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ABSTRACT. — In a recent paper [CEG23|, Chen, Erchenko and Gogolev have proven that
if a Riemannian manifold with boundary has hyperbolic geodesic trapped set, then it can be
embedded into a compact manifold whose geodesic flow is Anosov. They have to introduce
some assumptions that we discuss here. We explain how some can be removed, obtaining in
particular a result applicable to all reasonable 3 dimensional examples.

RESUME. — Dans un article récent [CEG23], Chen, Erchenko et Gogolev ont démontré
que si une variété riemannienne a bord admet un ensemble capté hyperbolique, alors elle
peut étre réalisée comme un ouvert d’'une variété compacte dont le flot géodésique est Anosov.
Leur théoréme s’applique sous certaines hypotheéses que nous discutons ici. Nous expliquons
comment certaines peuvent étre enlevées ou relachées, ce qui nous permet en particulier de
traiter tous les exemples de dimension 3.

1. Introduction

In all that follows, (M, g) will denote a smooth compact Riemannian manifold of
dimension n, with smooth boundary M and unit tangent bundle SM. The geodesic
flow is defined on a subset of SM xR, and we will always assume that the trapped
set, i.e the set of points v € SM whose geodesic trajectory never encounters 0 SM, is
a hyperbolic set. As in [CEG23], we consider the following.
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PROBLEM A. — Can M be isometrically embedded as an open set of a compact
manifold (N, ¢') without boundary, so that the geodesic flow of N is Anosov?

This problem is strongly linked to boundary rigidity, and as the recent article [EL24]
demonstrates, is crucial in making a link with the marked length spectrum problem.
We refer to the introductions of [CEG23, EL24] for detailed discussions of these
important implications. In what follows, we will be implicitly considering embeddings
as open sets, i.e isometric extensions; if N is allowed to have larger dimension than M,
the question is radically different.

Since metrics whose geodesic flow is Anosov do not have conjugate points [K1i74],
certainly M must not have any conjugate point, so we will make this assumption
from now on.

It is a standard assumption in the context of inverse problems for manifolds with
boundary that the boundary is strictly convex, i.e that the second fundamental form
(with respect to the inner pointing normal) satisfies

(1.1) IIop > 0.

This implies that M is strictly geodesically convex, and that the behaviour of the
geodesic flow near the boundary is quite simple. Without this condition, the problem
becomes formidable, and as far as the author is aware, no result is known. We will
thus assume (1.1).

DEFINITION 1.1. — Let M be a compact manifold with non empty boundary,
with hyperbolic trapped set, no conjugate points, and strictly convex boundary. We
say that it is an Anosov manifold with boundary.

Let us recall the main result of [CEG23]

THEOREM 1.2 ([CEG23, Theorem A]). — Let M be an Anosov manifold with
boundary, and assume that the boundary components of M are topological spheres,
then Problem A has a positive solution.

Since the only connected compact manifold in one dimension is a sphere, this
theorem in particular solves completely the case of surfaces.

In higher dimension, the assumption that the boundary components are spheres
seems very stringent, the question being whether there exists any example where
M is not a topological ball. In the published version of their paper, the authors
in [CEG23] sketch a generalization their argument to the case M ~ S! x S*2 (see
last remark before Section 1.1 therein).

The arguments of [CEG23] were divided into three parts. The first was to observe
that when boundaries are spheres, one can always find a manifold with concave
boundary, and constant curvature —1 that could play the role of N \ M. In the
second one, they constructed an extension of the metric of M on a collar near the
boundary, that could be glued with a constant curvature metric. In the last part,
using a delicate analysis of Jacobi fields, they obtained hyperbolicity of the geodesic
flow of the whole closed manifold.

In this paper, we will give a more general version of the second step in [CEG23],
and discuss at length the first step. We will also observe that the arguments in the
third step are quite robust, and extend generally.
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Extending a result of Chen et al. 301

Our statement that extends [CEG23, Step 2] to a more abstract setting is the
following

THEOREM 1.3. — Let M be an Anosov manifold with boundary. Then one can
embed isometrically M C N into a conformally compact complete manifold N whose
interior has uniformly hyperbolic geodesic flow and no conjugate points. The sectional
curvature of N is negative outside of a compact set, and tends to a (negative) constant
at infinity. Also, N is M with a collar neighbourhood attached to its boundary.

Here by conformally compact, we mean that the ends of N take the form (0,1) x P,
for some compact manifold P, and one can find a smooth proper function f > 1 on N,
so that compactifying N into N by adding to each end {1} x P, the metric (1/f)gn
extends smoothly to NN, turning it into a Riemannian manifold with boundary.

Let us now turn to our main result concerning [CEG23, Step 1]. We prove that,
indeed, as suspected by several colleagues when [CEG23| first appeared as a preprint,
simple topology of the boundary is a great constraint on the global geometry of M.

THEOREM 1.4. — Let M be an Anosov manifold with boundary of dimension n
at least 3:

(1) If at least one boundary component is diffeomorphic to a sphere, then M is
diffeomorphic to a ball, and has no trapped set.

(2) If at least one boundary component is diffeomorphic to a S*=2 bundle over S*,
then either the bundle is trivial, and M is diffeomorphic to a solid torus or it
is non oriented, and M is diffeomorphic to the product of a Mdébius band and
a disk. In both cases, it is a convex neighbourhood of a single closed geodesic.

As observed by the authors of [CEG23], in the second case, one can use the
residual finiteness of the m; of hyperbolic manifolds to embed M in the finite cover
of any given compact hyperbolic n-manifold. If one component of the boundary is
a S"P~! bundle over a p-dimensional Anosov manifold, one could imagine that M
is diffeomorphic to the corresponding ball bundle; except from some partial results,
whether this is true or not has eluded the author.

Finally, we show that for 3 manifolds, the problem can also be completely solved.

THEOREM 1.5. — Let M be an oriented Anosov 3-manifold with boundary. Then
Problem A has a positive answer.

