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692 F. NIER, X. SANG & F.G. WHITE

ABSTRACT. — In this article we reconsider the proof of subelliptic estimates for Geometric
Kramers—Fokker—Planck operators, a class which includes Bismut’s hypoelliptic Laplacian,
when the base manifold is closed (no boundary). The method is significantly different from the
ones proposed by Bismut—Lebeau in [BLO8] and Lebeau in [Leb05, Leb07]. As a new result we
are able to prove maximal subelliptic estimates with some control of the constants in the two
asymptotic regimes of high (b — 0) and low (b — +00) friction. After a dyadic partition in the
momentum variable, the analysis is essentially local in the position variable, contrary to the
microlocal reduction techniques of the previous works. In particular this method will be easier
to adapt on manifolds with boundaries. A byproduct of our analysis is the introduction of a very
convenient double exponent Sobolev scale associated with globally defined differential operators.
Applications of this convenient parameter dependent functional analysis to accurate spectral
problems, in particular for Bismut’s hypoelliptic Laplacian with all its specific geometry, has
been developed in [NSW26].

RESUME. — Dans cet article nous revisitons les estimations sous-elliptiques pour les opéra-
teurs de Kramers—Fokker—Planck géométriques, une classe qui inclut le Laplacien hypoelliptique
de Bismut, sur une variété compacte sans bord. La méthode differe de fagon significative de
celles proposées par Bismut—Lebeau dans [BLO8] et Lebeau dans [Leb05, Leb07]. Une nou-
veauté est une précision des constantes dans les deux régimes asymptotiques de grande (b — 0)
et basse (b — +o00) friction. Aprés un découpage dyadique dans la variable de moment, 1’ana-
lyse repose essentiellement sur une approche locale en variable de position, contrairement a
la technique de réduction microlocale des travaux antérieurs. En particulier cette méthode
sera plus facile a adapter au cas des variétés a bord. Un sous-produit de notre analyse est
I'introduction d’une échelle de Sobolev & deux exposants associée a des opérateurs différentiels
définis globalement. Les applications de cette approche commode pour ’analyse fonctionnelle
et les problemes spectraux a parametres, en particulier pour le Laplacien hypoelliptique de
Bismut avec toute sa géométrie spécifique, sont développées dans [NSW26].
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1. Introduction
1.1. Background and Motivations

In [BisO4a, Bis04b, Bis05], J.-M. Bismut introduced the hypoelliptic Laplacian
which can be viewed alternatively as a deformation of Hodge theory on the cotan-
gent bundle or as a generalization to the case of arbitrary degree differential forms
of the Fokker—Planck equation (often specified as Kramers—Fokker—Planck equation
in this case) associated with the Langevin process. Very rapidly J.-M. Bismut and
G. Lebeau made in [BLO8| a careful analysis of families of such hypoelliptic Lapla-
cians indexed by a parameter b > 0, proving in particular the spectral convergence
as b — 0 of the hypoelliptic Laplacian to the Hodge Laplacian on the base man-
ifold. It was in the mood of those times to develop the accurate spectral analysis
of parameter dependent non self-adjoint hypoelliptic operators and we refer the
reader to [Dav99, DSZ04, HN04, HHS11] for works in this direction which still have
many developments. In [BL08], J.-M. Bismut and G. Lebeau combined such involved
microlocal and semiclassical spectral analysis with the heavy geometrical construc-
tion of the hypoelliptic Laplacian and this was continued by S. Shen in [Shel6], for
the double parameter asymptotics where the first limit b — 0" allows to recover
a semiclassical Witten Laplacian on the base manifold, let’s say with a parameter
h — 07, which leads to Morse theory as in [HS85, Wit82, Zha01]. In [Leb05, Leb07],
G. Lebeau introduced a general class of non self-adjoint hypoelliptic operators for
which accurate subelliptic estimates, a corner stone of the spectral asymptotic anal-
ysis, can be proven.

About the Witten Laplacian on the base manifold, it was realized in [PNV24,
PNV13] that the introduction of artificial boundary value problems, associated with
a suitable cutting and gluing of the manifold, was a very convenient and robust way
for the generalization of the accurate spectral asymptotic analysis with a potential
which can be more general than a Morse function. Such accurate spectral analysis
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694 F. NIER, X. SANG & F.G. WHITE

was motivated by various questions related with molecular dynamics. This raised
the question of understanding similar problems for the Langevin process, where
the arbitrary degree form formulation, involves boundary value problems for the
hypoelliptic Laplacian. The functional analysis was started in [Niel8, NS21] for fixed
hypoelliptic Laplacians, which means with no parameter. The asymptotic spectral
analysis with respect to one parameter b > 0 or two parameters (b, h) € (0, +0c)?
remains to be done.

In this direction, the microlocal reduction approach proposed in [BLO8, Leb05,
Leb07] appears to be not well adapted for a similar asymptotic analysis of boundary
value problems. The present article proposes an alternative approach which relies on
some local approximation of the hypoelliptic Laplacian on the cotangent T*() of a
general compact Riemannian manifold @), by the Euclidean version. This Euclidean
approximation relies on the use of normal coordinates around a point gy € ) while
the Taylor expansion of the metric leads to controlled error terms in balls B(qo, 74,p))
parametrized by the parameter b > 0 and the size of momentum variable p € Ty Q.
While doing so we are able to provide a control of constants in the global subelliptic
estimates not only as b — 0% but also as b — -+o0o which can be of interest for further
developments. The spectral analysis as b — 01 proving the spectral convergence to
the Hodge or Witten Laplacian on the base manifold, will be carried out in another
text. Compared to the works of [BL08, Shel6], the approach proposed here makes
possible an easier extension to boundary value problems and a more direct connection
with standard tools of spectral analysis like Grushin problems (see[SZ07]) and other
related works with similar spectral problems studied in [Drol7, RT25, Smi20]. In
particular, global Sobolev scales Wysis2 (T*Q), s1, s2 € R, are associated with a pair of
commuting self-adjoint operators which make use of the scalar horizontal Laplacian
associated with a Sasaki type metric. This synthetic formulation, of which the
properties nevertheless rely on some global pseudodifferential techniques, was inspired
by [BBB82, RT25]. Again, it will allow a rather direct adaptation of techniques
developed for simpler spectral problems, namely scalar operators on a compact
total space within the framework of standard Sobolev spaces, to the more involved
framework of the hypoelliptic Laplacian (and possibly other global analysis problems
on the total space of the cotangent bundle X = T7*@Q).

1.2. General Framework

In this text we shall consider geometric Kramers—Fokker—Planck operators on
X = T*Q, where (Q, g) is a smooth compact d-dimensional Riemannian manifold
without boundary. Points in X will be denoted by z, and 7x : X — @ will denote
the natural projection T;Q) > x — g € Q). Local coordinates on () will be denoted
by (¢, ..., q%). We shall use Einstein’s convention of summing over repeated up and
down indices. If ¢ € Q and (U, q', ..., q?%) is a local coordinate system for Q, then an
element of the fiber p € T;Q will be written p = p; d¢?, and (q%,...,q% p1,...,pa)
will denote canonical coordinates in U x R? ~ T*U C T*Q. If local canonical
coordinates (¢',...,q% p1,...,pq) have been fixed in a neighborhood T*U of a point
x € X, then we shall write z = (g, p).
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Global subellipticity for GKFP operators 695

The metric g on @), i.e. on the tangent bundle mr¢q : T'Q — @, will be denoted by
g9(q) ="'g9(q) = (gjk(q))lgj,kgd or g = g;x(q) d¢’ dg*. The corresponding dual metric on
the cotangent bundle m7-¢ : T*Q — @ will be denoted by ¢7'(q) = (¢7%(q))1<jr<d-
Let VE¢ be the Levi-Civita connection on the tangent bundle mrg  TQ — @
associated with the metric g. By abuse of notation, we shall also denote by V¢ the
connection on the tensor bundle

(1.1) TEITQ=TQ®---TQRT'Q®---@T*Q

k times £ times

induced by the Levi-Civita connection on T'Q for every k,¢ € N. If ¢ = (¢, ..., q%)
are local coordinates for (), then the Christoffel symbols associated with the Levi-
Civita connection V¢ are given by

1 )
(12) ng = 59&1 (aquak: + 8quaj - aqagjk>, 1 < Js ka 14 < d.
The connection V¢ gives rise to a global decomposition
(1.3) TX =T'XaoT"X,

where TV X = ker (drx) is the vertical subbundle of TX associated with the projec-
tion mx and T X is the horizontal subbundle of TX defined at each point x € X by

(14) THX =
7'(0) : there exists € > 0 and a smooth path v : (—€,e) — X
{ such that v(0) = z and ngx(v,(t)ﬂ(t) =0forall —e<t< e}‘
In terms of local coordinates for X, the subbundles 7% X and TV X may be described

as follows. If (¢',...,q% p1,...,pa) are local canonical coordinates for X, let

(1.5 = o+ g, 1< <d

and let

(1.6) éf’:a(zj, 1<j<d

Together these vector fields form a local frame (ey, ..., eq, €', ...,¢e%) for TX and
locally we have

(1.7) THX = span(ey, ..., eq)

and

(1.8) TVX :span(él,...,€d>.

Since for every x = (q,p) € X the differential dr x|, restricts to a linear isomorphism
TFX — T,Q while T) X = TQ, the decomposition (1.3) yields the identifications

(1.9) TX = 74(TQ & T*Q).

The total tangent space TX = TH X®T" X is equipped with the metric 7% (¢ @*g71),
simply written g®g¢~!, by using the above identification. Clearly, horizontal (resp. ver-
tical) vector fields on X are given as sections in C*°(X; TH X) (resp. C*(X; TV X)).

TOME 9 (2026)



696 F. NIER, X. SANG & F.G. WHITE

Specific subspaces of horizontal (resp. vertical) sections are provided by the fact
that (1.9) induces a natural embedding

ig: C(QTQOT Q) — C¥(X;mx (TR & T7Q)) = C(X; T'X)
and we introduce
CF (X T X) = i,(C™(Q; TQ)) C C*(X; THX),
resp.
CF (X TV X) =iy(C(Q;T°Q)) € ¢=(X; TV X).

These spaces C3 (X; T" X) and CF(X; TV Q) are C*(Q; R) modules. Additionally on
C®(Q; TQ®T*Q) a C*norm can be fixed once and for all by using a finite partition
of unity subordinate to an atlas, () = U}-jzl (2;, while changing the atlas and the
partition of unity gives an equivalent norm. We therefore can speak of ||T'||cx for
T eCy(X;T"X) and T € C¥(X; TV X) without specifying its expression.

It will be convenient to use the following families of vector fields.

DEFINITION 1.1. — For any N € N and any k € N, the set Ty, (resp. Ty;) is
defined by

T ={(T{,... . TH) e cy(X; T"X)N, vje{l,... N}, ||1] o <1,
resp.
=1, V) e (X TV XN, Vie{n,.. N}y, |17, <1}
By duality, we also have the identifications
(1.10) T*X 2T*Q & TQ.
If (¢',...,q% p1,...,pa) are local canonical coordinates for X, we let
(1.11) ¢ =d¢, 1<j<d,
and
(1.12) é; = dp; — T (q)pedd®, 1< j<d.
It is clear that (el,... ed &1,..., &y) is a local coframe for T X, and locally it is true
that
(1.13) (T7X)* :span(el,...,ed)
and
(1.14) (TV X)* = span(éy, ..., &y).

We also note that X is naturally a symplectic manifold with respect to the usual
symplectic form o given in local canonical coordinates (¢, p) by

d
(1.15) o=> dp; ANdg'.

=1
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Global subellipticity for GKFP operators 697

Since 0”4 # 0, the manifold X is orientable, and we orient X so that every local
canonical coordinate system (g, p) is positively oriented. The volume form on X for
the metric ¢ @ ¢g~! is denoted by dvolx and given locally by

(1.16) dvoly =dg* A--- Ndg* ANdpy A - -+ A dpq.
The volume form dvoly is related to o by

1 1
(1.17) dvoly = E(—UL? Lo,

In particular, if H € C*°(X;R) and Y is the Hamilton vector field of H with respect
to the symplectic form o, i.e. ) is the unique smooth vector field on X such that
tyo = —dH, then the flow &' = exp (t))) on X generated by ) preserves dvoly. In
this text, we will be primarily concerned with the situation in which H is the kinetic
energy

1 1 .
(1.18) H(q,p) = §|p|§ = 59”“((1)pjpk.
In this case, the Hamilton vector field ) of H is given locally by
(1.19) Y =g (a)pjer,

where e, is as in (1.5), and the projections of the integral curves of ) to @ by
mx are precisely the smooth geodesic curves of the metric g. We will use also the
metric-dependent Japanese bracket

1/2 . 1/2
(1.20) D= (1+1pl}) " = (1+ g7 (@pir) ",
while the notation
1/2 1/2 d 12
= () = () = (14 )
i=1

will be used for the Euclidean version.

Let £ =5 @Q be a smooth complex vector bundle over @ of complex dimension
N that is equipped with an affine connection V¥ and a Hermitian metric ¢¥. Let
£ := 1% E =% X denote the pullback bundle of E ™2 @ by the map mx : X — Q.

Locally, smooth sections u of £ =% X have the form

N
(1.22) u(z) =Y u(@)f(q), == (g,p)€X,

=1
where (f',..., fY) is a smooth local frame for £ ™2 Q and uy, ..., uy are smooth

locally defined complex-valued functions on X. We equip € =% X with the pullback
connection V¢, which is defined using the decomposition (1.9) of TX by the relations

(VE0)(@) = X2 |ejun) @) (@) + urle) V5 f(a)].

dqJ

(1.23)

TOME 9 (2026)



698 F. NIER, X. SANG & F.G. WHITE

whenever u € C*°(X; ) is of the form (1.22). Because the connection V7, is trivial
for Ty, € TXV, the covariant derivative with respect to a vertical vector field will
be identified with the associated scalar first order differential operator. Accordingly
the vertical Laplacian and the vertical harmonic oscillator, written locally as,

1 1
(1'24) Ap = Z igjk(Q)vgjv’f‘k = Z igjk(Q)apjapk
1<j,k<d 1<,k<d
1 1, 5
(1.25) 0= —iAp + 5]}7\(1.
are globally defined operators, which happen to be scalar differential operators in
the sense that in any local frame (f',..., fV) of E ™% Q,
N N
A (L ulo @) = (a0 (0)
=1 =1
and
N N
o(3-uto)r ) = X0 o)
=1 =1

We also equip the bundle £ with the pulled back Hermitian metric ¢g¢ defined by

(1.26) g° (u, ') = 3 ug, (@)up, ()" (£ (a), f2(0)), == (a.p) € X,

£1,62
where u = Y ug(r) f4(q) and o' = ¥ uj(x) f¢(q). Using the Hermitian metric g¢ on &€
and the volume form dvolyx on X, we may introduce the Hilbert space L*(X;E) of
square integrable sections of £ as follows. The space L*(X; £) is the set of measurable
sections u such that

(1.27) (u, u)r2(xe) = /}(gi(u(x),u(x)) dvolx(x) < +o0,
and it is a Hilbert space for the scalar product
(1.28) (ur, Un) g2 (x.6) = /X ¢ (w1 (), ua()) dvolx (),

in which C§°(X; &) is dense.

By recalling d volx = dqdp, the operator O is clearly self-adjoint with its maximal
domain D(O) = {u € L*(X,€),0u € L*(X;€&)}, in which C5°(X; &) is dense with
the graph norm. It is also bounded from below by g and VO is well defined.

Let us now introduce some Sobolev type spaces, taking into account the different
homogeneities of e;, p; and 0,,.

DEFINITION 1.2. — For k € N and u a sufficiently regular section of £, we define
1.29 |, = su Nowly . Veu Vv .. Vi u ,
029 ol = s 0P Vi O Vi

H H H
(Tf . eTH
v % v
(S TN2 )ETNQ ok

and we take
(1.30) WHXE) = CP(X; &) W,

ANNALES HENRI LEBESGUE



Global subellipticity for GKFP operators 699

The space WS(X; &) i/sjhen defined for all s > 0 by interpolation and for s < 0 by
setting W*(X; &) = W™*(X;€))".
Finally the space W'¥(X; ) is the space

WH(X;€) = {u € W (X;€), VOueW(X;€)}

endowed with the norm ||\/5u||ws

Remark 1.3. — The supremum norm over the families of vector fields ensures
the geometrical global meaning of the functional spaces W*(X; €) and therefore of
Ws(X;E), and W(X; ). Tt is not the most convenient definition and in particular
their Hilbert nature is not obvious here. A more convenient presentation in terms of
local coordinates and then the use of a specific pseudo-differential calculus presented
in Appendix E is detailed in Section 3.

Although those spaces are modeled on Lebeau’s spaces in [Leb05, Leb07] they
slightly differ, e.g. the case s = 1 allows N, = 2 with two vertical derivatives
bounded in L2

We recall that on a euclidean space V', S(V') denotes the Schwartz space of rapidly
decaying smooth functions. Accordingly we use the notation S(X; &) for the space
of rapidly decaying smooth sections of £, where the rapid decay for every derivative
means upper bounds by any negative power of (p),. With the above definition,

S(X, &) = Npez WHXE).

We shall define geometric Kramers—Fokker—Planck operators as second order dif-
ferential operators acting on sections of the pullback bundle £ that depend on a
parameter b € (0,00). Our definition will be slightly more general than that of
Lebeau in [Leb05, Leb07] but in the same spirit.

DEFINITION 1.4 (Geometric Kramers-Fokker-Planck operator). — A Geometric
Kramers—Fokker—Planck (abbreviated as GKFP) operator is a b-dependent operator

Py + M(b) acting on C°(X;E) or S(X; E), with

1 1 _ .
= ;0+-V5 and VseR, M(b) e LW (X;E); W (X;€))

P, =

where ) is Hamilton vector field of the kinetic energy (1.18) with respect to the
symplectic form o and O is the vertical harmonic oscillator.

Actually the term M (b) will appear as a perturbative term for which the norm
estimates of “M(b)HL(VT/LSWS) with respect to the parameter b > 0 can be discussed

afterwards. Actually all the analysis focuses on the case M (b) = 0. Hormander’s
theorem about sum of squares and type II operators (see [H6r67]) provides the local
hypoelliptic nature of the geometric Kramers-Fokker—Planck operator Py ; for every
b € (0,00). By following the method of Lebeau in [Leb05, Leb07] our aim is to
provide accurate subelliptic estimates with the best regularity exponents, that will
also account for the behavior of Py, as either b — 0% (the large friction limit) or
b — oo (the low friction limit).
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700 F. NIER, X. SANG & F.G. WHITE

1.3. Statement of the Main Result

Remember the following notion.

DEFINITION 1.5. — In a Hilbert space $), a densely defined operator A : D — $)
is called essentially maximal accretive if it is accretive, therefore closable, and if it
admits a unique maximal accretive extension equal to its closure A : D(A) +— $) with

T _ il
D(A) =D, flull = llull§ + [ Aull?.

The main result of this paper is the following subelliptic estimate for geometric
Kramers—Fokker—Planck operators.

THEOREM 1.6. — Let Py = b%@ + %Vﬁ, and Fﬂ, its L?-closure. There exists
a constant C, > 1 determined by the geometric data (g, E, ¥, V¥) such that the
condition

Ry 2 Og(l + 52)
implies that the operator 1% + Py is essentially maximal accretive on Cg°(X;E) (or
on §(X;E)) with the inequality

(131) Vue D(Piyb), \ ()\,b) € R x (0, +OO),

Ry = 1
Reu, (5 + Pea)u) > o lullo + molul ).

Additionally the inequality

(1.32) H (Pi,b _ sz>u

holds for every u € D(P4 ;) and every (A, b) € R x (0, +00).

Dl > ot
, 2T O (1 4-0)8

1
e

L

O

b7u

(@Dm“

LT Hil)(ivi, - M)uHL2 +

Jul 55 +

J

Inequality (1.31) is proved in Proposition 2.1, and the core of the proof of Theo-
rem 1.6 can be found in Section 6. Other results involving the realizations of Py
in the Sobolev spaces W*(X;E) or other perturbative results will be deduced as
corollaries in Section 7.

1.4. Outline of the article

In Section 2 an elementary integration by parts provides the first a priori lower
bound for Re(u, Py pu). This implies that the analysis of Py ;, can be localized in the
g-variable via a partition of unity. Comparison of different connections can be done
locally which reduces the problem to purely scalar operators and then the essential
maximal accretivity on C§°(X; &) or S(X; &) is proved.

The Sobolev spaces Wsl’SQ(X ;£) are then studied in Section 3. After a localiza-
tion via partition of unity, the Definition 1.2 is characterized in term of the suit-
able pseudodifferential calculus, local in the g-variable but global in the p-variable.
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Global subellipticity for GKFP operators 701

The construction of this pseudodifferential calculus relying on standard techniques,
nevertheless to be adapted, is detailed in Appendix E. Section 3 ends with a very
convenient global characterization of these Sobolev spaces W**2(X; £) in terms of
the functional calculus of two geometrically defined commuting self-adjoint operators,
namely O and W? = C — Ay + CO? where Ay is a scalar horizontal Laplacian.

Section 4 is devoted to the localization process. A dyadic partition of unity in the
p-variable is used and then once the parameter 2/ of the dyadic partition is fixed,
a grid partition in the g-variable with the spacing 277 is introduced. Near points of
the grid, a Taylor expansion of the metric in normal coordinates expresses the scalar
GKFP operator as the Euclidean one with a (27, b)-dependent error term.

In Section 5 the maximal subelliptic estimate, where the exponent 2/3 is ob-
tained via the model problem of the one dimensional complex Airy operator, is
recalled. Actually the uniform estimates with respect to the parameters (b,27, \) €
(0, +00)? x R are carefully checked.

Section 6 gathers the local comparison of the scalar GKFP operator with the
Euclidean model of Section 4 with the uniform estimates of the Euclidean model.
Error terms due to the two partitions of unity (dyadic in p and 2/-dependent grid
in ¢) happen to be controlled by the lower bounds of the parameter dependent
Euclidean model. While doing this, intermediate parameters of the grid partition
must be tuned carefully according to the two regimes 2/ > 1 or 2/ < C.

Section 7 completes Theorem 1.6 with various consequences or precisions. In
particular the b-dependence of the perturbation M (b) in Definition 1.4, which allows
the generalization of Theorem 1.6 is specified. A corollary is the W%*(X; £) version
of Theorem 1.6, where a simple conjugation reduces the perturbed operator in
L*(X,dqdp; ).

The Appendices gathers known material. A rather long paragraph is about the
global pseudodifferential calculus on the total space X = T*(Q. As already said,
it follows the general approach but things have to be specified in particular for
proving, via the Helffer-Sjostrand formula, that functions of self-adjoint globally
elliptic operators in this class are pseudodifferential operators with a good asymptotic
expansion.

2. Reduction to a scalar operator

Here we write first a priori estimates for Geometric Kramers—Fokker—Planck
(GKFP) operators coming from a simple integration by parts. The essential maximal
accretivity of 3% + Py is checked and all the perturbative terms coming from a
partition of unity in the g-variable will be shown to be of lower order with a uniform
control of the constants w.r.t. b. Similarly a local change of connection happens to
be of lower order and this reduces the problem to local scalar GKFP operators.
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2.1. Integration by parts and maximal accretivity

PROPOSITION 2.1. — Let Py = b%@ + %Vg. There exists Cy > 1, determined
by the geometric data (g, E,V¥, g¥), such that for all b > 0, A € R and for x;, >
Co(1 + b?) the inequalities

1
. — > — 2 s
o0 el (e Pa=)e), 3 s ol

and

(2.2) H (b2 b Py m)

hold for all u € C§°(X; ).

2

2 2
L2(X;E) > @{HUHWLO(X;S) + ’%bHUHL?(x;g)]

Before proving this result let us specify the formal adjoint of Vf,. Start with the
vector bundle g : E — @Q and the data (V¥ g¥) and consider the dual connection
with respect to g given by

XgP(s,8) = g” (s, V%s/) + gE<V)E(’*s, s/).
The unitary connection

VE 4 vEx

vE,u —
2

differs from V¥ by
1
VA v oo 5w(vE, g") € C*(Q; T*Q @ End(E)).

With the pull back, we obtain, with Y = ¢”(q)p;e; written in a local canonical
coordinates system,

vy -V = ;g“ (@)piw (V7. g7) <aaqj> =d'(g)pi, a'(q) € End(E).
We also recall the formula
VoweCP(X;E), VT € C*(X;TX),
/X (v V&t w )dvolX = —/ Vit w) + div(T) ¢ (v, w)d volx

while here dvolx = dqdp and div) = 0.
We find that the formal adjoint of V‘Jg, is nothing but

(2:3) (V) = =V5 - g"(@)pw (V" g") (;Z) = —V5 —d'(g)p..

Proof of Proposition 2.1. — Let U}]:1 2, = @ be a finite atlas of () and let
Z}]:1 0;(¢)*> = 1 be a subordinate quadratic partition of unity, o; € C5°(£;;[0,1]).
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Because V‘JS,, Py, O, are at most first order differential operators in ¢ we get

Pyy—iA = Piy—id)u,
(o (5 e Pea i) = o (P ),

7=1
H\/_u L2(X;€) +Hb||uHL2(X &) = (U, Ou)ra(xe) + ’fb||“||L2 (X.£)

_,_/
=lull%

wlo(x;e)

+’fb||u3||L2(X &)

for all u € C§°(X; E), by setting u; = g;u € C3°(T*Q;;E).
With canonical local coordinates (¢, p) in 7*Q;, (2.3) implies

Re<uj, (62 + Py — M>uj>L2(X;g)

2/'1(, — Ap + |p|g > 1 ;
= { Yy, U, F (uy, a'(q)piu; .
< 252 L xie) b< >L2(X,€)
> s [0 ey + 2l el = Sl ey lbinone
2

> s 10050 ey + 2l el ]| = gy — 2087 ey

for some C > 0 determlned by the geometric data (g, E, g¥, VF).
With 3 > Gy 1222 > 2 , the first inequality (2.1) is proved for Cy > 4C)>.

