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ABSTRACT. — We study the distribution of the angles between Oseledets subspaces and
their log-integrability, focusing on dimension 2. For random i.i.d. products of matrices, we
construct examples of probability measures on GLo(R) with finite first moment where the
Oseledets angle is not log-integrable. We also show that for probability measures with finite
second moment the angle is always log-integrable. We then consider general measurable GLo(R)-
cocycles over an arbitrary ergodic automorphism of a non-atomic Lebesgue space, proving that
no integrability condition on the matrix distribution ensures log-integrability of the angle. In
fact, the joint distribution of the Oseledets spaces can be chosen arbitrarily. A similar flexibility
result for bounded cocycles holds under an unavoidable technical restriction.

RESUME. — Nous étudions la distribution des angles entre les sous-espaces d’Oseledets et
leur intégrabilité logarithmique, en nous concentrant sur la dimension 2. Pour des produits
aléatoires i.i.d. de matrices, nous construisons des exemples de mesures de probabilité sur
GL3(R) avec un premier moment fini ot 'angle d’Oseledets a un logarithme non intégrable.
Nous montrons également que pour les mesures de probabilité avec un deuxiéme moment
fini, ’angle a toujours un logarithme intégrable. Nous considérons ensuite des cocycles mesu-
rables généraux dans GLy(R) au-dessus d’un automorphisme ergodique arbitraire d’un espace
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66 J. BOCHI & P. LESSA

de Lebesgue non atomique, et nous montrons qu’aucune condition d’intégrabilité sur la distri-
bution matricielle ne garantit 'intégrabilité logarithmique de I’angle. De fait, la distribution
conjointe des espaces d’Oseledets peut étre choisie arbitrairement. Un résultat similaire de
flexibilité pour les cocycles bornés est valable sous une restriction technique inévitable.

1. Introduction
1.1. The Oseledets splitting

Let T be an ergodic automorphism of a probability space (€2, S, i), and let F
be a Borel measurable function from € to the matrix group GL4(R). Then there
exists a unique matrix-valued function F™(w), where w € Q and n € Z, such that
FO(w) = F(w) and

(1.1) Fm) () = F(Tw) FM(w)
for all w € Q and n € Z. Thus, if n > 0,
(1.2) F(w) = F (T"'w) ... F(Tw)F(w).

Relation (1.1) is called the cocycle identity. We call the pair (T, F') a measurable linear
cocycle. In a more general setting, cocycles form an important class of dynamical
systems: see [HK02, Section 1.3.k|. Here, we are concerned with the asymptotic
behavior of the matrix products F™(w), for typical points w.

Recall that the singular values of a matrix g € GL4(R) are the eigenvalues of
the positive symmetric matrix (¢7¢g)'/2. We denote them, ordered, and repeated
according to multiplicity, as s1(g) = - -+ = s4(g). In terms of the operator Euclidean
norm, s;(g) = |lg|| and sq(g) = [lg~"(|~".

We say that the measurable linear cocycle (T, F') is log-integrable if each of the
functions log s;(F') is integrable. Equivalently,

(1.3) /QlogmaX(HF(w)H, F(w)™]) du(w) < oo

(note that the integrand is non-negative). Under this condition, there exist numbers
A1 = -+ = Ay, called the Lyapunov exponents, such that for each i € {1,...,d} and
p-a.e. w € €,

(1.4) lim l1og si(F™(w)) = \;;

n—oo n
this fact is due to Furstenberg and Kesten [FK60] in the i.i.d. case and follows
from Kingman’s subadditive ergodic theorem [Kin68] in general. The Oseledets the-
orem [Ose68] provides asymptotic information on the norms of the images F™(w)v
of vectors v € RY. It states that for p-a.e. w € €, the sets

(15) Ej(w):= {veRd: lim l1ogHF<”>(W)vH =\ or v:O}, i=1,...,d,

[n|—oc0 N

are vector subspaces whose union spans R? and satisfy E;(w)NE;(w) = {0} whenever
A\i # A;. Thus, by removing duplicates, we obtain a splitting of R? which depends
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The angle between Oseledets spaces 67

measurably on w. The subspaces E;(w) are called Oseledets spaces. They are invariant
under the action of the cocycle: F™(w)E;(w) = E;(T"w). More information on the
Oseledets theorem can be found in the references [Arn98, BP07, Led84, Vial4]. For
geometric generalizations of Oseledets theorem, see [Fill9].

A positive measurable function f on € is called tempered if

1
(1.6) ‘ llim —log f(T"w) =0 for p-a.e. w e
n|—oo N
Oseledets observed that the angles 6;; between different subspaces E; # E; of the
Oseledets splitting (or, more generally, between transverse sums of Oseledets sub-
spaces) are tempered functions. This is a simple consequence of the log-integrability
hypothesis (1.3), together with the following geometrical fact:

(1.7) ‘log sin §,;(Tw) — logsin Qij(w)‘ < log ||F(w)]| + log HF(w)_l
In fact, temperedness properties play a fundamental role in Pesin’s theory of nonuni-
form hyperbolicity: see [BPOT7], [KH95, Supplement].

