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2 D. GIRAUDO, E. LESIGNE & D. VOLNY

In the present paper we establish links between the dynamical properties of the Z%-measure
preserving action associated to the stationary random field (like the positivity of the entropy
of some factors) and the existence of a non normal limit law. The identification of a natural
factor on which the Z%-action is of product type is a crucial step in this approach.

RESUME. — La convergence en loi d’une martingale & accroissements stationnaires conve-
nablement normalisée est un résultat maintenant classique qui a été étendu aux martingales a
indices multi-dimensionnel. Dans cet article, nous présentons des avancées sur 'identification
de la loi limite.

En dimension un, si la suite strictement stationnaire d’accroissements de martingale est
ergodique, la limite est la loi normale et c’est encore le cas pour les martingales a indice
multiple quand le processus défini par une des dimensions du temps multi-dimensionnel est
ergodique. Dans le cas général, la limite peut ne pas étre la loi normale.

Dans cet article, nous établissons des liens entres les propriétés des actions de Z¢ préservant
la mesure associées au champ aléatoire stationnaire, comme la stricte positivité de ’entropie de
certains facteurs, et I'existence d’une limite non normale. L’identification d’un facteur naturel
pour lequel I'action de Z¢ est de type produit est une étape cruciale de cette approche.

1. Introduction

We study here limit theorems of CLT (Central Limit Theorem) type for stationary
multiparameters martingale indexed by Z¢. A part of our results is valid in any
dimension d > 2 (Sections 2 to 4), while another part is limited to dimension d = 2
(Section 5).

The framework of our work has been already described in several articles (see
[Vol19] and references therein) and we recall it now.

For i = (iy,49,...,44) and j = (j1,J2,...,74) € Z% we use the two following
notations:
e i A\ j = (min(iy, j1), min(iz, j2), . . ., min(ig, ja));
) @gl@ll <j1 andig <]2 and,..., andz’dgjd.

Moreover 0 stands for the element (0,0, ...,0) of Z<.

We consider a Z¢ measure preserving action T = (T, i)ieze on a probability space
(2, A, 1), equipped with a completely commuting invariant filtration (F;);eza, that
is a family of sub-o-algebras of A satisfying for all ¢ and j in Z,

(1) Fi =T Fy;

(2) For all integrable function f, E[E[f | F;] | F;] = E[f | Firjl-
Note that property (2) implies that F; N F; = F;,; and in particular F; C F; when
1< . ) ) )

We will use classical notations for the limit sub-o-algebras when parameters go to
+o0:

f—oo,ig,...,id = m -El,i2,...,id and ]:oo,ig,...,id = \/ ]:il,ig,...,idv
11EL 11EL
and so on.

A field of martingale differences adapted to the filtration (F;);czq is a field of

random variables (X;);cza of the type

Xi=[foT;
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On the limit in the CLT for a field of martingale differences 3

where f € L2(Q, Fy, p) satisfies

(11) E[f ’ -F;l,oo,...,oo] = E[f | foo,fl,oo,...,oo] == E[f ‘ ‘Foo,oo,...,oo,fl] = 0.

(We will say simply that f is a martingale difference adapted to the filtration (F;).)
From a previous article [Vol19], we know that, for any such field, we have conver-
gence in law of

(1.2)

X. .
Vv ning . 212:1 2221 zdz:l et

when min(nq, ng, ..., ng) goes to infinity.
Moreover the limit is normal as soon as one of the d transformations

Tho,.00 T010,.05--- 0 Too. 01

is ergodic (this was already established in [Vol15]), but some easy examples show
that the limit is not normal in general. Indeed, following the example in [WW13], we

can take X, j, i, = X Xz2 ... X( , where (Xi(l))iez, (X,-@))ieza- ..and (Xz.(d))iGZ
are d mutually 1ndependent ii. d Sequences of standard normal random variables,
so that for each (ny,ns,...,ny), the random variable defined by (1.2) has the same
distribution as the product of d independent random variables having standard
normal distribution. (Note that this example is produced by an ergodic Z?-action.)

Let us also mention the papers [CDV15, Girl8], which bring further results and
examples.

In all the sequel, we suppose that the Z%-action T is ergodic on (2, A, u). Moreover,
we suppose that Foo .00 = A which does not cost anything since the whole process
we are interested in is Fu o, co-measurable.

Here is the general organization of this article.

In Section 2 we describe a particular factor Z on which the Z9-action is of product
type. In Section 3, we show that the martingale structure is preserved by projection
on this factor. For a product type action, the possible limit distributions of (1.2) are
fully understood, as described in Section 4.

In Section 5, where we restrict to the case of Z2-actions, we study what can happen
on the orthocomplement of the factor Z. In particular we obtain the following results:

o if the transformation 77, acting on the factor of Tj;-invariants has zero
entropy (or if the transformation 7y, acting on the factor of 7T} p-invariants
has zero entropy), then for any square integrable martingale difference the
limit distribution in the CLT is normal.

o if the transformation 7} o acting on the factor of T} ;-invariants and the trans-
formation Tj; acting on the factor of T} p-invariants have positive entropies,
then there exists a square integrable martingale difference for which the limit
distribution in the CLT is not normal.

