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692 F. NIER, X. SANG & F.G. WHITE

Abstract. — In this article we reconsider the proof of subelliptic estimates for Geometric
Kramers–Fokker–Planck operators, a class which includes Bismut’s hypoelliptic Laplacian,
when the base manifold is closed (no boundary). The method is significantly different from the
ones proposed by Bismut–Lebeau in [BL08] and Lebeau in [Leb05, Leb07]. As a new result we
are able to prove maximal subelliptic estimates with some control of the constants in the two
asymptotic regimes of high (b → 0) and low (b → +∞) friction. After a dyadic partition in the
momentum variable, the analysis is essentially local in the position variable, contrary to the
microlocal reduction techniques of the previous works. In particular this method will be easier
to adapt on manifolds with boundaries. A byproduct of our analysis is the introduction of a very
convenient double exponent Sobolev scale associated with globally defined differential operators.
Applications of this convenient parameter dependent functional analysis to accurate spectral
problems, in particular for Bismut’s hypoelliptic Laplacian with all its specific geometry, has
been developed in [NSW26].

Résumé. — Dans cet article nous revisitons les estimations sous-elliptiques pour les opéra-
teurs de Kramers–Fokker–Planck géométriques, une classe qui inclut le Laplacien hypoelliptique
de Bismut, sur une variété compacte sans bord. La méthode diffère de façon significative de
celles proposées par Bismut–Lebeau dans [BL08] et Lebeau dans [Leb05, Leb07]. Une nou-
veauté est une précision des constantes dans les deux régimes asymptotiques de grande (b → 0)
et basse (b → +∞) friction. Après un découpage dyadique dans la variable de moment, l’ana-
lyse repose essentiellement sur une approche locale en variable de position, contrairement à
la technique de réduction microlocale des travaux antérieurs. En particulier cette méthode
sera plus facile à adapter au cas des variétés à bord. Un sous-produit de notre analyse est
l’introduction d’une échelle de Sobolev à deux exposants associée à des opérateurs différentiels
définis globalement. Les applications de cette approche commode pour l’analyse fonctionnelle
et les problèmes spectraux à paramètres, en particulier pour le Laplacien hypoelliptique de
Bismut avec toute sa géométrie spécifique, sont développées dans [NSW26].
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1. Introduction

1.1. Background and Motivations

In [Bis04a, Bis04b, Bis05], J.-M. Bismut introduced the hypoelliptic Laplacian
which can be viewed alternatively as a deformation of Hodge theory on the cotan-
gent bundle or as a generalization to the case of arbitrary degree differential forms
of the Fokker–Planck equation (often specified as Kramers–Fokker–Planck equation
in this case) associated with the Langevin process. Very rapidly J.-M. Bismut and
G. Lebeau made in [BL08] a careful analysis of families of such hypoelliptic Lapla-
cians indexed by a parameter b > 0, proving in particular the spectral convergence
as b → 0+ of the hypoelliptic Laplacian to the Hodge Laplacian on the base man-
ifold. It was in the mood of those times to develop the accurate spectral analysis
of parameter dependent non self-adjoint hypoelliptic operators and we refer the
reader to [Dav99, DSZ04, HN04, HHS11] for works in this direction which still have
many developments. In [BL08], J.-M. Bismut and G. Lebeau combined such involved
microlocal and semiclassical spectral analysis with the heavy geometrical construc-
tion of the hypoelliptic Laplacian and this was continued by S. Shen in [She16], for
the double parameter asymptotics where the first limit b → 0+ allows to recover
a semiclassical Witten Laplacian on the base manifold, let’s say with a parameter
h → 0+, which leads to Morse theory as in [HS85, Wit82, Zha01]. In [Leb05, Leb07],
G. Lebeau introduced a general class of non self-adjoint hypoelliptic operators for
which accurate subelliptic estimates, a corner stone of the spectral asymptotic anal-
ysis, can be proven.

About the Witten Laplacian on the base manifold, it was realized in [PNV24,
PNV13] that the introduction of artificial boundary value problems, associated with
a suitable cutting and gluing of the manifold, was a very convenient and robust way
for the generalization of the accurate spectral asymptotic analysis with a potential
which can be more general than a Morse function. Such accurate spectral analysis
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694 F. NIER, X. SANG & F.G. WHITE

was motivated by various questions related with molecular dynamics. This raised
the question of understanding similar problems for the Langevin process, where
the arbitrary degree form formulation, involves boundary value problems for the
hypoelliptic Laplacian. The functional analysis was started in [Nie18, NS21] for fixed
hypoelliptic Laplacians, which means with no parameter. The asymptotic spectral
analysis with respect to one parameter b > 0 or two parameters (b, h) ∈ (0,+∞)2

remains to be done.
In this direction, the microlocal reduction approach proposed in [BL08, Leb05,

Leb07] appears to be not well adapted for a similar asymptotic analysis of boundary
value problems. The present article proposes an alternative approach which relies on
some local approximation of the hypoelliptic Laplacian on the cotangent T ∗Q of a
general compact Riemannian manifold Q, by the Euclidean version. This Euclidean
approximation relies on the use of normal coordinates around a point q0 ∈ Q while
the Taylor expansion of the metric leads to controlled error terms in balls B(q0, rb,|p|)
parametrized by the parameter b > 0 and the size of momentum variable p ∈ T ∗

q0Q.
While doing so we are able to provide a control of constants in the global subelliptic
estimates not only as b → 0+ but also as b → +∞ which can be of interest for further
developments. The spectral analysis as b → 0+ proving the spectral convergence to
the Hodge or Witten Laplacian on the base manifold, will be carried out in another
text. Compared to the works of [BL08, She16], the approach proposed here makes
possible an easier extension to boundary value problems and a more direct connection
with standard tools of spectral analysis like Grushin problems (see[SZ07]) and other
related works with similar spectral problems studied in [Dro17, RT25, Smi20]. In
particular, global Sobolev scales W̃s1,s2(T ∗Q), s1, s2 ∈ R, are associated with a pair of
commuting self-adjoint operators which make use of the scalar horizontal Laplacian
associated with a Sasaki type metric. This synthetic formulation, of which the
properties nevertheless rely on some global pseudodifferential techniques, was inspired
by [BBB82, RT25]. Again, it will allow a rather direct adaptation of techniques
developed for simpler spectral problems, namely scalar operators on a compact
total space within the framework of standard Sobolev spaces, to the more involved
framework of the hypoelliptic Laplacian (and possibly other global analysis problems
on the total space of the cotangent bundle X = T ∗Q).

1.2. General Framework

In this text we shall consider geometric Kramers–Fokker–Planck operators on
X = T ∗Q, where (Q, g) is a smooth compact d-dimensional Riemannian manifold
without boundary. Points in X will be denoted by x, and πX : X → Q will denote
the natural projection T ∗

qQ ∋ x 7→ q ∈ Q. Local coordinates on Q will be denoted
by (q1, . . . , qd). We shall use Einstein’s convention of summing over repeated up and
down indices. If q ∈ Q and (U, q1, . . . , qd) is a local coordinate system for Q, then an
element of the fiber p ∈ T ∗

qQ will be written p = pj dq
j, and (q1, . . . , qd, p1, . . . , pd)

will denote canonical coordinates in U × Rd ∼ T ∗U ⊂ T ∗Q. If local canonical
coordinates (q1, . . . , qd, p1, . . . , pd) have been fixed in a neighborhood T ∗U of a point
x ∈ X, then we shall write x = (q, p).
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The metric g on Q, i.e. on the tangent bundle πTQ : TQ → Q, will be denoted by
g(q) = tg(q) = (gjk(q))1⩽j,k⩽d or g = gjk(q) dqj dqk. The corresponding dual metric on
the cotangent bundle πT ∗Q : T ∗Q → Q will be denoted by g−1(q) = (gjk(q))1⩽j,k⩽d.
Let ∇LC be the Levi–Civita connection on the tangent bundle πTQ : TQ → Q
associated with the metric g. By abuse of notation, we shall also denote by ∇LC the
connection on the tensor bundle
(1.1) T (k,ℓ)TQ = TQ⊗ · · · ⊗ TQ︸ ︷︷ ︸

k times

⊗T ∗Q⊗ · · · ⊗ T ∗Q︸ ︷︷ ︸
ℓ times

induced by the Levi–Civita connection on TQ for every k, ℓ ∈ N. If q = (q1, . . . , qd)
are local coordinates for Q, then the Christoffel symbols associated with the Levi–
Civita connection ∇LC are given by

(1.2) Γℓjk = 1
2g

ℓa
(
∂qjgak + ∂qkgaj − ∂qagjk

)
, 1 ⩽ j, k, ℓ ⩽ d.

The connection ∇LC gives rise to a global decomposition
(1.3) TX = THX ⊕ T VX,

where T VX = ker (dπX) is the vertical subbundle of TX associated with the projec-
tion πX and THX is the horizontal subbundle of TX defined at each point x ∈ X by

(1.4) THx X =γ
′(0) : there exists ϵ > 0 and a smooth path γ : (−ϵ, ϵ) −→ X

such that γ(0) = x and ∇LC
dπX(γ′(t))γ(t) = 0 for all − ϵ < t < ϵ

.
In terms of local coordinates for X, the subbundles THX and T VX may be described
as follows. If (q1, . . . , qd, p1, . . . , pd) are local canonical coordinates for X, let

(1.5) ej = ∂

∂qj
+ Γℓjk(q)pℓ

∂

∂pk
, 1 ⩽ j ⩽ d,

and let

(1.6) êj = ∂

∂pj
, 1 ⩽ j ⩽ d.

Together these vector fields form a local frame (e1, . . . , ed, ê
1, . . . , êd) for TX and

locally we have
THX = span(e1, . . . , ed)(1.7)

and
T VX = span

(
ê1, . . . , êd

)
.(1.8)

Since for every x = (q, p) ∈ X the differential dπX |x restricts to a linear isomorphism
THx X → TqQ while T Vx X ∼= T ∗

qQ, the decomposition (1.3) yields the identifications
(1.9) TX ∼= π∗

X(TQ⊕ T ∗Q).
The total tangent space TX = THX⊕T VX is equipped with the metric π∗

X(g⊕⊥g−1),
simply written g⊕g−1, by using the above identification. Clearly, horizontal (resp. ver-
tical) vector fields on X are given as sections in C∞(X;THX) (resp. C∞(X;T VX)).
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696 F. NIER, X. SANG & F.G. WHITE

Specific subspaces of horizontal (resp. vertical) sections are provided by the fact
that (1.9) induces a natural embedding

ig : C∞(Q;TQ⊕ T ∗Q) −→ C∞(X; π∗
X(TQ⊕ T ∗Q)) = C∞(X;TX)

and we introduce

C∞
Q

(
X;THX

)
= ig(C∞(Q;TQ)) ⊂ C∞

(
X;THX

)
,

resp.

C∞
Q

(
X;T VX

)
= ig(C∞(Q;T ∗Q)) ⊂ C∞

(
X;T VX

)
.

These spaces C∞
Q (X;THX) and C∞

Q (X;T VQ) are C∞(Q;R) modules. Additionally on
C∞(Q;TQ⊕T ∗Q) a Ck-norm can be fixed once and for all by using a finite partition
of unity subordinate to an atlas, Q = ⋃J

j=1 Ωj, while changing the atlas and the
partition of unity gives an equivalent norm. We therefore can speak of ∥T∥Ck for
T ∈ C∞

Q (X;THX) and T ∈ C∞
Q (X;T VX) without specifying its expression.

It will be convenient to use the following families of vector fields.

Definition 1.1. — For any N ∈ N and any k ∈ N, the set T H
N,k (resp. T V

N,k) is
defined by

T H
N,k =

{(
TH1 , . . . , T

H
N

)
∈ C∞

Q (X;THX)N , ∀ j ∈ {1, . . . , N},
∥∥∥THj ∥∥∥Ck

⩽ 1
}
,

resp.

T V
N,k =

{(
T V1 , . . . , T

V
N

)
∈ C∞

Q (X;T VX)N , ∀ j ∈ {1, . . . , N},
∥∥∥T Vj ∥∥∥Ck

⩽ 1
}
.

By duality, we also have the identifications

(1.10) T ∗X ∼= T ∗Q⊕ TQ.

If (q1, . . . , qd, p1, . . . , pd) are local canonical coordinates for X, we let

(1.11) ej = dqj, 1 ⩽ j ⩽ d,

and

(1.12) êj = dpj − Γℓjk(q)pℓdqk, 1 ⩽ j ⩽ d.

It is clear that (e1, . . . , ed, ê1, . . . , êd) is a local coframe for T ∗X, and locally it is true
that

(THX)∗ = span
(
e1, . . . , ed

)
(1.13)

and

(T VX)∗ = span(ê1, . . . , êd).(1.14)

We also note that X is naturally a symplectic manifold with respect to the usual
symplectic form σ given in local canonical coordinates (q, p) by

(1.15) σ =
d∑
j=1

dpj ∧ dqj.
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Since σ∧d ̸= 0, the manifold X is orientable, and we orient X so that every local
canonical coordinate system (q, p) is positively oriented. The volume form on X for
the metric g ⊕ g−1 is denoted by d volX and given locally by
(1.16) d volX = dq1 ∧ · · · ∧ dqd ∧ dp1 ∧ · · · ∧ dpd.

The volume form d volX is related to σ by

(1.17) d volX = 1
d! (−1)

d(d+1)
2 σ∧d.

In particular, if H ∈ C∞(X;R) and Y is the Hamilton vector field of H with respect
to the symplectic form σ, i.e. Y is the unique smooth vector field on X such that
ιYσ = −dH, then the flow Φt = exp (tY) on X generated by Y preserves d volX . In
this text, we will be primarily concerned with the situation in which H is the kinetic
energy

(1.18) H(q, p) = 1
2 |p|2q = 1

2g
jk(q)pjpk.

In this case, the Hamilton vector field Y of H is given locally by
(1.19) Y = gjk(q)pjek,
where ek is as in (1.5), and the projections of the integral curves of Y to Q by
πX are precisely the smooth geodesic curves of the metric g. We will use also the
metric-dependent Japanese bracket

(1.20) ⟨p⟩q =
(
1 + |p|2q

)1/2
=
(
1 + gij(q)pipj

)1/2
,

while the notation

(1.21) ⟨p⟩ =
(
1 + |p|2

)1/2
=
(
1 + δijpipj

)1/2
=
(

1 +
d∑
i=1

p2
i

)1/2

,

will be used for the Euclidean version.
Let E πE−→ Q be a smooth complex vector bundle over Q of complex dimension

N that is equipped with an affine connection ∇E and a Hermitian metric gE. Let
E := π∗

XE
πE−→ X denote the pullback bundle of E πE−→ Q by the map πX : X → Q.

Locally, smooth sections u of E πE−→ X have the form

(1.22) u(x) =
N∑
ℓ=1

uℓ(x)f ℓ(q), x = (q, p) ∈ X,

where (f 1, . . . , fN) is a smooth local frame for E πE−→ Q and u1, . . . , uN are smooth
locally defined complex-valued functions on X. We equip E πE−→ X with the pullback
connection ∇E , which is defined using the decomposition (1.9) of TX by the relations

(1.23)

(
∇E
ej
u
)
(x) =

N∑
ℓ=1

[
(ejuℓ)(x)f ℓ(q) + uℓ(x)∇E

∂

∂qj
f ℓ(q)

]
,

(
∇E
êju
)
(x) =

N∑
ℓ=1

(êjuℓ)(x)f ℓ(q) =
N∑
ℓ=1

(∂pjuℓ)(x)f ℓ(q),

x = (q, p) ∈ X, 1 ⩽ j ⩽ d,
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698 F. NIER, X. SANG & F.G. WHITE

whenever u ∈ C∞(X; E) is of the form (1.22). Because the connection ∇E
TV

is trivial
for TV ∈ TXV , the covariant derivative with respect to a vertical vector field will
be identified with the associated scalar first order differential operator. Accordingly
the vertical Laplacian and the vertical harmonic oscillator, written locally as,

∆p =
∑

1⩽j,k⩽d

1
2gjk(q)∇

E
êj∇

E
êk =

∑
1⩽j,k⩽d

1
2gjk(q)∂pj∂pk(1.24)

O = −1
2∆p + 1

2 |p|2q.(1.25)

are globally defined operators, which happen to be scalar differential operators in
the sense that in any local frame (f 1, . . . , fN) of E πE−→ Q,

∆p

(
N∑
ℓ=1

uℓ(x)f ℓ(q)
)

=
N∑
ℓ=1

(∆puℓ)(x)f ℓ(q)

and

O
(

N∑
ℓ=1

uℓ(x)f ℓ(q)
)

=
N∑
ℓ=1

(Ouℓ)(x)f ℓ(q).

We also equip the bundle E with the pulled back Hermitian metric gE defined by
(1.26) gE(u, u′) =

∑
ℓ1,ℓ2

uℓ1(x)u′
ℓ2(x)gE

(
f ℓ1(q), f ℓ2(q)

)
, x = (q, p) ∈ X,

where u = ∑
uℓ(x)f ℓ(q) and u′ = ∑

u′
ℓ(x)f ℓ(q). Using the Hermitian metric gE on E

and the volume form d volX on X, we may introduce the Hilbert space L2(X; E) of
square integrable sections of E as follows. The space L2(X; E) is the set of measurable
sections u such that
(1.27) ⟨u, u⟩L2(X;E) =

∫
X
gE
x(u(x), u(x)) d volX(x) < +∞,

and it is a Hilbert space for the scalar product

(1.28) ⟨u1, u2⟩L2(X;E) =
∫
X
gE
x(u1(x), u2(x)) d volX(x),

in which C∞
0 (X; E) is dense.

By recalling d volX = dqdp, the operator O is clearly self-adjoint with its maximal
domain D(O) = {u ∈ L2(X, E),Ou ∈ L2(X; E)}, in which C∞

0 (X; E) is dense with
the graph norm. It is also bounded from below by d

2 and
√

O is well defined.
Let us now introduce some Sobolev type spaces, taking into account the different

homogeneities of ei, pi and ∂pi .

Definition 1.2. — For k ∈ N and u a sufficiently regular section of E , we define

(1.29) ∥u∥W̃k = sup
N1+N2+N3

2 ⩽k

(TH1 ,...,THN1
)∈T H

N1,k
(TV1 ,...,TVN2

)∈T V
N2,k

∥∥∥∥⟨p⟩N3
q ∇E

TH1
. . .∇E

THN1
∇E
TV1
. . .∇E

TVN2
u
∥∥∥∥
L2(X;E)

,

and we take
(1.30) W̃k(X; E) = C∞

0 (X; E)∥·∥
W̃k .
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The space W̃s(X; E) is then defined for all s ⩾ 0 by interpolation and for s < 0 by
setting W̃s(X; E) = (W̃−s(X; E))∗.

