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1. Introduction
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Figure 1.1. Simulation of a uniform random tree of height 100 whose profile
scales towards t 7→ sin(πt) with vertices of degrees 0 and 4 with some additional
vertices with large degrees. The profile is drawn on the right. The low vertices
are green while the high vertices are red.

1.1. Model

Trees with fixed degree sequence are universal models of random trees and are
related to many other objects: Galton–Watson trees, configuration model, bipartite
planar maps with fixed face degrees. . . . The aim of this paper is to study a variant of
this model where we fix for each vertex its degree and also its height. More precisely,
we are interested in the shortest-path distance on the rooted labelled trees defined
below.

Consider a set of vertices {(i, j)}i⩾0, j⩾1. We consider (i, j) to have height i and
degree (number of children) dn

i,j ⩾ 0. We use a superscript n ∈ N as we study the
behaviour of the trees as the degrees vary. For convenience, we assume that on every
line i ⩾ 0 the sequence (dn

i,j)j⩾1 is non-increasing. Also, to ensure that every vertex
(i, j) of degree dn

i,j ⩾ 1 is connected to the root (0, 1), we assume that dn
0,2 = 0 and

(1.1) ∀ i ⩾ 0, #
{
j ⩾ 1; dn

i+1,j > 0
}
⩽ Dn

i :=
∑
j⩾1

dn
i,j < ∞.

ANNALES HENRI LEBESGUE



Scaling limit of trees with vertices of fixed degrees and heights 425

(0, 1)

(1, 1)

(2, 1)

(3, 1)

(4, 1)

(0, 2) (0, 3) (0, 4) (0, 5) (0, 6)

Figure 1.2. An example of tree T such that d0,1 = 4, d1,1 = 3, d1,2 = 1, d1,3 = 1,
d2,1 = 2, d2,2 = 1, d3,1 = 2 and all the other degrees are null. The vertices of T
are represented in red, the root as a red dot, and the other vertices as black dots.
Here, D0 = 4, D1 = 5, D2 = 3, D3 = 2, D4 = 0.

We construct the plane tree T n height by height: (0, 1) is the root, and independently
and uniformly for every height i ⩾ 0 we attach each vertex in {(i+ 1, j)}1⩽j⩽Dn

i
to a

vertex in {(i, j); j ⩾ 1, dn
i,j ⩾ 1} so that every vertex (i, j) has exactly dn

i,j children
(see Figure 1.2). Note that T n has height hn := inf{i ⩾ 0; dn

i,1 = 0}. The tree T n is
equipped with the shortest path distance, where each edge has length 1.

1.2. Main results

We now present our assumptions on the degrees for the scaling limit of T n. Without
loss of generality, our assumptions are written so that the random metric space T n/n
obtained after dividing the distances by n converges in distribution. First we assume
that the profile converges weakly: we assume that for some non-atomic probability
measure ν with compact support supp ν = [0, 1], we assume, writing δx for the Dirac
measure on x,

(Limν) : ∑i⩾0 δi/nD
n
i /(

∑
i⩾0 D

n
i ) converges weakly towards ν.

Note that the above assumption is equivalent to requiring a scaling limit for the
height of random vertices. It also implies that lim inf hn/n ⩾ 1.

Then, to show the convergence of (T n/n), we look at the genealogies of random
vertices, that is their paths to the root. The rate at which genealogies merge actually
only depends on the degrees. We assume informally that this rate converges. We
distinguish two cases for such merging: either the paths merge at a vertex with large
degree, or they merge among the numerous vertices of small degrees.

Concretely, we use a locally finite measure ρ on (0, 1) to describe the merging rate
due to small vertices. We also describe the limit of large degrees, using non negative
parameters Θ = ((θj(t))j⩾1)t∈(0,1) satisfying that:

• for every height t ∈ (0, 1), the sequence (θj(t))j⩾1 is non-increasing.
• For every t ∈ (0, 1), we have ∑j⩾1 θj(t) ⩽ 1.
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• The set {(j, t) : θj(t) ̸= 0} is countable. Moreover, for all real numbers
0 < x < y < 1:

(1.2)
∑

x⩽t⩽y

∑
j⩾1

θj(t)2 < ∞.

We assume that as n → ∞:
(Limρ) : We have the following vague convergence of measures on ((0, 1),B((0, 1))):∑

1⩽i<n,j:di,j>0
δi/n

(
dn

i,j

2

)/(
Dn

i

2

)
−−−→
n→∞

ρ+
∑

j,t:θj(t)>0
θj(t)2δt.

(LimΘ) : We have the following vague convergence on ((0, 1)×R∗
+,B((0, 1)×R∗

+))∑
1⩽i<n,j:di,j>0

δ(i/n,dn
i,j/Dn

i ) −−−→
n→∞

∑
t,j:θj(t)>0

δ(t,θj(t)).

(Lim ̸=) : For every ε > 0 there exists δ(ε) > 0 such that for every n > 0, i, i′
with εn < i, i′ < (1 − ε)n, dn

i,1 > εDn
i and dn

i′,1 > εDn
i′ we either have

i = i′ or |i− i′| > δ(ε)n.

We require the technical condition (Lim ̸=) because the merging rate behaves really
differently depending on whether vertices of large degree are at the same height or
not. Morally, we use (Lim ̸=) to ensure that in the limit tree vertices of large degree
that are at the same height correspond to vertices at the same height in T n.

Lastly, while the previous assumptions are sufficient to prove the convergence of
the distances between random vertices, we want the following tightness assumption
to ensure that the limit space is well defined:

(TightGP) : ν has support [0, 1] and for all 0 < a < b < 1, ρ([a, b]) > 0 or∑
j∈N,t∈[a,b] : θj(t)>0

θj(t) = ∞.

Remark 1.1. — Aldous, Camarri, and Pitman [AP00, CP00] used a similar condi-
tion to define inhomogeneous continuum random trees. Namely, with their notation
θ0 > 0 or ∑i⩾1 θi = ∞.

Theorem 1.2. — Assume that for some ν, ρ,Θ the conditions (Limν), (Limρ),
(LimΘ), (Lim ̸=), (TightGP) hold. Then there exists a random measured metric space
T (ν, ρ,Θ) such that the following weak convergence holds for the Gromov–Prokhorov
topology (see Appendix A for more details)

T n/n
(d)−−−→

n→∞
T (ν, ρ,Θ),

where we recall that T n/n is the metric space obtained by dividing the shortest path
distance on T n by n, which is also equipped with the uniform probability measure
on its vertices.

The Gromov–Prokhorov topology essentially describes the distances between ran-
dom vertices in T n. To study geometric variables that depend on all the vertices
such as the diameter of T n, one needs a stronger topology. To this end, we as
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usual strengthen the convergence to the Gromov–Hausdorff–Prokhorov topology
(see Appendix A). We use the following tightness assumptions.

Let ∥Dn∥∞ := max0⩽i⩽hn Dn
i . Then, for every i ∈ N, k > 0, let

(1.3) τn
i (k) :=

∑
j⩾1

dn
i,j

Dn
i

min
(
k
dn

i,j − 1
Dn

i − 1 , 1
)
,

with the convention τn
i (k) = ∞ when Dn

i ∈ {0, 1}. Then, for every a < b let
τn

a,b(k) := ∑
i∈[a,b] τ

n
i (k). We assume that:

(TightGHP) : For every 0 < α < β < 1, for every n ∈ N, k ⩽ ∥Dn∥∞ large enough
(i.e. there exist n(α, β), k(α, β) such that for all n ⩾ n(α, β), k ⩾ k(α, β)),
for every i ∈ [αn, βn], we have

τn
i,i+n/(log log k)2(k) ⩾ log(k).

Theorem 1.3. — Under the setting of Theorem 1.2 if furthermore hn ∼ n and the
condition (TightGHP) hold then T n/n → T (ν, ρ,Θ) weakly for the Gromov–Hausdorff–
Prokhorov topology.

Remark 1.4. — Writing ψn
i : k 7→ kτn

i (k), one may see ψ as the analog for our
model of the Laplace exponent of Lévy trees and Bienaymé–Galton–Watson trees.
Indeed, as usually done in the literature (see e.g. [DLG05]), one may associate the
degrees with the jumps of the Lévy process; and in the same way that the jumps
contribute linearly or quadratically to the Laplace exponent of Lévy process ψ(l)
according to whether they are larger or smaller than 1/l, the degrees dn

i,j contribute
linearly or quadratically to τn

i (k) according to whether they are larger or smaller
than Dn

i /k. Moreover, (TightGHP) may be seen as an integrability condition for 1/ψ
as in [DLG05, Eq. (7)]. The main difference is that we morally need this integrability
condition at all heights. Due to that, although condition (TightGHP) is sub-optimal,
it seems strong enough to deal with the applications below.

1.3. Connections with previous works and applications

When one only prescribes the degrees of the vertices but not their heights, one
obtains the well studied model of uniform trees with fixed degree sequence, whose
scaling limit is studied for example in [BM14, BR21] and also in [Mar18] with appli-
cations to Bienaymé–Galton–Watson trees and random planar maps. This model is
the analogue of the configuration model for random trees. Note that if one conditions
on the heights of the vertices in a uniform tree with fixed degree sequence, then
one obtains a uniform random tree with fixed degrees and heights. Moreover, the
paper [AUB20] gives conditions for the scaling limit of the profile of uniform trees
with fixed degree sequence. Checking our assumptions in order to give a new proof
of the scaling limit of uniform trees with fixed degree sequence thus seems feasible.
In this example and in the next two paragraphs, the associated ν, ρ and θ may be
random.

Besides, if one considers a Galton–Watson process in varying environment (GWVE)
and conditions on the evolution of the total population, i.e. the profile of the tree, and
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on the number of children of each individual, i.e. the degrees, then the corresponding
tree is a uniform random tree with fixed degrees and heights. As a result, our result
provides the scaling limit of GWVE trees as soon as the hypothesis are satisfied by
the profile and the degrees. The first scaling limit of the profile for GWVE trees was
obtained by Kurtz [Kur78] under a third moment assumption. These results where
subsequently extended and general conditions for the convergence of the profile can
be found in [BS15] or in [FLL22]. See Section 5 for an application of our results to
GWVE trees using the scaling limit of the profile of [BS15]. Informally, under some
assumptions which essentially ensure that the scaling limit of the profile from [BS15]
holds, we obtain scaling limits of GWVE trees.

In the same direction, the scaling limit of the size of the nth generation condi-
tioned on survival up to time n was obtained in [Ker20] for GWVE under mild
assumptions. Under a second moment assumption, the genealogy of the individuals
at this nth generation in GWVE trees was studied in [HPP24] in the critical case,
and in [BFRS22] in the near critical case with a GHP scaling limit of the genealogy
of the nth generation in this latter work. In [CKKM24], for i.i.d. environments, in the
critical case and under a second moment assumption, a GHP scaling limit towards
the Brownian continuous random tree was obtained. Although we do not wish to
pursue in that direction, our results should be useful to study the stable case.

Finally, let us briefly mention that our approach is similar to the one we recently
developed with Bellin and Kortchemski in [BBRKK25a, BBRKK25b] to study (crit-
ical) uniform attachment trees with freezing. However, as we no longer work in a
Brownian case only, we need to use new techniques and ideas.

Plan of the paper

The rest of the paper is organized as follows. In Section 2 we define the limit
tree appearing in Theorems 1.2 and 1.3. In Section 3 we prove Theorem 1.2. In
Section 4 we show Theorem 1.3. Finally in Section 5, which can be read right after
the introduction, we discuss an application of our result to Bienaymé–Galton–Watson
trees in varying environment. Appendix A recalls the standard notions about the GP,
GH, and GHP topologies. Appendix B recalls the classical notion of leaf-tightness.

2. Definition of the limit
In this section, we define the limit trees appearing in Theorem 1.2 in a rather

implicit way: we first construct, using a growth-coalescent process, a random infinite
matrix which describes the distances between i.i.d. random points. We then prove,
under the condition (TightGP), leaf-tightness for this matrix, hence defining the
limiting random measured metric space (see Proposition B.1).

2.1. Description of the distance matrix between uniform vertices in the
limit tree

We go downward in the tree from random vertices to the root, and describe how
their genealogies merge. This description gives both their heights and the heights
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of their most recent common ancestors, and so the distances between those vertices.
We start with an informal construction of the genealogies’ coalescent.

Let k particles be born at i.i.d. times (heights) of law ν. On each interval [t, t− dt],
two particles merge into a cluster at rate ρ(dt). Moreover, at every time t such that
θ1(t) > 0, the clusters merge according to the sub-probability measure (θj(t))j⩾1
as follows: independently, each cluster is associated with some random integer j in
N ∪ {0} with probability θj(t) when j ⩾ 1 and θ0(t) := 1 −∑

j′⩾1 θj′(t) when j = 0.
Then, the clusters associated to 0 do not merge whereas for all j ⩾ 1, the clusters
associated to j merge together into one cluster. Finally, at time zero, all the clusters
which have not merged yet coalesce.

Here the birth time of the particle should be seen as the height of random vertices
in the tree, and the merging time of two clusters as the height of their most recent
common ancestor. And, depending on the degree of those ancestors (2 or ∞), the
coalescences occur differently (using respectively ρ or Θ).

Formally, let us use the same notation as for coalescent processes where each
particle is associated with an integer, where clusters are described by sets of integers
and where each coalescence is performed by replacing two clusters by their union. See
e.g. [Pit06] or [Ber06] for the use of this notation in the classical theory of coalescent
and fragmentation processes. We consider three types of independent random events:
Birth: for every r ∈ N, let Hr be a random variable in [0, 1] of law ν;
Small merge: for every q < r ∈ N, let Γq,r be a Poisson point process on [0, 1] of

intensity ρ(dt);
Large merge: for every t such that θ1(t) > 0 and r ∈ N, let Θt,r be a random

variable of law given by P(Θt,r = j) = θj(t) for every j ∈ N ∪ {0}. We write
SΘ(t, j) := {r ∈ N, Θt,r = j} for all j ⩾ 1.

From there we describe a càglàd (left continuous with right limit) jump process
((Pk

r (t))1⩽r⩽k)1⩾t⩾0 which is called a growth-coalescent process. The process starts at
Pk

1 (1) = Pk
2 (1) = · · · = Pk

k (1) = ∅ and its jumps occur only at some time t satisfying
one of the following conditions:
Birth: If t = Hr for some 1 ⩽ r ⩽ k, then Pk

r (t+) = {∅}, and Pk
r (t) = {r};

Small merge: If t ∈ Γq,r for some q < r, then whenever Pk
q (t+) ̸= ∅ and Pk

r (t+) ̸= ∅
we have Pk

q (t) = Pk
q (t+) ∪ Pk

r (t+) and Pk
r (t) = ∅;

Large merge: If θ1(t) > 0, then for every j ∈ N such that #(SΘ(t, j) ∩ [k]) ⩾ 2, we
write mk(t, j) for the smallest integer r ∈ SΘ(t, j) ∩ [k] such that Pk

r (t+) ̸= ∅.
We have:

∀ r ∈ (SΘ(t, j) ∩ [k]) \ {mk(t, j)}, Pk
r (t) = ∅,

and Pk
mk(t,j)(t) =

⋃
r∈SΘ(t,j)∩[k]

Pk
r (t+).

There is a final jump at time 0 to reach the configuration Pk
1 (0) = {1, . . . , k} and

Pk
2 (0) = · · · = Pk

k (0) = ∅.
Lemma 2.1. — The process ((Pk

r (t))1⩽r⩽k)0⩽t⩽1 is a.s. well defined.
Proof. — To see that such a process is well defined, it suffices to focus on the

number of possible jumps. Births only occur at {Hr}1⩽r⩽k which is a finite subset of
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(0, 1) since ν has no atoms at zero or one. Note that for 1 ⩽ r ⩽ k and t > Hr we
must have Pk

r (t) = ∅ so that the highest jump occurs at time max1⩽r⩽k Hr.
Then, for every a > 0, we prove that there is only a finite amount of possible

times for small merges and large merges in [a,max1⩽r⩽k Hr], so that the process
((Pk

r (t))1⩽r⩽k)0⩽t⩽1 is well defined on [a, 1]. Since a.s. Pk
1 (0) = {1, . . . , k} and Pk

2 (0) =
· · · = Pk

k (0) = ∅, and since a is arbitrary this will conclude the proof.
Small merges can only occur when t ∈ Γq,r for some 1 ⩽ q < r ⩽ k. And a.s. Γq,r

is locally finite on (0, 1) as a Poisson point process of rate ρ which is locally finite
on (0, 1).

For the large merges, note that for a jump to occur at time t there must exist
j ∈ N with #SΘ(t, j) ∩ [k] ⩾ 2. This occurs for every time t with probability
upperbounded by k2∑∞

j=1 θj(t)2. Thus thanks to (1.2), a.s. the number of possible
times t ∈ [a,max1⩽r⩽k Hr] where large merges can occur is finite. □

Lemma 2.2. — A.s. for every 0 ⩽ t ⩽ 1 and 1 ⩽ r ⩽ k < k′ we have Pk′
r (t) ∩

[1, . . . , k] = Pk
r (t).

