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608 A. DELEPORTE

étudions ensuite quelques applications, comme les transformées de type FBI sur les variétés
riemanniennes analytiques compactes, et les propagateurs d’opérateurs (pseudo)différentiels
d’ordre un.

1. Introduction

This project began as an investigation of the following problem: let 2 C C” be an
open set with real-analytic boundary; can we characterise the analytic singularities
of the functions on the boundary 02 which are boundary values of holomorphic
functions inside Q7

The problem is well-posed when €2 is strongly pseudoconvex (see Definition 2.1) and
a precise description modulo smooth functions of the Szegd projector S (from L?*(99)
onto the subspace of boundary values of holomorphic functions) is well-known in the
case where 0f) is smooth [BS76, Fef76]. It is then natural to expect that, if 0Q is
analytic, then an even more precise description of S can be reached. This microlocal
problem admits a semiclassical (small parameter) counterpart, about the description
of spaces of holomorphic sections of high powers of ample line bundles over Kéhler
manifolds. In the latter case, a description of the Szegd kernel in analytic regularity
was recently obtained [Cha2l, Del21, DHS24, HLX20, HX21, RSVN20].

It quickly became obvious to the author that a natural course of action to study the
analytic singularities of S was to adapt the method of [BS76], where S is described
as a Fourier integral operator with complex-valued phase function, and where the
proof uses a microlocal normal form procedure (and in particular, a conjugation by
a Fourier integral operator). Building a theory of analytic Fourier integral operators
that lies as close as possible to the smooth constructions [Hor09] became our next
goal and constitutes the bulk of this article.

In the microlocal as well as semiclassical case, the study of the Szegé projector
has important applications in geometric quantization and “general purpose” mi-
crolocal/semiclassical analysis. One particular instance of strongly pseudoconvex
open set with real-analytic boundary is the Grauert tube around a real-analytic
Riemannian manifold; the range of S is then the target space of a natural FBI-type
transformation. Thus the analytic counterpart of the results of [BS76] serves as a
tool for other problems related to the spectrum and dynamics of differential and
pseudo-differential operators. These techniques could be particularly relevant to the
study of non-self-adjoint analytic (pseudo)differential operators.

1.1. What this article contains

Section 2 reviews some basic properties of the boundary Cauchy—Riemann problem
for pseudoconvex open sets. The impatient reader only interested in “off-the-shelf”
properties of analytic Fourier integral operators may skip it, however the pseudocon-
vex open set R™ x S"! on which the Szegd projector admits an exact formula, is
useful in the construction of the general theory.
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Analytic Szeg8 kernel and Fourier integral operators 609

Section 3 contains the “formal analytic” content of our construction. We describe
spaces of analytic amplitudes (formal or not) in Section 3.1, then we study the
geometric properties of homogeneous phase functions and their associated conical
Lagrangians in Section 3.3. We also prove a stationary phase type theorem in Sec-
tion 3.2. Most of the contents of this section will look familiar to experts, but many
details (in particular, the sense in which we perform Borel summations of formal
analytic amplitudes in the microlocal setting) turn out to be non-trivial and crucial.

The core of the construction of analytic Fourier integral operators is Section 4.
We properly define analytic Fourier integral operators in Section 4.1, in an ascend-
ing level of geometric generality, and study the composition rule and the action of
stationary phase; our results are gathered in Theorem 4.10. The algebra of analytic
pseudodifferential operators, which of course is of utmost importance, is described
in Section 4.2; in our framework, to microlocalize the action of these operators
we introduce a FBI transform, which conjugates the problem to operators on
R™ x S"~! whose microlocal structure resembles that of the Szegd projector. As
in [BG81], we call them “Toeplitz operators”, even though they are not best described
as SQ.S for  a pseudodifferential operators, but rather by a Fourier integral opera-
tor formula, akin to the “covariant Toeplitz operators” of [Cha03]. These Toeplitz
operators turn out to be a very efficient microlocal replacement of pseudodifferential
operators, allowing us to describe refined properties of Fourier integral operators (no-
tably inversion) microlocally in Section 4.3. Besides pseudodifferential operators and
Toeplitz operators, important examples of Fourier integral operators are “quantized
contact transformations”: one can quantize the action of a one-homogeneous sym-
plectic change of variables into a unitary operator, and we do so in Proposition 4.25.

We then turn our attention to the specific problem of the Szegd projector for a
general pseudoconvex open set in Section 5. We prove a normal form theorem for
the 0, operator in analytic regularity, and use it to describe the Szegd projector as an
analytic Fourier integral operator in Theorem 5.3. We then generalise the properties
of Toeplitz operators obtained in Section 4.2 to this more general geometric setting.

Some illustrations of our techniques are presented in Section 6. We discuss in
particular the case of Grauert tubes, and how a natural FBI-type transformation
on compact analytic Riemannian manifolds helps to translate “usual” questions
concerning differential or pseudodifferential operators to the Toeplitz framework,
where they are more easily studied. We prove in Proposition 6.1 that propagators
of one-homogeneous, self-adjoint analytic pseudodifferential operators are analytic
Fourier integral operators. We also discuss briefly how to obtain semiclassical results
from our microlocal toolbox. To our knowledge, there is no general theory of analytic
Fourier integral operators available in the semiclassical case (and certainly not one
which preserves analytic function spaces), and we hope that our results can be of
use in this direction.

The Appendix A-B presents some well-known facts about analytic semiclassical
analysis, which we gather for the comfort of the reader. We discuss in particular the
properties of spaces of analytic functions, their dual spaces (called analytic functi-
onals), and a convenient quotient space of analytic functionals called hyperfunctions.
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1.2. Comparison with earlier work

Microlocal analysis in real-analytic regularity has a long history, but its early
achievements have been shadowed by the success and popularity of the C*° tech-
niques.

Building on an observation that in some formal sense, there are classes of pseudo-
differential operators adapted to real-analytic regularity [BK67], a general framework
was proposed [SKK72] but ultimately, this theory never reached the same founda-
tional status as the C*° counterpart. In particular, a method of proof of Theorem 5.3
using the tools of [SKK72| appears in [Kas77], but the status of this proof and of the
statement itself is disputed; we mention [Kan89| for a more detailed, but incomplete,
discussion of Kashiwara’s approach. One of the initial goals of this work was the
hope to settle once and for all the status of Theorem 5.3.

In contrast, the theory of semiclassical analysis in real-analytic regularity is now
well-developed, after the seminal work [Sj682]. In this setting, one is interested in
improving remainders from O (k) to O(e=""") for some ¢ > 0, rather than improving
remainders from smooth to real-analytic. The semiclassical theory makes full use of
complex-valued phase functions, whose manipulation is perhaps even easier than in
the C'*° case because of the naturalness of extensions into the complex.

It is often said that microlocal analysis is a particular case of semiclassical analysis.
We found out, however, that the usual semiclassical constructions of pseudodifferen-
tial operators, other Fourier integral operators, or even Borel summations of analytic

symbols, was not applicable here. This is chiefly due to the fact that, when presented
$(x)

with an oscillating integral with small parameter, of the form [e' & a(z)dz, we may
remove the areas where Im(¢) > 0 by a simple (smooth) cut-off argument, leading
to O(e_drl) errors. As a consequence, at its present stage of development, analytic
semiclassical analysis deals with errors of size O(e~“""") in C* topology for fixed k.
In the microlocal setting, we cannot afford to introduce cut-offs even in areas of
phase space which we presume are away from the analytic wave front set. Even apart
from stationary phase, cut-and-paste arguments, used to pass from local definitions
of objects in coordinate charts to global descriptions, must be replaced by slightly
more refined arguments of cohomological nature: broadly speaking, we are able to
define how objects act locally and then we can use somewhat abstract gluing tools.
This is a standard approach in the study of holomorphic or real-analytic functions,
but it turns out (see the Appendix A-B) that these arguments already work in the
C™ setting.

Conversely, at least the elementary results of analytic semiclassical analysis can be
obtained from our microlocal setting by considering Fourier modes in an auxiliary
variable; we describe this briefly in Section 6.2.

The book [Tre22] presents an overview of the existing literature on general-purpose
analytic microlocal analysis and some of its applications. Sections 3—4 have been
somewhat motivated by this book, as we found out that adapting the homogeneous
FIO framework to the real-analytic case is not as straightforward as it seems and
many statements and constructions of this book deserved a more thorough approach.
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2. The boundary Cauchy—Riemann problem

This section is a primer on the theory of boundary Cauchy—Riemann problems;
we present some facts which, besides being the basis for Theorem 5.3, will be useful
for the general construction of Fourier integral operators in real-analytic regularity.

2.1. Strongly pseudoconvex domains and CR geometry

DEFINITION 2.1. — Let Y be a (paracompact, boundaryless) complex manifold
of dimension n > 2.

e Let U C Y open. A function p € C?(U,R) is strongly plurisubharmonic when
at every point of U, in local coordinates, the Hermitian matrix [%] ik IS
J

positive definite. (This does not depend on the coordinates).

e A compact real hypersurface X C Y is strongly pseudoconvex when there
exists an open neighbourhood U of X and a strongly plurisubharmonic func-
tion p : U — R, such that dp never vanishes and X = {p = 0}.

The situation of interest is the case where X separates Y into two connected
components; the “inside” component 2 (the one which contains {p < 0}) is then
called a strongly pseudoconvexr domain, independently on the behaviour of p far
inside (2.

Given a general open set 2 C Y with regular boundary, one may ask how holo-
morphic functions on € behave near 9€): whether they can be extended (using, for
instance, the Hartogs theorem) or whether their restrictions to 92 admit a simple
description. As it turns out, these two questions are related and strongly pseudo-
convex domains are exactly those for which restrictions of holomorphic functions
are solutions of a hypoelliptic linear PDE, the boundary Cauchy—Riemann opera-
tor 0y [Koh63]. The Szegd projector S : L?(X) — ker;2(0;) allows to describe the
space of solutions, as well as (after application of the Poisson kernel) the Bergman
space of holomorphic functions on €2. The description of S modulo smooth func-
tions [BS76, Fef76] when X is smooth has numerous crucial applications in complex
and Kéhler geometry as well as geometric quantization. For example, the local defi-
nition of a strongly pseudoconvex hypersurface above, or even an intrinsic definition
mimicking the properties of X gathered in the next Proposition 2.2, are equivalent
to the realisation of X as the boundary of a strongly pseudoconvex open set in C",
with a globally defined and strongly plurisubharmonic p, as soon as n > 3 [Bou75].
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PROPOSITION 2.2. — A strongly pseudoconvex hypersurface X C Y inherits a
CR-structure as follows: T X ® C decomposes as a direct sum of three involutive
components TOVX & TUOX ¢V, where:

o TUOX = TUOY N(TX ®C) is the n — 1-dimensional bundle of holomorphic
tangent vectors.
e TOVX = TOVY N (TX ® C) is the n — 1-dimensional bundle of anti-
holomorphic tangent vectors.
e V is a line bundle over X.
The line bundle ¥ = (TOVX ¢ TUOX)* ¢ T*X ® C is spanned by the real one-
form « : (z,&) — dp(x)(JE) whenever p is a pseudoconvex defining function for X.
Moreover « is a contact form on X, and ¥ is a symplectic submanifold of T*X .

Proof. — Let us prove that « is a contact form; this follows from an explicit
computation in local coordinates

o A (da)™" = [[Vpl| det ([0, Ds:p].)d vol,

where dvol is the standard volume form in coordinates and the Hessian of p is
restricted to TV X @ T X | where it is still non-degenerate.

The other claims follow directly from there. O

Given u € C'(X,C), one naturally forms Jyu as the section of (7% X)* obtained
by restricting du to T(®Y X . Restrictions to X of holomorphic functions naturally
satisfy Gyu = 0, and reciprocally elements of keryz 8, extend into H? holomorphic
functions on Q in the strongly pseudoconvex case [Koh63].

In this article we will only be interested in the situation where X (that is, p) is
real-analytic. The symbol of the differential operator ) can then be extended in the
complex, which allows to define several manifolds of interest.

—_~—

PROPOSITION 2.3. — Let Z = {(z,€) € T*X,0(dy)(z,€) = 0}. Then Z is a
complex submanifold of T*X of complex codimension n — 1.

7 is coisotropic, and defining Z = {(z, &) € T*X, 0/(5;)(:6,5) =0}, then Z and Z
intersect cleanly and

ZINZ=1%.

Moreover T is transverse to the null-distribution (TZ)* = {v € T(ﬁ)/( ), Vo' e
TZ,w(v,v") =0}.

Proof. — Let us consider holomorphic coordinates mapping a neighbourhood in
Y of a point of X to a neighbourhood of 0 in C", with d=p # 0. Then as a subset
of T*Cn = {(x,y,&,m) € C"}, Z is the joint zero set of the functions

(amj _'_ iayj)ﬁ(x7 y)
(axn + iayn)ﬁ(mﬁ y)

p](xvyvgvn)’—>€]+“7]_ (gn_{_znn) 1<]<n_17
pi(z,y.&m) — plz,y)
(i; : (%y,gﬂ?) L Zgja%ﬁ(x?y) + njayjﬁ(x7y)'

j=1
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Analytic Szeg8 kernel and Fourier integral operators 613

The differentials of these functions are linearly independent, and one can check that
the functions p; Poisson-commute with each other. Therefore Z is a coisotropic

submanifold of 7*X whose codimension is the number of functions p; (ie.n—1).

To define Z, we replace p; with the functions
(8xj - iayj)ﬁ(xa y)
(Or,, — 10y,)p(2,y)
These functions again Poisson-commute with each other.

Now, clearly ¥ = Zg = (Z N Z)g. The symplectic gradients of the functions
Diy--yPn-1,P%s--.,Dy_, are linearly independent on ¥, and in fact the matrix of
Poisson brackets +[{p;, pj}];x is everywhere either positive definite (on the half-line
bundle > of positive multiples of «) or negative definite (on the half-line bundle
Y._ of negative multiples of «), see the computations in [BS76]. This concludes the
proof; in particular, the Hamiltonian vector fields of py, ..., p,_1, which span (T'Z)*,
are transverse to 2. O

p; i (zy,&m) — & —in; — & —im), 1<j<n—-1L

From now on we decompose ¥ = ¥, UX_ U {0} where ¥, is the half-line bundle
of positive multiples of +a, on which :I:%[{pj, Pi ik 1s positive definite.

An important consequence of the geometry of ¥ and Z is the following CR-
extension result for X-Lagrangians.

PROPOSITION 2.4. — Let A C X, X ¥, be a real-analytic conical Lagrangian for
the twisted symplectic form w, — wa.
There exists a unique A C Z x Z, Lagrangian in T*X x T*X for the twisted

symplectic form, which contains X\. Moreover A is positive (in the sense of [MS75,
Definition 3.3]).

Proof. — We proceed as in [BS76]. Let A C Z x Z be a Lagrangian which con-
tains \. Then the null-distribution (TZ+ x {0}) & ({0} x TZ") belongs to TA. By
Proposition 2.3, this distribution is involutive (because Z is coisotropic); it is trans-
verse to T\; its complex dimension is 2(n — 1) = dim(A) — dim()). Therefore A is
exactly the union of the leaves of this distribution which pass through X. The posi-
tivity of A is then a direct consequence of the positivity of the matrix 1 [{p;, pj}];x
on >.

2.2. Classical normal form

At the level of the operator J,, the strong pseudoconvexity of X is reflected in the
following facts:
e the real characteristic ¥ = {(x,£) € T*X,0(d,) = 0} is symplectic;
e denoting (py,...,p,—1) the components of o(dy), one has {p;, px} = 0 for all
j, k, while the matrix %[{pjam}]j,k is everywhere either positive definite or
negative definite.
There is a universal local model (depending only on the dimension) for the principal
symbols of such operators, whose construction is presented in [Bou74, Appendix II]
in the smooth case. We review this proof in the analytic setting. This local model is
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614 A. DELEPORTE

an important tool in the description of the Szeg6 projector in the smooth case, and
we will also use it in our setting. The local model we will use is the vector-valued
differential operator Dy acting on R~ x R}
0 0

Dy)i=—t— —x,—, 1<7<n—-1.

( 0)] o 2 J ayl J
This differs from the local model considered in [BS76]. Our choice of Dy, with a
polynomial total symbol, will facilitate handling subprincipal terms in the quantum
normal form in Section 5.1.

LEMMA 2.5 (See also [Bou74, Proposition 10.10] for the C*° statement). — Let
1 <r <m. Let ¥ C T*R™ be an open cone. Let py,...,p, be %—homogeneous,
real-analytic, complex-valued functions near Y, such that:

e all the Poisson brackets {p;, pr} and {p;, px}, for 1 < j, k < r, vanish on ¥;
e all the Poisson brackets %{pj,ﬁ}, for 1 < j,k <r, are equal to ;;, on X.

Then, in a conical neighbourhood of ¥, there exist p), ..., p., homogeneous, real-
analytic, equal respectively to p, ..., p, along with their first derivatives on 3, and
such that {p}, pj.} = {p}, pi} = %{p},p}c} — &, is equal to 0 everywhere, and the ideal
generated by py, ..., p, coincides with the ideal generated by pi, ..., p..

Proof. — We proceed by induction on r. The claim follows immediately from the
following two properties:

(1) Let V' C T*R™ be a conical open set. Let p : V — C be %—homogeneous7
real-analytic; suppose that {p, p} bounded away from 0 on V. (In particular,

dp is bounded away from 0 on V.)
Then there exists a small neighbourhood W of {p = 0}, and p' : W — C,
with the same properties, such that {p = 0} = {p = 0}, and %{p’,ﬁ} = 1.
Moreover, for every function ¢ : V' — C such that {p,q} = {p,q} = 0, one

has also {p,q} ={p’,q} = 0.

(2) Let V. C T*R™ be a conical open set. Let p1,...,p.,q : V. — C be %—

homogeneous and real-analytic; suppose that {p; = --- = p, = 0} is a regular
energy level near V', and that {p;,pr} = {p;, pr} = %{pj,ﬁ} — ;1 = 0. Sup-
pose also that {p;, ¢}, {p;, ¢} vanish on {p; = p; = 0}, on which {q¢, g} is
bounded away from 0.

Then there exists a small neighbourhood W of {p; = p; =0} and ¢ : W — C
a %—homogeneous, real-analytic function, which is equal to ¢ along with its
first total differential on {p; = p; = 0} (in particular {¢, ¢’} is bounded
away from 0 and the ideal generated by p1,...,p,, q coincides with the ideal

generated by p1,...,p,, ¢'), and such that {p;,q} = {p;, ¢} = 0 everywhere.

Let us prove property (1) first. We want to correct p into p’ = ap, where a is real-
valued. After this modification, the symplectic bracket with the complex conjugate
reads

{v'.p'} = |al*{p, P} + ap{p, a} + ap{a, p}.
Letting A = a2, this simplifies into

(0.7} = Alp.p} + 5p{A. 5} + 5p(p. A}
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Therefore we want to solve the transport equation
1

where Y is the (real-valued) vector field 3(—p=; + p=,) (where Z; denotes the
symplectic gradient of f).

This vector field is singular along the codimension 2 set {Y =0} = {p = p = 0}.
Moreover it enjoys an absorbing property: all trajectories of +Y converge exponen-
tially fast to the singularity in positive time. Indeed, since %{p, P} has constant sign,
|p|? is a Lyapunov function for this vector field.

Therefore, by the method of characteristics, there exists a unique A in a neighbour-
hood of {Y = 0}, real-analytic, and such that Y - A + 3{p, p}A = 1, and moreover
it is real-valued.

If ¢ is such that {p,q} = {p,q} = 0, then both Y and {p, p} commute with ¢, so
that A does as well.