Finally the space W̃1,s(X; E) is the space

W̃1,s(X; E) =
{
u ∈ Ws(X; E),

√
Ou ∈ Ws(X; E)

}
endowed with the norm ∥

√
Ou∥W̃s .

Remark 1.3. — The supremum norm over the families of vector fields ensures
the geometrical global meaning of the functional spaces W̃k(X; E) and therefore of
W̃s(X; E), and W̃1,s(X; E). It is not the most convenient definition and in particular
their Hilbert nature is not obvious here. A more convenient presentation in terms of
local coordinates and then the use of a specific pseudo-differential calculus presented
in Appendix E is detailed in Section 3.

Although those spaces are modeled on Lebeau’s spaces in [Leb05, Leb07] they
slightly differ, e.g. the case s = 1 allows N2 = 2 with two vertical derivatives
bounded in L2.

We recall that on a euclidean space V , S(V ) denotes the Schwartz space of rapidly
decaying smooth functions. Accordingly we use the notation S(X; E) for the space
of rapidly decaying smooth sections of E , where the rapid decay for every derivative
means upper bounds by any negative power of ⟨p⟩q. With the above definition,
S(X, E) = ⋂

k∈Z W̃k(X; E).

We shall define geometric Kramers–Fokker–Planck operators as second order dif-
ferential operators acting on sections of the pullback bundle E that depend on a
parameter b ∈ (0,∞). Our definition will be slightly more general than that of
Lebeau in [Leb05, Leb07] but in the same spirit.

Definition 1.4 (Geometric Kramers–Fokker–Planck operator). — A Geometric
Kramers–Fokker–Planck (abbreviated as GKFP) operator is a b-dependent operator
P±,b +M(b) acting on C∞

0 (X; E) or S(X; E), with

P±,b = 1
b2 O ± 1

b
∇E

Y , and ∀ s ∈ R, M(b) ∈ L
(
W̃1,s(X; E); W̃s(X; E)

)
where Y is Hamilton vector field of the kinetic energy (1.18) with respect to the
symplectic form σ and O is the vertical harmonic oscillator.

Actually the term M(b) will appear as a perturbative term for which the norm
estimates of ∥M(b)∥L(W̃1,s;W̃s) with respect to the parameter b > 0 can be discussed
afterwards. Actually all the analysis focuses on the case M(b) = 0. Hörmander’s
theorem about sum of squares and type II operators (see [Hör67]) provides the local
hypoelliptic nature of the geometric Kramers–Fokker–Planck operator P±,b for every
b ∈ (0,∞). By following the method of Lebeau in [Leb05, Leb07] our aim is to
provide accurate subelliptic estimates with the best regularity exponents, that will
also account for the behavior of P±,b as either b → 0+ (the large friction limit) or
b → ∞ (the low friction limit).

TOME 9 (2026)
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1.3. Statement of the Main Result

Remember the following notion.

Definition 1.5. — In a Hilbert space H, a densely defined operator A : D 7→ H
is called essentially maximal accretive if it is accretive, therefore closable, and if it
admits a unique maximal accretive extension equal to its closure A : D(A) 7→ H with
D(A) = D

∥ ∥A , ∥u∥2
A = ∥u∥2

H + ∥Au∥2
H.

The main result of this paper is the following subelliptic estimate for geometric
Kramers–Fokker–Planck operators.

Theorem 1.6. — Let P±,b = 1
b2 O ± 1

b
∇E

Y and P±,b its L2-closure. There exists
a constant Cg ⩾ 1 determined by the geometric data (g, E, gE,∇E) such that the
condition

κb ⩾ Cg(1 + b2)
implies that the operator κb

b2 + P±,b is essentially maximal accretive on C∞
0 (X; E) (or

on S(X; E)) with the inequality

(1.31) ∀ u ∈ D(P±,b), ∀ (λ, b) ∈ R × (0,+∞),

Re
〈
u,
(
κb
b2 + P±,b

)
u
〉
L2

⩾
1

4b2

[
∥u∥2

W̃1,0 + κb∥u∥2
L2

]
.

Additionally the inequality

(1.32)
∥∥∥∥∥
(
P±,b − iλ

b

)
u

∥∥∥∥∥
L2

+ 1
b2 ∥u∥L2 ⩾

1
Cg(1 + b)8

×

∥∥∥∥O
b2u

∥∥∥∥
L2

+
∥∥∥∥1
b

(
±∇E

Y − iλ
)
u
∥∥∥∥
L2

+ 1
b4/3

∥u∥
W̃

2
3

+

∥∥∥∥∥∥
(

|λ|
⟨p⟩q

)2/3

u

∥∥∥∥∥∥
L2


holds for every u ∈ D(P±,b) and every (λ, b) ∈ R × (0,+∞).

Inequality (1.31) is proved in Proposition 2.1, and the core of the proof of Theo-
rem 1.6 can be found in Section 6. Other results involving the realizations of P±,b
in the Sobolev spaces Ws(X; E) or other perturbative results will be deduced as
corollaries in Section 7.

1.4. Outline of the article

In Section 2 an elementary integration by parts provides the first a priori lower
bound for Re⟨u, P±,bu⟩. This implies that the analysis of P±,b can be localized in the
q-variable via a partition of unity. Comparison of different connections can be done
locally which reduces the problem to purely scalar operators and then the essential
maximal accretivity on C∞

0 (X; E) or S(X; E) is proved.
The Sobolev spaces W̃s1,s2(X; E) are then studied in Section 3. After a localiza-

tion via partition of unity, the Definition 1.2 is characterized in term of the suit-
able pseudodifferential calculus, local in the q-variable but global in the p-variable.
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The construction of this pseudodifferential calculus relying on standard techniques,
nevertheless to be adapted, is detailed in Appendix E. Section 3 ends with a very
convenient global characterization of these Sobolev spaces W̃s1,s2(X; E) in terms of
the functional calculus of two geometrically defined commuting self-adjoint operators,
namely O and W 2 = C − ∆H + CO2 where ∆H is a scalar horizontal Laplacian.

Section 4 is devoted to the localization process. A dyadic partition of unity in the
p-variable is used and then once the parameter 2j of the dyadic partition is fixed,
a grid partition in the q-variable with the spacing 2−j is introduced. Near points of
the grid, a Taylor expansion of the metric in normal coordinates expresses the scalar
GKFP operator as the Euclidean one with a (2j, b)-dependent error term.

In Section 5 the maximal subelliptic estimate, where the exponent 2/3 is ob-
tained via the model problem of the one dimensional complex Airy operator, is
recalled. Actually the uniform estimates with respect to the parameters (b, 2j, λ) ∈
(0,+∞)2 ×R are carefully checked.

Section 6 gathers the local comparison of the scalar GKFP operator with the
Euclidean model of Section 4 with the uniform estimates of the Euclidean model.
Error terms due to the two partitions of unity (dyadic in p and 2j-dependent grid
in q) happen to be controlled by the lower bounds of the parameter dependent
Euclidean model. While doing this, intermediate parameters of the grid partition
must be tuned carefully according to the two regimes 2j ≫ 1 or 2j ⩽ C.

Section 7 completes Theorem 1.6 with various consequences or precisions. In
particular the b-dependence of the perturbation M(b) in Definition 1.4, which allows
the generalization of Theorem 1.6 is specified. A corollary is the W̃0,s(X; E) version
of Theorem 1.6, where a simple conjugation reduces the perturbed operator in
L2(X, dqdp; E).

The Appendices gathers known material. A rather long paragraph is about the
global pseudodifferential calculus on the total space X = T ∗Q. As already said,
it follows the general approach but things have to be specified in particular for
proving, via the Helffer–Sjöstrand formula, that functions of self-adjoint globally
elliptic operators in this class are pseudodifferential operators with a good asymptotic
expansion.

2. Reduction to a scalar operator

Here we write first a priori estimates for Geometric Kramers–Fokker–Planck
(GKFP) operators coming from a simple integration by parts. The essential maximal
accretivity of κb

b2 + P±,b is checked and all the perturbative terms coming from a
partition of unity in the q-variable will be shown to be of lower order with a uniform
control of the constants w.r.t. b. Similarly a local change of connection happens to
be of lower order and this reduces the problem to local scalar GKFP operators.
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2.1. Integration by parts and maximal accretivity

Proposition 2.1. — Let P±,b = 1
b2 O ± 1

b
∇E

Y . There exists C0 ⩾ 1, determined
by the geometric data (g, E,∇E, gE), such that for all b > 0, λ ∈ R and for κb ⩾
C0(1 + b2) the inequalities

Re
〈
u,
(
κb
b2 + P±,b − iλ

)
u
〉
L2(X;E)

⩾
1

4b2

[
∥u∥2

W̃1,0(X;E) + κb∥u∥2
L2(X;E)

]
(2.1)

and ∥∥∥∥(κbb2 + P±,b − iλ
)
u
∥∥∥∥2

L2(X;E)
⩾

κb
16b4

[
∥u∥2

W1,0(X;E) + κb∥u∥2
L2(X;E)

]
(2.2)

hold for all u ∈ C∞
0 (X; E).

Before proving this result let us specify the formal adjoint of ∇E
Y . Start with the

vector bundle πE : E → Q and the data (∇E, gE) and consider the dual connection
with respect to gE given by

XgE(s, s′) = gE
(
s,∇E

Xs
′
)

+ gE
(
∇E,∗
X s, s′

)
.

The unitary connection

∇E,u = ∇E + ∇E,∗

2
differs from ∇E by

∇E,u − ∇E = 1
2ω
(
∇E, gE

)
∈ C∞(Q;T ∗Q⊗ End(E)).

With the pull back, we obtain, with Y = gij(q)piej written in a local canonical
coordinates system,

∇E,u
Y − ∇E

Y = 1
2g

ij(q)piω
(
∇E, gE

)( ∂

∂qj

)
= ai(q)pi, ai(q) ∈ End(Eq).

We also recall the formula

∀ v, w ∈ C∞
0 (X; E), ∀ T ∈ C∞(X;TX),∫

X
gE
(
v,∇E,u

T w
)
d volX = −

∫
X
gE
(
∇E,u
T v, w

)
+ div(T )gE(v, w)d volX

while here d volX = dqdp and div Y = 0.
We find that the formal adjoint of ∇E

Y is nothing but

(2.3)
(
∇E

Y

)∗
= −∇E

Y − gij(q)piω
(
∇E, gE

)( ∂

∂qj

)
= −∇E

Y − ai(q)pi.

Proof of Proposition 2.1. — Let ⋃Jj=1 Ωj = Q be a finite atlas of Q and let∑J
j=1 ϱj(q)2 ≡ 1 be a subordinate quadratic partition of unity, ϱj ∈ C∞

0 (Ωj; [0, 1]).
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Because ∇E
Y , P±,b, O, are at most first order differential operators in q we get〈

u,
(
κb
b2 + P±,b − iλ

)
u
〉
L2(X;E)

=
J∑
j=1

〈
uj,

(
κb
b2 + P±,b − iλ

)
uj

〉
L2(X;E)∥∥∥√Ou

∥∥∥2

L2(X;E)︸ ︷︷ ︸
=∥u∥2

W̃1,0(X;E)

+κb∥u∥2
L2(X;E) = ⟨u, Ou⟩L2(X;E) + κb∥u∥2

L2(X,E)

=
J∑
j=1

∥∥∥√Ouj
∥∥∥2

L2(X;E)︸ ︷︷ ︸
=∥uj∥2

W̃1,0(X;E)

+κb∥uj∥2
L2(X;E)

for all u ∈ C∞
0 (X; E), by setting uj = ϱju ∈ C∞

0 (T ∗Ωj; E).
With canonical local coordinates (q, p) in T ∗Ωj, (2.3) implies

Re
〈
uj,

(
κb
b2 + P±,b − iλ

)
uj

〉
L2(X;E)

=
〈
uj,

2κb − ∆p + |p|2q
2b2 uj

〉
L2(X;E)

∓ 1
b

〈
uj, a

i(q)piuj
〉
L2(X;E)

⩾
1

2b2

[
∥uj∥2

W̃1,0(X;E) + 2κb∥u∥2
L2(X;E)

]
− C ′

0
b

∥uj∥L2(X;E)∥uj∥W̃1,0(X;E)

⩾
1

2b2

[
∥uj∥2

W̃1,0(X;E) + 2κb∥u∥2
L2(X;E)

]
− 1

4b2 ∥uj∥2
W̃1,0(X;E) − 2C ′

0
2∥uj∥2

L2(X;E),

for some C ′
0 > 0 determined by the geometric data (g, E, gE,∇E).

With κb
2b2 ⩾ C0

1+b2

2b2 ⩾ C0
2 , the first inequality (2.1) is proved for C0 ⩾ 4C ′

0
2.

Using the Cauchy–Schwarz inequality in the left hand side of (2.1) yields∥∥∥∥(κbb2 + P±,b − iλ
)
u
∥∥∥∥
L2(X;E)

∥u∥L2(X;E) ⩾
1

4b2

[
∥u∥2

W̃1,0(X;E) + κb∥u∥2
L2(X;E)

]
.

We deduce at once ∥(κb
b2 + P±,b − iλ)u∥L2(X;E) ⩾

κb
4b2 ∥u∥L2(X,E). The latter inequality

multiplied by ∥(κb
b2 + P±,b − iλ)u∥L2(X;E) yields (2.2). □

Corollary 2.2. — Let P±,b = 1
b2 O ± 1

b
∇E

Y and let C0 ⩾ 1 be determined by the
geometric data (g, E,∇E, gE) according to Proposition 2.1. For κb ⩾ C0(1 + b2) the
operator κb

b2 + P±,b is essentially maximal accretive on C∞
0 (X; E) and therefore on

S(X; E).

Proof. — Proposition 2.1 says that the operator (κb
b2 + P±,b) and its formal adjoint

κb
b2 + P ∗

±,b are accretive on C∞
0 (X; E) with the lower bound (2.1).

It suffices to prove that the range (κb
b2 + P±b)C∞

0 (X; E) is dense in L2(X; E). It is
equivalent to

u ∈ L2(X; E)(
κb
b2 + P ∗

±,b

)
u = 0 ∈ D′(X; E)

 =⇒ u = 0.

With P ∗
±,b = P∓,b ∓ ai(q)bi in local coordinates according to (2.3), Hörmander’s

hypoellipticity result for type II operators (see [Hör67]) implies u ∈ C∞(X; E).
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For χ ∈ C∞
0 (R; [0, 1]) such that χ ≡ 1 in a neighborhood of 0 and for ε > 0 set

uε = χ(ε|p|2q)u.
The above equation implies

(
κb
b2 + P ∗

±,b

)
uε =

[
P ∗

±,b, χ
(
ε|p|2q

)]
u =

[
− ∆p

2b2 , χ
(
ε|p|2q

)]
u

because Yf(|p|2q) = 0. The form of the last commutator allows to write

(
κb
b2 + P ∗

±,b

)
uε =

[
− ∆p

2b2 , χ
(
ε|p|2q

)](
1 − χ̃

(
ε|p|2q

))
u

where χ̃ ∈ C∞
0 (R; [0, 1]) has a support included in a neighborhood of 0 where χ ≡ 1

and its derivatives vanish, while χ̃ ≡ 1 in a smaller neighborhood of 0. By taking
the scalar product with uε, the inequality (2.1) for P ∗

±,b implies

1
4b2

[
∥uε∥2

W̃1,0(X,E) + κb∥uε∥2
L2(X;E)

]
⩽ Cg,χ∥uε∥W̃1,0(X;E)

∥∥∥(1 − χ̃
(
ε|p|2q

))
u
∥∥∥
L2(X;E)

and √
d

2∥uε∥L2(X;E) ⩽ ∥uε∥W̃1,0(X;E) ⩽ 4Cg,χb2
∥∥∥(1 − χ̃

(
ε|p|2q

))
u
∥∥∥
L2(X;E)

.

Lebesgue’s theorem for the limit ε → 0 gives√
d

2∥u∥L2(X;E) ⩽ 4Cg,χb2 lim
ε→0

∥∥∥(1 − χ̃
(
ε|p|2q

))
u
∥∥∥
L2(X;E)

= 0. □

2.2. Localization

Proposition 2.3. — Let P±,b = 1
b2 O ± 1

b
∇E

Y and fix Q = ⋃J
j=1 Ωj a finite atlas

of Q. Let ∑J
j=1 ϱj(q)2 ≡ 1 be a subordinate quadratic partition of unity, ϱj ∈

C∞
0 (Ωj; [0, 1]). There exists C0 ⩾ 1, determined by the geometric data (g, E,∇E, gE),

and now the partition of unity (ϱj)1⩽j⩽J , such that for all b > 0, λ ∈ R and for
κb ⩾ C0(1 + b2) the following equivalence of norms

(2.4)


∥∥∥(κb

b2 + P±,b − iλ
)
u
∥∥∥2

L2(X;E)∑J
j=1

∥∥∥(κb
b2 + P±,b − iλ

)
(ϱju)

∥∥∥2

L2(X;E)


±1

⩽ 4

holds for all u ∈ C∞
0 (X; E).
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Proof. — It’s a straightforward application of Corollary C.2. We have to check the
assumption (C.4) which says that, for all u ∈ C∞

0 (X; E),

r

2
∑
j∈J

∥∥∥∥(κbb2 + P±,b − iλ
)
ϱju

∥∥∥∥2

L2(X;E)

⩾ 2
∑
j1,j∈J

∥∥∥∥[(κbb2 + P±,b − iλ
)
, ϱj1

]
ϱju

∥∥∥∥2

L2(X;E)

+ 4
∑

j1,j2,j∈J

∥∥∥∥[[(κbb2 + P±,b − iλ
)
, ϱj2

]
, ϱj1

]
ϱju

∥∥∥∥2

L2(X;E)
,

for some r ∈ [0, 1). Because the operator P±,b is a first-order differential operator in
the q variable the first commutator equals[

κb
b2 + P±,b − iλ, ϱj1

]
= ±1

b
Yϱj1 = ±1

b
gℓk(q)pk

∂ϱj1
∂qℓ

,

for j1 ∈ J where the right-hand side is written in local canonical coordinates (q, p).
Moreover the double commutators indexed by j1, j2 ∈ J all vanish.

We deduce the existence of C ′
0 > 0 such that

∀ u ∈ C∞
0 (X; E),

∥∥∥∥[(κbb2 + P±,b − iλ
)
, ϱj1

]
ϱju

∥∥∥∥2

L2(X;E)
⩽ C ′

0
1
b2 ∥|p|qϱju∥2

L2(X;E).

and the summation over j1, j ∈ J , combined with the inequality (2.2), yields

∀ u ∈ C∞
0 (X; E),

∑
j1,j∈J

∥∥∥∥[(κbb2 + P±,b − iλ
)
, ϱj1

]
ϱju

∥∥∥∥2

L2(X;E)

⩽ C ′
0|J |16b2

κb

∑
j

∥∥∥∥(κbb2 + P±,b − iλ
)
ϱju

∥∥∥∥2

L2(X,E)
.