Proof. — Since the number of jumps is locally finite on (0, 1) the result follows by
a simple (but tedious) downward induction on t. We omit the details. □

The above consistency condition allows us to define for every r ∈ N, 0 ⩽ t ⩽ 1,
Pr(t) := ⋃

k∈N Pk
r (t).

Also, note that below min1⩽r⩽k Hr, there are no birth times anymore for the process
((Pk

r (t))1⩽r⩽k)0⩽t⩽1, so that the number of r ∈ [k] such that Pk
r (t) ̸= ∅ can not in-

crease when t decreases below min1⩽r⩽k Hr. Therefore, the process ((Pk
r (t))1⩽r⩽k)0⩽t⩽1

undergoes only a finite number of jumps in [0, 1]. The genealogy of the k particles is
then described by a finite tree Tk whose leaves, denoted by V1, . . . , Vk correspond to
the births of each particle and whose internal vertices correspond to the coalescences
between clusters. Each vertex v of Tk is associated with a time tv corresponding to
the birth time if v is a leaf or the coalescence time if v is an internal vertex. We
equip this tree with the distance induced by the times of birth and coalescence: for
every pair u, v of vertices of Tk, the distance d(u, v) between u and v is given by

d(u, v) = tu + tv − 2c(u, v),
where c(u, v) is the first time at which the clusters of u and v coalesce. Note that
if Vq, Vr are leaves of Tk corresponding to the particles born at times Hq, Hr for
1 ⩽ q < r ⩽ k, then
(2.1) d(Vq, Vr) = Hq +Hr − 2 max

{
t ∈ [0, 1], ∃ m ∈ [k], q, r ∈ Pk

m(t)
}
.

Since the above equation can also be written
d(Vq, Vr) = Hq +Hr − 2 max{t ∈ [0, 1], ∃ m ⩾ 1, q, r ∈ Pm(t)},

the random variable d(Vq, Vr) does not depend on k.

2.2. Leaf-tightness

While the previous section defines the matrix of distances between random vertices
of the limit trees, it is not enough to properly define the limit. This difference is
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quite subtle and has been extensively studied by Aldous in [Ald93]. As recalled in
Appendix B, more precisely by applying Proposition B.1 to the increasing sequence
of the random trees (Tk, d) for k ⩾ 1 defined in the previous subsection, equipped
with the uniform probability measure on the leaves {V1, . . . , Vk} and with the dis-
tance d defined in (2.1), to properly define the measured real tree T (ν, ρ,Θ) as the
(increasing) limit when k → ∞ of the Tk’s when k → ∞, it is enough to prove the
following weak leaf tightness criterion:

∀ δ > 0, lim
k→∞

P
(
d(Vk+1, {V1, V2, . . . , Vk}) > 5δ

)
= 0.

Since Hk+1 (the height of Vk+1) is sampled according to the probability measure ν
which satisfies ν({0}) = 0, we may assume for some a > 0 that a < Hk+1 < a + δ.
Also, since, under (TightGP), ν has support [0, 1], by taking k large enough, we may
assume that a− δ < H1, H2, . . . , Hk < a. (In detail, by considering enough vertices,
we can have among them as many as we want with probability arbitrarily close to
1 at height between a− δ and a.) In other words, it suffices to check that for every
0 < a ⩽ 1 and δ > 0,

lim
k→∞

P
(
d(Vk+1, {V1, V2, . . . , Vk}) > 5δ

∣∣∣∣∣Hk+1 ∈ [a, a+ δ], ∀ 1 ⩽ i ⩽ k,

Hi ∈ [a− δ, a]

)
= 0.

Then we write Pk(·) = P(·|Hk+1 ∈ [a, a + δ],∀ 1 ⩽ i ⩽ k, Hi ∈ [a − δ, a]). Define
similarly the associated expectation Ek for later. And we recall that for all i ̸= j,
the random variable c(Vi, Vj) is the coalescence time between (the genealogies of) Vi

and Vj, that is the height of their most recent common ancestor. So that by (2.1),
to prove the above it suffices to show

(2.2) lim
k→∞

Pk(∀ 1 ⩽ i ⩽ k, c(Vi, Vk+1) < a− 2δ) = 0.

To that end we adapt an argument from [BBRKK25b, Section 6.5]. First for every
1 ⩽ i ⩽ k, x ⩾ 0, consider the event

Ei,k(x) :=
{
Hi > x, ∀ j ∈ [k]\{i}, c(Vi, Vj) < x

}
,

that is the event that Vi has height at least x and has not coalesced with any other
vertices among V1, . . . , Vk above height x. Then let

Nk(x) := #{1 ⩽ i ⩽ k, Ei,k(x)}.

To prove (2.2), we rely on the simple but crucial remark: under Hk+1 > H1, . . . , Hk,
Vk+1 has the most chance among V1, V2, . . . , Vk+1 to have coalesced with one of the
others. In other words,

Pk(Ek+1,k+1(a− 2δ)) ⩽ 1
k + 1

k+1∑
i=1

Pk(Ei,k+1(a− 2δ)) = 1
k + 1E

k[Nk+1(a− 2δ)].

Note that the left term above is exactly the probability in (2.2), so to define the
limit it suffices to prove:

Lemma 2.3. — s For any choice of a, δ > 0 as k → ∞, Ek[Nk+1(a− 2δ)] = o(k).
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Proof. — For each small interval [t, t + dt], given Nk+1(t + dt) we look at the
expected number of vertices in V1, . . . , Vk+1 that have not yet merged at time t+ dt
that merge with another vertex between time t and t + dt. As in the definition of
our coalescent, we distinguish two cases: either there is a large merge at time t or
there is a small merge between time t and t+ dt. The second case is easy to count
as the merging occurs by pair at rate given by ρ. For the first case we look for every
Vr not merged at the value of Θt,r and check if there is no other Vr′ not yet merged
that has the same value. This, together with the fact that Nk+1(s) ⩾ Nk+1(t) for all
s ∈ [t, t + dt] for all t ⩽ t + dt such that a − 2δ ⩽ t ⩽ t + dt ⩽ a − δ, gives us the
next formula: for every a− 2δ < t ⩽ t+ dt < a− δ,

Ek[Nk+1(t+ dt) −Nk+1(t)]

⩾ Ek

 ∑
j⩾1 : θj(t)>0

Nk+1(t)θj(t)
(
1 − (1 − θj(t))Nk+1(t)−1

)
+ 2

(
Nk+1(t)

2

)
ρ(t, t+ dt)

.
Using the fact that for all x ∈ (0, 1), y > 0 with xy > 1 we have (1 − x)y ⩽ 1/e, this
implies that

Ek[Nk+1(t+ dt) −Nk+1(t)]

⩾ Ek

 ∑
j⩾1 : θj(t)>1/(Nk+1(t)−1)

θj(t)
(

1 − 1
e

)
Nk+1(t)

+ 2Ek

[(
Nk+1(t)

2

)]
ρ(t, t+ dt),

Then, by integrating between a− 2δ and a− δ, and using 0 ⩽ Nk+1 ⩽ k + 1 for the
left hand side, we get:

k + 1 ⩾
∑

t∈(a−2δ,a−δ),j⩾1
θj(t)

(
1 − 1

e

)
Ek
[
Nk+1(t)1θj(t)>1/(Nk+1(t)−1)

]

+
∫ a−δ

a−2δ
2Ek

[(
Nk+1(t)

2

)]
ρ(dt).

Next, by fixing ε > 0 and considering only the case where Nk+1(t) > εk, we obtain

k + 1 ⩾
∑

t∈(a−2δ,a−δ),j⩾1
θj(t)

(
1 − 1

e

)
εkPk(Nk+1(t) > εk)1θj(t)>1/(εk−1)

+
∫ a−δ

a−2δ
(εk − 1)2Pk(Nk+1(t) > εk)ρ(dt).

Then, using that for all t ⩾ a− 2δ, we have Nk+1(t) ⩾ Nk+1(a− 2δ), we get

k + 1 ⩾ Pk(Nk+1(a− 2δ) > εk)

×


(

1 − 1
e

)
εk

∑
t∈(a−2δ,a−δ),j⩾1

θj(t)>1/(εk−1)

θj(t) + (εk − 1)2ρ([a− 2δ, a− δ])

.
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Using the second part of (TightGP), k is negligible compared to the inside of the huge
parenthesis above, so

Pk(Nk+1(a− 2δ) > εk) −−−→
k→∞

0.

Since ε is arbitrary and since Nk+1 ⩽ k + 1 this implies the desired result, and so
concludes the section. □

3. GP convergence

3.1. Coalescent associated with the genealogies of random vertices in T n

In this section, we introduce a discrete growth-coalescent process, which describes
how the genealogies of random vertices in T n merge. In the next section, we will
prove a scaling limit for this coalescent toward the similar continuous coalescent
introduced in Section 2.1. At the end of this section, we explain why this implies the
scaling limit of the distance matrix of random vertices in T n, and so Theorem 1.2.

Beforehand, let us formally split high degrees and small degrees.
Lemma 3.1. — There exists a sequence (εn)n⩾0 decreasing to 0 slowly enough so

that for all n ⩾ 0, there exists a bijection In : {t, θ1(t) > εn and εn < t < 1 − εn} →
{i, dn

i,1/D
n
i > εn and εn < i/n < 1 − εn} such that for all ε > 0,

(3.1)
∑

j⩾1,t∈(ε,1−ε)

dn
In(t),j

Dn
In(t)

− θj(t)
2

1θj(t)>εn −−−→
n→∞

0

and such that for all t ⩾ 0 such that θ1(t) > 0,
(3.2) In(t)/n −−−→

n→∞
t.

Proof. — We construct the sequence εn as follows. For all k ⩾ 1, let ηk ∈
(2−k−1, 2−k) such that ηk ̸∈ {θj(t); t ∈ (0, 1), j ⩾ 1}. By (LimΘ) and (Lim ̸=),
there exists nk ⩾ 1 such that for all n ⩾ nk, there exists a bijection Ik,n : {t ∈
(ηk, 1 − ηk), θ1(t) > ηk} → {i, dn

i,1/D
n
i > ηk and ηk < i/n < 1 − ηk} such that for

all t ∈ (ηk, 1 − ηk), for all j ⩾ 1 such that θj(t) > ηk,∣∣∣∣∣∣
dn

Ik,n(t),j

Dn
Ik,n(t)

− θj(t)

∣∣∣∣∣∣ ⩽ ηk and
∣∣∣∣∣Ik,n(t)

n
− t

∣∣∣∣∣ ⩽ ηk.

Then it suffices to take εn := min{ηk; k ⩾ 1 and nk ⩽ n} and define In as the Ik,n

where k is the largest integer such that nk ⩽ n. Then (3.2) holds clearly. For (3.1),
note that for all ε > 0,

∑
j⩾1,t∈(ε,1−ε)

dn
In(t),j

Dn
In(t)

− θj(t)
2

1θj(t)>εn ⩽
∑

j⩾1,t∈(ε,1−ε)
ε2

n1θj(t)>εn

⩽
∑

j⩾1,t∈(ε,1−ε)
ε2

n ∧ θj(t)2 −−−→
n→∞

0,

where the convergence holds by dominated convergence thanks to (1.2). □
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Then, let us prove a direct consequence of (Lim ̸=) which will be very convenient:

Lemma 3.2. — We have for all ε ∈ (0, 1),

min
εn⩽i⩽(1−ε)n

Dn
i −−−→

n→∞
∞.

Proof. — Let ε ∈ (0, 1). Let us prove that for all n large enough for all εn < i <
(1 − ε)n, we have Dn

i ⩾ 1/ε. For all i ⩽ hn − 1, if dn
i,1 ⩽ εDn

i , then, since dn
i,1 ⩾ 1, we

deduce that Dn
i ⩾ 1/ε.

Besides, note that for all n large enough, if dn
i,1 > εDn

i for some εn < i < (1 − ε)n,
then by (Lim ̸=) we have dn

i+1,1 ⩽ εDn
i+1. But we also know that Dn

i d
n
i+1,1 ⩾ Dn

i+1
since there are exactly Dn

i vertices of T n at height i+ 1, so that

Dn
i+1 ⩽ dn

i+1,1D
n
i ⩽ εDn

i+1D
n
i .

Finally, we also get Dn
i ⩾ 1/ε by diving both sides by Dn

i+1 (that can be done
since by (Limν), lim inf hn/n ⩾ 1 and so Dn

i+1 ⩾ 1 for all n large enough and for all
i < (1 − ε)n). □

Now, in the rest of this subsection, let us fix k ∈ N. To prove the convergence of
the rescaled matrix of distances between k vertices V n

1 , . . . , V
n

k taken uniformly at
random, we introduce the associated growth-coalescent process and prove that it
satisfies a scaling limit towards the coalescent process defined in Section 2.1.

In order to get some additional independence, we add some vertices at each height
to the ancestors of V n

1 , . . . , V
n

k in order to have a constant number of vertices at each
height (this will facilitate the computation of the coalescence probabilities). For all
i > maxr∈[k] h(V n

r ):
• When Dn

i−1 ⩾ k, let (V n
i,j)1⩽j⩽k be distinct vertices in {(i, j); j ⩽ Dn

i } taken
uniformly at random.

• When Dn
i−1 < k, we set V n

i,r = (i, 1) for all r ∈ [k].
Then, we define V n

i,1, . . . , V
n

i,k for i ⩽ maxr∈[k] h(V n
r ) by downward induction on i.

Given (V n
i+1,j)1⩽j⩽k define (V n

i,j)1⩽j⩽k as follows:
Position of V n

1 , . . . , V
n

k : For all r ∈ [k], if h(V n
r ) = i, then we set V n

i,r = V n
r .

Position of the ancestors: For all p ⩾ 1, for all 1 ⩽ r1 < · · · < rp ⩽ k, if the
vertices V n

i+1,r1 , . . . V
n

i+1,rp
are the vertices in {V n

i+1,1, . . . , V
n

i+1,k} which are
attached to a vertex (i, j) in T n, and if one of them is an ancestor of V n

r for
some r ∈ [k], then:

• if (i, j) = V n
r′ for some r′ ∈ [k], we set as explained before V n

i,r′ = V n
r′ .

• Otherwise, if (i, j) ̸∈ {V n
1 , . . . , V

n
k }, let r be the smallest integer in [k]

such that r ∈ {r1, . . . , rp} and such that V n
i+1,r is the ancestor of V n

r′ for
some r′ ∈ [k]. We then set V n

i,r = (i, j).
List completion: When Dn

i−1 ⩾ k, we complete the list by taking distinct vertices
uniformly at random among the vertices {(i, j)}1⩽j⩽Dn

i−1
not yet taken. By

convention, when Dn
i−1 < k, all the V n

i,r for r ∈ [k] not yet defined are equal to
(i, 1). By Lemma 3.2, this latter case is excluded on any interval [εn, (1 − ε)n]
for every ε > 0 for every n large enough.
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We look at the fathers of V n
i+1,1, . . . , V

n
i+1,k in T n. If V n

i+1,q and V n
i+1,r for some

q < r ∈ [k] have the same father, then we say that they coalesce at this vertex. Let
(εn)n⩾0 be as in Lemma 3.1. For all q < r ∈ [k] and i ⩾ 0, let

(3.3) Xn
q,r,i = 1V n

i+1,q ,V n
i+1,r coalesce in a vertex of degree at most εnDn

i
.

For all n, i ⩾ 0, and r ∈ [k], let Θn
i,r be the integer j such that the vertex V n

i+1,r is
attached to the vertex of degree dn

i,j when dn
i,j > εnD

n
i and Θn

i,r = 0 otherwise. We
set for all i, j ⩾ 1,

Sn,k
i,j =

{
r ∈ [k], Θn

i,r = j
}
.

We are now in position to define the growth-coalescent process. Let((
Pn,k

r (i)
)

r∈[k]

)
i⩾0

be the process defined as follows. We set for all i > maxr∈[k] h(V n
r ), and for all r ∈ [k],

the initial values Pn,k
r (i) = ∅. Then, for all i ⩾ 0,

Birth: If i = h(V n
r ) for some r ∈ [k], then Pn,k

r (i) = {r};
Small merge: If Xn

q,r,i = 1 for some 1 ⩽ q < r ⩽ k then whenever Pn,k
q (i+ 1) ̸= ∅

and Pn,k
r (i+1) ̸= ∅ we have Pn,k

q (i) = Pn,k
q (i+1)∪Pn,k

r (i+1) and Pn,k
r (i) = ∅;

Large merge: If #Sn,k
i,j ⩾ 2 for some j ⩾ 1, we write mn,k(i, j) for the smallest

integer r ∈ Sn,k
i,j such that Pn,k

r (i+ 1) ̸= ∅. We set:

∀ r ∈ Sn,k
i,j \ {mn,k(i, j)}, Pn,k

r (i) = ∅, and Pn,k
mn,k(i,j)(i) =

⋃
r∈Sn,k

i,j

Pn,k
r (i+ 1);

and for the other r ∈ [k] we set Pn,k
r (i) = Pn,k

r (i+ 1).
This discrete growth-coalescent is well-defined and gives the genealogy of V n

1 , . . . ,
V n

r in T n.

