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and to v by the second. The product measure u® v is always a joining. The existence
of other joinings of (X p, T') and (Y, v, S) detects whether the systems have properties
in common. In particular, if (X, u,T) and (Y, v,.S) have no other joinings they tend
to have orthogonal dynamical properties. When p ® v is the only joining the systems
(X, 1, T) and (Y, v, S) are called disjoint. Joinings and disjointness were first studied
by Furstenberg [Fur67]. The survey of de la Rue [Rue23] is a good introduction.

A non-trivial system (X, u,T) is never disjoint from itself: there are always off-
diagonal joinings obtained by embedding X in X x X using the map = — (z,T")
for any n € Z. When these and the product measure are the only ergodic joinings
of (X, u,T) with itself the system (X, u,T) is said to have minimal self-joinings.
Rudolph [Rud79] gave the first example of a system with minimal self-joinings.

King [Kin88] showed that all mixing rank one systems have minimal self-joinings.
The survey of Ferenczi [Fer97] collects many equivalent definitions of rank one and
we record here the definition most useful for our purposes.

DEFINITION 1.1 ([Fer97, Definition 6]). — A system (X, u, T) is rank one if for
every measurable set A C X and every € > 0 there is a measurable set F' C X and
h € N and a measurable set A" C X such that:

o the sets F,TF,..., T"'F are pairwise disjoint,

o u(A'AA) <k,

o Wf(FUTFU---UT"1F) > 1—¢,

e A’ belongs to the o-algebra generated by {F,TF,... , T""1F},
all hold.

Thouvenot asked the following question.

QUESTION 1.2 ([Ryz20, § 1.2 in Section 12]). — Does a non-rigid rank one trans-
formation without factors have the minimal self-joinings property?

To make sense of this question we recall the following definitions.

DEFINITION 1.3. — Fix a system (X, u, T). Say that f € (X, p) is rigid for T
if there is a sequence r in Z with |r(n)| — oo and T"™ f — f in L*(X, u). In this
situation we say that f is rigid along r. Any such sequence is called an f- rigidity
sequence. One says that (X, u, T) is mild mixing if the only rigid functions are the
constant functions.

King [Kin86, p. 377] proved that all non-trivial factors of rank one systems are
rigid. As mild mixing systems cannot have non-trivial rigid factors, Question 1.2
is equivalent to asking whether mildly mixing rank-one systems have minimal self-
joinings. We construct a mild-mixing rank-one system that does not have minimal
self-joinings, thereby answering negatively Question 1.2.

THEOREM 1.4. — There is a mild mixing rank one system (X, u,T) without
minimal self-joinings.

Ryzhikov has results connected to this theorem. On the one hand he showed that
such an example can not be “bounded” rank 1. That is, bounded rank 1 mildly mixing
systems have minimal self-joinings [Ryz13]. On the other hand, he showed that for
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A rank one mild mixing system without minimal self joinings 99

any € > 0 there is a mildly mixing transformation without minimal self-joinings that
has a “local rank” of 1 — € [Ryz12].

1.1. Outline of proof

We define in Section 2 a measure-preserving system (X, u, T'). The following prop-
erties of the system are established in Sections 3, 4 and 5 respectively.

THEOREM 1.5. — The system constructed in Section 2 is rank one.

THEOREM 1.6. — The system constructed in Section 2 does not have the minimal
self-joinings property.

THEOREM 1.7. — The system constructed in Section 2 is mild mixing.

Our system will be the induced transformation of an odometer on an explicit subset
obtained by removing a countable number of cylinders. First consider the odometer

Q=]J{o,...,9}
ieN
on which S : (2 — ) is the usual “addition with carry”. The product of the uniform
measures on {0,...,9}, denoted v, is S-invariant and the system (€2, v, S) is ergodic.
Put
Wi={zeQ:x(1)="7,...,2(i— 1) =T7,2(i) = 8}
for all i > 2 and W, = {x € Q : 2(1) = 8}. The closed subset

x=0\UWw
ieN
has positive measure and we can therefore consider the induced system (X, pu,T')
where p is the normalization of the restriction of v to X and T is the first return
map defined by
T(.’L’) — Smin{nEN:S”(z)eX}($)

for (in this case) all z € X.

The removal of the cylinder sets W; dramatically alters the dynamical properties of
the system. While (€2, v, S) is rigid, the system (X, u, T) is mild mixing. This is due
to the abundance for any large n € N of pairs of nearby points z, y with the property
that T"(z) and T""(y) are also nearby. For example, if n = 10° and z(i) = 8 and
y(i) =9 and z(j) = y(j) for all j < i and (z(1),...,2(i — 1)) precedes (7,...,7)
lexicographically in the collection of cylinders that intersect X then:

e 1 and y are close,

e there will be 1 < k < n with S*(z) € W},

e for no 1 < k < n will S*(y) belong to any W;,
so T™(x) will be close to T"*!(y). One can use such points to show that every rigid
function is approximately T-invariant and therefore constant by ergodicity. For more
general n the decimal expansion of n dictates the scale ¢ for which the removed
cylinder W; can be used to “pick up invariance” in the above sense.
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It is likely, using an argument analogous to that of [FHZ05] for showing that linear
recurrent 3-IETs have minimal self-joinings, that pairs of points with the above
behaviour can be used to prove the system (X, i, T') has the much stronger property
of minimal self-joinings.

To produce a system that does not have minimal self-joinings we build on a method
from [CE21] for producing ergodic joinings that are neither one of the off-diagonal
joinings nor the product measure. To do so we modify €2 to be of the form

Q = [T{0,....c(i)}

€N

where c(i) = 9 unless i = 275 in which case c¢(i) = 2% — 1; and by modifying
W; when i = 297 to consist of many more cylinders. The formal definition is in
Section 2.

In modifying the odometer to allow the removal of many cylinders at certain scales
we are able to find for each k& € N sets A, and Bj, of measure about 0.5 and times

p(k), q(k) with
(1.1) TP®) ~ Ton A, and TP® ~ 7% on B,

and the relation qyi1 = 2pr — qx. We use these properties to build a non-trivial
joining in Section 4. See in particular the paragraph after Proposition 4.3, for how
these properties facilitate building the joining.

Having modified the sets W it is no longer clear that the resulting system (X, u, T')
is mild mixing; the bulk of our effort is in verifying that property. We wish to pursue
the same strategy as described above, but the decimal expansion of a time n may
no longer be relevant. Instead one must expand

(1.2) n=e(J(n))p(J(n)) +e(l(n) —=1)p(J(n) = 1) +--- +e(1)p(1)

where k — p(k) is a specific sequence of quickly growing return times for our system
(X, pu,T). ‘

When the scale J(n) of the expansion (1.2) is not of the form 2715 we can again “pick
up invariance” using the single removed cylinder Wj,). However, if J(n) is of the form
2715 we cannot take this approach: the set Wj(n) that we remove consists in this case
of too many cylinders to run that argument. To overcome this difficulty we appeal to
the relations (1.1) which will enable us to “reduce” our attention to n—e(J(n)) p(J(n))
and n—(p(J(n))—q(J(n)))e(J(n)) on Ay and By, respectively. A single application
of this reduction procedure may not suffice, as these reduced times may themselves
not have expansions at scales where one can pick up invariance. Moreover, even after
several iterations of this reduction procedure we might not be in a position to pick up
invariance. To overcome this difficulty we consider also the reductions of a multiple
sn of n. Our main technical result (Proposition 5.20) keeps track of what happens
as we apply the reduction procedure to n and sn simultaneously. The upshot is that
the reduction of sn is roughly equal to s multiplied by the reduction of n. Fixing
in advance a relatively small scale compared to that of n we choose s large enough
that s multiplied by the reduction of n must “overflow” and have an expansion at
which one can again pick up invariance.
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A rank one mild mixing system without minimal self joinings 101

This approach is quite technical, and it is natural to wonder whether the careful
bookkeeping is necessary. Two facts suggest this care is important. The first fact is the
real possibility of “secret” rigidity times. Such “secret” times are present in exchanges
of three intervals (see for instance Case 2 in the proof of [FHZ05, Theorem 5.1]) and
transformations such as Katok’s map (see [Fer97, Section 1.4.3]). The second fact is
that there are some natural candidates for rigidity sequences for our transformation:
we build our joining by showing that there is a sequence ny,ns, ... € Z so that the
corresponding sequence of off-diagonal joinings is Cauchy in the weak* topology;
it is then natural to wonder if say, n,.; —n; is a rigidity sequence. It is an open
question of King [Kin86, p. 382] whether rank one transformations always have that
{(id X T™)spt}nez is weakly dense in the set of ergodic self-joinings.

We hope that our strategy will help to further differentiate mildly mixing rank
one transformations from mixing rank one transformations. We comment further on
this in Remark 3.1.

1.2. Outline of paper

In Section 2 we define our system (X, i, T') and introduce the numeration system
relevant to it. Additionally, we prove some basic properties of the system including
that it is partially rigid and weakly mixing. We prove in Sections 3 and 4 that our
system is rank one and has a non-trivial ergodic joining, respectively. The most
involved argument (that (X, u,7") is mild mixing) is in Section 5. We include two
appendices: one proves a minor modification of work in [CE21] needed in Section 4
and the other lists notation used throughout the paper.

2. Building the system

In this section we define our measure-preserving system (X, u, T') from an odometer
(Q,v,5) by taking X to be a subset of € and T to be the induced transformation
and p to be the normalized restriction of v to X. In fact X will be Q less a countable
union of odometer cylinders and thus a closed subset of €2.

2.1. An odometer

Define
d(j) =27
a(j) =27
for all n € N. Define

en) = 1° n ¢ {a(j):j €N}
2d(j) +1 n=a(j)
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for all n € N and put
Q= [[{0,....c(n)}
neN
with the product topology.
Given x,y € Q2 and k € N write

r=y
when z(i) = y(i) for all 1 < < k.
For concreteness, define a metric on €2 by

_Jo ifr=y
d(z,y) = {2]' where j = min{i : 2(7) # y(i)}

for all z,y € Q. Define S : Q — Q as follows: put S(c) = 0 and, for every = # ¢
define

S(1),2(2), ... )= (0,0, 2() + 1, 2 +1),..)
where j = min{k € N : z(k) < ¢(k)}. The map S is a homeomorphism of €2 and
preserves the product Borel measure

V:®(k‘)1—|—1(50+“.+5c(k))

keN ©

on ).
By a cylinder we mean any subset of ) of the form

{r € Q:2z(i(1)) =0b(1),...,x2(i(k)) = b(k)}
for some k € N and values 0 < b(j) < ¢(i(j)) foreach 1 < j < k. Wecalli(1), ..., i(k)
the defining indices of the cylinder. The length of a cylinder is the numbers of

coordinates it fixes. We sometimes write |C| for the length of the cylinder C. We
use the notation

(2.1) [b(1) b(2)...b(k)]
={z € Q:2(1) =b(1) mod ¢(1),...,2(k) = b(k) mod c(k)}

given prescribed values b(1),...,b(k) € NU {0} for cylinders defined by the first
k coordinates. We for example write [0¥] for the cylinder [00...0] of length k& and
[75=18] for the cylinder [77...78] of length k.

We sometimes refer to the index n € N defining an odometer digit as a scale. When
n belongs to {a(j) : j € N} we call n an unbounded scale; otherwise n is a bounded
scale. For any index n > 2 we picture the odometer as a collection of ¢(n) cylinders
arranged as in Figure 2.1 mapped to one another by the transformation S.

For each s € N define A(s) to be the largest unbounded scale strictly smaller than s.
Thus Aa(j) +1) = a(j) and A(a(j)) = a(j —1). For example A\(2/7°) = 2774, We will
sometimes iterate A so that A\*(a(j)+1) = a(j —1). For example \*(27+° 4+ 6) = 2713,

Put

n) = H1 T e(y)

for each n € N. Note that ¢(n) is the minimal m € N with S™[0"] = [0"1].
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c(1)e(2). x c(n—1)

20...0

10...0 _—
00...0 _—
0 1 c(n)

Figure 2.1. A partition of an ) into cylinders (drawn schematically as intervals)
of length n. Rows are labeled by the first n — 1 coordinates and columns are
labeled by the n'" coordinate. The transformation S maps a cylinder to the
one above, with the cylinder at the top of each column mapped to the bottom
cylinder of the tower to the right, and the top right cylinder mapped to the
bottom left cylinder.

2.2. Inductive removals to define the system

For each k € N we define a union Wj, of cylinders of length £ that will be removed
from €2 to form our space X. When k ¢ {a(n) : n € N} the set W, will consist of
the single cylinder [7%718] of length k. When k is equal to some a(n) the set Wj, will
consist of a large number of cylinders of length k defined by an inductive procedure.
The formal construction follows.

Put Yy = Q. Put W, = [8] and for each 1 < k < a(1) define

Wi={re€Q:a()=7 VI<i<k and z(k)=8}=7""§]
so that v(Wy) = 1/t(k) for all 1 < k < a(1). Write
YV=Q\(WyU---UWy)

and let S|Y}, be the induced transformation on Y} for all 1 < k < a(1). See Figure 2.2
for a schematic. For each 1 < k < a(1) define q(k) = 0 and p(k) to be the minimal
m € N with (S]Y;)™[0¥710] = [0¥11]. For example p(1) = 1 and p(2) = 9 and
p(3) = 89.