Using the Cauchy—Schwarz inequality in the left hand side of (2.1) ylelds

<b2 +P:|:b—l)\>

We deduce at once [|(3% + Prp — iNullz2(x.e) = 35 llullz2(x.6). The latter inequality
multiplied by ||(% + P:I:,b - z)\)uHLz (X38) ylelds (2.2). O

) o ) > g5 (100 + ol

COROLLARY 2.2. — Let Py} = b%(’) + %V and let Cy > 1 be determined by the
geometric data (g, E, VE, g¥) according to Proposition 2.1. For ry > Cy(1 + b?) the
operator 7% + Py is essentially maximal accretive on Cg°(X; &) and therefore on

S(X;€).

Proof. — Proposition 2.1 says that the operator (3 + P+) and its formal adjoint
% + PL, are accretive on C5°(X; £) with the lower bound (2.1).
It suffices to prove that the range (5% + Py,)C5°(X;€) is dense in L*(X;E). It is

equivalent to
ue L*(X;E)

. . , — u=0.
(8 +Pr,)u=0€D(X;€E)

With Pf, = Pz, F a'(q)b; in local coordinates according to (2.3), Hormander’s
hypoellipticity result for type II operators (see [Hor67]) implies u € C>®(X;¢E).

TOME 9 (2026)



704 F. NIER, X. SANG & F.G. WHITE

For x € C§°(R;[0,1]) such that x = 1 in a neighborhood of 0 and for ¢ > 0 set

= x(elp[g)u.

The above equation implies

b2 +Pﬂ:b Ue = [P:T:,bv X(5|P|§)}U = —Afg, x(elpﬁ) u
b 2

because YV f(|p[2) = 0. The form of the last commutator allows to write

(5 22 o = [ (el (1 (el

where Y € Ci°(R; [0, 1]) has a support included in a neighborhood of 0 where x = 1
and its derivatives vanish, while Y = 1 in a smaller neighborhood of 0. By taking
the scalar product with u,, the inequality (2.1) for P} , implies

102 [H €HW10 xze T “bHUEH%?(X;S)} < Cg,xHUsHWLO(Xg)H(l - %(€|p|§))u

L2(X;€)
and
d 9 .
e < Il < 40| (1 S EE)) o]y
Lebesgue’s theorem for the limit € — 0 gives
B < 0l (- 5E0E)e =0 O

2.2. Localization

PROPOSITION 2.3. — Let Py = 0 £ $V§ and fix Q = U/, Q; a finite atlas
of (). Let Z] 10i(¢9)*> = 1 be a subordinate quadratic partition of unity, o; €
C5°(24;[0,1]). There exists Cy > 1, determined by the geometric data (g, E, V¥, g¥),
and now the partition of unity (9;)i1<j<s, such that for all b > 0, A € R and for
Ky = Co(1 + b%) the following equivalence of norms

+1
(2.4) H( +Pib_”\) L2(X;€) <4

LGt + P —iX) o]

L2(X;€)

holds for all u € C3°(X; ).
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Proof. — It’s a straightforward application of Corollary C.2. We have to check the
assumption (C.4) which says that, for all u € C§°(X; ),

52

]EJ

2

( +P:i:b /\>qu

L2(X;€)

|:( +Pib /\>7Qj1:|gju
L2(X;€E)

+4 Z |: (b2 +Pib iA)?Qj2:|7le:|Q]’u

Jr,j2,5€J
for some r € [0,1). Because the operator Py j is a first-order differential operator in
the ¢ variable the first commutator equals

2

>2 )

J1,J€J

2

)
L2(X;€)

1 L o 90;,
[bg + Pyyp — i, Qﬁ} =+, Vo =+9 (4)Pk g

for j; € J where the right-hand side is written in local canonical coordinates (g, p).
Moreover the double commutators indexed by j1,j € J all vanish.
We deduce the existence of C{) > 0 such that

VuelCr(X;E), H[( +Pib—z>\) Qj1:|QjU

2

2
L2(X;€) (l)§|||p|quU||L2(X;5),

and the summation over ji,j € J, combined with the inequality (2.2), yields

2

VueCP(X:E), Y

Ji.g€d

sz + Py — i)\),gjl 0jU

1602
C’|J‘67

L2(X;E)

(b2 +Pib—z>\>gj

2

L2(X.E)

With C} | J| 12122 < Gy |J| &, choosing Cp > 1 large enough guarantees the assump-
tion (C.4) with r = O

N[ =

2.3. Changing locally the connections

With Proposition 2.3 the analysis of Py can be localized in a coordinate domain
(; for any atlas ) = [_I‘J-]:1 ();. Additionally it can be assumed that there is a well
defined local frame (f'(q),..., f"(q)) of the restricted bundle E|g,. In this frame
a trivial connection V¥4 on E o, and therefore a corresponding flat connection on

E|r+q; is defined by pull-back. The operator Pi’b defined locally can be identified
with a scalar operator according to

25) PL[Yus]| - (o 1V§ﬂ') S|
o = B2 b

glk ap 8pk + ng<Q)plpk 1 ik
2b2

-3
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PROPOSITION 2.4. — Under the assumptions of Proposition 2.3 with and with
the additional condition that E is trivialized by a local frame (f'(q),..., f"(q))
over §); for every j € {1,...,J}, let P{, be defined by (2.5). There exists Cy > 1,

determined by the geometric data (g, E, V¥, g¥) and the partition of unity (0;)1<j<J,
such that for all b > 0, A\ € R and for r, = Cy(1 + b*) the following equivalence of
norms

2 +1
H(% + Pi,b — Z)\)U
el

holds for all u € C3°(X; E).
Proof. — For a given j € {1,...,J} and for v € C3°(£2;; ) we have

L2(X;E)

<12
(% + PL, —iN) (o) b
bron D i 2 (x.e)

(2.6)

(2.7) (Pj:,b - Pi,b>(v) = ii(Vi - V%j) (v) = ﬂ:igik(q)piﬂ} (VE - VEéj> (v)

aqk aqk
where
(28) (Vfak - Vf{) ve(a,p) £ ()] = vela, ) Fi (@) £ ()
with F, , € C=(Q;; R).
Applied to v = pju this gives the upper bound

[(Pes = PL) 0| < Sollplaleslacne

where Cj, depends only on the metric g and the connection V¥ given on the vector
bundle £ and is uniform with respect to j € {1,...J}. The same argument as in
the proof of Proposition 2.3 shows that

: 2 1 Rp .
[(Peo = PL) @0 ey < 3 (3 + B0 =2 (00

when the constant Cy in x, = Cy(1 + b?) is chosen large enough. The parallelogram
identity implies

. 2
(Rb + P, — i)\) (oju) <3 (Rb + Pyp — M) (oju)

2

)

L2(X;E)

2

N

b2 L2(X;E) b L2 (X5E)
and
(/ib+P )\)( )2 <3(Hb+Pj )\)( )2
— —1 U < — —1 U .
12 +,b 95 L2(x8) b2 +.b 9j LX)
By summation over j € {1,...,J} we obtain
. ] 2 +1
3]=1’ (big + szl:,b - ZA)(QJ'U) L2(X:E) 3
5 .
J K .
J’=1’ (b% + Py = M>(qu) L2(X:€)
The inequality (2.6) is obtained by taking the product with the result (2.4) of
Proposition 2.3. U
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3. Sobolev spaces

Like for the operator Py ; we firstly reduce the characterization of u € Wk(X ; E),
k € N, to a local problem with the possibility of replacing the connection V¢ by
a trivial connection in a given local frame. Then W*(X; &) and its norm will be
expressed in terms of the functional calculus of pseudo-differential elliptic self-adjoint
operator W? in the class OpSg (Q;C) presented in Appendix E. Finally general
spaces Wsis (X;E), s1,82 € R are introduced by using the functional calculus of
two commuting self-adjoint operators.

3.1. First properties of W’“, keN

We collect rather immediate consequences of the Definition 1.2. The norm ||u,;. is

1 ~ = P
(3.1) [l 5w N1+f]5128§§3<k I, N1,Na,Na (1)

where Py n, n,.n, (1) is the smallest constant C' > 0 such that

v (T ) ecx (X Tix) Y, v (1YL TV € CR G TV X)),

N2
14
Cck H HTTZ2
no=1

q

N3 7& £ £ £
H<p> 3VT1H ...vTﬁllev “‘VTI‘\?QU ok’

Mo
2 S CnEIHTM
Because

()g* Vi .. vgﬁl Vi v%u = Vi .. vfpﬁl (P)g"Vay ... v;XQu,
[|u]| 5 also equals

P Ny 0,0 <<p>év3v%‘/ T V%‘\;Q u)

(3.2) |lullype = . max sup
WE ™ Nt Ny=j<2k Na v
iﬁ@i—?/z (TY .. TN, ECE (XTV X)N2 HnQ:lHTn2 ok

PROPOSITION 3.1. — Let k € N, let 0 € C*(Q;End(F)) and fix any C*-norm
on Q. The multiplication by 36 € C*(X;End(£)), nk0(x) = 7y (0(7x(2))), is a
bounded operator in W*(X; £) with
(3.3) Vue WHX;E),  (mkB)ulle < Crll8llellullyz-

Proof. — Because (p)flvi*V%V o V%V/Q (7%0) = (7%0)(p))* V%V o V%V/Z and owing
to (3.2) the problem is reduced to

Pi ny 0.0((mx0)v) < Cyl|0]|ex Pr,ny 0,0(v)

for all Ny € {0, ..., k}.
It is obviously true for Ny = 0. If it is true for Ny € {0,...,k — 1} then for
T o € C(X; TXMT) with Ty, 11 = mx . T, 1 € C(Q; TQc), we write

Ve, (w0 = (W;(e)vgng) + [ri (V5 P) o,

Ni+1
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We get

Py_1 500 <V%{L1 (W}Q)U)

< G {Hgnck—lpk—l,m,o,o (V%%HU) + HVEnd(E)Q

Tny+1
< 205210l ex Pe vy +1,0,0(v).

Cklpk—l,Nl,o,o(U)}

The obvious inequality

£
Pk—l,Nl,O,O (VTJfVI +1w>
1
Py ny+100(w) < sup o
‘ TN1+1

H .
TH |, €CF (X THY)

Cck
ends the proof by induction. O

The previous statement contains two particular cases which allow the local scalar
characterization of u € W*(X; €) with a simpler norm.

PROPOSITION 3.2. — Fix k € N and consider two different connections V! and
VE2 on the vector bundle E =% @ with the associated connections V! and V¥
on & =5 X. Let W, (X;€) and || I be the corresponding W*(X; ) spaces and

J
norms according to Definition 1.2. v
(1) The space WH(X;E) is a C®(Q;R) module and for any finite atlas
Q = U;-Izl Q); and for any subordinate partition of unity Z;-Izl 0i(q) = 1,
a section u belongs to WK(X;E) if and only if, for every 1 < j < J,
oju € W{%j TQy; E|p=q;) and the norm |[ul|, is equivalent to
maxi<j< [|ojull - B
(2) For two different connections V¥! and V2, the two spaces W&, (X; €) and
WE,(X; E) are equal and the norms || Hﬂ/@l and || ngg are equivalent.

—comp (

Proof.
N(l). — Simply apply Proposition 3.1 with § € C>*(Q;R). The definition of
W’éj,comp(T*Qj;E r-q;) and the other statements are explained in Appendix D.

Simply use the triangular inequality for [|ull;, < Jmaxicjc [|ojull -

(2). — Remember Vi* — V! = R(T) € End(E) with ||R(T)l|er < Ck||T]|cr
for any T € C*(Q;TQ). Let Py n,n, be the norms involved in (3.1)~(3.2) for

the two associated connections V& for £ = 1,2. We can make an induction proof
with respect to Ny € {0, ..., k} like in Proposition 3.1 after reducing the problem
to Ny = N3 = 0 by noticing

VTV eCy(X;TXY), Vil =V
and by using

V?FH — v;lpH = W}(R(T))
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for any T € CF(X; TX"™) with nx , 7" =T € C*(Q; TQ). Actually the induction
proof relies on

£2
P? Vog v
k=100 Voo

< PJ?—1,N1,0,0 (V?é U) + sz—l,Nl,O,O([W* (R(Tfl\tflﬁl)ﬂv)

Np+1

5./ C’f |:P]3—1,N1,0,0 (v;%1+1v> + Pkl_l’Nl’O’O ( [ﬂ—* (R <TJ€1+1))} U)}

induction

! H
Ok TN1+1

1
< ok P ni41,00 (v),
Proposition 3.1

and leads to ||u||V~Vk2 < C,Z||u||wk1. The result follows by symmetry. O
v v

The atlas (€2;)1<j<s can be chosen such that E|q, is trivial with a local frame
(f},- fN), [ € C2(Qy; Elg,). Above Q; the connection V¥ can be replaced by
the trivial connection V7% given by

VT eC*(QTQ), V%(Z vn(Q)f}‘) = (T f}

n=1 n=1
. N
For a section u = Y2, up () f}' of &|r-q; we get
£ & ik £ a
j7 j7 ju j7 — H H V V 3 n
Vi Vi Vi Vi u= Y (T T TY L T £
n=1

Proposition 3.2 now implies that the Wk-norm of

J J N
=3 oi(qQu=">3_> un;f}
j=1

j=1n=1

with w, ; € VNVf)jfcomp(T*Qj; C) € WH(X;C), is equivalent to

max [Jtngllw )

1<n<N

The W’“—spaces for £ € N and their norms is are thus fully understood in a local
scalar setting.

3.2. Pseudo-differential definition of VNVS, selR

The end of Subsection 3.1 reduced the description of W*(X; &) to the local de-

scription of W’“(X :C). We can thus focus on scalar sections, and we now give a
pseudo-differential and a global characterization.

We need the pseudo-differential calculus in U,,cr OpSy (Q; C) introduced in Ap-
pendix E. We recall that a € SJ'(Q;C) if in doubly canonical coordinates (g, p,&,n)
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710 F. NIER, X. SANG & F.G. WHITE

in T*(T*Q) associated with the local coordinates ¢ = (¢',...,¢?) on a coordinate

domain €2 C @), the uniform estimate
i~ || - 181191

05000 0a(qp,&,)| < Caps(1+ €7 + I + ") 7
and that, the quantization is the standard one, given by the local kernel on T2 x T™*():

() (pp d€dn
N i )€+ :
la(a, p, Dy, Dy))(g,p,d', 1) —/Rwe“q D Ma (g, p, &) R

Actually the general quantization of a € SP(Q;C) is defined by introducing a
partition of unity Z 1 0;(g) = 1 and cut-off functions x € C°(€2;;[0,1]), x = 1
on supp 9;, and by setting a; ¢ (z, D) = Z] 1(0j(q)a)(z, D,) o X;(q), and the set of
pseudo-differential operators is

OpSy = {az5(x, D.) + R, a € S§(Q;C), R € R(Q;C)},

with R(Q;C) = L(S(T*Q;C); S(T*Q;C)). It is proved in Appendix E that this
pseudo-differential calculus has the same properties as the usual pseudo-differential
calculus, with a different homogeneity which takes into account the global estimates
as |pl, — o0.

In canonical coordinates (g, p) associated with the local coordinates (¢!, ..., q%)
on Q we know the two frames (ei,...,eq) (resp. (€%,...,e%)) of T(T*Q)H (resp.
T(T*Q)V) given by

1

resp.
B opi

As differential operators, the locally defined operators e;, 9, pr0,, and

—Gij (q)api apj + gij (Q)pz’pj
2

belong to OpSy o_1,.(©2; C), while ppx, (p),x and 8,, belong to OpSy/?2 a10c(£2;C).
Thus any T € Co(X; TX") is a differential operator that belongs to OpSg (Q; C),

and any TV € CF(X;TX") belongs to OpSY*(Q; C).

Let us introduce another operator which involves the scalar horizontal Lapla-
cian Ay. We follow [BBB82]: on X with the decomposition TX = TX? & TXV ~
TQ ® T*Q given by the Levi-Civita connection associated with g we put the Rie-
mannian metric to be g ®* ¢~! and consider the associated total Laplacian A,.
The projection 7x : X = T*Q — (@ is now a Riemannian submersion with totally
geodesic fibers and the horizontal Laplacian Ay = A, — A, equals in local canonical
coordinates

o=

Ay = g"j(q)<eiej - Ffj(q)ek).
Because the volume of ¢ @+ ¢! is equal to the symplectic volume dgdp and A, and
A, are symmetric on S(T*Q;C), the operator Ay is symmetric on S(7*Q; C) for
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the L*(T*Q, dqdp; C) scalar product. By introducing the adjoint differential operator
ef = —8; — Ffi/pkapi, - F;i, and owing to the symmetry or by explicit computations
with
aqigij = aqig_l (dqi, dqj)
= g (~Tiudg",dg’) + g7 (do', —T dg") = —Tig" — T g™,
the horizontal Laplacian is also given by
~Ap = e;9" (q)e;,
without a divergence term because integrations are made with respect to the sym-

plectic volume dgqdp.

DEFINITION 3.3. — The operator W? is the closure in L*(X,dqdp;C) of the
differential operator Cy — Ay + C,0* : S(X;C) — S(X;C) C L*(X,dqdp;C) for
Cy = 1 large enough.

Notice that because the flow exp(te;) sends T(Q) isometrically to oxp(td )q@> the
ql
commutations

ler, =) = [ei, 2] = [e:, O) = [An, O] = [W2,0] =0
hold true on Sq_1.(€2; C).

As a consequence of Appendix E we have a simple characterization of VT/S(X :C),
in the case when F = () ® C. The general case can then be deduced either by
the localization at the end of the previous paragraph or by the approach proposed
afterwards. Both are equivalent.

PROPOSITION 3.4. — For any s € R, the space VT/S(X; C) is characterized by
WH(X;C) = {u e 8(X;C), ¥ A € OpSy(Q;C), Au € L*(X,dqdp;C)}
For C; > 1 large enough, C, — Ay + C,0% : S(X;C) — L*(X,dqdp;C) is

a non negative essentially self-adjoint operator, with self-adjoint extension W? and
D(W?) = W?(X;C).

For any s € R, W* = (W?)*/2 is an elliptic operator in OpSj,(Q; C) and the norm
on W#(X;C) can be chosen as W oul| L2 x, dgdp;c) -

Proof.

Step A. — If we start from the above definition of WS(X; C) the problem is
reduced to the ellipticity and the identification of the principal symbol of W? =
Cy— A + CyO%. Because it is a differential operator W2 = 3°>7_, 9;(q)W?x;(q), and
we obtain W? = a, ¢ (x, D,) with a — as € S§(Q; C) and

- 2 C 2
az(w,5) = Cy + ¢ + THa)pun| | + =2 (Ipl; + Inl;)

2 C 2
> Cy + I€l; — 2T (@wen| |+ =2 (16l; + 1nl;)
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We used the notation |7|2 = ¢"(q)mi7; for 7 = £ + T*(q)prn, 7 = p and |n|2 =
gij(q)n'n’. The ellipticity comes from

_ 1 C.e
w(,2) > Cy + ole? = —lpPlal? + 2 (Jpl* + 1)
g

for some ¢, > 0 given by g and the fixed atlas U}-le ;. The ellipticity ay > Cy +
eg(J€” + [p[* + [n|*) holds true if Cye?2 — 1 > 8¢2.
The operator W? is symmetric with

(34) (u, W?u) = CyllullZ»

+ 2 g, 8" @[T e300 = (0,63)@ )] dady

for all u € S(X;C) when >7_, 62(¢q) = 1 with 6; € C§°(€;; [0, 1]). It is bounded from
below by 1 for C; > 0 large enough.

It suffices to apply Proposition E.22 of Appendix E.

Step B. — For the identification of the two definitions of W*(X; C) and the equiv-
alence of the norms, it suffices to consider the case s = k € N, because all the other

cases will follow by interpolation and duality.
We start from the Definition 1.2 and Proposition 3.2(1) which says that the

WH(X; C) norm of u is equivalent to

fgj?gg ||qu||y~vzc

with 37_ 0;(q) = 1, 0; € C§°(9;;[0,1]).

Additionally the definition of W@J
the choice of a coordinate system (¢!, ..., ¢%) with equivalent norm for two different
choices. So let us work on 7"°Q = Q x R? C ]Rg X ]RZ and let us consider functions
U € L comp(T7; C) with a Q-support included in a fixed compact set K CC Q

(a neighborhood of supp ¢ with ¢ = g; when Q = Q;). Any vector field T# €
CE comp (T QLT XY (resp. TV € CF comp (T4 TXY)) can be written

_comp(§25; C) ensures that it is independent of

d d
TH — Zti(q)ei resp. TV = Zti(q)éi
i=1 i=1

with maxycica [[t*llee =< [T [lex (resp. maxicica |[tiller < [T cx)-

We deduce

2
NsH H v %
[yderi Ty T
N1 H NQ V
Hm:lHTm ck H”2=1HTnz ck
< Ckyp  max H<p>é\/3€i1 . eiNléjl AT ‘LQ

1<iy,..., ingd
1<71,..., jN2<d
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where
|(p)2ees, . ea, @ észuHL2 = @) (xen) - (xeis, ) (X)) - (XéjN2)U)]L2

for some x = x(q) € C3°(92;]0,1]) such that x = 1 in a neighborhood of K D
Q — supp u. Because x(q)€; € CF comp(T*% TXM) and x(q)&7 € CF oy (T*ETXY)
the right-hand side is bounded by Ck y & [|ull5.-

By taking the supremum with respect to Ny + % < k, the horizontal vector
fields T, ..., T, € C&comp(T*% TXH) and the vertical vector fields 1Y, ..., Ty, €
CE comp (T TXY), the norm ||uf|3, for u € L*(T*Q; C) with Q-support included
in K, is thus equivalent to

(3.5) max H(p}NBeil R

1<iy,...iny <d a
1<j17"'ajN2 gd
NH-LTQLN3 <k

1 SNy
N € uHL2

= max H(p>N3e,~1 €y 0511‘

. N b
1<in,eeying <d L2

N+ PN

where we have replaced (p), = (14 g (q)pip;)*/? by the equivalent quantity (p) =
1+ p0)'2.
From
i, 5 (@pe] = (04 1) (@pe + (FFTE) (@),
we get by induction
67;1 e e/LNl 85 - aqll PPN aqul 85 = Z fa76,,7(q)p’yaqaa£
‘a|<N1—1
\a|+|7‘+2|'8l‘:]\71+@

and we deduce

N1 N3 i . 5 _ Nl N3 . . /B
™ l(p) e“...emlé?pu‘L2 e () g 2 Ogin ...8q1N18pu‘L2
!’ !
< Ck e max 5N1_1H N3 9207 u‘ .
X VK la|<N;—1 <p> qp 2
N/+ !
o+ 25 vy 4 18

Choosing € = ek for exp > 0 small enough implies that the norm [|ul|;, is
equivalent to

max ()59 x(q)u

2
3 5"
|a\+N3+|m<k L

Lo J > [esaearx(a
o+

Natldl o
But according Appendix E and in particular Proposition E.7, it is equivalent to the
norm ||[W*x(q)ul|zz. O

Let us extend now this result to W#(Q; £). For a self-adjoint non negative scalar
operator A € OpSy (Q; C), like W? with m = 2 or W# s = m € R, it is not possible
to define directly its action on sections of £. However a localization technique makes
it possible, up to lower order corrections.

TOME 9 (2026)
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We fix, as we did in Appendix E, the atlas Q) = U;-Izl (1; by assuming that for every
j €{1,...,J} the two properties are satisfied:
e the open set Q = UQ na,-0$ 1s a coordinate domain;
e the restricted vector bundle E|Q admits an orthonormal frame (f/, ..., fV)
for the metric gg.
If 23.7:1 07(q) = 1 is a quadratic partition of unity with 6; € C§°(€;; [0, 1]) we set

J

A9 = ZQJ(CD © Ascj © 9](Q)7

=1

where A ; is the scalar pseudo-differential operator in the orthonormal local frame
(fL,..., fV) above Q;:

Ase (e fF(9)) (g 0) = [Aui (g, p) [ (0)-
When A = apy(z,D;) + R = ¥ _1(0j,(q)a)(z, D,) o x;,(q) + R € OpSy(Q;C)

we obtain
J
Ag=Y 0i(q) D 0;(q)o0lalz,Dy)lsc;o0;(q) o X, (q) + Ry.
7j1=1 QjﬂQj1§£®

If Uj, j,(q) is the unitary matrix of (f},...,f)) in the frame (f},...,f})), the
operator

Z 0]((]) © [CL(I, D:v)]scj o 9]<q)

QjﬂQJd?é@
with Ug,na; 20 C Q,, € R? is nothing but the operator aj (x, D,) with aj, €
S(U™ gy; CN) given by

> Ui (@1(100,(0)a)16;(9)] @ Iden )40, (),
Qijh?ﬂD
where we recall (afb)(x, D,) = a(x, D,) o b(x, D).
Owing to the exact chain rules

Ujs,jl (Q) = Ujs,jQ © Uj2,j1 (q) and Ujle( ) ]3 ]2( )ﬂUJQ Jl( )

and the exact commutation 6,,(q)tU;, j,(¢) = Uj, ;1 (q)16,,(q), we can write
J
Ag = _ (01 (0)as)(z, D) © X;,(q) + Ro = (ag) px (@, Da) + Ro
ji=1

with ap € SP(Q; End, £) and Ry € R(Q;E).

Additionally, if A = Gy oy (7, D2) + Ap1, A1 € OpSy H(Q;C), then Ay =
(G @ Idg) gy (2, Dy) + Apm1 with Ag 1 € OpSy ' (Q;End &). In particular the
principal symbol does not depend on the chosen orthonormal frames ( e fN )
j=1,...,J.
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If A is self-adjoint and elliptic, the same holds for Ay with
D(Ag) = W"(X;€)

(ueS(X:E), Vie{l...J},
| ule, = wel(@) (@), w € Wm 10e(T78255,C)

={u e 8(X;€), ¥ B e OpSy(Q;End &), Bu € L*(X,dqdp; €)}.

We can conclude with the following summary.

PROPOSITION 3.5. — Once the quadratic partition of unity 37_, 03(¢q) = 1 and
the local orthonormal frames (f},.... ), 1 < j < J, are fixed and for Cy > Cyy

chosen large enough, the operator

29 )(W2)se05(a)

with
D(W}) = {s € L*(X, dqdp; £), W§s € L*(X, dgdp; £) }

is self-adjoint and bounded from below by 1.
For s € R, the space W*(X; &) introduced in Definition 1.2 for s = k € N and
then extended by interpolation and duality, equals

WH(X;€) = {u € 8'(X;€), VB € OpSy(Q; End €), Bu € L*(X, dqdp; €) }
{u €S(X;&), (W2)**ue L*(X, dqdp;S)}
ue S (X;€),Vjiefl,....J}, }

ula, = ur(2) fF(q), Wsuk € L, 10o(T"Yy, dgdp; €)
={ueS(X;€), (Cit (WH)p)Temu e L2(X, dgdp; €)},
where the constant C's > 0 is chosen large enough.