We also obtain:

COROLLARY 1.6. — If (M, g) is an oriented Anosov 3-manifold with boundary,
then there exists a metric ¢’ on M with curvature —1 such that (M, ¢') also has strictly
convex boundary (and is thus Anosov with boundary), and is a neighbourhood of
the convex core't) of a convex co-compact quotient of H3.

If (N,g) is a convex co-compact 3-manifold whose convex core admits a neigh-
bourhood V' that has totally geodesic boundary, one can remove the complement
of V, and take the double of V' along its boundary, to obtain a compact manifold

(U The convex core of a convex co-compact manifold is the geodesic convex hull of its closed
geodesics.
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302 Y. GUEDES BONTHONNEAU

with curvature —1 that has the convex core of N as a subset. However, there exist
convex co-compact 3-manifold for which one cannot find such a V| even modifying
the metric. For example, the quotient N = PSLy(C)/T, where I is a Schottky group,
is the interior of a handlebody, and the double® of a handlebody does not support
a metric of curvature —1.

It seems that current knowledge of topology of Riemannian manifolds of dimension
> 4 is not sufficient to settle the question in higher dimensions. In particular, since
there exist compact manifolds of dimension > 4, that admit negatively curved metrics,
but do not admit a structure of homogeneous space, there can be no equivalent of
Corollary 1.6 in higher dimension.

Structure of the arguments

We will rely on a good part of the argument in [CEG23]. Let us recall the gist
of it. The authors first construct an extension of the metric near the boundary,
whose curvature is bounded above uniformly, but becomes arbitrarily negative at an
arbitrarily small distance of the boundary, and constant at a fixed distance.

k < K, width 6 >0

M

k< —(1/¢)?
Figure 1.1. The extension of the metric near the boundary.

The second part is to study the dynamics of Jacobi fields, and prove that the pas-
sage of the geodesics through the patch of possibly positive curvature is compensated
by the large negative curvature in the rest of the extension and the substantial time
spent in that good region. Thus, the extended metric has no conjugate points, and
keeps the Axiom A property.

The last part is to find a manifold of constant sectional curvature that can be
glued to the extended manifold.

We point out that in the arguments of the second part, it is not really important
that the curvature becomes constant far from the boundary. What is crucial is that
it is arbitrarily negative on the complement of an arbitrarily small patch near OM,
and uniformly bounded above. If one were to build an extension satisfying only these
two properties, the second part of the arguments would apply. Then if one glues to
the extension a manifold with concave boundary and negative curvature, the rest of
the arguments also apply. The remaining topological question is thus whether there

(2)To obtain a manifold with negative curvature, one has to glue along the boundary with a map
that reverses orientation, not the identity.
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Extending a result of Chen et al. 303

exist concave manifold with negative curvature and prescribed metric near boundary
components.

This observation may be relevant in higher dimension. Indeed, starting from dimen-
sion 4, there exist manifolds supporting negatively curved metrics, but supporting
no locally symmetric metric.

Organization of the paper

We will first give a slightly different presentation of the construction of the metric
extension, so that it applies to the most general case and prove Theorem 1.3 in
Section 2. Next, we will discuss some topological results about the general problem,
and finish the proof of Theorem 1.4 in Section 3. Finally, we will concentrate on the
3 dimensional case, and prove Theorem 1.5 in Section 4.

Acknowledgments

We happily thank C. Lecuire for providing the key argument for Theorem 1.5. We
also warmly thank B. Petri, A. Erchenko and F. Paulin for many explanations.

2. The extension problem

We will here present the constructive arguments of [CEG23] a little differently.
We start by giving formulee for the curvatures of a metric in coordinates adapted to
a hypersurface.

2.1. Study of the curvatures in a slice situation

In this section, we consider S a compact manifold endowed with a family of

Riemannian metrics (g;);, and a positive function f of the parameter ¢, that we will
assume to lie in an interval I C R. Both are assumed to be smooth, and we are
chiefly interested in the sectional curvatures of the metrics on I x S given by
(2.1) h=dt* +g,  h=d*+ ().
In what follows, we will think of g; as fixed, and will let f vary to obtain some
interesting properties. Quantities related to h will be denoted with a tilde. In [CEG23],
some very classical formulee are recalled, but some computations have only been
done in local coordinates using Christoffel coefficients; we will here try to give an
intrinsic presentation, simplifying the proof of the first part of their statement.

On the manifold I x S, we denote by T the vector field 9/0t, and the letters X, Y

will denote vector fields tangent to S, that do not depend on t. From [|T|| = 1,
[X,T] = 0 and the fact that the Levi-Civita connection has no torsion, we obtain

VT =0.
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We also recall that the second fundamental form of the slice {t} x S with respect to
=T is

Il =h(VxT,Y) = ;(h(VTX, Y)+h(X,VrY)) = ;ath(x, Y).

(here we used that II is symmetric, and V torsion free). The shape operator A is
defined by

h(AX,Y) = 11(X,Y).
In the following arguments, we will see A as an (operator valued) function of time ¢,

and A" = 9;A = VA will naturally denote its differential with respect to time.
Applying the formulase above to h, we get by definition

~ ~ - 1d
FPo(AX)Y) = h(AX,Y) = 2dt [f(t)th()Q Y)} :
so that
(2.2) i-fia

S

We will assume that the slices S, = {t} x S are strictly convex, i.e that A > 0. More
precisely, we will assume that A > 0, and that f'/f > 0. We say that the slices are
uniformly strictly convex if we have A > C' > 0 for some global constant C' > 0.

By oy, we denote the plane generated by vectors U,V. By R we denote the
Riemann curvature tensor, by K the sectional curvature, and by K™ the intrinsic
sectional curvature of the slices.

