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Abstract. — We study approaches for compressing the empirical measure in the context
of finite dimensional reproducing kernel Hilbert spaces (RKHSs). In this context, the empirical
measure is contained within a natural convex set and can be approximated using convex
optimization methods. Such an approximation gives rise to a coreset of data points. A key
quantity that controls how large such a coreset has to be is the size of the largest ball around
the empirical measure that is contained within the empirical convex set. The bulk of our work
is concerned with deriving high probability lower bounds on the size of such a ball under
various conditions and in various settings: we show how conditions on the density of the data
and the kernel function can be used to infer such lower bounds; we further develop an approach
that uses a lower bound on the smallest eigenvalue of a covariance operator to provide lower
bounds on the size of such a ball; we extend the approach to approximate covariance operators
and we show how it can be used in the context of kernel ridge regression. We also derive
compression guarantees when standard algorithms like the conditional gradient method are
used and we discuss variations of such algorithms to improve the runtime of these standard
algorithms. We conclude with a construction of an infinite dimensional RKHS for which the
compression is poor, highlighting some of the difficulties one faces when trying to move to
infinite dimensional RKHSs.

Keywords: Kernel methods, coresets, compressed empirical measure.
2020 Mathematics Subject Classification: 68Q32, 62G05, 46E22.
DOI: https://doi.org/10.5802/ahl.271

https://annales.lebesgue.fr/
https://doi.org/10.5802/ahl.271


472 S. GRÜNEWÄLDER

Résumé. — Nous étudions des méthodes de compression de la mesure empirique dans
le cadre des espaces de Hilbert à noyau reproduisant de dimension finie (RKHS). Dans ce
contexte, la mesure empirique est contenue dans un ensemble convexe naturel et peut être
approximée à l’aide de méthodes d’optimisation convexe. Une telle approximation donne lieu à
un petit ensemble de points de données, à savoir un « coreset ». Une quantité clé qui contrôle
la taille d’un tel coreset est la taille de la plus grande boule autour de la mesure empirique
qui est contenue dans l’ensemble convexe empirique. L’essentiel de notre travail consiste à
dériver des bornes inférieures à forte probabilité sur la taille d’une telle boule dans diverses
conditions et dans divers contextes : nous démontrons comment les conditions sur la densité des
données et sur le noyau peuvent être utilisées afin de déduire de telles bornes inférieures. Nous
développons en outre une approche qui utilise une borne inférieure sur la plus petite valeur
propre d’un opérateur de covariance pour fournir des bornes inférieures sur la taille d’une
telle boule ; nous étendons cette approche à l’approximation des opérateurs de covariance
et démontrons comment elle peut être utilisée dans le contexte de la régression à noyau.
Nous dérivons également des garanties de compression lorsque des algorithmes standards
comme la méthode du gradient conditionnel sont utilisés et nous discutons des variantes de ces
algorithmes pour améliorer le temps d’exécution de ces algorithmes standards. Nous concluons
avec une construction d’un RKHS de dimension infinie pour lequel la compression est médiocre,
soulignant certaines des difficultés auxquelles on est confronté lorsqu’on essaie de passer à des
RKHS de dimension infinie.
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1. Introduction

Many methods in machine learning and statistics make use of the empirical mea-
sure which is effectively a representation of the data. Reducing the number of points
on which the empirical measure is supported, while preserving most of the informa-
tion that is necessary for inference, can result in a significant speed-up of algorithms
without sacrificing accuracy. We study the question of how to compress the empirical
measure while preserving information in the context of finite dimensional Reproduc-
ing Kernel Hilbert Spaces (RKHSs). To give an overview of our results it is useful
to introduce the key objects of our investigation. We are generally concerned with
data taking values in some set X . Often we will assume this set to be compact.
We then look at a kernel function k defined on X and the corresponding RKHS H.
For various results, it is useful to assume that the functions in H are continuous
or even Lipschitz-continuous. Our main interest lies in the unknown distribution
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P of data X1, . . . , Xn where we assume throughout that X1, . . . , Xn are indepen-
dent and identically distributed. We adopt a common convention from the empirical
process theory literature and will denote by Pf the integral

∫
f(x) dP (x) whenever

f ∈ L1(X , P ). Since P is unknown it is common to use the empirical measure Pn
as a surrogate, where Pnf = (1/n) ∑n

i=1 f(Xi). There is a useful interplay between
the measures P and Pn and RKHSs. Whenever k(X1, · ) is Bochner-integrable with
respect to P we can define m =

∫
k(x, · ) dP (x) ∈ H and it follows that

⟨m, h⟩ = Ph, for all h ∈ H.
Similarly, by defining mn = (1/n) ∑n

i=1 k(Xi, · ) we have that ⟨mn, h⟩ = Pnh for all
h ∈ H. Our aim in this paper is to find an element m̄n such that

∥m̄n − mn∥ ≈ ∥mn − m∥
to guarantee that ∥m̄n − m∥ is of the same order as ∥mn − m∥ and m̄n can be used
in place of mn without sacrificing significant accuracy in applications.

To gain such an approximation m̄n, we make use of another fortunate circumstance.
The element m does not only lie in H but within the convex set

C = cch{k(x, · ) : x ∈ X },
where cch denotes the closed convex hull. This is useful because the extremes of C
are contained within the set {k(x, · ) : x ∈ X } and often we can reduce the study
of C to studying the interaction between k(x, · ) and functions h ∈ H. For instance,
the width of C in a direction h ∈ H, ∥h∥ = 1, is

width h(C) = sup
x∈X

⟨k(x, · ), h⟩ − inf
x∈X

⟨k(x, · ), h⟩ = sup
x∈X

h(x) − inf
x∈X

h(x).

The set {k(x, · ) : x ∈ X } is usually infinite and not directly useful for algorithms.
However, when using mn, we have another convex set in H that is usable, that is the
empirical convex set Cn = ch{k(Xi, · ) : i ⩽ n} which contains mn. The extremes
of Cn are contained within the finite set {k(Xi, · ) : i ⩽ n}.

Standard techniques like the conditional gradient method or the kernel herding
algorithm are directly applicable to approximate mn by convex combinations of
{k(Xi, · ) : i ⩽ n}. The kernel herding algorithm generates an approximation of the
form (1/l) ∑l

i=1 k(Xιi , · ), where ι : {1, . . . , l} → {1, . . . , n} is some selection of data
points and l ⩽ n. The data points Xι(1), . . . , Xι(l) themselves can be seen as a coreset
for the data set. This approach is visualized in Figure 1.1(i). The conditional gradient
method does not provide such an average but an arbitrary convex combination of the
points k(X1, · ), . . . , k(Xn, · ) and cannot be used directly to find a coreset. However,
a coreset is often not necessary and many algorithms can work directly with an
approximation of m or related quantities; we demonstrate this in Section 1.5 and
Section 5. The advantage of the conditional gradient method when compared to the
kernel herding algorithm is that it usually leads to a vastly superior compression of
the data.

Crucially, the performance of these techniques depends on the size of the largest
ball in Cn that can be centered at mn. The existence of such a ball is in itself already
of major importance for the performance of the techniques and is known as Slater’s
condition. In this paper, our main focus lies on the derivation of high probability
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Figure 1.1. (i) The figure depicts how a subset or coreset of the sample is selected:
the data is embedded in H by using the kernel function of H. An approximation
algorithm is then applied to the convex polytope in H to find an approximation
of m that uses only a few extremes of the convex polytope. The pre-images of
these extremes are the sample points that are selected as the coreset. (ii) For
most statistical problems approximating m itself is insufficient and one has to
approximate closely related quantities. In the case of least-squares regression,
one has to approximate the operator Cy,n ∈ ÷H ⊙ H (see Sections 1.9 and 3 for
the definitions), which is closely related to the empirical covariance operator,
and a “weighted” mean embedding my,n ∈ R′ ⊗ H. It is often of interest to
approximate Cy,n and my,n simultaneously, for instance, when building a coreset
for least-squares regression. This can be achieved by considering the direct sum
(÷H ⊙ H) ⊕ (R′ ⊗ H) and a “direct sum” of the convex polytopes in the two
spaces. The relation between the extremes of the convex polytopes is highlighted
in the figure through the dotted lines; i.e. an algorithm will select a pair that
is connected by a dotted line and by selecting such a pair of extremes the
approximation of both the covariance and mean element will change.

lower bounds on the size of such a ball around mn within Cn. Figure 1.2 outlines
our approach. In (i) the setting is shown with mn ∈ Cn ⊂ C and the largest ball
around mn in Cn is drawn. One of the main difficulties is that both mn and Cn
are stochastic and change with the sample. We sidestep this difficulty by analyzing
C and m, and relating the empirical quantities Cn and mn to C and m. Standard
techniques from empirical process theory suffice to control the deviations between
the empirical versions and their population limits (Figure 1.2(iv)). There are at
least two useful approaches to control the size of the largest ball around m within C.
The first approach is sketched in (ii) and (iii): first, we lower bound the width of C
uniformly over a range of “directions” h in H (Figure 1.2(ii)). Then we determine
how centered m lies within C in each direction h (Figure 1.2(iii)). Combining these
two arguments, we can derive a lower bound on the size of the largest ball around
m in C. The second approach is quite different in that it does not try to control
the width of the set C explicitly. Instead, it uses the spectrum of the covariance
operator to derive lower bounds on the largest ball around m in C. In particular,
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a simple argument using the Paley–Zygmund inequality goes a long way and leads to
lower bounds that are controlled by the smallest non-zero eigenvalue of the centered
covariance operator.
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Figure 1.2. The figure summarizes some of the key questions we address in this
paper: (i) This is the central question in this paper; “how large a ball exists within
the empirical convex set Cn around mn?” (ii) This question can be addressed
by first controlling the width of C itself in different directions h1, h2, . . . ∈ H.
The width in such a direction h is the size of the projection of C on the span
of the function h ∈ H. Lower bounds on the width that hold simultaneously
for all relevant h translate to the existence of a ball in C; furthermore, the size
of the ball is directly related to the lower bounds on the width. (iii) We need
not just any ball in C but one that is centered at m. Now, generally, m can lie
close to the boundary and no large ball around it might exist. However, under
certain natural conditions, it can be ruled out that m will lie too closely to the
boundary. In particular, under these conditions, we can control the ratio of a/b
for the segments shown in the figure. Controlling this ratio for all relevant h ∈ H
allows us to show that there exists a ball around m in C. (iv) To translate this
back to Cn and mn we are making use of empirical process theory to control the
convergence of Cn → C and mn → m which allows us to lower bound the size
of a ball around mn in Cn with high probability. Similarly to (ii) we control the
convergence per direction h and then use high probability guarantees that hold
simultaneously for all relevant h.

1.1. Lower bounding the width of C

When trying to control the width of C the first thing one notices is that we seem
to know relatively little about C. Even the RKHS H itself is usually only accessed
through k and we do not have easy access to a basis of H. So it might come as a
surprise that there is a relatively simple way to access the width of C. The key to
bounding the width is that

widthh(C) = 2 inf
c∈R

∥h− c1∥∞,
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where h ∈ H, ∥h∥ = 1, and 1 is the constant function that is equal to 1 everywhere.
This relationship holds because

sup
g∈C

⟨h, g⟩ − inf
g∈C

⟨h, g⟩ = sup
x∈X

⟨h, k(x, · )⟩ − inf
x∈X

⟨h, k(x, · )⟩ = sup
x∈X

h(x) − inf
x∈X

h(x).

The relevance of this equality is that it reduces the problem of measuring the width
to the problem of measuring how well constant functions can be approximated by
functions in the RKHS. The question of how well certain functions can be approxi-
mated by RKHS functions is well understood when the RKHS is infinite dimensional.
In particular, the K-functional is a common tool to control the approximation quality,
and results about the K-functional can be brought to bear to provide bounds on the
width of C. However, in the finite dimensional setting, these results are of limited use.
We develop for this case a simple approach to measure how well constant functions
can be approximated: if the constant functions do not lie in the RKHS H then we
can construct a new RKHS H+ by introducing the kernel function k+ = k + 1 ⊗ 1,
where k is the kernel of H. The RKHS H+ then contains the constant functions and
H ⊂ H+. In fact, we have an isometric embedding of H into H+. Now, in H+ it is
easy to measure how well constant functions can be approximated by functions in
the unit sphere of H. In detail,

inf
h∈H,∥h∥=1

inf
c∈R

∥h− c1∥H+ = 1.

There are different ways to move from the norm of H+ to ∥ · ∥∞ which we summarize
in Lemma 2.3 p. 507. One of these approaches applies if k+ is a Mercer kernel and
λ̃d+1 > 0 is the smallest eigenvalue in the series expansion. In this case

2λ̃1/2
d+1 ⩽ widthh(C),

for all h ∈ H, ∥h∥ = 1.
If the constant functions lie already in H then a different approach is necessary. Let

us mention that we only need to control the width of C within the affine subspace
that is spanned by it. Since ⟨k(x, · ),1⟩ = 1 for all x ∈ X we can observe that the
space spanned by 1 is perpendicular to the affine subspace of C. To get a lower
bound on widthh(C) for functions h in the affine subspace we can consider the kernel
k− = k − ∥1∥21 ⊗ 1 and the corresponding RKHS H−. The constant functions do
not lie in H− and H− can be isometrically embedded in H. Most importantly the
functions h ∈ H− of norm ∥h∥H− = 1 are exactly the directions in which we need
to bound the width of C. Now, with an approach analogous to the one involving H
and H+ we get a lower bound of the form

2λ̃1/2
d ⩽ widthh(C),

for all h ∈ H−, ∥h∥H− = 1, and with λ̃d being the smallest eigenvalue of the Mercer
decomposition of the kernel k. Proposition 2.10 p. 514 contains these results and
results about related approaches to bound the width.
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1.2. Locating m within C

Controlling the width of C alone is insufficient since m might lie in the boundary
of C. We need to complement the lower bounds on the width with results that tell us
how centered m lies. This can be achieved by controlling the ratio a/b and b/a of the
segments along any function h from m to the boundary as depicted in Figure 1.2(iii).
An observation that is useful in this context is the following: if we have a probability
measure on R which has a mean value of zero and there exists some measurable set
B with inf B ⩾ ϵ > 0 and P (B) > 0, then there will be probability mass on the
negative axis since otherwise

0 =
∫
R
x dP =

∫
[0,∞)

x dP ⩾
∫
B
x dP ⩾ ϵP (B) > 0.

A similar argument applies to C and m. For instance, if we have a uniform distribution
on the boundary of the ellipse shown in Figure 1.2(iii), then m cannot lie in the
boundary: otherwise, there would exist a function h ∈ H, ∥h∥ = 1, such that
⟨h, k(x, · )⟩ ⩾ ⟨h,m⟩ for all x∈ X and an ϵ> 0 such that A={x : ⟨h, k(x, · t)−m⟩⩾ϵ}
has non-zero measure. Hence,

0 =
∫

⟨h, k(x, · ) − m⟩ dP (x) ⩾ ϵP (A) > 0.

Combining this argument with a Lipschitz assumption on the kernel function and
a lower bound on the density allows us to show that m has to lie away from the
boundary. How far away it has to lie is made precise in Proposition 2.12 p. 521.

1.3. Convergence of Cn to C

To transfer the results about C and m to Cn and mn we use VC and Rademacher
arguments to bound the difference between Cn and C, and mn and m. For controlling
∥mn − m∥ a standard argument suffices. However, it is less clear how to best control
the difference between Cn and C.

The approach that we are taking is the following. We consider indicators
χ{⟨k(X, · ) − m, h⟩ ⩽ −c} where X is a random variable with the same distribu-
tion as X1, . . . , Xn and c is a constant that we vary. Observe that whenever

Pχ{⟨k(X, · ) − m, h⟩ ⩽ −c} > 0
then there is a point x ∈ X , such that ⟨k(x, · )−m, h⟩ ⩽ −c, or in other words, there
is a point which lies c away from m along h. A VC argument allows us to control all
these indicators simultaneously over all h in the unit ball of H and to show that for
any such h,∣∣Pnχ{⟨k(X, · ) − m, h⟩ ⩽ −c} − Pχ{⟨k(X, · ) − m, h⟩ ⩽ −c}

∣∣,
is small for sufficiently large n. This allows us to show that Cn converges along h
towards C with a certain rate and since we have guarantees that hold uniformly
over the unit ball in H we can derive a rate of convergence of Cn to C. A similar
approach works for Rademacher complexities with the main difference being that
we have to approximate the indicator functions with continuous functions.
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Both approaches rely on a lower bound on the probability that h(X) attains values
below a threshold. We use two different approaches to get such lower bounds: the first
approach uses an assumption on the density (lower bounded away from zero) and a
Lipschitz assumption on the functions in H. The second approach uses assumptions
on the covariance operator. The second approach is more general in the sense that
assumptions on the density imply a certain behavior of the covariance operator
but our density assumption is certainly not the only way to control the covariance
operator. On the other hand, the assumption on the covariance operator is quite
abstract while the density assumption is in a sense very concrete.

Combining these different arguments allows us to control the size of the ball
around mn. In particular, our first theorem combines the Rademacher approach with
a density assumption (Theorem 2.16 p. 529). This approach brings together some
of the results on the width of C, the location of m and the convergence results to
show that for large enough n there is with high probability a ball of a certain radius
around mn in Cn. In detail, there exists a ball of size

δ =
c
Ä
λ̃

1/2
l ∧ L

äl+1
βl

(l + 1)(2L)l ,

where X = [0, 1]l, L is the Lipschitz constant, λ̃d the smallest eigenvalue of the
Mercer decomposition of k, c̃ > 0 is a lower bound on the density of the law of X1
on X and βl is the Lebesgue measure of the l-dimensional unit ball in Rl.

With probability q ∈ (0, 1) there then exists a ball of radius δ/4 around mn in Cn
whenever n is greater than

n ⩾

Ç√
2 log(4/q) + 96∥k∥1/2

∞ /δ

c̃βl(δ/8L)l

å2

∨
Ç√

2∥k∥1/2
∞ (1 +

√
log(2/q))

δ/4

å2

.

We can observe that δ is strongly dependent on the dimension l of the space X .
This stems from our approach: we identify a point x0 ∈ X which corresponds to an
element k(x0, · ) ∈ H that lies far away from m. We then identify a second point
x1 such that k(x1, · ) lies in the opposite direction of k(x0, · ) with respect to m.
If the space is low dimensional then k(x1, · ) needs to lie far from m to counter
the mass that is accumulated around k(x0, · ) and, thus, m lies reasonably centered
between k(x0, · ) and k(x1, · ). However, when the space is high dimensional then
no single point k(x1, · ) has to lie far away from m because the mass accumulated
around k(x0, · ) can be countered by “many points” that lie close to m and m can
lie significantly closer to the boundary.

To contrast this worst-case bound with the best-case scenario, observe that there
is a point in C such that a ball of radius 2λ̃1/2

d lies around it within C. The factor
λ̃

1/2
d itself is in all likelihood tight and reflects the fact that the convex set C is very

small in certain directions.

1.4. Assumptions on the spectrum of the covariance operator

An alternative approach to controlling the width of C in different directions h ∈ H
and then determining how centered m lies in each direction is to use assumptions on
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the covariance operator. In fact, the argument that involves the covariance operator
is considerably simpler: when

E(h2(X)) − E2(h(X)) ⩾ λ̄ > 0
for some positive λ̄ then |h(X)| must attain large enough values with some non
negligible probability. Furthermore, when h is a bounded function then both (h(X)−
E(h(X)))+ and (h(X) −E(h(X)))− must be large with a non-negligible probability.
A simple argument involving the Paley–Zygmund inequality suffices to make these
statements precise. To get a lower bound on the largest ball around m in C we have
to control all h in the unit ball with this approach. In terms of the spectrum of the
covariance operator this means that we have to use the smallest non-zero eigenvalue
of the covariance operator as λ̄.

Another advantage of the covariance operator approach is that it adapts nicely
to settings where the distribution has support S that is not equal to X . Effectively,
algorithms like the CGM or kernel herding work implicitly with a subspace of H
that is isometric to an RKHS HS with kernel k↾S × S (the restriction of k to S × S)
and for HS we have a covariance operator that has the same non-zero eigenvalues as
the covariance operator for H. Hence, we can use the same λ̄ for HS as for H and we
can control the largest ball around mS in HS through this argument. Theorem 2.17
p. 531 is based on that argument.

1.5. Adapting the approach to concrete statistical problems

Most methods for inference do not use m itself but related quantities. For example,
in the least squares problem, where we try to fit observations Yi through f(Xi) with
some function f in an RKHS, we have

1
n

n∑
i=1

(f(Xi) − Yi)2

= 1
n

n∑
i=1

〈
f ⊗ f, k(Xi, · ) ⊗ k(Xi, · )

〉
⊗ − 2

n

n∑
i=1

⟨f, Yik(Xi, · )⟩ + 1
n

n∑
i=1

Y 2
i

= ⟨f ⊗ f,Cn⟩H⊙H + 2⟨f,my,n⟩ + 1
n

n∑
i=1

Y 2
i ,

where we denote by H ⊙ H the tensor space H ⊗ H when the functions are restricted
to the diagonal ∆ = {(x, x) : x ∈ X }, Cn = (1/n) ∑n

i=1 k(Xi, · ) ⊗ k(Xi, · )↾∆ and
my,n = (1/n) ∑n

i=1 Yik(Xi, · ).
There are significant similarities between the problem of compressing mn and that

of compressing Cn or my,n. We discuss these in Section 3. Let us highlight a few
results.

The empirical covariance operator Cn can be dealt with quite easily by associating
it to the element (1/n) ∑n

i=1 κ(Xi, · ), where κ(x, y) = k2(x, y). This way one can
apply all the results we developed for mn to Cn, one only has to substitute κ for k.

Dealing with the element my,n is more challenging and there is a certain degree
of freedom of how to phrase the compression problem. A natural and simple choice
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is to consider Yik(Xi, · ) as the random elements which attain values in H. A first
indicator that things are more complicated is that when Yi is unbounded then we
run into serious problems when trying to define a bounded convex set that contains
(1/n) ∑n

i=1 Yik(Xi, · ). Things simplify if we assume boundedness of the Yi and make
some natural assumptions about how the data is generated. In particular, if we
assume that X1, . . . , Xn are i.i.d. and Yi = f0(Xi) + ϵi, where f0 is some bounded
measurable function, the ϵi’s are i.i.d., centered, independent of X1, . . . , Xn and
bounded by |ϵi| ⩽ b a.s., then my,n converges to

my =
∫
f0(X1)k(X1, · ) dP ∈ H

and my is contained in the convex set
Cy = cch{(f0(x) ± b)k(x, · ) : x ∈ X }.

In this setting there is also a simple relationship between the width of Cy and C:
consider some h ∈ H, ∥h∥ = 1, then

widthh(Cy) ⩾ b widthh(C)
and results on widthh(C) are applicable. The downside of this approach is that
the convergence of the empirical convex set towards Cy can be very slow since the
|ϵi| might only have a low probability of attaining values close to b. This problem
can be circumvented by using an alternative approach. Instead of considering the
convergence of the empirical convex set to a suitable population limit we can directly
work with the empirical convex set and analyze how deep the empirical mean element
lies within that set. We develop this approach in Section 3.3.1. The discussion in that
section cumulates in Proposition 3.1, which provides lower bounds on the radius of
a ball that is centered on the empirical mean element my,n and which is contained
within the empirical convex set.

We extend this approach to the case of unbounded Yi by using random variables ÙYi
that are capped at a certain, n dependent, threshold. There are a variety of technical
challenges that have to be overcome to make this approach work. In particular,
one has to verify that the empirical mean element corresponding to the capped
random variables is close the empirical mean element of the original variables when
the threshold of the cap is selected appropriately. Also, one has now to work with
a family of covariance operators corresponding to the different thresholds and the
corresponding capped random variables. We show that the lowest eigenvalues of
these covariance operators are close to the lowest eigenvalue of the original covariance
operator if the threshold for the cap is set in the right way. Proposition 3.3 contains
the details of that result.

1.5.1. Simultaneous approximation

Up to now we considered the approximation problems in isolation but it also
makes sense to try to approximate Cn simultaneously to my,n by selecting elements
Yik(Xi, · ) that reduce the approximation error for both elements. Quite a different
set of techniques are needed to deal with this simultaneous approximation problem.
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In Section 3.4 we develop an approach based on direct sums of Hilbert spaces to
deal with this problem. The analysis is much more intricate and interesting than for
the individual approximation problems. In Figure 1.1(ii) the high level approach is
visualized. The space ÷H ⊙ H is the space of functions H⊙H when trivially extended
from X to R × X . The space R′ ⊗ H, where R′ denotes the dual space of R, is
an RKHS with kernel function ((y1, x1), (y2, x2)) 7→ ⟨y1, y2⟩Rk(x1, x2) which is also
defined on R × X . The convex sets we introduced above have natural analogues in÷H ⊙ H and in R′ × H. By taking the direct sum of these spaces we also get a sort of
direct sum of these convex sets and we are trying again to control quantities like the
width of that set. The particular problem of approximating Cn simultaneously to
my,n is benefiting from the fact that ÷H ⊙ H∩(R′ ⊗H) = {0}. This allows us to define
an RKHS that is isometrically isomorphic to the direct sum. The analysis of the
simultaneous approximation problem then breaks down to studying the empirical
mean element and the empirical convex set within that RKHS.

The situation that the two Hilbert spaces that we combine through the direct
sum are not overlapping is rather special. For instance, if we try to approximate m
and C simultaneously then the Hilbert spaces overlap, which adds another layer of
difficulties. We are developing for this case a quotient space approach that factors
out the intersection between the two Hilbert spaces. An interesting finding in this
context is that the direct sum cannot be related directly to an RKHS but, like in
the case of approximating m and C simultaneously, the affine subspace spanned by
the convex set can be isometrically isomorphic to an RKHS which then allows us to
use results we developed for RKHSs (see Lemma 3.5 p. 563).

When we apply the conditional gradient method to the above RKHSs then we
will not end up with a coreset of data points but with elements in ÷H ⊙ H,R′ ⊗ H
or ÷H ⊙ H ⊕ (R′ ⊗ H). However, that is not a major obstacle and it is for various
problems quite easy to adapt the algorithms to deal with these approximations; we
highlight that approach for kernel ridge regression in Section 5.

1.6. Implications for algorithms

The various results that we derived to control the size of the largest ball around mn

in Cn can be translated directly to results for algorithms like the CGM. In particular,
we can give high probability guarantees on the approximation error when the CGM
is being run for t iterations and we can give guarantees on the expected size of a
coreset when the kernel herding algorithm is used with a stopping criterion that is
an error of below n−1/2. The corresponding results are contained in Section 4.

One problem with these algorithms is that they require an upfront computation of
order O(n2) which is too high for large-scale data. Standard approaches to scale the
CGM to large-scale problems do not seem to yield direct computational advantages
but there are some interesting directions to explore. In particular, a divide-and-
conquer approach has some intriguing features. The performance of the approach
depends to a large extent on the bias of the algorithms (CGM or kernel herding).
Section 4 contains a detailed discussion of these ideas.
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1.7. Slow rate of convergence in infinite dimensions

It was observed in [BLJO12] that the proof technique used to derive fast rates of
convergence for the kernel herding algorithm and the conditional gradient method
cannot be applied to compact sets in infinite dimensional RKHSs since compact sets
in such spaces do not contain norm balls. It was later found that there are general
limits to how well the representer of the empirical measure can be approximated. In
particular, [PT20, Theorem 3.1] states that there exists a set of n points x1, . . . , xn
in Rd, for large enough d and n ⩾ d, such that for any set of points y1, . . . , yl with
l <

√
dn/2 it holds that∥∥∥∥∥1

l

l∑
i=1

k(yi, · ) − 1
n

n∑
i=1

k(xi, · )
∥∥∥∥∥ > ∥k∥−1

∞ n−1/2,

under mild assumptions on the kernel. This implies that for this particular set
of elements x1, . . . , xn there cannot be any significant compression of the element
m = (1/n) ∑n

i=1 k(xi, · ). The argument in [PT20] is not stochastic and is not con-
cerned with draws of samples X1, . . . , Xn from a distribution, but it seems likely
that the argument can be extended to provide restrictions on how well mn can be
approximated by a core-set of points in high probability (over the values that mn

attains). Nevertheless, there is hope to circumvent the barriers erected by this theo-
rem. First of all, the construction uses approximations of the form (1/l) ∑l

i=1 k(yi, · )
and not arbitrary convex combinations of the elements k(yi, · ), i ⩽ l. A greedy algo-
rithm to find such a core-set of points y1, . . . , yl requires generally significantly more
points than algorithms that approximate mn with convex combinations of elements
k(yi, · ). An interesting question is therefore if there exists an inherent limitation for
approximating with core-sets that can be avoided by more general convex combi-
nations, or if this difference in performance is simply due to the algorithms (kernel
herding vs. CGM). There is a simple argument that hints at the former: consider
the set X = [0, 1]dX for some positive dX ∈ N and a continuous kernel function
k : X × X → R whose corresponding RKHS is infinite dimensional and separable.
The set C is then compact and for any orthonormal basis {ei}i⩾1 of H it holds that
supf∈C⟨ei, f⟩ − infg∈C⟨g, ei⟩ converges to zero as i → ∞. The rate with which this
series converges is in all likelihood of crucial importance for determining how well
mn can be approximated. Therefore, let us introduce

d(PUi
C,C) = sup

f∈C
∥PUi

f − f∥,

where Ui is the subspace spanned by e1, . . . , ei and PUi
is the orthogonal projection

onto this subspace. Now, Caratheodory’s theorem tell us that for i ⩾ 1 there exists
a convex combination m̂i of i+ 1 elements k(x1, · ), . . . , k(xi+1, · ) such that

∥mn − m̂i∥ ⩽ d(PUi
C,C).

In other words, when d(PUi
C,C) is of order i−α, for some α > 0, and if we are aiming

for an approximation error of n−1/2 then we need approximately n1/2α many points.
Furthermore, when d(PUi

C,C) falls exponentially fast, say with order exp(−i), then
log(n) many points suffice.
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Figure 1.3. The figure shows lower bounds on |⟨en, w⟩| in dependence of the first
element am that has not yet been chosen. The shaded area is a lower bound on
∥w∥ when m = 1020. The norm of w goes to infinity in m which implies that the
kernel herding algorithm converges with a rate that is slower than 1/t.

Another important aspect of the compression problem that is not captured by the
theorem is the dependence of the compression problem on the distribution of the
data. For example, in [BLJO12] a lower bound on the density of the distribution
was crucial for deriving fast rates of convergence in certain settings. This is because
such properties of the density translate directly to geometric properties of the ap-
proximation problem (the existence of a ball around mn in Cn). Similarly, in this
paper, we use the size of the largest non-zero eigenvalue of the covariance operator to
control the rate of convergence. One might wonder if such properties also influence
the compression performance in infinite dimensional RKHSs. To this end, we provide
an example that shows that an assumption on the density alone will in all likelihood
be insufficient. The example we construct is not universal in the sense that we show
that the kernel herding algorithm does not achieve its fast rate of 1/t of approxi-
mation in this example. As in the example from [PT20], we construct a particular
target m and do not consider the empirical version mn. However, our construction
incorporates properties of the underlying probability measure and might serve as a
starting point for more refined analyses that use properties of the distribution of the
data. The counter-example is constructed for the kernel herding algorithm and not
the conditional gradient methods since the behavior of the kernel herding algorithm
is easier to control but we strongly suspect that similar problems will also occur with
the conditional gradient method.

In detail, the example we construct shows that there exists a continuous kernel
on [0, 1], a Borel probability measure on [0, 1] which assigns positive measure to
open subsets of [0, 1], and an initialization for which the kernel herding algorithm
converges with a slower rate than 1/t when approximating the representer m of
the probability measure (Theorem 6.1 p. 589). The construction of this example is
somewhat involved since we need to gain control over the behavior of the kernel
herding algorithm. The basic intuition, however, is rather simple. We start with some
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infinite dimensional Hilbert space H and an orthonormal sequence {en}n⩾1 in it. The
construction is best explained when assuming that m = 0 (we cannot set it exactly
to 0 and need later a minor modification). We then construct a compact convex set
that contains elements {an}n⩾1, {bn}n⩾1, where each an is a positive multiple of en
and each bn is a negative multiple of en. Furthermore, bn is of significantly smaller
magnitude than an. Consider now an initialization of the algorithm with an element
c ∈ H which is of small magnitude compared to the an and has a positive inner
product with each an. Because of this positive inner product the different an’s will
be chosen one by one by the algorithm and because the bn’s are of small magnitude
compared to the an’s hardly any weight will be reduced in the directions en. This
way the element wt, which measures the approximation error at iteration t, builds
up mass in the different directions en and its norm grows in t. The construction is
more involved than this sketch, but, a suitably adapted version of this approach
allows us to show that so much mass will be added to wt that its norm diverges to
infinity. This effect is visualized in Figure 1.3. The figure shows four different wt as
inner products with en (n being shown on the x-axis). The shaded area continues
past the right end of the plot (the limit of the shaded area is given in the legend:
105 for the black line etc.). One can observe that the right limit of the shaded area
grows significantly from the black line to the red line, i.e. from 105 to 1020. While the
right limit grows exponentially the left limit hardly changes. This is due to the small
scale of the bn’s. As a result the overall mass in the shaded area, which corresponds
to ∥wt∥, diverges to infinity. This implies then directly that the algorithm cannot
converge with the fast rate of 1/t that is achieved under similar assumptions in the
finite dimensional setting. All that then remains to complete the example is to show
that there exists a continuous kernel that gives rise to this setup. We construct first
a continuous function ϕ : [0, 1] → H that goes over all an and bn and we then use this
Hilbert space and the continuous function to construct an RKHS with a continuous
kernel function.

1.8. Literature

The concept of a coreset is known for at least two decades and there is a wide
range of literature on its application to machine learning, Bayesian statistics and
geometric approximation problems (e.g. [AHPV05, BHPI02, HCB16]). It is natural
to apply the conditional gradient method [FW56] in that context (e.g. [HCB16]).

The kernel herding algorithm and the conditional gradient method are greedy
approximation algorithm as they choose at each stage t an element that minimizes
the remaining error. Greedy algorithms will generally not return the best possible
approximation that can be achieved in t steps but they are easy to compute. This is a
big advantage since in the large data context computational efficiency is paramount.
Greedy algorithms for approximating functions have been popular at least since the
late nineties. An overview of the most popular approaches is provided in [Tem11].
The approach is here to make use of a basis of a function space, say of a Sobolev
or Besov space, to approximate elements inside these function spaces in a greedy
fashion. An important generalization is to use so-called dictionaries which are families

TOME 9 (2026)



486 S. GRÜNEWÄLDER

of functions that are not necessarily linearly independent, i.e. there are redundancies
in the representation of elements in the function space. These approaches are very
natural if one has access to a basis or related families of functions. In contrast to
this approach, we are interested in approximating subsets of the function space that
are naturally described by point-evaluators, a kernel function, or, more generally,
a set of extremes of a convex set. Instead of working then with linear subspaces of
the function space we are working with convex subsets of the function spaces and
we apply greedy algorithms to approximate elements inside such convex sets.

The methods we are studying compress the sample into a potentially small subset
of the original sample while retaining optimal, or nearly optimal, rates of convergence.
While our approach is inspired by various optimization methods there are links to
sample compression schemes as introduced in [FW95, LW86]. Sample compression
schemes are concerned with the inference of “concepts”, which are indicators χA,A
a Borel subset of some topological space X. In this setting, one has given a set
of concepts that contains the concept χA, or are sufficient to approximate χA
in a suitable way, and one likes to infer χA from observations (x1, y1), . . . , (xn, yn),
xi ∈ X , yi ∈ {0, 1}. A sample compression scheme compresses these observations into
a subset that is sufficient to reconstruct the original labels yi for all xi, i ⩽ n, if the
observations are consistent with some concept χA′, where χA′ is contained in the
predefined set of concepts. Compressibility is directly linked to VC-theory: in [FW95]
it is shown that, under some technical conditions, sets with VC-dimension d are
d-compressible, meaning that one can always reduce the sample to a sub-sample of
size d while still being able to reconstruct the sample in the above sense. Furthermore,
it is not possible to compress the sample to less than d-points without losing the
reconstructability property. Our aim is quite different in that we do not care about
being able to reconstruct the original labels. In that sense our approach is more
closely related to sufficient statistics which compress the data to facilitate inference.
That being said, there are interesting parallels. For instance, Caratheodory’s theorem
tells us that, in our setting, there is a compression of the data down to d+ 1-points
if we work with a d-dimensional RKHS; such an RKHS has VC-dimension d.

The question of how to construct coresets for m has garnered significant attention in
recent years. In [DM21] a good overview is given that covers recent approaches most
of which focus on the infinite dimensional setting. In the context of finite dimensional
RKHSs it is worth mentioning the paper [HS14] which studies linear kernel functions
and shows that under certain conditions they can achieve a compression down
to n1/2.

Naturally, there are a variety of alternative approaches to deal with large scale
data in the RKHS context. In particular, when the RKHS is finite dimensional
with dimension d it is straight forward to represent mn using a basis expansion:
take points X1, . . . , Xd such that k(X1, · ), . . . , k(Xd, · ) are linearly independent
and apply the Gram–Schmidt orthogonalization procedure to gain a basis e1, . . . , ed
of H then m can be written as a linear combination of e1, . . . , ed which implies that it
can be written as a linear combination of k(X1, · ), . . . , k(Xd, · ). In more detail, the
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coefficients α1, . . . , αd, such that mn = ∑d
i=1 αik(Xi, · ), can be computed recursively

by first computing the basis representation through

⟨e1,m⟩ = ⟨k(X1, · ),mn⟩/k(X1, X1)
...

ci = ⟨k(Xi, · ),mn⟩ −
i−1∑
j=1

⟨k(Xi, · ), ei−j⟩⟨ei−j,mn⟩

⟨ei,mn⟩ = ci/

∥∥∥∥∥∥k(Xi, · ) −
i−1∑
j=1

⟨k(Xi−j, · ), ej⟩ej

∥∥∥∥∥∥,
and then to link this back to the coefficients of k(X1, · ), . . . , k(Xd, · ). To perform
this Gram–Schmidt procedure it is necessary to compute k(Xi, Xj) for all i, j ⩽ d. In
other words, we need in the order of d2 many kernel evaluations. This is a negligible
factor when d ≪ n. Similarly, one can solve concrete statistical problems, like a
linear regression problem, by using a d× d covariance matrix instead of the kernel
matrix; one way to gain such a covariance matrix is to use again the Gram–Schmidt
procedure. Our aim in this paper is not to compete with these methods in terms of
runtime performance in the context of d ≪ n, but to gain insights into the behavior
of greedy algorithms in the absence of complications that arise in infinite dimensional
settings.

The above approach is closely related to the Nyström method for improving the
run-time of kernel methods. The Nyström method was first applied to machine learn-
ing problems in [WS00]. It has since seen tremendous success, and there is now a vast
literature concerning applications, variations, and theoretical investigations of the
method. The most relevant results for this paper concern the compression rates for
kernel regression and kernel PCA. For kernel regression, compression rates were de-
veloped in [RCR15] for the case that the unknown regression functions lie within the
RKHS that is used to construct the estimator. For the more realistic setting, where
RKHS functions are used to approximate more complicated functions, results have
recently been obtained in [LLW23]. In more detail, [LLW23, Theorem 3.9] provides
lower bounds on how many samples the Nyström method requires to preserve the
optimal estimation error in kernel regression. This bound depends on the roughness
of the target function, which is measured through a coefficient r ∈ (0, 1], where
r ∈ [1/2, 1] corresponds to the case where the target function lies in the RKHS
or is even smoother than RKHS functions. For most applications, the interesting
regime is r ∈ (0, 1/2), which corresponds to the case where the target function is
not in the RKHS. There are two more coefficients γ, α ∈ [0, 1], which are related
to the effective dimension. Given these parameters, the lower bound on the number
of samples is of order n

α
2r+γ for n data points overall. For example, for γ = α = 1

and assuming that the unknown regression function lies in the RKHS, one needs of
order

√
n many samples. As the target function gets rougher (r → 0) the number

of samples increases to n and the speed-up due to the Nyström method becomes
negligible.
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Kernel PCA [SSM97, BBZ07] is another popular kernel algorithm to which the
Nyström method can be applied. The most recent results that we are aware of
quantify the reconstruction error within the RKHS when using kernel PCA [SSRR20].
This setting is akin to the regression setting, where the true regression function lies
within the RKHS. This similarity is reflected in the compression guaranties: when
the eigenvalues of the covariance operator decrease quadratically, one can achieve
a reconstruction error of order 1/

√
n with

√
n many samples [SSRR20, Corollary 3].

We are unaware of attempts to move beyond the reconstruction error within the
RKHS; such results could come in the form of a pre-processing step for kernel two-
sample tests [GBR+12], where one compresses the mean embedding before applying
it to potentially rougher test functions to quantify differences between measures.

The above results are particularly interesting when the RKHS is infinite dimen-
sional. Since our current results are confined to finite dimensional spaces it is difficult
to compare the results. That said, it seems worth to highlight the following: Nyström
methods deal very well with small eigenvalues, but struggle when there are many
large eigenvalues (roughly speaking, this corresponds to r < 1/2 in the regression
setting). On the other hand, the coreset methods we investigate deal well with large
eigenvalues but struggle with small eigenvalues. In that sense Nyström methods and
coreset methods have complementary strengths and one can wonder if there are ways
to combine the methods to obtain superior compression techniques.

1.9. Preliminaries

Throughout this paper we will be working with a set X in which covariates or fea-
tures attain values and a kernel function k : X ×X → R (see [PR16, Definition 2.12]).
Recall that such a kernel function gives rise to an RKHS H [PR16, Definition 2.14].
While X does not need a particular structure to define a kernel on, we are interested
in integrals involving k and we will assume for most of our results that X is a mea-
surable space and k is a measurable in the sense that k(x, · ) : X → R is measurable
for all x ∈ X . This is equivalent to saying that any h ∈ H is a measurable function
from X to R (see [SC08, Lemma 4.24]). We also use the notation ϕ(x) = k(x, · )
when this is convenient.

We are making use of empirical process theory in various places and to ease
the application we will assume that our underlying probability space corresponds
to a product space and the involved random variables are coordinate projections
following essentially [Dud14, Section 3.1]. In detail, we will usually have a probabil-
ity space (Ω,A, µ) with independent and identically distributed random variables
X,X1, X2, . . . attaining values in (X ,AX ), where X is a topological space and AX
is a σ-algebra on X , which are defined on this probability space. Natural choices for
AX are the Borel-algebra or the domain of a Radon measure. We usually do not need
assumptions on AX but at various points we need to guarantee that the support
of the law P of X is well defined. In these cases we typically assume that P is a
τ -additive topological measure and AX is its domain. Alternatively, we could assume
that P is a Radon measure which guarantees that P is a τ -additive topological mea-
sure (see [Fre01, 411]). This is for a wide range of spaces not a strong assumption.
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In particular, if X is a Polish space then it is a Radon space [Fre01, 434K(b)] and
the completion of a Borel measure on X is a Radon measure [Fre01, 434F(a.iii),
211L]. Ω will usually be the product X N and for ω ∈ Ω, Xi(ω) = ωi ∈ X for all i ⩾ 1,
and X(ω) = ω0. There are multiple natural choices for the σ-algebra A. In [Dud14,
Section 3.1] A is the product σ-algebra which is the one that is generated by the
cylinder sets, that is the smallest σ-algebra such that all cylinders which are defined
by finite many coordinates are measurable. We use in this paper the completion
of this σ-algebra as A. If we have pairs (Xi, Yi), where Xi attains values in X and
Yi in R then we use the same setting but let (Xi, Yi)(ω) ∈ X × R. We reserve P
for the law of the random variables, e.g. the law of X, and use Pr if we want to
state probabilities of events in A. In particular, h(X) ∈ L1(Ω, µ) if, and only if,
h ∈ L1(X , P ) and, in this case,

∫
h(X) dµ =

∫
h dP . The empirical measure Pn is

(1/n) ∑n
i=1 δXi

, where δx(A) = 1 whenever A ∈ BX and x ∈ A; otherwise δx(A) = 0.
It is often useful to associate a measure space to Pn to be able to talk about random
variables with law Pn. For this purpose we will use the measure space (X ,BX ) and
equip it with the random measure Pn. A random variable will be the measurable
function ‹X : X → X , ‹X(x) = x. If we want to talk about a sequence of independent
random variables with law Pn we use the product space with the product measure
assigned to it.

1.9.1. Separable processes and Rademacher complexities

There are generally various measurability concerns when working with empirical
processes. In this paper these can essentially be avoided by using separability of
H to guarantee that suprema are measurable. In the context of Rademacher com-
plexities we use separability of H typically in the following way. Assume we have
x1, . . . , xn ∈ X , let F be the unit ball of H and let ϵ1, . . . , ϵn be i.i.d. Rademacher
variables. The map h 7→ ∑n

i=1 ϵih(xi) is almost surely continuous on H. In particular,
suph∈F

∑n
i=1 ϵih(xi) is almost surely equal to a supremum over a countable subset of F

and, due to completeness of the probability space, it follows that suph∈F
∑n
i=1 ϵih(Xi)

is measurable. In particular, the Rademacher process is a separable stochastic pro-
cess [GN16, Definition 4.1.2] and we have

(1.1) E

Ç
sup
h∈F

n∑
i=1

ϵih(Xi)
å

= sup
F⊂F ,F finite

E

Ç
sup
h∈F

n∑
i=1

ϵih(Xi)
å
.

When we have i.i.d. variables X1, . . . , Xn which are independent of ϵ1, . . . , ϵn we will
represent this probability space as a product space. It is common to condition wrt.
X1, . . . , Xn and to study Eϵ

(
suph∈F

∑n
i=1 ϵih(Xi)

)
, where Eϵ denotes Kolmogorov’s

conditional expectation with respect to X1, . . . , Xn. Fubini’s theorem guarantees us
in this setting that we can express Eϵ as an integral wrt. the marginal measure
corresponding to ϵ1, . . . , ϵn.

1.9.2. Bochner integrals and Lp(µ,H)

We need in various places vector valued integrals. In particular, we make use of
Bochner integrals and Hilbert-space valued Lp spaces. Let (Ω,A, µ) be a probability
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space and X a random variable that attains values in X then by
∫
f(X) dµ, f : Ω →

H Bochner integrable, we mean the Bochner integral of the function f(X) : Ω → H
with respect to the measure µ. The Hilbert space valued Lp spaces, where 1 ⩽ p < ∞,
corresponding to this measure space are given by

Lp(µ; H) =
{
f : Ω −→ R : f Bochner measurable and

∫
∥f(ω)∥p dµ(ω) < ∞

}
.

The seminorm on Lp(µ; H) is ∥f∥pp =
∫

∥f∥p dµ. We use bold fonts for the Lp(µ; H)
seminorms throughout this paper. As usual there are corresponding spaces Lp of
equivalence classes with norms ∥ · ∥p under which these Lp spaces are complete.
The space L2(P ; H) is a Hilbert space with the inner product corresponding to the
bi-linear function ⟨·, ·⟩2 on L2(µ; H) given by ⟨f, g⟩2 =

∫
⟨f(ω), g(ω)⟩dµ(ω) whenever

f, g ∈ L2(µ; H). Of particular importance to us is the Bochner integral
∫
k(X, · )dµ ∈

H which is well defined whenever k(X, · ) ∈ L1(µ; H) and H is separable. We will
denote this integral by m. Finally, we have the following important relation between
the inner product in H and Bochner integrals: whenever f ∈ L1(µ; H) and h ∈ H
then according to [DU77, Theorem 6, p. 47],

⟨h,
∫
f dµ⟩ =

∫
⟨f, h⟩ dµ.

In rare occasions we will make statements about equivalence classes and not functions
itself. We use the notation f • to denote the equivalence class corresponding to f , i.e.
if f ∈ L2(µ) then f • ∈ L2(µ) and, similarly, for Hilbert space valued functions.

1.9.3. Tensor products

In various parts of this paper we make use of the tensor product of two Hilbert
spaces H1 and H2. One way to define this tensor product is to first define an algebraic
tensor product of the vector spaces H1 and H2; given that we are only working with
Hilbert spaces of functions it is natural to define the algebraic tensor product as®

f : X × Y −→ R : f(x, y) =
n∑
i=1

gi(x)hi(y), gi ∈ H1, hi ∈ H2, n ∈ N
´
,

where we assume that functions in H1 map from X to R and functions in H2 from Y
to R. That this is a tensor product for H1 and H2 can be verified by applying [DF93,
Criterion 2.3]. Next, we equip the algebraic tensor product with the inner product
⟨g1 ⊗h1, g2 ⊗h2⟩⊗ = ⟨g1, h1⟩1⟨g2, h2⟩2, e.g. [Mur90, Theorem 6.3.1], and complete the
resulting pre-Hilbert space. In the case where H1 and H2 are RKHSs with kernels
k1 and k2 we have bounded point evaluators for elements in the pre-Hilbert space,
i.e. ⟨h1 ⊗ h2, k1(x, · ) ⊗ k2(y, · )⟩⊗ = h1(x)h2(y) for all x ∈ X , y ∈ Y , h1 ∈ H1 and
h2 ∈ H2. Due to [Aro50, 2nd theorem, §4 p. 347] there is then a unique functional
completion of the algebraic tensor product and we will use this completion when
working with RKHSs. We do not use the algebraic tensor product itself and, in
the following, will reserve the notation (H1 ⊗ H2, ⟨ · , · ⟩⊗) for the above defined
tensor product of the two Hilbert spaces, that is H1 ⊗ H2 is a Hilbert space with
inner product ⟨ · , · ⟩⊗, and, whenever H1 and H2 are RKHSs, H1 ⊗ H2 is a Hilbert
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space of functions. In fact, in the latter case H1 ⊗ H2 is an RKHS with kernel
k̃((x1, y1), (x2, y2)) = k1(x1, y1)k2(x2, y2). See also [PR16, Theorem 5.11].

When X, Y are independent random variables under the measure µ attaining values
in X1,X2, k1, k2 are kernel functions on X1 and X2 respectively, g ∈ H1, h ∈ H2,
and the Bochner integrals

∫
k1(X, · )dµ,

∫
k2(Y, · )dµ,

∫
k1(X, · )⊗k2(Y, · )dµ are well

defined then〈
g ⊗ h,

∫
k1(X, · ) ⊗ k2(Y, · )dµ

〉
⊗

=
∫
g(X)h(Y )dµ =

∫
g(X)dµ

∫
h(Y )dµ

=
〈
g,

∫
k1(X, · )dµ

〉
1

〈
h,

∫
k2(Y, · )dµ

〉
2

=
〈
g ⊗ h,

∫
k1(X, · )dµ⊗

∫
k2(Y, · )dµ

〉
⊗
.

Since this holds for all g ⊗ h, g ∈ H1, h ∈ H2,

(1.2)
∫
k1(X, · ) ⊗ k2(Y, · )dµ =

∫
k1(X, · )dµ⊗

∫
k2(Y, · )dµ.

There is another natural way to define a tensor product for two RKHSs H1 and H2
that is often of use. Here, we identify the tensor product with a rank one operator
mapping from H1 to H2. To distinguish it from the above definition we will use
g“⊗h, g ∈ H1, h ∈ H2, to denote this tensor product. Whenever f, g ∈ H1, h ∈ H2,
the tensor product is defined by (g“⊗h)(f) = ⟨g, f⟩H1h ∈ H2. Furthermore, we
can define an inner product on this tensor space by letting ⟨f1“⊗f2, h1“⊗h2⟩“⊗ =
⟨f1, h1⟩H1⟨f2, h2⟩H2 , f1, h1 ∈ H1, f2, h2 ∈ H2. Using Parseval’s identity one can ob-
serve that is just the usual inner product of the space HS(H1,H2) of Hilbert–Schmidt
operators and span{g“⊗h : g ∈ H1, h ∈ H2} lies dense in HS(H1,H2). It is therefore
natural to use HS(H1,H2) as the completion of the algebraic tensor product defined
in terms of rank one operators. We will therefore denote the inner product between
such tensors by ⟨ · , · ⟩HS.