We say that a positive measurable function f is log-integrable if log f € L'(u).
Note that every log-integrable function is tempered, as an immediate consequence
of the ergodic theorem. Thus, the following question arises: are the angles between
Oseledets spaces actually log-integrable? To the best of our knowledge, this question
has not been addressed in print before.

It turns out that the question above has a negative answer. In fact, we will exhibit
an example in the class of one-step cocycles, which model products of random
independent identically distributed matrices.

From now on, our discussion will be restricted to dimension d = 2.

1.2. Failure of log-integrability of the angle for products of random
i.i.d. matrices

Suppose our dynamics is a two-sided Bernoulli shift, which we denote o instead of T'.
This means that the probability space (2,8, 1) is an infinite product (A, T, 7)%Z,
where (A, T,m) is another probability space, and o: Q@ — € is the shift map
(0w)p = W1

Consider a measurable two-dimensional linear cocycle (o, F') over the shift. The
cocycle is called one-step if the function F': Q@ — GLy(R) can be written in the
form F' = ® o p, where p: 2 — A is the projection on the zeroth coordinate and
®: A — GLy(R) is some Borel measurable function.

For a one-step cocycle (o, F') as above, if the point w is sampled randomly according
to Bernoulli measure, the factors of the product F™(w) = F(o" 'w)... F(w) are
independent and identically distributed matrices. The common distribution is the
push-forward v := F,u = ®,m, which is a Borel probability measure on the group
GL2(R).

Note that the measure v contains all the relevant information about the one-step
cocycle (o, F), since we would not lose anything in assuming that A = GLy(R),
™ =v,and ¢ =id.
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68 J. BOCHI & P. LESSA

For one-step cocycles, the log-integrability condition is expressed in terms of the
matrix distribution v as

1.8 [ ,
(18) o o2 max (gl

The left-hand side will be called the first moment of v.

Thus, if the first moment is finite, the Lyapunov exponents of the one-step cocycle
are well-defined and finite; we denote them as \;(v) and A\y(v) to emphasize their
exclusive dependence on v. A classical theorem of Furstenberg says that Ay (v) # A2(v)
except in a few exceptional situations that can be explicitly described (see [DF24,
Led84]).

As announced above, non-log-integrable Oseledets angles are possible in this set-
ting:

g_lH) dv(w) < oo.

THEOREM 1.1. — There exists a probability measure on GLo(R) with finite
first moment such that the associated i.i.d. product (one-step cocycle) has distinct
Lyapunov exponents \(v) # \y(v) and the angle between the Oseledets directions
is not log-integrable, that is,

(1.9) /ﬂ|logsinA{(E1(w), Es(w))] dpu(w) = oo.

The example is entirely explicit and can be found in Section 2.2.

1.3. A criterion for log-integrability

Our next result provides a sufficient criterion for the log-integrability of the Os-
eledets angles, in the same random i.i.d. setting.

Let us say that a Borel probability measure v on GLy(R) has finite second mo-
ment if

1.10 / 1 :
(1.10) GLQ(R)[ogmaX (llgl

THEOREM 1.2. — Suppose v is a probability measure on GLy(R) with finite
second moment such that the associated i.i.d. product (one-step cocycle) has distinct
Lyapunov exponents A1 (v) # Ao(v). Then the angle between the Oseledets direction
is log-integrable, that is,

(1.11) /Q llog sin £ (E1 (w), Ea(w))| dp(w) < oo.

g_l‘m? dv(w) < oo.

The proof is also given in Section 2.2. In fact, the “generic” case in Theorem 1.2
follows immediately from results of [BQ16a], and our proof consists of an analysis
of the “exceptional” cases.

1.4. Flexibility of Oseledets data for measurable cocycles

We now come again to the general setting of measurable linear cocycles over ergodic
automorphisms. Let us assume that the underlying probability space is a Lebesgue
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The angle between Oseledets spaces 69

space, and is non-atomic (since otherwise the dynamics reduces to a single periodic
orbit).

We ask whether Theorem 1.2 can be extended to this setting. We will show that
the answer is negative: no integrability condition on the cocycle guarantees log-
integrability of the Oseledets angles.

In fact, we will show more: there is no restriction on the joint distribution of the
Oseledets spaces. Let us denote by X the product of two copies of projective space
RP! minus the diagonal, that is,

(1.12) X = {(acl,xQ) € RP! x RP! : z; # xg} .

THEOREM 1.3. — Let T be an ergodic automorphism of a non-atomic Lebesgue
space (2, S, ). Let N : GLy(R) — R be a locally bounded function such that
(1.13) N(g) = logmax (|lg] |a~]) -

Let r; > ro be real numbers and let n be a Borel probability measure on X. Then
there exists a measurable map F : Q — GLy(R) such that

(1.14) /QN(F(w))du(w) < o0,

the associated Lyapunov exponents are r1, 1o, and the Oseledets spaces E1, Ey have
joint distribution 1), that is, the push-forward of 1 under the map w — (E;(w), Eo(w))

s 1.
Thus, in the setting of two-dimensional measurable cocycles, Oseledets data is
flexible in the sense of Katok’s flexibility program [BKRH22].

