group P has growth rate 0(P, d) strictly less than (I, d), we say that ' has
a parabolic gap along P fir the distance d. When I" has parabolic gap along every
maximal parabolic subgroup, we say that I' has the parabolic gap property.

Recall that by Lemma 4.4, 0,(z,y) = wr(r)|z " y|+ |27 'y], is quasi-isometric to the
word distance for r < R. By Lemma 4.10, we have §(I',9,) = 1. The following result

relates the gap property for Green functions to the gap property for the distance
(T, 0,).

PROPOSITION 5.15. — Let I' be a group endowed with a probability measure p
such that the u-random walk is transient at the spectral radius, i.e.G(e, e|R) is finite.
Let A C T be any subset. If wa(r) < wr(r) for some 1 < r < R, then §(A,9,) < 1.

We need the following lemma, which generalizes [Tan17, Lemma 3.1] in hyperbolic
groups.

LEMMA 5.16. — Under the assumption of Proposition 5.15, for any 0 € R, r < R
and A C T, define

war(0) = limsupllog > (G (e, z|r)])’.

n—oo N z € A,|z|=n

Then wa,(0) is a convex function on R. If I" is a relatively hyperbolic group, then
wr(0) is a true limit.

Proof. — Denote H?(n) := erA,m:n[G(@,xh’)]@- For 0y, 6 e Rand 0 <t < 1,
by the Holder inequality,

Hﬁ00+(1_t)01 (n) < (Hfo (n))t(Hfl (n))

1-t

Thus wy, is convex:
wAﬂn(tGo + (1 — t)91) < twAm(@O) + (1 — t)u}A7r(91).

If T is a relatively hyperbolic group, the same proof as in [DWY25, Lemma 3.2]
shows (there with § = 1) that for A =TI, the sequence H?(n) is sub-multiplicative,
that is, H(n +m) < CHS(n)H?(m) for some C' > 0. Thus, the limit exists by
Fekete’s lemma. 0

As a convex function on R, wr,(f) is a continuous function of § € R, and is
differentiable, except maybe at countably infinitely many points.

Proof of Proposition 5.15. — To show §(A,0,) < 1, it suffices to find some € > 0
such that

Z e—(l €)or(e,x) Z e (1—€)wr(r \a:|[G(e I| )] € < 00.

€A r€eA

By Lemma 5.16, the function w4 ,(#) is continuous in 6 € R. If wa(r) < wr(r), we
can choose €, > 0 small enough so that

wa(r) +n < (1 = e)wr(r),
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and at the same time, by continuity of w4, () at 8 = 1, the following holds: for large
enough n,

S [Gle,x|r)) Tt < on(war()+n)

z €A z|=n

By definition, wa,(1) = wa(r), so the two inequalities above yield

Z e_(l_dwf(?")‘“”'G(e,90|7“)1_6 < 00,

r€A
which is the desired inequality. 0

Given f € I' and € > 0, let V. s be the set of barrier-free elements x € I', that is,
elements for which the e-neighborhood of some geodesic [e, x] contains a geodesic
segment representing f. The following is analogous to [Yan19, Theorem C].

LEMMA 5.17. — Let I' be a relatively hyperbolic group with parabolic gap prop-
erty for Green function. Then there exists some € > 0 such that the set V := Vs
has growth rate strictly less than 1 for any element f € T': 6(V,0,) < 1.

Proof. — By Proposition 5.15, it suffices to prove wy(r) < wr(r). Set

a’(n)=e*" > Glex;r).

z €V, |z|=n

Assume that wy(r) > wp(r) for every maximal parabolic subgroup P; otherwise the
parabolic gap concludes the proof. If wy(r) > w > wp(r), one obtains

a’(n+m)<co >, a“(i) Y a“(j)

1<i<n 1<j<n

by the same argument of [DWY25, Lemma 3.7] where a*(n) is summed up over I'
instead of V. This implies via a variant of Fekete’s lemma in [DPPS11, Lemma 4.3]
that the series 3, ¢y e *I"IG (e, x;7) diverges at s = wy(r).