To prove Property (2), we simply observe that the complex submanifold {p; =
p:j = 0} is transverse to the flows of p; and p:] We can therefore set ¢ = ¢ on this
set, then extend it to be constant along the flows of p; and p;. O

PROPOSITION 2.6. — Let Py € X4.. There exists a real-analytic contact transfor-
mation k from a conical neighbourhood of Py in T*X \ {0} to a conical neighbour-
hood of (0,0,0, (£1,0)) in T*(R"! x R™), mapping P, to (0,0,0,(£1,0)), and a
real-analytic, 0-homogenous map C' from a conical neighbourhood of zo in T*X \ {0}
to GL(C" 1, QUO(X)), such that

(0)(2,¢) = Ca(Do)(k(z,C)).

Proof of Proposition 2.6. — Let us apply Lemma 2.5 to the J, operator: the
components Z1,..., Z,_1 of its symbol satisfy, near any point of the characteristic
set XF,

1 _
{Zj, Zk} =0 on E, + ;{Zj, Zk} > 0.

Let M : ©7 — GL(n — 1) be the positive square root of the matrix +3{Z;, Z,};

extend M arbitrarily into a %-homogeneous, real-analytic function from a neighbour-

hood of X into GL(n —1). Let 2 = M~'Z. The ideal generated by z coincides with
that generated by Z, and on particular z vanishes on ¥, where

{zj, 2} =D (M (M) wi{Z1, Zn} = 0,
lm
whereas
1 E— _
g{Zja Zi} = Z(M_l)jl(M_l)kmg{Zza Zm} = s
l.m

Then, we let u; = Re(z;) and v; = £1Im(z;) and directly obtain the situation of
Lemma 2.5:

{uj, ur} = {vj, v} =0, {vj, vk} = g
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Letting 2} = u; 4 7v}, then the ideal generated by 2’ coincides with that generated
by Z.

We are almost ready for the normal form. We let w be any non-vanishing,
%-homogeneous, real-valued function on a neighbourhood of ¥ which commutes
with 21,..., 2}, and we consider the following functions:

z; = uw, & = viw, m = +w?.
By construction, the z; are 0-homogeneous while 7; and the {; are 1-homogeneous,
and {z;,zr} = {z;,m} = {&,m} = {x;,&} — 0,5 = 0. The ideal of real-analytic
functions generated by the one-homogeneous family (dy); = x;m+i&; = wz; coincides
with the ideal of real-analytic functions generated by z’, which is the same as the
ideal generated by Z. All in all, we obtain that, for some invertible matrix C, one
has Z = Cd,.

Completing the coordinates (xi,...,2q4,&1,...,&,m) into a canonical transfor-
mation of a neighbourhood of X' into a neighbourhood of x = £ = 0,y = 0,
+m1 > 0,(n,...,m,) =0 in T*R"! x T*R", we can exhibit a canonical transform

k as requested. 0

2.3. Results from the smooth theory

Propositions 2.3, 2.4, 2.5 and 2.6 are also valid in the C'*° category, after a suitable
replacement of holomorphic extensions by almost holomorphic extensions (in fact,
our method of proof for the classical normal form applies to this situation as well,
and is much simpler than the one presented in [Bou74, Appendix 2]). The main
result of [BS76] is then that, with A = diag(X, ), and A as in Proposition 2.4, then
the Szeg6 projector S on X is a Fourier integral operator associated with A, modulo
an operator which sends D’'(X) into D(X). Since A is a half-line bundle over X x X,
one can represent this Fourier integral operator, globally, using a phase function
with one phase variable, as follows:

+oo |
S(ey) = [ eI s(a,y )t

One can construct ¢ using the almost holomorphic extension of a defining function p.
The Lagrangian A is idempotent (and indeed S is a projector), and a study of
Fourier integral operators with Lagrangian A is performed in [BG81]. This book
avoids the notion of Fourier integral operators with complex phases and only considers
operators of the form SPS where P is a pseudodifferential operator on X, but it
turns out that general Fourier integral operators with Lagrangian A, in the smooth
category, are of this form. We will use the following precise version of this result.

PROPOSITION 2.7. — Let A be a (smooth) Fourier integral operator with La-
grangian A. Then there exists a pseudodifferential operator () on X such that [Q), S]
and A — SQD are continuous from D’ to D.

Proof. — By induction we only need to prove the result at principal order, and
by [BG81, Proposition 2.13] we may drop the condition that  and S commute.
Therefore we are only searching for the principal symbol ¢ of a pseudodifferential
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operator (), such that the principal symbol of SQS is that of A. An application of
stationary phase shows that SQS has an distributional kernel of the form

+oo |
SQS(x,y) :/0 e a(z, y;t)dt,

with principal symbol a : ¥, — R equal to qy. Hence, given A, we can extend
arbitrarily its principal symbol to the whole of T*X and obtain an approximation
at first order. O

2.4. The case of the cylinder

A particular case of a pseudoconvex hypersurface (albeit not compact) is {z € C",
Ilm(z)| = 1}; indeed the function p : z — |Im(2)|? is strongly plurisubharmonic
everywhere.

There is an explicit description of the Szegé kernel in this case, and one can
directly establish many properties which we will generalise only in Section 5.2. This
particular case will be useful in our construction and characterisations of general
Fourier integral operators in real-analytic regularity in Section 4.2.

PROPOSITION 2.8. — The Szegb kernel on R™ x S"~1 is
1 i(z—w)-§
- de,
(2m)" Jre [gno1 €2Edy
which defines a holomorphic function of (z, ) on (R™ X Bgx(0,1))?\ diag(R™ x S"~1).

In particular, the Szegé projector S has a distributional kernel analytic away from
the diagonal.

K(z,w) =

A related formula concerning the Bergman kernel appears on p. 100 of the manu-
script [EM90].
Proof. — The first step is the study of the function
My 2 & — - e¥dy.
This defines an holomorphic function on C". When restricted to R", it is a radial
function and, by the Laplace method, its asymptotics for large argument are

n—1 1 n+1 n
(2.1) my,(rw) = 22|S”_2|F(n;— )r_;rer + Or_>+oo(err_¥),
where |S™7?| is the area of the unit n — 2-sphere. Let (z,w) € (R™ X Bgx(0,1))?
diag(R™ x S"1). Then |Im(z — w)| < 2 and furthermore |[Im(z — )| = 2 =
Re(z — w) # 0. Thus, by formula (2.1), the integral

[, e (26) g

is well-defined, real-analytic on its domain, and holomorphic with respect to (z, ).
One can directly check that K(z,w) is self-adjoint.
It remains to prove that, for every f € L*(R" x S®1) which extends into a holo-
morphic function inside R"™ x B(0, 1), one has f(z) = [ K(z,w)f(w)dw. By density,
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618 A. DELEPORTE

it suffices to prove this fact when f € S(R™ x S®1). Given such an f, its Fourier
transform with respect to the first variable reads

s _ 1 —ix! / . /
flE) = G [ e 6+ i

in the sense that

1 & (e

o7 Jo O GV

We now apply a contour deformation to the integral defining f (&;y), replacing o’

with 2’ + i(w — y) for w € S*'. We are at liberty to do so: in the homotopy of

contours z’ — ' +it(w —y) for t € [0, 1], on {t € |0, 1]} the function is holomorphic,

and it extends smoothly up to the boundary. The fact that f € S ensures sufficient

decay as |2'| — 400 to guarantee that one can apply the contour deformation.
Thus, for every w € S"~!,

fla +iy) =

-~

1 o .
Flesy) = g [ eSO @+ iwar

2m)?
We now average this over w € S™~! with respect to the probability density
e 2w
T ma(2g)
which yields
f&y) = (27r1)75 /Rnxsn—l i€ =@ =) (1 (26)) 7L f (2! 4 dw)da’dw.

Applying now the Fourier inversion formula, we obtain finally

. 1 i&-(ztiy— (2’ —iw - ;
fla+ i) = oy Lo S 0, (26)) 7 (2 i) dédadu
This concludes the proof of Proposition 2.8. U

PROPOSITION 2.9. — 3, is locally analytic hypoelliptic on R™ x S™=1 by which
we mean the following property: if u € L*(R"™ x S"~1) and Oyu is real-analytic on an
open set V', then (1 — S)u is real-analytic on V.

Proof. — 1t suffices to prove the claim in the case where V' is bounded. Let V}; € V'
be a smaller open set and let (xn)nyen be a family of smooth functions supported
on V', such that xy =1 on Vj, and

Such cutoffs will be used systematically in Section 3.1, and we postpone until Propo-
sition 3.4 the proof of their existence. Let us recall from the Leibniz formula that

uweC¥V)=3C,R, Vn €N, IV (xnu)||z2 < C(Rn)" = u € C¥(V}).

Since V is relatively compact, we have more generally the following characterisation:
let (Z1,...,Z) be a finite family of real-analytic vector fields on a neighbourhood
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of V', which span T'V at each point. Then

weC’V)=3C,R, VneN, Vuel[lk]",
2 Zyy - Zp(Xn0) || 2 < C(Rn)" = u € C¥(V7).
Here, by convention, when Z is a vector field on R™ x S"~! and u is a function on

R"™ x S 1 we call Zu the Lie derivative of v with respect to Z.
The following vector fields are particularly suited to our problem:

0

XJ:aTCj 1<j<n,
0 0 0 0

Yip = — W — ; 1<j, k<

J.k wkaw]‘ Wi a(Uk xkaxj —f—[E] al,k SWE n

Indeed, these vector fields span T(R™ x S"~1), and they preserve all of the geometry:
X, acts by translation on the z; variable, and Yj; acts by rotation in the plane of
the variables (y;, yx). Thus, the Lie derivatives along these vector fields all commute
with J, and its adjoint 5:, hence they commute with the Szegé projector S. Now,
given u € L? such that dyu is real-analytic on V, one has, for every n € N and every
multi-index p € 1, £]",

1201+ - 2 (L= S) O[22 = [[(1 = ) Zpy -+ Zps, (X)) || 122
< Hgme o Ly (Xnu)

=2 - 2,00 ()

where we used Kohn’s hypoellipticity result ||(1 — S)ul|z2 < ||Opul|z2 [Koh63].

To conclude, since x, = 1 on V; and the kernel of S is analytic away from the
diagonal by Proposition 2.8, then for every V, € V3, the sequence ((1—S5)(1—xp)t)nen
is bounded in some fixed space of analytic functions on V5. Therefore we can conclude
that

L2

LQ;

IC, R,V e [1,k]", | Z, - 2, 0p(1 — S)ull 2y < C(Rn)",
and the proof of Proposition 2.9 is complete: (1 — S)u is real-analytic on V5. ([l

3. Amplitudes and phases

This section serves as a technical preliminary for the definition and study of Fourier
integral operators in Section 4. We study in detail spaces of amplitudes adapted
to the real-analytic regularity, and we state and prove a stationary phase result for
these spaces of amplitudes.

3.1. Amplitudes in analytic microlocal analysis

This section takes inspiration from [Del21, Sj682, Tre22].
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CONVENTION. — Given U C R" open, z € U, and u € C?(U,C), we let

2

Vu(x)| = ( > raau<x>|2)

a€eN™ |a|=5

DEFINITION 3.1. — Let Q C R7' x Ry be an open cone in the second variable,
and let d € R. A (homogeneous classical) formal analytic amplitude of degree d is a
sequence (ay,) of real-analytic functions on ) such that a, is homogeneous of degree
d — k, and such that there exists C' > 0,p > 0, R > 0,m > 0 satisfying the following:
for every j, k., € Ny, for every (x,0) € Q,

PR+ k+0)! 1|7t

ViViad(z,0)| < C Tk

For every m, p, R, the best constant C' in this inequality is written ||al| gp.r -

If (ag)een is a formal analytic amplitude, then for every ¢, a, is a real-analytic
function of (x,#), which extends to a fixed size neighbourhood of the real locus,
where it satisfies ||as(1 + |0]) =9~ < C(R')*!. This turns out to be an equivalent
definition of a formal analytic amplitude. If €) is compact with respect to the first
variable, one-homogeneous analytic changes of variables in x, # preserve the space of
all formal analytic amplitudes, even though they may not individually preserve the
Banach spaces S%%(Q).

Given a paracompact conical analytic manifold, we may then define formal ana-
lytic amplitudes on X as sequences of real-analytic functions on X with decreasing
homogeneity, which satisfy the controls of Definition 3.1 locally in charts.

DEFINITION 3.2. — Let 0 C R x R} be an open cone in the second variable,
and let d € R. An analytic amplitude of degree d on §2 is a smooth function a on )
such that there exists R > 0,p > 0,C > 0 satisfying the following:

V(2,00 €Q VE<IO/R, Vi |[ViVia(x,0)| < CpEG + k)01

An analytic amplitude is real-analytic with respect to z, and extends into a holo-
morphic function of x; an alternative definition of an analytic amplitude is the
estimate

VE<IO/R,  |Via(x,0)] < CptRlo1"

on a whole neighbourhood of the real locus in x. Thus, again, we may speak of
analytic amplitudes on 2 C X x R} when X is a paracompact analytic manifold.

Remark 3.3. — Despite their names, the analytic amplitudes as in Definition 3.2
are not real-analytic functions. The main reason for this definition is that the Borel
summation of a formal analytic amplitude into an analytic amplitude (Proposi-
tion 3.5) will involve a lowest term summation, which requires cut-off functions in
the variable |f|. Tréves calls such functions “pseudo-analytic” [Tre22] but unfortu-
nately this term, like many other variations upon the word “analytic”, already refer
to well-established mathematical objects.
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Analytic amplitudes are stable by “phasification” of the variables: denoting = =
(x1,22), where ;1 € R™ and xs € R™2 and similarly R™2™ 35 § = (6;,6,) >
R™2 x R", if some amplitude a is analytic on Q C R™*™2 x (R™\ {0}), then so is

(R™) x (R™ x (R"\ {0})) D Q2> (21,0) —> a((x1,6,/]02]),02).

The converse, however, is not true. We will say that an amplitude a is mazimally
analytic if, writing § = Mw in spherical coordinates, the function ((z,w),\) +—
a(x, \w) is an analytic amplitude.

A last immediate consequence of Definition 3.2 is that analytic amplitudes belong
to the usual Hormander symbol classes, even as they are extended holomorphically
with respect to the first variable.

In order to build analytic amplitudes starting from formal analytic amplitudes,
the following construction of cut-off functions will be useful.

PROPOSITION 3.4 (See [Hor71l, Lemma 2.2] and [Tré22, Section 3.2 (Ehrenpreis
cutoffs)]). — Let K, L be closed sets of R? at positive distance from each other.
There exists a sequence of compactly supported functions (xn)n>1 € C®°(R%,[0,1])
such that xy =0 on L and xy =1 on K, and a constant p > 0 such that

(3.1) VNeEN,VjeN, j<N=|Vxn <(pN).
Proof. — Let K C K’ such that KN L =0K'NK =0, and let
¢ = min(dist(K’, L), dist(K,0K")) > 0.

Let ¢ € C°°(R?, [0, +00)) be supported on B(0, 1) and such that [za ¢ = 1. Given
a >0, let

bo i — a Pp(a ).

The claim follows from the following choice of cut-off functions:

XN = ¢CN*1 koee ok chN*l *1 g

N times
Indeed, letting p = ||V.|/11, one has ||[Voon-1||zr = pN, while ||¢en-1][zr = 1 and
|1 x| L= = 1; altogether we find the desired bound. O
PROPOSITION 3.5. — Let (2 C R* x R} be an open cone with respect to the

second variable. Let (ay)reny be a degree d formal analytic amplitude on ). Then
there exists a degree d maximally analytic amplitude a on ), and constants C, p
such that, uniformly on a complex neighbourhood of §2 in the spherical variable, for
every N € N,

N-1
a(z,0) — > ag(z,0)| < CpV NG|,
k=0

Any analytic amplitude whose extension satisfies the bound above will be called a
realisation of the formal amplitude (ay)gen. Two extensions of analytic amplitudes
realising the same formal amplitude have a difference bounded by e~ for some
¢ > 0, on a whole conical complex neighbourhood of ) with respect to the first
variable.
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Proof. — Let us first prove the last fact: letting Q be a complex neighbourhood
with respect to the first variable, suppose that

V(r,0)eQ, VNeN, la(z,0)|<CpVNIGIN.
Writing N = «|f| and applying the Stirling formula gives

(z,0)| < C|6|%(ap/e)?;

elf|
4p

e\9|

For 6 large enough there is an integer N between and =, and we obtain

eld|
(@, ) < ClOI(1/2) % ;

hence the claim.

We now give a direct construction of a. Let (xn)nyen : [0,4+00) — [0,1] be a
sequence of Ehrenpreis cutoffs as in Proposition 3.4, equal to 1 on [0, 1] and to 0 on
R\ [0, 2].

Given (ag), € S2%(Q), the claim follows from the choice

a:(z,0) HZW z,0) (1—><e+1<;f|1>>

/=1

where ¢ is chosen small enough depending on R.

From now on we pass to spherical coordinates and write § = A\w, X = (z,w). Let
us prove that a is an analytic amplitude. Given (X, \) € Q, j € Nand k < A/R, one
has

\vi 8AaX/\ ZV 0/\ agX/\))<1—Xe+1< A >>

I<e ¢ +1

Let us first control the terms where no derivatives hit x,.1. If ¢ < then

4R’

A .
Z (1 — Xe+1 <€j_1>>vjx8§ag(X, )\)

/<cA

< llallger D° XTTFG + b+ O R

<

< lallger (5 +B)N2p) AR Y7 (2R) 0N

I<eA
< 2l gp i + 2P NS,

where we used the inequality (j + k + £)! < 27¥(j + k)!0! and the fact that, on
0 < £ < e, the family (2R)“!\=* decreases with ¢ faster than a geometric sequence
of ratio %

Now we treat the case where one of the derivatives has hit y,.;. The support of

A= X/€+1(e(-:T/\1) is included in £ < ¢+ 1 < . If moreover k < e\ with e < £, then
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for every m < k, one has m < % ¢ + 1. Therefore

> Z ( >3§1Xe+1(£:\1)v N "ar(X, N)

I<eAm=1

< Ha“Sg,R 3 Z ( ) TR R 4 ke — 4 )N

—1<t<er—1m=1

<HM$M@V%U+@M*k S Y (20 @R — myA
L _1U<er—1m=1

1

Since m < g, we perform a change of variables and obtain, provided ¢ < 4%,

> Ek: ( >3T><e+1<€(fl>vj D5 ay(X, N)

I<cAm=1

< llallgp k(P2 RY G + RN 2RPAT(p+ 1)!

0<p<ea—1

< 2|l gom(16p*RYFE(j + )N

It remains to show that a = Y0, as + On(A*NV~1) with the required growth in
N > 0. First

CcA
(X, ) r—>;)ag (X, )\)Xg+1<€+1>

has compact support, and is uniformly bounded as follows:

Za (X, \)x ( cA ) < imud—ﬁx ( eA )
¢ 41 X PR . /41 ;
o AV S0 et

for this sum to be nonzero, we need cA < N + 1, moreover ¢ — R\ is log-convex
so that

cA
Zae (X )\)Xe+1<£+ 1)‘ < [lallgp.r X (N + 1)max(1,RNN!)\’N)]1)\<%.
/=0

N
Moreover if A < % then NIA ™V > (5) , so that, all in all, for some R; large
enough,

< ||a||Sg,RR{V+1(N 4 )INN

cA
Zae (X, )\)Xé+1<£+ 1)

=0

It remains to bound

S cA O g ydt
> a1 =xen | 7 )| < llallggn 32 ROX
(=N+1 (=N+1
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If c < 2R, the first term in this sum is RN“(N + 1)IA4"N=1 "and the ratio between
two consecutive terms is smaller than 1 5; thus

Jrzo:o ap( X, \)x < eA )
¢ 0+1
(=N+1 t+1

This concludes the proof of Proposition 3.5. O

< 2l|allgp.r RN + 1IN

Remark 3.6. — It is not clear to us which natural conditions one can impose
on the formal amplitude a to be the expansion at large |0| of an analytic function;
many estimates and considerations in this section are much easier in this case. This
seems to be an instance of resurgence. It would be interesting to study if the space
of such formal amplitudes is stable under the natural Fourier integral operator
manipulations.