With C ′
0 |J | 16b2

κb
⩽ C ′

0 |J | 16
C0

, choosing C0 ⩾ 1 large enough guarantees the assump-
tion (C.4) with r = 1

2 . □

2.3. Changing locally the connections

With Proposition 2.3 the analysis of P±,b can be localized in a coordinate domain
Ωj for any atlas Q = ⊔J

j=1 Ωj. Additionally it can be assumed that there is a well
defined local frame (f 1(q), . . . , fN(q)) of the restricted bundle E|Ωj . In this frame
a trivial connection ∇E,j on E|Ωj and therefore a corresponding flat connection on
E|T ∗Ωj is defined by pull-back. The operator P j

±,b defined locally can be identified
with a scalar operator according to

(2.5) P j
±,b

[
N∑
ℓ=1

uℓf
ℓ

]
=
( 1
b2 O ± 1

b
∇E,j

Y

)[ N∑
ℓ=1

uℓf
ℓ

]

=
N∑
ℓ=1

−gik(q) ∂2

∂pi∂pk
+ gik(q)pipk

2b2 (uℓ) ± 1
b
gik(q)piek(uℓ)

f ℓ.
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Proposition 2.4. — Under the assumptions of Proposition 2.3 with and with
the additional condition that E is trivialized by a local frame (f 1(q), . . . , fN(q))
over Ωj for every j ∈ {1, . . . , J}, let P j

±,b be defined by (2.5). There exists C0 ⩾ 1,
determined by the geometric data (g, E,∇E, gE) and the partition of unity (ϱj)1⩽j⩽J ,
such that for all b > 0, λ ∈ R and for κb = C0(1 + b2) the following equivalence of
norms

(2.6)


∥∥∥(κb

b2 + P±,b − iλ
)
u
∥∥∥2

L2(X;E)∑J
j=1

∥∥∥(κb
b2 + P j

±,b − iλ
)
(ϱju)

∥∥∥2

L2(X;E)


±1

⩽ 12

holds for all u ∈ C∞
0 (X; E).

Proof. — For a given j ∈ {1, . . . , J} and for v ∈ C∞
0 (Ωj; E) we have(

P±,b − P j
±,b

)
(v) = ±1

b

(
∇E

Y − ∇E,j
Y

)
(v) = ±1

b
gik(q)piπ∗

X

(
∇E

∂

∂qk
− ∇E,j

∂

∂qk

)
(v)(2.7)

where (
∇E

∂

∂qk
− ∇E,j

∂

∂qk

)[
vℓ(q, p)f ℓ(q)

]
= vℓ(q, p)F ℓ

ℓ′,k(q)f ℓ
′(q)(2.8)

with F ℓ
ℓ′,k ∈ C∞(Ωj;R).

Applied to v = ϱju this gives the upper bound∥∥∥(P±,b − P j
±,b

)
(ϱju)

∥∥∥2
⩽
C ′

0
b2 ∥|p|q(ϱju)∥2

L2(X;E),

where C ′
0 depends only on the metric gE and the connection ∇E given on the vector

bundle E and is uniform with respect to j ∈ {1, . . . J}. The same argument as in
the proof of Proposition 2.3 shows that∥∥∥(P±,b − P j

±,b

)
(ϱju)

∥∥∥2

L2(X;E)
⩽

1
4

∥∥∥∥(κbb2 + P±,b − iλ
)

(ϱju)
∥∥∥∥2

L2(X;E)
,

when the constant C0 in κb = C0(1 + b2) is chosen large enough. The parallelogram
identity implies∥∥∥∥(κbb2 + P j

±,b − iλ
)

(ϱju)
∥∥∥∥2

L2(X;E)
⩽ 3

∥∥∥∥(κbb2 + P±,b − iλ
)

(ϱju)
∥∥∥∥2

L2(X;E)

and ∥∥∥∥(κbb2 + P±,b − iλ
)

(ϱju)
∥∥∥∥2

L2(X;E)
⩽ 3

∥∥∥∥(κbb2 + P j
±,b − iλ

)
(ϱju)

∥∥∥∥2

L2(X;E)
.

By summation over j ∈ {1, . . . , J} we obtain
∑J
j=1

∥∥∥(κb
b2 + P j

±,b − iλ
)
(ϱju)

∥∥∥2

L2(X;E)∑J
j=1

∥∥∥(κb
b2 + P±,b − iλ

)
(ϱju)

∥∥∥2

L2(X;E)


±1

⩽ 3.

The inequality (2.6) is obtained by taking the product with the result (2.4) of
Proposition 2.3. □
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3. Sobolev spaces

Like for the operator P±,b we firstly reduce the characterization of u ∈ W̃k(X; E),
k ∈ N, to a local problem with the possibility of replacing the connection ∇E by
a trivial connection in a given local frame. Then Ws(X; E) and its norm will be
expressed in terms of the functional calculus of pseudo-differential elliptic self-adjoint
operator W 2 in the class OpS2

Ψ(Q;C) presented in Appendix E. Finally general
spaces W̃s1,s2(X; E), s1, s2 ∈ R are introduced by using the functional calculus of
two commuting self-adjoint operators.

3.1. First properties of W̃k, k ∈ N

We collect rather immediate consequences of the Definition 1.2. The norm ∥u∥W̃k is
(3.1) ∥u∥W̃k = max

N1+N2+N3
2 ⩽k

Pk,N1,N2,N3(u)

where Pk,N1,N2,N3(u) is the smallest constant C ⩾ 0 such that

∀
(
TH1 , . . . T

H
N1

)
∈ C∞

Q

(
X;THX

)N1
, ∀

(
T V1 , . . . , T

V
N2

)
∈ C∞

Q (X;T VX)N2 ,∥∥∥∥⟨p⟩N3
q ∇E

TH1
. . .∇E

THN1
∇E
TV1
. . .∇E

TVN2
u
∥∥∥∥
L2

⩽ C
N1∏
n1=1

∥∥∥THn1

∥∥∥
Ck

N2∏
n2=1

∥∥∥T Vn2

∥∥∥
Ck
.

Because
⟨p⟩N3

q ∇E
TH1

. . .∇E
THN1

∇E
TV1
. . .∇E

TVN2
u = ∇E

TH1
. . .∇E

THN1
⟨p⟩N3

q ∇E
TV1
. . .∇E

TVN2
u,

∥u∥W̃k also equals

(3.2) ∥u∥W̃k = max
N2+N3=j⩽2k
N1⩽k−j/2

sup
(TV1 ,...TVN2

)∈C∞
Q (X;TVX)N2

Pk,N1,0,0

(
⟨p⟩N3

q ∇E
TV1
. . .∇E

TVN2
u
)

∏N2
n2=1

∥∥∥T Vn2

∥∥∥
Ck

.

Proposition 3.1. — Let k ∈ N, let θ ∈ C∞(Q; End(E)) and fix any Ck-norm
on Q. The multiplication by π∗

Xθ ∈ C∞(X; End(E)), π∗
Xθ(x) = π∗

X(θ(πX(x))), is a
bounded operator in W̃k(X; E) with
(3.3) ∀ u ∈ W̃k(X; E), ∥(π∗

Xθ)u∥W̃k ⩽ Ck∥θ∥Ck∥u∥W̃k .

Proof. — Because ⟨p⟩N3
q ∇E

TV1
. . .∇E

TVN2
(π∗

Xθ) = (π∗
Xθ)⟨p⟩N3

q ∇E
TV1
. . .∇E

TVN2
and owing

to (3.2) the problem is reduced to
Pk,N1,0,0((π∗

Xθ)v) ⩽ Ck∥θ∥CkPk,N1,0,0(v)
for all N1 ∈ {0, . . . , k}.

It is obviously true for N1 = 0. If it is true for N1 ∈ {0, . . . , k − 1} then for
THN1+1 ∈ C∞

Q (X;TXH) with TN1+1 = πX,∗T
H
N1+1 ∈ C∞(Q;TQc), we write

∇E
THN1+1

(π∗
Xθ)v =

(
π∗
X(θ)∇E

THN1+1
v
)

+
[
π∗
X

(
∇End(E)
TN1+1

θ
)]
v.
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We get

Pk−1,N1,0,0

(
∇E
THN+1

(π∗
Xθ)v

)
⩽ Ck−1

[
∥θ∥Ck−1Pk−1,N1,0,0

(
∇E
THN1+1

v
)

+
∥∥∥∇End(E)

TN1+1
θ
∥∥∥

Ck−1
Pk−1,N1,0,0(v)

]
⩽ 2Ck−1∥θ∥CkPk,N1+1,0,0(v).

The obvious inequality

Pk,N1+1,0,0(w) ⩽ sup
THN1+1∈C∞

Q (X;THV )

Pk−1,N1,0,0

(
∇E
THN1+1

w
)

∥∥∥THN1+1

∥∥∥
Ck

ends the proof by induction. □

The previous statement contains two particular cases which allow the local scalar
characterization of u ∈ W̃k(X; E) with a simpler norm.

Proposition 3.2. — Fix k ∈ N and consider two different connections ∇E,1 and
∇E,2 on the vector bundle E πE−→ Q with the associated connections ∇E,1 and ∇E,2

on E πE−→ X. Let W̃k
∇j(X; E) and ∥ ∥W̃k

∇j
be the corresponding W̃k(X; E) spaces and

norms according to Definition 1.2.
(1) The space Wk(X; E) is a C∞(Q;R) module and for any finite atlas

Q = ⋃J
j=1 Ωj and for any subordinate partition of unity ∑J

j=1 ϱj(q) ≡ 1,
a section u belongs to Wk(X; E) if and only if, for every 1 ⩽ j ⩽ J ,
ϱju ∈ Wk

Ωj−comp(T ∗Ωj; E|T ∗Ωj) and the norm ∥u∥W̃k is equivalent to
max1⩽j⩽J ∥ϱju∥W̃k .

(2) For two different connections ∇E,1 and ∇E,2, the two spaces W̃k
∇1(X; E) and

W̃k
∇2(X; E) are equal and the norms ∥ ∥W̃k

∇1
and ∥ ∥W̃k

∇2
are equivalent.

Proof.
(1). — Simply apply Proposition 3.1 with θ ∈ C∞(Q;R). The definition of

W̃k
Ωj−comp(T ∗Ωj; E|T ∗Ωj) and the other statements are explained in Appendix D.

Simply use the triangular inequality for ∥u∥W̃k ⩽ J max1⩽j⩽J ∥ϱju∥W̃k .

(2). — Remember ∇E,2
T − ∇E,1

T = R(T ) ∈ End(E) with ∥R(T )∥Ck ⩽ Ck∥T∥Ck+1

for any T ∈ C∞(Q;TQ). Let P j
k,N1,N2,N3 be the norms involved in (3.1)–(3.2) for

the two associated connections ∇E,ℓ for ℓ = 1, 2. We can make an induction proof
with respect to N1 ∈ {0, . . . , k} like in Proposition 3.1 after reducing the problem
to N2 = N3 = 0 by noticing

∀ T V ∈ C∞
Q (X;TXV ), ∇E,2

TV = ∇E,1
TV

and by using
∇2
TH − ∇1

TH = π∗
X(R(T ))
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for any TH ∈ C∞
Q (X;TXH) with πX,∗T

H = T ∈ C∞(Q;TQ). Actually the induction
proof relies on

P 2
k−1,N1,0,0

(
∇E,2
THN1+1

v
)

⩽ P 2
k−1,N1,0,0

(
∇E,1
THN1+1

v
)

+ P 2
k−1,N1,0,0

([
π∗
(
R
(
THN1+1

))]
v
)

⩽︸︷︷︸
induction

Ck

[
P 1
k−1,N1,0,0

(
∇E,1
THN1+1

v
)

+ P 1
k−1,N1,0,0

([
π∗
(
R
(
THN1+1

))]
v
)]

⩽︸︷︷︸
Proposition 3.1

C ′
k

∥∥∥THN1+1

∥∥∥
Ck
P 1
k,N1+1,0,0(v),

and leads to ∥u∥W̃k
∇2

⩽ C ′′
k∥u∥W̃k

∇1
. The result follows by symmetry. □

The atlas (Ωj)1⩽j⩽J can be chosen such that E|Ωj is trivial with a local frame
(f 1
j , . . . , f

N
j ), fnj ∈ C∞(Ωj;E|Ωj). Above Ωj the connection ∇E can be replaced by

the trivial connection ∇j,E given by

∀ T ∈ C∞(Q;TQ), ∇j
T

(
N∑
n=1

vn(q)fnj
)

=
N∑
n=1

(Tvn)fnj .

For a section u = ∑N
n=1 un,j(x)fnj of E|T ∗Ωj we get

∇j,E
TH1

. . .∇j,E
THN1

∇j,E
TV1
. . .∇j,E

TVN2
u =

N∑
n=1

(
TH1 . . . THN1T

V
1 . . . T VN2vn,j

)
fnj .

Proposition 3.2 now implies that the W̃k-norm of

u =
J∑
j=1

ϱj(q)u =
J∑
j=1

N∑
n=1

un,jf
n
j

with un,j ∈ W̃k
Ωj−comp(T ∗Ωj;C) ⊂ W̃k(X;C), is equivalent to

max
1⩽j⩽J
1⩽n⩽N

∥un,j∥W̃k(X;C).

The W̃k-spaces for k ∈ N and their norms is are thus fully understood in a local
scalar setting.

3.2. Pseudo-differential definition of W̃s, s ∈ R

The end of Subsection 3.1 reduced the description of W̃k(X; E) to the local de-
scription of W̃k(X;C). We can thus focus on scalar sections, and we now give a
pseudo-differential and a global characterization.

We need the pseudo-differential calculus in ⋃
m∈R OpSmΨ (Q;C) introduced in Ap-

pendix E. We recall that a ∈ SmΨ (Q;C) if in doubly canonical coordinates (q, p, ξ, η)
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in T ∗(T ∗Ω) associated with the local coordinates q = (q1, . . . , qd) on a coordinate
domain Ω ⊂ Q, the uniform estimate

∣∣∣∂αq ∂βp ∂γξ ∂δηa(q, p, ξ, η)
∣∣∣ ⩽ Cα,β,γ,δ

(
1 + |ξ|2 + |p|4 + |η|4

)m−|γ|− |β|+|δ|
2

2

and that, the quantization is the standard one, given by the local kernel on T ∗Ω×T ∗Ω:

[a(q, p,Dq, Dp)](q, p, q′, p′) =
∫
R2d

ei[(q−q
′)·ξ+(p−p′)·η]a(q, p, ξ, η) dξdη

(2π)2d .

Actually the general quantization of a ∈ SmΨ (Q;C) is defined by introducing a
partition of unity ∑J

j=1 ϱ̂j(q) ≡ 1 and cut-off functions χ̂ ∈ C∞
0 (Ωj; [0, 1]), χ̂ ≡ 1

on supp ϱ̂j, and by setting aϱ̂,χ̂(x,Dx) = ∑J
j=1(ϱ̂j(q)a)(x,Dx) ◦ χ̂j(q), and the set of

pseudo-differential operators is

OpSmΨ =
{
aϱ̂,χ̂(x,Dx) +R, a ∈ SmΨ (Q;C), R ∈ R(Q;C)

}
,

with R(Q;C) = L(S ′(T ∗Q;C); S(T ∗Q;C)). It is proved in Appendix E that this
pseudo-differential calculus has the same properties as the usual pseudo-differential
calculus, with a different homogeneity which takes into account the global estimates
as |p|q → ∞.

In canonical coordinates (q, p) associated with the local coordinates (q1, . . . , qd)
on Ω we know the two frames (e1, . . . , ed) (resp. (ê1, . . . , êd)) of T (T ∗Ω)H (resp.
T (T ∗Ω)V ) given by

ei = ∂

∂qi
+ Γkiℓ(q)pk

∂

∂pℓ
resp.

êi = ∂

∂pi
.

As differential operators, the locally defined operators ei, ∂qi , pk∂pℓ and

O =
−gij(q)∂pi∂pj + gij(q)pipj

2
belong to OpS1

Ψ,Ω−loc(Ω;C), while pk×, ⟨p⟩q× and ∂pk belong to OpS1/2
Ψ,Ω−loc(Ω;C).

Thus any TH ∈ C∞
Q (X;TXH) is a differential operator that belongs to OpS1

Ψ(Q;C),
and any T V ∈ C∞

Q (X;TXV ) belongs to OpS1/2
Ψ (Q;C).

Let us introduce another operator which involves the scalar horizontal Lapla-
cian ∆H . We follow [BBB82]: on X with the decomposition TX = TXH ⊕ TXV ∼
TQ ⊕ T ∗Q given by the Levi–Civita connection associated with g we put the Rie-
mannian metric to be g ⊕⊥ g−1 and consider the associated total Laplacian ∆x.
The projection πX : X = T ∗Q → Q is now a Riemannian submersion with totally
geodesic fibers and the horizontal Laplacian ∆H = ∆x − ∆p equals in local canonical
coordinates

∆H = gij(q)
(
eiej − Γkij(q)ek

)
.

Because the volume of g ⊕⊥ g−1 is equal to the symplectic volume dqdp and ∆x and
∆p are symmetric on S(T ∗Q;C), the operator ∆H is symmetric on S(T ∗Q;C) for
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the L2(T ∗Q, dqdp;C) scalar product. By introducing the adjoint differential operator
e∗
i = −∂iq − Γkii′pk∂pi′ − Γ′

ii′ and owing to the symmetry or by explicit computations
with

∂qig
ij = ∂qig

−1
(
dqi, dqj

)
= g−1

(
−Γii,kdqk, dqj

)
+ g−1

(
dqi,−Γji,kdqk

)
= −Γiikgkj − Γjikgik,

the horizontal Laplacian is also given by

−∆H = e∗
i g
ij(q)ej,

without a divergence term because integrations are made with respect to the sym-
plectic volume dqdp.

Definition 3.3. — The operator W 2 is the closure in L2(X, dqdp;C) of the
differential operator Cg − ∆H + CgO2 : S(X;C) → S(X;C) ⊂ L2(X, dqdp;C) for
Cg ⩾ 1 large enough.

Notice that because the flow exp(tei) sends T ∗
qQ isometrically to T ∗

exp(t∂qi )q
Q, the

commutations

[ei,−∆p] =
[
ei, |p|2q

]
= [ei,O] = [∆H ,O] = [W 2,O] = 0

hold true on SΩ−loc(Ω;C).
As a consequence of Appendix E we have a simple characterization of W̃s(X;C),

in the case when E = Q ⊗ C. The general case can then be deduced either by
the localization at the end of the previous paragraph or by the approach proposed
afterwards. Both are equivalent.