Proposition 5.2 in Section 5.1 gives a sufficient condition for the limit distribution
to be normal. In our opinion, the most interesting questions we leave opened in our
study concern this proposition: weakening of the moment condition (LL*); extension
to higher dimension actions.
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4 D. GIRAUDO, E. LESIGNE & D. VOLNY

Warnings

e In the Sections 2, 3 and 4, stated results are valid for Z¢ actions for arbitrary
d > 2. We write down statements and proofs in the case d = 3 because it
seems sufficient to perfectly understand the general case and it makes for
lighter drafting.

e On the contrary, Section 5 is specific to the case d = 2.

e All identities between o-algebras have to be understood modulo the measure.

Acknowledgments

The authors would like to thank the referee for a careful reading of the manuscript
and the suggestions of improvement.

2. A factor of product type

Let us denote by Z;, 7y, Z3 the o-algebras of, respectively T4 o0, T0.1,0, 10,0, invari-
ant sets in A.

Let us denote by Z;, Z, I3 the o-algebras of invariant sets under, respectively, the
Z2-actions (T, 45)s (Tiy.0.4s)s (Tiy.ip0)- (For an arbitrary value of d, we consider here
Z31-actions.) In other words, we have

= () Z., 1<t<3.
1<s<3, s#t
(Note that in the particular case d = 2, we have Z; = T,.)
Finally we note Z the o-algebra generated by the union of the Z, :
3
I=\17,.
t=1

Note that all these o-algebras are invariant under the action 7', hence they define

factors of the dynamical system (€2, A, u, T).

PROPOSITION 2.1. — The o-algebras Z;, 1 < t < 3 are mutually independent.

As a consequence of this proposition we can state that the action 7" on the probabil-
ity space (2, Z, ) is of product type, which means that it is isomorphic to a Z3-action
defined on the product of 3 probability spaces (€2, .4y, i) by a formula of the type

_ i1 12 i3
ﬂl,iz,ig(wlaWQaw3) = (Tl thz W27T3 w3>

where, for each ¢, T} is an invertible ergodic measure preserving transformation of
(€, Atn“t)‘(l)

Proposition 2.1 is a straightforward consequence of the following general lemma,
brought to our attention by the referee of this article.

(1) The fact that the sub-o-algebras Z, T, et I3 are independent and generate the g-algebra 7 tells
us that the measure algebra dynamical systems

(I,u,T) and (-TlvﬂaT) X (TQ?ILL7T) X (735#7T)
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On the limit in the CLT for a field of martingale differences 5

LEMMA 2.2. — Let G and H be two measure preserving group actions on a prob-
ability space (X, A, ) which commute and such that the action generated by both
G and H is ergodic. Then the c-algebras of, respectively, G-invariant sets and
H-invariant sets are independent.

Proof of Lemma 2.2. — Denote by G and H, respectively, the o-algebras of
G-invariant sets and H-invariant sets. Let u be a bounded G-measurable function
on X. Since the actions commute the o-algebra H is G-invariant. Since v and H are
both G-invariant, E[u | H] is also G-invariant. The ergodicity of the action generated
by G and H means that G N #H is trivial, and we conclude that E[u | #] is constant.
This establishes the independence property. O

3. Martingale property preserved by projection

Our aim here is to show that the martingale property is preserved by projection
on the factor Z. We begin by a general abstract result, which is stated for a Z2-
measure preserving action. (For an arbitrary value of d, we have to consider here
a Z% -action.)

Let (X, B,v) be a probability space and U = (U;) a Z*measure preserving action
on this space. We denote by J the o-algebra of U-invariant elements of the o-
algebra B.

We denote by F a U-invariant sub-o-algebra of B, meaning that U;(F) = F for
all i € Z?; we denote by C a sub-o-algebra of F.

ProprosITION 3.1. —

(i) For all f e LA(J VC), E[f | F] is J V C-measurable.
(ii) For all f € L*(F), E[f | J Vv C] is F-measurable.

COROLLARY 3.2. — The conditional expectations with respect to F and to J VC
are commuting: for all f € L?(B),

E[E[f | TVC] | F]=E[E[f| F] | TVC]=E[f|Fn(TVC).

Proof of Corollary 3.2. — Suppose that D and D’ are two sub-o-algebras such that,
for all f € L?(D), E[f | D] is D-measurable. By ordinary properties of projections,
we have, for any f € L*(B)

E[f [ DND]=E[E[E[f|D]|D]|DND]
which implies
E[f [ DND]=E[E[f | D] | D]
since E[E[f | D] | D'] is D N D'-measurable. O

are isomorphic (in the sense of [Gla03, Definition 2.14] in Glasner book, which corresponds to the
notion of conjugacy in the classical Billingsley book [Bil65]). The methods presented in [Gla03,
Chapter 2], can be used to build Lebesgue measure preserving dynamical systems models for these
measure algebra dynamical systems.
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6 D. GIRAUDO, E. LESIGNE & D. VOLNY

Proof of Proposition 3.1. — Let f € L?(F); by the ergodic theorem, we have
' 1 { m
B 171 = fim 323 o Uiy

hence E[f | J] is F-measurable, since F is U-invariant.
For any f € L?(B), we have

E(f | FloUs; = E[f o Us; | Ui} (F)] = E[f o Ui | F],

hence if f is J-measurable, then E[f | F| is J-measurable.