1.9.4. Covariance operators

A first application of this tensor product leads us to covariance operators. The
covariance operator C̃ : H → H, given by ⟨C̃g, h⟩ = E(g(X)h(X)), is linear (⟨C̃(αf +
g), h⟩ = αE(f × h) + E(g × h) = ⟨αC̃(f) + C̃(g), h⟩ for all h ∈ H and, therefore,
C̃(αf + g) = αC̃(f) + C̃(g) whenever f, g ∈ H, α ∈ R) and is bounded whenever H
can be continuously embedded in L2(X , P ), i.e. for some c > 0, ∥h∥2 ⩽ c∥h∥ for all
h ∈ H, since then

∥C̃∥op = sup
∥f∥=1

∥C̃f∥ = sup
∥f∥=1

sup
∥h∥=1

|⟨C̃f, h⟩|

= sup
∥f∥=1

sup
∥h∥=1

|E(f × h)| ⩽ sup
∥f∥=1

sup
∥h∥=1

∥f∥2∥h∥2 ⩽ c2.

In fact it is a Hilbert–Schmidt operator whenever H is separable and k(X,X) ∈
L2(µ) because then for any orthonormal basis {en}n∈N of H, ∑

n,m∈N |⟨C̃en, em⟩|2 ⩽
E((∑

n∈N |⟨en, k(X, · )⟩|2)2) = E(k2(X,X)) due to Beppo Levi’s theorem. In this case
C̃ is also self-adjoint and the spectral theorem applies. Furthermore, we can write
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the covariance operator as a Bochner-integral of the tensors k(x, · )“⊗ k(x, · ), i.e.
C̃ =

∫
k(x, · )“⊗ k(x, · ) dP . This Bochner integral is well defined and attains values in

HS(H) whenever
∫

∥k(x, · )“⊗ k(x, · )∥HS dP =
∫
k(x, x) dP < ∞ and H is separable.

Separability of H is important in this context because it implies that HS(H) is
separable and Bochner measurability, that is necessary for the Bochner integral
above to be well defined, is not a restrictive assumption [DF93, Appendix B12].

Observe that there is a close relationship between the eigen-decomposition of C̃
and the expansion of the integral operator

Tk : L2(P ) −→ L2(P ), (Tkf)(y) =
∫
f(x)k(x, y) dP (x).

Whenever H is infinite dimensional and Mercer’s theorem applies there exists an
orthonormal sequence {e•

i }i⩾1 in L2(P ) and corresponding values {λ̃i}i⩾1 in R
such that ei are eigenfunctions of Tk with eigenvalues λ̃i and {λ̃1/2

i ei}i⩾1 is an or-
thonormal basis for H. Furthermore, ⟨C̃ei, ej⟩ = E(ei(X)ej(X)) = ⟨ei, ej⟩L2(P ) =
δij and λ̃

1/2
1 ei, λ̃

1/2
2 e2, . . . are the eigenvectors of C̃ with corresponding eigenvalues

λ̃1, λ̃2, . . . . Also notice that for all y ∈ X , (Tk1)(y) =
∫
k(y, x) dP = ⟨k(y, · ),m⟩ =

m(y) whenever the Bochner integral
∫
k(x, · )dP is well defined. Since Tk1 and m

are real valued functions defined on X that are equal for all y ∈ X it follows that
Tk1 = m.

The covariance operator as described above is giving us the second moments but
not the covariance itself. The centered version C̃c = C̃−m“⊗m gives us the covariance
itself, i.e. E((f(X) −E(f(X)))(g(X) −E(g(X)))) = ⟨C̃cf, g⟩ for any f, g ∈ H. This
operator is also self-adjoint under suitable conditions on the kernel and has a spectral
decomposition.

Direct sum. Another construction that we need is the direct sum of two Hilbert
spaces H1 and H2. The direct sum H1 ⊕ H2 is the Cartesian product {(g, h) :
g ∈ H1, h ∈ H2} equipped with the inner product ⟨(g1, h1), (g2, h2)⟩⊕ = ⟨g1, g2⟩1 +
⟨h1, h2⟩2 [RS72, p. 40, Example 5]. We do not assume here that H1 ∩ H2 = {0}.
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2. Approximating convex sets and locating m and mn

We start this section with a discussion of a simple approach for approximating
convex sets using ε-nets. We will find that such an approximation is of very limited
use only which motivates the remainder of the paper. In this remainder we analyze
a stochastic approach at length where we consider the random convex set which is
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induced by the sample. In detail, we control the difference between the empirical
convex set Cn corresponding to the sample and its population limit C using VC-
theory and Rademacher complexities in Section 2.2. Such tools are not necessary for
the finite dimensional setting but the question of convergence of the empirical convex
set to its population limit can easily be developed for the infinite dimensional setting.
In particular, the approach based on Rademacher complexities applies directly to
infinite dimensional RKHSs. In Section 2.3 we study the width of the convex set C.
We link here lower bounds on the width of C to how well constant functions can be
approximated within the unit ball of the RKHS. Building up on these sections we
study how deep m lies within C in Section 2.4. We also look in this section at an
approach based on covariance operators which adapts automatically to the support
of the unknown measure. Finally, in Section 2.5 we translate these findings to mn

and we provide our main theorems in this section which give high probability bounds
on the size of balls within the empirical convex set which are centered at mn.

2.1. Approximation based on ε-nets

Let H be an RKHS of real-valued functions acting on X = [0, 1]d with kernel
function k being bounded by 1. Furthermore, let ϕ : X → H be the map ϕ(x) =
k(x, · ) and mn = 1

n

∑n
i=1 ϕ(xi) for certain points x1, . . . , xn ∈ X. For ε > 0 there

exists an ε-net for [0, 1]d that consists of Nε,d = ⌈dd/2/εd⌉ many closed balls that
are centered at points y1, . . . , yNε,d

in [0, 1]d. This ε-cover of [0, 1]d gives rise to a
cεα-cover of ϕ[X ] = S if ϕ is α-Hölder continuous with Lipschitz constant c. Let
si = ϕ(xi) for all i ⩽ n and s′

i the closest point to si in ϕ[{y1, . . . , yNε,d
}]. Then the

approximation m′
n = 1

n

∑n
i=1 s

′
i of mn, which can be written as a sum over at most

Nε,d many terms, achieves an approximation error of

∥mn − m′
n∥ ⩽

1
n

n∑
i=1

∥si − s′
i∥ ⩽ cεα.

If we want to achieve an approximation error of at most n−1/2 then we need to
include ⌈dd/2(c2n)d/(2α)⌉ many balls in the cover. If c ⩾ 1 then we can only represent
mn with less than n-points if d = 1 and α > 1/2. The Lipschitz constant c is here
only of limited help if we choose our kernel independent of n.

We can also observe that a fine cover is necessary for good approximation if we
do not impose assumptions on the measure and on m. For instance, consider again
X = [0, 1]d and a kernel k such that k(x, x) = 1 for all x ∈ X and such that
1 − k(x, y) ⩽ c∥x − y∥ for some constant c > 0 and any x, y ∈ X . Furthermore,
assume that we have a cover centered at ld points x1, . . . , xld then there exists a
point x0 with mini⩽l ∥x0 −xi∥ ⩾ 1/2l. If we consider now the measure with unit mass
on x0, i.e. m = k(x0, · ), then the error, when approximating the expected value of
the norm one function h = k(x0, · ), is

|⟨m, h⟩ − ⟨mn, h⟩| = ∥m∥2 −
l∑

i=1
αik(xi, x0) ⩾

c

2l .
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Hence, to attain an approximation error of order n−1/2 we need a cover consisting
of at least nd/2 many points.

2.2. Empirical convex sets

In the following, let H be a separable RKHS and let Cn = ch{ϕ(Xi) : i ⩽ n} be the
set valued random variable determined by X1, . . . , Xn. The variable Cn attains values
in the closed convex subsets C(H) of H. There exists various natural topologies on
C(H) (see [Bee93]). We equip C(H) with the Vietoris topology and the corresponding
Borel–Effron σ-algebra. The random variable Cn is then well defined as a measurable
map from Ω to C(H). The random variable Cn tends to C = cch{ϕ(x) : x ∈ X }
as n tends to infinity. We aim to quantify how similar Cn is to C. We do so by
framing the question of convergence in the context of empirical process theory. In
the following discussion we assume that X is compact, H is finite dimensional with
dimension d, and the corresponding kernel function k is continuous. In particular,
∥k∥1/2

∞ =: b is finite.
Observe that we can reduce the question of convergence of Cn to C to the question

of how fast the projection of Cn on some direction u ∈ H, ∥u∥ = 1, converges to the
projection of C on u. More specifically, if we can control the convergence uniformly
over all such u then we have control of the convergence of Cn to C. Furthermore,
since Cn and C are convex we only need to control the end points of the projections;
these points correspond to projections of extremes of Cn and C onto span{u}. With
this aim in mind, let us introduce the functions fu,c(x) = χ{u(x) ⩽ c}, fu,c : X → R,
for u ∈ H, ∥u∥ = 1, and with c going through the interval {⟨u, h⟩ : h ∈ C} =
ch{u(x) : x ∈ X } or a superset of this interval.

The importance of the functions fu,c is that Pfu,c > 0 if, and only if, there is
an element h ∈ C such that ⟨h, u⟩ ⩽ c (given that there is non-zero mass on that
element or the mass of all elements whose projection falls below c is strictly greater
than zero). For instance, if C contains the origin then we could vary negative c’s to
explore the extension of the projection of C in direction u. Since the extremes of C
are a subset of S := {ϕ(x) : x ∈ X } and the probability measure is concentrated
on S it is sufficient to work with elements in S instead of all of C. This setup is
depicted in parts (i)–(ii) of Figure 2.1.

The situation is similar for the empirical convex set. The empirical convex set
will contain an element which lies c away from the origin in direction u if, and
only if, Pn(u(‹X) ⩽ c) > 0, with ‹X being a random variable with law Pn (see
the preliminaries in Section 1.9). Notice that the condition Pn(u(‹X) ⩽ c) > 0 is
equivalent to mini⩽n u(Xi) ⩽ c.

To be able make use of this approach to quantify the difference between C and
Cn we need to control the convergence of Pnfu,c to Pfu,c simultaneously over all
these fu,c. Two natural ways to control this difference are VC-theory and Rademacher
complexities. We discuss both of these below. Note that the resulting concentration
bounds are only useful if the probability Pfu,c and related terms are not too small.
In the following examples, and in most parts of the paper, we deal with this difficulty
by assuming lower bounds on the density of the data generating random variables.
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This guarantees that Pfu,c cannot get too small. If one wishes to avoid this as-
sumption, one has to find a way to deal with areas of the input space that have low
probability to contain samples. One option to deal with these areas might be to use a
threshold θn on the values of the density. One could then change the original density
p to a truncated version pθn ≈ p×χ{p ⩾ θn} and adapt the threshold θn with sample
size n to let it go to zero in a controlled way. The convex set corresponding to pθn can
then be analyzed with our tools and one only has to control the difference between
p and pθn , and the corresponding convex sets. While this seems like a natural solution,
we do not explore this path in this paper and we focus fully on the case of densities
that are bounded away from zero.

2.2.1. VC-theory

Since we are working here with finite dimensional RKHSs it is rather easy to use
VC-theory. In detail, whenever u ∈ H, ∥u∥ = 1, then |u(x)| ⩽ b and we can use
[−b, b] as the interval over which we vary c. Hence, let

F = {fu,c : u ∈ H, ∥u∥ = 1, −b ⩽ c ⩽ b}.
We want to show that F is a VC-subgraph class of functions. In fact, it is convenient to
work with a countable dense subset of F to sidestep measure theoretic complications
relating to the empirical process. To this end, let ‹H be a countable dense subset of
H such that ‹H ∩ {u : ∥u∥ = 1, u ∈ H} lies dense in {u : ∥u∥ = 1, u ∈ H} and define
the countable set
(2.1) ‹F =

¶
fu,c : u ∈ ‹H, ∥u∥ = 1, c ∈ (Q ∩ [−b, b]) ∪ {−b, b}

©
⊂ F .

The family F is a VC-subgraph class and its VC-dimension is upper bounded by
d+ 1: consider the family of function G = span(H ∪ {c1 : c ∈ R}). The dimension of
G is at most d+ 1 and c− u(x) ∈ G for every u ∈ H, −b ⩽ c ⩽ b. Applying [Dud14,
Theorem 4.6] shows that the VC dimension of Pos(G) = {pos(g) : g ∈ G}, where
pos(g) = {x : g(x) ⩾ 0}, is at most d + 1. Furthermore, the family G ′ of sets of
the form {(x, t) : x ∈ pos(g), t ⩽ 1}, g ∈ G, has the same VC-dimension. But G ′

is a family of subgraphs that contains all the subgraphs of functions in F and the
claim follows. Since ‹F ⊂ F it also follows that ‹F is a VC-subgraph class with
VC-dimension at most d+ 1.

The family ‹F has the measurable envelope χX and, due to [GN16, Theorem 3.6.9],
its covering numbers can be bounded by

N
Ä‹F ,L2(Q), ε

ä
⩽ 4
(
8/ε2)d+2 ∨ c̃,

where c̃ can be chosen as max{m ∈ N+ : logm ⩾ m1/(d+1)(d+2)} and whenever Q
is a probability measure on X . Be aware that the ν-index as defined in [GN16] is
equal to one plus the VC-dimension when using the definition of [Dud14] for the
VC-dimension.

Now, applying Hölder’s inequality,

J(δ) =
∫ δ

0
sup
Q

√
log 2N

Ä‹F ,L2(Q), ε
ä
dε ⩽ δ

(
log(2c̃) ∨ (1 + 2(d+ 2))

)1/2
.
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In particular, J(1) ⩽
√

log 2c̃ ∨
√

1 + 2(d+ 2). By [GN16, Remark 3.5.5 and Theo-
rem 3.5.4] we can conclude that

E

Ç
sup
f∈F̃

|Pnf − Pf |
å

⩽ 12J(1)n−1/2.

We use now Bousquet’s version of Talagrand’s inequality to move to a high probability
bound (e.g. [GN16, Theorem 3.3.9]). For simplicity, we will denote the supremum
over u, c, such that fu,c ∈ ‹F , by supu,c in the following. Let

Sn = sup
u,c

∣∣∣∣∣ n∑
i=1

(fu,c(Xi) − Pfu,c)
∣∣∣∣∣ = n sup

u,c
|Pnfu,c − Pfu,c|.

Observe that ∥Pfu,c − fu,c∥∞ ⩽ 1 and ESn = nE(supu,c |Pnfu,c − Pfu,c|). Applying
Talagrand’s inequality yields

e−x ⩾ Pr
Å

max
j⩽n

Sj ⩾ ESn +
√

2x(2ESn + n) + x/3
ã

for all x ⩾ 0. Letting p = exp(−x) leads to the following lemma.

Lemma 2.1. — Let H be a finite dimensional RKHS with continuous kernel
function k defined on a compact set X . Assume that ∥k∥1/2

∞ = b < ∞. Let ‹F be the
space associated to H through Eq. (2.1). With probability at least 1 − p,

sup
f∈F̃

|Pnf − Pf | ⩽ 12J(1)n−1/2 + n−1/2
»

2 log(1/p)(24J(1)n−1/2 + 1) + log(1/p)/3n.

2.2.2. Rademacher complexities

As is usually the case with metric entropy based bounds, the constants are loose
and n needs to be large to gain useful results. Tighter bounds can often be attained
by using Rademacher complexities (see [BM03, GN16]). While the resulting bounds
are generally tighter it is not possible to work directly with the indicator functions
fu,x but we need a continuous approximation of these. Also, in the Rademacher
approach that we develop it is beneficial to center the functions h ∈ C by moving to
Cc = {h−m : h ∈ C}. In the following, let F = {(u, c) : u ∈ H, ∥u∥ = 1,−b ⩽ c ⩽ b}
and
(2.2) F̃ =

¶
(u, c) : u ∈ ‹H, ∥u∥ = 1, c ∈ ([−b, b] ∩ Q) ∪ {−b, b}

©
.

Furthermore, consider the function ψγ : R → R, with γ > 0, defined by

ψγ(x) =


1 x ⩽ −γ,
−x/γ −γ < x < 0,
0 0 ⩽ x.

Then fu,c(h) = χ{⟨u, h⟩ ⩽ c} ⩾ ψγ(⟨u, h⟩ − c) for any u, h ∈ H and −b ⩽ c ⩽ b. The
function ψγ is depicted in Figure 2.1(iii). Importantly, ψ(0) = 0 and |ψγ(x)−ψγ(y)| ⩽
|x−y|/γ, that is γψγ( · ) is a contraction vanishing at zero (see [GN16, Theorem 3.2.1]
or [LT91, Theorem 4.12]).
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~

(i) (ii) (iii)

C

span{u}

p(u(x))

u(x)
c

1
0

c

c− γ

Graph of ψγ(u(x) − c)

Figure 2.1. (i) The figure show C as a subset of H. The diagonal (blue) line is the
span{u} for some function u ∈ H, ∥u∥ = 1, The short lines connecting this line
to the ellipse indicate the projection of C on span{h}. In particular, the distance
between the two short lines is widthu(C). The long line which is orthogonal to
span{u} (red) indicates a threshold; the interest is here if C extends past this
threshold. (ii) The question if C extends past the threshold is rephrased in this
figure by focusing on span{u} and considering the probability that values u(x)
are attained that lie beyond the threshold. In this figure, we assume for simplicity
that the measure on C induces a density function p(y) through the projection on
span{u}, where y goes over the range of u. The threshold is in this figure set to
−c and C extends past the threshold if the density function is non-zero to the left
of −c. (iii) To link this construction to the empirical measure we use the function
ψγ whose graph is plotted in this figure against u(x). The motivation is here to
approximate the indicator function corresponding to the event u(X) ⩽ −c from
below by a continuous function. The parameter γ controls the approximation
and for γ → 0 the function ψγ converges to the indicator function.

We have that Pnfu,c+⟨u,m⟩ ⩾ Pnψγ(⟨u, ϕ( · ) − m⟩ − c). The proof of [GN16, Theo-
rem 3.4.5] gives us a high probability lower bound on the latter term (in the notation
of the book, combine Sn < ESn +

√
2x/n with ESn ⩽ 2ES̃n). In detail, with prob-

ability 1 − p, simultaneously for all u ∈ ‹H, ∥u∥ = 1, and c ∈ ([−b, b] ∩ Q) ∪ {−b, b},
we have the following lower bound on Pnψγ(⟨u, ϕ( · ) − m⟩ − c),

Pψγ(⟨u, ϕ( · ) − m⟩ − c)

− 2E
Ç

sup
(u′,c′)∈F̃

∣∣∣∣∣ 1n n∑
i=1

ϵiψγ(⟨u′, ϕ(Xi) − m⟩ − c′)
∣∣∣∣∣
å

−
…

2 log(2/p)
n

,

where ϵi are i.i.d. Rademacher variables that are independent of X1, . . . , Xn. Because
γψγ is a contraction vanishing at zero

E

Ç
sup

(u′,c′)∈F̃

∣∣∣∣∣ 1n n∑
i=1

ϵiψγ(⟨u′, ϕ(Xi) − m⟩ − c′)
∣∣∣∣∣
å

⩽
2
γ
E

Ç
sup

(u′,c′)∈F̃

∣∣∣∣∣ 1n n∑
i=1

ϵi(⟨u′, ϕ(Xi) − m⟩ − c′)
∣∣∣∣∣
å
.
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Applying [BM03, Theorem 12(7) and Lemma 22] and using that the Rademacher
complexity for the constant functions ⟨u′,m⟩ + c′, (u′, c′) ∈ F̃ , where |⟨u′,m⟩ + c′| ⩽
b+ |c′| ⩽ 2b, is upper bounded by 4bn−1/2,

E

Ç
sup

(u′,c′)∈F̃

∣∣∣∣∣ 1n n∑
i=1

ϵi(⟨u′, Xi⟩ − c′)
∣∣∣∣∣
å

⩽ 4bn−1/2 + E

(
(2/n)

Ç
n∑
i=1

k(Xi, Xi)
å1/2)

⩽ 6bn−1/2.

This implies the following lemma.

Lemma 2.2. — Let H be an RKHS with continuous kernel function k defined on
a compact set X . Assume that ∥k∥1/2

∞ = b < ∞. Let F̃ be the set associated to H
through Eq. (2.2). With probability at least 1 − p, simultaneously for all (u, c) ∈ F̃ ,

Pnψγ(⟨u, ϕ( · ) − m⟩ − c) ⩾ Pψγ(⟨u, ϕ( · ) − m⟩ − c) −
Ä√

2 log(2/p) + 24b/γ
ä
n−1/2.

The VC and Rademacher bounds allow us to control the size of the empirical
convex set in terms of Pfu,c and Pψγ(⟨u, ϕ( · ) − m⟩ − c). In either case we need
to get a handle on P to move further. In particular, we need to understand how
P concentrates around the extremes of C. We are now looking at a few examples
to get a better understanding of how P concentrates and what this implies for the
convergence of the empirical convex set to C. Of major importance is how smooth
ϕ : X → H is and how the distribution of X1, . . . , Xn on X looks like. We start
with a couple of simple examples and discuss links to stochastic geometry before
addressing typical settings that one faces in practice.

2.2.3. Examples

Example 1 (Unit circle). — Consider the unit circle in R2 with the uniform dis-
tribution on it. What can we say about the interior of Cn as a function of n? In
particular, what can be said about the size of Cn in direction u ∈ R2, ∥u∥ = 1?
Due to the symmetry of the unit sphere and because the uniform distribution is
used it is sufficient to consider the vector u = (1, 0)⊤. The probability that a sam-
ple point, when we sample just once, lies to the right of cu, with c ∈ [−1, 1], is
(1/2π)

∫ 2π
0 χ{⟨u, (cos θ, sin θ)⊤⟩ ⩾ c} = arccos(c)/π, using here that arccos is a mono-

tonically decreasing function. Similarly, the probability that a sample point lies to the
left of cu is 1−arccos(c)/π. Furthermore, if we draw n independent samples then the
probability to see at least one sample point to the right of cu is 1−(1−arccos(c)/π)n
and that at least one sample point lies to the left of cu is 1−(arccos(c)/π)n. Moving on
to the distribution of the length of the interval, which corresponds to the projection of
Cn onto u, that is the distribution of width(u,Cn), we can observe that width(u,Cn)
attains values in [0, 2] and that width(u,Cn) = maxi cos θi − mini cos θi, where we
denote with θi independent and uniformly distributed random variables on [0, 2π).
We could now try to calculate the distribution of width(u,Cn) by controlling the
maximum and minimum. Since we are interested in getting a better understanding of
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the VC and Rademacher approach we use instead the uniform guarantees on Pnfu,c.
Let X be the unit circle and let the kernel function be k(x, y) = ⟨x, y⟩R2 . This
way H becomes the dual space (R2)′ of R2: recall that a basis of (R2)′ is given by
⟨e1, · ⟩R2 , ⟨e2, · ⟩R2 , where e1, e2 is the standard basis in R2, and for any i, j ∈ {1, 2},
⟨⟨ei, · ⟩R2 , ⟨ej, · ⟩R2⟩(R2)′ = ⟨ei, ej⟩R2 . Since e1, e2 lie in X it holds for any i, j ∈ {1, 2},
⟨⟨ei, · ⟩R2 , ⟨ej, · ⟩R2⟩(R2)′ = ⟨k(ei, · ), k(ej, · )⟩ and the claim follows.

Associate to u ∈ R2 the function ũ ∈ H given by ũ(x) = ⟨u, x⟩R2 . Let ‹H be a
countably dense subset of H such that {u : u ∈ ‹H, ∥u∥ = 1} lies dense in the unit
sphere of H. Define F = {fũ,c : u ∈ H, ∥u∥ = 1,−1 ⩽ c ⩽ 1} and ‹F = {fũ,c : u ∈ ‹H,
∥u∥ = 1,−1 ⩽ c ⩽ 1}, where fũ,c(x) = χ{ũ(x) ⩽ c} = χ{⟨u, x⟩ ⩽ c}. The family of
functions ‹F is a VC-subgraph class and on an event of probability at least p it holds
simultaneously for all fũ,c ∈ ‹F that

Pnfũ,c ⩾ Pfũ,c − n−1/2ξn = 1 − arccos(c)/π − n−1/2ξn,

where ξn = 12J(1) +
√

2 log(1/p)(24J(1)n−1/2 + 1) + log(1/p)n−1/2/3. We use here
that the uniform distribution on the unit circle is invariant under rotations, i.e. for
a given u let A be the rotation matrix for which Au = (1, 0)⊤. Then,

Pfũ,c = 1
2π

∫ 2π

0
χ
{〈
Au,A(cos(θ), sin(θ))⊤〉 ⩽ c

}
= 1
π

∫ π

0
χ{cos(θ) ⩽ c}.

In other words, on an event of probability p, whenever n is such that n−1/2ξn < 1/2,
and for any c > cos((1 −n−1/2ξn)π), there will be a sample point which has an inner
product with u which is smaller than c. To be exact, let c0 < 0 be a real number
strictly larger than cos((1 − n−1/2ξn)π) and let the above event be denoted by B.
It holds that P (B) ⩾ p and for any ω ∈ B, mini⩽n⟨u,Xi(ω)⟩ ⩽ c0. In fact, the
VC-argument shows that B can be chosen such that P (B) ⩾ p and for all ω ∈ B,

sup
u∈H,∥u∥=1

min
i⩽n

⟨u,Xi(ω)⟩ ⩽ c0.

From this we can infer that a ball centered at the origin and of radius c0 is contained in
the empirical convex set Cn(ω), whenever ω ∈ B: consider without loss of generality
the vector v = (c0, 0)⊤ and an element ω ∈ B. There exist elements Xj such that
Xj(ω) lies on the unit circle and ⟨−v,Xj(ω)⟩ ⩽ c2

0, that is ⟨v,Xj(ω)⟩ ⩾ ∥v∥2. Let
Xi(ω) be such an element which also attains the maximum of the map j 7→ ⟨v,Xj(ω)⟩.

Assume that Xi(ω) does not lie in span v and that Xi(ω) lies north of span v,
i.e. ⟨Xi(ω), (0, 1)⊤⟩ > 0. Consider the lines between Xi(ω) and the elements Xj(ω),
j ⩽ n, j ̸= i. There will be an index j0 ⩽ n, j0 ≠ i, such that the line between Xi(ω)
and Xj0(ω) intersects with span v. Consider the vector w = (0,−c0)⊤. There will be
a sample point Xj1(ω) such that ⟨w,Xj1(ω)⟩ ⩾ ∥w∥2 and the line between Xi(ω) and
Xj1(ω) crosses span v. Order the samples according to how large the inner product
between the point of intersection of the line between the sample and Xi(ω) and v is.
Let Xj2(ω) be the maximum in this ordering. Assume that ⟨Xj2(ω), v⟩ < ∥v∥2, that
is the intersection lies to the left of v. Let ṽ be the point on the circle with radius c0
for which the line between Xi(ω) and Xj2(ω) is tangent and which lies to the right
of the line. There is now a point Xj3(ω) on the sphere such that ⟨Xj3(ω), ṽ⟩ ⩾ ∥ṽ∥2.
The point Xj3(ω) cannot lie north of v since this would contradict the maximality
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of Xi(ω). However, if Xj3(ω) lies south of v then the line between Xj3(ω) and Xi(ω)
crosses span v further to the right than the line between Xj2(ω) and Xi(ω) which
contradicts the maximality of Xj2(ω).

Hence, we have either two points to the right of v, one on the north side and one on
the south side of the sphere, or the point (1, 0)⊤ is contained in the sample. By the
same argument, either (−1, 0)⊤ is contained in the sample or there are two points
left of −v, one on the north side and one on the south side. The convex hull of these
points is a subset of Cn(ω) and contains v.

To provide a concrete example, let p = 0.9 and observe that the c̃ which ap-
pears in the bound of J(δ) can be chosen as 1021. Then J(1) ⩽ 8 ∨ 3 = 8 and
ξn ⩽ 96 +

√
2 log(10)(192n−1/2 + 1) + n−1/2 log(10)/3. Hence, a ball of radius 0.2

exists around the origin inside the empirical convex set with probability p for n being
about 52000 or larger.

As expected n needs to be large to guarantee the existence of the ball or radius 0.2.
Using Rademacher complexities we can attain significantly tighter bounds in this
setting. Building up on our discussion and using m = 0 we can see that

Pnψγ(⟨u, · ⟩ − c) ⩾ Pψγ(⟨u, · ⟩ − c) −
Ä√

2 log(2/p) + 12/γ
ä
n−1/2.

Finally, by using a rotation of u and with cγ = (c− γ) ∨ −1 it follows that

Pψγ(⟨u, · ⟩ − c)

= 1
π

∫ π

0
ψγ(cos(θ) − c)

= 1 − arccos(cγ)
π

+ 1
πγ

∫ arccos(cγ)

arccos(c)
(c− cos(θ))

= 1 − arccos(cγ)
π

(1 − c/γ) − c arccos(c)
πγ

+ 1
πγ

Ä√
1 − c2 −

»
1 − c2

γ

ä
.

For instance, with γ = 1 and c < 0 this leads to

Pnψγ(⟨u, · ⟩ − c) ⩾ c(1 − arccos(c)/π) +
√

1 − c2

π
−
Ä√

2 log(2/p) + 12
ä
n−1/2.

The bound guarantees in this case the existence of a ball of radius 0.2 around the
origin within the empirical convex set with probability at least 0.9 when n is about
5000, a 10-fold improvement in the constant over the VC-bound. While the bound
is significantly better it does not come close to capture the right magnitude: even
a number as small as n = 10 suffices in experiments for the empirical convex set to
contain a ball of radius 0.2 with high probability.

In this example, we assumed that the distribution is uniform on the unit circle.
This assumption is not crucial but helps with the computations. That said, it is
important for our argument that the density of the distribution does not approach
zero. Otherwise, Pψγ(⟨u, · ⟩−c) could be arbitrary small and we could not guarantee
a positive value for its empirical counterpart.

Example 2 (Polytopes with finitely many extremes). — Let us consider next a
simple polytope. Let H = Rd with the usual inner product (⟨x, y⟩ = x⊤y) and
k(x, y) = ⟨x, y⟩. Furthermore, consider C = ch{xi : i ⩽ m} with x1, . . . , xm ∈ Rd
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and such that the random variable X attains values in {x1, . . . , xm} and Pr(X =
xi) ⩾ α > 0 for all i ⩽ m. Then for all u ∈ H, ∥u∥ = 1, |c| ⩽ ∥k∥1/2

∞ either Pfu,c = 0
or Pfu,c ⩾ α. Hence, we have that Pnfu,c > 0 with probability at least 1 − e−

√
n

whenever
n ⩾
Ä
12J(1) +

√
2(24J(1) + 1) + 1/3

ä2
/α2.

In other words, for n that large the empirical convex set equals C on an event of
probability at least 1 − e−

√
n.

If each of the xi is an extreme then we can compare this probability to the
probability that in n independent trials all m extremes are drawn: the probability
that element i is not drawn in n independent trials is 1 − Pr(X = xi)n and the
probability that at least one element i is not drawn is upper bounded by

Pr
Ç⋃
i⩽m

⋂
j⩽n

{Xj ̸= xi}
å

⩽
∑
i⩽m

(1 − Pr(X = xi))n ⩽ m(1 − α)n = m exp(−βn).

where β = − log(1 − α). In other words, instead of 1 − e−
√
n we get a probability of

1 −m exp(−βn) that the empirical convex set matches the convex set C.
Consider now the special case of the d-dimensional simplex chS, with S =

{0, e1, . . . , ed} and e1, . . . , ed being an orthonormal basis in Rd. Furthermore, as-
sume that each x ∈ S has probability 1/(d+ 1) to be sampled. The interior of the
empirical convex set Cn is empty unless all points have been sampled. Hence, in this
example either intCn = ∅ or Cn = C and the interior of n does not grow slowly in
size as n increases but changes abruptly.

As a final example consider a rhombus given by C = ch{e1,−e1, re2,−re2} where
e1, e2 are orthonormal vectors in R2 and r ∈ (0, 1). Furthermore, let X be uniformly
distributed on the boundary of C. We can again consider the functions fũ,c to
measure the interior of the empirical convex set. However, in contrast to the unit
circle the measure in direction u that lies c apart from the origin is not the same
for all u but depends strongly on the direction. For instance, for direction −e1
and c ∈ (0, 1) it holds that Pf−ẽ1,−c = 2p(1 − c)

√
1 + r2, where p denotes here

the density of the uniform distribution on the boundary, while for −e2 we get
Pf−ẽ2,−c′ = 2p(1 − c′/r)

√
1 + r2, for c′ ∈ (0, r). In particular, for c = 0.9, c′ = 0.9r

the probabilities Pf−ẽ1,−c and Pf−ẽ2,−c′ are equal and the probability Pf−ẽ1,−c, which
is spread out over an interval of length 0.1 in direction e1, is contained in an interval
of length 0.1r in direction e2 irrespective of how small r is.

As in Example 1, the uniform assumption helps here with the computations but is
not crucial for the argument. Since we are in a discrete setting we do not have the
same problem as in Example 1: there cannot be a sequence of non-zero probabilities
on our m points x1, . . . , xm that converges to zero. On the other hand, if there is a
probability of exactly zero for some points, for example for attaining value x1, then
we can simply ignore these points and carry out the same analysis for the points
with non-zero probability.

Example 3 (Image of a Lipschitz-continuous kernel function). — Let us go back
to the setting that we discussed at the beginning of the section. In detail, let k
be a continuous kernel function on compact set X that is upper bounded by b.
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Furthermore, let us assume that the corresponding feature map ϕ(x) = k(x, · ) is
L-Lipschitz continuous with Lipschitz constant L > 0 and the law of X1, . . . , Xn has
a density on X which is lower bounded by b′ > 0. We are now aiming to quantify the
extension of the convex set in a direction u after centering the convex set around m.
In detail, for u ∈ H, ∥u∥ = 1, let xu ∈ X be a point at which c∗

u := ⟨u, ϕ(xu) − m⟩ =
minx∈X ⟨u, ϕ(x) − m⟩. As before, for c ∈ R, let fu,c = χ{⟨u, ϕ( · ) − m⟩ ⩽ c} and
observe that |⟨u, ϕ(xu) − ϕ(x)⟩| ⩽ L∥xu − x∥. Therefore, with ru = (c− c∗

u)/L and
whenever c > c∗

u,

Pfu,c ⩾
∫

X
b′ × χ{⟨u, ϕ(x) − m⟩ ⩽ c}dx ⩾

∫
B(xu,ru)∩X

b′ = b′ vol(B(xu, ru) ∩ X ).

For example, when X = [0, 1], u any element in H with ∥u∥ = 1 and c > c∗
u such

that xu − (c− c∗
u)/L ⩾ 0, it follows that vol(B(xu, ru) ∩ X ) ⩾ ru and Pfu,c ⩾ b′ru =

b′(c− c∗
u)/L.

This lower bound on Pfu,c can directly be combined with a metric entropy bound.
If we want to use instead a Rademacher complexity bound then we have to apply ψγ
to ⟨u, ϕ( · ) − m⟩ − c. Under the above Lipschitz assumption for any u, ∥u∥ = 1, and
whenever c∗

u ⩽ c− γ,

(2.3) 1 = ψγ(⟨u, ϕ(x) − m⟩ − c) ⇐= c− γ ⩾ ⟨u, ϕ(x) − m⟩
⇐= c− γ − c∗

u ⩾ ⟨u, ϕ(x) − ϕ(xu)⟩
⇐= c− γ − c∗

u ⩾ L∥x− xu∥.

Also, ψγ(⟨u, ϕ(x) − m⟩ − c) is strictly positive whenever L∥x− xu∥ ⩽ c− c∗
u.

Let ru,1 = (c−γ−c∗
u)+/L. For x ∈ B(xu, ru,1) we have that ψγ(⟨u, ϕ(x)−m⟩−c) = 1

which gives us right away the following lower bound

(2.4) Pψγ(⟨u, ϕ( · ) − m⟩ − c) ⩾ b′ vol(X ∩B(xu, ru,1)).

This bound can now be combined with the Rademacher complexity bounds. However,
to say anything concrete about the size of the empirical convex set some knowledge
of c∗

u is required. In the Section 2.3 we derive approaches to measure the width of C
in any direction, then we derive lower bounds on c∗

u. We combine these bounds in
Section 2.5 with the above bound.

The assumption that there is a non-zero lower bound on the density is important.
We could weaken it slightly to allow for parts of the density to be exactly zero but
we would face major obstacles if we would allow for the density to approach zero. In
this example, this problem manifests itself in Eq. (2.4). We could not guarantee a
lower bound on the right side which is strictly positive if we allowed the density to
approach zero.

Example 4 (Data attaining values in a subset). — Working with the empirical
convex set has the advantage that the set is adapted to the support of the distribution:
if P has support S on X then Cn converges to cch{k(x, · ) : x ∈ S} (see [Fre01,
Definition 411N] for the definition of support). Instead of proving this under a
density and Lipschitz assumption, we are using here an assumption on the covariance
operator.
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A simple way to deal with S is to consider the space HS = {h↾S : h ∈ H} which
is again an RKHS with kernel kS = k↾S × S. We discuss HS and how covariance
operators are naturally adapted to S at length in Section 2.4.3. For the moment it
is sufficient to note that for all h ∈ H,¨

C̃ch, h
∂

=
¨
C̃Sc h↾S, h↾S

∂
HS

,

where C̃c is the centered covariance operator and C̃Sc the corresponding operator for
the RKHS HS. In Section 2.4.3 we show that HS is naturally linked to the affine
subspace spanned by k(x, · ), x ∈ S, and that statements about the behavior of
Cn can be derived by analyzing HS. In particular, the eigenfunctions of C̃c which
have eigenvalue zero are almost surely constant on S and are all mapped to the
same one dimensional subspace of HS. Important for the analysis later on are the
eigenfunctions which have non-zero eigenvalues and are therefore not constant on S.
Let u ∈ HS be an eigenfunction of C̃Sc with eigenvalue λ̄. Let ϕS be the feature map
corresponding to kS and mS the corresponding mean embedding. The function u has
by definition norm one and for γ > 0, c ∈ R, and X a random variable with law P ,

Pψγ
(
⟨u, ϕS( · ) − mS⟩HS

− c
)
⩾ Pr

(
−(u(X) − E(u(X))) ⩾ −γ − c

)
.

In the following, let Z = −(u(X) − E(u(X))) and write Z = Z+ − Z− where
Z+ = Z × χ{Z ⩾ 0}, Z− = Z × χ{Z ⩽ 0}. Since Z has mean zero we have that
E(Z+) = E(Z−). Whenever ∥k∥∞ < ∞ we also have that E((Z+)2) ⩽ ∥k∥1/2

∞ E(Z+)
and E(Z+) = E(Z−) ⩾ E((Z−)2)/∥k∥1/2

∞ . Furthermore,
λ̄ = E(Z2) = E((Z+)2) + E((Z−)2) ⩽ E((Z+)2) + ∥k∥1/2

∞ E(Z+) ⩽ 2∥k∥1/2
∞ E(Z+).

Consider now γ, c such that 0 < −γ − c ⩽ λ̄/2∥k∥1/2
∞ ⩽ E(Z+) then the Paley–

Zygmund inequality yields

Pr(Z ⩾ −γ − c) = Pr
(
Z+ ⩾ −γ − c

)
⩾

(E(Z+) − (−γ − c))2

E((Z+)2)

⩾

(
λ̄/2∥k∥1/2

∞ − (−γ − c)
)2

∥k∥∞
=
Ä
λ̄/2∥k∥∞ − (−γ − c)/∥k∥1/2

∞

ä2
.

In particular, when −γ − c = λ̄/8∥k∥1/2
∞ ,

(2.5) Pψγ(⟨u, ϕS( · ) − mS⟩HS
− c) ⩾ λ̄2/8∥k∥∞.

2.3. Width of the convex set C

The width of a convex set plays an important role when trying to control the
convergence behavior of various convex approximation algorithms. By the width of
the convex set C = cch{ϕ(x) : x ∈ X }, where X is as usual a measurable space and
ϕ is a feature map, we mean the size of the projection of C on a function of norm
one within the RKHS corresponding to ϕ,

widthh(C) := sup
x∈X

⟨h, ϕ(x)⟩ − inf
x∈X

⟨h, ϕ(x)⟩ = sup
x∈X

h(x) − inf
x∈X

h(x),
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where h ∈ H, ∥h∥ = 1.
There is a simple relationship between the width of the convex set C in direction h

and how close h is to a constant function. In the following, let 1 denote the function
that is equal to one for all x ∈ X and let ∥f∥∞ = supx∈X |f(x)| for any function
f : X → R, allowing for ∥f∥∞ = ∞. For any h ∈ H, ∥h∥ = 1,
(2.6) widthh(C) = 2 inf

c∈R
∥h− c1∥∞,

In particular, h is a constant function if, and only if, widthh(C) = 0.
Small widths of C in any direction h are a concern when trying to approximate

m because various performance bounds of algorithms discussed in later sections
depend on a lower bound on the width; the higher this lower bound the faster
the convergence. To be precise, the set C can lie in an affine subspace that is not
all of H and the algorithms we study depend only on the affine subspace. Denote
the closure of the affine span of C by aff C. In other words, aff C is the closure of
{α1h1 + · · · + αnhn : n ∈ N, hi ∈ C, αi ∈ R for all i ⩽ n} which is a closed affine
subspace. Furthermore, let UC = aff C − f , where f is any element of C, then UC
is a closed subspace of H. Observe that the dimension of U⊥

C is at most one since
for h ∈ U⊥

C it holds that h(x) = ⟨h, ϕ(x)⟩ = ⟨h, ϕ(y)⟩ = h(y) for all x, y ∈ X , and,
hence, only constant functions can lie in U⊥

C .
The key quantity which influences the behavior of the algorithms is

inf
h∈UC ,∥h∥=1

widthh(C).

If 1 lies in the RKHS then 1, and all constant functions, lie in U⊥
C and we do not

have to worry about them. The important question is now, how closely can an
h ∈ UC , ∥h∥ = 1, approximate a constant function.

2.3.1. Outline

In this section, we investigate a number of different approaches to control the
width of C. Section 2.3.2 summarizes basic observations for infinite dimensional
H and highlights a key difficulty that needs to be addressed if one wants to work
with infinite dimensional H. A key tool in approximation theory to measure how
well a function can be approximated is the K-functional. In Section 2.3.3 we use
the K-functional to measure how well the constant functions can be approximated
by H and we relate the width of the convex set C to the K-functional and the
smallest eigenvalue of a Mercer decomposition of the kernel function. We then aim
to complement these results with results that rely on kernel matrices. The first step
to achieve this goal is taken in Section 2.3.4 where we introduce the spaces H+ and
H−. The space H+ expands a space H, which does not contain constant functions,
by adding constant functions to it. Similarly, H− removes the constant functions
from a space H that contains constant functions. In Section 2.3.5 we then make use
of the spaces H+ and H− to provide lower bounds on the width of C that depend
on the smallest eigenvalue of suitably chosen kernel matrices. Proposition 2.10 in
that section provides a summary of the key results concerning the lower bounds on
the width of C that we derived. The results in these sections are for the unknown
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convex set C. It seems natural to also consider the empirical counterpart Cn which
can actually be accessed. We adapt the approaches to Cn in Section 2.3.6 and discuss
how one might get good lower bounds on the width of Cn in practice. Such lower
bounds can be used to quantify the quality of a coreset and can be useful for providing
stopping criteria for compression algorithms. We do not explore this possibility in
this paper and leave this for future research. Also, let us highlight that Section 2.3.6
is not required for the main theorems and can safely be skipped if one wants to get
without delay to the main results.

2.3.2. Some comments regarding infinite dimensional H

Let us recall some topological properties. If X is compact and ϕ is continuous, then
ϕ[X ] is compact [Eng89, Theorem 3.1.10]. Due to Mazur’s theorem C = cchϕ[X ]
is then also compact [DU77, Theorem 12, p. 51]. This implies, in particular, that
there exists no norm ball inside ϕ[X ], chϕ[X ] or cchϕ[X ] whenever H is infinite
dimensional because a closed norm ball inside the compact set cchϕ[X ] would be
compact [Eng89, Theorem 3.1.2]. However, closed norm balls in infinite dimensional
Hilbert spaces are not compact [Wer02, Section I.2.7]. Similarly, there exists no norm
ball B such that B ∩ aff C lies inside C.

Furthermore, whenever H is infinite dimensional, C is compact, (en)n⩾1 is an
orthonormal sequence in H and ϵ > 0, it holds that for only finite many of the en
the width widthen(C) can be greater than ϵ. Assume otherwise and let I : N → N
be an enumeration of all the elements en for which the width is greater than ϵ. Also
assume w.l.o.g. that C is centered in the sense that for all n ∈ N, supu∈C⟨u, eI(n)⟩ +
infu∈C⟨u, eI(n)⟩ = 0. Since C is compact supu∈C⟨u, eI(1)⟩ is attained at some point
u1 ∈ C. Inductively, we can select a countably infinite sequence of points (un)n⩾1 in C
such that ∥un −um∥ ⩾ ϵ/4 > 0 whenever n ̸= m: given points u1, . . . , un there exists
m ∈ N such that maxi⩽n |⟨ui, eI(m′)⟩| ⩽ ϵ/4 for all m′ ⩾ m. Let un+1 be a point in
C such that ϵ/2 ⩽ supu∈C⟨u, eI(m′)⟩ = ⟨un+1, eI(m′)⟩. Then ∥un+1 − ui∥ ⩾ ϵ/4 for all
i ⩽ n. Hence, we have countably infinitely many points with distance of at least ϵ/4
between them. These points give rise to an open cover of C that does not contain
a finite sub-cover, contradicting the compactness of C.

This last statement implies that whenever H is infinite dimensional, C is compact,
and ∥k∥∞ < ∞ then for any ϵ > 0 there are infinitely many orthonormal elements
h1, h2, . . . in H such that for each i, supx∈X hi(x)− infx∈X hi(x) ⩽ ϵ. Furthermore, at
most one of the hi’s can be constant, because if hi and hj, i ̸= j, were both constants
then they clearly would not be orthogonal.

2.3.3. Interpolation spaces

Interpolation spaces are useful when trying to quantify the width of C because we
can use them to measure how accurately constant functions can be approximated.
Consider 1 as an element of C(X ) and let H be an RKHS that is continuously
embedded in C(X ); for simplicity, we will treat H as a subset of C(X ). Furthermore,
define for θ ∈ (0, 1) the interpolation space Hθ := (C(X ),H)θ = {f : ∥f∥θ < ∞},
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where ∥f∥θ = supt>0 K(f, t)/tθ and K : C(X ) × (0,∞) → R is the K-functional
defined by

K(f, t) = inf
h∈H

(∥f − h∥∞ + t∥h∥).

If 1 ∈ Hθ then for any r > 0 there exists an element h ∈ H, ∥h∥ ⩽ r, such that
∥1 − h∥∞ ⩽ ∥1∥1/(1−θ)

θ r−2θ/(1−θ). In particular, for any ϵ > 0 there exists an r and
h ∈ H, ∥h∥ ⩽ r, such that ∥1−h∥∞ < ϵ. Therefore, with c = 1/∥h∥ and h∗ = h/∥h∥,
i.e. ∥h∗∥ = 1, it holds that ∥c1 − h∗∥∞ < ϵ and widthh∗(C) ⩽ 2ϵ. If 1 itself does not
lie in H then h∗ lies in the affine span of C and is a problematic direction.

In the finite dimensional case the situation is simpler. If H is finite dimensional
and if the constant function is not in H then it is also not in any of the interpolation
spaces since Hθ is a subset of the closure of H in C(X ). But because H is finite
dimensional the closure of H is equal to H, i.e. Hθ = H for all θ ∈ (0, 1). The
K-functional can be used in this case to quantify how well 1 can be approximated.

The K-functional has a few useful properties with regard to the constant function.
Observe that K(1, 1) ⩽ ∥1 − 0∥∞ = 1, which does not need any conditions on the
kernel function. When ∥k∥∞ ⩽ 1 then we also have for any h ∈ H that

∥h− 1∥∞ + ∥h∥ ⩾ (1 − ∥h∥) + ∥h∥ = 1
since ∥h∥∞ ⩽ ∥k∥1/2

∞ ∥h∥ ⩽ ∥h∥. Hence, K(1, 1) = 1 whenever ∥k∥∞ ⩽ 1. It is
straight forward to generalize this to any c ∈ R whenever ∥k∥∞ < ∞, i.e.

(2.7) K
Ä
c1, ∥k∥1/2

∞

ä
= c.

Also, for any c ∈ R, t > 0 we have the trivial bound K(c1, t) ⩽ c. For t < ∥k∥1/2 the
value K(c1, t) can be smaller than c. If K(c1, t) < c then for any ϵ > 0 there exists
a function h ∈ H, h ̸= 0, such that

K(c1, t) + ϵ ⩾ ∥c1 − h∥∞ + t∥h∥,

and the norm of such an element h is bounded by
c−K(c1, t) − ϵ

∥k∥1/2
∞

⩽ ∥h∥ ⩽
K(c1, t) + ϵ

t
.

Furthermore,
K(c1, t) = |c| inf

h∈H
(∥1 − h/c∥∞ + t∥h/c∥) = |c|K(1, t)

and a minimizer exists for K(1, t) if, and only if, there exists a minimizer for K(c1, t).
The relation between these minimizers is straight forward: h∗ is a minimizer of K(1, t)
if, and only if, ch∗ is a minimizer of K(c1, t).

When H is finite dimensional and ∥k∥∞ < ∞ then there exists a minimizer of the
K-functional. For any c ∈ R, t > 0,

K(c1, t) = inf
h∈H

∥c1 − h∥∞ + t∥h∥ = min
h∈A

∥c1 − h∥∞ + t∥h∥,

where A = {h : h ∈ H, ∥h∥ ⩽ (c/t) ∧ (1 + K(c1, t)/t)}. This holds because A is
compact and h 7→ ∥c1 − h∥∞ + t∥h∥ is continuous whenever ∥k∥∞ < ∞. The norm
of such a minimizer h∗

t,c is bounded by (c ∧ K(c1, t))/t (the additional one in the
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definition of A is, in fact, unnecessary as the above argument shows that the infimum
is attained). Hence, we have that

1 −K(1, t)
∥k∥1/2

∞
⩽

∥h∗
t,c∥
c

⩽
1 ∧K(1, t)

t
.