Proposition 3.4. — For any s ∈ R, the space W̃s(X;C) is characterized by

W̃s(X;C) =
{
u ∈ S ′(X;C), ∀ A ∈ OpSsΨ(Q;C), Au ∈ L2(X, dqdp;C)

}
For Cg ⩾ 1 large enough, Cg − ∆H + CgO2 : S(X;C) → L2(X, dqdp;C) is
a non negative essentially self-adjoint operator, with self-adjoint extension W 2 and
D(W 2) = W̃2(X;C).

For any s ∈ R, W s = (W 2)s/2 is an elliptic operator in OpSsΨ(Q;C) and the norm
on W̃s(X;C) can be chosen as ∥W su∥L2(X,dqdp;C).

Proof.
Step A. — If we start from the above definition of W̃s(X;C) the problem is

reduced to the ellipticity and the identification of the principal symbol of W 2 =
Cg − ∆H +CgO2. Because it is a differential operator W 2 = ∑J

j=1 ϱ̂j(q)W 2χ̂j(q), and
we obtain W 2 = aϱ̂,χ̂(x,Dx) with a− a2 ∈ S1

Ψ(Q;C) and

a2(x,Ξ) = Cg +
∣∣∣ξ + Γk..(q)pkη

∣∣∣2
q

+ Cg
4
(
|p|2q + |η|2q

)2

⩾ Cg + |ξ|2q − 2
∣∣∣Γk..(q)pkη∣∣∣2q + Cg

4
(
|p|2q + |η|2q

)2
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We used the notation |τ |2q = gij(q)τiτj for τ = ξ + Γk..(q)pkη, τ = p and |η|2q =
gij(q)ηiηj. The ellipticity comes from

a2(x,Ξ) ⩾ Cg + εg|ξ|2 − 1
εg

|p|2|η|2 + Cgεg
4

(
|p|4 + |η|4

)
for some εg > 0 given by g and the fixed atlas ⋃Jj=1 Ωj. The ellipticity a2 ⩾ Cg +
εg(|ξ|2 + |p|4 + |η|4) holds true if Cgε2

g − 1 ⩾ 8ε2
g.

The operator W 2 is symmetric with

(3.4) ⟨u, W 2u⟩ = Cg∥u∥2
L2

+
J∑
j=1

∫
T ∗Ωj

gii
′(q)

[
(eiθj(q)u)(ei′θj(q)u) − (∂qiθj)(∂qiθj)|u|2

]
dqdp

+ Cg∥Ou∥2
L2

for all u ∈ S(X;C) when ∑J
j=1 θ

2
j (q) ≡ 1 with θj ∈ C∞

0 (Ωj; [0, 1]). It is bounded from
below by 1 for Cg > 0 large enough.

It suffices to apply Proposition E.22 of Appendix E.
Step B. — For the identification of the two definitions of W̃s(X;C) and the equiv-

alence of the norms, it suffices to consider the case s = k ∈ N, because all the other
cases will follow by interpolation and duality.

We start from the Definition 1.2 and Proposition 3.2(1) which says that the
W̃k(X;C) norm of u is equivalent to

max
1⩽j⩽J

∥ϱju∥W̃k

with ∑J
j=1 ϱj(q) ≡ 1, ϱj ∈ C∞

0 (Ωj; [0, 1]).
Additionally the definition of W̃k

Ωj−comp(Ωj;C) ensures that it is independent of
the choice of a coordinate system (q1, . . . , qd) with equivalent norm for two different
choices. So let us work on T ∗Ω = Ω × Rd ⊂ Rd

q × Rd
p and let us consider functions

u ∈ L2
Ω−comp(T ∗Ω;C) with a Ω-support included in a fixed compact set K ⊂⊂ Ω

(a neighborhood of supp ϱ with ϱ = ϱj when Ω = Ωj). Any vector field TH ∈
C∞

Ω−comp(T ∗Ωd;TXH) (resp. T V ∈ C∞
Ω−comp(T ∗Ωd;TXV )) can be written

TH =
d∑
i=1

ti(q)ei resp. T V =
d∑
i=1

ti(q)êi

with max1⩽i⩽d ∥ti∥Ck ≍ ∥TH∥Ck (resp. max1⩽i⩽d ∥ti∥Ck ≍ ∥T V ∥Ck).
We deduce∥∥∥⟨p⟩N3

q TH1 . . . THN1T
V
1 . . . T VN2u

∥∥∥2

L2∏N1
n1=1

∥∥∥THn1

∥∥∥
Ck
∏N2
n2=1

∥∥∥T Vn2

∥∥∥
Ck

⩽ CK,k max
1⩽i1,...,iN1⩽d
1⩽j1,...,jN2⩽d

∥∥∥⟨p⟩N3
q ei1 . . . eiN1

êj1 . . . êjN2u
∥∥∥
L2
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where∥∥∥⟨p⟩N3
q ei1 . . . eiN1

êj1 . . . êjN2u
∥∥∥
L2

=
∥∥∥⟨p⟩N3

q (χei1) . . . (χeiN1
)
(
χêj1

)
. . .
(
χêjN2

)
u
∥∥∥
L2

for some χ = χ(q) ∈ C∞
0 (Ω; [0, 1]) such that χ ≡ 1 in a neighborhood of K ⊃

Ω − suppu. Because χ(q)ei ∈ C∞
Ω−comp(T ∗Ω;TXH) and χ(q)êj ∈ C∞

Ω−comp(T ∗Ω;TXV )
the right-hand side is bounded by CK,χ,k∥u∥W̃k .

By taking the supremum with respect to N1 + N2+N3
2 ⩽ k, the horizontal vector

fields TH1 , . . . , THN1 ∈ C∞
Ω−comp(T ∗Ω;TXH) and the vertical vector fields T V1 , . . . , T VN2 ∈

C∞
Ω−comp(T ∗Ω;TXV ), the norm ∥u∥W̃k for u ∈ L2(T ∗Ω;C) with Ω-support included

in K, is thus equivalent to

(3.5) max
1⩽i1,...,iN1⩽d
1⩽j1,...,jN2⩽d

N1+N2+N3
2 ⩽k

∥∥∥⟨p⟩N3
q ei1 . . . eiN1

êj1 . . . êjN2u
∥∥∥
L2

≍ max
1⩽i1,...,iN1⩽d

N1+ |β|+N3
2 ⩽k

∥∥∥⟨p⟩N3ei1 . . . eiN1
∂βp u

∥∥∥
L2
,

where we have replaced ⟨p⟩q = (1 + gij(q)pipj)1/2 by the equivalent quantity ⟨p⟩ =
(1 +∑

i p
2
i )1/2.

From [
ei, f

k(q)pk
]

=
(
∂qif

k
)
(q)pk +

(
fkΓℓik

)
(q)pℓ,

we get by induction

ei1 . . . eiN1
∂βp − ∂qi1 . . . ∂qiN1 ∂

β
p =

∑
|α|⩽N1−1

|α|+ |γ|+|β′|
2 =N1+ |β|

2

fα,β′,γ(q)pγ∂αq ∂β
′

p

and we deduce

εN1
∥∥∥⟨p⟩N3ei1 . . . eiN1

∂βp u
∥∥∥
L2

− εN1
∥∥∥⟨p⟩N3

q ∂qi1 . . . ∂qiN1 ∂
β
p u
∥∥∥
L2

⩽ CK,kε max
|α|⩽N1−1

|α|+
N′

3+|β′|
2 ⩽N1+ |β|

2

εN1−1
∥∥∥⟨p⟩N ′

3∂αq ∂
β′

p u
∥∥∥
L2
.

Choosing ε = εK,k for εK,k > 0 small enough implies that the norm ∥u∥W̃k is
equivalent to

max
|α|+N3+|β|

2 ⩽k

∥∥∥⟨p⟩N3∂αq ∂
β
pχ(q)u

∥∥∥
L2

or
√√√√ ∑

|α|+N3+|β|
2 ⩽k

∥∥∥⟨p⟩N3∂αq ∂
β
pχ(q)u

∥∥∥2

L2
.

But according Appendix E and in particular Proposition E.7, it is equivalent to the
norm ∥W kχ(q)u∥L2 . □

Let us extend now this result to W̃s(Q; E). For a self-adjoint non negative scalar
operator A ∈ OpSmΨ (Q;C), like W 2 with m = 2 or W s, s = m ∈ R, it is not possible
to define directly its action on sections of E . However a localization technique makes
it possible, up to lower order corrections.
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We fix, as we did in Appendix E, the atlas Q = ⋃J
j=1 Ωj by assuming that for every

j ∈ {1, . . . , J} the two properties are satisfied:
• the open set Ω̃j = ⋃

Ωj′ ∩Ωj ̸=∅ Ωj′ is a coordinate domain;
• the restricted vector bundle E|Ω̃j admits an orthonormal frame (f 1

j , . . . , f
N
j )

for the metric gE.
If ∑J

j=1 θ
2
j (q) ≡ 1 is a quadratic partition of unity with θj ∈ C∞

0 (Ωj; [0, 1]) we set

Aθ =
J∑
j=1

θj(q) ◦ Asc j ◦ θj(q),

where Asc j is the scalar pseudo-differential operator in the orthonormal local frame
(f 1
j , . . . , f

N
j ) above Ω̃j:

Asc j
(
ukf

k
j (q)

)
(q, p) = [Auk](q, p)fkj (q).

When A = aϱ,χ(x,Dx) + R = ∑J
j1=1(ϱj1(q)a)(x,Dx) ◦ χj1(q) + R ∈ OpSmΨ (Q;C)

we obtain

Aθ =
J∑

j1=1
ϱj1(q)

∑
Ωj∩Ωj1 ̸=∅

θj(q) ◦ [a(x,Dx)]sc j ◦ θj(q) ◦ χj1(q) +Rθ.

If Uj1,j2(q) is the unitary matrix of (f 1
j1 , . . . , f

N
j1 ) in the frame (f 1

j2 , . . . , f
N
j2 ), the

operator ∑
Ωj∩Ωj1 ̸=∅

θj(q) ◦ [a(x,Dx)]sc j ◦ θj(q)

with ⋃
Ωj∩Ωj1 ̸=∅ Ωj ⊂ Ω̃j1 ⊂ Rd, is nothing but the operator ãj1(x,Dx) with aj1 ∈

S(Ψm, gΨ;CN) given by∑
Ωj∩Ωj1 ̸=∅

Uj1,j(q)♯
(
[(θj(q)a)♯θj(q)] ⊗ IdCN

)
♯Uj,j1(q),

where we recall (a♯b)(x,Dx) = a(x,Dx) ◦ b(x,Dx).
Owing to the exact chain rules

Uj3,j1(q) = Uj3,j2 ◦ Uj2,j1(q) and Uj3,j1(q) = Uj3,j2(q)♯Uj2,j1(q)

and the exact commutation θj3(q)♯Uj2,j1(q) = Uj2,j1(q)♯θj3(q), we can write

Aθ =
J∑

j1=1
(ϱj1(q)aθ)(x,Dx) ◦ χj1(q) +Rθ = (aθ)ϱ,χ(x,Dx) +Rθ

with aθ ∈ SmΨ (Q; End, E) and Rθ ∈ R(Q; E).
Additionally, if A = am,ϱ,χ(x,Dx) + Am−1, Am−1 ∈ OpSm−1

Ψ (Q;C), then Aθ =
(am ⊗ IdE)ϱ,χ(x,Dx) + Aθ,m−1 with Aθ,m−1 ∈ OpSm−1

Ψ (Q; End E). In particular the
principal symbol does not depend on the chosen orthonormal frames (f 1

j , . . . , f
N
j )

j = 1, . . . , J .
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If A is self-adjoint and elliptic, the same holds for Aθ with

D(Aθ) = W̃m(X; E)

=

u ∈ S ′(X; E), ∀ j ∈ {1, . . . , J},
u|Ωj = uk(x)fkj (q), uk ∈ W̃m

Ωj−loc(T ∗Ωj;C)


=
{
u ∈ S ′(X; E), ∀ B ∈ OpSmΨ (Q; End E), Bu ∈ L2(X, dqdp; E)

}
.

We can conclude with the following summary.

Proposition 3.5. — Once the quadratic partition of unity ∑J
j=1 θ

2
j (q) ≡ 1 and

the local orthonormal frames (f 1
j , . . . , f

N
j ), 1 ⩽ j ⩽ J , are fixed and for Cg ⩾ Cg,θ

chosen large enough, the operator

W 2
θ =

J∑
j=1

θj(q)(W 2)sc jθj(q)

with

D(W 2
θ ) =

{
s ∈ L2(X, dqdp; E), W 2

θ s ∈ L2(X, dqdp; E)
}

is self-adjoint and bounded from below by 1.
For s ∈ R, the space W̃s(X; E) introduced in Definition 1.2 for s = k ∈ N and

then extended by interpolation and duality, equals

W̃s(X; E) =
{
u ∈ S ′(X; E), ∀ B ∈ OpSsΨ(Q; End E), Bu ∈ L2(X, dqdp; E)

}
=
{
u ∈ S ′(X; E), (W 2

θ )s/2u ∈ L2(X, dqdp; E)
}

=

u ∈ S ′(X; E), ∀ j ∈ {1, . . . , J},
u|Ωj = uk(x)fkj (q), W suk ∈ L2

Ωj−loc(T ∗Ωj, dqdp; E)


=
{
u ∈ S ′(X; E), (Cs + (W |s|)θ)sign su ∈ L2(X, dqdp; E)

}
,

where the constant Cs > 0 is chosen large enough.

Proof. — We already know that W 2 = Cg − ∆H +CgO2 is elliptic, self-adjoint and
bounded from below by 1 for Cg ⩾ 1 large enough with domain D(W 2) = W̃2(X;C).

With the previous discussion this proves that W 2
θ is elliptic and self-adjoint. The

same computation as (3.4) shows that W 2
θ ⩾ 1. Actually the derivatives of the

unitary matrix associated with the change of frames, ∂qiUj1,j2(q), bring lower order
terms which are absorbed if Cg = Cg,θ is chosen large enough.

For W 2
θ with a scalar principal symbol a2 ⊗ IdE ⩾ 1

κ
Ψ2 ⊗ IdE , Proposition E.22

applies and (W 2
θ )s/2 = fs(W 2

θ ) with fs ∈ S(⟨t⟩s/2, dt
⟨t⟩2 ) is elliptic with the principal

symbol fs(a2) ⊗ IdE = a
s/2
2 ⊗ IdE .

The local characterization with u|Ωj = uk(x)fkj (q) has been explained and with the
reduction of the previous paragraph and Proposition 3.4 it shows that D((W 2

θ )k/2)
coincides with W̃k(X; E) when k ∈ N. This ends the identifications of the general
spaces W̃s(X; E) for s ∈ R.
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Because W |s| = (W 2)|s|/2 = f|s|(W 2) is elliptic with the principal symbol a|s|/2
2 for

s ̸= 0, (W |s|)θ is elliptic with the principal symbol a|s|/2
2 ⊗ IdE . It is self-adjoint with

the same domain, W̃ |s|(X; E), as (W 2
θ )|s|/2. It is bounded from below by the Gårding

inequality. Adding a constant Cs ensures that (Cs + (W |s|)θ) is bounded from below
by 1 and invertible. □

3.3. Spaces W̃s1,s2(X; E)

A priori Y = gij(q)piej belongs to OpS3/2
Ψ (Q;C) but it has locally some specific

structure made of ei ∈ OpS1
Ψ(Ω;C) and followed by a multiplication by pi. We start

with a simple commutation result.
Proposition 3.6. — The self-adjoint operator (W 2

θ , D(W 2
θ ) = W̃2(X; E)) mod-

eled on W 2 = Cg − ∆H + CgO2 and introduced in Proposition 3.5 and the vertical
harmonic oscillator O with the maximal domain

D(O) =
{
u ∈ L2(X, dqdp; E), Ou ∈ L2(X, dqdp;C)

}
make a pair of strongly commuting self-adjoint operators: for any Borel functions
f, g : R → C, f(W 2

θ )g(O) = g(O)f(W 2
θ ) on the intersection of their domain.

Proof. — After the pointwise gauge transformation (q, p) 7→ (q, g(q)−1/2.p), the
space L2(X, dqdp; E) is isomorphic to the direct integral

∫⊕
Q L2(Rd, dp) d volg(q). In

this direct integral decomposition the operator O is nothing but
∫⊕
Q O d volg(q) where

O = ∑d
j=1

−∂2
pj

+p2
j

2 is the Euclidean harmonic oscillator.
The associated unitary group eitO satisfies eitO∂qie−itO= ∂qi , eitOpie−itO= cos(t)pi−

sin(t)Dpi and eitODpie
−itO = sin(t)pi + cos(t)Dpi , where we recall Dpi = 1

i
∂pi . We

deduce that for any t ∈ R, eitO is continuous from W̃2(X;C) into itself, and therefore
as a scalar operator from W̃2(X; E) into itself.

Because the unitary transform UΦ : L2(X; E) →
∫⊕
Q L2(Rd) d volg(q) given by

(UΦu)(q, p′) = u(q, g(q)1/2.p) is a special case of Proposition E.13 (it suffices to
consider locally the effect on the scalar components), it is an isomorphism of
W2(X; E) = D(W 2

θ ) and eitO is continuous from D(W 2
θ ) into itself for any t ∈ R.

Because the scalar operator W 2 and O commute on S(X;C) we deduce that
[W 2

θ ,O] = 0 on S(X; E) which is a core for W 2
θ .

We have all the ingredients of [ABM96] in order to conclude that

adO W
2
θ = i

d

dt
e−itOW 2

θ e
itO
∣∣∣
D(W 2

θ
)

= 0,

and W 2
θ and O strongly commute. □

This leads to the introduction of the following, double indexed, spaces.
Definition 3.7. — For any s1, s2 ∈ R, the space W̃s1,s2(X; E) is the space

associated with the functional calculus of the two commuting self-adjoint operators
O and W 2

θ and endowed with the Hilbert norm

∥u∥W̃s1,s2 =
∥∥∥Os1/2(W 2

θ )s2/2u
∥∥∥
L2
.
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In particular the space W̃1,s(T ∗Q; E) of Definition 1.2 with the norm

∥u∥W̃1,s =
∥∥∥O1/2u

∥∥∥
W̃s

=
∥∥∥(W 2

θ )s/2O1/2u
∥∥∥
L2

is the particular case s1 = 1, s2 = s. Clearly the spaces W̃s1,s2(X; E) contain a finer
description of the regularity properties. With

∥u∥2
W̃s1,s2

=
〈(
W 2
θ

)s2/2
O(s1−1)/2u, O

(
W 2
θ

)s2/2
O(s1−1)/2u

〉
L2

⩽
∥∥∥∥(W 2

θ

)(s2+1/2)/2
O(s1−1)/2u

∥∥∥∥2

L2
= ∥u∥2

W̃s2+1/2,s1−1 .

for s1 ⩾ 1, we deduce the continuous embeddings W̃0,s2+s1/2(X; E) ⊂ Ws1,s2(X; E)
for s1 ⩾ 0 and by duality W̃s1,s2(X; E) ⊂ W̃s1,s2+s1/2(X; E) for s1 < 0. We will
essentially work with s1 ∈ {0, 1}.

