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1. Introduction
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Figure 1.1. Simulation of a uniform random tree of height 100 whose profile
scales towards t — sin(mt) with vertices of degrees 0 and 4 with some additional
vertices with large degrees. The profile is drawn on the right. The low vertices
are green while the high vertices are red.

1.1. Model

Trees with fixed degree sequence are universal models of random trees and are
related to many other objects: Galton—Watson trees, configuration model, bipartite
planar maps with fixed face degrees. ... The aim of this paper is to study a variant of
this model where we fix for each vertex its degree and also its height. More precisely,
we are interested in the shortest-path distance on the rooted labelled trees defined
below.

Consider a set of vertices {(7, ) }izo0, j>1. We consider (4, j) to have height i and
degree (number of children) dj; > 0. We use a superscript n € N as we study the
behaviour of the trees as the degrees vary. For convenience, we assume that on every
line i > 0 the sequence (d;);>1 is non-increasing. Also, to ensure that every vertex
(4,7) of degree di'; > 1 is connected to the root (0,1), we assume that dfj, = 0 and

(1.1) Viz0, #{j>Ldy,,; >0} <D =) dj; < oo.

i>1
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Figure 1.2. An example of tree T such that dy; =4, di1=3,d12=1,d13=1,
do1 =2, dys =1, d3s; =2 and all the other degrees are null. The vertices of T

are represented in red, the root as a red dot, and the other vertices as black dots.
Here, DO :47D1 = 57D2 = 37D3 = 2,D4 =0.

We construct the plane tree 7" height by height: (0, 1) is the root, and independently
and uniformly for every height i > 0 we attach each vertex in {(i +1,7)}1<j<pr to a
vertex in {(i,7); j = 1,d}; > 1} so that every vertex (i, j) has exactly df; children
(see Figure 1.2). Note that 7™ has height h"™ := inf{i > 0; d}'; = 0}. The tree T™ is

equipped with the shortest path distance, where each edge has length 1.

1.2. Main results

We now present our assumptions on the degrees for the scaling limit of 7. Without
loss of generality, our assumptions are written so that the random metric space 7" /n
obtained after dividing the distances by n converges in distribution. First we assume
that the profile converges weakly: we assume that for some non-atomic probability
measure ¥ with compact support supp v = [0, 1], we assume, writing d, for the Dirac
measure on z,

(Limy) : Y20 0i/n D}/ (Xis0 D) converges weakly towards v.

Note that the above assumption is equivalent to requiring a scaling limit for the
height of random vertices. It also implies that liminf h"/n > 1.

Then, to show the convergence of (7" /n), we look at the genealogies of random
vertices, that is their paths to the root. The rate at which genealogies merge actually
only depends on the degrees. We assume informally that this rate converges. We
distinguish two cases for such merging: either the paths merge at a vertex with large
degree, or they merge among the numerous vertices of small degrees.

Concretely, we use a locally finite measure p on (0, 1) to describe the merging rate
due to small vertices. We also describe the limit of large degrees, using non negative
parameters © = ((0;(t));j>1)wc(0,1) satisfying that:

e for every height ¢ € (0, 1), the sequence (0;(t));>1 is non-increasing.
e For every t € (0,1), we have >, 0;(t) < 1.
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e The set {(j,t) : 6;(t) # 0} is countable. Moreover, for all real numbers
O<z<y<l:

(1.2) > D 6(t) < .
z<t<y j>1

We assume that as n — oo:

(Lim,) : We have the following vague convergence of measures on ((0, 1), B((0,1))):
a\ /(D
> 6i/n< 2’J>/< 9 ) —oprt > 0;(t)*0;.
1§i<n,j:dm->0 j,t:ej(t)>0
(Limg) : We have the following vague convergence on ((0, 1) xR, B((0,1) xR%))
2 Omaror) o 2 dwso)
1<i<n,j:d; ;>0 ’ t,5:0;(t)>0
(Limx) : For every € > 0 there exists d(¢) > 0 such that for every n > 0, ,7’
with en < 4,i" < (1 —¢e)n, d}'y > €D} and djj; > €D}, we either have
i=1"orl|i—1d|>d)n.

We require the technical condition (Lim.) because the merging rate behaves really
differently depending on whether vertices of large degree are at the same height or
not. Morally, we use (Lim.) to ensure that in the limit tree vertices of large degree
that are at the same height correspond to vertices at the same height in 7.

Lastly, while the previous assumptions are sufficient to prove the convergence of
the distances between random vertices, we want the following tightness assumption
to ensure that the limit space is well defined:

(Tightgp) ¢ v has support [0,1] and for all 0 < a < b < 1, p([a,b]) > 0 or

jeNtela,b] : 0;(t)>0

Remark 1.1. — Aldous, Camarri, and Pitman [AP00, CP00] used a similar condi-
tion to define inhomogeneous continuum random trees. Namely, with their notation
0o > 0 or Y, 6; = 0.

THEOREM 1.2. — Assume that for some v, p,© the conditions (Lim,), (Lim,),
(Limg), (Lim.), (Tightgp) hold. Then there exists a random measured metric space
T (v, p,©) such that the following weak convergence holds for the Gromov-Prokhorov
topology (see Appendix A for more details)

T"/n — T(v.p,0),

where we recall that T™/n is the metric space obtained by dividing the shortest path
distance on T" by n, which is also equipped with the uniform probability measure
on its vertices.

The Gromov—Prokhorov topology essentially describes the distances between ran-
dom vertices in 7". To study geometric variables that depend on all the vertices
such as the diameter of 7", one needs a stronger topology. To this end, we as
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usual strengthen the convergence to the Gromov-Hausdorff-Prokhorov topology
(see Appendix A). We use the following tightness assumptions.
Let ||D™||s = maxo<ichn DI'. Then, for every i € N,k > 0, let

d? . dr. —1
1.3 k) = “) min | k=2 1
(1.3 08 = 3 g min (K5 1),

with the convention 77*(k) = oo when D € {0,1}. Then, for every a < b let
Tgb(k) = Yiclab] 7' (k). We assume that:

(Tightgyp) & Forevery 0 < aw < 8 < 1, forevery n € N, k < || D"|| large enough
(i.e. there exist n(«, ), k(a, 8) such that for all n > n(«, 8), k = k(a, ),
for every i € [an, fn], we have

Tiilz'-i—n/(log log k)2 (k> 2 10g<k)

THEOREM 1.3. — Under the setting of Theorem 1.2 if furthermore h™ ~ n and the
condition (Tightgyp) hold then T™/n — T (v, p, ©) weakly for the Gromov-Hausdorff-
Prokhorov topology.

Remark 1.4. — Writing ¢ : k — k7*(k), one may see ¢ as the analog for our
model of the Laplace exponent of Lévy trees and Bienaymé-Galton—-Watson trees.
Indeed, as usually done in the literature (see e.g. [DLGO5]), one may associate the
degrees with the jumps of the Lévy process; and in the same way that the jumps
contribute linearly or quadratically to the Laplace exponent of Lévy process (1)
according to whether they are larger or smaller than 1/, the degrees dj; contribute
linearly or quadratically to 7)*(k) according to whether they are larger or smaller
than D! /k. Moreover, (Tightgyp) may be seen as an integrability condition for 1/1)
as in [DLGO5, Eq. (7)]. The main difference is that we morally need this integrability
condition at all heights. Due to that, although condition (Tightgyp) is sub-optimal,
it seems strong enough to deal with the applications below.

1.3. Connections with previous works and applications

When one only prescribes the degrees of the vertices but not their heights, one
obtains the well studied model of uniform trees with fixed degree sequence, whose
scaling limit is studied for example in [BM14, BR21] and also in [Marl8] with appli-
cations to Bienaymé—Galton—Watson trees and random planar maps. This model is
the analogue of the configuration model for random trees. Note that if one conditions
on the heights of the vertices in a uniform tree with fixed degree sequence, then
one obtains a uniform random tree with fixed degrees and heights. Moreover, the
paper [AUB20] gives conditions for the scaling limit of the profile of uniform trees
with fixed degree sequence. Checking our assumptions in order to give a new proof
of the scaling limit of uniform trees with fixed degree sequence thus seems feasible.
In this example and in the next two paragraphs, the associated v, p and 6 may be
random.

Besides, if one considers a Galton—Watson process in varying environment (GWVE)
and conditions on the evolution of the total population, i.e. the profile of the tree, and
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on the number of children of each individual, i.e. the degrees, then the corresponding
tree is a uniform random tree with fixed degrees and heights. As a result, our result
provides the scaling limit of GWVE trees as soon as the hypothesis are satisfied by
the profile and the degrees. The first scaling limit of the profile for GWVE trees was
obtained by Kurtz [Kur78] under a third moment assumption. These results where
subsequently extended and general conditions for the convergence of the profile can
be found in [BS15] or in [FLL22]. See Section 5 for an application of our results to
GWVE trees using the scaling limit of the profile of [BS15]. Informally, under some
assumptions which essentially ensure that the scaling limit of the profile from [BS15]
holds, we obtain scaling limits of GWVE trees.

In the same direction, the scaling limit of the size of the n'" generation condi-
tioned on survival up to time n was obtained in [Ker20] for GWVE under mild
assumptions. Under a second moment assumption, the genealogy of the individuals
at this n'" generation in GWVE trees was studied in [HPP24] in the critical case,
and in [BFRS22] in the near critical case with a GHP scaling limit of the genealogy
of the n'® generation in this latter work. In [CKKM24], for i.i.d. environments, in the
critical case and under a second moment assumption, a GHP scaling limit towards
the Brownian continuous random tree was obtained. Although we do not wish to
pursue in that direction, our results should be useful to study the stable case.

Finally, let us briefly mention that our approach is similar to the one we recently
developed with Bellin and Kortchemski in [BBRKK25a, BBRKK25b] to study (crit-
ical) uniform attachment trees with freezing. However, as we no longer work in a
Brownian case only, we need to use new techniques and ideas.

Plan of the paper

The rest of the paper is organized as follows. In Section 2 we define the limit
tree appearing in Theorems 1.2 and 1.3. In Section 3 we prove Theorem 1.2. In
Section 4 we show Theorem 1.3. Finally in Section 5, which can be read right after
the introduction, we discuss an application of our result to Bienaymé—Galton—Watson
trees in varying environment. Appendix A recalls the standard notions about the GP,
GH, and GHP topologies. Appendix B recalls the classical notion of leaf-tightness.

2. Definition of the limit

In this section, we define the limit trees appearing in Theorem 1.2 in a rather
implicit way: we first construct, using a growth-coalescent process, a random infinite
matrix which describes the distances between i.i.d. random points. We then prove,
under the condition (Tightgp), leaf-tightness for this matrix, hence defining the
limiting random measured metric space (see Proposition B.1).

2.1. Description of the distance matrix between uniform vertices in the
limit tree

We go downward in the tree from random vertices to the root, and describe how
their genealogies merge. This description gives both their heights and the heights
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of their most recent common ancestors, and so the distances between those vertices.

We start with an informal construction of the genealogies’ coalescent.

Let k particles be born at i.i.d. times (heights) of law v. On each interval [t, t — dt],
two particles merge into a cluster at rate p(dt). Moreover, at every time ¢ such that
61(t) > 0, the clusters merge according to the sub-probability measure (0;(t));>1
as follows: independently, each cluster is associated with some random integer j in
N U {0} with probability 6;(¢) when j > 1 and 6y(t) :== 1 — 3,1~ 0;(t) when j = 0.
Then, the clusters associated to 0 do not merge whereas for all j > 1, the clusters
associated to j merge together into one cluster. Finally, at time zero, all the clusters
which have not merged yet coalesce.

Here the birth time of the particle should be seen as the height of random vertices
in the tree, and the merging time of two clusters as the height of their most recent
common ancestor. And, depending on the degree of those ancestors (2 or oo), the
coalescences occur differently (using respectively p or ©).

Formally, let us use the same notation as for coalescent processes where each
particle is associated with an integer, where clusters are described by sets of integers
and where each coalescence is performed by replacing two clusters by their union. See
e.g. [Pit06] or [Ber06] for the use of this notation in the classical theory of coalescent
and fragmentation processes. We consider three types of independent random events:
Birth: for every r € N, let H, be a random variable in [0, 1] of law v;

Small merge: for every ¢ < r € N, let I'; . be a Poisson point process on [0, 1] of
intensity p(dt);

Large merge: for every ¢ such that 6,(¢) > 0 and r € N, let ©;, be a random
variable of law given by P(©,, = j) = 6;(t) for every j € NU {0}. We write
SO(t,j)={reN, ©,, =j} forall j >1.