Proof. — We already know that W? = C, — Ay + C,0? is elliptic, self-adjoint and
bounded from below by 1 for C, > 1 large enough with domain D(W?) = W?(X; C).

With the previous discussion this proves that W7 is elliptic and self-adjoint. The
same computation as (3.4) shows that W7 > 1. Actually the derivatives of the
unitary matrix associated with the change of frames, 0,:Uj, j,(q), bring lower order
terms which are absorbed if C;, = (4 is chosen large enough.

For W¢ with a scalar principal symbol a, ® Idg > %\112 ® Idg, Proposition E.22
applies and (W2)*/? = fs(We) with f, € S((t)*/?, %) is elliptic with the principal
symbol fs(ay) ® Idg = i @ Ide.

The local characterization with ulg, = u(x)fF(¢) has been explained and with the
reduction of the previous paragraph and Proposition 3.4 it shows that D((W2)*/?)
coincides with W¥(X; €) when k € N. This ends the identifications of the general
spaces W*(X; &) for s € R.
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716 F. NIER, X. SANG & F.G. WHITE

Because Wisl = (W2)ls/2 = f_(W2) is elliptic with the principal symbol aj"? for
s #£0, (Whl),is elliptic with the principal symbol a5 ® Ide. Tt is self-adjoint with
the same domain, WI*I(X; £), as (W2)!*I/2. Tt is bounded from below by the Garding

inequality. Adding a constant C, ensures that (C + (W*l),) is bounded from below
by 1 and invertible. ([l

3.3. Spaces W52 (X; )

A priori Y = ¢%(q)p;e; belongs to OpS?&,/Q(Q; C) but it has locally some specific

structure made of e; € OpSy,(Q2; C) and followed by a multiplication by p;. We start
with a simple commutation result.

PROPOSITION 3.6. — The self-adjoint operator (W2, D(W2) = W2(X; E)) mod-
eled on W? = C, — Ay + C,0? and introduced in Proposition 3.5 and the vertical
harmonic oscillator O with the maximal domain

D(O) = {u € L2(X, dqdp;E), Ou € L2(X, dqdp; C)}

make a pair of strongly commuting self-adjoint operators: for any Borel functions
f,9:R—=C, f(W}g(O) = g(O)f(W) on the intersection of their domain.

Proof. — After the pointwise gauge transformation (q,p) — (q,g(q)""/2.p), the
space L?(X, dgdp; €) is isomorphic to the direct integral [ L*(R, dp) dvoly(q). In
this direct integral decomposition the operator O is nothing but fg O dvol,(q) where

8 +p3

O = Z?Zl _p]f is the Euclidean harmonic oscillator.

The associated unitary group e"? satisfies €?9,:e 70 = 9, €"Op;e =0 = cos(t)p;—
sin(t)D,, and €"9D,, e~ = sin(t)p; + cos(t)D,,, where we recall D, = +3,,. We
deduce that for any t € R, €™ is continuous from WQ(X : C) into itself, and therefore
as a scalar operator from W2(X; &) into itself.

Because the unitary transform Up : L*(X;E) — [ L*(R?) dvoly(q) given by
(Usu)(q,p") = ulq, g(q)*/%.p) is a special case of Proposition E.13 (it suffices to
consider locally the effect on the scalar components), it is an isomorphism of
W2(X; E) = D(W§) and €™© is continuous from D (W) into itself for any ¢ € R.

Because the scalar operator W? and O commute on S(X;C) we deduce that
(W2, 0] =0 on S(X;E&) which is a core for Wj.

We have all the ingredients of [ABMO96] in order to conclude that

d . ,
2 _ -4 o2 itO _
adp Wy = z—dte Wye ’D(Wg) =0,

and W and O strongly commute. 0
This leads to the introduction of the following, double indexed, spaces.

DEFINITION 3.7. — For any s1,82 € R, the space WSI’SQ(X;S) is the space
associated with the functional calculus of the two commuting self-adjoint operators
O and W} and endowed with the Hilbert norm

_ H081/2<W02)S2/2u

ol e
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In particular the space Wl’S(T*Q; &) of Definition 1.2 with the norm

”u”ﬂ;ls = H(’)l/zuH H W2)s/201/2

L2

is the particular case s; = 1, s5 = 5. Clearly the spaces WL (X; &) contain a finer
description of the regularity properties. With

52/2 s2/2
||'u||]2;‘\’;31782 = <(W92) 2/ 0(31*1)/2,&’ O(Wg) 2/ O(Sll)/2u>

H 82+1/2

L2

(9(81—1)/2u

’L2 = ||u||127\;52+1/275171-

for s; > 1, we deduce the continuous embeddings WO+51/2(X; £) ¢ W=(X; £)
for s; > 0 and by duality Wsl’SQ(X;g) C VA\}51752+51/2(X;5) for s; < 0. We will
essentially work with s; € {0, 1}.

As a first order differential operator with respect to ¢ the operator V§, can be
written

J J
V5 =2 05(0)V505(a) = 3 05 Q)9 (@PVE, |15, ]05(0).
=1 j=1
where ¢ (q)p Vf/ 8, is expressed with the local coordinates in Qj.

With the cut-off function ; € Cg°(€;; [0, 1]) such that ¥, = 1 in a neighborhood
of supp ;:(q) when Q; N Q; # 0, we can introduce the local scalar operator

(3.6) Pii = X;(@)ps ®1dg,  Dj; = X;(q)D,,,

while

(3.7) Eji = 0;(a)g" (0)V£,0;(q) € OpSy(Q; End )
with

(3.8) E;i — (0;(0)9" (q)esb;(q) ® Idg) € OpSY(Q; End &).

We have in particular

PROPOSITION 3.8. — Let p;;, D;; and E;;, j € {1,...,J}, i€ {1,...,d}, be the
operators defined by (3.6) and (3.7). For any s € R, the norms

D5l o (n0si0.0) + WDl £ (7m0, 0.0

|(W3)/2p, (W) =2 — by

+||(W3)72D; s(W3) " = Dy

E(ﬂ)l,O;WU,l)

and |(W§)/2V5,(W3)~/? -

5(17\;1,0;17\;0,1)
yHL(VT;l,O; L2)

are bounded by a constant C, ;.
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Proof. — All the operators and commutators are well defined continuous operators
on the space of smooth rapidly decaying (w.r.t p) sections, S(X; ). The estimates
are then extended by density.

For A = p,, or D\“ we know A € OpS}I,/Q(Q; &) while A and (W3)** € OpS3*(Q;
End &) have scalar principal symbols. We deduce

(W7)"A(W7) ™" — A € OpSy"*(Q; End &) € L(W"(X;€); L2(X;€)),

and ||A||£(W1,S;WO,S) - H(W02>S/2A(W92)78/2||£(VT;1,0;L2) < Cg,s-
For the second estimate we need a more accurate decomposition of (W2)%/2
A(W2)=%/2 — A. Let us write A = a(q,p, D,) with the local coordinates writing,

a(g,p.n) = X;(q)p; when A = p;; and a(q,p,n) = ¥;(q)n; when A = Dj;, and let
w(g,p,&,n) = (Cy+ ]£—Fffpk77]§+09/4(]p\§+ ]n|3)2)1/2 be the principal scalar symbol
of W2. If we forget the tensor product with Idg, we have

(W02>is - wis(q’pa an Dp) = Ris_l S OpSis_l(Q, End 5)

and
(W) AWg)™® — A= w*(q,p, Dy, Dp) o Aow *(q,p, Dy, D) — A+As s+ Ry
:Al,s
with
2\%/2 51 s—1 —1 51,0 YA50,1
A2,82<W9) R A+ R w (q,p,Dq,Dp)AEE(W’;W’),
and

R, = (W§)*|A, R
+ Rt [A, w*(q, p, Dy, Dp)] € OpS_3/2(Q; End &) C E(Wl’o; W(M).
By pseudo-differential calculus the symbol of 4, s equals
w*0,a.0,(w™*) — w*0,a.0y(w™*) — w'0,a.0cw™* + 1y

- Z ( 1o, a) ( _18pw2) + (w_lapka>ﬂ(w_18nkw2> + w*Ocw ™ *40,a + 1’

with ry, 7. € S372(Q; C).
An explicit computation shows that the operators

(w’lﬁpka) (q¢,p, Dy, Dp), (w’l(?pkw2) (¢,p, Dy, Dy) and  0,a(q,p, D))
belong to LOWYO(X;E); L2(X;E)).

The operators

(w_lﬁnka) (¢,p, Dy, D,), (w_lﬁpka) (q,p, Dy, Dy)

belong to L(L*(X; E); WO (X E)).
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Finally the remainder
r(0,p, Dy, D,) € 0pS5*(Q; C) € L(W(X;£); W (X;€)).

This ends the proof of
|y AWy - A,

—

Wl’o;wovl) < Og,s for A = pj,k or Dj,i'

We split (W3)V5,(Wg)~* — V¥ into

J
> (WY E;:p;s(Wg) ™ — Ej.Dja
=1
J o~
2\s ~ 2\—s
= Y [W) E;u(W3) ™ = Byl o (W7)Bja(W) "
Jj=2

+ Eji o [(W3)Ba(W3) ™ = Byl
The factor [(Wg)SEM(WBZ)_S — E’“] belongs to
OpSy(Q; End &) C L(L*(X;€); LA(X;E)),

while the operator (W2)*p;.(W2)~* belongs to LOVO(X; E); L*(X;E)).
The operator (W3)*p;i(W§) ™ — pj; belongs to LOV'(X;E); WH(X;€)) while
the factor E,; belongs to OpSy(Q; End &) € LWV (X; E); L*(X;E)). O

4. A priori estimates on the scalar GKFP operator

In this section we work directly with the localized scalar version of GKFP operators.
The results of this section will then applied to the operators Pi,zfs of Subsection 2.3.
From now on, we focus the analysis to the case & = +, because the other case & = —
is the same, and we write simply P/ and all the forthcoming related operators without
the + index.

The coordinate domain €2 in () is fixed and any coordinate system allows the
identification T*Q = Q) x R C Rgi. The symplectic volume on € x R?, is the usual

Lebesgue measure dgdp and the corresponding L%(Q2 x R?, dgdp; C)-norm will be
denoted simply by || ||;2. We consider a scalar GKFP operator

Py = ﬁ0+ )7 b€ (0,00),
with
—0ij(0)0p,0p, + 9" (q)pip;
y:g](q)p]@” O: J()p p2 ( 37
with the domain

(4.1) D(P,) = C5* (2 x R% C).

TOME 9 (2026)
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By assuming ) CC €2; where 2, is a bigger coordinate domain of (), we can assume
gla, = gla, , Where g is a Riemannian metric on R? which is Euclidean outside
a compact set, and €2/, is an open neighborhood of €2 such that @ CC €, CC .

Alternatively the local scalar GKFP operators P, can be introduced directly on
Q x RY C R?*® with a metric ¢ which is a compactly supported perturbation of the
Euclidean metric.

4.1. Dyadic partition of unity

By following [Leb05, Leb07] or [BCD11], let 6,6 € C2°(R) be such that supp(6) C
[1,4], supp(8) < [0,4], and
(4.2) Vte0,00), (A7) + > 60%(27) = 1.
=0
For z € T*Q2 and £ € NU {—1}, set

o2 ¥pl), 0> -1,
(4.3) 95(33) = {§(4|p|3)7 (=1

The collection {#,}72 , constitutes a quadratic dyadic partition of unity for 72 in
the sense that

(4.4) VeeT*Q, > 6j(z)=1,
=1
with
(4.5) supp(6,) C {2571 < pl, < 2“1} whenever (> —1,
and

N —

(4.6) supp(f-1) C{0 < [pl, <1}, and 0_4(x) =1 for 0 < [p[, <
Notice that because 6, is a function of \p|§, 0, satisfies
(4.7) Ve NuU{-1}, Y0, =0.
When (g, p) are canonical coordinates on T*Q = Q x R?, we also observe

(4.8) Vace Nd, 1C,>0,V/eNU {—1}, sup ‘8396(33)‘ < CQQ*IOM'
z€T*Q

PROPOSITION 4.1. — There exists a constant C, 55 > 1 depending only on the
Ry I\
AL > M
(o7 5)1,
5 Ry A
<3 —+Py—— 0
2

holds for all u € C°(Q x R% C) and all (\,b) € R x Ry when ry = C, 5 5(1 + b?).

metric g and the functions 6 and 6 so that

1 Ko i\ 2
(4.9) 1; 7t Po— 5 |

2

b

X
L2
2
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Proof. — Thanks to (4.7), we have the commutator identities

2 1 1 00, 0 1 9%6,
41 = — —_ — 1 - 1
( O) [bZ + Pb b 651] b2 [07 951] b2 gl]( ) apl apj 2?)29j< )apzapj
and
i\ 1 100, 96,
(4.11) H52 + Py = ,941],04 = 500,00, 0] = —159(0) i o0,

for any 1,0, € NU{—1}. From (4.8), (4.10), (4.11) and the integration by parts
inequality of Proposition 2.1, we deduce that there is a constant C; 05 = 1, depending
only on the metric g and the functions # and @ such that r, = C,o4(1 4 0%), with

Coo6=Co+ 32C’ ; and Cy > 1 fixed in Proposition 2.1, 1mphes

) 2 1 1
(4.12) Z ) —I—Pb ,951 Ggu gc;ﬁ?é Z(4||nggul|ig+4||95U||%2)
o b b 12 7 \b b
11 ) 2
<C =+ - 26
ool ) S (75 o
and
)\ 2 !
(4.13) > H2+Pb ,Hell,(?b]@lu < —200 )2,
0,61 42 b b L2 b
! . 2
j A
g,0,0 9
ST (b? e b)

forall A\ € R, b > 0, and u € C§°(T*Q2; C). The equivalence (4.9) then follows from
Corollary C.2 with r = 1. O

2
For every ¢ > —1, we define the change of variables

P, QxR — Q x R?

(a.p) > (4,2°p).
The change of variables in the integral give
A
|7

K
<b§ —f—Pb >9gu

with u,(q,p) = 2%9(\plg)u(q, 2p) (for £ = —1 replace 6 by §) and Py, = &;Py(D;1)*.
After the change of variables, operators are changed by

(4.14)

L2

1 1
(4.15) Poo = ﬁoe + Eyéa
oy (e-1) _ L(o-
(4.16) O = 2;0(2; )" = 5 (27%95(a) Dy Dy, +2%9" (0)ip;)
and
(4.17) Ve = &9 (07) = 2 g (@, | + TR (@pm ).
l 14 J aqz ik apk
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The equivalence (4.9) can be rewritten as

(4.18) Vue C§°(Q x R% C),

e n- 2

2

<|(Gen-5)r
L2
A
<b2 Pbe—zb>e

o {x (q, )EQXRdi<]p|q<R} for £ >0
of {x:(q,p)EQde,|p|q<1} for ¢ = —

2

g,
2

)
L2

where now uy € C§°(Sy2; C) with
(4.19)

for any fixed R > 1.

4.2. Partition with a 2’-dependent grid in the open set Q C Rg

Here the integer ¢ > —1 is fixed and the localization will be done with some
translation invariance in R? by using a regular grid with a spacing of size A27¢.
Let us start with the translation invariant partition of unity

(4.20) ST *(g—m)=1 with ¢ € CP(RY%0,1]).
meZd
For any A > 0 and ¢ € Z, { > —1, it can be written

Z ? ( Agm;A) =1 with guea=A2""m.
mezZd

Accordingly we set

and we get

(421) Supp(¢m,Z,A) = 4dm,A + AQié SuPp(¢)a

(4.22) Va,B e N, la| > 0 => DYDItpy 4 =0,
(4.23) VBEeN, 3Csy >0,  |APRTPIDIY, 04| < Cay.
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PROPOSITION 4.2. — Let Py, and Sy be defined respectively by (4.15)—(4.19)
for { € Z, ¢ > —1. There exists a constant C,,, > 0 depending only on the metric g
and the function v such that the two inequalities

Coyu

A
= Z ( + Pre — )@/)m,z,Au A%Q

mEZd
Kp A
< H(WW‘Q“

2

2
2¢
H2 77ZJm€AU 12

2

Y
L2

: . 2
Kb (2 (2 20
— - — <2 - — 2
T VL RS () R
hold for all u € C§°(Sy2; C) and for all (A\,b) € R x (0, +00).
Proof. — The computation of commutators gives
iA 1 1 My 0,
4.24 m S - — 249 ()2 1b, ’
(4.24) [62 + Py — ,w 1,£,A] b[yeﬂﬂ LA 59 (9)2°p; oq (q)
i

1
(4.25) HbZ + Pos — ,we,ml,A],iﬁmQ,&A] = E[D)e, Umy .4l Ymay,a) = 0.

Because suppu C Spo C {x = (q,p), |p|, < 2}, the estimate (4.23) of the derivatives
of ¥, ¢ 4 implies that the right-hand side of (4.24) satisfies

E adjml l,A CN’g w24£ )
777 < ) -
mi €24 og’ = (Ab)? %ma e, a2

1 2

~g"(q)2"p;

b (Q>¢m2,€,Au

L2

for all m;, my € Z¢ with a constant (jg@ > ( depending only on g and . Because
the double commutator vanishes, we apply the formulas (C.2) and (C.3). This yields
the result with the constant Cy, = 4C2 . O

Since there exists a constants Cg » = 1 given by (g,%) such that

(4.26) {x = (q,p) € Si2, q € supp(?/}m,e,A)} - (B(qm,gyA, @g,wAQ*e) X Rd) N Sea

when u € C§°(S2;C), the problem is thus reduced to finding lower bounds for
(5 + Pye — 2)o)|2, when v € CF(B(gme,a, CygpA27) x RIN Sp). When A2 is
small enough, (4.26) is contained in a g-ball with radius below the injectivity radius
of the metric § on R?, and normal coordinates around dm,e,4 can be used. Note also
that the ball B(gy.r.a, CA*M,AQ_Z) can be equivalently taken for the Euclidean metric
or the metric g by possibly adapting the constant @g,w‘

4.3. Use of normal coordinates

Due to (4.26), we are interested in (5% + Ps¢ — %*)v when v belongs to

C3((B(gmea, CopA27") x RY) N1 S;5;C).
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724 F. NIER, X. SANG & F.G. WHITE

For 27YA < ¢,, with ¢,, small enough determined by the pair (g,%), we may
introduce normal coordinates ¢ = (¢*,...,q%) centered at gm¢4. The associated
canonical coordinates on B(0,Cy,,A27) x R? ¢ T*R? will be denoted by (g, ) with
p = (P1,--.,Da)- Since Pp, maintains the same form (4.15) under the coordinate
change (¢, p) — (q,D), we may assume without loss of generality when considering

am (2 em-2).

for 274 A < Egap and v € CSO(B(qmj’A, 61971#14276) x RIN SE,Q; (C) that qme,A = 0 and
that the metric ¢ satisfies

L2

(4:28) Vae N, 9(g(a) - by) = 01 *7"),

We note that since the Christoffel symbols for the metric g are given by
Ly 0gji 99 G,

4.2 I (q) = =g (q) | =2 ik (@) — 22

(4.29) i(a) = 59 (q)< G (q) + o (q) 4 (@) ],

we have

(4.30) Va €N 9iTi(g) = O(Jgl" ).

in these coordinates. By taking ¢, ,, smaller if necessary, we may restrict our attention
to functions v € C5°(B(0, é;ywATé) x RN S ,; C), where B(0, CA';WAQ_K) denotes
the Euclidean ball in R? of radius é"gﬂpAQ_e centered at the origin 0 € R, CA”gﬂp >0
is a constant depending only on g and ¢, and Sy, = {(¢.p) € R* : < [p| < 4}.
Here [p| = (pf + -~ +p3)"/%.

Let g(¢) = (9ij(q)),<; j<q extended to a function defined on the whole space R4
with the same properties. We now introduce the following non-symplectic change of
coordinates on R%:

(4.31) fom (0,p) — (27, 92 q)p),
and the associated unitary map
Upm - L*(R*?;C) — L*(R*;C)
vi—s 2% det(g(274q)) (v o wim) ,
which sends L*(B(0, 6”971/)1424) x R4 C) into L*(B(0, CA"M,A) x R4 C).
By taking ¢, smaller if necessary, we can assume that the unitary map Z:{g,m and
the pull-back ¢, send C5°((B(0,C", ,A27) x R?) NS} 4; C) into C3°((B(0, C", ,A) x

RY) N S 8; C).
The change of variables in the L?-norm gives

Kb P
<b2 + Py — b)v

1
Uy Py iy, = \/det(g(2749)) Poem )
- det(g(2~q))

(4.32)

Y

L2

i\
<Ug m( B —l— Pb 0 — b )uzm>u£,mv

L2
where
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with
Potim = PimPos(Pim)
A straightforward computation shows that

1 1
(433) Pb,fym = ﬁOZ,m + gyfmw
A 1
(4.34)  UpmPo iy, = Popm + l det(g(27*q), 7 + Pooym — Z] ——
b b1 /det(g(2q)
where
(435) Og,m = QDZmOg (@Z;)* = Unggu;m
D D,
Z( 24 24 (2 Q)26p12£pj>
and
. N .0 3
(4.36) Vem = &1 Vi($im) = 20 pi5: + 5 (@, Opivi -
i ¢ ¢ 59k
(4.37) (0, 0) =2 9w ;(27) 8(]1 +ZF "27%) |,

1
(4.38)  UemVilhi = Vem + { det(g(27%q), yz,m] —
det(g(27%q)
From (4.28) and (4.30) we know that

(4.39) sup

Ay
qEB(O,Cg’wA)

J(g,0)| < CiRA.

Since det(g) o ¢r., = det(g(27%q)), we have

A

1
+ Puin = g 0(5) © ptn] = [V etla(2-10)

b2 b
— (1)9027” [yz, \/M} (904_7}”)*
— Hyg, det(g)] °© Pem

2t ., 0Oy/det(g)

= 3 kaqi O Qtm-

is bounded by some constant C @ % n (B(0, é;ywA) x RY) N S)5. With the identi-
ties (4.32) and (4.34) we deduce
2
|(Beme-3)

(4.40)

(4.41) H|< + Poom — )Uzmv

L2

< O = Uy 12

e
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PROPOSITION 4.3. — There exists a constant Cy,, > 1, determined by the metric
g and the function 1), such that the inequalities

By
( 7’”‘b> v

A
<b2 + Prom — b)”ﬂ,mv

hold for a]l v € CP((B (o 6* Az—f) x RY) N S 4;C), all (A, b) € R x (0,00) when
2'A< g and 3 > Cyy
Additionally, we recall

Upmv € C((B(0,C) ,A) x RT) N 8 ;C),

2 2

1 Kp A
(442) 4H (()2 + Pb,@,m - b)Z/{g’mU L
2

<4

)l

L2

for all v € C°((B(0,C" ,A27%) x RY) N S ;;C).

Proof. — The same integration by parts as in the proof of Proposition 2.1 now
gives

3=

C HQ ‘D TG HQE +/<Jb||U||L2} + Re< ,ij(q,é)pipjaiku>

> 3]
Rp A
> (5 -t b)HuH%z

for all u € C((B(0,C", ,A) x RY) N S}4; C), owing to (4.39). For w, > 8CL4) Ab

we deduce
0o i d ’ . Kp Rp A
Ve ((8(0.Cy0t) <) 530 21t < (2470~ )]
The inequality (4.41) now implies
IA A
(4.43) + Potn — — |Upmv| = ||| o2+ Pyy — =
) o W (et )L
8C®) Ap i\
gt _ 2z
\ K <b2 ,bem b )uﬂ,mv L
when k; > 8Cg 1/JAb It suffices to take C,, = max(8 Cg(14w’ 1609w) O

The next step is to replace the Oy, with the Euclidean version defined by
A 1 —2¢ 2,12
(4.44) O, = 5(5Z-j2 Dy, Dy, + 2% |pf?),

and we set according to (4.36)
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~ 1~ 1
(4.45) Proom = bjoz + Ey&n"w
with
20 ¢ij 9
(4.46) y@,m =270 pja i + f (Q7 )plp]a
PROPOSITION 4.4. — There is a constant Cy, > 1 determined by the metric g

and the function v, such that the following inequalities

I\
. _ O, A2 ”( O>
(5 + P31, 50
Rp P
(4P =5 )],
and
Kp A Kp ~ A
(o 3H, o2,
2 2/
b Oy A% (b2+b20£) .

hold for all u € CF((B(0,C" ,A) x RY) N S)5,C), all { € Z, { > —1, and all
(A, b) € R x (0, +00).

Proof. — From the equality
(4.47) Potom — Pt = [ (Oem -0 )
The difference between Oy, and 6g7m is given by
S T - B .
(448) Og’m — Oe = 5 [(g” (2 ZQ) — 6”)2 2El)pi.l)pj + 2% (gm (2 EQ) — (5 J)pzp]} .

A unitary change of scale replaces (2p,27°D,) by (p, D,) and the problem is reduced
to the comparison of harmonic oscillator Hamiltonians in Proposition A.1 relying on
global ellipticity. With [¢”(27q) — 6] + [g;;(27q) — 05| < Cyp,1A*27%, we obtain

(00~ 0], < (5 + 50

for some constant C,, > 0 determined by (g,?). The two inequalities of this

(4.49) < Oy A%

Y

L2

proposition follow. O
We set h = ﬁ,
A h =~
(4.50) B +Pbgm—zb—22é<ﬁz+7)bhf—lh/\>
where

A 1 pl* 15
(4.51) Pons = 5%(th)(th;) T 52 22 + béj
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The problem is now reduced to a careful study of the operator 73b7h7f acting on
Cse((B(0,CY ,A) x RY) N S)4,C). We will firstly consider the Euclidean case in

Section 5, where f = ( f,ij Ji<ijk<a = 0, and the results for the general case will
be obtained by some accurate perturbative argument in Subsection 6.1. Passing
from the local to the global estimates will be developed in the end of Section 6 but
preliminary results are collected in the next paragraph.