As a first order differential operator with respect to q the operator ∇E
Y can be

written

∇E
Y =

J∑
j=1

θj(q)∇E
Yθj(q) =

J∑
j=1

θj(q)
[
gii

′(q)pi∇E
ei′

∣∣∣
T ∗Ω̃j

]
θj(q),

where gii′(q)pi∇E
ei′

|
T ∗Ω̃j

is expressed with the local coordinates in Ω̃j.
With the cut-off function χ̃j ∈ C∞

0 (Ω̃j; [0, 1]) such that χ̃j ≡ 1 in a neighborhood
of supp θj′(q) when Ωj ∩ Ωj′ ̸= ∅, we can introduce the local scalar operator

p̂j,i = χ̃j(q)pi ⊗ IdE , D̂j,i = χ̃j(q)Dpi ,(3.6)

while

Êj,i = θj(q)gii
′(q)∇E

ei′
θj(q) ∈ OpS1

Ψ(Q; End E)(3.7)

with

Êj,i − (θj(q)gii
′(q)ei′θj(q) ⊗ IdE) ∈ OpS0

Ψ(Q; End E).(3.8)

We have in particular

∇E
Y =

J∑
j=1

d∑
i=1

Êj,i ◦ p̂j,i.

Proposition 3.8. — Let p̂j,i, D̂j,i and Êj,i, j ∈ {1, . . . , J}, i ∈ {1, . . . , d}, be the
operators defined by (3.6) and (3.7). For any s ∈ R, the norms

∥p̂j,i∥L(W̃1,s; W̃0,s) + ∥D̂j,i∥L(W̃1,s; W̃0,s),∥∥∥(W 2
θ )s/2p̂j,i(W 2

θ )−s/2 − p̂j,i
∥∥∥

L(W̃1,0; W̃0,1) +
∥∥∥(W 2

θ )s/2D̂j,i(W 2
θ )−s/2 − D̂j,i

∥∥∥
L(W̃1,0; W̃0,1)

and
∥∥∥(W 2

θ )s/2∇E
Y(W 2

θ )−s/2 − ∇E
Y

∥∥∥
L(W̃1,0;L2)

are bounded by a constant Cg,s.
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Proof. — All the operators and commutators are well defined continuous operators
on the space of smooth rapidly decaying (w.r.t p) sections, S(X; E). The estimates
are then extended by density.

For A = p̂j,i or D̂j,i we know A ∈ OpS1/2
Ψ (Q; E) while A and (W 2

θ )±s ∈ OpS±s
Ψ (Q;

End E) have scalar principal symbols. We deduce

(W 2
θ )sA(W 2

θ )−s − A ∈ OpS−1/2
Ψ (Q; End E) ⊂ L

(
W̃1,0(X; E);L2(X; E)

)
,

and ∥A∥L(W̃1,s;W̃0,s) = ∥(W 2
θ )s/2A(W 2

θ )−s/2∥L(W̃1,0;L2) ⩽ Cg,s.
For the second estimate we need a more accurate decomposition of (W 2

θ )s/2

A(W 2
θ )−s/2 − A. Let us write A = a(q, p,Dp) with the local coordinates writing,

a(q, p, η) = χ̃j(q)pi when A = p̂j,i and a(q, p, η) = χ̃j(q)ηi when A = D̂j,i, and let
w(q, p, ξ, η) = (Cg+|ξ−Γk..pkη|2g+Cg/4(|p|2g+|η|2g)2)1/2 be the principal scalar symbol
of W 2

θ . If we forget the tensor product with IdE , we have

(W 2
θ )±s − w±s(q, p,Dq, Dp) = R±s−1 ∈ OpS±s−1

Ψ (Q; End E)
and
(W 2

θ )sA(W 2
θ )−s − A = ws(q, p,Dq, Dp) ◦ A ◦ w−s(q, p,Dq, Dp) − A︸ ︷︷ ︸

=A1,s

+A2,s +Rs

with

A2,s =
(
W 2
θ

)s/2
R−s−1A+Rs−1w−1(q, p,Dq, Dp)A ∈ L

(
W̃1,0; W̃0,1

)
,

and

Rs = (W 2
θ )s/2

[
A,R−s−1

]
+Rs−1

[
A,w−s(q, p,Dq, Dp)

]
∈ OpS−3/2

Ψ (Q; End E) ⊂ L
(
W̃1,0; W̃0,1

)
.

By pseudo-differential calculus the symbol of iA1,s equals

ws∂ηa.∂p(w−s) − ws∂pa.∂η(w−s) − ws∂qa.∂ξw
−s + rs

= s

2

d∑
k=1

−
(
w−1∂ηka

)
♯
(
w−1∂pw

2
)

+
(
w−1∂pka

)
♯
(
w−1∂ηkw

2
)

+ ws∂ξw
−s♯∂qa+ r′

s

with rs, r
′
s ∈ S

−3/2
Ψ (Q;C).

An explicit computation shows that the operators(
w−1∂pkw

2
)
(q, p,Dq, Dp),

(
w−1∂pkw

2
)
(q, p,Dq, Dp) and ∂qa(q, p,Dp)

belong to L(W̃1,0(X; E);L2(X; E)).
The operators (

w−1∂ηka
)
(q, p,Dq, Dp),

(
w−1∂pka

)
(q, p,Dq, Dp)

belong to L(L2(X; E); W̃0,1(X; E)).
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Finally the remainder

r′
s(q, p,Dq, Dp) ∈ OpS−3/2

Ψ (Q;C) ⊂ L
(
W̃1,0(X; E); W̃0,1(X; E)

)
.

This ends the proof of∥∥∥(W 2
θ )sA(W 2

θ )−s − A
∥∥∥

L(W̃1,0;W̃0,1) ⩽ Cg,s for A = p̂j,k or D̂j,i.

We split (W 2
θ )∇E

Y(W 2
θ )−s − ∇E

Y into

J∑
j=1

(W 2
θ )sÊj,ip̂j,i(W 2

θ )−s − Êj,ip̂j,i

=
J∑
j=2

[
(W 2

θ )sÊj,i(W 2
θ )−s − Êj,i

]
◦ (W 2

θ )sp̂j,i(W 2
θ )−s∗

+ Êj,i ◦
[
(W 2

θ )sp̂j,i(W 2
θ )−s − p̂j,i

]
The factor

[
(W 2

θ )sÊj,i(W 2
θ )−s − Êj,i

]
belongs to

OpS0
Ψ(Q; End E) ⊂ L

(
L2(X; E);L2(X; E)

)
,

while the operator (W 2
θ )sp̂j,i(W 2

θ )−s belongs to L(W̃1,0(X; E);L2(X; E)).
The operator (W 2

θ )sp̂j,i(W 2
θ )−s − p̂j,i belongs to L(W̃1,0(X; E); W̃0,1(X; E)) while

the factor Êj,i belongs to OpS1
Ψ(Q; End E) ⊂ L(W̃0,1(X; E);L2(X; E)). □

4. A priori estimates on the scalar GKFP operator

In this section we work directly with the localized scalar version of GKFP operators.
The results of this section will then applied to the operators P j

±,b’s of Subsection 2.3.
From now on, we focus the analysis to the case ± = +, because the other case ± = −
is the same, and we write simply P j

b and all the forthcoming related operators without
the ± index.

The coordinate domain Ω in Q is fixed and any coordinate system allows the
identification T ∗Ω = Ω × Rd ⊂ R2d

q,p. The symplectic volume on Ω × Rd, is the usual
Lebesgue measure dqdp and the corresponding L2(Ω × Rd, dqdp;C)-norm will be
denoted simply by ∥ ∥L2 . We consider a scalar GKFP operator

Pb = 1
b2 O + 1

b
Y , b ∈ (0,∞),

with

Y = gij(q)pjei, O =
−gij(q)∂pi∂pj + gij(q)pipj

2 ,

with the domain
D(Pb) = C∞

0

(
Ω × Rd;C

)
.(4.1)
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By assuming Ω ⊂⊂ Ω1 where Ω1 is a bigger coordinate domain of Q, we can assume
g|Ω1/2 = g̃|Ω1/2 where g̃ is a Riemannian metric on Rd which is Euclidean outside
a compact set, and Ω1/2 is an open neighborhood of Ω such that Ω ⊂⊂ Ω1/2 ⊂⊂ Ω1.

Alternatively the local scalar GKFP operators Pb can be introduced directly on
Ω × Rd ⊂ R2d with a metric g which is a compactly supported perturbation of the
Euclidean metric.

4.1. Dyadic partition of unity

By following [Leb05, Leb07] or [BCD11], let θ, θ̃ ∈ C∞
0 (R) be such that supp(θ) ⊂[

1
4 , 4

]
, supp(θ̃) ⊂ [0, 4], and

(4.2) ∀ t ∈ [0,∞), θ̃2(4t2) +
∞∑
ℓ=0

θ2
(
2−2ℓt2

)
= 1.

For x ∈ T ∗Ω and ℓ ∈ N ∪ {−1}, set

(4.3) θℓ(x) =

θ
(
2−2ℓ|p|2q

)
, ℓ > −1,

θ̃(4|p|2q), ℓ = −1.
The collection {θℓ}∞

ℓ=−1 constitutes a quadratic dyadic partition of unity for T ∗Ω in
the sense that

(4.4) ∀ x ∈ T ∗Ω,
∞∑

ℓ=−1
θ2
ℓ (x) = 1,

with
(4.5) supp(θℓ) ⊂

{
2ℓ−1 ⩽ |p|q ⩽ 2ℓ+1

}
whenever ℓ > −1,

and

(4.6) supp(θ−1) ⊂ {0 ⩽ |p|q ⩽ 1}, and θ−1(x) = 1 for 0 ⩽ |p|q ⩽
1
2 .

Notice that because θℓ is a function of |p|2q, θℓ satisfies
(4.7) ∀ ℓ ∈ N ∪ {−1}, Yθℓ ≡ 0.
When (q, p) are canonical coordinates on T ∗Ω = Ω × Rd, we also observe

(4.8) ∀ α ∈ Nd, ∃ Cα > 0, ∀ ℓ ∈ N ∪ {−1}, sup
x∈T ∗Ω

∣∣∣∂αp θℓ(x)
∣∣∣ ⩽ Cα2−|α|ℓ.

Proposition 4.1. — There exists a constant Cg,θ,θ̃ ⩾ 1 depending only on the
metric g and the functions θ and θ̃ so that

(4.9) 1
4
∑
ℓ

∥∥∥∥∥
(
κb
b2 + Pb − iλ

b

)
θℓu

∥∥∥∥∥
2

L2
⩽

∥∥∥∥∥
(
κb
b2 + Pb − iλ

b

)
u

∥∥∥∥∥
2

L2

⩽
5
2
∑
ℓ

∥∥∥∥∥
(
κb
b2 + Pb − iλ

b

)
θℓu

∥∥∥∥∥
2

L2

holds for all u ∈ C∞
0 (Ω × Rd;C) and all (λ, b) ∈ R × R+ when κb = Cg,θ,θ̃(1 + b2).
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Proof. — Thanks to (4.7), we have the commutator identities[
κb
b2 + Pb − iλ

b
, θℓ1

]
= 1
b2 [O, θℓ1 ] = − 1

b2 gij(q)
∂θℓ1
∂pi

∂

∂pj
− 1

2b2 gij(q)
∂2θℓ1
∂pi∂pj

,(4.10)

and [[
κb
b2 + Pb − iλ

b
, θℓ1

]
, θℓ2

]
= 1
b2 [[O, θℓ1 ], θℓ2 ] = − 1

b2 gij(q)
∂θℓ1
∂pi

∂θℓ2
∂pj

.(4.11)

for any ℓ1, ℓ2 ∈ N ∪ {−1}. From (4.8), (4.10), (4.11) and the integration by parts
inequality of Proposition 2.1, we deduce that there is a constant C ′

g,θ,θ̃
⩾ 1, depending

only on the metric g and the functions θ and θ̃ such that κb = Cg,θ,θ̃(1 + b2), with
Cg,θ,θ̃ = C0 + 32C ′

g,θ,θ̃
and C0 ⩾ 1 fixed in Proposition 2.1, implies

∑
ℓ,ℓ1

∥∥∥∥∥
[
κb
b2 + Pb − iλ

b
, θℓ1

]
θℓu

∥∥∥∥∥
2

L2
⩽ C ′

g,θ,θ̃

(∑
ℓ

( 1
b4 ∥Dpθℓu∥2

L2 + 1
b4 ∥θℓu∥2

L2

))
(4.12)

⩽ C ′
g,θ,θ̃

(
1
κb

+ 1
κ2
b

)∑
ℓ

∥∥∥∥∥
(
κb
b2 + Pb − iλ

b

)
θℓu

∥∥∥∥∥
2

L2

and ∑
ℓ,ℓ1,ℓ2

∥∥∥∥∥
[[
κb
b2 + Pb − iλ

b
, θℓ1

]
, θℓ2

]
θlu

∥∥∥∥∥
2

L2
⩽
C ′
g,θ,θ̃

b4 ∥u∥2
L2(4.13)

⩽
C ′
g,θ,θ̃

κ2
b

∑
ℓ

∥∥∥∥∥
(
κb
b2 + Pb − iλ

b

)
θℓu

∥∥∥∥∥
2

L2

for all λ ∈ R, b > 0, and u ∈ C∞
0 (T ∗Ω;C). The equivalence (4.9) then follows from

Corollary C.2 with r = 1
2 . □

For every ℓ ⩾ −1, we define the change of variables
Φℓ : Ω × Rd −→ Ω × Rd

(q, p) 7−→ (q, 2ℓp).
The change of variables in the integral give

(4.14)
∥∥∥∥∥
(
κb
b2 + Pb − iλ

b

)
θℓu

∥∥∥∥∥
L2

=
∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
uℓ

∥∥∥∥∥
L2

with uℓ(q, p) = 2 ℓd
2 θ(|p|2q)u(q, 2ℓp) (for ℓ = −1 replace θ by θ̃) and Pb,ℓ = Φ∗

ℓPb(Φ−1
ℓ )∗.

After the change of variables, operators are changed by

Pb,ℓ = 1
b2 Oℓ + 1

b
Yℓ,(4.15)

Oℓ = Φ∗
ℓO
(
Φ−1
ℓ

)∗
= 1

2
(
2−2ℓgij(q)DpiDpj + 22ℓgij(q)pipj

)
(4.16)

and

Yℓ = Φ∗
ℓY
(
Φ−1
ℓ

)∗
= 2ℓgij(q)pj

(
∂

∂qi
+ Γmik(q)pm

∂

∂pk

)
.(4.17)
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The equivalence (4.9) can be rewritten as

(4.18) ∀ u ∈ C∞
0

(
Ω × Rd;C

)
,

1
4
∑
ℓ

∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
uℓ

∥∥∥∥∥
2

L2
⩽

∥∥∥∥∥
(
κb
b2 + Pb − iλ

b

)
u

∥∥∥∥∥
2

L2

⩽
5
2
∑
ℓ

∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
uℓ

∥∥∥∥∥
2

L2
,

where now uℓ ∈ C∞
0 (Sℓ,2;C) with

(4.19) Sℓ,R =


{
x = (q, p) ∈ Ω × Rd, 1

R
< |p|q < R

}
for ℓ ⩾ 0{

x = (q, p) ∈ Ω × Rd, |p|q < 1
}

for ℓ = −1,

for any fixed R > 1.

4.2. Partition with a 2ℓ-dependent grid in the open set Ω ⊂ Rd
q

Here the integer ℓ ⩾ −1 is fixed and the localization will be done with some
translation invariance in Rd by using a regular grid with a spacing of size A2−ℓ.

Let us start with the translation invariant partition of unity

(4.20)
∑
m∈Zd

ψ2(q −m) ≡ 1 with ψ ∈ C∞
0 (Rd; [0, 1]).

For any A > 0 and ℓ ∈ Z, ℓ ⩾ −1, it can be written

∑
m∈Zd

ψ2
(
q − qm,ℓ,A
A2−ℓ

)
≡ 1 with qm,ℓ,A = A2−ℓm.

Accordingly we set

ψm,ℓ,A(q) = ψ
(
q − qm,ℓ,A
A2−ℓ

)
and we get

supp(ψm,ℓ,A) = qm,ℓ,A + A2−ℓ supp(ψ),(4.21)
∀ α, β ∈ Nd, |α| > 0 =⇒ Dα

pD
β
qψm,ℓ,A = 0,(4.22)

∀ β ∈ Nd, ∃ Cβ,ψ > 0, |A|β|2−ℓ|β|Dβ
qψm,ℓ,A| ⩽ Cβ,ψ.(4.23)
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Proposition 4.2. — Let Pb,ℓ and Sℓ,2 be defined respectively by (4.15)–(4.19)
for ℓ ∈ Z, ℓ ⩾ −1. There exists a constant Cg,ψ > 0 depending only on the metric g
and the function ψ such that the two inequalities

1
2
∑
m∈Zd

∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
ψm,ℓ,Au

∥∥∥∥∥
2

L2
− Cg,ψ
A2b2

∥∥∥22ℓψm,ℓ,Au
∥∥∥2

L2

⩽

∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
u

∥∥∥∥∥
2

L2
,

∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
u

∥∥∥∥∥
2

L2
⩽ 2

∑
m∈Zd

∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
ψm,ℓ,Au

∥∥∥∥∥
2

L2
+ Cg,ψ
A2b2

∥∥∥22ℓψm,ℓ,Au
∥∥∥2

L2

hold for all u ∈ C∞
0 (Sℓ,2;C) and for all (λ, b) ∈ R × (0,+∞).