In fact, we can say more about the norm of h∗
t,c in the finite dimensional case. Notice

first that ∥h∗
t,c∥∞ ⩽ 2c since otherwise 0 would be a better approximation of c1. Since

the RKHS is finite dimensional this implies an upper bound on the RKHS-norm of
h∗
t,c as the next lemma shows. The lemma is actually of major importance in this

paper and we develop it further than what is needed for the current discussion. In
particular, the second part of the lemma is concerned with the relation between ∥h∥∞
and ∥h∥ when Mercer’s theorem (e.g. [SC08, Theorem 4.49]) applies. Recall that
Mercer’s theorem provides us under certain conditions with orthonormal elements
e•

1, . . . , e
•
d in L2(X , µ), µ being a Borel measure on X , where e1, . . . , ed are continuous

functions and such that ẽi = λ̃iei for all i ⩽ d, where λ̃1 ⩾ · · · ⩾ λ̃d > 0, lie in
the RKHS H and are an orthonormal basis of H. The kernel function has to be
continuous for Mercer’s theorem to hold. There are various forms of Mercer’s theorem
together with a variety of assumptions for the theorems to hold. Instead of making
such assumptions the following lemma assumes directly in its second part that the
e1, . . . , ed exist and have the above properties.

Lemma 2.3. — Let X be a set, k a kernel on X such that the corresponding
RKHS H is d-dimensional. For any c ∈ R, {h : ∥h∥∞ ⩽ c} is a compact subset of
H. Furthermore, for h ∈ H and any points x1, . . . , xd for which k(x1, · ), . . . , k(xd, · )
are linearly independent,

(λd/d)1/2 ∥h∥ ⩽ ∥h∥∞,

where λd is the smallest eigenvalue of the kernel matrix for the points x1, . . . , xd.
Whenever X is a topological space, k is a continuous kernel function on X and

there exist continuous functions ei : X → R, i ⩽ d, and a Borel probability measure µ
on X such that e•

1, . . . , e
•
d are orthonormal in L2(X , µ), and {ẽi}i⩽d is an orthonormal

basis of H where ẽi = λ̃
1/2
i ei, for all i ⩽ d, and λ̃1 ⩾ λ̃2 · · · ⩾ λ̃d > 0, then

λ̃
1/2
d ∥h∥ ⩽ ∥h∥∞.

Proof.
(a). — For the first statement let x1, . . . , xd be such that k(x1, · ), . . . , k(xd, · ) are

linearly independent. Observe that such points always exist: assume that d′ < d
points x1, . . . , xd′ exist such that any k(x, · ) lies in the span of k(x1, · ), . . . , k(xd′ , · ).
Now any h ∈ H of the form ∑N

j=1 αjk(zj, · ) with coefficients αj and zj ∈ X can be
written as a sum ∑d′

i=1 βik(xi, · ) with suitable coefficients βi. The family of functions
h that can be written this way lies dense in H, that is, span{k(xi, · ) : i ⩽ d′} is a
dense subspace of H. But this subspace is closed and therefore equal to H. Hence,
H is d′-dimensional contradicting our assumption about H.

Consider the linear operator A : H → Rd, defined for any f ∈ H by

Af = (f(x1), . . . , f(xd))⊤ =
(
⟨f, k(x1, · )⟩, . . . , ⟨f, k(xd, · )⟩

)⊤
.
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The operator is bounded since

∥Af∥2
Rd ⩽ ∥f∥2

d∑
i=1

k(xi, xi) and ∥A∥2
op ⩽

d∑
i=1

k(xi, xi).

A is also injective. One way to see this is by means of Gram–Schmidt orthogonaliza-
tion through which we gain an orthonormal basis e1, . . . , ed of H from k(x1, · ), . . . ,
k(xd, · ) and for any f, g ∈ H it holds that f = g if, and only if, ⟨ei, f⟩ = ⟨ei, g⟩ for
all i ⩽ d if, and only if, ⟨k(xi, · ), f⟩ = ⟨k(xi, · ), g⟩ for all i ⩽ d.

Since A is injective and the dimension of H is d it follows that A is surjective and
invertible. By the open mapping theorem A−1 is continuous and A−1[{v : v ∈ Rd,
∥v∥∞ ⩽ c}] is a compact subset of H.

(b). — Let K be the kernel matrix corresponding to the points x1, . . . , xd. The
rows of the kernel matrix are linearly independent since they are the images of the
linearly independent elements k(x1, · ), . . . , k(xd, · ) under the isomorphism A. Hence,
K is invertible and for any y ∈ Rd, with α = K−1y,

A

Ç
d∑
i=1

αik(xi, · )
å

=
d∑
i=1

αi
(
k(xi, x1), . . . , k(xi, xd)

)⊤ = Kα = y.

In particular, for f = ∑d
i=1 αik(xi, · ), with αi ∈ R, it follows that α = K−1A(f).

We have a useful inner product on Rd given by ⟨x, y⟩K−1 = x⊤K−1y. For arbitrary
f, g ∈ H with f = ∑d

i=1 βik(xi, · ) and g = ∑d
i=1 αik(xi, · ),

⟨f, g⟩ = β⊤Kα = (K−1Af)⊤K(K−1Ag) = ⟨Af,Ag⟩K−1 .

Applying this to h,
∥h∥2 = (Ah)⊤K−1(Ah) = tr

(
K−1(Ah)(Ah)⊤)

⩽ ∥K−1∥op(Ah)⊤(Ah) ⩽ d∥K−1∥op∥h∥2
∞.

(c). — Now assuming that k is continuous and the e1, . . . , ed have the assumed
properties, we can write any h ∈ H as h = ∑d

i=1 αiẽi,
∑d
i=1 α

2
i = ∥h∥2, and

∥h∥2
2 =

d∑
i=1

α2
i λ̃i ⩾ λ̃d∥h∥2.

Since ∥h∥2 ⩾ λ̃d∥h∥ and µ is a probability measure, there has to be some point
x ∈ X at which |h(x)| ⩾ λ̃d∥h∥. □

Example 2.4. — Consider the space X = {1, . . . , d} with kernel function k(x, y) =
1 if x = y and zero otherwise. Then ∥h∥2 = ∑d

i=1 |h(i)|2 and if h(i) = c > 0 for all
i ⩽ d then ∥h∥ =

√
d∥h∥∞ which matches the bound if we use x1 = 1, . . . , xd = d.

Coming back to the case of H being d-dimensional, ∥k∥∞ < ∞ and x1, . . . , xd ∈ X
be any points such that k(x1, · ), . . . , k(xd, · ) are linearly independent and the kernel
matrix is full rank. Furthermore, let λd be the smallest eigenvalue of the kernel
matrix. Consider the map ψ(h) = ∥1 − h∥∞. By a similar argument as above we
can infer that there exists a minimizer of ψ. However, the minimizer is usually
not unique. Consider, for example, X = [−1, 1] and the RKHS consisting of linear
and quadratic functions such that x 7→ x and x 7→ x2 both have norm 1. Then
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both of these functions minimize the distance to 1 as does 0. Any minimizer h of
ψ has norm ∥h∥∞ ⩽ 2 and, therefore, according to Lemma 2.3, it has an RKHS
norm ∥h∥ ⩽ (4d/λd)1/2 =: r. In particular, all minimizers of ψ are included in the
compact ball B = {h : h ∈ H, ∥h∥ ⩽ r}. Let A be the set of all minimizers of ψ
then A is a compact set: if A is finite then this follows right away. Otherwise, take
a convergent sequence {hn}n∈N in A and denote the limit by h. Since for all x ∈ X ,
|h(x) − 1| = limn→∞ |hn(x) − 1| ⩽ minh∈H ∥1 −h∥∞ and h ∈ A. Finally, consider the
norm as a function on A. The norm is continuous and the image of the compact set
A under the norm is a compact subset in R. Hence, there exists an element h∗ in A of
maximal norm. Let us assume first that h∗ ≠ 0. For such an element h∗ let b = 1/∥h∗∥
and note that∥b1−bh∗∥∞ = infc∈R min∥h∥=1 ∥c1−h∥∞. Otherwise, there is an element
h̃, ∥h̃∥ = 1, and a c such that ∥c1−h̃∥∞ < ∥b1−bh∗∥. The constant c cannot be equal
to b since then ∥1 − h̃/b∥∞ < ∥1 − h∗∥ in contradiction to our assumption on h∗. It
also cannot be larger than b because then ∥1− h̃/c∥∞ < (b/c)∥1−h∗∥∞ < ∥1−h∗∥∞
which is again in contradiction to h∗ being a best approximation of 1. But c can also
not be smaller than b; whenever ∥c1 − h̃∥∞ is minimal it follows that ∥1 − h̃/c∥∞ is
minimal and equal to ∥1−h∗∥∞. However, ∥h̃/c∥ = 1/c > 1/b = ∥h∗∥ in contradiction
to the assumption that ∥h∗∥ has maximal norm within A. Therefore,

lim
t→0

K(b1, t) = ∥b1 − bh∗∥∞ = inf
c∈R

min
∥h∥=1

∥c1 − h∥∞ = (1/2) inf
∥h∥=1

widthh(C)

and, since K(b1, t) = bK(1, t) ⩾ (1/r)K(1, t), it follows that

(2.8)
Å
λd
d

ã1/2
lim
t→0

K(1, t) ⩽ inf
∥h∥=1

widthh(C).

If h∗ = 0 then limt→0 K(1, t) = ∥1∥∞ = 1 but also for any c ∈ R, h ∈ H, ∥c1 −
h∥∞ > ∥c1∥∞ since otherwise h/c would be a minimizer of norm greater than zero,
contradicting the assumption that h∗ = 0 is the minimizer with the largest norm. For
h ∈ H, there is a sequence of points x1, x2, . . . such that limn→∞ h(xn) converges and
|h(xn)| → ∥h∥∞. Fix one such sequence and let σ(h) be the sign of all but finitely
many elements of this sequence h(x1), h(x2), . . . , e.g. if σ(h) is positive and h attains
maxima then there is a point x such that h(x) = ∥h∥∞. By another application of
Lemma 2.3 it follows for any h ∈ H, ∥h∥ = 1, that

widthh(C) = ∥σ(h)∥h∥∞1 − h∥∞ > ∥h∥∞ ⩾
Å
λd
d

ã1/2
lim
t→0

K(1, t)

and

inf
∥h∥=1

widthh(C) ⩾
Å
λd
d

ã1/2
lim
t→0

K(1, t).

We can set in the above derivation r to (4/λ̃d)1/2 when Mercer’s theorem applies,
where λ̃d is the d th eigenvalue of Tk. The bound then becomes

λ̃
1/2
d lim

t→0
K(1, t) ⩽ inf

∥h∥=1
widthh(C).
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These results are only meaningful if 1 is not in the RKHS. In the next section we
discuss an approach to remove constants from an RKHS which allows us, among
other things, to extend these results to RKHSs that contain constants.

2.3.4. Adding and removing constants

It is sometimes useful to be able to remove constant functions from an RKHS
or to add constant functions to an RKHS. There is an efficient way to do this by
manipulating the kernel function.

In the following let X be some topological space and consider the p.s.d. functions
k : X × X → R that lie in L2(X × X ) and denote these by K. Furthermore, consider
the partial order on K given by k ⪰ l if, and only if, k − l is p.s.d. where k, l ∈ K.
Also note that K is not a lattice, i.e. for k, l ∈ K the infimum k∧ l and the supremum
k ∨ l will generally not be defined.

For a function f : X → R we let f ⊗ f be the function that maps (x, y) to
f(x)f(y) for any x, y ∈ X . There is a simple criterion which tells us if f ∈ Hk for
a kernel function k ∈ K. Assume that f ⊗ f ∈ L2(X × X ), then f ∈ Hk if, and
only if, there exists a c > 0 with c2k ⪰ f ⊗ f . In case that f ∈ Hk it holds that
∥f∥k = inf{c : c2k ⪰ f ⊗ f}.

This observation motivates the following definitions.

Definition 2.5. — For an RKHS H with kernel k that does not contain 1 define

(2.9) k+ := k + 1 ⊗ 1 and H+ := Hk+ .

The function k+ is a kernel function being the sum of the kernel functions k and
1 ⊗ 1 and H+ is well defined. We denote the norm of H+ by ∥ · ∥+ and we can
observe that

∥1∥+ = inf
{
c : c2(k + 1 ⊗ 1) ⪰ 1 ⊗ 1

}
⩽ 1.

In fact, ∥1∥+ = 1 because otherwise there exists a c < 1 such that

c2k ⪰ (1 − c2)1 ⊗ 1 =⇒
Å

c√
1 − c2

ã2
k ⪰ 1 ⊗ 1 =⇒ 1 ∈ H.

We also have that H ⊂ H+, since k ⪯ k+, and for h ∈ H,

(2.10) ∥h∥+ ⩽ ∥h∥.

When the RKHS H is finite dimensional then ∥h∥+ is actually equal to ∥h∥. To
show this we make use of the following lemma which is a simple extension of [PR16,
Section 5.3].

Lemma 2.6. — Let h1, . . . , hd be linearly independent functions mapping from
some topological space X to R and let a1, . . . , ad > 0 then κ = ∑d

i=1 aihi ⊗ hi is a
kernel function, the functions hi lie in Hκ and are orthogonal in Hκ. Furthermore,
the dimension of Hκ is d and ∥hi∥κ = 1/√ai.
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Now, let d < ∞ be the dimension of H, choose orthogonal functions h1, . . . , hd ∈ H,
h1, . . . , hd ̸= 0, and define the kernel κ = ∑d

i=1(1/∥hi∥2)hi⊗hi. Then k = κ. This fol-
lows because, according to the above lemma, both spaces consist of span{h1, . . . , hd},
∥hi∥κ = ∥hi∥k, for all i ⩽ d, and the hi’s are orthogonal in both spaces, i.e. Hk = Hκ

which implies that k = κ. The importance of this statement is that it shows that we
can write the kernel as a finite sum of weighted tensor products.

From this description of κ we also gain that k+ = ∑d
i=1 aihi ⊗ hi + 1 ⊗ 1 and,

because 1 is not in the original RKHS H, it follows that 1 is linearly independent
of h1, . . . , hd which implies that 1 is orthogonal to h1, . . . , hd in H+.

Consider now one of the hi’s. We like to show that ∥hi∥+ ⩾ ∥hi∥ which then
implies, together with (2.10), that ∥hi∥+ = ∥hi∥ and ∥h∥+ = ∥h∥ for all h ∈ H; the
hi’s are orthogonal in both H and H+. Let l = k+ − (1/∥hi∥2)hi ⊗hi so that hi ̸∈ Hl.
Furthermore, consider any c such that 0 < c < ∥hi∥. If ∥hi∥+ = c then

c2k+ ⪰ hi⊗hi =⇒ c2l ⪰
(
1 − c2/∥hi∥2)hi⊗hi =⇒ c2∥hi∥2

∥hi∥2 − c2 l ⪰ hi⊗hi =⇒ hi ∈ Hl,

which is impossible and, therefore, ∥hi∥+ ⩾ ∥hi∥.
For an RKHS that contains already the constant functions it is useful to be able

to remove these from the RKHS.
Definition 2.7. — Let H be an RKHS that does contain 1 and is not of dimen-

sion 1. Define
(2.11) k− := k − c21 ⊗ 1, where c = inf

{
c̃ : c̃2k ⪰ 1 ⊗ 1

}
, and H− := Hk− .

It follows right away that 1 ̸∈ H− and because, k− ⪯ k we know that H− ⊂ H
and ∥h∥− ⩽ ∥h∥ for all h ∈ H−. Next, notice that we can write k = ∑d−1

i=1 aihi ⊗ hi +
c21 ⊗ 1 where h1, . . . , hd−1,1 are orthogonal in H and a1, . . . , ad−1 > 0. Due to the
orthogonality it follows that the h1, . . . , hd−1 are linearly independent elements in
H− and H− is d− 1 dimensional. Lemma 2.6 tells us furthermore that h1, . . . , hd−1
are orthogonal in H−. Finally, for all i ⩽ d− 1 we have that ∥hi∥− = ∥hi∥; assume
c = 1 and observe that in this case (H−)+ = H and due to the above results for
H+ we can conclude that ∥hi∥− = ∥hi∥−+ = ∥hi∥. The above argument for H+ does
not rely on ∥1∥ = c = 1 and we can generalize this result right away to any c > 0.
Because the norm of the hi does not change and since the hi are orthogonal we
can conclude that ∥h∥− = ∥h∥ for all h ∈ H−. We summarize these results in the
following lemma.

Lemma 2.8. — If H is a finite dimensional RKHS with dimension d, kernel k ∈ K,
and which does not contain 1 then H+, is d+ 1 dimensional, H ⊂ H+, 1 ∈ H+ with
∥1∥+ = 1, ⟨g, h⟩+ = ⟨g, h⟩ for all g, h ∈ H, and 1 is orthogonal in H+ to all h ∈ H.
Similarly, if H is a finite dimensional RKHS with dimension d > 1, kernel k ∈ K, and
which does contain 1 then H−, is d−1 dimensional, H− ⊂ H, 1 ̸∈ H−,⟨g, h⟩− = ⟨g, h⟩
for all g, h ∈ H which are orthogonal to 1.

2.3.5. Lower bounds on the approximation error in finite dimensions

In finite dimensions we can now provide lower bounds on the approximation error
of any function f : X → R. Before specializing to constant functions we take a short
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detour and discuss the general technique. The approach to get lower bounds is the
following: let k = ∑d

i=1 aihi ⊗ hi for linearly independent h1, . . . , hd and ai > 0. If f
is linearly dependent on the hi’s then f ∈ H. Otherwise, we can move to the kernel
function k′ = ∑d

i=1 aihi⊗hi+f⊗f and the corresponding RKHS H′. The function f is
orthogonal to h1, . . . , hd in H′. That means that the lowest approximation error, when
approximating f by functions in the subspace corresponding to H, is given by the
projection onto this subspace. Due to the orthogonality the projection of f onto this
subspace is just the origin and the approximation error is ∥f∥H′ = 1 when measured
in the RKHS norm of H′. If we consider the constraint that the approximation has
to lie in H and has to have norm ∥h∥ = 1 then the best approximation error of f is√

2, i.e.
inf

h∈H,∥h∥=1
∥f − h∥H′ =

√
2.

To gain a lower bound on the approximation error in ∥ · ∥∞ we use Lemma 2.3 which
shows that

inf
h∈H,∥h∥=1

∥f − h∥∞ ⩾
√

2
Å
λd+1

d+ 1

ã1/2
,

where we get d + 1 since we use the RKHS H′ which has dimension d + 1. The
constant λd+1 is the smallest eigenvalue of a kernel matrix corresponding to points
x1, . . . , xd+1 such that k′(x1, · ), . . . , k′(xd+1, · ) are linearly independent. Notice, that
this approximation error depends implicitly on the particular function f through
the kernel matrix and the smallest eigenvalue. The bound can become loose when
∥f∥∞ is significantly larger than ∥hi∥∞, but observe that we can always replace f
by cf for some constant c < 1 to rescale the infinity norm. In the following, let
k′′ = ∑d

i=1 aihi ⊗ hi + (cf) ⊗ (cf) and treat H as a subset of H′′ := Hk′′ . Such a
rescaling leads to a problem in the constraint ∥h∥ = 1 because

inf
h∈H,∥h∥=1

∥cf − h∥∞ = c inf
h∈H,∥h∥=1/c

∥f − h∥∞.

We can compensate for this by using the constraint ∥h∥ = c. Since ∥cf∥H′′ = 1,

inf
h∈H,∥h∥=1

∥f − h∥∞ = 1
c

inf
h∈H,∥h∥=c

∥cf − h∥∞ ⩾

√
1 + c2

c

Å
λd+1

d+ 1

ã1/2
,

where λd+1 is again the smallest eigenvalue of a kernel matrix but now for the
kernel k′′.

Example 2.9. — Let X = {0, 1} and h : X → R be given by h(0) = 1, h(1) = 0,
and let f : X → R be defined by f(0) = 0, f(1) = r for r > 0. Let H be the RKHS
with kernel h ⊗ h which consists of span{h}. The smallest approximation error of
f by elements in H which have norm 1 is attained by −h and h and is equal to
∥h − f∥∞ = r ∨ 1. Considering now the bound: let the kernel of the RKHS H′ be
k = h⊗ h+ f ⊗ f . Consider x1 = 0, x2 = 1 and the corresponding kernel matrix

K =
Å
h(0)2 0

0 f(1)2

ã
=
Å

1 0
0 r2

ã
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which has minimal eigenvalue 1 ∧ r2. The corresponding lower bound is

inf
g∈H,∥g∥=1

∥g − f∥∞ ⩾
√

2
Å1 ∧ r2

2

ã1/2

= 1 ∧ r

which is exact when ∥f∥∞ = 1 but degrades for r away from 1.
Scaling f by c = 1/∥f∥∞ = 1/r gives us the kernel k′ = h⊗ h+ (1/r)2f ⊗ f and

a kernel matrix

K ′ =
Å
h(0)2 0

0 (1/r)2f(1)2

ã
=
Å

1 0
0 1

ã
which has minimal eigenvalue 1. The bound becomes

inf
g∈H,∥g∥=1

∥g − f∥∞ ⩾

…
1 + r2

2 ⩾ 1 ∧ r.

Coming back to the approximation of constant functions. When H does not contain
the constant functions then an approach to calculate lower bounds is to use the kernel
k+ and the corresponding RKHS H+. The norm of c1 in this RKHS, where c ∈ R,
is |c| and for any such c,

inf
h∈H,∥h∥=1

∥h− c1∥∞ ⩾

√
1 + |c|2
|c|

Å
λd+1

d+ 1

ã1/2
⩾
Å
λd+1

d+ 1

ã1/2

with d being the dimension of H and λd+1 the lowest eigenvalue of a kernel matrix
corresponding to points x1, . . . , xd+1 for the kernel k+. Using the right hand side as
the lower bound has the advantage that we only deal with one RKHS, i.e. with H+,
and we only need λd+1 for that kernel. Scaling of the function 1 in dependence of
which constant c1 we want to approximate might improve the lower bounds but
then λd+1 has to be calculated for the individual scalings.

When Mercer’s theorem applies we gain the bound

inf
c∈R

inf
h∈H,∥h∥=1

∥h− c1∥∞ ⩾ λ̃
1/2
d+1,

where λ̃d+1 is the (d + 1)th eigenvalue of Tk+ . For Mercer’s theorem to apply it is
important that k+ is continuous. But when k is continuous then so is k+.

If H already contains the constant functions then we are interested in determining
the width of the convex set in the affine subspace spanned by C. In particular,
because ⟨k(x, · ),1⟩ = 1 for all x ∈ X , there exists a subspace S of H that is
orthogonal to 1 and a c ≠ 0 such that aff C = aff{k(x, · ) : x ∈ X } = c1 +S. In fact,
c = arg minc′∈R ∥k(x, · ) − c′1∥, where we can use an arbitrary x ∈ X and S = H−.
This is exactly the same situation that we faced above with H+ and a lower bound on
the width of the convex set in the affine space spanned by it can be gained through

inf
c∈R

inf
∥h∥−=1

∥h− c1∥∞ ⩾
Å
λd
d

ã1/2
,

where d is the dimension of H and λd the smallest eigenvalue of any kernel matrix
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for kernel k. If we can use Mercer’s theorem then we also gain the lower bound

inf
c∈R

inf
∥h∥−=1

∥h− c1∥∞ ⩾ λ̃
1/2
d ,

where λ̃d is the d th eigenvalue of Tk.
We can also extend the results from Section 2.3.3 on the application of K-functionals.

We summarize in the following proposition these results together with a variety of
results on the width of C that we derived up to now. We use the notation K−(1, t) for
the K-functional corresponding to H−. We hope that the use of the letter K for both
the K-functional and the kernel matrix does not lead to confusion. To streamline the
statement of the following proposition let us say that k has a Mercer decomposition
with lowest eigenvalue λ̃d if k is a continuous kernel function on X and there exist
continuous functions ei : X → R, i ⩽ d, and a Borel probability measure µ on X
such that e•

1, . . . , e
•
d are orthonormal in L2(X , µ), {ẽi}i⩽d is an orthonormal basis of

H, where ẽi = (λ̃i)1/2ei, for all i ⩽ d, and λ̃1 ⩾ λ̃2 ⩾ · · · ⩾ λ̃d > 0. Notice that the
Mercer decomposition based results in the following proposition do not seem to have
a dependence on d beyond the eigenvalue λd but this is somewhat misleading as the
discussion in Section 2.3.6 demonstrates.

Proposition 2.10. — Let X be a measurable set and k ∈ K a kernel function
defined on X . The following holds.

(1) If H is infinite dimensional, X is compact and k is continuous, then for every
ϵ > 0 there exist infinitely many orthonormal elements (en)n⩾1 in H such
that supn⩾1 widthen(C) < ϵ.

If H is finite dimensional with dimension 1 ⩽ d then the following hold.
(2) If 1 ∈ Hθ for some θ ∈ (0, 1) then there exists h ∈ H, ∥h∥ = 1, such that

widthh(C) = 0.
(3) If 1 ̸∈ H then for any x1, . . . , xd+1 ∈ X and corresponding kernel matrix

K+ = (k+(xi, xj))i,j⩽d+1 with smallest eigenvalue λd+1,

inf
∥h∥=1

widthh(C) ⩾ 2
Å
λd+1

d+ 1

ã1/2
.

(4) If 1 ̸∈ H, ∥k∥∞ < ∞, then for any x1, . . . , xd ∈ X and corresponding kernel
matrix K = (k(xi, xj))i,j⩽d with smallest eigenvalue λd,

inf
∥h∥=1

widthh(C) ⩾
Å
λd
d

ã1/2
lim
t→0

K(1, t).

(5) If 1 ∈ H and 2 ⩽ d, then for any x1, . . . , xd ∈ X with corresponding kernel
matrix K = (k(xi, xj))i,j⩽d and with the smallest eigenvalue of K being λd,

inf
∥h∥−=1

widthh(C) ⩾ 2
Å
λd
d

ã1/2
.

ANNALES HENRI LEBESGUE



Compressed Empirical Measures 515

(6) If 1 ∈ H, 2 ⩽ d, then for any x1, . . . , xd−1 ∈ X with corresponding kernel
matrix K− = (k(xi, xj))i,j⩽d−1 and with the smallest eigenvalue of K− being
λd−1,

inf
∥h∥−=1

widthh(C) ⩾
Å
λd−1

d− 1

ã1/2
lim
t→0

K−(1, t).

In the following, let X be a compact space and k a continuous kernel function on X .
The following hold.

(7) If k+ has a Mercer decomposition with smallest eigenvalue λ̃d+1 and 1 ̸∈ H
then

inf
∥h∥=1

widthh(C) ⩾ 2λ̃1/2
d+1.

(8) If k has a Mercer decomposition with smallest eigenvalue λ̃d and 1 ̸∈ H then

inf
∥h∥=1

widthh(C) ⩾ λ̃
1/2
d lim

t→0
K(1, t).

(9) If k has a Mercer decomposition with smallest eigenvalue λ̃d and 1 ∈ H then

inf
∥h∥−=1

widthh(C) ⩾ 2λ̃1/2
d .

(10) If H is d ⩾ 2 dimensional, k− has a Mercer decomposition with smallest
eigenvalue λ̃d−1 and 1 ̸∈ H then

inf
∥h∥−=1

widthh(C) ⩾ λ̃
1/2
d−1 lim

t→0
K−(1, t).

Example 2.11. — Consider the kernels kd(x, y) = ∑d
u=1 x

uyu, with x, y ∈ [−1, 1]
and 1 ⩽ d ⩽ 4. These corresponding RKHSs do not contain the constant functions.
To test the kernel matrix based lower bound in a simple experiment we are calculating
upper bounds on infc∈R infh∈H,∥h∥=1 ∥h − c1∥∞ in the following way: the functions
xu and xv are orthogonal in the corresponding RKHSs whenever u ̸= v and have
norm 1. Therefore, functions of the form (1/

√
d) ∑d

u=1 x
u have norm 1. To get a good

approximation of constant functions we use such functions for d = 3, 4, with signs
adjusted so that the different terms cancel each other as well as possible. In detail,
for d = 1 we use the function h1(x) = x which has approximation error 1 when
approximating the (constant) function 0; for d = 2 we use h2(x) = x2; for d = 3 we
use h3(x) = (1/

√
3)(x+ x2 − x3); and for d = 4, h4(x) = (1/

√
4)(−x+ x2 + x3 − x4).

The functions for d = 2, 3 and 4 are shown in Figure 2.2 in the left three plots in blue.
The constant that are best approximated by these functions are shown in orange.
In the right plot the corresponding approximation error in ∥ · ∥∞ norm is plotted
against d (top curve; orange). The blue curve in the right plot corresponds to the
lower bound where we use −1 = x1 < · · · < xd = 1 with equidistant spacing to get
full rank kernel matrices.
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Figure 2.2. The three plots on the left show in blue polynomials of degree 2, 3
and 4 respectively. The orange lines correspond to the constant functions that
are best approximated by these polynomials. The right most plot shows the
corresponding approximation error in ∥ · ∥∞ (orange curve) and our lower bound
on the approximation error (blue curve). Note that the approximation error is
calculated for the three curves in the left plots and is only an upper bound for
the best approximation error that can be attained.

2.3.6. Quantifying the width of the empirical convex set Cn

The above techniques can also be applied to the empirical convex set Cn. An easy
way to do so is to identify the subspace spanned by Cn with a new RKHS. In
particular, the subspace spanned by the empirical convex set Cn can be identified
with an RKHS in a similar way to how we dealt with measures that attain values
in a subspace in Section 4; see also Section 2.4.3 for a more detailed discussion. For
an experiment ω ∈ Ω let Sω = {X1(ω), . . . , Xn(ω)} be the support of the empirical
measure for the realization ω. If k is our original kernel function then let kω be
k↾Sω × Sω and let Hω be the corresponding RKHS. The empirical convex set Cn,
as an element of H, has then a corresponding convex set Cω = ch{kω(Xi(ω), · ) :
i ⩽ n} within Hω. For ease of notation fix an ω ∈ Ω and let x1, . . . , xn ∈ X be
x1 = X1(ω), . . . , xn = Xn(ω) for the rest of this section.

Importantly, there is a linear map ψ : H → Hω defined in the following way: if
h ∈ H is of the form ∑n

i=1 αik(xi, · ) for some αi ∈ R then let ψ(h) = ∑n
i=1 αikS(xi, · ).

Also, let U = span{k(xi, · ) : i ⩽ n} be the subspace of H corresponding to these
functions h. For functions g ∈ U⊥, define ψ(g) = 0, and extend ψ to all of H
by linearity. The function ψ : H → Hω defined in this way has the following
properties: for all g, h ∈ span{k(X1(ω), · ), . . . , k(Xn(ω), · )} ⊂ H we have ⟨g, h⟩ =
⟨ψ(g), ψ(h)⟩Hω (this follows right away from the kernel expansion of g, h because k
and kS are equivalent on x1, . . . , xn) and ψ(f) = 0 if f is orthogonal to the subspace
spanned by the data. In other words, ψ is a partial isometry between H and Hω and
an isometry between U , with the inherited inner product, and Hω.

Beside this natural link between H and Hω there is also the linear map A that
we considered in the proof of Lemma 2.3. We have to adapt the approach from
Lemma 2.3 slightly to make use of it in this new context. First, observe that if Hω

is dω-dimensional then we have the operators Aω : Hω → Rdω defined by Aωf =
(f(xι(1)), . . . , f(xι(dω)))⊤ for a given injective function ι : {1, . . . , dω} → {1, . . . , n}
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such that the matrix (k(xι(i), xι(j)))i,j⩽dω has full rank. This dimension can obviously
depend on ω and will always be upper bounded by the dimension dH of H. Consider
now the kernel matrix Kω = (k(xι(i), xι(j)))i,j⩽dω and equip Rdω with the inner
product ⟨a, b⟩K−1

ω
= a⊤K−1

ω b, a, b ∈ Rdω . As in the proof of Lemma 2.3 it follows
that ⟨g, h⟩Hω = ⟨Ag,Ah⟩K−1

ω
for all g, h ∈ Hω and Aω : Hω → Rdω is an isometry.

We have the following commutative diagram summarizing the relationship between
the three spaces.

H Hω

Rdω

ψ

Aω◦ψ Aω

Furthermore, when U = span{k(x1, · ), . . . , k(xn, · )} is the subspace of H induced
by the data it follows that the following three spaces are isometric isomorphic

(U, ⟨ · , · ⟩) ∼= (Hω, ⟨ · , · ⟩Hω) ∼=
(
Rdω , ⟨ · , · ⟩K−1

ω

)
.

In particular, Aω ◦ ψ is an isometry between U and Rdω . This isometry has takes a
simple form: let h = ∑n

i=1 αik(xi, · ) then

(Aω ◦ ψ)(h) =
n∑
i=1

αi
(
k(xi, xι(1)), . . . , k(xi, xι(dω))

)⊤ =
(
h(xι(1)), . . . , h(xι(dω))

)⊤
.

This relation allows us to apply the techniques we developed for measuring the size
of C to the empirical convex set Cn. For example, if Hω does not contain constant
functions then using the kernel k+

S and denoting the corresponding RKHS by H+
ω , we

can lower bound the width of Cω. The RKHS H+
ω has dimension dω+1 and there exists

an injection ι : {1, . . . , dω+1} → {1, . . . , n} such that k+
S (xι(1), · ), . . . , k+

S (xι(dω+1), · )
are linearly independent. Then, as above, A+

ω : H+
ω → Rdω+1 defined by A+

ω (h) =
(h(xι(1)), . . . h(xι(dω+1)))⊤ is an isometry between H+

ω and Rdω+1 when the latter is
equipped with the inner product ⟨a, b⟩(K+

ω )−1 , for all a, b ∈ Rdω+1 and K+
ω is the

kernel matrix corresponding to the points xι(1), . . . , xι(dω+1). From this we can infer
a lower bound on the width of Cω within Hω. Alternatively, we can apply directly
Proposition 2.10 to Hω to get this lower bound. Since we have an isometry between
U and Hω these lower bounds translate directly to lower bounds on the width of Cn
within U .

There is another point worth noting. The lower bound on the width of Cn depends
on the choice of ι. Finding the subset of points x1, . . . , xn that maximizes this
lower bound seems like a hard problem. Therefore one might wonder if there is a
simpler way to optimize the lower bound. In particular, there seems hope to get the
largest smallest eigenvalue λdω when using the full kernel matrix. To that end, let
K⋆
ω = (k(xi, xj))i,j⩽n be the kernel matrix corresponding to all the data. Since the

subspace spanned by the data has dimension dω it follows that there are exactly
dω non-zero eigenvalues λ⋆1, . . . , λ⋆dω

. There is a useful interplay between K⋆
ω and

the following linear operator A⋆ω : Hω → Rn given by A⋆ω(h) = (h(x1), . . . , h(xn))⊤.
First note that for h = ∑n

i=1 αik(xi, · ), with suitable αi ∈ R, we have that A⋆ω(h) =
K⋆
ωα. Also observe that A⋆ω in injective because if A⋆ω(f) = (f(x1), . . . , f(xn))⊤ =

(g(x1), . . . , g(xn))⊤ = A⋆ω(g) for two functions f, g ∈ Hω, f : S → R, g : S → R, then
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f and g are equal on S and are therefore the same function. While A⋆ω is injective
there are generally for a given h ∈ Hω many α ∈ Rn such that A⋆ω(h) = K⋆

ωα and
K⋆
ω is not invertible. Therefore, consider the Moore–Penrose pseudo-inverse (K⋆

ω)†,
and observe that with α⋆h = (K⋆

ω)†A⋆ω(h) we get K⋆
ωα

⋆
h = K⋆

ω(K⋆
ω)†A⋆ω(h) = A⋆ω(h)

since A⋆ω(h) lies in the range of K⋆
ω [CM09, Definition 1.1.2(a)]. In particular, for

f, g ∈ Hω,
⟨f, g⟩ = (α⋆f )⊤K⋆

ωα
⋆
g = (A⋆ω(f))⊤(K⋆

ω)†K⋆
ω(K⋆

ω)†A⋆ω(g) = (A⋆ω(f))⊤(K⋆
ω)†A⋆ω(g).

From this relation we get a lower bound on the supremum norm of a function h ∈ Hω,
∥h∥2

Hω
= (A⋆ω(f))⊤(K⋆

ω)†A⋆ω(f) = tr
(
(K⋆

ω)†A⋆ω(f)(A⋆ω(f))⊤)
⩽

∥∥∥(K⋆
ω)†

∥∥∥
op

(A⋆ω(f))⊤A⋆ω(f) ⩽ n
∥∥∥(K⋆

ω)†
∥∥∥

op
∥h∥2

∞.

The term ∥(K⋆
ω)†∥op is equal to 1/λ⋆dω

but, unfortunately, instead of the constant dω
we have now the constant n.

In Proposition 2.10 seemingly no price had to be paid for the dimension of H
when using a Mercer decomposition. Since intuitively K⋆

ω is closely related to the
integral operator that appears in Mercer’s theorem when the underlying measure is
the empirical measure Pn one might wonder if the constant dω, or n, can be removed
by following that route. Unfortunately, this approach does not remove the constant:
consider the integral operator

(Tωf)(y) =
∫
f(x)k(x, y) dPn(x),

for f ∈ L2(S, Pn) where S = {x1, . . . , xn}. Observe that L2(S, Pn) is the same set
of functions as Hω but the L2-inner product does not have to be equal to the inner
product of Hω. Then for f ∈ L2(S, Pn) = Hω and j ⩽ n,

(Tωf)(xj) = 1
n

n∑
i=1

f(xi)k(xi, xj) = n−1((A⋆ω(f))⊤K⋆
ω

)
j

and for f, g ∈ L2(S, Pn),
⟨Tωf, g⟩2 = n−2(A⋆ω(f))⊤K⋆

ωA
⋆
ω(g).

The eigenfunctions of Tω are closely related to the eigenvectors of K⋆
ω. Let q1, . . . ,

qn ∈ Rn be the eigenvectors of K⋆
ω and let λ⋆1, . . . , λ⋆n be the corresponding eigen-

values. Observe that q1, . . . , qdω lie in the range of A⋆ω since for any i ⩽ dω, qi =
λ⋆iK

⋆
ωqi = A⋆ω(ei) where ei = ∑n

j=1 λ
⋆
i (qi)jk(xj, · ). Also, it follows directly that

n1/2e1, . . . , n
1/2edω are an orthonormal basis in L2(S, Pn) as ⟨n1/2ei, n

1/2ej⟩2 =
A⋆ω(ei)⊤A⋆ω(ej) = q⊤

i qj and L2(S, Pn) is dω-dimensional. Furthermore, n1/2e1, . . . ,
n1/2edω are the eigenfunctions of Tω,

n⟨Tωei, ej⟩2 = n−1q⊤
i K

⋆
ωqj = (λ⋆j/n)q⊤

i qj

and the corresponding eigenvalues of Tω are λ⋆1/n, . . . , λ⋆dω
/n.

To summarize, we discussed two approaches in this section to get a lower bound
on the width of the empirical convex set. The first approach uses a selection of
dω sample points and the eigenvalues of the kernel matrix corresponding to these
points. It is unclear if there is an efficient way to optimize over this subset selection.
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The second approach uses instead the full kernel matrix, which sidesteps the problem
of selecting sample points, and leads to a larger eigenvalue but then the constant
degrades significantly if n ≫ dω. There is a third way which “interpolates” between
the two approaches. For instance, it might be reasonable to use 2dω many points to
help with the subset selection problem while keeping the constant small.

There are multiple hurdles to using these approaches in practice. First off, it is not
just the width that needs to be controlled but also how centered mn lies within Cn.
Furthermore, the current approach is only applicable in the small sample regime
since we need the smallest eigenvalue of the kernel matrix to control the width. This
eigenvalue can be computed by applying the power iteration method. The power
iteration returns the largest absolute value of a matrix. A standard way to find λd
is the following: apply the power iteration to K to find λ1; then move to matrix
B = K−λ1I, which is negative definite, and apply the power iteration to get λd−λ1.
Each iteration of the power iteration relies on a multiplication of an n × n matrix
with a vector. This makes this method prohibitively costly to apply in the large
sample regime. We come back to these issues in Section 4 where we study, among
other things, algorithms which split the data into small batches. In such settings it
becomes possible to control the width of the empirical convex sets that correspond
to the small batches of data.

2.4. Locating m

For various convex approximation methods the distance from m to the boundary
of the convex set characterizes the rate of convergence: the larger the distance the
faster the rate of convergence. A crude way to measure the distance is to consider
the largest ball that fits within the convex set around m. Having a closed ball of size
δ > 0 around m in C is equivalent to
(2.12) inf

∥h∥=1
sup
x∈X

⟨h, k(x, · ) − m⟩ ⩾ δ,

and similarly for affine subspaces. This can be seen in the following way: clearly
when there exists a closed ball around m with the stated properties then for any
h, ∥h∥ = 1, some extreme of the convex set must fulfill (2.12). On the other hand,
C − m is equal to the intersection of the closed half-spaces tangent to it [Roc97,
Theorem 18.8]. To each of these half-spaces there exists a normal h ∈ H, h ̸= 0, and
an αh ∈ R such that ⟨g, h⟩ ⩽ αh whenever g lies in the half-space. In particular, for
any such normal ⟨g, h⟩ ⩽ αh whenever g ∈ C −m. Without loss of generality we can
assume that the normals have norm one and by assuming that (2.12) holds we know
that for any such normal h, αh ⩾ δ. If there would not exist a ball of size δ around
m in C then there would be an element g ̸∈ C − m, ∥g∥ ⩽ δ. But then ⟨h, g⟩ ⩽ δ for
all h ∈ H, ∥h∥ = 1, and g would lie in the intersection of the half-spaces and then
also in C − m due to [Roc97, Theorem 18.8] which cannot be.

In the previous section we quantified the width of the set C in direction h, i.e.
widthh(C) = supx∈X h(x) − infx∈X h(x). The width tells us how large a ball around
m can be in the ideal case where m lies centered within C, however, we do not know
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how centered m lies within C. Obviously, m can lie in the boundary for instance when
m = k(x, · ) and k(x, · ) is an extreme of C, and assumptions on the distribution
of the data are needed to guarantee the existence of a ball around m. Our aim
in this section is to show how natural assumptions on the probability distribution
translate to statements of how centered m lies. In the following, we are studying two
such conditions: (1) a lower bound on the density of the law of X1 together with a
Lipschitz condition on ϕ : X → H; (2) an assumption on the covariance operator C̃c.
We finish this section with a look at the case where the law of X1 does not have full
support in X .

Before looking at these conditions let us add a short comment about the relation
between the extremes of C and m. For the convex set C = cch{ϕ(x) : x ∈ X }
the extremes of C which are close to m are images under ϕ of points x which lie
close to each other. In detail, consider a kernel function with k(x, x) = 1 for all
x ∈ X . Whenever ∥ϕ(x) − m∥ < ϵ and ∥ϕ(y) − m∥ < ϵ for some ϵ > 0 then
4ϵ2 ⩾ ∥ϕ(x) − ϕ(y)∥2 = 2(1 − k(x, y)). In other words, if there exists an extreme
ϕ(x0) of C that lies ϵ close to m then all the extremes of C that are ϵ close to m are
contained in

ϕ
[{
y : k(x0, y) ⩾ 1 − 2ϵ2}].

Obviously, the case that we have an extreme ϕ(x0) close to m is rare since this means
that for all functions h ∈ H, ∥h∥ ⩽ 1, the expected value E(h(X)) ≈ h(x0) and H
cannot distinguish between P and a probability measure that puts mass one on x0.

2.4.1. Assumptions on the density

In [BLJO12] it was observed that when the probability measure corresponding to
m has a density on X which is bounded away from 0 and H is finite dimensional
then it is at least guaranteed that some open ball exists around m in C. This result
can be strengthened and turned into a quantitative statement by using a simple
observation.

Consider first the Lebesgue integral on R. If we have a (non-atomic) probability
measure on R which has a mean value of 0 and there exists some measurable set B
with inf B ⩾ ϵ and P (B) > 0, then there will be probability mass on the negative
axis to counter the “pull” from B since otherwise

0 =
∫
R
x dP =

∫
[0,∞)

x dP ⩾
∫
B
x dP ⩾ ϵP (B) > 0.

This argument can also be applied to m. Consider the set X = [0, 1], an RKHS H
with continuous kernel function k(x, y) and assume that k(x, · ) ∈ L1(P ; H) with
Bochner-integral m and the probability measure P has a density function that is
bounded away from 0. For every y ∈ X with k(y, · ) − m ̸= 0 there exists an x ∈ X
such that ⟨k(y, · ) − m, k(x, · ) − m⟩ < 0. Otherwise, let ϵ = ∥k(y, · ) − m∥2/2 then
B = {x : ⟨k(y, · ) − m, k(x, · ) − m⟩ > ϵ} is non-empty as y ∈ B and contains

ANNALES HENRI LEBESGUE



Compressed Empirical Measures 521

an open interval I of X, with P (I) > 0. Hence, P (B) > 0 and because ∥m∥2 =∫
X⟨m, k(x, · )⟩ dP (x),

0 =
∫
X

⟨k(y, · ) − m, k(x, · ) − m⟩dP (x)

⩾
∫
B

⟨k(y, · ) − m, k(x, · ) − m⟩dP (x) ⩾ ϵP (B) > 0.

This implies that we have on both sides of m (with respect to the direction k(y, · )−m)
elements of cch{k(x, · ) : x ∈ X} = C.

To provide lower bounds on the radius of a ball around m in C we need more.
Ideally, we like to have assumptions on the kernel function and the measure which
guarantee the existence of some strictly positive function ψ : (0,∞) → (0,∞) such
that for any h ∈ H, ∥h∥ ⩽ 1, x ∈ X , if ⟨h, k(x, · ) − m⟩ > 0 then

inf
y∈X

⟨h, k(y, · ) − m⟩ ⩽ −ψ(⟨h, k(x, · ) − m⟩).

Under a Lipschitz assumption on the functions in H we can provide such a function ψ.
The Lipschitz assumption we are using is that any h ∈ H fulfills

(2.13) sup
x ̸=x′

|h(x) − h(x′)|
∥x− x′∥

⩽ ∥h∥L,

where L > 0 is the Lipschitz-constant. When the space X is a compact subset
of R this Lipschitz assumption is often fulfilled. For instance, when a polynomial or
Gaussian kernel is used. In fact, whenever we have a well behaved domain X like
[0, 1]d, h ↾ int X ∈ C1(int X ), h ∈ C(X ) and ∥Dxh∥op ⩽ ∥h∥L (compare to [SC08,
Corollary 4.36]) then the condition is fulfilled.

In the following, βd denotes d-dimensional Lebesgue measure of the unit ball in Rd

and µd denotes Lebesgue measure.

Proposition 2.12. — Let X = [0, 1]d and let H be an RKHS such that for
all h ∈ H and x, x′ ∈ X , |h(x) − h(x′)| ⩽ L∥h∥∥x − x′∥. Furthermore, let P be a
probability measure on X and assume that P has a density p with infx∈X p (x) ⩾
c > 0. Then for any h ∈ H, ∥h∥ ⩽ 1,

max
y∈X

⟨−h, k(y, · ) − m⟩ ⩾ cγd+1

(d+ 1)(2L)dβd.

whenever there exists an x ∈ X such that ⟨h, k(x, · ) − m⟩ ⩾ γ > 0 and γ/L ⩽ 1.

Proof. — Fix any h in the unit ball of H and let f(x) = ⟨h, k(x, · ) − m⟩. Let
x∗ ∈ X be a point at which f(x∗) = ⟨h, k(x∗, · ) − m⟩ ⩾ γ. The function f is also
Lipschitz continuous with Lipschitz-constant ∥h∥L ⩽ L and f is therefore non-
negative on the set A = {y : ∥y − x∗∥ ⩽ γ/L, y ∈ X }. Let B = {y : ∥y∥ ⩽ γ/L,
y ∈ X } then P (A) ⩾ cµd(A) ⩾ cµd(B) because B, being centered at 0, minimizes
the volume of the intersection of X = [0, 1]d with a ball of radius γ/L with center
in X . Furthermore, µd(B) = (γ/2L)dβd; this is the volume of a d-dimensional ball
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of radius γ/L scaled by 2−d. Now, integrating over A and using [Fre01, 265G, 265H]
again∫

A
f(x) dP (x) ⩾

∫
A−x∗

c(f(x∗) − L∥x∥) dx ⩾ c
∫
B
f(x∗) − L∥x∥ dx

⩾
cγd+1

(2L)dβd − cL2−d d

d+ 1
γd+1

Ld+1βd = cγd+1

(2L)dβd
Å

1 − d

d+ 1

ã
.

Since
∫
X f(x) dP (x) = 0 there must be a point y ∈ X such that

f(y) ⩽ −cγd+1

(2L)dβd
Å 1
d+ 1

ã
. □

Under the conditions of the proposition we can state a lower bound on the size of
a ball included in C around m. Let h ∈ H, ∥h∥ = 1, and assume w.l.o.g. that s :=
supx∈X ⟨h, k(x, · ) − m⟩ ⩾ − infx∈X ⟨h, k(x, · ) − m⟩ =: i. Then s ⩾ (1/2) widthh(C)
and

i ⩾
csd+1

(d+ 1)(2L)dβd ⩾
c((1/2) widthh(C))d+1

(d+ 1)(2L)d βd.(2.14)

If we have a lower bound b on widthh(C) for all such h then we can conclude that
there exists a ball of radius

δ = min
ß

(b/2), c(b/2)d+1βd
(d+ 1)(2L)d

™
around m in C.

2.4.2. Assumptions on the covariance operator

Let us start with a useful relationship between 1 and m whenever 1 lies in the RKHS.
For any measure P , with expectation m we have that ⟨1,m⟩ = 1. Also, for any x ∈ X ,
⟨k(x, · ),1⟩ = 1 and C lies within the closed affine subspace {h ∈ H : ⟨h,1⟩ = 1},
where closure follows from h 7→ ⟨h,1⟩ being a continuous function and {1} being
closed. Also, since 1 = ⟨m,1⟩ ⩽ ∥1∥∥m∥ it has to hold that ∥m∥ ⩾ 1/∥1∥. An upper
bound on ∥1∥ is therefore giving us a lower bound on ∥m∥. For instance, we can get
a lower bound on ∥m∥ by inspecting the kernel function k of the RKHS in the sense
that
(2.15) ∥m∥ ⩾ 1/ inf

{
c : c2k ⪰ 1 ⊗ 1

}
.

One might be tempted to move to H+ whenever 1 does not lie in the RKHS H; recall
that H+ has the kernel k+1⊗1. Since H can be regarded as a subspace of H+ we have
that ∥m∥ = ∥m∥+; however, only for h ∈ H do we have that

∫
h dP = ⟨m, h⟩+ since

1 ∈ H⊥ by construction. But there is then an element m+ ∈ H+ for which PHm
+ = m

and (I − PH)m+ = ⟨1,m+⟩ = 1, where PH is the orthogonal projection onto the
subspace H and I the identity operator. Now, 1 = ⟨1,m+⟩+ ⩽ ∥m+∥+ = 1 + ∥m∥
and we only learn from this the trivial fact that 0 ⩽ ∥m∥.

An alternative approach gives us more insight. Whenever there is a function 1̃ ∈ H
such that ∥1 − 1̃∥∞ ⩽ β < 1 then 1 − β ⩽ ⟨m, 1̃⟩ ⩽ 1 + β and
(2.16) ∥m∥ ⩾ (1 − β)/∥1̃∥ = (1 − β)/ inf

¶
c : c2k ⪰ 1̃ ⊗ 1̃

©
.
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In the following we will make use of the covariance operator C̃ (see Section 1.9) to
determine the location of m. Before exploring the relation between the covariance
operator and the location of m we note the following adaptation of the above dis-
cussion. If 1 ∈ H then ⟨C̃1,1⟩ = 1 and whenever 1̃ ∈ H fulfills ∥1 − 1̃∥∞ ⩽ β < 1
then
(2.17) ⟨C̃1,1⟩ ⩾ (1 − β)2∥1̃∥ = (1 − β)2/ inf

¶
c : c2k ⪰ 1̃ ⊗ 1̃

©
.