4.4. From the local models to the global estimates for a fixed /

We work in the framework of Subsection 4.2 and Subsection 4.3. Remember the
notations and assumptions:

e the partition of unity Zmezd ¥?(qg —m) = 1 and the notations ¢, .4(q) =

(5 qu) QZmA—AQ m;
o Poo =0, + 1V, introduced in (4.15), (4.16) and (4.17);

e the condition 2*€A < gg9p = ﬁ for €4, small enough which allows in
9,

Subsection 4.3 the use of normal coordinates centered at ;4 = A2~ 'm,
m € Z%, and the comparison between the metric g with the Euclidean metric;
e the unitary transform U, associated with the change of variables ¢, :
(q,p) = (27%q, g(27%q)p) written in normal coordinates;
e the operator Py, = b%(’)&m + %yg,m introduced in (4.33).

ProprosITION 4.5. — With the above notations and assumptions, in particular
27fA < ﬁ, set for u € C§°(Sp2, C) and for any m € Z,
9,

Upm = L{g,m(wm,&Au) S C?((B (0, C\’;MA) X Rd) N 52,87 C)

The following inequalities

A
Z H( +7)b£m_b)u£,m

mGZd

2
2

L2 (RQd)

Kb A
( -5 )

Cow ||92¢,,
~ e

L2 (RQd)
2

12 (RQd)

L2 (de)

)\ 2
<> 8|< ‘l'PbEm_Z)uZ,m

mezd b

2
L2(R2d)’

Co
+

R2d)

hold true as soon as ky > Cy,,Ab and the constant Cy,, > 1 is chosen large enough.

Proof. — Simply combine Proposition 4.2 and Proposition 4.3. U

A similar result can be written for the hamiltonian vector field alone.
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PROPOSITION 4.6. — With the same notations and assumptions as in Proposi-
tion 4.5 the following inequalities

2

2 1 1 20
mezd 8” b (Ve = iA)uem L2y Cg’w<AQb2 - b222€> H2 Hem |l 2 (g2a)
1 2
<|;@e-ina
b L2(R2d)
and
1 . 2
Hbo;e A L2(R2d)
2 1 020, 2
mgd 8|+ y@ m )UZ m 224 + Cgﬂ/’ (AQbQ 622%) H M| [2(R24)

hold true as soon as the constant C,,, > 1 is chosen large enough.

Proof. — In Proposition 4.2 the operator (3% + Pps — @) can be replaced by

£(Vp — @A) and this produces the same error term A2b2||22£ugm|| 72. In the same
way, the calculation leading to (4.41) can be done with (% + Py, — 2) replaced by
%()/g —4\). This second step leads to

2

2 A2
H b yém - )Z/{Z mU + 2 {Céiﬂ bTHZ/{E,mUHiz(de)

QHby’f_M)

L2 (RZd L2 (]RZd)

and
2

2 QA

1o

2Hb yfm_ )uZmU

L2(R2d L2 (RZUZ)

Since 27°A < &
9%

A2 2 2 20

EHU&mUHLQ(RQd) < b222ﬁ HQ Ugmv

< 1, we conclude that

0

HQMUK mU

L2(R2%) b222é L2(R24)"

The last result of this paragraph is about the comparison between local and global
estimates of the W?/3-norm appearing in the lower bound of Theorem 1.6. According
to Proposition E.7 (ii) in Appendix E, the W?/3-norm of u € C°(2 x R%; C) can be
written

2/3,, 2
L2 (RQd

el = |

+ H’D ‘2/3

L2 (RQd)

expressed with operators constructed in the Euclidean case. The change of scale
(p, D,) — (2°p,27D,,) leads to consider

(4.52) lulgers , = || (@02

el

L2(R2d LQ(RQd)
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PROPOSITION 4.7. — With the same notations and assumptions as in Proposi-
tion 4.5 and with ||ul|,yz/s , defined by (4.52), the following inequalities

lully

2
2/3
W2/3Z 9"/’ Z H Of tUe,m L2(IR2d)
meZd

2

H 220 L2(R2d)

0 12/3 2
+ ‘2 Dq‘ Upm Ugm

L2(R2d) A4/ 3

hold true as soon as rky = Cy4Ab and the constant C,, > 1 is chosen large enough.

Proof. — With

|2, = (1= AP0), (1= A = [(1+ ¢4 (g, D,),

L2 (]RQd)

and ¥,,ez¢ V(¢ — m) = 1, Weyl-Hoérmander pseudo-differential calculus with the
standard metric dg® + s (see [Hor85, Chapter XVIII]), provides a constant Cy, > 1

(€)2
such that
2

X

<Cy Y H % —m)v

mezZd

By setting h = A27°, w(#) = Vme,a(q), v(g,p) = hd/zu(hqap) and

L2’
—aj2,, (94— hm -1
Um,0,A(4, P) = Ymea(q)ulg, p) = b= — v(h™ q,p),

the above inequality becomes

H|th‘%U

2 2 2
2 S0y > H(th>3Um,e,A L2
meZd

2 2
<20y | Y ||IhDyl5 vmeal|,,

meZd

+ va,f,AH%Q(RQd)] :

0dt/2

By multiplying both sides of the inequality by i i, we get

2

22@/3
L2(R2d) '

[I1Dl5u

Um, ¢, A

5 200 T (1D s+ WH
m

By adding ||(@g)u||%2(R2d) = nezd ||((’5g)vm,g,A||%2(R2d), we deduce

2
L2(R24) ’

which is not exactly the sought inequality expressed in terms of the w,, s 4. By setting
Vmea = 220, 4(q,2°p) we have on one side

lulges, < C

2/3
H2 /Um,e,A

Z va,f,AH%}?/S V; A4/3

meZd

[vm,e.all 5525 = Ol Tass
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while on the other side
6m,@,A (Q7p) = 2£d/2wm,€,A(q>u(Q7 ng) = 2&1/2 [uejyllum,f,A} (Q? 2Zp)

2@d ; R
= U ,4(2°0, 9(2°9) '2°D) = (U mTimea| (g, p)
det(g(2%q)) ( ) [ }
with
T, e, 4(0, ) = 2" Um0 (2£q7 2£p>
and
- 1
U mw)(q,p) = ———=w(q,9(q)"'p).
det(g(q)) ( )

Proposition gives ||ag,mw]|ﬁ,2/3’1 < Cé}%HMH‘/pz/sJ and

2~
W2/31

||Um,€,A||)2/T;2/371 < [Ofg 7/))}
2

S (&7 (AR o H]szqf/ Ry o
while
= [|Um,e,all 2@eay = [[Um,e,allr22e) = ||tm,eall L2@2a).-
This ends the proof after choosing the constant C,,, > 1 large enough. U

5. Euclidean Case

In this section we consider the scalar Euclidean case indexed by two parameters
b, h > 0 with the Kramers—Fokker—Planck operator

5 1 !pl2 1
(5.1) 7Db,h,o:2< WA, + =5 gz Ja j

%,_/
:Ob,h :ip'Dq

on R? = Rd X ]Rd where (¢,p) = (¢*,...,q% p1,. .., pa)-

PROPOSITION 5.1. — There exists a universal constant C' > 1 such that the
inequality
2

(5.2) C'H (Z + Pono — ihA)u

L2 (R2d)

ho - 2 1 2
> H(—Fobﬁ)u 4 H(p-Dq—h)\>u
b LQ(RQd) b

hoBoa) Il
3

+ h27|)\| ) Ju
LQ(RQd) \/%—i_ ‘p|
holds for all u € Cg°(R?%;,C), all A € R and all (b, h) € (0,00)>.

LQ(RQd)

+

L2 (RZd)
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Proof of Proposition 5.1. — A unitary change of scale transforms the operators

(¢,p, Dy, D,) into (\/%q, Vbhy, \/%Dq, \/%Dp) and 73b,h70 into %731,1,0. The problem
is thus reduced to the case b = h = 1 and the final result will be obtained after
multiplying both sides of the specific inequality by h?/b?.
Let us introduce some simplified notations:
e The partial Fourier transform with respect to the variable ¢ is normalized as

(5-3) Fooeu(€,p) = /R e (g, p)dg,  u e CE(R™).
It is unitary fri)m L*(R2%, dgdp; C) onto Lf(Rgi,, (;ng)ddp; Q).
e The operator Py ;1 is simply denoted by P and we set

~ ~ 1 )
P = IPLLO = *<—Ap + |p|2) —Hp . Dq

E
(5.4) - ®1 &
P = Fagse © Po (}-qr—>£)_1 - /Rd §<_Ap i ‘pﬁ) Tilp-8) (2m)’

_P,

in the direct integral decomposition

L2<R§";, d dp; C) :/ﬂj LQ(Rd,dp; C) de

(2 (2r)t

e The harmonic oscillator hamiltonian O = —A%m? is decomposed as O =
102 1

0,—-1% 1,

iT T30 T ab
e For any fixed £ € R?, there exists an orthogonal matrix R¢ € O(d) such that

(5.5) Re (&) = (I€1,0,....,0).
The corresponding unitary pullback on functions (R{)* : L*(R?) — L*(R?)
is given by

(RE) ulp) = u(REp), we LR,
and we let (R¢)* := ((R{)*)™" be the inverse of (R{)*. For £ € R, let

- .~ .1 ‘
be the conjugation of P; by (RE)*. From (5.6), it is clear that
(5.7) Per =01 +ipi|¢|+ > 0.
i#1
We now turn our attention to the topic of obtaining lower bounds for the quantity
(5.8) |1+ P —idu Lo
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when u € C°(R*) and A € R. We begin by observing, via a straightforward
calculation, that

2 2

2

p
(- 3o+l - )] 4]
Q(Rd) L;%
+Mszd+1mau2 LM
L2RE) T o op: L2(®9) 92 L2(R%)

for any u € CP(RY), ¢ € RY and A € R. Meanwhile, an integration by parts
argument gives
1 62 ?

sl

Z ||U||12(Rd =
L2(]Rd) L2 (&) 2 @pl
for every u € C°(RY), ¢ € RY and A € R. On the other hand, from Proposition B.1,
we know that there is a universal constant Cy > 0, such that

L2(R4)

2

(5.11) Cy (1 _ ;Am Fi(pile] — /\)>u

L2(R4)
2

Ay u

> |; I wle] = Xl

12 (Rd
2

2 2
+ (1615 + 1) ull?2 e +

2
< Al >3u
L+ |pi

L2(RY)
for every u € C§°(R?), £ € RY, and X € R. Since
1 Y 2
11+ Ol = nmmw+wmwpm+|;
(Rd)
———u
apl L2(RY) apl L2(RY) 2 0pt L2(R4)

for every u € C§°(R?), we deduce from (5.9), (5.10), and (5.11) that there is a
universal constant Cy > 1 such that

(512) ClH(l + O + Z<p1‘€| o )‘))u L2(Rd)
2 ||<1 + Ol)UxH%Q(Rd) + ||(p1|’£‘ - )‘)uH%Z(Rd)

2 2
()

u
L+ |p

L2(R4)

2 2
+ (|§|3 + 1) lullZ2ge) +

for every u € Cg°(RY), £ € RY, and \ € R.
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Next, we observe that elementary algebraic manipulations give the following iden-
tity:

(5.13) (14+0)* = (1+0,)? (ZO) +2(1+01)> 0; > (Zoj).

J#1 J#1 J#1

A straightforward computation using the first equality of (5.13) gives that

(5:14) (14 Per — i) (14 Per — i)
= (1401 —i(pl€] = A))A+ 01 +i(mlé] = V) + (1+ 0)* = (14 Oy)?

holds for every € € RY and A € R. As consequence, the inequality of (5.13) yields

(5.15) (14 Per — M)

L2 (R)

> (1 +0s+i(pile] - A

ZOu

J#1

L2 (R4) 12 ()

for every u € C3°(R?), £ € RY, and A € R. Combining (5.12) and (5.15) then leads
to the lower bound

(5.16) C4f(1 +P§R—z)\)

L2(]Rd)

Z Oju

#1

+ 11+ Ol)“”%?(u@d) + [[(pa]€] — )‘>u||2L?(]Rd)

L2(R4)
2
()
u
L+1pl) |,

1
> 511+ OYullfagua) + 1 (prlé] = Nullqee

2 2
u
L+1pl) | .

for every u € C5°(RY), € € RY and A € R. From (5.5), (5.6), (5.16), and the unitarity
of (Rg)*, we see that there is a universal constant C' = 2C; > 1 such that

2 2
+ (1617 + 1) ulF2 s +
2(R9)

2 2
+ (1615 + 1) ull32g@a +

(RY)

(5.17) C|[(1+ P - m)

2
L2(RY) 2 [|(1+ 0)u|lL2(Rd)

2 2
+ 12 & = NullFaay + (1€15 + 1) [fullF2za) +

2 2
( B )u
L+1pl) |,

Q(Rd)
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for every u € C°(R?), € € R4, and X € R. Using (5.4), (5.17) and the unitarity of
Fy—e, We obtain

C’H(H—P—z)\)

L2(R2d) = H(l +O)UH%2(R2‘1)

+ (- Dy = Null3aggan, + | (1D + 1)

2 2
+ |/\| 3u
s T\ T )

L2 (RZd)

for all u € C°(R?*?) and \ € R.
With P =Py (see just before (5.4)), we have proved

1+ Prso )l

[2(R24) > HOU\@?(Wd)

—|—|’(qu )uHL2 RQd)‘i‘HOD |3 +1)

2 2
N ( Al )3
U
1+ [p|

12 (R2d)

L2(R2d)

The unitary change of scale introduced in the beginning of the proof and associated

(¢,p, Dy, D,)) — \/—b Vbh \/—hD L D
Q7 ) q P hQ7 p? b q» /hb P

transforms 73b7h70 into %7517170 and its inverse transforms P ;o into %73;),;%0. IfAxeR
is replaced by bA € R we ﬁnally get:

b~ , b A ?
C 1+ *,Pb,h,o — b 1+ *Obﬁ u
h RQd h’ Q(de)
2 2 2
b Al )’
+ H< p-Dy— b)\ + Dq +1|u ‘ | u
L2(R2d) h ol
L2(R24) * Vi L2 (R24)
for all u € C§°(R*), XA € R and (b, h) € (0, +00)?. Multiplying both sides by (%)?
ends the proof of Proposition 5.1. ([l

6. Final proof of Theorem 1.6

We now collect all the information given by the localization techniques of Section 4
and the accurate estimates for the Euclidean model in Section 5. The first result will
be the derivation of the subelliptic estimate for the local model Py ,,, = b%(?ﬁ— %y&m
introduced in (4.45) at the end of Subsection 4.3 from the subelliptic estimates for
the Euclidean model. The second result is about the other local operator Py ., =
b%@g,m + %y&m introduced in (4.33), (4.35) and (4.36). These preliminary results
hold for all momenta p ~ 2¢ and arbitrary values of the intermediate parameter
A > 0 introduced in the grid partition. Then, in the third paragraph, we consider
the case of large momenta or large ¢ and the summation with respect to the grid
index m € Z% will hold for A > 1 large enough. Here the intermediate parameter A
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736 F. NIER, X. SANG & F.G. WHITE

will be fixed to A = A, (b) > 1 large enough according to the value of b > 0 and the
geometric data.

Once A (b) > 1 is fixed, the fourth paragraph collects the information when the
momentum p ~ 2¢ is bounded by C4__ ). For this part the term p x p x 9, estimated
by O(Ca..(5),6)0p, is controlled by a snnple integration by parts argument provided r
is large enough The summation with respect to the grid index m € Z% will be done
by choosing another value for the intermediate parameter A = Ay (b) with Ag(b) > 0
small enough according to the value of b > 0 and the geometric data.

Finally all of the summations with respect to £ > —1 are carried out.

6.1. Comparison of the local model ﬁb,g,m with the Euclidean case

We write general local subelliptic estimates for the local operator 75b7g,m = b%@g +
%yg,m introduced in (4.45) at the end of Subsection 4.3 and parametrized by the
dyadic scale 2°, b > 0, the grid index m € Z¢ and the constant grid scaling A > 0.

PROPOSITION 6.1. — Let C' > 1 be the universal constant given by Proposi-
tion 5.1 for the Fuclidean metric.

There exists a constant C’g(ii >0, depending only on the metric g and the function 1),
such that for all (A,b) € (0,+00)?, ky > C’g ¢Ab + 1 implies the inequalities
2

A
(6.1) H( + Phtm — b)“ e 216b4H L2(R2d)
and
Nk
(6.2) 4C(1+Cyp*A%) <b2 + Poom — Zb>u
LQ(RQd)
1 _ 2 2
> || = _
g Q(HbJrOé) L2(R24) - Hb Ve = iA)u L2(R24)
2 2 212
+ (% 3+1)u +H(1W )
12 n n ¢ ’
b b L2(R2d) b*1+2 ’p| L2(R24)

when either
ueC((B(0,.C),A) xR) NS4, C) and (M) RN,
or
u € C8°(<B(0, é'gﬂﬁA) X Rd> N S’_LS,(C) and NeR forl=—1.
Remember the notations of Subsection 4.3:
o /L = Wlu,,
o St Ppyy— 2 =222 4 thf —ihA) = 5 (58 4Py ¢ — b)),

~ o~ th +| ‘
b : P
o Oy = L0y with Oy, = ——5 4,

© LVim =2%(1p- 0+ hf (q,0)pipiOp,) = 1 (30 - Oy + hf (0, O)pipiOp,),
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o Sig={(¢.p) e R* 1 <|p| <8} and S) 5 = {(¢,p) € R*, |p| < 8}.

The result of Proposition 6.1 is actually deduced from the same results for the
operator Py, . This will be done in two steps.

PROPOSITION 6.2. — There exists a constant 055,21)& > 0, depending on the metric

g and the function v, such that for all (A,b) € (0, +00)? and for ky > 1+ C_ ¢Ab
the inequalities

hk 1 1
(63) Re< (bb + thf — Zh)\)U u> 2 W”UH%Q(RM) + 5 ZHth Uu
2 J

2

2
L2 (]RZd)

2
LQ(RQd)

h
(64 H(KZ)—Q—'thf—Zh)\)

1 ) 1
> —|lu + hD, u
L2 214[)4” HL2(R2d) 28b2 ZJ:H Pj

hold true when either
ueCe((B(0,C),A) xR NS, C) and (M) e RxN,
or

ueCr((B(0,C),A) xR NS ,C) and AER forl=—1.

Proof. — A straightforward computation gives

h h
(6.5) Re<(gb +thf —zh)\>u u> = KbHuHLz(RM)

L2
ou
+Re <hfk pzpja > )
LZ(RZd) L2

and, owing to |p| < 8 and |f};(q)] < 9¢A according to (4.39),

0
(6.6) |Re< pzp]a U> <[ pzp],apk]u,U>L2

_Z<§1€: (f;ikpz‘ + f/l:jpj)ua U>
LQ

1 2
< 8hCy) Allul T2 ges

H pl,

+;ZWQWQ
J

12 (R2d

for any u supported in (B(0, CA”g’wA) x RY) N Sjg with € =0 or £ = —
When ¢ = —1 and h = % we simply use

h — 8C41) Ab 1
Re< (I{b—i-thf—zh)\)u u> 24/%—W||u||iz —|—§ZHthju ’
J

b 12 b2 L2(R24)

2

L2(R24)’

2 1
J

if ki = 1+ CP)Ab and CF) = 16CY).
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When ¢ > 0 and suppu C (B(0, CA';’¢A) x R%) N Spg, we deduce with the lower
bound |p| > 273 the inequality

Re<<m+77bhf—zh)\>u u>
b L2

i hC(2)A
><b - sy 27@2 lull?2 + 5 ZHh

where again Cg(2¢ = 16C 1w is determined by the metric g and the function . The

LQ(RQd)

assumption xy > o q/JAb implies

hlib hlib 1 2 1 2
Re < <b + thf - zh)\>u u>L2 = (2() + 2762> HU”LQ(de) + 5 ZJ:HthJu

L2 (RQd)

and this ends the proof of (6.3).
The second inequality (6.4) is deduced from (6.3) via the Cauchy—Schwarz inequal-
ity like in the proof of Proposition 2.1. U

We are now able to give a lower bound for the operator 75b7h7 f-

PROPOSITION 6.3. — Let C' > 1 be the universal constant given by Proposi-
tion 5.1 for the Euclidean metric.
There exists a constant C'g(iz, > 0, depending only on the metric g and the function v,

such that for all (A,b) € (0,+00)?, and Ky, > C’f&Ab + 1 the inequality

h 2 |/ keh A
(5P 535 )
LQ(RQd) 4 b

2

(6.7) C(1+CyA%?)

b LQ(RQd)
2
4H( p- 0y + hf (g, 0)pip;Oy, — zh)\>u -
L ([P s h ’ 1 By 3
T3 ’Dq +)u += <h2 )
2 ( b N o, Vib+1pl) e
holds when either
wec((B(0,C,,4) xR NS, C) and (A ) € RxN,
or
u € C§°(<B(0, CQWA) X ]Rd) N S/—1,87C) and NeR forl = —
Proof. — We start with the inequality
h 2
(6.8) || (Kyb + th o Zh)\>
b L2(R2d)
h,% au
H( b tho—zh/\> H f pzpja
L2(R?4) Pk || 12 (R2d)
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and

< [64C) } ZHh

-
DK LR

(6.9) || p,p] 6

L2 (R2d)

which comes from |p| < 8 and (4.39). With x, > 1 and C' > 1 given by Proposition 5.1,
the inequality (5.2) combined with

2
H(lm’+c2—m> H( +Q—zh)\>
b L2 (RQd L2(R2d)
2
-1 -1 ~
s eaf i 0).
LQ(RQd) b b

b
>0

2

for

_ D A _1 2 |p!2
QQ =Pppo or Q—Ob,h—§ hA+b2

implies

2

h
(6.10) C’H (Kb + tho — th\)

b L2(R24)
hk 2 1 2
/H<b+(’)bh> + (p-aq—ih/\)u
2 b LQ(RQd) b L2(R2d)

(hfl v rm)g

o) |l

3

(’qu +b) +
L2(R2d

Combining (6.8), (6.9) and (6.10) implies

1| [ hx ~
= 4H <bb + Ob,h>u

LQ(RQd)

2 2

(6.11) CH <hb"€” + Py — ihA)u

LQ(RQd) L2(R2d)
2 A
1 3
2H< p- 8, —mA> +5 (’qu —l—b)u
d
L2(R2 ) LQ(RQd)

1

L2(R2d)

A\ 5
(hz \/_|+| |p|> —cleac) A’ zjothju i

L2 (RZd)
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Putting

1
H (p <Oy — ihA)u
LQ(RQd)

2H< p-0,+ hfipmd,. ih)\>u

2

L2(R24) thk pzp]apku L2(R24)

~ [6act 4]’ ZHth]u

( -8y + hf pip;0, ih)\)u

2 H L2 (RQd) L2 (de)

into (6.11) gives

2

612 %—I-'th — thA
of

hk
> 550
2(R2d)

A=+

—2c[6ac) A >-[1Dpu

R2d)
2

+

)u

1 ,
+ — (p -0y + hfpipi0y, — zh)\>
b LZ(RZd

LQ(RQd)

2
1 |A| )3
+ 2| PP——=——
2 ( Vhb + p|

L2 R2d)'
LQ(RQd)
When r; > C’g ¢Ab + 1 the inequality (6.4) provides
2 hk 2
hD, u < 20| =2 + Pojs — mA>

and taking
(3) _ (2) 521 [~(1)]? (3)
O = max (Cw, 9 [cg,w] ) >1, w2 O Ab+ 1,

yields the result.

6.2. Comparison of the local models P, ,, and 75b757m

We now deduce subelliptic estimates for the local operator Py ,, = b%@g,m +
+ Vi introduced in (4.33), (4.35) and (4.36), from the one obtained in the previous
paragraph for 755,[7m. It is a consequence of the upper bounds for the differences
(ﬁbgm — Poom) and ((’5@ — Oy,m) studied in Proposition 4.4.

PROPOSITION 6.4. — There exists a constant C’;¢ 1 such that for any A,b > 0,
ko = OO (1+ A)(1+b) and 22 > CY) (1 4+ A)(1 +b) A2 imply

g g
A 2
( +'Pbgm—l>u
b L
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and

0(4)

9,

(6.14) (1+ A)2(1+0b)?

Rp
»?

2

S || =
2 |13 (ko + Opm)u o
1 " 2
+ 02 (Hb + O@)u -

when either

+ Pb,é,m -

+

741

2

z’A)
— |u
b L2(R2d)

1

(

2

L2 (RQd)

2 2
3 1

L2 (RQd)

A )3
u

1
H(m + 2¢p|

2£
ﬁD

q

2

)
L2(]R2d)

ueCr((B(0,C),A) x RY) NS, C) and (A () €RxN,

or

u € C8°(<B<O, 6’;7¢A) X Rd> N SI_LS,(C) and A€R forl=—1.

Proof of Proposition 6.4.

Step A. — For the inequality (6.13) we must reconsider the proof of Proposition 6.2

after noticing

—h? (gij (2_‘;(1) - 5@']')3@% - (9” (2_€q> - 5“>Pz‘pa’/b2

(bh)Pppm = 73b7h7f +

With [g(27%) — 1d | < C, 4 A?272¢ we get

2

(v

2

QRO IR R LN

_ 2 1
< Cp g A2yl gy + 03

<u, (bh) (IZS + Poom — 22>u> — <u, (

< C’;’,wAQQ_% Re<u, (

th ~

T + Pb,h,f — zhA>u> |

hry

—+ Pony — ih)\>u>.

The lower bound for Re(u, (bh)(4% + Pyem — i3)u) and by Cauchy—-Schwarz for

1(0h) (5% + Poem —

b

i%)uH%Q(RM) are thus deduced from Proposition 6.2 when

2%t > 2C7 A% The conditions and the inequality (6.13) are thus satisfied by taking

Céi}, > 2Cy , large enough.
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Step B. — Let us consider (6.14). We recall the inequality (4.49)

A 20—2¢
b? <Ofm Oé)u L2(R24) S Copd2” <b2 T (%) r2(r2d)
which implies
Kb 1~> 2 1H<nb 1 ) 2
-0 > -5+ 306m
H<62 Rt r2g2) 2\ b2 T pEtem U L2(R24)
and
5+ 00 > 1 G + 50
-0 >~ 5+ :30em
H<62 * ) r2(r2dy 41\ b2 * g2 em) L2(R24)
2
)
4”( N b2 L2(R24)

as soon as 2%¢ > Y f 1 . Proposition 6.1 holds under the sufficient condition

Kp = C’;?&Ab + 1 which can be simplified into k;, > C’W( + A)(1 + b) while the
left-hand side of (6.2) can be replaced by

2\
<b2 +Pb€m_lb>u

Therefore Proposition 6.1 and Proposition 4.4 say

H( + Popm — i A)u ><1—2 003;(1+A)(1+b)0 A?2° ”)
b LQ(RZd)
A A
|5+ Puem =7 o (3 Pran =3

2% > 4y /CCL) Cyp(1+ A)(1 + b) A%

2

400 (1 + A)*(1 + b)?