Proof. — The computation of commutators gives[
κb
b2 + Pb,ℓ − iλ

b
, ψm1,ℓ,A

]
= 1
b
[Yℓ, ψm1,ℓ,A] = 1

b
gij(q)2ℓpj

∂ψm1,ℓ,A

∂qi
(q),(4.24) [[

κb
b2 + Pb,ℓ − iλ

b
, ψℓ,m1,A

]
, ψm2,ℓ,A

]
= 1
b
[[Yℓ, ψm1,ℓ,A], ψm2,ℓ,A] = 0.(4.25)

Because suppu ⊂ Sℓ,2 ⊂ {x = (q, p), |p|q ⩽ 2}, the estimate (4.23) of the derivatives
of ψm,ℓ,A implies that the right-hand side of (4.24) satisfies

∑
m1∈Zd

∥∥∥∥∥1
b
gij(q)2ℓpj

∂ψm1,ℓ,A

∂qi
(q)ψm2,ℓ,Au

∥∥∥∥∥
2

L2
⩽
C̃g,ψ24ℓ

(Ab)2 ∥ψm2,ℓ,Au∥2
L2

for all m1,m2 ∈ Zd with a constant C̃g,ψ > 0 depending only on g and ψ. Because
the double commutator vanishes, we apply the formulas (C.2) and (C.3). This yields
the result with the constant Cg,ψ = 4C̃2

g,ψ. □

Since there exists a constants Ĉg,ψ ⩾ 1 given by (g, ψ) such that

(4.26)
{
x = (q, p) ∈ Sℓ,2, q ∈ supp(ψm,ℓ,A)

}
⊂
(
B
(
qm,ℓ,A, Ĉg,ψA2−ℓ

)
× Rd

)
∩ Sℓ,2

when u ∈ C∞
0 (Sℓ,2;C), the problem is thus reduced to finding lower bounds for

∥(κb
b2 + Pb,ℓ − iλ

b
)v∥2

L2 when v ∈ C∞
0 (B(qm,ℓ,A, Ĉg,ψA2−ℓ) × Rd ∩ Sℓ,2). When A2−ℓ is

small enough, (4.26) is contained in a q-ball with radius below the injectivity radius
of the metric g̃ on Rd, and normal coordinates around qm,ℓ,A can be used. Note also
that the ball B(qm,ℓ,A, Ĉg,ψA2−ℓ) can be equivalently taken for the Euclidean metric
or the metric g̃ by possibly adapting the constant Ĉg,ψ.

4.3. Use of normal coordinates

Due to (4.26), we are interested in (κb
b2 + Pb,ℓ − iλ

b
)v when v belongs to

C∞
0

((
B
(
qm,ℓ,A, Ĉg,ψA2−ℓ

)
× Rd

)
∩ Sℓ,2;C

)
.
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724 F. NIER, X. SANG & F.G. WHITE

For 2−ℓA ⩽ εg,ψ with εg,ψ small enough determined by the pair (g, ψ), we may
introduce normal coordinates q̃ = (q̃1, . . . , q̃d) centered at qm,ℓ,A. The associated
canonical coordinates on B(0, Ĉg,ψA2−ℓ) ×Rd ⊂ T ∗Rd will be denoted by (q̃, p̃) with
p̃ = (p̃1, . . . , p̃d). Since Pb,ℓ maintains the same form (4.15) under the coordinate
change (q, p) 7→ (q̃, p̃), we may assume without loss of generality when considering∥∥∥∥∥

(
κb
b2 + Pb,ℓ − iλ

b

)
v

∥∥∥∥∥
L2

(4.27)

for 2−ℓA ⩽ εg,ψ and v ∈ C∞
0 (B(qm,ℓ,A, Ĉg,ψA2−ℓ) × Rd ∩ Sℓ,2;C) that qm,ℓ,A = 0 and

that the metric g satisfies

(4.28) ∀ α ∈ Nd, ∂αq (gij(q) − δij) = O
(
|q|(2−|α|)+

)
.

We note that since the Christoffel symbols for the metric g are given by

(4.29) Γℓik(q) = 1
2g

ℓj(q)
(
∂gji
∂qk

(q) + ∂gjk
∂qi

(q) − ∂gik
∂qj

(q)
)
,

we have
(4.30) ∀ α ∈ Nd, ∂αq Γℓik(q) = O

(
|q|(1−|α|+)

)
.

in these coordinates. By taking εg,ψ smaller if necessary, we may restrict our attention
to functions v ∈ C∞

0 (B(0, Ĉ ′
g,ψA2−ℓ) × Rd ∩ S ′

ℓ,4;C), where B(0, Ĉ ′
g,ψA2−ℓ) denotes

the Euclidean ball in Rd of radius Ĉ ′
g,ψA2−ℓ centered at the origin 0 ∈ Rd, Ĉ ′

g,ψ > 0
is a constant depending only on g and ψ, and S ′

ℓ,4 = {(q, p) ∈ R2d : 1
4 < |p| < 4}.

Here |p| = (p2
1 + · · · + p2

d)1/2.
Let g(q) = (gij(q))1⩽i,j⩽d extended to a function defined on the whole space Rd

with the same properties. We now introduce the following non-symplectic change of
coordinates on R2d:
(4.31) φℓ,m : (q, p) 7−→

(
2−ℓq, g(2−ℓq)p

)
,

and the associated unitary map
Uℓ,m : L2(R2d;C) −→ L2(R2d;C)

v 7−→ 2− ℓd
2

√
det(g(2−ℓq))(v ◦ φℓ,m) ,

which sends L2(B(0, Ĉ ′
g,ψA2−ℓ) × Rd;C) into L2(B(0, Ĉ ′

g,ψA) × Rd;C).
By taking εg,ψ smaller if necessary, we can assume that the unitary map Uℓ,m and

the pull-back φ∗
ℓ,m send C∞

0 ((B(0, Ĉ ′
g,ψA2−ℓ)×Rd)∩S ′

ℓ,4;C) into C∞
0 ((B(0, Ĉ ′

g,ψA)×
Rd) ∩ S ′

ℓ,8;C).
The change of variables in the L2-norm gives

(4.32)
∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
v

∥∥∥∥∥
L2

=
∥∥∥∥∥
(

Uℓ,m(κb
b2 + Pb,ℓ − iλ

b
)U∗

ℓ,m

)
Uℓ,mv

∥∥∥∥∥
L2
,

where
Uℓ,mPb,ℓU∗

ℓ,m =
√

det(g(2−ℓq))Pb,ℓ,m
1√

det(g(2−ℓq))
,
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with
Pb,ℓ,m = φ∗

ℓ,mPb,ℓ

(
φ−1
ℓ,m

)∗
.

A straightforward computation shows that

Pb,ℓ,m = 1
b2 Oℓ,m + 1

b
Yℓ,m,(4.33)

Uℓ,mPb,ℓU∗
ℓ,m = Pb,ℓ,m +

[√
det(g(2−ℓq), κb

b2 + Pb,ℓ,m − iλ

b

]
1√

det(g(2−ℓq)
(4.34)

where
(4.35) Oℓ,m := φ∗

ℓ,mOℓ

(
φ−1
ℓ,m

)∗
= Uℓ,mOℓU∗

ℓ,m

= 1
2
∑
i,j

(
gij(2−ℓq)Dpi

2ℓ
Dpj

2ℓ + gij(2−ℓq)2ℓpi2ℓpj
)

and

Yℓ,m := φ∗
ℓ,mYℓ

(
φ−1
ℓ,m

)∗
= 22ℓδijpj

∂

∂qi
+ f ijk (q, ℓ)pipj

∂

∂pk
,(4.36)

f ijk (q, ℓ) := 2ℓ
∑
n′
gn′,j(2−ℓq)

(
∂gkn

′

∂qi
(2−ℓq) +

∑
n

Γn′

in(2−ℓq)gnk(2−ℓq)
)
,(4.37)

Uℓ,mYℓU∗
ℓ,m = Yℓ,m +

[√
det(g(2−ℓq),Yℓ,m

] 1√
det(g(2−ℓq)

.(4.38)

From (4.28) and (4.30) we know that

(4.39) sup
q∈B(0,Ĉ′

g,ψ
A)

∣∣∣f ijk (q, ℓ)
∣∣∣ ⩽ C

(1)
g,ψA.

Since det(g) ◦ φℓ,m = det(g(2−ℓq)), we have

(4.40)
[
κb
b2 + Pb,ℓ,m − iλ

b
,
√

det(g) ◦ φℓ,m
]

= 1
b

[
Yℓ,m,

√
det(g(2−ℓq))

]

= 1
b
φ∗
ℓ,m

[
Yℓ,

√
det(g)

](
φ−1
ℓ,m

)∗

= 1
b

[
Yℓ,

√
det(g)

]
◦ φℓ,m

= 2ℓ
b
δkipk

∂
√

det(g)
∂qi

◦ φℓ,m.

is bounded by some constant C(2)
g,ψ

A
b

on (B(0, Ĉ ′
g,ψA) × Rd) ∩ S ′

ℓ,8. With the identi-
ties (4.32) and (4.34) we deduce

(4.41)
∣∣∣∣∣
∥∥∥∥∥
(
κb
b2 + Pb,ℓ,m − iλ

b

)
Uℓ,mv

∥∥∥∥∥
L2

−
∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
v

∥∥∥∥∥
L2

∣∣∣∣∣
⩽ C

(3)
g,ψ

A

b
∥Uℓ,mv∥L2 .
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Proposition 4.3. — There exists a constant Cg,ψ ⩾ 1, determined by the metric
g and the function ψ, such that the inequalities

(4.42) 1
4

∥∥∥∥∥
(
κb
b2 + Pb,ℓ,m − iλ

b

)
Uℓ,mv

∥∥∥∥∥
2

L2
⩽

∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
v

∥∥∥∥∥
2

L2

⩽ 4
∥∥∥∥∥
(
κb
b2 + Pb,ℓ,m − iλ

b

)
Uℓ,mv

∥∥∥∥∥
2

L2
,

hold for all v ∈ C∞
0 ((B(0, Ĉ ′

g,ψA2−ℓ) × Rd) ∩ S ′
ℓ,4;C), all (λ, b) ∈ R × (0,∞) when

2−ℓA ⩽ 1
Cg,ψ

and κb
b2 > Cg,ψ

A
b
.

Additionally, we recall

Uℓ,mv ∈ C∞
0

((
B
(
0, Ĉ ′

g,ψA
)

× Rd
)

∩ S ′
ℓ,8;C

)
,

for all v ∈ C∞
0 ((B(0, Ĉ ′

g,ψA2−ℓ) × Rd) ∩ S ′
ℓ,4;C).

Proof. — The same integration by parts as in the proof of Proposition 2.1 now
gives∥∥∥∥(κbb2 + Pb,ℓ,m − iλ

)
u
∥∥∥∥
L2

∥u∥L2

⩾
1

4b2

[
Cg
∥∥∥2−ℓDpu

∥∥∥2

L2
+ Cg

∥∥∥2ℓ|p|u∥∥∥2

L2
+ κb∥u∥2

L2

]
+ 1
b

Re
〈
u, f ijk (q, ℓ)pipj

∂

∂pk
u

〉

⩾
(
κb
4b2 − C

(4)
g,ψ

A

b

)
∥u∥2

L2

for all u ∈ C∞
0 ((B(0, Ĉ ′

g,ψA) × Rd) ∩ S ′
ℓ,8;C), owing to (4.39). For κb ⩾ 8C(4)

g,ψAb
we deduce

∀ u ∈ C∞
0

((
B
(
0, Ĉ ′

g,ψA
)

× Rd
)

∩ S ′
ℓ,8;C

)
,

κb
8b2 ∥u∥ ⩽

∥∥∥∥∥
(
κb
b2 + Pb,ℓ,m − iλ

b

)
u

∥∥∥∥∥.
The inequality (4.41) now implies

(4.43)
∣∣∣∣∣
∥∥∥∥∥
(
κb
b2 + Pb,ℓ,m − iλ

b

)
Uℓ,mv

∥∥∥∥∥
L2

−
∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
v

∥∥∥∥∥
L2

∣∣∣∣∣
⩽

8C(3)
g,ψAb

κb

∥∥∥∥∥
(
κb
b2 + Pb,ℓ,m − iλ

b

)
Uℓ,mv

∥∥∥∥∥
L2
.

when κb ⩾ 8C(4)
g,ψAb. It suffices to take Cg,ψ = max(8C(4)

g,ψ, 16C(3)
g,ψ). □

The next step is to replace the Oℓ,m with the Euclidean version defined by

(4.44) Õℓ = 1
2
(
δij2−2ℓDpiDpj + 22ℓ|p|2

)
,

and we set according to (4.36)
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P̃b,ℓ,m = 1
b2 Õℓ + 1

b
Yℓ,m,(4.45)

with

Yℓ,m = 22ℓδijpj
∂

∂qi
+ f ijk (q, ℓ)pipj

∂

∂pk
.(4.46)

Proposition 4.4. — There is a constant Cg,ψ ⩾ 1 determined by the metric g
and the function ψ, such that the following inequalities∥∥∥∥∥

(
κb
b2 + P̃b,ℓ,m − iλ

b

)
u

∥∥∥∥∥
L2

− Cg,ψA
22−2ℓ

∥∥∥∥(κbb2 + 1
b2 Õℓ

)
u
∥∥∥∥
L2

⩽

∥∥∥∥∥
(
κb
b2 + Pb,ℓ,m − iλ

b

)
u

∥∥∥∥∥
L2

and∥∥∥∥∥
(
κb
b2 + Pb,ℓ,m − iλ

b

)
u

∥∥∥∥∥
L2

⩽

∥∥∥∥∥
(
κb
b2 + P̃b,ℓ,m − iλ

b

)
u

∥∥∥∥∥
L2

+ Cg,ψA
22−2ℓ

∥∥∥∥(κbb2 + 1
b2 Õℓ

)
u
∥∥∥∥
L2

hold for all u ∈ C∞
0 ((B(0, Ĉ ′

g,ψA) × Rd) ∩ S ′
ℓ,8,C), all ℓ ∈ Z, ℓ ⩾ −1, and all

(λ, b) ∈ R × (0,+∞).

Proof. — From the equality

(4.47) Pb,ℓ,m − P̃b,ℓ,m = 1
b2

(
Oℓ,m − Õℓ

)
.

The difference between Oℓ,m and Õℓ,m is given by

(4.48) Oℓ,m − Õℓ = 1
2
[(
gij(2−ℓq) − δij

)
2−2ℓDpiDpj + 22ℓ

(
gij(2−ℓq) − δij

)
pipj

]
.

A unitary change of scale replaces (2ℓp, 2−ℓDp) by (p,Dp) and the problem is reduced
to the comparison of harmonic oscillator Hamiltonians in Proposition A.1 relying on
global ellipticity. With |gij(2−ℓq) − δij| + |gij(2−ℓq) − δij| ⩽ Cg,ψ,1A

22−2ℓ, we obtain

(4.49)
∥∥∥∥ 1
b2

(
Oℓ,m − Õℓ

)
u

∥∥∥∥
L2

⩽ Cg,ψA
22−2ℓ

∥∥∥∥(κbb2 + 1
b2 Õℓ

)
u

∥∥∥∥
L2
,

for some constant Cg,ψ > 0 determined by (g, ψ). The two inequalities of this
proposition follow. □

We set h = 1
22ℓb

,

(4.50) κb
b2 + P̃b,ℓ,m − iλ

b
= 22ℓ

(
κbh

b
+ P̂b,h,f − ihλ

)
where

(4.51) P̂b,h,f = 1
2δij(hDpi)(hDpj) + |p|2

2b2 + 1
b
δijpj

∂

∂qi
+ hf ijk pipj

∂

∂pk
.
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The problem is now reduced to a careful study of the operator P̂b,h,f acting on
C∞

0 ((B(0, Ĉ ′
g,ψA) × Rd) ∩ S ′

ℓ,8,C). We will firstly consider the Euclidean case in
Section 5, where f = (f ijk )1⩽i,j,k⩽d = 0, and the results for the general case will
be obtained by some accurate perturbative argument in Subsection 6.1. Passing
from the local to the global estimates will be developed in the end of Section 6 but
preliminary results are collected in the next paragraph.

4.4. From the local models to the global estimates for a fixed ℓ

We work in the framework of Subsection 4.2 and Subsection 4.3. Remember the
notations and assumptions:

• the partition of unity ∑
m∈Zd ψ

2(q − m) ≡ 1 and the notations ψm,ℓ,A(q) =
ψ( q−qm,ℓ,A2−ℓA

), qℓ,m,A = A2−ℓm;
• Pb,ℓ = 1

b2 Oℓ + 1
b
Yℓ introduced in (4.15), (4.16) and (4.17);

• the condition 2−ℓA ⩽ εg,ψ = 1
Cg,ψ

for εg,ψ small enough which allows in
Subsection 4.3 the use of normal coordinates centered at qℓ,m,A = A2−ℓm,
m ∈ Zd, and the comparison between the metric g with the Euclidean metric;

• the unitary transform Uℓ,m associated with the change of variables φℓ,m :
(q, p) 7→ (2−ℓq, g(2−ℓq)p) written in normal coordinates;

• the operator Pb,ℓ,m = 1
b2 Oℓ,m + 1

b
Yℓ,m introduced in (4.33).

Proposition 4.5. — With the above notations and assumptions, in particular
2−ℓA ⩽ 1

Cg,ψ
, set for u ∈ C∞

0 (Sℓ,2,C) and for any m ∈ Zd,

uℓ,m = Uℓ,m(ψm,ℓ,Au) ∈ C∞
0

((
B
(
0, Ĉ ′

g,ψA
)

× Rd
)

∩ S ′
ℓ,8,C

)
.

The following inequalities

∑
m∈Zd

1
8

∥∥∥∥∥
(
κb
b2 + Pb,ℓ,m − iλ

b

)
uℓ,m

∥∥∥∥∥
2

L2(R2d)
− Cg,ψ
A2b2

∥∥∥22ℓuℓ,m
∥∥∥2

L2(R2d)

⩽

∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)

and∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)

⩽
∑
m∈Zd

8
∥∥∥∥∥
(
κb
b2 + Pb,ℓ,m − iλ

b

)
uℓ,m

∥∥∥∥∥
2

L2(R2d)
+ Cg,ψ
A2b2

∥∥∥22ℓuℓ,m
∥∥∥2

L2(R2d)
,

hold true as soon as κb ⩾ Cg,ψAb and the constant Cg,ψ ⩾ 1 is chosen large enough.

Proof. — Simply combine Proposition 4.2 and Proposition 4.3. □

A similar result can be written for the hamiltonian vector field alone.
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Proposition 4.6. — With the same notations and assumptions as in Proposi-
tion 4.5 the following inequalities

∑
m∈Zd

1
8

∥∥∥∥1
b
(Yℓ,m − iλ)uℓ,m

∥∥∥∥2

L2(R2d)
− Cg,ψ

( 1
A2b2 + 1

b222ℓ

)∥∥∥22ℓuℓ,m
∥∥∥2

L2(R2d)

⩽
∥∥∥∥1
b
(Yℓ − iλ)u

∥∥∥∥2

L2(R2d)
,

and∥∥∥∥1
b
(Yℓ − iλ)u

∥∥∥∥2

L2(R2d)

⩽
∑
m∈Zd

8
∥∥∥∥1
b
(Yℓ,m − iλ)uℓ,m

∥∥∥∥2

L2(R2d)
+ Cg,ψ

( 1
A2b2 + 1

b222ℓ

)∥∥∥22ℓuℓ,m
∥∥∥2

L2(R2d)

hold true as soon as the constant Cg,ψ ⩾ 1 is chosen large enough.