Proposition 3.3. — With high probability, the discrete growth coalescent pro-
cess ((Pn,k

q (i))q∈[k])i⩾0 is well-defined. Moreover, for all 0 ⩽ i ⩽ hn, for all q ∈ [k], the
set Pn,k

q (i) is the set of r ∈ [k] such that the vertex V n
i,q is an ancestor of V n

r .

Proof. — The first part of the statement is straightforward after checking that
for all ε ∈ (0, 1), with high probability, for all εn ⩽ i ⩽ (1 − ε)n, at most two
vertices coalesce in vertices of degree at most εnD

n
i . This is a direct consequence of

Lemma 3.6 which is stated and proven in the next subsection and of the definition
of Xn

i,k just above the said lemma. One can then use that by (Limν),

lim
ε→0

lim inf
n→∞

P(∀ r ∈ [k], εn ⩽ h(V n
r ) ⩽ (1 − ε)n) = 1.

Next, let us turn to the second point of the statement. Note that by definition of
the vertices V n

i,r’s, when there is a small merge at height i ⩾ 0, the father of the two
vertices V n

i+1,q and V n
i+1,r for q < r which coalesce is V n

i,q. Similarly, when there is a
large merge for some j ⩾ 1, the father of the vertices V n

i+1,r’s for r ∈ Sn,k
i,j is the vertex

V n
i,mn,k(i,j). This entails the second point of the proposition by taking the definition

of ((Pn,k
r (i))r∈[k])i⩾0 into account and then applying a downward induction. □
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We then state the scaling limit result towards the continuous time growth-coalescent
process defined in Section 2.1. Its proof is postponed to the next subsections.

Proposition 3.4. — We have the convergence((
Pn,k

r (⌈n(1 − t)⌉
)

r∈[k]

)
t∈[0,1]

(d)−−−→
n→∞

((
Pk

r (1 − t)
)

r∈[k]

)
t∈[0,1]

for the J1-Skorokhod topology.

The convergence in the sense of Gromov–Prokhorov readily follows from the above
proposition:

Proof of Theorem 1.2 using Proposition 3.4. — Let V n
1 , . . . , V

n
k be i.i.d. uniform

random vertices of T n (conditionally on T n) and let V1, . . . , Vk be the leaves of
the tree Tk ⊂ T (ν, ρ,Θ) defined in p. 427. Note that the points V1, . . . , Vk can also
be seen as i.i.d. random points in the metric measured space T (ν, ρ,Θ) since the
measured real tree T (ν, ρ,Θ) is defined as the (increasing) limit of the Tk’s as k → ∞
in Subsection 2.2. Thanks to Lemma A.1, it suffices to prove the convergence for all
k ⩾ 1

(3.4)
(
dn(V n

q , V
n

r )/n
)

1⩽q<r⩽k

(d)−−−→
n→∞

(d(Vq, Vr))1⩽q<r⩽k,

where dn is the graph distance on T n. Let k ⩾ 1. Let q < r ∈ [k]. By construction
of T n and by definition of the processes Pn,k

m for m ∈ [k], we have

dn
(
V n

q , V
n

r

)
= h

(
V n

q

)
+ h(V n

r ) − 2 max
{
i ⩾ 0, ∃ m ∈ [k], q, r ∈ Pn,k

m (i)
}
.

Therefore, by (2.1), in order to show (3.4), it is enough to check the convergence
1
n

max
{
i ⩾ 0, ∃ m ∈ [k], q, r ∈ Pn,k

m (i)
}

(d)−−−→
n→∞

max
{
t ⩾ 0, ∃ m ∈ [k], q, r ∈ Pk

m(t)
}
,

jointly with

(3.5)
(
(h(V n

r )/n
)

r∈[k]

(d)−−−→
n→∞

(Hr)r∈[k].

But note that h(V n
r ) = max{i ⩾ 0, r ∈ Pn,k

r (i)} and Hr = max{t ⩾ 0, r ∈ Pk
r (t)}.

Thus, the two convergences stem from Proposition 3.4. □

The rest of this section is dedicated to the proof of Proposition 3.4.

3.2. Convergence of the coalescences between random vertices at the
same height

In this subsection, we prove Proposition 3.4. We first prove some useful lemmas.
A consequence of (Limρ), (3.1)–(3.2) is the vague convergence of measures on (0, 1)

(3.6) n
∑
j⩾1

(
dn

nt,j

2

)
(

Dn
nt
2

) 1dn
nt,j⩽εnDn

nt
dt −−−→

n→∞
ρ.
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We set for all n, i ⩾ 0,

pn,i :=
∑
j⩾1

(
dn

i,j

2

)
(

Dn
i

2

)1dn
i,j⩽εnDn

i
.

Then Eq. (3.6) entails that for all ε > 0, we have

(3.7) max
εn⩽i⩽(1−ε)n

pn,i −−−→
n→∞

0

since ρ has no atoms. Another consequence of (3.6) is the following lemma:

Lemma 3.5. — For all k ⩾ 2, for any integer n large enough, for i ⩾ 0, let Bn
i be

independent Bernoulli random variables of parameter pn,i. Then we have the vague
convergence of measures on (0, 1) in distribution∑

1⩽i<n

Bn
i δi/n

(d)−−−→
n→∞

Πρ,

where Πρ is a Poisson random measure of intensity ρ.

Proof. — It is a consequence of the Poisson paradigm. By the independence of the
Bn

i ’s and the fact that ρ has no atoms, it suffices to show that for all 0 < s < t < 1,
for all x ∈ R, we have

E
[
eix
∑

ns⩽j⩽nt
Bn

j

]
−−−→
n→∞

exp
(
ρ([s, t])(eix − 1)

)
,

which is straightforward since

E
[
eix
∑

ns⩽j⩽nt
Bn

j

]
=

∏
ns⩽j⩽nt

(
pn,je

ix + 1 − pn,j

)
and then using (3.6)–(3.7). □

Let us focus on the times of small merges. For all n, i ⩾ 0, let Xn
i,k be the number

of pairs {r, s} for r < s ∈ [k] such that V n
i+1,r and V n

i+1,s coalesce in a vertex of degree
at most εnD

n
i , i.e.

Xn
i,k =

∑
1⩽r<s⩽k

1V n
i+1,r,V n

i+1,s coalesce in a vertex of degree at most εnDn
i
.

Lemma 3.6. — For all n ⩾ 0 large enough, for all k ⩾ 2, let (Bn
i,k)i⩾0 a family of

independent Bernoulli random variables of parameters
(

k
2

)
pn,i. Then for all ε > 0,

dTV

((
Xn

i,k

)
εn<i<(1−ε)n

,
(
Bn

i,k

)
εn<i<(1−ε)n

)
−−−→
n→∞

0,

where dTV denotes the total variation distance.

Proof. — Let ε > 0. By definition of Xn
i,k, it is enough to show that there exists a

coupling between Xn
i,k and Bn

i,k such that

(3.8)
∑

εn⩽i⩽(1−ε)n
P
(
Xn

i,k ̸= Bn
i,k

)
−−−→
n→∞

0.
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Note that by Lemma 3.2, for n large enough, for all εn < i < (1 − ε)n, we have
Dn

i ⩾ k, so that the vertices V n
i+1,1, . . . , V

n
i+1,k are distinct. First of all, we see that

(3.9) E
[
Xn

i,k

]
=
∑
j⩾1

(
dn

i,j

2

)(
Dn

i −2
k−2

)
(

Dn
i

k

) 1dn
i,j⩽εnDn

i
=
(
k

2

)
pn,i.

Besides, we have

E
[
(Xn

i,k)2
]

= E
[
Xn

i,k

]
(3.10)

+ 6E

 ∑
1⩽r1<r2<r3⩽k

1V n
i+1,r1

,V n
i+1,r2

,V n
i+1,r3

coalesce in a vertex
of degree at most εnDn

i

(3.11)

+ E


∑

1⩽r1<s1⩽k
1⩽r2<s2⩽k

1{r1,s1}∩{r2,s2}=∅ 1 V n
i+1,r1

,V n
i+1,s1

coalesce in a vertex of
degree at most εnDn

i
and V n

i+1,r2
,V n

i+1,s2
coalesce in a vertex of
degree at most εnDn

i


.(3.12)

The first term (3.10) is
(

k
2

)
pn,i by (3.9). The second term (3.11) is

(3.13)
∑
j⩾1

(
dn

i,j

3

)(
Dn

i −3
k−3

)
(

Dn
i

k

) 1dn
i,j⩽εnDn

i

= 1Dn
i ⩾3

∑
j⩾1

dn
i,j − 2

3
k − 2
Dn

i − 2

(
dn

i,j

2

)(
Dn

i −2
k−2

)
(

Dn
i

k

) 1dn
i,j⩽εnDn

i
⩽ εn

k − 2
3

(
k

2

)
pn,i,

while the third term (3.12) is

∑
j1,j2⩾1
j1 ̸=j2

1dn
i,j1

,dn
i,j2

⩽εnDn
i

(
dn

i,j1
2

)(
dn

i,j2
2

)(
Dn

i −4
k−4

)
(

Dn
i

k

) + 6
∑
j⩾1

(
dn

i,j

4

)(
Dn

i −4
k−4

)
(

Dn
i

k

) 1dn
i,j⩽εnDn

i
(3.14)

= 1Dn
i ⩾4

(
k

2

)(
k − 2

2

) ∑
j1,j2⩾1
j1 ̸=j2

(
dn

i,j1
2

)
(

Dn
i

2

)
(

dn
i,j2
2

)
(

Dn
i −2
2

)1dn
i,j1

,dn
i,j2

⩽εnDn
i

+ 61Dn
i ⩾4

(
k

4

)∑
j⩾1

(
dn

i,j

4

)
(

Dn
i

4

)1dn
i,j⩽εnDn

i

⩽ 1Dn
i ⩾4

Dn
i (Dn

i − 1)
(Dn

i − 2)(Dn
i − 3)

(
k

2

)(
k − 2

2

) ∑
j1,j2⩾1
j1 ̸=j2

(
dn

i,j1
2

)
(

Dn
i

2

)
(

dn
i,j2
2

)
(

Dn
i

2

) 1dn
i,j1

,dn
i,j2

⩽εnDn
i
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+ 61Dn
i ⩾4

(
k

4

)∑
j⩾1

(
dn

i,j

2

)2

(
Dn

i
2

)2 1dn
i,j⩽εnDn

i

⩽ 1Dn
i ⩾4

(
Dn

i (Dn
i − 1)

(Dn
i − 2)(Dn

i − 3)

(
k

2

)(
k − 2

2

)
+ 6

(
k

4

))∑
j⩾1

(
dn

i,j

2

)
(

Dn
i

2

)1dn
i,j⩽εnDn

i

2

⩽ 12
(
k

2

)(
k − 2

2

)
(pn,i)2.

For all n large enough, let Bn
i,k be a Bernoulli random variable of parameter

(
k
2

)
pn,i

such that Bn
i,k ⩾ 1Xn

i,k
⩾1. One can indeed perform such a coupling given that

P(Xn
i,k ⩾ 1) ⩽ E[Xn

i,k] =
(

k
2

)
pn,i ⩽ 1 for n large enough. As a result,

∑
εn⩽i⩽(1−ε)n

P
(
Xn

i,k ̸= Bn
i,k

)
⩽

∑
εn⩽i⩽(1−ε)n

(
P
(
Xn

i,k ̸= 1Xn
i,k

⩾1
)

+ P
(
Bn

i,k ̸= 1Xn
i,k

⩾1
))

⩽
∑

εn⩽i⩽(1−ε)n

(
E
[∣∣∣Xn

i,k − 1Xn
i,k

⩾1

∣∣∣2]+ E
[
Xn

i,k

]
− P

(
Xn

i,k ⩾ 1
))

=
∑

εn⩽i⩽(1−ε)n

(
E
[
(Xn

i,k)2
]

− E
[
Xn

i,k

])

⩽
∑

εn⩽i⩽(1−ε)n

(
εn
k − 2

3

(
k

2

)
pn,i + 12

(
k

2

)(
k − 2

2

)
(pn,i)2

)
by (3.13) and (3.14),

−−−→
n→∞

0 by (3.6) and (3.7),

hence (3.8) follows. □

Combining Lemmas 3.5 and 3.6 we obtain the scaling limit of the point processes
induced by the Xn

q,r,i’s which are defined in (3.3).

Corollary 3.7. — We have the vague convergence of measures on (0, 1) in
distribution ∑

i⩾0
Xn

q,r,iδi/n


1⩽q<r⩽k

(d)−−−→
n→∞

(Γq,r)1⩽q<r⩽k,

where the Γq,r’s for 1 ⩽ q < r ⩽ k are independent Poisson point processes of
intensity ρ(dt).

Proof. — By Lemma 3.6, we know that with high probability, at each height
we have at most one coalescence in a vertex of degree at most εnD

n
i . Moreover,

conditionally on (Xn
i,k)i⩾1, the indices q < r of the vertices V n

i+1,q, V
n

i+1,r which coalesce
at each height are uniform. For all n, i ⩾ 1 let (Qn

i , R
n
i ) be independent random

TOME 9 (2026)



440 A. BLANC-RENAUDIE & E. KAMMERER

variables which are uniform in {(q, r), 1 ⩽ q < r ⩽ k} and taken independently of
the Bn

i,k’s. Then,

dTV

(Xn
q,r,i

)
εn<i<(1−ε)n,

1⩽q<r⩽k

,
(
1(Qn

i ,Rn
i )=(q,r)B

n
i,k

)
εn<i<(1−ε)n,

1⩽q<r⩽k

 −−−→
n→∞

0.

Besides, let
(
Bn

q,r,i

)
i⩾1

for 1 ⩽ q < r ⩽ k be i.i.d. copies of the family (Bn
i )i⩾1 defined

in Lemma 3.5. One can see that

dTV

(1(Qn
i ,Rn

i )=(q,r)B
n
i,k

)
εn<i<(1−ε)n,

1⩽q<r⩽k

,
(
Bn

q,r,i

)
εn<i<(1−ε)n

1⩽q<r⩽k


⩽

∑
εn<i<(1−ε)n

P
 ∑

1⩽q<r⩽k

Bn
q,r,i ⩾ 2

+

∣∣∣∣∣∣P
(
Bn

i,k = 1
)

− P

 ∑
1⩽q<r⩽k

Bn
q,r,i = 1

∣∣∣∣∣∣
+

∣∣∣∣∣∣P
(
Bn

i,k = 0
)

− P

 ∑
1⩽q<r⩽k

Bn
q,r,i = 0

∣∣∣∣∣∣


= 2
∑

εn<i<(1−ε)n
P

 ∑
1⩽q<r⩽k

Bn
q,r,i ⩾ 2


⩽ 2

((
k
2

)
2

) ∑
εn<i<(1−ε)n

p2
n,i −−−→

n→∞
0,

where the convergence comes from (3.6) and (3.7). Thus we have the stronger result

dTV

((
Xn

q,r,i

)
εn<i<(1−ε)n,

1⩽q<r⩽k

,
(
Bn

q,r,i

)
εn<i<(1−ε)n,

1⩽q<r⩽k

)
−−−→
n→∞

0.

One concludes using Lemma 3.5. □

Now, let us study the coalescences in high degree vertices. Recall that in the
continuous coalescent, the large merges are described by the independent random
variables Θt,r of law (θj(t))j⩾0 for r ∈ [k] and t such that θ1(t) > 0 which are defined
in Section 2.1. Recall also that SΘ(t, j) ∩ [k] = {r ∈ [k], Θt,r = j}.

By (Lim ̸=), we may also assume that εn decreases slowly enough and that there
exists a sequence (ηn)n⩾0 such that nηn → ∞ and for all n ⩾ 0, for all (i, j), (i′, j′)
with εnn < i, i′ < (1 − εn)n such that dn

i,j > εnD
n
i and dn

i′,j′ > εnD
n
i′ , then we have

either i = i′ or |i− i′| > ηnn.

Lemma 3.8. — For all ε′ > 0, we have the vague convergence of measures on
(0, 1) × (N ∪ {0})k in distribution∑

1<i⩽n

1dn
i,1>ε′Dn

i
δ(

i/n,(Θn
i,r)r∈[k]

) (d)−−−→
n→∞

∑
t⩾0

1θ1(t)>ε′δ(t,(Θt,r)r∈[k]).