Consider now g € L?(J) and h € L?(C). Since C C F, we have E[gh | F| =
Elg | Flh, so E[gh | F] is J V C-measurable. But the functions of the form gh
with g € L®(J) and h € L°°(C) generate a dense subspace of L?(J V C), so that
assertion (i) is proved.

Consider now f € L?(F), g € L*(J) and h € L*(C). We have
(E[f | T VC],gh) = (f,gh) (because gh is J V C-measurable),
= (f,E[gh | F]) (because f is F-measurable),
= (f,hE[g | F]) (because h is F-measurable),
=(E[f | T VC],hE[g | F]) (because E[g | F] is J-measurable),
= (E[f | T v C].E[gh | F]).
By the density argument, we conclude that, for all k € L?(J V C),
(ELf [T VC]k) = (ELf | TVC], Elk]F]).

This identity applied to the function k = E[f | J V C] shows that this function is
F-measurable. This is assertion (ii). O

Another result we need is the following classical lemma (cf for example [Par69))
and we give a short proof for the sake of completeness.

LEMMA 3.3. — Let S be a measure preserving transformation of the probability
space (X, B,v), and F, = S™"F, be an increasing filtration in B. Denote by K the
sub-c-algebra of S invariant sets. Then KN F,, = KNF_o. In particular, if C C Fu
then K C F_,.

Proof of Lemma 3.3. — Let f € L?(v). By purely Hilbert space arguments, we
know that, in the space L2(X),

lim E[f | F) =E[f | Fou] and  lim E[f | 5] = E[f | Fudl.
Now suppose that f is invariant under S, that is f is K-measurable. Then
E[f | Fa] =E|fo 8" | S™"F| = E[f | Fol o S™

Thus ||E[f | F_n]ll2 = |E[f | Fnlll2 and with n,m — oo, we obtain ||E[f | F_so]|l2 =
|E[f | Foolll2- Since F_oo C Feo, this implies E[f | F_oo] = E[f | Fx|. In particular,
if f is Foo-measurable, then it is F_.-measurable, which is what we had to prove. [

We now come back to the situation described in the preceding section where the
factor Z is defined.
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On the limit in the CLT for a field of martingale differences 7

THEOREM 3.4. — Let f be a martingale difference adapted to the filtration
(F3)iezs. Then its projection E[f | Z] is a martingale difference adapted to the
filtration (F;);ezs, as well adapted to the filtration (ZNF;);ezs. Moreover f —E|[f | Z]
is also a martingale difference adapted to the filtration (JF;);czs.

Proof. — We want to apply Proposition 3.1 to the Z2-action U;y, = Tp ;1 on the
space (€, A, 1). So we have J = Z;. We consider also C =7, VI3 and F = F; o o0,
for a given i. We know that F is U-invariant and, thanks to Lemma 3.3, we have
I, C F, hence C C F since C C 1.

Note that 7 VC =Z, VI, VI3 =T.

Now Corollary 3.2 tells us that the conditional expectation with respect to 7
commutes with the conditional expectations with respect to F; . Of course, we can
exchange the roles of 7, j and k and we find as well that the conditional expectation
with respect to Z commutes with the conditional expectations with respect to Fog j oo
and with the conditional expectations with respect to Fi oo k-

By the complete commuting property of the filtration, we have

E[- | Fijn] = EE[E[ | Fio0,00] | Foojioo] | Foo,o0k];
and we conclude that the conditional expectation with respect to Z commutes
with the conditional expectations with respect to F; ;x: for all f € L?(A), for all
i,5,k € ZU {0},
(3.1) EE[f | Fijwl | Z] = E[E[f | Z]| Fijn] = E[f | Fije N Z].
The first thing we want to see now is that (Z N F; ;) is a completely commuting
invariant filtration. The first point is

T i—j—(Z N Fooo) = LN Fijk
which is true thanks to (i) and the fact that Z is invariant. The second point is that,
for all integrable function f,
EE[fIZNFijul | T Fujow] = E[f ‘I N fmin(i,i’),min(j,j’),min(k,k’)}7
which, thanks to (3.1), can be written
E[E[ELS | Fisal | Firgr] | 7] = E[E [ | Foingis)mintimintii] | ]

and is true thanks to (ii).

The second thing to verify is that if f satisfies the martingale condition (1.1) then
E[f | Z] satisfies it. The facts that conditional expectations with respect to Z and
Fo0,0 commute and that f is Fyoo-measurable imply that E[f | Z] is Z N Foo.0-
measurable. Moreover we have, thanks to (3.1) and (1.1)

E[E[f [ Z] | F-1,0000] = E[E[f | F-1,00,00] | Z] =0
and similarly
EE[f|Z] | TNF_ 10000 = 0.