Fix any L > 0. We choose an L-separated net A C V for the word distance: for
any z,y € A we have [r7!y| > L and for any y € V, there exists z € A such that
|lz71y| < L. Note that if |z7'y| < L, then G(e,x;7) <1, G(e,y;r). Since any ball
of radius L in word distance contains a fixed number of elements, we deduce that
©a(r,s) < Oa(r,s) whenever they are finite. Thus, wa(r) = wy(r).

Following [Yan19, Section 4.2], we use a ping-pong argument to construct a free
product of sets inside I': if L is large enough, there exist a finite set of elements
B C T such that the set W(A, B) of alternating words over A and B embeds into
I' as a free semi-group under the evaluation map. This construction uses only the
word distance. Now, by [DWY25, Lemma 3.8], we have wa(r) < wr(r) and then
d(V,0,) < 1 by Proposition 5.15. O

PROPOSITION 5.18. — If a relatively hyperbolic group I' has parabolic gap for
the Green function, then it is growth tight for the distance 9,.. Otherwise, there exists
a nontrivial quotient I" such that §(I',9,) = o(I", d,.).
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Proof.

(1). — We follow the proof of [Yan19, Corollary 4.6] in our setup. Let N be the
infinite kernel of I' — T'. We form a set A by choosing a shortest representative
h € hN for each hN € G so that d,(e, h) = 0,(e, hN). By definition of the quotient
distance, the growth rate of the set A for 9, is exactly the growth rate of I for ..

We now choose a sufficiently long loxodromic element f € N, which exists since N
is infinite. If | f|/€ is large enough, we see that any geodesic [e, h| cannot contain f in
its e-neighborhood. Indeed, if not, the loxodromic element f produces two transition
points on some [e, h] with a distance comparable with |f|. Now, we use the following
fact given by Lemma 4.2: if u,v are two transition points in this order on a word
geodesic [z, y], then

(5.11) 0. (x,y) =0, (x,u) +0,(u,v) + 0,.(v,y)

where ~ denote the equality up to a uniform additive constant. We could then
shorten 0,.(e, h) by an amount 9,(e, f) = wr(r)|f| + | f|-, giving a contradiction with
the above choice of h € hN as the shortest one.

In other words, we proved that A C V.. Hence, §(A,0,) < 0(Vey,0,) < 1 by
Lemma 5.17. The growth tightness follows.

(2). — Assume that wp(r) = wr(r) for a maximal parabolic subgroup P. Then,
S eren = 3 e rIG e, zlr)
zeP z€EP

hence, we see that the growth rate for 9, induced on P equals 1.

Fix a loxodromic element f € G. For any large enough n, the quotient group T
defined as G/{(f") is again a relatively hyperbolic group, and P N {(f™) is trivial
(see [Yan22, Lemma 8.9]). Thus, the set of elements in P embeds into I' whose image
we denote by P, so 6(P,0.) > 6(P,0,) = 1. Therefore, §(T',0,) = 1. O

Relatively hyperbolic groups endowed with a word distance are always growth tight
by [ACT15, Yan14]. In fact, any co-compact action of a relatively hyperbolic group
on a proper geodesic space contains a contracting element and thus is growth tight.
Here, the existence of a contracting element in the co-compact action follows from the
fact that in a relatively hyperbolic group, a loxodromic element is contracting with
respect to all word quasi-geodesics: any c-quasi-geodesic outside the C-neighborhood
of the axis has C-bounded projection for some C' = C(c). See [GP16, Proposition 8.5].

On the contrary, as a corollary of Theorem 5.9 and Proposition 5.18, growth
tightness for 0, may fail and depends on r.

THEOREM 5.19. — There exists a relatively hyperbolic group I' endowed with
a finitely supported symmetric and admissible probability measure j such that
the following holds. There exist 1 < r, < 1y < R such that I' endowed with the
distance 0, is growth tight for r < r,, but is not for r = ry.

Note that the proper distance 0, is quasi-isometric to any word distance for r < R
by Lemma 4.4. We say that a metric space (X, d) is D-coarsely geodesic for some
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D > 0 if for any two points z,y € X, there exists a (1, D)-quasi-isometric embedding
¢ :[0,]] = X for [ := d(z,y) so that ¢(0) =z, ¢(l) = y, and

|d(6(m), é(n)) — [m —nl| < D

for any 0 < m < n < [. It is an open question whether the Green distance is a
geodesic distance on hyperbolic groups, see [BHM11, Section 1.7]. We shall however
derive the following corollary from Theorem 5.19.