PROPOSITION 2.1. — We have the following formule for the sectional curvatures
of h, where a # 0, and X,Y are vector fields on S; = {t} x S, orthonormal for g, at
the point of computation

__ " /

K(UX,T) = —L + K(UX,T) — 2£gt(AX,X)

f f
Rioxy) = 5K (@x) + [3(AX. V) = 9 AX, X)gy(AV.Y )
- (J;t) — 2? (9:(AX, X) + g:(AY,Y)]
7 ) = f()2K (oxy) + a’K(ory) + 2ah(R(X, Y)Y, T)
OX+aT)Y) = f(t)2+a2 ’

Proof. — The main tool here are Gauss’ and Codazzi’s equations (see [Carlb,
Section 6.3]). In the proof we will not outright assume that X and Y are orthonormal,
but rather only perpendicular, because orthonormality changes between A and h
(see (2.1) while orthogonality does not.

Let us start with the sectional curvature of the plane ox r generated by T and
X # 0. We recall the proof of [CEG23, Eq. 2.7]. Only assuming that X does not
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depend on t, we compute
RR(T, X)X, T)=h(VyVx —VxVr X T)
=T(WVxX,T))+hVrX,VxT)
=h(VxT,VxT)-T{II(X, X))
= —h((A' + A*) X, X).
We deduce that
h(R(T, X)X, T) _gt((A' + AY) X, X)

K(o = =
() = T R g (X, X)
Applying this identity to &, and using (2.2), elementary computations give
= I [ 9(AX, X)
K -l 4K ol A2
) == R =2 XX

Let us now turn to the curvature of the plane oy y generated by X and Y. Gauss’
equation gives
AX7 X)gt(AY7 Y) — gt(AX7 Y)2
g(X, X)g: (YY) — (X, Y)?
where K™ is the sectional curvature of g;. Since f is constant on each slice, we find
directly

K(UX,Y) — Kint(O_ny> . gt(

—. 1 .

Klnt (O'X,Y) — ﬁKmt(o-X,Y)-
Assuming just for this equation that X and Y orthonormal (for g;) at the point of
interest, we obtain

N 1 .
K(UX,Y) = FKmt(UX,Y) - {9t<AX7 X)gt(AY7 Y) — 9:(AX, Y)Q}
f/ 2 /
- (%) -2feax0 caary).
Let us now turn to the curvature of the plane ox. .7y, generated by X +a7 and Y,
for some a # 0. Assuming X is not collinear to Y, without changing the plane (but

changing a), we can assume that X, Y are orthogonal (for ¢;) at the point of interest.
Then we have

hMR(X +aT,Y)Y, X +aT)

(a2 + gt(X7 X)).gt(yv Y)
This gives (using the symmetries of the curvature tensor)

1 2 2

a? + g.(X, X)? (gt(X’ X) Kloxy)+a K(UT’YD
n 2a

(@ + gi(X, X)?)gu (Y, Y)
It is this last mixed term in the RHS that was estimated using coordinates and
Christoffel coefficients in [CEG23]. We are secking to compute

F(X,Y):=h (VXVYY — VyVxY = VixyY, T) .

K(UX+aT,Y) =

K(UX+aT,Y) =

WR(X,Y)Y,T).
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According to the Codazzi equation, we have
F(X,Y)=VYII(Y,Y) - V¥II(X,)Y).
Now, we observe that
F(X,Y) = f(t)’F(X,Y).
This f(t)? term will be compensated by E(Y, Y'), so we conclude that

. f)?K(oxy) + a*K(ory) 4+ 2aF(X,Y)

K(UX+aT,Y) = f(t)2 T a2 . O]

2.2. Extension of the metric

We assume that we are given (M, g) as in the introduction. Near the boundary,
we can always add cylinders, to define

N := MU (0M), x ]0, +o0l,

which is a smooth manifold with boundary, diffeomorphic to M. Theorem 1.3 follows
from the next lemma.

LEMMA 2.2. — We can build a metric h on the interior of N that extends the
metric of M, such that this metric is conformal to a smooth metric on N. Additionally,
there exists a constant Cy > 0 such that for k > 0 large enough, we can ensure that:

(i) In N\ M, the sets {t = to} are equidistant sets from the boundary OM. They
are uniformly strictly convex.
(ii) The sectional curvature of h tends to —k?, with equality for t > 1 if M
supports a constant curvature metric.
(iii) The sectional curvature of h is globally bounded above by Cj.
(iv) Fort > 1/+/r, the sectional curvature of h is less than —r?/2.

Proof. — We will work near a fixed boundary component P C OM. Near P, we
can write the metric in the form

h = dt* + g;(dx),

where g, is a family of metrics on P, —e < t < 0, and t is the geodesic distance to P.
We can extend the family g; smoothly to |—¢, +00], and since dyg; > 0 near t = 0,
we can ensure that:

[ ] (9tgt > %@gthzo fort € ]—E, 1/2],
e 0,9, > 0 for all t’s,
e 0,9, =0fort >1.

There is great flexibility in the way g; is constructed; in particular the value of g;
can be chosen almost arbitrarily, up to a dilation factor. We will use this when P
supports a metric of constant sectional curvature. If ¢’ is such a metric, and C; > 0
is large enough, we can ensure that g, = C1¢’ for t > 1. The constant C is fixed
now and arbitrarily.
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Extending a result of Chen et al. 307

Next, we want to look for h = dt> + f (t)2g;(dx) in the form given by the previous
section. We impose f =1 on |—¢, 0]. We will use the conclusions of Proposition 2.1
leisurely.

Let us analyze the conditions of the theorem and their consequence for f. First,
to ensure uniform strict convexity, it suffices to assume that f” > 0 globally, and
that f'/f > C > 0 on [1/2,+o0o[. Next, f” > 0 also ensures® that the sectional
curvatures satisfy K < K, so that (iii) is satisfied with Cy > sup K.