L2 (R2d)

1
> —

L2 (RZd) L2 (de)

as So0oI as

When all these conditions are satisfied this proves the sought inequality with the
upper bound
2

64CCP) (14 A)*(1 +b)?

A
<b2 +7)bgm Zb>u

L2 (RQd)

The result is thus proved by choosing
(4) (3) (3)
C, max<4 CCg,wC’g,w,GélCC'g’w)
where the right-hand side is larger than C’;iﬂ, and for which

0(4)(1 + A)(l + b)A2 > 09,1#’42.
9.9 V21
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6.3. Estimate for |p| ~ 2¢ large

We now prove subelliptic estimates for P, by summing the local subelliptic esti-
mates for Py . All the error terms coming from the partition of unity 3,,cz¢ ¥?(. —
m) = 1 and studied in Subsections 4.2, 4.3 and 4.4, happen to be relatively small
enough when the parameter A = A (b) is much larger than 1 and ¢ is large enough
so that 22¢ > [A(b)]? x (1 +b).

PROPOSITION 6.5. — Let Py and Spo = Sp2 C 2 X R? be defined respectively
by (4.15) and (4.19) for ¢ E N
There exists a constant C°) 0. = 1 such that A, (b) = Cﬁ,(l +b), Ky = CSJJAOO(b) X

(1+b) > [CO1+b)? and 22 > C8) [Ax (B)P(1 +b) = [C)]4(1 + b)* imply

g

A
<b2 —f—'Pbg—Zb)u

2

(6.15) [C2)] (1 +b)*

L2(R2d)
1 2 2
B (I*{b + Og) + H yg — Z)\)
L2(R2d) b L2(R2d)
2 2
Ly
2/3y, —
e [H (O ul[ 2 gany + |12, l, L2(R24) +‘ <b21+2@|p|> ¢ ’
L2(R2d)

when u € C3°(Sp2;C), A € R and b > 0.
Proof. — Our conditions and
A=A b)=CPl(1+b)>1 and 2% > CF) A (1+b) > CF) A2
imply

1 1
(5) S C

Cou 9%

when C,,, > 1 is the constant of Proposition 4.5 and C’( is chosen larger than C’;w.

With k; > Cg(iz,A(l +0b) > C, ,Ab, Proposition 4.5 says

27tA <

2

1 i\ )
P m = T m 2%
mgzd 8|| (bQ e b )1% L2(R24) A2b2 H "l L2(R24)
2

K A
< <5+77b,e—>u ,
b b L2(]R2d)

with

VmeZd, u :ugm(wmgAu)ecm((B(o CiyA) x RT) N S}, C).

By choosing c®) 4. larger than the constant 2 x cW 4.5 Of Proposition 6.4, the condition
Rp = C( )A( 14+0) > ng(l + A)(1 +b) and the inequality (6.13) imply

A
<b2 _'_Pme - b)“ém

2
2

L2(R2d)’

1
> 3l

Vm e Z, Céa)b 22£u1gm

L2 (]RQd)
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@
With M < 15 when A > Cg(iz,(l—kb) and C) 4.0 18 chosen larger than 4\/0( +Caw
we obtaln
1 2) ’ i\ |
( 2+,Pb€m_l>ué,m H< +7Db2_b>u )
16 me b b (R2d) L2(R2d)

and the two lower bounds of [|(3% + Pyem — %)u&mH%Q(RQd) of Proposition 6.4 can be
used for every m € Z%. The first one (6.13) already used gives now

1 < P Z)\) 2 4 HQQZ 2
5a blm — 7 | Wem Up,m
32 = b2 b L2(R24) 05254 L2(R2d)
. 2
K A
< <b§ + Poy — b)”
L2(R2d)

The second one (6.14) with here 24 > (1 + A) and combined with the second
inequality of Proposition 4.6 implies

2
A 1 2
210052}143 1 —f—b H( —f—Pbg— Z>u = 7(I{b+0g)u
b LQ(]RQd) L2(R2d)
1 ? ALY
L H )
b e |\ T200) Y, L
ng C 20 2
+ % ( (4) pa O AZp2 b222£) H2 ™| £2(R24)
1 2 2
+ 72 —(rp 4+ O) g m - b8/3 tm .

Moreover k; > C(S)A( 1+b) > (1+0b)? implies 35 (rp + O,) > 1 and interpolation
gives

1 2 2 2/3,,
b2 73 (b + Oﬂ)w "Nl L2 (m2a b8/3 H i+ Op) "t L2(R2d) 68/3 HO BRI AT:EON
Proposition 4.7 implies
Z HO2/3 n H’QeD ‘2/3u 2
L2(R24) tm L2(R2d)
2/3 2/3,,
[HO L2(R24) + H’ D L2(R2d)
_ Z HQQZ/S 2
A4/3 "llL2 (r2d)
<||2 we mHLQ(R?d)
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Global subellipticity for GKFP operators 745

The complete error term in the lower bound is now bounded from below by

Og,¢b2 Cg,wb2 b4/3 20
bt Zd< el i e | SR
MEZL

w
which is non negative when

2
L2 (R2d)

A=C"(1+0b)

9,
and
4
22 > OO AL+ b) > [CP)] (1+b)' > Cpl(1+b)?

with C’éiz) large enough. The inequality (6.15) is then obtained by taking C;i)p >

250 Cy .- O

6.4. Estimate for |p| ~ 2° < Cy 0

We have fixed the value of A, (b) = 05512(1 +b) > 1 in Proposition 6.5 in order to
get a result for all ¢ > ¢, ,,, + 1 with

4
(6.16) 22hav 2 > (OO (14 b)* > 2o,

We now consider all the bounded values of ¢ € {—1,0,1,...,4,,,}. Here the error
terms related with the partition of unity 3,74 ¥?(. —m) = 1 will be relatively small
by taking a new, small enough, value for the intermediate parameter A > 0 denoted
by Ao(b) and the parameter x; > 1.

PROPOSITION 6.6. — Let {,,, € N be such that (6.16) is satisfied. For all
0e{-1,0,1,...,0y 44} let Ppy and Sea C Q x R? be defined respectively by (4.15)
and (4.19).

Take

1

Aolb) = 2C! ,(1+10)

where C! o = max(ng,C ) Cop =1
is given by Proposition 4.5 and Proposition 4.7 while C’éi},
tion 6.4.

There exists a constant C’g(?

> 1 is given by Proposi-

1 such that Ky, > C( »(1+0)° implies

A 2 1 2
6.17) COT+| (24P, -2 )u ‘ Ky + O
G Canll=) b2 M L2(R24) 52( b+ O L2 (R24)
1 2/3,,
+ H b yf N 2)\) LQ(RQd) + bg/ |:H(OZ) L2 RQd) + H|D |3U 12 RQd)
2 2
fies)
27 2ot ] ¢ )
b2 1+ 2¢p| L2gea)

when u € C3°(Se2;C), £ € {—1,0,1,..., b4}, A € Rand b > 0.
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Proof. — As a preliminary step and by unitary equivalence, the L?-lower bound
(2.2) for Py applies to Pyy when r, > Co(1 + b?), which holds true when r, >

C;il(l +b)° and Cé% > Cp. It ensures

Ry A
<b2 + Pb,ﬁ — b)u

The proof has the same structure as the one of Proposition 6.5. Choose now A =
4
Ao(b) = m, where the constant C‘;ﬂb = maX(ngw, C‘éﬂzf) 2 1.

. _ . . . 6
With 27f4 < 24 < C;ﬂij) < Cglﬂ,, which combined with x, > C’;ﬂl(l +b)¢ >

ﬁib) > CyAb in Propdsition 4.5, implies

2 2
Ry

619 VuelH(smo) | >

L2 (R2d)

L2 (RZd)

Cg,w

2

A
— 22ZUgm X (Kb + Pbﬁ Z)” ’
w | raen) S ||\ 32 b )" o
4[0/ ]3(1+b)2
< 97¢b2
with
U = Upm (e au) € CF((B(0,C ,A) x RT) 1S}, C).
for all m € Z% and all £ € {—1,0,1,...,0p 4}
With (6.18) and for k, > C’;i;(l +0)%, we have
) 2 2 0(6) 2(1+b)10
Kb I K}, 9 [ PR 9
H (bz +Poe = b)“ o 160120 2 g e
The bound 2% < [C\7)]*(1 + b)* implies
Cov 2, |2 4(Cou) L+ )78 [, 112
it 2|2ty < T (CR] 0 0 e
8
4% 16 x (C) ,)?[Co] |1 { in |
S 0] TP
|:Cg,1/1} L2(R2d)
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The additional condition [C;%]Q > 8[C; ,]? thus implies

L2 (R2d)

5181 [ Ko A 2 (5) A 2
/8[0%1#} b72+73b’€_? u Pbg—?
L2(R2d LQ(RQd)
>1+4
2 A 2
22@ o
A%Q ( 2 H L2(R2d)) H( TP )“ L)

/\ 2
N
b L2(R2d)

where the last term is bounded from below by :TZHUH%Q(RM) according to (6.18).
Summing with (6.19) now gives

2

8 Rp A
16[c®) ( + Pyy — >u
W bt
|: 9 :| b2 b LQ(RQd)
: 2
A
Z + Prom — )W,m HWmH
mezzd < b 12(R24) 4b4 L2(R2d)"
Because 2 > 1/2 > (1 +0)A > C’;i)b(l + A)(1 + b) A2, the conditions of Proposi-

tion 6.4 are satisfied. Multlplymg the above inequality by 8 x 05524(1 + b)? which is
larger than 80;2(1 + A)2(1+0)? > 1, leads to

2

> 3 O 1+ A)2(1+b)?

LQ(RQd) mGZd
?) 2 2k2(1 + b)?
<b2+7)b€m_zb>u€,m 4 20+ O]

pd ”ué,m ||L2(R2d)
Proposition 6.4 combined with Proposition 4.6 leads to

A
205 (14 b)2[Cf)] H( +7>H—b>u

X

L2 (RQd)

2
4 A
2909(13)(1—1-() H( sz—b)u
L2(R2d)
1 2 1 By 2P
> || (kp + (’)g)u + H (Ve —iNu + <> u
~lp2 L2(R24) b L2(R24) b2 1+ 2£|p| L®2)
2:‘43%(1 + b)2 Cg7w24é Cg’wQM 2
+ Zd< b TAp2 202 ||va||L2(R2d)
meZ
2/3 2 ¢ |3
b8/3 [“O te,m L2(R2d) + H‘Q Dq LQ(RQd)]7
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> 1 when &, > C'9) p(1+0)° > 0(6)(1 +b)?, as in the proof

where we used that o

of Proposition 6.5. Prop081t10n 4.7 implies

/ber@zz
b2

2

Z H(9§/3wm L2(R2d) H‘QZD ‘Q/Su&m L2(R24)
{HOZ/S 22 R24) +H|D |2/3 L2(R24) B Z A4/3H22€/3 iz(de)
e L P Y

4/3 8/3
—2' [Cg,zp] (L4030 @+ 0)* g 132 w2y

wler Ple®1a b4
<afey ey | 0+

The complete error term in the lower bound is now bounded from below by

2 2 10 8 4
A3(1+b) ) PaeE (LD (D) (1+0) )
> (S —afer, o] (SR B

meza

which is non negative as soon as

SUED > 1ol e S,

A sufficient condition is x; > C’b w(l—l—b) with C (6) > 1 large enough. We have already
assumed and used for the comparisons with 2%9 Kp = Cé p(1+0)° > Cﬁ,(l +b)°.
For the final writing of the inequality we also take C’gﬂ/, > 2°C, CM) [C’;iz)]s. O

6.5. Lower bound for ||(P, — i\/b)u|[z2 + 1/6%||ul| 12

After the dyadic partition of unity for 3°2° | 67(q, p) = 1 on QxR? of Subsection 4.1
and by setting

ue(q,p) = 2%0,(¢,2°p)u(g, 2°p) € C5°(S2.5C)  for u € C5°(Q x RY; C),
the results of Proposition 6.5 and Proposition 6.6 give after a rescaling

2 2

A
C’é?p(l + b)* ( >+ Py—i >0,gu > weeu
’ b b L2(R24) b L2(R24)
+Hl(y—meu T e Py
b ¢ L2(R24) b8/3 ‘ W2/3 b8/3 <p> ‘ L2(R24)

forall ¢ € Z, ¢ > —1, as soon as Ky = C’éz(l + b)® and 0552 > 1 is chosen large
enough. By summation with respect to ¢ > —1, Proposition 4.1 and the same result

ANNALES HENRI LEBESGUE



Global subellipticity for GKFP operators 749

with P, — iA/b replaced by 7O and Proposition E.7 for || ||,y2/s imply

2 2

A (@]
Cﬁ,(l +b)* ( >+ P — z)u > Mu
' b b LZ(RZd) b L2(R2d)
1 2 1 1A |
+Hy—z')\u + ——|lul|%es + == —u
b( ) 12(R24) b8/3|| ||W2/3 p8/3 <p> L2 (R24)

for all u € C3°(2 x R ; C) as soon as kp > ng(1+b) with C’;J, 1 large enough. By

taking Cy pm = c® . large enough so that the comparison results of Proposition 2.4
and Proposition E 7(ii) can be applied, we have

<b2+Pb—z;)\>u Mu

b2
+ H2<V§, —iA)u

for all u € C°(X; E), when rky = Cy pq(1+ b)°.
By writing

097/\4(1 + b>2lib (H (Pb — zé)u
A
<b2 + P, — zb>u

and by noticing that the factor of the left-hand side can be written
Cg,M(l + b)2 X ngM(l + b)ﬁ = Og7M(1 + b)S

this ends the proof of the inequality (1.32) in Theorem 1.6.
The essential maximal accretivity result for s, > Co(1 + b?), Cy > 1 determined
by (g, E, g¥, V), was proved in Proposition 2.1 and Corollary 2.2.

Cg,M(l + b)Q

=

L2 (R2d) L2(R2d)
1

bA/3

e
)

u / +
L2(R24) b4/3 || ||W2 ’ L2(R2d)

1
+ ol

> Cym(1+0)?

1.2 (R2d

L2 (de)

7. Consequences and optimality of Theorem 1.6

In this subsection we will discuss the optimality of the constants appearing in
Theorem 1.6 as well as several consequences and extensions of the subelliptic estimate.

7.1. About b-dependent constants

Obviously the constant jE Oor the condition , > Cy(1 + b)? of Theorem 1.6

C’g(1+b

can be replaced by a uniform constant and a uniform lower bound for k;, when
b €]0, bo] for some by > 0. The question arises about the regime b — +00. We do not
claim that neither our lower bound nor the condition on x; are optimal with respect

to b as b — 400, but they cannot be written with uniform constants.
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Actually, we show here that scalar GKFP operators admit quasimodes at A = 0
of size O(b=2) as b — oo.

PROPOSITION 7.1. — Let Py, = b%(’) + %y be the scalar GKFP operator on
X = T*(Q where the Hermitian bundle is E = Q x C with V¥ the trivial connection,
g% is the usual pointwise Hermitian metric inherited from C, and M(b) = 0. Then
there exists u € C§°(X; &) = C5°(X; C) with |[ul| 2 ¢ = 1 satislying

(7.1) ||Pi7bu||L2(X;g) <Cb2% be(0,00),
for some constant C' > 0 independent of b.

Proof. — Let u € C*°(X;C) be any function of the form

(7.2) u(g,p) = e(lply), (¢.p) € X,

where ¢ # 0 belongs to C°(R;C). By multiplying v by a non-zero constant if
necessary, we may ensure that |[u| 2y = 1. Since u is a function of the kinetic
energy, we have

(7.3) Yu=0.
Hence
1 1 _
(7.4) [ Pepull 2 x.0) < §||Ou|| - g||yu|| <Cb2% be(0,0). O

An immediate consequence of Proposition 7.1 is that the best possible constant
appearing on the right-hand side of (1.6) fails to be independent of b in general.
Indeed, let Py = b%(’) + %y be a scalar GKFP operator as in Proposition 7.1 and
let C'(b) > 0 be the largest constant such that

(7.5) H (Pi,,, _ Z;>u
> CO(b) (’ 0

?U
holds for every u € C3°(X; C). Taking A = 0 in (7.5) gives

C(b)
(7.6) 1P pull 2y + ﬁ””HL?(X;C) z W”“”W%(x;@'

+ Ll
— U
o 0 v

1/ e 1
o5 =]+ g el +

If uw € C§°(X;C) is as in Proposition 7.1, then (7.1) and (7.6) together give
(7.7) C(b) <Cb 3, be(0,00),

for some C' > 0 independent of b. Because b=2/3 — 0 as b — oo, there cannot exist
a constant Cy > 0 such that C'(b) > Cj for b > 1. In particular, C'(b) cannot be
constant with respect to b.
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7.2. Perturbative estimate

In this subsection, we consider the stability of the subelliptic estimate (1.32) under
a general class of perturbations.
PROPOSITION 7.2. — Let Py = b%(’)ﬂ: %Vﬁ; and let the lower order term M (b) €
LOW(X; E); LA(X, dqdp; £)) satisfy
M (b) = M;(b) + Moy(b)
Vl(b)

1
‘|M1(b)||£(y~v1,o;L2) < 2 and || Mo(b)| gz2.z2) < ,/0<1 + [)2)7

and set
P:l:,b,M = Pj;b + Ml(b) =+ M()(b)
We assume that v1(b) and vy satisfy

Vb e (0,400), VE(b)b? < ngf”)u + 12,

where C’g > 1 is the constant determined by (g7 E, g%, V%) in Theorem 1.6.
For k, > (Cy 4 161)(1 4 b?), the operator %% + Py is closable and its closure
w+ Py is maximal accretive with D(Py bM) D(P4y) and

_ 1
VUED(Pi7b7M), R€< <b2+P:|:bM) >>

2 %500 + mollullZe)
Moreover, the inequality

(o)
y ( 0

b2
holds for every u € D(Pxy ) and every (A, b) € R x (0, +00).

1+ b? (1+b)"®
Ml > o o
L2 b 8(Cy + 16V0>

E Hi(ivg —iA)u H

u lull 53 +

b4/3

() L)

Proof. — Let us first check the accretivity of Py, on Ci°(X;E). For u €
C(X;E), write

Re< [52 b Poy+ My(b) + Mo(b)]u>

L2
1 vy (b 1+ b
> o [l + o] = 22l — ot
1 1 1+0?
> [l + mllullz] = g5 lulf, - (2u%<b> + va) Jul2
Ky + (Cy + 81p) (1 + b?) — 1617(D)b* | 5
> llul, + 0 Jul2

1
> o 1l + molullzs).

This proves the accretivity of Py 3 which is therefore closable.
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From the inequality (1.31) for P, we deduce for any A € R

1
<b2 +Po, —M> ulle > Re< <b2 + P, b) >L2 > o [alno + ol
and for all ¢t > 0

2”( +P“_M>

This inequality with ¢ =

> ol + ol

2 25) and

Ky — 26710 = Ky — 16y1(b)b2 > (Cy + 161p) (1 + b*) — 1607 (b)b*> = 0

gives

1 ? ( ) 5

G+ Pes— )| > Bl > I3l
Actually the inequality (1.31) also gives

vo(1 + b?)
lGE+ Pro—in)a] | = 10o@ulse > obslhullin = 2
C, — 16V0)(1 + bZ
> GO ), 0

Used with A = 0, we have two closed accretive operators A = (55 + P1;) and
C = (% + P+yum) such that D = C(X;€) is dense in D(A) = D(P+) and
D(C) = D(p:l:,b,M) while

3
VueD, (A= Chulliz < llAul

with 2 < 1 and A maximal accretive. Theorem X.50 of [RS75] tells us that C' is
maximal accretive as well with D(C') = D(A).
We can take r, = (Cy+161)(1+?), and [[(A—C)ul|r2 < 3[|(A—iX)ul| 2 leads to

1+0?
+ Il

K
> (G + Proar —idJu| + 22l
2 b

2(C, + 1614) M(Pi,b,M —iAu

< +Pib_7/)\)

Rp
- =

> 4[“(1@@ N b2|yu|\L2],
where the right-hand side is bounded from below by (1.32) of Theorem 1.6. O

3. Ws-versions

The subelliptic estimate of Theorem 1.6, concerned with the case L*(X, dqdp; £) =

WO(X;E), can be extended to W*(X ;&) subelliptic estimates for any s € R as
follows.
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PROPOSITION 7.3. — Let Py = 50 £ :V5 + M;(b) + Mo(b) satisfy

v1.6(b 1+ b2
VSR A0 i < 2 MO i) < o e
whenever O o1s
Vb e (0,400), 2,01 < 9*;6”075(1%2).

For every s € R, there exists C, s > 1 determined by the geometric data (g, E, g%, V)
and the pair (v s, v15( - )) such that, for ky > C’g s(1+0?), the operator 3% + Py

is closable in W*(X; £) and its closure 3% + Pi ».r 18 maximal accretive with
e fﬂ, I —
and
% Ky — =W 1
Vue (P ). Re(u (G5 +Ploa)u) > gl + rollulis].

Moreover, the inequality

H< ) 1+62H s (1+b)*8
+oM T 7 |U Y . =
o b2 w 8(]2S
o Liioe ALY
(1Bl Jems =l s = (51) ]

holds for every u € D(P4 ) and every (A, b) € R x (0, +00).

Proof. — We use the pseudodifferggtial operator W introduced in Proposition 3.5
which is self-adjoint with D(Wg) = W?(X; €) with an elliptic scalar principal symbol
in S2(Q;End £) and for which we can write

]| ey0 = HOSI/2<W92)S2/2U

L2’
for any (s1,s9) € R? according to Definition 3.7.

Because O and (WZ)*/? commute on S(X; &), according to Proposition 3.6, when
considering the operator Py, @ S(X;E) — W3(X; E) we may instead work with
the operator

(WQ)_S/QPi b,M (Waz)s/2
= O+ LV (W) [VE, (W) 4 (W3) /(M (6) + Mo(8) (W)
initially defined from S(X;&) — L?(X;E).
The assumptions ensure

B < Vl,s(b)
ﬁ(Wl,O;LQ) b

|3y =2 (M (0) (W)
and

H(W(;Q)_S/2(M () (W) S/QHL(H iL2) VOS<1 + b12)
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With (Wg)=/2[V5,, (W2)*/?] = (W3)~*/2V5,(W$)*/* — V&, Proposition 3.8 tells us

(7.8) H(W9) 5/2{Vg’ Wi 8/2”’5 WLO;L2) Co.s

for some constant CN’Q,S > 1 determined by (g, E, g¥, V¥). It then suffices to apply
Proposition 7.2 with M, (b) replaced by M, (b)£(Wg)~*/2[V5,, (W§)*/?], v1(b) replaced
by v1,(b) + Cgs and vy by vos + 2095 O

Appendix A. Comparison of harmonic oscillator
Hamiltonians

For a positive definite symmetric matrix ¢ = (¢ij)1<ij<d € Maa(R) with g=! =
(9")1<i j<a let O, denote the harmonic oscillator hamiltonian

_gijapiapj + g”pzpj
2
D(0,) = {u € LR dp), ¥ o, B € N, |a| + || < 2, p*0fju € L*(R",dp)}
— D(Old)

The following result is a consequence of the ellipticity of O, in the Hormander class

S((p,m)?, 54" ) (see [Hor85, Chapter XVIIT]) combined with [|Oul|z2 > 4|ull 2.

O, =

PROPOSITION A.1. — For two positive definite symmetric matrices g; and gy
there exist two constants Cy, 4, > 0 and C,, > 0 such that

+1
10nul2\ ™ _ .
[y A

and

1(Og, = Ogy)ull 2 < Cgillg2 = 91ll pt ) | O wll 2
hold for all u € D(Oyq).

Appendix B. Complex Airy Operator

We consider here the case of the one dimensional Euclidean case of which the
subelliptic estimates are due to the fact that the complex Airy operator has a
compact resolvent and an empty spectrum.

Set

1
7AP1

PUEN) = i(pi€ = ) -

with £, A € R.
It is maximal accretive with D(P;(&,)\)) = {u € L*(R,dp), P1(§, \)u € L*(R, dp)}
in which C§°(R) is dense (with respect to the graph norm).
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PROPOSITION B.1. — There exists Cy > 1, such that for all ({,\) € R? the

inequality
(B.1) Goll (1 + P&, A))ull
< Al >3u
1+ |p1]

)

1

[+ i€ = Ml + (6P + Dl +

holds for all w € D(Py (&, \)).
Proof. — The lower bound
Vue D(PEN), [[(L+ P& N)ull? = [Jull* + [P (& N)ul?

is due to the accretivity of P; (&, \).
By the Young inequality ab < csa*/® + §b4, we deduce

2

12L& Null® = || SApu| + [N = pi&)ull® — [(€u, Dp,u)

E

2
2 HQAIIHU

1= a8l = [eaf el + 5 114,,01?]

O = Yl — e JE5u

Consider now the lower bound of ||Py(¢, Nul| by ||[£]*3ul|. Tt is obviously true for
& =0. For £ # 0, the operator

. 1 A
P1(€7>\) :Z(p_p0>£_§Ap17 pozga
is unitarily equivalent to |¢[*3P;(1,0) = [£[**(ipy — 1A,,) and there exists ¢; > 0
such that

1|1 2
> 2”2Amu

Vue D(PEN), P& Null = erl€??[ful.