PROPOSITION 3.7. — Let (a;)jen, (b;)jen be two formal analytic amplitudes on
an open cone (2. Let a,b be respective analytic realisations of (a;);en, (b;)jen. Then
ab is an analytic amphtude which realises the Cauchy product ((a * b);)jen =

(90 achj—e)jen-

Proof. — One can directly check that ab is an analytic amplitude and that
((a*b);)jen is a formal analytic amplitude. Now (counting some terms twice)

N-1

a(z,0)b(x,0) — Y (a*b)y(x,6)
k=0
RN N-1
< |a(x, 0)b(x,0) — aj(z, O)be(x,0)| + D aj(z,0)be(z,0)|.
j=0 (=0 =Nzt
The first term of the right—hand side is equal to
a(z,0)| b(x,0) Znge + Y bz, 0) | alz,0) — Za] :
=0 Jj=0
so that
= g N1 na (N —1
a(z,0)b(zx ZZ (2,0)b(z,0)| < ClO|T "2 p2 5 L.

To treat the second term, observe that, given j 4+ ¢ € [(N —1)/2, N — 1],
(32) laj(w, 0)be(w, O)] < Capld] ™47 =5p™(j + 0)!

N1 N N —1
<Ca,b|9|d"+d”max(|9|‘N“pN‘1(N DL 161 < 2 >'>

where in the last inequality we used the fact that the middle quantity is a log-convex
function of j 4 ¢. Altogether if |0|_¥p¥(%)! < |7V pN LN —1)!, the proof
is complete.
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Similarly, one can write

a(, )bz, 6) — kz_j (a % b)i(x,6)
< |a(x, 0)b(x Z X_: (x,0)be(x,0) + Z la;(z,0)bi(x,0)|,

and if |9| 2N 22N 22N — 2)1 |07V pN (N — 1)!) we can conclude using (3.2)
again.

The sequence (vg)reny = (|07 ¥p"k!)pen is decreasing on {k < |0]/p} and increas-
ing on {k > |0|/p}. Therefore if both UN_1 and von_o are greater than wvy_q,

then N —1 ¢ [%, 2'%']. Under these circumstances, by the Stirling formula, all of
UN_1,UN-1, V2N -2 CAD be bounded by e~ for some ¢ > 0, and for p’ large enough,
e~ < ()N G|=NFL(N — 1)!; this concludes the proof of Proposition 3.7. O
PROPOSITION 3.8. — Let €2; C R™ x R™ x R™ and 2y C R™ x R" x R™= be
open cones with respect to their middle variables. Let ¢ > 0 and let
0 (,0,y,7,2) € R™ x R™ x R™ x R"" x R"
@0y € (ym2) € Qo b <rl <)

Let a; : Q; — R and ay : Q5 — R be analytic amplitudes (real-analytic with respect
to their first and third variables). Then

A: Q3 (2,0,y,7,2) — a1(z,0,y)as(y, 0, 2)

is an analytic amplitude (real-analytic with respect to its first and last variable).
Moreover, if a; and as are respectively realisations of formal analytic amplitudes
(a1,5)jen, (ag;;)jen, then A is a realisation of the Cauchy product

J
(Z al;é<x797y)a2;j—f(y>7-7 Z)) )
jeN

=0
the latter being a formal analytic amplitude on ).

Proof. — The key property is that, on €, the quantities |0|, |7| and (|7]* + 16]2)2
are comparable. Therefore (x,0,y, 7, z) — ai(z,0,y) is an analytic amplitude on €2,
which realises the formal analytic amplitude ((z,0,y, 7, 2) = a1,(x,0,y));en, and a
similar property holds for a,. By Proposition 3.7, the proof is complete. O

We conclude this section with a practical example, related to Proposition 2.8, and
which will allow us to prove that the Szeg6 kernel takes the form of an analytic
Fourier integral operator, in the sense of Section 4.

PROPOSITION 3.9. — Define the following open cone in C%:

Q={zeC, [Im(2)* < [Re(2)*};

recall that the function r : Q > z — Z] | 27 Is well-defined and holomorphic.
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Then

a:zvr+— e_r(z)/ e“Ydy
Sn—1

is an analytic amplitude which realises the formal analytic amplitude
- —1)(d—-3)...(d—25+1 1 .
jEN

274! 2
Proof. — Let us first study the elementary properties of a on 2.

S9! is a real contour in the complex manifold S4-! := {w € C%, 3>, w} = 1}, on
which w +— e*“ is holomorphic. This manifold is preserved by the linear action of

—_—~—

O(d) := {M € My(C), M"M =1},

—_~—

whose action is transitive; more generally, for every A € C\R™, O(d) acts transitively
on {z € Qy,7(z)* = A}. The function r is itself O(d)-invariant.

To prove that a itself is O(d)-invariant, let z € Q2. By the previous considerations,

—_—~—

there exists M € O(d) such that Mz is of the form ax where z € R? and Re(a) > 0.

P

Since O(d) is connected, one can deform the contour of integration into {M 1w,
w € S and then 2z - M~'w = az - w. Thus a(z) = a(Mz), so a is O(d)-invariant.

Using this O(d) invariance, to prove that a is the realisation of a formal analytic
amplitude, it suffices to prove the required estimate for a(Rae;), where R — +00,
la] =1, Re(a) > |Im(«)|, and e; is the first vector of the base.

One has

d—1

a(Rael) _ ’Sd—Q‘ /11 e_Ra(m—l)(l _ IQ)Td;p,

where |S972| is the area of the unit sphere in R?~1. Letting z = 1 — y, we rewrite
this integral into

d—1

_ 2 _
a(Raey) = 2%\8(1_2\/0 ey T (1 - g) ’ dy.

Let us decompose this integral into two parts. If y € [1,2], then |[e=%| = ¢~ Re(e)Ry >

e V5 is exponentially small. On [0, 1], we will replace (1 — %)% by its Taylor series
at 0. First

aj<1_y)d§1 B (d—l)(d—3)...(d—2j+1)(1_y>d;1j
I\ 2 2 5 .

Let ¢ be a small constant (to be determined later on), and let Jp = [c¢R|. We write,
for y € [0, 1],

( y)d i(d—l)(d—B)...(d—QjJrl)

1-= —
2 27!

v+ y"" (),

o ( )( ) ( )
su I <
ye[OI,)l] a0 47r Jg!
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Notice that the sequence

<(d—1)(d—3)...(d—2j+1)>

2i !

jEN
is bounded; for every j > d/2, from j to j + 1 the general term is multiplied by
(d—2j—1)(j+1) € [-1,0].
For every k > 0, y > 0 and |a| = 1 with Re(a) > |Im(«)],
‘e—ayyk’ < e—Re(a)yyk < e—%yk < kkek(log(\/i)—l) < kP
We apply this inequality at k = Jg + 1 + %, and obtain
1 _ ’
'/0 eaRyy(gl-l-JRFJR(y)dy’ < (CR)CRR—CR < Ce—cR

for some ¢ > 0, if ¢ is small enough. It remains

TR (d—1)(d—3)...(d—2j+1) [t 1
‘;( d—3)...( J+)/OeaRyyd21+de_

d—1
27 :
27 41

And to this end we use that, for every & < %,

sup ‘e‘aRyyk‘ < e_R/‘/i;

y€[1,400)

applied at k = j + <L 4+ 2, we obtain

< Ce 9F,

f (d—1)(d—3)...(d—2j +1) /+oo Ry 5t g
5 274! 1

Now we can conclude:

a(Raey) — Z 2

(d—1)(d—3)...(d—2j+1)
‘ 2i 1

< Ce—c’R
2
and by ad/)—invariance, for every z € (),
_iﬁl Sd_Ql(d— 1)(d—3)...(d—2j+1)
j=0 2! < Ce @M.

) O

Using the Cauchy formula, we deduce a similar formula for all derivatives of a,
which concludes the proof that a satisfies the derivative bounds of an analytic
amplitude. O
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3.2. Stationary phase

The goal of this section is to obtain a stationary phase theorem adapted to our
notion of analytic amplitudes. We will have to deal with complex-valued phase
functions, and our first step is a study of the contour deformations necessary to
reach the critical points.

PROPOSITION 3.10. — Let K € Ry x RJ". Let ¢ be a real-analytic function from
an open neighbourhood of IC to {z € C,Im(z) > 0}. Suppose that VZ(b, the matrix of
second derivatives with respect to the second set of variables, is invertible everywhere
on KC and that Im(¢) > 0 on 0K.

Then there exists a constant ¢ > 0 and a covering of K by two open sets U; and
U, of R™™ such that the following is true.

(1) There exists a real-analytic map s, : Uy — R} x C* with the following
properties:

e 1, acts as the identity on the first variable.

e k, is a diffeomorphism between Uy and its image I'y C R} x {|Im(y)| < c}.

e [y is a totally real submanifold of C* x C™.

e Im(¢p) > c on 0T';.

e k, is isotopic to the identity among the maps satisfying the four previous
properties. (We will henceforth call this isotopy a contour deformation,
and call 'y a contour.)

e [or every x € R", in each connected component of I'y(y) := {y € C™,
(x,y) € T'1}, the holomorphic extension gz~5 of ¢ admits exactly one critical
point y* with respect to x and the real part of ¢~5 is constant.

° Vf,(lmgzﬁo K1) = ¢, and the phase, at the critical points, has non-negative
imaginary part. B

(2) There exists a contour I'y deforming Us, on which Im(¢) > c.

Proof. — Let V' be a neighbourhood of L on which ¢ is defined and det Vng is
bounded away from 0. Let € > 0 be small enough. We define

U ={(z,y) e V,IVyo(z,9)l < e}, U ={(x,y) €V, |[Vyd(z,y)| > ¢/2}.

Since det V2¢ is bounded away from 0, for every (z,y) € Uy, there exists a unique
critical point (z,y*(c)) of ¢ closeby (at distance of order €). Moreover, again because
of the nondegeneracy, a small neighbourhood of (z,y*(x)) contains the connected
component V' of Uy N ({z} x R™) to which (x,y) belongs.

On this neighbourhood of the critical point, we apply the holomorphic Morse
lemma: there exists a biholomorphism o (with real-analytic dependence on x) such
that ¢(z,y) = o(x,y)* + oz, y"(x)).

We are able to deform V' into a neighbourhood of 0 in {o € iR"}, first by straight-
ening o (V') into its tangent space at some point 7o, then by translation and rotation,
since the set of the totally real linear subspaces is open and connected.

On Uy, where |V, ¢(z,y)| > €/2, we deform using the ascending gradient flow of
Im@) on C™. After a time €, the imaginary part of the phase is incremented by
a quantity bounded below everywhere except in the vicinity of real points where
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V, Re(¢) is small. This can only happen if V, Im(¢) is large, which only happens if
Im(¢) is large to begin with. Thus, after this gradient flow, Im(¢) is bounded from
below everywhere.

To conclude the proof, it remains to show that, among the critical points sufficiently
close to U;, the imaginary part of the phase is never negative. We proceed by
contradiction and suppose that there is such a critical point close to a point P € U;.
Up to a linear transformation by an element of G L,,(R), near P, the second derivative
of the phase with respect to the second variable y; is nonzero. We can therefore apply
the analytic Morse lemma in the variable y;, with all other variables as parameters.
This transforms U; into a piece of real curve in C, parametrised by the other variables.
By hypothesis, the imaginary part of the phase is strictly smaller on the image of
the real locus by the Morse biholomorphism than at the critical point. Hence, this
piece of curve belongs to either one of the two quarter spaces in C where Re(y?) > 0.
Since these quarter spaces have a corner at 0, the image of U; cannot get close to 0
without the second derivative of the phase along U; getting large. This is not possible
because K is compact. O

The contour deformation above allows us to prove a stationary phase result. Mind
that there is no assumption of uniqueness of the critical point, so that the result of
the stationary phase is a sum of different contributions coming from the different
critical points.

PROPOSITION 3.11. — Let €2y be an open subset of R™* x R™ conic with respect
to the second variable and relatively compact, and let ()3 be an open, relatively
compact subset of R™. Let ¢ : ()1 x Q9 — C be real-analytic and one-homogeneous
with respect to 0, which extends to a small neighbourhood of €}y x 5. Suppose the
following:

e ¢ takes values in {Im(z) > 0}.
e V¢ is nonsingular.
° Im(gb) > 0 on 3(91 X QQ)

Let a : Q1 x Q9 — C be such that ((z,y),0) — a(z,0,y) is an analytic amplitude.

Then there exists a finite collection of open conic subsets Vi, ...,V of §, real-
analytic zero-homogeneous functions y; : V; — €y, analytic amplitudes b; on Vj,
and € > 0, such that, for every (x,0) in a small complex neighbourhood of Q) with
respect of the first variable,

N -
/Q @0V q(z,0,y)dy — Z 1(x’e)ewew(z,&y]*-(x,@))bj(% 0) = O(e_ew‘).
2 j:1
Moreover Im(¢)(z,0,y;(z,0)) = 0 on V; and Im(¢)(x,0,y;(x,0)) > €[0| on IV;.
If a realises a formal analytic amplitude, then the b; realise the formal amplitudes
obtained by formal stationary phase (and in particular, said formal amplitudes are
analytic).

Proof. — We first apply the contour deformations of Proposition 3.10, which allows
us to identify the open sets V; and the functions y;. Recalling the open sets U; and U,
of Q1 x Qq, for each (z,0) € 4, each connected component of {y € Qy, (z,0) € Q;}
will correspond to a single critical point of ¢ with respect to y. As x, 0 vary, these
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connected components never merge or split (as |det(V>¢)| is bounded from below,
critical points are far away from each other) but simply appear or disappear, as the
associated critical point moves too far away from the real locus.

Therefore, if we define the sets Vs as the projections onto the (z,§) variables of
the connected components of Uy, and yj as the corresponding critical points, one
has indeed Im(¢)(z,0,y;(x,0)) > 0, and positivity on the boundary.

Let (x,0) € 5 decompose Qy = Uz(z,0) U Ujez(s,0) Ury(z,0), where Uy(,0) =
{y € Qo,(2,0,y) € U}, T(x,0) = {1 < j < n,(x,0) €V} and Uy j(z,0) is the
connected component of {y € Oy, (z,0,y) € Uy} whose complex neighbourhood
contains ¥ (z, 0). Since there exists ¢ > 0 such that Im(¢) > €|0| on Uy(x, ), we are

left with
> [ @etia(a,g,y)ay.
U

]GJJBG 1J:E0

By Proposition 3.10, there exists a homotopy I'; of real-analytic contours deforming
Uyj(x,0) == Lo (z,0) into some I'y,;(x,0) containing yj(x,0) on which Re(¢) is
constant; this homotopy satisfies Im(¢) > €|6] on Oy ;(z, 9).

Extending a and ¢ holomorphically on y, Stokes’ theorem gives

/ e a(z, 0, y)dy — / 0N G(z, 0, y)dy = / 0N G(z, 0, y)dy;
Losj(2,0) I'y;5(2,0) Wi
here, on Wi = Uyepo,1) Ol (2, 6), one has Im(¢) > €|@|. Hence, the difference between
the integrals on the two contours is O(e~l%).

Applying the Morse lemma on qg on I'y;;, and an analytic change of variables on v,
it remains to prove that, when « is an analytic amplitude of ((x,y), #), then so is

(3.3) (x,0) — /B(O 5 e’w'yza(:ﬁ,@,y)dy,

and that this stationary phase commutes with the realisation of formal analytic
amplitudes.

We first show a result “at fixed order”, then re-sum the obtained amplitude in the
spirit of Proposition 3.5.

Let N € N and let u € CV(Bga(0,1),R). The Taylor expansion of u at 0 is

uy) = o SO

+ R(y),
v M

where

IR(y)| < Pd |y\ HVN H

here py depends only on the dimension d.

|y‘ < el we obtain

[ e Ry
B(0,1)

Since
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Noting that, on R*, the function y — y~e ¥ reaches its maximum at y = N, then

as long as N+Td+1 <\,
y & B(0,1) — [y'e ™| < e My
hence
N-1 Jj|vj
/ e—/\y2 Z a 'LL( )y dy C - lp-ZlHVJ‘uHLOO
R4\ B(0,1) N ! o j!

It remains to compute the explicit integral
0"u(0) AJu(0)

—\y? " 4\ _d
e ytdy = m2 "2 —_
/Rd 2 ! E;; (4N)75!

[u|<N

Altogether we have proved, for some p; > 0, for every N < 2\ —d — 1, for every
ue OV,

B 4. d AJu(0)
e’\y2uydy—7rg)\g —
/ (v) J;V (4N)75!
j vV
C ef)\ Z pd”V]uHL<>O —|—C pN/\ 5 (Z);H ;'HLOO

If, on the contrary, N > 2\ —d — 1, then

ya2 N N N
[ uly)dy] < Collull < Cox ¥ (5 )1 Nullo

and, for j < %

[Sl[oH

-

MU0) o (VY I
(A 2) "))

Therefore, without condition on N and \, for every u € C¥,

(3.4) /e‘AyQU(y)dy — W%)\_% ZJ:V é:;ﬁ)gg)‘

<ol s (3)) £ 7

Plugging u : y — a(z, A\w, y), we obtain the second part of the result.

It remains to prove that (3.3) defines an analytic amplitude. The derivatives on x
and on the spherical variables of 6 play no role, and we are left with proving that,
for some ¢ > 0 and p > 0,

V]U”Loo

3k/ e a(z,y, \)d
ONF JB(0,1) ¥ ACY

One term of the binomial sum looks like

k ) .
<]> /B(O 1) e_Ay2y2J8§_]a(x7 Y, )‘>dy

Yk < e, < prRINE R
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and, applying (3.4) at order N = 2j + n,, we obtain

/ e yH Ok a(x, y, A)dy‘
B(0,1)

v (ya)| .
<Oyle™ L™ 4 A2
s ¢! gz:: (4N)ee!
2j+ny,,2j gk—J
254y — Y Hv / 'Y ]@ H
+pg YA .
(27 + ny)!
As long as § is small enough, if a is an analytic amplitude, then this satisfies the
required claim. ]

3.3. Positive nondegenerate phases and their Lagrangians

In this short subsection, we avail ourselves of a few geometrical results concerning
what will be the oscillating phases of the Fourier integral operators considered in
this article. We will directly deal with complex-valued phase functions; real-analytic
regularity makes their treatment quite transparent, and every object will be defined
in a complex-geometric setting. For instance, “Lagrangians” will always be complex
submanifolds (of a larger complex symplectic space) on which the symplectic form
vanishes.

We will only use the relatively standard notion of non-degenerate phase functions.

DEFINITION 3.12. — Let U C R™, W C R™ be relatively compact open sets
and V C R™ an open cone.

A (strictly) positive non-degenerate phase function ¢ : U, x Vg x W, — C is
a one-homogeneous function of 0, real-analytic o {0 # 0}, such that, with ¥, =
{(z,0,y) € UxV xW,Vpp= 0}, the following conditions apply:

(1) The gradients V +¢ and Vygb restricted to ¥4, do not vanish.

(2) V9¢ is a defining function for ¥, (that is to say, vavm has rank ny and
its columns span the conormal bundle of ¥).

(3) There exists ¢ > 0 such that, on the real set U x V x W, one has Im(¢) >
cl0]|Vog|*.

PROPOSITION 3.13. — Let ¢ be a positive non-degenerate phase function. Then
Y4 Is a real-analytic conic submanifold diffeomorphic to the conical Lagrangian

A¢> = {(«x; dm$<xy 97 y)7 Y, _dng('T, 6, y)), (SE, 6, y) = Ed’} C (T*(Cn \ {0})2’
called the canonical relation of ¢.