1.5. The case of bounded cocycles

In the setting of the previous subsection, we say the map F': Q — GLy(R) is
bounded if its image F'(€2) is a relatively compact subset of GL2(R), and essentially
bounded if supp(F,p) is compact. In the latter case, we can alter F' on a zero-measure
subset so that it becomes bounded.

We now consider the flexibility problem in the class of bounded GLg(R)-valued
cocycles. There is an obvious restriction, which we will now describe.

We say that a probability measure on the space X (defined in (1.12)) has unbounded
gap if for every € > 0, there exists two positive measure sets A and B C X such that
n(A) >0, n(B) >0,nAUB) =1, and

(1.15)  sin&(x1,29) < esinL(y1,y2) for all (z1,20) € A and (y1,y2) € B.

Otherwise, we say that n has bounded gap.

The distribution of the Oseledets angles of a bounded GLy(R)-valued cocycle has
bounded gap: this follows from inequality (1.7) and the assumption that 7" is ergodic.
We show that this is the only restriction.

THEOREM 1.4. — Let T be an ergodic automorphism of a non-atomic Lebesgue
space (2, S, ). Let r1 > 1o be real numbers and let n be a Borel probability mea-
sure on X and with bounded gap. Then there exists a bounded measurable map
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70 J. BOCHI & P. LESSA

F : Q — GLy(R) such that the cocycle (T, F) has Lyapunov exponents 11,79, and
the Oseledets spaces Ei, Ey have joint distribution 7.

1.6. Organization of the paper

Section 2 contains the proofs of Theorems 1.1 and 1.2, while the proofs of Theo-
rems 1.3 and 1.4 are given in the (entirely independent) Section 3. The final section
contains a brief discussion of directions for further research.

2. The example and the criterion
2.1. Preparations
We present some simple lemmas that will be used in the proofs of both Theorems 1.1

and 1.2.

LEMMA 2.1 (Triangular cocycles). — Let T' be an ergodic automorphism of a
probability space (2,S,u). Let F': Q@ — GLy(R) be a measurable function of the
form

1) re = ("5 )

such that log |a| and log* |b| belong to L*(u), and [logl|a|du < 0. Then the Lya-
punov exponents of the cocycle (T, F) are Ay = 0 and Ay = [log|a|du, and the
corresponding Oseledets spaces are, for p-a.e. w € 2,

(2.2) E;(w) = span <X(1w)> and Es(w) = span (é) ,
where
(2.3) X(w) = ia (T_lw) a (T_Qw) ...a (T‘”w) b (T_"_lw) .

The proof is straightforward. For closely related results, see [FK83, Section 5] and
[Arn98, p. 161].

LEMMA 2.2 (Weierstrass product inequalities). — For any convergent series Y- a,,
with terms a,, € [0, 1], we have
2. G

(2.4) 1+Zan<1—ﬂ(1—an)<2an.

See [Bro91, Section 38]. We remark that the lower bound in (2.4) can be improved
to 1 — e~ 2% but the one above suffices for our purposes.
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LEMMA 2.3. — Let (A, T,n) be a probability space and let 1): A — [0,00) be
integrable. On the product space (2,S,pu) = (A, T,m)®%, consider the function
Y: Q — [0, 00] defined by:

(2.5) Y(w) =sup[tp(w_n_1) —n], where w = (wy)nez-

n=0
Then Y is p-integrable if and only if 1? is w-integrable.

Proof. — Note that Y > 0. By the layer cake formula,

(2.6) /Yd,u:/ooolu[Y>tdt

where we are using the probabilist’s notation [V > t] .= {w € Q: Y (w) > t}. By the
Maclaurin—Cauchy test, integrability of Y is equivalent to convergence of the series
> by, where by, := plY > kl. Let also a; := w[¢) > k] and C' := [ dr. By assumption,
C' < 00. Another application of the layer cake formula yields >3, ax < C.

Note that [Y < k] = N2 ,[¢(w_n_1) < n + k], an intersection of independent
events whose probabilities are

(2.7) plo(w_n—1) <n+k| = pl(w) <n+kl=1-=ap.

Therefore,

28) b= l-uly <H=1-[0-am) =1 [[1-a).
n=0 =k

So Lemma 2.2 gives

1 o0

EaPIL AL

(2.9)

In particular, convergence of the series ) by is equivalent to the convergence of the
double series s := 3277, 3222, a;. The latter can be rewritten as:

s = Z]ag => (144 j)(aj — aj1)
7j=1

(2.10) D
-y “‘ <d<j+1,
or equivalently,
(2.11) s= [allv(@))dn(a), where q(z) = W’;l)

Recalling the underlying assumption [ dm < oo, it becomes clear that
(2.12) s<oo<:>/qowd7r<oo<:>/w2d7r<oo.