Let us now consider (ii). In the domain t > 1, 0,9, = 0 implies

E(O-X,T) = —f]l:

K(O’)@y) = ;Kint(dxvy) — <J;>

— 25 o 25 o
K(0xiary) = f(t) (f)((,tl)/gi‘; ( Y,T)‘

This suggests to take x > 0 and set
€ cosh(kt) if inf K2 = —C? <0,
rt if Kj2% =0,
Csinh(kt) if K2 >0 and supKY, =C? > 0.

K

(2.3) Jeelt) :=

gy

For t > 1, we take f = f... This ensures that the curvature tends to —x? as t — 400

(exponentially fast in t). When ¢; has constant curvature, we have K = —k? for

t 12\1(;/, for (iv), we observe that for Cy large enough, and for ¢ > 0,

2.4) Rloxa) < -2+ Co Rloxw) < 2 -(0117,
K(axﬂmy) < max (%(O’XI), E(U}gy)) + (;2

Here in the formula for the curvature of ox,7y from Proposition 2.1, we have used
that 2a/(a® + f2) < 1/f. Let ty € (0,1) be such that the function f.. defined in (2.3)
satisfies f.. > 1 for t > ty. This suggests to extend the choice f = f.. tot > to,
getting on that range

(2.5) K < Cs— K2,
for C'5 large enough. Indeed elementary computations show that the worst bound is
— C,
K< Sy
T (/1)
when f = C cosh(kt)/k, and Cy is the constant from (2.4). This becomes
-~ 202 /412 2 202 C 2 2
K < _— pu— —_— —
f + cosh(kt)? " f f2 "

(3) One needs that f” >0, f' >0 and f > 1. Since f = 1 on ]—¢,0] and is smooth, it suffices to
assume that f” > 0.
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308 Y. GUEDES BONTHONNEAU

So that C3 = 2Cy+C? is suitable for (2.5). We observe that (for example), t, = 1/1/k
satisfies the condition for s large. We also observe that f” > 0 for ¢ > 0, and

!/ fee >C >0 for t > 1/2, uniformly as k becomes large. It remains thus to define
f on the interval [0,1/4/k] so that f” > 0, to obtain a smooth function. The only
condition for this is that (0, f(0)) = (0, 1) is strictly above the tangent to the graph
of fo. at t =ty =1/+/k. Accordingly, we require that

fcc(to) - fclc(to)to < 1.

We can then check case by case that this holds for ¢ty = 1/4/k and & large enough.
Let us finally check the smooth conformal compactness. For this, it suffices to set
y = e "t to write the metric in the cylinder in the form

Kzlyg (dy” + m(y)g:(dz))

Here, the function m is a smooth non-vanishing function of y?, and y is a boundary
defining function. O

S

3. General observations about the topology of the problem

Let us recall some facts on universal covers of manifolds with hyperbolic geodesic
flow. . .

We will denote by 7 : M — M the universal cover of M, and by N that of N. Since
M is geodesically convex and does not have conjugate points, we can pick zo € M

and identify M with the set of u € T,,M such that exp, (u) € M ~ R". By this
construction, we identify M as a geodesically convex subset of N ~ R" (according
to [Kob61]). The fundamental group (M) is realized by isometries of N, which
preserve OM.

The embedding 2 : M — M induces a map 2, : m(OM) — m (M). Let P be
a connected component of M, and P be a connected component of 7~'(P). Since

N is simply connected, the closed curves on P can always be deformed to points
in N. This leads to

m(P) ={y e m(P) | 1.(y) = 0}.
We deduce that P = P/1.(m,(P)).

The elements of 71 (M) (except 1) are represented by a special kind of isometries,
called lozodromic. They have a continuous extension to (Holder) homeomorphisms
of B" = NUS"! (the wvisual compactification of M ). They have exactly two fixed
points, which lie in S"~!. They preserve the corresponding geodesic, along which
they are a translation. In particular, if two isometries v, 4 commute, there must
exist another 1, and k,¢ € N so that v = n*, u = n’. This implies that there is no
copy of Z? inside 7 (M).

Projecting oM along rays from zy on S" !, we find that OM is (Holder) homeo-
morphic to an open set of S*!. Its complement A is called the limit set. It is the set
of endpoints of geodesics that remain inside in M for all times.

From these general facts, we deduce our Theorem 1.4.
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Proof of Theorem 1.4. — Let us start by observing that the following are equiva-
lent:

m (M) = {1}.
(6) M is diffeomorphic to a closed ball.

Certainly, (1) implies (2), and since dM is an open set of S !, if one of its
connected component is compact, it must be the whole sphere, so (2) implies (3).
Using rays starting from xy, we can then build a diffeomorphism between M and B",
so that (3) implies (4). In that case, every element of 7 (M) preserves a compact
set of R”, so must be trivial, and (4) implies (5). If (5) holds, then M = M must be
compact, and using again rays from xg, we find that M is a closed ball. Finally, if
M is a closed ball, its boundary is a sphere. This takes care of Theorem 1.4(1).

For Theorem 1.42, we rely on the equivalence between:

(a) A has exactly two points.

(b) OM is diffeomorphic to a bundle: S*"2 — M — S'.

(c) One connected component of M is diffeomorphic to a bundle S*~2 — P — S.
(d) One connected component P of OM satisfies v.(m1(P)) ~ Z.

Certainly, (a) implies that w1 (M) is generated by a non trivial loxodromic isom-
etry . It preserves a single geodesic, along which we can take Fermi coordinates.
This provides a decomposition of N in the form R x R"~!, where 7 acts as follows:

Y(t x) = (t+ Ly, A’yx)

Here, ¢, is the translation length of v and A, € O(n — 1). The preserved geodesic is
given by R x {0}. Since v must be represented in M by a closed geodesic, this implies
that R x {0} € M. The convexity of M implies that the intersection M N {t} x R™~!
is star-shaped for every ¢ € R. Additionally, since m(M) = (7), this intersection
must be compact, with smooth boundary, so that it is diffeomorphic to a ball. We
deduce that the boundary of M is diffeomorphic to the sphere bundle

R xS"'/(t,z) ~ (t +(,, Ax).