Proof. — This is an elementary and well-known fact, whose proof is the same
whenever ¢ is a real-valued phase function, a C*° complex-valued phase function
with almost analytic extensions, or a real-analytic complex-valued phase function.
See for instance [Hor09, Proposition 25.4.4]. O
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Definition 3.12 is independent of a real-analytic change of variables in 6, as long
as it has a real-analytic dependence in x and y. This motivates the next definition.

DEFINITION 3.14. — Given a real-analytic function ¢ : U XV xW — C satisfying
the first two conditions of Definition 3.12, a totally real, conical submanifold of 1%
with analytic dependence in x and y will be called a good contour if ¢, restricted to
this contour, satisfies the third condition.

DEFINITION 3.15. — Two Lagrangians Ay C (T*X \ {0}) x (T*Y \ {0}) and
Ay C (T*Y \ {0}) x (T*Z \ {0}) are said to have transverse composition at a point
of A x Ao N[(T*X \ {0}) x A(T*Y \ {0}) x (T*Z \ {0})] if the intersection of these

two submanifolds is transverse at this point.

PROPOSITION 3.16. — Let ¢, : 1 — C and ¢» : )y be positive nondegenerate
phase functions whose Lagrangians have transverse composition. Then for every
€e>0,D: (z,2,0,y,7) — ¢1(x,0,y) + d2(y, T, 2) is a positive nondegenerate phase
function on

{(@.0,y) €, (,7,2) €D, €] <|r| <e o]},

up to a small contour homotopy in y. Its Lagrangian is

(z,§,2,¢) € T"X \ {0} x T"Z \ {0},

3 (y.m) € TYN{O}, (2,&y.m) € A1y (y,m.2,0) € A2}’

and its real locus is exactly

ot {EOE 0 0 (1200 () |
() € TY)e\{0}, (z,&y.n) € (M)r, (1.7,2,0) € (M)

Proof. — See [H6r09, Proposition 25.5.4]. Note that the notion of positivity used
there is more general than ours and we have to prove positivity by hand; a priori we
only have

AloAQ Z:{

Im(®) > ¢|0||Ve®|* + c|7|| V. D).
We now apply a contour deformation on y, consisting in the positive gradient flow of
(10)2+ |7|2)~2 Im(®). Along this flow, Im(®) increases at a rate (|0]2+ |7|2) 2|V, ®%.
Therefore, after a small time of evolution, we obtain

Im(®) > c|0]|Vo®|* + c|7]|V, D + c(|0]* + |7]?) 2|V, P[>,

This is the desired result since |6], |7], and (|6]2 + |7|2)2, are comparable.

The condition on the real locus is an easy consequence of the fact that the imaginary
part of the phases are always nonpositive, and vanish exactly on the real locus of
their Lagrangians. U

Phase functions are seldom more than continuous at the origin (unless they are
linear), so that it is necessary to remove conical neighbourhoods of # = 0 and 7 = 0
above. When actually composing Fourier Integral operators in the next section, it
will be necessary to deal with these neighbourhoods in a different way. This will be
facilitated by the fact that Im(®) + (|6]2 + |7]2)z |V, ®|? is bounded away from 0 on
this set.
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In the C'*° theory, Fourier integral operators are completely described by the
Lagrangians of their phase functions; the usual proof consists in a term-by-term
identification or construction (see for instance [Hoér09, Proposition 25.1.5]). The
analytic theory is a bit subtler, and we first describe how to remove “spurious” phase
variables; we will prove in effect that Fourier integral operators associated with
“complicated” phase functions can also be written using simpler phases, which will
be enough for our needs.

PROPOSITION 3.17. — Let ¢ be a positive nondegenerate phase. Then on every
point of ¥,

ng — rank V¢ = ng 4 ny — rank(w tAy — Cnr+ny>

Proof. — The proof is the same as in the real-valued case, see [Tre22, Proposi-
tion 18.4.1]. O

This proposition interacts very well with the condition of positivity in our definition
of phase functions. Indeed, on fo, in the directions where V3¢ is non-degenerate, it
has positive imaginary part; we will therefore be able to apply the stationary phase
without difficulty.

4. Fourier integral operators
4.1. Basic properties

The main goal of this subsection is to give a suitable definition of Fourier integral
operators in a real-analytic setting; they will be associated with positive phase
functions in the sense of Definition 3.12 and analytic amplitudes in the sense of
Definition 3.2. Among other properties, we wish Fourier integral operators to preserve
real-analytic functions and to behave well under composition.

The main obstacle to a direct and general definition is the fact that most of
our objects are only defined locally, in small neighbourhoods of the subset where
the imaginary part of the phase vanishes. The zones where the phase has positive
imaginary part should not contribute to the integrals modulo real-analytic functions,
but without the possibility of introducing cut-offs, it is difficult to prove a priori that
it is the case.

We first describe a particular case of oscillatory integrals, in coordinates, then we
proceed by successive generalisations and patching arguments.

DEFINITION 4.1. — Let U C R™ be an open set, and let I' C R™ be a conical
open set. Let ¢ be a one-homogeneous function on U x T', real-analytic with respect
to z, and such that Im(¢) > 0 everywhere.

Then, given an analytic amplitude a on U x I, we define the following distribution
on U:

Krg(a) :z— / @ (z,0)do.
r
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PROPOSITION 4.2. — Let U and I" be two open sets as above, let ¢ be a one-
homogeneous function on a neighbourhood of U x T', real-analytic with respect
to x and such that Im(¢) > 0 everywhere. Let a be an analytic amplitude on a
neighbourhood of U x I'. Then Kr 4(a) is real-analytic on

{reU,VOeT, Im(p)(x,0) > cl0|}

as well as on

{xo cU,3C,c>0,Y0el, Va e Neigh(zo,U), |a|(z,0) < C’e’cw‘}.

Proof. — Under either of the conditions above, the integrand (z, 0) + @ q(z, )
extends holomorphically into an integrable function of 6 for x close to the real
locus. O

A particular case of oscillatory integral above consists in singular integral kernels
of operators acting as follows:

(4.1) a:r—>/6i¢(x’9’y)a(x,G,y)v(y)dﬁdy,
r

that is, the singular integral kernel of a Fourier integral operator (with phase ¢
and amplitude a). If ¢ is a positive phase function and «a is also real-analytic with
respect to y, then these integral operators preserve real-analytic functions, as long
as Im(¢) > 0 on the boundary of T'.

PROPOSITION 4.3. — Let U C R™, I' C R"*"™ be open sets, with " conical in
its first variable and relatively compact in its second variable. Let ¢ be a positive
phase function on a neighbourhood of U x I' such that

de¢>0,V(z,0,y) €U xIl', Im(¢)(x,0,y) > cld],
and let a be an analytic amplitude on a neighbourhood of U x I'. Then for every
v € C¥(R™), the function
x— / @OV (.0, y)v(y)dody
r

is real-analytic on U.

Proof. — Let v € C*(R™) and consider
U x—> / @OV (.0, y)v(y)dody.
r

We will change the contour of integration in the variable y. Since ¢ is a positive
phase function, one has
J¢>0,V(2,0,y) €U xT, Im(¢)+|V,0* = cd).

We now deform contours by following the flow of V, Im(¢). After a small time, we

obtain a contour I'y on which Im(¢) > ¢|6|. Now, by the Stokes formula,

ul@) = [ (e, 0,y)aly)dody + [ XD, 0,y)ialy)aody,
1 2

where I'y lies within a small neighbourhood of OI" in R™ x C"™, so that Im(¢) > c|0|
on V,. Thus, by Proposition 4.2, u is real-analytic. O
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Over the course of this article, the open sets on which phases and amplitudes
are well-defined will seldom be of a product form U x I'; unless restricted to small
neighbourhoods of a point. We have to patch together expressions of the form (4.1),
which is possible thanks to Proposition B.8. Before doing so we introduce a relevant
function space.

DEFINITION 4.4. — If K is a compact set of a real-analytic paracompact man-
ifold, we denote by E(K) the space of smooth functions on K in the sense of
Whitney [Whi34], and by O(K) the space of functions which extend to real-analytic
functions on a neighbourhood of K.

Let U be a relatively compact open set of a real-analytic paracompact manifold.
We denote

FU)=&U)/(EOU)uO)).
We refer to Appendix B for basic properties of these spaces.

DEFINITION 4.5. — Let X and Y be two paracompact analytic manifolds. Let
UcC X andV CY be open and relatively compact. Let 2 C X x R™ x V' be open
and conical in its second variable.

Let ¢ be a positive phase function on a neighbourhood of €2, such that Im(¢) > 0
everywhere and

(42) Fe>0VzelUV(0y) e 8({(9’,y’) ER™ x V,(x,0,y) € Q}),
Im(¢)(x,0,y) = cl0].

Let a be an analytic amplitude on a neighbourhood of Q, and let v € F(V). We
define I (a)v as the element of F(U) defined by the following recipe.

(1) For every xzq € U, for some small neighbourhood T’y x Vj of

{(0,y) eR™ xV, (20,0,9) €Q, Tm(¢)(w,0,y) =0},

consider y € C*°(X,R) be equal to 1 on a small neighbourhood Uy of zy and
supported on a small neighbourhood of Uy. Then

v [ @ Ia(,0,y)x(w)o(y)dody
T

is the action of a “usual” Fourier integral operator on v, and in particular it
belongs to £&'(X) (in fact it is supported near Uy). This element of £'(X) can
then be restricted to an element of £'(Uy)/E'(0Uy), see Proposition B.6. By
Proposition 4.3, if v € C¥(Vy) then this produces an element of C*(Uy).

(2) Perform the last item on a finite family of open sets covering U.

(3) By Proposition 4.2, any two such distributions agree on the intersection of
their defining supports modulo a real-analytic function, and by Proposition 4.3.
Therefore, by Proposition B.8, we can patch these distributions together into a

uniquely, well-defined element of F(U), which is 0 ifv € C* (V). In conclusion,
we've built 1,0 (a): E'(V)/C¥(V) — F(U).
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(4) One has then, by Proposition 4.3,

SSa([QU,(b(a)U)
c{zeU,3(0,y) eR™ x $5,(v), (x,0,y) € Q,Tm(¢)(x,0,y) = 0},

where SS, denotes the analytic singular support (complement of the largest
open set on which a function is real-analytic).

In particular, if v € £'(0V'), then SS,(Ioues(a)v) = 0. Therefore, we can
conclude:

I¢’Q7U(a) : f(V) — f(U)

Remark 4.6. — 1t is natural to ask whether this construction works when v is
a singularity hyperfunction, that is, an element of O'(V)/(O'(dV) + O(V)). The
answer is yes, but to do so we need to study the analytic wave front set of the kernel
Kr 4; we will do so in Section 4.3, after having defined the analytic wave front set as
the set of analytic singularities after conjugation by a Fourier integral operator; for
the moment we only invoke the fact that the smooth wave front set of Kt 4 is known
and therefore analytic Fourier integral operators act nicely on distributions. After
making sure that Definition 4.5 makes sense as acting on singularity hyperfunctions,

the rest of Section 4 will extend to this case without any difficulty.

As in the smooth case, these operators behave well under composition and station-
ary phase under natural geometric hypotheses, and particularly so when the analytic
amplitudes in question are realisations of formal analytic amplitudes.

PrROPOSITION 4.7. — Let X,Y, Z be paracompact real-analytic manifolds, and
let U C X,V CY,W C Z be relatively compact open sets. Let 31 C X x R" x V
and 9 CY x R"™ x W be open and conic with respect to their middle variables;
let ¢y and ¢ positive non-degenerate phase functions on open neighbourhoods of,
respectively, Q; and €y. Suppose that (¢1,,U) and (¢z, 22, V) both satisfy (4.2).
Let a; : 1 — C and ay : Q9 — C be analytic amplitudes.

Let

- (-T,e,y,T, Z) — ¢1(£U,9,Z/) + ¢2(ya7—7 Z)
A (%9,%77 Z) — al(xaeay)a2<y77—a Z)

There exists a contour deformation I' € }7, with real-analytic dependence on
x,0, 7,2, and a neighbourhood ) of

{(x,H,T, 2) EX X R x Z, y e T(2,0,7,2), V9, = 0},
contained in {e|f] < |7| < €71|0|} for some € > 0, such that (¢; + ¢o,, Uy) satis-
fies (4.2), and
Iy 00,00 (a1) o L45,00,0 (az) = Ip0u, (A)
(as maps from F(W) to F(U)). Moreover, if ay and ay respectively realise formal

analytic amplitudes, then there exists a maximally analytic amplitude A’ on §) such
that

oo, (A— A) = 0.
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Proof. — The distributional kernel of Iy, o, 1, (a1) © 14, 0,0, (a2) is
(x,2) — /eiq’(x’e’y’T’Z)A(x,Q,y,T, z)dydfdr.

We begin with a contour deformation on y, which follows the positive gradient flow
of (0% + |7[2)"2V, Im(®). After a small time, along this contour I'; one has

Im(®) > clf][Vo®® + c|r][V, D + (|6 + ) * |V, @/

Compared to the integral on the original contour, the difference is, by Stokes’ theorem,
an integral of the form

/ eig(wﬁ,ymz)g(x7 97 Y, T, z)dydedT
1%

where on V' = Uy Ol'y(x,0, 1, z), the phase ® has positive imaginary part, due
to the fact that (¢, 4, U;) satisfies (4.2). Hence, by Definition 4.5, the difference
maps &'(W) into C¥(U) (note that, in this application of Definition 4.5, ® is not
a positive phase function, because it is singular at § = 0 and 7 = 0; for the same
reasons A is not an analytic amplitude).

We now use Proposition 4.2 again to remove the complement set of a conical
neighbourhood €2 of {Im(®) = 0}.

Let us prove that, on €2, # and 7 are bounded away from 0. Indeed, if § = 0,
then ® = ¢y, and |7||V,¢2|? is bounded away from 0 except in the vicinity of ¥,
where |7|71|V,6|? is bounded away from 0. Therefore Im(®) is bounded away from
0 on {# = 0}, and on {7 = 0} as well, by a symmetrical argument. This concludes
the proof.

To conclude, if a; and ay realise formal analytic amplitudes, then so does A, by
Proposition 3.8; letting A’ be a maximally analytic realisation of the same analytic
amplitude, one has |A’ — A| < Ce~*l?HI7]) 50 that, by Proposition 4.2, the difference

between the associated Fourier integral operators maps &'(WW) into real-analytic
functions. U

PROPOSITION 4.8. — Let X and Y be paracompact real-analytic manifolds and
let U,V be relatively compact sets of X and Y. Let ) C X x R™ x R™ x V be open
and a relatively compact cone with respect to the second variable; let ¢ be a positive
phase function on a neighbourhood of §) such that (¢,Q, U) satisfies condition (4.2).
Suppose further that V2 ¢ is nonsingular everywhere.

Let a : Q — C be such that ((z,y,w),&) — a(x, &, w,y) is an analytic amplitude.

Then there exists J € N and, for every 1 < j < J, a conic open set (); C
X x R™ x V, a non-degenerate phase function ¢; on a neighbourhood of {); such
that (¢;,€;,U) satisfies condition (4.2), and an analytic amplitude b; : ; — C,
such that

J
Iyou(a) = Iy 0,u(b))
j=1

maps E'(V) into C*(U). Moreover, the union of the Lagrangians of ¢; is the La-
grangian of ¢, and if a realises some formal analytic amplitude (aj)ken, then each b,
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realises a formal analytic amplitude (bj.;)ken, which can be obtained from (ay)ken
by the formal stationary phase.

Proof. — Choosing local expressions for I, (a) as in Definition 4.5, this is a
restatement of Proposition 3.11. ([

Many natural Fourier integral operators make sense of the fibre variable 6 as
belonging to the fibre of a bundle over the base X x Y rather than a fixed space R™.
Similarly, in practical applications of Proposition 4.8, the decomposition of the phase
variables into the directions where V2¢ is non-degenerate and a complement set is
seldom independent on z,y.

Both issues are formally taken care of by a one-homogeneous real-analytic change
of variables (z,0,y) ~ (z,&(x,8,y),y); however, analytic amplitudes do not have
real-analytic dependence on 6, and therefore, these change of variables destroy real-
analyticity with respect to x and y. We can remediate to this problem in the case of
realisations of formal analytic amplitudes.

PROPOSITION 4.9. — Let X and Y be paracompact analytic manifolds, let U C X
and V CY be relatively compact. Let Q@ C X x Rp? x V' suppose that Q is conical
in its second variable.

Let & : Q — X x C™ x V be a family of contours (they extend into complex-
analytic diffeomorphisms, are one-homogeneous in the second variable, act as identity
on the first and third variables, depending smoothly on the parameter t) with & = id.
Let ¢ be a phase function on a neighbourhood of ) and suppose that (¢; o &,Q, U)
satisfies (4.2) for all t € [0, 1]. Let a be the realisation of a formal analytic amplitude
(ax)ren on a neighbourhood of Q.

Then, any realisation b of (ay o & )gen Is such that (as maps from F(V') to F(U))

Tgog, 0,0 (bdet(Dgéh)) = Isorv(a).

Proof. — Let & be a homotopy of complex-analytic diffeomorphisms that are one-
homogeneous and act as identity on the first and third variables, with £, = id. Then
(ag, 0 &)gen is, uniformly for ¢ € [0, 1], a formal analytic amplitude; as in the proof
of Proposition 3.5, one can realise it into

b(t,x,y,0) = Z ai o &(x,0,y) (1 — Xk <c:>>

keN
for some ¢ > 0 small, where x; is a radial function, supported on B(0,2) and equal
to 1 on B(0,1), and such that |V7y;| < (Rk)’ whenever j < k.

Let now xy € U. Following Definition 4.5, let Uy be a small neighbourhood of x
in U, let T'y, Vp an open neighbourhood of {Im(¢)(xg,y,0) = 0}, and let v € £'(V}),
then for ¢ small, we are considering

T car— [ 000t y, 0) det( Do )v(y)dody,
0X Vo

For some ¢y > 0, one has still Im(¢) 0o & > 0 on Uy x 9Ty x V; for all ¢ € [0, ).
For every holomorphic function f,

U 6(.0,9). ) det(Dy)) = diva (£ (2, (. 6,9))0.6)
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and therefore, by Stokes’ formula,

aJ(t)

4.3
(13) =)
0
= L0909 det (Do o(y) > ar o &, 0,y)0&: - Van<c )d@dy
ToxVy keN k
+/ 't 0)Y) det (Dol )v(y) Y blt, x,y,0)dody.
o x V)

keN
We can apply Proposition 4.2 to the second term of the right-hand side, since b is
an analytic amplitude and ¢ o & has positive imaginary part on 0y x Vj; therefore
this term is an analytic function of x. As for the first term, let us prove that there
exists C' > 0, ¢ > 0 such that, uniformly for (z,y) in a complex neighbourhood,

< Ceelfl,

Zak 0 &i(w,0,y)0&; - VGXk(if)

keN

Since (ag)ken is a formal analytic amplitude, one has
|ay, 0 & (2,0, y)| < CRFEYO|F

Moreover Vgxk(g) is only nonzero whenever C|9| < k < cf. In particular,

wosirs ()

Moreover for fixed 6 the number of nonzero terms is of order |6, so that we finally
obtain, whenever ¢ < ?, for some € > 0, the required estimate.

In particular, we can apply Proposition 4.2 to the first term of the right-hand-side
of (4.3) as well; to conclude, for ¢ small, d‘éi) continuously sends £'(Y') into O(U).
Integrating this fact on [0, o] for ¢y small, we obtain the desired identity with &
replaced with &;,,. However the statement is clearly of a local nature, and we can
cover [0, 1] with a finite number of open sets on which we can apply the argument

above. This concludes the proof of Proposition 4.9. 0

< C(eR)F

From now on we will only consider analytic Fourier integral operators whose
amplitudes are realisations of formal analytic amplitudes; by Proposition 4.2, they
do not depend on the realisation, and we will simply pass formal amplitudes as
arguments of I, o .