From there we describe a caglad (left continuous with right limit) jump process

((P¥(t))1<r<k) 13¢50 Which is called a growth-coalescent process. The process starts at

PE(1) = P¥(1) = --- = PF(1) = 0 and its jumps occur only at some time ¢ satisfying

one of the following conditions:

Birth: If ¢t = H, for some 1 < r < k, then P¥(tT) = {0}, and P*(t) = {r};

Small merge: If t € Ty, for some ¢ < r, then whenever PF(t*) # 0 and P (t*) # 0
we have PF(t) = PF(tT) UPH(tT) and P)(t) = 0;

Large merge: If 6,(t) > 0, then for every j € N such that #(S°(¢,7) N [k]) = 2, we
write mF(t, j) for the smallest integer r € S®(¢, j) N [k] such that P*(t*) # (.
We have:

Ve (59t 4) N k) \ {m"(t,5)}, Pr(t) =0,
and Phe, ()= U  PHEY).

reSO(t,5)N[k]

There is a final jump at time 0 to reach the configuration PF(0) = {1,...,k} and
PE(0) =+ = PE(0) = 0.

LEMMA 2.1. — The process ((P¥(t))1<r<k)o<i<1 is a.s. well defined.

Proof. — To see that such a process is well defined, it suffices to focus on the
number of possible jumps. Births only occur at { H, }1<,<; which is a finite subset of

TOME 9 (2026)



430 A. BLANC-RENAUDIE & E. KAMMERER

(0,1) since v has no atoms at zero or one. Note that for 1 <r < k and t > H, we
must have P¥(t) = () so that the highest jump occurs at time max<, < H,.

Then, for every a > 0, we prove that there is only a finite amount of possible
times for small merges and large merges in [a, max;<,<x H,|, so that the process
((PX(t))1<r<k)o<i<1 is well defined on [a, 1]. Since a.s. PF(0) = {1,...,k} and P5(0) =
..+ =PF0) = 0, and since a is arbitrary this will conclude the proof.

Small merges can only occur when ¢t € I'y, for some 1 < ¢ <r < k. And a.s. ['y,
is locally finite on (0, 1) as a Poisson point process of rate p which is locally finite
on (0,1).

For the large merges, note that for a jump to occur at time ¢ there must exist
j € N with #5°(t,5) N [k] > 2. This occurs for every time ¢ with probability
upperbounded by k* 3222, 6;(t)*. Thus thanks to (1.2), a.s. the number of possible
times ¢ € [a, max;<,.<; H,| where large merges can occur is finite. O

LEMMA 2.2. — A forevery 0 <t < land 1 <r <k <k we have Pf/(t) N
[1,..., k] = Pk).

Proof. — Since the number of jumps is locally finite on (0, 1) the result follows by
a simple (but tedious) downward induction on ¢. We omit the details. O

The above consistency condition allows us to define for every r € N, 0 < ¢t < 1,
Pr(t) = Uen P (D).

Also, note that below min; <.« H,, there are no birth times anymore for the process
((P*(t))1<r<k)o<i<1, so that the number of r € [k] such that P¥(t) # () can not in-
crease when t decreases below min; <,<; H,.. Therefore, the process ((P*(t))1<r<k )o<t<1
undergoes only a finite number of jumps in [0, 1]. The genealogy of the k particles is
then described by a finite tree 7 whose leaves, denoted by V4, ...,V correspond to
the births of each particle and whose internal vertices correspond to the coalescences
between clusters. Each vertex v of 7T} is associated with a time ¢, corresponding to
the birth time if v is a leaf or the coalescence time if v is an internal vertex. We
equip this tree with the distance induced by the times of birth and coalescence: for
every pair u, v of vertices of Ty, the distance d(u,v) between u and v is given by

d(u,v) = t, +t, — 2c(u,v),

where ¢(u, v) is the first time at which the clusters of u and v coalesce. Note that
it V,,V, are leaves of T} corresponding to the particles born at times H,, H, for
1< qg<r <k, then

(21)  d(V,,V,) = Hy + H, — 2max{t € [0,1], 3m € [k, ¢,r € PL()}.
Since the above equation can also be written

d\V,,V;) =Hy+H, —2max{t € [0,1], 3m > 1, q,r € P,(t)},
the random variable d(V,, V) does not depend on k.

2.2. Leaf-tightness

While the previous section defines the matrix of distances between random vertices
of the limit trees, it is not enough to properly define the limit. This difference is
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quite subtle and has been extensively studied by Aldous in [Ald93]. As recalled in
Appendix B, more precisely by applying Proposition B.1 to the increasing sequence
of the random trees (7, d) for k > 1 defined in the previous subsection, equipped
with the uniform probability measure on the leaves {Vj,...,V;} and with the dis-
tance d defined in (2.1), to properly define the measured real tree T (v, p, ©) as the
(increasing) limit when k& — oo of the 7;’s when k£ — oo, it is enough to prove the
following weak leaf tightness criterion:

V>0, ,}Lrgop(d(vk+l, {Vi,Va,..., Vii}) > 56) =

Since Hy,1 (the height of Vj,1) is sampled according to the probability measure v
which satisfies v({0}) = 0, we may assume for some a > 0 that a < Hg.1 < a + 6.
Also, since, under (Tightgp), v has support [0, 1], by taking k large enough, we may
assume that a — § < Hy, Hy, ..., H; < a. (In detail, by considering enough vertices,
we can have among them as many as we want with probability arbitrarily close to
1 at height between a — § and a.) In other words, it suffices to check that for every
0<a<landd >0,

Hii € la,a+ 6], V1<i<k,
klgn P d(VkJrl, {‘/1,‘/2, .. ,Vk}) > 50 =0.

H; € a—4,a

Then we write P¥(-) = P(:|Hy,y € [a,a+ 6],V 1 < i < k, H; € [a — 6,a]). Define
similarly the associated expectation EF for later. And we recall that for all i # j,
the random variable ¢(V;, V;) is the coalescence time between (the genealogies of) V;

and Vj, that is the height of their most recent common ancestor. So that by (2.1),
to prove the above it suffices to show

(2.2) lim P*(V 1 <i <k, e(Vi, Vi) < a—26) =0.

k—o00

To that end we adapt an argument from [BBRKK25b, Section 6.5]. First for every
1 <1<k, z >0, consider the event

Ein(z) = {H; >,V j € [k\{i}, (i, V) <z},

that is the event that V; has height at least z and has not coalesced with any other
vertices among Vi, ..., Vj above height z. Then let

Ni(z) = #{1 < i<k, Ejp(x)}.

To prove (2.2), we rely on the simple but crucial remark: under Hy1 > Hy, ..., Hy,
Vi1 has the most chance among Vi, Vs, ..., Viiy to have coalesced with one of the
others. In other words,

k+1 1

P (Ek+1 k+1<a — 2(5 P—— Z P Z k+1 a — 2(5)) m]Ek[Nk+1(a — 2(5)]

Note that the left term above is exactly the probability in (2.2), so to define the
limit it suffices to prove:

LEMMA 2.3. — s For any choice of a,§ > 0 as k — oo, E¥[Nyy1(a — 20)] = o(k).

TOME 9 (2026)



432 A. BLANC-RENAUDIE & E. KAMMERER

Proof. — For each small interval [t,¢ + dt], given Nj1(t + dt) we look at the
expected number of vertices in Vi, ..., Vi1 that have not yet merged at time ¢ + dt
that merge with another vertex between time ¢ and ¢ + dt. As in the definition of
our coalescent, we distinguish two cases: either there is a large merge at time ¢ or
there is a small merge between time ¢ and ¢ + dt. The second case is easy to count
as the merging occurs by pair at rate given by p. For the first case we look for every
V; not merged at the value of ©;, and check if there is no other V,» not yet merged
that has the same value. This, together with the fact that Ny 1(s) > Nyy1(t) for all
s € [t,t + dt] for all t < ¢t + dt such that a — 2§ <t < t+dt < a— 0, gives us the
next formula: for every a — 26 <t <t+dt <a— 9,

E*[Nys1(t 4 dt) — Nyy1 (2)]

.Z

> EF

N (08,(1) (1= (1 = 0,(1) V2071 4 2<Nk+21<f>>p<t,t+dt> |

j=1:0;(t)>0

Using the fact that for all x € (0,1),y > 0 with 2y > 1 we have (1 —z)¥ < 1/e, this
implies that

E* [Nyt (t + dt) — Ny (t)]
1

> 00)(1= 2 ) Vet

j21:05(t)>1/(Ng41(t)—1)

> [EF p(t,t +dt),

o[

Then, by integrating between a — 26 and a — ¢, and using 0 < Ngyy < k + 1 for the
left hand side, we get:

1
k+1> > 0;(t) <1 - Q)E’“ [sz(t)ﬂej(t>>1/<Nk+1(t>71>]

te(a—26a-8).j>1
+ / KN'““( )ﬂ p(dt).

Next, by fixing ¢ > 0 and considering only the case where Ny.(t) > ek, we obtain

1
Erl> Y 60 (1 - 6)5kIP>k(Nk+1(t) > k) Lo, 151/ (ch)

te(a—28,a—98),j>1
a—0
+ / (e — 1)2PH(Niya () > ek)p(dt).
a—20
Then, using that for all ¢ > a — 20, we have Ny41(t) = Nii1(a — 20), we get

k41> P*(Npi(a—20) > ek)

< <1—1)5k: S 0,() + (k- 1)2p(la — 26,a - 8))

€ te(a—28,a—4),j>1
0,(t)>1/(ek—1)
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Using the second part of (Tightgp), k is negligible compared to the inside of the huge
parenthesis above, so

P*(Nyi1(a — 20) > k) —— 0.

Since ¢ is arbitrary and since Nyi1 < k + 1 this implies the desired result, and so
concludes the section. 0

3. GP convergence
3.1. Coalescent associated with the genealogies of random vertices in 7"

In this section, we introduce a discrete growth-coalescent process, which describes
how the genealogies of random vertices in 7" merge. In the next section, we will
prove a scaling limit for this coalescent toward the similar continuous coalescent
introduced in Section 2.1. At the end of this section, we explain why this implies the
scaling limit of the distance matrix of random vertices in 7", and so Theorem 1.2.

Beforehand, let us formally split high degrees and small degrees.

LEMMA 3.1. — There exists a sequence (&,),>0 decreasing to 0 slowly enough so
that for all n > 0, there exists a bijection I, : {t, 01(t) > ¢, ande, <t <1l—g,} —
{i, d}1/D} > &, and €, <i/n <1—¢,} such that for all € > 0,

2
N
(3.1) > (I"n(“ﬁ—ej(t)) 1o,5)y>e, —— O

j=lte(e,1—¢) I, (t) n—oo
and such that for all t > 0 such that 6(t) > 0,
32) L/ — t.

Proof. — We construct the sequence ¢, as follows. For all k& > 1, let n, €
(2751 27%) such that n, ¢ {0;(t); t € (0,1),5 > 1}. By (Lime) and (Limy),
there exists ny > 1 such that for all n > ny, there exists a bijection Iy, : {t €
(M, L — i), O1(t) > m} — {4, dy/Dj > mp and m < i/n < 1 — i} such that for
all t € (ng, 1 — ), for all j > 1 such that 6;(t) > ny,

Iin(t)
n

A7, .1),j

Tevs g, s
Ik,n(t)
Then it suffices to take €, == min{n; k¥ > 1 and n; < n} and define I,, as the I,
where k is the largest integer such that ny < n. Then (3.2) holds clearly. For (3.1),

note that for all € > 0,

2
d7
> (n(t)j - Qj(t)> Ly < D Enloe,

Dn
j=1te(e,1—¢) I (t) j=lte(e,1—¢)

<7, and < T

< D> e Nt — o,

n—00
j=1te(e,1—¢)

where the convergence holds by dominated convergence thanks to (1.2). O
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Then, let us prove a direct consequence of (Lim.) which will be very convenient:
LEMMA 3.2. — We have for all € € (0,1),

min D! —— oo0.
en<i<(l—e)n n—00

Proof. — Let € € (0,1). Let us prove that for all n large enough for all en < i <
(1 —¢)n, we have D} > 1/e. For all i < h" —1,if d}'; < eD}, then, since d}; > 1, we
deduce that DI > 1/e.

