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THE SZEGŐ KERNEL IN
ANALYTIC REGULARITY AND
ANALYTIC FOURIER INTEGRAL
OPERATORS
NOYAU DE SZEGŐ EN RÉGULARITÉ
ANALYTIQUE ET OPÉRATEURS DE
FOURIER INTÉGRAUX

Abstract. — We build a general theory of microlocal (homogeneous) Fourier integral
operators in real-analytic regularity, following the general construction in the smooth case by
Hörmander and Duistermaat. In particular, we prove that the Boutet–Sjöstrand parametrix
for the Szegő projector at the boundary of a strongly pseudo-convex real-analytic domain can
be realised by an analytic Fourier integral operator. We then study some applications, such
as FBI-type transforms on compact, real-analytic Riemannian manifolds and propagators of
one-homogeneous (pseudo)differential operators.

Résumé. — Nous construisons une théorie générale des opérateurs de Fouriers intégraux
microlocaux (homogènes) en régularité analytique, en suivant la construction générale due, dans
le cas lisse, à Hörmander et Duistermaat. En particulier, nous montrons que la paramétrice de
Boutet–Sjöstrand pour le projecteur de Szegő sur le bord d’un domaine analytique fortement
pseudoconvexe peut être réalisée comme un opérateur de Fourier intégral analytique. Nous
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608 A. DELEPORTE

étudions ensuite quelques applications, comme les transformées de type FBI sur les variétés
riemanniennes analytiques compactes, et les propagateurs d’opérateurs (pseudo)différentiels
d’ordre un.

1. Introduction

This project began as an investigation of the following problem: let Ω ⊂ Cn be an
open set with real-analytic boundary; can we characterise the analytic singularities
of the functions on the boundary ∂Ω which are boundary values of holomorphic
functions inside Ω?

The problem is well-posed when Ω is strongly pseudoconvex (see Definition 2.1) and
a precise description modulo smooth functions of the Szegő projector S (from L2(∂Ω)
onto the subspace of boundary values of holomorphic functions) is well-known in the
case where ∂Ω is smooth [BS76, Fef76]. It is then natural to expect that, if ∂Ω is
analytic, then an even more precise description of S can be reached. This microlocal
problem admits a semiclassical (small parameter) counterpart, about the description
of spaces of holomorphic sections of high powers of ample line bundles over Kähler
manifolds. In the latter case, a description of the Szegő kernel in analytic regularity
was recently obtained [Cha21, Del21, DHS24, HLX20, HX21, RSVN20].

It quickly became obvious to the author that a natural course of action to study the
analytic singularities of S was to adapt the method of [BS76], where S is described
as a Fourier integral operator with complex-valued phase function, and where the
proof uses a microlocal normal form procedure (and in particular, a conjugation by
a Fourier integral operator). Building a theory of analytic Fourier integral operators
that lies as close as possible to the smooth constructions [Hör09] became our next
goal and constitutes the bulk of this article.

In the microlocal as well as semiclassical case, the study of the Szegő projector
has important applications in geometric quantization and “general purpose” mi-
crolocal/semiclassical analysis. One particular instance of strongly pseudoconvex
open set with real-analytic boundary is the Grauert tube around a real-analytic
Riemannian manifold; the range of S is then the target space of a natural FBI-type
transformation. Thus the analytic counterpart of the results of [BS76] serves as a
tool for other problems related to the spectrum and dynamics of differential and
pseudo-differential operators. These techniques could be particularly relevant to the
study of non-self-adjoint analytic (pseudo)differential operators.

1.1. What this article contains

Section 2 reviews some basic properties of the boundary Cauchy–Riemann problem
for pseudoconvex open sets. The impatient reader only interested in “off-the-shelf”
properties of analytic Fourier integral operators may skip it, however the pseudocon-
vex open set Rn × Sn−1, on which the Szegő projector admits an exact formula, is
useful in the construction of the general theory.
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Analytic Szegő kernel and Fourier integral operators 609

Section 3 contains the “formal analytic” content of our construction. We describe
spaces of analytic amplitudes (formal or not) in Section 3.1, then we study the
geometric properties of homogeneous phase functions and their associated conical
Lagrangians in Section 3.3. We also prove a stationary phase type theorem in Sec-
tion 3.2. Most of the contents of this section will look familiar to experts, but many
details (in particular, the sense in which we perform Borel summations of formal
analytic amplitudes in the microlocal setting) turn out to be non-trivial and crucial.

The core of the construction of analytic Fourier integral operators is Section 4.
We properly define analytic Fourier integral operators in Section 4.1, in an ascend-
ing level of geometric generality, and study the composition rule and the action of
stationary phase; our results are gathered in Theorem 4.10. The algebra of analytic
pseudodifferential operators, which of course is of utmost importance, is described
in Section 4.2; in our framework, to microlocalize the action of these operators
we introduce a FBI transform, which conjugates the problem to operators on
Rn × Sn−1 whose microlocal structure resembles that of the Szegő projector. As
in [BG81], we call them “Toeplitz operators”, even though they are not best described
as SQS for Q a pseudodifferential operators, but rather by a Fourier integral opera-
tor formula, akin to the “covariant Toeplitz operators” of [Cha03]. These Toeplitz
operators turn out to be a very efficient microlocal replacement of pseudodifferential
operators, allowing us to describe refined properties of Fourier integral operators (no-
tably inversion) microlocally in Section 4.3. Besides pseudodifferential operators and
Toeplitz operators, important examples of Fourier integral operators are “quantized
contact transformations”: one can quantize the action of a one-homogeneous sym-
plectic change of variables into a unitary operator, and we do so in Proposition 4.25.

We then turn our attention to the specific problem of the Szegő projector for a
general pseudoconvex open set in Section 5. We prove a normal form theorem for
the ∂b operator in analytic regularity, and use it to describe the Szegő projector as an
analytic Fourier integral operator in Theorem 5.3. We then generalise the properties
of Toeplitz operators obtained in Section 4.2 to this more general geometric setting.

Some illustrations of our techniques are presented in Section 6. We discuss in
particular the case of Grauert tubes, and how a natural FBI-type transformation
on compact analytic Riemannian manifolds helps to translate “usual” questions
concerning differential or pseudodifferential operators to the Toeplitz framework,
where they are more easily studied. We prove in Proposition 6.1 that propagators
of one-homogeneous, self-adjoint analytic pseudodifferential operators are analytic
Fourier integral operators. We also discuss briefly how to obtain semiclassical results
from our microlocal toolbox. To our knowledge, there is no general theory of analytic
Fourier integral operators available in the semiclassical case (and certainly not one
which preserves analytic function spaces), and we hope that our results can be of
use in this direction.

The Appendix A–B presents some well-known facts about analytic semiclassical
analysis, which we gather for the comfort of the reader. We discuss in particular the
properties of spaces of analytic functions, their dual spaces (called analytic functi-
onals), and a convenient quotient space of analytic functionals called hyperfunctions.
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1.2. Comparison with earlier work

Microlocal analysis in real-analytic regularity has a long history, but its early
achievements have been shadowed by the success and popularity of the C∞ tech-
niques.

Building on an observation that in some formal sense, there are classes of pseudo-
differential operators adapted to real-analytic regularity [BK67], a general framework
was proposed [SKK72] but ultimately, this theory never reached the same founda-
tional status as the C∞ counterpart. In particular, a method of proof of Theorem 5.3
using the tools of [SKK72] appears in [Kas77], but the status of this proof and of the
statement itself is disputed; we mention [Kan89] for a more detailed, but incomplete,
discussion of Kashiwara’s approach. One of the initial goals of this work was the
hope to settle once and for all the status of Theorem 5.3.

In contrast, the theory of semiclassical analysis in real-analytic regularity is now
well-developed, after the seminal work [Sjö82]. In this setting, one is interested in
improving remainders fromO(ℏ∞) toO(e−cℏ−1) for some c > 0, rather than improving
remainders from smooth to real-analytic. The semiclassical theory makes full use of
complex-valued phase functions, whose manipulation is perhaps even easier than in
the C∞ case because of the naturalness of extensions into the complex.

It is often said that microlocal analysis is a particular case of semiclassical analysis.
We found out, however, that the usual semiclassical constructions of pseudodifferen-
tial operators, other Fourier integral operators, or even Borel summations of analytic
symbols, was not applicable here. This is chiefly due to the fact that, when presented
with an oscillating integral with small parameter, of the form

∫
ei

ϕ(x)
ℏ a(x)dx, we may

remove the areas where Im(ϕ) > 0 by a simple (smooth) cut-off argument, leading
to O(e−cℏ−1) errors. As a consequence, at its present stage of development, analytic
semiclassical analysis deals with errors of size O(e−cℏ−1) in Ck topology for fixed k.
In the microlocal setting, we cannot afford to introduce cut-offs even in areas of
phase space which we presume are away from the analytic wave front set. Even apart
from stationary phase, cut-and-paste arguments, used to pass from local definitions
of objects in coordinate charts to global descriptions, must be replaced by slightly
more refined arguments of cohomological nature: broadly speaking, we are able to
define how objects act locally and then we can use somewhat abstract gluing tools.
This is a standard approach in the study of holomorphic or real-analytic functions,
but it turns out (see the Appendix A–B) that these arguments already work in the
C∞ setting.

Conversely, at least the elementary results of analytic semiclassical analysis can be
obtained from our microlocal setting by considering Fourier modes in an auxiliary
variable; we describe this briefly in Section 6.2.

The book [Trè22] presents an overview of the existing literature on general-purpose
analytic microlocal analysis and some of its applications. Sections 3–4 have been
somewhat motivated by this book, as we found out that adapting the homogeneous
FIO framework to the real-analytic case is not as straightforward as it seems and
many statements and constructions of this book deserved a more thorough approach.
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2. The boundary Cauchy–Riemann problem

This section is a primer on the theory of boundary Cauchy–Riemann problems;
we present some facts which, besides being the basis for Theorem 5.3, will be useful
for the general construction of Fourier integral operators in real-analytic regularity.

2.1. Strongly pseudoconvex domains and CR geometry

Definition 2.1. — Let Y be a (paracompact, boundaryless) complex manifold
of dimension n ⩾ 2.

• Let U ⊂ Y open. A function ρ ∈ C2(U,R) is strongly plurisubharmonic when
at every point of U , in local coordinates, the Hermitian matrix [ ∂2ρ

∂zj∂zk
]j,k is

positive definite. (This does not depend on the coordinates).
• A compact real hypersurface X ⊂ Y is strongly pseudoconvex when there

exists an open neighbourhood U of X and a strongly plurisubharmonic func-
tion ρ : U → R, such that dρ never vanishes and X = {ρ = 0}.

The situation of interest is the case where X separates Y into two connected
components; the “inside” component Ω (the one which contains {ρ < 0}) is then
called a strongly pseudoconvex domain, independently on the behaviour of ρ far
inside Ω.

Given a general open set Ω ⊂ Y with regular boundary, one may ask how holo-
morphic functions on Ω behave near ∂Ω: whether they can be extended (using, for
instance, the Hartogs theorem) or whether their restrictions to ∂Ω admit a simple
description. As it turns out, these two questions are related and strongly pseudo-
convex domains are exactly those for which restrictions of holomorphic functions
are solutions of a hypoelliptic linear PDE, the boundary Cauchy–Riemann opera-
tor ∂b [Koh63]. The Szegő projector S : L2(X) → kerL2(∂b) allows to describe the
space of solutions, as well as (after application of the Poisson kernel) the Bergman
space of holomorphic functions on Ω. The description of S modulo smooth func-
tions [BS76, Fef76] when X is smooth has numerous crucial applications in complex
and Kähler geometry as well as geometric quantization. For example, the local defi-
nition of a strongly pseudoconvex hypersurface above, or even an intrinsic definition
mimicking the properties of X gathered in the next Proposition 2.2, are equivalent
to the realisation of X as the boundary of a strongly pseudoconvex open set in Cn,
with a globally defined and strongly plurisubharmonic ρ, as soon as n ⩾ 3 [Bou75].
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Proposition 2.2. — A strongly pseudoconvex hypersurface X ⊂ Y inherits a
CR-structure as follows: TX ⊗ C decomposes as a direct sum of three involutive
components T (0,1)X ⊕ T (1,0)X ⊕ V , where:

• T (1,0)X = T (1,0)Y ∩ (TX⊗C) is the n− 1-dimensional bundle of holomorphic
tangent vectors.

• T (0,1)X = T (0,1)Y ∩ (TX ⊗ C) is the n − 1-dimensional bundle of anti-
holomorphic tangent vectors.

• V is a line bundle over X.
The line bundle Σ = (T (0,1)X ⊕ T (1,0)X)∗ ⊂ T ∗X ⊗ C is spanned by the real one-
form α : (x, ξ) 7→ dρ(x)(Jξ) whenever ρ is a pseudoconvex defining function for X.
Moreover α is a contact form on X, and Σ is a symplectic submanifold of T ∗X.

Proof. — Let us prove that α is a contact form; this follows from an explicit
computation in local coordinates

α ∧ (dα)n−1 = ∥∇ρ∥ det([∂zj
∂zk
ρ]j,k)d vol,

where d vol is the standard volume form in coordinates and the Hessian of ρ is
restricted to T (0,1)X ⊗ T (1,0)X, where it is still non-degenerate.

The other claims follow directly from there. □

Given u ∈ C1(X,C), one naturally forms ∂bu as the section of (T (0,1)X)∗ obtained
by restricting du to T (0,1)X. Restrictions to X of holomorphic functions naturally
satisfy ∂bu = 0, and reciprocally elements of kerL2 ∂b extend into H 1

2 holomorphic
functions on Ω in the strongly pseudoconvex case [Koh63].

In this article we will only be interested in the situation where X (that is, ρ) is
real-analytic. The symbol of the differential operator ∂b can then be extended in the
complex, which allows to define several manifolds of interest.

Proposition 2.3. — Let Z = {(x, ξ) ∈ T̃ ∗X, σ̃(∂b)(x, ξ) = 0}. Then Z is a
complex submanifold of T̃ ∗X of complex codimension n− 1.
Z is coisotropic, and defining Z = {(x, ξ) ∈ T̃ ∗X, σ̃(∂b)(x, ξ) = 0}, then Z and Z

intersect cleanly and
Z ∩ Z = Σ̃.

Moreover TΣ is transverse to the null-distribution (TZ)⊥ = {v ∈ T (T̃ ∗X),∀ v′ ∈
TZ, ω(v, v′) = 0}.

Proof. — Let us consider holomorphic coordinates mapping a neighbourhood in
Y of a point of X to a neighbourhood of 0 in Cn, with ∂znρ ̸= 0. Then as a subset
of T̃ ∗Cn = {(x, y, ξ, η) ∈ C4n}, Z is the joint zero set of the functions

pj : (x, y, ξ, η) 7−→ ξj + iηj −
(∂xj

+ i∂yj
)ρ̃(x, y)

(∂xn + i∂yn)ρ̃(x, y)(ξn + iηn) 1 ⩽ j ⩽ n− 1,

ρ̃ : (x, y, ξ, η) 7−→ ρ̃(x, y),

d̃ρ : (x, y, ξ, η) 7−→
n∑
j=1

ξj∂xj
ρ̃(x, y) + ηj∂yj

ρ̃(x, y).
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Analytic Szegő kernel and Fourier integral operators 613

The differentials of these functions are linearly independent, and one can check that
the functions pj Poisson-commute with each other. Therefore Z is a coisotropic
submanifold of T̃ ∗X whose codimension is the number of functions pj (i.e. n− 1).

To define Z, we replace pj with the functions

p∗
j : (x, y, ξ, η) 7−→ ξj − iηj −

(∂xj
− i∂yj

)ρ̃(x, y)
(∂xn − i∂yn)ρ̃(x, y)(ξn − iηn), 1 ⩽ j ⩽ n− 1.

These functions again Poisson-commute with each other.
Now, clearly Σ = ZR = (Z ∩ Z)R. The symplectic gradients of the functions

p1, . . . , pn−1, p
∗
1, . . . , p

∗
n−1 are linearly independent on Σ, and in fact the matrix of

Poisson brackets 1
i
[{pj, p∗

k}]j,k is everywhere either positive definite (on the half-line
bundle Σ+ of positive multiples of α) or negative definite (on the half-line bundle
Σ− of negative multiples of α), see the computations in [BS76]. This concludes the
proof; in particular, the Hamiltonian vector fields of p1, . . . , pn−1, which span (TZ)⊥,
are transverse to Σ. □

From now on we decompose Σ = Σ+ ∪ Σ− ∪ {0} where Σ± is the half-line bundle
of positive multiples of ±α, on which ±1

i
[{pj, p∗

k}]j,k is positive definite.
An important consequence of the geometry of Σ and Z is the following CR-

extension result for Σ-Lagrangians.
Proposition 2.4. — Let λ ⊂ Σ+ × Σ+ be a real-analytic conical Lagrangian for

the twisted symplectic form ω1 − ω2.
There exists a unique Λ ⊂ Z × Z, Lagrangian in T ∗X × T ∗X for the twisted

symplectic form, which contains λ. Moreover Λ is positive (in the sense of [MS75,
Definition 3.3]).

Proof. — We proceed as in [BS76]. Let Λ ⊂ Z × Z be a Lagrangian which con-
tains λ̃. Then the null-distribution (TZ⊥ × {0}) ⊕ ({0} × TZ

⊥) belongs to TΛ. By
Proposition 2.3, this distribution is involutive (because Z is coisotropic); it is trans-
verse to T λ̃; its complex dimension is 2(n − 1) = dim(Λ) − dim(λ̃). Therefore Λ is
exactly the union of the leaves of this distribution which pass through λ̃. The posi-
tivity of Λ is then a direct consequence of the positivity of the matrix 1

i
[{pj, p∗

k}]j,k
on Σ+. □

2.2. Classical normal form

At the level of the operator ∂b, the strong pseudoconvexity of X is reflected in the
following facts:

• the real characteristic Σ = {(x, ξ) ∈ T ∗X, σ(∂b) = 0} is symplectic;
• denoting (p1, . . . , pn−1) the components of σ(∂b), one has {pj, pk} = 0 for all
j, k, while the matrix 1

i
[{pj, pk}]j,k is everywhere either positive definite or

negative definite.
There is a universal local model (depending only on the dimension) for the principal
symbols of such operators, whose construction is presented in [Bou74, Appendix II]
in the smooth case. We review this proof in the analytic setting. This local model is
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an important tool in the description of the Szegő projector in the smooth case, and
we will also use it in our setting. The local model we will use is the vector-valued
differential operator D0 acting on Rn−1

x × Rn
y :

(D0)j = −i ∂
∂xj

− xj
∂

∂y1
, 1 ⩽ j ⩽ n− 1.

This differs from the local model considered in [BS76]. Our choice of D0, with a
polynomial total symbol, will facilitate handling subprincipal terms in the quantum
normal form in Section 5.1.

Lemma 2.5 (See also [Bou74, Proposition 10.10] for the C∞ statement). — Let
1 ⩽ r ⩽ m. Let Σ ⊂ T ∗Rm be an open cone. Let p1, . . . , pr be 1

2 -homogeneous,
real-analytic, complex-valued functions near Σ, such that:

• all the Poisson brackets {pj, pk} and {pj, pk}, for 1 ⩽ j, k ⩽ r, vanish on Σ;
• all the Poisson brackets 1

i
{pj, pk}, for 1 ⩽ j, k ⩽ r, are equal to δjk on Σ.

Then, in a conical neighbourhood of Σ, there exist p′
1, . . . , p

′
r, homogeneous, real-

analytic, equal respectively to p1, . . . , pr along with their first derivatives on Σ, and
such that {p′

j, p
′
k} = {p′

j, p
′
k} = 1

i
{p′

j, p
′
k}−δjk is equal to 0 everywhere, and the ideal

generated by p1, . . . , pr coincides with the ideal generated by p′
1, . . . , p

′
r.

Proof. — We proceed by induction on r. The claim follows immediately from the
following two properties:

(1) Let V ⊂ T ∗Rn be a conical open set. Let p : V → C be 1
2 -homogeneous,

real-analytic; suppose that {p, p} bounded away from 0 on V . (In particular,
dp is bounded away from 0 on V .)

Then there exists a small neighbourhood W of {p = 0}, and p′ : W → C,
with the same properties, such that {p̃ = 0} = {p̃′ = 0}, and 1

i
{p′, p′} = 1.

Moreover, for every function q : V → C such that {p, q} = {p, q} = 0, one
has also {p, q} = {p′, q} = 0.

(2) Let V ⊂ T ∗Rn be a conical open set. Let p1, . . . , pr, q : V → C be 1
2 -

homogeneous and real-analytic; suppose that {p̃1 = · · · = p̃r = 0} is a regular
energy level near V , and that {pj, pk} = {pj, pk} = 1

i
{pj, pk} − δjk = 0. Sup-

pose also that {pj, q}, {pj, q} vanish on {pj = pj = 0}, on which {q, q} is
bounded away from 0.

Then there exists a small neighbourhoodW of {pj = pj = 0} and q′ : W → C
a 1

2 -homogeneous, real-analytic function, which is equal to q along with its
first total differential on {pj = pj = 0} (in particular {q′, q′} is bounded
away from 0 and the ideal generated by p1, . . . , pr, q coincides with the ideal
generated by p1, . . . , pr, q

′), and such that {pj, q} = {pj, q} = 0 everywhere.
Let us prove property (1) first. We want to correct p into p′ = ap, where a is real-
valued. After this modification, the symplectic bracket with the complex conjugate
reads

{p′, p′} = |a|2{p, p} + ap{p, a} + ap{a, p}.
Letting A = a2, this simplifies into

{p′, p′} = A{p, p} + 1
2p{A, p} + 1

2p{p,A}.
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Therefore we want to solve the transport equation

Y · A+ 1
i
{p, p}A = 1

where Y is the (real-valued) vector field 1
i
(−pΞp + pΞp) (where Ξf denotes the

symplectic gradient of f).
This vector field is singular along the codimension 2 set {Y = 0} = {p = p = 0}.

Moreover it enjoys an absorbing property: all trajectories of ±Y converge exponen-
tially fast to the singularity in positive time. Indeed, since 1

i
{p, p} has constant sign,

|p|2 is a Lyapunov function for this vector field.
Therefore, by the method of characteristics, there exists a unique A in a neighbour-

hood of {Y = 0}, real-analytic, and such that Y · A+ 1
i
{p, p}A = 1, and moreover

it is real-valued.
If q is such that {p, q} = {p, q} = 0, then both Y and {p, p} commute with q, so

that A does as well.
To prove Property (2), we simply observe that the complex submanifold {p̃j =

p̃j = 0} is transverse to the flows of p̃j and p̃j. We can therefore set q′ = q̃ on this
set, then extend it to be constant along the flows of p̃j and p̃j. □

Proposition 2.6. — Let P0 ∈ Σ±. There exists a real-analytic contact transfor-
mation κ from a conical neighbourhood of P0 in T ∗X \ {0} to a conical neighbour-
hood of (0, 0, 0, (±1, 0)) in T ∗(Rn−1 × Rn), mapping P0 to (0, 0, 0, (±1, 0)), and a
real-analytic, 0-homogenous map C from a conical neighbourhood of x0 in T ∗X \{0}
to GL(Cn−1,Ω(1,0)(X)), such that

σ(∂b)(z, ζ) = Cσ(D0)(κ(z, ζ)).

Proof of Proposition 2.6. — Let us apply Lemma 2.5 to the ∂b operator: the
components Z1, . . . , Zn−1 of its symbol satisfy, near any point of the characteristic
set Σ±,

{Zj, Zk} = 0 on Σ, ± 1
i
{Zj, Zk} ≫ 0.

Let M : Σ+ → GL(n − 1) be the positive square root of the matrix ±1
i
{Zj, Zk};

extend M arbitrarily into a 1
2 -homogeneous, real-analytic function from a neighbour-

hood of Σ+ into GL(n− 1). Let z = M−1Z. The ideal generated by z coincides with
that generated by Z, and on particular z vanishes on Σ+, where

{zj, zk} =
∑
l,m

(M−1)jl(M−1)mk{Zl, Zm} = 0,

whereas
1
i
{zj, zk} =

∑
l,m

(M−1)jl(M−1)km
1
i
{Zl, Zm} = ±δjk.