Coming now to the problem of locating m within C we can take note of the
following fundamental relationship. Whenever H is d-dimensional, ∥k∥∞ < ∞ and C̃
has an eigen-decomposition with smallest eigenvalue λ̄d then for any h ∈ H, ∥h∥ = 1,
with ⟨h,m⟩ = 0, it follows that

∫
h(x) dP = 0 and∫

(⟨h, k(x, · ) − m⟩)2 dP =
∫
h2(x) dP ⩾ λ̄d.

Since supx∈X |h(x)| ⩽ ∥k∥1/2
∞ and

∫
h(x) dP = 0, a short calculation shows that

r(m, h) ⩾ λ̄d

∥k∥1/2
∞
,

where with h ∈ H,

r(m, h) :=
Å

sup
x∈X

⟨h, k(x, · ) − m⟩
ã

∧
(

− inf
x∈X

⟨h, k(x, · ) − m⟩
)
.

In detail, it is sufficient to consider the case of a discrete measure where with
probability p the function ⟨h, k(x, · ) − m⟩ attains value a and with probability
1 − p attains value b, with a < 0 < b, and a2p + b2(1 − p) = λ̄d. The condition
⟨h,m⟩ = 0 then implies that ap + b(1 − p) = 0. For a particular value of a we get
that p = b/(b − a) and b = λ̄d/(−a). The value b is minimized by maximizing −a
but −a = ⟨h, k(x, · )⟩ for some x ∈ X and −a = |a| ⩽ ∥k∥1/2

∞ . By symmetry we get
that (−a) ∧ b ⩾ λ̄d/∥k∥1/2

∞ .
The remaining direction we have to take care of is h∗ = m/∥m∥ The distance of

m to the boundary in direction h∗ can be lower bounded away from zero when the
smallest eigenvalue of the covariance operator is sufficiently large since∫

(⟨m, k(x, · ) − m⟩)2 dP =
∫

(⟨m, k(x, · )⟩)2 dP − ∥m∥4 = ⟨C̃m,m⟩ − ∥m∥4

and ∫
(⟨h∗, k(x, · ) − m⟩)2 dP = ⟨C̃h∗, h∗⟩ − ∥m∥2 ⩾ λ̄d − ∥m∥2.

Also, |⟨h∗, k(x, · ) − m⟩| ⩽ ∥k(x, · )∥ + ∥m∥ ⩽ 2∥k∥1/2
∞ and

r(m, h∗) ⩾ λ̄d − ∥m∥2

2∥k∥1/2
∞

.

For this approach to yield a useful bound λ̄d has to be strictly greater than ∥m∥2.
However, λ̄d can even be smaller than ∥m∥2. A better bound can be gained by using
an eigen-decomposition of C̃c = C̃ − m“⊗m. In the following let λ̄1, λ̄2, . . . be the
eigenvalues of C̃c then by the same argument as for C, whenever h ∈ H, ∥h∥ = 1, is
such that ⟨h,m⟩ = 0, it follows that

∫
(⟨h, k(x, · ) − m⟩)2dP = ⟨C̃ch, h⟩ ⩾ λ̄d, where
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λ̄d is the smallest eigenvalue of C̃c, and r(m, h) ⩾ λ̄d/∥k∥1/2
∞ . For h∗ = m/∥m∥ we get

now that ∫
(⟨h∗, k(x, · ) − m⟩)2 dP = ⟨C̃ch∗, h∗⟩ ⩾ λ̄d

and r(m, h∗) ⩾ λ̄d/2∥k∥1/2
∞ . Also notice that when 1 ∈ H then ⟨C̃c1,1⟩ = 0 and

λ̄d = 0. We summarize these finding in the following proposition.

Proposition 2.13. — Let (X ,A, P ) be some probability space with measurable
kernel function k defined on it and such that the corresponding RKHS H has dimen-
sion d < ∞. Furthermore, assume that ∥k∥∞ < ∞ and that the centered covariance
operator C̃c has an eigen-decomposition with smallest eigenvalue λ̄d > 0. Then 1 ̸∈ H
and for any h ∈ H, ∥h∥ = 1,

r(m, h) ⩾ λ̄d

2∥k∥1/2
∞
.

The dimension dependence is in this result not as obvious as in Proposition 2.12,
but observe that when X is the d-dimensional unit sphere, d = 2l+ 1 for some l ∈ N,
P is the Lebesgue measure restricted to X and normalized, k(x, y) = ⟨x, y⟩Rd for
any x, y ∈ X and H is the corresponding RKHS which is of dimension d, then any
h ∈ H, ∥h∥ = 1, is of the form ⟨x, ·⟩Rd for some x ∈ X , ∥x∥Rd = 1 and for such an h

⟨C̃h, h⟩ = β−1
d

∫
h2(y) dP (y) = β−1

d

∫
⟨x, y⟩2dP (y)

= β−1
d

∫ 1

−1
⟨x, ỹx⟩2µd−1

Ä
Bd−1

Ä√
1 − ỹ2

ää
dµ(ỹ)

= βd−1β
−1
d

∫ 1

−1
ỹ2(1 − ỹ2)l dµ(ỹ) = 2ll!βd−1β

−1
d∏l

i=1(2i+ 1)

∫ 1

−1
ỹ2(l+1) dµ(ỹ)

= 2ll!βd−1β
−1
d

(∏l
i=1(2i+ 1))(l + 3/2)

= (2l + 1)!
l!2l+1(∏l

i=1(2i+ 1))(l + 3/2)
= 1
d+ 2 ,

where µd−1 denotes here the d − 1-dimensional Lebesgue measure and βd−1 the
Lebesgue measure of the d− 1-dimensional unit sphere. Hence, the eigenvalues of C̃
shrink to zero as the dimension d increases.

If 1 ∈ H then we get a similar result with λ̄d being replaced by λ̄d−1.

Corollary 2.14. — Let (X ,A, P ) be some probability space with measurable
kernel function k defined on it and such that the corresponding RKHS H has dimen-
sion d < ∞ and 1 ∈ H. Furthermore, assume that ∥k∥∞ < ∞ and that the centered
covariance operator C̃c has an eigen-decomposition with eigenvalue λ̄d−1 > 0. Then
for any h ∈ H, ∥h∥ = 1, ⟨h,1⟩ = 0,

r(m, h) ⩾ λ̄d−1

2∥k∥1/2
∞
.
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Proof. — First note that ⟨C̃c1,1⟩ = 0 and for any h ∈ H s.t. ⟨h,1⟩ = 0, ⟨C̃c1, h⟩ =
⟨C̃ch,1⟩ = E(h) − E(h) = 0. In particular, C̃c1 = 0 and for any h ∈ H, ∥h∥ = 1,
⟨h,1⟩ = 0, ⟨C̃ch, h⟩ ⩾ λ̄d−1. Now, for h ∈ H, ∥h∥ = 1, ⟨h,1⟩ = 0,∫

(⟨h, k(x, · ) − m⟩)2 dP = ⟨C̃ch, h⟩ ⩾ λ̄d−1

and the lower bound follows by the same argument as in Proposition 2.13. □

2.4.3. Data attaining values in a subset

Unless h ∈ H is constant on the support of P it holds that E((h − E(h))2) > 0
and by the above arguments it follows that r(m, h) > 0. But m can certainly lie
in the boundary, for example, when m = k(x, · ) and k(x, · ) is an extreme of C.
Therefore, there must be some direction h in which r(m, h) = 0. The point is that
when m is an extreme or lies in a face of the convex set C and this face has extremes
{k(x, · ) : x ∈ S ⊊ X } then P (X ∈ X \ S) = 0 has to hold. Furthermore, there then
exists a normal h∗ to this face and h∗ is constant on the support of P which implies
that ⟨C̃ch∗, h∗⟩ = 0.

This observation suggests that m will either be an extreme or there will be a ball
in an affine subset of H around m within a face of the convex set. Furthermore, we
can hope that this affine subspace is directly related to the non-zero eigenvalues of
C̃c and that these eigenvalues characterize a lower bound on the width of this ball.
Alternatively, it is natural to consider the space HS = {h↾S : h ∈ H} where S is the
support of P [Fre01, Definition 411N]. The space HS is again an RKHS with kernel
kS = k↾S × S and norm ∥h∥kS

= inf{∥u∥ : u↾S = h, u ∈ H} [PR16, Corollary 5.8].
In the proposition below we show that the covariance operator C̃Sc corresponding to
P and HS characterizes the ball around m within the affine subspace spanned by C.

Proposition 2.15. — Let (X ,A, P ) be a probability space with P being a
topological τ -additive probability measure which has support S and let k be a
continuous kernel function k defined on X such that the corresponding RKHS H
has dimension d < ∞. Furthermore, assume that ∥k∥∞ < ∞, and that the centered
covariance operator C̃c has an eigen-decomposition with eigenvalue such that:

(i) λ̄l > 0 = λ̄l+1 for some l < d or
(ii) λ̄d > 0.

It follows that HS has dimension l + 1 and C̃Sc has eigenvalues λ̄Si = λ̄i for all i ⩽ l

and λ̄Sl+1 = 0 under (i), and HS has dimension d and the eigenvalues of C̃Sc are the
same eigenvalues as of C̃c under (ii). Furthermore, under condition (ii) there exists
a closed ball B centered at m with radius λ̄d/2∥k∥1/2

∞ inside C. If λ1 = 0 and there
are no two points x, y ∈ X such that k(x, x) = k(y, y) = k(x, y) then S consists of a
single element and P = k(x, · ) for some x ∈ X . If λ1 > 0 then m lies in the relative
interior of F = cch{k(x, · ) : x ∈ S}. In particular, under condition (i) there exists a
closed ball B centered at m such that B ∩ aff F ⊂ F and B has radius λ̄l/2∥k∥1/2

∞ .
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Proof of Proposition 2.15.
(a). — When λ̄d > 0 it follows that E(h2(X)) > E(h(X))2 for all h ∈ H, h ̸= 0.

In particular, let e1, . . . , ed ∈ H be linearly independent and fix any a1, . . . , ad ∈ R
such that a1, . . . , ad are not simultaneously equal to zero. Consider e1↾S, . . . , ed↾S
then

E

(Ç
d∑
i=1

aiei↾S

å2)
= E

(Ç
d∑
i=1

aiei

å2)
> 0.

Since this holds for all such a1, . . . , ad it follows that e1 ↾S, . . . , ed ↾S are linearly
independent and HS is d-dimensional. Similarly, when λl > 0 and λl+1 = 0 it
follows that there is an h1 ∈ HS which is almost surely equal to 1↾S and l linearly
independent functions e1↾S, . . . , el↾S ∈ H which are also linearly independent of h1
(for any non-trivial linear combination of e1↾S, . . . , el↾S it follows that the second
moment is strictly larger than the squared expected value and therefore these linear
combinations are not equal to a constant function). In fact, h1 is equal to 1↾S since
by assumption the kernel function is continuous: assume that h1 is not equal to 1,
take a x ∈ S such that h1(x) ̸= 1 and let ϵ = |h1(x)−1|. Take a function h ∈ H such
that h↾S = h1 and ∥h∥ ⩽ ∥h1∥HS

+ ϵ/4. The set A = h−1[{y : |y − h1(x)| < ϵ/4}] is
open and has non-empty intersection with S. Also, h1 is different from 1 on all of A.
Due to [Fre01, 411N] it follows that P (A) > 0 and 1 is not almost surely equal to h1
which is impossible. By the same argument it follows that the other eigenfunctions
of C̃c with zero eigenvalues are constant on S and therefore lie in the span of h1 and
the dimension of HS is l + 1.

(b). — In case (ii), let e1, . . . , ed be orthonormal in H then, due to (a), the
functions e1 ↾S, . . . , ed ↾S are linearly independent. Also ∥ei ↾S∥HS

= ∥ei∥ for all
i ⩽ d, because for any given i ⩽ d, ei ↾ S does not lie in the linear subspace
spanned by {ej↾S}j ̸=i. Similarly, for any i, j ⩽ d, ∥ei↾S + ej↾S∥HS

= ∥ei + ej∥ and
∥ei↾S + ej↾S∥2

HS
= ∥ei↾S∥2

HS
+ ∥ej↾S∥2

HS
. Hence, {ei↾S}i⩽d is an orthonormal basis

of HS. In particular, when e1, . . . , ed are the eigenfunctions of C̃c then e1↾S, . . . , ed↾S
are the eigenfunctions of C̃Sc since for i ̸= j,¨

C̃Sc ei↾S, ej↾S
∂

HS

=
¨
C̃cei, ej

∂
= 0

and for any i ⩽ d, ⟨C̃Sc ei, ei⟩ = λ̄i.
By the same argument it follows that in case (i) that e1↾S, . . . , el↾S,1↾S/∥1↾S∥HS

is an orthonormal basis of HS. Hence, if e1, . . . , el are the first l eigenfunctions of C̃c
then e1↾S, . . . , el↾S are the eigenfunctions of C̃Sc and the eigenvalues match.

(c). — When λ̄1 = 0 it follows that HS = span{1↾S} and ⟨mS, c1⟩HS
= c =

⟨mS,n, c1⟩HS
for all c ∈ R where mS and mS,n are just m and mn when the kernel is

restricted to S. Also, every function h ∈ H is constant on S and ⟨m, h⟩ = ⟨mn, h⟩ =
⟨h, k(x, · )⟩ for all x ∈ S. In particular, if S does not consist of a single element it
follows that k(x, y) = k(x, x) = k(y, y) for all x, y ∈ S. Reversing this statement
leads to the claim made in the proposition.

(d). — Let U = aff F be the affine subspace spanned by k(x, · ), x ∈ S. The
element m lies within U since for any h ∈ H for which ⟨k(x, · ), h⟩ = c for all x ∈ S
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and for some c ∈ R it follows that ⟨m, h⟩ =
∫
S⟨k(x, · ), h⟩ dP = c. In other words, if

m would not lie in U then there would be an h, ∥h∥ > 0, that stands perpendicular
on U and such that m = h + arg ming∈U ∥g − m∥, and ⟨m, h⟩ ̸= ⟨k(x, · ), h⟩ for all
x ∈ S.

(e). — Under condition (ii) the constant functions are not in H and the conditions
of Proposition 2.13 are fulfilled and the existence of the ball with the specified radius
follows directly.

Under condition (i) the constant functions are contained in HS and there exists
a function h0 ∈ H such that h0(x) = 1 for all x ∈ S. Consider inf{∥h∥ : h(x) =
1 for all x ∈ S} ⩽ ∥h0∥. Since h 7→ ∥h∥ is continuous and {h : ∥h∥ ⩽ ∥h0∥} is
compact it follows that the infimum is attained at some h∗ ∈ H. Also, ∥1↾S∥HS

=
inf{∥h∥ : h↾S = 1↾S} = ∥h∗∥ and 1↾S = h∗↾S.

Let U = aff{k(x, · ) : x ∈ S} ⊂ H and V = U−U be the subspace parallel to U . For
any h ∈ U there exists m ∈ N, λ1, . . . , λm ∈ R, λ1 + · · ·+λm = 1 and x1, . . . , xm ∈ S
such that h = ∑m

i=1 λik(xi, · ). In particular, if g ∈ H is constant on S and attains
value c, then ⟨g, h⟩ = c

∑m
i=1 λi = c. This implies that g is orthogonal to V since

⟨g, h1−h2⟩ = 0 for all h1, h2 ∈ U . Due to assumption (i) there are d−l eigenfunctions
el+1, . . . , ed of C̃c which are constant on S, that is el+1, . . . , ed are orthonormal and
each of them is orthogonal to V . Also, any function h that is orthogonal to V has
to be constant on S since h(x) = ⟨k(x, · ), h⟩ = ⟨k(y, · ), h⟩ = h(y) for all x, y ∈ S.
Since the eigenfunctions e1, . . . , el have corresponding eigenvalues which are strictly
greater than zero it follows that e1, . . . , el cannot be constant and V has dimension l.
Also, note that U cannot be equal to V , or better, U cannot be a subspace but only
an affine subspace: assume otherwise then 0 ∈ U and if h is constant on S, attaining
value c ̸= 0, then 0 = ⟨h, k(x, · )⟩ = h(x) = c for all x ∈ S. In other words there
cannot be functions that are constants on S in H, but we know already that there
are functions which are constant on S in H.

(f). — We claim that W = span(V ∪{h∗}), when equipped with the inner product
of H, is isometric isomorphic to HS, U ⊂ W and (span{h∗}) ∩U ̸= ∅. We start with
the latter claim. Since U is not a subspace it follows that the orthogonal projection
of 0 onto U is not 0 itself. In detail, take any x ∈ S and let PV the projection
onto the subspace V then the orthogonal projection onto U is the operator defined
by PUh = k(x, · ) + PV (h − k(x, · )). Now PU0 = k(x, · ) − PV k(x, · ) ̸= 0 and,
PU0 is orthogonal to V . But that means the PU0 is constant on S and lies in the
span of el+1, . . . , ed. In particular, there is function that is constant on S which lies
in U . Notice that for any function h which is constant on S there exists an element
in U that lies in the span of h if ∥h∥ = supg∈U |⟨h, g⟩|/∥g∥. Recall that a function
g ∈ U can be written as g = ∑m

i=1 λik(xi, · ) for some m ∈ N, x1, . . . , xm ∈ S and
such that λ1 + · · · + λd = 1. Hence, ⟨h, g⟩ = c if h attains value c and h ∈ U
if ∥h∥ = |c| supg∈U 1/∥g∥. Consider now a function h that is constant on S and
attains value 1 then ∥h∥ = supg∈U 1/∥g∥. For 0 < ϵ < ∥h∗∥ take g ∈ U such that
∥h∥ ⩽ ϵ+ 1/∥g∥, then

|⟨h∗, g⟩|
∥h∗∥

⩽ ∥g∥ ⩽
|⟨h, g⟩|
∥h∥ − ϵ

= |⟨h∗, g⟩|
∥h∥ − ϵ

⩽
|⟨h∗, g⟩|
∥h∗∥ − ϵ

.
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In other words,
|⟨h∗, g⟩|

∥g∥
⩽ ∥h∗∥ ⩽

|⟨h∗, g⟩|
∥g∥

+ ϵ

and supg∈U |⟨g, h∗⟩|/∥h∗∥ = ∥h∗∥ which implies that (span{h∗})∩U ̸= ∅ and U ⊂ W
Let ψ : W → HS be the function that associates with h ∈ W the function

h↾S ∈ HS. The function ψ is linear since (af + g)↾S = a(f↾S) + g↾S for all f, g ∈ W ,
a ∈ R. We have seen already that ψ(h∗) = 1↾S and ∥ψ(h∗)∥HS

= ∥h∗∥. Also any
h ∈ U lies in the span of {k(x, · ) : x ∈ S} and, since H is finite dimensional, h can
be written as ∑d

i=1 aik(xi, · ) for some a1, . . . , ad ∈ R and x1, . . . , xd ∈ S. Hence, any
g, h ∈ U ⊂ W can be written as h = ∑d

i=1 aik(xi, · ), g = ∑d
i=1 bik(yi, · ), with some

ai, bi ∈ R, xi, yi ∈ S for all i ⩽ d, and

⟨g, h⟩ =
d∑
i,j

aibjk(xi, yj) =
d∑
i,j

aibjkS(xi, yj) = ⟨ψ(g), ψ(h)⟩HS
.

But this implies that for any g, h ∈ V , that is in the subspace parallel to U , there
exists g̃, h̃ ∈ U and x ∈ S such that g = g̃ − k(x, · ), h = h̃− k(x, · ) and

⟨g, h⟩ =
¨
g̃ − k(x, · ), h̃− k(x, · )

∂
=
¨
ψ(g̃), ψ(h̃)

∂
HS

− ⟨ψ(g̃), kS(x, · )⟩HS
−
¨
ψ(h̃), kS(x, · )

∂
HS

+ kS(x, x)

=
¨
ψ(g̃ − k(x, · )), ψ(h̃− k(x, · ))

∂
HS

= ⟨ψ(g), ψ(h)⟩HS
,

since ψ(k(x, · )) = kS(x, · ) for any x ∈ S. Finally, for any g ∈ V , write g = g̃−k(x, · )
for some x ∈ S, g̃ ∈ U then
⟨g, h∗⟩ = ⟨g̃, h∗⟩ − ⟨k(x, · ), h∗⟩ = 0 = ⟨ψ(g̃) − kS(x, · ),1↾S⟩HS

= ⟨ψ(g), ψ(h∗)⟩HS
,

since h∗ is constant on S, ψ(g̃) = ∑m
i=1 aiψ(k(xi, · )) for some m ∈ N, x1, . . . , xm ∈ S

and a1, . . . , am such that ∑m
i=1 ai = 1, and ⟨ψ(g̃),1↾S⟩HS

= 1. Hence, ψ is an isometry
and since HS and span(V ∪ {h∗}) have the same dimension it follows that they are
isometric isomorphic. The existence of the ball around m of the specified radius
follows now directly from Corollary 2.14. □

Notice that HS does not have to be equal to H when λ̄d > 0. For instance, when
H consists of the quadratic functions on [−1, 1] and has therefore dimension 1. If the
measure P is discrete with P ({−1}) = P ({1}) = 1/2 then λ̄1 > 0 but S = {−1, 1}
and HS ̸= H.

2.5. Locating mn within the empirical convex set

We are now combining the various results that we have derived. Section 2.4 allows
us to refer the size of a ball within C around m back to the question of the width
of C. In Section 2.3 we derived various ways to lower bound the width of C. We
also know that Cn converges to C. Section 2.2 contains results in this direction:
Lemma 2.1 and 2.2 relate empirical quantities through VC and Rademacher bounds
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to population limits while the Examples 1–4 provide lower bounds on the population
limits. Of particular importance are the lower bounds on Pψγ(⟨u, ϕ( · ) − m⟩ − c in
Section 3–4. These lower bounds are closely related to the bounds in Section 2.4
since in both settings we need to measure how much probability mass lies in various
directions behind some threshold. To get high probability bounds for the existence of
a ball of a certain size around mn within Cn we also need to control the convergence
of mn to m. But that is easy to do with another VC or Rademacher argument. The
following two theorems combine these results under some natural conditions. The
first result applies when X = [0, 1]l, H is finite dimensional, functions in H are
Lipschitz continuous and when there is a lower bound on the density of the law of
X1, . . . , Xn on X . We also assume that 1 ∈ H but the result can easily be adapted
to the case of 1 ̸∈ H.

Theorem 2.16. — Let X = [0, 1]l, l ⩾ 1, and k a continuous kernel function on
X such that the corresponding RKHS H is d-dimensional, 1 ⩽ d < ∞, functions
h ∈ H are Lipschitz continuous in the sense of (2.13) with Lipschitz constant
L > 0, and 1 ∈ H. Furthermore, let X1, . . . , Xn be i.i.d. random variables defined
on some probability space and such that the law P of X1 has a density p on X and
infx∈X p (x) ⩾ c > 0 for some constant c. Mercer’s theorem applies to k. Let λ̃l be
the smallest eigenvalue of the Mercer decomposition. There exists a ball of radius

δ =
c
Ä
λ̃

1/2
l ∧ L

äl+1
βl

(l + 1)(2L)l

around m in C in the affine subspace spanned by C. Furthermore, for any q ∈ (0, 1)
and whenever

n >

Ç√
2 log(4/q) + 96∥k∥1/2

∞ /δ

cβl(δ/8L)l

å2

∨
Ç√

2∥k∥1/2
∞ (1 +

√
log(2/q))

δ/4

å2

then with probability 1 − q there exists a ball of radius δ/4 around mn in Cn within
the affine subspace spanned by C.

Proof.
(a). — Proposition 2.12 tells us that there is a ball of radius

cξl+1βl
(l + 1)(2L)l

around m in C whenever, there exists point x ∈ X such that ⟨h, k(x, · ) − m⟩ ⩾
ξ > 0 and ξ/L ⩽ 1. Furthermore, Proposition 2.10(9) tells us that the width of
C in any direction h is at least 2λ̃1/2

l . Hence, there is a point x ∈ X for which
⟨h, k(x, · ) − m⟩ ⩾ λ̃

1/2
l and we can chose ξ = λ̃

1/2
l ∧ L. This choice of ξ gives us the

δ which is stated in the theorem text.
(b). — We continue with a high probability bound on ∥mn − m∥. There are

various ways to attain such bounds. The following bound is taken from [BBDG19,
Lemma 1] which has a better constant than the corresponding Rademacher com-
plexity bound. A minor technical detail that is worth paying attention to, for
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a countable dense subset ‹F of the unit ball of H− it holds that ∥mn − m∥ =
suph∈F̃ |(1/n) ∑n

i=1 h(Xi)−Ph| since the kernel function is bounded. Hence, ∥mn−m∥
is measurable. Applying [BBDG19, Lemma 1] gives us

(2.18) Pr
Ä
∥mn − m∥ ⩾

√
2∥k∥1/2

∞

Ä
1 +

√
log(1/q)

ä
n−1/2

ä
⩽ q.

(c). — Next, we control the difference between Cn and C. Let c′ = −δ/2 then
due to Lemma 2.2 for any γ > 0 and with probability 1 − q simultaneously for all
u ∈ ‹F ,

(2.19) Pnψγ(⟨u, ϕ( · ) − m⟩ − c′)

⩾ Pψγ(⟨u, ϕ( · ) − m⟩ − c′) −
Ä√

2 log(2/q) + 24∥k∥1/2
∞ /γ

ä
n−1/2.

Chose γ = δ/4 and let x0 ∈ X be a point such that ⟨u, ϕ(x0) − m⟩ ⩽ −δ. According
to Eq. (2.3),

Pψγ(⟨u, ϕ( · ) − m⟩ − c′) ⩾ Pr(⟨u, ϕ(X1) − m⟩ ⩽ −γ + c′).
As in the proof of Proposition 2.12, let A = {y : ∥y − x0∥ ⩽ δ/4L, y ∈ X } and B
the translation of A to the origin. In other words, B = {y : ∥y∥ ⩽ δ/4L, y ∈ X }.
Recall that βl denotes the Lebesgue measure of the l-dimensional unit ball. The
Lebesgue measure of a ball of radius δ/4L is (δ/4L)lβl [Fre01, 252Qc]. The set B
is the intersection of a ball centered at the origin with the hypercube [0, 1]l which
corresponds to 1 out of 2−l quadrants of the ball whenever the radius δ/4L of the
ball does not exceed one. Since,

δ

4L ⩽
cLl+1βl

4L(l + 1)(2L)l = c(2−lβl)
4(l + 1)

and 2−lβl is the volume of a ball of radius 1/2 it follows that c2−lβl ⩽ c vol(X ) ⩽ 1
and δ/4L ⩽ 1. Hence, the volume of B is µl(B) = (δ/8L)lβl. In the proof of
Proposition 2.12 we show that Pr(X1 ∈ A) ⩾ Pr(X1 ∈ B) and, hence, Pr(X1 ∈ A) ⩾
cµl(B). The same line of reasoning as in Section 3 can now be applied. In detail,
since −γ + c′ = −(3/4)δ, ⟨u, ϕ(x0) − m⟩ ⩽ −δ and for any x ∈ A,

|⟨u, ϕ(x) − m⟩ − ⟨u, ϕ(x0) − m⟩| ⩽ ∥ϕ(x) − ϕ(x0)∥ ⩽ L∥x− x0∥ ⩽ δ/4,
it follows that for all x ∈ A, ⟨u, ϕ(x) − m⟩ ⩽ −γ + c′. Therefore,
Pψγ(⟨u, ϕ( · )−m⟩−c′) ⩾ Pr(⟨u, ϕ(X1)−m⟩ ⩽ −γ+c′) ⩾ Pr(X1 ∈ B) ⩾ cβl(δ/8L)l.
For a given q let

Nq =
Ç√

2 log(2/q) + 96∥k∥1/2
∞ /δ

cβl(δ/8L)l

å2

then whenever n > Nq with probability 1 − q there is a ball of radius δ/2 around m
in Cn.

(d). — Finally, we transfer the lower bound that we have for a ball within Cn
around m to mn. For q ∈ (0, 1) let‹N q =

Ç√
2∥k∥1/2

∞ (1 +
√

log(1/q))
δ/4

å2

.

ANNALES HENRI LEBESGUE



Compressed Empirical Measures 531

Then for any n > ‹N q with probability at least 1 − q, ∥mn − m∥ ⩽ δ/4.
Combining the bounds it follows that with probability 1 − q there is ball of size

δ/4 in Cn around mn whenever n > Nq/2 ∨ ‹N q/2. □

The second result uses an assumption on the centered covariance operator instead
of an assumption on the density. For this result we actually do not need to use the
results on the minimal width of C. We formulate this result directly for the case
where P is allowed to attain values in a strict subset of X . A fortunate circumstance
in that setting is that the empirical convex set converges to the intersection of C
with the minimal face that contains m and algorithms that work with the empirical
convex set adapt automatically to the structure of the covariance operator. The
result relies on the existence of the support of the measure P . A weak assumption to
guarantee this existence is that P is a τ -additive topological measure [Fre01, 411N].

Theorem 2.17. — Let (X ,A, P ) be some probability space with P being a
topological measure that is τ -additive, and with measurable kernel function k defined
on X such that the corresponding RKHS H is finite dimensional. Furthermore, let
X1, . . . , Xn be i.i.d. random variables attaining values in X and with law P and
assume that ∥k∥∞ < ∞, and that the centered covariance operator C̃c has an eigen-
decomposition with smallest non-zero eigenvalue being λ̄d. There exists a ball of
radius δ = λ̄d/2∥k∥1/2

∞ around m in C within the affine subspace spanned by C.
Furthermore, for any q ∈ (0, 1) and whenever n is (strictly) greater than(

8∥k∥∞
Ä√

2 log(4/q) + 192∥k∥∞/λ̄d
ä

λ̄2
d

)2

∨

(√
32∥k∥1/2

∞

Ä
1 +

√
log(2/q)

ä
δ

)2

then with probability 1 − q there exists a ball of radius δ/4 around mn in Cn within
the affine subspace spanned by C.

Proof.
(a). — The existence of the ball with radius δ follows directly from Proposi-

tion 2.15. Furthermore, the same high probability bound for ∥mn − m∥ as in the
proof of Theorem 2.16 applies. The bound for Cn also runs along the same line
as in Theorem 2.16. Consider in the following the RKHS HS. Let γ = δ/4 and
c = −δ/2 then Eq. (2.5) tells us that Pψγ(⟨u, ϕS( · ) − mS⟩HS

− c) ⩾ λ̄2/8∥k∥∞
whenever u ∈ HS has unit norm. Hence, with probability 1 − q and simultaneously
for all u ∈ ‹F , where ‹F is countable dense subset of the unit ball of HS,

Pnψγ(⟨u, ϕ( · ) − m⟩ − c′) ⩾ λ̄2
d/8∥k∥∞ −

Ä√
2 log(2/q) + 192∥k∥∞/λ̄d

ä
n−1/2.

(b). — For a given q ∈ (0, 1) let ‹N q = (
√

32∥k∥1/2
∞ (1 +

√
log(1/q))/δ)2 then for

any n > ‹N q, ∥mn−m∥ ⩽ δ/4 with probability 1−q. Similarly, with probability 1−q
for n > Nq there is a ball of radius δ/2 around m in Cn (as a subset of the affine
subspace spanned by C), where

Nq =
64∥k∥2

∞

Ä√
2 log(2/q) + 192∥k∥∞/λ̄d

ä2

λ̄4
d

. □
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The convergence of the empirical mean embedding and empirical convex set are
both unproblematic in the large sample case in both theorems. The bottleneck of
the approach is rather the size of the convex set C itself.

2.6. Rescaling the kernel function does not affect compression

We finish this section by studying the effect of modifying the kernel function,
or the involved convex sets, on the approximation of m. Given that the smallest
eigenvalues of the covariance operator and the width of C control the approximation
of m it is natural to try to increase these. One way to do so is to scale the kernel
function by a constant factor α > 0, i.e. replace the kernel function k on X by αk.
However, due to [PR16, Proposition 5.20] the inner products corresponding to the
two spaces are scaled versions of each other (for all x, y ∈ X , ⟨k(x, · ), k(y, · )⟩k =
(1/α)⟨αk(x, · ), αk(y, · )⟩αk) and the algorithms that we discuss in the next section
are unaffected by this change. One might also wonder if the error bounds are affected
and if we can, at least, optimize these by choosing an appropriate scaling. It turns
out that the error bounds are also invariant to the scaling of the kernel function.
Let use start by analyzing the width of the convex set C. The change in width is
easy to quantify: given a kernel function k : X × X → R the width increases by
α1/2 if we replace the kernel function by αk, where α > 0. In detail, a function h,
∥h∥k = 1, lies in Hk if, and only if, the function α1/2h lies in Hαk and has norm
∥α1/2h∥αk = 1 [PR16, Proposition 5.20] and the width is

widthα1/2h,Hαk
(C) = α1/2

Å
sup
x∈X

h(x) − inf
x∈X

h(x)
ã

= α1/2 widthh,Hk
(C).

Similarly, when the smallest non-zero eigenvalue of the centered covariance operator
C̃c,k is λ̄l, l ⩾ 1, it follows that the smallest non-zero eigenvalue of C̃c,αk is αλ̄l :
let h ∈ Hk, ∥h∥k = 1, be the eigenfunction corresponding to λ̄l then α1/2h has unit
norm in Hαk and¨

C̃c,αkα
1/2h, α1/2h

∂
αk

= α
(
E(h2(X)) − (E(h(X)))2) = αλ̄l.

Recall that the relation between the width and the radius δ of the largest ball around
m is approximately δ ≈ (widthh(C))d+1 when X is a subset of Rd and under suitable
conditions on the density (end of Section 2.4.1). In other words, a scaling of the
kernel function by α increases δ approximately by a factor of α(d+1)/2. This increase
has to be compared to the increase in the Lipschitz constant which results from
this scaling. In Eq. (2.14) the Lipschitz constant L enters into the lower bound on δ
through L−d. For a function α1/2h ∈ Hαk we have that∣∣α1/2h(x) − α1/2h(y)

∣∣
∥x− y∥

⩽ α1/2L∥h∥ = α1/2L
∥∥∥α1/2h

∥∥∥
αk
,

for any x, y ∈ X , x ̸= y, if the Lipschitz assumption (2.13) holds with constant
L for H. Combining these we see that δ changes approximately by a factor of
α(d+1)/2L−d = α1/2. Hence, we can increase δ by increasing α. In the error bounds in
the next section we will see that the key quantity for controlling the approximation
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error is the ratio δ/∥k∥1/2
∞ , which has to be large to guarantee a good compression.

Since ∥αk∥∞ = α∥k∥∞ this term is independent of α and rescaling does not change
the rate of compression that is promised by the bounds. Also note that we are
changing the norm by which we measure the error. For some approximation m̂ of m
in Hk we can observe that ∥m̂ − m∥k = α1/2∥m̂ − m∥αk. This α1/2 factor is canceled
by the leading constant in the error bound of the algorithms, which is of the order
∥αk∥1/2

∞ = α1/2∥k∥1/2
∞ .

If we consider instead the bound on δ that is based on the covariance opera-
tor (Theorem 2.17) then δ is of order λ̄l/∥k∥1/2

∞ and a scaling of α leads again to
αλ̄l/α

1/2∥k∥1/2
∞ and the scaling does not affect the error bound.

3. Related approximation problems

When confronted with a concrete statistical problem, it is typically insufficient to
only approximate m and it is useful to have techniques available to reduce machine
learning problems to the problem of approximating m by, for example, modifying
the kernel function. We will focus in this section on the problem of kernel regression
to demonstrate how the approach can be modified. In particular, we will discuss
how changing the kernel function can allow us to approximate covariance operators
and compress data (x, y) that we usually face in supervised learning problems. More-
over, we show how one can deal with unbounded response variables and we study
the problem of compressing data simultaneously for multiple objectives. These are
auxiliary results and a reader who is eager to get to the compression algorithms can
safely jump ahead to Section 4. While kernel regression is used in this section as an
example on which we can demonstrate different approaches, there is also the possi-
bility that coreset methods can, in fact, be useful in practice for kernel regression
(see Section 1.8 for a comparison to Nyström methods).

The least-squares error, when a regressor f from an RKHS H with kernel k is
used, is

1
n

n∑
i=1

(f(Xi) − Yi)2

= 1
n

n∑
i=1

〈
f ⊗ f, k(Xi, · ) ⊗ k(Xi, · )

〉
⊗ − 2

n

n∑
i=1

⟨f, Yik(Xi, · )⟩ + 1
n

n∑
i=1

Y 2
i .

Looking at the right hand side we can note that we have to deal with multiple
approximation problems. There are two high level approaches to addressing multiple
approximation problems. We can either solve each approximation problem individu-
ally or we can solve them simultaneously. In terms of finding core-sets this means
that we will get three different core-sets when solving the approximation problems
individually and a single core-set when we solve the approximation problems simul-
taneously. Before getting back to this discussion, let us have a look at the individual
terms in the above least-squares problem.

The third term on the right hand side is rather unproblematic since it does not
depend on f and can be summarized by a single real number. In particular, if we
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approximate each term individually then we can compress this term down to a single
real number. The first term on the right hand side corresponds to an empirical
covariance and can be treated in a similar way to the empirical measure, i.e.

1
n

n∑
i=1

k(Xi, · ) ⊗ k(Xi, · )

attains values in H ⊗ H. It fact, since we are only interested in the terms f 2(Xi),
there is an RKHS that is better suited for our purposes than H ⊗ H. Due to [PR16,
Theorem 5.16] there exists a function g ∈ H ⊙ H such that f 2(Xi) = g(Xi), where
H ⊙ H is the RKHS that corresponds to the kernel function κ(x, y) = k2(x, y). The
empirical covariance, when restricted to {(h, h) : h ∈ H}, can be identified with

Cn = 1
n

n∑
i=1

κ(Xi, · ) ∈ H ⊙ H,

i.e. for any h ∈ H,

⟨Cn, h2⟩H⊙H = 1
n

n∑
i=1

h2(Xi) = 1
n

n∑
i=1

〈
k(Xi, · ) ⊗ k(Xi, · ), h⊗ h

〉
⊗.

The random element Cn attains values within the empirical convex set
C⊙,n = cch{κ(Xi, · ) : i ⩽ n}.

The corresponding population covariance element is given by

(3.1) C =
∫

X
κ(x, · ) dP (x)

which is contained in the convex set
C⊙ = cch{κ(x, · ) : x ∈ X }.

In Section 2.4.2 we used the covariance operator C̃ : H → H. Notice that C̃ and C

are closely related since for any h ∈ H, ⟨C̃h, h⟩ = E(h2(X)) = ⟨C, h2⟩H⊙H.
The second term in the above sum is more difficult to deal with than the other two

due to the elements Yi. We are looking at two approaches in Section 3.3: in the first
approach, we consider my,n = (1/n) ∑n

i=1 Yik(Xi, · ) as a subset of cch{Yik(Xi, · ) :
i ⩽ n}. That approach works well when we consider the approximation problem
in isolation, but it does lead to complications when trying to approximate my,n

simultaneously to Cn. In the second approach, we incorporate the Yi’s into the
kernel by using ⟨Yi, · ⟩R ⊗ k(Xi, · ) as a kernel function and by mapping f ∈ H to
⟨1, · ⟩R ⊗ f( · ) ∈ R′ ⊗ H, i.e. for i ⩽ n,〈

⟨1, · ⟩R ⊗ f( · ), ⟨Yi, · ⟩R ⊗ k(Xi, · )
〉
R′⊗H = Yif(Xi) = ⟨f, Yik(Xi, · )⟩.

In this approach, we are aiming to approximate

m⊗
y,n = 1

n

n∑
i=1

⟨Yi, · ⟩R ⊗ k(Xi, · ) = ⟨1, · ⟩R ⊗ my,n.

In the least-squares problem we might like to use the same points Xi with the same
weights wi to approximate Cn and my,n simultaneously. As we mentioned above, this
approach is facilitated by incorporating the Yi’s and by moving to m⊗

y,n. Similarly,
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it is useful to extend the functions in H ⊙ H to R × X by setting ĥ(y, x) = h(x) for
h ∈ H ⊙ H. We denote the resulting space by ÷H ⊙ H which is again a Hilbert space
when using the inner product ⟨ĥ, ĝ⟩÷H⊙H = ⟨h, g⟩H⊙H, for any g, h ∈ H ⊙ H. In fact,
it is an RKHS with kernel function κy((y1, x1), (y2, x2)) = κ(x1, x2), since〈

ĥ, κy((y, x), · )
〉÷H⊙H = ⟨h, κ(x, · ⟩)⟩H⊙H = h(x) = ĥ(y, x).

The empirical covariance operator now becomes Cy,n = (1/n) ∑n
i=1 κy((Yi, Xi), · ).

One way to achieve a simultaneous approximation of Cy,n and m⊗
y,n is to use a

direct sum G = (÷H ⊙ H) ⊕ (R′ ⊗ H) and consider the convex set
C⊕,n = cch

{
(κ((Yi, Xi), · ), ⟨Yi, · ⟩R ⊗ k(Xi, · )) : i ⩽ n

}
⊂ G.

The element that we like to approximate is in this context (Cy,n,m⊗
y,n) which lies in

C⊕,n. Let (C̄y,n, m̄⊗
y,n) be some element in G, then∥∥∥(C̄y,n, m̄⊗

y,n) − (Cy,n,m⊗
y,n)

∥∥∥2

G
=

∥∥∥C̄y,n − Cy,n
∥∥∥2÷H⊙H

+
∥∥∥m̄⊗

y,n − m⊗
y,n

∥∥∥2

R′⊗H

and a good approximation in G guarantees good approximations of Cy,n and m⊗
y,n

simultaneously.

3.1. Assumptions

There are some minimal assumptions that we need to impose on C,my and vari-
ations thereof to be well defined. Generally, we assume that we have independent
pairs of random variables (X, Y ), (X1, Y1), . . . defined on some probability space
(Ω,A, µ). For C to be well-defined it suffices to assume that κ(Y, · ) ∈ L1(µ; H ⊙ H)
and, similarly, for my it suffices to assume that Y ∈ L2(µ) and k(X, · ) ∈ L2(µ; H)
since then

∫
∥Y k(X, · )∥ dµ ⩽ ∥Y ∥2∥k(X, · )∥2 < ∞ and my =

∫
Y k(X, · ) dµ ∈ H.

Some further assumptions are useful to facilitate the following analyses. In partic-
ular, in the least-squares setting it is natural to assume that Y = f0(X) + ϵ, where
f0 is a suitable function, ϵ is a zero mean real-valued random variable representing
measurement noise, and X and ϵ are independent. When making this assumption
we are assuming that ϵ is a random variable that is defined on the probability space
(Ω,A, µ). To guarantee that Y ∈ L2(µ) it is enough to assume that f0(X) ∈ L2(µ)
and ϵ ∈ L2(µ).

3.2. Covariance operators

Since Eq. (3.1) tells us that the covariance operator C can be treated like a mean
element after changing the kernel, it follows immediately that the techniques we
developed for approximating mn and m can be applied to the covariance operator C
and its empirical version Cn. One might also wonder if the approximation problems
for mn and Cn are related and if any information that we might deduce about Cn
and mn can give us insights into the approximation problem for Cn. For instance, can
we say anything about the width of the convex set in Hκ based on the width of the
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convex set in H? Or, does an assumption on the variance of functions in H translate
to statements about the variance of certain functions in Hκ? Unsurprisingly, this
seems to be impossible to do in general. However, for certain functions in Hκ we can
infer statements about the width and the variance. Similarly, under very stringent
assumptions on certain eigenvalues we can say something about the width of the
convex set with respect to any function in Hκ. Before looking into these questions
we start by taking a closer look at the RKHS H ⊙ H.

Note that the space H ⊙ H is not just the RKHS corresponding to the kernel
κ(x, y) = k2(x, y) but it is also closely related to the tensor product H ⊗ H. In
particular, h ∈ H⊙H if, and only if, there exists u ∈ H⊗H such that h(x) = u(x, x)
for all x ∈ X , and then ∥h∥H⊙H = inf{∥u∥H⊗H : h(x) = u(x, x) for all x ∈ X } [PR16,
Theorem 5.16]. Observe that for any h ∈ H ⊙ H the set Ah := {u ∈ H ⊗ H : h(x) =
u(x, x) for all x ∈ X } is a convex subset of H ⊗ H. Define the linear operator
T : H ⊗ H → H ⊙ H by Tu = u ◦ ψ where ψ : X → X × X , ψ(x) = (x, x), and
observe that T is bounded since ∥Tu∥H⊙H ⩽ ∥u∥H⊗H. Hence, Ah = T−1[{h}] is
closed. Also, observe that when h = (f ⊗ g) ◦ ψ for some f, g ∈ H then there exists
functions f1, f2, f3 ∈ H such that h = (1/2)(f1 ⊗ f1 − f2 ⊗ f2 − f3 ⊗ f3) ◦ ψ and
∥f ⊗ g∥⊗ ⩾ ∥f1 ⊗ f1 + f2 ⊗ f2 + f3 ⊗ f3∥⊗: choose f1 = (f − g), f2 = f, f3 = g then

f ⊗ g + g ⊗ f = (f + g) ⊗ (f + g) − (f ⊗ f) − (g ⊗ g) = f1 ⊗ f1 − f2 ⊗ f2 − f3 ⊗ f3

and, since (f ⊗ g) ◦ψ = (g⊗ f) ◦ψ, the first statement follows. In terms of the norm
observe that ∥f⊗g+g⊗f∥⊗ = ∥f1 ⊗f1 −f2 ⊗f2 −f3 ⊗f3∥⊗ ⩽ 2∥f∥∥g∥ = 2∥f⊗g∥⊗.
Also, note that

(1/2)∥f ⊗ g + g ⊗ f∥2
⊗ = ∥f∥2∥g∥2 + |⟨f, g⟩|2 = ∥f ⊗ g∥2

⊗ + |⟨f, g⟩|2(⩽ 2∥f ⊗ g∥2),

where the expression in the bracket follows from the Cauchy–Schwarz inequality.
Hence, when f and g are orthogonal, we have that

∥f1 ⊗ f1 − f2 ⊗ f2 − f3 ⊗ f3∥⊗ =
√

2∥f ⊗ g∥⊗.

The point is that for any tensor f⊗g we can express (f⊗g)◦ψ as a linear combination
of “symmetric” tensor elements applied to ψ without increasing the tensor norm.

Let us next consider the closed subspace U = span{k(x, · ) ⊗ k(x, · ) : x ∈ X } ⊂
H ⊗ H and the orthogonal projection PU onto it. For any u ∈ H ⊗ H we have that
PUu lies in the subspace spanned by k(x, · ) ⊗ k(x, · ) and ∥PUu∥⊗ ⩽ ∥u∥⊗. In fact,
for any x ∈ X ,

u ◦ ψ(x) = ⟨u, k(x, · ) ⊗ k(x, · )⟩⊗ = ⟨u, PU(k(x, · ) ⊗ k(x, · ))⟩⊗

= ⟨PUu, k(x, · ) ⊗ k(x, · )⟩⊗ = (PUu) ◦ ψ(x).

In other words, for h ∈ H ⊙ H, if we can show that the infimum will be attained
over Ah, then there exists an element u in U such that h = u ◦ψ, ∥u∥⊗ = ∥h∥⊙, and
for any v ̸∈ U that fulfills v ◦ ψ = h it follows that ∥v∥⊗ > ∥u∥⊗.

When H is finite dimensional and the kernel function is bounded it follows that
Ah ∩ U is compact: the tensor space H ⊗ H is finite dimensional since H is finite
dimensional. Also, h is bounded since the kernel function is bounded. For ϵ > 0
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consider the centered closed ball B of radius ∥h∥⊙ + ϵ within H ⊗ H. The intersec-
tion B ∩Ah ∩ U is non-empty and compact and the infimum is attained within this
compact set.

3.2.1. Lower bound on the width of C⊙

How can this tensor product characterization of H ⊙ H be used to characterize the
width of C⊙? Let us first consider tensors of the form f⊗f , f ∈ H, ∥f⊗f∥ = 1 = ∥f∥.
The width of C⊙ in direction h, where h = (f ⊗ f) ◦ ψ, is

widthhC⊙ = sup
x∈X

h(x) − inf
x∈X

h(x)

= sup
x∈X

〈
f ⊗ f, k(x, · ) ⊗ k(x, · )

〉
⊗ − inf

x∈X

〈
f ⊗ f, k(x, · ) ⊗ k(x, · )

〉
⊗

= sup
x∈X

f 2(x) − inf
x∈X

f 2(x).

If X is path connected, k is continuous and, hence, f is continuous, then we can relate
widthhC⊙ to widthf (C): whenever there exist x, x′ ∈ X such that f(x) > 0 > f(x′),
then there also exists an x̃ ∈ X with f(x̃) = 0 due to the mean value theorem. In
this case,

widthhC⊙ ⩾
Å

sup
x∈X

f(x) ∨ − inf
x∈X

f(x)
ã2

⩾ ((1/2) widthf (C))2.

If there is no x such that f(x) = 0, that is f attains only positive or only negative
values, then we can argue in the following way. W.l.o.g. assume that f attains only
positive values. Since for a, b ⩾ 0, a ⩾ b, a2 − b2 ⩾ (a − b)2, it also follows in this
case that

widthhC⊙ ⩾ ((1/2) widthf (C))2.

This lower bound can fail to hold when the assumptions about k and X are not fulfilled.
Consider X = {−1, 1} with k(x, y) = δx,y and the function f = k(1, · ) − k(−1, · )
which lies in the RKHS. For this function f ,

sup
x∈X

f 2(x) − inf
x∈X

f 2(x) = 0 < 1 =
Å

(1/2)
Å

sup
x∈X

f(x) − inf
x∈X

f(x)
ãã2

.

The factor 1/2 in the lower bound is redundant when f attains only positive or
negative values since a2 − b2 ⩾ (a− b)2 whenever a and b have the same sign. More
importantly, the bound becomes loose when infx∈X f

2(x) is large since a2 − b2 −
(a− b)2 = 2b(a− b) whenever a ⩾ b > 0.

Moving on to other directions h ∈ H ⊗ H, ∥h∥⊗ = 1, we can first observe
that the arguments are not as straightforward as elements in U are of the form∑d
i=1 αik(xi, · ) ⊗ k(xi, · ) for some d ∈ N, αi ∈ R and xi ∈ X for i ⩽ d, and, when

considering the supremum over x ∈ X , the different terms αik2(xi, x) can potentially
cancel each other; in particular, there is no reason why the αi should all be positive.

Alternatively, we can consider the set S = {k(x, · ) ⊗ k(x, · ) −
∫
k(z, · ) ⊗ k(z, · )

dP (z) : x ∈ X } and the convex hull of S. This convex hull is closely related to C⊙.
Note that chS is a subset of H ⊗H and contains the origin. Fix now any u ∈ spanS,
∥u∥⊗ = 1, then span{u} intersects chS. In fact, span{u}∩chS consists of more than
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a single point since otherwise ⟨k(x, · ) ⊗ k(x, · ), u⟩⊗ = ⟨k(y, · ) ⊗ k(y, · ), u⟩⊗ for all
x, y ∈ X and ⟨u, s⟩⊗ = 0 for any s ∈ S which would imply that u = 0. Consider the
two points at which span{u} intersects with the boundary of chS and let d be the
dimension of spanS. Each of these points can be expressed as a convex combination
of l ⩽ d + 1 points in S due to Carathéodory’s theorem. Hence, u = ũ/∥ũ∥ where
ũ = ∑l

i=1 αik(xi, · ) ⊗ k(xi, · ) for some strictly positive αi’s that sum to one and
suitable points x1, . . . , xl. We can note right away that

(3.2) inf
x∈X

k(x, x)/(d+ 1) ⩽
Ç

l∑
i,j=1

αiαjk
2(xi, xj)

å1/2

= ∥ũ∥⊗ ⩽ sup
x∈X

k(x, x).