Proof. — For all n, i ⩾ 0, j ⩾ 1, let Nn
i,j,k be the number of vertices among

V n
i+1,1, . . . , V

n
i+1,k with father (i, j). Note that by Lemma 3.2, for n large enough,

for all εn < i < (1 − ε)n, we have Dn
i ⩾ k so that the vertices V n

i+1,1, . . . , V
n

i+1,k

are distinct. Conditionally on the Nn
i,j,k’s for εn < i < (1 − ε)n and j ⩾ 1 such
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that dn
i,j > εnD

n
i , the Nn

i,j,k vertices which coalesce at (i, j) are chosen uniformly at
random among V n

i+1,1, . . . , V
n

i+1,k. More precisely, the sets Sn,k
i,j := {r ∈ [k], Θn

i,r = j}
for j ∈ {j ⩾ 1, dn

i,j > εnD
n
i } ∪ {0} form a random partition of [k] with prescribed

sizes Nn
i,j,k which is chosen uniformly at random independently for all i ⩾ 1 and

conditionally on the Nn
i,j,k’s. Moreover, due to the fact that the Θt,r’s for r ∈ [k]

are i.i.d., the sets SΘ(t, j) ∩ [k] = {r ∈ [k], Θt,r = j} for j ⩾ 1 similarly form a
random partition of [k] which is chosen uniformly at random among partitions of [k]
with prescribed sizes NΘ

t,j,k := #{r ∈ [k], Θt,r = j}’s for j ⩾ 1, conditionally on the
NΘ

t,j,k’s.
Recall from Lemma 3.1 the definition of In. The statement of the lemma is thus

implied by the following convergence for all t ⩾ 0 such that θ1(t) > 0:

(3.15)
(
Nn

In(t),j,k

)
j⩾1

(d)−−−→
n→∞

(
#
(
SΘ(t, j) ∩ [k]

))
j⩾1
.

Let t ⩾ 0 such that θ1(t) > 0. Let (mj)j⩾1 be a family of non-negative integers such
that ∑j⩾1 mj ⩽ k. Then, for n large enough,

P
(
∀ j ⩾ 1, Nn

In(t),j,k = mj

)
=
(Dn

In(t) −∑
j⩾1 d

n
In(t),j1θj(t)>εn

k −∑
j⩾1 mj

)∏
j⩾1

(
dn

In(t),j
mj

)(Dn
In(t)
k

)−1

−−−→
n→∞

 θ0(t)k−
∑

j⩾1 mj

(k −∑
j⩾1 mj)!

∏
j⩾1

θj(t)mj

mj!

k! = P
(
∀ j ⩾ 1, #

(
SΘ(t, j) ∩ [k]

)
= mj

)
,

by the convergence (3.1). □

Proof of Proposition 3.4. — Since the processes take their values in a finite set
and since the number of jumps of ((Pk

r (t))r∈[k])t∈[0,1] is finite thanks to Lemma 2.1,
it suffices to prove the convergence of the times of jumps and of the jumps.

Actually, by definition of the two processes, it suffices to prove the joint convergence
of the heights of the uniform vertices (3.5), of the small coalescences on (0, 1)

(3.16)
 ∑

1⩽i<n

Xn
q,r,iδi/n


1⩽q<r⩽k

(d)−−−→
n→∞

(Γq,r)1⩽q<r⩽k

and of the coalescence at vertices of high degrees on (0, 1)

(3.17) ∀ ε′ > 0,
∑

1⩽i<n

1dn
i,1⩾ε′Dn

i
δ(

i/n,(Θn
i,r)r∈[k]

) (d)−−−→
n→∞

∑
t∈(0,1)

1θ1(t)>ε′δ(t,(Θt,r)r∈[k]).

The fact that we can restrict our attention to the degrees dn
i,1 ⩾ ε′Dn

i for ε′ arbitrarily
small instead of dn

i,1 ⩾ εnD
n
i comes from the fact that for all 0 < x < y < 1,∑
x⩽t⩽y

∑
j⩾1

θj(t)2
1θj(t)⩽ε′ −−−→

ε′→0
0
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due to (1.2) and from (3.1) which implies that for all 0 < x < y < 1,

sup
n⩾1

∑
xn⩽i⩽yn

∑
j⩾1

(
dn

i,j

Dn
i

)2

1εnDn
i ⩽dn

i,j⩽ε′Dn
i

−−−→
ε′→0

0.

The above convergence, combined with a union bound, shows that with probability
going to 1 as ε′ → 0, for all n the coalescent ((Pn,k

r (i))r∈[k])0⩽i⩽n does not undergo
coalescences due to vertices of degrees dn

i,j between Dn
i εn and Dn

i ε
′.

The convergence (3.16) comes from Corollary 3.7. The convergence (3.17) holds
thanks to Lemma 3.8 and holds jointly with the second one since with high probability
coalescences in small degrees do not happen at heights i such that dn

i,1 ⩾ ε′Dn
i . Indeed,

for all η > 0, by a union bound, the probability of having a small coalescence at a
height ηn ⩽ i ⩽ (1 − η)n such that dn

i,1 ⩾ ε′Dn
i is upperbounded by∑

ηn⩽i⩽(1−η)n
1dn

i,1>ε′Dn
i
pn,i

⩽

(
max

ηn⩽i⩽(1−η)n
pn,i

) ∑
ηn⩽i⩽(1−η)n

1
(ε′)2

(
dn

i,1

Dn
i

)2

1dn
i,1>ε′Dn

i
−−−→
n→∞

0,

where the convergence comes from (1.2), (3.1) and (3.7). Finally, (3.5) comes from
(Limν) and holds jointly with (3.16) and (3.17) since the conditional law of(

(Θn
i,r)r∈[k],i⩾0,

(
Xn

q,r,i

)
1⩽q<r⩽k,i⩾0

)
does not depend on (h(V n

r ))r∈[k]. □

4. GHP convergence

To show the GHP convergence of T n, by Proposition B.2, it suffices to prove that
T n is close to the genealogies of a fixed large number of random vertices (that is
their paths to the root). We would like to use the same method as [BBRKK25b].
Roughly speaking, this method consists in getting a lower bound for the number
of ancestors at a given height of k typical vertices, and then in showing that the
probability that another given vertex coalesces with one of these ancestors (on a well
chosen time interval) is bounded away from zero. However, we cannot as we have a
poor estimate on the number of genealogies that still have not yet merged at a given
height.

To avoid this issue, we look instead at the genealogies of vertices chosen such that
at each height exactly k of them have not yet merged. We call the union of the
genealogies a k-trail as those sets have at each height k vertices and consists of paths
going to the root (see Figure 4.1). We construct inductively k-trails (Lemma 4.1),
and show that k2-trails tend to be close to k-trails (Lemma 4.3). By a chaining
argument this gives us that T n is close to k-trails (Proposition 4.2). Finally, we
prove that k-trails stay close to the genealogies of a large number of random vertices,
which allows us to conclude.
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Figure 4.1. An example of 3-trail. The root is at the bottom. The vertices of the
3-trail are represented as empty circles. The vertices of the first trail {Xi,1}1⩽i⩽hn

with their edge to their father are represented in red. The second trail {Xi,2}1⩽i⩽hn

is in blue. And the third {Xi,3}1⩽i⩽hn is in green. Note that at each height there
are exactly 3 vertices in the 3-trail, except when in the tree there are less than k
vertices at this height in which case all of them are in the 3-trail. Note also that
the fathers of the vertices in the 3-trail are also in the 3-trail.

4.1. Using k-trails to approximate T n

For every n, i ∈ N, j ⩽ Dn
i−1 we denote by fn(i, j) = fn((i, j)) the father of the

vertex (i, j) in the tree T n. Also, for i ⩾ 0 let fni be the i-th iterate of fn. In other
words, fni (x) is the ancestor of x with height i below x.

In this whole section, (Xn
i,j)i⩽hn,j∈N is a family of random variables satisfying the

following properties:
(h) for every i ⩽ hn, for every j ∈ N, the random variable Xn

i,j is a vertex of T n

of height i.
( ̸=) For every i ⩽ hn, for every j ̸= j′ ⩽ Dn

i−1, we have a.s. Xn
i,j ̸= Xn

i,j′ .
(f) For every 1 ⩽ i ⩽ hn, j ⩽ Dn

i−1, a.s. fn(Xn
i,j) ∈ {Xn

i−1,j′}j′⩽j.
(⊥) For every 1 ⩽ H ⩽ hn, the σ-algebra generated by (Xn

i,j)H⩽i⩽hn,j∈N and
(fn(i, j))i>H,j⩽Dn

i−1
) is independent from (fn(i, j))1⩽i⩽H,j⩽Dn

i−1
.

For k ∈ N, we call the set Sn
k := {Xn

i,j}i⩽hn,j⩽k′ the k-trail (associated to (Xn
i,j)i,j).

Note that in Sn
k there are exactly inf(k,Dn

i−1) vertices of height i.
Lemma 4.1. — There exist some random variables (Xn

i,j)i⩽hn,j∈N satisfying (h),
(̸=), (f), (⊥).

Proof. — We construct the sequence by induction on j and downward induction
on i. For j = 1 it suffices to take a uniform random vertex at height hn and its
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ancestors. Assume that for every 1 ⩽ i ⩽ hn and j ⩽ k, the vertex Xn
i,j is defined.

Then we let Xn
hn,k+1 be:

• if possible, a uniform random vertex of T n of height hn not in {Xn
hn,j}1⩽j⩽k;

• else, any vertex of height hn in T n.
Then for every i < hn given (Xn

h,j)h⩽hn,1⩽j⩽k and Xn
i+1,k+1 we define Xn

i,k+1 as:
• fn(Xn

i+1,k+1) if it is not in {Xn
i,j}1⩽j⩽k;

• else, if possible, any vertex in T n not in {Xn
i,j}1⩽j⩽k of height i;

• else, if not possible, any vertex in T n of height i.
A quick induction then shows that this sequence is well defined and satisfies the
desired properties. □

The aim of this section is to prove that k-trails approximate well T n.

Proposition 4.2. — For any choice of (Xn
i,j) we have

lim
ε→0

lim
k→∞

lim sup
n→∞

P(dH(Sn
k , T n) > εn) = 0.

First, we prove that k-trails and k2-trails are close. For every n ∈ N, we write
∥Dn∥∞ := max0⩽i⩽hn Dn

i and let Γ<βn be the set of vertices of T n which are at height
smaller than βn.

Lemma 4.3. — For every 0 < α < β < 1, for every n ∈ N, k ⩽ ∥Dn∥∞ large
enough, writing L = ⌈n/(log log k)2⌉, with probability at least 1 − 1/k, we have

∀ x ∈ Sn
k2 , αn+ 9L < h(x) < βn =⇒ dn(x,Sn

k ∩ Γ<βn) ⩽ 9L.

Proof. — First note that if dn(Xn
i,j,Sn

k ∩ Γβn) > 9L for some αn + 9L < i < βn

and j ∈ [k2], then for every 1 ⩽ a ⩽ L, we have dn(fna(Xn
i,j),Sn

k ∩ Γβn) > 8L, so
by (f),

#
{
αn+ 8L < i′ < βn, 1 ⩽ j′ ⩽ k2 such that dn

(
fn
(
Xn

i′,j′

)
,Sn

k ∩ Γ<βn

)
> 8L

}
⩾ L.

Thus, by Markov’s inequality it is enough to prove that for every αn+ 8L < i < βn,
1 ⩽ j ⩽ k2 we have

(4.1) P
(
dn
(
Xn

i,j,Sn
k ∩ Γ<βn

)
> 8L

)
⩽

1
k

L

nk2 .

Fix such i, j. To this end, we can first compute explicitly for every 1 ⩽ a ⩽ 4L,

(4.2) P
(
fna+1

(
Xn

i,j

)
/∈
{
Xn

i−a−1,j

}
1⩽j⩽k

∣∣∣∣ fna(Xn
i,j

)
/∈
{
Xn

i−a,j

}
1⩽j⩽k

)
.

Indeed, by (⊥), given the event fna(Xn
i,j) /∈ {Xn

i−a,j}1⩽j⩽k, the fathers of fna(Xn
i,j) and

of the Xn
i−a,j’s for 1 ⩽ j ⩽ k have the same law as the (unconditioned) fathers of any

k + 1 different vertices of height exactly i− a. In other words, writing i′ = i− a− 1,
if Dn

i′ > k (note that by (̸=) when Dn
i−1−a ⩽ k, a.s. fna+1(Xn

i,j) ∈ {Xn
i−a−1,j}1⩽j⩽k)

then (4.2) equals, dividing according to (i′, ℓ) the value of fna+1(Xn
i,j),∑

ℓ⩾1

dn
i′,ℓ

Dn
i′

∏
1⩽b⩽k

(
1 −

dn
i′,ℓ − 1
Dn

i′ − b

)
,
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which we may upper-bound, using that b ⩾ 1 and then that (1 − x)k ⩽ 1 −
min(1, kx)/2 for all x ∈ [0, 1], by

∑
ℓ⩾1

dn
i′,ℓ

Dn
i′

(
1 −

dn
i′,ℓ − 1
Dn

i′ − 1

)k

⩽
∑
ℓ⩾1

dn
i′,ℓ

Dn
i′

(
1 − min

(
1, k

dn
i′,ℓ − 1
Dn

i′ − 1

)
/2
)
.

The right-hand side is then equal to 1 − τn
i′ (k)/2 since ∑

ℓ⩾1 d
n
i′,ℓ = Dn

i′ and by
definition of τ (see (1.3) in the introduction), which we may again upper-bound by
e−τn

i′ (k)/2 since for every x > 0, we have (1 − x) ⩽ e−x. Thus,

P
(
dn
(
Xn

i,j,Sn
k ∩ Γ<βn

)
> 8L

)
⩽ P

(
fn8L

(
Xn

i,j

)
/∈
{
Xn

i−8L,j

}
1⩽j⩽k

)

⩽
8L−1∏
a=0

P
(
fna+1

(
Xn

i,j

)
/∈ {Xn

i−a−1,j}1⩽j⩽k

∣∣∣ fna(Xn
i,j

)
/∈ {Xn

i−a,j}1⩽j⩽k

)
⩽

∏
i−8L<h⩽i

e−τn
h (k)/2

= exp
(
−τn

i−8L+1,i(k)/2
)

⩽ k−7/2,

using for the last inequality L = ⌈n/(log log k)2⌉ and (TightGHP). This implies the
desired bound (4.1). □

Proof of Proposition 4.2. — We deduce Proposition 4.2 from Lemma 4.3 with a
chaining argument. Fix 0 < ε < 0.01. Fix K large enough depending only on ε such
that log logK > 2/ε, and such that for every n ∈ N large enough, Lemma 4.3 holds
with α = ε/2, β = 1 − ε, and every K ⩽ k ⩽ ∥Dn∥∞. Let N = N(n,K) be the
smallest integer such that K2N

⩾ ∥Dn∥∞. Note already that by putting k = ∥Dn∥∞
in (TightGHP) we get

log(∥Dn∥∞) ⩽ τn
i,i+n/(log log ∥Dn∥∞) ⩽ 1 + n/(log log ∥Dn∥∞) = o(n)

as n → ∞, so N = o(n).
By Lemma 4.3, for every n large enough with probability at least 1−∑N−1

i=0 1/K2i
⩾

1 − 2/K:

(4.3) ∀ 0 ⩽ i ⩽ N − 1, ∀ x ∈ Sn
K2i+1 ,

εn < h(x) < (1 − ε)n =⇒ dn
(
x,Sn

K2i ∩ Γ<(1−ε)n
)

⩽ 9
⌈
n/(log logK2i)2

⌉
.

Then writing Γ⩽εn for the set of vertices with height at most εn, (4.3) implies

∀ 0 ⩽ i ⩽ N − 1,

dH

((
Γ⩽εn ∪ Sn

K2i

)
∩ Γ<(1−ε)n,

(
Γ⩽εn ∪ Sn

K2i+1

)
∩ Γ<(1−ε)n

)
⩽ 9

⌈
n/
(
log logK2i

)2
⌉
,
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which by the triangle inequality implies for every n,K large enough,

dH

(
(Γ⩽εn ∪ Sn

K) ∩ Γ<(1−ε)n,
(
Γ⩽εn ∪ Sn

K2N

)
∩ Γ<(1−ε)n

)
⩽

N−1∑
i=0

9
⌈
n/
(
log logK2i

)2
⌉

⩽ N + 9n
∞∑

i=1

1
(i log(2) + log logK)2

⩽ N + 40n
log logK .

Then note that by (̸=) and since K2N
⩾ ∥Dn∥∞, we know that Sn

K2N contains all
vertices of T n. Moreover, (0, 1) ∈ Sn

K so every x ∈ Γ⩽εn is at distance at most εn
of Sn

K . Finally, if x is a vertex of T n such that h(x) ⩾ (1 − ε)n then by considering
the highest ancestor x′ of x belonging to Γ<(1−ε)n, we obtain that d(x,Γ⩽εn ∪ Sn

K) ⩽
1 + nε+ d(x′,Γ⩽εn ∪ Sn

K). Hence, the last line implies

dH(Sn
K , T n) ⩽ 1 + 2εn+N + 40n

log logK .