Wawy = {7 € Yoy 2(a(1)) = d(1) +1 and <S|Ya(1)_1)](x)€[0“(1)—1]}
j=1
2d(1)+1
_ U [gau)fﬂ
i=d(1)+1

cf. Figure 2.3. We have v(W,q)) = (d(1) + 1) Q(1)/t(a(1)). Put
Ya(l) =0 \ (W1 U---u Wa(l))

and let S|Y,() be the transformation induced on Y, 1y by S. Analogous to what we did
before, define p(a(n)) to be the minimal m € N with (S|Y,q))™[0°M~10] = [0~ 1].
Write P(1) = p(a(n)).
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99...99 ——
79...99 ——

907,77 —

7.7 — # | p(k)
67...77 —_— cylinders
20...00 —

10...00 ——

00...00 ——

0 7 8 9

Figure 2.2. The picture of Yy at scale k for some 1 < k < a(1). The marked
cylinder is Wy. Note that the rows labeled 89...99 and 87...77 are not shown
as they were removed via Wj.

99...99 ~—— z # —F—
79...99 — _
20...00 —— —
10...00 —— —
00...00 —— _
0 d(1) d(1)+1d(1) +2 2d(1) + 1

Figure 2.3. The picture of Y,(1)—1 at scale a(1). The marked cylinders constitute
Wa). Note that the row labeled 89 ...99 is not shown as it was removed via W;.

We now proceed inductively, supposing that subsets Wy,..., Wy, of © and
p(1),...,p(a(n)) in N and q(1),...,q(a(n)) in N have been defined, with Y; =
Q\(WLU---UW;) for all 1 <i < a(n) and P(i) = p(a(i)) and Q(i) = q(a(i)) for all
1 < i < n. Define

Wi={zeQ:a(k)=7 V¥ 1<i<k and a(k)=8}=[r""§|

for each a(n) < k < a(n + 1). Note that W}, was not removed at any earlier stage.
We have

(2.2) V(W) = t(]/;)

for all a(n) < k < a(n+1). Let
Yi=Q\ (Wi U UW) = Y \ (Wagmy 1 U+ - U W)
for all a(n) < k < a(n + 1). Define p(k) to be the minimal m € N with
(S[Y)™[0F 0] = [0F11]
and define q(k) = 0 for all a(n) < k < a(n+1).
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Next, let Q(n+ 1) =q(a(n+ 1)) =2P(n) — Q(n) and put

Qn+1) (T € Yymyr)-1:@(a(n +1)) 2 d(n+1) +1
Wa n =
e ]U1 and (S|Y nt1)— )](x) € {0“(”“)_1]

which is shown in Figure 2.4. We have
(dn+1)4+1)Q(n+1)
t(a(n+1))

(23> V(Wa(n—i—l)) -
Let
Ya n+1) = \ (Wl U Wa(nJrl))
and define p(a(n) + 1) € N to be minimal satisfying

S|Yamin p(a(n+1)) gelr+)-1g] — [gatnti)-19
(n+1)

and put P(n+1) = p(a(n+1)) to complete the inductive construction. It is immediate
from Figures 2.2 and 2.4 that

(2.4) (c(n) +1)p(n) < t(n)
for all n € N and in particular, t(n) is the number of levels of Y at stage n and p(n)
is morally the number of levels of X at p(n — 1).

LEMMA 2.1. — Y nv(Wy) < 3.

Proof. — First estimate
(dn) +1)Q(n)  dn)+1  Qn o
o5 @) cal) 1 Ha( — 1) S Haln) — 1) S Haln)— 1)
1
- 10a(n)—a(n—1)—1
using (2.4). Then use (2.2) and (2.3) to get

1 (d(n) +1 1

~—
[\
O
—~
N
|
—_
~
~
—~
Q
—~
3
|
[u—
~—
~—

vWk) < ), + <
% %ﬂf(k) % t(a( Z 100 T 10etn+D—a(a—1
which is less than 1/8. 0

By Lemma 2.1 the set
X =0\ U w

keN
has positive measure. It is a closed subset of (2 as each W is open. The set

x€ X :S"z)€ Xy for infinitely many n € N
B { and S7"(x) € Xy for infinitely many n € N}

has full measure in X by Poincaré recurrence. We define 7' : X — X by taking T
to be the first return map on G and the identity map on X \ G. Define u(B) =
v(BNX)/v(X) for every set B C X of the form C'N X with C' a Borel subset of €.
Our system is (X, u, 7). As (2, v, 5) is ergodic (X, u, T') is as well.

TOME 9 (2026)



106 J. CHAIKA & D. ROBERTSON

Q(n)

cylinders

P(n)
cylinders

4

AR

O | | h | | | | h | |

=
=
2
=
_|_
—_
[\
=3
=
+

1

Figure 2.4. The picture of Y,,—1 at scale a(n). The marked cylinders consti-
tute Wa(n).

2.3. Measures of cylinders

We will note that our choices for d(n) and a(n) give the following properties.

(P1) P(n) < t(a(n) = 1)
> P(n) 1
" P <10

We will want often to study partial T" orbits as orbits of some S|Y,,. For convenience
we define for any r € Z and any b € N

v,r) = | {:U € X : (S|Yy) (%) € Wy for some —|r] <i< \7"|}

a(m)>b

to consist of those points whose S|Y; orbits visit some finer W, between times
—|r| and |r|. When x does not belong to V(b, ) we have

T'(x) = (S|Ys)'(z) ¥ —Ir|<i<]r|

unless some (S]Y;)"(z) belongs to some [7'8] with i > b.

If a cylinder set C' of length k does not belong to Wy U --- U Wy, then p assigns it
positive measure. In other words, any cylinder set C' not removed by scale |C| has
positive measure in X. Slightly more is true: the following lemma will be used to
prove u(C)t(|C|) is bounded away from zero over such cylinder sets.

LEMMA 2.2. — If C # [71] is a cylinder not contained in Wy U --- U W¢| then
4 P(n—1)

> R

a(n)>|C|

VA< e

holds.
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A rank one mild mixing system without minimal self joinings 107

Proof. — Fix a cylinder set C # [7I°1] disjoint from W; U --- U W|g. We can only
possibly have C N W, # @ when j = a(n) > |C| for some n € N. For any such n,
note that C' consists of t(a(n))/t(|C|) cylinders of length a(n) and that at most

2(d(n) +1)Q(n) o 2Q(n) o 4P(n —1)
(2d(n) +1)P(n) = P(n) =  P(n)
of them belong to W,,). Therefore

4 P(n-1)
v(CN Wy ) <
( @) t(Cl) P(n)
from which the conclusion follows. [l
LEMMA 2.3. — There is £ > 0 such that
§
u(C) =
t(1C1)

whenever C' is a cylinder set not contained in Wy U --- U W|q.

Proof. — If C = [7I°l] then
1
t(n)

whenever n > |C| is a bounded scale. Thus for every C not contained in Wi U- - -UW¢
we have

1 1 Pln—1) 1 /1 4
MO < T st i Z Tpr S e e i)

n>|C| a(n)>|C|

v(CNW,) <

after Lemma 2.2 and P2. Thus
55 1
=
63 v(X)
suffices. O

LEMMA 2.4. — Let D C () be a cylinder whose largest defining index is r and let
C C Q) be a cylinder whose smallest defining index is r + k for some k > 1. Further
assume DNX # @ and DNCNX # @. Then

w(DNCnNX) 1

WDu(C) ~ T

holds.

Proof. — We first consider the case when D has every index defined up to r and
the indices defining C' are from r+1 to b. (This is a special version of the case k = 1.)
Thus C'N D is a single cylinder defined at entries 1 to b that is non-empty. Thus

CNDCY,andso u(CND)= I/(X)*l(ﬁ —v(CNDNXC). Thus we compute
1

W\ X) <Y sy P

1 11
- )(CND) =
=) 5% PO 8

$1(0)
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108 J. CHAIKA & D. ROBERTSON

SO

7

21 1 #(r) 1 7\?
menb) > <8) 1) v(X) £0) (X)) (8) (D)

establishing the first case.
We now treat D defined at all indices at most r and C' is defined at all indices
from r + k to b. We consider D NY,,;_1, a union of N > 8* cylinders. Now

N v(X)t
2.6 D)— —————— | <maxy v(Yyppr \ X)(X) 7, ——4—— 0.
20) D) - | <m0\ w0, P
Indeed we estimate the maximum amount that could be removed by going from
Y, x—1 to X and assume it is all removed from D and on the other hand, if nothing
is removed from D, how much we have to scale it to obtain its proportion of X from
its proportion of Y, ;1. Similarly

p(r+k+1)
(2.7) ’M(O) T ol

At most one of the NV cylinders defined at entries 1 to r+k—1 intersects U;g (a3 W (J)-
For each of N — 1 other cylinders, we intersect them with C' and obtain cylinders
defined at entries from 1 to b which do not intersect W; for j ¢ {a(i)}ien. Name
these cylinders FEy, ..., Fx_1 and note that

Cv(Y)!

< maX{l/(Yb \ X)v(X)™ v(X)~ }

N-1 . 4 P(j—1) 1 1
”(UE"“C“”>< 2 i PG BB

i=1 a(j)>b

holds. We obtain that
< N -1 1 1
T pb+1)  2F5p(b4+1)
Since N > 8%, combining this with (2.6) and (2.7) we have the claim.
The general case is similar: treat D as a union of A cylinders defined on every

index from 1 to r + %k — 1 and C' as a union of B cylinders defined on every index
from r 4+ k to b. 0

w(CND)

2.4. Expansion and reduction

Given r € Z we will analyze T" by expanding r using a numeration system closely
tied to the dynamics of 7. The numeration system is based on the heights p(j) of
the left-most towers in the scale j picture. At unbounded scales we might instead
have chosen to use p(j) — q(j) in our numeration system as each height is witnessed
by about half of the points in the system. Although we can only use one in our
numeration system, we will in effect keep track of both in the technical parts of our
arguments using the reductions in Definition 2.11. To define this expansion we need
the following lemma.
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LEMMA 2.5. — We have
+1
(C(n)z + 1) p(n) < p(n+1)
for alln € N.
Proof. — We have
(n+1) (c(n)+1)p(n) —1 n a bounded scale
n =
P (c¢(n)+1)p(n) —q(n)(c(n) +1)/2 n an unbounded scale
from which the statement follows. O
DEFINITION 2.6. — Fix r in Z. By the tower expansion of r we mean the expan-
sion
J(r)
(2.8) r=_e(j)p(j)
j=1

with e(J(r)) # 0 and 2|e(j)| < c(j) + 1 chosen greedily. Formally, this means the
following: take

J(r)=max{j e N:e—— |r —ep(j)| is not minimized by e = 0}

with the convention that J(0) = 0. Define e(r) = e(J(r)) to be the associated
minimizing value, choosing |e(r)| as large as possible whenever there is a choice. Since
p(1) = 1 both 1 and —1 have tower expansions, and since |r — e(r) p(J(r))| < |r|
one can define the tower expansion of any integer by induction on |7“| Indeed letting

r"=r—e(r)J(r) we can 1nduct1ve]y (using || < |r|) assume v’ = 52/0) e(i)p(i) and

represent r = e(r)p(J(r)) + 0% e(i)p(i). Since J(r') < J(r) this gives an expansion
for r. We will refer to J(r) as the scale of r. We will say that r is bounded if J(r) is
a bounded scale, and that r is unbounded if J(r) is an unbounded scale.

Example 2.7. — We have p(1) =1, p(2) =9, p(3) = 89, p(4) = 889 and ¢(i) + 1 =
10 for i < a(1) so

74 =3p(1) —2p(2) +p(3)
150 = —p(1) — 3p(2) +2p(3)

are tower expansions.
We conclude this section with some basic results about our expansion.

LEMMA 2.8. — If2|e(y)| < c(j) + 1 forall 1 < j < J then

)< (2 1) e

holds.
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Proof. — The proof is by induction. One calculates

Kl c(K)+1 c(K+1)+1
> etoli) < (L 1) oo + D D 4
j=1
and applies Lemma 2.5. ([l

COROLLARY 2.9. — For all r € Z we have |r| < 3p(J(r) + 1).

Proof. — This follows from Lemma 2.5. If J = J(r) is a bounded scale then this

follows because p(J+1) = 10p(J) —1 and thus (%—1—1) p(J) =6p(J) < 2p(J+1).

Similarly if J = a(k) is an unbounded scale, p(J 4+ 1) = 2(d(k) + 1) p(J) — d(k) q(J)

and so (%+l)p(<])<%p(<]+l). O

LEMMA 2.10. — For every m € Z with J(m) unbounded we have

2| e(m) q(J(m))| < p(J(m) = 1).
Proof. — Since |e(m)| < % we can estimate
1
e0m)) am)| < L 2p00m)) <1077 p(3(m) 1)
2

as required. [l

When 7 is at an unbounded scale a definite proportion of points = with z(J(r)) <
c(J(r))/2 satisfy TPU(M) (1) ~ 2 (see Corollaries 5.14(1) and 5.16 (1)) and a definite
proportion of points x with z(J(r)) > c(J(r))/2 satisty TPUI=9U0) () ~ z (see
Corollaries 5.14(2) and 5.16(2)). Motivated by this, the next definition will be used
to relate 77 (z) for  at unbounded scales to 7" (z) for 7 at smaller scales.

DEFINITION 2.11. — Define the left and right reductions by
L(r) =r—e(r)p(J(r))
R(r) = —e(r)p(J(r)) +e(r) a(J(r))
respectively whenever J(r) is an unbounded scale.
A definite proportion of points x satisfy 77 (x) ~ T-("(z) and a definite proportion
of points z satisfy 77 (z) ~ TR (z) whenever J(r) is unbounded.
LEMMA 2.12. — Fix r € Z with J(r) unbounded:

(1) |L(r)] < p((r)),
(2) [R(r)] <p(J(r)) —a(J(r)).