Also, when k(x, y) is a non-negative function an application of Jensen’s inequality
yields further results. In detail,

sup
x,y∈X

ũ(x, x) − ũ(y, y) = sup
x,y∈X

l∑
i=1

αi
(
k2(xi, x) − k2(xi, y)

)
⩾ sup

x∈X

Ç
l∑

i=1
αik(xi, x)

å2

− inf
y∈X

l∑
i=1

αik
2(xi, y).

In the following, let c = infg widthg(C), where the infimum is taken over {g : g ∈ H,
∥g∥ = 1}. When c is large, k is non-negative and ∥k∥∞ ⩽ 1, then this simple
argument might be of use: since k(xi, y) ⩽ 1 it follows that k(xi, y) ⩾ k2(xi, y) and

sup
x∈X

Ç
l∑

i=1
αik(xi, x)

å2

− inf
y∈X

l∑
i=1

αik
2(xi, y) ⩾ sup

x∈X

Ç
l∑

i=1
αik(xi, x)

å2

− inf
y∈X

l∑
i=1

αik(xi, y).

Furthermore, (∑l
i=1 αik(xi, y))2 ⩾

∑l
i=1 αik(xi, y) − 1/4 and

sup
x,y∈X

ũ(x, x) − ũ(y, y) ⩾ c− 1/4.

This is only useful for large c. If, in fact, c > 1/4, we can proceed and

sup
x,y∈X

u(x, x) − u(y, y) ⩾ c− 1/4
supx∈X k(x, x) ⩾ c− 1/4.

3.2.2. Lower bounds on the fourth moments

Instead of controlling the width of C⊙ we can also aim to control the covariance
operator corresponding to the kernel κ. Effectively, this corresponds to bounds on
the fourth moments. A bound on the non-centered fourth moment is, in fact, easy
to derive: let C̃ be the covariance operator (now interpreted as a linear operator)
corresponding to the kernel k. We need to control E((h(X)−E(h(X))2) for a function
h ∈ Hκ. Choosing again a suitable u ∈ H ⊗ H such that h = u ◦ ψ, we find that

E(h2(X)) = E((u ◦ ψ(X))2).

If U is d-dimensional then, as above, we can write u = ũ/∥ũ∥ where ũ =∑l
i=1 αik(xi, · ) ⊗ k(xi, · ) for some positive αi,

∑d+1
i=1 αi = 1, and suitable points
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xi ∈ X with l ⩽ d+ 1. Given this representation of u and assuming that the smallest
eigenvalue of C̃ is λ̄,

∥ũ∥2E(h2(X)) =
l∑

i,j=1
αiαjE

(
(k(xi, X)k(xj, X))2)

⩾
l∑

i,j=1
αiαj

∣∣∣〈C̃k(xi, X), k(xj, X)
〉∣∣∣2

⩾
l∑

i=1
α2
i

λ̄

k(xi, xi)
.

In particular, when k(x, x) = 1 for all x ∈ X then

E(h2(X)) ⩾ λ̄

(d+ 1)∥ũ∥2 ⩾
λ̄

d+ 1
follows from Eq. (3.2).

However, to say something about the largest ball that lies around C within C⊙
we need a lower bound on the variance of h ∈ Hκ. This is not straight-forward and
will need, in all likelihood, some stringent assumptions: consider the variance of an
arbitrary functions h ∈ Hκ, when Hκ has dimension d < ∞. By the above argument,
there exists a u = ũ/∥ũ∥, where ũ = ∑d+1

i=1 αik(xi, · )⊗k(xi, · ) for some non-negative
αi that sum to one and points xi ∈ X . Hence,

E
(
(h(X) − E(h(X)))2) = E

(
(u ◦ ψ(X) − E(u ◦ ψ(X)))2)

= ∥ũ∥−2
d+1∑
i,j=1

αiαjE
((
k2(xi, X) − E(k2(xi, X))

)(
k2(xj, X) − E(k2(xj, X))

))
.

There is no reason why the sum over the off-diagonal elements∑
i ̸=j

αiαjE
((
k2(xi, X) − E(k2(xi, X))

)(
k2(xj, X) − E(k2(xj, X))

))
should be positive or should be of considerably smaller magnitude than the sum over
the diagonal elements.

3.3. Weighted mean embedding

There are different ways to address the term Yif(Xi), i ⩽ n, that occurs in the
least squares problem and there are a variety of natural assumptions under which
one can study the corresponding compression problem. Let us first have a look at
how Yif(Xi) can be lifted into the RKHS so that we can apply the compression
techniques. A first approach to do so was introduced at the beginning of Section 3,
where we wrote Yif(Xi) = ⟨f, Yik(Xi, · )⟩. Using this representation we can try to
approximate (1/n) ∑n

i=1 Yik(Xi, · ) ∈ H. A second approach is to map the Yi’s to
linear functionals, that is to elements in the dual space R′, and to consider the tensor
products

⟨Yi, · ⟩R ⊗ k(Xi, · ).
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We still would like to work with an inner product similarly to ⟨f, k(Xi, · )⟩ and we
can do so if we work with ⟨1, · ⟩R ⊗ ⟨f, · ⟩ instead of f . In particular,
(3.3) Yif(Xi) =

〈
⟨Yi, · ⟩R ⊗ k(Xi, · ), ⟨1, · ⟩R ⊗ ⟨f, · ⟩

〉
⊗.

Both approaches are natural when the Yi’s are bounded but various issues arise when
they are not. In particular, for the latter approach the elements ⟨Yi, · ⟩R ⊗ k(Xi, · )
are not contained with probability one in a ball in the corresponding tensor product
space. We therefore discuss the case where the Yi’s are bounded first before moving
on to the unbounded case. Finally, it is often natural to impose an assumption on
the relation between Xi and Yi, like
(3.4) Yi = f0(Xi) + ϵi

with f0 ∈ L2(P ), ϵi independent of Xi, E(ϵi) = 0, and the Xi and ϵi are i.i.d.
This leaves us with a total of eight different settings. But not all of these settings

are useful for deepening our understanding. In particular, little can be said without
the assumption (3.4) and we assume in the following, up to short discussions, that
Eq. (3.4) holds. Beyond that we focus on three settings: the first setting uses the
assumption that Yi is bounded and we use the form Yik(Xi, · ). We then move on
to translate the results to the approach where we model Yif(Xi) through the tensor
product as in Eq. (3.3). Finally, we lift the assumption that Yi is bounded and study
the problem in the context of the assumptions (3.3) and (3.4). We assume throughout
that the Xi’s are i.i.d. and that k(Xi, · ) ∈ L2(P ; H).

3.3.1. First setting: bounded Yi’s & Yif(Xi) = ⟨f, Yik(Xi, · )⟩

There are few natural question when working with the empirical estimate my,n =
(1/n) ∑n

i=1 Yik(Xi, · ): what is a natural convex set which contains my,n and over
which we can optimize efficiently? Do we have suitable population limits of the
empirical quantities? What can be said about the diameter of the empirical convex
set, about how centered my,n lies within the set and are assumptions on the covariance
operator of use? In terms of an empirical convex set which contains my,n it is natural
to consider the set

Cy,n = cch{Yik(Xi, · ) : i ⩽ n}
and optimization over this set is possible since we have control over the extremes
of it.

Under the assumption that the Yi’s are of the form f0(Xi) + ϵi, there are natural
expressions for the population limits my and the convex set Cy. For concreteness, we
assume in the following that X is a Borel space, H is separable, f0 and the feature
map ϕ : X → H are measurable, f0, the kernel function k and the ϵi’s are bounded,
ϵi is independent of Xi, and E(ϵi) = 0. We can define the population limit of my,n

through
my =

∫
f0(x)k(x, · ) dP (x),

where P is the law of X1. The element my lies in H: the function f0 × ϕ : X → H is
weakly measurable since when h ∈ H, then ⟨f0(x)ϕ(x), h⟩ = f0(x)h(x) is the product
of two Borel measurable functions and is therefore Borel measurable. Because H is
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separable it follows that f0 × ϕ is Bochner measurable. Furthermore, ∥f0(x)ϕ(x)∥ ⩽
|f0(x)|k1/2(x, x) is a bounded function of x and my =

∫
f0(x)ϕ(x) dP is well defined

and lies in H.

Controlling ∥my,n − my∥. We can quantify the deviation of my,n from my in the
following way. Let ‹F be a countable dense subset of the unit ball of H and using
that dual elements can be moved through the Bochner integral, we get for α > 0,

(3.5) Pr(∥my − my,n∥ ⩾ α)

= Pr
Ç

sup
h∈F̃

Æ
h,

∫
f0(X1)k(X1, · ) dµ− 1

n

n∑
i=1

Yik(Xi, · )
∏

⩾ α

å
⩽ Pr

Ç
sup
h∈F̃

∫
f0(X1)h(X1) dµ− 1

n

n∑
i=1

f0(Xi)h(Xi) ⩾ α/2
å

+ Pr
Ç

sup
h∈F̃

− 1
n

n∑
i=1

ϵih(Xi) ⩾ α/2
å
.

The latter term can be bounded by means of [Pin94, Theorem 3.3] which is a
Bernstein type theorem for Banach spaced valued random variables. Note that the
theorem statement in [Pin94] contains and error which is corrected in [Pin99]. The
bound is the following,

sup
h∈F̃

− 1
n

n∑
i=1

ϵih(Xi) =
∥∥∥∥∥ 1
n

n∑
i=1

ϵiϕ(Xi)
∥∥∥∥∥

and vn = ∑n
i=1 ϵiϕ(Xi) attains values in H. The sequence v1, . . . , vn is a martingale

sequence in H with regard to the filtration Ft = σ(X1, . . . , Xt, ϵ1, . . . , ϵt), t ⩽ n, since
E(vt|Ft−1) = E(ϵtϕ(Xt)) + vt−1 = vt−1 (a.s.) for 2 ⩽ t ⩽ n due to the independence
between ϵt and Xt. Furthermore, let v0 = 0 and F0 = {∅,Ω} so that E(v1|F0) =
E(v1) = v0 a.s. We can continue the sequence by letting vt = vn and Ft = Fn for all
t > n, which preserves the martingale property. To apply [Pin94, Pin99, Theorem 3.3]
we need the following moment bounds; for all m ⩾ 2,

n∑
t=1

E(∥ϵtϕ(Xi)∥m |Ft−1) ⩽ n(c∥k∥1/2
∞ )m (a.s.),

where c is an upper bound on |ϵt|. This implies that we can set Γ = c∥k∥1/2
∞ , B =

n1/2c∥k∥1/2
∞ in [Pin94, Pin99, Theorem 3.3] and

(3.6) Pr
Ç∥∥∥∥∥ 1

n

n∑
i=1

ϵiϕ(Xi)
∥∥∥∥∥ ⩾

α

2

å
⩽ 2 exp

Ö
− nα2

4c∥k∥1/2
∞

(
c∥k∥1/2

∞ + α +
»
c2∥k∥∞ + αc∥k∥1/2

∞ /n
)
è
.

The first term can be controlled with a standard Rademacher argument after chang-
ing the kernel. Define the kernel l = f0 ⊗ f0 and consider the product kernel
l × k : X × X → R with RKHS Hl×k. For h ∈ H it follows that f0 × h ∈ Hl×k;
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for an h of the form ∑m
i=1 αik(xi, · ) one can write down the representation explicitly

as f0 ×h = ∑m
i=1 αif0(x)k(xi, x) = ∑m

i=1(αi/f0(xi))(l×k)(xi, x), whenever f0(xi) ̸= 0
for all i ⩽ m. We can thus write

(3.7) Pr
Ç

sup
h∈F̃

∫
f0(X1)h(X1) dµ− 1

n

n∑
i=1

f0(Xi)h(Xi) ⩾ α/2
å

= Pr
Ç

sup
g∈F̃ l×k

∫
g(X1) dµ− 1

n

n∑
i=1

g(Xi) ⩾ α/2
å
,

where ‹F l×k is dense subset of the unit ball of Hl×k. The Rademacher argument that
we are using in (2.18) can now be applied.

Population limit of Cy,n. The next question to address is how to define the
population limit of Cy,n. Under the boundedness assumption of Y1 we can charac-
terize the limit of Cy,n in the following way. Let b̄ = inf{b : b ∈ R, ϵ1 ⩽ b a.s.},

¯
b = − sup{b : b ∈ R, ϵ1 ⩾ b a.s.} and let

Cy = cch
({

(f0(x) + b̄)k(x, · ) : x ∈ X
}

∪
{

(f0(x) −
¯
b)k(x, · ) : x ∈ X

})
.

Note that for any x ∈ X , (f0(x) + b̄)k(x, · ) and (f0(x) −
¯
b)k(x, · ) lie in H and

Cy ⊂ H. Furthermore, ϵi ∈ [−
¯
b, b̄] (a.s.) and for i ⩽ n, (f0(Xi) + ϵi)k(Xi, · ) is

almost surely a convex combination of (f0(Xi) + b̄)k(Xi, · ) and (f0(Xi) −
¯
b)k(Xi, · ).

Therefore, Cy,n is almost surely contained within Cy.
While Cy is a natural limit of Cy,n, we face the problem that the convergence

towards Cy can be arbitrarily slow since ϵ1 can have a low probability of attaining
values close to b̄ or

¯
b. Assumptions on the distribution of ϵ1 are one way to address this

problem. Alternatively, we can work directly with Cy,n and study how deep my,n lies
in Cy,n by controlling events of the form ⟨h,‹Y k(‹X, · )−my⟩ ⩽ c, where (‹X,‹Y ) has law
Pn, and by comparing the random variables ⟨h,‹Y k(‹X, · ) − my⟩ and ⟨h,‹Y k(‹X, · ) −
my,n⟩. We follow this latter approach and we use Rademacher complexities to control
these events uniformly over the unit ball of H. In the Rademacher approach, we
control such events by lower bounding terms of the form

Pnψγ(⟨h, ỹk(x̃, · ) − my,n⟩ − c)
(

=
∫
ψγ(⟨h, ỹk(x̃, · ) − my,n⟩ − c) dPn(x̃, ỹ)

)
for suitable c, γ ∈ R and all unit norm elements h ∈ H. The element my,n converges
to my and, because ψγ is 1/γ-Lipschitz continuous, it follows that

(3.8)
∣∣Pnψγ(⟨h, ỹk(x̃, · ) − my,n⟩ − c) − Pnψγ(⟨h, ỹk(x̃, · ) − my⟩ − c)

∣∣
⩽ Pn(1/γ)|⟨h,my,n − my⟩| ⩽ (1/γ)∥my,n − my∥, (a.s.)

where the Pn term becomes redundant since no variables ỹ and x̃ are present in the
last line.

Next, we consider the convergence of Pnψγ(⟨h, ỹk(x̃, · )−my⟩−c) to its population
limit P (ψγ(⟨h, yk(x, · )−my⟩−c)) uniformly over the unit ball of H. The convergence
can be controlled by using Rademacher complexities. Because ϵ is used in this section

ANNALES HENRI LEBESGUE



Compressed Empirical Measures 543

to denote the noise terms we will use ζ to denote Rademacher variables. Since ψγ is
continuous and is applied to a subset of R we can note that

n∑
i=1

ζiψγ
(
Yih(Xi) − E(Y h(X)) − c

)
is well defined. Also, γψγ is a contraction vanishing at zero [GN16, Section 5.2.1]
and for any finite subset F of the unit ball of H it follow that

Eζ

Ç
sup
h∈F

n∑
i=1

ζi(γ/2)ψγ
(
Yih(Xi) − E(Y h(X)) − c

)å
⩽ Eζ

Ç
sup
h∈F

n∑
i=1

ζiYih(Xi)
å

⩽ Eζ

Ç
sup
h∈F

∣∣∣∣∣ n∑
i=1

ζiYih(Xi)
∣∣∣∣∣
å

(a.s.),

from [GN16, Theorem 5.2.1, Eq. 5.50]. Note that, conditional on Yi, the probability
laws of ζiYi and ζi|Yi| are the same. In particular,

Eζ

Ç
sup
h∈F

∣∣∣∣∣ n∑
i=1

ζiYih(Xi)
∣∣∣∣∣
å

= Eζ

Ç
sup
h∈F

∣∣∣∣∣ n∑
i=1

ζi|Yi|h(Xi)
∣∣∣∣∣
å

(a.s.).

Recall that Rademacher complexities are stable under taking absolute convex hulls.
Let

CF =
{

(|Y1|h(X1), . . . , |Yn|h(Xn)) : h ∈ F
}

and

ĈF =
{

(∥Y ∥∞h(X1), . . . , ∥Y ∥∞h(Xn)) : h ∈ F
}
,

then abs convCF ⊂ abs conv ĈF . Furthermore,

Eζ

Ç
sup
h∈F

∣∣∣∣∣ n∑
i=1

ζi|Yi|h(Xi)
∣∣∣∣∣
å

= Eζ

Ç
sup
t∈CF

∣∣∣∣∣ n∑
i=1

ζiti

∣∣∣∣∣
å

= Eζ

Ç
sup

t∈abs convCF

∣∣∣∣∣ n∑
i=1

ζiti

∣∣∣∣∣
å

⩽ Eζ

Ç
sup

t∈abs conv ĈF

∣∣∣∣∣ n∑
i=1

ζiti

∣∣∣∣∣
å

= ∥Y ∥∞Eζ

Ç
sup
h∈F

∣∣∣∣∣ n∑
i=1

ζih(Xi)
∣∣∣∣∣
å
. (a.s.)

In summary, we have shown that

Eζ

Ç
sup
h∈F

n∑
i=1

ζiψγ
(
Yih(Xi) − E(Y h(X)) − c

)å
⩽ (2/γ)∥Y ∥∞Eζ

Ç
sup
h∈F

∣∣∣∣∣ n∑
i=1

ζih(Xi)
∣∣∣∣∣
å
. (a.s.)
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A simple variation of the above argument gives us a bound on the absolute value. In
detail,

(3.9) Eζ

Ç
sup
h∈F

∣∣∣∣∣ n∑
i=1

ζi(γ/2)ψγ
(
Yih(Xi) − E(Y h(X)) − c

)∣∣∣∣∣
å

⩽ Eζ

Ç
sup
h∈F

∣∣∣∣∣ n∑
i=1

ζiYih(Xi)
∣∣∣∣∣
å

+ sup
h∈F

|E(Y h(X)) − c|E
Ç∣∣∣∣∣ n∑

i=1
ζi

∣∣∣∣∣
å

⩽ ∥Y ∥∞Eζ

Ç
sup
h∈F

∣∣∣∣∣ n∑
i=1

ζih(Xi)
∣∣∣∣∣
å

+
Ä
∥Y ∥∞∥k∥1/2

∞ + |c|
ä√

2πn, (a.s.)

where the last inequality follows from integrating a Hoeffding bound on Pr(| ∑n
i=1

ζi| ⩾ t). Since this holds for all finite F we can take the supremum over finite sets
F on both sides and move to ‹F (see (1.1)).

Lower bounds. With the Rademacher argument we control the difference between
the empirical and population value. To make use of this bound we need a lower
bound on the population value. This can be attained in the following way. Let
p = Pr(ϵ1 ⩾ 0) ∧ Pr(ϵ1 ⩽ 0). Because E(ϵ1) = 0 it holds that p > 0. Using the
towering rule for conditional expectations and that ψγ is monotonically decreasing,
we can now argue in the following way for the population limit and any h ∈ H,

(3.10) E
(
ψγ(⟨h, Y k(X, · ) − my⟩ − c)

)
⩾ E

(
ψγ(⟨h, Y k(X, · ) − my⟩ − c) × χ{ϵh(X) ⩽ 0}

)
⩾ E

(
ψγ(⟨h, f0(X)k(X, · ) − my⟩ − c)

×
(
E(χ{ϵ ⩽ 0} | X) × χ{h(X) ⩾ 0}

+ E(χ{ϵ ⩾ 0} | X) × χ{h(X) ⩽ 0}
))

⩾ pE
(
ψγ(⟨h, f0(X)k(X, · ) − my⟩ − c)

)
.

The final expectation term can be dealt with in the usual way after moving to the
kernel function l × k, where l = f0 ⊗ f0. We demonstrate this for the case that we
work with a covariance operator assumption and we derive high probability lower
bounds on the radius of a ball centered on my,n which lies within Cy,n.

Assumptions on the covariance operator. We denote the centered covariance
operator for the kernel l × k by C̃c,l×k. As usual, we need an assumption on the
smallest non-zero eigenvalue of this operator. Recall that ∥f0∥l = 1 and

∥f0 × h∥l×k = min
{

∥u∥Hl⊗Hk
: f0(x)h(x) = u(x, x) for all x ∈ X

}
.

In particular, ∥f0 × h∥l×k ⩽ ∥f0 ⊗ h∥Hl⊗Hk
= ∥h∥k. In fact, this can be tightened by

using [PR16, Proposition 5.20]: the RKHS Hl×k is the set {f0 × h : h ∈ H} and for
any g, h ∈ H we have that ⟨f0 ×g, f0 ×h⟩l×k = ⟨g, h⟩. In particular, all eigenfunctions

ANNALES HENRI LEBESGUE



Compressed Empirical Measures 545

of C̃c,l×k are of the form f0 × h for some h ∈ H, ∥h∥ = 1. Therefore, our bounds will
depend on

(3.11) λ̄⋆ = inf
{¨

C̃c,l×kf0 × h, f0 × h
∂
l×k

: ∥h∥ = 1, f0 × h ∈
Ä
ker C̃c,l×k

ä⊥}
.

As before, it is beneficial to move to the RKHS Hl×k,S corresponding to the kernel
function κ = (l × k)↾S × S, where S is the support of X. Observe that

(l × k)↾S × S = (l↾S × S) × (k↾S × S) = ((f0↾S) ⊗ (f0↾S)) × (k↾S × S).
Using [PR16, Proposition 5.20] again shows that Hl×k,S = {(f0↾S) × h : h ∈ HS},
where HS is defined as before. Furthermore, for g, h ∈ HS,

⟨(f0↾S) × g, (f0↾S) × h⟩l×k,S = ⟨g, h⟩S.
Let us also introduce ml×k,S =

∫
κ(x, · ) dP (x), where P is the law of X, and which

is well defined whenever (l × k)(X, · ) is Bochner integrable. For h ∈ H,

⟨h,my⟩ =
∫

X
⟨h, f0(x)k(x, · )⟩ dP (x)

=
∫
S
(f0↾S)(x)(h↾S)(x) dP (x)

=
∫
S

〈
h↾S, (f0↾S)(x)(k↾S × S)(x, · )

〉
S
dP (x)

=
∫
S

〈
(f0↾S) × (h↾S), (f0↾S) × (f0↾S)(x)(k↾S × S)(x, · )

〉
l×k,S dP (x)

=
∫
S

〈
(f0↾S) × (h↾S), ((l × k)↾S × S)(x, · )

〉
l×k,S dP (x)

=
〈
(f0↾S) × (h↾S),ml×k,S

〉
l×k,S.

The key observation is now the following, for any h ∈ H and almost surely〈
h, f0(X)k(X, · ) − my

〉
= (h↾S)(X)(f0↾S)(X) −

〈
(f0↾S) × (h↾S),ml×k,S

〉
l×k,S

=
〈
(f0↾S) × (h↾S), κ(X, · ) − ml×k,S

〉
l×k,S.

This leads directly to a first result. Under suitable assumptions and with δ =
λ̄⋆/2∥(f0 ⊗ f0) × k∥1/2

∞ , γ = δ/4 and c = −δ/2, Eq. (2.5) shows that for any h ∈ H,
such that ∥h↾S∥S = 1,

(3.12) E
(
ψγ(⟨h, f0(X)k(X, · ) − my⟩ − c)

)
= E

(
ψγ(⟨(f0↾S) × (h↾S), κ(X, · ) − ml×k,S⟩l×k,S − c)

)
⩾ λ̄2

⋆/8∥(f0 ⊗ f0) × k∥∞.

Combining the various steps above leads to the following proposition, which is an
adaptation of Theorem 2.17.

Proposition 3.1. — Let (X × R,A, P ) be some probability space, let P be a
topological measure that is τ -additive, and let k be a measurable kernel function
defined on X s.t. the corresponding RKHS H is finite dimensional. Furthermore,
let (X1, Y1), . . . , (Xn, Yn) be i.i.d. random variables attaining values in X × R, with
law P , and of the form Yi = f0(Xi) + ϵi where ϵ1, . . . , ϵn are centered i.i.d. random
variables which are independent of X1, . . . , Xn and such that |ϵ1| ⩽ cϵ (a.s.), and
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f0 ∈ L2(P ). Assume that ∥(f0 ⊗ f0) × k∥∞ < ∞, and that the centered covariance
operator C̃c,l×k has an eigen-decomposition with smallest non-zero eigenvalue being
λ̄⋆. Let δ = λ̄⋆/2∥(f0 ⊗f0)×k∥1/2

∞ and p = Pr(ϵ1 ⩾ 0)∧Pr(ϵ1 ⩽ 0). For any q ∈ (0, 1)
and whenever n is (strictly) greater than
1024∥f0 ⊗ f0 × k∥2

∞

p2λ̄4
⋆δ

2

(
16
Ä
8∥f0 ⊗ f0 × k∥∞ + 6

√
2 log(3/q)

ä2

∨ 16
(

4cϵ∥k∥1/2
∞ log(6/q) +

ÄÄ
4c2
ϵ∥k∥∞ +

√
1 + c2

ϵ∥k∥∞
ä

log(6/q)
ä1/2)2

∨
Ä
δ
√

2 log(6/q) + 16
√

2π
Ä
(∥f0∥∞ + cϵ)∥k∥1/2

∞ + δ/2
ä

+ 32∥k∥1/2
∞ (∥f0∥∞ + cϵ)

ä2)
then, with probability at least 1 − q, there exists a ball of radius δ/4 around my,n

in Cy,n within the affine subspace spanned by Cy,n.

Proof.
(a). — Since f0 ⊗ f0 × k is a bounded kernel function we can apply (3.12) and

conclude for γ = δ/4 and c = −δ/2 that E(ψγ(⟨h, f0(X)k(X, · ) − my⟩ − c)) ⩾
λ̄2
⋆/8∥(f0 ⊗ f0) × k∥∞ and from (3.10) it follows that

E(ψγ(⟨h, Y k(X, · ) − my⟩ − c)) ⩾ pλ̄2
⋆/8∥(f0 ⊗ f0) × k∥∞.

(b). — Next, we have to incorporate a few triangle inequalities. First, we fill in
the details in (3.5). From (3.7) it follows that for p1 ∈ (0, 1) and α1 = 8n−1/2∥f0 ⊗
f0 × k∥∞ + 6

√
2 log(1/p1)n−1/2,

Pr
Ç

sup
h∈F̃

Pf0 × h− Pnf0 × h ⩾
α1

2

å
= Pr

Ç
sup

g∈F̃ l×k

|Pg − Png| ⩾
α1

2

å
⩽ p1.

Also note that we can simplify (3.6) to

Pr
Ç∥∥∥∥∥ 1

n

n∑
i=1

ϵiϕ(Xi)
∥∥∥∥∥ ⩾

α2

2

å
⩽ 2 exp

(
− nα2

2

4cϵ∥k∥1/2
∞
Ä
cϵ∥k∥1/2

∞ + α2 +
√

1 + c2
ϵ∥k∥∞

ä),
whenever n ⩾ α2cϵ∥k∥1/2

∞ . Hence, for such n, for p2 ∈ (0, 1) and

α2 = 4cϵ∥k∥1/2
∞ log(2/p2)
n

+
(Ä

4c2
ϵ∥k∥∞ +

√
1 + c2

ϵ∥k∥∞
ä

log(2/p2)
n

)1/2

it follows that
Pr
Ç∥∥∥∥∥ 1

n

n∑
i=1

ϵiϕ(Xi)
∥∥∥∥∥ ⩾

α2

2

å
⩽ p2.

In particular, for α12 = α1 ∨ α2 and whenever n ⩾ α2cϵ∥k∥1/2
∞ ,

Pr(∥my − my,n∥ ⩾ α12) ⩽ p1 + p2.

(c). — From (3.8) we can infer that almost surely
Pψγ

(
⟨h, yk(x, · ) − my⟩ − c

)
− Pnψγ

(
⟨h, ỹk(x̃, · ) − my,n⟩ − c

)
⩽ γ−1∥my,n − my∥ + Pψγ

(
⟨h, yk(x, · ) − my⟩ − c

)
− Pnψγ

(
⟨h, ỹk(x̃, · ) − my⟩ − c

)
.
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The same inequality holds almost surely if we consider the supremum over ‹F . There-
fore, with γ = δ/4 and α > 0,

Pr
Ç

sup
h∈F̃

Pψγ
(
⟨h, yk(x, · ) − my⟩ − c

)
− Pnψγ

(
⟨h, ỹk(x̃, · ) − my,n⟩ − c

)
⩾ 2α

å
⩽ Pr

(
∥my,n − my∥ ⩾ δα/4

)
+ Pr

Ç
sup
h∈F̃

Pψγ
(
⟨h, yk(x, · ) − my⟩ − c

)
− Pnψγ

(
⟨h, ỹk(x̃, · ) − my⟩ − c

)
⩾ α

å
.

The latter term can be dealt with by a Rademacher argument when using (3.9). In
detail, for any p3 ∈ (0, 1), with probability 1 − p3 simultaneously for all h ∈ ‹F ,

Pnψγ
(
⟨h, ỹk(x̃, · ) − my⟩ − c

)
⩾ Pψγ

(
⟨h, yk(x, · ) − my⟩ − c

)
−
√

2 log(2/p3)/n

− 2Eζ
Ç

sup
h∈F̃

∣∣∣∣∣ 1n n∑
i=1

ζiψγ(Yih(Xi) − E(Y h(X)) − c)
∣∣∣∣∣
å

follows from [GN16, Theorem 3.4.5]; also see p. 496. Substituting (3.9) leads to the
following lower bound on the Pn term,

Pψγ
(
⟨h, yk(x, · ) − my⟩ − c

)
−
√

2 log(2/p3)/n

− (4/γ)
Ç

∥Y ∥∞Eζ

Ç
sup
h∈F̃

∣∣∣∣∣ 1n n∑
i=1

ζih(Xi)
∣∣∣∣∣
å

+
Ä
∥Y ∥∞∥k∥1/2

∞ + |c|
ä√

2π/n
å
.

Filling in γ, c, the upper bound on |Y | and the Rademacher complexity of ‹F , reduces
the lower bound to

α3 =
√

2 log(2/p3)√
n

+
16

√
2π
(
(∥f0∥∞ + cϵ)∥k∥1/2

∞ + δ/2
)

δ
√
n

+ 32∥k∥1/2
∞ (∥f0∥∞ + cϵ)
δ
√
n

and

Pr
Ç

sup
h∈F̃

Pψγ
(
⟨h, yk(x, · ) − my⟩ − c

)
− Pnψγ

(
⟨h, ỹk(x̃, · ) − my⟩ − c

)
⩾ α3

å
⩽ p3.

(d). — Combining these bounds we can derive a lower bound on Pnψγ(⟨h,
ỹk(x̃, · ) − my,n⟩ − c). In detail, let p1 = p2 = p3 = q/3 and set

α⋆ = 4α12

δ
∨ α3

then with probability 1 − q simultaneously for all h ∈ ‹F ,

Pnψγ(⟨h, ỹk(x̃, · ) − my,n⟩ − c) ⩾ pλ̄2
⋆/8∥(f0 ⊗ f0) × k∥∞ − 2α⋆.

To guarantee that the right hand side is strictly positive we can choose the n which
is provided in the statement of the Proposition 3.1. □
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3.3.2. Second setting: bounded Yi’s & Eq. (3.3)

In this section, we map h ∈ H to ȟ = ⟨1, · ⟩R ⊗ h( · ) and we work with the kernel
function

ρ((y1, x1), (y2, x2)) = ⟨y1, y2⟩Rk(x1, x2).
In the introduction to this section we denoted the RKHS Hρ by R′ ⊗ H. We will use
in the following the more compact notation Hρ, ∥ · ∥ρ etc.

Compared to the approach in the previous section, using Hρ offers a dramatic
simplification of the analysis and leads to improved bounds. As usual, we are in-
terested in approximating a mean element. In the current context, this is m⊗

y =∫
ρ((y, x), · ) dP (x, y) and there is a straight forward relation to the element my that

was used in the previous section,

m⊗
y =

∫
⟨y, · ⟩R ⊗ k(x, · ) dP (x, y) = ⟨1, · ⟩R ⊗

∫
yk(x, · ) dP (x, y) = ⟨1, · ⟩R ⊗ my,

using (1.2). The element m⊗
y lies in R′ ⊗ H whenever Y 2k(X,X) ∈ L1(µ). Under

our assumption that Y = f0(X) + ϵ, X and ϵ independent random variables, the
representation of m⊗

y simplifies to
m⊗
y = E(⟨f0(X) + ϵ, · ⟩R ⊗ k(X, · ))

= E(f0(X)⟨1, · ⟩R ⊗ k(X, · )) + ⟨E(ϵ), · ⟩ ⊗ E(k(X, · ))
= ⟨1, · ⟩R ⊗ E(f0(X)k(X, · )),

where we used (1.2) in the second and in the last equality. This is again just
⟨1, · ⟩R ⊗ my.

If P is τ -additive as a measure on X × R then the support S of P is well defined
and we have a natural population limit

C⊗
y = cch{⟨y, · ⟩R ⊗ k(x, · ) : (x, y) ∈ S}

of the empirical convex set
C⊗
y,n = cch{⟨Yi, · ⟩R ⊗ k(Xi, · ) : i ⩽ n}.

These are just the convex sets associated with the kernel function ρ acting on R× X
and m⊗

y ,m
⊗
y,n are the corresponding mean and empirical mean elements. In fact,

we can apply right away Theorem 2.17. Our sample space is then [−∥f0∥∞ − cϵ,
∥f0∥∞ + cϵ] × X , where cϵ is a constant such that |Y | ⩽ cϵ a.s. The kernel function
is ρ restricted to the sample space and

∥ρ↾S × S∥∞ ⩽ (∥f0∥∞ + cϵ)∥k∥∞.

In this formulation it might not be directly obvious how assumptions on the dis-
tribution of Y enter. Using a Rademacher argument we can control the difference
between P and Pn when acting on indicator functions. To do so we do not need
any assumption on the distribution of Y beside boundedness. But, if you recall our
earlier arguments, you will notice that we used lower bounds on P when applied
to indicator functions to control the size of C⊗

y,n. This lower bound on P depends
on the distribution of Y . In particular, with the covariance operator approach,
it depends on the variance of Y .
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Let C̃⊗
c be the centered covariance operator corresponding to kernel ρ then for

g, h ∈ H,¨
C̃⊗
c ǧ, ȟ

∂
ρ

= E
(
Y 2g(X)h(X)

)
− E(Y g(X))E(Y h(X))

= E(f 2
0 (X)g(X)h(X)) + σ2E(g(X)h(X)) − E(f0(X)g(X))E(f0(X)h(X)),

where σ2 is the variance of ϵ. We can also relate this expression back to the covariance
operator discussed in the earlier approach, for h ∈ H,¨

C̃⊗
c ǧ, ȟ

∂
ρ

=
¨
C̃c,l×kf0 ⊗ g, f0 ⊗ h

∂
l×k

+ σ2E(g(X))E(h(X)).

Recall that for g, h ∈ H, ⟨g, h⟩ = ⟨f0 × g, f0 × h⟩l×k and note that ⟨ǧ, ȟ⟩ρ = ⟨g, h⟩.
In particular,
(3.13) ∥h∥ = ∥ȟ∥ρ = ∥f0 × h∥l×k
for all h ∈ H. If h ∈ H, ∥h∥ = 1, is such that f0 × h is an eigenfunction of C̃c,l×k
with eigenvalue λ and σ2 is the variance of ϵ then¨

C̃⊗
c ȟ, ȟ

∂
ρ

= λ+ σ2E(h2(X)).

Furthermore, if f0 ×h is an eigenfunction of C̃c,l×k and g is such that ⟨g, h⟩ = 0 then¨
C̃⊗
c ȟ, ǧ

∂
ρ

=
¨
C̃c,l×kf0 × h, f0 × g

∂
l×k

+ σ2E(g(X))E(h(X)) = σ2E(g(X))E(h(X)).

There is no reason why the latter term should be zero and the two operators will
generally not have the same eigenfunctions (in the sense that ȟ is an eigenfunction
of C̃⊗

c iff f0 ⊗ h is an eigenfunction of C̃c,l×k).

Remark 3.2. — If v = inf{E(h2(X)) : h ∈ H, ∥h∥ = 1} > 0 then C̃⊗
c has no

eigenvalue below σ2v. This can help with the compression, but notice that larger
values of σ2 are related to larger values ∥ρ∥∞ which hinders the compression.

Lower bounds on the width. We could also look at the width of the convex set
C⊗
y by means of the kernel function ρ. While this is a useful exercise we only want

to highlight here a simple relation between the width of C⊗
y and the width of usual

convex set CS (as a subset of HS). For h ∈ H, ∥h∥ = 1,
widthȟ

(
C⊗
y

)
= sup

(x,y)∈S
(y − f0(x))⟨h, k(x, · )⟩ + h(x)f0(x)

− inf
(x′,y′)∈S

(
(y′ − f0(x′))⟨h, k(x′, · )⟩ + h(x′)f0(x′)

)
⩾ sup

x∈XS

sup
y,y′∈Sx

(y − y′)h(x) = sup
x∈XS

sup
y,y′∈Sx

(y − y′)|h(x)|,

where XS = {x : (x, y) ∈ S} and Sx = {y : (x, y) ∈ S}. Also, note that
sup
x∈XS

|h(x)| ⩾ (1/2) widthh(CS)

and we have a lower bound on widthȟ(C⊗
y ) which is a product of the width of CS

and the spread of ϵ.
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3.3.3. Third setting: unbounded Yi’s & Eq. (3.3)

If Y is unbounded then one way to approach the approximation problem is to cap
the observations Yi and to control the cap as a function of n. We demonstrate this
for the case that we have the model stated in (3.4), f0 is bounded and measurable,
and ϵ is sub-Gaussian with variance factor ν (see [BLM13, Section 2.3]) but is not
necessarily bounded. The natural sample space is now R × X . The kernel ρ is well
defined on R × X but is unbounded. When f0 is bounded, k is measurable and
bounded, and ϵ is sub-Gaussian, we have that ⟨Y, · ⟩Rk(X, · ) ∈ L2(µ,Hρ) since

E
(
∥⟨Y, · ⟩Rk(X, · )∥2

ρ

)
= E

(
Y 2k(X,X)

)
⩽ ∥k∥∞E(Y 2)

and the latter term is finite since Y is sub-Gaussian. Let {rn}n⩾1 be a non-negative
and non-decreasing sequence, and let ÙY (n) = (Y ∧ (rn + ∥f0∥∞)) ∨ −(rn + ∥f0∥∞).
The ∥f0∥∞ can obviously be replaced by an upper bound on the norm, but as the
argument is developed such a bound is needed to control the error introduced by
capping the observations Yi. Define Ûm⊗

y,n = (1/n) ∑n
i=1⟨ÙY (n)

i , · ⟩Rk(Xi, · ). In this
section our aim is to derive a suitable adapted version of Theorem 2.17 for this
setting where ϵ is sub-Gaussian. We start by investigating the effect of the capping
of Y .

Bounding ∥m⊗
y,n − Ûm⊗

y,n∥. A simple expansion yields

∥∥∥m⊗
y,n − Ûm⊗

y,n

∥∥∥2

ρ
= 1
n2

∥∥∥∥∥
n∑
i=1

¨
Yi −ÙY (n)

i , ·
∂
R
k(Xi, · )

∥∥∥∥∥
2

ρ

= 1
n2

n∑
i,j=1

Ä
Yi −ÙY (n)

i

äÄ
Yj −ÙY (n)

j

ä
k(Xi, Xj).

Due to the independence of the observations and by using the Cauchy–Schwarz
inequality,

E
(∥∥∥m⊗

y,n − Ûm⊗
y,n

∥∥∥2

ρ

)
⩽

1
n2

n∑
i=1

∣∣∣EÄYi −ÙY (n)
i

ä2
k(Xi, Xi)

∣∣∣
+ 1
n2

∑
i ̸=j

∣∣∣¨EÄÄYi −ÙY (n)
i

ä
k(Xi, · )

ä
, E
ÄÄ
Yj −ÙY (n)

j

ä
k(Xj, · )

ä∂∣∣∣
⩽

∥k∥∞

n2

n∑
i=1

E
Ä
Yi −ÙY (n)

i

ä2
+ n− 1

n
E2
(∣∣∣Y1 −ÙY (n)

1

∣∣∣∥k(X1, · )∥
)

⩽
∥k∥∞

n2

n∑
i=1

E
Ä
Yi −ÙY (n)

i

ä2
+ (n− 1)∥k∥∞

n
E2
(∣∣∣Y1 −ÙY (n)

1

∣∣∣).
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Let λ denote the law of ϵ. Noting that ϵ is sub-Gaussian and using [BLM13, Sec-
tion 2.3] together with [Fre01, 252O] and [Dud14, Proposition 2.5(a)], we obtain

(3.14) E
(∣∣∣Yi −ÙY (n)

i

∣∣∣)
⩽

∫ ∞

0
(t− rn) × χ{t ⩾ rn} dλ(t) +

∫ 0

−∞
(−t− rn) × χ{−t ⩾ rn} dλ(t)

⩽
∫ ∞

0
λ{t : t ⩾ s+ rn} ds+

∫ ∞

0
λ{t : −t ⩾ s+ rn} ds

⩽ 2
∫ ∞

rn

e−s2/2ν ds ⩽
√

2πνe−r2
n/2ν .

Similarly,

(3.15) E
Ä
Yi −ÙY (n)

i

ä2

⩽
∫ ∞

0
(t− rn)2 × χ{t ⩾ rn} dλ(t) +

∫ 0

−∞
(−t− rn)2 × χ{−t ⩾ rn} dλ(t)

⩽
∫ ∞

0
λ
{
t : t ⩾

√
s+ rn

}
ds+

∫ ∞

0
λ
{
t : t ⩽ −

√
s− rn

}
ds

⩽ 2e−r2
n/2ν

∫ ∞

0
e−s/2ν ds = 4νe−r2

n/2ν .

Combining these yields

E
(∥∥∥m⊗

y,n − Ûm⊗
y,n

∥∥∥2

ρ

)
⩽ 2ν∥k∥∞e

−r2
n/2ν
(

2/n+ πe−r2
n/2ν
)

and

Pr
(∥∥∥m⊗

y,n − Ûm⊗
y,n

∥∥∥
ρ
⩾ t
)
⩽

2ν∥k∥∞e
−r2

n/2ν
(

2/n+ πe−r2
n/2ν
)

t2
.

In other words, if we have an upper bound on ∥f0∥∞ and cap the observations as
described above then with probability 1 − δ for any δ ∈ (0, 1),

(3.16)
∥∥∥m⊗

y,n − Ûm⊗
y,n

∥∥∥
ρ
⩽

√
2ν∥k∥1/2

∞ e−r2
n/4ν
(

2/n+ πe−r2
n/2ν
)1/2

δ−1/2.

Spectrum of the covariance operator. In Remark 3.2 we observed that no
eigenvalue of C̃⊗

c can be lower than σ2v, where σ2 is the variance of ϵ and v =
inf{E(h2(X)) : h ∈ H, ∥h∥ = 1}. There is a peculiar detail that we have to be
careful about: if h1, h2 ∈ H are linearly independent but h1↾XS = h2↾XS, where XS =
{x : (x, y) ∈ S}, then there exists an h ∈ H of norm one for which E(h2(X)) = 0.
Furthermore, the corresponding functions ȟ1, ȟ2 in Hρ are not constant on S but
some linear combination of ȟ1 and ȟ2 is zero on S (at least when the involved
functions are continuous). To make use of the lower bound σ2v it makes therefore
sense to move right away to functions restricted to Sf = {(y, x) : (x, y) ∈ S} or XS.

Before coming back to the lower bound we want to take a paragraph to understand
better Hρ,Sf

, which is the RKHS corresponding to the kernel function ρ↾Sf × Sf .
First, notice that there are no (non-zero) constant functions in Hρ,Sf

if ϵ is not almost
surely zero. In particular, the covariance operator C̃⊗,S

c has then only eigenvalues
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that are strictly positive. If C̃⊗
c has zero eigenvalues then there must be elements

ȟ which are constant on S but this means that these elements have to be equal to
zero on S and correspond to the origin in Hρ,Sf

. Also notice that Hρ,Sf
is not the

same RKHS as the RKHS with kernel function (l↾RS × RS) × (k↾XS × XS), where
RS = {y : (x, y) ∈ S} and l(y, y′) = ⟨y, y′⟩R for all y, y′ ∈ R. This follows directly
since they have different domains. The latter kernel is defined for pairs (x, y) in
XS × RS while the former is defined for pairs (x, y) ∈ S. This is inconvenient since
we like to use E(h2(X)) for h in some RKHS of functions acting on the support
of some measure and it is not directly obvious what this support should be like.
In the following, let TX be a topology on X , let T be the corresponding product
topology on X × R, and assume that the law P of (X, Y ) is a Radon measure
with σ-algebra A; in particular, it is a topological τ -additive measure and T ⊂ A.
Then S is well defined as a subset of X × R. Let us also introduce our probability
space (Ω,Σ, µ), assume that µ is complete and (X, Y ) is a well defined random
variable in the sense that (X, Y )−1[A] ∈ Σ for all A ∈ A. Furthermore, consider
the σ-algebra AX = {A : A × R ∈ A} and let PX = P ◦ π−1

X where the function
πX : X × R → X projects onto the first coordinate. The σ-algebra AX contains TX
since for O ∈ TX it holds that O × R is in the product topology T. Hence, PX is a
topological measure. If X is a Hausdorff space then PX is, in fact, a Radon measure
(apply [Fre01, 418I] to πX and note that πX is continuous). This implies that the
support S ′ ⊂ X of PX is well defined. Observe that XS = S ′: the projection πX is a
continuous inverse-measure preserving function from X ×R to X and, due to [Fre01,
411N.e], the support of PX is πX [S] = {x : (x, y) ∈ S} = SX . We also have to check
that X is actually a well defined random variable in the sense that X−1[A] ∈ Σ for
all A ∈ AX , and that E(h2(X)) =

∫
h2 dPX =

∫
(h↾XS)2 dPX . The former can be

seen in the following way. Since πX is a measurable function from (X × R,A) to
(X ,AX ) it follows that X = πX ◦ (X, Y ) is measurable as a mapping from (Ω,Σ) to
(X ,AX ) and is a well defined random variable. For the latter, if h is in L2(X , PX)
then

∫
h2 dPX is well defined and obviously equal to

∫
(h↾XS)2 dPX . It remains to

show the E(h2(X)) =
∫
h2 dPX . One way to show this is to use [Fre01, 235E]. This

can be applied since µX−1[A] = Pr(X ∈ A, Y ∈ R) = Pπ−1
X [A] = PX (A) for any

A ∈ AX .
We can now define an RKHS of functions that act on the support XS. For com-

pactness of notation let S̃ = XS, let kS̃ = k↾S̃× S̃ and denote the corresponding
RKHS by HS̃. This RKHS allows us to carry over Remark 3.2 to the case where we
work with Hρ,Sf

. Let C̃⊗,S
c be the centered covariance operator that corresponds to

Hρ,Sf
. Since, Hρ,Sf

= {ȟ↾Sf : h ∈ H}, it follows that

(3.17)
¨
C̃⊗,S
c ȟ↾Sf , ȟ↾Sf

∂
ρ,Sf

= E
(
f 2

0 (X)h2(X)
)

+ σ2E(h2(X)) − E2(f0(X)h(X))

= E
(
f 2

0 (X)h2(X)
)

+ σ2
¨
C̃S̃h↾S̃, h↾S̃

∂
S̃

− E2(f0(X)h(X)).

When the kernel function k is continuous, then the only function h ∈ HS̃ for which
E(h2(X)) = 0 is h = 0 which has norm zero (otherwise there is an open set
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on which h2(X) is bounded away from zero and the intersection of this open set
with the support has measure strictly larger than zero [Fre01, 411N]). In this case,
all the eigenvalues of C̃S̃ are strictly positive and also all eigenvalues of C̃⊗,S

c are
strictly positive, implying that there is no constant function in Hρ,Sf

. Also, note
that ∥h↾S̃∥S̃ = ∥ȟ↾Sf∥ρ,Sf

for all h ∈ H: first observe that ǧ↾Sf = ȟ↾Sf if, and only
if, g↾S̃ = h↾S̃. If g↾S̃ = h↾S̃ then for (x, y) ∈ S, ǧ(y, x) = yg(x) = yh(x) = ȟ(y, x)
because x ∈ XS ⊂ S̃. On the other hand, if ǧ↾Sf = ȟ↾Sf then for any x ∈ XS there
exist a point y such that (x, y) ∈ S and yg(x) = yh(x) which implies g(x) = h(x) if
y ̸= 0. In fact, if σ2 > 0, there exist at least two such points and, in particular, there
exists a y ̸= 0 such that yg(x) = yh(x). Since g = h on the dense subset XS of S̃
and both g, h are continuous (assuming k is continuous) it follows that g = h on S̃
(e.g. [Eng89, Theorem 1.5.4] and using that R is a Hausdorff space). Using (3.13),

(3.18)
∥∥∥ȟ↾Sf∥∥∥

ρ,Sf

= inf
¶

∥ǧ∥ρ : ǧ↾Sf = ȟ↾Sf , g ∈ H
©

= inf
¶

∥g∥ : ǧ↾Sf = ȟ↾Sf , g ∈ H
©

= inf
¶

∥g∥ : g↾S̃ = h↾S̃, g ∈ H
©

=
∥∥∥h↾S̃∥∥∥

S̃
.

This implies that a strictly positive lower bound on the ⟨C̃S̃h↾S̃, h↾S̃⟩S̃ is given by the
smallest eigenvalue of C̃S̃ (when H is finite dimensional). We can also express this
bound in terms of H since for h ∈ H, ⟨C̃h, h⟩ = ⟨C̃S̃h↾S̃, h↾S̃⟩S̃ and ∥h∥ ⩾ ∥h↾S̃∥S̃
it follows that the smallest eigenvalue of C̃ provides a lower bound on the smallest
eigenvalue of C̃S̃ and this lower bound is strictly positive. We might be tempted to
improve this lower bound by recalling that the eigenvalues of C̃c tell us the dimension
of HS̃, but notice that there is no reason why the eigenfunctions of C̃c and C̃ should
be related since one corresponds to the variance and the other corresponds to the
second moment, and it is not directly obvious of how to benefit from the additional
information that C̃c provides.