Since ε can be chosen arbitrarily small, K arbitrarily large, and since N = o(n) this
concludes the proof of Proposition 4.2. □

4.2. Approximating k-trails from genealogies of random vertices

By Proposition B.2, to extend the GP convergence in Theorem 1.2 to the GHP
convergence in Theorem 1.3 it suffices to prove the following strong leaf tightness
criterion:

∀ δ > 0, lim
k→∞

lim sup
n→∞

P
(
dH(T n, {V n

1 , V
n

2 , . . . , V
n

k }) > δn
)

= 0.

where V n
1 , V

n
2 , . . . are i.i.d. uniform random vertices in T n. To that end, by Proposi-

tion 4.2, it is enough to prove that

∀ δ > 0,∀ K ∈ N, lim
k→∞

lim sup
n→∞

P
(

max
x∈Sn

K

dn(x, {V n
1 , V

n
2 , . . . , V

n
k }) > δn

)
= 0.

Or even, by noting that if there exists an x ∈ Sn
K such that dn(x, {V n

1 , V
n

2 , . . . , V
n

k }) >
δn then either:

• h(x) < (δ/2)n and inf1⩽i⩽k h(V n
i ) ⩾ (δ/2)n. For every δ > 0, the probability

of this event goes to 0 as k → ∞, n → ∞ by (Limν) and since ν has support
[0, 1].

• Or h(x) ⩾ (δ/2)n, so that by (f) there are at least ⌊(δ/4)n⌋ different vertices
y ∈ Sn

k such that dn(y, {V n
1 , V

n
2 , . . . , V

n
k }) ⩾ ⌊(δ/4)n⌋.

ANNALES HENRI LEBESGUE



Scaling limit of trees with vertices of fixed degrees and heights 447

As a result,

lim sup
k→∞

lim sup
n→∞

P
(

max
x∈Sn

K

dn(x, {V n
1 , V

n
2 , . . . , V

n
k }) > δn

)
⩽ lim sup

k→∞
lim sup

n→∞
P
(
#{y ∈ Sn

K , d
n(y, {V n

1 , V
n

2 , . . . , V
n

k }) ⩾ ⌊(δ/4)n⌋} ⩾ ⌊(δ/4)n⌋
)

⩽ lim sup
k→∞

lim sup
n→∞

1
⌊(δ/4)n⌋

E
[
#{y ∈ Sn

K , d
n(y, {V n

1 , V
n

2 , . . . , V
n

k }) ⩾ ⌊(δ/4)n⌋}
]

⩽ lim sup
k→∞

lim sup
n→∞

Khn

⌊(δ/4)n⌋
max

1⩽a⩽hn,1⩽b⩽K
P
(
dn(Xn

a,b, {V n
1 , V

n
2 , . . . , V

n
k }) ⩾ ⌊(δ/4)n⌋

)
,

where in the third line we applied Markov’s inequality and in the last line we used
the fact that #Sn

K ⩽ Khn. But since hn ∼ n, it is enough to show that

∀ δ > 0,∀ K > 0,

lim
k→∞

lim sup
n→∞

max
1⩽a⩽hn,1⩽b⩽K

P
(
dn(Xn

a,b, {V n
1 , V

n
2 , . . . , V

n
k }) > 5δn

)
= 0,

or even by considering the different possible values of Xn
a,b it suffices to prove the

following result:

Proposition 4.4. — Under the setting of Theorem 1.3, for every δ > 0,

lim
k→∞

lim sup
n→∞

max
1⩽a⩽hn,1⩽b⩽Dn

a−1
P
(
dn((a, b), {V n

1 , V
n

2 , . . . , V
n

k }) > 5δn
)

= 0.

Proof. — We follow directly the same approach as in Section 2.2 which proves an
analogous result for the limit tree. Again by (Limν) and since supp(ν) = [0, 1] we
may restrict ourselves to the case where a > 2δn. And as in Section 2.2, since we
may consider a larger but still bounded number of random vertices V n

1 , V
n

2 , . . . , V
n

k

and since ν has support [0, 1], we can assume them to have height between a− δn
and a. In other words, it suffices to check that for every δ > 0,

lim sup
n→∞

max
2δn<a⩽hn

1⩽b⩽Dn
a−1

P
(
dn((a, b), {V n

1 , . . . , V
n

k }) > 5δn
∣∣∣∣∣ ∀ 1 ⩽ i ⩽ k,

a− δn < h(V n
i ) < a

)
−−−→
k→∞

0.

To ease the writing, with a slight abuse of notation, let

Pk( · ) := P( · | ∀ 1 ⩽ i ⩽ k, a− δn < h(V n
i ) < a),

(define similarly Ek) and let V n
0 = (a, b). Again we may consider the number of

vertices that have not coalesced up to time x that is:

Nk(x)
:= #

{
1 ⩽ i ⩽ k such that h(Vi) ⩾ x and ∀ 1 ⩽ j ̸= i ⩽ k, h

(
V n

i ∧ V n
j

)
< x

}
,

where V n
i ∧V n

j is the nearest common ancestor of V n
i and V n

j in T n. And, for exactly
the same reasons as in Section 2.2, one can see that

Pk
(
dn(V n

0 , {V n
1 , V

n
2 , . . . , V

n
k }) > 5δn

)
⩽

Ek[Nk(a− 2δn)]
k

.
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The proof of Proposition 4.4 is thus complete as long as we prove the following
result. □

Lemma 4.5. — For every δ > 0,

lim
k→∞

lim sup
n→∞

max
2δn<a⩽hn

Ek[Nk(a− 2δn)]
k

= 0.

Proof. — The proof is essentially the same as for Lemma 2.3 with slightly different
computations. Let δ > 0. Let k ⩾ 1, n ⩾ 1 and 2δn < a ⩽ hn. Recall the definition of
the sequence (εn) from Subsection 3.1. For all a− 2δn ⩽ i ⩽ a− δn, we lowerbound

Ek[Nk(i+ 1) −Nk(i) | Nk(i+ 1)]

⩾
∞∑

j=1
1dn

i,j>εnDn
i
Nk(i+ 1)

dn
i,j

Dn
i

1 −
Nk(i+1)−1∏

r=1

(
1 −

dn
i,j − 1
Dn

i − r

)
+ 2

(
Nk(i+ 1)

2

) ∞∑
j=1

1dn
i,j⩽εnDn

i

dn
i,j(dn

i,j − 1)
Dn

i (Dn
i − 1)

⩾
∞∑

j=1
1dn

i,j>εnDn
i
Nk(i+ 1)

dn
i,j

Dn
i

1 −
(

1 −
dn

i,j − 1
Dn

i

)Nk(i+1)−1


+ 2
(
Nk(i+ 1)

2

) ∞∑
j=1

1dn
i,j⩽εnDn

i

dn
i,j(dn

i,j − 1)
Dn

i (Dn
i − 1)

⩾
∞∑

j=1
1dn

i,j>εnDn
i ∨(1+Dn

i /(Nk(i+1)−1))Nk(i+ 1)
dn

i,j

Dn
i

(
1 − 1

e

)

+ 2
(
Nk(i+ 1)

2

) ∞∑
j=1

1dn
i,j⩽εnDn

i

dn
i,j(dn

i,j − 1)
Dn

i (Dn
i − 1) ,

where in the last inequality we used that for all x ∈ (0, 1), y > 0 such that xy > 1
we have (1 − x)y ⩽ 1/e.

Next, fix η > 0. Considering only the case where Nk(i + 1) ⩾ ηk and taking the
expectation we get

Ek[Nk(i+ 1) −Nk(i)] ⩾
∞∑

j=1
1dn

i,j>εnDn
i ∨(1+Dn

i /(ηk−1))E
k[Nk(i+ 1)]

dn
i,j

Dn
i

(
1 − 1

e

)

+ Ek

[
2
(
Nk(i+ 1)

2

)] ∞∑
j=1

1dn
i,j⩽εnDn

i

dn
i,j(dn

i,j − 1)
Dn

i (Dn
i − 1) .

We then sum over a− 2δn ⩽ i ⩽ a− δn and use the fact that Nk ⩽ k, which gives

k ⩾
∑

a−2δn⩽i⩽a−δn

∞∑
j=1

1dn
i,j>εnDn

i ∨(1+Dn
i /(ηk−1))E

k[Nk(i+ 1)]
dn

i,j

Dn
i

(
1 − 1

e

)

+
∑

a−2δn⩽i⩽a−δn

Ek

[
2
(
Nk(i+ 1)

2

)] ∞∑
j=1

1dn
i,j⩽εnDn

i

dn
i,j(dn

i,j − 1)
Dn

i (Dn
i − 1) .
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But since for all a− 2δn ⩽ i ⩽ a− δn we have Nk(i) ⩾ Nk(a− 2δn), using Markov’s
inequality we obtain that

(4.4) k ⩾ Pk(Nk(a− 2δn) ⩾ ηk)(ηk − 1)

×
∑

a−2δn⩽i⩽a−δn

 ∞∑
j=1

1dn
i,j>εnDn

i ∨(1+Dn
i /(ηk−1))

dn
i,j

Dn
i

(
1 − 1

e

)

+ (ηk − 1)
∞∑

j=1
1dn

i,j⩽εnDn
i

dn
i,j(dn

i,j − 1)
Dn

i (Dn
i − 1)

.
Finally, by (3.6), by (LimΘ) and hn ∼ n, we deduce that

lim inf
n→∞

min
2δn<a⩽hn

∑
a−2δn⩽i⩽a−δn ∞∑

j=1
1dn

i,j>εnDn
i ∨(1+Dn

i /(ηk−1))
dn

i,j

Dn
i

(
1 − 1

e

)
+ (ηk − 1)

∞∑
j=1

1dn
i,j⩽εnDn

i

dn
i,j(dn

i,j − 1)
Dn

i (Dn
i − 1)


⩾ min

1⩽ℓ⩽⌈2/δ⌉

(1 − 1
e

) ∑
(ℓ−1)δ/2<t<ℓδ/2

∞∑
j=1

1θj(t)>1/(ηk−1)θj(t)

+ (ηk − 1)ρ([(ℓ− 1)δ/2, ℓδ/2])
 −−−→

k→∞
∞,

where the last convergence stems from (TightGP). Taking (4.4) into account, we have
thus proven that for all η > 0,

lim
k→∞

lim sup
n→∞

max
2δn<a<hn

Pk(Nk(a− 2δn) ⩾ ηk) = 0.

This concludes the proof of Lemma 4.5 since Nk ⩽ k. □

5. Application to BGW trees in varying environment

Let us describe here how our result gives general conditions under which Bienaymé–
Galton–Watson trees in varying environment stopped at height n satisfy a scaling
limit for the GP and the GHP topology. We rely on the scaling limit of the profile
obtained by Bansaye and Simatos in [BS15]. This section can be read just after the
introduction. We refer to [BS15] for examples. Let us stress that our conditions in
this section are less general than in the previous sections, inasmuch as here we make
an assumption which rules out the case where two high degrees are allowed to be at
the same height (see Remark 5.2). This assumption simplifies the analysis since in
this section, the jumps of the scaling limit of the profile will exactly correspond to
the scaling limit of the high degrees.

As in [BS15], for all n ⩾ 1, independently for all 1 ⩽ i ⩽ n, let (ξi,n(j))j⩾1 be a
family of i.i.d. random variables in the set of non-negative integers. We recall that
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the Bienaymé–Galton–Watson process in varying environment (Zi,n)0⩽i⩽n is defined
by setting Z0,n = 1 and for all i ∈ [n],

Zi,n =
Zi−1,n∑

j=1
ξi,n(j).

Note that the environment, i.e. the law of the ξi,n(j)’s, depends on i. The Bienaymé–
Galton–Watson tree in varying environment Tn of height n may be constructed
conditionally on (ξi,n(j))j⩾1,0⩽i⩽n as the tree with vertices of fixed degrees and heights
obtained by letting for all 0 ⩽ i ⩽ n− 1 the sequence (dn

i,j)1⩽j⩽Zi,n
be a reordering

of the ξi+1,n(j)’s for 1 ⩽ j ⩽ Zi,n in the non-increasing order, by setting dn
i,j = 0 for

all i, j such that j > Zi,n or i ⩾ n.
We mainly follow the notation of [BS15] except that here n is the scale of the height

(i.e. the time scale for the GWVE process). Let (ℓn)n⩾1 be a sequence of positive real
numbers tending to ∞ which will be the scale of the profile (i.e. the space scale). To
simplify the notation, we write ξi,n = ξi,n(1) for all i ∈ [n]. As in [BS15], we define
the rescaled quantities for all integers n ⩾ 1, i ∈ [n] and for all t ∈ [0, 1],

ξi,n = 1
ℓn

(ξi,n − 1), αi,n = E

 ξi,n

1 + ξ
2
i,n

,
βi,n = E

 ξ
2
i,n

1 + ξ
2
i,n

 and Xn(t) = 1
ℓn

Z⌊nt⌋,n.

Intuitively, αi,n is a proxy for the drift and βi,n plays the role of a “variance” of ξi,n.
We then set for all n ⩾ 1, t ∈ [0, 1], x > 0,

αn(t) = ℓn

⌊nt⌋∑
i=1

αi,n, βn(t) = 1
2ℓn

⌊nt⌋∑
i=1

βi,n

and

µn([x,∞) × (0, t]) = ℓn

⌊nt⌋∑
i=1

P(ξi,n ⩾ x).

Next, we use a simpler version of [BS15, Assumption A] in our framework. We assume
that there exist a càdlàg function of finite variation α : [0, 1] → R, an increasing
càdlàg function β : [0, 1] → R and a positive measure µ on (0,∞) × (0, 1) such that
(A1) : For all t ∈ [0, 1], x > 0 such that µ({x} × (0, t]) = 0,

αn(t) −−−→
n→∞

α(t), ∥αn∥(t) −−−→
n→∞

∥α∥(t), βn(t) −−−→
n→∞

β(t)
and µn([x,∞) × (0, t]) −−−→

n→∞
µ([x,∞) × (0, t]),

where ∥·∥ is the total variation.
(A′2) : The functions α, β are continuous and the measure µ((0,∞) × dt) has no

atoms.
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Note that (A1) implies the weak convergence of the restriction of µn to [x,∞)× (0, t]
towards the restriction of µ to [x,∞)× (0, t]. Our assumption (A′2) makes [BS15, As-
sumption (A2)] void since the functions α, β and t 7→ µ([x,∞)×(0, t]) are continuous
for all x > 0 by (A′2).

We further assume the following condition coming from [BS15, Proposition 2.2]:
(A3) : For every C > 0,

lim inf
n→∞

(
inf

1⩽i⩽n
E
[
ξi,n1ξi,n⩽Cℓn

])
> 0.

Then, by [BS15, Theorem 2.1], we know that there exists a càdlàg process (X(t))t∈[0,1]
taking its values in [0,∞] such that

(5.1) (Xn(t))t∈[0,1]
(d)−−−→

n→∞
(X(t))t∈[0,1]

for the Skorokhod J1 topology on the space D([0, 1], [0,∞]), where [0,∞] is equipped
with the distance d(x, y) = |e−x − e−y|, and ∞ is an absorbing state of the process
(X(t))t∈[0,1]. As in the first point of [BS15, Theorem 2.1], we define the (continuous)
function β̃ by setting for all t ∈ [0, 1],

β̃(t) = β(t) − 1
2

∫
(0,∞)×(0,t]

x2

1 + x2µ(dx, dt).

On the event “X(1) ∈ (0,∞)”, we define the measures on (0, 1)

ν(dt) = X(t)dt∫ 1
0 X(s)ds

and ρ(dt) = 2β̃(dt)
X(t) ,

where β̃(dt) is the Lebesgue–Stieltjes measure associated with β̃. We also let
(∆+X(t))t∈(0,1) be the collection of the positive jumps of X in (0, 1) and for all
t ∈ (0, 1), we set θ1(t) = ∆+X(t)/X(t) and θj(t) = 0 for all j ⩾ 2. We set
Θ = ((θj(t))j⩾1)t∈(0,1).

By Skorokhod’s representation theorem, we may assume that (5.1) holds almost
surely. Then the consequence of Theorems 1.2 and 1.3 is the following:

Corollary 5.1. — Suppose that α, β, µ satisfy the conditions (A1), (A′2) and
(A3). Assume that P(∀ t ∈ (0, 1], 0 < X(t) < ∞) > 0.

• If for all 0 < a < b < 1, we have
∫

(0,∞)×[a,b] xµ(dx, dt) = ∞ or β̃(b)− β̃(a) > 0,
then on the event “ ∀ t ∈ (0, 1], X(t) ∈ (0,∞)”, the tree Tn/n converges in
distribution to the random metric space T (ν, ρ,Θ) for the GP topology.