Besides, note that for all n large enough, if dj'; > D} for some en < i < (1 —¢)n,
then by (Limy) we have dj,,; < eD,;. But we also know that D}d},, > D},
since there are exactly D} vertices of 7" at height ¢ + 1, so that

Diy < dify Dif < eDi, D'
Finally, we also get D} > 1/e by diving both sides by D}, (that can be done
since by (Lim,), liminfh™/n > 1 and so D} ; > 1 for all n large enough and for all

i< (l—e¢)n). O
Now, in the rest of this subsection, let us fix k& € N. To prove the convergence of
the rescaled matrix of distances between k vertices V|*,..., V" taken uniformly at

random, we introduce the associated growth-coalescent process and prove that it
satisfies a scaling limit towards the coalescent process defined in Section 2.1.

In order to get some additional independence, we add some vertices at each height
to the ancestors of V", ..., V," in order to have a constant number of vertices at each
height (this will facilitate the computation of the coalescence probabilities). For all
1> maXyelk] h(VTn):

e When D} | > k, let (V)1<j<k be distinct vertices in {(i,7); j < Dj'} taken
uniformly at random.
e When D} ;| <k, we set V. = (i,1) for all r € [K].

Then, we define V7,..., V/} for i < max,cph(V,") by downward induction on 1.

Given (V1 j)i<j<k define (V)1<j<r as follows:

Position of Vi",..., V" For all r € [k], if h(V") = i, then we set V7, = V.

Position of the ancestors: For all p > 1, forall 1 < r; < --- < r, <k, if the
vertices Vi, ,... Vi, are the vertices in {V,,,..., Vi1, ,} which are
attached to a vertex (7,7) in 7", and if one of them is an ancestor of V" for
some r € [k], then:

e if (i,7) = VI for some 1" € [k], we set as explained before V7, = V.

e Otherwise, if (i,7) & {V/",...,V{}, let r be the smallest integer in [k]
such that r € {r1,...,r,} and such that V;%, . is the ancestor of V} for
some 7’ € [k]. We then set V', = (i, j).

List completion: When D! | > k, we complete the list by taking distinct vertices
uniformly at random among the vertices {(, j)}1<j<pn , not yet taken. By
convention, when D} ; < k, all the V", for r € [k] not yet defined are equal to
(,1). By Lemma 3.2, this latter case is excluded on any interval [en, (1 —e)n]
for every ¢ > 0 for every n large enough.
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We look at the fathers of Vi, ,,... .V, in T" If Vi, and V], for some

7

q < r € [k] have the same father, then we say that they coalesce at this vertex. Let
(€n)n=0 be as in Lemma 3.1. For all ¢ < r € [k] and ¢ > 0, let

n
(33) Xq ri ﬂ‘@ﬁl,q,\@ilw coalesce in a vertex of degree at most ¢, D[" -

For all n,i > 0, and r € [k], let ©F, be the integer j such that the vertex V7, i
attached to the vertex of degree d}; when d}'; > £, D}" and O}, = 0 otherwise. We
set for all 4,5 > 1,

St ={r e k], ©F, =3}

We are now in position to define the growth-coalescent process. Let

((Pr@), )

be the process defined as follows. We set for all i > max, ¢ h(V;"), and for all r € [£],

the initial values P™*(i) = (). Then, for all i > 0,

Birth: If i = h(V") for some r € [k], then P™*(i) = {r};

Small merge: If X ; =1 for some 1 < ¢ < r < k then whenever PJ*(i 4+ 1) # 0
and PrF(i+1) # 0 we have PF(i) = PrF(i4+1)UPMF(i41) and P (i) = 0;

Large merge: If #S; ]’-k 2 for some j > 1, we write m™*(i, j) for the smallest
integer r € SZ"’C such that Pk (i + 1) # (). We set:

Ve SEINmME G g)), PR =0, and Phi @)= U PR+ 1)

n,k
rESl.,j

120

and for the other r € [k] we set Pk (i) = PrF(i 4 1).
This discrete growth-coalescent is well-defined and gives the genealogy of V", ...,

VP in T,

ProprosIiTION 3.3. — With high probability, the discrete growth coalescent pro-
cess ((P*(i))gen )izo is well-defined. Moreover, for all 0 < i < h", for all ¢ € [k], the
set Py*(i) is the set of r € [k] such that the vertex V;" is an ancestor of V"

Proof. — The first part of the statement is straightforward after checking that
for all e € (0,1), with high probability, for all en < ¢ < (1 — ¢)n, at most two
vertices coalesce in vertices of degree at most ¢, D}'. This is a direct consequence of
Lemma 3.6 which is stated and proven in the next subsection and of the definition
of X7 just above the said lemma. One can then use that by (Lim,),

lim liminf P(V r € k], en <h(V?) < (1—¢)n) =1.

e—0 n—

Next, let us turn to the second point of the statement. Note that by definition of
the vertices V/)’s, when there is a small merge at height ¢ > 0, the father of the two
vertices Vi, , ‘and Vi1, for ¢ < r which coalesce is V. Similarly, When there is a

large merge for some j > 1, the father of the vertices V/'}, ’s for r € S is the vertex
n This entails the second point of the proposition by takmg the definition

van"k(lvj)
of ((P*(2)),ejn)izo into account and then applying a downward induction. O
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We then state the scaling limit result towards the continuous time growth-coalescent
process defined in Section 2.1. Its proof is postponed to the next subsections.

PROPOSITION 3.4. — We have the convergence

n (d) k
Prk([n(l —t > —>(7> 1—t )
(Prima=0), ) ., o ((PRO=0) )
for the Jy-Skorokhod topology.

The convergence in the sense of Gromov—Prokhorov readily follows from the above
proposition:

Proof of Theorem 1.2 using Proposition 3.4. — Let V{",...,V;* be i.i.d. uniform
random vertices of 7" (conditionally on 7™) and let Vi,..., Vi be the leaves of
the tree T, C T (v, p, ©) defined in p. 427. Note that the points V;,..., V} can also
be seen as i.i.d. random points in the metric measured space T (v, p, ©) since the
measured real tree T (v, p, ©) is defined as the (increasing) limit of the 7;’s as k — oo
in Subsection 2.2. Thanks to Lemma A.1, it suffices to prove the convergence for all
kE>1
(3.4) (d(vy, vy /n) —= (d(V,, V)

1<g<r<k  n—oo 1<g<r<k?

where d" is the graph distance on T". Let k > 1. Let ¢ < r € [k]. By construction
of 7™ and by definition of the processes P™* for m € [k], we have

(Ve v) = h(V) +h(V?) = 2max{i > 0, 3m € [k], q,7 € PR(i)}.
Therefore, by (2.1), in order to show (3.4), it is enough to check the convergence

1
- 2073 k7 ) k(i
nmax{z m € [k], q,r € P (z)}

EOEN max{t >0, Am e k], q,r € 737];(75)}7

n—oo
jointly with
n (d)
(3.5) ((V/n), 0 o (et

n—oo
But note that h(V") = max{i > 0, » € P»*(i)} and H, = max{t > 0, r € P*(t)}.
Thus, the two convergences stem from Proposition 3.4. U

The rest of this section is dedicated to the proof of Proposition 3.4.

3.2. Convergence of the coalescences between random vertices at the
same height

In this subsection, we prove Proposition 3.4. We first prove some useful lemmas.
A consequence of (Lim,), (3.1)-(3.2) is the vague convergence of measures on (0, 1)
(%)
2
(3.6) ny. B
% 5

2

let,j <enDI, dt —— p-
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We set for all n,7 > 0,

)

2L 1 gn <o

(D?) i,5 N
2

Pni = Z

>
Then Eq. (3.6) entails that for all € > 0, we have

(3.7) max p,; —— 0

en<i<(l—e)n n—o0
since p has no atoms. Another consequence of (3.6) is the following lemma:

LEMMA 3.5. — For all k > 2, for any integer n large enough, for i > 0, let B} be
independent Bernoulli random variables of parameter p,, ;. Then we have the vague
convergence of measures on (0, 1) in distribution

S By, —2s 11,
n—oo
1<i<n

where 11, is a Poisson random measure of intensity p.

Proof. — 1t is a consequence of the Poisson paradigm. By the independence of the
B!’s and the fact that p has no atoms, it suffices to show that for all 0 < s <t < 1,
for all x € R, we have

n—oo

E[eiw > no<int Bﬂ —— exp (p([s, t) (e — 1)),
which is straightforward since

E{ei‘vznsgjgnt B;L} = H (pmjeim +1-— pmj)

ns<y<nt

and then using (3.6)—(3.7). O

Let us focus on the times of small merges. For all n,i > 0, let X'}, be the number
of pairs {r, s} for r < s € [k] such that V, . and V}}, ; coalesce in a vertex of degree
at most &, D7, i.e.

noo__
Xz’,k - E : ILVZ’il Vit s coalesce in a vertex of degree at most e, D} -
1<r<s<k

LEMMA 3.6. — For all n > 0 large enough, for all k > 2, let (B}"})i>0 a family of

independent Bernoulli random variables of parameters (g)pm Then for all € > 0,

dTV<(XiT’Lk>5n<i<(1—s)n7 <sz>sn<i<(1—s)n> m 0’

where dtv denotes the total variation distance.

Proof. — Let € > 0. By definition of X[, it is enough to show that there exists a
coupling between X', and B}, such that

(3.8) > P(X#BY) —— 0.

n—00
en<i<(l—e)n
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Note that by Lemma 3.2, for n large enough, for all en < i < (1 — €)n, we have
D} > k, so that the vertices Vi, 1,..., Vi are distinct. First of all, we see that

(3.9) E[ka] = 1 ( zlg ) ) L <enDp = (l;)pm

Besides, we have

n\2| __ n
(3.10) E[(X7%)?| = E[X7]
(3.11) +OE| > v, v, Vi,
1<r1<ra<rz<k coalesce in a vertex
of degree at most £, D}
(3.12) +E| Y Lpsongrasy=o L va,, ve, .
1<ri<s1<k coalesce in a vertex of
1<ro<sa<k degree at most €, D}
and Vi, Vil o,
coalesce in a vertex of
L degree at most EnDi |

The first term (3.10) is (’;)pm by (3.9). The second term (3.11) is

.\ (Dr—3
(3.13) Y <3)(’“‘3) Lan <o pn
j>1 (l?;) " '

while the third term (3.12) is

() (o) , o ()
(3'14) Z ﬂd?jl Ay jo SEn D! Dr +6 Z D7 ]ldz jSen D}
J1,j221 ( kl) j=1 ( K )
n#j2

Dy (D; —1) (k) <k: - 2)
< ]]- "> n n n n I]_ n n o <en DT
Dr >4(Di —2)(Dr —3)\2 2 jg;)l (132) (,;;) dy; dr s <enD]

J17#72
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Dr(Dr—1) (K (k-2 k (%) i
<t or o) () +o00) (Z (f;?)“dl’ffwﬁ

k\ (k—2 )
<12<2>< 92 )(pn,i)'

For all n large enough, let B}, be a Bernoulli random variable of parameter (g) Dn,i
such that By > 1xr >1. One can indeed perform such a coupling given that

PXT, > 1) <E[X[y] = (g)pm < 1 for n large enough. As a result,

< (E[\X;jk — ILXZIC%‘Z] + E[Xﬁk] - P(X;fk > 1))

k—2(k K\ (k-2
< (an ( >pm- + 12( )( )(pn,if) by (3.13) and (3.14),
en<i<(l—¢e)n 3 2 2 2

hence (3.8) follows. O

Combining Lemmas 3.5 and 3.6 we obtain the scaling limit of the point processes
induced by the X .’s which are defined in (3.3).

q7r77’

COROLLARY 3.7. — We have the vague convergence of measures on (0,1) in
distribution

(d)
(Z XZM(;UTZ) n—00 <Fq’r)1<q<r<k’
20 1<q<r<k

where the I';,’s for 1 < ¢ < r < k are independent Poisson point processes of
intensity p(dt).

Proof. — By Lemma 3.6, we know that with high probability, at each height
we have at most one coalescence in a vertex of degree at most ¢, D}'. Moreover,
conditionally on (X7 )i1, the indices ¢ < r of the vertices V;, ,, Vi, which coalesce

at each height are uniform. For all n,i > 1 let (QF, R?) be independent random
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variables which are uniform in {(¢,7), 1 < ¢ < r < k} and taken independently of
the B",’s. Then,

dTV ((Xq,r,i)€n<i<(1—€)n,7 (H(Q?,Ry)—(q,r) B'L',k) sn<i<(15)n,) n—o0 0.