We conclude that E[f | Z] is a martingale difference (for any of the two filtrations),
and f —E[f | Z] is also a martingale difference adapted to the filtration (F; ), just
as difference of two martingale differences. O

TOME 1 (-1)



8 D. GIRAUDO, E. LESIGNE & D. VOLNY

4. Limit law in the case of a product type action

In this section, we describe the limit distribution of (1.2) in the particular case of
a product type action equipped with a product type filtration, that is a filtration of
the type (4.1), as defined below. We explain in Section 4.2 that this result applies
to our factor Z.

4.1. Convergence theorem

In this section, we deal with the case when the probability space (€2, .4, 1) has a
product structure: Q = Q; X Qy x Q3, A = A; @ Ay @ Az and p = 1 ® pg ® s,
where each (€, Ay, i1y) is a probability space, equipped with an ergodic invertible
measure preserving transformation 7;. We consider the action T of Z3 on Q given by

7; Z 7/ . . .
T iz (W1, W, w3) = (T11w1,T22w2,T33W3), i1,12,13 € Z.

This type of Z® measure preserving action will be called a product type action.
For each t € {1,2,3}, consider a sub-c-algebra fét) of A; such that thé“ C fét).
For each i = (iy,19,i3) € Z3, define the sub-o-algebra F; of A by

(4.1) Fi= (17" FY) o (72 FY) @ (T2 7).
PROPOSITION 4.1. — The filtration (F;);ezs is a completely commuting invariant
filtration.

We omit the proof of this proposition which is relatively straightforward and similar
to the proof of [Gir24, Proposition 1.2].

In order to investigate the convergence of the partial sum process given by (1.2),
we will need to decompose the considered function f as a sum of functions which
can be expressed as a product of functions of a single w;.

LEMMA 4.2. — Denote by A the set of square integrable functions satisfying the
martingale property defined as in (1.1), that is A is the space of functions f € L?(Fp)
such that

(42> E[f | ’F—l,oo,oo] = E[f | foo,—l,oo] - E[f | Foo,oo,—l] =0.

There exist random variables v,,; € L*(A;), 1 < t < 3, a; € N, such that the
collection of random variables (w1, wa,ws) = Vay 1(W1)Vay 2(wW2)Va, 3(ws) is a Hilbert
basis of the space A.

Proof of Lemma 4.2. — Denote H® = L2(F\") 6 L2(F")). The three orthogonal
decompositions

U(]_—O(t)) 0 @M(ff{), 1<t <3,

ANNALES HENRI LEBESGUE



On the limit in the CLT for a field of martingale differences 9

give a decomposition of their tensor product:
12(5) = () o () o 1(75)
o [HY o L2(F9) o L2(FY)]
o [HY @ H? o L2(F1Y)]
o|HV @ H® @ HO)|.

Condition (4.2) means that the function f is orthogonal to the third first spaces
appearing in this decomposition. In other words, we have

A=HY g H? g gG)
and we can choose in each space H® a Hilbert base (Vart)aen- O

THEOREM 4.3. — We consider a product type Z3-action as defined at the begin-
ning of the section, equipped with a filtration defined as in (4.1). Let f be a square
integrable function on 2 such that (f o T;);czs Is a martingale difference random
field.

There exists a family of real numbers (Aa; ay.05(f))a;>1,1<t<3 such that

D A (f) <00

a;>1,1<t<3
and such that if(NLEt))@l, 1 <t <3, are 3 iid. and mutually independent sequences
of standard normal random variables, then

ni na n3

foTz 12,1 — )\a ,a2,a f Nél)N@)N(?))
anngng 2121122:1 7,3231 piz) at>121:<t<3 o 3( ) ' “ “

in distribution as min{ni,ng,n3} — oo.

Proof. — We know by Lemma 4.2 that we can express f as

f(whwz,w:a Z )\abc Ua,l(w1>vb,2(w2)vc,3(w3)a
a,b,c=1

where the convergence takes place in L?(u).
Define

fK(WlaWQaWS Z )\abc Ua,l(Wl)Ub,z(wz)Uc,3(w3)-
a,b,c=1
Note that (frxoT"*); ; kez is also a martingale difference random field. Suppose that
we proved for each K > 1 Theorem 4.3 with f replaced by fx. By orthogonality of
increments, for all £,;m,n > 0,

1 { m n 1 )
oT; oTijkl >¢e| < =|f —
(\/—;lekzlf Jk T \/gm—n;JZIkZlfK Ik ) €2Hf fKHz
hence
1 £ m n 1 L m n
lim sup P ZZZ]EOTLM_ ZZZ]”KOTMJC >e| =0.
K=o tmn tmn i3 531 k=1 tmn =1 531 k=1
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10 D. GIRAUDO, E. LESIGNE & D. VOLNY

Moreover,
- 2
im | S Aape(£)NON, Z Aape(IND NP NS
Koo a,b,c=1 a,b,c=1 2

= lim Z ]lmax{abc}>K+1 )‘abc(f) =0

K%ooabc_

hence we would get the conclusion of Theorem 4.3 by an application of [Bil68,
Theorem 4.2]. We thus have to prove that for each K,