• If for all δ > 0, for all 0 < a < b < 1, there exist n0, k0 ⩾ 0 such that for all
n ⩾ n0, on the event “ ∀ t ∈ (0, 1], X(t) ∈ (0,∞)”, with probability at least
1 − δ, for all k0 ⩽ k ⩽ max1⩽i⩽n Zi,n, for all an ⩽ h ⩽ bn,

(5.2)
h+n/(log log k)2∑

i=h

Zi−1,n∑
j=1

ξi,n(j)
Zi,n

min
(
k
ξi,n(j) − 1
Zi,n − 1 , 1

)
⩾ log k,

then the same convergence holds for the GHP topology.
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Let us comment about the assumptions. Note that, as a consequence of (A1)
and (A′2), by Dini’s theorem, for all x > 0 which is not an atom of µ(dx× (0, 1)) and
for all non-negative continuous function φ, the convergences of the non-decreasing
functions t 7→ ∥αn∥(t), t 7→ βn(t) and t 7→

∫
[x,∞)×(0,t] φ(y)µn(dy, ds) hold uniformly

on [0, 1] since the limits are continuous.
Before going further, we introduce some more notation. For all i ∈ [n] and ε > 0,

let αi,n,ε := E[1ξi,n⩽εξi,n/(1 + ξ
2
i,n)]. Note that (A1) and (A′2) imply that

(5.3) lim
n→∞

ℓn sup
i∈[n]

|αi,n,ε| = 0

since the convergences of t 7→ ∥αn∥(t) and t 7→
∫

[ε,∞)×(0,t] x/(1 + x2)µn(dx, ds) hold
uniformly on [0, 1].

Remark 5.2. — Note that the assumption that µ((0,∞) × dt) has no atoms rules
out the case where two high degree vertices are at the same height. If one removes
this assumption, then the θj(t)’s could not be described using only the process X.
Similarly, the continuity of α ensures, through (5.3), that the small degree vertices
do not contribute to the jumps of X so that the θj(t)’s indeed correspond to the
positive jumps of X. We leave the question of obtaining the scaling limit in the case
where µ((0,∞) × dt) has atoms or when α is not continuous as an open problem.

Remark 5.3. — One can present the above assumptions in the equivalent form.
One can replace (A1) and (A′2) by the assumptions that (A1) holds, that β̃ is
continuous, that µ((0,∞) × dt) has no atoms, that [BS15, Assumption (A2)] holds,
i.e. for every t ∈ [0, 1] such that ∆α(t) ̸= 0 or ∆β(t) ̸= 0,

ℓnα⌊nt⌋,n −−−→
n→∞

∆α(t) and ℓnβ⌊nt⌋,n −−−→
n→∞

∆β(t)

and that
lim
ε→0

lim sup
n→∞

ℓn sup
i∈[n]

|αi,n,ε| = 0.

The above convergence can be seen as a “near-criticality” condition. Clearly, the
above assumptions are implied by (A1) and (A′2). But they are actually equivalent.
Indeed, from the definition of β̃ and the fact that µ((0,∞) × dt) has no atoms, one
can see that β is continuous. Moreover, the above two displays and the fact that
µ((0,∞) × dt) has no atoms, together with (A1) imply the continuity of α. One
could also add a time-change γn : [0, 1] → [0, 1] converging uniformly to x 7→ x
in the definitions of αn, βn and µn and in the above assumption on jumps: the
assumption (A′2) would still be satisfied.

Remark 5.4. — The assumption (5.2) corresponds to the condition (TightGHP)
and involves the behavior of the process at every scale, not only the one of the
scaling limit, that is why we believe it has to be checked separately in the presence
of large degrees.

Before starting the proof, let us introduce the following martingale with respect
to the natural filtration (Fn

i )0⩽i⩽n associated to the process ((ξi,n(j))j⩾1)i∈[n]. For all
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ε > 0 and δ > 0, for all 0 ⩽ k ⩽ n, we define

(5.4) Mn,ε,δ
k :=

k∑
i=1

Zi−1,n∑
j=1

(
ξi,n(j)

1 + ξi,n(j)2 − αi,n,ε

P(ξi,n ⩽ ε)

)
1ξi,n(j)⩽ε and δℓn⩽Zi−1,n⩽ℓn/δ.

Lemma 5.5. — For all n ⩾ 1 and ε, δ > 0, the process (Mn,ε,δ
k )0⩽k⩽n is a martin-

gale with respect to the filtration (Fn
k )0⩽k⩽n. Moreover, for all 0 ⩽ s < t ⩽ 1,

lim
ε→0

lim sup
n→∞

E
[

sup
⌊ns⌋⩽k⩽⌊nt⌋

(
Mn,ε,δ

k −Mn,ε,δ
⌊ns⌋

)2
]
⩽

8(β̃(t) − β̃(s))
δ

.

In particular, for all η > 0 and ε′ ∈ (0, 1),

lim
ε→0

lim sup
n→∞

P

 sup
ε′n⩽i⩽(1−ε′)n

∣∣∣∣∣∣
Zi−1,n∑

j=1

(
ξi,n(j)

1 + ξi,n(j)2 − αi,n,ε

P(ξi,n ⩽ ε)

)
1ξi,n(j)⩽ε

∣∣∣∣∣∣ ⩾ η

and ∀ t ∈ (0, 1], X(t) ∈ (0,∞)
 = 0.

Proof. — The fact that (Mn,ε,δ
k )0⩽k⩽n is a martingale stems from the definition of

αi,n,ε. Let 0 ⩽ s < r ⩽ 1. By Doob’s martingale inequality,

E
[

sup
⌊ns⌋⩽k⩽⌊nt⌋

(
Mn,ε,δ

k −Mn,ε,δ
⌊ns⌋

)2
]
⩽ 4E

[(
Mn,ε,δ

⌊nt⌋ −Mn,ε,δ
⌊ns⌋

)2
]
.

Moreover,

E
[(
Mn,ε,δ

⌊nt⌋ −Mn,ε,δ
⌊ns⌋

)2
]

= E

 ⌊nt⌋∑
i=⌊ns⌋+1

Zi−1,n∑
j=1

(
ξi,n(j)

1 + ξi,n(j)2 − αi,n,ε

P(ξi,n ⩽ ε)

)2

1ξi,n(j)⩽ε and δℓn⩽Zi−1,n⩽ℓn/δ


⩽ E

 ⌊nt⌋∑
i=⌊ns⌋+1

Zi−1,n∑
j=1

(
ξi,n(j)

1 + ξi,n(j)2

)2

1ξi,n(j)⩽ε and δℓn⩽Zi−1,n⩽ℓn/δ


⩽ E

 ⌊nt⌋∑
i=⌊ns⌋+1

Zi−1,n∑
j=1

ξi,n(j)2

1 + ξi,n(j)21ξi,n(j)⩽ε and δℓn⩽Zi−1,n⩽ℓn/δ

,
where in the first line, we used the independence of the ξi,n(j)′s conditionally on Zi−1,n

and in the first inequality we used the fact that the variance under P(·|ξi,n(j) ⩽ ε)
is smaller or equal to the second moment.

Next, we bound from above

E

 ⌊nt⌋∑
i=⌊ns⌋+1

Zi−1,n∑
j=1

ξi,n(j)2

1 + ξi,n(j)21ξi,n(j)⩽ε and δℓn⩽Zi−1,n⩽ℓn/δ


⩽

⌊nt⌋∑
i=⌊ns⌋+1

ℓn

δ
E

 ξ
2
i,n

1 + ξ
2
i,n

1ξi,n⩽ε

 = ℓn

δ

⌊nt⌋∑
i=⌊ns⌋+1

βi,n − E

 ξ
2
i,n

1 + ξ
2
i,n

1ξi,n>ε

.
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Moreover, by (A1),

lim sup
n→∞

ℓn

δ

⌊nt⌋∑
i=⌊ns⌋+1

βi,n − E

 ξ
2
i,n

1 + ξ
2
i,n

1ξi,n>ε


⩽

2
δ

(
β(t) − β(s) − 1

2

∫
(ε,∞)×[s,t]

x2

1 + x2µ(dx, dt)
)
.

We conclude the proof of the first point of Lemma 5.5 by letting ε → 0.
For the second statement of the lemma, let ε′ ∈ (0, 1). Thanks to (5.1), we have

lim
δ→0

P
(
∀ i ∈ [ε′n, (1 − ε′)n], δℓn ⩽ Zi−1,n ⩽ ℓn/δ and ∀ t ∈ (0, 1], X(t) ∈ (0,∞)

)
= P(∀ t ∈ (0, 1], X(t) ∈ (0,∞)).

So, it is enough to show that for all δ > 0, η > 0,

lim
ε→0

lim sup
n→∞

P

sup
i∈[n]

∣∣∣∣∣∣
Zi−1,n∑

j=1

(
ξi,n(j)

1 + ξi,n(j)2 − αi,n,ε

P(ξi,n ⩽ ε)

)
1ξi,n(j)⩽ε and δℓn⩽Zi−1,n⩽ℓn/δ

∣∣∣∣∣∣ ⩾ η

 = 0.

Let 0 = t0 < t1 < · · · < tr = 1 be a subdivision of [0, 1]. Then, note that for all
ℓ ∈ [r], for all ⌊ntℓ−1⌋ + 1 ⩽ i ⩽ ntℓ,

Zi−1,n∑
j=1

(
ξi,n(j)

1 + ξi,n(j)2 − αi,n,ε

P(ξi,n ⩽ ε)

)
1ξi,n(j)⩽ε and δℓn⩽Zi−1,n⩽ℓn/δ

=
(
Mn,ε,δ

i −Mn,ε,δ
⌊ntℓ−1⌋

)
−
(
Mn,ε,δ

i−1 −Mn,ε,δ
⌊ntℓ−1⌋

)
.

Hence,Zi−1,n∑
j=1

(
ξi,n(j)

1 + ξi,n(j)2 − αi,n,ε

P(ξi,n ⩽ ε)

)
1ξi,n(j)⩽ε and δℓn⩽Zi−1,n⩽ℓn/δ

2

⩽ 4 sup
⌊ntℓ−1⌋⩽k⩽⌊ntℓ⌋

(
Mn,ε,δ

k −Mn,ε,δ
⌊ntk−1⌋

)2
.

Thus,

sup
i∈[n]

Zi−1,n∑
j=1

(
ξi,n(j)

1 + ξi,n(j)2 − αi,n,ε

P(ξi,n ⩽ ε)

)
1ξi,n(j)⩽ε and δℓn⩽Zi−1,n⩽ℓn/δ

2

⩽ max
ℓ∈[r]

4 sup
⌊ntℓ−1⌋⩽k⩽⌊ntℓ⌋

(
Mn,ε,δ

k −Mn,ε,δ
⌊ntk−1⌋

)2
.

One concludes using the first convergence of the lemma and the fact that β̃ is
continuous, by taking a subdivision with a step chosen small enough. □

Let us also state a technical lemma. It may be well known but we could not find
it in the literature.
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Lemma 5.6. — Let (fn)n⩾1 be a sequence of càdlàg functions from [0, 1] to R which
converges towards a càdlàg function f : [0, 1] → R for the J1 topology of Skorokhod.
Let (mn)n⩾1 be a sequence of finite (positive) measures on [0, 1] converging weakly
towards a measure m. Assume that m has no atoms. Then,∫ 1

0
fn(x)mn(dx) −−−→

n→∞

∫ 1

0
f(x)m(dx).

Proof. — Since mn([0, 1]) converges towards m([0, 1]), we may assume that mn and
m are probability measures. Let Yn for n ⩾ 1 and Y be random variables of respective
laws mn for n ⩾ 1 and m. Since mn converges weakly towards m, by Skorokhod’s
representation theorem, we may assume that Yn converges a.s. to Y . Moreover, since
m has no atoms, the càdlàg function f is a.s. continuous at Y . As a result, by the
point (b.5) of [JS03, Proposition 2.1 in Chapter VI],

fn(Yn) a.s.−−−→
n→∞

f(Y ).

So, by dominated convergence (using the fact that f is bounded since it is càdlàg
on [0, 1]), ∫ 1

0
fn(x)mn(dx) = E[fn(Yn)] −−−→

n→∞
E[f(Y )] =

∫ 1

0
f(x)m(dx).

This is the desired result. □

Proof of Corollary 5.1. — The proof boils down to checking that the condi-
tions (1.2), (Limν), (Lim ̸=), (LimΘ), (Limρ), with (TightGP) and (TightGHP) for the
GP convergence and the GHP convergence, are satisfied in probability. The assump-
tion (Limν) comes clearly from (5.1).

Step 1: Proof of (Lim ̸=). — Note that for all A > 0, for all ε > 0, if δn → 0,

P
( ∃ i1, i2 ∈ [n], ∃ j1, j2 ⩽ Aℓn, (i1, j1) ̸= (i2, j2),

|i1 − i2| ⩽ nδn and ξi1,n(j1), ξi2,n(j2) ⩾ εℓn

)

⩽ A2ℓ2
n

n∑
i1=1

P(ξi1,n ⩾ εℓn)
∑

i1−nδn⩽i2⩽i1+nδn

P(ξi2,n ⩾ εℓn)

⩽ A2µn([ε,∞) × (0, 1]) max
1⩽i1⩽n

ℓn

∑
i1−nδn⩽i2⩽i1+nδn

i2∈[n]

P(ξi2,n ⩾ εℓn),

and therefore, for all ε > 0,

(5.5) P
( ∃ i1, i2 ∈ [n], ∃ j1, j2 ⩽ Aℓn, (i1, j1) ̸= (i2, j2),

|i1 − i2| ⩽ nδn and ξi1,n(j1), ξi2,n(j2) ⩾ εℓn

)
−−−→
n→∞

0,

since µ((0,∞) × dt) has no atoms and since µn → µ by (A1). Moreover, on the
event “∀ t ∈ (0, 1], X(t) ∈ (0,∞)”, since X is càdlàg, for all ε > 0, there exists a
random variable Y > 0 such that ∀ t ∈ [ε, 1 − ε], X(t) ∈ (Y, 1/Y ). So, by (5.1),
which holds almost surely, we get that with high probability, for all t ∈ [ε, 1 − ε], we
have 1

ℓn
Z⌊nt⌋,n ∈ (Y, 1/Y ). Combined with (5.5), this gives directly (Lim ̸=) with high

probability.
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Step 2: Proof of (LimΘ). — Note that by the Poisson paradigm, thanks to the
convergence of µn to µ, we have the vague convergence in distribution of the random
measure on (0, 1) × (0,∞) × (0,∞)

(5.6)
∑
i∈[n]

∑
j⩾1

δ(j/ℓn,ξi,n(j)/ℓn,i/n)
(d)−−−→

n→∞

∑
t⩾0

1(Y (t),Ξ(t)) ̸=∂δ(Y (t),Ξ(t),t),

where (Y (t),Ξ(t), t)t⩾0 is a Poisson point process of intensity dyµ(dx, dt) and where
∂ is a cemetery point. After applying Prohorov’s theorem and Skorokhod’s represen-
tation theorem, we may assume that the above convergence holds jointly with (5.1)
along some subsequence which is again denoted using the index n.

Let δ > 0 which is not an atom of µ(dx× (0, 1)) and let k ∈ N. Let tk ∈ (0, 1) be
the kth time such that (Y (tk),Ξ(tk)) ̸= ∂, Y (tk) ⩽ X(tk) and that Ξ(tk) ⩾ δ. Such a
time is well-defined (or does not exist) thanks to the fact that µ([δ,∞)× (0, 1)) < ∞.
By (5.1), by (5.6) and since µ([δ,∞) × (0, 1)) < ∞, if we let (In,k, Jn,k) be the kth

pair (in the lexicographic order) such that Jn,k ⩽ ZIn,k−1,n and ξIn,k,n(Jn,k) ⩾ δℓn,
then we have the almost sure convergence

(5.7)
(
In,k/n, Jn,k/ℓn, ξIn,k,n(Jn,k)/ℓn

) a.s.−−−→
n→∞

(tk, Y (tk), Ξ(tk)).

For all i ∈ [n] and ε > 0, let α̃i,n,ε := αi,n,ε/P(ξi,n ⩽ ε). Note that for all ε ∈ (0, δ),

ZIn,k,n − ZIn,k−1,n

ℓn

=
ZIn,k−1,n∑

j=1
ξIn,k,n(j)1ξIn,k,n(j)>ε(5.8)

+
ZIn,k−1,n∑

j=1

(
ξIn,k,n(j) − α̃In,k,n,ε

)
1ξIn,k,n(j)⩽ε(5.9)

+ α̃In,k,n,ε#
{
1 ⩽ j ⩽ ZIn,k−1,n; ξIn,k,n(j) ⩽ ε

}
.(5.10)

By (5.6), by (5.7) and since µ((0,∞) × dt) has no atoms, almost surely, the sum
on the first line (5.8) has only one non-zero term when n is large enough:

ZIn,k−1,n∑
j=1

ξIn,k,n(j)1ξIn,k,n(j)>ε = ξIn,k,n(Jn,k) a.s.−−−→
n→∞

Ξ(tk).