1<q<r<k 1<q<r<k

Besides, let (B" ) - for 1 < ¢ <r <k bei.i.d. copies of the family (B}),., defined

q'I”L

in Lemma 3.5. One can see that

dTV ((IL(Q?,Rf):(q,T)Bivk)€n<i<(1—e)n,’ (Bq,r,i)sn<i<(1s)n)

1<q<r<k Isq<r<k

<5 bz e o )

en<i<(l—e)n 1<g<r<k 1<qg<r<k

P(B;fk = 0) - IP’( > Bl.= 0) D

1<g<r<k

+

S (z Bq,m/z)

en<i<(l—e)n 1<g<r<k

<2<(§)> oo — 0
en<i<(l—e)n

where the convergence comes from (3.6) and (3.7). Thus we have the stronger result

dTV((XZT,i)8n<i<(1—8)n7’ (BZTvi)8"<i<(1_5)"v> o O

1<q<r<k 1<q<r<k e
One concludes using Lemma 3.5. O

Now, let us study the coalescences in high degree vertices. Recall that in the
continuous coalescent, the large merges are described by the independent random
variables ©;, of law (0;(t));>o for r € [k] and ¢ such that 6;(¢) > 0 which are defined
in Section 2.1. Recall also that S®(t,j) N [k] = {r € [k], ©:, = j}.

By (Lim.), we may also assume that ¢,, decreases slowly enough and that there
exists a sequence (Mn)n>0 such that nn, — oo and for all n > 0, for all (4, ), (¢, j")
with e,n < 4,7 < (1 — 5n)n such that di; > ¢,D}" and dj ;, > &, Dj;, then we have
either i = 4" or |i — /| > n,n

LEMMA 3.8. — For all € > 0, we have the vague convergence of measures on
(0,1) x (NU {0})* in distribution

Lgr >erpnd —> Ly t>s/5

1271 i1 ey (/n (@?T)Te[k]) ; 1( ( @t T)TE k])

Proof. — For all n,i > 0, 7 > 1, let N/, be the number of vertices among
115 Vit with father (i, 5). Note that by Lemma 3.2, for n large enough

for all en < i < (1 —¢€)n, we have D' > k so that the vertices Vi, ,..., Vi,
are distinct. Conditionally on the N} ,’s for en < i < (1 —¢)n and j > 1 such
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that di!; > €, D}, the N, vertices which coalesce at (i, j) are chosen unlformly at

it 1% More precisely, the sets S"k ={r € [k], 6}, =j}
forje{j>1,d};> 5nD”} U {0} form a random partltlon of [k] with prescribed
sizes N Wthh 1s chosen uniformly at random independently for all 7+ > 1 and
conditionally on the N} ,’s. Moreover, due to the fact that the ©,,’s for r € [k]
are i.i.d., the sets 59(15 j) k] = {r € [k], O, = j} for j > 1 similarly form a
random partition of [k] which is chosen uniformly at random among partitions of [k
with prescribed sizes N%k = #{r € [k], O, = j}’s for j > 1, conditionally on the
N%k’s.

Recall from Lemma 3.1 the definition of I,,. The statement of the lemma is thus
implied by the following convergence for all ¢ > 0 such that 6;(¢) > 0

random among Vi, ..., V]

(3.15) (Vhis) oy o (#(SPEDN[H))

Let t > 0 such that 6;(t) > 0. Let (m;);>1 be a family of non-negative integers such
that >>;-1 m; < k. Then, for n large enough,

(V] L NL gk = mj)
n n n n -1
_ (D]n(t) = 21 dln(t),jﬂej(t)>5n> H (dln(t),j> (Dln(t)>
k=2mmy j>1 \ T k

k=) o1y ()M
_, (90@) 7 2 )k! =P(vj > 1, #(s°(t.5) N [k]) = m;),

(k= 2jz1my)! i1 My

by the convergence (3.1). O

Proof of Proposition 3.4. — Since the processes take their values in a finite set
and since the number of jumps of ((P¥(¢)),c(x))iefo,1) is finite thanks to Lemma 2.1,
it suffices to prove the convergence of the times of jumps and of the jumps.

Actually, by definition of the two processes, it suffices to prove the joint convergence
of the heights of the uniform vertices (3.5), of the small coalescences on (0, 1)

(d)
(316) ( Z qrz z/n) m (Fq77")1<q<r<k
1<Z<’I’L 1<q<7.<k

and of the coalescence at vertices of high degrees on (0, 1)

/ (d)
(317) V&'>0, > T seny 5( TGS I I 2 10i0>e0(c0,1),cpn):
1<i<n €[k] te(0,1)
The fact that we can restrict our attention to the degrees d}'; e’ D? for £’ arbitrarily

small instead of d}; > €, D] comes from the fact that for all O<r<y<l,

>N 05 <5/—>O

r<t<y j>1
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due to (1.2) and from (3.1) which implies that for all 0 <z < y < 1,

w3 Z(

N2l pn<i<yn j>1

2
) en D} <d" <e'D} > 0.
e'—0

The above convergence, combined with a union bound, shows that with probability
going to 1 as ¢/ — 0, for all n the coalescent ((Pr*()) e[ )o<i<n does not undergo
coalescences due to vertices of degrees d}!; between Df's, and Dje’.

The convergence (3.16) comes from Corollary 3.7. The convergence (3.17) holds
thanks to Lemma 3.8 and holds jointly with the second one since with high probability
coalescences in small degrees do not happen at heights i such that di; > ¢'D}'. Indeed,
for all n > 0, by a union bound, the probability of having a small coalescence at a
height nn <@ < (1 —n)n such that d; > ¢'D}' is upperbounded by

Yo g seprP
mm<i<(1-n)n

2
1 U
< max pn,i) ( Z7n> ]ld’.ll e'Dr T 7 07

<nn<i<(ln)n 7]n<i<z(l—n)n (8/)2 Dz 180 o
where the convergence comes from (1.2), (3.1) and (3.7). Finally, (3.5) comes from
(Lim,) and holds jointly with (3.16) and (3.17) since the conditional law of

)
((@Z,,)re[k],@o, ( )1 <q<r<hiz 0)
does not depend on (h(V;")),cpu- O

4. GHP convergence

To show the GHP convergence of 7™, by Proposition B.2, it suffices to prove that
T" is close to the genealogies of a fixed large number of random vertices (that is
their paths to the root). We would like to use the same method as [BBRKK25b].
Roughly speaking, this method consists in getting a lower bound for the number
of ancestors at a given height of k typical vertices, and then in showing that the
probability that another given vertex coalesces with one of these ancestors (on a well
chosen time interval) is bounded away from zero. However, we cannot as we have a
poor estimate on the number of genealogies that still have not yet merged at a given
height.

To avoid this issue, we look instead at the genealogies of vertices chosen such that
at each height exactly k£ of them have not yet merged. We call the union of the
genealogies a k-trail as those sets have at each height k vertices and consists of paths
going to the root (see Figure 4.1). We construct inductively k-trails (Lemma 4.1),
and show that k?-trails tend to be close to k-trails (Lemma 4.3). By a chaining
argument this gives us that 7" is close to k-trails (Proposition 4.2). Finally, we
prove that k-trails stay close to the genealogies of a large number of random vertices,
which allows us to conclude.
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Figure 4.1. An example of 3-trail. The root is at the bottom. The vertices of the
3-trail are represented as empty circles. The vertices of the first trail {X; 1 }1<i<hn
with their edge to their father are represented in red. The second trail { X; 2 }1<ichn
is in blue. And the third {X; 3}1<i<hn Is in green. Note that at each height there
are exactly 3 vertices in the 3-trail, except when in the tree there are less than k
vertices at this height in which case all of them are in the 3-trail. Note also that
the fathers of the vertices in the 3-trail are also in the 3-trail.

4.1. Using k-trails to approximate 7"

For every n, i € N, j < DI, we denote by §*(i,7) = §*((4,7)) the father of the
vertex (i,7) in the tree 7". Also, for ¢ > 0 let f? be the i-th iterate of {*. In other
words, f(x) is the ancestor of x with height ¢ below x.

In this whole section, (X7;)ichn jen is a family of random variables satisfying the
following properties:

(h) for every i < h”, for every j € N, the random variable X', is a vertex of 7"

of height 1.
(#) For every i < h", for every j # j' < Di |, we have a.s. X7, # X'.\.
(f) Forevery 1 <i<h" j <Dy, as f"(X]) € {X )i
(L) For every 1 < H < h", the o-algebra generated by (X';)m<ichnjen and
(F*(4, J))i>mj<pr ) is independent from (§*(4, j))1<i<m j<pr |-
For k € N, we call the set Sp = { X}, }ichn j<rr the k-trail (associated to (X7)i;)-
Note that in S} there are exactly inf(k, D} ;) vertices of height 7.

LEMMA 4.1. — There exist some random variables (X[';)i<hn jen satisfying (h),
(#), (), (L).

Proof. — We construct the sequence by induction on j and downward induction
on ¢. For 7 = 1 it suffices to take a uniform random vertex at height h™ and its
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ancestors. Assume that for every 1 <1 < h™ and j < k, the vertex X7; is defined.
Then we let Xy ;. be:

e if possible, a uniform random vertex of 7™ of height h™ not in { X} ;}1<jck;
e clse, any vertex of height h™ in 7™,

Then for every i < h" given (X7 )n<hn 1<j<k and X7y oy we define X7y, as:
o f" (X[}, pp) if it is not in {X”}1<]<k,
e clse, if possible, any vertex in 7" not in { X}, }1<j<x of height i;
e clse, if not possible, any vertex in 7" of helght i

A quick induction then shows that this sequence is well defined and satisfies the
desired properties. O

The aim of this section is to prove that k-trails approximate well 7.
PROPOSITION 4.2. — For any choice of (X}';) we have

lim lim lim sup P(du(Sy,T") > en) = 0.

e=20k—o0 n—

First, we prove that k-trails and k2-trails are close. For every n € N, we write
| D" || oo == maxo<i<hn DJ' and let I'g,, be the set of vertices of 7™ which are at height
smaller than gn.

LEMMA 4.3. — Forevery 0 < a < § < 1, for every n € N, k < |[|[D"|| large
enough, writing L = [n/(loglog k)*], with probability at least 1 — 1/k, we have

VaoeSh an+9L <h(z)<pn=d"(z,5; NT.s,) <IL.

Proof. — First note that if d"(X}';, S NT'g,) > 9L for some an + 9L < i < fBn
and j € [k?], then for every 1 < a < L, we have d"(f}(X};),S¢ NT',) > 8L, so

by (),

#{om +8L < i’ < Bn,1 < j < k*such that d”(f”( gvj,),sg N F<3n) > 8L} > L.
Thus, by Markov’s inequality it is enough to prove that for every an + 8L <1 < fn,
1 < j < k? we have

1 L

knk?
Fix such 4, j. To this end, we can first compute explicitly for every 1 < a < 4L

(4.2) P(fa+1<X") ¢ {in a— m}lgjgk fZ(Xij) ¢ {lea’j}mg@)'

Indeed, by (L), given the event f (X7;) & { X", }1<j<k, the fathers of 7 (X};) and
of the X" s for 1 < j < k have the same law as the (unconditioned) fathers of any

i—a,j
k + 1 different vertices of height exactly ¢ — a. In other words, wr1t1ng i'=i—a—1,

if D} > k (note that by (#) when D}, , < k, as. i, (X[) € {X] .1 hi<<k)
then (4.2) equals, dividing according to (¢, ¢) the value of §7 +1(X ",

S (15 )

>1 z 1<bLk

’L]7

(4.1) P(d" (X[, St NTapn) > 8L) <

Y
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which we may upper-bound, using that b > 1 and then that (1 — 2)* < 1 —
min(1, kx)/2 for all z € [0,1], by

ey dr,—1\" ey dy,—1
ey p——_ <Y 2241~ min( 1, k-2 2).
ZD?( Dg;—1> 2y \ L min{ LRy )/

=1 >1 %

The right-hand side is then equal to 1 — 77/(k)/2 since ;o1 dj, = Dj and by

definition of 7 (see (1.3) in the introduction), which we may again upper-bound by

e 7772 gince for every & > 0, we have (1 — z) < e~*. Thus,

P(d" (X!