Proof. — For (1), apply Lemma 2.8 with J = J(r) — 1. For (2), apply Lemma 2.8
with J = J(r) — 1 and Lemma 2.10. O

The following lemmas describe how reductions and scales interact.
LEMMA 2.13. — Fix m € Z with J(m) an unbounded scale. We have
max{J(L(m)), J(R(m))} = A(J(m))

and if L(m) and R(m) are both at an unbounded scale then neither is at scale J(m)

and at least one of J(L(m)) = A(J(m)) and J(R(m)) = A(J(m)) holds.
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Proof. — Since

(2.9)  R(m) —L(m) = e(m)q(J(m)) = 2e(m) p(A(J(m))) — e(m) a(A(J(m)))

we have in general

(2.10) max{[R(m)[, [L(m)[} = 7 p(A(m))

and so the larger of R(m), L(m) in absolute value cannot be at a scale smaller than
A(J(m)), establishing the first claim.

We now assume that both L(m),R(m) are at unbounded scales. It is immediate
that (in general) J(L(m)) < J(m). As L(m) is assumed to be at an unbounded scale
we must have J(L(m)) < A(J(m)). That implies

L) < PAUOT) 1)

A~ w

and, as we have

[e(m)a(J(m))| < p(J(m) — 1)
from Lemma 2.10, the triangle inequality gives
2[R(m)] < p(A(J(m)) +1) +2p(J(m) — 1) < p(J(m))
which means J(R(m)) < J(m). As R(m) is also assumed to be at an unbounded scale

we have J(R(m)) < A(J(m)) as well. Thus when they are both at an unbounded
scale, it must be that one of R(m) and L(m) is at scale A(J(m)). O

LEMMA 2.14. — Let m € Z be at an unbounded scale a(b). At least one of
J(R(m)) < J(m) and |R(m)| < 3 p(J(m)) is true. Also J(L(m)) < J(m).

Proof. — This follows by the greedy algorithm to define p and the fact that
(2d(b) +2) q(J(m)) is much smaller than £ p(J(m)). O

2.5. Some dynamical properties

We mention here briefly some dynamical properties of (X, u, T') that follow quickly
from the construction.

2.5.1. Partial rigidity

The task of proving (X, u, T') is mild mixing is made difficult by partial rigidity in
the system, which we remark upon here. Recall that (X, u, T') is partially rigid if there
is a constant > 0 such that, for every measurable A C X one has p(ANT"A) >
Op(A) infinitely often. Using Lusin’s theorem, one can deduce partial rigidity from
the following proposition.

PROPOSITION 2.15. — For alle > 0

lim u({x € X: d(T"(")x,x) < e}) >

n—oo

O ==

holds.
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Let k, : Z — Z by k.(n) = m where S™(z) = T"(z). It is not hard to check that

v({z € X CQ:ky(p(n)) =t(n—1)}) >

O

for all large enough n. Indeed, this follows from estimating 1 — t(n — 1)v(Ups, Wk)-
Note that there are two cases, one where n is at an unbounded scale and one where
n is at a bounded scale.

2.5.2. Weak mixing

We prove here that (X, u,T) is weak mixing. We follow roughly a well-known
argument but give the proof from scratch both for completeness and because the
argument proceeds along lines similar to, but much simpler than, those in the proof
of our main result. More precisely, in both arguments we study 7' by relating it to
S|Y,, for appropriate m. It is particularly important to examine the effect of W,,.

PROPOSITION 2.16. — (X, u, T') is weakly mixing.

Proof. — Fix an eigenfunction f of T with eigenvalue \. Recall that ergodicity of
T gives |f(x)| = 1 almost surely. We must prove that A = 1. Fix ¢ > 0 and s > 0.
There is a compact set G C X with v(G) > 1—s on which f is uniformly continuous.
Fix § > 0 so that d(x,y) < 0 guarantees |f(z) — f(y)| < € whenever {z,y} C G. Fix
a bounded scale n € N with 271 < § and n — 1 an unbounded scale. We wish to
choose points x,y in X with all the following properties.

(1) {z,y, T4 (@), TP (y)} € G

(2) x(i) =y(i), Vv1<i<n-—1

(3) z(n)=4 and xz(n)=7

(4)  T'(x)=(S]Ya)'(x) and T'(y) = (S|Ya)'(y) V1<i<2p(n)+1
(5) ST )) = NP (@) and f(TPPO(y)) = NP f(y)

Indeed, if we are able to do this then we have

o |f(z) — f(y)| < € by properties (1) and (2).

o T2P()+1 (1) and T?P(™ (y) agree in their first n — 1 coordinates by (2), (3), (4)
and property (5). Indeed our third condition and the definition of W,, gives
that (S]Y,,)2PM*1y £ (S|Y,)x and (S]Y,)?PMy £ (S|Y,)y.

o |f(T?PMFL(3)) — F(T?PM(y))| < € by property (1) and the preceding item
from which we conclude that |1 — A| < 2e.

To obtain the five properties we note that GNT~2PMG and GNT 2P 13 are both
very large if s is small enough, and that V(n, 2 p(n)+ 1) will have small measure if n
is large, so that we can guarantee the first four properties by shrinking s. (5) holds
almost surely. O

ANNALES HENRI LEBESGUE



A rank one mild mixing system without minimal self joinings 113

3. The rank one property

We prove here that our system is rank one.

Proof of Theorem 1.5. — Fix A C X measurable and ¢ > 0. For each n € N
let h(n) € N be minimal with the property that (S|Yy,))"™[87%~1] is the lexi-
cographically largest cylinder of length a(n) in Y. Certainly h(n) < t(a(n)). All
subsequent removals W), with k& ¢ {a(m) : m > n} are contained within [7%()]. Let

F, = 877\ V(a(n), h(n)) € X

which is shown in Figure 3.1. We now bound the measure removed by removing
V(a(n), h(n)). For each m > n we remove from [87(")~1] at most d(m) + 1 cylinders
of length a(m). Thus

p(X\F,UT'F U UTH IR,

1 n 2 Z 1
v(X)2d(n)+2 v(X) 10a(m)—a(n)—1

m>n

where the term 8P (n)v([0%™)]) accounts for the cylinders of length a(n) that precede
[879(M=1] lexicographically and we have used P(n) < t(a(n) — 1). We thus have

p(F,UTF, U UTMYE,) — 1

as n — o0o.

- - _— —

- - _— —
87...77 —— — _— —
T —— e _ —
67...77 _— _— _ _—
10...00 — — _— —
00...00 _— _—

0 7 d(n) d(n)+1 2d(n) + 1

Figure 3.1. The picture of Y,(,)—1 at scale a(n). The marked cylinders make up
Wan)- The dashed cylinder contains all W; with j > a(n) and j a bounded scale.
A subset of [87%™~1] will be used as the set F exhibiting T as rank one.
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Choose n so large that there exists cylinders C1,...,C; C Y with defining coordi-

nates 1,....,a(n) and

o WAA(XNCLU---UXNGC) < e/100v(X),

e 8P(n)r([0%™]) < €/10,

o f(X\F,UT'F,U---UTh"=1E ) < ¢/2,
all hold. Then the p measure of the intersection of A with the union of all cylinders
that precede [87%™~!] lexicographically is at most ¢/10v(X). For 0 < i < h(n) put

(CLU---UC)NT'F, +# @

and A; = @ otherwise. The set A" = Ay U --- U Ap(,)—1 is measurable with respect
to the o-algebra generated by {F,, TF,,...,T"™=1F,} and u(A’'AA) < e. O

Remark 3.1. — It is natural to try to determine whether our procedure can be
modified to construct a mildly mixing rank 1 transformation 7" with the property
that T™ has rank two for all n > 2. (Note that 7" being mild mixing precludes 7"
from being rank one: indeed 7' is in its centralizer and were T rank one it could be
concluded that T is rigid by the weak closure theorem. We thank Mariusz Lemanczyk
for pointing this out.) Indeed, one could try to modify our construction (perhaps by
removing some extra levels at certain bounded scales and changing the definition
of Q(n)) so that for every n there are infinitely many & so that at the unbounded
scales a(k) we have P(k) and P(k) — Q(k) both relatively prime to n. One could use
the following definitions.

n—1
Fr = U (8IYaq) 87" \ V(a(k), p(k) +2)
i=0
n—1 )
Fr = U (8[Yage)' [87°07%d(k) + 2] \ V(a(k). p(k) +2).
i=0
Letting

h=min{i > 0: (S[Yaw)™F N [0"Md(k)] # 2} -1
and
Wo=min{i > 0: (S|Yaw)"F' 0 [0"0] # o} —1

we see our transformation is rank 2.
Having done the modification to the construction, one still needs to check that the
proof of mild mixing goes through. We do not pursue this here.

4. An ergodic joining

The purpose of this section is to construct an ergodic self-joining of (X, p, T') that
is neither the product measure nor an off-diagonal joining. The construction is an
application of [CE21, Proposition 3.1]; to prepare for its application in Section 4.2
we give in Section 4.1 a technical description of towers for (X, u, T').

We briefly describe the proof. We find a pair of sequences of integers (i) and (1)
and measurable sets A(7), B(i) so that
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° Ta(i) |A(z) =~ T’Y(iil) and Ta(i) |B(z) ~ Ta(iil)

. TV(i)|A(i) ~ T~ and T'Y(i)|3(l-) ~ TV,
We use this to show

® 4 and fiy() are Cauchy with the same limit.

e This limit is close to c(i)vam) + (1 — c(i))vyu for all k.

e This common limit is neither one-to-one on almost every fiber nor the product

measure.

e The limit is ergodic.
This strategy is from [CE21] where it was used to build joinings of interval exchange
transformations. Proposition 4.3 is most of the technical argument from that paper
adapted to our setting. Proposition 4.2 proves the required facts about our system
to apply Proposition 4.3. We describe the choices of the (i) and (i), between the
statement of Proposition 4.3 and the proof of Theorem 1.6. The sets A(i), B(i) are
given in the statements of Proposition 4.2.

4.1. A tower

In the picture at scale a(k) we have a tower
(d(k)+1)P(k)—1
T = U (S|Y;L(k))n[0a(k)} C Yo
n=0
of height (d(k) 4+ 1)P(k) for the transformation S|Y, ). We will wish often to think
of TN X as a tower for T on which 7™ and S|Y,;) agree for all —2P(k) < n < 2P(k)
for most points x in 7 N X. In this subsection we produce subsets J(k) of [0%*)]
that are the bases of towers for T with such properties. We will do so by removing
“columns” from the tower.

DEFINITION 4.1. — By a column at scale i we mean a subset of €} defined by
fixing values for all coordinates i < n < I. We call I > ¢ the rank of the column.
The base of a column is its intersection with [0°"1].

For example {z € Q : x(4) = 2,2(5) = 3} is a column at scale 4 and rank 5 while
{r € Q:5<z(a(y)) < 10}
is a union of six columns at scale a(j) and rank a(j).

PROPOSITION 4.2. — For every k € N there are sets J(k),U(k) C X and a con-
stant ¢ > 0 with the following properties.

(PJ1) min{n e N: T"(x) € J(k)} > (d(k)+1)(2P(k) —Q(k))—3 for every x € J(k),
(PI2) (d(E) + DP(k) Syo 1T (7)) — 0.

Writing
(d(k)+1)P(k)—1
A(k) = ( L_JO T”J(k)) \U(k) and B(k) = (X \ A(k)) \ U(k)

for every k € N we have all the following properties.
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(PJ3) T™(x) = (S|Yaw))"(x) for every v € A(k) and every —2P(k) < n < 2P(k).
(PJ4) For every x € A(k) we have (S|Yq))P® (2) Wy
(PJ5) T™(x) = (S|Yaw))"(x) for every v € B(k) and every

—2P(k) +2Q(k) < n < 2P(k) — 2Q(k).

(PJ6) For every x € B(k) we have (S|Y,x))"® =" () alk)-1 o

(PIT) u(U(k)) < 3,
(PJ8) u(A(k)) = c and u(B(k)) > c.

Proof. — For each k € N define
V(k) = V(a(k), (d(k) + 1)(2P(k) — Q(k)) — 1)

and put J(k) = [0°®]\ V (k). Note that J(k) C X for all k. For every = € J(k) and
every 0 < n < (d(k) +1)(2P(k) — Q(k)) — 3 we have
) =

(4.1) T"(x) = (S]Yag)"(2) or T"(x) = (S|Yag)" ()

and

(4.2) (S[Yam) (z) ¢ U() W; = T"(z) = (S[Yaw))" (2).
j]¢>{z(f)}

Indeed, if T"(z) # (S|Ya@))" (z) for some n in the above range then
(S e U Wi

i>a(k)

for some 0 < j < n. But as x ¢ V(k) this restriction becomes

(SYaw)(x)e U Wi

i>a(k)
1 bounded
and
_ (S|Yawy) 'z € W, for some x € W, \ V (k)
ming ¢ > 0 ST
with i # 7, 4,5 € {a(k) + 1,a(k)+2,...} \ {a(r)}

> pla(k) +1) —1
so for each z € J(k)

VAN
—

{0<j<n:<5ma<k>>xe U We}

£>a(k)

and

{o>j>—n:<sma<k>>xe U We} <1
>a(k)

which establishes (PJ1) because (d(k) + 1)(2P(k) — Q(k)) is the first return time to
[0°®)] for S|V
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For (PJ4) and (PJ6) note that the definition of A(k) gives that x € A(k) implies
0<z(l) <d(k)+1andye A(k)° D B(k) implies 0 < y(¢) < 2d(k) + 1, consulting
Figure 2.4 gives these claims.