Furthermore, by Lemma 5.5, for all η > 0,

(5.11) lim
ε→0

lim sup
n→∞

P


∣∣∣∣∣∣∣
ZIn,k−1,n∑

j=1

 ξIn,k,n(j)
1 + ξIn,k,n(j)2 − α̃In,k,n,ε

1ξIn,k,n(j)⩽ε

∣∣∣∣∣∣∣ ⩾ η

and ∀ t ∈ (0, 1], X(t) ∈ (0,∞)
 = 0.
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But note that for all δ > 0, on the event that ZIn,k−1,n ⩽ ℓn/δ, we have

∣∣∣∣∣∣∣
ZIn,k−1,n∑

j=1

ξIn,k,n(j)3

1 + ξIn,k,n(j)21ξIn,k,n(j)⩽ε

∣∣∣∣∣∣∣ ⩽ ε

ZIn,k−1,n∑
j=1

ξIn,k,n(j)2

1 + ξIn,k,n(j)21ξIn,k,n(j)⩽ε

⩽ ε
n∑

i=1

⌊ℓn/δ⌋∑
j=1

ξi,n(j)2

1 + ξi,n(j)2 ,

and that by (A1), the expectation of the right-hand side converges towards εβ(1)/δ,
which goes to zero as ε → 0. Thus, for all η > 0,

lim
ε→0

lim sup
n→∞

P


∣∣∣∣∣∣∣
ZIn,k−1,n∑

j=1

ξIn,k,n(j)3

1 + ξIn,k,n(j)21ξIn,k,n(j)⩽ε

∣∣∣∣∣∣∣ ⩾ η

and ∀ t ∈ (0, 1], X(t) ∈ (0,∞)
 = 0.

By taking (5.11) into account, using that x = x/(1 + x2) + x3/(1 + x2), we obtain
that on the event that ∀ t ∈ (0, 1], X(t) ∈ (0,∞), the second sum (5.9) converges
in probability as n → ∞ and then ε → 0 towards 0. In other words, for all η > 0,

lim
ε→0

lim sup
n→∞

P


∣∣∣∣∣∣∣
ZIn,k−1,n∑

j=1

(
ξIn,k,n(j) − α̃In,k,n,ε

)
1ξIn,k,n(j)⩽ε

∣∣∣∣∣∣∣ ⩾ η

and ∀ t ∈ (0, 1], X(t) ∈ (0,∞)
 = 0.

For (5.10), notice that on the event that ∀ t ∈ (0, 1], X(t) ∈ (0,∞), by (5.1) we
have almost surely

α̃In,k,n,ε#
{
1 ⩽ j ⩽ ZIn,k−1,n; ξIn,k,n(j) ⩽ ε

}
= α̃In,k,n,εO(ℓn).

But, by (5.3), we know that ℓnαIn,k,n,ε → 0 a.s. as n → ∞. Moreover, by (A1),

sup
i∈[n]

(
1 − P(ξi,n ⩽ ε)

)
= sup

i∈[n]
P(ξi,n > ε) ⩽

n∑
i=1

P(ξi,n > ε) = O
( 1
ℓn

)
.
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Therefore, almost surely, ℓnα̃In,k,n,ε → 0 as n → ∞. This proves that (5.10) goes to
zero almost surely as n → ∞ and then ε → 0 on the event that ∀ t ∈ (0, 1], X(t) ∈
(0,∞). As a result, for all η > 0,

lim
ε→0

lim sup
n→∞

P
(∣∣∣∣∣ZIn,k,n − ZIn,k−1,n

ℓn

− ξIn,k,n(Jn,k)
∣∣∣∣∣ ⩾ η

and ∀ t ∈ (0, 1], X(t) ∈ (0,∞)
 = 0.

Since the above probability does not depend on ε, we deduce that on the event that
∀ t ∈ (0, 1], X(t) ∈ (0,∞),

(5.12)
∣∣∣∣∣ZIn,k,n − ZIn,k−1,n

ℓn

− ξIn,k,n(Jn,k)
∣∣∣∣∣ P−−−→

n→∞
0.

So, by taking (5.1) into account, the high degrees correspond to positive jumps of X.
Conversely, let t′k ∈ (0, 1) be the kth positive jump of X of size larger than δ. Let
I ′

n,k be the kth time i ∈ [n] such that (ZI′
n,k

,n − ZI′
n,k

−1,n)/ℓn > δ. By (5.1), on the
event that X has no jump of size exactly δ, we have the convergence(

I ′
n,k

n
,
ZI′

n,k
,n − ZI′

n,k
−1,n

ℓn

)
a.s.−−−→

n→∞
(t′k,∆+X(t′k)).

Then, we can reason as above: for all ε > 0, one can write

ZI′
n,k

,n − ZI′
n,k

−1,n

ℓn

=
ZI′

n,k
−1,n∑

j=1
ξI′

n,k
,n(j)1ξI′

n,k
,n(j)>ε

+
ZI′

n,k
−1,n∑

j=1

(
ξI′

n,k
,n(j) − α̃I′

n,k
,n,ε

)
1ξI′

n,k
,n(j)⩽ε

+ α̃I′
n,k

,n,ε#
{

1 ⩽ j ⩽ ZI′
n,k

−1,n; ξI′
n,k

,n(j) ⩽ ε
}
.

For the same reasons as above the second and third line converge to zero in
probability as n → ∞ and then ε → 0 on the event that ∀ t ∈ (0, 1], X(t) ∈ (0,∞).
Moreover, by (5.5) we deduce that on the event that ∀ t ∈ (0, 1], X(t) ∈ (0,∞) and
that X has no jump of size exactly δ, almost surely, for all n large enough, the first
sum has only one non-zero term:

ZI′
n,k

−1,n∑
j=1

ξI′
n,k

,n(j)1ξI′
n,k

,n(j)>ε = ξI′
n,k

,n(J ′
n,k)

for some J ′
n,k ⩽ ZI′

n,k
−1,n. This proves that all the jumps of X correspond to high

degrees, and that for all δ > 0 which is not an atom of µ(dx× (0, 1)), almost surely
X does not have a jump of size δ. In particular, by taking (5.7) and (5.12) into
account, we deduce that (LimΘ) holds in probability on the event that ∀ t ∈ (0, 1],
X(t) ∈ (0,∞).
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Step 3: Proof of the assumption (1.2) for Θ. — In other words, we will prove that
for all 0 < a < b < 1, almost surely

(5.13)
∑

t∈[a,b]

∆+X(t)2

X(t)2 < ∞.

In order to do this, let 0 < a < b < 1 and let ε, δ > 0. On the event that ∀ t ∈
[a− δ, b+ δ], δ < Xn(t) < 1/δ, we have

⌊bn⌋∑
i=⌊an⌋

Zi−1,n∑
j=1

(
ξi,n(j)−1
Zi,n

)2

1ξi,n(j)/Zi,n>ε ⩽
⌊bn⌋∑

i=⌊an⌋

ℓn/δ∑
j=1

(
ξi,n(j)−1
Zi,n

)2

1ξi,n(j)/Zi,n>ε

⩽
1
δ2

n∑
i=1

ℓn/δ∑
j=1

(
ξi,n(j)2 ∧ 1

)
1ξi,n(j)>εδ.

Furthermore, using (A1) which entails that µn converges vaguely towards µ, we
obtain that

lim sup
n→∞

E

 n∑
i=1

ℓn/δ∑
j=1

(
ξi,n(j)2 ∧ 1

)
1ξi,n(j)>εδ


= lim sup

n→∞

∫
(0,∞)×(0,1]

1
δ

(x2 ∧ 1)1x>εδµn(dx, dt)

⩽
1
δ

∫
(0,∞)×(0,1]

(x2 ∧ 1)1x⩾εδµ(dx, dt).

Moreover, by (5.1) and (5.12), when µ({ε} × (0, 1)) = 0,

⌊bn⌋∑
i=⌊an⌋

Zi−1,n∑
j=1

(
ξi,n(j)−1
Zi,n

)2

1ξi,n(j)/ℓn⩾ε and
∀t∈[a−δ,b+δ],
δ<Xn(t)<1/δ

P−−−→
n→∞

∑
t∈[a,b]

(
∆+X(t)
X(t)

)2

1 ∆+X(t)>ε
and ∀t∈[a−δ,b+δ],

δ<X(t)<1/δ

.

Thus, by Fatou’s lemma, for all 0 < a < b < 1, for all δ, ε > 0 such that µ({ε} ×
(0, 1)) = 0,

E

1∀t∈[a−δ,b+δ], δ<X(t)<1/δ

∑
a⩽t⩽b

∆+X(t)2

X(t)2 1∆+X(t)/X(t)⩾ε


⩽

1
δ3

∫
(0,∞)×(0,1)

(x2 ∧ 1)µ(dx, dt),

hence (5.13) follows from Fatou’s lemma by letting ε → 0 since the upper-bound
does not depend on ε and since

∫
(0,∞)×(0,1) x

2 ∧ 1µ(dx, dt) < ∞ by the first point
of [BS15, Theorem 2.1].
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Step 4: Proof of (Limρ). — For all non-negative continuous function f : [0, 1] → R
with compact support [a, b] ⊂ (0, 1),

n∑
i=1

f
(
i

n

) Zi−1,n∑
j=1

(
ξi,n(j)

2

)
(

Zi,n

2

) =
n∑

i=1
f
(
i

n

) Zi−1,n∑
j=1

(ξi,n(j) − 1)2 + ξi,n(j) − 1
2
(

Zi,n

2

)
=

n∑
i=1

f
(
i

n

) Zi−1,n∑
j=1

ξi,n(j)2 + ξi,n(j)/ℓn

2
(

Zi,n

2

)
/ℓ2

n

.

Let ε, δ > 0, with δ small enough that 0 < a − δ < b + δ < 1. Let us separate the
large jumps from the small jumps. More precisely, we write

n∑
i=1

f(i/n)
Zi−1,n∑

j=1

ξi,n(j)2 + ξi,n(j)/ℓn

2
(

Zi,n

2

)
/ℓ2

n

(5.14)

=
n∑

i=1
f(i/n)

Zi−1,n∑
j=1

ξi,n(j)2 + ξi,n(j)/ℓn

2
(

Zi,n

2

)
/ℓ2

n

1ξi,n(j)⩾ε

+
n∑

i=1
f(i/n)

Zi−1,n∑
j=1

ξi,n(j)2

2
(

Zi,n

2

)
/ℓ2

n

1ξi,n(j)<ε(5.15)

+
n∑

i=1
f(i/n)

Zi−1,n∑
j=1

ξi,n(j)/ℓn

2
(

Zi,n

2

)
/ℓ2

n

1ξi,n(j)<ε.(5.16)

We first focus on the large jumps, i.e. on the right-hand side of (5.14). By (5.1)
and (5.12), and on the event “ε is not the value of a positive jump of X”, we have

(5.17)
n∑

i=1
f(i/n)

Zi−1,n∑
j=1

ξi,n(j)2 + ξi,n(j)/ℓn

2
(

Zi,n

2

)
/ℓ2

n

1ξi,n(j)⩾ε

P−−−→
n→∞

∑
t∈(0,1)

f(t)∆+X(t)2

X(t)2 1∆+X(t)⩾ε.

We then focus on the small jumps. We first focus on (5.15). Let us write

Gn,ε :=
n∑

i=1
f(i/n)

Zi−1,n∑
j=1

ξi,n(j)2/(1 + ξi,n(j)2)
2
(

Zi−1,n

2

)
/ℓ2

n

1ξi,n(j)<ε.

Then,

Gn,ε ⩽
n∑

i=1
f(i/n)

Zi−1,n∑
j=1

ξi,n(j)2

2
(

Zi−1,n

2

)
/ℓ2

n

1ξi,n(j)<ε ⩽ (1 + ε2)Gn,ε.
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Moreover, if for all i ∈ [n], we set β̃i,n,ε = E[ξ2
i,n/(1 + ξ

2
i,n)1ξi,n<ε], then

E


Gn,ε −

n∑
i=1

f(i/n)Zi−1,n
β̃i,n,ε

2
(

Zi−1,n

2

)
/ℓ2

n

2

1∀t∈[a−δ,b+δ], δ⩽Xn(t)⩽1/δ



= E


 n∑

i=1
f(i/n)

Zi−1,n∑
j=1

(
ξi,n(j)2/

(
1 + ξi,n(j)2

))
1ξi,n(j)<ε − β̃i,n,ε

2
(

Zi−1,n

2

)
/ℓ2

n


2

1∀t∈[a−δ,b+δ],
δ⩽Xn(t)⩽1/δ



⩽ E


 n∑

i=1
f(i/n)

Zi−1,n∑
j=1

(
ξi,n(j)2/

(
1 + ξi,n(j)2

))
1ξi,n(j)<ε − β̃i,n,ε

2
(

Zi−1,n

2

)
/ℓ2

n

1ℓnδ⩽Zi−1,n⩽ℓn/δ


2

= E

 n∑
i=1

f(i/n)2
Zi−1,n∑

j=1

((
ξi,n(j)2/

(
1 + ξi,n(j)2

))
1ξi,n(j)<ε − β̃i,n,ε

)2

(
2
(

Zi−1,n

2

)
/ℓ2

n

)2 1ℓnδ⩽Zi−1,n⩽ℓn/δ



⩽ E

 n∑
i=1

f(i/n)2
Zi−1,n∑

j=1

((
ξi,n(j)2/

(
1 + ξi,n(j)2

))
1ξi,n(j)<ε

)2

(
2
(

Zi−1,n

2

)
/ℓ2

n

)2 1ℓnδ⩽Zi−1,n⩽ℓn/δ

,

where in the third line, we used the fact that f has compact support [a, b] and Xn(t) =
Z⌊nt⌋,n/ℓn, in the fourth line we developed the square and used the independence of
the ξi,n(j)’s conditionally on Zi−1,n and in the fifth line we used the fact that the
variance is smaller or equal to the second moment. Next, the above expression is
smaller or equal to

max(f)2E

 n∑
i=1

Zi−1,n∑
j=1

ε2
(
ξi,n(j)2/

(
1 + ξi,n(j)2

))
1ξi,n(j)<ε

δ4 1ℓnδ⩽Zi−1,n⩽ℓn/δ


⩽ max(f)2 ℓn

δ

n∑
i=1

βi,nε
2

δ4 −−−→
n→∞

2 max(f)2 ε
2

δ5β(1),

where the convergence comes from (A1).
Furthermore, if for all t ∈ [0, 1], we set

β̃n,ε(t) = 1
2ℓn

⌊nt⌋∑
i=1

β̃i,n,ε and β̃ε(t) = β(t) − 1
2

∫
(ε,∞)×(0,t)

x2

1 + x2µ(dx, dt),

then by (A1), we know that β̃n,ε(dt) converges vaguely on ((0, 1),B((0, 1))) towards
β̃ε(dt) for all ε > 0 which is not an atom of µ(dx×(0, 1)). As a consequence, by (5.1),

TOME 9 (2026)
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since β̃ε converges vaguely on ((0, 1),B((0, 1))) towards β̃ as ε → 0 and since β̃(dt)
has no atoms,

n∑
i=1

f(i/n)Zi−1,n
β̃i,n,ε

2
(

Zi−1,n

2

)
/ℓ2

n

=
∫ 1

0
f(t)Z⌊nt⌋−1,n

ℓn

2β̃n,ε(dt)
2
(

Z⌊nt⌋−1,n

2

)
/ℓ2

n

a.s.−−−−−−→
n→∞,ε→0

∫ 1

0
f(t)2β̃(dt)

X(t) ,

in the sense that the limit as ε → 0 of the limsup as n → ∞ of the difference is a.s.
zero. Thus, we deduce that, on the event “∀ t ∈ (0, 1], X(t) ∈ (0,∞)”,

(5.18)
n∑

i=1
f(i/n)

Zi−1,n∑
j=1

ξi,n(j)2

2
(

Zi−1,n

2

)
/ℓ2

n

1ξi,n(j)<ε
P−−−−−−→

n→∞,ε→0

∫ 1

0
f(t)2β̃(dt)

X(t) ,

in the sense that for all η > 0, the limsup as n → ∞ of the probability that the
difference is larger in absolute value than η goes to zero as ε → 0. But we want the
above convergence with a Zi,n instead of Zi−1,n. To that aim, let us write

(5.19) ρ̃n,ε(dt) :=
n∑

i=1
δi/n(dt)

Zi−1,n∑
j=1

ξi,n(j)2

2
(

Zi−1,n

2

)
/ℓ2

n

1ξi,n(j)<ε.