Topologically, there are exactly two such bundles¥: either A € SO(n — 1), and this
is the trivial bundle, or det A = —1, and M is not oriented, with a Mo6bius-band like
structure. This implies (b) (which implies (c)).

Let us assume (c) and let P be the corresponding connected component, and
P a connected component of 771(P). From the arguments in the ball case above,
we know that P cannot be compact. If n > 3, this implies P = R x S*2, and
1.(m1(P)) ~ Z is generated by one non trivial isometry. In the case n = 3, we have
to consider that case P ~ R?. However, since 71 (M) cannot contain Z?, this case is
ruled out, and so it is the same as n > 3, and we have (d).

(4) Because SO(n — 1) is connected.
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310 Y. GUEDES BONTHONNEAU

Now, assuming (d), let 2,(m1(P)) = (7). Then let ¢(t) be the geodesic preserved
by . We find that P is at bounded distance from {c(t)|t € R}. This implies that
AP (seen as a subset of S"1) can only contain the endpoints of ¢(t), and so this
implies (a). O

As we have seen above, the topological type of the boundary constrains the type
of a manifold. Let us discuss now some more partial results in this direction.

LEMMA 3.1. — Let us assume that a boundary component P satisfies I' :=
1(m(P)) = m(X), where ¥ is a compact Anosov manifold of dimension p < n — 2.
Then P is the only boundary component.

Proof. — In that case, the visual boundary OI' is homeomorphic to a sphere SP~1,
and since I" is a hyperbolic subgroup of 7 (M), the limit set of I, which must be
also OP, is also homeomorphic to SP~!. Since S*~'\ §?~! must be connected [Hat02,
Proposition 2.B.1], we deduce that "'\ SP~! = P. This means that P is the whole
boundary of M. O

If the embedding of SP~! into S*! is the standard one, we get that P ~ S P~ xRP,
and M turns out to be tubular neighbourhood of . However, there are more than
one way to embed a sphere in another, except in the case that n > 2p.

COROLLARY 3.2. — If X is a surface, and M has dimension at least 5, then M
is diffeomorphic to a ball bundle over ..

In 4 dimensions, understanding exactly which B, bundles over a compact surface
can be endowed with a complete convex hyperbolic structure is not completely solved.
This question was investigated by several authors (see [GLT88, MRS21]).

Let us close this section with a modicum of information regarding the general
case for the possible shape of the boundary. We specialize to the case of M having
4 dimensions, to be able to use the geometrization theorem. For this, we will rely
on several results from the theory of the topology of 3 manifolds. For example, the
reader can consult [FMR22, Section 3]. Since it is not our main focus, we will be
Very cursory.

LEMMA 3.3. — Let M be an orientable Anosov 4-manifold with boundary, with
some boundary component P # (). Assume that P C M is m-injective. Then either
P = $? or it decomposes as a connected sum

A# . H#HAH#BH# .. . #By,
where each A; is a copy of S* x S', and each Bj is a compact hyperbolic 3 manifold.

Proof. — According to the prime decomposition theorem [Mil62], we can decom-
pose
P=P#...#P,,
where each P; is orientable and none can be decomposed as a non-trivial connected
sum, and (unless P = S%) each P; is either S' x S? or is irreducible (i.e every
embedding of S? bounds a ball). According to Van Kampen’s theorem, we have that

m(P) =7 (P) * -« (Pp).
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According to the geometrization theorem, we can decompose each irreducible

P; as

P; = UQjy,
where each @);, is a manifold whose boundary components are torii (said to be
incompressible), and whose interior admits a geometric structure, in the list of
Thurston’s 8 geometries. Also, each torus boundary is m; embedded.

Since we assumed that P is m-injective, and 7y (M) cannot contain a Z? subgroup,
we deduce that there cannot exist any incompressible torus in the boundary, and,
in particular, the decomposition of the P; must be trivial: each of them supports
a Thurston geometry.

Among the Thurston geometries, we observe that for either a compact Euclidean,
Nil or Sol manifold, the fundamental group must be a semi-direct product Z? x Z,
which contains a Z2.

In the H? x R or SL(2,R) case, the fundamental group must contain a cyclic
normal subgroup, i.e a Z center. Since we cannot have torsion, it must also contain
a 72, and this is also ruled out.

Next, we observe that in the spherical case, elements of the m; must have finite
order, which is not possible because there are no elliptic elements in 7y (M). In
particular, if P; has spherical geometry, P; = S%, so that P = P;.

We deduce that each P; has geometry either S? x R, or H?, or is a sphere. In the
first case, since P; is orientable, it is diffeomorphic to S? x S'. In the second case, P;
is a hyperbolic 3-manifold. 0

4. The case of 3-manifolds

In this section, let us concentrate on the case that M is 3 dimensional and oriented.
Then the boundary components are compact oriented surfaces, so either a sphere,
a torus or surfaces of genus g > 1. As we have seen, if M is neither a solid torus
nor a ball, all the components must be of the latter variety. The authors of [CEG23]
have already shown how to embed the torus or the ball, so we will concentrate on
the remaining case. As noted in Lemma 2.2 (ii), we can assume that the boundary
components have constant curvature. We can even choose freely the hyperbolic
metric on the boundary.

THEOREM 4.1. — Let M be a 3-manifold whose boundary is strictly convex,
with curvature —k? constant near the boundary. Assume further that all connected
components of the boundary are hyperbolic surfaces of genus g > 1. Possibly using
Lemma 2.2 to change the hyperbolic structure on the boundary, M can be embedded

into a compact manifold N' without boundary, such that the curvature is —k? in

N\ M.
Proof. — We start by recalling the following:

LEMMA 4.2 ([Fuj90, Theorem 3.3]). — For g > 1, there exists N, a compact
hyperbolic 3-manifold whose boundary is a totally geodesic surface S, of genus g.