Then, we let uj = Re(zj) and vj = ± Im(zj) and directly obtain the situation of
Lemma 2.5:

{uj, uk} = {vj, vk} = 0, {vj, vk} = δjk.
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Letting z′
j = u′

j + iv′
j, then the ideal generated by z′ coincides with that generated

by Z.
We are almost ready for the normal form. We let w be any non-vanishing,

1
2 -homogeneous, real-valued function on a neighbourhood of Σ which commutes
with z′

1, . . . , z
′
d, and we consider the following functions:

xj = u′
jw

−1, ξj = v′
jw, η1 = ±w2.

By construction, the xj are 0-homogeneous while η1 and the ξj are 1-homogeneous,
and {xj, xk} = {xj, η1} = {ξj, η1} = {xj, ξk} − δjk = 0. The ideal of real-analytic
functions generated by the one-homogeneous family (d0)j = xjη1+iξj = wz′

j coincides
with the ideal of real-analytic functions generated by z′, which is the same as the
ideal generated by Z. All in all, we obtain that, for some invertible matrix C, one
has Z = Cd0.

Completing the coordinates (x1, . . . , xd, ξ1, . . . , ξd, η1) into a canonical transfor-
mation of a neighbourhood of Σ+ into a neighbourhood of x = ξ = 0, y = 0,
±η1 > 0, (η2, . . . , ηn) = 0 in T ∗Rn−1 × T ∗Rn, we can exhibit a canonical transform
κ as requested. □

2.3. Results from the smooth theory

Propositions 2.3, 2.4, 2.5 and 2.6 are also valid in the C∞ category, after a suitable
replacement of holomorphic extensions by almost holomorphic extensions (in fact,
our method of proof for the classical normal form applies to this situation as well,
and is much simpler than the one presented in [Bou74, Appendix 2]). The main
result of [BS76] is then that, with λ = diag(Σ+), and Λ as in Proposition 2.4, then
the Szegő projector S on X is a Fourier integral operator associated with Λ, modulo
an operator which sends D′(X) into D(X). Since Λ is a half-line bundle over X ×X,
one can represent this Fourier integral operator, globally, using a phase function
with one phase variable, as follows:

S(x, y) =
∫ +∞

0
eitψ(x,y)s(x, y; t)dt.

One can construct ψ using the almost holomorphic extension of a defining function ρ.
The Lagrangian Λ is idempotent (and indeed S is a projector), and a study of

Fourier integral operators with Lagrangian Λ is performed in [BG81]. This book
avoids the notion of Fourier integral operators with complex phases and only considers
operators of the form SPS where P is a pseudodifferential operator on X, but it
turns out that general Fourier integral operators with Lagrangian Λ, in the smooth
category, are of this form. We will use the following precise version of this result.

Proposition 2.7. — Let A be a (smooth) Fourier integral operator with La-
grangian Λ. Then there exists a pseudodifferential operator Q on X such that [Q,S]
and A− SQD are continuous from D′ to D.

Proof. — By induction we only need to prove the result at principal order, and
by [BG81, Proposition 2.13] we may drop the condition that Q and S commute.
Therefore we are only searching for the principal symbol q0 of a pseudodifferential
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operator Q, such that the principal symbol of SQS is that of A. An application of
stationary phase shows that SQS has an distributional kernel of the form

SQS(x, y) =
∫ +∞

0
eitψ(x,y)a(x, y; t)dt,

with principal symbol a : Σ+ → R equal to q0. Hence, given A, we can extend
arbitrarily its principal symbol to the whole of T ∗X and obtain an approximation
at first order. □

2.4. The case of the cylinder

A particular case of a pseudoconvex hypersurface (albeit not compact) is {z ∈ Cn,
|Im(z)| = 1}; indeed the function ρ : z 7→ |Im(z)|2 is strongly plurisubharmonic
everywhere.

There is an explicit description of the Szegő kernel in this case, and one can
directly establish many properties which we will generalise only in Section 5.2. This
particular case will be useful in our construction and characterisations of general
Fourier integral operators in real-analytic regularity in Section 4.2.

Proposition 2.8. — The Szegő kernel on Rn × Sn−1 is

K(z, w) = 1
(2π)n

∫
Rn

ei(z−w)·ξ∫
Sn−1 e2y·ξdydξ,

which defines a holomorphic function of (z, w) on (Rn×BRn(0, 1))2 \diag(Rn×Sn−1).
In particular, the Szegő projector S has a distributional kernel analytic away from

the diagonal.

A related formula concerning the Bergman kernel appears on p. 100 of the manu-
script [EM90].

Proof. — The first step is the study of the function

mn : ξ 7−→
∫
Sn−1

ey·ξdy.

This defines an holomorphic function on Cn. When restricted to Rn, it is a radial
function and, by the Laplace method, its asymptotics for large argument are

(2.1) mn(rω) = 2n−1
2 |Sn−2|Γ

(
n+ 1

2

)
r− n+1

2 er +Or→+∞
(
err− n+3

2
)
,

where |Sn−2| is the area of the unit n − 2-sphere. Let (z, w) ∈ (Rn × BR⋉(0, 1))2 \
diag(Rn × Sn−1). Then |Im(z − w)| ⩽ 2 and furthermore |Im(z − w)| = 2 ⇒
Re(z − w) ̸= 0. Thus, by formula (2.1), the integral∫

Rn
ei(z−w)·ξ(mn(2ξ))−1dξ

is well-defined, real-analytic on its domain, and holomorphic with respect to (z, w).
One can directly check that K(z, w) is self-adjoint.
It remains to prove that, for every f ∈ L2(Rn × Sn−1) which extends into a holo-

morphic function inside Rn ×B(0, 1), one has f(z) =
∫
K(z, w)f(w)dw. By density,
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it suffices to prove this fact when f ∈ S(Rn × Sn−1). Given such an f , its Fourier
transform with respect to the first variable reads

f̂(ξ; y) = 1
(2π)n

2

∫
Rn
e−iξ·x′

f(x′ + iy)dx′

in the sense that

f(x+ iy) = 1
(2π)n

2

∫
Rn
eiξ·xf̂(ξ; y)dξ.

We now apply a contour deformation to the integral defining f̂(ξ; y), replacing x′

with x′ + i(w − y) for w ∈ Sn−1. We are at liberty to do so: in the homotopy of
contours x′ 7→ x′ + it(w− y) for t ∈ [0, 1], on {t ∈ ]0, 1[} the function is holomorphic,
and it extends smoothly up to the boundary. The fact that f ∈ S ensures sufficient
decay as |x′| → +∞ to guarantee that one can apply the contour deformation.

Thus, for every w ∈ Sn−1,

f̂(ξ; y) = 1
(2π)n

2

∫
Rn
e−iξ·(iy−(x′+iw))f(x′ + iw)dx′.

We now average this over w ∈ Sn−1 with respect to the probability density

w 7−→ e−2w·ξ

mn(2ξ) ,

which yields

f̂(ξ; y) = 1
(2π)n

2

∫
Rn×Sn−1

eiξ·(iy−(x′−iw))(mn(2ξ))−1f(x′ + iw)dx′dw.

Applying now the Fourier inversion formula, we obtain finally

f(x+ iy) = 1
(2π)n

∫
Rn×Rn×Sn−1

eiξ·(x+iy−(x′−iw))(mn(2ξ))−1f(x′ + iw)dξdx′dw.

This concludes the proof of Proposition 2.8. □

Proposition 2.9. — ∂b is locally analytic hypoelliptic on Rn × Sn−1, by which
we mean the following property: if u ∈ L2(Rn × Sn−1) and ∂bu is real-analytic on an
open set V , then (1 − S)u is real-analytic on V .

Proof. — It suffices to prove the claim in the case where V is bounded. Let V1 ⋐ V
be a smaller open set and let (χN)N∈N be a family of smooth functions supported
on V , such that χN = 1 on V1, and

∃ ρ, ∀ j ⩽ N, |∇jχN | ⩽ (ρN)j.

Such cutoffs will be used systematically in Section 3.1, and we postpone until Propo-
sition 3.4 the proof of their existence. Let us recall from the Leibniz formula that

u ∈ Cω(V ) =⇒ ∃ C,R, ∀ n ∈ N, ∥∇n(χnu)∥L2 ⩽ C(Rn)n =⇒ u ∈ Cω(V1).

Since V is relatively compact, we have more generally the following characterisation:
let (Z1, . . . , Zk) be a finite family of real-analytic vector fields on a neighbourhood
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of V , which span TV at each point. Then

u ∈ Cω(V ) =⇒ ∃ C,R, ∀ n ∈ N, ∀ µ ∈ [[1, k]]n,
∥Zµ1Zµ2 . . . Zµn(χnu)∥L2 ⩽ C(Rn)n =⇒ u ∈ Cω(V1).

Here, by convention, when Z is a vector field on Rn × Sn−1 and u is a function on
Rn × Sn−1, we call Zu the Lie derivative of u with respect to Z.

The following vector fields are particularly suited to our problem:

Xj = ∂

∂xj
1 ⩽ j ⩽ n,

Yj,k = ωk
∂

∂ωj
− ωj

∂

∂ωk
− xk

∂

∂xj
+ xj

∂

∂xk
1 ⩽ j, k ⩽ n.

Indeed, these vector fields span T (Rn ×Sn−1), and they preserve all of the geometry:
Xj acts by translation on the xj variable, and Yj,k acts by rotation in the plane of
the variables (yj, yk). Thus, the Lie derivatives along these vector fields all commute
with ∂b and its adjoint ∂∗

b , hence they commute with the Szegő projector S. Now,
given u ∈ L2 such that ∂bu is real-analytic on V , one has, for every n ∈ N and every
multi-index µ ∈ [[1, k]]n,

∥Zµ1 . . . Zµn(1 − S)(χnu)∥L2 = ∥(1 − S)Zµ1 . . . Zµn(χnu)∥L2

⩽
∥∥∥∂bZµ1 . . . Zµn(χnu)

∥∥∥
L2

=
∥∥∥Zµ1 . . . Zµn∂b(χnu)

∥∥∥
L2

;

where we used Kohn’s hypoellipticity result ∥(1 − S)u∥L2 ⩽ ∥∂bu∥L2 [Koh63].
To conclude, since χn = 1 on V1 and the kernel of S is analytic away from the

diagonal by Proposition 2.8, then for every V2 ⋐ V1, the sequence ((1−S)(1−χn)u)n∈N
is bounded in some fixed space of analytic functions on V2. Therefore we can conclude
that

∃ C,R, ∀ µ ∈ [[1, k]]n, ∥Zµ1 . . . Zµn∂b(1 − S)u∥L2(V2) ⩽ C(Rn)n,
and the proof of Proposition 2.9 is complete: (1 − S)u is real-analytic on V2. □

3. Amplitudes and phases

This section serves as a technical preliminary for the definition and study of Fourier
integral operators in Section 4. We study in detail spaces of amplitudes adapted
to the real-analytic regularity, and we state and prove a stationary phase result for
these spaces of amplitudes.

3.1. Amplitudes in analytic microlocal analysis

This section takes inspiration from [Del21, Sjö82, Trè22].
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Convention. — Given U ⊂ Rn open, x ∈ U , and u ∈ Cj(U,C), we let

∣∣∣∇ju(x)
∣∣∣ =

 ∑
α∈Nn,|α|=j

|∂αu(x)|2
 1

2

.

Definition 3.1. — Let Ω ⊂ Rm
x × Rn

θ be an open cone in the second variable,
and let d ∈ R. A (homogeneous classical) formal analytic amplitude of degree d is a
sequence (ak) of real-analytic functions on Ω such that ak is homogeneous of degree
d− k, and such that there exists C > 0, ρ > 0, R > 0,m > 0 satisfying the following:
for every j, k, ℓ ∈ N0, for every (x, θ) ∈ Ω,∣∣∣∇j

x∇k
θaℓ(x, θ)

∣∣∣ ⩽ C
ρj+kRℓ(j + k + ℓ)!
(1 + j + k + ℓ)m |θ|d−ℓ−k.

For every m, ρ,R, the best constant C in this inequality is written ∥a∥Sρ,R
m (Ω).

If (aℓ)ℓ∈N is a formal analytic amplitude, then for every ℓ, aℓ is a real-analytic
function of (x, θ), which extends to a fixed size neighbourhood of the real locus,
where it satisfies ∥aℓ(1 + |θ|)−d+ℓ∥L∞ ⩽ C(R′)ℓℓ!. This turns out to be an equivalent
definition of a formal analytic amplitude. If Ω is compact with respect to the first
variable, one-homogeneous analytic changes of variables in x, θ preserve the space of
all formal analytic amplitudes, even though they may not individually preserve the
Banach spaces Sρ,Rm (Ω).

Given a paracompact conical analytic manifold, we may then define formal ana-
lytic amplitudes on X as sequences of real-analytic functions on X with decreasing
homogeneity, which satisfy the controls of Definition 3.1 locally in charts.

Definition 3.2. — Let Ω ⊂ Rm
x × Rn

θ be an open cone in the second variable,
and let d ∈ R. An analytic amplitude of degree d on Ω is a smooth function a on Ω
such that there exists R > 0, ρ > 0, C > 0 satisfying the following:

∀ (x, θ) ∈ Ω, ∀ k ⩽ |θ|/R, ∀ j,
∣∣∣∇j

x∇k
θa(x, θ)

∣∣∣ ⩽ Cρj+k(j + k)!|θ|d−k.

An analytic amplitude is real-analytic with respect to x, and extends into a holo-
morphic function of x; an alternative definition of an analytic amplitude is the
estimate

∀ k ⩽ |θ|/R,
∣∣∣∇k

θa(x, θ)
∣∣∣ ⩽ Cρkk!|θ|d−k

on a whole neighbourhood of the real locus in x. Thus, again, we may speak of
analytic amplitudes on Ω ⊂ X × Rn

θ when X is a paracompact analytic manifold.

Remark 3.3. — Despite their names, the analytic amplitudes as in Definition 3.2
are not real-analytic functions. The main reason for this definition is that the Borel
summation of a formal analytic amplitude into an analytic amplitude (Proposi-
tion 3.5) will involve a lowest term summation, which requires cut-off functions in
the variable |θ|. Trèves calls such functions “pseudo-analytic” [Trè22] but unfortu-
nately this term, like many other variations upon the word “analytic”, already refer
to well-established mathematical objects.
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Analytic amplitudes are stable by “phasification” of the variables: denoting x =
(x1, x2), where x1 ∈ Rm1 and x2 ∈ Rm2 , and similarly Rm2+n ∋ θ = (θ1, θ2) ∋
Rm2 × Rn, if some amplitude a is analytic on Ω ⊂ Rm1+m2 × (Rn \ {0}), then so is

(Rm1) × (Rm2 × (Rn \ {0})) ⊃ Ω ∋ (x1, θ) 7−→ a((x1, θ1/|θ2|), θ2).
The converse, however, is not true. We will say that an amplitude a is maximally
analytic if, writing θ = λω in spherical coordinates, the function ((x, ω), λ) 7→
a(x, λω) is an analytic amplitude.

A last immediate consequence of Definition 3.2 is that analytic amplitudes belong
to the usual Hörmander symbol classes, even as they are extended holomorphically
with respect to the first variable.

In order to build analytic amplitudes starting from formal analytic amplitudes,
the following construction of cut-off functions will be useful.

Proposition 3.4 (See [Hör71, Lemma 2.2] and [Trè22, Section 3.2 (Ehrenpreis
cutoffs)]). — Let K,L be closed sets of Rd at positive distance from each other.
There exists a sequence of compactly supported functions (χN)N⩾1 ∈ C∞(Rd, [0, 1])
such that χN = 0 on L and χN = 1 on K, and a constant ρ > 0 such that

(3.1) ∀ N ∈ N, ∀ j ∈ N, j ⩽ N =⇒ |∇jχN | ⩽ (ρN)j.

Proof. — Let K ⊂ K ′ such that K ′ ∩ L = ∂K ′ ∩K = ∅, and let

c = min
(
dist(K ′, L), dist(K, ∂K ′)

)
> 0.

Let ϕ ∈ C∞(Rd, [0,+∞)) be supported on B(0, 1) and such that
∫
Rd ϕ = 1. Given

α > 0, let
ϕα : x 7−→ α−dϕ(α−1x).

The claim follows from the following choice of cut-off functions:
χN = ϕcN−1 ∗ · · · ∗ ϕcN−1︸ ︷︷ ︸

N times

∗1K′ .

Indeed, letting ρ = ∥∇ϕc∥L1 , one has ∥∇ϕcN−1∥L1 = ρN , while ∥ϕcN−1∥L1 = 1 and
∥1K′∥L∞ = 1; altogether we find the desired bound. □

Proposition 3.5. — Let Ω ⊂ Rm
x × Rn

θ be an open cone with respect to the
second variable. Let (ak)k∈N be a degree d formal analytic amplitude on Ω. Then
there exists a degree d maximally analytic amplitude a on Ω, and constants C, ρ
such that, uniformly on a complex neighbourhood of Ω in the spherical variable, for
every N ∈ N, ∣∣∣∣∣a(x, θ) −

N−1∑
k=0

ak(x, θ)
∣∣∣∣∣ ⩽ CρNN !|θ|d−N .

Any analytic amplitude whose extension satisfies the bound above will be called a
realisation of the formal amplitude (ak)k∈N. Two extensions of analytic amplitudes
realising the same formal amplitude have a difference bounded by e−c|θ|, for some
c > 0, on a whole conical complex neighbourhood of Ω with respect to the first
variable.
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Proof. — Let us first prove the last fact: letting Ω̃ be a complex neighbourhood
with respect to the first variable, suppose that

∀ (x, θ) ∈ Ω̃, ∀ N ∈ N, |a(x, θ)| ⩽ CρNN !|θ|d−N .

Writing N = α|θ| and applying the Stirling formula gives

|(x, θ)| ⩽ C|θ|d(αρ/e)α|θ|;

For θ large enough there is an integer N between e|θ|
4ρ and e|θ|

2ρ , and we obtain

|a(x, θ)| ⩽ C|θ|d(1/2)
e|θ|
4ρ ;

hence the claim.
We now give a direct construction of a. Let (χN)N∈N : [0,+∞) → [0, 1] be a

sequence of Ehrenpreis cutoffs as in Proposition 3.4, equal to 1 on [0, 1] and to 0 on
R \ [0, 2].

Given (aℓ)ℓ ∈ Sρ,R0 (Ω), the claim follows from the choice

a : (x, θ) 7−→
∞∑
ℓ=1

aℓ(x, θ)
(

1 − χℓ+1

(
c|θ|
ℓ+ 1

))
,

where c is chosen small enough depending on R.
From now on we pass to spherical coordinates and write θ = λω,X = (x, ω). Let

us prove that a is an analytic amplitude. Given (X,λ) ∈ Ω, j ∈ N and k ⩽ λ/R, one
has

∇j
X∂

k
λa(X,λ) =

∑
ℓ⩽cλ

∇j
X∂

k
λ(aℓ(X,λ))

(
1 − χℓ+1

(
cλ

ℓ+ 1

))
.

Let us first control the terms where no derivatives hit χℓ+1. If c ⩽ 1
4R , then

∣∣∣∣∣∣
∑
ℓ⩽cλ

(
1 − χℓ+1

(
cλ

ℓ+ 1

))
∇j
X∂

k
λaℓ(X,λ)

∣∣∣∣∣∣ ⩽ ∥a∥Sρ,R
0

∑
ℓ⩽cλ

λd−ℓ−k(j + k + ℓ)!ρj+kRℓ

⩽ ∥a∥Sρ,R
0

(j + k)!(2ρ)j+kλd−k ∑
ℓ⩽cλ

(2R)ℓℓ!λ−ℓ

⩽ 2∥a∥Sρ,R
0

(j + k)!(2ρ)j+kλd−k,

where we used the inequality (j + k + ℓ)! ⩽ 2j+k+ℓ(j + k)!ℓ! and the fact that, on
0 ⩽ ℓ ⩽ cλ, the family (2R)ℓℓ!λ−ℓ decreases with ℓ faster than a geometric sequence
of ratio 1

2 .
Now we treat the case where one of the derivatives has hit χℓ+1. The support of

λ 7→ χ′
ℓ+1( cλ

ℓ+1) is included in cλ
2 ⩽ ℓ+ 1 ⩽ cλ. If moreover k ⩽ ϵλ with ϵ ⩽ c

2 , then
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for every m ⩽ k, one has m ⩽ cλ
2 ⩽ ℓ+ 1. Therefore∣∣∣∣∣∣

∑
ℓ⩽cλ

k∑
m=1

(
k

m

)
∂mλ χℓ+1(

cλ

ℓ+ 1)∇j
X∂

k−m
λ aℓ(X,λ)

∣∣∣∣∣∣
⩽ ∥a∥Sρ,R

0

∑
cλ
2 −1⩽ℓ⩽cλ−1

k∑
m=1

(
k

m

)
cmρj+k−mRℓ(j + k −m+ ℓ)!λd−k−ℓ+m

⩽ ∥a∥Sρ,R
0

(4ρ)j+k(j + k)!λd−k ∑
cλ
2 −1⩽ℓ⩽cλ−1

k∑
m=1

cm(2ρ)−m(2R)ℓ(ℓ−m)!λm−ℓ.

Since m ⩽ ℓ
2 , we perform a change of variables and obtain, provided c ⩽ 1

4R ,∣∣∣∣∣∣
∑
ℓ⩽cλ

k∑
m=1

(
k

m

)
∂mλ χℓ+1

(
cλ

ℓ+ 1

)
∇j
X∂

k−m
λ aℓ(X,λ)

∣∣∣∣∣∣
⩽ ∥a∥Sρ,R

0
k(8ρ2R)j+k(j + k)!λd−k ∑

0⩽p⩽cλ−1
(2R)pλ−p(p+ 1)!

⩽ 2∥a∥Sρ,R
0

(16ρ2R)j+k(j + k)!λd−k

It remains to show that a = ∑N
ℓ=0 aℓ + ON(λd−N−1) with the required growth in

N ⩾ 0. First

(X,λ) 7−→
N∑
ℓ=0

aℓ(X,λ)χℓ+1

(
cλ

ℓ+ 1

)

has compact support, and is uniformly bounded as follows:∣∣∣∣∣
N∑
ℓ=0

aℓ(X,λ)χℓ+1

(
cλ

ℓ+ 1

)∣∣∣∣∣ ⩽ ∥a∥Sρ,R
0

N∑
ℓ=0

Rℓℓ!λd−ℓχℓ+1

(
cλ

ℓ+ 1

)
;

for this sum to be nonzero, we need cλ ⩽ N+1, moreover ℓ 7→ Rℓℓ!λd−ℓ is log-convex
so that∣∣∣∣∣

N∑
ℓ=0

aℓ(X,λ)χℓ+1

(
cλ

ℓ+ 1

)∣∣∣∣∣ ⩽ ∥a∥Sρ,R
0
λd(N + 1) max

(
1, RNN !λ−N

)
1λ⩽N+1

c
.

Moreover if λ ⩽ N+1
c

then N !λ−N ⩾
(
c
e

)N
, so that, all in all, for some R1 large

enough, ∣∣∣∣∣
N∑
ℓ=0

aℓ(X,λ)χℓ+1

(
cλ

ℓ+ 1

)∣∣∣∣∣ ⩽ ∥a∥Sρ,R
0
RN+1

1 (N + 1)!λd−N−1

It remains to bound∣∣∣∣∣∣
+∞∑

ℓ=N+1
aℓ(X,λ)(1 − χℓ+1

(
cλ

ℓ+ 1

)∣∣∣∣∣∣ ⩽ ∥a∥Sρ,R
0

cλ∑
ℓ=N+1

Rℓℓ!λd−ℓ.
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If c ⩽ 1
2R , the first term in this sum is RN+1(N + 1)!λd−N−1, and the ratio between

two consecutive terms is smaller than 1
2 ; thus∣∣∣∣∣∣

+∞∑
ℓ=N+1

aℓ(X,λ)χℓ+1

(
cλ

ℓ+ 1

)∣∣∣∣∣∣ ⩽ 2∥a∥Sρ,R
0
RN+1(N + 1)!λd−N−1.

This concludes the proof of Proposition 3.5. □

Remark 3.6. — It is not clear to us which natural conditions one can impose
on the formal amplitude a to be the expansion at large |θ| of an analytic function;
many estimates and considerations in this section are much easier in this case. This
seems to be an instance of resurgence. It would be interesting to study if the space
of such formal amplitudes is stable under the natural Fourier integral operator
manipulations.