(43) \/—ZZZfKOT,],k—) Z )‘abc N )Nc(

i=1j=1k=1 a,b,c=1
in distribution as min{¢, m,n} — oco. By definition of f,

{ m n
2.2 > froTin

=1 j=1k=1

bf: abel <¢12i§;va7107’;‘>( vaQOTﬂ)<fknlvcgoT>

Consider the random vector Vj,, , of dimension 3K, where the first K entries are
\[ZZ 1 Va1 © Ti, 1 < a < K, the entries of index between K + 1 and 2K are

\/—% ivp20 TJ and the last K are ﬁ S ves o T, By the Cramer—Wold device,
the Billingsley—Ibragimov Central Limit Theorem for martingale differences and the

1

Imn

as min{/,m,n} — oo to
Vo= (N(l) G NUND N NE L N

where N(Y, N ) and N are like in the statement of the theorem. Now, (4.3) follows
from the contmuous mapping theorem, that is, g(Vi,nn) — g(V), where g: R3* — R
is defined as

91y TR YL, e YK 21y e ey PK) = Z Aape(f)Taypze.
a,b,c=1

This ends the proof of Theorem 4.3. U

4.2. Application to our situation

We come back to the general situation described in the introduction and we
consider the factor Z defined in Section 2. We claim that Theorem 4.3 applies to
the martingale difference random field (E[f | Z] 0 T;);czs. We know already that the
action of Z3 on this factor is of product type (cf. Section 2), and that E[f | Z] is
a martingale difference adapted to the completely commuting invariant filtration
(Z N F;)iezs (cf. Theorem 3.4). We just have to verify that this filtration has the
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On the limit in the CLT for a field of martingale differences 11

product structure described in formula (4.1). Next proposition will apply to the
original Z3-action restricted to the space (Q,Z, i) ; the key argument will be that
1 C Fooo0,00-

Consider a product type Z3 measure preserving action as defined at the beginning
of Section 4. We denote by Z; (resp. I, resp. Z3) the sigma-algebra of T} o o(resp.
To1.0, resp. Tpo1)-invariant events, that is

i ={0,0} 0 A A3, L=A {00} A3, I,=A4A 0 A 2 {Q3,0}.

We denote by Z; (resp. Zs, resp. Z3) the sigma-algebra of events invariant under the
Z*-action Ty ;i (resp. Tiox, resp. T; o) that is

7. - 1.
sF#t

These o-algebras 7, are mutually independent and A = V., Z,.

PROPOSITION 4.4. — Suppose that (G;);czs is a completely commuting invariant
filtration such that

A= goo,oo,oo~
Then, for each i = (i1, 19,13) € Z3,

g, = \?(gimzt)-

t=1

Note that the conclusion of the proposition can be written as the identity
3 . —
G =\ Ty (%N T),
t=1

which, thanks to the product structure, is of the type (4.1).

LEMMA 4.5. — For all i € Z* the sigma-algebras Z; (1 <t < 3) are conditionally
independent with respect to G,.

Proof of Lemma 4.5. — By hypothesis, Ty C G o0,00; thanks to Lemma 3.3, we
know that, for all j € Z, Zy C G joo- Similarly, for all k € Z, I3 C G 00,x- Thus

T =T, N I3 C Goojoo N Goorook = Goojih-

Similarly we have Zy C G; ook and I3 C G; j o, for all i, j, k € Z.
Since the o-algebra G; o o is T j ,-invariant we have:

(4.4) if w € L?(Z;) then Efu] G co00] € L*(Z1).

Let u € L*(Zy), v € L*(Z,) and w € L*(Z3). Using the complete commuting
property of the filtration G, we write:

Eluvw | Giju] = E[E[uvw | Gi oo,00] | Goo,jik]-
As we saw just above, v and w are G, o ~-measurable. Hence

Eluvw | Gi jx] = ElvwE[u | Gi s 00] | Goo,jik],

TOME 1 (-1)



12 D. GIRAUDO, E. LESIGNE & D. VOLNY

But we know by (4.4) that E[u | G; w0 ] is Zi-measurable, hence G, j ;-measurable,
and we obtain
Elwvw | Gijin] = Elu | Gio,00] Blow | Goo -
Repeating similar arguments, we can write
Elvw [ Geo jx] = E[E[vw | Goo joo] | Goo 00,8
E[wE[U | goo,j,oo] | goo,oo,k]
=E[v|Gos jo0] B[t | Goo o0k]-

We obtain
Eluvw | G jx] = Elu | Gi co.00) B[V | Goo jioo] B[t | Goo 0]
In particular
Elu|Gijk] = Elu|Gico00], Elv]Gijk] = E[v|Goo,jo0]
and
Elw|Gi k] = E[w | Goo,o0,k]
and we conclude that
Eluvw | Giju] = Elu|Gijn] Elv | GijrElw | Gi k- O

Proof of Proposition 4.4. — Fix (i,j,k) € Z3. The conclusion of the proof of
Lemma 4.5 shows that, for any function of the type f = wvw with u € L*(Z,),
v € L*(Z;) and w € L*(Z;), the function E[f | G; ;] is the product of a function
Gijg N T,-measurable, a function Gijg N T,-measurable and a function Gijr N Ts-
measurable.