Assembling the previous facts, we obtain the following general result.

THEOREM 4.10. — Let X,Y be paracompact real-analytic manifolds. Let E be a
real-analytic cone bundle over X XY, and denote the base projection by m = (wx, Ty ).
LetV CY be open and relatively compact. Let Q C 7~ }(X x V) be open and conical,
and let ¢ be a positive phase function on a neighbourhood of §2. Let a be a formal
analytic amplitude on a neighbourhood of ).

(1) Given U C X, open such that (¢,Q,U) satisfies (4.2), any choice of local
trivialisations of E leads (via Definition 4.5) to the same, well-defined oper-
ator I, o y(a) mapping F(V') to F(U). When further quotiented by smooth
functions, 1o (a) coincides with the usual formal construction of the Fourier
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Integral operator with phase ¢ and formal amplitude a. Furthermore, for all

ve&(Y),

SSG(I¢7Q’U(G)U)
C{reU,30€Q, 1x(0) =1z, 1y(0) € SS,(v), Im(¢(O)) = 0}.

We call analytic Fourier integral operator such an I, oy (a).

(2) If U is relatively compact, §) is a relatively compact open cone, and
rank VZ¢ > 1 on a neighbourhood of ), then there exists a finite number
of real-analytic vector bundles (E})1<;<s, such that rank(FE;) = rank(E) — 1,
open conical sets ); C Ej;, positive phase functions ¢; and formal analytic
amplitudes b; on neighbourhoods of €1}, such that

J
Ipou(a) =Y Iy a,uv(b)).
j=1

As a formal amplitude, b; is obtained from a by stationary phase.

(3) Let Z be a paracompact real-analytic manifold, F a real-analytic cone bundle
over Y x Z, W C Z open and conical, Q' C 7' (Y x W) open and conical,
¢’ a positive phase function on a neighbourhood of Q) such that (¢, F, V)
satisfies (4.2), a’ a formal analytic amplitude on a neighbourhood of ). Then
the composition 1y p(a)ly o v(a') is an analytic Fourier integral operator
(constructed as in Proposition 4.7).

To some extent, we have reproduced the C'*° theory in the analytic case. One thing
still missing, and a crucial property in the C'*° case, is the fact that Fourier integral
operators only depend on the positive Lagrangian associated with their phases: given
two phases ¢, and ¢o with same Lagrangian, we expect any analytic Fourier integral
operator associated with ¢; to be equal to some analytic Fourier integral operator
associated with ¢o. The proof in the C* case (see [H6r09, Proposition 25.1.5]) relies
on a construction of the amplitude order by order, which is difficult to translate to
the analytic case (essentially, one would need to prove by hand that the constructed
formal amplitude is analytic). We can, however, prove that some Lagrangians of
interest possess a more or less canonical phase, so that all Fourier integral operators
associated with said Lagrangians can be rewritten with this specific case. The first
of these Lagrangians is the diagonal in 7*C"; we will prove in Proposition 4.14 the
Kuranishi trick: all such Fourier Integral operators are pseudodifferential operators
in the sense that they can be rewritten using the usual phase and any good contour.

The second family of Lagrangians contains the Szegé kernel parametrix on the
boundary of any strictly pseudoconvex domain (the Lagrangian, of course, depends
on the domain). These Lagrangians are idempotent, and Fourier integral operators
with same Lagrangian are called “covariant Toeplitz operators” and form an algebra.
To describe this algebra in practice, one writes all these Fourier integral operators
with the same phase. We can do so, more generally, for Lagrangians whose base
projection has corank 1.
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PROPOSITION 4.11. — Let X,Y be paracompact analytic manifolds. Let A C
(T*X\{0}) x (T*Y'\{0}) be a conical, real-analytic, positive Lagrangian and suppose
that the projection onto the base m: A — X x Y satisfies dim ker drr = 1 everywhere
(so that A is a half-line bundle over its projection m(A) = Z).

There exists a positive phase function on a half-line bundle over a neighbourhood
of Z such that A, = A. For any such phase function, and any analytic Fourier integral
operator with phase ¢, there exists a formal analytic amplitude a on a neighbourhood
of Z such that I4(a) coincides with the analytic Fourier integral operator.

Proof. — By Theorem 4.10 and Propositions 4.8 and 3.17, possibly after appli-
cation of stationary phase, an analytic Fourier integral operator with Lagrangian
A can be written with a number of phase variables equal to 1, which means that
the phase function is defined on a half-line bundle over a neighbourhood of Z. This
proves the existence of such a phase.

Any such phase ¢ satisfies Z = {¢ = 0} and near Z one has V,¢ # 0,V,¢ # 0.
Since Z has codimension 1, this means that ¢ is a defining function for Z. In
particular, given another function ¢, satisfying the same properties, locally after
identification of the half-line bundles over a neighbourhood of Z on which the phases
are defined, one has ¢ = f¢ for some non-vanishing function f. Thus, locally, Fourier
integral operators with phase ¢, have integral kernels of the form

+oo |
(wy) — [ eIy (0 y ) du
0

where we trivialised the half-line bundle and b is a realisation of a formal analytic
amplitude.

Now u — f(x,y)u is a well-defined change of variables, so that by Proposition 4.9,
there exists a formal analytic amplitude a such that I,(a) is the same Fourier integral
operator. This concludes the proof. 0

4.2. Pseudodifferential operators, FBI transforms, and Toeplitz
operators

Pseudodifferential operators are a particular case of Fourier integral operators,
with singular kernels of the form

(4.4) UxV3(z,y) — el @t a(z, €, y)de,

I(z,y)
where U,V are open sets of R", I'(z,y) is a conical contour, with real-analytic
dependence in (z,y), and which is positive, meaning that

(45) e, V(r,y)eUxV,VEel(z,y), Im((x—y)- &) >clllz—yl*

moreover a realises a formal analytic amplitude on a neighbourhood of {(z,¢, x),

reU}inUxR"x V.

Remark 4.12. — By the previous results, operators defined by (4.4) do not de-
pend on the realisation, nor do they depend on the choice of I". However, there
is an important caveat at this stage: in order for condition (4.2) to hold, we need
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['(z,z) = R™. Indeed, otherwise the phase vanishes when z =y € U, ¢ € OI'(z, x).
This is, of course, a severe hindrance because we would like to study the action of
real-analytic amplitudes defined near a point of phase space. This issue be addressed
later on through the FBI transform. For the moment, we make note of this limitation
and define pseudodifferential operators as follows.

DEFINITION 4.13. — Let U € V C R", and let a be a formal analytic amplitude
on a neighbourhood of {(z, &, ), (z,§) € U x R"} in U x R™ x V. The pseudodiffer-
ential operator Op(a) is defined as the operator with distributional kernel

UxV>(zy) H/ A CR RIS
[(z,y)
where I'(z,y) is any contour satisfying (4.5), and where a' is such that the function
(2,&,y) — a' (z,0(x,&,y),y) is a realisation of (ay(z,0(x,&,y),y))ren, for a contour
deformation 6 which sends R" to I'(z,y).

These operators preserve analytic functions, and they are uniquely defined as
operators from F (V') to F(U).

The Lagrangian associated with the phase of a pseudodifferential operator is always
the diagonal of (T*U \ {0})?. Our first result is the Kuranishi trick, which allows us
to prove a reciprocal statement.

PROPOSITION 4.14. — Let U C V € R" and let 7 : EE — R"™ x R" be a cone
bundle and let Q C 7 '(F) be an open compact cone.. Let ¢ be a positive phase
function on a neighbourhood of € such that (¢,Q,U) satisfies (4.2) and Ay is the
diagonal of (T*U\{0})?. Let a realise a formal analytic amplitude on a neighbourhood
of Q.

There exists a formal analytic amplitude b on a neighbourhood of {(z,§, x), (x,§) €
UxR"}in U x R™ x V, such that

Is00(a) = Op(b)
(as always, in the sense of operators from F (V') to F(U)).

Proof. — We first apply Propositions 3.17 and 4.8 to reduce ourselves to the case
where N = n, since the right-hand side of the formula in Proposition 3.17 is equal
to n. Note that when doing so, we obtain a finite sum of Fourier integral operators.

Since A, is the diagonal of (T*U \ {0})?, then ¢(z,0,y) vanishes when x = y,
and 0 — Opo(z,0,z) € R™ is a surjective local diffeomorphism. Therefore it is a
global diffeomorphism, and it extends to a neighbourhood of x = y into a map
(x,0,y) — ((x,0,y) which is a global diffecomorphism between the real domain of its
second variable and a totally real contour of C", and such that

¢(x70>y) = (.’L’ - y) ’ C<x797y)

The contour is R™ when x = y, and it satisfies (4.5), because ¢ is positive. Removing
a neighbourhood of x = y (away from which the phase has positive imaginary part)
and applying Proposition 4.9, we obtain a pseudodifferential operator. O
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Given a compact real-analytic manifold M, one can equivalently define analytic
pseudodifferential operators on M as:

e gluings of Definition 4.13 in coordinate charts;

e Fourier integral operators on M (or on open subsets of M) with Lagrangian
diag(T*M).

e Fourier integral operators defined with a suitable global phase function. An
example is given by the function ¢ : T"M x M — C defined as follows:
t: M — RV is an embedding of M in Euclidian space of sufficiently large
dimension, m, : R®™ — T, M is the pull-back of the orthogonal projection from
R™ to «(T, M), and

O, &, y) = &(ma(u(y))) + il¢] dist(e(z), e(y))*.

Pseudodifferential operators are not uniquely determined by their amplitudes;
there is “one variable too many” among (z,&,y). The notion of symbol is better
suited to their analysis.

PROPOSITION 4.15. — Let U C R"™ open and relatively compact and let a be a
formal analytic symbol on a neighbourhood ) of {(z,&,x) € R,z € U}. Let V be
a small neighbourhood of U.

Given j € N define

¢lul
bj : (x,f) = Z (8 - Of € Aj— m‘)(l’,f,l’)
|ul<i 2
Then (b;) is a formal analytic amplitude and Op((a;)) = Op((b;)). (b;) is called the
(left) total symbol of (a;).

Proof. — It follows from a direct computation that b; is a formal analytic ampli-
tude.

Let V' be a small neighbourhood of U such that (b;),en is well-defined on a complex
neighbourhood of U x R" x V. Let 6 : U x R" x V' — C" be such that « : (z,§,y) —
(x,0(x,&,y),y) extends to a biholomorphism with k(z,£,2) =& and ¢ : (z,0,y) —
¢ o k! is a positive phase function.

Let a and b be respective realisations of a; o k™' and b; o s~ as built in Proposi-
tion 3.5. Namely, with x,; € C*(R",R) radial and such that

Irm\B(o,1) < X5 < ﬂRn\B( %)
Fp0, VN <G [V, < (o),

we have defined, for ¢ > 0 small,

a(w,0,9) = Y ay(x.(x.0,4).0) (1 X (ﬁ))

jEN +1
b(x,0,y) =Y bi(x,&(x,0,y), )(1—Xj+1<.69>>,
JEN ]+1
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and then
Op((a;)(w,y) = [ €™ a(z,0,y)d0
Op((b;))(w,y) = [ €=0b(z,0, a0,

modulo a regularising operator. Define the contour I'(x, y) = {{ € C*, 0(x, &, y) € R™},
so that

Op((a)(wy) = [ a0 k(z, & y)dg

(=)

Op((b))(wy) = [ o k(z, & y)de.

I(z,y)

Now we use the standard manipulation: for every fixed N € N and smooth function

fonV

VaeU Vye Bl fy) = Y a“i @) 2y 4 3 R )y — o),
lul<N ’ lul=N
where
oH oo
Ru(ey) < 1T

Let ©; = 1 — x;, and let ¢; < c. To apply the above formula at an order N which
grows like /||, we write

aok(z,&y)=aor(z,&y)xi(d0(z, & y))

O
+ 3 ( > —y'aom(:v,g,yﬂy:x(y—x)”jt > Ru(aon)(x,f,y)(y—x)“)

NeN \Ju[<N H- ul=N

y <wNH<c’9]E[xf,ly)> B W(C’@(?V&y)))_

This amounts to

O R\Z = % aor(x — ) M
rorlne) = B e e Mty =) w5
't Z,q, 0 x,q,
"% Autne (e 0= (o (G2 ) = s (G75))

Before proceeding further, we integrate by parts in Op(a) to trade the powers of
x — vy for derivatives in &:

. i‘“‘@{j A0(x, &, y)
Op(a)(x,y) = /F(x,y) Mgd 0& [ ,u! (CL o H(I7£7y))’y=$x|ﬂ|( |M| Y )1(15
Al A f(z,€,y) b(z,§,y)
+/r(x,y>,§d [il*1og [Ru(a o k)(x,¢,y) <¢Iu|( ] ) - %/le( =1 ))] dg.
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Each term in this expansion is real-analytic with respect to (z,y) in the variables
(,0,y). Indeed, given 1 < k < d,

ayj(a © /ﬁ) :ayj'% ) (Va) Ok = (ayja) oK+ ang ’ (VECL) ©
Oc,(aor) =00 (Vea) ok

and both (V¢,)0) o k=1 and a are real-analytic with respect to (x,y). Therefore, by
induction, for every p € N¢ [0 (aok)|y=s] 0 k! is real-analytic with respect to (x,y).
The term R, only depends on these kind of derivatives, as evidenced by the general
remainder formula for Taylor series

R (w9) = U] [0 pte+ (- 00— 0¥ ar

Let us now prove that the remainders are small:

3 a#[ (aok)(z,&y) <W| <M> _w“1<w>>”

e iz iz

g Ceicl ‘9($,§7y)| ,

thereby obtaining (by Proposition 4.3) that this term in a o k contributes to Op(a)
by a regularising operator. Given ;1 € N¢, one has

/9 /9
() = i (727 ) 0= 50 =1 < ol <

Now, for some p > 0, R > 0,
Vit k<R, |ViVEaor)(x,&y)| < Co( + k)T,
so that, given 1 € N* and 0 such that 3(|u| — 1) < |6] < |ul, given N* 5 v < p,

L'agRu(ao H)(x,f,y)@é‘_y (g[;# <c’9(ag§,y)> Vil 1(M>>

V(p—v)! |l |l =1
I Il ||l
'p2lu|( )Iul \ I|§|d vl

S C@mr=—m

With respect to |v|, the right-hand side is a log-convex function; if ¢’ is small enough,
at both endpoints |v| = 0 and |v| = |/, it is smaller than Ce®?l. Therefore

ag‘[Ru(aOH)(xaﬁ,y)@m (W) Yl 1(%))]

and for € fixed the number of non-zero terms in the sum over u is polynomial in |6].
Similarly, within

|“|8 d0(x

the terms where at least one derivative with respect to £ hits x|, are exponentially
small: indeed, given y € N%, the support of VXW\( adc 5 Y ) lies within {1[n| < ¢]6] <
|i|}, and the estimates on the derivatives are the same as previously.

—c1|60
< Cealfl]
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To conclude the proof, we inject the expression of a o k in

O(x, &, y))
|

0(x,&,
()

and again one can prove that this is exponentially small unless no derivative hits x;:
Ca($7§7y)
J

il G

> of —+ y (ao n(a:@,y))’y:x?(wl(

pneENd

to prove that this is close to b o k. We obtain

HICR I a cO(x
sy A [aj<x,g,y>Xj(W)]

|
peNd jeN H: J

the support of ij( ) lies in {3 < ¢|f] < j}, and one must also have

|| < 2c'|0|; as long as ¢ < ¢, this ensures 2|u| < j, hence for all v, < p and ve < p,

,u' v —v, A=V (Ce(x,ﬁ,y)>|
9, O, Yqi(x, €, y)Or ey [ A2 )
vl — vy) el (p — ve)! Y i(,€,9)0, e Xj ;

; 7 p! 2l [vy | —[ve || & | d—i—|ve|
p7+2w Alul=lvyl=lve |§| J—lvel.
([ = T DYl = ve))!

for ¢ small this log-convex function of |v,| and |v¢| is smaller than e~¢l at all four
endpoints (0,0), (0, [u]), (|ul,0), (Il [p])-

It remains
z'“'@“@”a ch(z, & x dO(x, &,
Ty V6 ) ( (z, >)X|p|< ( éy)>>
peNd jEN pt J )
where we recall that
it |8 cd(z, &, )
b(z,§,y) = L(z,¢, )X'||<.”>;
P e

therefore we want to prove that the following is exponentially small

2> Zl#lauaﬂ% 7, &, x) [M(W) Xul (W) — Xj+lul (Mﬂ

jENd jeN J+u

We first observe that this is zero whenever j > 2¢|6|, and also whenever j+ |u| < c|d|
and || < 2c|0]. Therefore we are only interested in situations where j < 2¢|6| and
either |u| < 2|0, j = (c —2)|0], or |p| = 2c'|0]; since ¢ < §, this means that we
are only considering cases where either j or || is larger than 2¢/|f|. In this setting,
oo

a; '
= (2, &, 2)| < Cla)ulflg|* W < cemarlll,
joa

This concludes the proof of Proposition 4.15. U

PROPOSITION 4.16. — Define the Moyal product as follows: given two formal
analytic symbols a(x,&),b(x, ), let
k k—n

aijb k = Z Z Z E@jalafbk_n_l.

n=0 1=0 |B|=n

TOME 9 (2026)



A. DELEPORTE

648

(1) The symbol product of two formal analytic symbols is a formal analytic sym-
bol; in fact the topology of formal analytic symbols is induced by a countable
family of Banach spaces of analytic symbols that are Banach algebras for the

Moyal product.
(2) If both a and b are defined on U x R™ x V' where U € V, then
Op(a)Op(b) — Op(atb)

is regularising.

(3) Moreover, for every formal analytic amplitude a such that aqy is bounded away
from 0, there exists a formal analytic amplitude b such that (afb) = 1, and
there exists a formal analytic amplitude c¢ such that cfc = a.

(4) Define the adjoint a* of a formal analytic amplitude a as

11
@59 = 3 (..
pl<k

Then, given a formal analytic amplitude a with a* = a and ag > 0, there

exists a formal analytic amplitude b such that b*fb = a.
Proof. — Claims (1) and (3) only depend on the formal calculus and are well-
known; see [Sj682]. A related fact, proved in Appendix A, is the following: with the
symbol norms introduced in Definition 3.1, for every m large enough (depending on
the dimension) and every R > 24712

lafbllspn < 12llall s m[Bl] 6.5

Claim (2) is a particular case of Proposition 4.8.
To prove claim (4), fix a Banach space S of symbols as in Definition 3.1, con-

taining a, \/ag, (/ap) ™' (where we invert with respect to the Moyal product) and
satisfying the requirements of Proposition A.1. Letting by = /ag, by claim (3),

(b5)'tai(bo) " =1+
where the inverse is taken with respect to the Moyal product and where r is a formal
L Then the power series

analytic symbol of degree —1.
Up to increasing R, we can assume H7"||S%%m < 15
roorir  rirgr

Vifr=14_L_I
tr=itg g 16
O

converges to an element ¢ of S%% such that ¢* = ¢ and cfic = 1 + r. Setting b = cfiby
then concludes the proof of Proposition 4.16.

Our next move is to translate the pseudodifferential algebra into one that is more
suited to our microlocal needs, as a workaround to Remark 4.12.

DEFINITION 4.17. — The FBI transform from L*(R™) to L*(R" x S"~1) is the

operator with singular kernel
z‘t((x—y)wﬂ@)t%ldt'

400
T:R”XS”_IXR”B(x,w,y)»H/ e
0

ANNALES HENRI LEBESGUE



Analytic Szeg8 kernel and Fourier integral operators 649

The power of ¢ is chosen such that T' is continuous from L?*(R") to L*(R" x S"~1)
and T*T is a degree 0 pseudodifferential operator.