For (PJ2) note that pu(J(k)) < 1/v(X)t(a(k) + 1) giving

: 1 (d(k) + 1)P(k) 1 1
4. 1P < < .
( 3) (d<k) + ) (k) ZM(J(]» V(X) Z t(a(]) ¥+ 1) V(X) Z 10a(])—a(k:)

>k J>k J>k

because (d(k) + 1)P(k) < t(a(k)) for all j > k.
To get (PJ3) and (PJ5) we define the sets U(k) in terms of columns. First define

(4.4) Uo(k)
={zeQ:a(alk) ¢ {0,1,5,6,7,8,9,d(k) —1,...,d(k) + 2,2d(k),2d(k) + 1} |
which is a union of columns at scale a(k). We have

C13P(R) 13
V) = atmy) < )

and therefore

(4.5) (Uo(R) N X) € oo <

which goes to zero as k — oo.
Now, if 2 € X\ (Us(k) UV (k)) then for all 0 < |n| < P(k) because x ¢ V (k) and
(T"z)(a(k)) # 7, as in (4.2), (S|Yyw)) "z =T"x.
Setting U(k) = Uy(k) U V (k) we have (PJ3) and (PJ5). Using (4.5) we have
uww»<§+V&ﬁ%wm+n@mm—@w»—n+m(uwmﬂ<§§

>k

which is (PJ7).
Lastly, (PJ8) is a consequence of {x € Y4 : (k) < d(k)} and {z € Y, : x(k) >
d(k)} both having measure at least ; and (PJ7). O

4.2. Building the joining

In this section we prove Theorem 1.6. We begin by recalling that the Kantorovich—
Rubinstein metric on the space M1(V') of Borel probability measures on a compact
metric space V' is defined by

dkr(n,&) = sup{|n(f) —&(f)| : f is 1-Lipschitz on X with respect to d|xxx}

for all n,& in My (V).

The joining A will be built using a minor modification of [CE21, Proposition 3.1]
(in the case d = 2). We highlight the differences in bold and in the appendix we
prove the version of [CE21, Corollary 3.3], which is the only part of the proof
that requires significant modification. Note that (J7) is a strengthening of [CE21,
Proposition 3.1 (B)], the corresponding condition in [CE21], and this is used for (A.5)
in the appendix.
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PROPOSITION 4.3. — Fix sequences

e i +— J(k) of subsets of X,

e k— U(k) of measurable subsets of X,
e i+ r(k) of natural numbers,

e k> a(k) and k — (k) of integers,

e i — ¢(k) of positive real numbers,

and set
r(k)—1

(4.6) U T (J()\U (k) B(k) = (X \ A(R)\U(k)

and let v; on X x X be the push-forward of y under the map x +— (z, T%(x)). Assume
all of the following.

(J1) There is ¢ > 0 such that for all k € N one has p(A(k)) > ¢ and u(B(k)) > c.
(J2) For all k € N the minimal return time of T on J(k) is at least 3r(k).

(J3) For all k € N we have u(U(k)) < e(k).

(J4) limy oo (k) > j > ku(J(j)) = 0.

(J5) The sequence k +— ¢(k) is non-increasing and summable.

(J6) For every k € N and every x € A(k) one has

(4.7) d(TO‘(k)x,TV(k_l)x) < e(k) and d(TW(k)a:,TO‘(k_l)x) < e(k)
and for every k € N and every x € B(k) one has
(4.8) d(Ta(k)a:,Ta(kfl)x) < ¢(k) and d(TV(k)x,T“’(kfl)x) < e(k).
(J7) For every k € N the estimates

(4.9) u( U ){:v € X : dr <ya i T xT) (x,T“(k):E)> > e(k)})

9L>r(k+1

(4.10) u( U ){x €eX: dKR(Wk Z (T xT) (x,T%’f):c)) > e(k‘)})

9L>r(k+1

both hold.
Then

Va(j) T V1)
fam v = Jim, == = fim vy

and in particular the above limits exist. Moreover the common limiting value \ is
ergodic for T' x T and there is C' > 0 such that

Va(k) T Vq(
dKR<)\(k2'Y> OZ

>k

for all k € N.
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In order to apply Proposition 4.3 to establish Theorem 1.6 the central assumption
to establish is (J6). The times «(k) and ~y(k) will be chosen based on the picture at
the unbounded scale a(k). The set A(k) will consist of points in the left tower at
scale a(k) while the set B(k) will consist of points in the right tower at scale a(k).
Indeed, if x € A(x), then by (4.4) we have z(a(k)) € [2,d(k) — 2] and so T™(x) is in
the left tower at scale a(k) for all 0 < |n| < P(k). Analogously for € B(k) and the
right tower. Recall that P(k) is the height of the left tower and P(k) — Q(k) is the
height of the right tower at scale a(k). Taking

a(0) =1, a(1) = P(1),

a(2) =P(2) —P(1) + 1, a(3) = P(3) — P(2) + P(1),
and

7(0) =0, y(1) =—-P(1) + 1,

v(2) = —P(2) + P(1), v(3) = —P(3) + P(2) —P(1) + 1

and using the inductive definition Q(n + 1) = 2P(n) — Q(n) we have for example
that 7°G) ~ 77 and T7®) ~ T*? for many points in A(3) and 7%®) ~ T*? and
T3 ~ 772 for many points in B(3).

Proof of Theorem 1.6. — We will apply Proposition 4.3 to produce an ergodic
joining that is neither the product measure nor an off diagonal joining. Let the con-
stant ¢ > 0 and the sequences k — J(k) and k — U (k) be those from Proposition 4.2.
Define r(k) = (d(k) + 1)P(k) — 1 and put €(k) = 15-27% With these choices the sets
A(k) and B(k) in the hypothesis of Proposition 4.3 are the same as the sets A(k)
and B(k) in the statement of Proposition 4.2. In particular we get (J1) from (PJ8)
and (J2) from

3(d(k) + 1)P(k) < 4(d(k) + 1)(P(k) — Q(k))
and (PJ1). Our choice of €(k) gives (J3) immediately and (J4) is just (PJ2). We get
(J5) from (PJ7).

To establish (J6) and (J7) we need to define the sequences a(k) and (k). Put

a(0) =1 and 7(0) = 0 and inductively define

alk+1)=Pk+1)+~k) and ~(k+1)=—-Pk+1)+alk)
for all £k € N. One can check by induction that
(4.11)  a(k)+Q(k) =a(k—1)+P(k) and ~(k)+P(k)=Q(k)+~y(k—1)

for all £ € N.
We verify that (J6) holds. We calculate

Ta(k)(x) _ TP(k)—i—fy(k—l)(x) a(

and

B)-1 T’y(k—l)(x) — d<Ta(k)<x)7T7(k—1)<x>> < e(k)

T () = T-PE k=D () " TatD () = (T (2), T D (x)) < (k)
using (PJ3) and (PJ4), which gives (4.7). Similarly, for all € B(k) we have

To0) () "L W PO () = Tk (4) = d(T°W(2), T**V(x)) < e(k)
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and
Tv(k)(x) Tv(k)-i—P(k)—Q(k)(x) — Tv(k—l)(x) _— d(TW(k) (1‘), T“/(k—l)(x)) < E(k’)

using (PJ5) and (PJ6). This establishes (4.8) and thus (J6).

Finally, we establish (4.9) to give half of (J7), the other half, (4.10), is analogous
and omitted. Observe that p(n + 1) is the number of cylinders of length n that
non-trivially intersect X. Also, observe that if x ¢ V(n,p(n + 1)) then either

o {T7x}o<j<pn+1) intersects every cylinder of length n in Y, exactly once
e or it does not intersect [7"] and it intersects one such cylinder twice.

Combining these two facts, we have that if z,y ¢ V(p(n + 1) + a(k),n) then

a(k)—1

1 Pl a( z i a (k)i
(4.12) CE) ZO f( i, TUOT ) — f(Ty, T"MT'y)

a(k)+2
p(n+1)
Indeed, if Tz, T7y are in the same cylinder of length n and T*®)+ig Tek)+iy are in
the same cylinder of length n then

(T, TO ) — f(T7y, Ty )| < 27 Lip(f).

This allows us to treat at least p(n + 1) — (a(k) + 2) terms in each summand and
we estimate trivially on the rest.
Thus, if ¢ V(n,p(n+ 1) +a(k)), f is 1-Lipschitz and || f||sup = 1 we have

< 27"Lip(f) + - diam (X)Lip(f).

(4.13) ‘/deﬂ_p(nl—kl) 2:: f(T"x)

< 2,u<V<n, p(n+1) + a(k))) ARt

We now let n = 3 - a(k) and we have

u(V(n,p(n+1) +a(k))) <2 (p(n+1) + a(k))u(xrlv( U Wa(a‘))
101.6a(k)
S " 10ak+D)—a(k)—1

This uses (2.5), the fact that | p(n + 1) < 10" - 2++6.
To complete the proof we need straightforward estimate: Assume

,u({x izz:;f(Tix,Tme) > e}) <9

then for Lr < N < (L+1)N
(4.15) u({ ’leNZ F(T'2, T )| > €+ V5| fllsup + }) < V0.

(4.14)
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Indeed, we say j is bad for x if
1 (+1)r—1 . .
— Z f(T’x,T’erx) > €.
LA —
Now
,u({x:|{0<j<L—1:j is bad for z}| > [\/SLD < V0.
On this set the estimate in (4.15) holds.

Observing that ir(k + 1) > 9" **+D=2p(n), plugging in (4.13) and (4.14) into
(4.15) completes the proof that the assumptions of Proposition 4.3 hold.

We now have to prove that our limiting joining, o, is neither one-to-one nor
the product measure. To do this we require some additional notation. Let 7 be a
coupling of ; on X x X. Applying disintegration of measures to projection onto the
first coordinate, one defines a p-a.e. uniquely defined family of measure 7, so that

e 7, is supported on {z} x X,
o [T.du(z)=rT.
Observe that

(4.16) {$ : dKR<0'm, ;[5(x,T7(k)x) + 5(x,T"‘(‘”)x>D < 2—“(k)}

c |J A(k) U B(k) = (U U(k:)) .

>k >k
The containment uses (J6) and the equality uses (4.6). Following an analysis as in

the proof of (J7), applying this with & = 1 shows that ¢ is not the product measure.
To prove that the joining is not one-to-one on a.e. fiber we use the following:

LEMMA 4.4 ([CE21, Lemma 4.7]). — If 0 is a measure that is one-to-one on
almost every fiber then o cannot be the weak-* limit of a sequence of measures T;
that are two-to-one on almost every fiber and such that there exists a  satisfying

pu({z : diam(supp(7|.) > 0}) > 3/4

for infinitely many ¢ where 7;|, is the a.e. defined measure given by applying disinte-
gration of measures to the projection of T onto the first coordinate.

Using (J3), (J5) and (4.16) provides the assumption of the above lemma. O

Remark 4.5. — One can use (4.16) a little more and show that o is two-to-one
on a.e. fiber. Indeed, this equation gives the atoms in o|,. This fact is not needed
for any statements of this paper and we omit the details.

5. Mild mixing

In this section we will prove Theorem 1.7. Given a non-constant function f
in 12(X, 1) we wish to prove that no sequence 7 in Z with |r(n)| — oo satisfies
If =T f]| = 0.
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In Section 5.1 we define the essential notion of “buddies” and give in Theorem 5.5
a criterion for a non-constant f € L2(X, 1) not to have 7 as a rigidity sequence. The
thrust of the criterion is that the existence of a uniformly positive proportion of
(r(1),7) buddies as 7 — oo precludes f from being rigid along 7.

Thus, given r we need to be able to produce buddies. There are certain situations
where producing buddies is relatively straightforward. Those are the situations where
we do not need to carry out the reduction procedure mentioned in the introduction.
In those situations are able to instead produce “friendly pairs” which are defined in
Section 5.2.

In fact, we would prefer to work with friendly pairs throughout and avoid altogether
the notion of buddies. However, when using the reduction procedure (see Section 2.4)
to prove Proposition 5.20 we are unable to work directly with friendly pairs.

We give in Section 5.3 a technical summary of the reduction procedure. In Sec-
tion 5.4 we given some preparatory results describing what happens when we apply
the reduction procedure once. The main technical result is proved in Section 5.5.
Finally, the proof of Theorem 1.7 is given in Section 5.6.

5.1. Buddies

Essential to our proof is the following definition.

DEFINITION 5.1 (Buddies). — Fix r,j € N. We will say that (y,z) in X x X are
(r,7) buddies if the following properties all hold.

(1) y =

(2) There exists 0 < |i| < 9 so that (S|Y;_, o T")(y) = (T")(2)
Remark 5.2. — In our argument, we will have |i| = 1. However, in related argu-

ments, |i| will often be in a larger range (see e.g. [CK21]). As such we phrase things
more generally to have Theorem 5.5 in a more general situation.

The points y and z are (r, j) buddies if they are initially close (in that they agree
in the first j — 1 coordinates) and through r iterations of 7' differ by at least one
and at most eight iterations of S|Y;_;

Example 5.3. — Fix k € N a bounded scale. When y € X N [67*27] with
S(y) = T(y) and z € X N [67*728] with S?(y) = T(y) the points y and z are (1, k)
buddies.

We record here a lemma about buddies that will be needed later.