A family of covariance operators. The move from Y to ÙY (n) affects the covari-
ance, and the covariance operator corresponding to ⟨Y, · ⟩Rk(X, · ) is not the same
as the covariance operator corresponding to ⟨ÙY (n), · ⟩Rk(X, · ), n ⩾ 1. Let us denote
the covariance operators corresponding to the ÙY ’s by the somewhat unwieldy Û̃C⊗,(n)

c

and the covariance operator corresponding to the support Sn of the law of (X,ÙY (n))
by Û̃C⊗,Sn

c ; we assume that the laws P (n) of (X,ÙY (n)) are Radon measures, which
guarantees that the support of P (n) is well defined. It is easy to verify that P (n) is
a Radon measure if P itself is a Radon measure and the topology corresponding to
P is a Hausdorff topology. Consider the set A = X × [−(rn + ∥f0∥∞), rn + ∥f0∥∞]
equipped with the subspace topology which is also a Hausdorff topology [Eng89, The-
orem 2.1.6], and the continuous function f : X ×R → A given by f(x, y) = (x, Ûy(n)),
where we mean the same transformation as for the random variable Y . The push-
forward P (n) = f#P is a Radon measure according to [Fre01, 418I].
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We need lower bounds on the smallest non-zero eigenvalues of the different Û̃C⊗,(n)
c

operators to use our compression approach. It seems natural to work with an assump-
tion on the smallest eigenvalue of the covariance operator C̃⊗,S

c , which corresponds to
the original Y , and to relate the eigenvalues of Û̃C⊗,Sn

c back to the eigenvalues of C̃⊗,S
c .

As discussed on the previous page, the covariance operator C̃⊗,S
c does not have an

eigenvalue that is zero if k is continuous. In this case, the smallest eigenvalue Ûλ(n)
⋆ ofÛ̃

C⊗,Sn
c is at least of size λ̄⋆/2, where λ̄⋆ is the smallest eigenvalue of C̃⊗,S

c , whenever∥∥∥∥C̃⊗,S
c − Û̃C⊗,Sn

c

∥∥∥∥
op

⩽
σ2v

2 ,

where (3.17) tells us that we can choose v either as the smallest eigenvalue of C̃S̃
or the smallest non-zero eigenvalue of C̃, and where 0 < σ2 ⩽ ν is the variance of ϵ.
Alternatively, we can obviously also directly impose assumptions on the eigenvalues
of C̃⊗,S

c . We can bound the operator norm in the following way,∥∥∥∥C̃⊗,S
c − Û̃C⊗,Sn

c

∥∥∥∥
op

= sup
∥ȟ↾Sf ∥ρ,Sf

=1
sup

∥ǧ↾Sf ∥ρ,Sf
=1

≠
C̃⊗,S
c ȟ↾Sf − Û̃C⊗,Sn

c ȟ↾Sf , ǧ↾Sf

∑
ρ,Sf

= sup
∥h↾S̃∥S̃=1

sup
∥g↾S̃∥S̃=1

E
ÄÄ
Y 2 −

(ÙY (n))2ä
h(X)g(X)

ä
− E(Y g(X))E(Y h(X))

+ E
(ÙY (n)g(X)

)
E
(ÙY (n)h(X)

)
.

Let us first address the second moment term. For h, g such that ∥h↾S̃∥S̃ = 1 = ∥g↾S̃∥S̃,∣∣∣EÄÄY 2 −
(ÙY (n))2ä

h(X)g(X)
ä∣∣∣ ⩽ ∥k∥∞E

Ä
Y 2 −

(ÙY (n))2ä
= ∥k∥∞

∫ ∞

0
(t2 − r2

n) × χ{t ⩾ rn} dλ(t) + ∥k∥∞

∫ 0

−∞
(t2 − r2

n) × χ{−t ⩾ rn} dλ(t)

⩽ ∥k∥∞

∫ ∞

0
λ
¶
t : t ⩾

√
s+ r2

n

©
ds+ ∥k∥∞

∫ ∞

0
λ
¶
t : t ⩽ −

√
s+ r2

n

©
ds

⩽ 2∥k∥∞

∫ ∞

r2
n

e−s/2ν ds = 4ν∥k∥∞e
−r2

n/2ν .

The other term can be controlled in the following way,∣∣∣E(Y g(X))E(Y h(X)) − E
(ÙY (n)g(X)

)
E
(ÙY (n)h(X)

)∣∣∣
⩽
∣∣∣EÄ(Y −ÙY (n))g(X)

ä
E(f0(X)h(X))

∣∣∣+
∣∣∣E(ÙY (n)g(X)

)
E
Ä(
Y −ÙY (n))h(X)

ä∣∣∣
⩽ ∥k∥∞(2∥f0∥∞ + rn)E

Ä∣∣Y −ÙY (n)∣∣ä ⩽ √
8πν∥k∥∞(2∥f0∥∞ + rn)e−r2

n/2ν .

Combining these yields

(3.19)
∥∥∥∥C̃⊗,S

c − Û̃C⊗,Sn
c

∥∥∥∥
op

⩽
Ä√

8πν(2∥f0∥∞ + rn) + 4ν
ä
∥k∥∞e

−r2
n/2ν .
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In particular, if we use ν = σ2,

(3.20) r1 = (1 ∨ 2σ2) ∨ 2σ log1/2
Ç

∥k∥∞(12
√
π(∥f0∥∞ + 1) + 8σ)
σλ̄⋆,S̃

å
,

where λ̄⋆,S̃ is the smallest non-zero eigenvalue of C̃S̃, and let {rn}n⩾1 be a non-
decreasing sequence then for all n ⩾ 1,Ûλ(n)

⋆ ⩾ λ̄⋆,S̃/2.

This follows from the argument on the last page and because this choice guarantees
that the right hand side of Eq. (3.19) is upper bounded by σ2λ̄⋆,S̃: first notice that
r2

1/4σ2 ⩾ log r1 for any r1 ⩾ 1 ∨ 2σ2. Hence,Ä√
32πσ∥f0∥∞ + 4σ2

ä
∥k∥∞e

−r2
1/2σ2 +

√
8πσ∥k∥∞e

−r2
1/2σ2+log r1

⩽
Ä√

32πσ∥f0∥∞ + 4σ2
ä
∥k∥∞e

−r2
1/2σ2 +

√
8πσ∥k∥∞e

−r2
1/4σ2

⩽
Ä√

32πσ(∥f0∥∞ + 1) + 4σ2
ä
∥k∥∞e

−r2
1/4σ2

.

The same arguments applies to any rn > r1 and the final display is non-increasing
in the r1 argument. Setting this final display equal to σ2λ̄⋆,S̃/2 yields the expression
in (3.20).

Also, notice that r1 depends logarithmically on the unknown terms ∥f0∥∞ and λ̄⋆,S̃.

Compression in the case of sub-Gaussian noise. We have now all the ingre-
dients to state a proposition for the sub-Gaussian noise case under the assumption
that we have an upper bound on ∥f0∥∞, a lower bound on λ̄⋆,S̃ and some control over
the variance term σ2. In particular, we know that when r1 is chosen as in (3.20) thatÛ̃
C⊗,Sn
c has eigenvalues that are closely related to the eigenvalues of C̃⊗,S

c and that
we can apply our results to compress Ûm⊗

y,n. Furthermore, we know how to control
the difference between Ûm⊗

y,n and m⊗
y,n. The following proposition ties these results

together.

Proposition 3.3. — Let (X ,TX ) be a Hausdorff space, (X × R,T,A, P ) be
a topological measure space such that P is a Radon probability measure which
has support S, T is the product topology corresponding to TX and the standard
topology on R, and let k be a continuous and bounded kernel function defined on
X such that the corresponding RKHS H is finite dimensional. Furthermore, let
(X1, Y1), . . . , (Xn, Yn) be i.i.d. random variables attaining values in X × R, with law
P , and of the form Yi = f0(Xi) + ϵi, where ϵ1, . . . , ϵn are centered i.i.d. random
variables which are independent of X1, . . . , Xn and such that ϵ1 is sub-Gaussian
with variance 0 < σ2, and f0 is a measurable and bounded function. Let λ̄⋆,S̃ be
the smallest eigenvalue of the covariance operator C̃S̃ that corresponds to the kernel
function k↾S̃× S̃, where S̃ is the closure of {x : (x, y) ∈ S} in X . Furthermore, let λ̄⋆
be the smallest eigenvalue of the covariance operator C̃⊗,S

c corresponding to the kernel
function ρ↾S × S, ρ((y1, x1), (y2, x2)) = y1y2k(x1, x2) for all x1, x2 ∈ X , y1, y2 ∈ R.
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Given q ∈ (0, 1) define the sequence {rn}n⩾1 in the following way. Define r1 as
in (3.20) and for n ⩾ 2 through

rn = r1 ∨
√

2σ log(n/q).

Under these conditions, for any n ⩾ 1, the smallest eigenvalue Ûλ(n)
⋆ of Û̃C⊗,Sn

c fulfillsÛλ(n)
⋆ ⩾ λ̄⋆/2 ⩾ σ2λ̄⋆,S̃/2 > 0 and there exists a ball of radius Ûδ(n) = Ûλ(n)

⋆ /(2(∥f0∥∞ +
rn)1/2∥k∥1/2

∞ ) around Ûm⊗
y within the affine space spanned by ÛCρ = {ρ((y, x), · ) :

(x, y) ∈ Sn} as a subset of Hρ, where Sn is the support of the law of P (n) correspond-
ing to (X,ÙY (n)). Whenever n is (strictly) greater than(

8(∥f0∥∞ + rn)∥k∥∞
Ä√

2 log(12/q) + 192(∥f0∥∞ + rn)∥k∥∞/Ûλ(n)
⋆

ä
(Ûλ(n)

⋆

)2

)2

∨
Ç

16(∥f0∥∞ + rn)1/2∥k∥1/2
∞ +

√
288 log(4/q)Ûδ(n)

å2

with probability 1 − q there exists a ball of radius Ûδ(n)/4 around Ûm⊗
y,n in ÛC⊗

ρ,n within
the affine subspace spanned by ÛCρ and∥∥∥Ûm⊗

y,n − m⊗
y,n

∥∥∥
ρ
⩽ 6σ∥k∥1/2

∞ n−3/4.

Proof. — We derived the inequalities concerning the eigenvalues earlier in this
section. Furthermore, the bound on Ûδ(n) follows directly when applying Theorem 2.17
to the random variables (X,ÙY (n)) and the kernel function ρ↾Sn ×Sn, noting that ∥ρ↾
Sn×Sn∥∞ ⩽ (∥f0∥∞+rn)∥k∥∞. The bound on n is also taken from Theorem 2.17 with
the only modification being that a union bound is used to guarantee simultaneously
the existence of the ball around Ûm⊗

y,n within ÛC⊗
ρ,n and that ∥Ûm⊗

y,n − m⊗
y,n∥ρ is upper

bounded by n−1/2. In detail, for the stated q with probability 1 − q/2 there exists a
ball around Ûm⊗

y,n and with the given choice of rn, with probability 1 − q/2∥∥∥Ûm⊗
y,n − m⊗

y,n

∥∥∥
ρ
⩽

√
2σ2∥k∥1/2

∞ e−r2
n/4σ2

(
2/n+ πe−r2

n/2σ2
)1/2

(q/2)−1/2

⩽ 2σ∥k∥1/2
∞ n−1/2n−1/4

Ä
2n−1/2 + π

ä1/2
⩽ 3σ∥k∥1/2

∞ π1/2n−3/4.

follows from (3.16). □

3.4. Simultaneous compression

In this section we are interested in compressing different quantities like the covari-
ance operator and the mean element simultaneously, meaning that we want to find
a single convex combination of a subset of the data that allows us to approximate
both quantities well. As mentioned in the introduction, we are utilizing a direct sum
approach to approach the simultaneous compression problem. In this section, we
start our exploration with Cn and my,n for bounded Y , which is in some sense easy to
deal with since the RKHSs corresponding to them have intersection {0} (after some
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minor adjustments of the kernel functions) which makes the direct sum approach
easy to apply. We then explore how we can deal with RKHSs H1,H2 for which
the intersection is a non-trivial subspace. This problem is more challenging and we
combine the direct sum approach with a quotient space approach to deal with it.
We conclude this section by applying this approach to approximate simultaneously
Cn, my,n and ∑n

i=1 Yi, which allows us to calculate the least squares error for RKHS
functions using only a core set of the data.

3.4.1. Compressing the covariance and weighted mean embedding simultaneously

One of the main challenges when trying to control the approximation error of Cn
and my,n simultaneously is to determine the size of the convex set that contains
(Cn,my,n) within the direct sum of two RKHSs and to locate (Cn,my,n) within this
convex set, or, alternatively, to analyze the covariance operator corresponding to
this new space. These problems would be easier to handle if we could identify the
direct sum space with an RKHS and apply the techniques that we have developed
for RKHSs. When using the first approach for my,n, we face directly a problem in
that we will gain some weighted sum of (κ(Xi, · ), k(Xi, · )) as an approximation, but
we need a weighted sum of (κ(Xi, · ), Yik(Xi, · )). This problem can be circumvented
by incorporating the Yi’s into the kernel as we have done in the second approach,
i.e. for a given kernel function k on X let,

(3.21)
ρ((y1, x1), (y2, x2)) = y1y2k(x1, x2)

=
〈
⟨y1, · ⟩R ⊗ k(x1, · ), ⟨y2, · ⟩R ⊗ k(x2, · )

〉
⊗

then ρ is a kernel function on R × X and we move from my,n to m⊗
y,n. It helps to

also extend κ to R × X by setting κy((y1, x1), (y2, x2)) = κ(x1, x2). Let ĥ be the
extension of h ∈ Hκ to R× X , i.e. ĥ(y, x) = h(x) for all x ∈ X , y ∈ R, then ∥ĥ∥κy =
∥h∥κ. For finite linear combinations this follows from ∥ ∑n

i=1 αiκy((yi, xi), · )∥2
κy

=∑n
i,j=1 αiαjκy((yi, xi), (yj, xj)) = ∥ ∑n

i=1 αiκ(xi, · )∥2
κ, where n ∈ N, αi ∈ R, xi ∈ X ,

yi ∈ R for all i ⩽ n and extends to all of Hκ by a denseness argument. By a similar
argument we can see that the extension map is surjective.

Observe that ÷H ⊙ H, that is the RKHS corresponding to κy, and Hρ = R′ ⊗ H
are linearly independent, i.e. (÷H ⊙ H) ∩ (R′ ⊗ H) = {0}, because κy((y1, x1), (y2, x2))
does not depend on the values y1, y2 while ρ does. Due to this linear independence
we have that K = (÷H ⊙ H) ⊕ (R′ ⊗ H) is isometrically isomorphic to Hκy+ρ. Let
G = {g + h : (g, h) ∈ K} with norm ∥f∥G = inf{∥(g, h)∥K : g + h = f, (g, h) ∈ K}.
There exists a surjective isometry between K and G. Because ÷H ⊙ H and R′ ⊗ H are
linearly independent there is for every f ∈ G exactly one pair (g, h) ∈ K such that
g+h = f and ∥f∥G = ∥(g, h)∥K. Furthermore, we have an inner product on G which
is given by ⟨f1, f2⟩G = ⟨(g1, h1), (g2, h2)⟩K whenever f1 = g1 + h1 and f2 = g2 + h2.
For (g, h) ∈ K we have that g ∈ Hκy and h ∈ Hρ. By [Aro50, Theorem, p. 353] the
kernel κy + ρ is the kernel of G and, therefore, Hκy+ρ is isometrically isomorphic
to K.
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When P is a Radon measure with support S ⊂ X × R then we can look at KS =
(÷H ⊙ H)S ⊕ (R′ ⊗ H)S, where (÷H ⊙ H)S = {u↾Sf : u ∈ ÷H ⊙ H} = Hκy↾Sf ×Sf

with
norm ∥u∥κy↾Sf ×Sf

= inf{∥v∥ : u = v↾Sf , v ∈ ÷H ⊙ H}, with Sf = {(y, x) : (x, y) ∈ S},
and similarly we define (R′ ⊗ H)S. If RS = {y : (x, y) ∈ S} contains at least two
elements then (÷H ⊙ H)S ∩ (R′ ⊗ H)S = {0} and the above argument shows that
KS is isometrically isomorphic to H(κy+ρ)↾Sf ×Sf

. We summarize this in the following
lemma.

Lemma 3.4. — Let X be a measurable space and k a measurable kernel function
on X with corresponding RKHS H then÷H ⊙ H ⊕ (R′ ⊗ H) ∼= Hκy+ρ.

Furthermore, if P is a Radon measure on X ×R with support S and RS contains at
least two elements then

(÷H ⊙ H)S ⊕ (R′ ⊗ H)S ∼= H(κy+ρ)↾Sf ×Sf
.

In the following, we focus on the case where P is a Radon measure and study
the RKHS H(κy+ρ)↾Sf ×Sf

. For ease of notation let κ⊕ = (κy + ρ)↾Sf × Sf . Similar
to before, there is a natural definition for the convex set that contains our mean
element. This convex set is

Cκ⊕ = cch{κ⊕((y, x), · ) : (x, y) ∈ S}

and the empirical analogue is

Cκ⊕,n = cch{κ⊕((Yi, Xi), · ) : i ⩽ n}.

The mean element that we want to approximate is then mκ⊕ =
∫
κ⊕((y, x), · ) dP (x, y)

when this is well defined, and the empirical analogue is mκ⊕,n = (1/n) ∑n
i=1 κ⊕((Yi,

Xi), · ).
In the following, we will assume that Y = f0(X) + ϵ with both f0 and ϵ being

bounded and ϵ independent of X.

Covariance operator. We denote the covariance operator corresponding to κ⊕
by C̃κ⊕ . Because we are dealing with a direct sum one might suppose that it follows
directly that the covariance operator factors into the individual covariance operators
corresponding to κy ↾Sf × Sf and ρ↾Sf × Sf . Unfortunately that is not the case:
for h1, h2 ∈ Hκ⊕ there exists f1, f2 ∈ Hκy↾Sf ×Sf

and g1, g2 ∈ Hρ↾Sf ×Sf
such that

hi = fi + gi for i ∈ {1, 2}, and ∥hi∥2
κ⊕ = ∥fi∥2

κy↾Sf ×Sf
+ ∥gi∥2

ρ↾Sf ×Sf
. Hence,

(3.22)
¨
C̃κ⊕h1, h2

∂
κ⊕

=
¨
C̃κy↾Sf ×Sf

f1, f2
∂
κy↾Sf ×Sf

+
¨
C̃ρ↾Sf ×Sf

g1, g2
∂
ρ↾Sf ×Sf

+ E(f1 × g2) + E(f2 × g1).

The cross-terms do not vanish even if we use the centered covariance operator.
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Width of Cκ⊕. We can apply our standard approach directly to the kernel function
κ⊕ (recall that in our definition of this kernel the reduction to the support of P is
already incorporated) to gain insights into the convex set Cκ⊕ . Alternatively, we can
aim to link the width of Cκ⊕ back to the width of the corresponding convex sets
corresponding to the kernel k and κ. Due to Lemma 3.4 we have that

widthuC⊕ = widthhCκ⊕ ,

where u ∈ (÷H ⊙ H)S ⊕ (R′ ⊗ H)S, ∥u∥ = 1, h, with ∥h∥ = 1, is the corresponding
element in Hκ⊕ , and

C⊕ = cch
{

((κy↾Sf ×Sf )((y, x), · ), (ρ↾Sf ×Sf )((y, x), · )
}

⊂ (÷H ⊙ H)S ⊕ (R′ ⊗ H)S.
Hence, we can bound the width of C⊕ instead of bounding directly the width of Cκ⊕ .
We can write any u ∈ (÷H ⊙ H)S ⊕ (R′ ⊗ H)S as (ĝ↾Sf , v↾Sf ), where g ∈ H ⊙ H, ĝ is
the extension of g to R × X , and v ∈ R′ ⊗ H. Observe that if v is given by a finite
linear combination of elements ⟨yi, · ⟩R ⊗ hi, yi ∈ R, hi ∈ H, then

(3.23) v =
n∑
i=1

αi(⟨yi, · ⟩R ⊗ hi) = ⟨1, · ⟩R ⊗
Ç

n∑
i=1

yiαihi

å
.

For such finite linear combinations let ψ : R′ ⊗ H → H be ψ(v) = ∑n
i=1 yiαihi. The

map ψ is independent of the particular representation of v because if
n∑
i=1

αi(⟨yi, · ⟩R ⊗ hi) = v =
m∑
i=1

βi(⟨zi, · ⟩R ⊗ gi)

for a suitable m ∈ N and corresponding βi, zi ∈ R, gi ∈ H for all i ⩽ m, then

0 =
∥∥∥∥∥⟨1, · ⟩R ⊗

Ç
n∑
i=1

yiαihi −
m∑
i=1

ziβigi

å∥∥∥∥∥
2

ρ

=
∥∥∥∥∥
n∑
i=1

yiαihi −
m∑
i=1

ziβigi

∥∥∥∥∥
2

We can also observe that ∥v∥2
ρ = ∥ ∑n

i=1 yiαihi∥2 = ∥ψ(v)∥2. Furthermore, ψ is linear
and therefore an isometry. Since the finite linear combinations lie dense in R′ ⊗ H
and H, and both R′⊗H and H are complete, we can extend ψ to a surjective isometry
between R′ ⊗ H and H [Eng89, Corollary 4.3.18]. In particular, any v ∈ R′ ⊗ H can
be represented as ψ−1(h) with a unique h ∈ H.

The width of C⊕ can now be lower bounded in the following way: choose α > 0,
let bα = sup{b : Pr(ϵ ⩾ b) > α and Pr(ϵ ⩽ −b) > α} and I = [−bα, bα]. Then

width(ĝ↾Sf , ψ−1(h)↾Sf)C⊕

= sup
x∈XS ,z∈I

(
g(x) + (f0(x) + z)h(x)

)
− inf
x∈XS ,z∈I

(
g(x) + (f0(x) + z)h(x)

)
whenever (ĝ↾Sf , ψ−1(h)↾Sf) has norm one, g ∈ H ⊙ H and h ∈ H. In particular,
when choosing the same point x and using z to move to absolute values, we gain

(3.24) width(ĝ↾Sf , ψ−1(h)↾Sf)C⊕ ⩾ 2∥h∥bα sup
x∈XS

|h(x)|
∥h∥

⩾ bα∥h∥ widthh/∥h∥(CXS
),

where CXS
is the usual convex set for the kernel k↾XS × XS.
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We need to complement this bound with a bound that is based on g to deal with
cases where ∥h∥ is small. When ∥f0∥∞ is smaller than bα then there is a simple way
to get a lower bound that involves g. For two points x1, x2 ∈ XS and any h ∈ H,
we can chose z1, z2 ∈ RS such that (f0(x1) + z1)h(x1) ⩾ 0 ⩾ (f0(x2) + z2)h(x2) and,
hence,
(3.25) width(ĝ↾Sf , ψ−1(h)↾Sf)C⊕ ⩾ sup

x∈XS

g(x)− inf
x∈XS

g(x) ⩾ ∥g∥H⊙H widthg/∥g∥H⊙H C⊙.

We can combine (3.24) and (3.25) to gain a lower bound on the width of C⊕ in terms
of the widths of C and C⊙.

The low noise setting. The situation gets more complicated when |f0| attains
values that are significantly larger than bα. For instance, when there is no noise,
i.e. ϵ = 0 (a.s.), and there exists some h ∈ H, g ∈ H ⊙ H such that h(x) ̸= 0
and f0(x) = −g(x)/h(x) on RS, and (ĝ ↾Sf , ψ−1(h) ↾Sf) has norm one, it holds
that width(ĝ↾Sf ,ψ−1(h)↾Sf ) C⊕ = 0. For f0 to be equal or close to −g/h it is necessary
that f0 attains large values when ∥h∥ is small. For example, when H ⊙ H is finite
dimensional with dimension d, λd > 0 is the smallest eigenvalue of a suitable kernel
matrix based on the kernel κ, and k is a bounded kernel, then f0(x) = −g(x)/h(x)
can only happen if

sup
x∈X

|f0(x)| ⩾ ∥g∥∞

∥h∥∞
⩾

∥g∥λ1/2
d

d1/2∥h∥∥k∥1/2
∞
.

For a small value of ∥h∥ this implies that ∥g∥ will be close to 1 and |f0| has to attain
a large value at some locations x ∈ X .

Interpolation and another look at the low noise setting. We look
now at the case where there is no noise at all, that is Y = f0(X),

C⊕ = cch
{

(κy((f0(x), x), · ), ⟨f0(x), · ⟩R′ ⊗ k(x, · )) : x ∈ X
}

and we are interested in interpolating f0. In particular, we are controlling the width
of C⊕ depending on how f0 is related to H and H ⊙ H. The direct sum approach is
useful to gain a deeper understanding of how well (Cy,m⊗

y ) can be approximated. The
width of C⊕ in this interpolation setting has a simple form. Assume that the support
of the marginal measure is all of X and since there is no noise it then follows that
the support of the measure P is S = {(x, f0(x)) : x ∈ X }. For g ∈ H ⊙ H, h ∈ H,

width(ĝ,ψ−1(h)) C⊕ = sup
x∈X

(g(x) + f0(x)h(x)) − inf
x∈X

(g(x) + f0(x)h(x))

The functions f0 × h lie in the RKHS Hf0 which has the kernel function k0(x, y) =
f0(x)k(x, y)f0(y). According to [PR16, Proposition 5.20] the RKHS Hf0 is equal to
{f0×h : h ∈ H} and the inner product on Hf0 is given by ⟨f0×h1, f0×h2⟩f0 = ⟨h1, h2⟩
whenever h1, h2 ∈ H. If Hf0 ∩ (H ⊙ H) = {0} then we can embed both Hf0 and
H ⊙H in the direct sum G = (H ⊙H)⊕Hf0 such that for any f ∈ Hf0 , h ∈ H ⊙H it
holds that ∥f∥f0 = ∥(0, f)∥G and ∥h∥H⊙H = ∥(h, 0)∥G. As in Lemma 3.4 it holds that
G ∼= Hk0+κ and, therefore, it also holds that ∥f∥k0 = ∥f∥k0+κ and ∥h∥H⊙H = ∥h∥k0+κ.
In this case,

width(ĝ,ψ−1(h)) = width(g,f0×h) CG
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whenever g ∈ H ⊙ H, h ∈ H, where CG = cch{(κ(x, · ), k0(x, · )) : x ∈ X } ⊂ G. This
follows directly from

g(x) + f0(x)h(x) =
〈
(g, f0 × h), (κ(x, · ), k0(x, · ))

〉
G.

We can now follow the approach from Section 2.3.5 and, in particular, apply Propo-
sition 2.10 to the RKHS with kernel kf0 + κ. Assumptions on f0 imply then lower
bounds on the width.

3.4.2. Linearly dependent spaces

The setting above where we approximate Cn and m⊗
y,n simultaneously is easy to deal

with because the corresponding RKHSs are linearly independent. On the other hand,
when the spaces over which we want to optimize are linearly dependent then the
RKHS is not isometrically isomorphic to the direct product space and the approach
needs to be modified. This can happen, for example, when we try to approximate
C simultaneously to m. In this context the corresponding spaces H ⊙ H and H can
overlap. For instance, when k is a polynomial kernel of order two then H and H ⊙ H
are not linearly independent.

Whenever H ⊙ H and H are not linearly independent it is natural to identify
elements like (h, 0) and (0, h), h ∈ (H ⊙ H) ∩ H. One way to do so is to consider the
subspace U = {(−h, h) : h ∈ (H ⊙ H) ∩ H} of K := (H ⊙ H) ⊕ H. The subspace
is closed: let {(−hn, hn)}n∈N be a convergent sequence in U . This sequence is also a
Cauchy sequence and for any ϵ > 0 there exists an N ∈ N such that for all n,m ⩾ N,

ϵ > ∥(−hn, hn) − (−hm, hm)∥2
⊕ = ∥hm − hn∥2 + ∥hn − hm∥2

H⊙H

and {hn}n∈N is a Cauchy sequence both in H and H ⊙ H. Hence, it converges in
both spaces. Let f be its limit in H ⊙ H and g its limit in H then for any x ∈ X
there exists an n ∈ N such that |f(x) − g(x)| ⩽ ϵ + |hn(x) − hn(x)| = ϵ and f = g.
It also follows right away that limn→∞ ∥(−hn, hn) − (−f, g)∥⊕ = 0 and the sequence
has its limit in U .

Consider the quotient space K/U with co-sets f • = f + U , f ∈ K, and the
quotient norm ∥f •∥K/U = inf{∥f + h∥K : h ∈ U}. The space K/U is again a
Hilbert space since U is closed (e.g. [RS72, Section III.4]), and it is isometrically
isomorphic to the Hilbert space H⊙H+H when the latter is equipped with the norm
∥f∥2

+ = inf{∥g∥2
H⊙H + ∥h∥2 : f = g + h, g ∈ H ⊙ H, h ∈ H}; in particular, a co-set

(g, h)+U ∈ K/U is mapped to the function f = g+h. This map is well defined since
if (g1, h1) ∈ (g, h)• then there is some h2 such that g1 + h1 = g − h2 + h + h2 = f .
Furthermore, by the choice of U , there are no two elements u•, v• ∈ K/U , u• ̸= v•,
that are mapped to the same function f . Assume otherwise, then there is some f such
that f = g1 +h1 = g2 +h2 and, therefore, (g2 + g1 − g2, h2 − g1 + g2) = (g1, h1). Since
g1 − g2 ∈ H ⊙ H and g1 − g2 = h1 −h2 ∈ H it follows that (g2, h2)• = (g1, h1)• which
contradicts the assumption. Finally, any element in H ⊙ H + H can be represented
this way since if f = g + h, g ∈ H ⊙ H, h ∈ H then (g, h)• is mapped to f . Using
again [Aro50, Theorem p. 353] we can conclude that K/U and Hκ+k are isometrically
isomorphic.
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While K/U and Hκ+k are isometrically isomorphic it does not hold in general that
K and K/U are isometrically isomorphic to Hκ+k. Hence, when mapping an element
u ∈ K to u• ∈ K/U , then finding an approximation v• of u• in K/U , we generally
cannot invert the • operation to gain an approximation of u. Selecting an arbitrary
element in v• does not work either since a small value of ∥u• − v•∥K/U does not
imply that all elements in the corresponding co-sets have small distances, i.e. there
is no reason why supw∈v• ∥u − w∥K should be small. However, we are no trying to
approximate arbitrary elements in K but only elements

(C,m) = 1
n

n∑
i=1

(
κ(Xi, · ), k(Xi, · )

)
and we are optimizing the approximation over C̃ = cch{(κ(x, · ), k(x, · )) : x ∈
X } ⊂ K. The important observation is that for any non-zero element (−h, h) ∈ U ,
that is h ∈ (H ⊙ H) ∩ H, we have〈

(−h, h), (κ(x, · ), k(x, · ))
〉

K = −h(x) + h(x) = 0,

and C̃ is a subset of U⊥.
The subspace U⊥ together with the inner product inherited from K is isometrically

isomorphic to Hκ+k. This follows since K/U and Hκ+k are isometrically isomorphic
and U⊥ and K/U are isometrically isomorphic. The latter holds since every co-set
corresponds to exactly one element in U⊥, and for u ∈ U⊥, ∥u•∥K/U = inf{∥u+ v∥K :
v ∈ U} = ∥u∥K.

Also, span C̃ = U⊥. We know already that span C̃ ⊂ U⊥. To show that they
are equal let K = span((span C̃) ∪ U). Observe that this space is closed since
span C̃ and U are, and because they are orthogonal. It is sufficient to show that
(f, 0) ∈ K, (0, g) ∈ K for all f ∈ H ⊙ H and g ∈ H since the smallest closed subspace
that contains all these elements is (H ⊙ H) ⊕ H.

For f = ∑n
i=1 βi(κ(xi, · ) + k(xi, · )) ∈ Hκ+k define ψ(f) = ∑n

i=1 βi(κ(xi, · ),
k(xi · )) ∈ span C̃ ⊂ (H ⊙ H) ⊕ H. The operator ψ : Hκ+k → span C̃ is linear
and defined on a dense subset of Hκ+k. It is furthermore norm preserving since

∥ψ(f)∥2
⊕ =

n∑
i,j=1

βiβjκ(xi, xj) +
n∑

i,j=1
βiβjk(xi, xj) = ∥f∥2

κ+k.

Hence, it can be extended to a linear isometry, which we will also denote by ψ,
between Hκ+k and span C̃ with the norm inherited from (H ⊙ H) ⊕ H.

For any h ∈ (H ⊙ H) ∩ H we can infer that it lies in the RKHS with kernel κ+ k

due to [Aro50, Theorem, p. 353] and ψ(h) lies in span C̃. Write ψ(h) as (h1, h2),
h1 ∈ H ⊙ H, h2 ∈ H, then for all x ∈ X ,

h1(x) + h2(x) =
〈
(h1, h2), (κ(x, · ), k(x, · ))

〉
⊕ =

〈
ψ(h), ψ(κ(x, · ) + k(x, · ))

〉
⊕

=
〈
h, κ(x, · ) + k(x, · )

〉
κ+k = h(x).

In other words, for any h ∈ (H ⊙ H) ∩ H we have h1 ∈ H ⊙ H, h2 ∈ H such
that h = h1 + h2 and (h1, h2) ∈ span C̃. Since h, h1 ∈ H ⊙ H it follows that
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h2 = h−h1 ∈ (H⊙H)∩H and (h2,−h2) ∈ U . Thus, (h, 0) = (h1, h2)+(h2,−h2) ∈ K.
Similarly, we can observe that (0, h) ∈ K.

For f ∈ H ⊙ H let ψ(f) = (f1, f2) with f1 ∈ H ⊙ H and f2 ∈ H. In other words,
f = f1+f2 and since H⊙H is a linear space, we know that f2 = f−f1 ∈ (H⊙H)∩H.
And, as above, we can conclude that (f, 0) also lies in K. The same argument also
shows that for any g ∈ H we have (0, g) ∈ K. Hence, K = (H ⊙ H) ⊕ H and
span C̃ = U⊥.

Lemma 3.5. — Let X be a measurable space and k a measurable kernel func-
tion on X with corresponding RKHS H then span{(κ(x, · ), k(x, · )) : x ∈ X } ⊂
(H ⊙ H) ⊕ H equipped with the inner product of (H ⊙ H) ⊕ H is isometrically
isomorphic to Hκ+k.

3.4.3. Simultaneous least-squares risk approximation for unbounded Y

Often it is unnecessary to include the (1/n) ∑n
i=1 Y

2
i term in the simultaneous

approximation since many methods only rely on the terms that include f (e.g. the
ridge regressor) and also (1/n) ∑n

i=1 Y
2
i ∈ R itself can be represented by a single

real number and does not need to be compressed. However, when selecting points
(Xι(1), Yι(m)), m ≪ n, for a coreset then

1
m

m∑
i=1

(
f 2(Xι(i)

)
− 2Yι(i)f(Xι(i))) + 1

n

n∑
i=1

Y 2
i

is not the mean squared error of f given the sample Xι(1), Yι(1), . . . , Xι(m), Yι(m)
and might even be negative. An easy way to remedy this problem is to move
to (1/m) ∑m

i=1 Y
2
ι(i) but then we do not have any guarantee that this is close to

(1/n) ∑n
i=1 Y

2
i . An alternative is to include the Yi’s in the simultaneous approxima-

tion problem. This can be done by, for instance, defining a kernel on R× X through
r((y1, x1), (y2, x2)) = ⟨y1, y2⟩R and by considering the direct sum÷H ⊙ H ⊕ (R′ ⊗ H) ⊕ Hr.

Alternatively, we can restrict the functions to the support S of the underlying
measure and consider

(÷H ⊙ H)S ⊕ (R′ ⊗ H)S ⊕ Hr↾Sf ×Sf
.

If there is no constant function in the RKHS HXS
then (R′ ⊗ H)S ∩ Hr↾Sf ×Sf

= {0}
and

(÷H ⊙ H)S ∩
(
(R′ ⊗ H)S ∩ Hr↾Sf ×Sf

)
= {0}

if, furthermore, RS contains at least two different values: any function in ÷H ⊙ H is
of the form g2(x), x ∈ XS, g ∈ H and functions in (R′ ⊗ H)S ∩ Hr↾Sf ×Sf

) are of the
form (y, x) 7→ yh(x) + cy for some constant c. For any functions g, h ∈ H, choose
y1, y2 ∈ RS, y1 ̸= y2, and x1, x2 ∈ XS are such that h(x1) ̸= h(x2). For g2 to be equal
to yh(x) + cy it has to hold that g2(x1) is equal to y1h(x1) + cy1 and it also has to
be equal to y2h(x1) + cy2 In other words, (y1 − y2)h(x1) = c(y2 − y1) and h(x1) = −c
and similarly for h(x2), that is h(x1) = h(x2) with a contraction to the choice of x1
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and x2. Hence, under these conditions we can identify the direct sum with an RKHS
corresponding to a sum of kernels,

(÷H ⊙ H)S ⊕ (R′ ⊗ H)S ⊕ Hr↾Sf ×Sf
∼= H(κy+ρ+r)↾Sf ×Sf

.

When the RKHS HXS
contains the constant function then the intersection (R′ ⊗

H)S ∩ Hr↾Sf ×Sf
is not empty since the function (y, x) 7→ y, with domain S, lies in

(R′ ⊗ H)S and in Hr↾Sf ×Sf
. We can follow the same approach as in Section 3.4.2 and

consider the one dimensional subspace U = {(−h, h) : h ∈ (R′ ⊗ H)S ∩ Hr↾Sf ×Sf
} of

(R′ ⊗ H)S ⊕ Hr↾Sf ×Sf
and consider the quotient space Q = ((R′ ⊗ H)S ⊕ Hr↾Sf ×Sf

)/U
with the usual quotient norm. The space Q is a Hilbert space [RS72, Section III.4].
By the same argument as in Section 3.4.2 we can infer that

Q ∼= H(ρ+r)↾Sf ×Sf

and for (x, y) ∈ S, (ρ((y, x), · ), r((y, x), · )) lies in U⊥ ⊆ (R′ ⊗ H)S ⊕ Hr↾Sf ×Sf
.

Also, the space U⊥, with the inherited inner product, is isometric isomorphic to
H(ρ+r)↾Sf ×Sf

. When RS contains at least two elements then (÷H ⊙ H)S ∩ ((R′ ⊗ H)S ∩
Hr↾Sf ×Sf

) = {0} and

(÷H ⊙ H)S ⊕ Q ∼= H(κy+ρ+r)↾Sf ×Sf
.

We will apply these results to the problem of ridge regression and it is convenient
to have a proposition which provides guarantees on the approximation in the ridge
regression context. Since we do not need to approximate the sum of the Y 1

i terms
to compute the ridge regression estimator we will consider the space (÷H ⊙ H)S ∩
(R′ ⊗ H)S. We make the assumption that H does not contain the constant functions,
which removes the need to consider quotient spaces. Furthermore, we will assume
sub-Gaussian noise and that f0 is bounded but we will allow for unbounded Yi random
variables. Recall the definitions of the kernel functions ρ in (3.21), κ : X × X → R,
κ = k2, and its extension κy (see just below (3.21)). Before stating a result on the
compression, we need to modify the arguments that we used to control the difference
between m⊗

y,n and Ûm⊗
y,n, and the difference between C̃⊗,S

c and Û̃C⊗,Sn
c . This is necessary

since the kernel function, which we will denote by τ below, is (κy+ρ)((y, x), (y′, x′)) =
κ(x, x′) + yy′k(x, x′) in the current context, and this kernel function is not of the
form yy′k̃(x, x′), where k̃ is some kernel on X . Since we assumed that latter form
in Section 3.3.3 when we derived the bounds on the differences, we cannot simply
reuse the earlier results. Fortunately, the necessary modifications are minor: let mτ,n

be the empirical mean element corresponding to the kernel function τ on R× X andÛmτ,n = 1
n

∑
i⩽n

τ
Ä(ÙY (n)

i , Xi

)
, ·
ä

= 1
n

∑
i⩽n

Ä
κ(Xi, · ) +

¨ÙY (n)
i , ·

∂
R
k(Xi, · )

ä
.
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The distance between the empirical mean element and its capped version is

∥mτ,n − Ûmτ,n∥2
τ = 1

n2

∥∥∥∥∥∥
∑
i⩽n

¨
Yi −ÙY (n)

i , ·
∂
R
k(Xi, · )

∥∥∥∥∥∥
2

τ

⩽
1
n2

∥∥∥∥∥∥
∑
i⩽n

¨
Yi −ÙY (n)

i , ·
∂
R
k(Xi, · )

∥∥∥∥∥∥
2

ρ

since the κ terms cancel and because the function inside the norm lies within Hρ

(apply [PR16, Theorem 5.4] to get the inequality). This implies that we can reuse
the bound in (3.16), and with probability 1 − δ, δ ∈ (0, 1), we have that

(3.26) ∥mτ,n − Ûmτ,n∥2
τ ⩽

√
2ν∥k∥1/2

∞ e−r2
n/4ν
(

2/n+ πe−r2
n/2ν
)1/2

δ−1/2,

where ν > 0 is the variance factor corresponding to the sub-Gaussian noise terms.
We also need control over the covariance operators corresponding to the capped Yi’s.
We proceed as in Section 3.3.3. Assuming that the law P of (Y,X) is a Radon
measure let S be its support and let Sn be the support of (ÙY (n), X) (which is
well defined as the law of this random variable is again a Radon measure). Let
C̃Sc,τ : Hτ → Hτ be the covariance operator corresponding to the original random

variable and Û̃CSn
c,τ : Hτ → Hτ the covariance operator corresponding to the capped

random variable. We start by bounding the difference between these covariance
operators in the operator norm,∥∥∥∥C̃Sc,τ − Û̃CSn

c,τ

∥∥∥∥
op

= sup
∥h1↾Sf ∥τ,Sf

=1
sup

∥h2↾Sf ∥τ,Sf
=1

≠(
C̃Sc,τ − Û̃CSn

c,τ

)
h1↾Sf , h2↾Sf

∑
τ,Sf

.

Due to Lemma 3.4 the space Hτ,Sf
is isometrically isomorphic to a direct sum

space and, as above (3.22), we can write hi = fi + gi for i ∈ {1, 2}, f1, f2 ∈
Hκy↾Sf ×Sf

, g1, g2 ∈ Hρ↾Sf ×Sf
and such that the squared norms of the hi equals the

sum of the squared norms of the fi and gi. We can proceed by expanding the hi’s
and observing that fi(Ûy, x) = fi(y, x) for all y ∈ R and x ∈ X since fi is a function
of the second coordinate only,≠(

C̃Sc,τ − Û̃CSn
c,τ

)
h1↾Sf , h2↾Sf

∑
τ,Sf

= E(h1(Y,X)h2(Y,X)) − E(h1(Y,X))E(h2(Y,X))

− E
Ä
h1
(ÙY (n), X

)
h2
(ÙY (n), X

)ä
+ E
Ä
h1
(ÙY (n), X

)ä
E
Ä
h2
(ÙY (n), X

)ä
.

The difference of the bias terms becomes

E
Ä
h1
(ÙY (n), X

)ä
E
Ä
h2
(ÙY (n), X

)ä
− E(h1(Y,X))E(h2(Y,X))

= E
Ä
g1
(ÙY (n), X

)ä
E
Ä
g2
(ÙY (n), X

)ä
− E(g1(Y,X))E(g2(Y,X))

+ E(f1(Y,X))
Ä
E
Ä
g2
(ÙY (n), X

)ä
− E(g2(Y,X))

ä
+ E(f2(Y,X))

Ä
E
Ä
g1
(ÙY (n), X

)ä
− E(g1(Y,X))

ä
.
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Since f1, f2 have norm one it follows that E(f1(Y,X)) and E(f2(Y,X)) are upper
bounded by ∥κ∥1/2

∞ = ∥k∥∞. Also recall that gi, i ∈ {1, 2}, can be written as ǔi for
some ui ∈ Hk and ui has norm one (see (3.13)). Hence∣∣∣EÄgi(ÙY (n), X

)ä
− E(gi(Y,X)))

∣∣∣ ⩽ ∥k∥1/2
∞ E
Ä∣∣ÙY (n) − Y

∣∣ä
and the bound (3.14) can be used. Similarly,

∣∣∣EÄg1
(ÙY (n), X

)ä
E
Ä
g2
(ÙY (n), X

)ä
− E(g1(Y,X))E(g2(Y,X))

∣∣∣
⩽
∣∣∣EÄg1

(ÙY (n), X
)ä∣∣∣ ∣∣∣EÄg2

(ÙY (n), X
)ä

− E(g2(Y,X))
∣∣∣

+ |E(g2(Y,X))|
∣∣∣EÄg1

(ÙY (n), X
)ä

− E(g1(Y,X))
∣∣∣

⩽ 2∥k∥∞E
Ä∣∣ÙY (n) − Y

∣∣ä(E(|Y − f0(X)|) + E(|f0(X)|))

⩽ 2∥k∥∞(σ + ∥f0∥∞)E
Ä∣∣ÙY (n) − Y

∣∣ä,
where we assume that the noise term has variance σ2 > 0 and f0 is bounded and
measurable. Hence,

∣∣∣EÄh1
(ÙY (n), X

)ä
E
Ä
h2
(ÙY (n), X

)ä
− E(h1(Y,X))E(h2(Y,X))

∣∣∣
⩽ 2∥k∥∞

Ä
σ + ∥f0∥∞ + ∥k∥1/2

∞

ä
E
Ä∣∣ÙY (n) − Y

∣∣ä.
We can deal with the covariance terms in the same way,

E(h1(Y,X)h2(Y,X)) − E
Ä
h1
(ÙY (n), X

)
h2
(ÙY (n), X

)ä
= E(g1(Y,X)g2(Y,X)) − E

Ä
g1
(ÙY (n), X

)
g2
(ÙY (n), X

)ä
+ E
Ä
f1(Y,X)

Ä
g2(Y,X) − g2

(ÙY (n), X
)ää

+ E
Ä
f2(Y,X)

Ä
g1(Y,X) − g1

(ÙY (n), X
)ää

⩽ ∥k∥1/2
∞

(
E
(

|Y |
∣∣∣g1(Y,X) − g1

(ÙY (n), X
)∣∣∣)+ E

(
|Y |
∣∣∣g2(Y,X) − g2

(ÙY (n), X
)∣∣∣))

+ 2∥k∥3/2
∞ E
Ä∣∣Y −ÙY (n)∣∣ä

⩽ 2∥k∥∞E
Ä
|Y |
∣∣Y −ÙY (n)∣∣ä+ 2∥k∥3/2

∞ E
Ä∣∣Y −ÙY (n)∣∣ä

⩽ 2∥k∥∞

(
E
(
|Y − f0|2

)1/2
E
Ä(
Y −ÙY (n))2ä1/2

+ ∥f0∥∞E
Ä∣∣Y −ÙY (n)∣∣ä)

+ 2∥k∥3/2
∞ E
Ä∣∣Y −ÙY (n)∣∣ä

= 2σ∥k∥∞E
Ä(
Y −ÙY (n))2ä1/2

+ 2∥k∥∞
Ä
∥f0∥∞ + ∥k∥1/2

∞

ä
E
Ä∣∣Y −ÙY (n)∣∣ä
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and we can apply (3.14) and (3.15). Combining the above bounds and substitut-
ing (3.14) and (3.15) yields the following bound,

(3.27)
∥∥∥∥C̃Sc,τ − Û̃CSn

c,τ

∥∥∥∥
op

⩽ 2σ∥k∥∞E
Ä(
Y −ÙY (n))2ä1/2

+ 4∥k∥∞
Ä
σ/2 + ∥f0∥∞ + ∥k∥1/2

∞

ä
E
Ä∣∣Y −ÙY (n)∣∣ä

⩽ 4σν1/2∥k∥∞e
−r2

n/4ν +
√

32πν∥k∥∞
Ä
σ/2 + ∥f0∥∞ + ∥k∥1/2

∞

ä
e−r2

n/2ν

= 4σ2∥k∥∞e
−r2

n/4σ2 +
√

32πσ∥k∥∞
Ä
σ/2 + ∥f0∥∞ + ∥k∥1/2

∞

ä
e−r2

n/2σ2
,

where we used ν = σ2 in the last line. To make use of this bound we need a lower
bound on the smallest eigenvalue of C̃Sc,τ . We proceed as in (3.17). Instead of imposing
such an assumption directly we can also use an assumption on the covariance operator
corresponding to the kernel k and the marginal distribution on X , which seems more
natural. To see this, fix h ∈ Hτ,Sf

, ∥h∥τ,Sf
= 1, and let f ∈ Hκy↾Sf ×Sf

, g ∈ Hk↾S̃×S̃
be such that h = f + ǧ and the squared norm of h equals the sum of the squared
norms of the f and g (see the discussion around (3.17)).¨

C̃Sc,τh, h
∂
τ,Sf

= E
Ä
(f(X) + f0(X)g(X) + ϵg(X))2

ä
− E2(f(X) + f0(X)g(X))

= E
Ä
(f(X) + f0(X)g(X))2

ä
− E2(f(X) + f0(X)g(X)) + σ2E

(
g2(X)

)
⩾ σ2

¨
C̃S̃g, g

∂
k,S̃
.

If k is continuous, we are guaranteed the smallest eigenvalue λ̄⋆,S̃ of C̃S̃k is bounded
away from zero (see below (3.17)). In particular, if we choose r1 such that the last
display in (3.27) is upper bounded by σ2λ̄⋆,S̃/2 then the smallest eigenvalue Ûλ(n)

⋆ of
the capped covariance operator is at least half the smallest eigenvalue λ̄⋆ of C̃Sc,τ and
is lower bounded by σ2λ̄⋆,S̃/2. To guarantee this, we can define the sequence {rn}n⩾1
similarly to before, starting with

(3.28) r1 = 1 ∨ 2σ log1/2
Ç

22∥k∥∞(σ + ∥f0∥∞ + ∥k∥1/2
∞ )

σ2λ̄⋆,S̃

å
and by assuring that the sequence is non-decreasing.

We are now in a position to state a compression result in the regression context
along the lines of Proposition 3.3, but in the case where we compress the data
simultaneously for the kernel κy and ρ. For conciseness we will use the notation
∥τ∥Sf,n,∞ for ∥τ ↾Sf,n × Sf,n∥∞ where Sf,n = {(y, x) : (x, y) ∈ Sn} and Sn is the
support of measure corresponding to the capped random variables.

Proposition 3.6. — Let (X × R,T,A, P ) be a topological measure space such
that P is a Radon probability measure which has support S. Let k be continuous
bounded kernel function defined on X such that the corresponding RKHS is finite
dimensional and does not contain the constant functions. Let (X1, Y1), . . . , (Xn, Yn)
be i.i.d. random variables with law P , and assume that Yi = f0(Xi) + ϵi, for all
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i ⩽ n, where f0 is a measurable and bounded function and ϵ1, . . . , ϵn are i.i.d.
sub-Gaussian random variables with variance 0 < σ2 which are independent of
X1, . . . , Xn. Consider the kernel function τ = κy + ρ on R × X and let λ̄⋆,S̃ be the
smallest eigenvalue of the covariance operator C̃S̃k corresponding to the kernel function
k↾S̃× S̃, S̃ = {x : (x, y) ∈ S}. Furthermore, let λ̄⋆ be the smallest eigenvalue of C̃S

c,τ ,
then λ̄⋆ > 0. Choose q ∈ (0, 1) and define the sequence {rn}n⩾1 in the following way:
choose r1 as in (3.28) and for n > 2 let rn = r1 ∨

√
2σ∨

√
2σ log1/2(16n1/2σ2∥k∥∞/q).