We have already seen that [Y du < 0o < s < 0o, and so the proof is complete. [J
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72 J. BOCHI & P. LESSA

2.2. Proofs of the theorems

Now we put ourselves in the setting of one-step cocycles (o, F'), as explained in
Section 1.2. So ¢ is the Bernoulli shift on the space (,S,u) = (4,7, 7)%%, and
F: Q — GLy(R) is such that F(w) only depends on the zero™® coordinate wy.

Proof of Theorem 1.1. — Let (o, F') be any one-step cocycle where F' is of the
form

(2.13) F(w) = (e; ew;o«)))

for a non-negative function ¢ such that

(2.14) /¢d7r<oo and /¢2d7r:oo.

By Lemma 2.1, the cocycle has Lyapunov exponents A\; = 0, Ay = —1, and the
corresponding Oseledets directions are spanned by the vectors (X (w),1)" and (1,0)7,
where
(2.15) X(w) =Y e?@n™ for prae. w=(wn)nez-

n=0

Then X (w) > Y@ where Y is defined as in (2.5). A direct application of Lemma 2.3
shows that Y is non-integrable. Thus, log X is also non-integrable. In terms of the
Oseledets angle 0 = £(E;,Ey), we have X = cot 6. It follows that log# is non-
integrable. 0

Proof of Theorem 1.2. — Let v be a probability measure on GL(2,R) with finite
second moment and such that A;(v) > As(v). Let I, be semigroup generated by the
support of v. As a first case, assume that '), is strongly irreducible, that is, its action
on projective space admits no finite invariant sets other than the empty set. The
hypothesis that A;(v) > Ay(v) implies that I', contains a proximal element (that is,
an element with two real eigenvalues of distinct moduli): see [BQ16b, Lemma 4.1].
This allows us to apply the key result of [BQ16a, Proposition 4.5], which tells us
that the function

(2.16) £ RPL / llog sin £(Ex (w), €)| du(w)

is continuous. Since the projective space RP! is compact, the function is bounded.

Given w = (W)pez € 2, write w = (w-,w, ), where w_ = (W)« and w; = (W)p0-
For one-step cocycles, the first Oseledets direction E;(w) depends only on w_, while
the second direction Es(w) depends only on w,. So we can denote them as E;(w_)
and Eg(w, ). Let u, denote the push-forward of p under the projection w +— w,. Then
1 coincides with the product measure p_ ® p,. Therefore, by Fubini—Tonelli theorem,
[ |logsin £(E;, Es)| du equals the double integral

(2.17) / / log sin £(Ex(w_), Ea(w, )] dp—(w-) dyt (w.)

which is finite since the inner integral is bounded. This concludes the proof of
Theorem 1.2 in the strongly irreducible case.
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Next, we must deal with the cases where I', permutes a finite set S of one-
dimensional subspaces of R2.

If #S > 3, then a cross-ratio argument shows that the projection of ', to PGLy(R)
is finite. This implies that I, consists of linear conformal mappings with respect to
some inner product on R?, which is incompatible with the hypothesis A;(v) > Xa(v).

If #5 = 2, then the hypothesis A\i(v) > A2(v) implies that {E;(w), Ea(w)} = S
p-a.e., and in particular the angle between Oseledets subspaces is log-integrable.

It remains to consider the case #5 = 1. Taking inverses we can assume that the
stable subspace Ey(w) belongs to S for p-a.e. w € Q. With a change of basis we
further assume that all v-almost every matrix is upper triangular. Multiplying the
cocycle matrices by a log-integrable factor, we can assume that the lower right entry
is always 1. That is, the function F' is of the form:

(2.18) Flw) = <a(<6)o) b(fo)) |

where log |a| and log |b] are square-integrable and [ log |a|dm < 0. By Lemma 2.1, the
cocycle has Lyapunov exponents \; = 0 and Ay = [ log |a| dm, and the correspondlng
Oseledets directions are spanned by the vectors (X(w),1)" and (1,0)7, where

(2.19) i a(w coa(w_p)b(w_p_1).
n=0
Writing ¢(wp) == — log |a(wo)|, ¥ (wo) = log|b(wp)|, we have:
(2.20) X(w) = i +£e5@) where S, (w) = P(w_p_1) — D p(w_y).
n=0 i
We can bound the last expression as:

(2.21) Sp(w) < [@W(u}_n_l) - cn} + lch - Zn:go(w_i)] —cn,

i=1

=Yn(w) — 7 (w)

where ¢ = % [ @dm > 0. Consider the following quantities:
(2.22) Y(w) =supY,(w) and Z(w):=supZ,(w).

n=0 n>0
An application of Lemma 2.3 to the square-integrable function ¥*/c shows that Y
is integrable. On the other hand, the sequence (Z,(w)) forms a random walk with
negative drift and square-integrable (i.i.d.) increments. Therefore, by a theorem
of Kiefer and Wolfowitz [KW56, Theorem 5] (or [CT97, Corollary 3, p. 397]), the
supremum Z(w) is integrable.
We have S, (w) < Y(w) + Z(w) — cn and thus

(2.23) log | X (w)] < log 3~ %) <Y (w) + Z(w) + constant.
n=0

It follows that log™ | X| = log" cot £(Eq, Es) is integrable, as we wanted to show. [J
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Remark 2.4. — It is not possible to find v in the context of Theorem 1.1 such
that T', is strongly irreducible. This follows from a recent result of Péneau [Pén25,
Corollary 1.14]. We thank Cagri Sert for this observation.