LEMMA 5.4. — Assumer,u € N, j < J € Nandy,z € X so that

(1) T (y) T"(y),

(2) T7(2) "= Tu(2),
(3) (y,2) are( J)-buddies,
(

then (y, z) are (u, j)-buddies.
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Proof. — The condition (1) of being (a, 7) buddies is independent of a and so we
just need to check condition (2). Condition (2) of being (a, j)-buddies depends only
on the first j —1 coordinates of 7. Indeed, S|Y;_; depends only on these coordinates.
So by conditions (1)—(2) above, (y, z) being (r, j)-buddies and being (u, j)-buddies
is equivalent. O

The following theorem is our main criterion for non-rigidity of f € L2(X, i) along
a sequence r in Z.

THEOREM 5.5. — Let f : X — C be a non-constant L*(X, i) function and let
r be a sequence in Z with |r(n)| — oo. Assume there exists p > 0 so that for all
7 € N there exists ig € N so that for all i > iy there exists a Borel set I'; C X and
a measure preserving function ¢; : X — X with
b M(Fl) > P,
e for all z € T'; we have that (¢;(2), z) are (r(i), T)-buddies
all hold. Then r is not a rigidity sequence for f.

LEMMA 5.6. — For all ¢ > 0 and B € N there exists 7 so that if r € Z, I is

a Borel set and ¢ : I' — X is a measure preserving function satislying (¢(z),z) are
(r,7)-buddies for then

a 3¢ with 0 < |¢] < 10 so that for all — B<a< B

we have d <<TT+“ o ng,) (v), Tr+a+f(y)> > €

Proof. — The definition of (y, z)-buddies gives that for any 0 > 0 there exists jy
so that for all j* > jo we have that for every (y, z) which are (r, j')-buddies we have
that there exists 0 < |k| < 10 so that
(5.1) min d((T70 ¢:)(y), ((S|Yi-1)" o T")(y)) < 0.

0<|k|<10

pwlsyel < €.

Because T% : X — X is measurable for all k& € Z, by Lusin’s theorem and the fact
that continuous functions on compact sets are uniformly continuous, for any B € N
there exists § > 0 and K C X, compact with u(K) > 1 — ¢, so that for all z,y € K
with d(z,y) < 6 and —B < a < B we have

d(T%x, T%) < €
Combining this with (5.1) gives the lemma. O

Proof of Theorem 5.5. — Let p > 0 be given and f be a non-constant L*(y)
function. Because T is weakly mixing and thus every power of T is ergodic, for all
0 < €] <9 there exists ¢, > 0 so that

/‘f_foT’f) i > ¢

holds. Let ¢ = min{l,¢,: 0 < [£| < 9} and 0 < & < §4. By the ergodic theorem
(either Birkhoff or Von Neumann), for each 0 < || < 9 there exists By € N so that
for all B > B, we have

~ef) <e

(5.2) M({ ‘B+1Z’fT’“ F(T ) ‘_/)f_fon\du
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Denote these sets Ay p. Let B =max{B,: 0 < |{| < 9}. By Lusin’s theorem, there
exists K := K_ 5 C X compact so that u(K) > 1 —¢ and f o T" restricted to K is

continuous for all —9 < i < B + 9. Because continuous functions on compact sets
are uniformly continuous, there exists 7. so that when z,y € K. p and z Z y then

(5.3) F(TV) — f(TPy)| < &

We now assume that the assumption of Theorem 5.5 holds and obtain 7 as in
Lemma 5.6 for € = min{27 ™, ¢} and let 7/ = max{r.,7}. We choose iy as in the
statement of Theorem 5.5 with the p we have been given and 7 = 7.

By Lemma 5.6 there exists 0 < |¢| < 9 (depending on i) and a set G; so that

(Gi) = {5u(ly) — e > g5p and
(54)  (TMo¢i)(y) = (T )(2) forall —-B<a<B andall z€G;

both hold.
Now let D denote the set of z so that:

e 2 c K,

e 9(2) e K

o Ti(z) € K,

o (T o¢;)(2) € K,

o 2 € Gy,

o I™(z) € Ay
Observe that (D) = pu(Gs) — p(A; 5) — 4u(K°) > +p. For all z € D we have
by (5.2), (5.3) and (5.4) that

< 2¢e

5 () - (o)) - flr - sor o

and so

= g‘f(T"i+j(Z)) = J((T74 0 90)(2)) | > e 22

as well. Because the triangle inequality gives
FI () = F((T"H 0 6:)(2))| = [F(T7(2)) = £((T7 0 60)(2))]
< |F@H(2) = (T ()] + [ F((T" 0 ¢0)(2)) = £((T7 0 6:)(2))|

we can estimate

I (2)) = F(T @) + [ (T 0 60)(2)) = £((T7 0 6)(2)) | ds
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where the last inequality uses (5.3). Thus

(5.5) [ 1) = @) > o

proving the Theorem 5.5. U
In fact the proof gives the following.

COROLLARY 5.7. — For any non-constant f € L?(X,u) and any p > 0 there
exists ' :=7'(p, f) € N and 6 := 6(p, f) > 0 so that if
o m e,
e [' is a Borel set,
o ¢ : ' — X is yu-measure preserving
satisfy
e u(T") > p and
o for all z € I" we have that (z,¢(z)) are (m, T)-buddies
then

/|f—fon|du>c5
X
holds.

5.2. Buddies from friendly pairs

We define friendly pairs and prove that friendly pairs are always buddies. We then
show how to produce friendly pairs at bounded scales, establishing that if f € L2,
non-constant and 7 is a sequence such that J(r(n)) is at a bounded scale for infinitely
many n then ris not an f-rigidity sequence (see Corollary 5.11).

DEFINITION 5.8 (Friendly pairs). — Fix r € Z and j € N with j at a bounded
scale. We will say that (y,z) in X x X is an (r,j) friendly pair if the following
properties a]l ho]d

(F1) () ()ora]llgngj—l,

(F2) T"(y) = (S|Y;)"(y) for all 1 < |n| < |r| + 1 with sgn(n) = sgn(r),
(F3) T"(2) = (S|Y;)"(2) for all 1 < |n| < |r| + 1 with sgn(h) = sgn(r),
(F4) (S1Y;-1)"(v) ¢ W; for all 1 < |n| < |r| + 1 with sgn(h) = sgn(r),
(F5) (S|Y;_1)"(z) € W; for a unique 1 < |h| < |r| with sgn(h) = sgn(r).

The following lemma says that friendly pairs are always buddies.
LEMMA 5.9. — If (y, z) is an (r, j) friendly pair then (y, z) are (r, j)-buddies.

Proof. — By conditions (F3) and (F5) we have that 77 (z) = (S|Y;_1)""!(2) and
by conditions (F2) and (F4) we have that T"(y) = (S|Y;-1)"(y) and T (y) =
(S]Y;_1)" " (y). By condition (F1) we have that the first j — 1 entries of (S|Y;_1)"(y)
are the same as the first j — 1 entries of (S|Y;_1)*(z) for all k and in particular for
k € {r,r + 1} proving the second condition in the definition of buddies. This proves
Lemma 5.9. U
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7. TT - p(j)

>

cylinders

o | | | h | | | h | |

7 8 9

Figure 5.1. The picture of Y;_; at the bounded scale j. The marked interval
is W;. The marked points form a (p(j),J) friendly pair if both points are outside

V(J, p(J))

There are some situations where it is relatively straightforward to produce friendly
pairs. The first, formalized by the next result, is when r € Z is at a bounded scale.
The second, given by Proposition 5.12; is when r is small for its scale and J(r) — 1 is
a bounded scale. The second applies in particular when r is at an unbounded scale,
but small at that scale. The salient point is that neither of these situations require
us to reduce to smaller scales.

THEOREM 5.10. — For all r € Z with J(r) bounded there is a set B C X with
the following properties.
o u(B) >107".
e There is ® : B\V(J(r),87) — X a measure-preserving map that is a bijection
onto its image such that (®(z),z) is are (r,J(r))-friends for all z € B\
V(J(r),8r).

Proof. — Fix r € Z with J(r) bounded. We prove the case r < 0. The case r > 0
is similar and therefore omitted. Note that

(5.6) p(J(r) +1)/2 > |r| = p(J(r))/2

holds from the definition of the expansion. Define

and (S‘Ytj(r)_1>‘( ) € Wy, for some — |r| <i < 1}
and note that v(B) > 1073 by independence so ) = 1073 by definition of pu.

1 wB
Given y € B\ V(J(r),8r) define ®(y) by (®(y))(J(r)) = 6 and (2(y))(n) = y(n)
otherwise. Fix z € B\ V(J(r),8r). The pair (®(z), z) satisfies (F1). Observe that
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(S|Y)y-1)"(2) € Wy, for exactly one r < h < —1 because of (5.6) giving (F5). We
also have (F3) because

(SYim)"(2) ¢ U Wi

i>J(r)

for all —r < h < —1 follows upon combining z ¢ V(J(r),8r) with the condition
on z(J(r) + 1). As (®(2))(J(r)) = 6 we have (S|Yi)-1)"(®(2)) ¢ Wy for all
—r—1 < h < —1. That gives (F4). Next note that ®(z) = T"(z) for some 4r <n <0
which implies ®(z) € X. As z ¢ V(J(r), 8r), we have

(SYim-1)"(@) & U Waw
a(k)>J(r)

which, together with the fact that (®(2))(J(r)) = 6 implies
(SYim-0" (@) ¢ U W;

3>J(r)
for all » < h <0, gives (F2). Thus (®(2), 2) is an (r, J(r)) friendly pair. O
COROLLARY 5.11. — Ifr is a sequence in Z with |r(i)| — oo and r(i) at a bounded

scale infinitely often then r is not a rigidity sequence for any non-constant L?(X, p)
function.

Proof. — Pass to a subsequence with the property that (i) is at a bounded scale
for all ¢ € N. Let B; and ®; result from applying Theorem 5.10 to each r(i). By
Lemma 5.9 and Theorem 5.5 it suffices to show

8 1

M(B,»HV(J(T(Z')), 87"(@'))) <5 1%

for all large enough 4. Fix 7 and write r for (i) and B for B;. For convenience of
exposition we assume 7 < 0. Because of the fast decay of j — u(Wy;)), it suffices to
show that if a(k) is the smallest unbounded scale strictly greater than J(r) we have

. 3
u({x € B: (S|Yym)' (z) € Wery for some — 8|r| <i < 8]7’]}) < ZM(B)'
Observe that
{x € X : (S|Yy)'(x) € Wy for some —8|r| <i < 8]r|}

is contained in {z € X : z(a(k)) € [0,9] U [d(k) — 8,2d(k) + 1]}. From the definition
of B, (5.7), if J(r) = a(k) — 1 then

{w € B (SIYin)' (@) & Wigyi1 = Wagy ¥ —8|r < i <8Jr[}
and otherwise
V(B \ {m € X : (S[Yyn) (x) € Wy for some —8|r| <i< 8|T|})
d(k)
2d(k) + 2

and analogously to the proof of Lemma 2.4 we have our estimate. O

> v(B)
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We conclude this section with a second situation in which friends can be produced
directly: when the time r is relatively small for its scale and J(r) — 1 is a bounded
scale.

PROPOSITION 5.12. — Fixr € Z. If J(r) — 1 is bounded and |r| <
there exists a Borel set B with u(B) > 107> and ® : B\ V(J(r),2
preserving bijection onto its image, so that for all x € B, (z, ®(x)
friends.

Proof. — By Theorem 5.10 may assume 7 is at an unbounded scale. Thus J(r) €
{a()}. For readability, in this proof we write b for J(r). It suffices to construct a set
of (z,2') that form an (r, b — 1)-friendly pair. We present this in the case that r > 0.
The case r < 0 is similar. The pairs are formed by x so that (b —1) =9,

(5.8) z(b) <d(b) —2, and z(b+1) ¢ {6,7,8}.
and z’ so that
(5.9) Zb—-1)=6 and 2'({)=z() V £#b—1.

Observe that z "= y gives (F1). Also, from (5.8) and (5.9), (S|Y_1)*(z') € Wy_y for
some 0 < k < 7 and this is not true for z. This gives (F5) and (F4). Further observe
that (S|Y, 1)z, 2’} NW, = @ forall 0 < k < i+ 1 and ¢ > b with £ ¢ {a(j)}.
From these pairs we remove any pair z, 2" so that at least one is in V(b,7) gives (F2)
and (F3). Because 2/ = T"(z) for —i < n < 0, we have that 2’ € V(b,4) implies
x € V(b,2i). Thus (z,2') are (i,b — 1)-friends whenever x ¢ V(b, 2¢). Defining ® to
change the b — 1 digit from 9 to 6 we obtain the proposition. [l

5.3. The reduction argument

We have established via Corollary 5.11 that any non-constant f € L2(X, 1) cannot
be rigid along 7 if, infinitely often, the time r(n) is at a bounded scale. It remains
(after passing to a subsequence if necessary) to consider the complementary case:
that r(n) is at an unbounded scale for all n € N. Suppose therefore that every term
of the sequence r has tower expansion

with J(r(n)) unbounded for all n € N. This is the most technical part of the argument.

We are unable to produce (r(n),J(r(n)) — 1) friends or buddies directly when
r(n) is at an unbounded scale as each W,;) consists of a large number of cylinders.
Our strategy in this case is to fix in advance an unbounded scale 7 that is much
smaller than J(r(n)) and to understand T"(™ at scale 7 instead of the more natural
scale of J(r(n)). To begin to understand 77 at lower scales we use the following

observation: in the picture at scale J(r(n)) there is a large set of points AW where
TPUC(™M)) ~ |d and a large proportion of points Aél) where TPU))=al(r() ~ |d.
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We then have 7" ~ TLCM) and T ~ TRCM) on sets A and ALY respectively
where

are the reduction operations that we will apply iteratively.