Proof. — In Proposition 4.2 the operator (κb
b2 + Pb,ℓ − iλ

b
) can be replaced by

1
b
(Yℓ − iλ) and this produces the same error term Cg,ψ

A2b2 ∥22ℓuℓ,m∥2
L2 . In the same

way, the calculation leading to (4.41) can be done with (κb
b2 + Pb,ℓ − iλ

b
) replaced by

1
b
(Yℓ − iλ). This second step leads to∥∥∥∥1
b
(Yℓ,m − iλ)Uℓ,mv

∥∥∥∥2

L2(R2d)
⩽ 2

∥∥∥∥1
b
(Yℓ − iλ)v

∥∥∥∥2

L2(R2d)
+ 2

[
C

(3)
g,ψ

]2A2

b2 ∥Uℓ,mv∥2
L2(R2d)

and∥∥∥∥1
b
(Yℓ − iλ)v

∥∥∥∥2

L2(R2d)
⩽ 2

∥∥∥∥1
b
(Yℓ,m − iλ)Uℓ,mv

∥∥∥∥2

L2(R2d)
+ 2

[
C

(3)
g,ψ

]2A2

b2 ∥Uℓ,mv∥2
L2(R2d).

Since 2−ℓA ⩽ 1
Cg,ψ

⩽ 1, we conclude that

A2

b2 ∥Uℓ,mv∥2
L2(R2d) ⩽

2−2ℓA2

b222ℓ

∥∥∥22ℓUℓ,mv
∥∥∥2

L2(R2d)
⩽

1
b222ℓ

∥∥∥22ℓUℓ,mv
∥∥∥2

L2(R2d)
. □

The last result of this paragraph is about the comparison between local and global
estimates of the W̃2/3-norm appearing in the lower bound of Theorem 1.6. According
to Proposition E.7(ii) in Appendix E, the W̃2/3-norm of u ∈ C∞

0 (Ω × Rd;C) can be
written

∥u∥2
W̃2/3 =

∥∥∥(Õ1)2/3u
∥∥∥2

L2(R2d)
+
∥∥∥|Dq|2/3u

∥∥∥2

L2(R2d)
,

expressed with operators constructed in the Euclidean case. The change of scale
(p,Dp) → (2ℓp, 2−ℓDp) leads to consider

(4.52) ∥u∥2
W̃2/3,ℓ

=
∥∥∥(Õℓ)2/3u

∥∥∥2

L2(R2d)
+
∥∥∥|Dq|2/3u

∥∥∥2

L2(R2d)
.
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Proposition 4.7. — With the same notations and assumptions as in Proposi-
tion 4.5 and with ∥u∥W2/3,ℓ defined by (4.52), the following inequalities

∥u∥2
W̃2/3,ℓ

⩽ Cg,ψ
∑
m∈Zd

∥∥∥(Õℓ)2/3uℓ,m
∥∥∥2

L2(R2d)

+
∥∥∥∥∣∣∣2ℓDq

∣∣∣2/3
uℓ,m

∥∥∥∥2

L2(R2d)
+ 1
A4/3

∥∥∥22ℓ/3uℓ,m
∥∥∥2

L2(R2d)

hold true as soon as κb ⩾ Cg,ψAb and the constant Cg,ψ ⩾ 1 is chosen large enough.

Proof. — With∥∥∥⟨Dq⟩2/3u
∥∥∥2

L2(R2d)
=
〈
u, (1 − ∆q)2/3u

〉
, (1 − ∆q)2/3 =

[
(1 + |ξ|2)2/3

]Weyl
(q,Dq),

and ∑
m∈Zd ψ

2(q − m) ≡ 1, Weyl–Hörmander pseudo-differential calculus with the
standard metric dq2 + dξ2

⟨ξ⟩2 (see [Hör85, Chapter XVIII]), provides a constant Cψ ⩾ 1
such that ∥∥∥⟨Dq⟩

2
3v
∥∥∥2

L2
⩽ Cψ

∑
m∈Zd

∥∥∥⟨Dq⟩
2
3ψ(.−m)v

∥∥∥2

L2
.

By setting h = A2−ℓ, ψ( q−hm
h

) = ψm,ℓ,A(q), v(q, p) = hd/2u(hq, p) and

vm,ℓ,A(q, p) = ψm,ℓ,A(q)u(q, p) = h−d/2ψ

(
q − hm

h

)
v(h−1q, p),

the above inequality becomes∥∥∥|hDq|
2
3u
∥∥∥2

L2
⩽ Cψ

∑
m∈Zd

∥∥∥⟨hDq⟩
2
3vm,ℓ,A

∥∥∥2

L2

⩽ 2Cψ

 ∑
m∈Zd

∥∥∥|hDq|
2
3vm,ℓ,A

∥∥∥2

L2
+ ∥vm,ℓ,A∥2

L2(R2d)

.
By multiplying both sides of the inequality by h− 4

3 = 24ℓ/2

A4/3 , we get
∥∥∥|Dq|

2
3u
∥∥∥2

L2
⩽ 2Cψ

∑
m∈Zd

∥∥∥|Dq|
2
3vm,ℓ,A

∥∥∥2

L2
+ 1
A4/3

∥∥∥22ℓ/3vm,ℓ,A
∥∥∥2

L2(R2d)
.

By adding ∥(Õℓ)u∥2
L2(R2d) = ∑

m∈Zd ∥(Õℓ)vm,ℓ,A∥2
L2(R2d), we deduce

∥u∥2
W̃2/3,ℓ

⩽ Cψ

 ∑
m∈Zd

∥vm,ℓ,A∥2
W̃2/3,ℓ

+ 1
A4/3

∥∥∥22ℓ/3vm,ℓ,A
∥∥∥2

L2(R2d)

,
which is not exactly the sought inequality expressed in terms of the um,ℓ,A. By setting
ṽm,ℓ,A = 2ℓd/2vm,ℓ,A(q, 2ℓp) we have on one side

∥vm,ℓ,A∥2
W̃2/3,ℓ

= ∥ṽm,ℓ,A∥2
W̃2/3,1
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while on the other side
ṽm,ℓ,A(q, p) = 2ℓd/2ψm,ℓ,A(q)u(q, 2ℓp) = 2ℓd/2

[
U−1
ℓ,mum,ℓ,A

]
(q, 2ℓp)

= 2ℓd√
det(g(2ℓq))

um,ℓ,A
(
2ℓq, g(2ℓq)−12ℓp

)
=
[
Û ℓ,mûm,ℓ,A

]
(q, p)

with
ûm,ℓ,A(q, p) = 2ℓdum,ℓ,A

(
2ℓq, 2ℓp

)
and

[Û ℓ,mw](q, p) = 1√
det(g(q))

w
(
q, g(q)−1p

)
.

Proposition gives ∥Û ℓ,mw∥W̃2/3,1 ⩽ C
(1)
g,ψ∥w∥W̃2/3,1 and

∥ṽm,ℓ,A∥2
W̃2/3,1 ⩽

[
C

(1)
g,ψ

]2
∥ûm,ℓ,A∥2

W̃2/3,1

⩽
[
C

(1)
g,ψ

]2∥∥∥(Õℓ)2/3um,ℓ,A
∥∥∥2

L2(R2d)
+
∥∥∥∥∣∣∣2ℓDq

∣∣∣2/3
um,ℓ,A

∥∥∥∥2

L2(R2d)
,

while
∥vm,ℓ,A∥L2(R2d) = ∥ṽm,ℓ,A∥L2(R2d) = ∥ûm,ℓ,A∥L2(R2d) = ∥um,ℓ,A∥L2(R2d).

This ends the proof after choosing the constant Cg,ψ ⩾ 1 large enough. □

5. Euclidean Case
In this section we consider the scalar Euclidean case indexed by two parameters

b, h > 0 with the Kramers–Fokker–Planck operator

(5.1) P̂b,h,0 = 1
2

(
−h2∆p + |p|2

b2

)
︸ ︷︷ ︸

=Ôb,h

+1
b

d∑
j=1

pj
∂

∂qj︸ ︷︷ ︸
=ip·Dq

on R2d = Rd
q × Rd

p where (q, p) = (q1, . . . , qd, p1, . . . , pd).
Proposition 5.1. — There exists a universal constant C ⩾ 1 such that the

inequality

(5.2) C

∥∥∥∥∥
(
h

b
+ P̂b,h,0 − ihλ

)
u

∥∥∥∥∥
2

L2(R2d)

⩾

∥∥∥∥∥
(
h

b
+ Ôb,h

)
u

∥∥∥∥∥
2

L2(R2d)
+
∥∥∥∥(1
b
p ·Dq − hλ

)
u

∥∥∥∥2

L2(R2d)

+

∥∥∥∥∥∥
∣∣∣∣∣hbDq

∣∣∣∣∣
2
3

+ h

b

u
∥∥∥∥∥∥

2

L2(R2d)

+

∥∥∥∥∥∥
(
h2 |λ|√

hb+ |p|

) 2
3

u

∥∥∥∥∥∥
2

L2(R2d)

holds for all u ∈ C∞
0 (R2d;C), all λ ∈ R and all (b, h) ∈ (0,∞)2.
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Proof of Proposition 5.1. — A unitary change of scale transforms the operators
(q, p,Dq, Dp) into (

√
b
h
q,

√
bhp,

√
h
b
Dq,

1√
hb
Dp) and P̂b,h,0 into h

b
P̂1,1,0. The problem

is thus reduced to the case b = h = 1 and the final result will be obtained after
multiplying both sides of the specific inequality by h2/b2.

Let us introduce some simplified notations:
• The partial Fourier transform with respect to the variable q is normalized as

(5.3) Fq 7→ξu(ξ, p) =
∫
Rd
e−iq·ξu(q, p) dq, u ∈ C∞

0 (R2d).

It is unitary from L2(R2d
q,p, dqdp;C) onto L2(R2d

ξ,p,
dξ

(2π)ddp;C).
• The operator P̂1,1,0 is simply denoted by P̂ and we set

(5.4)

P̂ = P̂1,1,0 = 1
2(−∆p + |p|2)︸ ︷︷ ︸

=O

+ip ·Dq

P̃ := Fq 7→ξ ◦ P̂ ◦ (Fq 7→ξ)−1 =
∫ ⊕

Rd

1
2(−∆p + |p|2) + i(p · ξ)︸ ︷︷ ︸

=P̃ξ

dξ

(2π)d ,

in the direct integral decomposition

L2
(
R2d
ξ,p,

dξ

(2π)ddp;C
)

=
∫ ⊕

Rd
L2
(
Rd, dp;C

) dξ

(2π)d .

• The harmonic oscillator hamiltonian O = −∆p+|p|2
2 is decomposed as O =∑d

j=1 Oj with

Oj = −1
2
∂2

∂p2
j

+ 1
2p

2
j .

• For any fixed ξ ∈ Rd, there exists an orthogonal matrix Rξ ∈ O(d) such that
(5.5) RT

ξ (ξ) = (|ξ|, 0, . . . , 0).

The corresponding unitary pullback on functions (RT
ξ )∗ : L2(Rd) 7→ L2(Rd)

is given by (
RT
ξ

)∗
u(p) = u

(
RT
ξ p
)
, u ∈ L2(Rd),

and we let (Rξ)∗ := ((RT
ξ )∗)−1 be the inverse of (RT

ξ )∗. For ξ ∈ Rd, let

(5.6) P̃ξ,R :=
(
RT
ξ

)∗
◦ P̃ξ ◦ (Rξ)∗ = 1

2
(
−∆p + |p|2

)
+ ip1|ξ|

be the conjugation of P̃ξ by (RT
ξ )∗. From (5.6), it is clear that

(5.7) P̃ξ,R = O1 + ip1|ξ| +
∑
j ̸=1

Oj.

We now turn our attention to the topic of obtaining lower bounds for the quantity

(5.8)
∥∥∥(1 + P̂ − iλ)u

∥∥∥
L2(R2d)
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when u ∈ C∞
0 (R2d) and λ ∈ R. We begin by observing, via a straightforward

calculation, that

(5.9)
∥∥∥(1 + O1 + i(p1|ξ| − λ))u

∥∥∥2

L2(Rd)

=
∥∥∥∥∥
(

1 − 1
2
∂2

∂p2
1

+ i(p1|ξ| − λ)
)
u

∥∥∥∥∥
2

L2(Rd)
+
∥∥∥∥∥p2

1
2 u

∥∥∥∥∥
2

L2
p

+ ∥p1u∥2
L2(Rd) + 1

2

∥∥∥∥∥p1
∂

∂p1
u

∥∥∥∥∥
2

L2(Rd)
− 1

2∥u∥2
L2(Rd)

for any u ∈ C∞
0 (Rd), ξ ∈ Rd, and λ ∈ R. Meanwhile, an integration by parts

argument gives

(5.10)
∥∥∥∥∥
(

1 − 1
2
∂2

∂p2
1

+ i(p1|ξ| − λ)
)
u

∥∥∥∥∥
2

L2(Rd)
⩾ ∥u∥2

L2(Rd) + 1
2

∥∥∥∥∥ ∂

∂p1
u

∥∥∥∥∥
2

L2(Rd)

for every u ∈ C∞
0 (Rd), ξ ∈ Rd, and λ ∈ R. On the other hand, from Proposition B.1,

we know that there is a universal constant C0 > 0, such that

(5.11) C0

∥∥∥∥(1 − 1
2∆p1 + i(p1|ξ| − λ)

)
u
∥∥∥∥2

L2(Rd)

⩾
∥∥∥∥1

2∆p1u
∥∥∥∥2

L2(Rd)
+ ∥(p1|ξ| − λ)u∥2

L2(Rd)

+
(
|ξ|

2
3 + 1

)2
∥u∥2

L2(Rd) +

∥∥∥∥∥∥
(

|λ|
1 + |p1|

) 2
3

u

∥∥∥∥∥∥
2

L2(Rd)

for every u ∈ C∞
0 (Rd), ξ ∈ Rd, and λ ∈ R. Since

∥(1 + O1)u∥2
L2(Rd) = 1

2∥u∥2
L2(Rd) + ∥p1u∥2

L2(Rd) +
∥∥∥∥∥p2

1
2 u

∥∥∥∥∥
2

L2(Rd)

+ 1
2

∥∥∥∥∥p1
∂

∂p1
u

∥∥∥∥∥
2

L2(Rd)
+
∥∥∥∥∥ ∂

∂p1
u

∥∥∥∥∥
2

L2(Rd)
+
∥∥∥∥∥1

2
∂2

∂p2
1
u

∥∥∥∥∥
2

L2(Rd)

for every u ∈ C∞
0 (Rd), we deduce from (5.9), (5.10), and (5.11) that there is a

universal constant C1 ⩾ 1 such that

(5.12) C1

∥∥∥(1 + O1 + i(p1|ξ| − λ))u
∥∥∥2

L2(Rd)

⩾ ∥(1 + O1)u∥2
L2(Rd) + ∥(p1|ξ| − λ)u∥2

L2(Rd)

+
(
|ξ|

2
3 + 1

)2
∥u∥2

L2(Rd) +

∥∥∥∥∥∥
(

|λ|
1 + |p1|

) 2
3

u

∥∥∥∥∥∥
2

L2(Rd)

for every u ∈ C∞
0 (Rd), ξ ∈ Rd, and λ ∈ R.
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Next, we observe that elementary algebraic manipulations give the following iden-
tity:

(5.13) (1 + O)2 − (1 + O1)2 =
∑
j ̸=1

Oj

2

+ 2(1 + O1)
∑
j ̸=1

Oj ⩾

∑
j ̸=1

Oj

2

.

A straightforward computation using the first equality of (5.13) gives that

(5.14)
(
1 + P̃ξ,R − iλ

)∗(
1 + P̃ξ,R − iλ

)
= (1 + O1 − i(p1|ξ| − λ))(1 + O1 + i(p1|ξ| − λ)) + (1 + O)2 − (1 + O1)2

holds for every ξ ∈ Rd and λ ∈ R. As consequence, the inequality of (5.13) yields

(5.15)
∥∥∥(1 + P̃ξ,R − iλ

)
u
∥∥∥2

L2(Rd)

⩾
∥∥∥(1 + O1 + i(p1|ξ| − λ))u

∥∥∥2

L2(Rd)
+

∥∥∥∥∥∥
∑
j ̸=1

Oju

∥∥∥∥∥∥
2

L2(Rd)

for every u ∈ C∞
0 (Rd), ξ ∈ Rd, and λ ∈ R. Combining (5.12) and (5.15) then leads

to the lower bound

(5.16) C1

∥∥∥(1 + P̃ξ,R − iλ
)
u
∥∥∥2

L2(Rd)

⩾

∥∥∥∥∥∥
∑
j ̸=1

Oju

∥∥∥∥∥∥
2

L2(Rd)

+ ∥(1 + O1)u∥2
L2(Rd) + ∥(p1|ξ| − λ)u∥2

L2(Rd)

+
(
|ξ|

2
3 + 1

)2
∥u∥2

L2(Rd) +

∥∥∥∥∥∥
(

|λ|
1 + |p|

) 2
3

u

∥∥∥∥∥∥
2

L2(Rd)

⩾
1
2∥(1 + O)u∥2

L2(Rd) + ∥(p1|ξ| − λ)u∥2
L2(Rd)

+
(
|ξ|

2
3 + 1

)2
∥u∥2

L2(Rd) +

∥∥∥∥∥∥
(

|λ|
1 + |p|

) 2
3

u

∥∥∥∥∥∥
2

L2(Rd)

for every u ∈ C∞
0 (Rd), ξ ∈ Rd, and λ ∈ R. From (5.5), (5.6), (5.16), and the unitarity

of (RT
ξ )∗, we see that there is a universal constant C = 2C1 ⩾ 1 such that

(5.17) C
∥∥∥(1 + P̃ξ − iλ

)
u
∥∥∥2

L2(Rd)
⩾ ∥(1 + O)u∥2

L2(Rd)

+ ∥(p · ξ − λ)u∥2
L2(Rd) +

(
|ξ|

2
3 + 1

)2
∥u∥2

L2(Rd) +

∥∥∥∥∥∥
(

|λ|
1 + |p|

) 2
3

u

∥∥∥∥∥∥
2

L2(Rd)
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for every u ∈ C∞
0 (Rd), ξ ∈ Rd, and λ ∈ R. Using (5.4), (5.17) and the unitarity of

Fq→ξ, we obtain

C
∥∥∥(1 + P̂ − iλ

)
u
∥∥∥2

L2(R2d)
⩾ ∥(1 + O)u∥2

L2(R2d)

+ ∥(p ·Dq − λ)u∥2
L2(R2d) +

∥∥∥(|Dq|
2
3 + 1

)
u
∥∥∥2

L2(R2d)
+

∥∥∥∥∥∥
(

|λ|
1 + |p|

) 2
3

u

∥∥∥∥∥∥
2

L2(R2d)

for all u ∈ C∞
0 (R2d) and λ ∈ R.