TOME 9 (2026)



312 Y. GUEDES BONTHONNEAU

(As explained in the introduction of [Fuj90], not all hyperbolic structures on sur-
faces can be realized as totally geodesic boundaries, essentially because of Mostow
rigidity).

Let us come back to our problem. Without loss of generality, we assume that the
boundary of M is connected and denote ¥ = M. If there are several components,
one can work componentwise. We endow Y with a hyperbolic metric gan, so that
Lemma 4.2 applies, and we also have ¥ = N, as a totally geodesic boundary. Near
the boundary of (Ny, ho), we have

(4.1) Ny~ ¥, x[0,6], ho = d7* + cosh(7)?gon, (z, dz).

Let us apply the construction of Section 2. For Cy > 0 large enough, we can ensure
that Cogan, > gom, where gays is the metric on ¥ ~ 9M. We can thus build an
extension M C N according to Lemma 2.2. In N\ M, for 1 < ¢t < 2, the metric
takes the form (for some x > 0)
dt* + /32 cosh(kt)*gan, (¢, dz).

In the formula above we recognize the expression in coordinates of the metric hg/k?
(here, 7 = kt). If the local coordinates in (4.1) extend as far as 7 < 2k, we can thus
glue Nycoy with Ny \ X x [0, 2x[, and this will conclude the proof of Theorem 4.1
setting

N' = N{t<2} U (Ng \ > X [0, 2,‘1[).
The difficulty here is that for the dynamical arguments of [CEG23] to apply, we need
to be able to take x arbitrarily large. We will thus be done if we can prove

LEMMA 4.3. — For any k > 0, we can choose N, such that the 2k neighbourhood
of ON, is diffeomorphic to ON, x [0, 2k].

The argument of the proof was communicated by C. Lecuire. It relies on the
following very fine statement from the topology of hyperbolic manifolds

THEOREM 4.4 ([Agol3, Theorem 9.2]). — Fundamental groups of compact 3
dimensional hyperbolic manifolds are LERF (locally extended residually finite).

This means that whenever H C (M) is finitely generated, and v € m (M) \ H,
there exists a finite index subgroup I' C 71 (M) such that H C I" and v ¢ T.
Let us come back to:

Proof of Lemma 4.3. — We will build N, by induction, so we start by denoting /V, g
the one provided by Lemma 4.2. Let us now consider geodesics of N, g with endpoints
in its boundary. We will say that two such geodesics are boundary-homotopic, if
there is a free homotopy between them, so that at each time, the endpoints remain
in the boundary. We claim that any such geodesic is either boundary homotopic to
a point in the boundary, or to a geodesic that intersects the boundary orthogonally.
Additionally, such a boundary-orthogonal geodesic uniquely minimizes the length
among its boundary-homotopy class.

We first prove that any geodesic from the boundary to itself is boundary homotopic
to a geodesic that is orthogonal to the boundary at one endpoint. For this we pick
a component P of the boundary of the universal cover NJ C Hj. Consider now
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a geodesic v with endpoints in the boundary. We can lift it to a geodesic v of N{
with starting point = € P. Its other endpoint lies in some component P’ = vy P. If
P’ = P, then the original geodesic vy must actually lie in the boundary of N, g and
it is boundary homotopic to a point. Now we consider the case P’ # P. Then we
can find y € P’ minimizing the distance from P’ to x. The geodesic from z to y
must be orthogonal to P’, and projects down on N, g to a geodesic orthogonal to the
boundary at the second endpoint.

Let 2 C ON, g = Y be the set of points = for which the geodesic v, starting from x
orthogonally to X eventually reaches X again. Its connected components correspond
exactly to boundary homotopy classes of corresponding geodesics. Let us denote by U
such a connected component. The length of the geodesic v, as © € U approaches
the boundary of U must tend to 400, so that there exists in U a point x with
v, minimizing the length in the corresponding boundary homotopy class. For such
a point, elementary arguments show that the geodesic must be orthogonal at both
endpoints.

For uniqueness, observe that if we have two points z, 2’ in P, with corresponding
two endpoints y,y’ in P’, we can form the quadrilateral xx'y'y, which is contained
in a copy of Hy in Hjs, and has all right angles. This is not possible unless its area is
zero, so that two sides coincide, i.e x = /.

Let us set

0 o .
B (N,) = {a | some boundary-orthogonal geodesic has length a.}

Certainly, &(N) is a discrete set, and its only accumulation point is +oc0. We can
enumerate it as
B(Ny) ={2(; 5 >0}

With a bit more of elementary Riemannian geometry, we find that ¢y, the largest ¢
such that the f-neighbourhood of ¥ is product, is exactly half the length of a short-
est boundary-orthogonal geodesic (there may be several non-boundary homotopic
orthogonal geodesics with the same length).

Let us denote mgy > 0 the number of boundary-orthogonal geodesics with length
20y, and 7y one of them. Let us now consider the double Ag = DN, g of N g (i.e two
copies of N, g glued along their boundaries 3), and D~y the double of 7y, a closed
geodesic of length 4¢y. Using the LERF theorem, we find a finite index subgroup
I C m(Ap) so that m(X) C T, and [Dy) ¢ T. Let us denote By = H?/T the
corresponding cover of Ajg.

The condition 71(X) C I' ensures that the preimage of 3 by the covering map is
a finite disjoint union of copies of . Removing them from Bj, we obtain a finite
collection of connected open set whose closures we denote by 7;. Each of them is
a hyperbolic 3 manifold with boundary, finitely covering NN, g .