Proposition 3.7. — Let (aj)j∈N, (bj)j∈N be two formal analytic amplitudes on
an open cone Ω. Let a, b be respective analytic realisations of (aj)j∈N, (bj)j∈N. Then
ab is an analytic amplitude, which realises the Cauchy product ((a ∗ b)j)j∈N =
(∑j

ℓ=0 aℓbj−ℓ)j∈N.

Proof. — One can directly check that ab is an analytic amplitude and that
((a ∗ b)j)j∈N is a formal analytic amplitude. Now (counting some terms twice)∣∣∣∣∣a(x, θ)b(x, θ) −

N−1∑
k=0

(a ∗ b)k(x, θ)
∣∣∣∣∣

⩽

∣∣∣∣∣∣∣a(x, θ)b(x, θ) −
N−1

2∑
j=0

N−1
2∑
ℓ=0

aj(x, θ)bℓ(x, θ)

∣∣∣∣∣∣∣+
N−1∑

j+ℓ= N−1
2

|aj(x, θ)bℓ(x, θ)|.

The first term of the right-hand side is equal to

a(x, θ)

b(x, θ) −
N−1

2∑
ℓ=0

bℓ(x, θ)

+
N−1

2∑
ℓ=0

bℓ(x, θ)

a(x, θ) −
N−1

2∑
j=0

aj(x, θ)

,
so that∣∣∣∣∣∣∣a(x, θ)b(x, θ) −

N−1
2∑
j=0

N−1
2∑
ℓ=0

aj(x, θ)bℓ(x, θ)

∣∣∣∣∣∣∣ ⩽ C|θ|da+db− N−1
2 ρ

N−1
2

(
N − 1

2

)
!.

To treat the second term, observe that, given j + ℓ ∈ [(N − 1)/2, N − 1],

(3.2) |aj(x, θ)bℓ(x, θ)| ⩽ Ca,b|θ|da+db−j−ℓρj+ℓ(j + ℓ)!

⩽ Ca,b|θ|da+db max
(

|θ|−N+1ρN−1(N − 1)!, |θ|−
N−1

2 ρ
N−1

2

(
N − 1

2

)
!
)
,

where in the last inequality we used the fact that the middle quantity is a log-convex
function of j+ ℓ. Altogether if |θ|− N−1

2 ρ
N−1

2 (N−1
2 )! ⩽ |θ|−N+1ρN−1(N − 1)!, the proof

is complete.
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Similarly, one can write∣∣∣∣∣a(x, θ)b(x, θ) −
N−1∑
k=0

(a ∗ b)k(x, θ)
∣∣∣∣∣

⩽

∣∣∣∣∣∣a(x, θ)b(x, θ) −
N−1∑
j=0

N−1∑
ℓ=0

aj(x, θ)bℓ(x, θ)

∣∣∣∣∣∣+
2N−2∑

j+ℓ=N−1
|aj(x, θ)bℓ(x, θ)|,

and if |θ|−2N+2ρ2N−2(2N − 2)! ⩽ |θ|−N+1ρN−1(N − 1)!, we can conclude using (3.2)
again.

The sequence (vk)k∈N = (|θ|−kρkk!)k∈N is decreasing on {k ⩽ |θ|/ρ} and increas-
ing on {k ⩾ |θ|/ρ}. Therefore if both vN−1

2
and v2N−2 are greater than vN−1,

then N − 1 ∈ [ |θ|
2ρ , 2

|θ|
ρ

]. Under these circumstances, by the Stirling formula, all of
vN−1

2
, vN−1, v2N−2 can be bounded by e−c|θ| for some c > 0, and for ρ′ large enough,

e−c|θ| ⩽ (ρ′)N−1|θ|−N+1(N − 1)!; this concludes the proof of Proposition 3.7. □

Proposition 3.8. — Let Ω1 ⊂ Rnx × Rnθ × Rny and Ω2 ⊂ Rny × Rnτ × Rnz be
open cones with respect to their middle variables. Let c > 0 and let

Ω =
{(x, θ, y, τ, z) ∈ Rnx × Rnθ × Rny × Rnτ × Rnz ,

(x, θ, y) ∈ Ω1, (y, τ, z) ∈ Ω2, c|θ| < |τ | < c−1|θ|

}
.

Let a1 : Ω1 → R and a2 : Ω2 → R be analytic amplitudes (real-analytic with respect
to their first and third variables). Then

A : Ω ∋ (x, θ, y, τ, z) 7−→ a1(x, θ, y)a2(y, θ, z)
is an analytic amplitude (real-analytic with respect to its first and last variable).
Moreover, if a1 and a2 are respectively realisations of formal analytic amplitudes
(a1;j)j∈N, (a2;j)j∈N, then A is a realisation of the Cauchy product j∑

ℓ=0
a1;ℓ(x, θ, y)a2;j−ℓ(y, τ, z)


j∈N

,

the latter being a formal analytic amplitude on Ω.

Proof. — The key property is that, on Ω, the quantities |θ|, |τ | and (|τ |2 + |θ|2) 1
2

are comparable. Therefore (x, θ, y, τ, z) 7→ a1(x, θ, y) is an analytic amplitude on Ω,
which realises the formal analytic amplitude ((x, θ, y, τ, z) 7→ a1;j(x, θ, y))j∈N, and a
similar property holds for a2. By Proposition 3.7, the proof is complete. □

We conclude this section with a practical example, related to Proposition 2.8, and
which will allow us to prove that the Szegő kernel takes the form of an analytic
Fourier integral operator, in the sense of Section 4.

Proposition 3.9. — Define the following open cone in Cd:

Ω =
{
z ∈ Cd, |Im(z)|2 < |Re(z)|2

}
;

recall that the function r : Ω ∋ z 7→
√∑d

j=1 z
2
j is well-defined and holomorphic.
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Then
a : z 7−→ e−r(z)

∫
Sn−1

ez·ydy

is an analytic amplitude which realises the formal analytic amplitude(
2 d−1

2
∣∣∣Sd−2

∣∣∣(d− 1)(d− 3) . . . (d− 2j + 1)
2jj! Γ

(
d+ 1

2 + j

)
r(z)− d+1

2 −j
)
j∈N

.

Proof. — Let us first study the elementary properties of a on Ω.
Sd−1 is a real contour in the complex manifold S̃d−1 := {ω ∈ Cd,

∑
j ω

2
j = 1}, on

which ω 7→ ez·ω is holomorphic. This manifold is preserved by the linear action of

Õ(d) :=
{
M ∈ Md(C), MTM = I

}
,

whose action is transitive; more generally, for every λ ∈ C\R−, Õ(d) acts transitively
on {z ∈ Ω1, r(z)2 = λ}. The function r is itself Õ(d)-invariant.

To prove that a itself is Õ(d)-invariant, let z ∈ Ω. By the previous considerations,
there exists M ∈ Õ(d) such that Mz is of the form αx where x ∈ Rd and Re(α) > 0.
Since Õ(d) is connected, one can deform the contour of integration into {M−1ω,

ω ∈ Sd−1}, and then z ·M−1ω = αz · ω. Thus a(z) = a(Mz), so a is Õ(d)-invariant.
Using this Õ(d) invariance, to prove that a is the realisation of a formal analytic

amplitude, it suffices to prove the required estimate for a(Rαe1), where R → +∞,
|α| = 1, Re(α) > |Im(α)|, and e1 is the first vector of the base.

One has
a(Rαe1) =

∣∣∣Sd−2
∣∣∣ ∫ 1

−1
e−Rα(x−1)

(
1 − x2

) d−1
2 dx,

where |Sd−2| is the area of the unit sphere in Rd−1. Letting x = 1 − y, we rewrite
this integral into

a(Rαe1) = 2
d−1

2 |Sd−2|
∫ 2

0
eαRyy

d−1
2

(
1 − y

2

) d−1
2

dy.

Let us decompose this integral into two parts. If y ∈ [1, 2], then |e−αRy| = e− Re(α)Ry ⩾

e
− R√

2 is exponentially small. On [0, 1], we will replace (1 − y
2) d−1

2 by its Taylor series
at 0. First

∂j

∂yj

(
1 − y

2

) d−1
2

= (d− 1)(d− 3) . . . (d− 2j + 1)
2j

(
1 − y

2

) d−1
2 −j

.

Let c be a small constant (to be determined later on), and let JR = ⌊cR⌋. We write,
for y ∈ [0, 1],(

1 − y

2

) d−1
2

=
JR∑
j=0

(d− 1)(d− 3) . . . (d− 2j + 1)
2jj! yj + yJR+1FJR

(y),

where
sup
y∈[0,1]

|FJR
(y)| ⩽ (d− 1)(d− 3) . . . (d− 2JR + 1)

4JRJR! .
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Notice that the sequence(
(d− 1)(d− 3) . . . (d− 2j + 1)

2jj!

)
j∈N

is bounded; for every j ⩾ d/2, from j to j + 1 the general term is multiplied by
(d− 2j − 1)(j + 1) ∈ [−1, 0].

For every k > 0, y > 0 and |α| = 1 with Re(α) > |Im(α)|,∣∣∣e−αyyk
∣∣∣ ⩽ e− Re(α)yyk ⩽ e

− y√
2yk ⩽ kkek(log(

√
2)−1) ⩽ kk.

We apply this inequality at k = JR + 1 + d−1
2 , and obtain∣∣∣∣∫ 1

0
eαRyy

d−1
2 +JRFJR

(y)dy
∣∣∣∣ ⩽ (cR)cRR−cR ⩽ Ce−c′R

for some c′ > 0, if c is small enough. It remains

2 d−1
2
∣∣∣Sd−2

∣∣∣ JR∑
j=0

(d− 1)(d− 3) . . . (d− 2j + 1)
2jj!

∫ 1

0
eαRyy

d−1
2 +jdy.

And to this end we use that, for every k ⩽ R√
2 ,

sup
y∈[1,+∞)

∣∣∣e−αRyyk
∣∣∣ ⩽ e−R/

√
2;

applied at k = j + d−1
2 + 2, we obtain∣∣∣∣∣∣

JR∑
0

(d− 1)(d− 3) . . . (d− 2j + 1)
2jj!

∫ +∞

1
eαRyy

d−1
2 +jdy

∣∣∣∣∣∣ ⩽ Ce−c′R.

Now we can conclude:∣∣∣∣∣∣∣∣∣∣∣
a(Rαe1) −

JR∑
j=0

2
d−1

2
∣∣∣Sd−2

∣∣∣(d− 1)(d− 3) . . . (d− 2j + 1)
2jj!

Γ
(
d+ 1

2 + j

)
(Rα)− d+1

2 −j

∣∣∣∣∣∣∣∣∣∣∣
⩽ Ce−c′R

and by Õ(d)-invariance, for every z ∈ Ω,∣∣∣∣∣∣∣∣∣∣∣
a(z) −

JR∑
j=0

2
d−1

2
∣∣∣Sd−2

∣∣∣(d− 1)(d− 3) . . . (d− 2j + 1)
2jj!

Γ
(
d+ 1

2 + j

)
r(z)− d+1

2 −j

∣∣∣∣∣∣∣∣∣∣∣
⩽ Ce−c′|z|.

Using the Cauchy formula, we deduce a similar formula for all derivatives of a,
which concludes the proof that a satisfies the derivative bounds of an analytic
amplitude. □
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3.2. Stationary phase

The goal of this section is to obtain a stationary phase theorem adapted to our
notion of analytic amplitudes. We will have to deal with complex-valued phase
functions, and our first step is a study of the contour deformations necessary to
reach the critical points.

Proposition 3.10. — Let K ⋐ Rn
x × Rm

y . Let ϕ be a real-analytic function from
an open neighbourhood of K to {z ∈ C, Im(z) ⩾ 0}. Suppose that ∇2

yϕ, the matrix of
second derivatives with respect to the second set of variables, is invertible everywhere
on K and that Im(ϕ) > 0 on ∂K.

Then there exists a constant c > 0 and a covering of K by two open sets U1 and
U2 of Rn+m such that the following is true.

(1) There exists a real-analytic map κ1 : U1 → Rn
x × Cm

y with the following
properties:

• κ1 acts as the identity on the first variable.
• κ1 is a diffeomorphism between U1 and its image Γ1 ⊂ Rn

x×{|Im(y)| < c}.
• Γ1 is a totally real submanifold of Cn × Cm.
• Im(ϕ) ⩾ c on ∂Γ1.
• κ1 is isotopic to the identity among the maps satisfying the four previous

properties. (We will henceforth call this isotopy a contour deformation,
and call Γ1 a contour.)

• For every x ∈ Rn, in each connected component of Γ1(y) := {y ∈ Cm,

(x, y) ∈ Γ1}, the holomorphic extension ϕ̃ of ϕ admits exactly one critical
point y∗ with respect to x and the real part of ϕ̃ is constant.

• ∇2
y(Im ϕ̃◦κ1) ⩾ c, and the phase, at the critical points, has non-negative

imaginary part.
(2) There exists a contour Γ2 deforming U2, on which Im(ϕ̃) ⩾ c.

Proof. — Let V be a neighbourhood of K on which ϕ is defined and det ∇2
yϕ is

bounded away from 0. Let ϵ > 0 be small enough. We define
U1 = {(x, y) ∈ V, |∇yϕ(x, y)| < ϵ}, U2 = {(x, y) ∈ V, |∇yϕ(x, y)| > ϵ/2}.

Since det ∇2
yϕ is bounded away from 0, for every (x, y) ∈ U1, there exists a unique

critical point (x, y∗(c)) of ϕ closeby (at distance of order ϵ). Moreover, again because
of the nondegeneracy, a small neighbourhood of (x, y∗(x)) contains the connected
component V of U1 ∩ ({x} × Rm) to which (x, y) belongs.

On this neighbourhood of the critical point, we apply the holomorphic Morse
lemma: there exists a biholomorphism σ (with real-analytic dependence on x) such
that ϕ̃(x, y) = σ(x, y)2 + ϕ̃(x, y∗(x)).

We are able to deform V into a neighbourhood of 0 in {σ ∈ iRn}, first by straight-
ening σ(V ) into its tangent space at some point y0, then by translation and rotation,
since the set of the totally real linear subspaces is open and connected.

On U2, where |∇yϕ(x, y)| > ϵ/2, we deform using the ascending gradient flow of
Im(ϕ̃) on Cm. After a time ϵ, the imaginary part of the phase is incremented by
a quantity bounded below everywhere except in the vicinity of real points where
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∇y Re(ϕ̃) is small. This can only happen if ∇y Im(ϕ̃) is large, which only happens if
Im(ϕ) is large to begin with. Thus, after this gradient flow, Im(ϕ̃) is bounded from
below everywhere.

To conclude the proof, it remains to show that, among the critical points sufficiently
close to U1, the imaginary part of the phase is never negative. We proceed by
contradiction and suppose that there is such a critical point close to a point P ∈ U1.
Up to a linear transformation by an element of GLm(R), near P , the second derivative
of the phase with respect to the second variable y1 is nonzero. We can therefore apply
the analytic Morse lemma in the variable y1, with all other variables as parameters.
This transforms U1 into a piece of real curve in C, parametrised by the other variables.
By hypothesis, the imaginary part of the phase is strictly smaller on the image of
the real locus by the Morse biholomorphism than at the critical point. Hence, this
piece of curve belongs to either one of the two quarter spaces in C where Re(y2

1) > 0.
Since these quarter spaces have a corner at 0, the image of U1 cannot get close to 0
without the second derivative of the phase along U1 getting large. This is not possible
because K is compact. □

The contour deformation above allows us to prove a stationary phase result. Mind
that there is no assumption of uniqueness of the critical point, so that the result of
the stationary phase is a sum of different contributions coming from the different
critical points.

Proposition 3.11. — Let Ω1 be an open subset of Rnx ×Rnθ , conic with respect
to the second variable and relatively compact, and let Ω2 be an open, relatively
compact subset of Rny . Let ϕ : Ω1 × Ω2 → C be real-analytic and one-homogeneous
with respect to θ, which extends to a small neighbourhood of Ω1 × Ω2. Suppose the
following:

• ϕ takes values in {Im(z) ⩾ 0}.
• ∇2

yϕ is nonsingular.
• Im(ϕ) > 0 on ∂(Ω1 × Ω2).

Let a : Ω1 × Ω2 → C be such that ((x, y), θ) 7→ a(x, θ, y) is an analytic amplitude.
Then there exists a finite collection of open conic subsets V1, . . . , VN of Ω, real-

analytic zero-homogeneous functions y∗
j : Vj → Ω̃2, analytic amplitudes bj on Vj,

and ϵ > 0, such that, for every (x, θ) in a small complex neighbourhood of Ω with
respect of the first variable,∫

Ω2
eiϕ(x,θ,y)a(x, θ, y)dy −

N∑
j=1

1(x,θ)∈Vi
eiϕ̃(x,θ,y∗

j (x,θ))bj(x, θ) = O(e−ϵ|θ|).

Moreover Im(ϕ)(x, θ, y∗
j (x, θ)) ⩾ 0 on Vj and Im(ϕ)(x, θ, y∗

j (x, θ)) > ϵ|θ| on ∂Vj.
If a realises a formal analytic amplitude, then the bj realise the formal amplitudes

obtained by formal stationary phase (and in particular, said formal amplitudes are
analytic).

Proof. — We first apply the contour deformations of Proposition 3.10, which allows
us to identify the open sets Vj and the functions y∗

j . Recalling the open sets U1 and U2
of Ω1 × Ω2, for each (x, θ) ∈ Ω1, each connected component of {y ∈ Ω2, (x, θ) ∈ Ω1}
will correspond to a single critical point of ϕ with respect to y. As x, θ vary, these
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connected components never merge or split (as |det(∇2
yϕ)| is bounded from below,

critical points are far away from each other) but simply appear or disappear, as the
associated critical point moves too far away from the real locus.

Therefore, if we define the sets Vj’s as the projections onto the (x, θ) variables of
the connected components of U1, and y∗

j as the corresponding critical points, one
has indeed Im(ϕ)(x, θ, y∗

j (x, θ)) ⩾ 0, and positivity on the boundary.
Let (x, θ) ∈ Ω1; decompose Ω2 = U2(x, θ) ∪ ⋃

j∈J (x,θ) U1;j(x, θ), where U2(x, θ) =
{y ∈ Ω2, (x, θ, y) ∈ U2}, J (x, θ) = {1 ⩽ j ⩽ n, (x, θ) ∈ Vj} and U1;j(x, θ) is the
connected component of {y ∈ Ω2, (x, θ, y) ∈ U2} whose complex neighbourhood
contains y∗

j (x, θ). Since there exists ϵ > 0 such that Im(ϕ) > ϵ|θ| on U2(x, θ), we are
left with ∑

j∈J (x,θ)

∫
U1;j(x,θ)

eiϕ(x,θ,y)a(x, θ, y)dy.

By Proposition 3.10, there exists a homotopy Γt of real-analytic contours deforming
U1;j(x, θ) := Γ0;j(x, θ) into some Γ1;j(x, θ) containing y∗

j (x, θ) on which Re(ϕ) is
constant; this homotopy satisfies Im(ϕ) > ϵ|θ| on ∂Γt;j(x, θ).

Extending a and ϕ holomorphically on y, Stokes’ theorem gives∫
Γ0;j(x,θ)

eiϕ̃(x,θ,y)a(x, θ, y)dy −
∫

Γ1;j(x,θ)
eiϕ̃(x,θ,y)ã(x, θ, y)dy =

∫
W1
eiϕ̃(x,θ,y)ã(x, θ, y)dy;

here, on W1 = ⋃
t∈[0,1] ∂Γt;j(x, θ), one has Im(ϕ̃) > ϵ|θ|. Hence, the difference between

the integrals on the two contours is O(e−c|θ|).
Applying the Morse lemma on ϕ̃ on Γ1;j, and an analytic change of variables on y,

it remains to prove that, when a is an analytic amplitude of ((x, y), θ), then so is

(3.3) (x, θ) 7−→
∫
B(0,1)

e−|θ|y2
a(x, θ, y)dy,

and that this stationary phase commutes with the realisation of formal analytic
amplitudes.

We first show a result “at fixed order”, then re-sum the obtained amplitude in the
spirit of Proposition 3.5.

Let N ∈ N and let u ∈ CN(BRd(0, 1),R). The Taylor expansion of u at 0 is

u(y) =
∑

|µ|<N

∂µu(0)yµ
µ! +R(y),

where

|R(y)| ⩽ ρNd |y|N

N !
∥∥∥∇Nu

∥∥∥
L∞

;

here ρd depends only on the dimension d.
Since |y|N

N ! ⩽ e|y|, we obtain
∣∣∣∣∣
∫
B(0,1)

e−λy2
R(y)dy

∣∣∣∣∣ ⩽ Cdρ
N
d λ

− N
2

(
N

2

)
!

∥∥∥∇Nu
∥∥∥
L∞

N ! .
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Noting that, on R+, the function y 7→ yNe−y reaches its maximum at y = N , then
as long as N+d+1

2 < λ,

y /∈ B(0, 1) −→ |yµe−λy2| ⩽ e−λ|y|−d−1;
hence ∣∣∣∣∣∣

∫
Rd\B(0,1)

e−λy2 ∑
|µ|<N

∂µu(0)yµ
µ! dy

∣∣∣∣∣∣ ⩽ Cde
−λ

N−1∑
j=0

ρjd∥∇ju∥L∞

j! .

It remains to compute the explicit integral∫
Rd
e−λy2 ∑

|µ|<N

∂µu(0)
µ! yµdy = π

d
2λ− d

2
∑
j<N

2

∆ju(0)
(4λ)jj! .

Altogether we have proved, for some ρd > 0, for every N < 2λ − d − 1, for every
u ∈ CN ,∣∣∣∣∣∣∣
∫
e−λy2

u(y)dy − π
d
2λ− d

2
∑
j<N

2

∆ju(0)
(4λ)jj!

∣∣∣∣∣∣∣
⩽ Cde

−λ
N−1∑
j=0

ρjd∥∇ju∥L∞

j! + Cdρ
N
d λ

− N
2

(
N

2

)
!

∥∥∥∇Nu
∥∥∥
L∞

N ! .

If, on the contrary, N ⩾ 2λ− d− 1, then∣∣∣∣∫ e−λy2
u(y)dy

∣∣∣∣ ⩽ C0∥u∥L∞ ⩽ C0λ
− N

2

(
N

2

)
!ρ

N
2
d ∥u∥L∞

and, for j < N
2 ,

λ− d
2
∆ju(0)
(4λ)jj! ⩽ λ− N

2

(
N

2

)
!ρ

N
2
d

∥∇2ju∥L∞

(2j)! .

Therefore, without condition on N and λ, for every u ∈ CN ,

(3.4)

∣∣∣∣∣∣∣
∫
e−λy2

u(y)dy − π
d
2λ− d

2
∑
j<N

2

∆ju(0)
(4λ)jj!

∣∣∣∣∣∣∣
⩽ Cd

(
e−λ + ρNd λ

− N
2

(
N

2

)
!
) N∑
j=0

∥∇ju∥L∞

j! .

Plugging u : y 7→ a(x, λω, y), we obtain the second part of the result.
It remains to prove that (3.3) defines an analytic amplitude. The derivatives on x

and on the spherical variables of θ play no role, and we are left with proving that,
for some ϵ > 0 and ρ > 0,

∀ k ⩽ ϵλ,

∣∣∣∣∣ ∂k∂λk
∫
B(0,1)

e−λy2
a(x, y, λ)dy

∣∣∣∣∣ ⩽ ρkk!λd− ny
2 −k.

One term of the binomial sum looks like(
k

j

)∫
B(0,1)

e−λy2
y2j∂k−j

λ a(x, y, λ)dy
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and, applying (3.4) at order N = 2j + ny, we obtain∣∣∣∣∣
∫
B(0,1)

e−λy2
y2j∂k−j

λ a(x, y, λ)dy
∣∣∣∣∣

⩽ Cd

e−λ
N−1∑
ℓ=0

ρℓd
∥∥∥∇ℓ

y∂
k−j
λ (y2ja)

∥∥∥
L∞

ℓ! + λ− ny
2

j+ ny
2∑

ℓ=j

∆ℓ
y

(
y2j∂k−j

λ a
)
(0)

(4λ)ℓℓ!

+ ρ
2j+ny

d λ− ny
2 −j

∥∥∥∇2j+ny
y y2j∂k−j

λ a
∥∥∥
L∞

(2j + ny)!