A consequence of the above is that we need to keep track not only of the times we
obtain by applying L and R but also paired sets of points where the approximations
hold. As we repeatedly reduce (i.e. compose with L and R again and again) there
is a proliferation of such pairs of times and sets. We need to analyze how they
are related, whether their associated times are at bounded or unbounded scales,
and various other features. We prepare to undertake this analysis in Section 5.4
by carefully characterizing (cf. Corollary 5.14 and Corollary 5.16) which points are
well-behaved under a single application of L, which are well-behaved under a single
application of R, and which are neither.

The analysis of repeated reduction is the content of Proposition 5.20. It records
in (E1) through (E7) what happens as we reduce a time m at an unbounded scale
J(m) to a smaller unbounded scale A (J(m)) above our target unbounded scale 7.

(E1) and (E2) records the data we keep track of: pairs of points and times (A®, ny))
that result from composing ¢ times in various ways the maps L and R and a repository
Ag) of “left over” points. (E3) records how times for different values of i are related.

We see from (E4) that a positive proportion of the leftover points Aél) belong to
friendly pairs. The sets Aél), AéQ), o ,Aél) are nested, and it may be that ,u(Agi)) is
large enough for E4 to be compatible with Corollary 5.7.

This leaves the case that A(()I) is not particularly large. When this happens we
need to worry about the possibility that some scales J(ny)) are smaller than 7.
It is certainly possible (consider m = p(J(m)) + 1 for example) that scales drop
precipitously when L or R is applied. However (cf. Lemma 2.13) it turns out that
L(m) and R(m) cannot both behave badly in this sense. To make use of this along
the reduction procedure we pair up our times ngi), e ,ng()i) foreach 1 <7 < [ in
such a way that at most one of them is at a scale coarser than 7. The properties we
need of this pairing are given by (E5) and (E7).

All of this puts us in the following position: we have for each large enough n
a description of what happens as each r(n) is reduced I(n) times to the target

unbounded scale 7. If for infinitely many n the set A(I)(”) is large enough to apply
Corollary 5.7 then 7 is not a rigidity sequence for any non-constant f € L*(X, p).
If that does not happen, we are left with times ngl(”)), . 7”1&1;(17(131))) at least half of

which are at scale 7 and behave like r(n) with respect to T'. As 7 is relatively small
we can scale each of these times by a relatively small amount d so that half of them
have expansions at the bounded scale 7 4+ 1. We will be able to conclude the whole
argument if it is the case that the times

I(n I(n I(n
A1) gnfJO | gnl1)
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are what result if the whole procedure above is instead applied to the scaled se-
quence dr. Thus, when reducing we want also to keep track of how scaling affects
everything. What we need for that is recorded in (E6).

5.4. Reducing at a single scale

LEMMA 5.13. — Fix r € N with J(r) an unbounded scale a(b) and fix x € X.

(1) If 1 < 2(J(r)) < d(b) — e(r) then (S|Yy)"(z) and (S]Y)u)"")(z) agree in
their first J(r) — 1 coordinates.

(2) Ifd(b)+2 < z(J(r)) < c(b) —e(r) then (S|Yyi)"(z) and (S|Y))R)(x) agree
in their first J(r) — 1 coordinates.

(3) Ife(r) > 11 and c(b)—e(r)+10 < z(J(r)) < c(b) then ((S[Yy)'(x))(I(r)) =
for some 0 < i < r. If x(J(r) + 1) = 7 as well there is O <i<r W1th
(S1Yir))' () € Wiy

Proof.

(1). — The effect of (S|Yjy)) ") = (S];/J(T>)e(r)p(”) on any such z is to increase
the J(r) coordinate by the amount e(r) to at most d(b). When we apply (S|Y()-")
to both = and ((S|Y))) ")) (z) the resulting points continue to agree in their first
J(r) —1 coordinates by Lemma 2.12. Indeed, when L(r) is negative the condition 1 <
z(J(r)) together with |L(r)| < p(J(r)) avoids ((S]Yyi) ™) (x) having a negative J(r)
coordinate, and when L(r) is positive |L(r)| < p(J(r)) —q(J(r)) prevents (S|Y)y)"(x)
from having a J(r) coordinate strictly larger than d(b) + 1.

(2). — The effect of (S|Yy) "R on any such z is to increase the J(r) coordi-
nate by the amount e(r) to at most c¢(b). When we apply (S|Yj)R") to both = and
((S|Y)m)"~R) () the resulting points continue to agree in their first J(r) — 1 coordi-
nates by Lemma 2.12. Indeed, when R(r) is negative the condition d(b) +2 < z(J(r))
together with [R(r)| < p(J(r)) — q(J(r)) avoids ((S|Yy,)R)(z) having a J(r) coor-
dinate less than or equal to d(b), and when R(r) is positive |R(r)| < p(J(r)) — q(J(r))
prevents (S|Y)q))" () from going too far up the first tower i.e. having J(r) coordinate
greater than 0 or have J(r) coordinate equal to 0 and being in a level that would be
in W),y on the right side towers.

(3). — Note that |r —e(r) p(J(r))| < p(J(r)) by Corollary 2.9 because
J(r—e(r)p(r)) < J(r) -1

so that for any z that satisfies ¢(b) —e(r) + 10 < z(J(r)) < ¢(b) thereis 0 < j < r
such that the J(r) coordinate of (S|Y)())’(x) is 7. In particular, there must be some
0 < i < 7 for which (S]Y)()'(z) belongs to [7] and if additionally x(J(r) +1) = 7
then we will have (S]Y)))7(z) in Wygy41. Indeed, (S]Y ) (z)(J(r)) going from c(b)
to 0 makes (S|Y;() (z)(J(r) + 1) go from 7 to 8. O

COROLLARY 5.14. — Fixr € N with J(r) an unbounded scale a(b) and fix x € X.

(1) If 9 < x(J(r)) < d(b) —e(r) and x & V(J(r),r) then
(SYym)"(z) = T"(2) (SYy(r)) () = TH(2)
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and these two points agree on the first J(r) — 1 coordinates.

(2) Ifd(b) + 2 < x(J(r)) < ¢(b) —e(r) and x & V(J(r),r) then
(SY))" (@) = T"(2) (S[¥3r)* " (@) = TX)(x)

and these two points agree in their first J(r) — 1 coordinates.

(3) Ife(r) > 11 and ¢(b) —e(r) + 10 < z(J(r)) < ¢(b) and x(J(r) +1) = 7 and
x & V(J(r),r + 1) then (y,x) are (r,J(r) + 1)-friends whenever y satisfies
z(k) =y(k) for all k < J(r) and y(J(r) +1) =3 and y ¢ V(J(r),r).

Proof.

(1). — The condition z(J(r)) > 9 guarantees the J(r) coordinate of (S|Y)())'(z)
is not 7 for all —|L(r)| < i < r by Lemma 2.12. Together with the assumption that z
does not belong to V(J(r), r) it follows that (S|Y)qy)"(x) ¢ Wy, for all —|L(r)] <i < r
and all & > J(r). Thus (S|Y)i)) (z) = T%(x) for all —|L(r)] <@ < r. As z satisfies in
particular the hypothesis of (1) we get the desired agreement in the first J(r) — 1
coordinates.

(2). — Note there is no possibility of (S|Y).)"(z) belonging to some W), with
k > J(r) for some —|R(r)| < i < r and we have the desired conclusion by appealing
to (2).

(3). — We need to verify the properties in Definition 5.8. Condition (F1) is one of
our assumptions. To prove (F2) and (F4) combine y ¢ V(J(r),r) with y(J(r)+1) =3
to get (S[Yy)'(y) & Wy for all k > J(r) + 1 and all 1 <4 < r. For (F3) and (F5)
combine z ¢ V(J(r),r 4+ 1) with the facts that there is a unique 1 < ¢ < r for which
(S]Yy(m)i(z) belongs to [7?)] and that z(J(r) + 1) = 7 allows (3) to guarantee there
is 1 <1 < r with (SD/J(T))Z(:L‘) in WJ(T)+1. ]

We have additionally the following reduction statements when the time r is negative.
The proofs are entirely analogous.

LEMMA 5.15. — Fix r € =N with J(r) an unbounded scale a(b) and fix x € X.

(1) If —e(r)+ 1 < z(J(r)) < d(b) — 1 then (S|Yyu))"(z) and (S|Y))"")(z) agree
in their first J(r) — 1 coordinates.

(2) I£d(5) +2 — e(r) < 2(J(7)) < c(b) — 2 then (S|¥i) () and (S]Yy)")(z)
agree in their first J(r) — 1 coordinates.

(3) Ife(r) < —11 and 10 < z(J(r)) < —e(r) + 1 then ((S|Yyp))'(z))(I(r)) =0
for some 0 > i > r. If x(J(r) + 1) = 8 as well there is 0 > i > r with
(S1Yir))' () € Wigry11-

COROLLARY 5.16. — Fix r € —N with J(r) an unbounded scale a(b) and fix
re X.
(1) If —e(r) + 10 < z(J(r)) < d(b) — 1 and x ¢ V(J(r),r) then
(SYy)" () = T"(2) (SIYy) " (@) = T ()

and these two points agree in the first J(r) — 1 coordinates.
(2) Ifd(b) + 2 —e(r) < z(J(r)) < c(b) —2 and « ¢ V(J(r),r) then

(SYi)"(x) = T (x) (S]Yyn)* 0 (x) = TRO(x)

and these two points agree in their first J(r) — 1 coordinates.
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(3) If e(r) < —11 and 10 < z(J(r)) < —e(r) + 1 and z(J(r) + 1) = 8 and
x ¢ V(J(r),r + 1) then (y,x) are (r,J(r) + 1)-friends whenever y satisfies
z(k) =y(k) for all k < J(r) and y(J(r) +1) =3 and y ¢ V(J(r),r).

COROLLARY 5.17. — Fixr € Z with J(r) an unbounded scale a(b) and | e(r)| < 10.

There exists B € X measurable and ® : B — X bijective and measurable on its
image so that (x,¢(x)) are (r,J(r) + 1)-friends and

111 1
B)> -————.
HB) Z 556550 dw)
Proof. — We prove the case r > 0. The case r < 0 is analogous. Let J = J(r) and

let
B {y e <S|YJ(7‘))‘Z($> c WJ(T)+1 } A X
for some 0 <i<r and z(J(r)+2)=5
which is the intersection with X of a union of cylinders of length J(r). Let ¢ : B — X
by ¢(x); = x; for all j # J + 1 and ¢(x);41 = 4. As in the proof of Corollaries 5.14
and 5.16 (3) we have that z, ¢(z) are (r, J + 1)-friends so long as « ¢ V(b,r). For
our measure estimate, we have that

r 1
J+ 1)~ 20d(J)
By our independence result, Lemma 2.4 applied with £ = 1, and the fact that there
are 10 symbols we have that adding the condition that x(J 4 2) = 5 reduces the

measure by less than a factor of 2 - 10. Lastly, the condition not being in V' (b,r)
removes less than

. QU) _,. . Qu) _1 11 1
’ a(j)%;f(r) P() < 1onJt )>a<j)§<r> P(j) =2 2020d(J)

y({x :T'r € ST'W;,, for some 0 < i < T}) > ;

giving the claim. 0

By similar estimates to what we have done earlier Corollary 5.14(3), Corol-
lary 5.16 (3) and Corollary 5.17 give the following as well.

LEMMA 5.18. — Fix r € N with J(r) unbounded. With
Ay = {z € X : x does not satisty first assumption of Corollaries 5.14(1) or (2)}

there is B C Ay, and ® : B — X, a measure preserving injection so that
w(B) > u(Ag)107% and (z, ®(x)) are (r,J(r) + 1)-friends.
The same is true with

Ag = {z € X : x does not satisfy first assumption of Corollaries 5.16(1) or (2)}

instead.

5.5. Key result for unbounded scales
In this section we state and prove the key result needed for the proof of Theorem 1.7.

Fix an unbounded scale 7 € N. Given r € Z with J(r) > 7 the proposition keeps
track — using Corollary 5.14 and Corollary 5.16 — of the behavior of points under
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first 75 and TR and then under 7)) TRLE) LR and TRRC) and so on
until we have applied compositions of L and R enough times to arrive at the scale 7.
There are various intricacies to keep track of. For example, it may be the case that
L(R(L(r))) is at a bounded scale, it may be that e(L(L(r))) is either very small or
very large, and it may be that some compositions of L and R reduce r to a scale
smaller than 7. We begin with a preparatory lemma.

LEMMA 5.19. — If0 < |k| < 2d(r) + 3 then either J(kQ(r)) = a(r — 1) or k Q(r)
is at a bounded scale. Moreover, either

J(L(EQ(r)) = J(R(EQ(r))) = a(r — 2)

(
or at least one of J(L(kQ(r))), J(R(kQ(r))) is at a bounded scale. Moreover, in
the first case, both J(L(kQ(r))) and J(R(kQ(r))) have the form k' Q(r — 1) for
| < 2d(r — 2) + 3.
If J(b) = a(r — {) for ¢ > 2 and J(kQ(r) + b) < a(r) then J(kQ(r) +b) = a(r — 1)
or kQ(r)+ b is at a bounded scale. Moreover

J(L(EQ(r) + b)) = J(R(EQ() + b)) = a(r — 2)

or at least one of J(L(kQ(r) + b)), J(R(kQ(r) + b)) is at a bounded scale greater
than a(r — 2). Moreover, in the first case, both J(L(k; Q(r) + b)) and J(R(kQ(r) + b))
have the form kQ(r — 1) + b for |k| < 2d(r —1)+2=cla(r—1))+ 1.