But we know that functions of the type f = uvw generate a dense subalgebra of
L?(A), so that we have proved that

Gijk C (gi,j,k N Z) \Y% (gi,j,k ﬂfz) \Y% (gz‘,j,k ﬂf:s)-

which is the conclusion of the proposition since the other inclusion is trivial. 0

5. Limit law in the general case, for 2-dimensional fields

As shown in [Vol19], for a random field of martingale differences we have a CLT
with convergence towards a mixture of normal laws (see Theorem below). In Section 4,
for f Z-measurable it was precised which mixtures can appear as limit laws (for
definition of the factor Z see Section 2). Here we deal with the same question for the
general case of a martingale difference f € IL2. We reduce our study to the case of
(ergodic) Z*-actions. In many cases it is because we have not succeeded to extend
the proofs to d > 2.

As shown in Section 3, if f is a martingale difference, so is E[f | Z] and also f —
E[f | Z]. Recall that the limit laws for the random field generated by E[f | Z] have
been determined in Section 4. In Section 5.1, we give a sufficient condition guaran-
teeing convergence of the random field generated by f — E[f | Z] to a normal law.
We show in Section 5.3 that, under the same condition the random field generated
by f is the convolution of the preceding ones.
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On the limit in the CLT for a field of martingale differences 13

In Section 5.2 we establish the result announced at the end of Section 3.

Eventually in Section 5.4 we give an example of a field of martingale differ-
ences generated by f — E[f | Z] where the limit law is not normal. It remains
an open question which mixtures of normal laws can appear as limits in the CLT for
f—E[f |1].

In all this section, foT; ; is a field of martingale differences adapted to a completely
commuting filtration F; ;.

5.1. Limit law for an increment orthogonal to the factor of product type

Recall that f oT;; is a field of martingale differences and as shown in Section 3,
(f —E[f | Z]) o T} ; are martingale differences as well.

Let us begin b recalling [Vol19, Theorem 1] which gives information on the limit
law in the CLT. It will be stated and used here for d = 2 but extends to any finite
dimension.

THEOREM 5.1. — When min{m,n} — oo the random variables F )PP

foli; converge in distribution to a law with characteristic function E[exp(—n?t*/ 2)]
Where n* is a p051t1ve random variable such that E[n?] = || f||3. The random Variables

1 2 . . . . 2
Pl 1( ' fo ) converge in distribution to n°.

Comment on Theorem 5.1. — 1In fact, by the ergodic theorem,

lim 1i1(2f )2

m%ooml ln

exists for each n and the distribution of n? is the limit in distribution of this quan-
tity when n — oco. (This can be seen as well in the proof of Theorem 5.1 or as
a consequence of it.)

PROPOSITION 5.2. — Let f € L?61L*(Z) be a martingale difference. If, moreover,
f € L* and
6.1 lim [ELf | Froe V], = 0

then for min{m,n} — oo, (1/y/mn) 32, 3%, f o T; ; converge in distribution to a
centered normal law with variance E[f?].

Remark 5.3. — We have I, C Fi ¢ (for every £) hence T C Foo,_¢VZ;. Therefore
NE[f | Z]ll2 < ||E[f | Foo—e V Z4]||2 and, for any f € L2, (5.1) implies E[f | Z] = 0.

Remark 5.4. — For any f € L2, by the martingale convergence theorem, the
sequence

((BIf | Foorme VI))?)

converges in ! hence is uniformly integrable.

TOME 1 (-1)
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As a consequence the property (5.1) is equivalent to the convergence of the sequence
(E[f | Foo—e V I1])e=1 to zero in probability. Similarly, for f € L*, condition (5.1)
implies that

(52) Jim [E[f | Fuue VT, = 0

Remark 5.5. — Of course, condition (5.1) implies
(5.3) E[f | Foomoo VI = 0.
In Section 5.5 we give an example where

ﬂfoo,—f \/I1 7é foo,—oo \/Ih
¢

showing that (5.3) can be satisfied without (5.1). But we do not know if (5.3) is
sufficient in order to obtain the conclusion of Proposition 5.2.

Proof of Proposition 5.2. — Define
1 m

(5.4) Vi = — Z(\/_Zf ) :

=1

Following the theorem just recalled above, it is sufficient to prove that
lgnlgy‘énm,::”fug
By the ergodic theorem
2
hgrbnvm,n:E (\/—ZfOTO]) 7

and the square terms give the expected limit; indeed, again by ergodic theorem,
1 L,

— Z f O T(]’j Il
ni

and E[E[f? | Z,] | Z;] = E[f?] since the o-algebras Z; and Z, are independent.
Thus it remains to prove that

lign E

~&fe{ |z |z

1
(55) 1171;11E — Z f @) TO,j f e} T07k Il

1<j<k<n

=0 in norm |[|-||,.