.
As long as k

λ
is small enough, if a is an analytic amplitude, then this satisfies the

required claim. □

3.3. Positive nondegenerate phases and their Lagrangians

In this short subsection, we avail ourselves of a few geometrical results concerning
what will be the oscillating phases of the Fourier integral operators considered in
this article. We will directly deal with complex-valued phase functions; real-analytic
regularity makes their treatment quite transparent, and every object will be defined
in a complex-geometric setting. For instance, “Lagrangians” will always be complex
submanifolds (of a larger complex symplectic space) on which the symplectic form
vanishes.

We will only use the relatively standard notion of non-degenerate phase functions.

Definition 3.12. — Let U ⊂ Rnx , W ⊂ Rny be relatively compact open sets
and V ⊂ Rnθ an open cone.

A (strictly) positive non-degenerate phase function ϕ : Ux × Vθ × Wy → C is
a one-homogeneous function of θ, real-analytic o {θ ̸= 0}, such that, with Σϕ =
{(x, θ, y) ∈ Ũ × Ṽ × W̃ ,∇θϕ̃ = 0}, the following conditions apply:

(1) The gradients ∇xϕ̃ and ∇yϕ̃, restricted to Σϕ, do not vanish.
(2) ∇θϕ̃ is a defining function for Σϕ (that is to say, ∇x,θ,y∇θϕ̃ has rank nθ and

its columns span the conormal bundle of Σϕ).
(3) There exists c > 0 such that, on the real set U × V × W , one has Im(ϕ) ⩾

c|θ||∇θϕ|2.

Proposition 3.13. — Let ϕ be a positive non-degenerate phase function. Then
Σϕ is a real-analytic conic submanifold diffeomorphic to the conical Lagrangian

Λϕ =
{(
x, dxϕ̃(x, θ, y), y,−dyϕ̃(x, θ, y)

)
, (x, θ, y) ∈ Σϕ

}
⊂ (T ∗Cn \ {0})2,

called the canonical relation of ϕ.

Proof. — This is an elementary and well-known fact, whose proof is the same
whenever ϕ is a real-valued phase function, a C∞ complex-valued phase function
with almost analytic extensions, or a real-analytic complex-valued phase function.
See for instance [Hör09, Proposition 25.4.4]. □
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Definition 3.12 is independent of a real-analytic change of variables in θ, as long
as it has a real-analytic dependence in x and y. This motivates the next definition.

Definition 3.14. — Given a real-analytic function ϕ : U×V ×W → C satisfying
the first two conditions of Definition 3.12, a totally real, conical submanifold of Ṽ
with analytic dependence in x and y will be called a good contour if ϕ̃, restricted to
this contour, satisfies the third condition.

Definition 3.15. — Two Lagrangians Λ1 ⊂ (T ∗X \ {0}) × (T ∗Y \ {0}) and
Λ2 ⊂ (T ∗Y \ {0}) × (T ∗Z \ {0}) are said to have transverse composition at a point
of Λ1 × Λ2 ∩ [(T ∗X \ {0}) × ∆(T ∗Y \ {0}) × (T ∗Z \ {0})] if the intersection of these
two submanifolds is transverse at this point.

Proposition 3.16. — Let ϕ1 : Ω1 → C and ϕ2 : Ω2 be positive nondegenerate
phase functions whose Lagrangians have transverse composition. Then for every
ϵ > 0, Φ : (x, z, θ, y, τ) 7→ ϕ1(x, θ, y) + ϕ2(y, τ, z) is a positive nondegenerate phase
function on {

(x, θ, y) ∈ Ω1, (y, τ, z) ∈ Ω2, ϵ|θ| < |τ | < ϵ−1|θ|
}
,

up to a small contour homotopy in y. Its Lagrangian is

Λ1 ◦ Λ2 :=
{(x, ξ, z, ζ) ∈ T ∗X \ {0} × T ∗Z \ {0},

∃ (y, η) ∈ T ∗Y \ {0}, (x, ξ, y, η) ∈ Λ1, (y, η, z, ζ) ∈ Λ2

}
,

and its real locus is exactly

(Λ1 ◦Λ2)R =
{(x, ξ, z, ζ) ∈ (T ∗X)R \ {0} × (T ∗Z)R \ {0},

∃ (y, η) ∈ (T ∗Y )R \ {0}, (x, ξ, y, η) ∈ (Λ1)R, (y, η, z, ζ) ∈ (Λ2)R

}
.

Proof. — See [Hör09, Proposition 25.5.4]. Note that the notion of positivity used
there is more general than ours and we have to prove positivity by hand; a priori we
only have

Im(Φ) ⩾ c|θ||∇θΦ|2 + c|τ ||∇τΦ|2.
We now apply a contour deformation on y, consisting in the positive gradient flow of
(|θ|2 + |τ |2)− 1

2 Im(Φ). Along this flow, Im(Φ) increases at a rate (|θ|2 + |τ |2)− 1
2 |∇yΦ|2.

Therefore, after a small time of evolution, we obtain

Im(Φ) ⩾ c|θ||∇θΦ|2 + c|τ ||∇τΦ|2 + c(|θ|2 + |τ |2)− 1
2 |∇yΦ|2.

This is the desired result since |θ|, |τ |, and (|θ|2 + |τ |2) 1
2 , are comparable.

The condition on the real locus is an easy consequence of the fact that the imaginary
part of the phases are always nonpositive, and vanish exactly on the real locus of
their Lagrangians. □

Phase functions are seldom more than continuous at the origin (unless they are
linear), so that it is necessary to remove conical neighbourhoods of θ = 0 and τ = 0
above. When actually composing Fourier Integral operators in the next section, it
will be necessary to deal with these neighbourhoods in a different way. This will be
facilitated by the fact that Im(Φ) + (|θ|2 + |τ |2) 1

2 |∇yΦ|2 is bounded away from 0 on
this set.
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In the C∞ theory, Fourier integral operators are completely described by the
Lagrangians of their phase functions; the usual proof consists in a term-by-term
identification or construction (see for instance [Hör09, Proposition 25.1.5]). The
analytic theory is a bit subtler, and we first describe how to remove “spurious” phase
variables; we will prove in effect that Fourier integral operators associated with
“complicated” phase functions can also be written using simpler phases, which will
be enough for our needs.

Proposition 3.17. — Let ϕ be a positive nondegenerate phase. Then on every
point of Σϕ,

nθ − rank ∇2
θϕ = nx + ny − rank

(
π : Λϕ −→ Cnx+ny

)
Proof. — The proof is the same as in the real-valued case, see [Trè22, Proposi-

tion 18.4.1]. □

This proposition interacts very well with the condition of positivity in our definition
of phase functions. Indeed, on ΣR

ϕ , in the directions where ∇2
θϕ is non-degenerate, it

has positive imaginary part; we will therefore be able to apply the stationary phase
without difficulty.

4. Fourier integral operators

4.1. Basic properties

The main goal of this subsection is to give a suitable definition of Fourier integral
operators in a real-analytic setting; they will be associated with positive phase
functions in the sense of Definition 3.12 and analytic amplitudes in the sense of
Definition 3.2. Among other properties, we wish Fourier integral operators to preserve
real-analytic functions and to behave well under composition.

The main obstacle to a direct and general definition is the fact that most of
our objects are only defined locally, in small neighbourhoods of the subset where
the imaginary part of the phase vanishes. The zones where the phase has positive
imaginary part should not contribute to the integrals modulo real-analytic functions,
but without the possibility of introducing cut-offs, it is difficult to prove a priori that
it is the case.

We first describe a particular case of oscillatory integrals, in coordinates, then we
proceed by successive generalisations and patching arguments.

Definition 4.1. — Let U ⊂ Rnx be an open set, and let Γ ⊂ Rnθ be a conical
open set. Let ϕ be a one-homogeneous function on U × Γ, real-analytic with respect
to x, and such that Im(ϕ) ⩾ 0 everywhere.

Then, given an analytic amplitude a on U × Γ, we define the following distribution
on U :

KΓ,ϕ(a) : x 7−→
∫

Γ
eiϕ(x,θ)a(x, θ)dθ.
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Proposition 4.2. — Let U and Γ be two open sets as above, let ϕ be a one-
homogeneous function on a neighbourhood of U × Γ, real-analytic with respect
to x and such that Im(ϕ) ⩾ 0 everywhere. Let a be an analytic amplitude on a
neighbourhood of U × Γ. Then KΓ,ϕ(a) is real-analytic on

{x ∈ U, ∀ θ ∈ Γ, Im(ϕ)(x, θ) > c|θ|}
as well as on{

x0 ∈ U,∃ C, c > 0, ∀ θ ∈ Γ, ∀ x ∈ Neigh(x0, Ũ), |ã|(x, θ) < Ce−c|θ|
}
.

Proof. — Under either of the conditions above, the integrand (x, θ) 7→ eiϕ(x,θ)a(x, θ)
extends holomorphically into an integrable function of θ for x close to the real
locus. □

A particular case of oscillatory integral above consists in singular integral kernels
of operators acting as follows:

(4.1) x 7−→
∫

Γ
eiϕ(x,θ,y)a(x, θ, y)v(y)dθdy,

that is, the singular integral kernel of a Fourier integral operator (with phase ϕ
and amplitude a). If ϕ is a positive phase function and a is also real-analytic with
respect to y, then these integral operators preserve real-analytic functions, as long
as Im(ϕ) > 0 on the boundary of Γ.

Proposition 4.3. — Let U ⊂ Rnx , Γ ⊂ Rnθ+ny be open sets, with Γ conical in
its first variable and relatively compact in its second variable. Let ϕ be a positive
phase function on a neighbourhood of U × Γ such that

∃ c > 0, ∀ (x, θ, y) ∈ U × ∂Γ, Im(ϕ)(x, θ, y) ⩾ c|θ|,
and let a be an analytic amplitude on a neighbourhood of U × Γ. Then for every
v ∈ Cω(Rny), the function

x 7−→
∫

Γ
eiϕ(x,θ,y)a(x, θ, y)v(y)dθdy

is real-analytic on U .

Proof. — Let v ∈ Cω(Rny) and consider

u : x 7−→
∫

Γ
eiϕ(x,θ,y)a(x, θ, y)v(y)dθdy.

We will change the contour of integration in the variable y. Since ϕ is a positive
phase function, one has

∃ c > 0, ∀ (x, θ, y) ∈ U × Γ, Im(ϕ) + |∇yϕ|2 ⩾ c|θ|.

We now deform contours by following the flow of ∇y Im(ϕ̃). After a small time, we
obtain a contour Γ1 on which Im(ϕ̃) > c|θ|. Now, by the Stokes formula,

u(x) =
∫

Γ1
eiϕ̃(x,θ,y)ã(x, θ, y)ũ(y)dθdy +

∫
Γ2
eiϕ̃(x,θ,y)ã(x, θ, y)ũ(y)dθdy,

where Γ2 lies within a small neighbourhood of ∂Γ in Rnθ ×Cny , so that Im(ϕ̃) > c|θ|
on V2. Thus, by Proposition 4.2, u is real-analytic. □
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Over the course of this article, the open sets on which phases and amplitudes
are well-defined will seldom be of a product form U × Γ, unless restricted to small
neighbourhoods of a point. We have to patch together expressions of the form (4.1),
which is possible thanks to Proposition B.8. Before doing so we introduce a relevant
function space.

Definition 4.4. — If K is a compact set of a real-analytic paracompact man-
ifold, we denote by E(K) the space of smooth functions on K in the sense of
Whitney [Whi34], and by O(K) the space of functions which extend to real-analytic
functions on a neighbourhood of K.

Let U be a relatively compact open set of a real-analytic paracompact manifold.
We denote

F(U) = E ′(U)/(E ′(∂U) ∪ O(U)).

We refer to Appendix B for basic properties of these spaces.

Definition 4.5. — Let X and Y be two paracompact analytic manifolds. Let
U ⊂ X and V ⊂ Y be open and relatively compact. Let Ω ⊂ X × Rnθ × V be open
and conical in its second variable.

Let ϕ be a positive phase function on a neighbourhood of Ω, such that Im(ϕ) ⩾ 0
everywhere and

(4.2) ∃ c > 0,∀ x ∈ U,∀ (θ, y) ∈ ∂
(
{(θ′, y′) ∈ Rnθ × V, (x, θ, y) ∈ Ω}

)
,

Im(ϕ)(x, θ, y) ⩾ c|θ|.

Let a be an analytic amplitude on a neighbourhood of Ω, and let v ∈ F(V ). We
define Iϕ,Ω,U(a)v as the element of F(U) defined by the following recipe.

(1) For every x0 ∈ U , for some small neighbourhood Γ0 × V0 of{
(θ, y) ∈ Rnθ × V, (x0, θ, y) ∈ Ω, Im(ϕ)(x, θ, y) = 0

}
,

consider χ ∈ C∞(X,R) be equal to 1 on a small neighbourhood U0 of x0 and
supported on a small neighbourhood of U0. Then

x 7−→
∫

Γ
eiϕ(x,θ,y)a(x, θ, y)χ(x)v(y)dθdy

is the action of a “usual” Fourier integral operator on v, and in particular it
belongs to E ′(X) (in fact it is supported near U0). This element of E ′(X) can
then be restricted to an element of E ′(U0)/E ′(∂U0), see Proposition B.6. By
Proposition 4.3, if v ∈ Cω(V0) then this produces an element of Cω(U0).

(2) Perform the last item on a finite family of open sets covering U .
(3) By Proposition 4.2, any two such distributions agree on the intersection of

their defining supports modulo a real-analytic function, and by Proposition 4.3.
Therefore, by Proposition B.8, we can patch these distributions together into a
uniquely, well-defined element of F(U), which is 0 if v ∈ Cω(V ). In conclusion,
we’ve built Iϕ,Ω,U(a) : E ′(V )/Cω(V ) → F(U).
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(4) One has then, by Proposition 4.3,

SSa(IΩ,U,ϕ(a)v)

⊂
{
x ∈ U,∃ (θ, y) ∈ Rnθ × SSa(v), (x, θ, y) ∈ Ω, Im(ϕ)(x, θ, y) = 0

}
,

where SSa denotes the analytic singular support (complement of the largest
open set on which a function is real-analytic).

In particular, if v ∈ E ′(∂V ), then SSa(IΩ,U,ϕ(a)v) = 0. Therefore, we can
conclude:

Iϕ,Ω,U(a) : F(V ) −→ F(U).

Remark 4.6. — It is natural to ask whether this construction works when v is
a singularity hyperfunction, that is, an element of O′(V )/(O′(∂V ) + O(V )). The
answer is yes, but to do so we need to study the analytic wave front set of the kernel
KΓ,ϕ; we will do so in Section 4.3, after having defined the analytic wave front set as
the set of analytic singularities after conjugation by a Fourier integral operator; for
the moment we only invoke the fact that the smooth wave front set of KΓ,ϕ is known
and therefore analytic Fourier integral operators act nicely on distributions. After
making sure that Definition 4.5 makes sense as acting on singularity hyperfunctions,
the rest of Section 4 will extend to this case without any difficulty.

As in the smooth case, these operators behave well under composition and station-
ary phase under natural geometric hypotheses, and particularly so when the analytic
amplitudes in question are realisations of formal analytic amplitudes.

Proposition 4.7. — Let X, Y, Z be paracompact real-analytic manifolds, and
let U ⊂ X, V ⊂ Y,W ⊂ Z be relatively compact open sets. Let Ω1 ⊂ X × Rnθ × V
and Ω2 ⊂ Y × Rnτ × W be open and conic with respect to their middle variables;
let ϕ1 and ϕ2 positive non-degenerate phase functions on open neighbourhoods of,
respectively, Ω1 and Ω2. Suppose that (ϕ1,Ω1, U) and (ϕ2,Ω2, V ) both satisfy (4.2).
Let a1 : Ω1 → C and a2 : Ω2 → C be analytic amplitudes.

Let
Φ : (x, θ, y, τ, z) 7−→ ϕ1(x, θ, y) + ϕ2(y, τ, z)
A : (x, θ, y, τ, z) 7−→ a1(x, θ, y)a2(y, τ, z).

There exists a contour deformation Γ ∈ Ỹ , with real-analytic dependence on
x, θ, τ, z, and a neighbourhood Ω of{

(x, θ, τ, z) ∈ X × Rnθ+nτ × Z, y ∈ Γ(x, θ, τ, z),∇y,θ,τΦ = 0
}
,

contained in {ϵ|θ| < |τ | < ϵ−1|θ|} for some ϵ > 0, such that (ϕ1 + ϕ2,Ω, U1) satis-
fies (4.2), and

Iϕ1,Ω1,U1(a1) ◦ Iϕ2,Ω2,U2(a2) = IΦ,Ω,U1(A)
(as maps from F(W ) to F(U)). Moreover, if a1 and a2 respectively realise formal
analytic amplitudes, then there exists a maximally analytic amplitude A′ on Ω such
that

IΦ,Ω,U1(A− A′) = 0.
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Proof. — The distributional kernel of Iϕ1,Ω1,U1(a1) ◦ Iϕ2,Ω2,U2(a2) is

(x, z) 7−→
∫
eiΦ(x,θ,y,τ,z)A(x, θ, y, τ, z)dydθdτ.

We begin with a contour deformation on y, which follows the positive gradient flow
of (|θ|2 + |τ |2)− 1

2 ∇y Im(Φ). After a small time, along this contour Γ1 one has

Im(Φ) ⩾ c|θ||∇θΦ|2 + c|τ ||∇τΦ|2 + c
(
|θ|2 + |τ |2

)− 1
2 |∇yΦ|2.

Compared to the integral on the original contour, the difference is, by Stokes’ theorem,
an integral of the form ∫

V
eiΦ̃(x,θ,y,τ,z)Ã(x, θ, y, τ, z)dydθdτ

where on V = ⋃
t∈[0,1] ∂Γt(x, θ, τ, z), the phase Φ̃ has positive imaginary part, due

to the fact that (ϕ1,Ω1, U1) satisfies (4.2). Hence, by Definition 4.5, the difference
maps E ′(W ) into Cω(U) (note that, in this application of Definition 4.5, Φ is not
a positive phase function, because it is singular at θ = 0 and τ = 0; for the same
reasons A is not an analytic amplitude).

We now use Proposition 4.2 again to remove the complement set of a conical
neighbourhood Ω of {Im(Φ) = 0}.

Let us prove that, on Ω, θ and τ are bounded away from 0. Indeed, if θ = 0,
then Φ = ϕ2, and |τ ||∇τϕ2|2 is bounded away from 0 except in the vicinity of Σ2,
where |τ |−1|∇yϕ|2 is bounded away from 0. Therefore Im(Φ) is bounded away from
0 on {θ = 0}, and on {τ = 0} as well, by a symmetrical argument. This concludes
the proof.

To conclude, if a1 and a2 realise formal analytic amplitudes, then so does A, by
Proposition 3.8; letting A′ be a maximally analytic realisation of the same analytic
amplitude, one has |A′ −A| ⩽ Ce−c(|θ|+|τ |) so that, by Proposition 4.2, the difference
between the associated Fourier integral operators maps E ′(W ) into real-analytic
functions. □

Proposition 4.8. — Let X and Y be paracompact real-analytic manifolds and
let U, V be relatively compact sets of X and Y . Let Ω ⊂ X×Rnθ′ ×Rnω ×V be open
and a relatively compact cone with respect to the second variable; let ϕ be a positive
phase function on a neighbourhood of Ω such that (ϕ,Ω, U) satisfies condition (4.2).
Suppose further that ∇2

ωϕ is nonsingular everywhere.
Let a : Ω → C be such that ((x, y, ω), ξ) 7→ a(x, ξ, ω, y) is an analytic amplitude.
Then there exists J ∈ N and, for every 1 ⩽ j ⩽ J , a conic open set Ωj ⊂

X × Rnθ′ × V , a non-degenerate phase function ϕj on a neighbourhood of Ωj such
that (ϕj,Ωj, U) satisfies condition (4.2), and an analytic amplitude bj : Ωj → C,
such that

Iϕ,Ω,U(a) −
J∑
j=1

Iϕj ,Ωj ,U(bj)

maps E ′(V ) into Cω(U). Moreover, the union of the Lagrangians of ϕj is the La-
grangian of ϕ, and if a realises some formal analytic amplitude (ak)k∈N, then each bj
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realises a formal analytic amplitude (bj;k)k∈N, which can be obtained from (ak)k∈N
by the formal stationary phase.

Proof. — Choosing local expressions for Iϕ,Ω,U(a) as in Definition 4.5, this is a
restatement of Proposition 3.11. □

Many natural Fourier integral operators make sense of the fibre variable θ as
belonging to the fibre of a bundle over the base X ×Y rather than a fixed space Rnθ .
Similarly, in practical applications of Proposition 4.8, the decomposition of the phase
variables into the directions where ∇2ϕ is non-degenerate and a complement set is
seldom independent on x, y.

Both issues are formally taken care of by a one-homogeneous real-analytic change
of variables (x, θ, y) ⇝ (x, ξ(x, θ, y), y); however, analytic amplitudes do not have
real-analytic dependence on θ, and therefore, these change of variables destroy real-
analyticity with respect to x and y. We can remediate to this problem in the case of
realisations of formal analytic amplitudes.

Proposition 4.9. — LetX and Y be paracompact analytic manifolds, let U ⊂ X
and V ⊂ Y be relatively compact. Let Ω ⊂ X × Rnθ

θ × V suppose that Ω is conical
in its second variable.

Let ξt : Ω → X × Cnθ × V be a family of contours (they extend into complex-
analytic diffeomorphisms, are one-homogeneous in the second variable, act as identity
on the first and third variables, depending smoothly on the parameter t) with ξ0 = id.
Let ϕ be a phase function on a neighbourhood of Ω and suppose that (ϕt ◦ ξt,Ω, U)
satisfies (4.2) for all t ∈ [0, 1]. Let a be the realisation of a formal analytic amplitude
(ak)k∈N on a neighbourhood of Ω.

Then, any realisation b of (ak ◦ ξ1)k∈N is such that (as maps from F(V ) to F(U))
Iϕ◦ξ1,Ω,U(b det(Dθξ1)) = Iϕ,Ω′,U(a).

Proof. — Let ξt be a homotopy of complex-analytic diffeomorphisms that are one-
homogeneous and act as identity on the first and third variables, with ξ0 = id. Then
(ak ◦ ξt)k∈N is, uniformly for t ∈ [0, 1], a formal analytic amplitude; as in the proof
of Proposition 3.5, one can realise it into

b(t, x, y, θ) =
∑
k∈N

ak ◦ ξt(x, θ, y)
(

1 − χk

(
cθ

k

))

for some c > 0 small, where χk is a radial function, supported on B(0, 2) and equal
to 1 on B(0, 1), and such that |∇jχk| ⩽ (Rk)j whenever j ⩽ k.

Let now x0 ∈ U . Following Definition 4.5, let U0 be a small neighbourhood of x0
in U , let Γ0, V0 an open neighbourhood of {Im(ϕ)(x0, y, θ) = 0}, and let v ∈ E ′(V0),
then for t small, we are considering

J(t) : x 7−→
∫

Γ0×V0
eiϕ(x,ξt(x,θ,y),y)b(t, x, y, θ) det(Dθξt)v(y)dθdy,

For some t0 > 0, one has still Im(ϕ) ◦ ξt > 0 on U0 × ∂Γ0 × V0 for all t ∈ [0, t0].
For every holomorphic function f ,

d
dt(f(x, ξt(x, θ, y), y) det(Dθξt)) = divθ(f(x, ξt(x, θ, y))∂tξt),
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and therefore, by Stokes’ formula,

(4.3) dJ(t)
dt (x)

=
∫

Γ0×V0
eiϕ(x,ξt(x,θ,y),y) det(Dθξt)v(y)

∑
k∈N

ak ◦ ξt(x, θ, y)∂tξt · ∇θχk

(
cθ

k

)
dθdy

+
∫
∂Γ0×V0

eiϕ(x,ξt(x,θ,y),y) det(Dθξt)v(y)
∑
k∈N

b(t, x, y, θ)dθdy.

We can apply Proposition 4.2 to the second term of the right-hand side, since b is
an analytic amplitude and ϕ ◦ ξt has positive imaginary part on ∂Γ0 × V0; therefore
this term is an analytic function of x. As for the first term, let us prove that there
exists C > 0, ϵ > 0 such that, uniformly for (x, y) in a complex neighbourhood,∣∣∣∣∣∣

∑
k∈N

ak ◦ ξt(x, θ, y)∂tξt · ∇θχk

(
cθ

k

)∣∣∣∣∣∣ ⩽ Ce−ϵ|θ|.