1’7] ’

SpNTep,) > 8L)

< P(fgL (x1) ¢ {Xin_SL’j}léjék>
8L—1

< 1:[0 P(fﬁﬂ (inj) ¢ {X a1 hi<isk

< [ e

i—8L<h<i

= eXp(_T£8L+1,i(k)/2)
<K

i (Xffj) ¢ {Xin—a,j}1<]<k)

using for the last inequality L = [n/(loglog k)?| and (Tightgyp). This implies the
desired bound (4.1). O

Proof of Proposition 4.2. — We deduce Proposition 4.2 from Lemma 4.3 with a
chaining argument. Fix 0 < ¢ < 0.01. Fix K large enough depending only on ¢ such
that loglog K > 2/e, and such that for every n € N large enough, Lemma 4.3 holds
with a = €/2, 8 =1 —¢, and every K < k < ||[D"|l. Let N = N(n, K) be the
smallest integer such that K2" > ||D"||. Note already that by putting & = || D"||o
in (Tightgyp) we get

1og([[D"[|o0) < T4/ (10g10g [D7]10) < 1 + 1/ (loglog |[D"[|oc) = o(n)

asn — 00, so N = o(n). _
By Lemma 4.3, for every n large enough with probability at least 1—> N1 1/K% >
1-2/K:

(43) VOSi<N-—1, VeSS,
en <h(z) < (1—¢e)n = d”(x,S?(Qi N I‘<(1_E)n>
<9 [n/(log log K2i)21 .
Then writing I'«.,, for the set of vertices with height at most en, (4.3) implies
VO<i< N1,
dH((Fésn U 3?(21') NTca-emn; (Pgan U S?(zi+1) A F<(1—a)n)

< 9{n/(log log K2i)2-‘,
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446 A. BLANC-RENAUDIE & E. KAMMERER

which by the triangle inequality implies for every n, K large enough,
dH((Féen U an<) N 1—‘<(1*€)n> (ngn U S?(QN) N F<(1*E)n>

N-1 .
<> 9[n/(loglogK21) -‘
i=0

> 1
<N+9
* nz < (ilog(2) + log log K)?
<N+ 740” .
log log K

Then note that by (#) and since K2 > || D", we know that S,y contains all
vertices of T™. Moreover, (0,1) € Si so every z € I'c., is at distance at most en
of S}. Finally, if x is a vertex of 7" such that h(z) > (1 — €)n then by considering
the highest ancestor ' of x belonging to I'c(1_.),, we obtain that d(z,I'<., USE) <
1+ ne +d(2',T<., USE). Hence, the last line implies

40n

dg (St T") <1+2 N+ —.
u(Sg, T") + 2en + +1OglogK

Since € can be chosen arbitrarily small, K arbitrarily large, and since N = o(n) this
concludes the proof of Proposition 4.2. O

2. Approximating k-trails from genealogies of random vertices

By Proposition B.2, to extend the GP convergence in Theorem 1.2 to the GHP
convergence in Theorem 1.3 it suffices to prove the following strong leaf tightness
criterion:

V>0, hm hmsupIP’(dH(T" Vi, v oo Ve > 5n) =0.
k—00 n—oo

where V", VJ*, ... are i.i.d. uniform random vertices in 7. To that end, by Proposi-

tion 4.2, it is enough to prove that

Vi>0,VKEeN, hm hmsup]P’(mgxd”( AV VSV > 5n> = 0.

k—oco n—oo

Or even, by noting that if there exists an € Si such that d"(z, {V*, V3", ..., V*}) >
on then either:

e h(z) < (6/2)n and infi<;<x (V) = (0/2)n. For every ¢ > 0, the probability
of this event goes to 0 as k — 0o,n — oo by (Lim,) and since v has support
[0, 1].

e Or h(z) > (6/2)n, so that by (f) there are at least |(d/4)n| different vertices
y € S such that d"(y, {V;", V5',...,Vi"}) = [(6/4)n].
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As a result,

lim sup lim sup P(né%x d*(x, {V", VL V) > (5n>
TESK

k—o0 n—00

< hin_i}olp lim supP(#{y € Sk, dn(yv {‘/1“7 | PP an}) 2 L(5/4)nj} > L(5/4)TLJ)

n—oo
1
< limsuplimsup —————E|#{y € Sk, d"(y, {V]", V5*,....V.'"}) = [(6/4)n
msuplim sup o SB[y € Sies &' AV VD) 2 L6/}
Kh"

P(d" (X7 VIV VD) 2 [(6/4)n)),

< limsup lim sup ———~— max
k—o00 n—00 (5/4)71] 1<a<h™ 1<K

where in the third line we applied Markov’s inequality and in the last line we used
the fact that #S5% < Kh". But since h” ~ n, it is enough to show that

Vo>0,VK>DO0,
lim limsup  max P(d”(XZb, Vi, vt o Vi) > 55n> =0,

or even by considering the different possible values of X[, it suffices to prove the
following result:

PROPOSITION 4.4. — Under the setting of Theorem 1.3, for every § > 0,

lim lim sup max P(d”((a, b), {V*, Vjt, ..., V') > 55n) = 0.

k=00 n—soo l<a<hm,1<b<DM

Proof. — We follow directly the same approach as in Section 2.2 which proves an
analogous result for the limit tree. Again by (Lim,) and since supp(v) = [0, 1] we
may restrict ourselves to the case where a > 26n. And as in Section 2.2, since we
may consider a larger but still bounded number of random vertices V", V', ..., V"
and since v has support [0, 1], we can assume them to have height between a — dn
and a. In other words, it suffices to check that for every § > 0,

V1<i<k, 0
a—on<h(V") <a) ks

n—o00 2(5n<a§h"
1<b<D™_

limsup max P(dn((a, b),{V",...,V}) > 5on

To ease the writing, with a slight abuse of notation, let
P*():=P(-|V1<i<k a—on<h(V") <a),

(define similarly EF) and let V' = (a,b). Again we may consider the number of
vertices that have not coalesced up to time x that is:

Ni(z)
:z#{lgigksuchthat h(V;) >« and v1<j;£i<k’h<‘/;n/\‘/;n> <x},

where V;* AV[" is the nearest common ancestor of V;" and V" in 7". And, for exactly
the same reasons as in Section 2.2, one can see that
E*[Ni(a — 26n)]

’ .

PE(d" (Vg AV, Vi, Vi) > 56n) <
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The proof of Proposition 4.4 is thus complete as long as we prove the following
result. O

LEMMA 4.5. — For every § > 0,

k _
lim limsup max E*[Ni(a — 20m)

k=00 mn—oo 26n<a<h™ k

=0.
Proof. — The proof is essentially the same as for Lemma 2.3 with slightly different

computations. Let 6 > 0. Let £ > 1, n > 1 and 26n < a < h™. Recall the definition of
the sequence (g,) from Subsection 3.1. For all a — 26n < ¢ < a — dn, we lowerbound

EF[Ni(i 4+ 1) — Ni(i) | Ni(i + 1)]

00 dr . Ng(i+1)—1 ar. — 1
> Lap se,pp Nili + 1)531 1- ]I (1 — 5; — r)

j=1 i r=1 i
Ne(i+ 1)\ & dr(dv; —1)
2 Lgn co pn—td 2
J_
dn
z::ﬂdn senDr Nk z+1)D? 1—

g — 1)\ Meli+D-1
1— -4
(=)
(
i

Ni( dr.(dr. —1
+2< k(i 41 )Zﬂd D w

o0 . di; 1
> Z ]ldzj>€nD?V(1+Dzn/(Nk(H‘l)_l))Nk(Z + 1) DZ (1 - 6)

—

+2<N’”+ )Z a1 <enD zpngDn—g

where in the last inequality we used that for all x € (0,1),y > 0 such that zy > 1
we have (1 —z)¥ < 1/e.

Next, fix n > 0. Considering only the case where Ny (i + 1) > nk and taking the
expectation we get

.

. . > , di'; 1
EMNe(i+ 1) = NeO 2 3 L oo oo (11 BV TN+ 1) 52 (1= )
j=1 J ¢ ’ i

o () e B

We then sum over a — 26n < i < a — dn and use the fact that N, < k, which gives

_ df 1
k> Z Z ]ld" ;>en DIV(14DP /(nk— 1))]5“’}6[]\["3(Z + 1)]D <1 B )

a—26n<i<a—on j=1 i €

) ©° d" d" —
S Ek[2<Nk H)]Z e lD?ED?_li‘

a—20n<i<a—on
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But since for all a — 20n < ¢ < a — dn we have Ni(i) > Ni(a — 20n), using Markov’s
inequality we obtain that

(4.4) k> P*(Ny(a — 20n) > nk)(nk — 1)
1

dr,
x ) (Z ﬂd” ;>en D7V (14D7 / (nk— 1))])721(1 N >

a—26n<i<a—on \j=1 €

dn.(dn,_1)
k—1)Y Tgn <o, pn—=2—2—-|.
+(n Jz:l dp <enDP D”(D"—l))

Finally, by (3.6), by (Limg) and h™ ~ n, we deduce that

liminf min Z

n—oo 2§ <hm™ -
n<as a—26n<i<a—on

/[/7]
(Zl ﬂd” >en DIV (1+D"/(77k l)) Dr (1 o 6) T]]{? B 1 Z ]ld ;jSenD Dn(Dn _ 1))
J 7

>  min ((1—1> > Zﬂe ®)>1/(nk—1)05 ()

1<<]2/9] €/ (-1)8/2<t<t5/2 j=1

+ (nk = Dp(((£ - 1)5/2755/2])> — oo,

k—o0

where the last convergence stems from (Tightgp). Taking (4.4) into account, we have
thus proven that for all n > 0,
lim limsup max P*(Ny(a — 26n) > nk) = 0.

k—oco n—ooo 20n<a<hm™

This concludes the proof of Lemma 4.5 since N, < k. 0

5. Application to BGW trees in varying environment

Let us describe here how our result gives general conditions under which Bienaymé-—
Galton-Watson trees in varying environment stopped at height n satisfy a scaling
limit for the GP and the GHP topology. We rely on the scaling limit of the profile
obtained by Bansaye and Simatos in [BS15]. This section can be read just after the
introduction. We refer to [BS15] for examples. Let us stress that our conditions in
this section are less general than in the previous sections, inasmuch as here we make
an assumption which rules out the case where two high degrees are allowed to be at
the same height (see Remark 5.2). This assumption simplifies the analysis since in
this section, the jumps of the scaling limit of the profile will exactly correspond to
the scaling limit of the high degrees.

As in [BS15], for all n > 1, independently for all 1 < i < n, let (&,(7));>1 be a
family of i.i.d. random variables in the set of non-negative integers. We recall that
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the Bienaymé-Galton-Watson process in varying environment (Z; ,)o<i<n is defined
by setting Z, = 1 and for all ¢ € [n],

zln

Z Ein(d

Note that the environment, i.e. the law of the ; ,(j)’s, depends on i. The Bienaymé-
Galton—Watson tree in varying environment 7, of helght n may be constructed
conditionally on (&; (7)) >1,0<i<n as the tree with vertices of fixed degrees and heights
obtained by letting for all 0 <7 < n — 1 the sequence (d};)i<j<z,, be a reordering
of the &§;11,,(j)’s for 1 < j < Z;,, in the non-increasing order, by setting dj; = 0 for
all 7,5 such that j > Z;,, or ¢ > n.

We mainly follow the notation of [BS15] except that here n is the scale of the height
(i.e. the time scale for the GWVE process). Let (¢,,),>1 be a sequence of positive real
numbers tending to oo which will be the scale of the profile (i.e. the space scale). To
simplify the notation, we write &, = & (1) for all ¢ € [n]. As in [BS15], we define
the rescaled quantities for all integers n > 1,7 € [n] and for all t € [0, 1],

. 1 £
§in="7in—1), qip=E|—"5-|,
’ gn 1 + é’in
=2
Bin =E Si d X,(t) Ly
in = — an n(t) = —Ztm
1+&, £,

Intuitively, o, is a proxy for the drift and 3;,, plays the role of a “variance” of ém
We then set for all n > 1,¢ € [0,1], x > 0,

|nt| [nt|

—f ZO(Z”, Bn *E Zﬁzn

and

[t
fn ([, 00) x (0,¢]) = £, Z:IP’(E

Next, we use a simpler version of [BS15, Assumption A] in our framework. We assume
that there exist a cadlag function of finite variation « : [0,1] — R, an increasing
cadlag function 3 : [0, 1] — R and a positive measure p on (0,00) x (0,1) such that

(A1) : For all t € [0,1],z > 0 such that p({z} x (0,t]) =0,

an(t) ——= o), lallt) =2 lal®), B() =2 B

n—oo n—oo

and puafe,00) % (0,1) —— pl[, 00) x (0,1]),

where ||-|| is the total variation.
(A’2) : The functions «a, § are continuous and the measure u((0,00) x dt) has no
atoms.

ANNALES HENRI LEBESGUE



Scaling limit of trees with vertices of fixed degrees and heights 451

Note that (Al) implies the weak convergence of the restriction of y, to [z, 00) x (0, ]
towards the restriction of p to [x,00) x (0,t]. Our assumption (A’2) makes [BS15, As-
sumption (A2)] void since the functions «, 8 and t — p([z, 00) % (0, t]) are continuous
for all > 0 by (A2).