Proof. — The first claim is because P(r — 1) < Q(r) < p(a(r — 1) + 1) and
(2d(r) +2) p(a(r — 1) 4+ 1) is much smaller than p(a(r) — 1). In particular, & Q(r) is
at a scale between a(r — 1) and a(r) — 1 and any such scale other than a(r — 1) is
a bounded scale.

Now we consider the reductions L and R. Recall, K Q(r) = k(2P(r — 1) — Q(r — 1)),
so if it is not at a bounded scale, J(k Q(r)) = a(r — 1) and by the greedy algorithm,
e(kq(r)) = 2k because (2d(r) + 3)Q(r — 1) is much smaller than P(r — 1). If
J(L(kEQ(r))) is at an unbounded scale, similarly to above J(L(kQ(r)) = J(kQ(r — 1))
= a(r —2). Because R(kQ(r)) =2k Q(r — 1) + L(k Q(r)) = 3k Q(r — 1) we have that
it is either at a bounded scale or at a(r — 2). Now for the bound on £’ if it was not
true L(J(Q(r))) would be at a bounded scale.

The second paragraph follows similarly to the above. In particular, for the “more-
over” parts of the second paragraph, b is small enough that adding b does not affect
the greedy algorithm. 0

PROPOSITION 5.20. — Fix 7 € N a target scale greater than or equal to a(10).
Fix m € N with J(m) unbounded and J(m) > 7. Fix I € N with A'(J(m)) > 7. For
every 1 < i < [ there is a tuple

(5.10) (A9, 49 7®, 4D )
with all the following properties.

(E1) AY < X for all 0 < j < k(i) and n\) € Z for all 1 < j < k(i) and
k(i) € 2N U {0}.
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(E2) The sets A(()i), ey A,(j()l.) form a measurable partition of X in which each A§i) is
the intersection with X of a finite union of cylinders, each of which is defined
by fixing values at unbounded scales between J(m) and X~*(J(m)).

(E3) Every 1 < j < k(i) has an ancestor 1 < a(j) < k(i—1). If j #0 and z € Ag-i)

and
11 v UV i)
then
(5.12) T @)(O) = (T @) (0, ¥ <N Qm) ~ 1.

(E4) There exists F' C AW with u(F) > 10_9/;(14((;)) and ¢ : F — X measure
preserving and j > T so that (x,1(x)) are (m,j) buddies and in particular
(m, ) buddies.

(E5) The numbers 1,..., k(i) are paired so that each 1 < j < k(i) is in exactly
one pair. Moreover, whenever j and h are paired then at least one of ny) and
ng) is at scale \'(J(m)).

(E6) If j and h are paired with A'(J(m)) = J(ngl)) £ J(n\") then

n{ = k(X' (J(m))) +n)  with 2[k| < c(N7"I(m)) + 1.

(E7) If j and h are paired the cylinders defining Ay) and A;f) differ in at most
one unbounded scale. In that index one of them satisfies the first hypothesis
of either Lemma 5.13(1) or Lemma 5.15(1) and the other satisfies the first
hypothesis of either Lemma 5.13(2) or Lemma 5.15(2) respectively with
max{|n,|, |ns|} in place of r therein.

Proof. — Let 7, m and I be as in the statement. The proof is recursive.

Initial step. — First suppose both J(L(m)) and J(R(m)) are unbounded scales.
By Lemma 2.13 neither can be at scale J(m) and at least one is at scale \(J(m)). If
m is positive let A&” and Agl) be the sets of points in X satisfying the hypothesis
9 < z(J(m)) < d(b) — e(r) of Corollary 5.14(1) and the hypothesis d(b) + 2 <
z(J(m)) < ¢(b) — e(r) of Corollary 5.14(2) respectively. When m is negative use
corresponding hypotheses of Corollaries 5.16 (1) and (2) respectively instead. In
either case define A(()l) to be the intersection with X of the cylinders defined by the
J(m) coordinate that contribute neither to Agl) nor to Agl). Thus A(()l), A(ll), Agl) is
a measurable partition of X and (E2) holds. Set k(1) = 2 and n{) = L(m) and
ndt) = R(m). Thus (E1) holds. We get (E3) from the conclusions of Corollary 5.14 (1)

and (2) respectively. (When m is negative use Corollary 5.16 instead.) As k(1) = 2 we

are forced to pair ngl) and n(QI). By Lemma 2.13 at least one of ngl) and néQ) is at scale

A(J(m)) giving (E5). As L(m) — R(m)| = | e(m)|a(J(m)) and 2] e(m)| < c(J(m)) + 1
we have (E6). Property (E7) holds as the cylinders defining AWM and AL are defined
in the J(m) coordinate alone to satisfy the appropriate hypotheses.
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Secondly, suppose instead that at least one of L(m) and R(m) is at a bounded

scale greater than or equal to 7. In this case set k(1) = 0 and A((]l) = X. All
properties except (E4) are immediate or vacuous. We now treat (E4), assuming
without loss of generality that J(L(m)) = k > 7, a bounded scale. By Theorem 5.10
we get sufficiently many (L(m), J(L(m)))-friends. By Corollary 5.14 (1) if m > 0 or
Corollary 5.16(1) if m < 0, Lemmas 5.9 and 5.4 we have (E4).

Finally, suppose one of L(m), R(m) is at an unbounded scale and the other is at
a bounded scale less than 7. (We will not find both L(m) and R(m) at bounded scales
less than 7 because L(m)—R(m) = e(m) q(J(m)) forces at least one of L(m) and R(m)
to be at a scale at least as large as A(J(m)) —1.) Then we proceed as in the first case,
except that for (E5) we instead note here that if L(m) is not at scale A(J(m)) then
J(L(m)) < X2(J(m)) and so J(R(m)) = A(J(m)) because R(m) = L(m)+e(m)q(J(m))
gives J(R(m)) = A(J(m)) and it cannot be larger than A(J(m)).

The recursion. — For the inductive step, suppose for some 1 < ¢ < [ that a tuple
(A9, A9 70 AD )

satisfying all the properties has been produced. If k(i) = 0 we set k(i + 1) = 0 and
A(()iﬂ) = A(()i). All properties continue to hold.

Assuming, then, that k(i) > 0, we proceed by reducing further each ngi) unless one
of the following holds. Say that the pair h # j in {1,...,k(:)} is bad if at least one

of the following is true.
(4

o J(n)) = X(J(m)) and nf < § p(N(J(m))),
o J(ngz)) = A (J(m)) and L(ngZ ) is at a bounded scale not smaller than 7,
) J(ngl)) = A (J(m)) and R( ;Z)) is at a bounded scale not smaller than T,
o J(ny)) = N (J(m)) and ni? < Fp(N'(J(m)),
) J(n,(f)) = A(J(m)) and L(n ;L ) is at a bounded scale not smaller than T,
e J(n Ef)) = X(J(m)) and R(n ()) is at a bounded scale not smaller than 7.

ny,
When the pair to which 1 < j < k(i) belongs is not bad we call j reducible if
J(ny)) = A(J(m)). Note that (E5) says that if neither element of a pair is bad then
at least one element of each pair is reducible. As a reducible j does not belong to a
bad pair it must be the case that L(ng-i)) and R(ng-i)) are at unbounded scales. For
each 1 < j < k(i) that is reducible set

{weAl:x()(n{")) €l0,8Uld—e+1,d+1]Ulc—ec+1,c}
ifngi)>0
{xeAg-i):x(J(ny))) 0,9 —e]U [d,d—i—l—e]u[c—l,c]}
ifng.i)<0
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where ¢ = ¢(X'(J(m))) and d = d(N'(J(m))) and e = e(n”). For each 1 < h < k(i)
that is neither in a bad pair nor reducible set

{xeAg) :x(J(n@)) € [0,8]U[d—e+l,d—|—1]U[c—e+1,c]}

J

if n{? > 0
F(h) = {a: C Agf) m(J(nE”)) €0,9—¢lUd,d+1—¢€]U]c— 1,0]} k
if n,(f) <0

where ¢ = ¢(X'(J(m))) and d = d(A'(J(m))) and e = e(n\”’) and j is the (necessarily
reducible) pair of h as in (E7).

Note all 1 < h < k(i) that are neither bad nor reducible are paired with an index
that is reducible and not bad. We define

(5.13) AV =ayu U AYu U FGHHU U FM

7 in a bad pair j reducible h neither bad
nor reducible

and note that the sets making up (5.13) are pairwise disjoint as AP ,A,(;()Z.) is

a partition of X. We now verify (E4) for AT by checking (E4) holds for each of
its constituents.

e [t follow by the inductive assumption for A[(f).
e Fix a bad pair h # j. We first check that

o(40)
n(AL)

holds. By (E2) and (E7) there exist 3 unions of cylinders, B, C, D all defined
only by fixing indices at unbounded scales greater than 7 so that Ay) = BnC

(5.14) < <2

1
2

and AS) = BN D. What is more, by (E7) and our construction, up to flipping
the role of C' and D, C' is defined by all of the left towers at one unbounded
index, say a(n) and D is defined by all of the right towers a(n). Moreover, this
index is smaller than the indices defining B. Now by a similar computation
to those we have done before

Q(n)

(@) + D) = X) 0 U Woto) _ p€) _ |
(d(n) +1)(P(n) = Q(n)) = (D) P(n)
and (5.14) follows from Lemma 2.4 and the fact that the index defining C

and D is at least 22° smaller than the smallest index defining B.
With (5.14) established it suffices to find a positive proportion of (m, 1)

buddies in either Ay) or A,(:). How this is done depends on why the pair h, j
is bad.

—If J() = N(J(m)) and s € {L(n\"),R(n{")} at a bounded scale not

smaller than 7 apply Theorem 5.10 with s in place of  and note that the

set B therein is defined by coordinates no larger than J(s) 4 1 while Ag-l)

is defined by coordinates no smaller than A*"*(J(m)). We may therefore
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apply Lemma 2.4 to get

n(BAAR) > (1= 5 Ju(m)u(4))

whence a positive proportion of Ag-z) intersects B. Removing V(J(s), 8s)
and (5.11) leaves us with a positive proportion of (m,7) buddies, as in
the proof of Corollary 5.11.

— If J(ngl)) = A (J(m)) and ny) < 3p(X(J(m))) apply Proposition 5.12.

— If instead J(nﬁf)) = X (J(m)) the arguments are exactly the same upon
replacing j with h.

e When j is reducible or neither bad nor reducible, we must show that F'(j)
has a positive proportion of (m, j)-buddies for j > .

— We claim that it suffices to show this when j is reducible, because the
measure of the paired cylinders differs by less than a factor of 2 and when
h is neither bad nor reducible it is paired with j which is reducible. Indeed,
by (ET7) they differ by at most one unbounded symbol. We consider the
other (necessarily unbounded) entries defining these sets (E2) and apply
Lemma 2.4 to these cylinders and the cylinders defined by the (necessarily
unbounded) position where they are defined to differ.

— By Lemma 5.18, if j is reducible the set of (ngz), AN (J(m)))-friends is at
least 155 11(F()).

— By Lemmas 5.9 and 5.4 pairs that are (ny), A(J(m)))-friends and for

which (5.12) hold for both elements of the pair are automatically (m, 7)-
buddies.

Now we define k(7 4+ 1) and the sets AlFD ,A(HI)) and the times n{™™,.

’ k(i+1 R
ng(ﬁ)l). Write
G ={1<j <k(i):jreducible} U {1 < h < k(i) : h neither bad nor reducible}

which consists of those 1 < j < k(i) belonging to a pair that is not bad. Temporarily
write ¢ = ¢(N(J(m))) and d = d(\'(J(m))). There are two cases to consider.

e When j € G is reducible and its pair is too, write e = e(ny)) and define the
sets

0 :z:(J(nE”)) €10 —e,d— 1]}
0 x(J(né”)) € [d—|—2—e,c—2]}

() < 0. In this case form the pairs (Ly), L(n(-i))) and (Rg»i), R(ngl)))

if n; i
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e For neither bad nor reducible h € G its paired index j € G is necessarily

reducible by (E5). Again write e = e(ng-i)) and in this case define

LW = {m e AW . :E(J(n(-i))) €9,d—- e]}

J

R = {m € Ag) : x(J(ny))) €ld+2,c— e]}
g»i) > 0 and

Ll = {x e A . x(J(n(»i))) €[10—e,d— 1]}

J

R,(f) = {x e A . :U(J(n(i)» € [d—|—2—e,c—2]}

J

ifn

if ng-i) < 0. In this case form the pairs (Lg), ng)) and (Rg), ngf))

Take k(i + 1) = 2|G|. Let (Agiﬂ), ngiﬂ)), e (Ag(ﬁ)l), nl(j(ﬁ)l)) be an enumeration
of the k(i + 1) pairs that result from the above two cases. For each 1 < j < k(i + 1)
let 1 < a(j) < k(7)) be the index for which ng() ;) determines nyﬂ) as the above pairs

are formed. For each g € G the sets F(g), Lg), Rgi) partition Agi). It is immediate
from the recursion and the definitions that (E1) and (E2) are satisfied. We have
already verified (E4).

We next verify (E3). Fix 1 < j < k(i + 1). If its ancestor 1 < a(j) < k(i) is

such that ny“) = n§i) then there is nothing to check. Suppose instead that its
ancestor is a value 1 < «(j) < k(i) for which n§i+1) = L(nggj)) or ngiﬂ) = R(nggj)).