COROLLARY 5.20. — Forr =ry, (I',9,) is not a coarsely geodesic metric space.

The proof requires the following observation of independent interest. Recall that
an element of infinite order g in a finitely generated group I' is called contracting
for a distance d on I' if any d-metric ball in I" disjoint with the subgroup (g) has
C-bounded projection to (g) for some universal constant C' > 0. In a D-coarsely
geodesic metric space, this is equivalent to the bounded image property: there exists
C' = C(D) > 0 such that any D-coarse geodesic outside the C-neighborhood of (g)
has shortest projection of diameter at most C' to it. For simplicity, we can take the
same C for both statements.

LEMMA 5.21. — Any loxodromic element in a relatively hyperbolic group is
contracting with respect to 0, where 1 < r < R.

Proof. — By (5.11), the proper distance 0, is coarsely additive along the set of
transition points on the word geodesic. That is, if z is a transition point on [z, y]
we have 0,.(z,y) > 0.(z,2) + 0,(2,y) — D for some universal D > 0. Let v be a
quasi-geodesic preserved by a loxodromic element g. Then « is Cy-contracting with
respect to the word distance for some Cy > 0. We claim that the shortest projection
z of any point x to v for the distance 0, is Dy-close to the shortest projection w of
x to 7 for the word distance. Indeed, as w is uniformly close to a transition point
on [z, z], we see that 0,(x, 2) + Dy > 0,.(z,w) + 0, (w, ) for some Dy = Dy(Cp) > 0.
By the definition of d,-shortest projection, we have 9,(x, z) < 9,(x,w) and thus the
claim follows.

We now prove that v is contracting for 9,.. Pick any 0,-distance ball B centered
at x disjoint with . Let y € B so that the projections denoted by wu, v respectively
of z,y to 7 realize the 0,-diameter of the projection of B to v. By Lemma 4.4,
0, is quasi-isometric to the word distance for 1 < r < R. For r = R, by [GL13,
Lemma 2.1}, f(n) := max{G(e,z|R) : x € S,} — 0 as n — o0, so f(n) is a proper
function. We can thus choose 9, (u,v) large enough so that |u='y| > Cj, hence the
contracting property of v in word distance implies that u,v are uniformly close
to transition points on [z,y]. By the additive property of 9,(x,y) along transition
points, we obtain 9,.(z,y) = 0,(x, u) +9,(u,v) +0,(v,y) — D; for some D; > 0. As B
is a d,-distance ball disjoint with v, we have d,(z,y) < 9,(z,u). We then obtain a
contradiction if 9,.(u,v) > D;. Thus, the contracting property for 9, follows. O

Proof of Corollary 5.20. — Assume on the contrary that 0, is a coarsely geodesic
distance for r > r,. By Lemma 5.21, the axis of any loxodromic element satisfies
the bounded image property for coarse geodesics, so any loxodromic element is
contracting in the sense of [Yanl4]|. As the action on I' is co-compact, the same
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argument as in [Yanl4] holds verbatim by replacing word geodesics with coarse
0,-geodesics and we can show that 9, on I' is growth tight. However, this contradicts
Theorem 5.19. Thus the corollary follows. 0

In [ACT15, Question 1], Arzhantseva—Cashen—Tao asked whether growth tightness
is invariant among cocompact actions on geodesic metric spaces. Cashen-Tao [CT16]
showed the first examples of product groups with growth tightness for one generating
set but not for another generating set. Examples of non-growth tight relatively
hyperbolic groups with non-cocompact actions were already considered in [ACT15,
Observation 8.8]. As the action is not-cocompact, the induced pseudo-distance on
the group pulled back from the action is not quasi-isometric to the word distance.
It is natural to ask the following variant of Arzhantseva—Cashen—Tao’s question for
relatively hyperbolic groups about quasi-isometry invariance of growth tightness:
if a proper (pseudo-)distance d on I" is quasi-isometric to the word distance, does
the growth tightness for d hold? In our last corollary, we produce examples of non-
geodesic distances on relatively hyperbolic groups I' that answer negatively this
question.