For the smallest eigenvalue Ûλ(n)
⋆ of Û̃CSn

c,τ it holds that Ûλ(n)
⋆ ⩾ λ̄⋆/2 ⩾ σ2λ̄⋆,S̃/2 > 0,

where Sn is the support of the law of P (n) corresponding to (X,ÙY (n)). There exists a
ball of radius Ûδ(n) = Ûλ(n)

⋆ /2∥τ∥1/2
Sf,n,∞ ⩾ Ûλ(n)

⋆ /2(∥k∥∞ + (∥f0∥∞ + rn)1/2∥k∥1/2
∞ ) aroundÛmτ within the affine space spanned by ÛCτ = {τ((y, x), · ) : (x, y) ∈ Sn} as a subset

of Hτ . Furthermore, for any q ∈ (0, 1) and whenever n is (strictly) greater than(
8∥τ∥Sf,n,∞

Ä√
2 log(12/q) + 192∥τ∥Sf,n,∞/

Ûλ(n)
⋆

ä
(Ûλ(n)

⋆

)2

)2

∨

(
16∥τ∥1/2

Sf,n,∞ +
√

288 log(4/q)Ûδ(n)

)2

then with probability 1 − q there exists a ball of radius Ûδ(n)/4 around Ûmτ,n in ÛCτ,n
within the affine subspace spanned by ÛCτ and

∥Ûmτ,n − mτ,n∥τ ⩽ n−1/2.

Proof. — Most of the statement has already been derived. Just note that

∥τ∥1/2
Sf,n,∞ ⩽

(
∥k2∥∞ + (∥f0∥∞ + rn)∥k∥∞

)1/2
⩽ ∥k∥∞ + (∥f0∥∞ + rn)1/2∥k∥1/2

∞ .

For the definition of rn and the bound on the difference between the mean and the
capped mean we could use essentially the same bound as in Proposition 3.3. Instead
we use here a slightly different bound to demonstrate how the arguments can be
varied: when rn ⩾

√
2σ it follows from (3.26) that with probability q̃,
∥mτ,n − Ûmτ,n∥2

τ ⩽
√

8σ∥k∥1/2
∞ e−r2

n/4ν q̃−1/2.

Setting the right side equal to n−1/4, setting q̃ = q/2 and solving for rn gives
rn =

√
2σ log1/2

Ä
16n1/2σ2∥k∥∞/q

ä
. □

4. Compression using the CGM and related approaches

We discuss in this section two methods to compress mn. The bottleneck in both
algorithms is the computation of the vector

s =
(
⟨k(X1, · ),mn⟩, . . . , ⟨k(Xn, · ),mn⟩

)⊤
.

If s is available then the remaining parts of the two algorithms that we analyze
have a runtime of nl, where l is the number of iterations the algorithms are run for.
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In particular, for large n, l will be in the order of log(n) when using the classical
CGM and of order n1/2 when using the kernel herding algorithm. This then results
in a runtime of O(n log(n)) and O(n3/2) respectively to gain a representation of mn.
The CGM achieves in this context a compression down to log(n) many points and
the kernel herding algorithm down to n1/2, that is, if we have a ball of sufficient size
around mn in Cn.

A naive algorithm to compute s has a runtime of O(n2). In fact, a brute-force
computation needs to compute all pairs k(Xi, Xj), i, j ⩽ d, and the computational
complexity is the same as the computational complexity of computing the kernel ma-
trix itself (though the algorithm only needs O(n) memory instead of O(n2)). However,
there is hope for faster algorithms. For instance, when we have a finite dimensional
RKHS with dimension d then we can represent mn as a linear combination of d points
and s can be computed in O(nd) time. Computing the representation of mn needs
another d2 steps. In practice this is not useful because we would derive an exact
representation of mn based on d data points to find an approximation of mn using
more than d data points. Ideally, we would hope for an algorithm that can compute,
or approximate, s in n log n steps independently of the dimension d of the Hilbert
space. Alternatively, we could try to modify the main algorithms itself to mitigate
the complexity of computing s. There are some standard ways to deal with large
scale data in the context of the CGM as summarized in [BCC+22]. However, they do
not lead to computational benefits in our particular setting. We discuss a promising
alternative that is based on a divide and conquer approach in some detail below
(Section 4.1.1 and 4.2.2) after analyzing the standard algorithms. We also include
short discussions on how to adapt these methods when aiming for compressing other
quantities like the covariance and how to use the CGM to compress the data in the
case of kernel regression.

4.1. Kernel herding and subset selection

Let us start by stating a version of the kernel herding algorithm [CWS10] for
compressing the empirical measure.

Algorithm 1 (The kernel herding algorithm for compressing mn)

Input: sample X1, . . . , Xn, kernel k, number of points in the coreset T.
Initialise: let w1 = k(X1, · ) − mn and ι(1) = 1, iterate through t ⩾ 2 :
choose i⋆ ∈ arg maxi⩽n⟨wt, k(Xi, · )⟩

set ι(t) = i⋆, wt+1 = wt − (k(Xi⋆ , · ) − mn), and m̂t = 1
t

t∑
u=1

k(Xι(u), · )

Stop when t = T and return the approximation m̂T .

The index function ι : {1, . . . , T} → {1, . . . , n} tracks the samples that we include
in the coreset and the elements wt measure the error between mn and m̂t as ∥wt∥ =
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t∥mn − m̂t∥. The algorithm converges with a rate of 1/t if, and only if, the sequence
of weights wt is bounded. In other words, if the sequence diverges then the algorithm
converges with a slow rate. It is easy to show that ∥wt∥ stays bounded when a ball
of radius δ > 0 exists around mn in Cn and that ∥mn − m̂t∥ ⩽ αKH/δt for a constant
αKH and all t. In particular, we can choose

αKH = 8∥k∥∞.

Also, notice that the same bound holds when a ball of radius δ exists around mn in
the affine span of Cn.

Instead of running the algorithm for T iterations independent of the approximation
error we can also use the approximation error as a stopping criterion. The approxi-
mation error (1/t)∥wt∥ = (∥m̂t∥2 − 2⟨m̂t,mn⟩ + ∥mn∥2)1/2 can be computed exactly
in O(n2) if we prevent the algorithm from running for more than n iterations. In
detail, pre-computing ∥mn∥ and s can be done in O(n2). Also, ∥m̂t∥ can be com-
puted in O(t) given ∥m̂t−1∥ by using that ∥m̂t∥2 = ∥m̂t−1∥2 + 2⟨k(Xι(t), · ), m̂t−1⟩ +
k(Xι(t), Xι(t)). Similarly, ⟨m̂t,mn⟩ can be easily gained from ⟨m̂t−1,mn⟩ by using
⟨m̂t,mn⟩ = ⟨m̂t−1,mn⟩ + sι(t). A natural stopping point for the algorithm is an ap-
proximation error of n−1/2 which guarantees that ∥m̂t −m∥ will be of the same order
as ∥mn − m∥.

The compression of this algorithm is sub-optimal but it has the advantage that it
returns a coreset. The CGM, which we discuss below, achieves a significantly better
compression but does not return a coreset of samples.

It is easy to gain high probability guarantees for the approximation error of a
compression that uses n1/2 many points, under the conditions stated in Section 2.5.
With a bit more work it is also possible to control the expected approximation error.
We summarize these in the following proposition under a Lipschitz assumption on
the kernel function, assuming that we have a Mercer kernel and that the constant
functions are in the RKHS; in particular, we assume that k is a continuous kernel on
[0, 1]l, which is a sufficient assumption for Mercer’s theorem to hold. When discussing
the CGM we give a similar proposition which uses instead an assumption on the
covariance operator; the aim is to highlight how the various assumptions can be
combined with the algorithms.

Proposition 4.1. — Let X1, . . . , Xn be i.i.d. random variables on some proba-
bility space (Ω,A, P ), which attain values in X = [0, 1]l, l ⩾ 1, and let k be a contin-
uous kernel function on X such that the corresponding RKHS H is d-dimensional,
1 ⩽ d < ∞, functions h ∈ H are Lipschitz continuous in the sense of (2.13) with
Lipschitz constant L > 0, and 1 ∈ H. Furthermore, assume that the law of X1 has a
density p on X and infx∈X p (x) ⩾ c > 0 for some constant c. Let λ̃d be the smallest
eigenvalue of the Mercer decomposition. With probability 1 − q, q ∈ (0, 1),∥∥∥m̂⌈n1/2⌉ − mn

∥∥∥ ⩽
32∥k∥∞

δ
n−1/2

whenever

n >

Ç√
2 log(4/q) + 96∥k∥1/2

∞ /δ

cβl(δ/8L)l

å2

∨
Ç√

2∥k∥1/2
∞ (1 +

√
log(2/q))

δ/4

å2
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and where

δ = c(λ̃1/2
d ∧ L)l+1βl

(l + 1)(2L)l .

Furthermore, for any t ⩾ 1 and n ⩾ 1,

E(∥m̂t − mn∥) ⩽ 32∥k∥∞/tδ + 4∥k∥1/2
∞ exp

(
−(c1n

1/2 − c2)2
+
)
/t1/2,

where c1 and c2 can be chosen as

c1 = δ
√

32∥k∥1/2
∞

∧ cβl(δ/8L)l and c2 = 1 ∨ 96∥k∥1/2
∞ /δ

If the stopping criterion of the algorithm is an error of ∥m̂t̂ − mn∥ ⩽ n−1/2, i.e.
t̂ = inft⩾1 ∥m̂t − mn∥ ⩽ n−1/2, and if the infimum is greater than n, then t̂ = n and
m̂t̂ = mn, then

E(t̂ ) ⩽
†
32∥k∥∞n

1/2/δ
£

+ 2n exp
(
−(c1n

1/2 − c2)2
+
)

whenever n ⩾ N .

Proof. — The first statement follows directly from Theorem 2.16 and the bound
on the error of the kernel herding algorithm. For the second statement, observe that

Pr(∥mn − m∥ ⩾ δ/4) ⩽ exp
(

−
Ç

δn1/2
√

32∥k∥1/2
∞

− 1
å2)

whenever n ⩾ (
√

32∥k∥1/2
∞ /δ)2, follows by the same argument as in Theorem 2.16.

Similarly, there is a ball of radius δ/2 around m in Cn in the affine span of Cn with
probability at least

1 − (1/2) exp
Ä
−
(
n1/2cβl(δ/8L)l − 96∥k∥1/2

∞ /δ
)2ä

whenever n ⩾ (96(8L)l∥k∥1/2
∞ /cβlδ

l+1)2. In particular, at the event that there also
exists a ball of radius δ/2 around m and ∥mn − m∥ < δ/4 we have a ball of radius
δ/4 around mn in Cn and ∥m̂t − mn∥ ⩽ 32∥k∥∞/δt. The probability that either mn

is not δ/4 close to m or that there is no ball of radius δ/2 around m in Cn is upper
bounded by

(4.1) exp
(

−
Ç

δn1/2
√

32∥k∥1/2
∞

− 1
å2)

+ (1/2) exp
Ä
−
(
n1/2cβl(δ/8L)l − 96∥k∥1/2

∞ /δ
)2ä

.

To simplify the bound consider the expressions for the constants c1, c2 in the theorem
statement

c1 = δ
√

32∥k∥1/2
∞

∧ cβl(δ/8L)l and c2 = 1 ∨ 96∥k∥1/2
∞ /δ.

The constant c1 is simply the minimum of the left hand terms in the two exponentials
in Eq. (4.1) and c2 the maximum of the right hand terms. Using these we can bound
the sum of the two exponentials as long as c1 ⩾ c2. We deal with the case that
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c2 > c1 by using the operator (a)+ = a ∨ 0 in the following expression upper bound
on Eq. (4.1)

2 exp
(

−(c1n
1/2 − c2)2

+

)
Notice that even when there is no ball around mn, for t ⩾ 1 it holds that

∥wt+1∥2 = ∥k(Xι(t), · ) − mn∥2 + ∥wt∥2 − 2
〈
k(Xι(t), · ) − mn,mn

〉
.

Now, ⟨k(Xι(t), · ),mn⟩ ⩾ ∥mn∥2 since mn lies in Cn which has extremes k(X1, · ), . . . ,
k(Xn, · ), and

t2∥m̂t − mn∥2 = ∥wt+1∥2 ⩽
t∑
i=1

∥∥∥k(Xι(t), · ) − mn

∥∥∥2
⩽ 4t∥k∥∞.

Hence, in the event that there is no ball we still have that ∥m̂t −mn∥ ⩽ 2t−1/2∥k∥1/2
∞ .

Combining the bound for the case that there is a ball with the bound for the case
that there is no ball, we find that

E(∥m̂t − mn∥) ⩽ 32∥k∥∞/tδ + 4∥k∥1/2
∞ exp

(
−(c1n

1/2 − c2)2
+
)
t−1/2

whenever n is large enough and with c1, c2 as in the theorem statement.
The third statement follows along similar lines. In the event that we have a ball

of size δ/4 it follows that ∥m̂t − mn∥ ⩽ 32∥k∥∞/tδ. Setting the right hand side to
n−1/2 leads to t̂ ⩽ ⌈32∥k∥∞n

1/2/δ⌉. If this event does not occur then ∥m̂t − mn∥ ⩽
2∥k∥1/2

∞ t−1/2 and t̂ ⩽ ⌈4∥k∥∞n⌉, but the algorithm stops when t̂ > n and the trivial
upper bound t̂ ⩽ n is more useful. Combining these we find that

E(t̂) ⩽
†
32∥k∥∞n

1/2/δ
£

+ 2n exp
(
−(c1n

1/2 − c2)2
+
)

when n is large enough. □

4.1.1. Avoiding the explicit computation of s

There are various ways one can try to reduce the computation time. For instance,
the stochastic conditional gradient method seems like a promising candidate. An
alternative way to mitigate the cost of computing s is to split the data into batches
of size about n1/2, which implies that for each batch the corresponding vector can be
computed in O(n). Algorithm 2 implements such a version of kernel herding. There
are a number of interesting observations that can be made when following this route.
We will discuss a few such observations in this section and in Section 4.2.2 below.

In terms of Algorithm 2, notice that the number of samples per batch can always
be chosen in {ℓ− 1, ℓ, ℓ+ 1, ℓ+ 2} to guarantee that n = ∑ℓ

i=1 ℓi because ℓ(ℓ− 1) ⩽
(n1/2 + 1/2)(n1/2 − 1/2) < n ⩽ (ℓ+ 1/2)2 ⩽ ℓ(ℓ+ 2) and by a version of Algorithm 1
we mean the obvious modification where instead of k(X1, · ), . . . , k(Xn, · ) we use
m̂1, . . . , m̂ℓ to approximate mn. The algorithm works by specifying the number of
iterations for the kernel herding algorithm. Alternatively, it makes sense to run the
first ℓ optimization algorithms as well as the last optimization step until an error of
n1/4 is attained.

The runtime of the algorithm can be computed in the following way: observe
that, initially, the standard kernel herding algorithm is applied ℓ times to about ℓ
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many samples and the overall order of runtime for the first part is O(ℓ3) = O(n3/2).
Also, observe that, given m̂1, . . . , m̂ℓ, an approximation of ∥mn∥ can be computed in
ℓ⌈n1/4+α⌉2, which is of orderO(n1+2α), by using the approximation m̃n = (1/n)(ℓ1m̂1+
· · · + ℓℓm̂ℓ). Similarly, “K = (⟨m̂i, m̂j⟩)i,j⩽ℓ can be computed in ℓ2⌈n1/4+α⌉2 which is
of order O(n3/2+2α) and, given “K, the vector ŝ = (⟨m̂1, m̃n⟩, . . . , ⟨m̂ℓ, m̃n⟩)⊤ can
be computed in ℓ2 steps, which is of order O(n). Given ŝ and ∥m̃n∥ the second
application of the kernel herding algorithm can be run in ⌈n1/4+α⌉ℓ, which is of order
O(n3/4+α), and Algorithm 2 has an overall order of O(n3/2+2α).

Algorithm 2 (A version of kernel herding that avoids the explicit computation
of s)

Input: sample X1, . . . , Xn, kernel k, α > 0.
Initialise: let ℓ = ⌊n1/2 + 1/2⌋.
Split sample into ℓ disjoint batches:

Xj1, . . . , Xjℓj , j ⩽ ℓ, with each ℓj ∈ {ℓ− 1, ℓ, ℓ+ 1, ℓ+ 2}.
Apply Algorithm 1 with T = ⌈n1/4+α⌉ to each batch to get m̂1, . . . , m̂ℓ.

Compute ∥m̃n∥ and ŝ = (⟨m̂1, m̃n⟩, . . . , ⟨m̂ℓ, m̃n⟩)⊤, where m̃n = 1
n

ℓ∑
i=1

ℓim̂i.

Apply a version of Algorithm 1 with T = ⌈n1/4+α⌉ to m̃n using ∥m̃n∥
and ŝ to get ι.

Return the approximation 1
T

T∑
i=1

m̂ι(i).

Quantifying the approximation error of this algorithm is more difficult and in the
following we only highlight some of the challenges that one has to address to control
the approximation error. For n large enough the difference ∥m̂i−(1/ℓi)

∑ℓi
j=1 k(Xij, · )∥

is with high probability of order n−1/4 for all i ⩽ ℓ. Furthermore,

∥mn − m̃n∥2 =
∥∥∥∥∥mn − 1

n

ℓ∑
i=1

ℓim̂i

∥∥∥∥∥
2

=
∥∥∥∥∥∥ 1
n

ℓ∑
i=1

ℓi∑
j=1

(
k(Xij, · ) − m̂i

)∥∥∥∥∥∥
2

.

Notice that the Bochner integral is

E

Ç
ℓi∑
j=1

(k(Xij, · ) − m̂i)
å

= ℓi(m − E(m̂i)).

Furthermore, observe that the m̂1, . . . , m̂ℓ are independent random variables since
they are functions of separate samples and that E(⟨X,Y ⟩) = ⟨E(X), E(Y )⟩ for
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independent random variables in L2(P ; H). Hence,

E

(∥∥∥∥∥mn − 1
n

ℓ∑
i=1

ℓim̂i

∥∥∥∥∥
2)

= 1
n2

ℓ∑
i=1

E

Ñ∥∥∥∥∥∥
ℓi∑
j=1

(
k(Xij, · ) − m̂i

)∥∥∥∥∥∥
2
é

+ 1
n2

ℓ∑
i ̸=j

ℓiℓj
〈
m − E(m̂i),m − E(m̂j)

〉

≈ n−3/2E

Ñ∥∥∥∥∥∥
ℓ1∑
j=1

(
k(X1j, · ) − m̂1

)∥∥∥∥∥∥
2
é

+ ∥m − E(m̂1)∥2
,

where we have an approximation in the last line since the ℓi’s are not necessarily all
equal. A first difficulty is to determine the bias ∥m−E(m̂1)∥ that the kernel herding
algorithm introduces. A simple bound on the bias is gained by using ∥m−E(m̂1)∥ ⩽
E(∥mn − m̂1∥) and Proposition 4.1 can be used to bound this by about n−1/4 which
implies a bound on the squared bias of order n−1/2. This bound is of no use since
we need a bias of order 1/n or less. The other term behaves approximately as 1/n
if there is a ball of size δ > 0 around m in C and n is large enough. In particular,
under the conditions of Proposition 4.1,

E

Ñ∥∥∥∥∥∥ 1
ℓ1

ℓ1∑
j=1

(k(X1j, · ) − m̂1)
∥∥∥∥∥∥

2
é

⩽ 16α2/n1/2δ2 + 8∥k∥∞ exp
(
−(c1n

1/4 − c2)2)n−1/4.

Up to the exponential term on the right, we have that

n−3/2E

Ñ∥∥∥∥∥∥
ℓ1∑
j=1

(k(X1j, · ) − m̂1)
∥∥∥∥∥∥

2
é

≲ n−3/2ℓ2
1n

−1/2 ≈ 1/n.

If the bias is also of order O(1/n) then

Pr
Ç∥∥∥∥∥mn − 1

n

ℓ∑
i=1

ℓim̂i

∥∥∥∥∥ ⩾ t

å
≲

1
nt2

.

In particular, for any β > 0,

Pr
Ä
∥mn − m̃n∥ ⩾ n−1/2+β

ä
= Pr

Ç∥∥∥∥∥mn − 1
n

ℓ∑
i=1

ℓim̂i

∥∥∥∥∥ ⩾ n−1/2+β
å

≲ n−2β.

To summarize, if the bias is of order O(1/n) we will have with high probability
an approximation of mn that has an error of order n−1/2+β and this approximation
consists of approximately Tℓ ≈ n3/4 many points.

The second application of the kernel herding algorithm aims to compress this
further. In particular, if with high probability there is a ball around mn in the convex
set ch{m̂i : i ⩽ ℓ}, then we can hope that n1/4 many of the m̂i are sufficient to
approximate mn with an error of order n−1/2+β. This would imply that an approxi-
mation with n1/2 many elements is sufficient. However, since m̂i converges to mn as
n goes to infinity, the size of such a ball has to be a function of n and will shrink
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with n. This itself does not imply that the algorithm will converge slowly since the
smaller δ might be set-off by a smaller size of the convex set. In any case, a detailed
analysis of the interplay between ch{m̂i : i ⩽ ℓ} and mn is necessary to understand
the compression that can be achieved by this algorithm and variations thereof.

Let us conclude our discussion of these algorithms with a final simple observation.
The elements m̄i = (1/ℓi)

∑ℓi
j=1 k(Xij, · ), which we are approximating with m̂i, can be

interpreted as a sequence of independent and identically distributed (up to differences
in the ℓi’s) random variables whose second moment is given by

E(∥m̄i∥2) = 1
ℓ2
i

ℓi∑
j=1

E(k(Xij, Xij)) + 1
ℓ2
i

ℓi∑
u̸=v

〈
E(k(Xiu, · )), E(k(Xiv, · ))

〉
= 1
ℓi

+ ℓi − 1
ℓi

∥m∥2,

whenever k(x, x) = 1 for all x ∈ X . Hence,
E(∥m̄i − m∥2) = E(∥m̄i∥2) − ∥m∥2 ≈ n−1/2 and E(∥m̄i − m∥) ≲ n−1/4.

4.2. Better compression with the CGM

A significantly better compression can be attained by using the CGM. The down-
side of using the CGM is that no coreset of datapoints is generated but some convex
combination of the images of the data points in H that approximates mn well. The
standard CGM for compressing mn is given below.

Algorithm 3 (The CGM for compressing mn.)

Input: sample X1, . . . , Xn, kernel k, number of iterations T.
Initialise: let m̂1 = k(X1, · ), α11 = 1 and ι(1) = 1, iterate through t ⩾ 2 :
choose i⋆ ∈ arg maxi⩽n⟨k(Xi, · ), m̂t−1 − mn⟩,

let α⋆ = ⟨k(Xi⋆ , · ) − m̂t−1, m̂t−1 − mn⟩
∥k(Xi⋆ , · ) − m̂t−1∥2 ∧ 1,

set ι(t) = i⋆, αtt = α⋆ and for all u ⩽ t− 1, αtu = (1 − α⋆)αt−1,u,

and let m̂t =
t∑

u=1
αtuk(Xι(u), · ).

Stop when t = T and return the approximation m̂T .

Notice that α⋆ ⩾ 0 since k(Xi⋆ , · ) maximizes the inner product between any
element in Cn and m̂t−1−mn. This algorithms guarantees that the error is bounded by

∥mn − m̂t∥ ⩽ 2∥k∥1/2
∞ exp

Ç
−δ(t− 1)

6∥k∥1/2
∞

å
,

when a ball of size δ exists around mn in Cn within the affine subspace spanned by
Cn [BT04, Proposition 3.2] and with S denoting the support of the law of X1.
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The run-time of this algorithm is again dominated by the O(n2) run-time cost
needed to compute s. When s is available the run-time reduces to O(Tn): the arg max
step can be performed in O(n) given s and when the inner products ⟨k(Xi, · ), m̂t−1⟩
are available. Similarly, if s, the inner products ⟨k(Xi, · ), m̂t−1⟩, ∥m̂t−1∥, ⟨m̂t−1,mn⟩
and ∥k(Xi∗ , · ) − m̂t−1∥ are available, it is possible to compute α⋆ in O(1). The
norm term in the denominator can be computed in O(1) from ∥m̂t−1∥ and the inner
products ⟨k(Xi, · ), m̂t−1⟩. The coefficients αtu can be computed in O(T 2). Updating
the elements ⟨k(Xi, · ), m̂t−1⟩ to

⟨k(Xi, · ), m̂t⟩ = (1 − α⋆)⟨k(Xi, · ), m̂t−1⟩ + α⋆⟨k(Xi, · ), k(Xi∗ , · )⟩

can be done in O(n). Furthermore, ∥m̂t∥2 = (1 − α⋆)2∥m̂t−1∥2 + (α⋆)2k(Xi∗ , Xi∗) +
2α⋆(1 − α⋆)⟨k(Xi∗ , · ), m̂t−1⟩ and ⟨m̂t,mn⟩ = (1 − α⋆)⟨m̂t−1,mn⟩ + α⋆⟨k(Xi∗ , · ),mn⟩
can both be updated in O(1). In particular, if we aim for a compression down
to T = log(n) elements then the run-time of the algorithm is O(n log(n)), if s is
available.

As for the kernel herding algorithm, it is easy to bound, with high probability, the
approximation error, as well as the expected error and the number of data points
that are needed for the approximation when the stopping criterion is a pre-specified
error. In the following proposition, we bound the approximation error given that the
algorithm is run for ⌈12∥k∥1/2

∞ log(n)/δ⌉ many iterations. Alternatively, it is possible
to use ⌈logγ(n)⌉, with γ > 1, as a stopping criterion that does not depend on the
unknown quantity δ. For large enough n, ⌈12∥k∥1/2

∞ log(n)/δ⌉ ⩽ ⌈logγ(n)⌉ and the
guarantees will carry over to that setting.

Proposition 4.2. — Let (X ,A, P ) be some probability space with P being a
topological measure that is τ -additive, and with measurable kernel function k defined
on X such that the corresponding RKHS H is finite dimensional. Furthermore,
let X1, . . . , Xn be i.i.d. random variables attaining values in X and with law P .
Assume that ∥k∥∞ < ∞, and that the centered covariance operator C̃c has an eigen-
decomposition with smallest non-zero eigenvalue being λ̄d. Let β = 3∥k∥1/2

∞ /δ then
with probability 1 − q, q ∈ (0, 1),∥∥∥m̂⌈2β log(n)⌉ − mn

∥∥∥ ⩽ 2∥k∥1/2
∞ n−1/2

whenever n is (strictly) greater than(
8∥k∥∞

Ä√
2 log(4/q) + 192∥k∥∞/λ̄d

ä
λ̄2
d

)2

∨

(
12∥k∥∞

Ä
1 +

√
log(2/q)

ä
λ̄d

)2

Let δ = λ̄d/2∥k∥1/2
∞ . For any t ⩾ 1, n ⩾ 1,

E(∥m̂t − mn∥) ⩽ exp
Ä
−δ(t− 1)/24∥k∥1/2

∞

ä
+ 6∥k∥1/2

∞ exp
(
−(c3n

1/2 − c4)2
+
)
,

where c3 = (λ̄2
d/32∥k∥∞) ∧ (λ̄d/12∥k∥∞) and c4 = (48∥k∥∞/λ̄d) ∨ 1 are possible

choices.
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If the stopping criterion of the algorithm is an error of ∥m̂t̂ − mn∥ ⩽ n−1/2, i.e.
t̂ = inft⩾1 ∥m̂t − mn∥ ⩽ n−1/2, and if the infimum is greater than n, then t̂ = n and
m̂t̂ = mn, then

E(t̂ ) ⩽
†
1 + 12∥k∥1/2

∞ log(n)/δ
£

+ 3n exp
(
−(c3n

1/2 − c4)2
+
)
.

Proof. — The first statement follows directly from Theorem 2.17 and the bound
on the error of the CGM. For the other statements let us consider the space HS

corresponding to the kernel kS = k↾S × S, where S is the support of the law P , and
with corresponding objects mS,mS,n and C̃Sc . As in the proof of Proposition 4.1, we
have that

Pr
(
∥mS,n − mS∥S ⩾ δ/4

)
⩽ exp

(
−
Ç

δn1/2
√

32∥k∥1/2
∞

− 1
å2)

⩽ exp
(

−
Ç
n1/2λ̄d

12∥k∥∞
− 1
å2)

whenever n ⩾ (
√

32∥k∥1/2
∞ /δ)2. Furthermore, there is a ball or radius δ/2 around mS

in Cn (as a subset of the affine span of CS) with probability at least

1 − 2 exp
(

−
Ç
n1/2λ̄2

d

32∥k∥∞
− 48∥k∥∞

λ̄d

å2)
,

for large enough n. Hence, with probability at least
1 − 3 exp

(
−(c3n

1/2 − c4)2
+
)

there is a ball or radius δ/4 around mS,n in Cn (as a subset of the affine span of CS).
The second result follows since the CGM reduces the error in each step and the
initial error is bounded by ∥m̂1 − mn∥ ⩽ 2∥k∥1/2

∞ .
The third statement follows along similar lines. In the event that we have a ball

of size δ/4 it follows that ∥m̂t − mn∥ ⩽ exp(−δ(t − 1)/24∥k∥1/2
∞ ). Setting the right

hand side to n−1/2 leads to t̂ ⩽ ⌈1 + 12∥k∥1/2
∞ log(n)/δ⌉. □

4.2.1. Compression for kernel regression

We can also apply Algorithm 3 to compress the data for kernel regression. The
only thing that we need to do is to use the kernel function τ((y, x), (y′, x′)) = (κy +
ρ)((y, x), (y′, x′)) = κ(x, x′)+yy′k(x, x′) that we used in Section 3.4.3 and where k is
some kernel function on the space X , and to cap the response variables Y . We state
the corresponding result for the compression of the mean element in high probability
below. One can obviously also derive bounds on the deviation in expectation and
the expected number of points in the core-set.

Proposition 4.3. — Let (X × R,T,A, P ) be a topological measure space such
that P is a Radon probability measure which has support S. Let k be continuous
bounded kernel function defined on X such that the corresponding RKHS is finite
dimensional and does not contain the constant functions. Let (X1, Y1), . . . , (Xn, Yn)
be i.i.d. random variables with law P , and assume that Yi = f0(Xi)+ ϵi, for all i ⩽ n,
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where f0 is a measurable and bounded function and ϵ1, . . . , ϵn are i.i.d. sub-Gaussian
random variables with variance 0 < σ2 which are independent of X1, . . . , Xn. Let λ̄⋆,S̃
be the smallest eigenvalue of the covariance operator C̃S̃k corresponding to the kernel
function k↾S̃ × S̃, S̃ = {x : (x, y) ∈ S}. Chose q ∈ (0, 1) and define the sequence
{rn}n⩾1 in the following way:

r1 = 1 ∨ 2σ log1/2
Ç

22∥k∥∞(σ + ∥f0∥∞ + ∥k∥1/2
∞ )

σ2λ̄⋆,S̃

å
and for n ⩾ 2, let

rn = r1 ∨
√

2σ ∨
√

2σ log1/2
Ä
16n1/2σ2∥k∥∞/q

ä
.

Define ÙY (n) = (Y ∧ (rn + ∥f0∥∞)) ∨ −(rn + ∥f0∥∞), let Ûmτ,n be the empirical mean
element corresponding to the kernel τ and the data (X1,ÙY (n)

1 ), . . . , (Xn,ÙY (n)
n ) and

let Û̂mτ,t be the output of the algorithm when applied to the capped data and Ûmτ,n.
Let β = 48∥τ∥Sf,n,∞/σ

2λ̄⋆,S̃ then with probability 1 − q∥∥∥∥ Û̂mτ,⌈β log(4n∥τ∥Sf,n,∞)⌉+1 − mτ,n

∥∥∥∥ ⩽ 2n−1/2

whenever n is (strictly) greater than(
16∥τ∥Sf,n,∞

Ä√
2 log(12/q) + 384∥τ∥Sf,n,∞/σ

2λ̄⋆,S̃
ä

σ4λ̄2
⋆,S̃

)2

∨

(
64∥τ∥Sf,n,∞ + 68∥τ∥1/2

Sf,n,∞ log1/2(4/q)
σ2λ̄⋆,S̃

)2

.

Proof. — The statement follows from Proposition 3.6. In particular, under the
states conditions and with probability at least 1−q, simultaneously ∥Ûmτ,n−mτ,n∥τ ⩽
n−1/2 and ∥∥∥∥ Û̂mτ,t − Ûmτ,n

∥∥∥∥
τ
⩽ 2∥τ∥1/2

Sf,n,∞ exp
(

−
Ûδ(n)

4
t− 1

6∥τ∥1/2
Sf,n,∞

)
.

Setting the right side of the last equation equal to n−1/2 yields

t− 1 =
⌈

12∥τ∥1/2
Sf,n,∞ log

(
4n∥τ∥Sf,n,∞

)Ûδ(n)

⌉
.

Replacing Ûδ(n) by its lower bound σ2λ̄⋆,S̃/4∥τ∥1/2
Sf,n,∞ gives the constant β stated in

the Proposition 4.3. □

Remark 4.4. — The eigenvalue in the definition of the sequence rn can be replaced
in that definition by a lower bound on this eigenvalue. Similarly, the term ∥f0∥∞ in
the definition of ÙY can be replaced by an upper bound. We also used here the lower
bound σ2λ̄⋆,S̃ on Ûλ(n)

⋆ instead of using Ûλ(n)
⋆ directly. This affects, in particular, the

number n from which point onward the compression results apply.
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4.2.2. Avoiding the explicit computation of s

Mitigating the cost of computing s is more difficult when the CGM is used. The
main problem is that we are aiming for a run-time of O(n log(n)) and there is
not much leeway in each iteration. For instance, if, like for kernel herding, we
split the data into

√
n batches of size

√
n then we have an overall run-time of√

n × (
√
n)2 = n3/2 because computing s per batch incurs a quadratic cost in the

sample size. One way to reduce that computational cost is to make the quadratic
term smaller but then we have many batches. For example, if we aim for a log(n)
batch size then we have n/ log(n) many batches and the reduction in sample size is
minuscule. In particular, we could not just run the CGM directly on the n/ log(n)
many approximations since that would result in an n2/ log2(n) run-time cost. One
way around this problem is to apply the process iteratively: in the first iteration
use about n/ log(n) =: T1 many batches and compute m̂11, . . . , m̂1T1 . This can be
done in about (n/ log(n)) × log2(n) = n log(n) time, resulting in approximations
that consist of log log(n) many elements each. If we want to allow a run-time of
O(n log(n)) per iteration then in the second iteration we can use T2 := T1/ log2(n)
many batches since (T1/ log2(n))× log4(n) = n log(n) (ignoring the log log(n) terms).
Continuing this process, at iteration 3, we have T3 = T2/ log4(n) many batches, and,
more generally, for i ⩾ 2, we have Ti = Ti−1/ log2i−1(n) many batches. We can stop
the iterations when we are down to

√
n many batches since we can apply the CGM

then directly. To get down to
√
n many batches we need about

ℓ = log
Å log(n)

log log(n)

ã
≈ log log(n)

many iterations since
√
n ≈ Ti = n∏ℓ

i=1 log2i−1(n)
= n

log2ℓ(n)
.

This then implies an overall run-time of this algorithm of about O(n log(n) log log(n)).
A major concern with this algorithm is that we have many optimization problems

that have to be solved simultaneously and we need to be lucky in each case to have
a ball of sufficient size around the corresponding mn in Cn. It seems rather unlikely
that we can guarantee for each of these optimization problems the existence of such
a ball. A better way to approach this compression problem might be to work instead
with fixed error bounds that have to be achieved in each optimization problem. The
hope with this approach is that we can then guarantee a sufficient compression
but the number of sample points needed might be larger than log(n). Algorithm 4
implements this idea.

In the algorithm m1,1, . . . ,m1,T1 denote the mean elements corresponding to the
initial T1 batches. For the analysis of the algorithm it is useful to also have the mean
elements corresponding to all the samples entering into the j’th batch in iteration
i; denote this element by mi,j. The idea of the algorithm is to approximate mi,j in
iteration i and batch j. Working directly with mi,j is not possible if we try to stay
around n log(n) computation time per iteration since mi,j will consist eventually of
about

√
n many samples in each batch which implies a cost of n per batch. Therefore,
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we approximate mi,j first by m̃i,j which will consist, under suitable conditions, of far
fewer sample points. The approximation m̃i,j is then further compressed into m̂i,j

which consists of even fewer sample points. The variables Mi,j keep track over how
many sample points mi,j is averaged. Hence, mi,j = (1/Mi,j)

∑
u∈Ii,j

Mi−1,umi−1,u for
all j ⩽ Ti and 2 ⩽ i ⩽ ℓ.

Algorithm 4 (A compression algorithm for mn that uses the CGM and avoids the
explicit computation of s.)

Input: sample X1, . . . , Xn, kernel k.

In the follow let ℓ =
° 1

log(2) log
Å log(n)

log log(n)

ã
− 1
§
.

Split the sample into T1 := ⌈n/ log(n)⌉ batches.
Let I11, . . . , I1T1 be the corresponding indices of the sample points.
Apply the CGM to each batch to approximate m1,1, . . . ,m1,T1 by using sample

points indexed by I1,1, . . . , I1,T1 until the error of all approximations j ⩽ T1

is below ε1,j = |I1,j|−1/2.

Store the approximations in m̂1,1, . . . , m̂1,T1 and let
M1,1 = |I1,1|, . . . ,M1,T1 = |I1,T1|.

Iterate through i = 2, . . . , ℓ :
Split the approximations m̂i−1,1, . . . , m̂i−1,Ti−1 into Ti := ⌈Ti−1/ log2i−1(n)⌉
batches.
Let Ii1, . . . , IiTi

be the corresponding indices and for all j ⩽ Ti let
Mi,j =

∑
u∈Ii,j

Mi−1,u.

For each batch j ⩽ Ti average the old approximations

m̃i,j := 1
Mi,j

∑
u∈Ii,j

Mi−1,um̂i−1,u.

Apply the CGM to each batch j ⩽ Ti, approximating m̃i,j by convex
combinations of the elements m̂i−1,u, u ∈ Ii,j, with an error of at most

εi,j = M
−1/2
i,j .

Store the approximations in m̂i,1, . . . , m̂i,Ti
.

Apply the CGM a final time to m̂ℓ,1, . . . , m̂ℓ,Tℓ
to compress 1

Tℓ

Tℓ∑
j=1

m̂ℓ,j

with an approximation error of at most n−1/2 and return the approximation.
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We left out a few details in the algorithm. In particular, the usual vector s
that consists of inner products between k(Xi, · ) and mn has to be replaced by
vectors with entries of the form ⟨m̂i−1,u, m̃i,j⟩, u ∈ Ii,j, when i ⩾ 2. The element m̃i,j

corresponds to an average over the m̂i−1,u terms and there are |Ii,j| many terms over
which this average is taken. The quantity |Ii,j| is not of major concern when bounding
the computational complexity. The computational complexity of calculating these
inner product vectors is rather dominated by how many points are contained in the
approximations m̂i,j. Another point worth noting is that the final approximation
will ideally by given in terms of convex combinations of the original sample points
k(X1, · ), k(X2, · ), . . . . Roughly speaking, this convex combination can be computed
by multiplying the weights in the different iterations. Finally, observe that we can
keep track of how well m̃i,j is approximated if m̂i,j does not consist of too many
points since the |Ii,j| are chosen small enough that we can compute and store the
corresponding kernel matrices

(
⟨m̂i−1,u, m̂i−1,v⟩

)
u,v∈Ii,j

and from these kernel matrices we can compute the approximation errors.
Bounding the size of the set which is used in the resulting approximation in high

probability or expectation is a major challenge that we will not address here. However,
it is easier to say something about the resulting approximation error by refining
the analysis of the kernel herding algorithm: the philosophy of the algorithm is to
guarantee in high probability in each iteration that mn is approximated with an error
of n1/2. In detail, observe that for any 1 ⩽ i ⩽ ℓ, mn = (1/n) ∑Ti

j=1 Mi,jmi,j, where
we use that ∑Ti

j=1 Mi,j = n. We can use the link between m̂i,j and mi,j to measure in
each iteration the error when approximating mn by (1/n) ∑Ti

j=1 Mi,jm̂i,j. The naive
approach of using the triangular inequality does not lead to useful results since

∥∥∥∥∥∥mn − (1/n)
Ti∑
j=1

Mi,jm̂i,j

∥∥∥∥∥∥ ⩽
1
n

Ti∑
j=1

Mi,j∥mi,j − m̂i,j∥ ⩽ εi

and we would need to set εi to n−1/2 to guarantee a low enough approximation error.
But aiming in each batch for an error of n−1/2 when only log(n) sample points are in
each batch is not useful. As for the kernel herding analysis, a better approach might
be to consider the variance of the error and to make use of the independence of the
sample points. Let us first look at the case i = 1,

E

Ñ∥∥∥∥∥∥mn − 1
n

Ti∑
j=1

Mi,jm̂i,j

∥∥∥∥∥∥
2
é

= 1
n2E

Ñ∥∥∥∥∥∥
Ti∑
j=1

Mi,j(mi,j − m̂i,j)
∥∥∥∥∥∥

2
é

= 1
n2

Ti∑
j=1

E
Ä
∥Mi,j(mi,j − m̂i,j)∥2

ä
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+ 1
n2

Ti∑
j1=1

∑
j2 ̸=j1

Mi,j1Mi,j2E(⟨mi,j1 − m̂i,j1 ,mi,j2 − m̂i,j2⟩)

= 1
n2

Ti∑
j=1

M2
i,jE
Ä
∥(mi,j − m̂i,j)∥2

ä
+ 1
n2

Ti∑
j1=1

∑
j2 ̸=j1

Mi,j1Mi,j2

〈
m − E(m̂i,j1),m − E(m̂i,j2)

〉
.

As for the kernel herding algorithm we can control the bias term in a crude manner
by using that

|⟨m − E(m̂i,j1),m − E(m̂i,j2)⟩| ⩽ max
j⩽Ti

∥m − E(m̂i,j)∥2

⩽ max
j⩽Ti

E
Ä
∥mi,j − m̂i,j∥2

ä
⩽ ε2

i .

However, this is not leading to an improvement since in the first iteration

E

Ñ∥∥∥∥∥∥mn − 1
n

T1∑
j=1

M1,jm̂1,j

∥∥∥∥∥∥
2
é

⩽
ε2

1 maxj′⩽T1 M
2
1,j′(T1 + T 2

1 )
n2 ≈ ε2

1(1 + 1/n)

and

Pr
(∥∥∥∥∥∥mn − 1

n

T1∑
j=1

M1,jm̂1,j

∥∥∥∥∥∥ ⩾ n−1/2

)
⩽ ε2

1(n+ 1).

implies that ε1 would have to be of order n−1/2. A central question at this point
is of what order is the bias term. In particular, is the upper bound of ε2

1 for the
squared bias term overly pessimistic? A natural threshold for the error in each batch
is log−1/2(n) in the first iteration since there are about log(n) many samples in each
batch. For log1/2(n) to be sufficiently low we need a bound on the bias term of about
cn−1/2, c ∈ (0, 1), since then

Pr
(∥∥∥∥∥∥mn − 1

n

T1∑
j=1

M1,jm̂1,j

∥∥∥∥∥∥ ⩾ n−1/2

)
⩽ c+ ε2

1 log(n) ⩽ 2c,

when a threshold of c1/2 log−1/2(n) is used in the optimization. In other words, the
bias term has to fall exponentially fast to allow for a threshold that is proportional
to the sample size, i.e. the bias has to be below exp(−m/2), where m = log(n) is
the sample size in each batch in the first iteration.

The error in the successive approximations can be treated in a similar way and
since there are only about log log(n) many iterations a simple union bound argument
suffices to control the error simultaneously over all iterations. To demonstrate how
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the error evolves consider i = 2, then

E

Ñ∥∥∥∥∥∥mn − 1
n

T2∑
j=1

M2,jm̂2,j

∥∥∥∥∥∥
2
é

⩽ 3

Ñ
E

Ñ∥∥∥∥∥∥mn − 1
n

T1∑
j=1

M1,jm̂1,j

∥∥∥∥∥∥
2
é

+ E

Ñ∥∥∥∥∥∥ 1
n

T1∑
j=1

M1,jm̂1,j − 1
n

T2∑
j=1

M2,jm̂2,j

∥∥∥∥∥∥
2
éé

and

n2E

Ñ∥∥∥∥∥∥ 1
n

T1∑
j=1

M1,jm̂1,j − 1
n

T2∑
j=1

M2,jm̂2,j

∥∥∥∥∥∥
2
é

= E

Ñ∥∥∥∥∥∥
T2∑
j=1

(M2,jm̃2,j −M2,jm̂2,j)
∥∥∥∥∥∥

2
é

=
T2∑
j=1

M2
2,jE
Ä
∥m̃2,j − m̂2,j∥2

ä
+ 2

T2∑
j=1

∑
u̸=j

Mi,jMi,u⟨E(m̃2,j − m̂2,j), E(m̃2,u − m̂2,u)⟩

where we can move the expectation inside the inner produce since m̃2,j and m̂2,j are
independent of m̃2,u and m̂2,u. The bias term that is now important is ∥E(m̃2,j) −
E(m̂2,j)∥ and we need a similar fast decay of the bias as for i = 1. The other term is
easier to deal with,

1
n2

T2∑
j=1

M2
2,jE
Ä
∥m̃2,j − m̂2,j∥2

ä
⩽

1
n2

T2∑
j=1

M2,j = 1
n

by the choice of εi,j in the algorithm.
There are a few open problems concerning this algorithm, and variations thereof.

The algorithm is set up to enforce tighter and tighter error bounds in each iteration,
i.e. the error threshold changes approximately from log−1/2(n) in the first iteration
to log−3/2(n) in the second iteration and log−7/2(n) in the third iteration. The
hope is that good approximations in the first iteration allow us to get even better
approximations in the second round and so forth. But it is by no means obvious that
this intuition is correct and in all likelihood these choices are not optimal.

The next major obstacles in controlling the error of the algorithm are obviously
the bias terms. If there is an exponential decrease in the bias then we are in a very
fortunate situation and can control the approximation error. If the bias term decreases
slower then it might be worth to consider alternatives of the CGM which incorporate
bias reduction techniques and are not focusing solely on the approximation error.

The biggest challenge when studying this algorithm is in all likelihood the problem
of controlling the size of the ball around the various elements mi,j simultaneously over
all iterations and batches. In fact, a uniform bound might even be suboptimal for
analyzing the performance of the algorithm since small ball sizes can be compensated
for by batches that have a larger ball around their corresponding mi,j and which
need less sample points than suggested by a worst case bound. In other words, we
might need to control the fluctuations or the distribution of the ball sizes.
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5. Applications

In the following, we look at how our compression techniques can be combined with
machine learning methods. In particular, we are looking at the two sample problem, at
kernel ridge regression and at kernel PCA. These applications fall roughly within the
area of kernel mean embeddings (see [MFSS17] for a substantial review of that area).
We work with finite dimensional RKHSs to be able to make use of our theoretical
results. In particular, we will be using Proposition 4.2 and variations thereof. Beside
the assumption that the RKHS is finite dimensional, the main assumption of the
proposition is that the kernel function is bounded. For large n, with high probability,
one can compress a dataset of size n to a weighted average of 12∥k∥∞ log(n)/λ̄d
points, where λ̄d is the smallest non-zero eigenvalue of the associated covariance
operator.

We are interested in understanding how competitive the CGM based approaches
are in terms of rates of compression and run-time. There are a two caveats that we
want to discuss upfront:

(1) the assumption that the RKHS is finite dimensional is closely related to the
scaling of the compression as a function of 1/λ̄d. If λ̄d is small compared to
n then the compression quality can suffer. It is likely that the effect of small
λ̄d can be weakened by suitable regularization ideas or other approaches. But
developing these approaches will require further research.

(2) The upfront cost for running the CGM algorithm that underlies Proposi-
tion 4.2 is O(n2). Without this upfront cost the algorithm would have a
run-time in the order of O(n log(n)). We discussed various ideas of how to
reduce this upfront cost in Section 4, but, again, significant further research
into such ideas is needed.

Since it is currently unclear what compression rates can be achieved when avoiding
the upfront cost of O(n2), we formulate the runtime statements as functions of
ψcomp(n) and ψsize(n), whereO(ψcomp(n)) is the computational cost for calculating the
compression and O(ψsize(n)) is the order of the number of points that are needed in
the compression to guarantee, with high probability, that the compression is no more
than cn−1/2, c > 0, away from the empirical mean embedding. Our current results
guarantee that O(ψcomp(n)) = n2 and O(ψsize(n)) = log(n). Generally, the hope is
that these can be improved to something in the order of O(ψcomp(n)) = n logα(n)
and O(ψsize(n)) = logα(n), for some α ⩾ 1.

5.1. Two Sample Test

The first application we consider is the two sample test problem [GBR+12]. In the
two sample test problem i.i.d. data X1, . . . , Xn and Y1, . . . , Ym attaining values in
X are given, the Xi’s are furthermore independent from the Yi’s but it is unknown
if the Xi’s have the same distribution as the Yi’s. The null-hypothesis is that the
distributions are equal. One way to build a test statistic for this hypothesis testing
problem is to consider ∥mX,n − mY,m∥, where k is a kernel function on X , k(X, · ),
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k(Y, · ) ∈ L1(P ), mX,n = (1/n) ∑n
i=1 k(Xi, · ) and mY,m = (1/m) ∑m

i=1 k(Yi, · ). Cal-
culating the norm can be done in O((n ∨m)2) by using that

∥mX,n − mY,m∥2 = 1
n2

n∑
i,j=1

k(Xi, Xj) − 2
nm

n∑
i=1

m∑
j=1

k(Xi, Yj) + 1
m2

m∑
i,j=1

k(Yi, Yj).

When using one of the compression approaches this turns into a run-time of the
order O((ψcomp(n) ∨ψcomp(m)) ∨ (ψsize(n) ∨ψsize(m))2). In particular, we can simply
replace mY,m and mX,n by their approximations. Furthermore, with high probability,
the rate of convergence of ∥mX,n − mY,n∥ to ∥mX − mY ∥, where mX =

∫
k(X, · ) dP

and mY =
∫
k(Y, · ) dP , will be preserved when moving to the compression.

5.2. Kernel ridge regression

Let us consider now the regression problem with data (X1, Y1), . . . , (Xn, Yn), where
we assume that the pairs are independent and that the Yi are bounded. In Sec-
tion 1.8 we discussed the case of infinite dimensional RKHSs and potential benefits
of coreset methods compared to (or in conjunction with) the Nyström method in
that setting. In this section, we will focus on the finite dimensional case and com-
pare results for coresets to the bounds for Nyström method [LLW23]. When the
CGM is used to approximate Cy, my and (1/n) ∑

i⩽n Yi simultaneously we get a
single index function ι : {1, . . . , l} → {1, . . . , n} and corresponding approximations
Ĉy,l = ∑l

i=1 wiκ(Xι(i), · ) and m̂y,l = ∑l
i=1 wi⟨Yι(i), · ⟩ ⊗ k(Xι(i), · ) with strictly posi-

tive wi’s such that w1 + · · · + wl = 1. The approximation of the least-squares error
for a function h ∈ H is

l∑
i=1

wi
(
Yι(i) − h(Xι(i))

)2 =
¨
Ĉy,l, h̃

∂÷H⊙H
− 2
¨
m̂⊗
y,l, ȟ
∂
R′⊗H

+
l∑

i=1
wiY

2
ι(i),

where we denote the function (x, y) 7→ h2(x) with h̃. Due to the representer
theorem we can write the solution to the ridge regression problem in the form
h⋆ = ∑l

i=1 αik(Xι(i), · ) for suitable αi ∈ R. Substituting this into the equation for
the least-squares error and ignoring the last term (which is irrelevant for finding the
solution) leads to ¨

Ĉy,l, h̃⋆
∂÷H⊙H

− 2
l∑

i=1
αi
¨
m̂⊗
y,l, k̂(Xι(i), · )

∂
R′⊗H

.