We further assume the following condition coming from [BS15, Proposition 2.2]:

(A3) : For every C' > 0,

liminf< inf E[fznﬂ&,ngcenD > 0.

n—00 1<i<n

Then, by [BS15, Theorem 2.1], we know that there exists a cadlag process (X (t)):c[o0,1]
taking its values in [0, oo] such that

(5.1) (Xa)eeon) — (X(8))rcon

— 00

for the Skorokhod J1 topology on the space ID([0, 1], [0, oo]), where [0, 0] is equipped
with the distance d(z,y) = |e”® — e7¥|, and oo is an absorbing state of the process
(X (t))tejo,1)- As in the first point of [BS15, Theorem 2.1}, we define the (continuous)

function § by setting for all ¢ € [0, 1],

- 1 22
t)=p0(t) — = dx,dt).
Blt) = B(1) 2 J(0,00)%(0,1] 1+x2ﬂ( 7, dt)
On the event “X (1) € (0,00)”, we define the measures on (0, 1)
X (t)dt 25(dt
v(dt) = IL and p(dt) = il ),
X (5)ds X(0)

~(dt) is the Lebesgue Stieltjes measure associated with 5. We also let
(A4 X(t))ic(0,1) be the collection of the positive jumps of X in (0,1) and for all
€ (0,1), we set 61(t) = ALX(t)/X(t) and 0;(t) = 0 for all j > 2. We set
= ((6;(t))j>1)te0,1)-
By Skorokhod’s representation theorem, we may assume that (5.1) holds almost
surely. Then the consequence of Theorems 1.2 and 1.3 is the following:

COROLLARY 5.1. — Suppose that «, 3, p satisfy the conditions (Al), (A’'2) and
(A3). Assume that P(V t € (0,1], 0 < X(t) < c0) > 0.

e Ifforall0 < a <b <1, wehave [ (o TH(dT,dt) = 00 or B(b) — B(a) > 0,
then on the event “V t € (0,1], X(¢) € (0,00)”, the tree T,/n converges in
distribution to the random metric space T (v, p, ©) for the GP topology.

o [fforall § >0, for all 0 < a < b < 1, there exist ng, ko > 0 such that for all
n = ng, on the event “¥ t € (0,1], X(t) € (0,00)”, with probability at least
1 =0, for all ky < k < maxi<i<n Zip, for all an < h < bn,

h+n/(loglogk)? Zi—1,n ;
zn . ,n —1
(5.2) E g SinlJ) mm (k;g’Z(j)l, 1) > log k,

’L

then the same convergence holds for the GHP topology.

TOME 9 (2026)



452 A. BLANC-RENAUDIE & E. KAMMERER

Let us comment about the assumptions. Note that, as a consequence of (Al)
and (A'2), by Dini’s theorem, for all z > 0 which is not an atom of p(dz x (0, 1)) and
for all non-negative continuous function ¢, the convergences of the non-decreasing
functions t > [la,||(t),t = Ba(t) and t = [, )09 P(¥)in(dy, ds) hold uniformly
on [0, 1] since the limits are continuous.

Before going further, we introduce some more notation. For all i € [n] and e > 0,

let ajne = E[lg _.&,/(1+&,)) Note that (A1) and (A'2) imply that

(5.3) lim ¢, sup|a;ne| =0

OO ign)
since the convergences of ¢ > [, [|(¢) and ¢ = [i_ ). 0.9 /(1 + 2%)pn(dz, ds) hold
uniformly on [0, 1].

Remark 5.2. — Note that the assumption that p((0, 00) x dt) has no atoms rules
out the case where two high degree vertices are at the same height. If one removes
this assumption, then the 6;(t)’s could not be described using only the process X.
Similarly, the continuity of a ensures, through (5.3), that the small degree vertices
do not contribute to the jumps of X so that the 6,(¢)’s indeed correspond to the
positive jumps of X. We leave the question of obtaining the scaling limit in the case
where p((0,00) x dt) has atoms or when « is not continuous as an open problem.

Remark 5.3. — One can present the above assumptions in the equivalent form.
One can replace (A1) and (A’2) by the assumptions that (A1) holds, that 3 is
continuous, that p((0,00) x dt) has no atoms, that [BS15, Assumption (A2)] holds,
i.e. for every t € [0, 1] such that Aa(t) # 0 or AS(t) # 0,

EnaLntj,n m AOé(t) and gnﬁ\_ntj,n m AB(t)

and that

lim lim sup £, sup|a; | = 0.

e—=0 nooo i€[n]
The above convergence can be seen as a “near-criticality” condition. Clearly, the
above assumptions are implied by (Al) and (A’2). But they are actually equivalent.
Indeed, from the definition of 3 and the fact that 1((0,00) x dt) has no atoms, one
can see that [ is continuous. Moreover, the above two displays and the fact that
1((0,00) x dt) has no atoms, together with (Al) imply the continuity of . One
could also add a time-change =, : [0,1] — [0,1] converging uniformly to =z — =z
in the definitions of «,,, 3, and u, and in the above assumption on jumps: the
assumption (A’2) would still be satisfied.

Remark 5.4. — The assumption (5.2) corresponds to the condition (Tightgyp)
and involves the behavior of the process at every scale, not only the one of the
scaling limit, that is why we believe it has to be checked separately in the presence
of large degrees.

Before starting the proof, let us introduce the following martingale with respect
to the natural filtration (F;")o<i<n associated to the process ((§n(7));j>1)icm- For all
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e>0and o > 0, for all 0 < k < n, we define

ns 5 . ( ) ai,n,a
(5‘4) 2 Zl (1 +§ ( ) o IP’(E < 5)>1£i,n(j)<e and 60, <Z;—1,,<bn /8"
7 i 1,Mn ,Mm

LEMMA 5.5. — For alln > 1 and €,6 > 0, the process (M, )0<k<n is a martin-
gale with respect to the filtration (F}' )ng@ Moreover, for all 0 < s <t < 1,

8(5(t) — 5(s))
5 .

lim hmsupEl sup (MJ?’E(S anijé) ] <

20 nooo Ins) <k<|nt|

In particular, for allm > 0 and ' € (0, 1),

WV

lim lim sup P sup

5 n
€=U n—oo e'n<i<(1—€")n

Zin (&)
Z (1 TELGE  PBE, < g>>ﬂfi,nu><a
and YVt e (0,1], X(t) € (0, oo)) —0.

Proof. — The fact that (M, el o<k<n 1S @ martingale stems from the definition of
Qine Let 0 < s <r < 1. By Doob’s martingale inequality,
n,e,0 n,e,0 2 n,8,0 n,,0 2
El sup (M7 = M) < 4E[(Mm - ML) }

[ns|<k<|nt|

Moreover,

E| (M - i)

Lnt) Zitpn g n( ) Qjn e ’
=K Z Z ( _I_E,n(j)Q - c )> ]lg],n(j)gs and 60, <Z;_1n<ln /8

P(gz,n < €

v e 6,6) )
< E . Z Z (1 —+ L. ( )2) léi,n(j)<5 and 66, <Z;—1,n<ln /0
= = ,n

LTLtJ Zi—1 n

Bl & 1+5-z

Li=|ns]+1 j=1

)2 ]léz n(3)<e and 60,<Z; 1 ngfn/al )

where in the first line, we used the independence of the £ »(7)s conditionally on Z; 1,
and in the first inequality we used the fact that the variance under P(-¢; , (j) <€)
is smaller or equal to the second moment.

Next, we bound from above

\_ntj Zz 1,n 2

PO

9 fz n(7)<e and §0,<Z;_1 n\eﬂ/(;]

i=|ns]+1 j=1 1 +€zn( )
|nt| ‘. 5 ] / [nt] ( 52
< Z —E n<e = Z Bi,n -E %ﬂé >el| |-
i=|ns]+1 5 0 i=[ns]+1 1+ fi,n o
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Moreover, by (Al),

n—oo 0 i=[ns)+1

/¢ [nt]
lim sup — Z Bin —E

=2
gi,n 1
1 + gin gi,n >€

<2(s0- 5

We conclude the proof of the first point of Lemma 5.5 by letting ¢ — 0.
For the second statement of the lemma, let ¢’ € (0,1). Thanks to (5.1), we have

1 z?
2 (g,00) X [s,t] 1+ Jl'zlu

(de, dt)).

lim lim sup
e=20 nooo

%irr&P(Vi € [e'n, (1= &), 6y < Zi1p < Ly/0 and Yt € (0,1], X(t) € (0,00))
_)
=P(Vte (0,1], X(t) € (0,00)).
So, it is enough to show that for all 6 > 0,7 > 0,
Zi1n F .
7 gzn(.]) Qjne )
P| sup ( = —— =>n| =0.
(iew 2 \i5e,00 BE, <9

Let 0 =ty < t; < --- < t., = 1 be a subdivision of [0,1]. Then, note that for all
¢ e [r], for all [nt,_1| +1 < i< nty,

fl,n(])gé and 5€n<Zi—l,n<£n/6

Zi—1,n 3 ( )
©,n j) Qjne
i — 1: .
2l (e ) SRR

j=1
n,8,0 n,,0 n,e,0 n,e,0
= (Mz - M[nt,_;,lJ) - (Mi—l - M[”WﬂJ)’
Hence,
Zi-1n E ( . ) 2
\n .7) Qi pe
= — 2 1- .
( gz_:l (1 + fi,n(j)z P(fz’,n < 5)) Sn(f)<e and MngZi_l’ngn/(s)
2
<4 sup M ppreo )
h Lnte_ugk:gtntej( : W’“‘ﬂ)
Thus,
Zi 1 g ( N . 2
i\n j) Qjne
su = - 1 . _
ie#f]( > (1 + &0 P&, < e)) fon(semd oSt/ 5)

< max 4 sup (M,?’a"S — MM J)2.

EEl]  |nty_q | <k<|nte) [nte—1

One concludes using the first convergence of the lemma and the fact that 3 is
continuous, by taking a subdivision with a step chosen small enough. 0

Let us also state a technical lemma. It may be well known but we could not find
it in the literature.
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LEMMA 5.6. — Let (f,)n>1 be a sequence of cadlag functions from [0, 1] to R which
converges towards a cadlag function f : [0,1] — R for the J; topology of Skorokhod.
Let (m,),>1 be a sequence of finite (positive) measures on [0, 1] converging weakly
towards a measure m. Assume that m has no atoms. Then,

1

/0 @) —— [ fa)m(da).

n—oo 0

Proof. — Since m,,([0, 1]) converges towards m([0, 1]), we may assume that m,, and
m are probability measures. Let Y, forn > 1 and Y be random variables of respective
laws m,, for n > 1 and m. Since m,, converges weakly towards m, by Skorokhod’s
representation theorem, we may assume that Y,, converges a.s. to Y. Moreover, since
m has no atoms, the cadlag function f is a.s. continuous at Y. As a result, by the
point (b.5) of [JS03, Proposition 2.1 in Chapter VIJ,

V) =5 f(Y).

So, by dominated convergence (using the fact that f is bounded since it is cadlag
on [0,1]),

[ hmaldn) = ELL0G) == BAO) = [ f@mid

n—oo

This is the desired result. O

Proof of Corollary 5.1. — The proof boils down to checking that the condi-
tions (1.2), (Lim,), (Limx), (Limg), (Lim,), with (Tightgp) and (Tightgyp) for the
GP convergence and the GHP convergence, are satisfied in probability. The assump-
tion (Lim,) comes clearly from (5.1).

Step 1: Proof of (Lim,). — Note that for all A > 0, for all € > 0, if 6, — 0,

]P( = 7;17?:2 € [n]v Eljlaj? < Aéna (ilajl) 7é (i27j2)a )
iy —da| <ndp and &, n(i1), Sinn(J2) = €l

SAZ N P&y 0= ely) > P(&iyn > ely)

11=1 11—ndp <i2<i1+ndn
< Apin([g, 00) x (0,1]) max £, > P(&iym > €ln),

11 —ndn <i2<i1+ndy
ige[n]

and therefore, for all € > 0,

IP’( Jiy,i9 € [n], 3 j1, 52 < Aly, (i1, 71) # (i2, Ja), ) 0
iy —io| < nd, and &, n(51), &iun(jo) =ely) noeo 7

since 1((0,00) x dt) has no atoms and since w, — p by (Al). Moreover, on the
event “V t € (0,1], X(¢t) € (0,00)”, since X is cadlag, for all € > 0, there exists a
random variable Y > 0 such that V ¢ € [e,1 —¢], X(¢) € (Y,1/Y). So, by (5.1),
which holds almost surely, we get that with high probability, for all t € [¢,1 — ], we
have 5-Zjnym € (¥,1/Y). Combined with (5.5), this gives directly (Lim.) with high
probability.