Remark 2.5. — Under other types of moment conditions on a and b, information
on distribution of the corresponding random variable X defined by (2.3) was obtained
by Kesten and Goldie: see [BDZ16] and references therein. We thank Cagri Sert for
telling us about this.

3. Flexibility of Oseledets data

In this section we prove Theorems 1.3 and 1.4. We start we a few preparations.

3.1. Construction of functions with prescribed distributions and small
average costs

Recall that a Polish space is a separable completely metrizable topological space.

LEMMA 3.1 (Function with prescribed distribution). — If (2, S, ) is a non-
atomic Lebesgue probability space and n a Borel probability measure on a Polish
space X, then there exists a measurable map f : 0 — X with distribution n, that

jS, f*H = 7]

Proof. — We can assume that (2 is the unit interval, S is the Lebesgue o-algebra,
and g is Lebesgue measure. If X = R, the statement is a standard construction:
see [EH13, p. 429, Proposition 2(2)]. The case of a general Polish space follows from
the Borel isomorphism theorem [Sri98, p. 99]. O

A cost function on a Polish space X is a nonnegative upper semicontinuous function
c: X x X — R that vanishes on the diagonal.

THEOREM 3.2. — Let T be an ergodic automorphism of a non-atomic Lebesgue
probability space (£, S, ). Let X be a Polish space, and let n be a Borel probability
measure on X. Let ¢: X x X — [0,00) be a cost function. Then, for any € > 0, there
exists a measurable function f: ) — X such that f.u =n and

(3.1) [ el (@), £(Tw)) dn(w) <.

The conclusion of the theorem above implies that, for p-almost every w, the
sequence of points x, = f(T"w) travels around the space X achieving the prescribed
distribution 7 in such a way that ¢(z,, z,+1) (the cost of travel per unit of time) is
small on average. As the proof will show, low cost travel can be achieved by moving
slowly.

The proof of Theorem 3.2 is a skyscraper construction. Let us recall the relevant
facts.

Suppose T' is an ergodic automorphism of a probability space (€2, S, i), and that
B € S has pu(B) > 0. By the Poincaré recurrence theorem, for y-almost every w € B,
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there exists k& > 1 such that T%w € B. Let B; denote the set of points of B whose
first return to B occurs at time k, that is,

k—1
(3.2) By =BNnT*B)~ |JTB).

i=1
For each k, the sets By, T By, ..., T !By, are disjoint, and their union forms a tower

of height k and measure ku(By). These towers form a disjoint collection, called the
skyscraper with base B. By ergodicity, the skyscraper covers the whole space €2,
except for a zero measure set. In particular, > 72, ku(Bg) = 1; this statement is
known as Kac’s lemma.

Assuming that (2, S, i) is a non-atomic Lebesgue space, a partial converse to the
Kac’s lemma is provided by the following theorem of Alpern and Prasad [AP90]
(or [AP0O, Theorem A.1.4]): given any sequence m = (my,mo,...) of nonnegative
numbers such that

(3.3) > mp=1 and ged{k:m #0} =1,

k=1
we can find a positive measure subset B C (2 such that the towers of the skyscraper
with base B have measures as specified by the sequence . Equivalently, the sets (3.2)
satisfy

(3.4) w(B) = % for every k> 1.

Note that the Alpern—Prasad theorem is an extension of the Rokhlin tower lemma.

Proof of Theorem 3.2. — Since X is Polish, by [Bil99, p. 8, Theorem 1.3] the
measure 7 is tight, meaning there is a countable union of compact sets which has
full measure. This implies we can write n as a convex combination > 77, p,n, of
compactly supported probability measures 7),,. Let K, be the union of the supports

of N, ..., M.
We define
(3.5) Cn = max c(z,z’),

z,x' €K,

which exists because ¢ is upper semicontinuous and K, is compact. This is a non-
decreasing sequence, because K, C K, for all n.

Given € > 0, we choose a sequence of positive numbers k; < ks < ... whose GCD
is 1 and is such that

|2

(3.6) < for all n.

€
n 2

o

Let m = (m,m2,...) be the probability vector defined as my, = p, and 7 = 0 if
k ¢ {k1,ks,...}. Now we let B be the set given for m by the Alpern—Prasad theorem:
the associated subsets By defined in (3.2) have measures specified by (3.4).