We'll need to work with order two moments of these sums, which are finite thanks
to the assumption that f € L4
Let us write, for 0 < £ < n,

1
— Y foTy; foTyy
1<j<k<n
k—1
- Z fOTOkaOTOJ—i‘ ZfOTOk Z foTy,
”k —0+1 j=1 = (k—f+1)v1

= I+1I.
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On the limit in the CLT for a field of martingale differences 15

The sequence (f o Ty ZJ (k—t41)V1 foTo )k>1 is a sequence of square integrable
martingale differences (remember that f € L*), adapted to the filtration (Fpx).
Pythagoras followed by Cauchy—Schwarz gives
2

1 k-1
Il == > | foTox > foTy,
k=2 j=(k—L+1)V1 )
1 k—1 2
\7Z|fOT0k|| Y. foTy
k=2 J=(k—t+1)V1 A
Burkholder’s inequality (see for example [Rio09]) gives
k-1 2 k-1 ) )
> foToy| <3 > IfoTolly < 3LIfI
j=(k—t+1)V1 4 d=—tr1)vi

hence

2 12
(5.6) [T | Zlly < (111, < ﬁnmﬁ-

The sequence (f o Tp Z?;f foTh;)k>e is a sequence of square integrable martingale
differences (remember that f € L*), adapted to the filtration (Foy). Applying
Proposition 3.1 to the Z-action (T}), Z = Iy, F = Feo and C trivial, we obtain
that conditional expectations with respect to Z; and F j commute. Moreover, since
7, C Fo 00, conditional expectations with respect to Z; and F o, commute. Using the
commuting property of the filtration (F; ;), we affirm that conditional expectations
with respect to Z; and Fy, commute. As a consequence the sequence

(E Z )
k>{

is a sequence of martingale differences, and in particular it is an orthogonal sequence
in L2. Using successively Pythagoras, invariance of the measure under T j, properties
of the conditional expectation, Cauchy—Schwarz and Burkholder, we write

2

k—/¢
foTor>  foTy,
j=1

1 n k—¢
IE[] | Il]”% Y Z E fOTo,kaOTo,j yA
V=] | j=1 )
- T2
1 n —/
:ﬁz ]Ef'z foTo;| T
k=t+1|| | j=1-k 1ls
2
1 & L
gﬁ Z [f]}-oo,,gvzl]z fOTO,j
k=0+1 j=1—k 9
" 2
< |E[f | Foorme VLT — Z Z foTy,
k= || VTV j=1k 4

< BI|E[f | Foore VTGN IS
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16 D. GIRAUDO, E. LESIGNE & D. VOLNY

This estimation, associated with (5.6), gives

1
— > foTy; foTyk

1<j<k<n

E 7y

2

14
<V3 (IIE[f | oo VI 1+ ||f||i\/;),

hence for each ¢,

) 1
limsup|E|~ > foTo; foTox|Ti||| <V3IEfIZV FoodllllfIls
n—o0 n 1<j<k<n )
and, thanks to (5.2), we conclude that (5.5) is true. O

5.2. Entropy condition for convergence to a normal law

THEOREM 5.6. — There exists a martingale difference f € IL.? with non normal
limit in the CLT if and only if T} o is of positive entropy in I, and Tp; is of positive
entropy in Z;.

Proof. — 1. Suppose that T}, is of positive entropy in Z; and 77, is of positive
entropy in Z,. For a measure preserving and bimeasurable transformation S, positive
entropy implies existence of a nontrivial i.i.d. sequence of the form h o S%. In the
factor of product type given by Z = 7, V 7, we are in the situation of Theorem 4.3
and we thus get a non trivial field of Wang—Woodroofe type.

2. Suppose that the transformation 7, is of zero entropy on Z;. Then Z; is an
invariant sub-o-algebra of the Pinsker o-algebra for Tp; hence by [Vol87, Theorem 2]
we have that for any integrable and F, o-measurable function g, E[g | Foo —¢ VI1] =
Elg | Foo,—¢) for all £ > 0. Hence, if g is a square integrable martingale difference, we
have

Elg| Foo—e VZ;) =0 for all £ > 0.

Moreover, we know that 7o C Fi _1, so that Z C F _; VI; and we have also
E[g | Z] = 0. Thus, by Proposition 5.2, we know that if f is a martingale difference
with finite fourth moment, then the CLT applies with a normal limit. For a square
integrable martingale difference f, we write f as a sum of a bounded martingale
difference and a rest small in norm || - ||2 (cf. [Bil68, Theorem 4.2]); we conclude that
the CLT applies to f with a normal limit. O

Notice that Theorem 5.6 improves the result in [Vol15] which tells that the limit
distribution is normal as soon as one of the g-algebra Z; or Z, is trivial. However,
the result in [Vol15] applies to all d > 1 while here it applies to d = 2 only. The case
of d > 2 remains open.
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5.3. Remark on the decomposition given by the projection on the factor
of product type

If f is a martingale difference, we studied in Section 4 the CLT for the martingale
difference E[f | Z] and in Section 5 the CLT for the martingale difference f—E[f | Z].
Using the theorem recalled p. 13, it can be seen that if the limit law for f — E[f | Z]
is normal, then the limit law for f is the convolution of the limit laws for E[f | Z]
and f —E[f | Z].