(5.5)
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Step 2: Proof of (Limg). — Note that by the Poisson paradigm, thanks to the
convergence of y,, to u, we have the vague convergence in distribution of the random
measure on (0,1) x (0,00) x (0, 00)

@
(5.6) D2 0ttty o D Lz 00 .20
icn] j>1 0

where (Y (t),Z(t), )0 is a Poisson point process of intensity dyu(dz,dt) and where
0 is a cemetery point. After applying Prohorov’s theorem and Skorokhod’s represen-
tation theorem, we may assume that the above convergence holds jointly with (5.1)
along some subsequence which is again denoted using the index n.

Let § > 0 which is not an atom of u(dz x (0,1)) and let k € N. Let ¢, € (0,1) be
the k'™ time such that (Y (¢),=(tx)) # 9, Y (tx) < X(t;) and that =(t) > 6. Such a
time is well-defined (or does not exist) thanks to the fact that p([d, co) x (0,1)) < oo
By (5.1), by (5.6) and since u([d,00) x (0,1)) < oo, if we let (I, 1, J,x) be the k"
pair (in the lexicographic order) such that J, ; < ZI -1 and & n( Ing) = 0y,
then we have the almost sure convergence

(5.7) (T /s TnkCns Sty (Tni)/ln) =2 (1, Y (1), E(th))-

For all i € [n] and € > 0, let e = e /P(E;,, < ). Note that for all e € (0,0),

ZI —1,n
ZIn nmo ZIn, —1,n L .
(5.8) RE R = 2; (g, (s
n j= ’
Zln r—1ln
(5.9) + (€rn(D) = A1, ) g,  a)<e
Jj=1 '
(5.10) + &Imk,n,a#{l SIS Zi 10 gln’k,n(j) < 5}-

By (5.6), by (5.7) and since p((0,00) x dt) has no atoms, almost surely, the sum
on the first line (5.8) has only one non-zero term when n is large enough:

Zr

n,k_l’n
; €I7ka’n(j>léln,k,n(j)>5 :flnyk,n(‘]n,k) %) E(tk)

Furthermore, by Lemma 5.5, for all n > 0,

e—=0 nooo j=1

Zlnk_l’" g (

. i 7 L ksm j) .

5.11) limlimsupP LTV N | §

( ) p Z (1 + fIn,k,n(j)Q In”“ ’ ) gln,k,n(])gf 17

and V¢ e (0,1], X(t) € (0, oo)) =0.
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But note that for all > 0, on the event that Zl -1 < l,/6, we have

Z _ = . Z
et g (G f

1. ok bn glnkn(])2
1+51 (j)? €1, pnli)<e
kn

—1
1+ &, kn( )2 €1, pmli)<e

\5

J=1 Jj=1

n |_£n/5 c -\ 2
RS C&al)

i=1 j=1 1+€zn()

and that by (Al), the expectation of the right-hand side converges towards ¢3(1)/9,
which goes to zero as € — 0. Thus, for all n > 0,

ZI, p=1m & 3
lim limsup P Z él" i n9)

— 1
e—0 nooo s 1+£] kn( )2 €1, pm(i)se Z 1

and V¢ e (0,1], X(t) € (0, oo)) =0.

By taking (5.11) into account, using that x = z/(1 + 2?) + 23/(1 + z*), we obtain
that on the event that V ¢ € (0,1], X(¢) € (0,00), the second sum (5.9) converges
in probability as n — oo and then ¢ — 0 towards 0. In other words, for all n > 0,

WV

llm ].lm Sup IP) Z (5171 kT &In,k7n75) :H'g[n k’"(J)ga TI

e=0 pooo

and V¢ e (0,1], X(t) € (0, oo)) =0.

For (5.10), notice that on the event that V ¢ € (0,1], X(¢) € (0,00), by (5.1) we
have almost surely

&Inyk,n,s#{l < ] < Zln,kfl,n; E]nk,n(j> < 5} - &In’k,n,so(gn)-

But, by (5.3), we know that {,ar, , ne — 0 a.s. as n — oo. Moreover, by (Al),

sup(1 - B(E,, < <)) = W B(E,,, > ) < B(E,, > 9) =0 ).

i€[n] i€[n] i=1

TOME 9 (2026)



458 A. BLANC-RENAUDIE & E. KAMMERER

Therefore, almost surely, £,a;, , ne — 0 as n — oo. This proves that (5.10) goes to
zero almost surely as n — 0o and then € — 0 on the event that V¢ € (0,1], X(¢) €
(0,00). As a result, for all n > 0,

(‘ Ziyin = Zlp—1n £

lim lim sup P
e=20 nooo

gn - élmk,n(‘]n,k) 2 n

and Vte (0,1], X(¢) € (0, oo)) = 0.

Since the above probability does not depend on €, we deduce that on the event that
Vie (0,1], X(t) € (0,00),

LO.

n—oo

A1 om— 40 —1m =
(512) ’ ]n,lm In,k 1,

gn - glnyk,n(‘]nJﬂ)

So, by taking (5.1) into account, the high degrees correspond to positive jumps of X.
Conversely, let ¢, € (0,1) be the k'™ positive jump of X of size larger than J. Let
/& be the k™ time i € [n] such that (Z[;%k,n - ZI;’kfl,n)/gn > §. By (5.1), on the
event that X has no jump of size exactly d, we have the convergence

I Zr 7n_ZI’ —-1,n a.s
(for, Ten TR ey ALK()

n gn n—00

Then, we can reason as above: for all € > 0, one can write

ZI’ 1
ZI’ n ZI’ —1,n nk —
n,k’ n,k ’ . 5 ( )]17
/ I o J §p n(0)>e
n j=1 ’ n,k’
Z
I; Ll
+ 221 (f[;’k,n@) - al;yk,me) ]151, kyn(j)ga

j= ™

+55[;L’k,n,5#{1 < ] < ZI;,kfl,n; EI; k,n(]) < 8}‘

For the same reasons as above the second and third line converge to zero in
probability as n — oo and then £ — 0 on the event that V ¢ € (0,1], X(¢) € (0,00).
Moreover, by (5.5) we deduce that on the event that V¢ € (0,1], X(¢) € (0,00) and
that X has no jump of size exactly 9, almost surely, for all n large enough, the first
sum has only one non-zero term:

Z

1,n

(A

n,k

Z 517/’717]97’”'(])151/ kvn(j)>€ - é.I:L,k?n((];L,k)
Jj=1 n,

for some J; ; < Zr  —1n- This proves that all the jumps of X correspond to high

degrees, and that for all 6 > 0 which is not an atom of u(dz x (0, 1)), almost surely
X does not have a jump of size 0. In particular, by taking (5.7) and (5.12) into
account, we deduce that (Limg) holds in probability on the event that V ¢ € (0, 1],
X(t) € (0,00).
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Step 3: Proof of the assumption (1.2) for ©. — In other words, we will prove that
for all 0 < a < b < 1, almost surely

(5.13) > A;((X;g? < o0.

te(a,b]

In order to do this, let 0 < a < b < 1 and let €,6 > 0. On the event that V ¢t €
l[a—6,b+ 6], § < X,(t) < 1/d, we have

bn] Zi—1in gzn 2 lbon| £n/0 f@n(
> Z( )%m/zmx > Z( 7 >ﬂsi,n<j>/zi,n>s

i=lan| j=1 i=|an] j=1
gﬁz (E (]) Al)]lﬁln(])%f&

Furthermore, using (Al) which entails that p, converges vaguely towards p, we
obtain that

n g'n/é _
limsup B> (&ni)* A 1)1§in(j)>56]
o i=1 j=1 '

_ 1

= lim sup (2% A D 1gsespin(da, dt)
n—oo J(0,00)x(0,1] )
1

<= (x A D)1 sesp(de, dt).

) x(0,1]
Moreover, by (5.1) and (5.12), when ,u({s} X (0, 1)) =0,

lbn| Zi—in 5 2
Z Z ( — ) ﬂ-ii,n(j)/énz‘a and

i=lan| Jj=1 Vt€[a—d,b+4],
0<Xn(t)<1/6

p ALX (1))
2 (?{(t) e G

tc(a,b] and Vt€[a—4,b+4],
0<X (t)<1/6
Thus, by Fatou’s lemma, for all 0 < a < b < 1, for all §,& > 0 such that u({e} x
(0,1)) =0,

AL X(t)

E 1Vt€[a—6,b+5], 0<X (t)<1/6 Z W1A+X( )/X(t)>6]

a<t<b

1
< = A1) p(de, dt),
03 /(O,oo)x((),l)(x Julde, d)

hence (5.13) follows from Fatou’s lemma by letting ¢ — 0 since the upper-bound
does not depend on ¢ and since [ )x(0,1) 22 A 1u(dz, dt) < oo by the first point
of [BS15, Theorem 2.1].
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Step 4: Proof of (Lim,). — For all non-negative continuous function f : [0,1] — R
with compact support [a,b] C (0, 1),

()5 U g (1) 5 i) Z 0 ) -
Zlf(n) )3 <(Z§n>); f<n> > §iny 2122;)5 j)—1
S AR S tla O
“=/G) : (Z”)/é,%

Let €,6 > 0, with § small enough that 0 < a —§ < b+ < 1. Let us separate the
large jumps from the small jumps. More precisely, we write

(5.14) f:lf(z'/n) Zilnfm( )(+§/n€(2 )/ n

» Zl 2 &in(9) + &)/
Z. = .
Z._ = .
(5.16) +;f(2/n) 2 o) /giﬂsi,no)@'

We first focus on the large jumps, i.e. on the right-hand side of (5.14). By (5.1)
and (5.12), and on the event “c is not the value of a positive jump of X7, we have

BUB USSR )(Tf)l/’;i 2.
— > f (t)A;()ég? La, x(5)>e

We then focus on the small jumps. We first focus on (5.15). Let us write

— 5 1_|_5”L 7\ 2
Cre = 2 ; (/’( 1")/@( 1

=1
Then,
7. = .
d =" &)
f(i/n) ————1g < (145G,
; JZI 2( i— 1n)/€2 Eln( )<
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Moreover, if for all i € [n], we set [, = E[E?n/(l + 512”)]15 <<, then

- 2
" . 62',71,,5

E (Gn,a - Z f(l/n)Zi—l,nﬁ ILVte[a—é,bM},égxn(t)gl/a
i=1 2( 2 ' )/gn

r _ _ 2

e (6 (14 E.0)%)) Tz, jyee — Bime

R s £ 28 gy
= Zizin gzn )? 1+Ein )? ]l € ﬁzns ’

<E|| X /m) > (&n(?/( 2(7&(‘273"))3% ()< s

Zoe ((En 0P (14 Eu0P)) e, )2 = Bine)
/

5 5 Lo, 6<2; 1 n<tn)s
En)

:H'€7L(S<ZL 1n\€n/6 ?

where in the third line, we used the fact that f has compact support [a, b] and X, (t) =
Z|nt|n/ln, in the fourth line we developed the square and used the independence of
the &, ,,(j)’s conditionally on Z;_1, and in the fifth line we used the fact that the
variance is smaller or equal to the second moment. Next, the above expression is
smaller or equal to

n —Ln g gzn(j)z/ 1+g@,n(])2 ]]'7- <e
max(f)’E Zl Z:l ( ( 5 )) SIS P <l )8
=1 j
gn n . 2 2
<max(P S s 2max(PP5A0)
where the convergence comes from (Al).
Furthermore, if for all ¢ € [0, 1], we set
1 [nt] 1 2
6715 7€ Zﬁzns and 58( ) 5( ) (d$7dt)a

2 (e,00)x(0,t) 1 + xzﬂ

then by (A1), we know that (3, .(dt) converges vaguely on ((0,1),8((0,1))) towards
Pe(dt) for all € > 0 which is not an atom of p(dx x (0,1)). As a consequence, by (5.1),
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since f3. converges vaguely on ((0,1),8((0,1))) towards 3 as ¢ — 0 and since 5(dt)
has no atoms,
g B@ n,E
Z f(i/n)Z;— né
275/

=1

M Dt 2Bne(d) st 26(d0)
_/0 1) 4y 2<ZtntJ2—1,n)/g% n—00,e-30 /0 f(t)

in the sense that the limit as ¢ — 0 of the limsup as n — oo of the difference is a.s.
zero. Thus, we deduce that, on the event “V ¢t € (0,1], X (t) € (0,00)”,