PROPOSITION 4.18. — The FBI transform of a compactly supported distribution
extends into an holomorphic function of x — iw on R™ x B(0,1).

Proof. — It suffices to remark that, writing the phase as

2 2

we obtain a holomorphic function of x — iw on R™ x B(0, 1), whose imaginary part
is non-negative. 0

Before proceeding further, we introduce a helpful notation: given z € C" we set
z* = I, 27; this is the holomorphic extension of R" 3 z — |z[>. We will reserve
|z|? for the Hermitian norm of z.

PROPOSITION 4.19. —

(1) The Lagrangian associated with T' is

(z,t(w+i(r —y)),w, t(r —y),y, tw + i(z —y))),

Apr = N2
(2) Ap+ o Ap = diag(T*C™ \ {0}), so that T*T is an elliptic pseudodifferential
operator.

(3) The projection of Ar o Aps onto the base has corank 1 everywhere. Moreover
the intersection of Ay o Ap« and the real locus is a half-line bundle over
diag(R™ x S™ 1), so that the integral kernel of any operator of the form
T*Op(a)T, for a formal analytic amplitude (a;);en, or more generally of any
Fourier integral operator with the same Lagrangian as T*T', is real-analytic
away from the diagonal, and near the diagonal takes the form,

+oo |
(21, w1, T2, W) M/O et @rene2w2) () o) o Wy, )t 4 (1, W1, Ty, W)

In this formula,
[

__ 9 _ s 2
(4.6) (21, w1, T, wa) 1= z'<1+ ($1 W1 — T2 W2> )7

2

and in particular ¢ extends into a holomorphic function of xy — 1w, and
To+iwy on R" x B(0,1) x R™ x B(0, 1), and Im(v)) is positive away from
diag(R"™ x S"71).

e b is the realisation of a formal analytic amplitude.

e r and b extend into holomorphic functions of x1 — iw; and x4 + iwy on a
neighbourhood of diag(R™ x S"!) in R4".

e b realises a formal analytic amplitude obtained from a by usual stationary
phase. The first term by is the only function such that by(x,w,r,w) =
ao(z,w) and which extends into holomorphic function of wy + iz, and
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wy — ix9. More generally, for any j,¢ € N, b;(x,w,x,w) only depends on
a; and its derivatives up to degree 25 — { at x,w.

Proof. — The description of Ay follows by an immediate computation. Now

(ylanl,y27772>’3 ($,t1,t2,w)7 M2 = t2<w +i(l’ - y2))
m =t (w—i(z—uy))
ta(w+i(z —y2)) = ti(w —i(z — 1))

Aps 0 Ap = ta(x —y2) = ta(z — y1)
2
(x—y1)?

(=) w = —i—

The three first conditions ensure 7; = 1. In particular, 7 = 73, so that (using the last
two conditions) t; = t; finally the fourth condition gives y; = 5. Reciprocally, given

(y,m) € T"RIN{0}, setting v =y, 1 = t2 = |n|,w = n/|n| yields (y,n,y,n) € Ag-oAr.
We now consider
(21, &1, w1, 01, T2, §2,wa, v2), 3 (Y, 1, t2),
&1 =ti(w +i(r —y))
-y)
(

v = ti(24
& = ta(we +i(y — x2))
(

Ao e = vy = ty(Ty — )
t1 (w1 +i(z1 — y)) = ta(ws + i(y — 22))
(1 —y) wi = _i@l;y)
(y — 22) - w2 = —i(y_;Q)

Given (z1,ws, e, ws) fixed, conditions 1, 3, and 5 give & = &; together with the
two last conditions, & = &2 yields t; = ty. Using again condition 5, we can write
Yy = %ﬂ”?“w?, and then either the last two conditions amounts to

.%1-’i0d1-1’2-’i0d2 2
2 =4

on this codimension 1 manifold, whose intersection with the real locus is exactly the
diagonal, the space of solutions is a half-line described by t;.

The rest of the claim follows from there by applying Propositions 4.7, 4.8, and 4.11.
The property of holomorphic extension of b comes from that of the kernel of T itself;
the fact that holomorphic extension of real-analytic functions prescribed on the
diagonal is unique comes from the fact that R" x B(0, 1) is strongly pseudoconvex. [

The microlocal structure of operators of the form T'Op(a)T™ is exactly that of the
candidate for the Szeg6 projector at the boundary of R™ x B(0, 1), which is strongly
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pseudoconvex since its natural defining function |w|* — 1 is strongly p.s.h. Indeed,

(21, w1, Te,ws) = jl((wl — 29)? + (W1 — wp)? + 2i(x] — ) - (wy + wg))
1

= —i<4[(asl 4wy )? 4 (29 — iwa)? — 2(wy + iwy) - (29 — z'cug)} - 1)

is the holomorphic extension of the function equal to i(1 — |w|?) on the diagonal
(ﬂUl,wl) = ($2,w2).

PROPOSITION 4.20. — The Szegd kernel on R™ x S™ 1 is a Fourier integral
operator with phase 1.

Proof. — Recall from Proposition 3.9 that a : & — e ¥l [, e$¥dy is, up to an
exponential factor, the realisation of an elliptic formal analytic amplitude. Thus

€7|£‘

fSnfl egydy

is a radial function and the realisation of an elliptic formal analytic amplitude.
Passing to spherical coordinates, the Szegd kernel computed in Proposition 2.8 now
reads

b:R"3 ¢ —s

r"dr,

K(z,w) = L /+OO b(2r) {e%/ ey
’ (2m)™ Jo sn—1

which we simplify into

K(zw) = oo | 7 (S ) o ain (s — @y tar

(2m)™ Jo

If (2,w) belongs to a neighbourhood to {z = w € R™ x S"7'} then i(z — w) lies in
a neighbourhood of 25" in C", so that ir(z — @) € Q.

To conclude, near the diagonal, the Szeg6 kernel takes the form of a Fourier integral
operator whose phase is the holomorphic extension of

(2, 2) = —2 4 2|Im(2)|

which is a defining function for R® x S"~!. By Proposition 4.11, one can rewrite it as
a Fourier integral operator with phase 1. Away from the diagonal we already know
by Proposition 2.8 that the Szeg6 kernel is real-analytic. U

PROPOSITION 4.21. — Given U C R" x S"!, open and relatively compact, we let
H(U) = kerg, g (0y)/(C*(U) + €'(OV)),

and S(U) the space of formal analytic amplitudes on U x R

(1) Given V. C R™ x 8" ! and a € S(V), there exists a neighbourhood W of
V x V' and a unique formal analytic amplitude a on W x R, holomorphic
in the second variable and anti-holomorphic in the first variable.

(2) GivenU € V open and e > 0 small enough, letting 2 = {(x,t,y) € UxRtxV,
dist(z,y) < €}, then (¢,Q,U) satisfies (4.2) and Iy o p(a) maps F(V) into
H(U).

TOME 9 (2026)



652 A. DELEPORTE

(3) There exists a sequence (Bj)jen of bi-differential operators on R™ x S™~! such
that for every j, B; has total degree 2j, and for every relatively compact
V C R* x S"71 S(V) is a unit algebra for the product

(S(V))2 > (a,b) — (aﬁb)k = ( Z Bk_j_g<aj,bg)> .
=k i
(4) Invertible elements for the product above are exactly the formal amplitudes
a = (a;j);jen such that ay never vanishes.
(5) For every Uy €@ Uy €V and a,b € S(V), letting € small enough and

0 = {(x,t,y) € Up x RT x Uy, dist(z,y) < e}
Oy = {(a:,t,y) € Uy x RT x V, dist(z,y) < e},

one has

I¢7Q1,U1 (6)1711792,(]2 (g) = ]¢1917U1 (a’ﬁb)
(6) The unit for § acts as the identity on H.

Proof. — Since R™ x S"~1 is strongly pseudoconvex, the diagonal of (R™ x S™~1)2
is a totally real submanifold, where we reverse the CR structure on the left factor.
Therefore any real-analytic function on an open set V' C R"™ x S"~! can be extended
CR-holomorphically to a neighbourhood of diag(V) in (R™ x S"~1)2.

Given a formal analytic amplitude @ near the diagonal such that 0y a = 0 (by
which we mean: it is anti-CR-holomorphic in the first variable), since 919 = 0 as
well, local realisations of I (a) as in Definition 4.5 will indeed map £'(V) into
functions u such that O u is real-analytic on a neighbourhood of U. Therefore, by
Proposition 2.9, if S denotes the (antiholomorphic) Szegd projector one has indeed
u = (1—S)u+ Su where 9,Su = 0 and (1 — S)u is real-analytic on U. In particular,
Iy ou(a) indeed maps F(V) into H(U).

Recalling from Proposition 4.19 that Ay, = ApoAp- and that Ap-oAr is the diagonal
of (T'*C")*, we obtain that AyoAy, = Ay. We also proved in Proposition 4.19 that any
analytic Fourier integral operator with Lagrangian A, can be written as a Fourier
integral operator with phase 1. Therefore, given V, a, b, Uy, Us, 21, {25 as in the claim,
there exists a formal analytic amplitude ¢ such that Iy o, 1, (@) Ip.0,.05(0) = Ty.0,.0,(c).
The amplitude ¢ is obtained from a, b and v by stationary phase and change of
variables in the middle variables, so that ¢ is CR-holomorphic on €2;. By the usual
C calculus of these operators (see for instance [BS76]), as a formal amplitude, the
restriction of ¢ to the diagonal is indeed of the form af#b as in the claim.

We know by Proposition 4.20 that the Szegd projector has a kernel real-analytic
from the diagonal and of the form I, o 7(a), where U = R" x S"~1, Q = (R™ x S"1)?
and a depends only on the fibre variable. By definition, S acts as identity on H; its
amplitude is a unit for the algebra above.

It remains to prove that elliptic amplitudes can be inverted, which is a claim
of formal nature (by the product formula, it suffices to check it at the level of
expansion of amplitudes, and not a priori as operators making sense from some
function space to another). To this end, we first suppose that amplitudes are globally
defined, so that for every a € S(R" x S™ 1), by Proposition 4.19, the operator
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T*1y0v,(a)T is a pseudodifferential operator on R™. Moreover if a is elliptic then so
is this pseudodifferential operator, so that by Proposition 4.16 it admits an inverse
with amplitude b.

Now, M = I,(a)TOp(b)T* satisfies, for every ¢ € Sy (R" x S"~1),

T*MIy(c)T = TIy(c)T",

and since 7" and 7™ are invertible, we conclude that M acts as identity on H.
Moreover, by the previous considerations, M can be written in the form I, (d) for
some d € Sy(R™ x S™71).

As a formal amplitude, d is obtained from a by a formula of the form d =
S0 Crla,apt), for some sequence of bidifferential operators Cj (this is a con-
sequence of Propositions 4.19 and 4.16; one can also directly prove it using the C'*°
calculus). Applying this formula to a locally defined amplitude a leads necessarily
its inverse for the formal product. O

In the last proof and from now on, given V5 C R"x.S"~! and given a formal analytic
amplitude a on Vy x (0,+00), we will sometimes drop the domains and consider
I,(a) as the collection of operators of the form Iy qp(a) : F(V) — H(U) where
U eV & Vjand Q is a small neighbourhood of U x V' x (0, 400) on which a extends
into @, holomorphic in the first variable and anti-holomorphic in the second variable.
These operators will always strictly decrease the definition set of the function on
which they act.

The operator T* sends O(R" x S"1) to O(R"™), and therefore T is well-defined
from O'(R"™) to O'(R™ x S™~1). Thus we can define the analytic wave front set of an
analytic functional as follows.

DEFINITION 4.22. — The analytic wave front set of u € O'(R") is defined as the
analytic singular support of Tu.

This is equivalent to the usual definition of analytic singular support by means
of the FBI transform, which asks for exponential decay of a related quantity. In
particular, it is equivalent to all of the classical notions of analytic wave front
set [BonT77].

We conclude this section with a few comments. Our algebra of operators defined in
Proposition 4.21 is inspired from “covariant Toeplitz operators”, originally defined
in the semiclassical setting in [Cha03] as an alternative description of operators of
the “contravariant Toeplitz” form SaS, where S is the Szegé projector and a acts
by multiplication; these operators also form an algebra in analytic regularity [Del21,
RSVN20].

It a bit awkward that the natural range of T, and therefore the space on which
our algebra acts, extends into a space of anttholomorphic functions on R™ x B(0, 1).
Alternative conventions, however, are not more satisfactory; one can set the FBI
phase as (y — x) - w + z% and obtain holomorphic functions, but at the end we
obtain a characterisation of the analytic wave front set of u as the analytic singular
support of (z,w) — Tu(x, —w). One can also simply swap the variables x and w,
but this is at odds with the interpretation of R” x S"~! as the cosphere bundle
over R" with a natural CR structure obtained by identifying T*R"™ and R"* = C";
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this “Grauert tube” vision of the FBI transform extends naturally to manifolds with
a real-analytic Riemannian structure [GS91, GS92, LGS96], see also the semiclassical
approach [Sjo96].

The Grauert tube approach is essentially contained in our toolbox; the FBI trans-
form as introduced in [LGS96], for instance, can be written as an analytic Fourier
integral operator whose Lagrangian has similar properties to the flat case, and the
definition of the wave front set is equivalent to the one above, via analytic charts.
We will say more on this in Section 6.1.

4.3. Advanced properties of Fourier integral operators

With help of the FBI transform and the structure of Toeplitz operators, we can
prove that general Fourier integral operators push the analytic wave front set of a
distribution as expected, and also an microlocal ellipticity result for pseudodifferential
operators.

PROPOSITION 4.23. — Let a be a formal analytic symbol on R". Then
WF,(u) C {ag =0} UWF,(Op(a)u).

Proof. — Let (z,w) € R™ x S"! and suppose that TOp(a)u is real-analytic near
(z,w) and ag is bounded away from 0 near (z,w). Modulo an analytic function,
one has

TOp(a)u =TOp(a)Op(r)T"Tu = I;(b)Tu,
where b is a formal analytic amplitude such that by is bounded away from 0 near
(z,w). By Proposition 4.21, on a neighbourhood V of (z,w), b admits a formal inverse
for the I, calculus. Letting d denote the formal analytic amplitude of its inverse,
given U € V, one has, modulo an analytic function,

Ly yxvu(d)(TOp(a)u) = Ly y(d)Ly(0)Tu = u;
now, by Proposition 4.3, since T'Op(a)u is real-analytic on V', the left-hand side is

real-analytic on U. This concludes the proof. 0

PROPOSITION 4.24. — Let (¢,$, U) satisty (4.2) and let a be a formal analytic
amplitude on ). Then

WFa(I¢7Q,U(a>u) - {(xvf) € T*Rnx \ {0}7 3 (yvg) € WFa(u)7 (%fayﬂ?) € (A¢)R}

Proof. — The operator T o I, (a) o T* is a Fourier integral operator whose real
locus of the Lagrangian projects on the base onto

{(x,w,y,v) € (R”x x Sl R™ x S”y_l) N (A¢)R};
thus, we are left with the claim

SSallpou(a)u) C{e eR™, 3E n#0, Ty € SSa(u), (2,8,y,n) € (Ag)r},

which was proved in Theorem 4.10. O

Another important application of the FBI transform is the construction of unitary
Fourier Integral operators associated with arbitrary real symplectic maps, also called
“quantized contact transformations”.
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PROPOSITION 4.25. — Let k be a one-homogeneous symplectic transformation
between respective neighbourhoods of two open cones U,V of T*R". Let [U] =
UNR" x 8" 1) and [V] = VN (R" x S*~1). Then there exists & : H([V]) — H([U])

—

and k=1 : H([U]) — H([V]) such that the following is true.

e For every formal analytic amplitude a € S([V]), there exists b € S([U]),
such that, for every Uy € U, there exists Vo € V', a neighbourhood €2 of
diag([Up]) in (R™ x S"~1) x [U] x (0, +00), a neighbourhood Q' of diag([Vy])
in (R" x S"71) x [V] x (0, +00) with

Rl (D)1 = Ipa oy (a) : H(U)) — H(([Uo)),

where by = ag o k; if a is the amplitude of the Szegd projector then so is b.

e For every formal analytic amplitude b € S([U]), there exists a € S([V])
such that, for every Vo, @ V, there exists Uy € U, a neighbourhood €2 of
diag([Up]) in (R™ x S"~1) x [U] x (0, +0o0), a neighbourhood ' of diag([Vy])
in (R" x S"71) x [V] x (0, +o0)with

KLy vy ()R = Ty ) (0) : H(V]) — H([Va)),

where aq = by o k~!; if b is the amplitude of the Szeg8 projector then so is a.
e For every Uy € U and V) € V, the distribution

(2,y) — k71 (z,y) — K(y, 7)
is real-analytic on Vi x Uj.

Proof. — For convenience we drop the bracket notations and identify open sets of
R™ x S™~1 with open cones in T*R". Thus & is a contact transformation on R" x S"~1,
We let ¢, be any function from a neighbourhood W of the graph of x in V; x Uy,
where U; € U and Vi € V, which is holomorphic in z; — iww; and in xo + iwo,
and such that Im(¢,) =< dist((z1,w;), kK(z2,ws)). Such a function exists thanks to
Proposition 2.4: it is a phase function for the only Lagrangian containing the graph
of k.

We now set

+o00
Ko it T1,W1,T2,w2)4n—1
Fo = Id’vaVl]l(ﬂ?Lwhl‘z,wz)eW/0 € drlrne 2)t dt

—

and we similarly define s based on 1.

Given a as in the claim, the operator xq ' I 0.1, (@) &g is, by Theorem 4.10, a Fourier
integral operator with the same Lagrangian as the Szeg6 projector (indeed, the real
locus of the Lagrangian is the diagonal, and this Lagrangian is holomorphic for
the skew CR structure on (R™ x S"~')?). Therefore it is of the form Iy o ()
for another analytic formal amplitude b obtained from a by stationary phase. In
particular, letting S denote the Szeg6 projector,

—

Ko 'Ro = Ko 'SRo = Ly (f),

where fy # 0 and V] is any relatively compact open set of V. By Proposition 4.21,
f admits an inverse for the product of analytic Fourier integral operators with
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phase v, and therefore there exists a formal analytic amplitude g on a neighbourhood

of V', such that -
Lo (9)ke ' Fo =S H(V) — H(W).

We now set & = Rolyqa,1;(y/g) and Rl o= Iyovi (v9%)kg " In this algebra, the
square root and adjoint of an amplitude are well-defined because, as in the proof
of Proposition 4.21, the calculus of these amplitudes is conjugated via T' to the
symbol calculus of pseudo-differential operators. With this correction, we obtain the
last claim.

We also obtain that the second part of the claim holds with the quantifiers on a
and b exchanged (for every a, there exists b, ... ).

Given b, the operator -

EI¢7Q/7VO (b)fffl

is also an analytic Fourier integral operator whose Lagrangian is that of v, so that it
is of the form I, o 17, (@), and we obtain the first part of the claim with the quantifiers
on a and b exchanged (for every b, there exists a,...).

The particular case k.S klis a projector, because we already made sure that k1R
acts as identity; however it is also an invertible operator (because it is a Fourier
integral operator with phase ¢ and nonvanishing principal amplitude). Therefore it
is the identity.

To conclude, given a € S(V'), one recovers b so that the first point of the proposition
is true by letting b be the amplitude of Ii/rl]¢7Q’UO(a)E7 and conversely. U

Remark 4.26. — To conclude this section, we can go back to Remark 4.6. Now that
we have characterised the analytic wave front set of the singular kernel of an analytic
Fourier integral operator (Proposition 4.24), we observe that these operators are
well-defined when acting on singularity hyperfunctions, that is, elements of F, (V') :=
O'(V)/(O'(0V)+O(V)). Indeed, as in the smooth case the wave front set conditions
(see [Hor03, Theorems 8.5.1 and 8.5.2]) are satisfied. Thus, in all of Section 4, we
can now replace J with F,, and H# with H,, : U = kery,i7(95)/(O(U) + O'(9U)).