There exists a constant C; > 1 such that
v (57/\) € Rz? Vue D(P1<£7 )‘))7

1 2 2
CyIIPL(E Null? = [[ull® + HQAM] i€ = Nl + g2l

The lower bound (B.1) is then obviously true for |A| < 1 and it suffices to consider
the case A > 1.
Take a dyadic partition of unity x2(ep1) + 252, x2(e27%p1) = 1 with supp xo U
supp x C [—4,4] and for all £ € N, we define x, by
x(e27%) if £ #£0
VteR,, t) =
+ o Xell) {Xo(et) if ¢ = 0.
We get

1Py (& Al — §:w%5Awa Cye” [[10p,ul® + [[ull*] < 16C1Cye| Pr (&, Mul?
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for some constant C, > 0 determined by the pair (o, x). By taking ¢ < VTN it
14x

suffices to consider
1
| P& M) Oxew) | = g Pa(€2%, 2%

with wue(p1) = 292 (xeu)(2°p1) and suppu, C [—4e~1, 4e71.
There are two cases:

o |\2%] > 2(4e712%|¢|) and then
20 3¢ 20 ~163¢ A2
Vi€ suppus, A2 — pi2¥| > [A2¥ —4e712¥|¢] > Y
This implies

2 2

2
>

=

|)\|22£
9 % 22 "

1 NE
— P (€23, \2%)uy, |2|u£

Ch 920

=

Finally with [A| > 1 and [A] > A2% > (%) we obtain

A 2/3 |2
in this case.

o |\2%] < 2(4e712%(¢]) and then the lower bound

2
=

1

4C1 |

Py (€23 X2% ),

)

1 2 2
Ol P1(€234’)\22€)UZH > H|€‘2/3uéH

22@
A 2/3 |2
()

—1
implies with [¢| > 42Zi|1A|

1
— Py (€23, X2%u,

2 4—4/3€4/3
22@ 2

¢ 16

We conclude with the uniform equivalence

C-Hp) <28 < C.(p)
1
84/C1Cy

constants once the pair (o, x) for the dyadic partition of unity is fixed. O

on supp uy where ¢ <

and all the other constants are actually universal

Appendix C. Result used to localize the operator

In this appendix M is a manifold endowed with a volume density dvol and 7g :
E — M is a smooth complex vector bundle endowed with a Hermitian metric g”,
so that L?(M; E) is well defined with the norm || || 2(a) simply denoted by || ||.

For a differential operator P acting on C3°(M; E') and a function y € C*°(M), the
equality yP = Px — [P, x| and the triangular inequality give

Vue G (M;E),  [|Pxull — ([P, x]ull < [[xPull < [[Pxull + (I[P x]ul-
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It then follows that
1
VueCr(M; E), §||qu||2 — I[P, x]ull® < [IxPull® < 2| Pxul]® + 2||[P, x]ul>.

After three iterations with the additional assumptions that third order commutators
vanish, which is relevant for differential operators of order less or equal to 2, we get
the following statement.

PROPOSITION C.1. — Let P be a differential operator acting on C3°(M; E) and
let x1, x2 and x3 be three C* functions such that

(C]') [HP> Xl]aX?]vX?)] = 0.
The following inequalities hold for u in C§°(M; E)

Ix1xexsPull® < 2llxaxsPxaull® + 4] xs [P xi)xzull® + 8[| [P, x1], x2)xzull?
and
1
Ix1x2x3Pul|* > §||><2>(3P><1U||2 = 2|Ixs [P, xalxzull* = 4[[[P, x1], x2)xsul*.

Applying the above proposition with a locally finite quadratic partition of unity
(Xe)eer, Xe € C°, Sver, X2 = 1, and summing over the indices £1, {5 and (3 leads to

(C.2) [[Pull® < 2D [IPxeull® +4 3 I[P xe)xeull® +8 > I[P, xe], xelxeull?

fl @1,[2 £17627z3
and
1
(C.3) [|Pul® > 52 IPxeul® =2 P xe)xaull® =4 > P, xels xes)xe,ull®
l1 L1 42 £y1,02,03

for all uw € C§°(M; E).
With (C.2)—(C.3) we have

COROLLARY C.2. — Let (x¢)eer, be a family of functions such that
Y oxi=1
leL

and let P be a second order differential operator such that
(C4) Yuelr(M;E),

r
3 Y IPxeull® =23 [P xexaull? +4 > P xel, xes)xe ull?
0 01,02 £1,2,03

for some r € (0,1). Then

1
(C5)  YueCF(ME), (2+7)> [IPxeull® > [|Pull® >

LeL
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Appendix D. N —loc and N — comp functional spaces

Let f : M — N be a C*> map from the manifold M to the manifold N, let £ =2 M
be a vector bundle and F(M; E) be a locally convex space of sections continuously
embedded in D'(M; E) (abbreviated as a functional space of sections) such that for

any x € C5°(N;R) the multiplication by x o f is a continuous endomorphism of
F(M; E). The notation Fr_j,.(M; E) will denote the set of sections s of E such that

Vx €C’(N;R), [xofls e F(M;E).

Once Fy_ioe(M; E) is defined Fy_comp(M; E) is the set of sections s € Fy_joc(M; E)
such that there exists x € Cg°(N;R) with s = [y o f]s. For s € Fr_1oc(M; E) the
f-support of s is defined by

f—supps = ﬂ F = f(supp s).
FCN
F closed
s‘f_l(N\F)EO

For a compact subset K of N and
Fi-x(M; E) = {s € Fyioc(M; E), f—supps C K}
and

fffcomp(M;E) = U .FffK(M,E>
K compact in N
When the topology on F(M; E) is known, the topology on Fy_joc(M; E) is the initial
topology for the collection of maps (s +— [yo f]S)xech( ~;r)- This induces the topology
on Fr_k(M;E) and the topology on F_comp(M; E) is the inductive limit topology.
We will use this in a particular case.

DEFINITION D.1. — Let M = T*N or M = T*(T*N) be endowed with the
natural projection 7 : M — N and let F(M; E) C D'(M; E) be a functional space
of sections of the vector bundle E "2 M which is a C3°(N; R)-module. We will use in
both cases the notation Fy_joe(M; E) = Fr_10c(M; E), N—supps = m—supps C N,
Fnoxk(M;E) = Fack (M5 E), FN—comp(M; E) = Fr_ioe(M; E).

When N is a locally compact manifold, introducing a locally finite atlas and
a subordinate partition of unity ;.7 xi(¢) = 1 reduces the characterization of
S € Fn_toe(M;E), M =T*N or M =T*(T*N) to the meaning of s € Fq_10c(M; E),
M=T*Q=QxRor M =T*(T*Q) = Q x R3 and the invariance of Fo_1,c(M; E)
via a diffeomorphism ¢ : 2 — €. With the extension by 0 and the restriction, the
embeddings Fo—comp(2; E) C Fn—comp(N; E) C Far1oc(; E) hold for two different
open sets € and ' in N.

Example D.2. — The spaces Sy—comp(T"N;C), Sy_comp(T*N;C) and their re-
spective duals Sy_,,.(T*N;C) and Sy_10c(T*N;C) are well defined for any locally
compact manifold N.

If additionally N is compact Sy_joc(T*N;C) = Sn—comp(T*N;C) (resp. Sy_joc =

Sh_ will be simply denoted S(T*N; C) (resp. S'(T*N;C)).

comp )
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The Schwartz kernel theorem for continuous maps C°(7T*N;C) — D'(T*N;C)
implies that any continuous map from A : Sy_comp(T*N;C) — Sy_1o.(T*N;C)
admits a kernel in K4 € Sy, y_10c(T*(N x N);C). Additionally A is continuous
from S} (T*N;C) to Sn_1oc(T*N;C) if and only if its kernel K4 belongs to

N —comp

SNxN-toc(T* (N x N);C).

Other N — loc and N — comp spaces are introduced in the text.

Appendix E. Some pseudo-differential calculus on X =T"(Q)

The manifold @) is either a compact manifold which can be endowed with any
Riemannian metric or R?. The total space of the cotangent bundle is denoted by
X =T*@Q and symbols of pseudo-differential operators are defined as functions on
T*X = T*(T*Q). The pseudo-differential calculus presented here and, of which the
global geometrical meaning is checked, implements the idea that J,: is an operator of
order 1 while p;x and d,, are of order 1/2 as presented in [Leb05, Leb07]. However
our presentation, like our definition of the spaces W’“(X ;€) in Definition 1.2 slightly
differ from Lebeau’s approach (see Remark 1.3).

E.1. Definitions and properties

We give here the definitions and state the main properties but their global geo-
metrical meaning will be consequences of the subsequent paragraphs.

DEFINITION E.1. — For any coordinate system (q',...,q?%) on a coordinate do-
main €2 C (), the associated canonical coordinates on T*S) C X are written
(q',...,q%p1,...,pa) With p = pidq’ € T;Q. Accordingly doubly canonical coor-
dinates on T*(T*Q) C T*X associated with the coordinates (¢*,...,q%) on Q will
be (q,p,&,m) with (£,n) = &dq' + n'dp; € Ty, X for the canonical coordinates (q,p)
associated with the coordinates (¢, ..., q?%). Those coordinates will be abbreviated
as X = (7,8) € Q x R¥ with x = (q,p) € A x R? and E = (¢, n) € R*.

DEFINITION E.2. — The set S§(Q; C) is the class of functions a € C*(T*X; C)
such that for any doubly canonical coordinate system (q,p,&,n) on T*(T*2), where
Q) is a coordinate domain in (), the following inequalities hold:

(E1) VK cCCQ V(,B,7,0) €N I Cxaprs >0,V (g,pEn) € K x (R,

S
| 181151

950501 9ha(a p. & )| < Crapas(L+16P +1pl' + ") 7
The intersection N,,cr S¢'(Q; C) is denoted by S, *°(Q; C). The topology on ST (Q; C)

is given by the seminorms pg . p~s(a) which are the best constant Ck o5 il
the above inequality. For any open set {2 C @, the spaces Sy q 1,.(€2;C) and

70— comp(§2; C) are defined according to Appendix D. Finally the equivalence rela-
tion a; ~ ay means a; — as € Si°(Q; C).
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Actually Si(Q;C) = Sg_10c(T*(1T7*Q); C) = S(I'*(T*Q); C) with the notations
of Appendix D.

DEFINITION E.3. — The quantization of a symbol a € S§'_,,,(€2; C) is given by
a(q,p, Dy, Dy)u
= | g €T Na(q,p, € myu(g p) Aol dpfdEdn € S gon (T C)
for any u € 8 o (T7Q; C).
The global definition of a(q, p, D,, D,) for a € S§(Q; C) is given by

N
(E.2) a(q, p, Dy, Dp)u = Z(Xn(q)a> (¢, D, Dy, Dp) (Xn(q)u)
n=1

for some partition of unity "y, = 1 on @ subordinate to a finite atlas Q =
UM, Q, with X,, € C3°(2,,;[0,1]), X = 1 in a neighborhood of supp ..

The set R(Q;C) of regularizing operators is L(S'(T*Q; C); S(T*Q; C)).

The set {a(q,p, Dy, D,) + R,a € S§(Q;C), R € R(Q;C)} is denoted OpSy (Q; C)
and OpSy™(Q; C) = R(Q; C) with the equivalence relation A; ~ Ay in OpSy (Q; C)
iff Ay = Ay + R with R € R(Q;C).

This pseudo-differential calculus has the same properties listed below as the
classical pseudo-differential calculus and our approach relies on the global pseudo-
differential calculus when @ = R? recalled in the next paragraph.

Properties. —
(a) For any vector bundle C* isomorphism ® : T*Q) — T’ given by

(¢ ") = 2(q,p) = (6(q), L(q) - p) with L(q) € GL(T4Q; Ty @),
the pull-back ®* defined by [®*a](x,Z) = a(®(z), d® " (x)-=) with x = (q,p)
and = = (&, n) defines a continuous isomorphism from S7'(Q’; C) to S§*(Q; C).
Any a € SP(Q;C) equals N | v,(¢)a for any finite partition of unity
>N Xn(q) = 1. The particular case where L(q) = ‘dé(q)~" says that x,a €
70, —comp(§2n, C) is independent of the choice of the coordinate system
(qu st 7qd)'

(b) When a € S\ITSL,QfComp<Q; C) and x; and Y2 are two elements of C§°(£2; [0, 1])
such that Y1 — X2 = 0 in a neighborhood of 2—supp a, the operator ao[x; — X2
belongs to OpSy ™ (Q; C). This property ensures that the quantization (E.2)
is actually independent of the choice of the Y, cut-off functions as a map
from S§(Q; C)/55>(Q; C) to OpSy(Q; C)/ OpSy™(Q; C).

(c) For any a € S§(Q; C) the operator a(q, p, Dy, D,) defined by (E.2) is contin-
uous from S(X;C) to S(X;C) and from S'(X;C) to S'(X;C).

(d) The set U,,er OpSy (Q; C) is an algebra for the composition product with

al(Qapa an Dp) o GZ(Qapv an Dp)
= [a1a2](Q7pa an Dp) mOd Ops$l+m2_l<Q; (C)a [al(Q7p7 an Dp)7 a2<qap7 an Dp)]

1
B [i{ala a2}:| (Q7p7 be DP) IIlOd OpSngJﬁmiQ(Q; C>’
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for ar, € Sg*(Q; C) and {aq, az} = 0¢-a10,a240,)a1-0pag—0,a1-Ocaa—0,a1-Opas
in doubly canonical coordinates. .

(e) For any family (a;),eny with a; € Sg~7(Q; C) there exists a € S§'(Q; C) such
that a — Z}I 0a; € Sy~/7HQ; C), which is simply written a ~ > jen ;.

In particular for any a € OpSy(Q;C) which is elliptic (|a(q,p,&,n)| >
CHL+ €] + [pl* + In|*)™?) there exists b ~ 3272 b; with by = - such that
b(q,p, Dy, D,) o a(q,p, Dy, D,) ~ a(q,p, Dy, D,) o b(q,p, Dy, D)) ~ 1d.

(f) For any a € Sy(Q:C), alq,p, Dy, D) € L(L*(X,dqdp; C); L*(X, dgdp; C))
with
||a(q,p, an Dp)||£(L2;L2) <O Sup p&ﬁ,%l;(a)
loe|+1B]+v[+16]<Na
for some N; € N determined by d = dim Q).
(g) When & : T*Q — T*Q' is a C*°-isomorphism like in (a) and the unitary map
Us : L*(X',dq'dp’; C) — L*(X, dqdp; C) is defined by

Usu)(q,p) = \/|det(dg(q)) det(L(q))[u(6(q), L(q)-p),

then for any a € S2(Q';C), Usa(q,p', Dy, Dy)Us" = b(q,p, Dy, D) €
OpSy (Q; C) with b ~ 372 b; and by = (®*a).

When L(q) = tdp(q)~! and ¢ €  a coordinate domain in @, this result con-
tains the fact that the space of pseudo-differential operator OpSy _comp (€2; C)
does not depend on the choice of coordinates on () with a functorial trans-
formation of the principal symbol. With the local definition of the quantiza-
tion (E.2) and (b), the space OpSy (Q; C) has a global geometric meaning.

(h) The vector bundle version of pseudo-differential operators a(q,p, Dy, D,) €
OpSF(Q; 75(End(E))) acting on sections of 7% (E) where X = T*Q =5 Q
and T*X 2% @ are the natural projection and £ =2 () is a vector bundle
over (), is reduced to the case of matricial pseudo-differential operators acting
on CN-valued sections via the localized definition (E.2). It has the same
properties as the scalar pseudo-differential operators except for the principal
symbol of a commutator. We will use the abbreviation OpSy (Q; End &) for
OpSy (Q; w3 (End(E))).

(i) The seminorm topology on OpSy(Q;C) and the continuity properties of
(A}, Ay) — Ay oAy and of A — Ugpo AoUg' are discussed in Subsection E.4.

E.2. Global calculus when ) = R?

Let T*(T*R?) = R

q,p,€m

(g p.&m) = 1+ IR+ [l + ol
The symbol class S(m, gy) is the set of a € C>°(R*?; C) such that:

Va,B,7,0 €N 3Chprs >0, VX =(gp&n) € RY,
9707 9205a(X)| < Caprsm(X)U(X)™

and consider the function

|B1+19]
|V|—T
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and the topology on S(m, gy; C) is given by the family of the seminorms

T
m, |~ 181181 :
a8 1<k m (X )= (X))

X6R4d

We follow the terminology of [Bon97].

PROPOSITION E.4. — The metric gy = dg? + >+ dp + d" on T*R2d R%gn
is a split Hormander metric with the gain functmn \If(q p,§ 77)

Additionally it is geodesically temperate with g5 = U2gy.

For any s € R, the function W* is a gy-weight for any s € R and an elliptic symbol
in S(V°, gy).

Remember that o = Z?il d=; Ndz; denotes the canonical symplectic form on ]Rid ,
with here x = (¢,p) and Z = (£, 7).

For the sake of conciseness and without any possible confusion here, we follow the
usual abusive convention for the presentation of Weyl-Hormander calculus and write

shortly

g\l/,X(T) = qu X(T T)

for the quadratic form applied to the tangent vector T' = (t,, t=) instead of gg x (7', T).

Proof. — The properties g3 = ¥?gy and gy x (t:, —t=) = gu x(tz, t=) (gu is split),
U > 1 (Hérmander uncertainty condition) and U* € S(U*, gy; C) are obvious.
The inequality

() e () (20

says that the slowness and (geodesic) temperance are proved when W is a slow and
(geodesically) tempered weight for gy .

Slowness. — Set X = (¢,p,&,n) and X' = (¢, p', &, n').For gg x(X' — X) < %

-1
let us prove (;’((f,))) < R? for R > 1 large enough.

The assumption implies

&l & c_ 1
€& < 7@2@ with {f—wf
~ 7 /
R K &= Tt
We deduce
N - S 2\ ~
E1P < 208 + 208 — €8 < (14 )2
and

~ g 9
€7 < 24€)* + 5(8)*

This gives for R > 2
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and )
v 2
<<?%§m> 2@+Q
(¢, p. & n) R
Let us consider now the quantity
V(g p.&n)
\Ij(ql p/ f/ /)

while noticing that the first result and the assumption gy x(X — X') < R2 implies

1 2(1+2/R?)
p=p < 5¥(ap & Y2 < v ¢ )2
2
< I+ [pl + D
and
2(1+ 2/ R?)
=7l < F—5—0(dp ¢ )/
9
< A+ +[pl + D
with

9 2/1/21+~2+~21/2

i<1_|_ ’£/|2_'_ ‘p|4_’_ ‘7]|4)1/4 < <§> ( |p| |77| )

R R
by setting p = (¢)7/?p and 77 = (¢')~/2n. By using the same normalization for
(p', 1) we deduce that the vectors Y = (p,7) and Y’ = (p', 1) satisfy

2
Y -V | < 2y
Y =Y < {Y)

T(d m & +1/2 vy £
V(g p, &) (Y") R
when R/2 > 2. We deduce the uniform inequality
(‘I’(X) )ﬂ _ ( V(g p. & n) )il y ( V(g p.€\m) )ﬂ
v (X') ¥(q,p,&m) Y(q,p' &)

2 8 \?2 19
2(”32)4(”R2> SZUS R

and again

as soon as gy x (X' — X) < 7 if R > 22
Geodesic Temperance. — With g3 > d¢* + d&* + dp® + dn?, we get 99 x (X —
X’) > |X — X'|* and the same inequality holds for the geodesic distance for g3,
a5(X. X) > [X - X'|.
From
\If(q',p',é“',n’)z < 1 + ’£/|2 4 (’p/’2 4 ‘77/|2)2
S L2067 208" = &° + @Ipl + 200" = p* + 20 + 2" —nl)?
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we deduce

U(q,p, &) <64¥(q,p, &)L+ 1€ =P A+ [P —pf> + [0 —nl*)?

and the symmetric version results from the exchange X <> X’. We obtain

\I/(X) +2
(\11<X’)> <O4(L+lg—q/P+IE— €12+ 15 b+ i —n>)® < 64(1+|X — XY,

With | X — X'|* < min(g§ x (X — X’);dg(X, X’)?), this proves that the weight W,
and the metric gy owing to (E.3), are geodesically tempered. ([l
We recall that

2d 1 1 2d
k=1

and
(DX17DX2 Z 21,k $2k 81'1ka~:2k7

have real quadratic symbols (replace D by the corresponding Fourier variable).

All the results of [H6r85, Chapter XVIII| can be applied for the Weyl quantization
a¥(q,p, Dy, D) when a € S(m, gy) and m is a gg-weight. Because gy is split, the
Weyl and standard quantizations are equivalent and we recall a(z, D,) = b (x, D,,)
with

0 = D=D=/2p Ni:l (1D,.D=/2)"

oy b+ Ry (b)

n=0

—! (—=iD,.D=/2)"

N
h— €7iDz'DE/2CL — Z

!
n—0 n.

a+ Ry_(a)

where every n'™ term is continuous from S(m,gy) to S(m¥™", gy) while the
remainders are continuous from S(m, gy) to S(m¥ =%, gy). Accordingly if a:8" a,
(resp. aifay) denote the symbols of a¥V (z, D,)ody (z, D,) (resp. a;(x, D,)oas(z, D,))
we know
w _ iU(DX ,DX )/2
(Ilﬁ CLQ(X) =€ 1 2 al(Xl)aQ(XQ)’XlngzX
ZO' DX17DX2)/2)

a1 (X1)az(Xs)

Xy =Xo=X + Ry\fv(ala a2)7

and respectively

arfag(X) = eP=1-Pra al(Xl)ag(Xg)

X1=Xo=X

= a1(X1)ax(Xs)|

—Xo=X + RN(CLl, CLQ)

Z|a|0z'a a105as + Ry(aq, as),
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where every n'® term is bilinear continuous from

S(ma, gw) x S(ma, gu) to S(mume¥™", gy)
while the remainder is bilinear continuous from

S(mi, gw) x S(ma, gv) to  S(mimaT™", gy).

Two differences: "V (z, D,)* = (a)" (x, D,.) remains true only modulo S(m¥ ™!, gy)
for the classical quantization while f(z)a(z, D,) = (fa)(x, D,) remains true only
modulo S(m¥~!, gy) for the Weyl quantization.

In [BC94] were introduced the general Sobolev spaces H(m, g) for any Hérmander
metric g and g-weight m as Hilbert spaces with the norms

el t1m.g) = || M (@, Da)u

2’
where M € S(m, g) is any fixed elliptic invertible operator.
We are concerned here with a simple case.

DEFINITION E.5. — For s € R the space W*(R**; C) is nothing but H(U*, gy)
with the norm

. = || (M)" (@, D2 )u
with M, = (Cy + Uls¥8ns for some C, > 1.

L2’

The invertibility of M,(z, D,) : W*(R?%; C) — L*(R*, dgdp; C) comes from (C +
Wlh=14W(C, + Ukl = 1+ O(1/C,) in S(1, gu).

Because gy is geodesically tempered with g = W?gy, J.M. Bony provides us
a simple version of Beals criterion in [Bon97]. In our particular case the symbol
class S*(1,gy) is nothing but the set of a € C*(R?*¢;C) such that for any i €
{1,...,d} 0a € S(¥,gy), Oa € S(1, gy), while 9,,a and J,:a belong to S(¥1/?; gy).
An operator A equals o'V (x, D,) with a € S(1, gg) if and only if all the commutators
adyw (4. p,)s - - - » adyw (o, p,) A for b, € ST(1, gy) are bounded in L(L?* L?). Here

adyw (, py A = 0" (2,D,) 0 A— Ao b (z,D,)

is defined as a continuous operator S(R??) — S'(R*?) for any A € L(S(R*?); §'(R??)).

Alternatively, the simpler and original version of Beals criterion in [Bea77] works
here according [BC94] (see [NN98] for a detailed version of [BC94, Remark 5.6])
owing to the three properties

e The metric is diagonal in the canonical basis B of R* = T*(R??), written as
B ={0,,0p,0c,0,,1 <i<d},

while the convex hull Cx 5 = {>.cptegw.x(e) "%, (t)ees € [—1,1]#8} satis-
fies
3rel0,1], VX e R =T*R*), By, (0,r) C Cxp C By, x(0,2).

o If L(e) = (o(e, X)) for e € B with ¢ = dn A dp + dé A dg and X the
radial vector field, we get L(0yi) = —Dgyi, L(0p,) = —Dp,, L(9g) = ¢' and
L(@nz) = pz.
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e For a finite family F = (e,,)1<n<n of elements of B the weight mg(X) equals
Ni = t{k, e, € {0 }}

Ny = jj{l@ek S {apz78"h}}
The Beals criterion thus says that A = a"(q,p, D,, D,) with a € S(¥*, gg) for some
gy-weight m, if and only if all the commutators

ady adg adp, ad%p A

Ng
mE(X) = H gq,’X(ek)l/Q = \IJ<X)7N17N2/2 Wlth {

n=1

initially defined as continuous operators on S(R??;C) (or on &'(R%*;C)) actually
belongs to

ﬁ(ﬁso (RQd; C), WSQ—S-HOAH-M (R2d; C))

for some sy € R (and equivalently for all sg € R). Additionally the topology on
S(¥¥; gy) is equivalently defined by the family of seminorms

(qusk)ken  OF  (Qusk)keN,

qus k(A) Hadg“ adg adp, ad‘st A

= max ‘ ~ 1B1+13] \ -
|al-+181+ |+ [61<k c(Lz;w*S*‘a‘+ : )

Beals criterion is especially convenient for the link between a global pseudo-differen-
tial calculus and functional analysis.

PROPOSITION E.6. — Assume that A = a"(z, D,) is a self-adjoint operator in
L*(R?? dqdp; C) with an elliptic (and real) symbol a € S(V*, gy) (ellipticity means
here a > 5U* uniformly on R*!) such that D(A) = WH(R2: C). Then for any
fe st %;C), the operators f(A) and f(A) — f(a)" (g, p, Dy, D,) are pseudo-
differential operators with symbols respectively in S(UH, gg) and S(U**~1 gg).

If additionally A > C'ld;» with C > 0, then the same result holds for A®* and
A* — (a*)W(q,p, Dy, D,).

Proof. — The proof of Bony in [Bon97, Theorem 3.8] relies on the Helffer—Sjostrand
functional calculus formula very convenient with Beals criterion (seminorms on
S(P* gy) are expressed in terms of norms of commutators). We refer the reader
to [Bon97, DS99, HS89] or to the end of Subsection E.4 for a more detailed use of
Helffer—Sjostrand formula. The only thing which was not verified in [Bon97], because
it is about a more general framework, is the principal symbol statement. Actually we
can focus on p > 0 and when one knows that (z — A)~' = 0% (z, D,) with seminorms
of b, estimated by py-u(b) < Ck% it suffices to write ()" o (2 — 4) =
1+ 7% (z, Dx) with seminorms of r, € (¥}, gy) estimated by
2) N
p\If—l,k(TZ) < C’/€|IH<1,2|N;QH

Z\Nllc/"'l '

Inserting this into Helffer-Sjostrand formula proves the result for s < 0, by simple
integration. For s > 0, write f(A) = (i + A)N fx(A) with fx(t) = (i +¢)"Vf(t) €

S((tys—N, %) and N large enough. O

We deduce (;2;)" — (2 = A)™! = ' (, D,) with py-u-14(c.) estimated by 1 S
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The former result provides us an easy way for comparing various simple definitions
of the spaces W?#(R??; C) and the equivalence of the norms.