Since (ak)k∈N is a formal analytic amplitude, one has
|ak ◦ ξt(x, θ, y)| ⩽ CRkk!|θ|−k.

Moreover ∇θχk( cθk ) is only nonzero whenever c|θ|
2 ⩽ k ⩽ cθ. In particular,∣∣∣∣∣ak ◦ ξt(x, θ, y)∇θ

(
χk

(
cθ

k

))∣∣∣∣∣ ⩽ C(cR)
c|θ|

2 .

Moreover for fixed θ the number of nonzero terms is of order |θ|, so that we finally
obtain, whenever c < 1

K
, for some ϵ > 0, the required estimate.

In particular, we can apply Proposition 4.2 to the first term of the right-hand-side
of (4.3) as well; to conclude, for t small, dJ(t)

dt continuously sends E ′(Y ) into O(U).
Integrating this fact on [0, t0] for t0 small, we obtain the desired identity with ξ1
replaced with ξt0 . However the statement is clearly of a local nature, and we can
cover [0, 1] with a finite number of open sets on which we can apply the argument
above. This concludes the proof of Proposition 4.9. □

From now on we will only consider analytic Fourier integral operators whose
amplitudes are realisations of formal analytic amplitudes; by Proposition 4.2, they
do not depend on the realisation, and we will simply pass formal amplitudes as
arguments of Iϕ,Ω,U .

Assembling the previous facts, we obtain the following general result.

Theorem 4.10. — Let X, Y be paracompact real-analytic manifolds. Let E be a
real-analytic cone bundle over X×Y , and denote the base projection by π = (πX , πY ).
LetV ⊂ Y be open and relatively compact. Let Ω ⊂ π−1(X×V ) be open and conical,
and let ϕ be a positive phase function on a neighbourhood of Ω. Let a be a formal
analytic amplitude on a neighbourhood of Ω.

(1) Given U ⊂ X, open such that (ϕ,Ω, U) satisfies (4.2), any choice of local
trivialisations of E leads (via Definition 4.5) to the same, well-defined oper-
ator Iϕ,Ω,U(a) mapping F(V ) to F(U). When further quotiented by smooth
functions, Iϕ,Ω,U(a) coincides with the usual formal construction of the Fourier
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Integral operator with phase ϕ and formal amplitude a. Furthermore, for all
v ∈ E ′(Y ),

SSa(Iϕ,Ω,U(a)v)
⊂ {x ∈ U,∃ Θ ∈ Ω, πX(Θ) = x, πY (Θ) ∈ SSa(v), Im(ϕ(Θ)) = 0}.

We call analytic Fourier integral operator such an Iϕ,Ω,U(a).
(2) If U is relatively compact, Ω is a relatively compact open cone, and

rank ∇2
θϕ ⩾ 1 on a neighbourhood of Ω, then there exists a finite number

of real-analytic vector bundles (Ej)1⩽j⩽J , such that rank(Ej) = rank(E) − 1,
open conical sets Ωj ⊂ Ej, positive phase functions ϕj and formal analytic
amplitudes bj on neighbourhoods of Ωj, such that

Iϕ,Ω,U(a) =
J∑
j=1

Iϕj ,Ωj ,U(bj).

As a formal amplitude, bj is obtained from a by stationary phase.
(3) Let Z be a paracompact real-analytic manifold, F a real-analytic cone bundle

over Y × Z, W ⊂ Z open and conical, Ω′ ⊂ π−1
F (Y × W ) open and conical,

ϕ′ a positive phase function on a neighbourhood of Ω′ such that (ϕ′, F, V )
satisfies (4.2), a′ a formal analytic amplitude on a neighbourhood of Ω′. Then
the composition Iϕ,Ω,U(a)Iϕ′,Ω′,V (a′) is an analytic Fourier integral operator
(constructed as in Proposition 4.7).

To some extent, we have reproduced the C∞ theory in the analytic case. One thing
still missing, and a crucial property in the C∞ case, is the fact that Fourier integral
operators only depend on the positive Lagrangian associated with their phases: given
two phases ϕ1 and ϕ2 with same Lagrangian, we expect any analytic Fourier integral
operator associated with ϕ1 to be equal to some analytic Fourier integral operator
associated with ϕ2. The proof in the C∞ case (see [Hör09, Proposition 25.1.5]) relies
on a construction of the amplitude order by order, which is difficult to translate to
the analytic case (essentially, one would need to prove by hand that the constructed
formal amplitude is analytic). We can, however, prove that some Lagrangians of
interest possess a more or less canonical phase, so that all Fourier integral operators
associated with said Lagrangians can be rewritten with this specific case. The first
of these Lagrangians is the diagonal in T ∗Cn; we will prove in Proposition 4.14 the
Kuranishi trick: all such Fourier Integral operators are pseudodifferential operators
in the sense that they can be rewritten using the usual phase and any good contour.

The second family of Lagrangians contains the Szegő kernel parametrix on the
boundary of any strictly pseudoconvex domain (the Lagrangian, of course, depends
on the domain). These Lagrangians are idempotent, and Fourier integral operators
with same Lagrangian are called “covariant Toeplitz operators” and form an algebra.
To describe this algebra in practice, one writes all these Fourier integral operators
with the same phase. We can do so, more generally, for Lagrangians whose base
projection has corank 1.
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Proposition 4.11. — Let X, Y be paracompact analytic manifolds. Let Λ ⊂
(T ∗X̃ \{0})×(T ∗Ỹ \{0}) be a conical, real-analytic, positive Lagrangian and suppose
that the projection onto the base π : Λ → X̃ × Ỹ satisfies dim ker dπ = 1 everywhere
(so that Λ is a half-line bundle over its projection π(Λ) = Z).

There exists a positive phase function on a half-line bundle over a neighbourhood
of Z such that Λϕ = Λ. For any such phase function, and any analytic Fourier integral
operator with phase ϕ, there exists a formal analytic amplitude a on a neighbourhood
of Z such that Iϕ(a) coincides with the analytic Fourier integral operator.

Proof. — By Theorem 4.10 and Propositions 4.8 and 3.17, possibly after appli-
cation of stationary phase, an analytic Fourier integral operator with Lagrangian
Λ can be written with a number of phase variables equal to 1, which means that
the phase function is defined on a half-line bundle over a neighbourhood of Z. This
proves the existence of such a phase.

Any such phase ϕ satisfies Z = {ϕ = 0} and near Z one has ∇xϕ ≠ 0,∇yϕ ̸= 0.
Since Z has codimension 1, this means that ϕ is a defining function for Z. In
particular, given another function ϕ2 satisfying the same properties, locally after
identification of the half-line bundles over a neighbourhood of Z on which the phases
are defined, one has ϕ2 = fϕ for some non-vanishing function f . Thus, locally, Fourier
integral operators with phase ϕ2 have integral kernels of the form

(x, y) 7−→
∫ +∞

0
eiuf(x,y)ϕ(x,y,1)b(x, y, u)du

where we trivialised the half-line bundle and b is a realisation of a formal analytic
amplitude.

Now u 7→ f(x, y)u is a well-defined change of variables, so that by Proposition 4.9,
there exists a formal analytic amplitude a such that Iϕ(a) is the same Fourier integral
operator. This concludes the proof. □

4.2. Pseudodifferential operators, FBI transforms, and Toeplitz
operators

Pseudodifferential operators are a particular case of Fourier integral operators,
with singular kernels of the form

(4.4) U × V ∋ (x, y) 7−→
∫

Γ(x,y)
ei(x−y)·(ξ+iη(x,ξ,y))a(x, ξ, y)dξ,

where U, V are open sets of Rn, Γ(x, y) is a conical contour, with real-analytic
dependence in (x, y), and which is positive, meaning that
(4.5) ∃ c, ∀ (x, y) ∈ U × V, ∀ ξ ∈ Γ(x, y), Im((x− y) · ξ) > c|ξ||x− y|2;
moreover a realises a formal analytic amplitude on a neighbourhood of {(x, ξ, x),
x ∈ U} in U × Rn × V .

Remark 4.12. — By the previous results, operators defined by (4.4) do not de-
pend on the realisation, nor do they depend on the choice of Γ. However, there
is an important caveat at this stage: in order for condition (4.2) to hold, we need
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Γ(x, x) = Rn. Indeed, otherwise the phase vanishes when x = y ∈ U, ξ ∈ ∂Γ(x, x).
This is, of course, a severe hindrance because we would like to study the action of
real-analytic amplitudes defined near a point of phase space. This issue be addressed
later on through the FBI transform. For the moment, we make note of this limitation
and define pseudodifferential operators as follows.

Definition 4.13. — Let U ⋐ V ⊂ Rn, and let a be a formal analytic amplitude
on a neighbourhood of {(x, ξ, x), (x, ξ) ∈ U × Rn} in U × Rn × V . The pseudodiffer-
ential operator Op(a) is defined as the operator with distributional kernel

U × V ∋ (x, y) 7−→
∫

Γ(x,y)
ei(x−y)·ξaΓ(x, ξ, y)dξ,

where Γ(x, y) is any contour satisfying (4.5), and where aΓ is such that the function
(x, ξ, y) 7→ aΓ(x, θ(x, ξ, y), y) is a realisation of (ak(x, θ(x, ξ, y), y))k∈N, for a contour
deformation θ which sends Rn to Γ(x, y).

These operators preserve analytic functions, and they are uniquely defined as
operators from F(V ) to F(U).

The Lagrangian associated with the phase of a pseudodifferential operator is always
the diagonal of (T ∗U \ {0})2. Our first result is the Kuranishi trick, which allows us
to prove a reciprocal statement.

Proposition 4.14. — Let U ⊂ V ⋐ Rn and let π : E → Rn × Rn be a cone
bundle and let Ω ⊂ π−1(E) be an open compact cone.. Let ϕ be a positive phase
function on a neighbourhood of Ω such that (ϕ,Ω, U) satisfies (4.2) and Λϕ is the
diagonal of (T ∗U\{0})2. Let a realise a formal analytic amplitude on a neighbourhood
of Ω.

There exists a formal analytic amplitude b on a neighbourhood of {(x, ξ, x), (x, ξ) ∈
U × Rn} in U × Rn × V , such that

Iϕ,Ω,U(a) = Op(b)

(as always, in the sense of operators from F(V ) to F(U)).

Proof. — We first apply Propositions 3.17 and 4.8 to reduce ourselves to the case
where N = n, since the right-hand side of the formula in Proposition 3.17 is equal
to n. Note that when doing so, we obtain a finite sum of Fourier integral operators.

Since Λϕ is the diagonal of (T ∗U \ {0})2, then ϕ(x, θ, y) vanishes when x = y,
and θ 7→ ∂θϕ(x, θ, x) ∈ Rn is a surjective local diffeomorphism. Therefore it is a
global diffeomorphism, and it extends to a neighbourhood of x = y into a map
(x, θ, y) 7→ ζ(x, θ, y) which is a global diffeomorphism between the real domain of its
second variable and a totally real contour of Cn, and such that

ϕ(x, θ, y) = (x− y) · ζ(x, θ, y).

The contour is Rn when x = y, and it satisfies (4.5), because ϕ is positive. Removing
a neighbourhood of x = y (away from which the phase has positive imaginary part)
and applying Proposition 4.9, we obtain a pseudodifferential operator. □
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Given a compact real-analytic manifold M , one can equivalently define analytic
pseudodifferential operators on M as:

• gluings of Definition 4.13 in coordinate charts;
• Fourier integral operators on M (or on open subsets of M) with Lagrangian

diag(T ∗M).
• Fourier integral operators defined with a suitable global phase function. An

example is given by the function ϕ : T ∗M × M → C defined as follows:
ι : M → RN is an embedding of M in Euclidian space of sufficiently large
dimension, πx : Rn → TxM is the pull-back of the orthogonal projection from
Rn to ι(TxM), and

ϕ(x, ξ, y) = ξ(πx(ι(y))) + i|ξ| dist(ι(x), ι(y))2.

Pseudodifferential operators are not uniquely determined by their amplitudes;
there is “one variable too many” among (x, ξ, y). The notion of symbol is better
suited to their analysis.

Proposition 4.15. — Let U ⊂ Rn open and relatively compact and let a be a
formal analytic symbol on a neighbourhood Ω of {(x, ξ, x) ∈ R3n, x ∈ U}. Let V be
a small neighbourhood of U .

Given j ∈ N define

bj : (x, ξ) =
∑

|µ|⩽j

i|µ|

µ!
(
∂µy · ∂µξ aj−|µ|

)
(x, ξ, x).

Then (bj) is a formal analytic amplitude and Op((aj)) = Op((bj)). (bj) is called the
(left) total symbol of (aj).

Proof. — It follows from a direct computation that bj is a formal analytic ampli-
tude.

Let V be a small neighbourhood of U such that (bj)j∈N is well-defined on a complex
neighbourhood of U ×Rn ×V . Let θ : U ×Rn ×V → Cn be such that κ : (x, ξ, y) 7→
(x, θ(x, ξ, y), y) extends to a biholomorphism with κ(x, ξ, x) = ξ and ϕ : (x, θ, y) 7→
ϕ ◦ κ−1 is a positive phase function.

Let a and b be respective realisations of aj ◦ κ−1 and bj ◦ κ−1 as built in Proposi-
tion 3.5. Namely, with χj ∈ C∞(Rn,R) radial and such that

1Rn\B(0,1) ⩽ χj ⩽ 1Rn\B(0, 1
2)

∃ ρ0, ∀ N ⩽ j,
∥∥∥∇Nχj

∥∥∥
L∞
⩽ (ρ0j)N ,

we have defined, for c > 0 small,

a(x, θ, y) =
∑
j∈N

aj(x, ξ(x, θ, y), y)
(

1 − χj+1

(
cθ

j + 1

))

b(x, θ, y) =
∑
j∈N

bj(x, ξ(x, θ, y), y)
(

1 − χj+1

(
cθ

j + 1

))
,
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and then

Op((aj))(x, y) =
∫
eiϕ(x,θ,y)a(x, θ, y)dθ

Op((bj))(x, y) =
∫
eiϕ(x,θ,y)b(x, θ, y)dθ,

modulo a regularising operator. Define the contour Γ(x, y) = {ξ ∈ Cn, θ(x, ξ, y) ∈ Rn},
so that

Op((aj))(x, y) =
∫

Γ(x,y)
ei(x−y)·ξa ◦ κ(x, ξ, y)dξ

Op((bj))(x, y) =
∫

Γ(x,y)
ei(x−y)·ξb ◦ κ(x, ξ, y)dξ.

Now we use the standard manipulation: for every fixed N ∈ N and smooth function
f on V

∀ x ∈ U, ∀ y ∈ B(x, ϵ), f(y) =
∑

|µ|<N

∂µf(x)
µ! (y − x)µ +

∑
|µ|=N

Rµ(f)(x, y)(y − x)µ,

where

|Rµ(x, y)| ⩽ C
∥∂µf∥L∞

N ! .

Let ψj = 1 − χj, and let c1 ≪ c. To apply the above formula at an order N which
grows like c′|ξ|, we write

a ◦ κ(x, ξ, y) = a ◦ κ(x, ξ, y)χ1(c′θ(x, ξ, y))

+
∑
N∈N

 ∑
|µ|<N

∂µy
µ! a ◦ κ(x, ξ, y)|y=x(y − x)µ +

∑
|µ|=N

Rµ(a ◦ κ)(x, ξ, y)(y − x)µ


×
(
ψN+1

(
c′θ(x, ξ, y)
N + 1

)
− ψN

(
c′θ(x, ξ, y)

N

))
.

This amounts to

a ◦ κ(x, ξ, y) =
∑
µ∈Nd

∂µy
µ! (a ◦ κ(x, ξ, y))|y=x(y − x)µχ|µ|

(
c′θ(x, ξ, y)

|µ|

)

+
∑
µ∈Nd

Rµ(a ◦ κ)(x, ξ, y)(y − x)µ
(
ψ|µ|

(
c′θ(x, ξ, y)

|µ|

)
− ψ|µ|−1

(
c′θ(x, ξ, y)

|µ| − 1

))
.

Before proceeding further, we integrate by parts in Op(a) to trade the powers of
x− y for derivatives in ξ:

Op(a)(x, y) =
∫

Γ(x,y)

∑
µ∈Nd

∂µξ

[
i|µ|∂µy
µ! (a ◦ κ(x, ξ, y))|y=xχ|µ|

(
c′θ(x, ξ, y)

|µ|

)]
dξ

+
∫

Γ(x,y)

∑
µ∈Nd

|i||µ|∂µξ

[
Rµ(a ◦ κ)(x, ξ, y)

(
ψ|µ|

(
c′θ(x, ξ, y)

|µ|

)
− ψ|µ|−1

(
c′θ(x, ξ, y)

|µ| − 1

))]
dξ.
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Each term in this expansion is real-analytic with respect to (x, y) in the variables
(x, θ, y). Indeed, given 1 ⩽ k ⩽ d,

∂yj
(a ◦ κ) =∂yj

κ · (∇a) ◦ κ = (∂yj
a) ◦ κ+ ∂yj

θ · (∇ξa) ◦ κ
∂ξj

(a ◦ κ) =∂ξj
θ · (∇ξa) ◦ κ

and both (∇ξ,y)θ) ◦ κ−1 and a are real-analytic with respect to (x, y). Therefore, by
induction, for every µ ∈ Nd [∂µy (a◦κ)|y=x] ◦κ−1 is real-analytic with respect to (x, y).
The term Rµ only depends on these kind of derivatives, as evidenced by the general
remainder formula for Taylor series

Rµ(f)(x, y) = |µ|
µ!

∫ 1

0
∂µf(tx+ (1 − t)y)(1 − t)N−1dt.

Let us now prove that the remainders are small:∣∣∣∣∣∣
∑
µ∈Nd

∂µξ

[
Rµ(a ◦ κ)(x, ξ, y)

(
ψ|µ|

(
c′θ(x, ξ, y)

|µ|

)
− ψ|µ|−1

(
c′θ(x, ξ, y)

|µ| − 1

))]∣∣∣∣∣∣
⩽ Ce−c1|θ(x,ξ,y)|,

thereby obtaining (by Proposition 4.3) that this term in a ◦ κ contributes to Op(a)
by a regularising operator. Given µ ∈ Nd, one has

ψ|µ|

(
c′θ

|µ|

)
− ψ|µ|−1

(
c′θ

|µ| − 1

)
̸= 0 =⇒ 1

2(|µ| − 1) ⩽ c′|θ| ⩽ |µ|.

Now, for some ρ > 0, R > 0,
∀ j + k ⩽ ξ/R,

∣∣∣∇j
y∇k

ξ (a ◦ κ)(x, ξ, y)
∣∣∣ ⩽ Cρj+k(j + k)!|ξ|d−k,

so that, given µ ∈ Nd and θ such that 1
2(|µ| − 1) ⩽ c′|θ| ⩽ |µ|, given Nd ∋ ν ⩽ µ,

µ!
ν!(µ− ν)!∂

ν
ξRµ(a ◦ κ)(x, ξ, y)∂µ−ν

ξ

(
ψ|µ|

(
c′θ(x, ξ, y)

|µ|

)
− ψ|µ|−1

(
c′θ(x, ξ, y)

|µ| − 1

))

⩽ C(a)|µ| |µ|!
(|µ| − |ν|)!ρ

2|µ|(c′)|µ|−|ν||ξ|d−|ν|.

With respect to |ν|, the right-hand side is a log-convex function; if c′ is small enough,
at both endpoints |ν| = 0 and |ν| = |µ|, it is smaller than Cec1|θ|. Therefore∣∣∣∣∣∂µξ

[
Rµ(a ◦ κ)(x, ξ, y)

(
ψ|µ|

(
c′θ(x, ξ, y)

|µ|

)
− ψ|µ|−1

(
c′θ(x, ξ, y)

|µ| − 1

))]∣∣∣∣∣ ⩽ Ce−c1|θ|,

and for θ fixed the number of non-zero terms in the sum over µ is polynomial in |θ|.
Similarly, within∑

µ∈Nd

∂µξ

[
i|µ|∂µy
µ! (a ◦ κ(x, ξ, y))|y=xχ|µ|

(
c′θ(x, ξ, y)

|µ|

)]
,

the terms where at least one derivative with respect to ξ hits χ|µ| are exponentially
small: indeed, given µ ∈ Nd, the support of ∇χ|µ|

(
c′θ(x,ξ,y)

|µ|

)
lies within {1

2 |µ| ⩽ c′|θ| ⩽
|µ|}, and the estimates on the derivatives are the same as previously.
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To conclude the proof, we inject the expression of a ◦ κ in
∑
µ∈Nd

∂µξ
i|µ|∂µy
µ! (a ◦ κ(x, ξ, y))|y=xχ|µ|

(
c′θ(x, ξ, y)

|µ|

)

to prove that this is close to b ◦ κ. We obtain
∑
µ∈Nd

∑
j∈N

i|µ|∂µξ ∂
µ
y

µ!

[
aj(x, ξ, y)χj

(
cθ(x, ξ, y)

j

)]∣∣∣∣∣
y=x

χ|µ|

(
c′θ(x, ξ, y)

|µ|

)
,

and again one can prove that this is exponentially small unless no derivative hits χj:
the support of ∇χj

(
cθ(x,ξ,y)

j

)
lies in {1

2j ⩽ c|θ| ⩽ j}, and one must also have
|µ| < 2c′|θ|; as long as c′ < c

4 , this ensures 2|µ| ⩽ j, hence for all νy ⩽ µ and νξ ⩽ µ,∣∣∣∣∣ µ!
νy!(µ− νy)!νξ!(µ− νξ)!

∂νy
y ∂

νξ

ξ aj(x, ξ, y)∂µ−νy
y ∂

µ−νξ

ξ χj

(
cθ(x, ξ, y)

j

)∣∣∣∣∣
⩽ ρj+2|µ| j!|µ|!

(|µ| − |νy|)!(|µ| − |νξ|)!
c2|µ|−|νy |−|νξ||ξ|d−j−|νξ|;

for c small this log-convex function of |νy| and |νξ| is smaller than e−c|θ| at all four
endpoints (0, 0), (0, |µ|), (|µ|, 0), (|µ|, |µ|).

It remains ∑
µ∈Nd

∑
j∈N

i|µ|∂µξ ∂
µ
y aj

µ! (x, ξ, x)χj
(
cθ(x, ξ, x)

j

)
χ|µ|

(
c′θ(x, ξ, y)

|µ|

)
,

where we recall that

b(x, ξ, y) =
∑
µ∈Nd

∑
j∈N

i|µ|∂µξ ∂
µ
y aj

µ! (x, ξ, x)χj+|µ|

(
cθ(x, ξ, x)
j + |µ|

)
;

therefore we want to prove that the following is exponentially small
∑
µ∈Nd

∑
j∈N

i|µ|∂µξ ∂
µ
y aj

µ! (x, ξ, x)
[
χj

(
cθ(x, ξ, x)

j

)
χ|µ|

(
c′θ(x, ξ, y)

|µ|

)
− χj+|µ|

(
cθ(x, ξ, x)
j + |µ|

)]
.

We first observe that this is zero whenever j ⩾ 2c|θ|, and also whenever j+ |µ| ⩽ c|θ|
and |µ| ⩽ 2c′|θ|. Therefore we are only interested in situations where j ⩽ 2c|θ| and
either |µ| ⩽ 2c′|θ|, j ⩾ (c − 2c′)|θ|, or |µ| ⩾ 2c′|θ|; since c′ ⩽ c

4 , this means that we
are only considering cases where either j or |µ| is larger than 2c′|θ|. In this setting,∣∣∣∣∣∂

µ
ξ ∂

µ
y aj

µ! (x, ξ, x)
∣∣∣∣∣ ⩽ C(a)µ!j!|ξ|d−j−|µ| ⩽ Ce−c1|θ|.

This concludes the proof of Proposition 4.15. □

Proposition 4.16. — Define the Moyal product as follows: given two formal
analytic symbols a(x, ξ), b(x, ξ), let

(a♯b)k =
k∑

n=0

k−n∑
l=0

∑
|β|=n

1
β!∂

α
xal∂

β
ξ bk−n−l.
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(1) The symbol product of two formal analytic symbols is a formal analytic sym-
bol; in fact the topology of formal analytic symbols is induced by a countable
family of Banach spaces of analytic symbols that are Banach algebras for the
Moyal product.

(2) If both a and b are defined on U × Rn × V where U ⋐ V , then

Op(a)Op(b) − Op(a♯b)
is regularising.