Let Cl be an l × l matrix with the entry in row i and column j being
l∑

u=1
wu
〈
k(Xι(u), · ) ⊗ k(Xι(u), · ), k(Xι(i), · ) ⊗ k(Xι(j), · )

〉
⊗

=
l∑

u=1
wuk

(
Xι(u), Xι(i)

)
k
(
Xι(u), Xι(j)

)
.

then 〈
Ĉy,l, h̃⋆

〉÷H⊙H = α⊤Clα.
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Also, let Kl be the kernel matrix for samples Xι(1), . . . , Xι(l) and let ml be an
l-dimensional vector with entry i being¨

m̂⊗
y,l, k̂(Xι(i), · )

∂
R′⊗H

=
l∑

u=1
wuYι(u)k

(
Xι(i), Xι(u)

)
.

With these in place the solution of the ridge-regression problem with regularization
parameter λ > 0 is found by minimizing

α⊤Clα− 2α⊤ml + λα⊤Klα

with respect to α ∈ Rl. Taking the gradient with respect to α and setting it to zero
yields

(5.1) 2Clα− 2ml + 2λKlα = 0.

Observe that Cl = KlWKl, where W is a diagonal matrix with Wuu = wu for all
u ⩽ l. Similarly, ml = KlWy = KlW (KlW )†KlWy, where y is a vector with entries
yu = Yι(u) for all u ⩽ l. Hence, we can rewrite (5.1) as

Kl

(
(WKl + λIl)α−W (KlW )†KlWy

)
= 0,

where Il is the l × l identity matrix. Since W has strictly positive entries on the
diagonal we can rewrite this as

(5.2) KlW
(
(Kl + λW−1)α− (KlW )†KlWy

)
= 0,

for which a solution is given by

(5.3) α = (Kl + λW−1)−1(KlW )†KlWy.

The inverse is well defined because Kl is p.s.d. and W−1 is (strictly) positive definite;
the sum of a p.s.d. and strictly positive definite matrix is strictly positive definite
and, therefore, has an inverse. Also (KlW )† = (KlW )−1 whenever Kl is of full rank
and in this case

(5.4) α = (Kl + λW−1)−1y.

This α is also a solution to (5.2) in the general case when Kl is not full rank since
(KlW )†KlWy can be replaced by y in this equation.

In terms of the runtime, if we use an O(n3) algorithm for deriving the inverse
then, after compression, the runtime is O(ψcomp(n) ∨ (ψsize(n))3). For example, if we
work with a finite dimensional RKHS and use the standard CGM then we attain
a runtime of O(n2). Beside the reduction in runtime the storage demand also goes
down since only a matrix of size ψsize(n) × ψsize(n) has to be stored for calculating
α, and this can be as small as log2(n)/(λ̄d)2. The CGM itself needs memory in the
order of O(n). In this setting the Nyström method attains a reduction to

√
n many

sample points [LLW23, Theorem 3.9] instead of log(n)/λ̄d that the coreset approach
attains. The smallest non-zero eigenvalue λ̄d of the covariance operator is the key
factor that controls which methods attains a better compression.
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5.3. Kernel PCA

Kernel PCA [SSM97, BBZ07] is another popular kernel method. For kernel PCA
it is common to use the empirical covariance operator as a surrogate. It is worth
mentioning that this plug-in approach has a large bias when working in infinite dimen-
sional RKHSs and does not achieve the minimax optimal rate of convergence [Kol18].
However, in finite dimensional RKHSs this is not of major concern and we can use the
eigenfunction of C̃n ∈ L(H,H) as an estimate of the eigenfunctions of the covariance
operator. In this context, we want to approximate C̃n, which is given by

1
n

n∑
i=1

k(Xi, · )“⊗k(Xi, · ),

by using the CGM. We like to compare this approach to the well established approach
of using the Nyström method. When using the Nyström method a reconstruction
error of order 1/

√
n can be achieved with

√
n samples [SSRR20, Corollary 3].

As discussed in Section 3.2, we can apply the CGM to the RKHS with the kernel
function κ(x, y) = k2(x, y) to approximate Cn with some convex combination Ĉt =∑t
i=1 αiκ(Xι(i), · ), where αi ⩾ 0 for all i ⩽ t, α1 + · · · + αt = 1, and ι is some

selection of data points. The element Cn is closely related to the operator C̃n and
a natural approximation of C̃n is ̂̃Ct = ∑t

i=1 αik(Xι(i), · )“⊗k(Xι(i), · ). Note that for
any f, g ∈ H, ¨

Ĉt, (f ⊗ g) ◦ ψ
∂

⊙
=

t∑
i=1

αif(Xι(i))g(Xι(i)) =
〈̂̃Ctf, g〉,

where ψ : X → X × X , ψ(x) = (x, x). The operator ̂̃Ct is clearly symmetric and,
hence, self-adjoint since the RKHS is finite dimensional. Furthermore, all eigenvalues
are non-negative since if e ∈ H is an eigenfunction of ̂̃Ct then〈̂̃Cte, e〉 =

t∑
i=1

αie
2(Xι(i)) ⩾ 0.

The main question is now if we can quantify the difference between eigenfunctions of̂̃Ct and C̃n. Let us assume that there are no multiple eigenvalues and that λ̂1 ⩾ · · · ⩾
λ̂d > 0 are the eigenvalues of ̂̃Ct and e1, . . . , ed are the corresponding eigenfunctions.
Similarly, let µ1, . . . , µd > 0 be the eigenvalues of C̃n and f1, . . . , fd the corresponding
eigenfunctions. Furthermore, assume that the CGM is run until∥∥∥Ĉt − Cn

∥∥∥
⊙
⩽ ϵ.

Since∥∥∥̂̃Ct−C̃n
∥∥∥

op
= sup

∥h∥=1

∥∥∥̂̃Cth−C̃nh
∥∥∥ = sup

∥h∥=1
sup

∥g∥=1

〈
(̂̃Ct−C̃n)(h), g

〉
=
¨
Ĉt − Cn, (h⊗ g) ◦ ψ

∂
⊙

and ∥(h⊗ g) ◦ ψ∥⊗ ⩽ ∥h⊗ g∥⊗ = ∥h∥∥g∥ ⩽ 1 it follows from the Cauchy–Schwarz
inequality that ∥∥∥̂̃Ct − C̃n

∥∥∥
op

⩽
∥∥∥Ĉt − Cn

∥∥∥
⊙
⩽ ϵ.
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From this bound on the operator norm it follows right away that ∥(̂̃Ct − C̃n)(ei)∥
and ∥(̂̃Ct − C̃n)(fi)∥ are less than ϵ for all i ⩽ d. In particular,∣∣λi − ⟨ei, C̃nei⟩

∣∣ ⩽ ϵ and
∣∣⟨fi, ̂̃Ctfi⟩ − µi

∣∣ ⩽ ϵ

for all i ⩽ d. In particular,

λ1 ⩽ ⟨e1, C̃ne1⟩ + ϵ ⩽ sup
∥h∥=1

∥C̃nh∥ϵ ⩽ µ1 + ϵ.

By symmetry of the argument it follows that |λ1 −µ1| ⩽ ϵ. The difference between e1
and f1 can now also be controlled: let a1, . . . , ad ∈ R be such that e1 = a1f1+· · ·+adfd
then 1 = ∥e1∥2 = a2

1 + · · · + a2
d,

µ1 − 2ϵ ⩽
〈
e1, C̃ne1

〉
=

d∑
i=1

a2
iµi

and from (1 − a2
1)µ1 − 2ϵ ⩽ (1 − a2

1)µ2 we can infer that for sufficiently small ϵ > 0,

a2
1 ⩾ 1 − 2ϵ

µ1 − µ2
and ∥e1 − f1∥2 = 2 − 2a1 ⩽ 2 − 2

Å
1 − 2ϵ

µ1 − µ2

ã1/2
.

The other eigenfunctions can be treated in a similar way by moving to the subspaces
that are orthogonal to the already covered eigenfunctions e1, . . . , el, l ⩽ d. Notice
the factor µ1 − µ2. Such eigengaps are common when estimating eigenfunctions
or projection operators and are closely linked to the Davis–Kahan theorem which
controls the stability of eigenspaces under perturbations. In particular, such factors
appear when controlling the difference between the empirical and true projection
operator in the operator norm. In kernel PCA it is common to quantify the difference
with a weaker norm and, therefore, results as in [SSRR20] do not depend on the
eigengap. The eigengap aside, we can note that the approximation error falls at
a rate of ϵ1/4, where ϵ is controlled by our compression algorithms. In particular,
Proposition 4.2 is applicable if we use the kernel κ(x, y) = k2(x, y). To guarantee an
approximation error of

∥ei − fi∥ ⩽
√

2
Ç

1 −
Å

1 − 2ϵ
µi − µi+1

ã1/2å1/2

≲
ϵ1/4

(µi − µi+1)1/4 ≲ n−1/2

we need an ϵ in the order of n−2. In expectation we achieve an error of order n−2

whenever
n−2 ≈ exp(−t/λ̄d,κ),

where λ̄d,κ denotes the smallest non-zero eigenvalue of the covariance operator that
corresponds to the kernel κ. In other words, we need a coreset of size t ≈ 2 log(n)/λ̄d,κ.
This is potentially favorable to the

√
n size that Nyström methods need when λ̄d,κ is

not too small. A crude bound on the computational complexity of an eigendecompo-
sition is O(n3). If we use this crude bound then we get the following runtime bound
for kernel PCA when using coresets, O(ψcomp(n) ∨ (ψsize(n))3).
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6. Example: Slow rate of convergence in infinite dimensions

The last section of this paper is dedicated to the construction of the example for
which the kernel herding algorithm performs strictly worse than in finite dimensions
when the density function of the data distribution has a density that is bounded
away from zero. The corresponding theorem is the following.

Theorem 6.1. — There exists an initialization, a continuous kernel, and a Borel
probability measure on [0, 1] which assigns non-zero probability to open intervals
for which the kernel herding algorithm does not converge fast, i.e. there exists no
constant b such that ∥mt − m∥ ⩽ b/t for all t ⩾ 1.

The proof of Proposition 6.1 is split into two parts. In the first part, we construct a
Hilbert space, a map ϕ : [0, 1] → H, and an element m ∈ H such that the algorithm
does not converge fast. We then use this Hilbert space to construct an RKHS for
which the algorithm behaves in exactly the same way as when acting on the Hilbert
space, and, consequently, the algorithm does not converge fast when applied to
the RKHS.

The construction idea

Before getting into the technical details we like to outline the basic intuition of
the construction: let the mean element m = 0. Then, given an infinite dimensional
Hilbert space H, choose an orthonormal sequence {en}n⩾1 and elements {an}n⩾1 in
H such that each an is a multiple of en. Initialize the algorithm with an element
c ∈ H which is of small magnitude compared to the an and has a positive inner
product with each an. The idea is that the different an’s will be chosen at one point
by the algorithm and will add to the (rescaled) approximation error wt of m (t is
the iteration number of the algorithm). In fact, we like to show that its norm will
diverge to infinity.

This initial construction has a few problems which have to be addressed to make
this construction work. The first problem with this construction is that ⟨an, c⟩ is
positive. In fact, ⟨an, en⟩, ⟨c, en⟩ > 0 for all n ⩾ 1. But, we want the mean element
m to be 0. Hence, we will need probability mass on the negative side to counter
the mass accumulated by the an and c. We can achieve this by introducing another
set of elements {bn}n⩾1 which are lying opposite to the an. Therefore, each bn is a
negative multiple of en. These bn need to be further constraint in magnitude. If they
are of a similar order like the an then they can cancel the weight added to wt by the
an’s. We are using here sequences with values in the order of 1/ ln(n+ 1) for an and
−2−n for bn.

Even though the bn’s are of small magnitude compared to the an’s it is not directly
obvious why these bn’s should not be chosen many times by the algorithm to cancel
step-by-step the weight accumulated by the an’s. Here is an argument why this does
not happen: the an’s are constructed such that each an is chosen exactly once and
they are selected in order by the algorithm. At a given iteration there is then an
element am which has not yet been chosen and our construction assures that in this
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case ⟨am, wt⟩ equals the initial value ⟨am, c⟩, which is of magnitude 1/(m ln(m+ 1)).
Since the algorithm chooses the element h ∈ ϕ[X ] that maximizes the inner product
with wt we can infer that this inner product must be larger than 1/(m ln(m + 1)).
Or put differently, an element bn will only be chosen if ⟨bn, wt⟩ ⩾ 1/(m ln(m + 1)),
that is ⟨en, wt⟩ ⩾ 2n/(m ln(m+ 1)). If the algorithm chooses bn then we are at least
assured that ⟨en, wt+1⟩ ⩾ 2n/(m ln(m+ 1)) − 2−m (Figure 1.3 p. 484 visualizes these
bounds for different m). We do not need this extra scaling of 2n and we only use
in the proof that there are sufficiently many en for which |⟨en, wt⟩| is larger than
1/ ln(m+ 1). The number of elements for which the inner product is at least of this
size grows in m and the sum over these inner products gives us a diverging number
that approaches infinity in m. This is then sufficient to show that the norm of wt
diverges.

Interlacing

In the above discussion we assume m = 0. However, constructing the probability
measure such that m = 0 is not straightforward. The problem is that the scaling on
the positive side (the an’s and the c) is exponentially larger than the scaling on the
negative side (the bn’s). To get m = 0 we would need the probability mass for the
an’s and c times the magnitude of these elements to be scaled so that it equals the
probability mass of the bn’s times the scale of the bn’s. The exponential difference
in scale implies that the probability mass of the bn’s needs to grow exponentially in
n and the sum of all this mass has to add up to infinity.

By closer inspection, one can observe that the an’s pose no serious problem since
one can just downscale the probability assigned to them by an exponential factor.
However, the c poses a more serious problem. Let p > 0 be the probability corre-
sponding to c. We use c = ∑∞

n=1 n
−1en and we thus have a factor of p/n pulling the

mean element towards the positive direction in dimension n. Hence, we will need a
probability of pn = p2n/n for the bn elements to counter this pull. Since p does not
change with n we are left with pn’s that grow rapidly in n.

Using an initialization c is in a way too rigid and does not allow us to assign
lower probability mass as n increases. One way to overcome this problem is to
break the initialization up and add probability mass to the different dimensions
while the algorithm is running. We do this by replacing the single c with infinitely
many elements, one for each dimension en. Since we do not want to alter the overall
behavior of the algorithm these different elements will need to be of a low scale
and we need to sum multiple elements to regain the 1/n value that c would have
assigned. Therefore, for each dimension en, we are left with a finite sequence of
elements cn,1, cn,2, . . . which takes the role of the original c.

The question is then how we can guarantee that all these cn,i elements are chosen
to simulate the initialization through c before the algorithm proceeds as usual. We
guarantee this by introducing dimensions ẽn,i which are orthogonal to all the en.
These dimensions are used to force the algorithm to choose cn,i+1 after cn,i until the
final element of the sequence is chosen and we have a weight of 1/n in dimension en.
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We still have not addressed the problem of assigning different probabilities to the
different dimensions. But, since c is now broken into many small pieces, it is easy to
“lose” probability in n.

Proposition 6.2. — For any infinite-dimensional Hilbert space H there exists a
continuous function ϕ : X → H, X := [0, 1], a probability measure P on B[0,1] which
assigns positive measure to any open subset of X , and an initialization w1 ∈ ϕ[X ]
such that the kernel herding algorithm when applied to

∫
ϕ(x) dP (x) generates a

sequence {wt}t⩾1 that is unbounded and the algorithm does not converge with a 1/t
rate to m =

∫
ϕ(x) dP (x) ∈ H.

Proof of Proposition 6.2.
(a): Definition of the convex set. — Let {Ni}∞

i=1 be a set of natural numbers to be
defined below, pick a countable infinite orthonormal sequence {e′

n}n⩾1 in H and split
this sequence into {en}n⩾1 and the sequences ẽn,1, . . . , ẽn,Nn where n goes through
2, 3 . . . . This can be done since these are countable many sequences of Nn+1 elements
and since countable unions of countable sets are again countable. Furthermore, define
the sequences {an}n⩾1, {bn}n⩾1, {cn,m : 1 ⩽ n, 1 ⩽ m ⩽ Nn}, {dn : 2 ⩽ n} ⊆ H by

an :=
Å
a′
n + 1

n

ã
en with

a′
n := C

° 2n
ln(n+ 1)

§
2−n and C = 4

°
3 + 4 ln(9)

ln(2)

§
= 64,

bn := −2−nen,

N1 := 1 and for n ⩾ 2, Nn :=
° 2
n⟨−bn, en⟩

§
,

c1,1 := e1 + α2,1ẽ2,1, and for n ⩾ 2 :
cn,1 := βnen + αn,1ẽn,1 − αn,2ẽn,2, . . .

cn,Nn−1 := βnen + αn,Nn−1ẽn,Nn−1 − αn,Nn ẽn,Nn ,

cn,Nn := βnen + αn,Nn ẽn,Nn − αn+1,1ẽn+1,1,

d2 := −(1/2)α2,1ẽ2,1 and for all 2 ⩽ n let
dn := (1/2)αn,1ẽn,1,

βn := − 1
nNn

, for which − βn < ⟨−bn, en⟩ holds,

αn,1 :=
…

⟨en, an⟩
n

, and αn,i :=
»
α2
n,1 + (i− 1)β2

n for 2 ⩽ i ⩽ Nn.

−βn is smaller than ⟨−bn, en⟩ because −βn = 1/(nNn) ⩽ ⟨−bn, en⟩/2. Also observe
that the sequence a′

n is non-increasing in n since° 2n+1

ln(n+ 2)

§ 1
2n+1 ⩽

°
2 2n

ln(n+ 1)

§ 1
2n+1 ⩽

°
2
° 2n

ln(n+ 1)

§§ 1
2n+1 =

° 2n
ln(n+ 1)

§ 1
2n ,

where we used that the function ⌈ · ⌉ is monotonically increasing.
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(b): Construction of a continuous map ϕ. — We construct a continuous function
ϕ : [0, 1] → H which goes through the points {an}n∈N, {bn}n∈N, {cn,i : 1 ⩽ n,
1 ⩽ i ⩽ Nn} and {dn : 2 ⩽ n}. We split the construction into three separate
functions, ϕ1 for the an, bn elements, ϕ2 for the cn.i and ϕ3 for the dn elements.

For ease of reading let yn = 1/(n+ 1) and zn = (yn + yn+1)/2 for all n ⩾ 1. Define
ϕ1 : [0, 1] → H, with n going through 1, 2, 3 . . . , by

ϕ1(x) :=



1−x
1−y1

a1 if y1 < x ⩽ 1,
x−ξ
yn−ξ an if ξ := yn+zn

2 < x ⩽ yn,
ξ−x
ξ−zn

bn if zn < x ⩽ yn+zn

2 =: ξ,
x−ξ
zn−ξ bn if ξ := yn+1+zn

2 < x ⩽ zn,
ξ−x

ξ−yn+1
an+1 if yn+1 < x ⩽ yn+1+zn

2 =: ξ,
0 if x = 0.

The function is continuous on (0, 1] as it is piecewise linear and the end points of the
lines are connected. The only critical point is 0. For continuity at 0 it suffices that for
any ϵ > 0 we can pick a δ such that x < δ implies ∥ϕ(x)∥ < ϵ. We restrict the search
for a δ to points 1/n, n ∈ N. For such a δ the maximum of ϕ(x) in an interval [0, δ]
is either attained on an an or a bn. As we have that limn→∞∥an∥ = limn→∞∥bn∥ = 0
there is for every ϵ > 0 anN ∈ N such that for all n > N we have max(∥an∥, ∥bn∥) < ϵ
and, consequently for δ = 1/(N + 1) we have that ∥ϕ(x)∥ < ϵ for any 0 ⩽ x ⩽ δ.

In the following let N1 := 1. Furthermore, let ỹn := 1/n, ∆n := (ỹn − ỹn+1)/Nn,
un,m := ỹn − m∆n, un,0 := ỹn and let z̃n,m := (un,m−1 + un,m)/2, for all n ⩾ 1 and
1 ⩽ m ⩽ Nn − 1. With n going through all of 1, 2, . . . , define ϕ2 : [0, 1] → H by

ϕ2(x) :=



ỹn−x
ỹn−z̃n,1

cn,1 if z̃n,1 < x ⩽ ỹn,
x−un,m

z̃n,m−un,m
cn,m if un,m < x ⩽ z̃n,m, 1 ⩽ m ⩽ Nn − 1,

un,m−x
un,m−z̃n,m+1

cn,m+1 if z̃n,m+1 < x ⩽ un,m, 1 ⩽ m ⩽ Nn − 1,
x−ỹn+1

z̃n,Nn −ỹn+1
cn,Nn if ỹn+1 < x ⩽ z̃n,Nn ,

0 if x = 0.

Similarly, by going through all n ⩾ 2 define ϕ3 : [0, 1] → H by

ϕ3(x) :=



0 if 1/2 < x ⩽ 1,
ỹn−x
ỹn−z̃n,1

dn if z̃n,1 < x ⩽ ỹn,
x−un,1
z̃n,1−un,1

dn if un,1 < x ⩽ z̃n,1,

0 ỹn+1 ⩽ x ⩽ un,1,

0 if x = 0.

With the same reasoning as for ϕ1 one can infer that ϕ2 and ϕ3 are continuous. Define

ϕ(x) :=


ϕ1(3x− 2) if 2/3 < x ⩽ 1,
ϕ2(3x− 1) if 1/3 < x ⩽ 2/3,
ϕ3(3x) if 0 ⩽ x ⩽ 1/3.
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The function ϕ is continuous since ϕ1, ϕ2, ϕ3 are continuous and ϕ1(0) = ϕ2(1) =
ϕ2(0) = ϕ3(1) = 0. This implies also that ϕ : [0, 1] → H is measurable. It is
also Bochner integrable with respect to any probability measure defined on the
Borel sets of R as ∥ϕ( · )∥ : [0, 1] → R is continuous and, hence, bounded, i.e.∫
∥ϕ(x)∥ dP (x) < ∞.
(c): Definition of the probability measure. — We construct a Borel measure by

defining a density p on [0, 1]. Using the variables defined for ϕ1, ϕ2, ϕ3, constants
a1, b1, . . . and n going through 1, 2, . . . we set

p1(x) =



a1 if y1 < x ⩽ 1,
an if yn+zn

2 < x ⩽ yn,

bn if yn+1+zn

2 < x ⩽ yn+zn

2 ,

an+1 if yn+1 < x ⩽ yn+1+zn

2 ,

0 if x = 0.

and using constants cn we furthermore define

p2(x) :=
®
cn, if ỹn+1 < x ⩽ ỹn,

0 if x = 0.
Finally, going through all n ⩾ 2, 1 ⩽ m ⩽ Nn and with the constants dn,m let

p3(x) :=


1 if 1/2 < x ⩽ 1,
dn if un,1 ⩽ x ⩽ ỹn,

1 if ỹn+1 ⩽ x ⩽ un,1
0 if x = 0

and combine these to define the density p by

p(x) :=


p1(3x− 2) if 2/3 < x ⩽ 1,
p2(3x− 1) if 1/3 < x ⩽ 2/3,
p3(3x) if 0 ⩽ x ⩽ 1/3.

Now, m = 0 iff ⟨en,m⟩ = E⟨en, ϕ⟩ = 0 = ⟨e′
n,i,m⟩ = E⟨e′

n,i, ϕ⟩ for all n ⩾ 1,
1 ⩽ i ⩽ Nn.

Observe that in general, if a, b ∈ [0, 1], a ⩽ b, the density p is constant on [a, b]
with value µ ∈ [0,∞), h ∈ H and ψ : [0, 1] → H is defined by

ψ(x) =
®

(x− a)/(b− a)µh x ∈ [a, b],
0 otherwise

then for any en (and e′
n,i)

⟨en, Eψ⟩ = E⟨en, ψ⟩ =
∫

[a,b]

x− a

b− a
µ⟨en, h⟩ = (1/2)µ⟨en, h⟩(b− a)

and if

ψ(x) =
®

(b− x)/(b− a)µh x ∈ [a, b],
0 otherwise
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then
⟨en, Eψ⟩ = (1/2)µ⟨en, h⟩(b− a).

So,

⟨e1,m⟩ = 1
6

〈
e1,
(

1 − y1 + z1

2

)
a1a1 +

(y1 − y2

2

)
b1b1 + (ỹ1 − ỹ2)c1c1,1

〉
will be zero by setting

b1 := 2 · 6
Å(

1 − y1 + z1

2

)
a1

⟨a1, e1⟩
⟨−b1, e1⟩

+
Å

1 − 1
2

ã
c1

⟨c1,1, e1⟩
⟨−b1, e1⟩

ã
and ⟨en,m⟩ = 0 by setting

bn = 2(n+ 1)(n+ 2)
Å1

4

Å 1
n

− 1
n+ 2

ã
an

⟨an, en⟩
⟨−bn, en⟩

+
Å 1
n

− 1
n+ 1

ã
cnβn

⟨−bn, en⟩

ã
.

Also, for any n ⩾ 1 we have that bn > 0 if an, cn > 0. Let, N be a normalising
constant to be defined below and let

a1 := N ⟨−b1, e1⟩
24⟨a1, e1⟩

¡(
1 − y1 + z1

2

)
> 0 and c1 := N ⟨−b1, e1⟩

12⟨c1,1, e1⟩
> 0

such that b1 = N . Also set for all n ⩾ 2

an := n

n+ 1
N ⟨−bn, en⟩

⟨an, en⟩
> 0 and cn := n

2(n+ 2)
N ⟨bn, en⟩

βn

∆n+1

∆n

> 0

which makes bn = N (1 − ∆n+1/∆n) and all ⟨en,m⟩ = 0. For the elements ẽn,i we
have that

6⟨ẽ2,1,m⟩ = ∆1c1⟨c1,1, ẽ2,1⟩ + ∆2c2⟨c2,1, ẽ2,1⟩ + ∆2d2⟨d2, ẽ2,1⟩
and we set

d2 := ∆1

∆2
c1

⟨c1,1, ẽ2,1⟩
⟨−d2, ẽ2,1⟩

+ c2
⟨c2,1, ẽ2,1⟩
⟨−d2, ẽ2,1⟩

> 0.

Furthermore, for all n > 2 let

dn := ∆n−1

∆n

cn−1

〈
−cn−1,Nn−1 , ẽn,1

〉
⟨dn, ẽn,1⟩

− cn
⟨cn,1, ẽn,1⟩
⟨dn, ẽn,1⟩

.

dn > 0 for n > 2 since
2⟨−dn, ẽn,1⟩
αn,1N

dn = (n− 1)2

n+ 1 ⟨−bn−1, en−1⟩
° 2

(n− 1)⟨−bn−1, en−1⟩

§
− ∆n+1

∆n

n2

n+ 2⟨−bn, en⟩
° 2
n⟨−bn, en⟩

§
⩾ 2n− 1

n+ 1 − 3 n

n+ 2
∆n+1

∆n

= 2n− 1
n+ 1 − 3 n2

(n+ 2)2
Nn

Nn+1

⩾ 2n− 1
n+ 1 − 3

2
n2(n+ 1)
(n+ 2)2

Å 1
n

+ 1
2n+1

ã
which is strictly greater zero if

4(n− 1)(n+ 2)2 − 4n(n+ 1)2 = 4(n2 + n− 4)
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is. But this is obvious for n ⩾ 3. For all remaining n, i ⩾ 2 we can observe that
⟨ẽn,i,m⟩ = (1/6)∆ncn⟨cn,i−1 − cn,i, ẽn,i⟩ = 0

for all m ⩾ 2. Hence, m = 0 and the density is strictly greater 0 on all but three
points. It remains to set N such that the density integrates to one. We have for any
N > 0 that

0 <
∫

[0,1]
p = a1(1 − (y1 + z1)/2)/3 + (1/3)

∞∑
n=2

an((yn − zn−1) − (yn − zn))/2

+ (1/3)
∞∑
n=1

bn((yn − zn) − (yn+1 − zn))/2

+
∞∑
n=1

1
3n(n+ 1)cn + 1/6 + (1/3)

∞∑
n=1

∆ndn + (1/3)
∞∑
n=1

(un,1 − ỹn+1).

The first sum is a finite multiple of N since an ≈ 2−n and the sum over ((yn−zn−1)−
(yn − zn))/2 is bounded by 1. Similarly, the cn sum is bounded since cn itself is upper
bounded by N and the rest is quadratic in n. Furthermore, bn is upper bounded by
N and the sum of the intervals cannot exceed 1. Finally, dn is upper bounded since

2⟨−dn, ẽn,1⟩
αn,1N

dn ⩽
2(n− 1)
n+ 1

αn,1 is bounded and so is ⟨−dn, ẽn,1⟩. Hence, the sum is a finite multiple of N and
we have in total a term that is a finite multiple of N plus a constant that is smaller
than 1/2. Therefore, we can choose N such that

∫
p = 1.

(d): Behaviour of the algorithm. — Initialize the algorithm with w1 := c1,1 ∈ ϕ[X]
and let xt be the element which is chosen at stage t. The algorithm behaves as follows:

(1) For any t ⩾ 1, if wt ̸= 0 then xt ∈ {an}n⩾1 ∪ {bn}n⩾1 ∪ {cn,m : 1 ⩽ n,
1 ⩽ m ⩽ Nn} ∪ {dn,m : 2 ⩽ n, 1 ⩽ m ⩽ Nn}.

(2) Let n = min{m : am has not been chosen in steps 1, . . . , t− 1}. If t ⩾ 2 then
either the smallest element of {(m, j) : cm,j has not been chosen in steps
1, . . . , t− 1}\{c1,1} in the lexicographic order is (n, i) with 1 ⩽ i ⩽ Nn and

wt = −γ1e1 − · · · − γn−1en−1 + γnen + αn,iẽn,i,

where

γj =
(
2ja′

j − l
)
2−j, l ∈ N and a′

j ⩾ γj ⩾ min
ß
a′
j,max

ß2j⟨an, en⟩
n

− 2−j, 0
™™

for 1 ⩽ j ⩽ n− 1 and γn = −(i− 1)βn (first case), or the smallest element is
(n+ 1, 1) and

wt = −γ1e1 − · · · − γn−1en−1 + γnen + αn+1,1ẽn+1,1,

with γ1, . . . , γn−1 like above and γn = 1/n (second case). In particular wt ≠ 0.
(3) Let N(n) := ⌈1 + log2(n ln(n+ 1))⌉ then n− 1 ⩾ N(n) for all n ⩾ 7. If n is

the smallest index of an an which has not been chosen yet and if this n ⩾ 7
then for any i with n− 1 ⩾ i ⩾ N(n)

⟨ei, wt⟩ ⩽ − 1
ln(n+ 1) .
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(4) For each n ⩾ 1 there exists a step t ⩾ 1 with xt = an.
(α) (1) is saying that no point on the line from 0 to an an, bn, cn,m or dn,m is

chosen that differs from an, bn, cn,m and dn,m. To see this first observe that
only points ϕ(x) will be chosen at any stage t for which ⟨wt, ϕ(x)⟩ > 0. By
assumption wt ̸= 0. If there exists an en with ⟨en, wt⟩ ≠ 0 then either ⟨an, wt⟩
or ⟨bn, wt⟩ is strictly positive. Also, if there is an ẽn,m, (n,m) ̸= (2, 1), such
that ⟨ẽn,m, wt⟩ > 0 then ⟨dn,m, wt⟩ is strictly positive. Similarly, if ⟨ẽ2,1, wt⟩ < 0
then ⟨d2,1, wt⟩ > 0. Assuming that none of these cases apply we have that
either ⟨ẽ2,1, wt⟩ > 0 or there is an ẽn,m, (n,m) ̸= (2, 1), with ⟨ẽn,m, wt⟩ < 0.
In the first case ⟨c1,1, wt⟩ > 0. In the latter case and with ⟨ẽ2,1, wt⟩ = 0 let
(n′,m′) := min{(n,m) : ⟨ẽn,m, wt⟩ < 0} where the minimum is taken wrt.
the lexicographic ordering. We have ⟨cn′,m′−1, wt⟩ = αn′,m′−1⟨ẽn′,m′−1, wt⟩ −
αn′,m′⟨ẽn′,m′ , wt⟩ > −αn′,m′⟨ẽn′,m′ , wt⟩ > 0, if m′ > 1, and if m′ = 1 then

⟨cn′−1,Nn′−1 , wt⟩ = αn′−1,Nn′−1⟨ẽn′−1,Nn′−1 , wt⟩ − αn′,1⟨ẽn′,1, wt⟩ > −αn′,1⟨ẽn′,1, wt⟩ > 0.

If the chosen ϕ(x) is on the line from 0 to an an then an = ξϕ(x) with
ξ ⩾ 1 and 0 < ⟨ϕ(x), wt⟩ ⩽ ξ⟨ϕ(x), wt⟩ = ⟨an, wt⟩ and ϕ(x) = an. The same
argument applies to bn, cn,m and dn,m.

(β) We prove by induction over t ⩾ 2 that (2) holds. We start with the induction
basis. w1 = c1,1 = e1 + α2,1ẽ2,1 and we have ⟨w1, bn⟩ ⩽ 0,⟨w1, dn⟩ ⩽ 0 for all n,
⟨w1, an⟩ = 0 for all n ⩾ 2, ⟨w1, cn,i⟩ = 0 if either n > 2 or (n = 2 and i > 2).
Furthermore,

⟨w1, c1,1⟩ = ∥c1,1∥2 = 1 + α2
2,1 = 1 + ⟨e2, a2⟩

2 = 1 + C

8

° 4
ln(3)

§
+ 1

4

⩽ 1 + C

4

° 2
ln(2)

§
+ 1

4

< 1 + C

2

° 2
ln(2)

§
= ⟨w1, a1⟩

since C ⩾ 1, ⌈2/ ln(2)⌉ = 3 and hence
C

4

° 2
ln(2)

§
>

1
4 .

Also, ⟨w1, c2,1⟩ = α2
2,1 < ⟨w1, c1,1⟩ < ⟨w1, a1⟩ and x1 = a1. Therefore,

w2 = w1 − a1 = e1 + α2,1ẽ2,1 − (a′
1 + 1)e1 = −a′

1e1 + α2,1ẽ2,1

and w2 has the promised form.
(γ) Next, we address the induction step.
(i) Assuming wt has the given form in step t we can observe that

⟨xt, wt⟩ ⩾
⟨an, en⟩
n

> 0

since in the first case

⟨cn,i, wt⟩ = βnγn + α2
n,i = −(i− 1)β2

n + (α2
n,1 + (i− 1)β2

n) = ⟨en, an⟩
n

,
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in case that i > 1 or, for i = 1,

⟨cn,i, wt⟩ = α2
n,1 = ⟨en, an⟩

n
.

In the second case,

⟨an, wt⟩ ⩾ γn⟨en, an⟩ = ⟨en, an⟩
n

.

(ii) For the bj (i) implies that, first, no j ⩾ n will have been chosen in t since
for these ⟨bj, wt⟩ ⩽ 0 holds in both cases. Also, if for a j, 1 ⩽ j ⩽ n − 1,
γj < 2j⟨an, en⟩/n then ⟨bj, wt⟩ = γj2−j < ⟨an, en⟩/n and bj ̸= xt. On the
other hand, if γj ⩾ 2j⟨an, en⟩/n and xt = bj then the coefficient changes by
−2−j, i.e. the new coefficient is

γj − 2−j ⩾ 2j ⟨an, en⟩
n

− 2−j.

The coefficient is also always non-negative since γj is a multiple of 2−j and
bj will not be selected if γj = 0. In total, all cases are consistent with our
induction hypothesis and we are safe against any application of bj.

(iii) In terms of aj, we can directly observe that ⟨aj, wt⟩ = 0 if j > n and
⟨aj, wt⟩ = −γj⟨ej, aj⟩ ⩽ 0 if j < n. So only an might have been chosen at
time t. However, in the first case we have that

⟨an, wt⟩ = γn⟨an, en⟩ = −(i− 1)βn⟨an, en⟩ ⩽ Nn − 1
nNn

⟨an, en⟩ < ⟨an, en⟩
n

and xt ̸= an. In the second case, if γn = 1/n, then

⟨an, wt⟩ = ⟨an, en⟩
n

.

Thus an might be chosen, and, in case it is, then the new coefficient is
γn − a′

n − 1/n = −a′
n which is consistent with the induction hypothesis.

(iv) Turning to the cn′,i′ elements we can observe that for (n, i) > (2, 1) we have
⟨wt, c1,1⟩ ⩽ 0. For (n, i) = (2, 1) we are in the first case since N2 = 4 and

⟨wt, c1,1⟩ = ⟨−γ1e1 + γ2e2 + α2,1ẽ2,1, e1 + α2,1ẽ2,1⟩
= −γ1 + (1/2)⟨e2, a2⟩
⩽ −(1/2)⟨e2, a2⟩ + 1/2 + (1/2)⟨e2, a2⟩.

But, 1/2 < (1/2)⟨a2, e2⟩ and c1,1 will never be chosen. For the remaining cn′,i′

elements we have in the first case in step t that no cn′,i′ will be chosen if
n′ ̸= n or i′ ̸= i since in these cases

(∗) ⟨wt, cn′,i′⟩



= 0 if n′ > n,

= γnβn = −(i− 1)β2
n ⩽ 0 if n′ = n and (i′ > i or i′ < i− 1),

= γnβn − α2
n,i < 0 if n′ = n and i′ + 1 = i,

⩽ 0 if 2 ⩽ n′ = n− 1
and i′ = Nn′ and i = 1, (∗)

= −γn′βn′ < ⟨wt, bn′⟩ if n′ < n and (∗) does not apply.
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(∗) follows for n ⩾ 3 from〈
wt, cn−1,Nn−1

〉
=
〈
wt, βn−1en−1 + αn−1,Nn−1 ẽn−1,Nn−1 − αn,1ẽn,1

〉
= −γn−1βn−1 − α2

n,1 = γn−1

(n− 1)Nn−1
− α2

n,1

⩽ γn−12−n − ⟨en, an⟩
n

⩽ 2−na′
n−1 − a′

n

n

= C

Å
2−n
° 2n−1

ln(n)

§
2−(n−1) − 1

n

° 2n
ln(n+ 1)

§
2−n
ã

⩽ Cn−12−2n−1
Å
n

° 2n
ln(n2)

§
− 2n−1

° 2n
ln(n+ 1)

§ã
⩽ 0.

If now xt = cn,i then, in case i < Nn,

wt+1 = wt − cn,i

= −
n−1∑
i=1

γiei − (i− 1)βnen + αn,iẽn,i − βnen − αn,iẽn,i + αn,i+1ẽn,i+1

= −
n−1∑
i=1

γiei − iβnen + αn,i+1ẽn,i+1

which has the desired form. Similarly, in case that i = Nn

wt+1 = wt − cn,Nn

= −
n−1∑
i=1

γiei − (Nn − 1)βnen + αn,Nn ẽn,Nn − βnen − αn,Nn ẽn,Nn + αn+1,1ẽn+1,1

= −
n−1∑
i=1

γiei −Nnβnen + αn+1,1ẽn+1,1

which has the form of the second case since −Nnβn = 1/n.
In the second case no element cn′,i′ will be chosen since

⟨wt, cn′,i′⟩ =



0 if n′ > n+ 1 or (n′ = n+ 1 and i′ > 1),
α2
n+1,1 < ⟨en, an⟩/n if n′ = n+ 1 and i′ = 1,
βn/n− α2

n+1,1 < 0 if n′ = n and i′ = Nn,

βn/n < 0 if n′ = n and i′ < Nn,

−γn′βn′ < ⟨wt, bn′⟩ or = 0 if n′ < n.

(v) We turn to the d elements:
• First case: if (n, i) = (2, 1) then ⟨wt, d2⟩ = −(1/2)α2

2,1 < 0 and otherwise
⟨wt, d2⟩ = 0. In either way d2 will not be chosen. For any other n′ we
have that ⟨wt, dn′⟩ = 0 if (n, i) ̸= (n′, 1). Otherwise

⟨wt, dn′⟩ = (1/2)α2
n,1 = 1

2
⟨en, an⟩
n

and ⟨wt, dn′⟩ < ⟨an, en⟩/n and dn′ will never be chosen.
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• Second case: ⟨wt, d2⟩ ⩽ 0 and all dn′ with n′ ̸= n+ 1 are zero. Finally

⟨wt, dn+1⟩ = (1/2)α2
n+1,1 = ⟨en+1, an+1⟩

n+ 1 <
⟨en, an⟩
n

since the sequence ⟨en, an⟩ is non-increasing.
So in step t + 1 the element wt+1 will have the right form, and, certainly,
wt+1 ̸= 0.

(δ) Next we prove (3). Since the smallest index n for which an has not been
chosen in rounds 1 to t is assumed to be larger than 7 we can assume that
t ⩾ 2.

For each m, ⟨am, em⟩/m ⩾ a′
m/m ⩾ 1/(m ln(m + 1)). Hence, from (2) we

conclude for all i with n− 1 ⩾ i ⩾ N(n)

−⟨ei, wt+1⟩ = γi ⩾ min
ß
a′
i, max

ß
2i ⟨an, en⟩

n
− 2−i, 0

™™
⩾ min

ß 1
ln(i+ 1) , max

ß 2i
n ln(n+ 1) − 2−i, 0

™™
.

Using the assumption i ⩾ N(n) we observe that
i ⩾ 1 + log2(n ln(n+ 1)) = log2(2n ln(n+ 1))

=⇒ 2i ⩾ 2n ln(n+ 1)

=⇒ 2i
n ln(n+ 1) − 1 ⩾ 1

and since i > 1
2i

n ln(n+ 1) − 2−i ⩾
2i

n ln(n+ 1) − 1 ⩾
1

ln(i+ 1) ⩾
1

ln(n+ 1) .

So, for n− 1 ⩾ i ⩾ N(n),

−⟨ei, wt+1⟩ ⩾
1

ln(n+ 1) .

(ϵ) (4) also follows from (2). First, if an has been chosen in any step t then for
all t′ > t (2) tells us that ⟨an, wt′⟩ ⩽ 0. Consequently, xt′ ≠ an and an will
be chosen at most ones. Also, if an is the element with minimal index which
has not been chosen yet in time t then either ⟨wt, an⟩ = ⟨wt, am⟩ = 0 or
⟨wt, an⟩ > ⟨wt, am⟩ for all m > n. In the first case no element an′ will be
chosen and in the second case, if an an′ will be chosen it will be the one with
the smallest index in the set of elements which have not been chosen yet. So
the elements an will be chosen in order and no element will be skipped.

Let us now assume that {am : am ̸= xt for all t ⩾ 1} is not empty and let
an be the element with the smallest index in this set.

The argument in (γ) shows us that no cm,j with m > n will be chosen. Also,
if cm,j, m ⩽ n, has been chosen in any step t then for all t′ > t we again infer
from (2) and the argument in (γ) that cm,j will not be chosen in t′ and, hence,
each cm,j is not chosen more than ones. Also none of the dn,i elements will be
ever chosen.
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So the only way that an an is never chosen is that infinite many bm elements
are selected. Yet, no bm with m ⩾ n will be chosen since the inner product
with the weight vector is less or equal to zero. Also each bm, m < n can
only be chosen finite many times before the weight vector in direction em
becomes 0 and the inner product with bm becomes 0 too (at which point it
will certainly not be chosen any more). So only finite many applications of
bm’s are possible with a contradiction that an will not be chosen.

(e): Unboundedness. — d(3) and d(4) allow us now to show that the sequence
{∥wt∥}t⩾1 is unbounded. Assume that at stage t the element n is the smallest index
such that ⟨an, wt⟩ is positive.

For n ⩾ 7 we know from d.3 that |⟨ei, wt⟩| ⩾ 1/ ln(n + 1) for all i, N(n) ⩽ i < n
Hence, for n ⩾ 7,

∥wt∥2 =
∞∑
i=1

|⟨ei, wt⟩|2 ⩾
n−1∑

i=N(n)

1
(ln(n+ 1))2 ⩾

n− 1 −N(n)
(ln(n+ 1))2

= n− 1 − ⌈1 + log2(n ln(n+ 1))⌉
(ln(n+ 1))2 ⩾

n− 3
(ln(n+ 1))2 − log2(n ln(n+ 1))

(ln(n+ 1))2 .

Furthermore,

log2(n ln(n+ 1))
(ln(n+ 1))2 = ln(n) + ln(ln(n+ 1)))

ln(2)(ln(n+ 1))2 ⩽
2

ln(2) ,

since ln(x) ⩽ x for all x > 0 and ln(n+ 1) > 0. Hence,

∥wt∥2 ⩾
n− 3

(ln(n+ 1))2 − 2
ln(2) .

The right side goes to infinity in n and, since for every n there is a t at which an is
chosen due to d.4, the norm of wt crosses any boundary at one time t. □

Corollary 6.3. — There exists a continuous kernel on [0, 1], a Borel probability
measure on [0, 1] which assigns positive measure to open subsets of [0, 1] and an
initialization for which the algorithm does not converge with a 1/t rate to m.

Proof. — We consider the Hilbert space (H, ⟨ · , · ⟩) from Proposition 6.2 with the
corresponding feature map ϕ : [0, 1] → H. Define the continuous kernel function
k(x, y) := ⟨ϕ(x), ϕ(y)⟩ on [0, 1] and let the corresponding RKHS be (K, ( · , · )).
The geometry of the two spaces is closely related. We have for scalars ai, bj and
xi, yj ∈ [0, 1], i = 1, . . . , n, j = 1, . . . ,m, thatÆ

n∑
i=1

aiϕ(xi),
m∑
j=1

bjϕ(yj)
∏

=
n∑
i=1

m∑
j=1

k(xi, yj) =
Ç

n∑
i=1

aik(xi, · ),
m∑
j=1

bjk(yj, · )
å
.

Furthermore, we know that the Bochner-integral m ∈ H lies in cchϕ[X ] which equals
the closure of chϕ[X ] [Sim11][Theorem 5.2, p. 71] and there exists a sequence {ni}i∈N,
ni ∈ N, elements xij ∈ [0, 1], and non-negative weights aij with ∑ni

j=1 aij = 1 such
that the sequence {si = ∑ni

j=1 aijϕ(xij)}i∈N converges to m in norm, i.e. ∥m − si∥ → 0
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for i → ∞. The corresponding sequence {s̄i = ∑ni
j=1 aijk(xij, · ))}i∈N is a Cauchy

sequence in K since
∥s̄i − s̄j∥K = ∥si − sj∥H

and has a limit n ∈ K because K is complete. In particular, for any x ∈ X

|(n, k(x, · )) − ⟨m, ϕ(x)⟩|
=
∣∣(n − s̄i, k(x, · )) + (s̄i, k(x, · )) − ⟨si, ϕ(x)⟩ + ⟨si − m, ϕ(x)⟩

∣∣
⩽ k(x, x)∥n − s̄i∥K + ∥ϕ(x)∥H∥m − si∥H → 0(in i)

and (n, k(x, · )) = ⟨m, ϕ(x)⟩ for every x ∈ X. Furthermore, for arbitrary l points
x1, . . . , xl ∈ X and scalars a1, . . . , al it holds thatÇ

n,
l∑

i=1
aik(xi, · )

å
=
Æ
m,

l∑
i=1

aiϕ(xi)
∏

and ∣∣∥n∥K − ∥m∥H
∣∣ ⩽ ∣∣∥n∥K − ∥s̄i∥K

∣∣+
∣∣∥s̄i∥K − ∥si∥H

∣∣+
∣∣∥si∥H − ∥m∥H

∣∣
which also goes to 0 in i and therefore ∥n∥K = ∥m∥H.

The function k(x, · ) : X → H is continuous and therefore Bochner-integrable with
respect to P . Denote the Bochner integral with n′ =

∫
k(x, · ) dP . For any x ∈ X

n(x) = (n, k(x, · )) = ⟨m, ϕ(x)⟩ = E⟨ϕ( · ), ϕ(x)⟩ = Ek(x, · ) = (n′, k(x, · )) = n′(x)
and n = n′.

Now if the algorithm is applied in (K, ( · , · )) with the initialization k(x0, · ), where
x0 is the element in X that maps to the initialization ϕ(x0) that we use in Proposi-
tion 6.2, then sequences of elements xt and of weights wt are generated. The weights
wt are of the form k(x0, · ) + ∑t

i=1 k(xi, · ) − tn. The sequence x1, x2, . . . also maxi-
mizes the objective in (H, ⟨ · , · ⟩). This can be seen by an induction over the weights
w̃t ∈ H that are generated by the algorithm. The induction step is the following.

max
x∈[0,1]

⟨w̃t, ϕ(x)⟩ = max
x∈[0,1]

Ç
⟨ϕ(x0), ϕ(x)⟩ +

t∑
i=1

⟨ϕ(xi), ϕ(x)⟩ − t⟨m, ϕ(x)⟩
å

= max
x∈[0,1]

Ç
(k(x0, · ), k(x, · )) +

t∑
i=1

(k(xi, · ), k(x, · )) − t(n, k(x, · ))
å

= (wt, k(xt+1, · ))

= (k(x0, · ), k(xt+1, · )) +
t∑
i=1

(k(xi, · ), k(xt+1, · )) − t(n, k(xt+1, · ))

=
〈
ϕ(x0) +

t∑
i=1

ϕ(xi) − tm, ϕ(xt+1)
〉

= ⟨w̃t, ϕ(xt+1)⟩.

From Proposition 6.2 we can now infer that the sequence {∥w̃t∥H}t∈N = {∥wt∥K}t∈N
is unbounded and the algorithm does not converge with the fast rate in K. □
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List of Notation

m Mean embedding 4
mn Mean embedding of the empirical measure 4
width Width of the projection of a convex set C onto a function h 4
βl Lebesgue measure (volume) of the l-dimensional unit ball 9
H ⊙ H Symmetric tensor product 10
g“⊗h Tensor product of functions as a linear operator 21
C̃ Covariance operator 21
Tk Integral operator associated to the kernel k 22
C̃c Centered covariance operator 22
H1 ⊕ H2 Direct sum of H1 and H2 22
ψγ A continuous function that approximates a step function 26
HS Restriction to the support S of the data: HS = {h↾S : h ∈ H} 32
C̃S

c Centered covariance operator corresponding to HS 33
K(f, t) K-functional 36
H+ Extension of H which contains the constant functions 40
H− H without the constant functions 41
Cn An empirical cov. operator that is represented as a function in H ⊙ H 64
C⊙,n Empirical convex set which contains Cn 64
C A covariance operator that is represented as a function in H ⊙ H 64
C⊙ Convex set which contains C 64
my,n Empirical mean embedding in the regression setting 64
m⊗

y,n Empirical mean embedding in the regression setting; tensor representation 64
ĥ(y, x) Trivial extension of h(x) to the product space 65÷H ⊙ H Extension of H ⊙ H corresponding to h 7→ ĥ 65
κy Kernel function of ÷H ⊙ H 65
my Mean embedding in the regression setting 70
l × k Product kernel for regression where l = f0 ⊗ f0 74
ȟ Extension of h to the product space: ȟ = ⟨1, · ⟩R ⊗ h( · ) 78
m⊗

y Mean embedding in the regression setting; tensor representation 78
C⊗

y Convex set for regression; tensor representation 78
C⊗

y,n Empirical convex set for regression; tensor representation 78
C̃⊗

c Centered covariance operator for regression; tensor representation 79ÙY (n) Capped response variable 80Ûm⊗
y,n Empirical mean embedding corresponding to ÙY (n) 80Û̃

C⊗,(n)
c Covariance operator corresponding to ÙY (n) 83
κ⊕ Kernel function used for simultaneous estimation 88
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