2
ProrosiTION E.7. — Consider the self-adjoint operator A = 1 —A?I + (—A#W)

in L2(R2, dgdp; C) with domain D(A) = W2(R?% C). Let >3°_, 62(t) = 1 on [0, +00)
be a quadratic dyadic partition of unity like in (4.2). Then the following squared
norms on W*(R??; C) are equivalent with || ||%,:

(i) HAS/QUH%? R2d dgdp:C) for any s € R;

(ii H( p+\P|2)
L2(R24 dqdp;C)

)
(iiig 21 10e(lpl*)ull5s,e;
)

|Dq‘su||%2(R2d,dqdp;C) fOI’ S 2 07

(iv) for s =k € N, Z|a|+‘6‘;h‘<k ||(?f;p'38;u||%2(R2d7dqdp;C);
(V for s =k € N; Z|a|+N3+M<k ||<p>N3agagu||%2(R2‘i,dqdp:(C);

Proof. — The equivalence with (i) is a direct application of Proposition E.6 because
C+ A= a"(q,p, Dy, Dy) with a = C + 1+ [§* + 1(|p[* + [n*)> mod S(¥', gy)
which and a is elliptic for C' > 0 large enough. For s € R the functional calculus says
that || A%/%ul|z2 is equivalent to ||(C' + A)*/?ul|z2. But for C > C, > 0 large enough
(C + A)*/? = a(q,p, Dy, D,) with a, elliptic in S(¥*, g,) and ||(C + A)*/2ul|;: is
equivalent to HuHWs

The statement (ii) is actually a consequence of the functional calculus with (1 +
2+ )" < 2 4 ¢'* for all t > 0, > d/2 when s > 0 is fixed.

For s = k the squared norms of (iv)—(v) are equivalent to (u, By,u)r2 and (u, B,u)
with

Biw=C+ Y. D)DXp*D], B,=C+ >  D)DX(p)*D]

|a|+‘m;h‘<k |a|+N3;r|7‘<k

which both have a symbol elliptic in S(V?, gy) for C' > 0 large enough. By Propo-
sition E.6, the operators (C' + Bj,)'/? and (C + B,)"? have an elliptic symbol in
S(W* gy) for C > 0 large enough and the two norms of (iv)—(v) are equivalent to
|lwll i for k€ N.

Finally for (iii), we use the partial Fourier Fj_,¢ transform with respect to g which

sends L*(R??, dqdp; C) onto the direct integral [pa L?(IRY, dp; C) ¢ 27r) . =keN

the squared norm in W¥(R?%; C) is equivalent to

2
Neww?=Clul}+ Y [ep’du

|a|+w§w <k

and t0 3 ojq|4|8]+]<2 Nak,l(go‘pﬁﬁgu)Q. We are considering operators of order 2 in
0, and Corollary C.2 can be applied with a recurrence with respect to k£ € N and
gives

1 oo
oA Z Neyw(Oc(|pl*)u) < Neg(u)* < Cy Y New(0e(|pf*)u)?,
k=—1 =1
for all u € C°(R?%; C) and by density for all u € W¥(R24; C). The result for s € R
follows by interpolation and duality. O
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Remark E.8. — The equivalence with (ii) could be done with a semi-classical

calculus a" (v/hp, \/EDP) with the semiclassical parameter h = ﬁ with the

symbol classes

5<<p, " )" ()", Zf; i 332)
with

h
L+ (=8 + p)? = a1 (Vhp, VhD,),

dp? d dp? d
aq elliptic in S((p, )4, <§> + <:>> and  x(|p|?) € (1 ;) + 77),

(see e.g. [Rob87] or [NNO8]). The necessity of two Hérmander metrics suggests the
link with the second microlocalization of [BL89]. The chosen elementary method
suffices here.

E.3. Localization and geometric invariance

For the localization in Q x R3¢, ¢ € 2, Q open set of R, it is more convenient to
work with the classical quantization:

[a(g.p, Dg, D)l 1,4 1) = /R et e=la(g p ¢ )

for which o(q)a(z, Dy) = [o(q)a](z, Dy).

Every a € 84 1,.(Q x R3¢; C) gives rise to a kernel in 8§, ¢ 1,.(2 x 2 x R?%;C) and
therefore a continuous operator A, from So_comp(22 x R% C) to S 1,.(Q2 x R C)
and a — A, is a bijection. Consider the symbol class S g ,.(€2; C) characterized
by (E.1) with the associated space S§'q comp(€2; C) and the spaces W20 10e(Q; C),

& comp(§2; C). For two open sets Q and ' of R? and ¢ € C3°(€; C) we have the

following continuous embeddings when the letter E in E(2) stands for ST, W,
SorS"

dédn
(2m)2d’

Eo_comp(2) C Ega_comp(R?) C Eqr_10c()
Q(Q)EQ’—comp(Q,) - Q(Q)ERd—comp(Rd) C EQ—comp<Q)'

Notice also for e = loc or comp:

M Wea_o(2 x R C) = Sp_o(Q x RY; C)

seR
and

U Weg_o(2 x R% C) = Sh_,(Q x R C)

seR

In particular symbols @ € S§'q comp(€2; C) can be viewed as symbols a € S(V™, gy).
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Therefore a(x, D,) is a continuous operator from Wé_comp(Qde; C) to Wf)—comp(Q X
R% C). For x € C5°(©;[0,1]) such that y = 1 on a neighborhood €, of Q — suppa

we have

a(z, D)X(@) : Wiy 166( X RE C) — Wiy _omp (@ x R% C)
and
a(x, Dx)X(Q)méX_wmp = a(z, Dx)!fvéx_comp

For two different choices of y and y’ which are equal to 1 in a neighborhood of
Q —suppa, a € STq_comp(€2;C), the differences a(x, D.)x(q) — a(x, D,)x'(q) =
a(z,D;)(x(q) — x'(q)) = b(z, D,) with b € S(¥~>°, gy) and therefore is continuous
from Sf_10.( x R%E C) t0 Sao—comp(©2 X R% C), where Q' = Q or any other open
subset of R?.

DEFINITION E.9. — For an open set €2 the set of regularizing operators is
R(QC) = L(8_10e(2x REC); - Socomp(© x R%C)).

For two operators A, B continuous from Sg—comp(€2 X R% C) t0 Sf_comp (€2 x R%; C)
the equivalence A ~ B is defined by A — B € R(Q; C).

The set OpSy (€2; C) is the set of sums a(x, D,)x(q)+R witha € S§q_omp(2;C) C
S(U™ gy), x € C(;[0,1]) with x = 1 on a neighborhood of 2 — suppa, and
R € R(Q;C). The set OpSy™(£2;C) is R(€2; C).

With the previous remarks U,,cgr OpSy (€2;C) is an algebra and while the inter-
section ,,cr OpSy (£2;C) is clearly R(£2;C) = OpSy™(Q2;C). Moreover if A; =
aj(z, D;)x;(q)+R; € OpSy(Q;;C) for j = 1,2 then Aj0A; € OpSy (£2UQy; C) with
Ajo Ay ~ ay(x, Dy)oas(x, Dy)x(q) = (a1faz)(x, D) x(q) for any x € C5°(£21 NQy; C)
such that x = 1 on a neighborhood of Q2 — supp a; N Q2 — supp as.

DEFINITION E.10. — For A € L(Sa—comp( x R% C); 84_15.(Q x R% C)), the
notation A ~ 322, a;(x, D;) is thought of as a localized asymptotic sum, for a
sequence a; € Syt _10.(%C) with lim; .o m; = —oo and (m;)jen decreasing. It
means that for any pair o,x € C§°(£2;1]0,1]), with x = 1 on a neighborhood of
Q) — supp o, there exists a, € Sy°(€2;C) such that p(q)A ~ a,(x, D,)x(q) and for
any J € N, a, — ¥ 7_ 0(q)a; € Sg’* (9 C).

Notice that if A = p(¢)Ax(¢) for some g,x € C°(;C) and a; = 0(q)a; for
all 7 € N, the above condition is reduced to a — Z}]:o a; € S™+(Q;C) with a
independent of p. Moreover the localized definition means that we can always consider
this simpler case.

The previous definition is justified by the following standard result.

ProposITION E.11. — For any sequence a; € S(V™, gy) with m; decreasing and
lim; oo mj = —o0, there exists a € S(U™, gy) such that a—Y>7_ga € S(¥™+1, gy).

For A € L(Sa—comp(2 X RE C); 8 10.(2 x REC)), A ~ 2 aj(x, D) Is equiv-
alent to the apparently weaker condition A —Y7_a;(x,D,) € L(W&ﬁéomp(Q X
R C); W 15.(Q2 x R C)) with limy o gty = —00.

TOME 9 (2026)



770 F. NIER, X. SANG & F.G. WHITE

Proof. — The first statement can be reduced to the case where m; = my — j by
putting together b, = >, _n—1<m;<mo—n @j- Then use the standard Borel summation
in S(U™ gy) by taking

a= i(l —X) (Nn(l +pjno—”,n(b">>>bn

n=0

for x € C3°(R;[0,1]) equal to 1 in a neighborhood of 0 and the sequence (N, ),en
being increasing fast enough such that for every k € N,

> U
mao— 1_ bTL
gqu 0k [( X)<Nn(1 -|-p‘1,m0n7n(bn)>

For the second statement, fix o,x € C*(£2;[0,1]) with x = 1 in a neighborhood

of ¢. Then take a, € S(¥", gy) such that a, — >7_, 0(q)a; € S(¥™+1, gg). For any
J € N, the difference D = o(q)Ax(q) — a,(x, D;)x(q) equals

D = 0(q)Ax(q) — a,(x, D2)x(q)

= 0(q) (A - a;(z, Dx)) x(q) + (ag(x, D,) - i(@(q)aj)(w, Dx)) x(q)

< +00.

=0 =0
and belongs to LW~ (R24; C); W (R24; C)) for all J € N with D = g(¢q)Dx(q) for

)
some pair g,y € C°(;[0,1]) € C*(R% [0,1]). This implies that D = o(q)Ax(q) —
ay(x, D;)x(q) is continuous from &'(R*;C) to S(R*!; C) and with D = 3(q)Dx(q)

it means D € R(§2;C). O
In particular when A, € OpSy*(2;C) with Ay = ar(x, Dy)xk(q) + Ry, ax €
ST 6 comp(§%; C) we can write as usual
1
AjoAy~ Y Tl 10¢ a107 as
aeNzd

With the previous localization method, the global differential calculus of Subsec-
tion E.2 is well defined with all its properties, if the following two conditions are
satisfied:

e the class of symbols Si'g ., (2;C) C S\?Rd_wmp(Rd; C) is sent onto

S\TIZQS(Q)icomp((b(Q); (C> C SgL,Rd—comp(Rd; (C)

by the canonical transformation ®, : R}? . ~— Ry . induced by a diffeo-
morphism ¢ : R? — R? with ®(q, p) = (¢(q),'dé(q)~! - p) and ®, : T*R* —
T*de;

e when Uy is the unitary transform in L?(R?*¢, dqdp; C) given by

(Usw)(q,p) = uo B(g,p) = u(d(q),'dé(q) ™" - p)

satisfies Upa(x, D) Uy ~ 3°° b, (x, D,) in OpSy (2, C) with a general term
bn € S50 comp(5C), b = a0 @, = P*a in SP'o_ 0, (2 C), for any a €

S&Z({)(Q)—comp(gﬁ(Q) ; C) :
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In particular all the sets €2 x Rz and 2 x Rz,d{,n
with a natural geometrical meaning.

Actually we will consider more general changes of variables on R?¢ which can be
viewed as vector bundle isomorphisms of R?¢ = T*R?. We consider the following
change of variables

(E.4) (q,p) = ®(q,p) = (¢(q), L(q) - p)

which is a C*-diffeomorphism, a bijection such that d¢(q) and L(q) belong to GL4(R)
for all ¢ with the following estimates

VaeN, JC, >0,

g, + o5 (de) | +105 s~ + 0527 . < C

can be replaced by T2 and T*(T*Q2),

(E.5)

Note that ®~! takes the same form with
®(q,p) = (¢:0) = (¢7(@), [L(67(@)] D).

It is given by a change of variables ¢ : RY — R when L(q) = "d¢p(q) ™"
Its differential is given by
tq
tp)

Blap) Gi) - ((duq).ﬁ D . tp> - <dg?q(>q?p L?@)(
" ib(g.p) (tdczﬁ(OQ)‘l —tdcﬁ(Q)‘l:&é;J)l-p]tL(Q)‘1> _ <L1(§Q) (LzL(;I()q')p)>,

where all linear maps Ly, Ly and the bilinear map Ly have uniformly bounded
derivatives of any order with respect to ¢ € R%.
The canonical transformation ®, : T*R?? — T*R?? is thus given by

q q o(q)

Pl _g |2| L(q) - p

3 S Li(q) - &+ Lalq) -p -1
n n Ls(q) -

With the transformation ® given by (E.4) we associate the unitary transform Ug in
L*(R??, dqdp; C):

(E-6) (Usu)(g, p) = |det(de(q)) det(L(q))|""*u(é(q), L(q)p)
= J2(q)u(9(q), L(9)p).
Let us consider the simplest versions of spaces of functions.

PROPOSITION E.12. — For the transformation ® given by (E.4) the following
properties hold for any s € R:

(i) The operator Uy (resp. Ug') is continuous from S(R?**;C) and from
S'(R%*4; C) onto itself. For any open subset Q € R? it is continuous from

Shia)—a(@(2) x REC) (resp. S, (2 x R%C)) onto 8, (2 x R%; C) (resp.
S;(Q)f_@(Q) x R%; C)) where, with respective correspondence, S stands for
S or &’ and e means loc or comp.
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(ii) The map a — agp = a o ®, is continuous from S(V?®, gy) onto itself. For any

open subset Q in R? and any m € R, it is continuous from ST 4(02)—comp (P(2);
C) onto S g comp(§2; R).

Proof of Proposition E.12.

(i). — It suffices to consider J~'/?(q)Us because [0J*1/2| < C, for all o € N

We write

O (J2Usu)(q,p) = 059 (q)(Opu) ((q), L(q) - p)
+ (95 L(q) - p)j0p;u(é(q), L(q) - p)
Oy, (J2Usu)(q,p) = L(q)}(9p,u)((q), L(q) - p)

1
qu}(l + g+ [p]*) <1+ [6(0))* + |L(q) - pI* < Co(1 + |gf* + p|),

where the last inequality is a consequence of 1+ |¢(q)] < Cy(1 + |¢|?) owing to
|dp| < Cy and its reverse inequality for ¢!

(ii). — The formula for a o ®, is

ao®, = a((q), L(¢) - p, L(q) € + La(q) - p -, La(9) - 7).

Let us first compare ¥ and ¥ o ®,:

20 d,(q,p, &) =1+ |L(q) - p|* + |Li(q) - € + La(q) - p-n|* + |Ls(q) - n[*
< Co(1+ |p[* + €7 + p*In)* + In|*)
<2C59%(q,p, &, m).

Applied to U2 o (®71),, this provides the equivalence

1

C—&)xp < Vo (@), < CyV.

The operators 0y, Op,, O, O, applied to a o ®, are equivalent to the following
Cy° (Rg; R) Linear Combinations (abbreviated as L.C.) of elementary operators acting
on a:

Ogit L.C. of Oy, pr0y,, &0, , pin Oe,, Oy, , which all are continuous from S(U*, gy)
to S(\Ifs, g\y)

9yt L.C. of 9y, n’0g,, which are continuous from S(¥*, gy) to S(U*~1/2, gy ).

e, L.C. of 9, which are all continuous from S(¥*%, gg) to S(V*~, gy).

9yt L.C. of p;0¢, and of 0,:, all continuous from S(¥*, gg) to S(¥*1/2, gy).

This proves the continuity of a — a o ®, from S(¥?® gy) to S(V*, gy). O

Let us consider the functoriality of the transformation of the quantization rule
a — a(r,D;)x(¢) + R with a € S§ 4, 2;C), x = 1 in a neighborhood of
»(2) —suppa and R € R(¢p(Q2); C).

—comp(
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PROPOSITION E.13. — For any A = a(z,D,)x(q) + R € OpSy(o(Q);
operator U AU} is equal to bg(x, D.)x(®(q)) + Re with Ry € R(P(Q);
bs € ST a_comp(§%; C) and satisfies

), the

C
C) and

Uq>AUq> ~ Z bn(.CE, Dx)
n=0

according to Definition E.10 with by = a o ®,.. More precisely when € is a bounded
open subset, where we recall the inclusions

S\E’L,Q—comp(Q; C) C S(\Ilm7 g¢) and S\In7,¢(Q)—comp(¢(Q>’ C) - S(qjm7 g¢)’
N-1

by = Z by, + re n(a)

n=0
with a continuous map re y : S(¥™, gy) = S(V™ ¥V, g,) for every N € N.

Remark E.14. — Except for the principal symbol this result does not say that
the transformation a +— bg corresponds to by = a o ®,. It works exactly only for
functions a(q,p) and in particular for the cut-off functions with respect to ¢. But
when © is a bounded open subset of R, Usa(z, D,)x(q)Us" = by(z, D) x(¢(q))
defines a continuous operator from S§' ;o) comp(#(£2); C) t0 ST o comp(£2; C).

Proof. — With the localization we can assume ) = R? a € S(U™; g¢), RY—suppa
compact, and R = 0. We introduce another cut-off function y € C5°(R%; [0, 1]) equal
to 1 on ®(Q2) when Q is bounded and, for a more general choice of €, equal to 1 in
a neighborhood of supp y.

Because the function J*/2(q) € S(1, gy ), the problem is reduced to the study of
the operator

(J72(q)Us)X(a)a(z, D)X (@)(J~*(q)Us) ™!

of which the Schwartz kernel is given by the oscillating integral

K(z,y) = / LilE(6(a)=6(a)+n-(L(a) p—L(g') )]
R2d

Metrics and cut-off. — On ]ngfl:,‘,,’E with z = (¢,p), 2’ = (¢,p') and = = (£, 1) we
consider the metrics
dp2 dp/2 df2 d?72
Gy=d¢* +dg” +— + 5
d FoF s

for

f=U(gp.&n) =0+ |+ p/* + In|)"?

and

F=U= 0+ P+ p|* + ] + |02

TOME 9 (2026)



774 F. NIER, X. SANG & F.G. WHITE

The metrics Gy and G§ are slow (same proof as for gy). But the slowness of g,
implies

+1
(‘I’(qpfn)> <Cy when |p—p|<Cy'W(q,p,&n)"
(g, v & n)

and therefore with the above notations

/ 1 1/2 v = /
|p—p’<O—,‘I/ - 6 gC\p
7

for some large enough constant Cj, > 1, and

ce S(U™ Gy) < ce S(I™ Gy)

1
when suppc C {(x,y,E) eR%Y |p—yp/| < C,\IJVQ}.
v

For 6 € C3°(R; [0, 1]) and € > 0, ¢ < &~ fixed later consider the two cut-off functions
4

- g —dq' - p =
O1(z,2',Z) = ©1(q,¢") = «9(62 and Oy(z,2',Z) =46 2y )

By looking at the region 2" < T < 27712 contained in a fixed shell for the rescaled
variable (P, 7/, €,7) = (27/%p, 272/ 27"¢,277/2) | a homogeneity argument gives
O, € S(1,Gg) N S(1,Gy). The following properties become obvious when a €
S, gw)

by.s = X(0(0)[a(d(q), L(q) - p. & mIX(¢(¢)) € S(¥™, Gy),
©1, ©5,1 — 0, € S(l, G@) N S(l,G\y)

We now write the kernel K (z,2’) of the continuous operator K : Spa_io.(R??; C) —
! (R%; C) as

R4 —comp
K = Kgiag + K1 + Ky
with

Ki(x, ) :/ e¢[£-(¢>(q)f¢(q/))+n-(L(q)-pr(q’)-p’)](1 —01(q,¢))bgo(z, 2, E) d&dry
R2d ) ’ )

(27)2d

Koz, 2') = / pilE (6(a)=6(a")+n-(L(9)-p—L(¢") )]
R2d

- = _d€dn
X @1((]7 q,)(l - @2(277 x’? :))b)’&(ﬁ(])’ x/’ ‘:‘) (27T)2d
Kaing(@, 7) = / e (6(@)~6(a)) - (La) p—L(d")2)]
R2d
— - d€dn
X 01(q, ¢ )Os(x, 2, Z)bg 4(z, 2", E) 2y

and use the same symbol Kgiag, K2 for the associated operators Sga_y,.(R??; C) —
! (R%*; C) with uniformly controlled supports.

R4 —comp
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Non stationary phase in q. — For a given k € N, N > N 4 integrations by parts
with
N

1 &- — ! - _ ’
2 (o(q) —o(q)) - D¢l e £(d(0)—9(d) — i€ (¢(a)—o(g ))7

|9(q) — o(¢)

and the lower bound

1

(E.7) ¥ (4,¢) € supp(1 = ©1) NVE,  [6(q) = &(¢)| = 57—
X

for e < C%(?, small enough, and V5 a compact neighborhood of supp ), implies that
X

for all at;ﬁ-,fy‘ € N* 2|a| + |B;] + |v| < k, for j = 1,2, the kernel
32 25> J J J
(_1)az+wagzlpﬂ1 3;1 3;52 @/)6233,2 Kl(x, x/)

of (02 p™a7) o Ky o (952p™872) belongs to L*(R*, dgdpdq'dp'; C). Actually the
estimates with powers of p’ is deduced from our estimates with powers of p via
integration by parts with

Dnein(L(Q)p—L(q’)-p’) = (L(¢q)-p— L(¢) ,p/)ein-(L(q)'p—L(q’)p’)'

We deduce that, for any k € C, K; is Hilbert—Schmidt and therefore bounded
operator from W*(R2% C) to WF(R24; C). With the fixed compact Q-support, K,
belongs to £(S'(R?*%; C); S(R?**; C)). It has a symbol in S(R*?;C) C S(¥~>, g,,) with
a compact support in ).

Kuranishi’s trick. — Write

§-(o(q) —o(q) +n-(L(g)p — L(¢)p)
= (&n) - ((x) — O(2))
= (&) - M)l do((1 —t)z + ta') dt} (g - gi)

and remember with z;, = (1 —t)x +ta', ¢ = (1 —t)g+t¢', pr= (1 —)p+ tp/

1 L dé(q 0
/0 dé(mt)dt:/o (dL(qSI-)pt Lig)) "
( Jo do(q:) dt 0 )
“ A\ —0dL(g) dt] - p+ [ o tdL(q) dt|p’ J L(g.)dt

Because (Rg“fl, — supp K) C supp X X supp X, we can fix £ < Ces small enough so
’ X

that the inequalities

(E.8) V(q,¢) €supp©; NV,

v A € Conv(dg(lg, ) U Conv(L(la,d])), ldet(A)] > —

3
o1
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where Conv(M (g, ¢'])) stands for the convex hull in My(C) of the set M([q,q']) =
{M(g,t €[0,1))} € My(C), while (E.7) remains valid. We obtain for (¢, ¢')

€ (o(q) —o(d) +n-(L(q) - p— L(¢) - p')]

[(A(% ¢) Blq.q) '11)0(; g)(q, 7) -p’) <7§7>] _ (Z - g)

with
-1
n_ (Ale,d) B(¢,d) -p+Clq.q) 1
Blw,) = ( 0 D(¢.¢)
_ (Alg,d)" Bg.d)-p+C(ag,q) 1
0 D(g,q¢)*
and
A,B,C,D,A™",B™,C", D' € S(1,dg” + dg”; Ma(R)).

We obtain

Ky(z,2") :/ i€ (a=a")+n(p—p")]
R2d

[01(1 = @a)bg o] (x, 2, E(w,a') - Z)|det(E) (g, '>\m,

Kaing(,2') = /R ety

déd
(010205 6] (7', E(w, 2) - E)|det(E~")(g, ) (2§r)727d7

where choosing ¢ < ﬁ, small enough, ensures
2P X

12
@1(37,1'/,5) = @1(I,$/,E($,ZE,> ’ E) = 9<’q52q’> = @1(q>q/) S S(LG@)?