(3) Moreover, for every formal analytic amplitude a such that a0 is bounded away
from 0, there exists a formal analytic amplitude b such that (a♯b) = 1, and
there exists a formal analytic amplitude c such that c♯c = a.

(4) Define the adjoint a∗ of a formal analytic amplitude a as

(a∗)k : (x, ξ) =
∑

|µ|⩽k

i|µ|

µ! ∂
µ
x∂

µ
ξ ak−|µ|(x, ξ).

Then, given a formal analytic amplitude a with a∗ = a and a0 > 0, there
exists a formal analytic amplitude b such that b∗♯b = a.

Proof. — Claims (1) and (3) only depend on the formal calculus and are well-
known; see [Sjö82]. A related fact, proved in Appendix A, is the following: with the
symbol norms introduced in Definition 3.1, for every m large enough (depending on
the dimension) and every R ⩾ 2d+1ρ2,

∥a♯b∥Sρ,R
m
⩽ 12∥a∥Sρ,R

m
∥b∥

S
ρ
2 , R

4
m

.

Claim (2) is a particular case of Proposition 4.8.
To prove claim (4), fix a Banach space Sρ,Rm of symbols as in Definition 3.1, con-

taining a,
√
a0, (

√
a0)−1 (where we invert with respect to the Moyal product) and

satisfying the requirements of Proposition A.1. Letting b0 = √
a0, by claim (3),

(b∗
0)−1♯a♯(b0)−1 = 1 + r

where the inverse is taken with respect to the Moyal product and where r is a formal
analytic symbol of degree −1.

Up to increasing R, we can assume ∥r∥
S

ρ
2 , R

4 m
< 1

12 . Then the power series

√
1 + r := 1 + r

2 − r♯r

8 + r♯r♯r

16 + . . .

converges to an element c of Sρ,Rm such that c∗ = c and c♯c = 1 + r. Setting b = c♯b0
then concludes the proof of Proposition 4.16. □

Our next move is to translate the pseudodifferential algebra into one that is more
suited to our microlocal needs, as a workaround to Remark 4.12.

Definition 4.17. — The FBI transform from L2(Rn) to L2(Rn × Sn−1) is the
operator with singular kernel

T : Rn × Sn−1 × Rn ∋ (x, ω, y) 7−→
∫ +∞

0
e
it

(
(x−y)·ω+i |x−y|2

2

)
t

n+1
4 dt.
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The power of t is chosen such that T is continuous from L2(Rn) to L2(Rn × Sn−1)
and T ∗T is a degree 0 pseudodifferential operator.

Proposition 4.18. — The FBI transform of a compactly supported distribution
extends into an holomorphic function of x− iω on Rn ×B(0, 1).

Proof. — It suffices to remark that, writing the phase as

t

(
(x− y) · ω + i

|x− y|2

2 + i
(1 − |ω|2)

2

)
,

we obtain a holomorphic function of x− iω on Rn ×B(0, 1), whose imaginary part
is non-negative. □

Before proceeding further, we introduce a helpful notation: given z ∈ Cn we set
z2 = ∑n

j=1 z
2
j ; this is the holomorphic extension of Rn ∋ x 7→ |x|2. We will reserve

|z|2 for the Hermitian norm of z.

Proposition 4.19. —
(1) The Lagrangian associated with T is

ΛT =


(x, t(ω + i(x− y)), ω, t(x− y), y, t(ω + i(x− y))),

t > 0, (x− y) · ω = −i(x− y)2

2

.
(2) ΛT ∗ ◦ ΛT = diag(T ∗Cn \ {0}), so that T ∗T is an elliptic pseudodifferential

operator.
(3) The projection of ΛT ◦ ΛT ∗ onto the base has corank 1 everywhere. Moreover

the intersection of ΛT ◦ ΛT ∗ and the real locus is a half-line bundle over
diag(Rn × Sn−1), so that the integral kernel of any operator of the form
T ∗Op(a)T , for a formal analytic amplitude (aj)j∈N, or more generally of any
Fourier integral operator with the same Lagrangian as T ∗T , is real-analytic
away from the diagonal, and near the diagonal takes the form,

(x1, ω1, x2, ω2) 7−→
∫ +∞

0
eitψ(x1,ω1,x2,ω2)b(x1, ω1, x2, ω2, t)dt+ r(x1, ω1, x2, ω2).

In this formula,
•

(4.6) ψ(x1, ω1, x2, ω2) := i

(
1 +

(
x1 − iω1 − x2 − iω2

2

)2)
,

and in particular ψ extends into a holomorphic function of x1 − iω1 and
x2 + iω2 on Rn ×B(0, 1) ×Rn ×B(0, 1), and Im(ψ) is positive away from
diag(Rn × Sn−1).

• b is the realisation of a formal analytic amplitude.
• r and b extend into holomorphic functions of x1 − iω1 and x2 + iω2 on a

neighbourhood of diag(Rn × Sn−1) in R4n.
• b realises a formal analytic amplitude obtained from a by usual stationary

phase. The first term b0 is the only function such that b0(x, ω, x, ω) =
a0(x, ω) and which extends into holomorphic function of ω1 + ix1 and
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ω2 − ix2. More generally, for any j, ℓ ∈ N, bj(x, ω, x, ω) only depends on
al and its derivatives up to degree 2j − ℓ at x, ω.

Proof. — The description of ΛT follows by an immediate computation. Now

ΛT ∗ ◦ ΛT =



(y1, η1, y2, η2), ∃ (x, t1, t2, ω), η2 = t2(ω + i(x− y2))
η1 = t1(ω − i(x− y1))
t2(ω + i(x− y2)) = t1(ω − i(x− y1))
t2(x− y2) = t1(x− y1)

(x− y2) · ω = −i(x− y2)2

2

(y1 − x) · ω = −i(x− y1)2

2



.

The three first conditions ensure η1 = η2. In particular, η2
1 = η2

2, so that (using the last
two conditions) t1 = t2; finally the fourth condition gives y1 = y2. Reciprocally, given
(y, η) ∈ T ∗Rd\{0}, setting x = y, t1 = t2 = |η|, ω = η/|η| yields (y, η, y, η) ∈ ΛT ∗ ◦ΛT .

We now consider

ΛT ◦ ΛT ∗ =



(x1, ξ1, ω1, v1, x2, ξ2, ω2, v2), ∃ (y, t1, t2),
ξ1 = t1(ω1 + i(x1 − y))
v1 = t1(x1 − y)
ξ2 = t2(ω2 + i(y − x2))
v2 = t2(x2 − y)
t1(ω1 + i(x1 − y)) = t2(ω2 + i(y − x2))

(x1 − y) · ω1 = −i(x1 − y)2

2

(y − x2) · ω2 = −i(y − x2)2

2



.

Given (x1, ω1, x2, ω2) fixed, conditions 1, 3, and 5 give ξ1 = ξ2; together with the
two last conditions, ξ2

1 = ξ2
2 yields t1 = t2. Using again condition 5, we can write

y = x1−iω1+x2+iω2
2 , and then either the last two conditions amounts to(

x1 − iω1 − x2 − iω2

2

)2
= −1;

on this codimension 1 manifold, whose intersection with the real locus is exactly the
diagonal, the space of solutions is a half-line described by t1.

The rest of the claim follows from there by applying Propositions 4.7, 4.8, and 4.11.
The property of holomorphic extension of b comes from that of the kernel of T itself;
the fact that holomorphic extension of real-analytic functions prescribed on the
diagonal is unique comes from the fact that Rn×B(0, 1) is strongly pseudoconvex. □

The microlocal structure of operators of the form TOp(a)T ∗ is exactly that of the
candidate for the Szegő projector at the boundary of Rn ×B(0, 1), which is strongly
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pseudoconvex since its natural defining function |ω|2 − 1 is strongly p.s.h. Indeed,

ψ(x1, ω1, x2, ω2) = i

4
(
(x1 − x2)2 + (ω1 − ω2)2 + 2i(x1 − x2) · (ω1 + ω2)

)
= −i

(1
4
[
(x1 + iω1)2 + (x2 − iω2)2 − 2(x1 + iω1) · (x2 − iω2)

]
− 1

)
is the holomorphic extension of the function equal to i(1 − |ω|2) on the diagonal
(x1, ω1) = (x2, ω2).

Proposition 4.20. — The Szegő kernel on Rn × Sn−1 is a Fourier integral
operator with phase ψ.

Proof. — Recall from Proposition 3.9 that a : ξ 7→ e−|ξ| ∫
Sn−1 eξ·ydy is, up to an

exponential factor, the realisation of an elliptic formal analytic amplitude. Thus

b : Rn ∋ ξ 7−→ e−|ξ|∫
Sn−1 eξ·ydy

is a radial function and the realisation of an elliptic formal analytic amplitude.
Passing to spherical coordinates, the Szegő kernel computed in Proposition 2.8 now
reads

K(z, w) = 1
(2π)n

∫ +∞

0
b(2r)

[
e−2r

∫
Sn−1

eir(z−w)·νdν
]
rn−1dr,

which we simplify into

K(z, w) = 1
(2π)n

∫ +∞

0
e
r

(
−2+

√
−
∑n

j=1(zj−wj)2
)
b(2r)a(ir(z − w))rn−1dr.

If (z, w) belongs to a neighbourhood to {z = w ∈ Rn × Sn−1}, then i(z − w) lies in
a neighbourhood of 2Sn−1 in Cn, so that ir(z − w) ∈ Ω.

To conclude, near the diagonal, the Szegő kernel takes the form of a Fourier integral
operator whose phase is the holomorphic extension of

ψ2(z, z) = −2 + 2|Im(z)|

which is a defining function for Rn×Sn−1. By Proposition 4.11, one can rewrite it as
a Fourier integral operator with phase ψ. Away from the diagonal we already know
by Proposition 2.8 that the Szegő kernel is real-analytic. □

Proposition 4.21. — Given U ⊂ Rn×Sn−1, open and relatively compact, we let

H(U) = kerE ′(U)(∂b)/(Cω(U) + E ′(∂U)),

and S(U) the space of formal analytic amplitudes on U × R+.
(1) Given V ⊂ Rn × Sn−1 and a ∈ S(V ), there exists a neighbourhood W of

V × V and a unique formal analytic amplitude ã on W × R+, holomorphic
in the second variable and anti-holomorphic in the first variable.

(2) Given U ⋐ V open and ϵ > 0 small enough, letting Ω = {(x, t, y) ∈ U×R+×V,
dist(x, y) < ϵ}, then (ϕ,Ω, U) satisfies (4.2) and Iψ,Ω,U(ã) maps F(V ) into
H(U).
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(3) There exists a sequence (Bj)j∈N of bi-differential operators on Rn×Sn−1 such
that for every j, Bj has total degree 2j, and for every relatively compact
V ⊂ Rn × Sn−1, S(V ) is a unit algebra for the product

(S(V ))2 ∋ (a, b) 7−→ (a♯b)k =
 ∑
j+ℓ=k

Bk−j−ℓ(aj, bℓ)

k

.

(4) Invertible elements for the product above are exactly the formal amplitudes
a = (aj)j∈N such that a0 never vanishes.

(5) For every U1 ⋐ U2 ⋐ V and a, b ∈ S(V ), letting ϵ small enough and

Ω1 =
{
(x, t, y) ∈ U1 × R+ × U2, dist(x, y) < ϵ

}
Ω2 =

{
(x, t, y) ∈ U2 × R+ × V, dist(x, y) < ϵ

}
,

one has
Iψ,Ω1,U1(ã)Iψ,Ω2,U2(b̃) = Iψ,Ω1,U1(ã♯b).

(6) The unit for ♯ acts as the identity on H.

Proof. — Since Rn × Sn−1 is strongly pseudoconvex, the diagonal of (Rn × Sn−1)2

is a totally real submanifold, where we reverse the CR structure on the left factor.
Therefore any real-analytic function on an open set V ⊂ Rn ×Sn−1 can be extended
CR-holomorphically to a neighbourhood of diag(V ) in (Rn × Sn−1)2.

Given a formal analytic amplitude ã near the diagonal such that ∂b;1ã = 0 (by
which we mean: it is anti-CR-holomorphic in the first variable), since ∂b;1ψ = 0 as
well, local realisations of Iψ,Ω,U(ã) as in Definition 4.5 will indeed map E ′(V ) into
functions u such that ∂b;1u is real-analytic on a neighbourhood of U . Therefore, by
Proposition 2.9, if S denotes the (antiholomorphic) Szegő projector one has indeed
u = (1 − S)u+ Su where ∂bSu = 0 and (1 − S)u is real-analytic on U . In particular,
Iψ,Ω,U(ã) indeed maps F(V ) into H(U).

Recalling from Proposition 4.19 that Λψ = ΛT◦ΛT ∗ and that ΛT ∗◦ΛT is the diagonal
of (T ∗Cn)∗, we obtain that Λψ◦Λψ = Λψ. We also proved in Proposition 4.19 that any
analytic Fourier integral operator with Lagrangian Λψ can be written as a Fourier
integral operator with phase ψ. Therefore, given V, a, b, U1, U2,Ω1,Ω2 as in the claim,
there exists a formal analytic amplitude c such that Iψ,Ω1,U1(ã)Iψ,Ω2,U2(b̃) = Iψ,Ω1,U1(c).
The amplitude c is obtained from a, b and ψ by stationary phase and change of
variables in the middle variables, so that c is CR-holomorphic on Ω1. By the usual
C∞ calculus of these operators (see for instance [BS76]), as a formal amplitude, the
restriction of c to the diagonal is indeed of the form a♯b as in the claim.

We know by Proposition 4.20 that the Szegő projector has a kernel real-analytic
from the diagonal and of the form Iψ,Ω,U(a), where U = Rn×Sn−1, Ω = (Rn×Sn−1)2

and a depends only on the fibre variable. By definition, S acts as identity on H; its
amplitude is a unit for the algebra above.

It remains to prove that elliptic amplitudes can be inverted, which is a claim
of formal nature (by the product formula, it suffices to check it at the level of
expansion of amplitudes, and not a priori as operators making sense from some
function space to another). To this end, we first suppose that amplitudes are globally
defined, so that for every a ∈ S(Rn × Sn−1), by Proposition 4.19, the operator
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T ∗Iψ,Ω,V1(a)T is a pseudodifferential operator on Rn. Moreover if a is elliptic then so
is this pseudodifferential operator, so that by Proposition 4.16 it admits an inverse
with amplitude b.

Now, M = Iψ(a)TOp(b)T ∗ satisfies, for every c ∈ SH(Rn × Sn−1),

T ∗MIψ(c)T = TIψ(c)T ∗,

and since T and T ∗ are invertible, we conclude that M acts as identity on H.
Moreover, by the previous considerations, M can be written in the form Iψ(d) for
some d ∈ SH(Rn × Sn−1).

As a formal amplitude, d is obtained from a by a formula of the form d =∑+∞
k=0 Ck(a, a−1

0 ), for some sequence of bidifferential operators Ck (this is a con-
sequence of Propositions 4.19 and 4.16; one can also directly prove it using the C∞

calculus). Applying this formula to a locally defined amplitude a leads necessarily
its inverse for the formal product. □

In the last proof and from now on, given V0 ⊂ Rn×Sn−1 and given a formal analytic
amplitude a on V0 × (0,+∞), we will sometimes drop the domains and consider
Iψ(a) as the collection of operators of the form Iψ,Ω,U(ã) : F(V ) → H(U) where
U ⋐ V ⋐ V0 and Ω is a small neighbourhood of U ×V × (0,+∞) on which a extends
into ã, holomorphic in the first variable and anti-holomorphic in the second variable.
These operators will always strictly decrease the definition set of the function on
which they act.

The operator T ∗ sends O(Rn × Sn−1) to O(Rn), and therefore T is well-defined
from O′(Rn) to O′(Rn × Sn−1). Thus we can define the analytic wave front set of an
analytic functional as follows.

Definition 4.22. — The analytic wave front set of u ∈ O′(Rn) is defined as the
analytic singular support of Tu.

This is equivalent to the usual definition of analytic singular support by means
of the FBI transform, which asks for exponential decay of a related quantity. In
particular, it is equivalent to all of the classical notions of analytic wave front
set [Bon77].

We conclude this section with a few comments. Our algebra of operators defined in
Proposition 4.21 is inspired from “covariant Toeplitz operators”, originally defined
in the semiclassical setting in [Cha03] as an alternative description of operators of
the “contravariant Toeplitz” form SaS, where S is the Szegő projector and a acts
by multiplication; these operators also form an algebra in analytic regularity [Del21,
RSVN20].

It a bit awkward that the natural range of T , and therefore the space on which
our algebra acts, extends into a space of antiholomorphic functions on Rn ×B(0, 1).
Alternative conventions, however, are not more satisfactory; one can set the FBI
phase as (y − x) · ω + i |x−y|2

2 and obtain holomorphic functions, but at the end we
obtain a characterisation of the analytic wave front set of u as the analytic singular
support of (x, ω) 7→ Tu(x,−ω). One can also simply swap the variables x and ω,
but this is at odds with the interpretation of Rn × Sn−1 as the cosphere bundle
over Rn with a natural CR structure obtained by identifying T ∗Rn and R̃n = Cn;
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this “Grauert tube” vision of the FBI transform extends naturally to manifolds with
a real-analytic Riemannian structure [GS91, GS92, LGS96], see also the semiclassical
approach [Sjö96].

The Grauert tube approach is essentially contained in our toolbox; the FBI trans-
form as introduced in [LGS96], for instance, can be written as an analytic Fourier
integral operator whose Lagrangian has similar properties to the flat case, and the
definition of the wave front set is equivalent to the one above, via analytic charts.
We will say more on this in Section 6.1.

4.3. Advanced properties of Fourier integral operators

With help of the FBI transform and the structure of Toeplitz operators, we can
prove that general Fourier integral operators push the analytic wave front set of a
distribution as expected, and also an microlocal ellipticity result for pseudodifferential
operators.

Proposition 4.23. — Let a be a formal analytic symbol on Rn. Then
WFa(u) ⊂ {a0 = 0} ∪WFa(Op(a)u).

Proof. — Let (x, ω) ∈ Rn × Sn−1 and suppose that TOp(a)u is real-analytic near
(x, ω) and a0 is bounded away from 0 near (x, ω). Modulo an analytic function,
one has

TOp(a)u = TOp(a)Op(r)T ∗Tu = Iψ(b)Tu,
where b is a formal analytic amplitude such that b0 is bounded away from 0 near
(x, ω). By Proposition 4.21, on a neighbourhood V of (x, ω), b admits a formal inverse
for the Iψ calculus. Letting d denote the formal analytic amplitude of its inverse,
given U ⋐ V , one has, modulo an analytic function,

Iψ,U×V,U(d)(TOp(a)u) = Iψ,U(d)Iψ(b)Tu = u;
now, by Proposition 4.3, since TOp(a)u is real-analytic on V , the left-hand side is
real-analytic on U . This concludes the proof. □

Proposition 4.24. — Let (ϕ,Ω, U) satisfy (4.2) and let a be a formal analytic
amplitude on Ω. Then
WFa(Iϕ,Ω,U(a)u) ⊂ {(x, ξ) ∈ T ∗Rnx \ {0}, ∃ (y, ξ) ∈ WFa(u), (x, ξ, y, η) ∈ (Λϕ)R}.

Proof. — The operator T ◦ Iϕ,Ω,U(a) ◦ T ∗ is a Fourier integral operator whose real
locus of the Lagrangian projects on the base onto{

(x, ω, y, v) ∈
(
Rnx × Snx−1 × Rny × Sny−1

)
∩ (Λϕ)R

}
;

thus, we are left with the claim
SSa(Iϕ,Ω,U(a)u) ⊂ {x ∈ Rnx , ∃ ξ, η ̸= 0, ∃ y ∈ SSa(u), (x, ξ, y, η) ∈ (Λϕ)R},

which was proved in Theorem 4.10. □
Another important application of the FBI transform is the construction of unitary

Fourier Integral operators associated with arbitrary real symplectic maps, also called
“quantized contact transformations”.
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Proposition 4.25. — Let κ be a one-homogeneous symplectic transformation
between respective neighbourhoods of two open cones U, V of T ∗Rn. Let [U ] =
U ∩ (Rn ×Sn−1) and [V ] = V ∩ (Rn ×Sn−1). Then there exists κ̂ : H([V ]) → H([U ])
and κ̂−1 : H([U ]) → H([V ]) such that the following is true.

• For every formal analytic amplitude a ∈ S([V ]), there exists b ∈ S([U ]),
such that, for every U0 ⋐ U , there exists V0 ⋐ V , a neighbourhood Ω of
diag([U0]) in (Rn × Sn−1) × [U ] × (0,+∞), a neighbourhood Ω′ of diag([V0])
in (Rn × Sn−1) × [V ] × (0,+∞) with

κ̂Iψ,Ω′,[V0](b)κ̂−1 = Iψ,Ω,[U0](a) : H([U ]) −→ H([U0]),

where b0 = a0 ◦ κ; if a is the amplitude of the Szegő projector then so is b.
• For every formal analytic amplitude b ∈ S([U ]), there exists a ∈ S([V ])

such that, for every V0 ⋐ V , there exists U0 ⋐ U , a neighbourhood Ω of
diag([U0]) in (Rn × Sn−1) × [U ] × (0,+∞), a neighbourhood Ω′ of diag([V0])
in (Rn × Sn−1) × [V ] × (0,+∞)with

κ̂−1Iψ,Ω,[U0](a)κ̂ = Iψ,Ω′,[V0](b) : H([V ]) −→ H([V0]),

where a0 = b0 ◦ κ−1; if b is the amplitude of the Szegő projector then so is a.
• For every U0 ⋐ U and V0 ⋐ V , the distribution

(x, y) 7−→ κ̂−1(x, y) − κ̂(y, x)

is real-analytic on V0 × U0.

Proof. — For convenience we drop the bracket notations and identify open sets of
Rn×Sn−1 with open cones in T ∗Rn. Thus κ is a contact transformation on Rn×Sn−1.
We let ϕκ be any function from a neighbourhood W of the graph of κ in V1 × U1,
where U1 ⋐ U and V1 ⋐ V , which is holomorphic in x1 − iω1 and in x2 + iω2,
and such that Im(ϕκ) ≍ dist((x1, ω1), κ(x2, ω2)). Such a function exists thanks to
Proposition 2.4: it is a phase function for the only Lagrangian containing the graph
of κ.

We now set

κ̂0 = Iψκ,W,V11(x1,ω1,x2,ω2)∈W

∫ +∞

0
eitψκ(x1,ω1,x2,ω2)tn−1dt

and we similarly define κ̂−1
0 based on κ−1.

Given a as in the claim, the operator κ̂−1
0 Iψ,Ω,U0(a)κ̂0 is, by Theorem 4.10, a Fourier

integral operator with the same Lagrangian as the Szegő projector (indeed, the real
locus of the Lagrangian is the diagonal, and this Lagrangian is holomorphic for
the skew CR structure on (Rn × Sn−1)2). Therefore it is of the form Iψ,Ω′,[V0](b)
for another analytic formal amplitude b obtained from a by stationary phase. In
particular, letting S denote the Szegő projector,

κ̂−1
0 κ̂0 = κ̂−1

0 Sκ̂0 = Iψ,Ω′,V1(f),

where f0 ̸= 0 and V1 is any relatively compact open set of V . By Proposition 4.21,
f admits an inverse for the product of analytic Fourier integral operators with
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phase ψ, and therefore there exists a formal analytic amplitude g on a neighbourhood
of V , such that

Iψ,Ω′,V1(g)κ̂−1
0 κ̂0 = S : H(V ) −→ H(V1).

We now set κ̂ = κ̂0Iψ,Ω′,V1(√g) and κ̂−1 = Iψ,Ω′,V1(√g∗)κ̂−1
0 . In this algebra, the

square root and adjoint of an amplitude are well-defined because, as in the proof
of Proposition 4.21, the calculus of these amplitudes is conjugated via T to the
symbol calculus of pseudo-differential operators. With this correction, we obtain the
last claim.

We also obtain that the second part of the claim holds with the quantifiers on a
and b exchanged (for every a, there exists b, . . . ).

Given b, the operator
κ̂Iψ,Ω′,V0(b)κ̂−1

is also an analytic Fourier integral operator whose Lagrangian is that of ψ, so that it
is of the form Iψ,Ω,U0(a), and we obtain the first part of the claim with the quantifiers
on a and b exchanged (for every b, there exists a, . . . ).