We now let f: @ — X be such that (f|g, )«(1|B,,) = pntn/kn for all n (using
Lemma 3.1) and f(w) = f(T 'w) if w ¢ B. It is easy to check that f.u=7.
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We are left to bound the integral in (3.1). We claim that the integrand can be
bounded as follows:

(3.7) o(f(w), f(Tw)) < g(w) + h(w),

where

(38) g = Z Oan*l(Bkn) and h = Z Oank"_l(Bkn)'
n=1 n=1

Indeed, if w &€ T~1(B), then all terms in (3.7) vanish. On the other hand, for p-a.e.
w € T7Y(B), there exist n and m such that w € T=(By,) N T*»~1(By,,). Therefore,
f(Tw) € K, and f(w) € Ky, It follows that ¢(f(w), f(Tw)) < Cmax(mn) < Cm + Ch,
proving (3.7). On the other hand,

(3.9) /gdu=/hdu=icnu(3kn):i Zf”<§:1€12’":;
so we obtain [ ¢(f(w), f(Tw)) du(w) < e. 0

3.2. Flexibility for general cocycles

We now use Theorem 3.2 to prove our first theorem on flexibility of the Oseledets
data.

Proof of Theorem 1.3. — We consider
(3.10) X = {(u1,u2) € R x R?: [lua| = [fuzl = 1, wy # Fup},

together with the natural four-to-one projection 7 : X — X. Given & = (uy, us), §j =
(v1,v2) € X, let ®(Z,7) be the unique element of GLy(R) that maps u; to v; and s
to vy. We choose a measurable map p: X — X such that 7 o p is the identity on X,
and define ® : X x X — GLy(R) by ® := ® o (p X p), that is, D(x,y) = ®(p(x), p(y)).

Next, we choose two functions 11, 15 : X — R which are continuous, have bounded
support, and have averages [1;dn = r;. For each z = (21, x,) € X, let ¥(z) be the
matrix with eigenspaces z1, z» and corresponding eigenvalues e¥*(®) ¢¥2(*) Then
U : X — GL2(R) is a continuous function which equals the identity matrix outside a
compact set. Define T : X x X — GLy(R) as T(x,y) = & (z,y)¥(z).

We assume without loss of generality that N is upper semicontinuous (replacing N
by its limsup at each point if necessary). Define a function ¢ : X x X — [0, +00) by

(3.11) c(z,y) = max{N (5(%,@)@@)) (Z,7y) € (7 x ﬂ)_l(x,y)}.

Observe that ¢ is upper semicontinuous, because it is locally the maximum of finitely
many upper semicontinuous functions. We are now allowed to apply Theorem 3.2:
note that, being an open subset of a Polish space, X is itself Polish. We obtain a
measurable function f : @ — X such that f.u =nand [ c(f(w), f(Tw)) du(w) < co.
(The integral can actually be made small, but we will not need this).
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Let F(w) == Y(f(w), f(Tw)) for all w. Note that, by the definition of ¢, we have
N(Y(z,y)) < c(x,y) for every (z,y) € X x X. It follovvs that

(3.12) [ N(F @) < [ /@), F(Tw) du(w) < oo,

that is, requirement (1.14) is met. In particular, by (1.13), the cocycle (7, F) has

well-defined Lyapunov exponents. We will show that these exponents are rq, 7y and

that the corresponding Oseledets subspaces are E;, Eo, where f(w) = (E;(w), Ea(w)).
It follows from the definitions above that, for all j € {1,2} and n > 0,

(3.13) —log HF W)|E; (w) H = 22% (f(TZW)) :

By the ergodic theorem, as n — 400 the quantity above converges almost every-
where to [1; o fdu = [;dn = r;. A similar argument also applies to n — —o0,
yielding the same limit r;. Therefore, E; is the Oseledets subspace for the Lyapunov
exponent r;, as announced. OJ

3.3. Construction of functions with prescribed distributions and small
average costs

This subsection contains a preliminary result for the proof of Theorem 1.4.

Recall a cost function on a Polish space X is a nonnegative upper semicontinuous
c: X x X — R that vanishes on the diagonal. We say that a cost function c is
symmetric if c(y, x) = c¢(z,y) for all z,y € X.

Let n be a Borel probability measure on X and let b > 0. We say that a symmetric
cost function c fits the budget b with respect to n if for any two Borel sets A, B such
that n(A) > 0, n(B) > 0, and n(AU B) = 1, we have
(3.14) xeiogeB c(xz,y) <b.

LEMMA 3.3. — Let n be a Borel probability measure on a Polish space X. Let
¢ be a symmetric cost function on X which fits a budget b with respect to n. Then
there exists a sequence (E,,) of pairwise disjoint relatively compact subsets of X such
that n(L| E,) = 1 and for every n we have n(E,) > 0 and
(3.15) sup  c(x,y) <b.

z,yEE,UE, 11

Proof. — Let b > 0 be the given budget for the symmetric cost function c. Every
point of X has a compact neighborhood U such that ¢|yxy < b. Since 7 is tight, we
can find a sequence (U,,) of such neighborhoods such that c|UnxUn < b for each n and
n(UU,) = 1. Define sets A, == U, ~ U2 U;. Then the A,’s are relatively compact,
pairwise disjoint, their union has full measure and c| 5 , 1, < b for each n. Modifying

the sequence if necessary, we can assume that 7(A,) > 0 and suppn|z, = A, for
each n.