O1(z,2',E) = Oy(z, 2, E(z,2') - 2)

lp—p')? >
— 0
(62\1’(0,19, Alq,q) -+ B(q,¢)-p-n+Cq,q¢) P -n.D(q,q¢)"-n)
S S(l,G@),
5>2’¢(x, ', 2) = by o(z, 2, E(x,2') - E)
= X(9)x(¢)a(6(a), L(a) - p, Alg, ) - €

+B(¢,q)-p-n+Ca.q) -0 nDa,q)" n)

—
|
@
N
S
>
s,
=
&\
5
8
%g\
[1]

) € S(ﬁzlml, dz? + da’? + dEQ),
[O2by o) (z,2', E(x,2") - E) € S(¥™, G5).
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Actually it suffices to check
V(0,p, B(x,2).5) < C(1+ (Ig] + Ip| Il + 17/ n])* + [pl* + 1P| + nl*) < €W

with the symmetric version by applying the same result to W2(0, p, E(z,z')"*.Z) and

v

\I,)il < C; when [p—p/| < £U2 owing to the slowness

then to use the equivalence (

Non stationary phase in p. — Despite the bad a priori estimate of the symbol
(1 = O2)bgo)(z,2', E(x,2").E), N > Nj 4 integrations by parts for a given k € N
with

N
1 AE-(a—a V(! el (o
(M(P_p/)'Dn> & (a=d )+ (p=p")] — pil&-(a—a")+n-(p—p")]

and

1 =~
v (Z’,.CE/) € Supp(l - @2)('7 °) E(7 ))7 ‘p _p/’ > 7\111/27

lead to the property that the kernel of (93 p™ 97" )o K50(052p™97?) is Hilbert—Schmidt
and therefore bounded in L*(R*! dqdp;C) for || + w < k. We conclude
as we did for K; that Ky belongs to £(S'(R?*¢;C); S(R*;C)). It has a symbol in
S(RY:C) C S(¥==, gg) with a compact support in Q.
Gauss transform. — The kernel of Ky, can be written
Kdiag(% :L‘/) = b(‘% D:c) with b(l‘, E) = 61’DE‘DI/ [[@1®2b>2,¢] (.CE, x/a E(ZL’, x/)Emgc:x’a

where the metric G is slow on RS the B-dual metric of Gy for

0 0 0
B=|[0 0  }Idge
0 % IdR2d O

is the degenerate metric GB = W2d¢? + Udp? + d¢? + Udn?. Fortunately Gy is
GP-temperate along the vector space Vy = {(z,2/,Z) € R%, z = 2/} and ¥y, can
be replaced with W. Theorem 18.4.11 of [H6r85] tells us that b € S(¥™, gy) with the
asymptotic expansion

b(x,Dy) ~ Z by (z, Dy)
b €S(¥™—",gy)

and the first term by(z, Z) = by 3 (v, 2,E) = a o . (z, Z). O

Remark E.15. — We could have used the general theory of global Fourier integral
operators of J.-M. Bony in [Bon97]. At least when ¢ — Idg« and L — Idg« have a
compact support, this describes Ug as a Fourier integral operator of which the global
symbol is a section of the fiber bundle of affine metaplectic operators M — G,
above the graph of ¢, Go = {(X, ®.(X)), X € R*} with a value above (X;, ®(X)),
To = (qo,po,&0,M0) which is the composition 74x,)\Ux,T—az, Where 7(;, =) is the
phase translation e!(®'P==71:D=) and Uy, is a metaplectic representation of the linear
symplectic map d®,(Xy).
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The proposed methods mimics the classical techniques of pseudo-differential cal-
culus for the metric dg? + % modulo the localization process only in the g-variable

and for specific linear transformations in the p-variable. It is informative from this
point of view and provides a more explicit formulation for the functoriality of the
principal symbol.

From Proposition E.12 and the definition of VN\/fzf.(Q; C), @ = loc or comp, deduced
from Definition E.5, we obtain the following result.

PROPOSITION E.16. — Consider the unitary map Ug from L?(R*?, dgdp; C) onto
L*(R*, dqdp; C) given by (E.4)~(E.5)—(E.6) with the additional assumption that
¢ —Idge and L —Idga have a compact support. Then for any s € R?, Uy and Uz ' are
isomorphisms from W#(R2¥; C) into itself, with RY — supp Uty = ¢T' (R — supp u)
for every u € W9 (R, C).

Proof. — The support property is obvious from the definition (E.6) of Ug. With
the additional support assumption on ® —Idgea, we can write for any u € W?*(R??; C),

Ust = Upx1(6(q))u + x2(q)u for x1,x2 € C°(R%[0,1]), x1 4+ x2 = 1 and supp x1
compact. From the Definition E.5 and the global pseudo-differential calculus in
S(¥?, g4) remember

C7 Rel{u, May(z, Dy)u) e < ||ull%,
]\4SI/I/(x,D$)uHi2 < CsRe(u, Mag(x, Dy)u) e,

for M, = (Cy + Wls)sens with C, > 1 large enough.
We deduce

1Uax1(6(9))ull%. < CsRe(u, Ug(xa(q)May) (z, Da)Usxa (6(g) ).

By Proposition E.13 we know
U;(Xl(q>M2s>(xa DI>U<I>X1(¢(Q)) = b2s(x> Dx) © X1(¢(Q>> = ng(% D:L“)a

with by, cos € S(U?, gy ), and the pseudo-differential calculus in S(¥?*, gy ) gives
1Uax1(¢(q))ull%,, < Collull,.

By the triangular inequality U : W*(R24: C) — W* (R C) is continuous and we
conclude with Uy' = Ug-1. U

All this section gives a meaning to
Sh-o(T*%C), S0 comp(% ), R(AC), OpSF(RC) and Wi, (1T70;C)

(with ST = S or &’ and e meaning loc or comp) when € is a coordinate domain in
the compact manifold Q).

The topology, the continuity properties and the global ellipticity that we need will
be better discussed in the global setting which avoids considerations of inductive
limit topologies.
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E.4. Globalization on () and applications

Let us fix, an atlas Q = U}Ll 2, such that Qj = UQijjﬂ 2 is still a coordinate
domain. We take a finite partition of unity Z}']:1 0j(q) = 1 subordinate with the
atlas Q = Uj_, ; and cut-off functions x; € C5°(€;;[0,1]) such that x; = 1 in a
neighborhood of supp o;. Notice that x;x; # 0 implies €; N 2; # 0 and in this case
0j, 0i’5 Xj, Xj» are cut-off functions in the coordinate charts Qj and Qj/.

The spaces S7(Q;C) (resp. W*(T*Q;C)) are the sets a = 74 0j(q)a with
0i(@)a € SFq, _comp(2;;C) C S, gy) (vesp. 0ja € W _oomp(T*2;C)) with
the topologies given by

—comp

Pm.k(a ZPQ ami(0i(q)a), keN

resp.

lall%;. (Q:C) Z los(q a”ws T+Q;C)"

The subscript ¢ in pg, gm  refers to the choice of some local coordinates in Qj. But
J k) K
Proposition E.12 and Proposition E.13 for the conjugation a +— Uga(z, D,)x(q)Us*
with ®(q,p) = (¢(q),'d¢(q)™" - p), says that the seminorms pg ym ;(0j(¢)a) can be
replaced by pg , gm 1(0j(q)a) for any j € {1,...,J} such that Q; C Q;.
7 k) K
A vector bundle isomorphism on 7*@Q), written locally as ® : (q,p) — (¢(q),
L(q) - p) with the associated unitary operator Ug, gives rise to an isomorphism of

the space W?*(Q; C) according to the local result of Proposition E.16. This gives a
first application, which is not exactly due to the pseudo-differential calculus.

PROPOSITION E.17. — For any Riemannian metric ¢ = g;;(q)dq'd¢’ on TQ
with the dual metric g (q)dp;dp; on T*Q, if 32 _, 0%(t) = 1 is a quadratic dyadic
partition of unity like (4.2) and |p|2 = g*(q)pip;, then for every s € R the squared

norm ||ul|% is equivalent to 32, ||0,(|p|2)ul|%

$(@;C) $(QC)°

Proof. — It suffices to use the local gauge transform given by ® : (¢,p) —
(4,972(q) - p) with [p|2 = 'pg~*(q)p = |g~/*(¢) - p|> and to write

zHee PP -, = ZHUM PP, = ZHQe PPz a5,

and Proposition E.7 gives
5 Il = [0ty = s |

The intersection Nyeg W*(T*Q; C) is nothing but S(T*Q; C).
On R(Q;C) = L(S'(T*Q; C); S(T*Q; C)) ~ S(T*Q x T*Q; C), the Fréchet space
topology is equivalently defined by the family of (semi)norms

w(B) = Bl .(5-rr-qopimaeqo) FEN
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Before giving an explicit family of seminorms on

J
OpSy(Q; C) = {Z(Qg( Ja)(z, D;) o x;(q) + R.a € S§(C), R € R( C)},
j=1
let us check that any A € OpSy (Q; C) admits a canonical decomposition after fixing
some cut-off function on Q) x Q.

Attention must be paid to the following point: although p;(¢)a; = 0j(¢)a; for all
pairs (7, j') allows to define the symbol a(z,Z) = Zj/:l 0j:(q)a; (x,Z), the equality
>71(0i(a))aj(x, Dy) o xj(q) — Tii(0j(@)a)(w, Ds) 0 x;(q) = R € R(Q;C) is true
with R = 0 only under the equality of the operators

(05(q)a;)(x, D) o x;(q) = (0j(¢)aj)(z, Dz) o x;(q)

for all pairs (7, j).
With the subset Q = Uaq, na,-0 2 take a cut-off function x; € C§° (Q [0, 1]) such
that x; =1 ona nelghborhood of

U swpx; > U suppe
Qj/ﬂQj#w Qj/ﬂﬂjslé@

Because for all j € {1,...,J}, 0;(¢)x;(¢') and X;(q)1g\a,(¢") vanish in a neighbor-
hood of the diagonal Ag = {(q,q), ¢ € @}, there exists ©; € C*(Q x Q; [0, 1]) such
that ©; = 1 in a neighborhood of Ag and

(E.9) 0i(0)61(q,¢) = Qj(Q)Cj)l(q, q)x;(d) = 0;(0)X;(2)01(q, ¢ )x;(q)

J
=0i(0) | Y_ 07(0)X;(q)

=1

J
= 0;(q) X_j 07/ (@)X (¢9)©1(q, Q’)] X (4),

©1(q,4")x;(d)

where the equalities hold as multiplication operators on S'(7%Q; x T%Q;; C). Addi-
tionally the function ©; can be chosen symmetric: ©1(q, ¢') = ©1(¢, q), and we set

©2(¢,¢) =1—-061(q,q).

For any K € L(S(T*Q;C);S'(T*Q;C)), identified with its Schwartz kernel
K(z,2") € S(T*Q x T*Q; C), we set

(ElO) Kdiag(xaxl) = @1(q,q/)K<I’,$/), Koff(xax/> = @2(q7q/)K(SE7x/)
with K = Kaiag + Kog.

Notice that K — (Kgiag, Kor) is an isomorphism between S'(T*Q x T%Q); C) and
the closed set of S'(T*Q x T*Q;C) x §'(T*Q x T*Q; C)

(K1, K>) € 8(T*Q x T*Q:;C) x 8'(T*Q x T*Q;C),
{ @1(Q,QI)K2(37755I) _@2<Q7q/)Kl($7x/) :O}
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With (E.9), we have the additional properties

J J J
Kdiag = Z Q](Q) o Kdiag = Z Q]<Q) © [Z (Qj’ij/>(Q> ° K] © X](Q)
= diag

and
;[(Qj(Q)a)(fv,D 2) © X5 (D] diag Z [Z (@f%)(cz)a](x,Dz)] o x;(q)

for some x; € C5°(€2;;[0,1]) such that x; =1 in a neighborhood of supp ;.

PRrROPOSITION E.18. — Every A = Z] (0j(@)a)(z,Dy)x, + R € OpSy(Q;C)
admits a unique decomposition

A= Z o @)as(x, Da))xs(a) + Ra

=Aoft

:Adiag

with ay € ST(Q;C) and Ry € R(Q;C).
Additionally this provides a topological direct sum on OpS™(Q;C), because the
map

Sy (Q;C) x R(Q; C) — Sg'(@Q; C) x R(Q; C)
(av R) = (aAa RA)? A= Z(&'(@@(ﬁ Dx)Xj(Q) +R

is continuous when SP(Q; C) x R(Q; C) is endowed with the seminorms (py, x(a) +
@k (R))ren-

Remark E.19. — When A is a differential operator or more generally a local
operator with respect to g-variable, then we can write A = A4 With a vanishing
remainder R4 = 0.

Proof. — The decomposition of A = Y7, (0;(q)a)(x, D) o x;(q) + R = A + R

can be written
A= (Aa + R)diag + (Azz + R)oﬁ - Aa,diag + Rdiag + Aa,off + Roﬂu
with
Rog(z,2") = O5(q, ¢ )R(z,2") € S(T*Q x T*Q; C),
J
Aa,off(x7 IE/) = Z Aj,off(l‘7 l’,),

j=1

Ajoi (7, 2") = O2(q, ¢)[(0;(9)a)(, Dz) o x;(g)|(z, 2),

J J
Riag = Z_: 0i(q) o {X_j (0yXy)(@) o Rl ox;(q),

diag
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and
J

Aqding = Z_; 0j(q) o [Z (o X )(@)a](x, Dy)| o x;(q).

The kernel of A; ¢ with coordinates in 2 is

o ded
/de el v=le, (¢, ') o;(q)alg, p, & 1) x;(q) sdn

(2m)+
A non stationary phase argument with |((Iq:qq,l|)2 Dyeiléta=a)Fn (=] = ¢ilé(a=a)+n-(p=p)]
with the factors ¢;(¢)0;(¢') implies that the map a — A; g (x, 2’) is continuous from
S(¥™, gy) to S(R*; C). Again with the controlled support, the map a + A is
continuous from ST'(Q; C) to R(Q;C).

This proves that the map

J
(CL, A) — Aoﬁ = Roff + Z Aj,off

J=1

is continuous from ST'(Q; C) x R(Q;C) to R(Q;C).
For the diagonal part, let us first notice at the operator level that the sum with
respect to j' is introduced for

07 (D[ X) ) (DM gy, = 0 (0) 05 (D)X (@)X (@) [M]aiag X5 (@) X5 (q)

with M = R or M = (X;Xj(¢q)a)(z, D,).

It remains to identify these operators as the quantization of symbols. Every term
indexed by (j,7') for a fixed j' € {1,...,J}, has a kernel with a Q) x @ support that
is compact in Qj/ X Qj/. We choose coordinates in §~2]~/ in order to compare the terms
of the double sum for different values of j € {1,...,J}. For [(0;,X;/)(¢)Raiag the
kernel

(05 X5 ) (@) R(z,2")©1(q,¢") = 0y (a) R(w,2")O1(q, ¢')x(¢)
belongs to S(Q; x Q; x R*;C). With the factors g;/(q)x;(¢'), it can be written
At rog (T, Dy) With ajs 1o € S(RI%C) C S(V™°, gy ). For A, giag, the kernel is localized
in the same way and equals

ilé-(g—d' (p—p' dé'dn
/de i€ (a=a")+n-(p—p )}Qj,<q)a(q,p,£, 7)O1(q, q’)Xj/(q’)Wa

We obtain
[[Qj’%j’(Q)a](% D:v)]diag = by (z, Dy)
where b;/ is given by the Gauss transform

by (z,€) = eP=P 0, (q)alq, p, &, m)01(q, ) x; ()
iDe-

X=X

=€

P 0i(q)alq, p, &,m)O1(q. ¢ )x;(d)

)
q7=q

where the variables (p, ) are now simple parameters. We deduce that the map a — bj/
is continuous from S(¥™, gy) to S(V™, gy). With bj (z, D,) = X;/(¢)bj(x, D;) we

deduce that by € S Q;;C) C S7(Q; C).

]'fcomp(
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So we have written

J J
Rdiag = Z(Qj (CJ)bj,reg)(Q:; D:Jc) o Xj(Q>7 Adiag = Z(Qj(Q)bj)(a:a D:Jc) o Xj((D
j=1 j=1
with
bireg € Sy (@Q;C), b; € S§(Q;C)
and

Vj,j/ € {17 R J}a Q]’(Q)<b] + bj,reg) = Q](Q)(b]’ + bj’,reg)a

The last identity follows the same strategy as at the operator level except that we
consider only left multiplications by functions of ¢, which commute with the Gauss
transform. m

DEFINITION E.20. — According to Proposition E.18 the topology on OpSg (Q; C)
is equivalently defined by the family of (semi)norms (Gm k)ken and (Gmx)ken With

J
Gmp(A) = pi(aa) + qu(Ra) with A=Y o;(q)aa(z,D;) o x;(q) + 5;4/

i=1 =Aost
:Adiag
and
J
_ | pma(a) +a(R), A= (0;(q)a)(z, D;) o x;(q) + R,
Gmk(A) = inf =

a € Sy (Q;C), R e R(Q;C)

DEFINITION E.21. — We now write a, (z, D) = ¥7_, (0;(q)a)(z, D;) o x;(q) for
a € SP(Q;C). A symbol a € S (Q; C) is said to be elliptic if there exists k > 1 such
that |a| > 2U™ for ¥ > k. An operator A = a,(z,D,) + R € OpSy(Q; C) is said
to be elliptic if it admits a symbol a which is elliptic.

The product of two operators A = a,,(z,D,) + R, A" = a, (z,D;) + R €
OpSy (Q; C) equals

Ao A" =a,\(x,D,)oa,, (v, D) + apy(2, D) o R+ Roay,(x,D;) + Ro R

€R(Q;0)

and the treatment of every non vanishing term o;(¢)a(z, D,)x;(q)0j (¢)a(z, D;)x;(q)
of the product a,(z, D,) o a,,(x, D,) can be studied in the coordinate domain

Q; with the expansion of the Gauss transform e”=1P+2a;(X1)as(Xy)|x,—x,—x in
S(U™™ g,). We deduce that

N
A0 A =Y (0,0, D) + Ruvia (4, 4)

n=1
With prgm—nk(bn(a, @) < Crmt nkPmt, . (@)D e, (A’) and the remainder esti-
mated by

qm+m’—N—17k(RN+1(A7 A,)) < O;n,m’,N—i-l,qunyH,k <A>qm7€N+1,k (A/)7
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when p,, (@) < Chyo@me(A) and py,o(a’) < ChyeGme(A’). According to Remark E.19,
differential operators provide a wide family of examples where the latter condition
holds true. And this can be extended for operators of which the Schwartz kernel is
explicitly localized in a small neighborhood of the @-diagonal.

The rough version of this continuity property says

N
Ao A =Y B,(A,A") + Ryi(A, A

n=1
with Qm—l—m’—n,k(Bn(Aa Al)) < Cm,m’,n,ka,én,k (a>Qm’,€n7k (A/)) and

Qm+m’—N—1,k(RN+1(A7 A/)) < C;TL,m’,N+1,kqm,£N+1,k (A>qm,fzv+1,k (A/>

Similarly for a vector bundle isomorphism ® : T*(Q) — T*(Q), the conjugation by the
associated unitary transform A = a,,(z, D,) + R — UpsAUgy" can be written

N
U<I>AU<I:1 = Z[bn@(a)]g,x(% D,) + R<I>,N+1(A)

n=1
with continuity estimates gathered from the local model treated in Proposition E.13.
It can be written more roughly as

N
U@AU(I:l - Z Bm@(A) + Rq>7N+1(A)
n=1

with
Gm-nk(Bna(A)) < ComrGmy, . (A)
and
Gm—N—1k(Ron11(A)) < Cp oy n410m,0n11,6(A)-

Because the function

(0.4) — XX ()| Y. 0(@)01(q,d)xi(d) = x(0)O1(q, ¢ ) ey (d) |,
Q;/NQ;70

which is symmetric if ©1(q,q") = ©1(¢, q), has a compact support away from the
diagonal A, the decomposition of the formal adjoint can be reduced to the local
model with the formula b(z, D,)* = [¢!’=P=b](z, D,). The formal adjoint A* of the
operator A = a,,(z,D,) + R € OpSy(Q; C) can be written

A" = Z[bn]g,x(f’% D) + Ry41(A) = 2_: Bn(A) + Ry11(A)

with by = @ and the estimates ppnk(bn) < CrnkPmy,, (@) and gnni(B,) <
Om,n,ka,fn,k (A) and Qm—N—l,k(RN—H) < Om,N,ka,ZN+1,k(A)~

All the classical estimates can be decomposed in this way by going back to the
@ = R%model. The condition p,, ¢(a) < Cy, ¢qm.¢(A) holds true if one starts with an
operator A = a,,(z, D,) + 0, exactly given by the local quantization rule with no
regularizing global remainder, and a € S*°(Q; C). For example this is the case if A
is a differential operator. The estimates are then propagated via the operations.
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The local Calderon—Vaillancourt theorem and our choice of the norm ¢ on R(Q; C)
gives at once the existence of a k; € N determined by the dimension of @), such that
[All£ez222) < Cqopy(A)-

Similarly the Garding inequality says that if A € SJ'(Q;C) has an elliptic non
negative symbol a > %\Ifm for W > &k, there exists Cx, > 1 and k; € N such that

. 1
Vue S(T Q§(C)7 Re<U=Au>L2 = a”uu%mm - CHQm,h(A)HuH)Z/T;(mA)/r
All these properties extend to OpSy (Q; End &) with the following constraint for the
symbol of the adjoint. The reduction to a € S§ q_comp (€2; Ma(C)) is done by choosing

Q2; such that the vector bundle E|5 admits an orthonormal frame ( Lo fY) for
J

the metric gg. Then the adjoint of A = a, o (%, Dy) + Am—1 € OpSy(Q; End &) can
be written

A* = (a}) o (7, Dy) + AL, with A/, € OpSy~'(Q;End &)

and this property is invariant by a change of orthonormal frame.
Actually if U(q) € Un(C) is the unitary matrix which represent another or-
thonormal frame ( év, . ,fév) in the frame ( jN, . ,f]N) for Els , the symbol of
J

amv&X (CC, D:p) + Am,1 equals

bn(, Z) = U(@)am (2, E)U(g) = U(@)am (2. D)U"(g)
with

b (2, 2) = U(q)ar,(z, E)U*(q).

m

The norms (¢, k)ren are very convenient for handling the ellipticity as it is done in
the case of the global pseudo-differential calculus on R¢. We focus here on the case
of non negative elliptic operators.

ProOPOSITION E.22. — Let A € OpSy(Q;End £), m > 0, be an elliptic op-
erator with A = (a,, ® Idg),y (2, Dy) + A1, G = %\I/m for v > K, A1 €
OpSy H(Q; End &). If additionally A is symmetric on S(T*Q; £) then it is self-adjoint
with D(A) = W™(T*Q; €), bounded from below, and its resolvent is compact.

In the case when m = 2, if A = a, (v, D,)+R € OpS3(Q; End &) fulfills the above

conditions, then for every f € S((t)*, %), s € R, the operator f(A)— f(az2)ey(z, Dy)

belongs to OpS=~'(Q; End &) while f(as) € S¥¥(Q;End &).

Proof. — The first results are the standard ones.

We just show how Helffer-Sjostrand formula can be used in this framework and
we focus on the case m = 2. We write a in the form a = as ® Idg +a; with a; €
St (Q;End &) and ay ® Idg is simply written as.

By the Leibniz formula applied to 1 = (2 — a) ™' X (2 — ay) for z € C \ R, the

seminorms p,g,k(z_laz)) are estimated by

(2)"

|Im z|F+1°

1
p—2,k< ) < Cypoi(a)

Z — Q9
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By taking B, = [~ + —%<],,(z, D,) + 0, the second term of the expansion of

z—ag (z—a2)?
B.o (2 — A), to be studied in S} (Q;End &), can be reduced to
1 1 1
——a1 %001 + 6’0‘1 2 000 [CLQ + al]
(z —ag)? |a1|+|za2|—1 arlan! & 7N (z—ay) 777

and it is of order —2 with seminorms estimated like the seminorms p_Q,k(i). We
deduce

B,o(z—A)=2B,—B,oA=(1-ry(2))
with q_ox(rp(2)) < C’kum@‘%. By left multiplying with > 7 (2)" we obtain

M
Sorp(z)t o Boo(z = A) = 1—ry ()",
n=0

with

M+1 (z) ok
Q(fol)Q,k |:7'L(Z) + :| < CM,]CW
and

M+1 ! <Z>NM
HTL(Z) Hﬂ(LQ;IX/(]VIm_Cd)) < CM |Im Z|N1W+1 :

In the right-hand side of

M

(= A = 3 () 0 Ba) + (2 A ora(2),

n=0
all terms except the remainder term (z — A)~! o 7 (s)™*! are known to be pseudo-
differential operators r1(2)" o B(z) € Opsgg("ﬂ)(Q; End &) and q_s(n11)k(rn(2)" o

N’n

B(z)) < Ckﬂrn?#z“' But we can do the same for the right-multiplication and
obtain similarly:

M
(z—A)"=> B.orp(z)"+rp(x)"(z — A)7",
n=0
with the same upper bounds.

We deduce

J

O Y P R e ] | LRI

o z—ay (z2—ay)?

oM
+ Z ba(2) + TD(Z)M+1(Z — A)_lrL(z)]Wrl
=t =ry(z)
with

()
q-a(n+1)k(0n) < Cn,kW

ANNALES HENRI LEBESGUE



Global subellipticity for GKFP operators 787

and
(o)

Il v o) < Ont s

Inserting (E.11) into the Helffer—Sjostrand formula (see [HS89] or [DS99]) gives

F(A) = Q;T/Cazf(z)@ — AV ds A dz

while
- 1

flaz) = 2@%/8 f(2)(z —ap)™t dz Adz
and

f(ag) = 2Z7T/8f (z —ap)? dz A\ dz,
with

fe C>(C;0), supp f C {z€C, |Imz| < C¢(z)}, f~|R =/,
and
r fmz[Y
VN e N, = CN > 0, lﬁgf(z)\ < CN <Z>N <Z>S

when f € S((t)®, C<l§> ), s < 0, we obtain by integration of the respective terms by

choosing N > max{N,x, Nas}
oM

f(A) = [f(a2)]on (@, D) + [ (az)arlon (z, Dy) + Z[ﬁn]g,x(xv D;) + Ry
n=1
with 8, € S3°"™(Q; End &) for n > 1 while f(a) € S32*(Q; End &).
Let us ﬁrst conclude for s € [— 3/2 0[. Take 8 € S™(Q;End &) such that 3 ~
>0 Bn. For every M € N,

f(A) = [f(a2)]gx (2, Di) + [f'(a2)ar] gy (2, Di) 4 By (2, Di) 4+ Rponrg1 + R

with Rganrer € OpSy M ™ (Q:End &) and Ry, € LWV Mtea; WWM—ei) By taking
M arbitrarily large, this says that f(A) — [f(a2)]on (2, Dz) — [f'(a2)a1] oy (2, Dy) —
Box (2, Dy) belongs to R(Q; End £).

Because s € [—3/2,—0], we know f(az) € S3¥(Q;End &) with 2s > —3 and
f'(az) € S2=V(Q; End &), f'(ag)a; € Sz 1(Q; End &), while 3,, € Sg*(Q;End &),
—4<-3-1<2s—1.

Now for a general s < 0, simply write (¢)* = (¢)*'™ with s; € [-3/2,0[ and n; € N.
The composition of pseudo-differential operators says that the principal symbol of
(A)* = (A)* o0 (A)* is (ay)®. Any power (t)*, s € R, can be written (t)2N ()
with ¢’ < 0 and N € N. With (¢)2" = (1 +*)" € R[t], (A)® is a pseudo-differential
operator with principal symbol (as)® for any s € R. Finally a general function
€ S((1)% 85) s written (£)*F¥/2f,(1) with f, € S((t) /2, #5).

For the End &£ version it suffices to notice that all the explicit computations above,
are done essentially with scalar symbols. U
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