COROLLARY 5.22. — There exists a relatively hyperbolic group with a proper
left invariant distance quasi-isometric to the word distance which does not have the
growth tightness property.

Appendix A. Probability that the branching random walk
visits partial cones

We consider a relatively hyperbolic group I'. Our goal is to prove Proposition 5.6.
The proof basically consists of a reorganization of arguments of [DWY25]. We first
recall some notations and definitions.

Given a subset A of I', we write G(x,y; A|r) for the Green function restricted to
paths staying in A, expect maybe the first and last point. That is,

Gz, y; Alr) = > > r"u(mflzl)u(zfl,@) . u(z;ﬁly).
n=20 z1,..,2p,_1 €A

Fix C' > 0 and = € . The C-partial cone Q(x,C'") consists of points z € G such
that « is within C' of an (7, L)-transition point on the geodesic [e, z]. Let C' > 0 be
any sufficiently large constant given by [DWY25, Lemma 2.9] so that the relative
thin triangle property holds for (7, L)-transition points: for every triple (z,y, z) of I,
any (n, L)-transition point on [z,y] is within C of either an (7, L)-transition point
on [z, z| or an (1, L)-transition point on [y, 2].

Let B([z, z]) be the ball centered at the middle point of [z, z] of radius d(z, 2)/2.

Define U(z) to be the union of the balls B([x, z]) for all geodesics [z, z] between z
and z € Q(z,C). That is,

U(x) = U{B([x, z]):V [z, 2],V z € Q(x,C’)}.

It is clear that Q(x,C) is contained in U(x).
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Fix € € (0,1/2). Let Uc.(x) be the set of points z € U(x) such that [z, z] contains
a transition point w being at distance at least ed(x, z) to one of the endpoints:

max{d(w, x),d(w, z)} > ed(z, z).

For any m > 1, let U.(z, m) be the set of elements z € U.(x) such that d(z, z) > m.

We now consider a finitely supported symmetric and admissible probability mea-
sure p on I' and a probability measure v on N. We denote by BRW(I', v, ) the
branching random walk associated with v and p. In what follows, we shall often use
the following estimates proved in (4.2). There exists o > 0 such that for any z € ',
for every r > 1,

(A.1) Gle, x|r) = eol,
Also, by Lemma 5.2 there exists ¢; > 0 such that for any n > 1,
(A2) Jan < cle”"

LEMMA A.1. — For any € € (0,1/2), there exists ko > 0 such that for every
K 2 Ko, the following holds. For all but finitely many x € I': the following event

Ey = {BRW(I',v, ) first enters U(zx) at a point z € U.(x, xlog |z|)}
has probability at most G(e, z|r).

Proof. — Let us freeze all particles of BRW(T', v, ) when the event F; happens,
and denote by Z the collection of frozen particles. Set m := klogn for simplicity,
where n = |z|. Then for z € Z we have

(1) d(z, 2) = m,
(2) max{d(y,z),d(y, z)} > ed(z, z) — 3C where y is an (7, L)-transition point on
le, z] given by [DWY25, Lemma 6.6].

As the genealogy path from e to z does not intersect B(y, ed(x, z) —3C'), the expected
number of particles frozen at z € U(z) is upper bounded by

led(x,z)—3C]

Gle, [Ue(@))"Ir) < G(e 21 [Bly, ed(x, 2) = 3C)|r) < e
where 6 = §(n, L) be given by [DG21, Proposition 3.5]. As a consequence, there exist
€1 = €1(€,0,v) and ng > 0 such that for any m > xlogng, we have by (A.2) that

EZ] < ) G(e7 z; [B(y, ed(z, z) — 3C]6|7’) <> - ehoeH D L gmea
z€Uc(z,m) k=m
Choose k so that n"* > an holds for any n > ng. Then,
PE)SE#Z>1) <™ <e @ < Gle,z|r)
where the last inequality uses (A.1). O

Similarly, we prove the following.