Among the Tj’s, at least one of them has more than one boundary component,
otherwise we would have By = Ay. For every 7T}, we can consider the lifts of v, to 7},
and, in particular, the ones that have endpoints in different boundary components.
If there were no such lift, Dy, would be lifted to By as a closed geodesic, which
would be a contradiction with the choice of cover. Thus we can find at least one

T;,, and one lift of v, which starts from some boundary component >y >~ ¥ and
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ends in a different boundary component. Let us consider NV, 90,1 the manifold obtained
by glueing to T}, copies of N, g along the boundary components different from 3.
Figure 4.1 illustrate some steps of the construction.

O

Figure 4.1. Construction of Ng’l.

If v is a geodesic of N, 871, with endpoints in the boundary, and orthogonal to the
boundary, there is a dichotomy. Either it remains inside Tj,, or it must reach the
other boundary components of Tj,. In the first case, its length must lie in &(N),
because Tj, is a cover of N;. It also cannot be a lift of 7o (because of our choice
of Tj,). In the second case, the length must be at least 4/.

We deduce that N satisfies the same interesting properties as Ny (i.e is hyperbolic,
and has totally geodesic boundary isometric to ), and

& (N)') € & (N9) U [4y, +00].

Additionally, there are at most my — 1 geodesics orthogonal to the boundary in /V, 371,
with length exactly 2¢;.

Iterating this process, we build thus a manifold N; with the same interesting
properties as N, g, such that

& (N,) C (& (N2)\ {260}) U [4Lo, +oo[.

Repeating the argument for ¢; (if ¢; < 44;), we build in a finite number of steps a
manifold N, 92 with same interesting properties as NN, g , such that

& (N7) C [4to, +oo|.

By finite induction, we finally obtain a manifold N, g?’ with same interesting properties
as N such that
& (N3) C J4k, +ool.
This is what we wanted to find. U
This closes the proof of Theorem 4.1. O
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Observe that there are examples of compact hyperbolic 4-manifolds whose 7 is
not LERF. This highlights the difficulty of the problem in higher dimensions.
Let us prove Corollary 1.6:

Proof of Corollary 1.6. — Let (M, g) be an oriented Anosov 3-manifold with bound-
ary. Then we have seen that M can be embedded as a convex open set of a compact
manifold (M, g), with Anosov geodesic flow. According to the geometrization theo-
rem, since M’ is aspherical, it must be irreducible. Additionally, there can be no Z?
in its fundamental group, so that it is actually locally homogeneous, and it must be a
hyperbolic manifold, with metric g. It follows that ' = m (M) C m (M) C PSLy(C),
and we consider M"” = H3/T. It is homeomorphic to M, and contains M as a strictly
convex subset for the metric g.

Let us recall an explicit conjugation between the geodesic flows. This construction
is due to Morse according to [Gro00], however we refer to [GKL22, Appendix B|
for detailed explanations and proofs. Working first on the universal cover, given
a vector (x,v) € S*H?, we can consider the endpoints p. in the boundary at infinity
of the geodesic through (z,v) for the metric g. Let « be the geodesic for g with
the same endpoints, and H the horosphere based at p, through x, for the metric g.
Then H and + intersect at exactly one point v(t), and we set ho(x,v) = (y(t),'(t)).
This map is uniformly Holder, and equivariant under the action of 7y (M’). It also is
a semi-conjugation of the geodesic flows with a time change called “geodesic stretch”.

If g and g are not close, it is not quite clear whether the map hq is injective or not,
however Gromov observes that we may average hg along the orbits of the geodesic
flow of g, to obtain a new map h; if the chosen time scale is large enough, A is
still equivariant, Holder; it conjugates the geodesic flows with a new time change;
crucially it is now bijective(®).

Using equivariance, h descends to a homeomorphism of S*(M”), mapping the
geodesic orbit foliation of g to that of g. The group I is convex co-compact if the set

Q5 ~; (A x A\ Diag xR)/T’

is compact (here ~; are the Hopf coordinates related to g, and A is the limit set
of I'). However, we get that Q; = h(€,), where naturally

Q, ~, (A x A\ Diag xR)/I"' C S*M.

To close the proof, let us recall an argument to obtain a smooth strictly convex
neighbourhood of the convex core in convex co-compact manifolds. It is a classical
result (really an alternative definition of convex co-compactness) that U = 9°°H? \ A
is a discontinuity domain for the action of I'; and that M” is conformally compact,
with compactification

M"=M"UU/T.
Near the boundary, one can find a smooth boundary defining function x, and the

metric takes the form g
9

Ej x> 0.

(5) Here we used the compactness of M’ to ensure that the time scale, which is chosen locally
uniformly orbit wise can be chosen globally.
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Here go is a smooth metric on M” = {x > 0}. It is possible to find coordinates (see
for example [DGHO8, Lemme 2.1.2]) such that we are in a slice situation as Section 2,
and setting t = log(1/x),
g =dt* +e*h(e"),
h being a metric on the slice. The second fundamental form of the slice {t =t} is
2h(e™) — eld,h(e™) ~ e*h(0) > 0.
This ensures that the slice is strictly convex as ty — +o00. ([l
Let us conclude the proof of the main theorem 1.5.

Proof of Theorem 1.5. — We have already embedded isometrically M C N’, so
that the curvature of N’ satisfies:

(1) K < C) globally,
(2) K < —k%*/2 on N'\ V, where V is the 1/y/k neighbourhood of M.

We have seen that C is fixed, and x can be taken arbitrarily large. We have also
ensured that the slices are uniformly strictly convex. In the arguments below, C' > 0
will denote a constant that does not depend on the choice of x, and that may change
at every line. We will use the notations for Jacobi fields introduced in [CEG23]. Let
us just recall that if J is a Jacobi field,

L@
SRR PGl

We also denote by 0y SM the set of vectors in SM above OM that are entering (-)
and outgoing (+). Also denote by I'y the set of entering (-) (resp. outgoing (+))
vectors that are trapped in M for all positive (resp. negative) time. For vectors not
in 'y we denote by [,(v) the time when they exit M.