Fix = € Ag“l) with j # 0. Write n = nggj) and let » € {L(n),R(n)} be the
reduction we are considering. By either Corollary 5.14 or Corollary 5.16 we have
that (T"z)(¢) = (T"z)(¢) for £ < J(n) — 1, so long as = ¢ V(J(n),n). Invoking (E3)
gives (T"z)(¢) = (T™z)(¢) for £ < A"'J(m) — 1 so long as (5.11) holds. Combining
the two verifies (E3).
It remains to define how 1,...,k(i + 1) are paired and verify (E5), (E6), (ET7).
There are two cases to consider:
e When j, h € GG are paired and both are reducible, pair the descendants of j
and pair the descendants of h.
e When j,h € G are paired and neither is bad and only j is reducible then
necessarily h is neither bad nor reducible. Thus J(n\”) < A(J(m)) and since
h is not bad, J (n,(f)) < A(J(m)). There are two sub-cases to consider:
(1) If J(n{") = A*1(J(m)) then pair the descendants of j and pair the
descendants of h. ‘ .
(2) If J(n'?) < X+1(J(m)) we form the pairing so that ng) is with L{” and
R is with R
First we verify (E7). When the descendants i/, h” of some 1 < h < k(i) are paired

we have ' ' ' '
{Ap ARy = {1 RV

and therefore the sets AS,H), A,(ffl) disagree only in the J(ngf)) coordinate, where
j" = h when h is reducible and j’ is the pair of A~ when h is not reducible. In either
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case J(ngf)) is unbounded. It remains to verify that the pairing satisfies (E7) when

we are in the second subcase. In that case the additional restriction defining Lg-i)

and Lg) are the same because both are determined by ngi) SO L§-i) and Lgf) will only
disagree in the coordinate where A§i) and A;f) disagreed. The same is true for Ry)
and R (3)

To conclude we check (E5) and (E6) simultaneously. Fix again 1 < j,h < k(7)
paired. The construction is such that each descendent is paired with exactly one other

descendant. Now we check at least Qne descendant in each pair has its associated time
at scale A™(m). If both n(Z and nhl are reducible we can apply Lemma 2.13 to both
separately. Note that in thls case (2.9) gives (E6). This is also the justiﬁcation of

Subcase (1). We are left with Subcase (2) where n( " is reducible and nh is neither bad

nor reducible. We are done if J(n{") = /\”1(J(m)), so we assume J(n\”) < X*2(J(m)).
By (E6)

n{) = kQ<>\i‘1J(m)> ) with 0 < |k < 2d(X) +3

and (applying Lemma 5.19 with b = n ) and using that n§ " is not bad) we have that
both L( ) and R( ) have the form

kpa(AJ(m)) +nf) and  kjpq(AJ(m)) +nf)

with 0 < [k} |, |k < c(N(J(m))) + 1. So both pairs created from n,(f) and ng-i)
satisfy (E5), with the terms L(ngl)) and R( ") satisfying
)

J(L(m”)) = X+ Qm) = I(R(ny"))

as desired. Similarly, we have both pairs satisfy (E6). O

PROPOSITION 5.21. — Fix 7 = a(f) > a(10) a target unbounded scale and
m € N with J(m) = a(b) unbounded and b > B. Let I € N and the tuples
(A(()i),Agi),ngi), . ,A,(:()) (Z() ) for 1 < i < I =0b— B result from an application
of Proposition 5.20 to m. In partwu]ar, J(nj ) < 7 and for at ]east half of the
J we have J(ng-f)) = 7. If u(AY) < o5 and tuples (Z((;),Zgi), ), A(Z ’713(1))
for 1 <1 < K = b— (8 result from applying Proposition 5.20 to 6d(ﬁ)m then

—(K)
1Ay ") > -

This follows from repeated applications of the following result.

LEMMA 5.22. — Fix m € Z with J(m) = a(b) an unbounded scale.
If R(m) is at an unbounded scale and k € 7Z satisfies |k| < 6d(b) and km is at an
unbounded scale then one of the following is true:

e R(km) = kR(m).
e R(km) is at a bounded scale.
e At least one of R(m), R(km) is both at scale J(m) and less than 2 p(J(m)).

Moreover, if R(km) is at scale A\(J(m)) then |k| < 6d(a~(J(R(m)))).
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If L(m) is at an unbounded scale and k € Z satisfies |k| < 6d(b) and km is at an
unbounded scale then one of the following is true:
o L(km) = kL(m),
e L(km) is at a bounded scale.
Moreover, if L(km) is at scale A\(J(m)) then |k| < 6d(a=*(J(L(m))).

Proof of Proposition 5.21 assuming Lemma 5.22. — Consider any sequence m, n(!,
n®, ... ,n of reductions of m. The corresponding sequence for km is km, kn",
kn® ... until one of kn® is in a bad pair. This follows by Lemma 5.22 and the

definition of bad pairs in the proof of Proposition 5.20. Now if kn(® is bad the
corresponding points are put in Ay and we have proportional friends. On the other
hand 6d(3)n" > p(7) so AU~V is put in A(()I) if it is not put in earlier. O

Proof of Lemma 5.22. — We present the proof in the case of R. The case of L

is similar. First, if km is at an unbounded scale, then J(km) = J(m) because the
bound on k gives J(km) < J(m) + 1. If R(km) # kR(m) then

‘R(k:m) _ kR(m)’

= [k — e(iom) ( o3 m)) — adm)) ) & (m — em) (pJm)) — a(3m))) )
> p(J(m)) — a(J(m)

and by Lemma 2.14 they are both at most 2 p(J(m)). Lastly, if J(m) = a(v)) and
6d(y+1) > |k| = 6d(~) then J(km) is strictly between a(y) and a(y + 1). Thus it is
at a bounded scale. O

5.6. Proof of Theorem 1.7

We are ready to conclude that (X, p, T') is mild mixing.

Proof of Theorem 1.7. — Fix a non-constant function f in L>(X, 1) and a sequence
rin Z with |r(n)| — co. Set p = 107°° - 107°. Let § and 7’ be as in Corollary 5.7
for our choices of f and p. Fix 7 = a() > 7/ an unbounded scale. It suffices to
show that at least one of 7 or 6d(f)r is not a rigidity sequence for f. Indeed if r is
a rigidity sequence for f then so is kr for any fixed k € Z \ {0}. By Theorem 5.10
and by passing to a subsequence if necessary we may first assume for all n € N that
J(r(n)) and J(6d(B)r(n)) are unbounded scales and that J(r(n)) > 7.

Fix I(n) and K(n) maximal with '™ (r(n)) > 7 and M<M(6d(B8)r(n)) > 7
respectively. Apply Proposition 5.20 to r(n) and 6d(5)r(n). Let I';, C A[()I(n)) and
r,c Z(()K(n)) be the respective sets furnished by (E4). There are measure preserving
maps ¢, : I, — X and ¢, : ', = X with the following properties.

e For each z € I, we have that (z, ¢,(2)) are (r(n), 7) buddies.
e For each z € T, we have that (z, ¢, (z)) are (6d(8)r(n), ) buddies.
o (L) = 10-u(AT™)

=3 _ —(K(n
o 1(T,) = 1072 p(A~ ")
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By Proposition 5.21

- { u( Ag(n)))’ u(AéK("))>} > 10-%

and thus Corollary 5.7 gives

max{/‘f—foTT(”)‘ dp,/‘f—foTGd(ﬁ)T(”)’ du} >0

proving Theorem 1.7. U

Appendix A. Changes for the proof of Proposition 4.3

In this section we prove the version of [CE21, Corollary 3.3] that is needed to prove
Proposition 4.3.
The next lemma and its proof are unchanged from [CE21, Lemma 3.2].

LEMMA A.1. — Given ¢ > 0 and d € N there exists p < 1, C' so that if 0 < §; <
1/2 and a;, b; are such that a;,b; > c and 1 > a; + b; > 1 — §; and also 0 < Q@) <1
are sequences of real numbers for each ¢ € {1,...,d} satisfying

(A1) ¢ — (aiCi(ﬁl) + bici(f)l)‘ < di1

then

5 1 d i—1 51 .
GV - =36 <CZ<62-+1_5‘>+CP ’
=1 j=k i

forallk >0,i>kand s € {1,...,d}.

COROLLARY A.2. — Under the assumptions of Proposition 4.3 there exist p < 1,
C" > 0 so that dKR(V,EZ),ézgzl l/éz)) < Z?:b €; + C'p"* whenever k > b and
te{l,...,d}.

Proof of Corollary A.2. — First notice that by (J6) we have that

(4.2) dicr (Vo) a0y V2G-nlag)) < €(4)
and (V)| B0)s vaG-1lB0)) < €0)-
We now claim that there exists a constant D so that for all j,

1
(A.3) dkr (;/J(A(j))]/”(j_l)

By definition of A(j) we have that

[ favirG =)l = [

Ui~ ig(in\u ()

, V’y(j—l)) < D(E(j —1)+ 6(]))
A(9)

f(% Tv(jfl)x)_
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Now,
‘ T % T) 7TW(J'—I)
/UZEJJlTUm feol (o v)
(A.4) A-eG-Dre-1

[ Fo(T x T (x, 770Dy
= G=1r) /UE“O‘ 0 guss 57 " )

< 2(e(d = Vr@)alT G Nlsup-
To see (A.4), the integral has the form

/U:(jo) 70 () f(I’TW(j_l)x) - C(x)f(w,Tv(j—l)x)

where 0 < ¢(z) < 1 for all z € U[% ™ TP J(j) and c(z) = 1 for all
(1—e-)r()-1
x € U T'J(3),
=G~ 1)r(3)
giving (A.4).
By (J7),
. (1-e(-1))r(3) .

s [T G-00G) & WIGNG - Dr0)
fo(T x T)i<x,T7(j_1)x)d,u - /

XX

/U§<j01>r(J)1 Tk J(5) x f d”v(j—l)

=

< 3| flleipe(d = 1) + 4| fllsupe ()

To see this, we split the left hand side into two parts: the x € U,(;‘:_Oe(j —brl) k J; for
which (4.9) holds and the complement that we estimate trivially.

Because A(j) = Ug(:j())_l T7J(5) \ U(j) we now use (J3) (i.e. the size estimate on
Uj)ﬂ

1 (1—e(G=1)r(5) 1
wo [T-G-10rG) & MGG - 0rG)
fol(T x T)i(x,Tw(j_l)x)XU(j)(x)du

< lsupr(U (7)) < N1 llsupe ()

/Uf(j—l)T(j)—l TlTkJ(_])

=0

Combining these estimates we have (A.3).
Similarly, by partitioning B; into Dr;,... where
2
D, = {:c €SI min{z’ >0: 8 € Jj} = E},
we get that there exists £/ > 0 so that

(A7) dir (u(;(j)y(a(j_”)

: V(a(j—l))) < E(e(j — 1) +€(j))-
B(j)
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We have analogous versions of these estimates swapping the roles of a(j) for v(j),
a(j —1) for y(j —1) and v(j — 1) for a(j — 1).

So for any 1-Lipschitz function, f, with ||f|lsup < 1, we claim that we may apply
Lemma A.1 to CZ-(I) = [ fdvag), Ci(2) = [ fdvyu withe=1c¢, 6,1 = (E+D)(e(j — 1)+
€(7)), aj = n(A(y)) and b; = p(B(j)). To verify (A.1), note that

dua~—/ dya-—/ AUy (;
/f D~ Jypy TWe = [y TVa)
and similarly for (7). Thus, by (A.2)

AV ; —/ AV i —/ AVgi—
/f () A(j)f v(i—1) B(j)f (G-1)
Then, by (A.3) and (A.7),

[ Sy~ (WAGY) [ Faorgsy + 0BG [ Fay )
< (E+D)(e(j = 1) + (7).

This and the analogous result for v,;), completes the verification of (A.1), and, in
view of Lemma A.1, the proof of Corollary A.2. 0

< 1 lsup AU () < €5)

< 26(j).

Appendix B. Notation

The following symbols - used throughout the paper - are recalled here for reference.

Odometer notation

e () is the odometer space,

e n — a(n) enumerates those sparse positions where the odometer has many
digits,

n +— 2d(n) 4+ 2 is the number of digits in the odometer at position a(n),

n — c(n) + 1 is the number of digits in the n'" position of the odometer,

n — t(n) is the number of cylinders of length n in Q,

v is the normalized Haar measure on ).

System notation

e n +— W, describes the cylinders of length n removed from the odometer.
oV, =Q\ (W U---UW,),

e X is the space 2\ Upeny Wa,

e T is the transformation we consider on X,

e 4 is the normalized restriction of v to X,

o V(b,7) = Ugmyspir € X (S)Y3) (z) € Wy(m) for some — |r| < < |rl}.
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Specific times

e p(n) is the minimal natural number for which (S]Y;,)P™[0"~10] = [0"~11],
e P(n) = p(a(n)) is the height of the left tower at scale a(n),
e Q(n) =2P(n—1)—Q(n —1) is the number of levels removed from (2 at scale

Q

)

(n
(

)
n) = Q(a~*(n)) when n unbounded and zero otherwise.

[
Ne]

Expansion notation
e ¢(7) is the leading coefficient in the tower expansion of r € Z,

e J(r) is the leading scale in the tower expansion of r € Z.

Reduction notation

o L(r) =7 —e(r)p(J(r)) whenever J(r) is unbounded,
o R(r) =r—e(r)p(J(r)) +e(r)q(J(r)) whenever J(r) is unbounded,
A(n) is the largest unbounded scale strictly smaller than n.
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