The particular case κ̂Sκ̂−1 is a projector, because we already made sure that κ̂−1κ̂
acts as identity; however it is also an invertible operator (because it is a Fourier
integral operator with phase ψ and nonvanishing principal amplitude). Therefore it
is the identity.

To conclude, given a ∈ S(V ), one recovers b so that the first point of the proposition
is true by letting b be the amplitude of κ̂−1Iψ,Ω,U0(a)κ̂, and conversely. □

Remark 4.26. — To conclude this section, we can go back to Remark 4.6. Now that
we have characterised the analytic wave front set of the singular kernel of an analytic
Fourier integral operator (Proposition 4.24), we observe that these operators are
well-defined when acting on singularity hyperfunctions, that is, elements of Fω(V ) :=
O′(V )/(O′(∂V )+O(V )). Indeed, as in the smooth case the wave front set conditions
(see [Hör03, Theorems 8.5.1 and 8.5.2]) are satisfied. Thus, in all of Section 4, we
can now replace F with Fω, and H with Hω : U 7→ kerO′(U)(∂b)/(O(U) + O′(∂U)).
This replacement is crucial in the proof of Theorem 5.3.

5. The Szegő kernel and Toeplitz operators for general
pseudoconvex open sets

5.1. Normal form for the ∂b operator

The features of ∂b on the boundary of a strongly pseudoconvex manifold are the
following: locally, it is a vector-valued, degree 1 analytic pseudodifferential operator
(D1, . . . , Dd) on a 2d − 1-dimensional manifold, such that [Dj, Dk] = 0 for every
j ̸= k and the matrix of principal symbols σ(i[Dj, D

∗
k]) is either positive definite or

negative definite on Σ = {σ(Dj) = 0 ∀ 1 ⩽ j ⩽ d}.
All of this is also true of the following model operator D0, acting on Rd−1

x × Rd
y:

(D0)j = −i ∂
∂xj

− xj
∂

∂y1
.
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Our goal is to prove the following result attributed to Sato: microlocally near any
point of Σ, ∂b is conjugated with D0 by an analytic Fourier integral operator (as
always, modulo an operator continuously mapping E ′ into real-analytic-functions).
Here, as before, “microlocally” will mean “locally after conjugation with the FBI
transform”.

The first step (Proposition 2.6) is to solve the classical problem, and find a sym-
plectic transformation which maps the symbol of ∂b to the symbol of D0, multiplied
by an invertible matrix; this was described in Section 2.2. W move on to an exact
conjugation in the algebra of analytic formal symbols of pseudodifferential operators
(Proposition 5.1), and we conclude by realising all requested transformations on the
FBI side (Proposition 5.2).

Given a unitary Fourier integral operator κ̂ which quantizes κ, the principal symbol
of κ̂−1∂bκ̂ is precisely that of Op(C)D0. It remains to correct the subprincipal
(degree 0) remainder, which we can do by conjugating with an elliptic, diagonal
matrix-valued pseudodifferential operator.

Proposition 5.1. — Let r = (r1, . . . , rd) be a formal analytic degree 0 vector-
valued symbol in the neighbourhood of a point where σ(D0) = 0. Then there exists
a smaller neighbourhood of this point and a vector of degree 0 elliptic symbols
a = (a1, . . . , ad) such that, on this neighbourhood,

(σ(D0)j + rj)♯aj = aj♯σ(D0)j, ∀ 1 ⩽ j ⩽ d.

Proof. — We first remove the order 0 term in r, then all other terms.
At order 0, the following equation links the principal symbol of aj to the principal

symbol of rj
∂xj

a0
j + ixj∂y1a

0
j − iη1∂ξj

a0
j = ir0

ja
0
j .

This transport equation admits a solution, together with the Cauchy data a0
j |xj=0 = 1,

written as

a0
j(x, y, ξ, η) = exp

[
i
∫ xj

0
r0
j

(
x− (1 − t)ej, y + i

t2

2 e1, ξ + i(1 − t)η1ej, η

)
dt
]
.

Since r0
j is a real-analytic function, this solution is well-defined for xj sufficiently

close to 0, and is again real-analytic. Hence, we can solve for a at principal order.
Thus

(a0
j)♯−1♯(σ(D0)j + rj)♯a0

j = σ(D0)j + r′
j,

where r′
j is a degree −1 analytic symbol.

Consider now the family
[0, 1] ∋ t 7−→ σ(D0)j + tr′

j.

We wish to find a degree −1 elliptic symbol a′
j(t) such that

(5.1)
(
σ(D0)j + tr′

j

)
♯
(
1 + a′

j(t)
)

=
(
1 + a′

j(t)
)
♯(D0)j.

We will find a′
j(t) as a solution of the differential equation

∂ta
′
j(t) = ibj(t)♯

(
1 + a′

j(t)
)
.
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First, differentiating (5.1) with respect to t yields

r′
j = −i

[
σ(D0)j + tr′

j, bj(t)
]
,

and we want to solve this equation for bj(t).
One has

(5.2) [(D0)j,Op(bj(t))] = Op
(
−i∂xj

bj(t) − xj∂y1bj(t) + η1∂ξj
bj(t)

)
.

From now on we drop the index j and the parameter t on r′ and b. We write their
full symbols as

r′ =
∑
k⩾1

r′
k b =

∑
k⩾1

bk,

where bk and r′
k are homogeneous of degree −k.

The equation above yields the following family of equations on bk:
−i∂xj

bk + η1∂ξj
bk − xj∂y1bk = ir′

k + t(r′♯b− b♯r′)k.
Note that the right-hand-side only involves bl for 1 ⩽ l ⩽ k − 1. Thus, we can find
the bk by induction, recursively solving a transport equation of the form

i∂xj
u− η1∂ξj

u+ xj∂y1u = g,

using again the method of characteristics: the solution (with Cauchy data u = 0 on
xj = 0) is

u : (x, y, ξ, η) 7−→
∫ xj

0
g

(
x− (1 − t)ej, y + i

t2

2 e1, ξ + i(1 − t)η1ej, η

)
dt.

We have to prove that the successive solutions (bk)k∈N form an analytic symbol.
It turns out that a convenient analytic class is given by the infinite jet of the Sρ,Rm
class at xj = 0; namely we let

∥a∥JSρ,R
m

= sup
α,k

supΩ(|∇αak|)(1 + |α| + k)m
(|α| + k)!ρ|α|Rk

,

where

Ω =
{

|η1| ∈
[1
4 ,

1
2

]
, |x| + |y| + |ξ| + |(η2, . . . , ηd−1)| < ϵ, xj = 0

}
.

Since the product of symbols is an infinitesimal operation, we have (see Proposi-
tion A.1)

∥(b♯r′ − r′♯b)∥JSρ,R
m
⩽ 24∥r′∥

JS
ρ
2 , R

4
m

∥b∥JSρ,R
m
.

Suppose by induction that, for all l ⩽ k − 1, one has

sup
Ω

∥∇αbl∥ ⩽ Cb
ρ|α|Rl(|α| + l)!
(|α| + l + 1)m .

Then one has readily, for all t ∈ [0, 1], if m ⩾ C(d),

sup
Ω

|∇α(r′
k + t(r′♯b− b♯r′)k)| ⩽ (24Cb + 1)∥r∥

JS
ρ
2 , R

4
m

ρ|α|Rk(|α| + k)!
(|α| + k + 1)m .
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Denote gk = ir′
k + t(r′♯b− b♯r′)k, and let

C(gk, k) = sup
α

supΩ(|∇αgk|)(1 + |α| + k)m
(|α| + k)!ρ|α|Rk

and

C(bk, k) = sup
α

supΩ(|∇αbk|)(1 + |α| + k)m
(|α| + k)!ρ|α|Rk

.

We just proved that

C(gk, k) ⩽ ∥r′∥
JS

ρ
2 , R

4
m

(
1 + 24 sup

ℓ⩽k−1
C(bℓ, ℓ)

)
.

Let us now prove that
C(bk, k) ⩽ C(gk, k).

To this end, we write the transport equation

i∂xj
bk − η1∂ξj

bk + xj∂y1bk = gk

in terms of the power series at xj = 0

bk =
+∞∑
n=1

b
(n)
k

n! x
n
j gk =

+∞∑
n=1

g
(n)
k

n! x
n
j .

One has, for all n ⩾ 1,

(5.3) ib
(n+1)
k − η1∂ξj

b
(n)
k + n∂y1b

(n−1)
k = g

(n)
k ,

and for n = 0,
b

(0)
k = 0.

Let us prove by induction on n that∣∣∣∇αb
(n)
k

∣∣∣ ⩽ C(gk, k)ρ
n+|α|(n+ |α| + k)!

(n+ |α| + k + 1)m .

This is true at n = 0. If it is true at n− 1 and n, then there are three terms in

(5.4)
∣∣∣∇αb

(n+1)
k

∣∣∣ ⩽ ∣∣∣∇αg
(n)
k

∣∣∣+ ∣∣∣∇α
(
η1∂ξj

b
(n)
k

)∣∣∣− ∣∣∣n∇α∂y1b
(n−1)
k

∣∣∣.
First, one has directly∣∣∣∇αg

(n)
k

∣∣∣ ⩽ C(gk, k)ρ
(n+|α|)Rk(n+ |α| + k)!
(n+ |α| + k + 1)m

⩽ C(gk, k)ρ
(n+1+|α|)Rk(n+ 1 + |α| + k)!

(n+ |α| + k + 2)m ×

(
1 + 1

n+|α|+k+1

)m
ρ(n+ 1 + |α| + k) .

If ρ ⩾ 6
(

3
2

)m
, then we obtain

∣∣∣∇αg
(n)
k

∣∣∣ ⩽ 1
6C(gk, k)r

(n+1+|α|)Rk(n+ 1 + |α| + k)!
(n+ |α| + k + 2)m .
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We can also directly control the last term in (5.4) in the same way, using the induction
hypothesis:
∣∣∣n∇α∂yd+1b

(n−1)
k

∣∣∣ ⩽ nC(gk, k)ρ
n+|α|Rk(n+ |α| + k)!
(n+ |α| + k + 1)m

⩽ C(gk, k)ρ
n+1+|α|Rk(n+ 1 + |α| + k)!

(n+ |α| + k + 2)m ×

(
1 + 1

n+|α|+k+1

)m
ρ

n

n+ 1 + |α| + k
.

As previously, if ρ ⩾ 6
(

3
2

)m
, we obtain

∣∣∣n∇α∂y1b
(n−1)
k

∣∣∣ ⩽ 1
6C(gk, k)ρ

(n+1+|α|)Rk(n+ 1 + |α| + k)!
(n+ |α| + k + 2)m .

In the second term of (5.4), we have to distinguish between two cases, depending
on whether or not one of the differentials has hit η1. Thus∣∣∣∇α

(
η1∂ξj

b
(n)
k

)∣∣∣ ⩽ |α|
∣∣∣∇α−γ∂ξj

b
(n)
k

∣∣∣+ |η1|
∣∣∣∇α∂ξj

b
(n)
k

∣∣∣,
where γ is the length 1 polyindex corresponding to the direction of η1.

As before,

|α|
∣∣∣∇α−γ∂ξj

b
(n)
k

∣∣∣ ⩽ |α|C(gk, k)ρ
n+|α|Rk(n+ |α| + k)!
(n+ |α| + k + 1)m

⩽ C(gk, k)ρ
n+1+|α|Rk(n+ 1 + |α| + k)!

(n+ |α| + k + 2)m ×

(
1 + 1

n+|α|+k+1

)m
ρ

|α|
n+ 1 + |α| + k

,

and if ρ ⩾ 6
(

3
2

)m
, we obtain

|α|
∣∣∣∇α−γ∂ξj

b
(n)
k

∣∣∣ ⩽ 1
6C(gk, k)ρ

(n+1+|α|)Rk(n+ 1 + |α| + k)!
(n+ |α| + k + 2)m .

The last term is

|η1|
∣∣∣∇α∂ξj

b
(n)
k

∣∣∣ ⩽ |η1|C(gk, k)ρ
(n+1+|α|)Rk(n+ 1 + |α| + k)!

(n+ |α| + k + 2)m .

Recall that we are controlling derivatives on the set Ω where |η1| ⩽ 1
2 . We obtain

|η1|
∣∣∣∇α∂ξj

b
(n)
k

∣∣∣ ⩽ 1
2C(gk, k)ρ

(n+1+|α|)Rk(n+ 1 + |α| + k)!
(n+ |α| + k + 2)m .

Altogether, the induction is complete, and we obtain that

C(bk, k) ⩽ C(gk, k) ⩽
(

24 max
ℓ⩽k−1

C(bℓ, ℓ) + 1
)

∥r′∥
JS

ρ
2 , R

4
m

,

provided

m ⩾ C(d), ρ ⩾ 6
(3

4

)m
, R ⩾ 2d+1ρ.

It remains to find ρ,R,m as above such that ∥r′∥Sρ,R
m

< 1
24 . Since r′ is of degree −1,

this can be done by fixing m and ρ, then choosing R large enough.
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Having found b, it remains to build a′ such that
(1 + a′)(0) = 0, ∂t(1 + a′)(t) = b(t)♯(1 + a′)(t).

We know that b(t) ∈ JSρ,Rm for all t ∈ [0, 1], with uniformly bounded norm. Thus, by
Proposition A.1, this Cauchy problem satisfies the hypotheses of the Picard–Lindelöf
theorem on the Banach space JS2ρ,4R

m . In particular, we can find a solution in this
space, and a′(1) is the requested operator. □

Grouping together Propositions 5.1, 2.6 and 4.25, Theorem 4.10 and Remark 4.26,
we obtain the following quantum normal form.

Proposition 5.2. — Let (z, ζ) ∈ Σ±. Identify a neighbourhood of z in X with
a neighbourhood of 0 in R2d−1. There exists an open neighbourhood U of (z, ζ) in
T ∗R2d−1 such that, for every pair of open sets z ∈ U2 ⋐ U1 ⋐ U , there exists:

• open neighbourhoods V2 ⋐ V1 of {x = y = ξ = 0, η = (±1, 0, . . . , 0)} in
T ∗(Rd

x × Rd−1
y ),

• an analytic Fourier integral operator κ̂ : Hω(U1) → Hω(V1),
• an analytic Fourier integral operator κ̂−1 : Hω(V2) → Hω(U2),
• an elliptic matrix-valued formal symbol C ∈ S(V1),
• a neighbourhood Ω of diag(V1) × (0,+∞) in (R2d−1 × S2d−2)2 × (0,+∞),

such that
T∂bT

∗ = κ̂−1Iψ,Ω,V2(C)TD0T
∗κ̂, S = κ̂−1κ̂,

as operators mapping Fω(U1) into Fω(U2).
Reciprocally, there exists an open neighbourhood V of {x = y = ξ = 0, η =

(±1, 0, . . . , 0)} in T ∗(Rd
x × Rd−1

y ) such that, for every pair of open sets V2 ⋐ V1 ⋐ V
containing this point, there exists:

• open neighbourhoods U2 ⋐ U1 of (z, ζ) in T ∗R2d−1,
• an analytic Fourier integral operator κ̂ : Hω(U2) → Hω(V2),
• an analytic Fourier integral operator κ̂−1 : Hω(V1) → Hω(U1),
• an elliptic matrix-valued formal symbol C ∈ S(V1),
• a neighbourhood Ω of diag(V1) × (0,+∞) in (R2d−1 × S2d−2)2 × (0,+∞),

such that
κ̂T∂bT

∗κ̂−1 = Iψ,Ω,V2(C)TD0T
∗, S = κ̂κ̂−1,

as operators mapping Fω(V1) into Fω(V2).

5.2. The Szegő kernel parametrix and the algebra of Toeplitz operators

In this section, we broadly follow the method proposed in [BS76] to obtain a
parametrix for the Szegő kernel starting with the normal form of Proposition 5.2.

In this section, the index 0 refers to the “model” case Rd × S2d−1. In particular
S0 is the Szegő projector of Proposition 2.8, and Σ±

0 is the positive, resp. negative,
characteristic set of (∂b)0, the boundary Cauchy–Riemann operator on Rd × S2d−1.
By contrast, the notations ∂b, S,Σ±, refer to the boundary of a general, relatively
compact, strongly pseudo-convex open set whose boundary is denoted by X.
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Theorem 5.3. — The Szegő projector admits a (singular) integral kernel which is
real-analytic away from the diagonal. Given a defining function ρ and its polarisation
ψ, well-defined on a small neighbourhood Ω of the diagonal in X ×X, there exists a
realisation of a formal analytic amplitude a on X×X× (0,+∞) (see Definitions 3.1,
3.2 and Proposition 3.5 for details about the nature of a) such that

(x, y) 7−→ S(x, y) −
∫ +∞

0
eitψ(x,y)a(x, y; t)dt

is real-analytic.

Proof. — The proof consists first in exhibiting a parametrix for S in the form
of a Fourier integral operator as above, then proving that this parametrix indeed
approximates S in the sense that the difference is a continuous operator from O′(X)
to O(X). This requires several steps, as the mere fact that S acts nicely on O′(X)
requires a proof.

(1) Given (z, ζ) ∈ Σ± and (z0, ζ0) ∈ Σ±
0 , applying Proposition 5.2 twice, we

obtain a pair of Fourier integral operators κ̂ and κ̂−1 between neighbourhoods
of (z, ζ) and (z0, ζ0) (such that κ̂κ̂−1 and κ̂−1κ̂ slightly decrease the definition
set and are equal to the restriction map) such that, for every pair of small
neighbourhoods V1 ⋐ V of (z, ζ) and every pair of small neighbourhoods
U1 ⋐ U of (z0, ζ0),

κ̂T∂bT
∗κ̂−1 = Iψ(C)T (∂b)0T

∗ : Fω(U) −→ Hω(U1)

T∂bT
∗ = κ̂−1Iψ(C)T (∂b)0T

∗κ̂ : F(V ) −→ H(V1).

We now present the following local candidate for TST ∗:

S = κ̂−1TS0T
∗κ̂.

One readily checks that

T∂bT
∗S = 0 : Fω(V ) −→ Hω(V1).

Moreover S is self-adjoint, because of the constraints on κ̂ and κ̂−1 in Propo-
sition 4.25 (modified by Remark 4.26).

(2) From the definition of S, we see that T ∗ST is an elliptic Fourier integral
operator whose Lagrangian Λ is a half-line bundle over its projection onto
the base; it is also a projector. When writing T ∗ST in a form given by
Proposition 4.11, once the phase is chosen, the fact that it is a self-adjoint
projector determines every term of the formal amplitude. Therefore different
pieces of T ∗ST can be glued together into a global Fourier integral operator
S̃ on X; in fact, this Fourier integral operator takes the form proposed in the
statement, with a formal analytic amplitude.

(3) Let us prove that (S̃ − 1)S is continuous from L2(X) to O(X). Given
u ∈ L2(X), the wave front of Su is included in Σ by Proposition 4.23 because
∂Su = 0. Now, given (z, ζ) ∈ Σ and small open neighbourhoods V1 ⋐ V ,
letting v be the restriction of TSu to V , we can apply the previous technique
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and obtain that κ̂−1T (∂b)0T
∗κ̂v = 0 as an element of Fω(V1). By Proposi-

tion 2.9, we deduce that κ̂−1T (S0 − 1)T ∗κ̂v = 0 as an element of Fω(V1); but
this is equal to the restriction of (S̃ − 1)Su to V1.

(4) Let us similarly prove that S̃(1 − S) is continuous from L2(X) to O(X).
By the results of Kohn [Koh63] and Boutet de Monvel [Bou74], there exists
F : L2(X) → L2(X), such that IL2 = S + F∂b. Therefore, as operators on
L2(X), one has

S̃ = S̃S + (F∂bS̃)∗ = S̃S + S̃(∂b)∗F ∗.

As functions of the second variable, the phase and all the terms of the formal
amplitude of S̃ belong to the kernel of ∂b, and therefore, integrating by parts,
for every u ∈ L2(X), S̃(∂b)∗u ∈ Cω(X).

(5) Since both S̃S−S and S̃−S̃S are continuous from L2(X) to O(X), we deduce
that S̃−S is continuous from L2(X) to O(X). In particular, S = S̃+(S−S̃) is
continuous from O(X) to O(X), and therefore by duality S acts continuously
on O′(X).

(6) Using (5), we can repeat the proof of (3) starting with u ∈ O′(X), and we
now obtain that (S̃ − 1)S is continuous from O′(X) to O(X).

(7) Using (5) again, we obtain that, by duality, S − S̃ is continuous from O′(X)
to L2(X), and therefore (S− S̃)2 = S− S̃S−SS̃+ S̃ is continuous from O′(X)
to O(X). Then, by (6), both S̃S − S and its dual SS̃ − S are continuous
from O′(X) to O(X). Therefore S − S̃ is continuous from O′(X) to O(X),
and the proof of Theorem 5.3 is complete. □

An interesting consequence of Theorem 5.3 is the analytic hypoellipticity of ∂b:
if u ∈ O′(X) is such that ∂bu is real-analytic on an open set V , then (1 − S)u is
real-analytic on V ; in fact, we obtain the much stronger property

WFa((1 − S)u) = WFa(∂bu).
This seems to be a new result, interesting in its own right. Away from the charac-
teristic Σ this property is of course the usual ellipticity result (Proposition 4.23),
and there are now several proofs of microlocal analytic hypoellipticity on Σ− [Tar81,
Trè78, Sjö83].

We are now able to generalise the construction of Section 4.2 to define the algebra
of Toeplitz operators on X.

Proposition 5.4. — Let S(X) denote the space of formal analytic amplitudes
on X × (0,+∞). After a holomorphic extension, these amplitudes lead to Fourier
integral operators acting on Fω(X), with singular kernel of the form

Iψ(a) : (x, y) 7−→
∫ +∞

0
e−tψ(x,y)tn−1ã(x, y; t)dt, a ∈ S(X).

(1) These operators form an algebra under composition; the product law takes
the form

(a♯b)k =
k∑

n+ℓ=0
Bn(aℓ, bk−n−ℓ),
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where (Bn)n∈N is a sequence of bilinear differential operator such that, for all
n ∈ N, Bn is of total degree 2n.

(2) The principal symbol of [Iψ(a), Iψ(b)] is {a, b} (using the natural symplectic
structure on X × (0,+∞)).

(3) If the degree of a is d, then Iψ(a) continuously sends Hs(X) into Hs−d(X)
for every s ∈ R.

(4) The Szegő projector S = Iψ(s) is the unit for this algebra.
(5) Invertible elements are exactly those for which the principal symbol a0 is

bounded away from 0.
(6) The space S(X) is the union of Banach spaces on which a, b 7→ a♯b is contin-

uous.

Proof. — Except for the last two items, all claims follow from Theorem 4.10, The-
orem 5.3, the usual properties of Fourier integral operators in smooth regularity, and
the results of [BG81]. In particular, if P is a (smooth or analytic) pseudodifferential
operator on X, then SPS is a (smooth or analytic) Fourier integral operator with
phase ψ and its principal symbol is the restriction of the principal symbol of P to Σ+
(identified with X × (0,+∞) by the section x 7→ ∂ψ(x, x)), so we can apply [BG81,
Chapter 2, Corollary 2] to compute commutators at main order.

To prove invertibility of elliptic amplitudes and continuity of the product in suitable
spaces of formal analytic amplitudes, we use again Proposition 5.2: the wave front
set of these operators is {(z, ζ, z, ζ), (z, ζ) ∈ Σ+} and microlocally near any point
of Σ+, a Fourier integral operators conjugates Iψ(a), where a is elliptic, with an
operator of the form of Proposition 4.21 with elliptic symbol. The latter can be
inverted, and conjugating back we obtain, locally, an amplitude for the inverse. Since
the composition rule is local, □

One can quantize homogeneous contact transformations as in the flat case; an
important subclass of these transformations are fundamental solutions to the Schröd-
inger equation for degree 1 Toeplitz operators.

Proposition 5.5. — Given a one-homogeneous symplectic transformation κ :
X × (0,+∞) → X × (0,+∞), there exists a neighbourhood Ω of the graph of
[κ] : X → X, a function ψ : Ω → C, CR-holomorphic in the first variable, anti-
CR-holomorphic in the second variable, such that Im(ψ) ≡ dist(·,Graph([κ]))2. In
particular, the function Ω×(0,+∞) ∋ (x, y, t) 7→ tψ(x, y) is a positive phase function,
whose Lagrangian Λ is CR-holomorphic in the first variable, anti-CR-holomorphic
in the second variable, and such that π(ΛR) = Graph([κ]).