This replacement is crucial in the proof of Theorem 5.3.

5. The Szeg6 kernel and Toeplitz operators for general
pseudoconvex open sets

5.1. Normal form for the 9, operator

The features of 0, on the boundary of a strongly pseudoconvex manifold are the
following: locally, it is a vector-valued, degree 1 analytic pseudodifferential operator
(D1,...,Dq) on a 2d — 1-dimensional manifold, such that [D;, Dy] = 0 for every
J # k and the matrix of principal symbols o(:[D;, Dj]) is either positive definite or
negative definite on ¥ = {o(D;) =0V 1 < j < d}.

All of this is also true of the following model operator Dy, acting on R~ x RZ:

.0 0
(Do); = o oy
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Our goal is to prove the following result attributed to Sato: microlocally near any
point of X, 9, is conjugated with Dy by an analytic Fourier integral operator (as
always, modulo an operator continuously mapping £’ into real-analytic-functions).
Here, as before, “microlocally” will mean “locally after conjugation with the FBI
transform”.

The first step (Proposition 2.6) is to solve the classical problem, and find a sym-
plectic transformation which maps the symbol of 9, to the symbol of Dy, multiplied
by an invertible matrix; this was described in Section 2.2. W move on to an exact
conjugation in the algebra of analytic formal symbols of pseudodifferential operators
(Proposition 5.1), and we conclude by realising all requested transformations on the
FBI side (Proposition 5.2).

Giv\en a unitary Fourier integral operator & which quantizes «, the principal symbol
of k= 19yk is precisely that of Op(C)Dy. It remains to correct the subprincipal
(degree 0) remainder, which we can do by conjugating with an elliptic, diagonal
matrix-valued pseudodifferential operator.

PROPOSITION 5.1. — Let r = (r1,...,7r4) be a formal analytic degree 0 vector-
valued symbol in the neighbourhood of a point where o(Dy) = 0. Then there exists
a smaller neighbourhood of this point and a vector of degree 0 elliptic symbols
a = (ay,...,aq) such that, on this neighbourhood,

(0(Do); + rj)ta; = a;to(Do);, V1<y<d.

Proof. — We first remove the order 0 term in r, then all other terms.
At order 0, the following equation links the principal symbol of a; to the principal
symbol of 7;
Oz, a? + 1120y, a? — 1m0, ? = z'r?ag.
This transport equation admits a solution, together with the Cauchy data a?- |z;=0 = 1,
written as
2

T 1 .
ag(‘ray7§7n) = eXp[ZA 7 T?(CE’ - (1 - t)6]7y +Z§€17£ +Z(]‘ - t)”l%ﬂ])dt] .

Since 7’? is a real-analytic function, this solution is well-defined for z; sufficiently

close to 0, and is again real-analytic. Hence, we can solve for a at principal order.
Thus

(a3)* " 4(a(Do); + 15)8af = (Do) + 1%,
where 77 is a degree —1 analytic symbol.
Consider now the family

[0,1] > t == o(Dy); + tr}.
We wish to find a degree —1 elliptic symbol /() such that
(5.1) (o(Do); +tr9)8(1 + d(t)) = (14 a(t) )4(Do);.

We will find a}(t) as a solution of the differential equation

Oy (t) = ib; (£)(1 + a(t)).
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First, differentiating (5.1) with respect to t yields
vy = —i[o(Do); + 1), b(t)],

and we want to solve this equation for b;(t).
One has

(5:2)  [(Do); Op(bs(£))] = Op(=idh,by(t) — w50,b5(1) + e by(1)).

From now on we drop the index j and the parameter ¢ on " and b. We write their
full symbols as

=Y, b= b,
k>1 k>1
where by, and 7}, are homogeneous of degree —k.
The equation above yields the following family of equations on by:
—i@ijk + Ulagjbk - xjaylbk = i?”;c -+ t(’l”/ﬂb — bﬂr’)k.
Note that the right-hand-side only involves b; for 1 <[ < k — 1. Thus, we can find
the by, by induction, recursively solving a transport equation of the form
iazju - 7715’ng + xj8y1u =9,

using again the method of characteristics: the solution (with Cauchy data u = 0 on
z; =0) is

zj _t2 )
u: (:zr,y,f,n)%/() glw— (1 —t)ey, ytigen, §4i(1 —t)ne;,n |dt.

We have to prove that the successive solutions (by)gen form an analytic symbol.
It turns out that a convenient analytic class is given by the infinite jet of the S#%
class at z; = 0; namely we let

s BP0l Va1 + o] + K)"
N T I .

lall ygpm =

where
1 1
0= {|771| € [47 2], lz| + |yl + &l + 12, - - a—1)] <€, x5 = 0},

Since the product of symbols is an infinitesimal operation, we have (see Proposi-
tion A.1)

[0 — 80 s < 241570 _g 510
Suppose by induction that, for all [ < k& — 1, one has
Pl R (e +1)!
(la| +1+ 1)
Then one has readily, for all ¢ € [0, 1], if m > C(d),

Sup IV < C,

PR (o] + k)!
(lo| + k+1)m

Sl§12p|V°‘(7”;€ +1(r'8h — bgr') )| < (24C, + D7
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Denote gy, = irj, + t(r'8b — biir’)x, and let
supo(|Vgr|)(1 + |af + k)™

and
 sup (VOB + Ja] + B
Clbr k) = sup = i RE

We just proved that

Clge, k) < I

y (1 + 24Esup C’(bg,é)).

<k—-1

S

Let us now prove that
To this end, we write the transport equation
Zaijk — nlagjbk + xj(?ylbk = gk

in terms of the power series at z; = 0

& &g
bk:zgl’? gk:Zﬁ%
n=1 n=1
One has, for alln > 1,
(53) by =m0 b + 0, b = g,
and for n =0,
Bl = 0

Let us prove by induction on n that
pmHel(n + |af + k)!
(n+la|+k+1)m

This is true at n = 0. If it is true at n — 1 and n, then there are three terms in

6 9 )] -

Vo) < Clan

First, one has directly
(nHeD R (n + |a| + k)!
(n+lal+k+1)m

1 m
P RA 41 4 ol + B! (1 + setere)
(n+ |af + k +2)m pln+1+laf + k)

Vog | < Clgn k)"

If p>6(2 m, then we obtain
2

rHHADRE(n 4+ 1 + |a + k)!
(n+ o +k+2)"

Vg < éC(gk, k)
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We can also directly control the last term in (5.4) in the same way, using the induction
hypothesis:

PP RE(n + |a] 4 k)!

v, bV < nClgr, k
VD 0| < nClgns k) (n+|a[+k+1)m
1 m
< Clgu 2R ol £ ) (1 ) no
’ (n+ |a] + &k + 2)™ ) n+1+|al+k

As previously, if p > 6(%)m, we obtain

_ 1 pTIHAD RE(y 41 + || + k)
Ve, bV < =g, k
nv 0,8 A CLaLi) ey pr o g g
In the second term of (5.4), we have to distinguish between two cases, depending
on whether or not one of the differentials has hit n;. Thus

Ve (mae )| < lal Vo0 | + | [ V20, b

where 7 is the length 1 polyindex corresponding to the direction of ;.
As before,
PP RE (0 + |a) + k)!
(n+lal+k+1)m
Rl RA 1+ ol + k) (1 ) o
(n+la|+k+2)m p n+1+|al+k

| V9, b | < JalClgi, k)

)

and if p > 6(%)m, we obtain

(o) RE(n 4+ 1 + |a| + k)!
(n+laf +&k+2)m

n 1
ol Vo9, | < Clgn k)"

The last term is
pr D RE( + 1 + o + k)!
(n+|a| +k+2)m
Recall that we are controlling derivatives on the set Q where || < 5. We obtain
p D RE(p 41 4 || + &)
(n+la|+k+2)m

Altogether, the induction is complete, and we obtain that

][ V0, b | < [m|C(gr, k)

n 1
| V9 b”| < 5Cgn, k)

R
?’

/
Clbr ) < Clas k) < (24 max Cor )+ 1) 171 g

provided

m > C(d), p>6(i> , R > 241y,

It remains to find p, R, m as above such that ||| gz < 5;- Since 1’ is of degree —1,
this can be done by fixing m and p, then choosing R large enough.
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Having found b, it remains to build @’ such that
(1+4d)(0) =0, (1 +a)(t) = b(t)E(1 4+ a')(2).

We know that b(t) € JS&T for all ¢ € [0, 1], with uniformly bounded norm. Thus, by
Proposition A.1, this Cauchy problem satisfies the hypotheses of the Picard-Lindel6f
theorem on the Banach space JS*4%. In particular, we can find a solution in this
space, and @'(1) is the requested operator. O

Grouping together Propositions 5.1, 2.6 and 4.25, Theorem 4.10 and Remark 4.26,
we obtain the following quantum normal form.

PROPOSITION 5.2. — Let (2,() € ¥*. Identify a neighbourhood of z in X with
a neighbourhood of 0 in R?*~!. There exists an open neighbourhood U of (z,() in
T*R?*¥~1! such that, for every pair of open sets z € Uy, @ U; @ U, there exists:

e open neighbourhoods Vo € Vi of {x =y = ¢ = 0,n = (£1,0,...,0)} in

T(Re x BRI,

e an analytic Fourier integral operator i : H,(U;) — H,(V1),

e an analytic Fourier integral operator k= : Ho,(Va) = Ho(Us),

e an elliptic matrix-valued formal symbol C' € S(V}),

e a neighbourhood Q of diag(V;) x (0, 4+00) in (R~ x §%4-2)2 x (0, +00),
such that

Tng* == /ﬁ/_\1[¢7g’v2 (C)TD()T*E, S - H/_\IR,

as operators mapping F,,(Uy) into F,(Us).

Reciprocally, there exists an open neighbourhood V of {z =y = & = 0,n =
(£1,0,...,0)} in T*(RE x RI~") such that, for every pair of open sets Vo € V; € V
containing this point, there exists:

e open neighbourhoods U, @ Uy of (2,() in T*R*1,
e an analytic Fourier integral operator & : H,,(Us) = H,(V3),
e an analytic Fourier integral operator e Ho,(V1) = Ho(Ur),
e an elliptic matrix-valued formal symbol C' € S(V}),
e a neighbourhood Q of diag(V;) x (0, 4+00) in (R~ x §24-2)2 x (0, +00),
such that
RTO,T K~ = Ly 01, (C)T DT, S =Rr 1,

as operators mapping F,,(V1) into F,(V3).

5.2. The Szeg6 kernel parametrix and the algebra of Toeplitz operators

In this section, we broadly follow the method proposed in [BS76] to obtain a
parametrix for the Szeg6 kernel starting with the normal form of Proposition 5.2.

In this section, the index ( refers to the “model” case R? x S?¢~! In particular
Sy is the Szegé projector of Proposition 2.8, and LT is the positive, resp. negative,
characteristic set of (9;)g, the boundary Cauchy—Riemann operator on RY x §24-1,
By contrast, the notations 0y, S, ©F, refer to the boundary of a general, relatively
compact, strongly pseudo-convex open set whose boundary is denoted by X.
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THEOREM 5.3. — The Szeg6 projector admits a (singular) integral kernel which is
real-analytic away from the diagonal. Given a defining function p and its polarisation
Y, well-defined on a small neighbourhood €2 of the diagonal in X x X, there exists a
realisation of a formal analytic amplitude a on X x X x (0, 4+00) (see Definitions 3.1,
3.2 and Proposition 3.5 for details about the nature of a) such that

+oo |
(z,y) — S(z,y) — / e a(x, y; t)dt
0

is real-analytic.

Proof. — The proof consists first in exhibiting a parametrix for S in the form
of a Fourier integral operator as above, then proving that this parametrix indeed
approximates S in the sense that the difference is a continuous operator from O'(X)
to O(X). This requires several steps, as the mere fact that S acts nicely on O'(X)
requires a proof.

(1) Given (z,¢) € ©* and (2,() € 7, applying Proposition 5.2 twice, we
obtain a pair of Fourier integral operators k and k1 between neighbourhoods
of (z,¢) and (20, Co) (such that #r—! and £~ % slightly decrease the definition
set and are equal to the restriction map) such that, for every pair of small
neighbourhoods V; € V of (z,() and every pair of small neighbourhoods
U1 € U of (Z(),C[)),

—

RTOT* k= = I,(C)T(0p)oT" : Foo(U) — Ho(Uh)
TH,T* = k~LI,(C)T(8y)oT*% : F(V) — H(VL).
We now present the following local candidate for T'ST™:
S = kTS T* 5.
One readily checks that
TOHT*S =0: F,(V) — H,(V1).

Moreover § is self-adjoint, because of the constraints on k and kL in Propo-
sition 4.25 (modified by Remark 4.26).

(2) From the definition of S, we see that T*ST is an elliptic Fourier integral
operator whose Lagrangian A is a half-line bundle over its projection onto
the base; it is also a projector. When writing 7*ST in a form given by
Proposition 4.11, once the phase is chosen, the fact that it is a self-adjoint
projector determines every term of the formal amplitude. Therefore different
pieces of T*ST can be glued together into a global Fourier integral operator
S on X; in fact, this Fourier integral operator takes the form proposed in the
statement, with a formal analytic amplitude.

(3) Let us prove that (S — 1)S is continuous from L*(X) to O(X). Given
u € L*(X), the wave front of Su is included in ¥ by Proposition 4.23 because
dSu = 0. Now, given (z,{) € ¥ and small open neighbourhoods V; € V,
letting v be the restriction of T'Su to V', we can apply the previous technique
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and obtain that /;le(gb)OT*Rv = 0 as an element of F,(V}). By Proposi-
tion 2.9, we deduce that x—1T(Sy — 1)T*Rv = 0 as an element of F,,(V;); but
this is equal to the restriction of (S — 1)Su to V4.

(4) Let us similarly prove that S(1 — S) is continuous from L2(X) to O(X).
By the results of Kohn [Koh63] and Boutet de Monvel [Bou74], there exists
F : L*(X) — L*(X), such that I;» = S + F0,. Therefore, as operators on

L*(X), one has

S =S58+ (F9,S) =55+ S(8,) F*.
As functions of the second variable, the phase and all the terms of the formal
amplitude of S belong to the kernel of 9,, and therefore, integrating by parts,
for every u € L*(X), S(9,)*u € C¥(X).

(5) Since both §5—S and S— 5. are continuous from L*(X) to O(X), we deduce
that S—S is continuous from L?(X) to O(X). In particular, S = S+(S—S5) is
continuous from O(X) to O(X), and therefore by duality S acts continuously
on O'(X).

(6) Using (5), we can repeat the proof of (3) starting with u € O'(X), and we
now obtain that (S — 1)S is continuous from O'(X) to O(X).

(7) Using (5) again, we obtain that, by duality, S — S is continuous from @’'(X)
to L?(X), and therefore (S —S)? = S — 55— 55+ 5 is continuous from O’ (X)
to O(X). Then, by (6), both SS — S and its dual SS — S are continuous
from O@(X) to O(X). Therefore S — S is continuous from O'(X) to O(X),
and the proof of Theorem 5.3 is complete. O

An interesting consequence of Theorem 5.3 is the analytic hypoellipticity of Oy
if u € O'(X) is such that dyu is real-analytic on an open set V', then (1 — S)u is
real-analytic on V; in fact, we obtain the much stronger property

WE,((1—8)u)=WE,(Opu).

This seems to be a new result, interesting in its own right. Away from the charac-
teristic ¥ this property is of course the usual ellipticity result (Proposition 4.23),
and there are now several proofs of microlocal analytic hypoellipticity on 3_ [Tar81,
Tre78, Sjos3).

We are now able to generalise the construction of Section 4.2 to define the algebra
of Toeplitz operators on X.

PROPOSITION 5.4. — Let S(X) denote the space of formal analytic amplitudes
on X x (0,+00). After a holomorphic extension, these amplitudes lead to Fourier
integral operators acting on JF,,(X), with singular kernel of the form

+oo
Iy(a) : (z,y) — / e~ W@V =1g (g t)dt, ae S(X).
0

(1) These operators form an algebra under composition; the product law takes

the form
k

(afb)y = Y Bu(ag,br—n—s),

n+£=0
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where (By,)nen Is a sequence of bilinear differential operator such that, for all
n € N, B, is of total degree 2n.

(2) The principal symbol of [I,(a), I,(b)] is {a,b} (using the natural symplectic
structure on X x (0,400)).

(3) If the degree of a is d, then I,(a) continuously sends H*(X) into H*=4(X)
for every s € R.

(4) The Szegé projector S = I,(s) is the unit for this algebra.

(5) Invertible elements are exactly those for which the principal symbol aq is
bounded away from 0.

(6) The space S(X) is the union of Banach spaces on which a,b — afb is contin-
uous.

Proof. — Except for the last two items, all claims follow from Theorem 4.10, The-
orem 5.3, the usual properties of Fourier integral operators in smooth regularity, and
the results of [BG81]. In particular, if P is a (smooth or analytic) pseudodifferential
operator on X, then SPS is a (smooth or analytic) Fourier integral operator with
phase ¢ and its principal symbol is the restriction of the principal symbol of P to ¥
(identified with X x (0,400) by the section x +— 0u(x, z)), so we can apply [BG81,
Chapter 2, Corollary 2] to compute commutators at main order.

To prove invertibility of elliptic amplitudes and continuity of the product in suitable
spaces of formal analytic amplitudes, we use again Proposition 5.2: the wave front
set of these operators is {(z,(, 2,(), (2,{) € ¥} and microlocally near any point
of ¥*, a Fourier integral operators conjugates I(a), where a is elliptic, with an
operator of the form of Proposition 4.21 with elliptic symbol. The latter can be
inverted, and conjugating back we obtain, locally, an amplitude for the inverse. Since
the composition rule is local, 0

One can quantize homogeneous contact transformations as in the flat case; an
important subclass of these transformations are fundamental solutions to the Schrod-
inger equation for degree 1 Toeplitz operators.

PROPOSITION 5.5. — Given a one-homogeneous symplectic transformation x :
X x (0,400) = X x (0,+00), there exists a neighbourhood 2 of the graph of
[k] + X — X, a function ¢ :  — C, CR-holomorphic in the first variable, anti-
CR-holomorphic in the second variable, such that Tm(¢)) = dist(-, Graph([x]))?. In
particular, the function Qx (0, +00) 3 (x,y,t) — ti(x,y) is a positive phase function,
whose Lagrangian A is CR-holomorphic in the first variable, anti-CR-holomorphic
in the second variable, and such that w(Ag) = Graph([x]).

Proof. — We recover ¢ from its Lagrangian, which is unique by Proposition 2.4.
By design Ag is a half-line bundle over its projection, and this condition is open, so
that A satisfies the hypotheses of Proposition 4.11. This concludes the proof. O
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6. A few applications
6.1. Grauert tubes, FBI transforms, and quantum propagators

Let (M, g) be a compact, real-analytic Riemannian manifold. The holomorphic
extension of the exponential map gives a natural isomorphism between small neigh-
bourhoods of M in M and small neighbourhoods of the zero section in T*M.

There exists [GS91] a real-analytic Kéhler structure on a neighbourhood of the
zero section in T* M, compatible with the complex structure (via the aforementioned
identification) and whose restriction to M is g. The Grauert tube

B, = {(,§) € T"M, [[¢[lgx) <7}

is then a strongly pseudoconvex open set for r small, and its boundary X, is a
real-analytic submanifold of T M.