LEMMA A.2. — For every K > 1 and C > 0, there exists kg > 0 such that for
all k > kg, the following holds. For any sufficiently large n > 1, the following event
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B, — {BRW(F, v, 1) eventually visits a point z € Q(z, C) with }
d(e, z) < Kd(e,x) but without entering B(z, klog|z|) where |x| > n
has probability at most G(e, x|r).
Proof. — We freeze particles when the event Ey happens and denote by Z the

set of frozen particles. By [DWY25, Lemma 2.11], if y € [e, 2] is a transition point

C-close to z, the expected number of particles frozen at z € B(e, K|z|) is upper
bounded by

oK

G(e, 2 [B(y, wlog|z] — O)]r) < e
where ¢, depends on C,d. Thus, we have

Z Z ( { (y, klogm — C)} |r )g Z cle“Kme’CQmM.

m2>=n z2€ Skm mzn
Choose k,ny > 0 so that com®® —vKm > am holds for any m > ng. The conclusion
follows again. ([
LEMMA A.3. — For any K > 1, there exist €y, kg such that for all ¢ < ¢, and

Kk = Ko, the following holds. There exists ¢ < 0 such that for all but finitely many
x €', the following event

BRW(T', v, ) first enters U(z) at a point
ST zeU(x) \Udx, klog|z|) with 2] > K|zl
has probability at most ¢ - G(e, z|r).
Proof. — Let V' be the set of z € U(x) \ Uc(z, klog |z|) satisfying |z| > K|z|. By

definition,

(1) either d(z,z) < klog |z,

(2) or the [¢,1 — €]-percentage of [z, z] does not contain any (7, L)-transition

point.

If K and k are fixed, noticing that

(K = Dlz| <d(z,2) < (1+1/K)|z],
the case (1) is impossible for sufficiently large |x|. Thus, it suffices to consider the
case (2). Set K1 = €(1+1/K) and Ky = (1—-2¢)(1—1/K). By [DWY25, Lemma 6.1],
there exist a unique coset P, € P such that if y;, ys are the entrance and exit points
of [z, 2] in N, (P,), then
(A.3) max{d(z,y1),d(yz, 2)} < ed(z,2) < e(1+1/K)|z] < K2,
and
(A4)  dlywe) > (1-20d(,2) > (1—20(1 = 1/K)|z| > Kale].

Before moving on, we need the following facts about y,. By relative thin triangle
property, there exists a constant C; depending only on C' so that z is C-close to
a transition point on [e, y;]. Moreover, there exists 02 depending on C\ 7 so that
the projection 7y, (p.)(e) of e to N,(P;) is within C'y of 4y and y; is Cy-close to

ANNALES HENRI LEBESGUE



The growth of the Green function and Poincaré series 1103

a transition point on [e, w] for any w € N, (P,). For given P € P, let P(y;) denote
the set of w € N, (P) with d(w,y:1) < d(e, y1), where y; is Co-close to TN, (P (€)-

Consider first the sub-event E3g of Es, where BRW(T', v, it) enters N, (P,) at a point
w € P,(y1). Thus, d(e,w) < d(w,y1) + d(e,y1) < 2|y1|. The same proof of [DWY25,
Lemma 6.6] implies that B(yi, d(y1,2) —3C) is contained in U(x). Thus, the particle
does not visit B(y1,d(y1,z) — 3C). Assume first that |y;| > 2|z|. Note that there
exists ng, ko > 0 so that for any |z| = ng, we have

Kolog 1] < [yn] — [z = 3C < d(y1, x) — 3C.

In particular, the branching random walk does not visit B(yi, ko log|yi1|) before
arriving at w. Now, if |y;| < 2|z|, then d(e,w) < 2|y1| < 4|x|. By definition of Ej,
the branching random walk does not visit B(z, ko log |z|). In summary, this sub-event
Esg is included into the event E5 in Lemma A.2 with constants C and K = 4, so
there exists kg > k > 0 so that the probability of Esq is at most G(e, z|r).