Proof. — We recover ψ from its Lagrangian, which is unique by Proposition 2.4.
By design ΛR is a half-line bundle over its projection, and this condition is open, so
that Λ satisfies the hypotheses of Proposition 4.11. This concludes the proof. □
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6. A few applications

6.1. Grauert tubes, FBI transforms, and quantum propagators

Let (M, g) be a compact, real-analytic Riemannian manifold. The holomorphic
extension of the exponential map gives a natural isomorphism between small neigh-
bourhoods of M in M̃ and small neighbourhoods of the zero section in T ∗M .

There exists [GS91] a real-analytic Kähler structure on a neighbourhood of the
zero section in T ∗M , compatible with the complex structure (via the aforementioned
identification) and whose restriction to M is g. The Grauert tube

Br = {(x, ξ) ∈ T ∗M, ∥ξ∥g(x) < r}

is then a strongly pseudoconvex open set for r small, and its boundary Xr is a
real-analytic submanifold of T ∗M .

The Toeplitz operators on Xr acquire a particular importance because of the
FBI transform (from O′(M) to Hω(Xr)), defined as follows: let Ω = {(x, ξ, y) ∈
Br × M, dist(x, y) < r}; let ψ : Ω → C be holomorphic in its first factor and such
that ψ(x, ξ, x) = i

2(r − ∥ξ∥2
g(x)). This function, when restricted to (Xr × M) ∩ Ω,

satisfies the following properties:
• −C dist(x, y)2 ⩽ Im(ψ)(x, ξ, y) ⩽ −c dist(x, y)2 for some 0 < c < C.
• (∇x,∇ξ,∇y)ψ(x, ξ, x) = (−ξ,−iξ, ξ).

In particular, Xr ×M × (0,+∞) ∋ (x, ξ, y) 7→ tψ(x, ξ, y) is a positive phase function
whose Lagrangian Λ is the only Lagrangian which is CR-holomorphic in the first
component and such that

ΛR = {(x,−tω, ω, 0, y,−tω), t ∈ R, (x, ω) ∈ S∗M}.

We can introduce our first guess for the FBI transform:

T0(x, ξ, y) =
∫
etψ(x,ξ,y)t

n+1
4 dt.

As in the flat case, the power of t is chosen such that T0 is a bounded operator,
with bounded inverse, between L2(M) and kerL2(Xr)(∂b); in other terms, T ∗

0 T0 is an
elliptic pseudodifferential operator of degree 0.
T0 may not exactly be unitary, but we can remedy to this situation in the following

way: T0T
∗
0 has the same Lagrangian as S, and therefore it is of the form Iψ(t0) for

some self-adjoint amplitude t0; there exists an inverse square root r for t0 (because the
calculus of these Toeplitz operators is, locally, conjugated to that of pseudodifferential
operators on flat space), and therefore, letting

T = Iψ(r)T0,

then T is a unitary transformation between L2(M) and kerL2(Xr)(∂b). Useful proper-
ties of T are as follows:

• If A is an analytic pseudodifferential operator on M , then TAT ∗ is a Toeplitz
operator with principal symbol (x, ω, t) 7→ σ(A)(x,−tω).

TOME 9 (2026)



666 A. DELEPORTE

• More generally, if A is an analytic Fourier integral operator on M , with
Lagrangian ΛA, then TAT ∗ is a Fourier integral operator whose Lagrangian
ΛTAT ∗ is a complex Lagrangian, CR-holomorphic in the first factor, anti-CR-
holomorphic in the second factor, and such that

(ΛTAT ∗)R =


(x1,−t1ω1, ω1, 0, x2,−t2ω2, ω2, 0),
(x1, ω1, x2, ω2) ∈ (ΛA)R, t1 > 0, t2 > 0,

(x1, ω1) ∈ S∗M,
(
x2,

t2
t1
ω2

)
∈ S∗M

.

Existence and uniqueness of this Lagrangian are guaranteed by Proposi-
tion 2.4. In particular, in this case one has Σ+ ≃ T ∗M \ {0}.

We can use this transformation to describe quantum propagators as analytic
Fourier integral operators.

Proposition 6.1. — Let P be an analytic self-adjoint degree 1 pseudodifferential
operator on M . For every s ∈ R, the fundamental solution e−isP of the Schrödinger
equation for P is an analytic Fourier integral Operator whose Lagrangian is the graph
of the bicharacteristic flow ϕ of P at time s. In particular, Te−isPT ∗ is a Fourier
integral operator with a singular kernel of the form

(x, y) 7−→
∫ +∞

0
eitψ(s,x,y)a(s, x, y; t)dt.

Here, ψ(s, x, y) is CR-holomorphic with respect to x, anti-CR-holomorphic with
respect to y, and satisfies Im(ψ(x, y)) ≍ − dist(y, ϕs(x)); moreover a is the realisation
of a formal analytic amplitude.

Proof. — We will prove the claimed description of Te−isPT ∗, from which the more
abstract fact that e−isP = T ∗(Te−isPT ∗)T is a Fourier integral operator will follow.

By Proposition 2.7, a pseudodifferential operator Q on X is such that [Q,S] and
SQS − TPT ∗ are continuous from L2 to L2, if and only if the principal symbol of Q,
near Σ+ is the CR-holomorphic extension of the principal symbol of P (seen as a
real-analytic function on the totally real manifold Σ+).

We know from the C∞ theory that e−isQ is, up to a smooth remainder, a Fourier
integral operator whose Lagrangian is the graph of the bicharacteristic flow of the
principal symbol of Q. Since the principal symbol Poisson-commutes with that of
(∂b, ∂b), the (smooth) Fourier integral operator Πe−isQΠ has exactly the requested
Lagrangian. Letting U0(s) be any elliptic degree 0 analytic Fourier integral operator
with the same Lagrangian (obtained by Proposition 4.25, for instance), the principal
(order 1) symbols of d

dsU0(s) and iU0(s)TPT ∗ coincide (alternatively, one can com-
pute principal symbols to show this). The phase of this Fourier integral operator is
the same as that of U0(s).

The operator R(s) = U0(s)e−isTPT ∗ then solves the equation

d
dsR(s) =

[
d
dsU0(s) − iU0(s)TPT ∗

]
e−isTPT ∗

.
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Introducing V0(s) an inverse for U0(s) (we already have an inverse if we applied
Proposition 4.25), modulo a real-analytic remainder,

(6.1) d
dsR(s) =

[
d
dsU0(s) − iU0(s)TPT ∗

]
V0(s).

The right-hand side is a degree 0 analytic Fourier integral operator with the same
phase as Π; it is a degree 0 Toeplitz operator in the sense of Proposition 5.4. Choosing
a Banach norm of formal analytic amplitudes which contains the total symbol of[

d
dsU0(s) − iU0(s)TPT ∗

]
V0(s) and on which the formal product is continuous, one

can give an approximate solution for (6.1) by the Picard–Lindelöf theorem; thus there
exists an analytic Toeplitz operator R̃(s) such that, modulo an analytic remainder,

d
dsR̃(s) =

[
d
dsU0(s) − iU0(s)TPT ∗

]
V0(s).

To conclude, we can apply the Duhamel formula (the true propagator eisTPT ∗ pre-
serves real-analytic functions) and we obtain that, modulo an analytic remainder,

eisTPT
∗ = R̃(s)

−1
V0(s).

This proves the second part of the claim, and conjugating back, we obtain that
T ∗R̃(s)

−1
V0(s)T is a Fourier integral operator which coincides with eisP up to an

analytic remainder. □

6.2. From microlocal to semiclassical analysis

In this section we broadly describe how one can obtain semiclassical results from
the description above.

In what follows, we let X be the boundary of a compact, strongly pseudoconvex
open set and suppose that X admits an S1 action (rθ)θ∈S1 which preserves all the
structure. Two important examples are:

(1) The case where X is the Grauert tube around a compact Riemannian manifold
of the form S1 × M . The action of S1 on S1 × M (by rotation of the first
factor) is an isometry and lifts to a symplectic transformation on T ∗(S1 ×M),
which is also an isometry for the Kähler structure near the zero section.

(2) The case where X is the circle bundle of the dual of a positive line bundle
over a Kähler manifold.

Among Toeplitz operators, those whose formal amplitude is itself invariant under
the S1 action commute with the S1 action, and thus one can decompose their action
over the eigenmodes Hk, k ∈ Z of the S1 action. Changing variables, the singular
kernel of a Toeplitz operator Iψ(a) restricted to Hk is then

(x, y) 7−→ k
∫
S1

∫ +∞

0
eik(sψ(rθx,y)−θ)a(x, y, ks)dθds.

To perform a stationary phase in the variables (s, θ), we need to satisfy the condition
α(V ) ̸= 0
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where α is the contact 1-form on X of Proposition 2.2 and V is the tangent vector
field of the S1 action. In case (2) above, this is always true because the Reeb flow
coincides with the S1 action (in fact one can choose ψ with simple and explicit
dependence on θ, see for instance the unlabelled equation following (24) in [ZZ18]).
In case (1), the Reeb flow is the geodesic flow on S1 ×M , so we restrict our attention
to the open set

X+ =
{
(y, η, x, ξ) ∈ S∗(S1 ×M), η > 0

}
.

Thus, in both cases, we are in position to apply the stationary phase lemma in the
variables (s, θ) (see for instance [Zel98]), and obtain a description modulo errors
of size e−ck for some c > 0 (indeed, elements of analytic function spaces have
exponentially fast decaying Fourier modes). In case (2) above, we obtain semiclassical
Berezin–Toeplitz operators; in case 1, after a stereographic change of variables X+ →
S1 × T ∗M , we obtain semiclassical pseudodifferential operators.

With this point of view, one can for instance recover the expressions of the semiclas-
sical Szegő kernel, and many properties of semiclassical analytic pseudodifferential
operators after conjugating back by a semiclassical Bargmann transform, since we
know that the Toeplitz and pseudodifferential algebras are equivalent in the analytic
semiclassical case [RSVN20].

This procedure can be generalised to other “small parameter” techniques, notably
to study the action of (microlocal) analytic Fourier integral operators on WKB states.
We hope to describe this in future work.

Appendix A. The algebra of symbols of pseudodifferential
operators

Proposition A.1. — Define the following formal analytic symbol norm on Rd
x ×

Rd
ξ , for m ∈ R, ρ > 0, R > 0:

∥a∥Sρ,R
m

= sup
k∈N,α∈N2d,(x,ξ)∈R2d

|∇αak(x, ξ)|(1 + k + |α|)m
ρ|α|Rk(|α| + k)! .

For the star-product of left-quantization on T ∗Rd, there exists m0(d) such that
∥a♯b∥Sρ,R

m
⩽ 12∥a∥Sρ,R

m
∥b∥

S
ρ
2 , R

4
m

if
R ⩾ 2d+2ρ2, m ⩾ m0(d).

Proof. — We start with the formula

(a♯b)k =
k∑

n=0

k−n∑
l=0

∑
|β|=n

1
β!∂

β
xal∂

β
ξ bk−n−l.

Since ∑
|β|=n

n!
β! = nd ⩽ 2nd
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we obtain that, for every α with |α| = j,

|∇α(a♯b)k| ⩽ ∥a∥Sρ,R
m

∥b∥
S

ρ
2 , R

4
m

ρjRk(j + k)!
(j + k + 1)m

×
k∑

n=0

(
2d+1ρ

R

)n n−k∑
l=0

j∑
j1=0

∑
|γ|=j1
γ⩽α

(n+ j1 + l)!(k − l + j − j1)!j!
4k−l2j−j1−nn!(k + j)!j1!(j − j1)!

×
(

1 + j + k

(1 + n+ j1 + l)(1 + k − l + j − j1)

)m
.

Let us prove that, if 0 ⩽ j1 ⩽ j and 0 ⩽ l + n ⩽ k, then
(n+ j1 + l)!(k − l + j − j1)!j!
2k−l+j−j1n!(k + j)!j1!(j − j1)!

⩽ 1.

If the other parameters are fixed, then

l 7−→ (n+ j1 + l)!(k − l + j − j1)!j!
2k−l+j−j1n!(k + j)!j1!(j − j1)!

is log-convex; there are two extremal points.
At l = 0, we obtain

(n+ j1)!(k + j − j1)!j!
2k+j−j1n!(k + j)!j1!(j − j1)!

⩽
(n+ j1)!j!k!
n!(k + j)!j1!

.

This increasing function of j1 reaches a maximum at j1 = j, where we obtain
(n+ j)!k!
n!(k + j)! ⩽ 1

since n ⩽ k.
In the other case l = k − n, we obtain

(k + j1)!(n+ j − j1)!j!
2n+j−j1n!(k + j)!j1!(j − j1)!

⩽
(k + j1)!j!
(k + j)!j1!

⩽ 1

since j1 ⩽ j. It remains to bound, for fixed l, n such that l + n ⩽ k,
j∑

j1=0

∑
|γ|=j1
γ⩽α

(
1 + j + k

(1 + n+ j1 + l)(1 + k − l + j − j1)

)m

To this end we use the fact that

#(|γ| = j1, γ ⩽ α) ⩽ min(j1, (j − j1))d−1;

thus, this sum is bounded by
j∑

j1=0

(1 + j + n+ k)m min(j1, j − j1)d−1

(1 + n+ j1 + l)m(1 + k − l + j − j1)m
.
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Now we use [Del21, Lemma 2.13]; for m large enough (depending only on d), this
sum is smaller than 3. To conclude,

n−k∑
l=0

1
2k−n−l ⩽ 2

and, if R ⩾ 2d+2ρ2,
k∑

n=0

(
2d+1ρ2

R

)n
⩽ 2. □

Appendix B. Functional spaces in analytic regularity
This section collects the basic properties of the spaces of analytic functions and

their duals. Most technical facts claimed here are proved in [Hör73]; see also [Trè22,
Chapter 6].

Definition B.1. — Let Ω ⊂ Cn (or any complex paracompact manifold) be
an open set. We define O(Ω) as the space of holomorphic functions from Ω to C,
endowed with the topology of local uniform convergence.

The topology on O′(Ω) coincides with that of compactly supported Radon mea-
sures, of which it is a closed subspace. Elements of O′(Ω) will be called analytic
functionals.

One can generalise this definition into “germs” of holomorphic functions and their
duals.

Definition B.2. — Let E ⊂ Cn (or any complex paracompact manifold) be a
general set (not necessarily open). Define O(E) as the union of the spaces O(Ω) for
all Ω open and containing E (endowed with the colimit topology).

If E is an open subset or Rn, or more generally an open subset of a real-analytic
submanifold of Rn, then O(E) is the space of real-analytic functions on E. If E
is a compact subspace of Rn with non-empty interior, then O(E) is the space of
functions on E which are real-analytic up to the boundary (and, therefore, which
extend into real-analytic functions on some open neighbourhood of E).

Given two sets E ⊂ F ⊂ Cn one can naturally define a restriction map from O(F )
to O(E). By duality, this defines a natural map O′(E) → O′(F ). This map can
only be injective when the restriction O(F ) → O(E) has dense image; this is called
the Runge property. We will only be interested in the case where E is a compact
subset of Rn, in which case the Runge property is always satisfied, by elementary
approximation theory.

Proposition B.3 ([Trè22, Theorem 6.2.14]). — Let K be a compact subset
of Rn. Then entire functions are dense in O(K); that is to say, K is Runge.

The proof roughly consists in showing that, with ρN : x 7→= cnN
−n exp(−N |x|2),

given f ∈ O(K) and g any smooth extension of f to Rn, the sequence of entire
functions (ρN ∗ g)N∈N converges towards f in the topology of O(K).

One of the main useful properties of Runge sets is the fact that one can solve the
∂ problem on them.
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Proposition B.4 ([Hör73, Theorem 2.7.8]). — Let K ⋐ Cn be compact and
Runge. Then there exists a basis of neighbourhoods (Ωj)j∈N of K in Cn such that
the following is true. For every j ∈ N and every f = (f1, . . . , fn) ∈ C1(Ωj,Cn) which
is ∂-closed, in the sense that

∂kfℓ = ∂ℓfk, ∀ 1 ⩽ k, ℓ ⩽ n,

there exists u ∈ C1(Ωj,C) such that ∂u = f .

The ability to prove the ∂-problem on some neighbourhoods of real compact sets
allow us to describe how the spaces O and O′ behave under natural operations on
their domains.

Proposition B.5. — Let K1, K2 be compact subsets of Rn.
(1) O(K1) ∩ O(K2) = O(K1 ∪K2).
(2) O(K1) + O(K2) = O(K1 ∩K2).
(3) O(K1)′ ∩ O′(K2) = O′(K1 ∩K2).
(4) O(K1)′ + O′(K2) = O′(K1 ∪K2).

Proof.
(1) Let U1, U2 be respective neighbourhoods of K1 and K2 in Cn. Then holomor-

phic functions on U1 ∪U2 are exactly functions that are both holomorphic on
U1 and on U2, because holomorphy is a local property.

(2) The inclusion from left to right is obvious and it remains to prove, given
f ∈ O(K1 ∩ K2), that it is of the form f1 + f2, where f1 ∈ O(K1) and
f2 ∈ O(K2).

Let Ω1 and Ω2 be small neighbourhoods in Cn of respectively K1 and K2, so
that f extends to f̃ ∈ O(Ω1 ∩Ω2) (the function f̃ may or may not correspond
to the usual notion of holomorphic extension, depending on whether K is the
closure of its interior in Rn).

The compact sets K1 \ Ω2 and K2 \ Ω1 do not intersect and therefore lie at
positive distance from each other. We let χ ∈ C∞(Ω1 ∪ Ω2,R) be such that
χ = 1 on a neighbourhood U1 of K1 \ Ω2 and χ = 0 on a neighbourhood U2
of K2 \ Ω1. The one-form α = ∂(f̃χ), well-defined on Ω1 ∩ Ω2, is equal to 0
on (U1 ∪ U2) ∩ (Ω1 ∩ Ω2), and therefore can be smoothly extended by 0 on
Ω = U1 ∪ U2 ∪ (Ω1 ∩ Ω2).

Ω is a neighbourhood of K1 ∪K2, which is a Runge set by Proposition B.3;
by Proposition B.4, this means that there exists a smaller neighbourhood
Ω′ ⊂ Ω of K1 ∪K2 and u ∈ C∞(Ω′) such that ∂u = α.

To conclude, the function h1 = (1 − χ)f̃ + u is well-defined on (U1 ∪ (Ω1 ∩
Ω2))∩Ω′, which is an open neighbourhood of K1; it satisfies ∂h1 = α−∂u = 0;
therefore h1 ∈ O(K1). In the same way, h2 = χf̃ − u is well-defined and
holomorphic on (U1 ∪ (Ω1 ∩ Ω2)) ∩ Ω′ which is an open neighbourhood of K2;
moreover, on K1 ∩ K2, one has h1 + h2 = f ; this concludes this part of the
proof.

(3) This statement is the dual of (2).
(4) This statement is the dual of (1). □
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Given two compacts K1 ⊂ K2 of Rn, there is no natural restriction map from
O′(K2) to O′(K1) (in fact, we have a natural injective extension map from O′(K1)
to O′(K2)). Nevertheless, there is a well-defined notion of support of an analytic
functional, thanks to the injectivity of this extension map and Proposition B.5(3).

Let us remark that if we define C∞(K) = E(K), for K any compact of Rn, following
Whitney [Whi34], then the equivalents of all items of Proposition B.5 are also true,
with the small caveat that the dense maps E(Rn) → E(K) fail to be injective. We
will use the following restriction theorem on locally compact distributions: they can
be restricted to a smaller subset modulo a boundary indeterminacy.

Proposition B.6. — Let K1 ⊂ K be two compact sets. The inclusion map
E ′(K1) → E ′(K) has a left inverse modulo E ′(∂K1). This right inverse does not
depend on adding an element of E ′(∂K), and therefore defines a well-defined map

ρK,K1 : E ′(K)/E ′(∂K) −→ E ′(K1)/E ′(∂K1).
Proof. — Let K2 = K \K1. Recall that E ′(K) = E ′(K1) + E ′(K2), and given

u ∈ E ′(K), choose u1 ∈ E ′(K1) such that u− u1 ∈ E ′(K2). The distribution u1 is not
unique, but given any other choice v1, the difference u1 − v1 ∈ E ′(K1) is such that
(u− u1) − (u− v1) = v1 − u1 ∈ E ′(K2). Therefore u1 − v1 ∈ E ′(K2 ∩K1) = E ′(∂K1),
and the class of u1 modulo E ′(∂K1) is uniquely defined. If one had u ∈ E ′(K1) to
begin with, then one can choose u1 = u, so that this map is indeed a left inverse to
the extension map.

If u ∈ E ′(∂K), then, since ∂K ⊂ (∂K1) ∪K2, one can choose u1 ∈ E ′(∂K1) in the
lines above, and therefore u is mapped to 0; this concludes the proof. □

The same property holds when E ′ is replaced with O′. The two families of spaces
E ′(K)/E ′(∂K) and O′(K)/O′(∂K) are quite practical because of this well-defined
restriction map, which mimics the ability to restrict analytic or smooth functions
to a smaller set. Elements of the spaces O′(K)/O′(∂K) are called hyperfunctions.
Proposition B.6 and its equivalent for O′ means that these families of spaces (indexed
by K̊) form pre-sheaves.

Definition B.7. — Let K ⋐ Rn and let f ∈ O′(K). The support of f is the
smallest compact K1 ⊂ K such that f ∈ O′(K1).

This notion is well-defined: first of all “f ∈ O′(K1)” makes sense because the
extension O′(K1) → O′(K) is injective; second, if two compacts K1 and K2 are such
that f ∈ O′(K1) ∩ O′(K2), then f ∈ O′(K1 ∩K2) by Proposition B.5(3).

If U is a relatively compact open set in Rn then O(U) ⊂ C∞(U) and therefore
E ′(U) ⊂ O′(U). In this case, the support of a distribution T ∈ E ′(U) coincides with
its support as an element of O′(U).

We now reach the main result of this appendix: one can patch together analytic
functionals defined on different compact sets which agree on the intersection (meaning
that the support of their difference lies away from the intersection), and if they only
agree on the intersection modulo a real-analytic function then we can patch them
together modulo a real-analytic function.

Proposition B.8. — Let K1, K2 be compact subsets of Rn. Let u1 ∈ O′(K1)
and u2 ∈ O′(K2) be such that supp(u1 − u2) ∩ K1 ∩ K2 = ∅. Then there exists
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u ∈ O′(K1 ∪ K2) such that supp(u − u1) ∩ K1 = ∅ and supp(u − u2) ∩ K2 = ∅. If
u1, u2 belong to E ′, then so does u.

More generally, if there exists f ∈ O(K1 ∩K2) such that supp(u1 − u2 − f) ∩K1 ∩
K2 = ∅, then there exists u ∈ O′(K1 ∪K2), g1 ∈ O(K1) and g2 ∈ O(K2) such that
supp(u− u1 − g1) ∩K1 = ∅ and supp(u− u2 − g2) ∩K2 = ∅. Again if u1, u2 belong
to E ′, then so does u.

Proof. — By hypothesis, there exists two compacts L1 ∈ K1 \K2 and L2 ∈ K2 \K1
such that u1 − u2 ∈ O′(L1 ∪ L2). Using Proposition B.5, there exists f1 ∈ O′(L1)
and f2 ∈ O′(L2) such that u1 − u2 = f1 + f2.

Then u = u1 − f2 = u2 + f1 is an element of O′(K1 ∪K2) such that u− u1 = f2 ∈
O′(L2) and u− u2 = f1 ∈ O′(L1). This concludes this part of the proof, and we can
seamlessly replace O′ with E ′ in the lines above.

If now u1 − u2 ∈ O′(L1 ∪ L2) + O(K1 ∪ K2), then by writing O(K1 ∪ K2) =
O(K1) + O(K2) we can correct u1 and u2 by respective elements of O(K1) to reduce
ourselves to the previous case. □

To conclude, we mention the generalisation of these results to general paracom-
pact real-analytic manifolds. Any paracompact real-analytic manifold is an analytic
submanifold of Rn for n large enough [Gra58], so that we only need to restrict our at-
tention to compact sets which belong to this submanifold; thus there is no additional
difficulty. Of course, when considering the restriction map as in Proposition B.6, the
boundary is then taken with respect to the topology of the submanifold, not with
respect to the ambient Rn topology.
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