Observe that the constant 1/Cy in [CEG23] corresponds to our 1/4/k. The key tech-
nical tool is the comparison [CEG23, Lemma 2.8] itself taken from Gulliver [Gul75,
Lemma 3], that we reproduce for convenience.

LEMMA 4.5 ([Gul75, Lemma 3]). — Let «y be a geodesic on a Riemannian manifold
M and let J be a perpendicular Jacobi field along . Assume that f : R — R is
integrable on bounded sets and gives an upper bound on sectional curvature as
follows

K (oyw.0m) < f(?)
for all t. Let s* € R and let u be a solution of u"” + fu = 0 with u(s*) = ||J(s%)]|,

' (s*) < ||J'(s7)||. Assume that u(t) > 0 for s* < t < s**. Then for any s* <t < s,
J(t) # 0 and
py = u'fu.
In particular, we deduce that in N\ V, i.e the region t > 1/1/k, where the curvature
is below —~x2/2, a Jacobi field with u;(0) > —Q satisfies j;(t) > (1 — €)k/+/2 for
t 2 1, when & is large and () remains fixed.

In [CEG23, Section 4], this comparison lemma is used to carefully prove the
following Proposition 4.6.
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PROPOSITION 4.6 ([CEG23, Proposition 4.1]). — Let (M, g) be a manifold with
boundary. Assume that (M, g) has no conjugate points and a (possibly empty)
hyperbolic trapped set A. Then, there exists constants QQy; > 0 and Cy; > 0, such
that for any v € 0_ SM and a perpendicular Jacobi field J along v, with p;(0) > Qy,
J does not vanish as long as 7, lies in M. Moreover, the following properties hold:

(1) Ifv e ', then ||J(t)|| = oo as t — oc.

(2) Ifvel_, then puy(l,(v) > —Qn and Jlat®) wy(T)dr = Cyy.

(3) For any sufficiently small 6 > 0, let M_s = {z € M | dist,(z,0M) > 6}.
Then, (1) and (2) remain valid with the same Q) and Cy, if we replace M
with M(;.

We essentially rely on the arguments of [CEG23, Section 8], but we have reorganized
the order a bit. We will only insist on key details. The constant )y appearing many
times in [CEG23, Section 8] is the constant Q<s,3 of Proposition 4.6 for some
0o > 0 arbitrarily small. We denote it by s here. The following statement has no
direct equivalent in [CEG23] (but the arguments of proof come from several parts
of Section 8 therein).

LEMMA 4.7. — Let v € 0_SM and J be a perpendicular Jacobi field along the
corresponding geodesic. If 1 ;(0) > @y, then J does not vanish in positive time.

Proof. — According to [CEG23, Lemma 8.5], the time travel in the region ¢t €
[0,1/y/k] is bounded above by C/\/k. If J a perpendicular Jacobi field along a
geodesic v, starting at a point v € SN’, let us assume that v € 9SM is entering.
Then according to [CEG23, Proposition 4.1], if ;(0) > @y, either v € I'_ and we
are done, or 7 ¢ I'_. Then as v, leaves SM, u;(¢(v)) > —Q . Since the travel time
in the collar is small and the curvature bounded above, we deduce that p; is at least
—2Qy when v, enters {t > 1/y/k}. Now, in this region, the curvature is bounded
above by —k?/2, so that applying the comparison [CEG23, Lemma 2.8], and taking
into account that the travel time inside ¢t > 1/y/k must be at least 1, if x is large
enough, p; must be at least Q) again when ~, enters again SM (if it ever does). We
can conclude by induction on the times. 0

LEMMA 4.8. — N’ has no conjugate points.

Proof. — Let us consider a nonzero Jacobi field J that vanishes at some point
above N’ \ M. Then, using again the comparison lemma, we deduce that p; > Qs
as long as the geodesic remains in SN”\ SM, and thus cannot vanish again according
to Lemma 4.7.

Let us now consider a nonzero Jacobi field vanishing at some point. If the corre-
sponding geodesic remains in SM, then we are done. Otherwise consider the first time
that it exits SM. Then, using the argument of the proof of [CEG23, Lemma 8.11],
we must have p; > —@Q;. Otherwise we could apply Proposition 4.1 in reversed
time, and obtain a contradiction. Again by the smallness of the collar and the very
negative curvature in {t > 1/4/k}, if the geodesics come back again in SM, we must
have p; > @Qa at the point of entry. Then proceeding by induction as above enables
us to conclude. O
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Finally, we have to prove that the geodesic flow is Anosov. For this it suffices,
according to Eberlein’s theorem, to prove that no nonzero Jacobi field can be globally
bounded. Since M has axiom A geodesic flow and the curvature is very negative in
{t > 1/y/k}, this is a given for any Jacobi field along a geodesic that remains either
in SM or SN’\ SM for all times.

Consider a geodesic v entering SM at a point v, with a perpendicular Jacobi field
J satisfying p; > Q) at that point. Then according to [CEG23, Proposition 4.1],
we have either ||J|| — +oo, or [q ps > —Cy before 7 exits SM. Now, before the
geodesic enters again (if it ever does) in SM, since the curvature is so negative, using
the comparison lemma again, we must have

/ > (-6
—€)—= — €,
snysm ™ Z V2

where € tends to 0 as k grows large. Here we have taken into account that the
travel time must be at least 1 above N’ \ M. We also used [CEG23, Proposition 4.1],
ensuring that pu; > —Qj, entering SN\ SM.

Now, either the sequence of times when the geodesic changes component is finite,
and we know directly by the comparison lemma and Proposition 4.1 that |J| — +oo,
or the sequence is infinite. In that case, we observe that between two consecutive
times the geodesic entered SM, we have

) 1
int py > 1—0/1—00> 1,

so that ||J|| — oo also in positive time.

Let us now consider the case that as v enters SM, u; < Qp. Then, we reverse
time, and see this as a geodesic entering SN"\ SM with p; > —Qu;. Then the same
argument as above apply, only in negative time. 0
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