5.4. Example of a non-normal limit law, in the orthocomplement of the
product factor

Here we give an example of an ergodic Z2-action and a martingale difference f
which is orthogonal to the factor Z but for which the limit distribution in the CLT
is not normal.

Let us denote by (€2, B, 1, S) the Bernoulli scheme (%, %) on the alphabet {—1,1}.
This means that €2 is the space of bilateral sequences of —1 or 1, equipped with the
product o-algebra, the probability measure which makes the coordinate maps i.i.d.
with law (%, %), and the shift S.

Another dynamical system is Z = {—1, 1} equipped with the permutation U and
the uniform probability.

On the product probability space Q x Q x Z, consider the Z?-action T defined by
T (w0, 2) = (Siw, S, Ui+jz).
This space is equipped with the natural filtration (F; ;):
Fis = 0(Xp, Yo 5k < iy < ) = 0(Xpi b < 1) @ 0(Vis £ < ) @ P(Z).

where of course Xj((wp)nez) = wi et Yo((w),)mez) = w; are the two independent
Bernoulli processes.

The o-algebra Z; of T} g-invariants is the o-algebra of events depending only on
the second coordinate:

7, = (trivial o-algebra of Q) ® B ® (trivial o-algebra of 7).
And symmetrically for the o-algebra Z, of Tj ;-invariants. So that we have
7 = B® B ® (trivial o-algebra of 7).

We consider now the random variable f(w,w’, z) = Xo(w)Yo(w')z.

Since the expectation of z is zero, we have E[f | Z] = 0. Associated to the Z*-action
and the natural filtration, the function f is a martingale difference.

But it is easy to calculate the limit distribution of (ﬁ > Z;’;l f OTi,j)- Indeed,

zn: f: foTj(w,w z)= <\/1% zn:l(—l)iXi(w)> (\/1% i(—l)ﬁ@(w')) z.

i=1j=1

The limit distribution is the distribution of the product of two independent A (0, 1)
random variables, which is a non-normal Bessel law.

1
nm
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5.5. Remark on the asymptotic condition insuring a normal law

When looking to Proposition 5.2 the following question appears naturally. Is it
true that

(5.7) N(Foo—t VIi) = Foormoo V117
=0

We give here a negative answer by the construction of an example. (Note however
that in this example the transformation 75 is the identity so there will not exist
any non zero martingale difference.)

The space is the bidimensional torus T? = R2/Z2 ~ [0, 1[* equipped with the Borel
o-algebra and the Lebesgue measure. The transformation 7p; is the automorphism
defined by the matrix (3 1), that is 7o 1 (z, y) = (3z+vy, 2x+y), and the transformation
Ty is the translation Ty o(x,y) = (z + 3,9).

Transformations Tp ; et 17 are commuting:

1
Th0To (2, y) = ToaTro(z,y) = (3$ + 2y + > 22 + y),

so they generate a Z?-action denoted by 7.
Let us denote by P the partition {[0, 3[ x [0,1],[5,1[ x [0,1[} of the torus, and by
(F;) the filtration generated by the transformation Tj; and this partition:

Fi=o0(To-x(P), k<j).

We know that the measure preserving dynamical system (T? Tp;) has the Kol-
mogorov property, thus the limit o-algebra F_o = ez F; is trivial (modulo the
measure).

Note also that the partition P is invariant under the transformation 77 .

Define for all 4,j € Z, F;; = F;. Then (F, ;)i ez is a completely commuting
invariant filtration. Moreover, Foo _oo VI = F_oo VI =1;.

Finally the following lemma shows that property (5.7) is not satisfied.

LEMMA 5.7. — For all { € Z, the o-algebra Fu.,V 1, is the whole Borel algebra.

Proof. — Let us show that, for any ¢, the o-algebra generated by Z; and the
partition T _¢(P) is the whole Borel algebra.

For each integer n, consider
3 1\"  (an b,
2 1)  \e, d,

A straightforward induction shows that, for all n € Z, the number a,, is odd and
the number ¢, is even.

Any measurable function of the two-dimensional variable (2x,y) is Z; measurable
and the map (z,y) — ]1[07%[(@3: + bey) is Ty —¢(P)-measurable. By multiplication,
we obtain that the map (z,y) — ]1[0’%[(35) is Ty —¢(P) V Z;-measurable. Using the
representation T = [0, 1[ we write

exp(2imx) = exp (22’7@(21’ mod 1))]1[07”(1’) — exp <2z'7r;(2:c mod 1)) ]1[ 1[(3:)

N
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This shows that any character of the two dimensional torus is Ty _¢(P) V Z; measur-
able, proving that this o-algebra is the whole Borel algebra. U

Remark 5.8. — The idea behind the previous construction owes a great deal to
an example attributed to Jean-Pierre Conze and communicated to us by Jean-Paul
Thouvenot: if we denote by B(«a/) the o-algebra of Borel subsets of the one-dimensional
torus invariant by the translation x — x + «, we have that the algebra N,cn B(27")
and N,ey B(3™") are trivial (modulo the Lebesgue measure), but for each n the
o-algebra B(27") v B(37") is the whole Borel algebra.
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