Consider the graph whose vertices are the A,,’s and there is an edge A, — A,, iff
3.16 inf b.
(3.16) sealnf  clz,y) <
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Since c fits the budget b, our graph is connected. Therefore, there exists a path
A,, = A,, — ... that visits all vertices.

For each 7, there exists z; € A,, and y; € A,,,,, such that c(x;,;) < b. So we find
compact neighborhoods V; and W; of z; and y;, respectively, such that c|y,xw, < b.
Now let F4, Es, ... be the following sequence of sets:

(3.17) An, A 0V A, "W, Ay, Ap, NV Ay MW, A, -

Then the sequence (F,,) meets all requirements. 0

We now establish the following variant of Theorem 3.2:

THEOREM 3.4. — Let T be an ergodic automorphism of a non-atomic Lebesgue
probability space (2, S, ). Let n be a Borel probability measure on a Polish space X .
Let ¢ be a symmetric cost function on X which fits a budget b with respect to 7.
Then there exists a measurable function f: 2 — X such that f.u =n and

(3.18) co(f(w), f(Tw)) <b for every w € Q.

In terms the previous travelling analogy, this time the cost of each of our moves
cannot exceed a prescribed amount.

Proof. — It follows immediately from Lemma 3.3 that the probability measure n
can be written as a convex combination > > p,n, of a sequence of probability
measures 7, of compact supports K,, with the property that, for each n,

(3.19) sup  c(z,y) <b.

z,yeKnUK 41

Furthermore, we can assume that the sequence of weights is strictly decreasing, that

is, po > p1 > ...; indeed, it suffices to replace the sequence 71y, 7;,... by
(320) MNos My ---5M1y M2y ee 5Ny ..
k1 times ko times
for some appropriate sequence ki, ko, ... and adjust the weights accordingly.
Define a sequence (7 )g>1 as follows:
(3.21) 1= Po — P1,
(3.22) Tonta = (N + 1)(pp — pny1) forallmn > 1,
(3.23) =0 if kg S:={1,4,6,8,...}.

The fact that the sequence (py,)n>o is strictly decreasing guarantees that 7, > 0 for
every k € S. Furthermore,

(3.24) S = S0+ Do~ pst) = 3o = 1,
kes n=0 n=0

Also, ged(S) = 1. By the Alpern—Prasad theorem, there exists a positive measure
set B C € such that, for each k, the k" tower of the skyscraper with base B has
measure 7.

For almost every w € €2, the following quantity is well-defined:

(3.25) {(w) == min {|n| :ne€Z, T'weBU T_IB} :
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0

T1
1

0 2
T 1

1 2
T 1

1 1
T 1

0 0 0 } B

™ Ty 6

Figure 3.1. The skyscraper with base B, labeled according to the function £(-).

If the two sided orbit of w never hits B, let /(w) := 0. The function ¢ is measurable
and clearly has the property

(3.26) 0(Tw) —b(w)| <1 forall we Q.

We call £(w) the label of the point w. Note that labels are constant on each component
of each tower of the skyscraper with base B: see Figure 3.1.

Let L, := {~(n) be the set of points with label n. Let us compute u(L,). Note
that the first tower (of height 1) is labeled 0, half of the second tower (of height 4)
is labeled 0, one third of the third tower (of height 6) is labeled 0, etc., so

(3.27) u(Lo) =m + 2 ¢

s
5 §6+~--:(po—p1)+(p1—p2)+(p2—p3)—|—--~:po,

Similarly, for each label n > 1,

Ton+2 T2n+44
n n+1

(328) (L) = o= (Pu = Pust) + (Put = Pasa) + - = .

That is, p(L,) = p, for every n > 0. Since the sets L, form a mod 0 partition
of 2, using Lemma 3.1 on each partition element, we can construct a measurable
map f: Q2 — X such that f.(u|p,) = puns for each n > 0. In particular, f.u = n.
Recalling that K,, = supp(n, ), we can also assume that, for each n, if w € L,,, then
f(w) € K,. In this case, it follows from (3.26) that f(Tw) € K,,-1 U K,, U K11
(where K := &), and in particular ¢(f(w), f(Tw)) < b. O
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3.4. Flexibility for bounded cocycles

Here we use the previous material to give the:

Proof of Theorem 1.4. — We retrace the steps of proof of Theorem 1.3, with
a few modifications. Define X and ® exactly as before. We claim that for all x =
(ur,uz), § = (v1,v2) € X, the singular values of the matrix ®(Z,g) are
Si.n(H’/Q) and cos(@'/2)7
sin(0/2) cos(0/2)
where 0 = £ (uy,us), @ = £(vy,v5). To see this, consider the rhombus in R? with
sides of length 1 and vertices 0, uy, u; + usg, us. This rhombus is mapped by EIVD(%, )
to the rhombus with sides of length 1 and vertices 0, v, v1 + vo, v5. The diagonals
of the first rhombus have lengths sin(f/2) and cos(f/2), and are mapped to the
diagonals of the second rhombus of respective lengths sin(6’/2) and cos(#’/2). Since
diagonals of any rhombus are orthogonal, the singular value decomposition of @(f, )
becomes apparent, and the claim follows. B

The next step is to choose a measurable map p: X — X such that 7o p is the
identity; this time, we impose an extra condition:

(3.30) p(X) C {<U1,U2) e X1 L(uy,ug) < g}

(Note that, while the angle between two lines is by definition at most 7, the angle
between two nonzero vectors ranges from 0 to 7). This precaution ensures that
L(uy,ug) = L(xq, x9) if (u1,us) = p(x1, z2). Then, as before, let & = o (pxp). We
claim that, for any x = (21, 22),y = (y1,92) € X, writing 0 = £L(x1,z3), 0" = L(y1,y2),
the matrix g = ®(z,y) satisfies:

o) =

71”71

(3.29)

(3.31) log max (g,

log sin 9—, — log sin 9| .

2 2
Indeed, the singular values ||g|| and ||g are given by the previous expres-
sions (3.29) (up to switching). An application of the mean value theorem shows
that
o 7

1 ——1 —| <
ogcos2 0g0082

g 0

3.32 ——2<
(3.32) 5 "3

log sin 9—/ — log sin 9| .
2 2
Equality (3.31) follows.
The functions ¥ and T are defined exactly as before, but the function c¢ is now
defined as:
L(x1,19)
2

which is the quantity (3.31). This ¢ is a symmetric cost function on X. The bounded
gap assumption on the measure n means that there exists b > 0 such that c fits a
budget b with respect to n. Applying Theorem 3.4, we obtain a measurable function
f:Q — X such that f,u =n and

(3.34) sup c(f(w), f(Tw)) < b.

we

£
(3.33) c(z,y) = |logsin £ly2) log sin

)
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As before, let
(3.35) F(w) = T(f(w), [(Tw)) = &(f(w), f(Tw))¥(f(w)).

By its own definition, the function ¥ is bounded (i.e., takes values into a compact
subset of GL2(R)). On the other hand, (3.34) means that the function w — ®(f(w),
f(Tw)) is bounded. Thus F' is bounded.

The same argument as in the proof of Theorem 1.3 shows that the cocycle (T, F)
has the prescribed Lyapunov exponents 71, o, and that the Oseledets spaces have
joint distribution 7. OJ

4. Conclusions and comments

In this article, we obtained results on the distribution of the angles between
Oseledets subspaces, with a focus on the property of log-integrability. For reasons of
simplicity, we confined ourselves to dimension 2, but we would expect similar results
to hold in higher dimension.

We showed that in the class of measurable linear cocycles, the distribution of
the angles is completely arbitrary. On the other hand, for i.i.d. random products
of matrices (one-step cocycles), we proved that the log-integrability of the angles
follows from finiteness of the second moment, and we showed that this hypothesis is
indispensable.

A distinguishing feature of the i.i.d. setting is that the distribution of the unstable
direction E; is a stationary measure with respect to the matrix distribution v (while
the stable direction E, is stationary with respect to the distribution of the inverse
matrices).

Stationary measures have been intensively studied. For example, they are known
to be exact dimensional [HS17] (see also [LL23, Rap21] for higher dimension). Their
regularity properties have been studied in [DKW21] and also in [GKM22, Mon25],
which also apply to nonlinear dynamics. As for the dimension of the support of the
stationary measures, see [CJ26].

In view of Theorem 1.3, it would be interesting to understand whether some type of
weak independence between the factors of a random matrix product would yield exact
dimension of the distribution of Oseledets subspaces (see e.g. [AV07, Led86] for some
notions of weak independence and corresponding results on simplicity of Lyapunov
exponents). By analogy with [Fen23], one might expect that exact dimension holds
for ergodic cocycles (T, F') such that F' takes only finitely many different values.

The distribution of the angles between Oseledets subspaces has been studied
experimentally [AVSK98, PLR13]. In Hamiltonian dynamics, the classical Melnikov
integral [Gel97] allows to estimate these angles for perturbations of integrable systems.
Arnaud [Arn13] obtained quantitative relations between the Lyapunov exponents and
the distribution of the angles in the contexts of twist maps and Tonelli Hamiltonian
flows.

Another important setting consists of diffeomorphisms f: M — M of a compact
surface M. If f is C*° and topologically mixing with A, (f) > 0, then the distribution
of Oseledets angles with respect to the (necessarily unique) measure of maximal
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entropy satisfies a power bound, and in particular is log-integrable: this follows
from the recent work of Buzzi, Crovisier, and Sarig [BCS25, Corollary 1.11 and
Lemma 9.3]. We thank Snir Ben Ovadia for this observation.
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