The Toeplitz operators on X, acquire a particular importance because of the
FBI transform (from O'(M) to H,(X,)), defined as follows: let Q = {(z,{,y) €
B, x M, dist(z,y) < r}; let ¥ : Q — C be holomorphic in its first factor and such
that o (z,&,x) = $(r — 1€11%))- This function, when restricted to (X, x M) N Q,

satisfies the following properties:

o —Cdist(z,y)? < Im(¢)(z,&,y) < —cdist(z, y)? for some 0 < ¢ < C.

b (vfﬂi V£, Vy)iﬂ(l’, 57 1:) = (_57 _i£7 5)
In particular, X, x M x (0,4+00) > (z,&,y) — t(x, &, y) is a positive phase function
whose Lagrangian A is the only Lagrangian which is CR-holomorphic in the first
component and such that

Agr = {(z, —tw,w,0,y, —tw), t € R, (z,w) € S*M}.

We can introduce our first guess for the FBI transform:
e 60) = [ e

As in the flat case, the power of t is chosen such that T is a bounded operator,
with bounded inverse, between L*(M) and kerjz(x,)(dy); in other terms, 75Ty is an
elliptic pseudodifferential operator of degree 0.

Ty may not exactly be unitary, but we can remedy to this situation in the following
way: ToT has the same Lagrangian as S, and therefore it is of the form I, () for
some self-adjoint amplitude ¢¢; there exists an inverse square root r for ¢, (because the
calculus of these Toeplitz operators is, locally, conjugated to that of pseudodifferential
operators on flat space), and therefore, letting

T = I,(r)Ty,

then 7' is a unitary transformation between L*(M) and keryz(y,)(9,). Useful proper-
ties of 1" are as follows:

e If A is an analytic pseudodifferential operator on M, then TAT™ is a Toeplitz
operator with principal symbol (z,w,t) — o(A)(z, —tw).
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e More generally, if A is an analytic Fourier integral operator on M, with
Lagrangian A 4, then TAT* is a Fourier integral operator whose Lagrangian
Arar+ is a complex Lagrangian, CR-holomorphic in the first factor, anti-CR-
holomorphic in the second factor, and such that

(21, —tiw1, wi, 0, 22, —taws, wy, 0),
(ATAT*)]R — (x17w17x27w2) € (AA)Ry tl > 07t2 > 07
t
(r1,w1) € S*™M, (172, t2w2> e S*M
1
Existence and uniqueness of this Lagrangian are guaranteed by Proposi-
tion 2.4. In particular, in this case one has 3, ~T*M \ {0}.

We can use this transformation to describe quantum propagators as analytic
Fourier integral operators.

PROPOSITION 6.1. — Let P be an analytic self-adjoint degree 1 pseudodifferential
operator on M. For every s € R, the fundamental solution e~*" of the Schrédinger
equation for P is an analytic Fourier integral Operator whose Lagrangian is the graph
of the bicharacteristic flow ¢ of P at time s. In particular, Te *FT* is a Fourier
integral operator with a singular kernel of the form

+oo |
(z,y) — / Mt a(s, s t)dr.
0

Here, (s, x,y) is CR-holomorphic with respect to x, anti-CR-holomorphic with
respect to y, and satisfies Im(¢(x,y)) < — dist(y, ¢s(x)); moreover a is the realisation
of a formal analytic amplitude.

Proof. — We will prove the claimed description of Te~*T*, from which the more
abstract fact that e=*F = T*(Te P T*)T is a Fourier integral operator will follow.

By Proposition 2.7, a pseudodifferential operator Q on X is such that [@,S] and
SQS — TPT* are continuous from L? to L2, if and only if the principal symbol of @,
near Y. is the CR-holomorphic extension of the principal symbol of P (seen as a
real-analytic function on the totally real manifold >, ).

We know from the C* theory that e=**% is, up to a smooth remainder, a Fourier
integral operator whose Lagrangian is the graph of the bicharacteristic flow of the
principal symbol of (). Since the principal symbol Poisson-commutes with that of
(O, Dp), the (smooth) Fourier integral operator ITe~*@II has exactly the requested
Lagrangian. Letting Uy(s) be any elliptic degree 0 analytic Fourier integral operator
with the same Lagrangian (obtained by Proposition 4.25, for instance), the principal
(order 1) symbols of <L Upy(s) and iUy(s)TPT* coincide (alternatively, one can com-
pute principal symbols to show this). The phase of this Fourier integral operator is
the same as that of Up(s).

The operator R(s) = Uy(s)e *TP1" then solves the equation

d _|d , x| —isTPT*
gR(s)— gUo(S) iUo(s)TPT™ |e :
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Introducing Vy(s) an inverse for Up(s) (we already have an inverse if we applied
Proposition 4.25), modulo a real-analytic remainder,

d d

(6.1) R = ldon(s) — iUy(s)TPT* | Vo (s).

The right-hand side is a degree 0 analytic Fourier integral operator with the same
phase as II; it is a degree 0 Toeplitz operator in the sense of Proposition 5.4. Choosing
a Banach norm of formal analytic amplitudes which contains the total symbol of
{%Uo(s) - iUg(s)TPT*}VO(s) and on which the formal product is continuous, one
can give an approximate solution for (6.1) by the Picard-Lindel6f theorem; thus there

exists an analytic Toeplitz operator R(s) such that, modulo an analytic remainder,

d d . .
gR(s) = LisUO(S) —iUo(s)TPT* | Vi(s).
To conclude, we can apply the Duhamel formula (the true propagator e*T77" pre-

serves real-analytic functions) and we obtain that, modulo an analytic remainder,

. . ——1
estPT :R(S) ‘/0(8)

This proves the second part of the claim, and conjugating back, we obtain that
P e | .

T*R(s) Vy(s)T is a Fourier integral operator which coincides with e**” up to an

analytic remainder. O

6.2. From microlocal to semiclassical analysis

In this section we broadly describe how one can obtain semiclassical results from
the description above.

In what follows, we let X be the boundary of a compact, strongly pseudoconvex
open set and suppose that X admits an S! action (ry)ses1 which preserves all the
structure. Two important examples are:

(1) The case where X is the Grauert tube around a compact Riemannian manifold
of the form S' x M. The action of S' on S* x M (by rotation of the first
factor) is an isometry and lifts to a symplectic transformation on T*(S! x M),
which is also an isometry for the Kéhler structure near the zero section.

(2) The case where X is the circle bundle of the dual of a positive line bundle
over a Kéahler manifold.

Among Toeplitz operators, those whose formal amplitude is itself invariant under
the S! action commute with the S* action, and thus one can decompose their action
over the eigenmodes Hy, k € Z of the S* action. Changing variables, the singular
kernel of a Toeplitz operator I,,(a) restricted to Hy, is then

(z,y) — k/l / ekvrozn)=0)q (3 4. ks)dAds.
s
To perform a stationary phase in the variables (s, #), we need to satisfy the condition

a(V)#£0
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where « is the contact 1-form on X of Proposition 2.2 and V' is the tangent vector
field of the S action. In case (2) above, this is always true because the Reeb flow
coincides with the S! action (in fact one can choose 1 with simple and explicit
dependence on 6, see for instance the unlabelled equation following (24) in [ZZ18]).
In case (1), the Reeb flow is the geodesic flow on S x M, so we restrict our attention
to the open set

Xy ={(ym 2.6 € 8(S" x M), n>0}.

Thus, in both cases, we are in position to apply the stationary phase lemma in the
variables (s,0) (see for instance [Zel98]), and obtain a description modulo errors
of size e~ for some ¢ > 0 (indeed, elements of analytic function spaces have
exponentially fast decaying Fourier modes). In case (2) above, we obtain semiclassical
Berezin—Toeplitz operators; in case 1, after a stereographic change of variables X, —
S % T*M, we obtain semiclassical pseudodifferential operators.

With this point of view, one can for instance recover the expressions of the semiclas-
sical Szeg6 kernel, and many properties of semiclassical analytic pseudodifferential
operators after conjugating back by a semiclassical Bargmann transform, since we
know that the Toeplitz and pseudodifferential algebras are equivalent in the analytic
semiclassical case [RSVN20].

This procedure can be generalised to other “small parameter” techniques, notably
to study the action of (microlocal) analytic Fourier integral operators on WKB states.
We hope to describe this in future work.

Appendix A. The algebra of symbols of pseudodifferential
operators

PROPOSITION A.1. — Define the following formal analytic symbol norm on R% x
R¢, form € R,p > 0,R > 0:

lallon = sup  ar@OId+ kL o)™
Sm keN,aeN2d (z,£)eR2d plale“a’ + k)!

For the star-product of left-quantization on T*RY, there exists mq(d) such that

lazbllgpm < 12]|allgprl[b]] g 2
m m Srn

if
R > 292 p% m = mo(d).

Proof. — We start with the formula
k k—n

aﬁb Z Z Z @(‘ﬁ?al@g bk—n—l~

n=0 1=0 |8|=n

Since
n!

|8l=n E—
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we obtain that, for every a with |a| = j,

P RF(j + k)!
('+k+1)m

k d+1 ,\ ™ j (m+j+DWk—=1+75— 715!
XZ<2R> ZZZ + j1 + DI + 37— )l

n=0 =0 o =y A2l (k4 )G — )

et

[V (atb)il < llallggm 10l

~lm

B!
S

y 1+j+k "
(I+n+h+0)A+k—1+j—71))
Let us prove that, if 0 < j; < j and 0 <[+ n < k, then

(n+ 1+ DIk =1+ 7 —j1)ly!
2k=tri=ipl(k + )G — )t

If the other parameters are fixed, then

(n+h+DUk—=1+j—71)5!
2k=tri=inl(k + )1l (G — ji)!

is log-convex; there are two extremal points.
At [ = 0, we obtain

(n+ )k + 7 — j1)ls! < (n + j1)!j'k!
2kl (k + )l (5 — g0t nl(k+ )b
This increasing function of j; reaches a maximum at j; = j, where we obtain

(n+ 7)k!
nl(k+ )

[ —

since n < k.
In the other case [ = kK — n, we obtain

(k+ )l n+j —j1)Yy! < (k +j1)!5!
2vti=nnl(k 4+ )G — 5)! - (k4 5)!
since j; < j. It remains to bound, for fixed [,n such that [ +n < k,
Z 5 Il+j+k "
A+n+3u+D01+k—14+7—75)

1=0 |y|=j1
Yo

To this end we use the fact that

#(|7’ = jl?fy g Oé) < min(jlu (] _jl))dil;

thus, this sum is bounded by

z]: (1+j+n+k)™min(ji,j — )"
(A +n+p+0)m(1+k—1+7—5)"
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Now we use [Del21, Lemma 2.13]; for m large enough (depending only on d), this
sum is smaller than 3. To conclude,

n—k
1
Z 2k—n—l g 2
=0
and, if R > 29+2p2,
k d+1 .2\ "
2
=) o :
n=0

Appendix B. Functional spaces in analytic regularity

This section collects the basic properties of the spaces of analytic functions and
their duals. Most technical facts claimed here are proved in [Hor73]; see also [Tre22,
Chapter 6].

DEFINITION B.1. — Let  C C™ (or any complex paracompact manifold) be
an open set. We define O(f)) as the space of holomorphic functions from € to C,
endowed with the topology of local uniform convergence.

The topology on O’'(Q) coincides with that of compactly supported Radon mea-
sures, of which it is a closed subspace. Elements of O'(§2) will be called analytic
functionals.

One can generalise this definition into “germs” of holomorphic functions and their
duals.

DEFINITION B.2. — Let E C C" (or any complex paracompact manifold) be a
general set (not necessarily open). Define O(E) as the union of the spaces O(2) for
all 2 open and containing E (endowed with the colimit topology).

If F/ is an open subset or R™, or more generally an open subset of a real-analytic
submanifold of R", then O(F) is the space of real-analytic functions on E. If £
is a compact subspace of R” with non-empty interior, then O(FE) is the space of
functions on F which are real-analytic up to the boundary (and, therefore, which
extend into real-analytic functions on some open neighbourhood of E).

Given two sets £ C F' C C" one can naturally define a restriction map from O(F)
to O(F). By duality, this defines a natural map O'(E) — O'(F). This map can
only be injective when the restriction O(F) — O(FE) has dense image; this is called
the Runge property. We will only be interested in the case where E is a compact
subset of R™, in which case the Runge property is always satisfied, by elementary
approximation theory.

PrOPOSITION B.3 ([Tre22, Theorem 6.2.14]). — Let K be a compact subset
of R™. Then entire functions are dense in O(K); that is to say, K is Runge.

The proof roughly consists in showing that, with py : x —= ¢, N " exp(—N|z|?),
given f € O(K) and g any smooth extension of f to R", the sequence of entire
functions (pn * g)nen converges towards f in the topology of O(K).

One of the main useful properties of Runge sets is the fact that one can solve the
0 problem on them.
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PROPOSITION B.4 ([H6r73, Theorem 2.7.8]). — Let K € C" be compact and
Runge. Then there exists a basis of neighbourhoods (£);),en of K in C" such that
the following is true. For every j € N and every f = (f1,..., fa) € C*(Q;,C") which
is O-closed, in the sense that

gkfz:gff’w V1<k7€<n7
there exists u € C*'(Q;,C) such that du = f.

The ability to prove the O-problem on some neighbourhoods of real compact sets
allow us to describe how the spaces O and O’ behave under natural operations on
their domains.

ProprosITION B.5. — Let K1, K5 be compact subsets of R".
(3) O(Ky) NO'(Ks) = O (KN Ky).
(4) O(Ky) + O'(Ks) = O'(K; U Ks).

Proof.

(1) Let Uy, Us be respective neighbourhoods of K7 and K5 in C"™. Then holomor-
phic functions on U; U U, are exactly functions that are both holomorphic on
U, and on U,, because holomorphy is a local property.

(2) The inclusion from left to right is obvious and it remains to prove, given
f € O(K; N Ky), that it is of the form f; + fo, where f; € O(K;) and
fa € O(Kg)

Let €2, and {23 be small neighbourhoods in C" of respectively K; and K3, so
that f extends to f € O(Q; M) (the function f may or may not correspond
to the usual notion of holomorphic extension, depending on whether K is the
closure of its interior in R™).

The compact sets K; \ 2 and K5 \ €21 do not intersect and therefore lie at
positive distance from each other. We let x € C*°(Q; U 22, R) be such that
X = 1 on a neighbourhood U; of Kj \ €5 and x = 0 on a neighbourhood U,
of K3\ €. The one-form a = 5(fx), well-defined on € N €2y, is equal to 0
on (U; UU2) N (21 N Qy), and therefore can be smoothly extended by 0 on
Q:U1UU2U(91HQQ>

Q) is a neighbourhood of K7 U K5, which is a Runge set by Proposition B.3;
by Proposition B.4, this means that there exists a smaller neighbourhood
Q' C Qof Ky UK, and u € C*(Q) such that du = a.

To conclude, the function hy = (1 — x)f + u is well-defined on (U; U (Q; N
Q5))NEY, which is an open neighbourhood of K; it satisfies dh; = a—du = 0;
therefore hy € O(Kj). In the same way, hy = x f — u is well-defined and
holomorphic on (U; U (21 N §2)) N which is an open neighbourhood of Ko;
moreover, on K; N Ky, one has hy + hy = f; this concludes this part of the
proof.

(3) This statement is the dual of (2).

(4) This statement is the dual of (1). O
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Given two compacts K; C Ks of R", there is no natural restriction map from
O'(Ks) to O'(K3) (in fact, we have a natural injective extension map from O'(K;)
to O'(K3)). Nevertheless, there is a well-defined notion of support of an analytic
functional, thanks to the injectivity of this extension map and Proposition B.5(3).

Let us remark that if we define C*(K') = £(K), for K any compact of R™, following
Whitney [Whi34], then the equivalents of all items of Proposition B.5 are also true,
with the small caveat that the dense maps E(R™) — £(K) fail to be injective. We
will use the following restriction theorem on locally compact distributions: they can
be restricted to a smaller subset modulo a boundary indeterminacy.

ProprosITION B.6. — Let K1 C K be two compact sets. The inclusion map
E'(Ky) — E'(K) has a left inverse modulo £'(0K,). This right inverse does not
depend on adding an element of £'(0K), and therefore defines a well-defined map

K, E(K)/EOK) — E'(K1)/E(OK).

Proof. — Let Ky = K \ K;. Recall that &(K) = &£'(K1) + £'(K3), and given
u € &'(K), choose u; € E'(K7) such that u—uy € E'(K3). The distribution u; is not
unique, but given any other choice vy, the difference u; — vy € £'(K7) is such that
(u—wuy) — (u—wv) =v; —uy € E(Ky). Therefore uy — v, € E'(KyNKy) = E'(0K)),
and the class of u; modulo £'(0K7) is uniquely defined. If one had u € &'(K;) to
begin with, then one can choose u; = u, so that this map is indeed a left inverse to
the extension map.

If u € &'(0K), then, since 0K C (0K;) U K, one can choose u; € £'(0K7) in the
lines above, and therefore u is mapped to 0; this concludes the proof. 0]

The same property holds when &£’ is replaced with O'. The two families of spaces
E'(K)/E'(OK) and O'(K)/O'(0K) are quite practical because of this well-defined
restriction map, which mimics the ability to restrict analytic or smooth functions
to a smaller set. Elements of the spaces O'(K)/O'(0K) are called hyperfunctions.
Proposition B.6 and its equivalent for @' means that these families of spaces (indexed
by K) form pre-sheaves.

DEFINITION B.7. — Let K € R™ and let f € O'(K). The support of f is the
smallest compact Ky C K such that f € O'(K3).

This notion is well-defined: first of all “f € O'(K;)” makes sense because the
extension O'(K;) — O'(K) is injective; second, if two compacts K and K, are such
that f € O'(K;) N O'(Ky), then f € O'(K; N K») by Proposition B.5(3).

If U is a relatively compact open set in R™ then O(U) C C*®(U) and therefore
E'(U) c O'(U). In this case, the support of a distribution T € &'(U) coincides with
its support as an element of O'(U).

We now reach the main result of this appendix: one can patch together analytic
functionals defined on different compact sets which agree on the intersection (meaning
that the support of their difference lies away from the intersection), and if they only
agree on the intersection modulo a real-analytic function then we can patch them
together modulo a real-analytic function.

ProOPOSITION B.8. — Let Ky, Ky be compact subsets of R". Let uy € O'(K;)
and uy € O'(K3) be such that supp(u; — us) N Ky N Ky = (). Then there exists
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u € O'(K; U K3) such that supp(u — uy) N K7 = ) and supp(u — ug) N Ky = 0. If
u1, us belong to &', then so does .

More generally, if there exists f € O(K; N K3) such that supp(u; —us — f) N KN
Ky = (), then there exists u € O'(K1 U K,), g1 € O(K;) and g2 € O(K,) such that
supp(u — uy; — g1) N Ky = 0 and supp(u — uy — g2) N Ky = 0. Again if uy, us belong
to &', then so does u.

Proof. — By hypothesis, there exists two compacts L; € K;\ Ky and Ly € Ky\ K3
such that u; — us € O'(L; U Ly). Using Proposition B.5, there exists f; € O'(L;)
and fo € O'(Ls) such that uy —us = f1 + fo.

Then v = u; — fo = ug + f1 is an element of O'(K; U K5) such that u —u; = fo €
O'(Ly) and u —ug = f1 € O'(Ly). This concludes this part of the proof, and we can
seamlessly replace O’ with £’ in the lines above.

If now u; —uy € O'(L1 U Ly) + O(K; U K3), then by writing O(K; U Ky) =
O(K;) 4+ O(Ks3) we can correct u; and uy by respective elements of O(K7) to reduce
ourselves to the previous case. 0

To conclude, we mention the generalisation of these results to general paracom-
pact real-analytic manifolds. Any paracompact real-analytic manifold is an analytic
submanifold of R™ for n large enough [Gra58|, so that we only need to restrict our at-
tention to compact sets which belong to this submanifold; thus there is no additional
difficulty. Of course, when considering the restriction map as in Proposition B.6, the
boundary is then taken with respect to the topology of the submanifold, not with
respect to the ambient R™ topology.
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