N P b 20(dt)
(5.18) Z;f (¢/n) ]2::1 Wﬂgi,n<j><e P— /0 /) X(t)

in the sense that for all » > 0, the limsup as n — oo of the probability that the
difference is larger in absolute value than 1 goes to zero as ¢ — 0. But we want the
above convergence with a Z; ,, instead of Z;_;,. To that aim, let us write

Zi— 1,n gzn<])2
5.19 e (dt) 51 »(dt) —

Then (5.18) implies the vague convergence in probablhty on (0,1) of p,, .(dt) towards
25(dt)/ X (t) as n — oo and then ¢ — 0. Let g,(t) = f(t)(Zl"g—lv“)/(ztgﬂ’"). On
the event “V ¢t € (0,1], X(t) € (0,00)”, the sequence of random functions g, with

1],
compact support [a,b] converges a.s. for the J; topology of Skorokhod towards
g(t) = f()X(t—)*/X(t)%. So, by Lemma 5.6,

[} 00000 =L ["gt )26(@)) / K (”);(Et_; 2?@((%)

where in the last equality, we use the facts that B has no atoms and the fact that
for every ¢ except for a random countable subset we have X (t—) = X(¢). In other
words,

(5.20)

Zi—1,n ¢ -\ 2 oy
= L. " &a) P ! 2p(dt)

5.21 L1 e —o [ S .
( ) ;f(z/n) ]z:; 2( an)/g% &inld)<e n—o00,e—0 Jo f( ) X(t)
Let us then show that (5.16) is negligible, i.e. that

= Ziztyn 51 n( )/6 P
(5.22) ;f(z/n) jzl 2( ’")/52 le, ()<= s
In order to show (5.22), let us first show that

Zicim F (s

Sy R Sin(7)/ P
(5.23) f(i/n) — T yes 0.

; ]:Zl 2(Zz;1,n)/£% éi,n(])< n— oo
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Using that (1 +1/2)&,,,(j) < (14 &,,,(7)*&,,.(j) and that for all < &, we have
r < z/(1+4 2?) —|—5x2/(1 + z?%), we bound

1+1/£ Zl o &)/ (14 &,035)?)

(5.24) n gf 2 2(75)/8% L, G)<e

7’L

no A L)
< ZZ;f(l/” J; 2( = 1n>/€2 lfi,n(j)<5

60N/ (LH6,07)
i=1 j=1 ( 1*1,n>/€2 5i,n(j)<€
n szlng ) / 1_'_£Zn( )2
) ; =1 2(” 1(21*")/&% | tenoe

=1 7j=1

By (5.18) and since ¢,, — oo, we know that the above last term on the right goes to
zero as n — oo in probability.
Moreover,

1 & .
J

20 & (D (14 & () )”
n j=1 =1 ( 27217n)/€31

1 = Qn
= ]E —_— I]_ n i— ni’
En 12::1 5én<ZL 1, n\ﬁ /6f( / ) 1 2(Z221,n)/€%]
<E[; 31 £ /) 2o ]
Mn<Zi—1,n<Ln/d L ey w—
s 2(%5m)/6
1 1 [la[(1)
< pmax(PF S o 0,

where the last inequality comes from the fact that f has compact support [a, b] where
the convergence stems from (Al) and from the fact that £, — occ.
Furthermore, we bound from above the variance as follows:

" Z_l’n EZ n ‘ ]' + EZ n )? - i7n i
(nw 2
%AW(LAﬁ/0+£ﬁ<V)—amf
z:l J=1 4( i ln) /64

(Sengzifl,ngen/é

= 2
1 oo | Zion £, )7/ (1 +@ntf)
< émax(f) E ; 2 4( - 1n> m 50n<Zi1.n<ln 6
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1 n Zi-tn zn(])Q/ 1 + gz,n(.]>2
< — maX(f)ZE 7 ( D) ) Mn<Zi—1,n<n/d
62 Z; ?
n i=1 j=1 4( 1‘21’”) a5
1 2 (& gn /Bi,n
< émax(f) E_iZIK 5 ]

Therefore, by letting 6 — 0, on the event “V ¢t € (0,1], X (t) € (0,00)”,

T G/ 6D e
gn;f(l/n) ];1 2(21—21’”)/6721 o 0.

Besides, by (5.1) and (5.12), we know that for all € > 0 which is not the size of a
positive jump of X:

n Ziim £. ; 1 ¢ 7\ 2
S i 5 En()/ (14 &)

i=1 j=1 2(21317"> /02 &in(d)>e
P ALX()/(14+ ALX(1)?)
n—oo Z f(t) x X(t)2 + 1A+X(t)>5,
te(0,1)
so that ( ) )
1 ¢ Zian & () (1+€,0)° )
LS gy 3o ST GalT) e
e, ; ; 2(Z1—21,n>/€% Ein()>e oo
Thus,
1 Ziam m(j)/<1+5¢n(j)2) )
ly A ’ ’ 1z (yee —— 0.
én ;f( / ) = 2(Zz;1n>/€% 5i,n(])<s N—0o

Thanks to (5.24), we deduce (5.23). B
Next, we need to check that (5.23) implies (5.22). Note that since [&;,,(7)/0n| <
&in(4)?, we have

n Zi-1,n 77;” ] 1 1
> fli/n) > g’gjj)ﬂfi,n(j)@(Q(z-_ ") /e B )

i=1 j=1 2
n Zi-1mn 1 1
< f(i/n) Ein() g, (yeel 777 N
i=1 j=1 it 2@’?’")/@1 2(212’”)/6721
1
= 0 rn(t)ﬁn,e(dt>’

where we recall that g, . is defined in (5.19) and we set for all ¢ € [0, 1],

ZLntj —l,n)
N2 )
Zl_ntj,n '
2
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Then, by the same reasoning as in (5.20), we obtain the convergence

/O () () —F 0.

n—00,e—0

Hence,

> i) 3 Sy T
= b OBy 2(B)/e

P

7
n—o00,e—0

AN

=1 J

Thus, we have shown (5.22).
Combining (5.17), (5.21), (5.22), we conclude that on the event “V t € (0,1], X(¢) €
(0’ 00)777

I
—_

S I

This proves (Lim,).

Step 5: Checking (Tightgp) and (Tightgyp). — The assumption that for all 0 < a <
b < 1, we have [ )x(qp TH(dz, dt) = 00 or B(b)— B(a) > 0 entails readily (Tightgp).
Indeed, when f(()’oo)x[a,b] zp(der,dt) = oo, almost surely, for all & > 0, we have
Sact<r 2(t) Ly y<s = 00, where (Z(t), Y (t))¢=0 is the Poisson point process introduced
in (5.6), so that on the event “V¢ € (0,1], X(¢) € (0,00)”, a.s.

Z E(t)ﬂy(t)gx(t) = Q.

a<t<b
Thus, on the event “V ¢ € (0,1], X(¢) € (0,00)”, a.s.
AL X(t)
2 =0
a<t<b X(t)
Finally, under the assumption (5.2), for all 6 € (0,1), the condition (Tightgyp) is
satisfied with probability at least 1 — 9. O

Appendix A. Background on the GP, GH and GHP
topologies

A.1. The Gromov—Prokhorov (GP) topology

A measured metric space is a triple (X, d, ) such that (X, d) is a Polish space and p
is a Borel probability measure on X. Two such spaces (X, d, ), (X', d’, p’) are called
GP-isometry-equivalent if and only if there exists an isometry f : supp(pu) — supp(u’)
such that if f,u is the image of p by f then f,u = p'. Let Kgp be the set of GP-
equivalent classes of measured metric spaces. Given a measured metric space (X, d, i),
we write [ X, d, u| for the GP-isometry-equivalence class of (X, d, 1) and frequently
use the notation X for either (X, d, u) or [X,d, u|.

We now recall the definition of the Prokhorov distance. Consider a metric space
(X,d). For every A C X and € > 0 let A° .= {x € X,d(z,A) < ¢} be the open
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e-neighborhood of A. Then given two (Borel) probability measures p, v on X, the
Prokhorov distance between p and v is defined by

dP(M? V)
=inf{e > 0: pu(A) <v(A%)+e¢ and v(A) < p(A%) +¢, for all Borel set A C X}.

The Gromov—Prokhorov (for short GP) distance is an extension of the Prokhorov’s
distance: for every [X,d, u|, [ X', d’, 1] € Kgp the Gromov—Prokhorov distance be-
tween X and X’ is defined by

dGP([X> da :u]a [X/7 dla ,U/]) = Sigg’ dP(¢*M7 ¢;,u,)7

where the infimum is taken over all metric spaces S and isometric embeddings
¢: X —=8,¢: X' = S. dgp is indeed a distance on Kgp and (Kgp, dgp) is a Polish
space (see e.g. [ADH13]).

We use another convenient characterization of the GP topology using the con-
vergence of distance matrices: for every measured metric space (X,d~,u*) let
(2)ien be a sequence of i.i.d. random variables of common distribution p* and
let M* = (d*(z;¥,27));jen. We have the following result from [Loel3],

LEMMA A.1. — Let (X"),eny € Kip and let X € Kgp then X" — “FX as
n — oo if and only if MX" converges in distribution toward MX for the product

topology.

A.2. The Gromov—Hausdorff (GH) topology

Let Kgu be the set of isometry-equivalent classes of compact metric spaces. For
every metric space (X, d), we write [ X, d] for the isometry-equivalence class of (X, d),
and frequently write X for either (X, d) or [ X, d].

For every metric space (X, d), the Hausdorff distance between A, B C X is given by

dy(A, B) =inf{e > 0,A C B*, B C A%}.
The Gromov—Hausdorff distance between [ X, d],[ X', d'] € Kgy is given by
dan([X, d, [X',d]) = inf (du(6(X),¢'(X))),

where the infimum is taken over all metric spaces S and isometric embeddings
¢: X =S, ¢: X — S. dgn is indeed a distance on Kgy and (Kgp, dgn) is a Polish
space (see e.g. [ADH13]).

A.3. The Gromov—Hausdorff-Prokhorov (GHP) topology

Two measured metric spaces (X, d, u), (X', d’, ') are called GHP-isometry-equiva-
lent if and only if there exists an isometry f : X — X’ such that if f,u is the image
of u by f then fiu = . Let Kqup C Kgp be the set of isometry-equivalence classes
of compact measured metric spaces.
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The Gromov—Hausdorff-Prokhorov distance between [ X, d, ul,[ X', d', /] € Kgup
is given by

dGHP([Xa da ,u]a [X/v d,a /LI]) = (dP(¢*M7 (b:uu/) + dH(¢(X)> ¢/(X/))>7

where the infimum is taken over all metric spaces S and isometric embeddings
¢: X —=85,¢: X" — 5. dgpp is indeed a distance on Kgpp and (Kgpp, dgup) is a
Polish space (see [ADH13]).

inf
S7¢7¢/

Appendix B. Leaf-tightness criteria

In this section, X = ((X",d",p"))nen denotes a sequence of random compact
measured metric spaces GHP-measurable. For every n € N| let (z');en be a sequence
of i.i.d. random variables of common distribution p", then let M" := (d"(z}, 7)) jen-

We say that X is weak-leaf-tight if and only if
(B.1) V>0, klim lim sup P(dn(xzﬂ, {at, 2y, ... 21 }) > 6) = 0.

ﬁ

0 n—oo

We say that X is strong-leaf-tight if and only if
(B.2) V>0, klim limsup P(dy (X", {a},25,...,2x}) > 6) =0.
—00  n—oo

Those criteria were first introduced by Aldous [Ald91, Ald93].

PROPOSITION B.1. — If (M"™),en converges weakly toward a random matrix M,
X is weak-leaf-tight, and for every n € N, (X™,d") is a random tree equipped with
random edge lengths, then X converges weakly for the GP topology toward a random
measured R-tree (X, d, p). Furthermore, if (z;);en are i.i.d. random variables of law
p then MX = (d(z;,2;))i jen =@ M.

Proof. — The result is directly adapted from Aldous [Ald93, Theorem 3] using
modern formalism. O

ProrosiTiON B.2 ([BBRKK25b, Proposition B.1]). — If (M™),en converges
weakly toward a random matrix M, and X is strong-leaf-tight, then X converges
weakly for the GHP topology toward a random compact measured metric space
(X,d,p). Furthermore, if (z;);en are ii.d. random variables of law p then M*X =
(d(z4,24))ijen =9 M. In addition, a.s. p has full support.
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