Now, it remains to consider the particles of BRW(T', v, u) in the event FEj3 that
do not enter N,(P,) at some point w € P,(y;). Then, we have the following two
sub-events denoted by FE3; and E3y respectively: the particles either do not visit
N, (P,) at all or do visit N, (P,) but at a first entrance point w not in P,(y;). Let us
denote by W the set of points w € N, (P) \ P(y;) for all P € P where y is C'y-close
to mx, (p)(e) and |y1| > |z|. In the first case, we freeze particles when they first enter
the set V. In the second case, we freeze particles when they first enter the set W.
We denote by Z3; and Z3, respectively the sets of frozen particles. We have

(A.5) E[fZ0] < Y G(e, 2 [Ny(P))°r),

zeV

(A.6) EfZn] < Y. G(e w; [Ny (P2))|r),

weWw

We first bound E[fZ3,] in (A.6). Recall that my, (p,)(e) is Co-close to yp. If the
branching random walk BRW(T', v, i1) enters N, (P )\P (y1) at a point w, by [DWY25,
Lemma 2.12], for every M > 0, there exists 1o such that for all n > nq,

G(ea@U; [N, (Pz)]c|7‘) < o Me(ma (oo (€)0) < cpe” MaAwy1)

for some ¢y = ¢o(Cy) > 0. Using (A.1), we first sum up over y; with |y,| > || and
then w € P,(y1) with d(y1,w) > d(e,y1):

ﬁZ32\Z 0-e’™ Y el
nz|z m2zn
Choosing M > 2v + « that is mdependent of n, we have that for n > nq,
E[t 2] < ce !l < eGle, x|r)

where ¢ depends on ¢y, thus on 7.

We are left to bound E[tZ3] in (A.5). As the support of p is finite, we can replace
each edge in the geodesic from z to yo € N, (P;) by a p-trajectory with uniformly
bounded length. Moving possibly the endpoint y, up to a bounded distance depending
on supp(/), this produces a trajectory outside N,(P.) for the y-random walk from
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2 to Yo so that its length is bounded above by a linear function of d(ys, z). This
implies the existence of a positive § independent on z,y;, y» and 1 such that

G2, 05 [Ny (P))|r) > e P402) > e=PIlEL
Taking into account that
G e,z [Ny (P Ir) - G (2,92 [Ny (P))Ir) < Gleselr) - G e, yas [Ny (P2)Ir)
we obtain

(A7) G e, 2 [Ny(P)Ir) < G(e,ys; [Ny (P)]°[r) - e,

As above, the projection my, (p,)(e) has a distance at most Cy depending on 7 to y;.
By [DWY25, Lemma 2.12], for every M > 0, there exists 1y such that for all n > 1,

G (e,y23 [Ny (P)IClr) < o Mllmne (©032) o= Milinan) ¢, o=KaMIe

for some ¢y = c¢o(n) > 0. Summing over z € V with |z| > K|z|, choosing M > 0 so
that MKy > BK; 4+ v + a, we have by (A.7) and (A.1) that for n > no,

EltZs] < ). o - elvtBEI=MEDn < co=alel < Ge, x|r).
n> K|x|
where ¢ depends on ¢y, ¢;. The Lemma A.3 is proved. 0
We can now finish the proof of Proposition 5.6.

Proof of Proposition 5.6. — Using the thin-triangle property, we see that if z is
contained in U(z) \ U.(z, klog |z]), then z € Q(x, C) for some uniform C.

Fix any K > 1. Let ¢ be small enough and x be large enough such that the
conclusions of Lemmas A.1, A.2 and A.3 hold. Using (A.1), the probability that the
branching random walk visits B(z, k log |z|) is bounded by

> Gle, z|r) < ce’elelG e, z|r)ecroslel < |2|°G (e, x)

z € B(z,k log|z|)

for some [ depending on «, k and v.

Now assume that the branching random walk visits U(z) through paths outside
B(x,klog |x|). If the events E; and F3 do not happen, then the event E, happens:
BRW(T', v, ) first visits U(x) at a point z € U(x) \ Uc(x, klog |z|) with |z] < K|z|,
without entering B(z, xlog |z|). Therefore,

P(BRW(F, v, ) visits Q(z, C))

(BRW (T, v, ) visits U(x ))
(BRW (T, v, u) visits B(x, klog |x|)) +P(E, U Ey U Ej3)

1+|:B|5) (e,z|r) O

//\
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