Then (5.18) implies the vague convergence in probability on (0, 1) of ρ̃n,ε(dt) towards
2β̃(dt)/X(t) as n → ∞ and then ε → 0. Let gn(t) := f(t)

(
Z⌊nt⌋−1,n

2

)
/
(

Z⌊nt⌋,n

2

)
. On

the event “∀ t ∈ (0, 1], X(t) ∈ (0,∞)”, the sequence of random functions gn with
compact support [a, b] converges a.s. for the J1 topology of Skorokhod towards
g(t) := f(t)X(t−)2/X(t)2. So, by Lemma 5.6,

(5.20)

∫ 1

0
gn(t)ρ̃n,ε(dt) P−−−−−−→

n→∞,ε→0

∫ 1

0
g(t)2β̃(dt)

X(t) =
∫ 1

0
f(t)X(t−)2

X(t)2
2β̃(dt)
X(t)

=
∫ 1

0
f(t)2β̃(dt)

X(t) ,

where in the last equality, we use the facts that β̃ has no atoms and the fact that
for every t except for a random countable subset we have X(t−) = X(t). In other
words,

(5.21)
n∑

i=1
f(i/n)

Zi−1,n∑
j=1

ξi,n(j)2

2
(

Zi,n

2

)
/ℓ2

n

1ξi,n(j)<ε
P−−−−−−→

n→∞,ε→0

∫ 1

0
f(t)2β̃(dt)

X(t) .

Let us then show that (5.16) is negligible, i.e. that

(5.22)
n∑

i=1
f(i/n)

Zi−1,n∑
j=1

ξi,n(j)/ℓn

2
(

Zi,n

2

)
/ℓ2

n

1ξi,n(j)<ε
P−−−−−−→

n→∞,ε→0
0.

In order to show (5.22), let us first show that

(5.23)
n∑

i=1
f(i/n)

Zi−1,n∑
j=1

ξi,n(j)/ℓn

2
(

Zi−1,n

2

)
/ℓ2

n

1ξi,n(j)<ε
P−−−→

n→∞
0.
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Using that (1 + 1/ℓ2
n)ξi,n(j) ⩽ (1 + ξi,n(j)2)ξi,n(j) and that for all x ⩽ ε, we have

x ⩽ x/(1 + x2) + εx2/(1 + x2), we bound

(5.24) 1 + 1/ℓ2
n

ℓn

n∑
i=1

f(i/n)
Zi−1,n∑

j=1

ξi,n(j)/
(
1 + ξi,n(j)2

)
2
(

Zi−1,n

2

)
/ℓ2

n

1ξi,n(j)<ε

⩽
n∑

i=1
f(i/n)

Zi−1,n∑
j=1

ξi,n(j)/ℓn

2
(

Zi−1,n

2

)
/ℓ2

n

1ξi,n(j)<ε

⩽
1
ℓn

n∑
i=1

f(i/n)
Zi−1,n∑

j=1

ξi,n(j)/
(
1 + ξi,n(j)2

)
2
(

Zi−1,n

2

)
/ℓ2

n

1ξi,n(j)<ε

+ ε

ℓn

n∑
i=1

f(i/n)
Zi−1,n∑

j=1

ξi,n(j)2/
(
1 + ξi,n(j)2

)
2
(

Zi−1,n

2

)
/ℓ2

n

1ξi,n(j)<ε.

By (5.18) and since ℓn → ∞, we know that the above last term on the right goes to
zero as n → ∞ in probability.

Moreover,
∣∣∣∣∣∣E
 1
ℓn

n∑
i=1

1δℓn⩽Zi−1,n⩽ℓn/δf(i/n)
Zi−1,n∑

j=1

ξi,n(j)/
(
1 + ξi,n(j)2

)
2
(

Zi−1,n

2

)
/ℓ2

n

∣∣∣∣∣∣
=

∣∣∣∣∣∣E
 1
ℓn

n∑
i=1

1δℓn⩽Zi−1,n⩽ℓn/δf(i/n)Zi−1,n
αi,n

2
(

Zi−1,n

2

)
/ℓ2

n

∣∣∣∣∣∣
⩽ E

 1
ℓn

n∑
i=1

1δℓn⩽Zi−1,n⩽ℓn/δf(i/n)Zi−1,n
|αi,n|

2
(

Zi−1,n

2

)
/ℓ2

n


⩽

1
ℓn

max(f)1
δ

∥αn∥(1)
δ2 −−−→

n→∞
0,

where the last inequality comes from the fact that f has compact support [a, b] where
the convergence stems from (A1) and from the fact that ℓn → ∞.

Furthermore, we bound from above the variance as follows:

E


 1
ℓn

n∑
i=1

f(i/n)
Zi−1,n∑

j=1

ξi,n(j)/(1 + ξi,n(j)2) − αi,n

2
(

Zi−1,n

2

)
/ℓ2

n

1δℓn⩽Zi−1,n⩽ℓn/δ

2


⩽
1
ℓ2

n

E

 n∑
i=1

f(i/n)2
Zi−1,n∑

j=1

(
ξi,n(j)/

(
1 + ξi,n(j)2

)
− αi,n

)2

4
(

Zi−1,n

2

)2
/ℓ4

n

1δℓn⩽Zi−1,n⩽ℓn/δ



⩽
1
ℓ2

n

max(f)2E

 n∑
i=1

Zi−1,n∑
j=1

ξi,n(j)2/
(
1 + ξi,n(j)2

)2

4
(

Zi−1,n

2

)2
/ℓ4

n

1δℓn⩽Zi−1,n⩽ℓn/δ


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⩽
1
ℓ2

n

max(f)2E

 n∑
i=1

Zi−1,n∑
j=1

ξi,n(j)2/
(
1 + ξi,n(j)2

)
4
(

Zi−1,n

2

)2
/ℓ4

n

1δℓn⩽Zi−1,n⩽ℓn/δ


⩽

1
ℓ2

n

max(f)2E
[

n∑
i=1

ℓn

δ

βi,n

δ4

]

= O

(
1
ℓ2

n

)
.

Therefore, by letting δ → 0, on the event “∀ t ∈ (0, 1], X(t) ∈ (0,∞)”,

1
ℓn

n∑
i=1

f(i/n)
Zi−1,n∑

j=1

ξi,n(j)/(1 + ξi,n(j)2)
2
(

Zi−1,n

2

)
/ℓ2

n

P−−−→
n→∞

0.

Besides, by (5.1) and (5.12), we know that for all ε > 0 which is not the size of a
positive jump of X:

n∑
i=1

f(i/n)
Zi−1,n∑

j=1

ξi,n(j)/
(
1 + ξi,n(j)2

)
2
(

Zi−1,n

2

)
/ℓ2

n

1ξi,n(j)⩾ε

P−−−→
n→∞

∑
t∈(0,1)

f(t)∆+X(t)/(1 + ∆+X(t)2)
X(t)2 1∆+X(t)⩾ε,

so that
1
ℓn

n∑
i=1

f(i/n)
Zi−1,n∑

j=1

ξi,n(j)/
(
1 + ξi,n(j)2

)
2
(

Zi−1,n

2

)
/ℓ2

n

1ξi,n(j)⩾ε
P−−−→

n→∞
0.

Thus,
1
ℓn

n∑
i=1

f(i/n)
Zi−1,n∑

j=1

ξi,n(j)/
(
1 + ξi,n(j)2

)
2
(

Zi−1,n

2

)
/ℓ2

n

1ξi,n(j)<ε
P−−−→

n→∞
0.

Thanks to (5.24), we deduce (5.23).
Next, we need to check that (5.23) implies (5.22). Note that since |ξi,n(j)/ℓn| ⩽

ξi,n(j)2, we have∣∣∣∣∣∣
n∑

i=1
f(i/n)

Zi−1,n∑
j=1

ξi,n(j)
ℓn

1ξi,n(j)<ε

 1
2
(

Zi−1,n

2

)
/ℓ2

n

− 1
2
(

Zi,n

2

)
/ℓ2

n

∣∣∣∣∣∣
⩽

n∑
i=1

f(i/n)
Zi−1,n∑

j=1
ξi,n(j)2

1ξi,n(j)<ε

∣∣∣∣∣∣ 1
2
(

Zi−1,n

2

)
/ℓ2

n

− 1
2
(

Zi,n

2

)
/ℓ2

n

∣∣∣∣∣∣
=
∫ 1

0
rn(t)ρ̃n,ε(dt),

where we recall that ρ̃n,ε is defined in (5.19) and we set for all t ∈ [0, 1],

rn(t) := f(t)

∣∣∣∣∣∣1 −

(
Z⌊nt⌋−1,n

2

)
(

Z⌊nt⌋,n

2

)
∣∣∣∣∣∣.
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Then, by the same reasoning as in (5.20), we obtain the convergence∫ 1

0
rn(t)ρ̃n,ε(dt) P−−−−−−→

n→∞,ε→0
0.

Hence,∣∣∣∣∣∣
n∑

i=1
f(i/n)

Zi−1,n∑
j=1

ξi,n(j)
ℓn

1ξi,n(j)<ε

 1
2
(

Zi−1,n

2

)
/ℓ2

n

− 1
2
(

Zi,n

2

)
/ℓ2

n

∣∣∣∣∣∣ P−−−−−−→
n→∞,ε→0

0.

Thus, we have shown (5.22).
Combining (5.17), (5.21), (5.22), we conclude that on the event “∀ t ∈ (0, 1], X(t) ∈

(0,∞)”,
n∑

i=1
f(i/n)

Zi−1,n∑
j=1

(
ξi,n(j)

2

)
(

Zi,n

2

) P−−−→
n→∞

∑
t∈(0,1)

f(t)∆+X(t)2

X(t)2 +
∫ 1

0
f(t)2β̃(dt)

X(t) .

This proves (Limρ).
Step 5: Checking (TightGP) and (TightGHP). — The assumption that for all 0 < a <

b < 1, we have
∫

(0,∞)×[a,b] xµ(dx, dt) = ∞ or β̃(b)− β̃(a) > 0 entails readily (TightGP).
Indeed, when

∫
(0,∞)×[a,b] xµ(dx, dt) = ∞, almost surely, for all δ > 0, we have∑

a⩽t⩽b Ξ(t)1Y (t)⩽δ = ∞, where (Ξ(t), Y (t))t⩾0 is the Poisson point process introduced
in (5.6), so that on the event “∀ t ∈ (0, 1], X(t) ∈ (0,∞)”, a.s.∑

a⩽t⩽b

Ξ(t)1Y (t)⩽X(t) = ∞.

Thus, on the event “∀ t ∈ (0, 1], X(t) ∈ (0,∞)”, a.s.∑
a⩽t⩽b

∆+X(t)
X(t) = ∞.

Finally, under the assumption (5.2), for all δ ∈ (0, 1), the condition (TightGHP) is
satisfied with probability at least 1 − δ. □

Appendix A. Background on the GP, GH and GHP
topologies

A.1. The Gromov–Prokhorov (GP) topology

A measured metric space is a triple (X, d, µ) such that (X, d) is a Polish space and µ
is a Borel probability measure on X. Two such spaces (X, d, µ), (X ′, d′, µ′) are called
GP-isometry-equivalent if and only if there exists an isometry f : supp(µ) → supp(µ′)
such that if f⋆µ is the image of µ by f then f⋆µ = µ′. Let KGP be the set of GP-
equivalent classes of measured metric spaces. Given a measured metric space (X, d, µ),
we write [X, d, µ] for the GP-isometry-equivalence class of (X, d, µ) and frequently
use the notation X for either (X, d, µ) or [X, d, µ].

We now recall the definition of the Prokhorov distance. Consider a metric space
(X, d). For every A ⊂ X and ε > 0 let Aε := {x ∈ X, d(x,A) < ε} be the open
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ε-neighborhood of A. Then given two (Borel) probability measures µ, ν on X, the
Prokhorov distance between µ and ν is defined by

dP (µ, ν)
:= inf{ε > 0: µ(A) ⩽ ν(Aε) + ε and ν(A) ⩽ µ(Aε) + ε, for all Borel set A ⊂ X}.

The Gromov–Prokhorov (for short GP) distance is an extension of the Prokhorov’s
distance: for every [X, d, µ], [X ′, d′, µ′] ∈ KGP the Gromov–Prokhorov distance be-
tween X and X ′ is defined by

dGP([X, d, µ], [X ′, d′, µ′]) := inf
S,ϕ,ϕ′

dP (ϕ⋆µ, ϕ
′
⋆µ

′),

where the infimum is taken over all metric spaces S and isometric embeddings
ϕ : X → S, ϕ′ : X ′ → S. dGP is indeed a distance on KGP and (KGP, dGP) is a Polish
space (see e.g. [ADH13]).

We use another convenient characterization of the GP topology using the con-
vergence of distance matrices: for every measured metric space (X, dX , µX) let
(xX

i )i∈N be a sequence of i.i.d. random variables of common distribution µX and
let MX := (dX(xX

i , x
X
j ))i,j∈N. We have the following result from [Loe13],

Lemma A.1. — Let (Xn)n∈N ∈ KN
GP and let X ∈ KGP then Xn → GPX as

n → ∞ if and only if MXn converges in distribution toward MX for the product
topology.

A.2. The Gromov–Hausdorff (GH) topology

Let KGH be the set of isometry-equivalent classes of compact metric spaces. For
every metric space (X, d), we write [X, d] for the isometry-equivalence class of (X, d),
and frequently write X for either (X, d) or [X, d].

For every metric space (X, d), the Hausdorff distance between A,B ⊂ X is given by
dH(A,B) := inf{ε > 0, A ⊂ Bε, B ⊂ Aε}.

The Gromov–Hausdorff distance between [X, d],[X ′, d′] ∈ KGH is given by
dGH([X, d], [X ′, d′]) := inf

S,ϕ,ϕ′
(dH(ϕ(X), ϕ′(X ′))),

where the infimum is taken over all metric spaces S and isometric embeddings
ϕ : X → S, ϕ′ : X ′ → S. dGH is indeed a distance on KGH and (KGH, dGH) is a Polish
space (see e.g. [ADH13]).

A.3. The Gromov–Hausdorff–Prokhorov (GHP) topology

Two measured metric spaces (X, d, µ), (X ′, d′, µ′) are called GHP-isometry-equiva-
lent if and only if there exists an isometry f : X → X ′ such that if f⋆µ is the image
of µ by f then f⋆µ = µ′. Let KGHP ⊂ KGP be the set of isometry-equivalence classes
of compact measured metric spaces.
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The Gromov–Hausdorff–Prokhorov distance between [X, d, µ],[X ′, d′, µ′] ∈ KGHP
is given by

dGHP([X, d, µ], [X ′, d′, µ′]) := inf
S,ϕ,ϕ′

(
dP (ϕ⋆µ, ϕ

′
⋆µ

′) + dH(ϕ(X), ϕ′(X ′))
)
,

where the infimum is taken over all metric spaces S and isometric embeddings
ϕ : X → S, ϕ′ : X ′ → S. dGHP is indeed a distance on KGHP and (KGHP, dGHP) is a
Polish space (see [ADH13]).

Appendix B. Leaf-tightness criteria

In this section, X = ((Xn, dn, pn))n∈N denotes a sequence of random compact
measured metric spaces GHP-measurable. For every n ∈ N, let (xn

i )i∈N be a sequence
of i.i.d. random variables of common distribution pn, then let Mn := (dn(xn

i , x
n
j ))i,j∈N.

We say that X is weak-leaf-tight if and only if

(B.1) ∀ δ > 0, lim
k→∞

lim sup
n→∞

P
(
dn(xn

k+1, {xn
1 , x

n
2 , . . . , x

n
k}) > δ

)
= 0.

We say that X is strong-leaf-tight if and only if
(B.2) ∀ δ > 0, lim

k→∞
lim sup

n→∞
P(dH(Xn, {xn

1 , x
n
2 , . . . , x

n
k}) > δ) = 0.

Those criteria were first introduced by Aldous [Ald91, Ald93].

Proposition B.1. — If (Mn)n∈N converges weakly toward a random matrix M ,
X is weak-leaf-tight, and for every n ∈ N, (Xn, dn) is a random tree equipped with
random edge lengths, then X converges weakly for the GP topology toward a random
measured R-tree (X, d, p). Furthermore, if (xi)i∈N are i.i.d. random variables of law
p then MX := (d(xi, xj))i,j∈N =(d) M .

Proof. — The result is directly adapted from Aldous [Ald93, Theorem 3] using
modern formalism. □

Proposition B.2 ([BBRKK25b, Proposition B.1]). — If (Mn)n∈N converges
weakly toward a random matrix M , and X is strong-leaf-tight, then X converges
weakly for the GHP topology toward a random compact measured metric space
(X, d, p). Furthermore, if (xi)i∈N are i.i.d. random variables of law p then MX :=
(d(xi, xj))i,j∈N =(d) M . In addition, a.s. p has full support.
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