With P̂ = P̂1,1,0 (see just before (5.4)), we have proved

C
∥∥∥(1 + P̂1,1,0 − iλ

)
u
∥∥∥2

L2(R2d)
⩾ ∥Ôu∥2

L2(R2d)

+ ∥(p ·Dq − λ)u∥2
L2(R2d) +

∥∥∥(|Dq|
2
3 + 1

)
u
∥∥∥2

L2(R2d)
+

∥∥∥∥∥∥
(

|λ|
1 + |p|

) 2
3

u

∥∥∥∥∥∥
2

L2(R2d)

The unitary change of scale introduced in the beginning of the proof and associated
with

(q, p,Dq, Dp) −→

√ b

h
q,

√
bhp,

√
h

b
Dq,

1√
hb
Dp


transforms P̂b,h,0 into h

b
P̂1,1,0 and its inverse transforms P1,1,0 into b

h
P̂b,h,0. If λ ∈ R

is replaced by bλ ∈ R we finally get:

C

∥∥∥∥∥
(

1 + b

h
P̂b,h,0 − ibλ

)
u

∥∥∥∥∥
2

L2(R2d)
⩾

∥∥∥∥∥
(

1 + b

h
Ôb,h

)
u

∥∥∥∥∥
2

L2(R2d)

+
∥∥∥∥(1
h
p ·Dq − bλ

)
u

∥∥∥∥2

L2(R2d)
+

∥∥∥∥∥∥∥

∣∣∣∣∣∣
√
b

h
Dq

∣∣∣∣∣∣
2
3

+ 1

u
∥∥∥∥∥∥∥

2

L2(R2d)

+

∥∥∥∥∥∥∥
 |bλ|

1 + |p|√
hb

 2
3

u

∥∥∥∥∥∥∥
2

L2(R2d)

for all u ∈ C∞
0 (R2d), λ ∈ R and (b, h) ∈ (0,+∞)2. Multiplying both sides by (h

b
)2

ends the proof of Proposition 5.1. □

6. Final proof of Theorem 1.6

We now collect all the information given by the localization techniques of Section 4
and the accurate estimates for the Euclidean model in Section 5. The first result will
be the derivation of the subelliptic estimate for the local model P̃b,ℓ,m = 1

b2 Õℓ+ 1
b
Yℓ,m

introduced in (4.45) at the end of Subsection 4.3 from the subelliptic estimates for
the Euclidean model. The second result is about the other local operator Pb,ℓ,m =
1
b2 Oℓ,m + 1

b
Yℓ,m introduced in (4.33), (4.35) and (4.36). These preliminary results

hold for all momenta p ∼ 2ℓ and arbitrary values of the intermediate parameter
A > 0 introduced in the grid partition. Then, in the third paragraph, we consider
the case of large momenta or large ℓ and the summation with respect to the grid
index m ∈ Zd will hold for A ⩾ 1 large enough. Here the intermediate parameter A
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will be fixed to A = A∞(b) ⩾ 1 large enough according to the value of b > 0 and the
geometric data.

Once A∞(b) ⩾ 1 is fixed, the fourth paragraph collects the information when the
momentum p ∼ 2ℓ is bounded by CA∞(b),b. For this part the term p×p×∂p, estimated
by O(CA∞(b),b)∂p, is controlled by a simple integration by parts argument provided κb
is large enough. The summation with respect to the grid index m ∈ Zd will be done
by choosing another value for the intermediate parameter A = A0(b) with A0(b) > 0
small enough according to the value of b > 0 and the geometric data.

Finally all of the summations with respect to ℓ ⩾ −1 are carried out.

6.1. Comparison of the local model P̃b,ℓ,m with the Euclidean case

We write general local subelliptic estimates for the local operator P̃b,ℓ,m = 1
b2 Õℓ +

1
b
Yℓ,m introduced in (4.45) at the end of Subsection 4.3 and parametrized by the

dyadic scale 2ℓ, b > 0, the grid index m ∈ Zd and the constant grid scaling A > 0.
Proposition 6.1. — Let C ⩾ 1 be the universal constant given by Proposi-

tion 5.1 for the Euclidean metric.
There exists a constant C(3)

g,ψ > 0, depending only on the metric g and the function ψ,
such that for all (A, b) ∈ (0,+∞)2, κb ⩾ C

(3)
g,ψAb+ 1 implies the inequalities

(6.1)
∥∥∥∥∥
(
κb
b2 + P̃b,ℓ,m − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)
⩾

1
216b4

∥∥∥22ℓu
∥∥∥2

L2(R2d)

and

(6.2) 4C
(
1 + C

(3)
g,ψb

2A2
)∥∥∥∥∥
(
κb
b2 + P̃b,ℓ,m − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)

⩾
∥∥∥∥ 1
b2

(
κb + Õℓ

)
u
∥∥∥∥2

L2(R2d)
+
∥∥∥∥1
b
(Yℓ,m − iλ)u

∥∥∥∥2

L2(R2d)

+

∥∥∥∥∥∥
∣∣∣∣∣2ℓb2Dq

∣∣∣∣∣
2
3

+ 1
b2

u
∥∥∥∥∥∥

2

L2(R2d)

+

∥∥∥∥∥∥
(

1
b2

|λ|
1 + 2ℓ|p|

) 2
3

u

∥∥∥∥∥∥
2

L2(R2d)

,

when either
u ∈ C∞

0

((
B
(
0, Ĉ ′

g,ψA
)

× Rd
)

∩ S ′
0,8,C

)
and (λ, ℓ) ∈ R × N,

or
u ∈ C∞

0

((
B
(
0, Ĉ ′

g,ψA
)

× Rd
)

∩ S ′
−1,8,C

)
and λ ∈ R for ℓ = −1.

Remember the notations of Subsection 4.3:
• h = 1

b22ℓ ,
• κb

b2 + P̃b,ℓ,m − iλ
b

= 22ℓ(κbh
b

+ P̂b,h,f − ihλ) = 1
bh

(κbh
b

+ P̂b,h,f − ihλ),

• Õℓ = b
h
Ôb,h with Ôb,h = −h2∆p+ |p|2

b2
2 ,

• 1
b
Yℓ,m = 22ℓ(1

b
p · ∂q + hf ijk (q, ℓ)pipj∂pk) = 1

bh
(1
b
p · ∂q + hf ijk (q, ℓ)pipj∂pk),
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• S ′
1,8 = {(q, p) ∈ R2d, 1

8 ⩽ |p| ⩽ 8} and S ′
0,8 = {(q, p) ∈ R2d, |p| ⩽ 8}.

The result of Proposition 6.1 is actually deduced from the same results for the
operator P̂b,h,f . This will be done in two steps.

Proposition 6.2. — There exists a constant C(2)
g,ψ > 0, depending on the metric

g and the function ψ, such that for all (A, b) ∈ (0,+∞)2 and for κb ⩾ 1 + C
(2)
g,ψAb

the inequalities

Re
〈(

hκb
b

+ P̂b,h,f − ihλ

)
u, u

〉
L2

⩾
1

27b2 ∥u∥2
L2(R2d) + 1

2
∑
j

∥∥∥hDpju
∥∥∥2

L2(R2d)
(6.3)

∥∥∥∥∥
(
hκb
b

+ P̂b,h,f − ihλ

)
u

∥∥∥∥∥
2

L2
⩾

1
214b4 ∥u∥2

L2(R2d) + 1
28b2

∑
j

∥∥∥hDpju
∥∥∥2

L2(R2d)
(6.4)

hold true when either

u ∈ C∞
0

((
B
(
0, Ĉ ′

g,ψA
)

× Rd
)

∩ S ′
0,8,C

)
and (λ, ℓ) ∈ R × N,

or

u ∈ C∞
0

((
B
(
0, Ĉ ′

g,ψA
)

× Rd
)

∩ S ′
−1,8,C

)
and λ ∈ R for ℓ = −1.

Proof. — A straightforward computation gives

(6.5) Re
〈(

hκb
b

+ P̂b,h,f − ihλ

)
u, u

〉
L2

= hκb
b

∥u∥2
L2(R2d)

+ 1
2
∑
j

∥∥∥hDpju
∥∥∥2

L2(R2d)
+ 1

2

∥∥∥∥∥ |p|
b
u

∥∥∥∥∥
2

L2(R2d)
+ Re

〈
hf ijk pipj

∂u

∂pk
, u

〉
L2
,

and, owing to |p| ⩽ 8 and |fkij(q)| ⩽ C
(1)
g,ψA according to (4.39),

(6.6)
∣∣∣∣∣Re

〈
hf ijk pipj

∂u

∂pk
, u

〉
L2

∣∣∣∣∣ =
∣∣∣∣∣h2
〈[
f ijk pipj,

∂

∂pk

]
u, u

〉
L2

∣∣∣∣∣
=

∣∣∣∣∣∣−h

2

〈∑
k

(
f ikk pi + fkjk pj

)
u, u

〉
L2

∣∣∣∣∣∣
⩽ 8hC(1)

g,ψA∥u∥2
L2(R2d)

for any u supported in (B(0, Ĉ ′
g,ψA) × Rd) ∩ S ′

ℓ,8 with ℓ = 0 or ℓ = −1.
When ℓ = −1 and h = 4

b
we simply use

Re
〈(

hκb
b

+ P̂b,h,f − ihλ

)
u, u

〉
L2

⩾ 4
κb − 8C(1)

g,ψAb

b2 ∥u∥2
L2 + 1

2
∑
j

∥∥∥hDpju
∥∥∥2

L2(R2d)

⩾
2
b2 ∥u∥2

L2 + 1
2
∑
j

∥∥∥hDpju
∥∥∥2

L2(R2d)
,

if κb ⩾ 1 + C
(2)
g,ψAb and C

(2)
g,ψ = 16C(1)

g,ψ.
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When ℓ ⩾ 0 and suppu ⊂ (B(0, Ĉ ′
g,ψA) × Rd) ∩ S0,8, we deduce with the lower

bound |p| ⩾ 2−3 the inequality

Re
〈(

hκb
b

+ P̂b,h,f − ihλ

)
u, u

〉
L2

⩾

hκb
b

−
hC

(2)
g,ψA

2 + 1
27b2

∥u∥2
L2 + 1

2
∑
j

∥∥∥hDpju
∥∥∥2

L2(R2d)
,

where again C
(2)
g,ψ = 16C(1)

g,ψ is determined by the metric g and the function ψ. The
assumption κb ⩾ C

(2)
g,ψAb implies

Re
〈(

hκb
b

+ P̂b,h,f − ihλ

)
u, u

〉
L2

⩾

(
hκb
2b + 1

27b2

)
∥u∥2

L2(R2d) + 1
2
∑
j

∥∥∥hDpju
∥∥∥2

L2(R2d)

and this ends the proof of (6.3).
The second inequality (6.4) is deduced from (6.3) via the Cauchy–Schwarz inequal-

ity like in the proof of Proposition 2.1. □

We are now able to give a lower bound for the operator P̂b,h,f .

Proposition 6.3. — Let C ⩾ 1 be the universal constant given by Proposi-
tion 5.1 for the Euclidean metric.

There exists a constant C(3)
g,ψ > 0, depending only on the metric g and the function ψ,

such that for all (A, b) ∈ (0,+∞)2, and κb ⩾ C
(3)
g,ψAb+ 1 the inequality

(6.7) C
(
1 + C

(3)
g,ψA

2b2
)∥∥∥∥∥
(
hκb
b

+ P̂b,h,f − ihλ

)
u

∥∥∥∥∥
2

L2(R2d)
⩾

1
4

∥∥∥∥∥
(
κbh

b
+ Ôb,h

)
u

∥∥∥∥∥
2

L2(R2d)

+ 1
4

∥∥∥∥(1
b
p · ∂q + hf ijk (q, ℓ)pipj∂pk − ihλ

)
u
∥∥∥∥2

L2(R2d)

+ 1
2

∥∥∥∥∥∥
∣∣∣∣∣hbDq

∣∣∣∣∣
2
3

+ h

b

u
∥∥∥∥∥∥

2

L2(R2d)

+ 1
2

∥∥∥∥∥∥
(
h2 |λ|√

hb+ |p|

) 2
3

u

∥∥∥∥∥∥
2

L2(R2d)

holds when either
u ∈ C∞

0

((
B
(
0, Ĉ ′

g,ψA
)

× Rd
)

∩ S ′
0,8,C

)
and (λ, ℓ) ∈ R × N,

or
u ∈ C∞

0

((
B
(
0, Ĉ ′

g,ψA
)

× Rd
)

∩ S ′
−1,8,C

)
and λ ∈ R for ℓ = −1.

Proof. — We start with the inequality

(6.8)
∥∥∥∥∥
(
hκb
b

+ P̂b,h,f − ihλ

)
u

∥∥∥∥∥
2

L2(R2d)

⩾
1
2

∥∥∥∥∥
(
hκb
b

+ P̂b,h,0 − ihλ

)
u

∥∥∥∥∥
2

L2(R2d)
−
∥∥∥∥∥hf ijk pipj ∂u∂pk

∥∥∥∥∥
2

L2(R2d)
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and

(6.9)
∥∥∥∥∥hf ijk pipj ∂u∂pk

∥∥∥∥∥
2

L2(R2d)
⩽
[
64C(1)

g,ψA
]2∑

j

∥∥∥hDpju
∥∥∥2

L(R2d)
,

which comes from |p| ⩽ 8 and (4.39). With κb ⩾ 1 and C ⩾ 1 given by Proposition 5.1,
the inequality (5.2) combined with

∥∥∥∥∥
(
hκb
b

+Q− ihλ

)
u

∥∥∥∥∥
2

L2(R2d)
=
∥∥∥∥∥
(
h

b
+Q− ihλ

)
u

∥∥∥∥∥
2

L2(R2d)

+
∥∥∥∥∥h(κb − 1)

b
u

∥∥∥∥∥
2

L2(R2d)
+ 2

〈
h(κb − 1)

b
u,

(
h

b
+ Ôb,h

)
u

〉
︸ ︷︷ ︸

⩾0

for

Q = P̂b,h,0 or Q = Ôb,h = 1
2

(
−h2∆p + |p|2

b2

)
,

implies

(6.10) C

∥∥∥∥∥
(
hκb
b

+ P̂b,h,0 − ihλ

)
u

∥∥∥∥∥
2

L2(R2d)

⩾
1
2

∥∥∥∥∥
(
hκb
b

+ Ôb,h

)
u

∥∥∥∥∥
2

L2(R2d)
+
∥∥∥∥(1
b
p · ∂q − ihλ

)
u
∥∥∥∥2

L2(R2d)

+

∥∥∥∥∥∥
∣∣∣∣∣hbDq

∣∣∣∣∣
2
3

+ h

b

u
∥∥∥∥∥∥

2

L2(R2d)

+

∥∥∥∥∥∥
(
h2 |λ|√

hb+ |p|

) 2
3

u

∥∥∥∥∥∥
2

L2(R2d)

.

Combining (6.8), (6.9) and (6.10) implies

(6.11) C

∥∥∥∥∥
(
hκb
b

+ P̂b,h,f − ihλ

)
u

∥∥∥∥∥
2

L2(R2d)
⩾

1
4

∥∥∥∥∥
(
hκb
b

+ Ôb,h

)
u

∥∥∥∥∥
2

L2(R2d)

+ 1
2

∥∥∥∥(1
b
p · ∂q − ihλ

)
u

∥∥∥∥2

L2(R2d)
+ 1

2

∥∥∥∥∥∥
∣∣∣∣∣hbDq

∣∣∣∣∣
2
3

+ h

b

u
∥∥∥∥∥∥

2

L2(R2d)

+ 1
2

∥∥∥∥∥∥
(
h2 |λ|√

hb+ |p|

) 2
3

u

∥∥∥∥∥∥
2

L2(R2d)

− C
[
64C(1)

g,ψA
]2∑

j

∥∥∥hDpju
∥∥∥2

L2(R2d)
.
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Putting∥∥∥∥(1
b
p · ∂q − ihλ

)
u
∥∥∥∥2

L2(R2d)

⩾
1
2

∥∥∥∥(1
b
p · ∂q + hf ijk pipj∂pk − ihλ

)
u
∥∥∥∥2

L2(R2d)
−
∥∥∥hf ijk pipj∂pku∥∥∥2

L2(R2d)

⩾
1
2

∥∥∥∥(1
b
p · ∂q + hf ijk pipj∂pk − ihλ

)
u
∥∥∥∥2

L2(R2d)
−
[
64C(1)

g,ψA
]2∑

j

∥∥∥hDpju
∥∥∥2

L2(R2d)

into (6.11) gives

(6.12) C

∥∥∥∥∥
(
hκb
b

+ P̂b,h,f − ihλ

)
u

∥∥∥∥∥
2

L2(R2d)
⩾

1
4

∥∥∥∥∥
(
hκb
b

+ Ôb,h

)
u

∥∥∥∥∥
2

L2(R2d)

+ 1
4

∥∥∥∥(1
b
p · ∂q + hf ijk pipj∂pk − ihλ

)
u
∥∥∥∥2

L2(R2d)
+ 1

2

∥∥∥∥∥∥
∣∣∣∣∣hbDq

∣∣∣∣∣
2
3

+ h

b

u
∥∥∥∥∥∥

2

L2(R2d)

+ 1
2

∥∥∥∥∥∥
(
h2 |λ|√

hb+ |p|

) 2
3

u

∥∥∥∥∥∥
2

L2(R2d)

− 2C
[
64C(1)

g,ψA
]2∑

j

∥∥∥hDpju
∥∥∥2

L2(R2d)
.

When κb ⩾ C
(2)
g,ψAb+ 1 the inequality (6.4) provides

∑
j

∥∥∥hDpju
∥∥∥2

L2(R2d)
⩽ 28b2

∥∥∥∥∥
(
hκb
b

+ P̂b,h,f − ihλ

)
u

∥∥∥∥∥
2

L2(R2d)

and taking

C
(3)
g,ψ = max

(
C

(2)
g,ψ, 221

[
C

(1)
g,ψ

]2)
⩾ 1, κb ⩾ C

(3)
g,ψAb+ 1,

yields the result. □

6.2. Comparison of the local models Pb,ℓ,m and P̃b,ℓ,m

We now deduce subelliptic estimates for the local operator Pb,ℓ,m = 1
b2 Oℓ,m +

1
b
Yℓ,m introduced in (4.33), (4.35) and (4.36), from the one obtained in the previous

paragraph for P̃b,ℓ,m. It is a consequence of the upper bounds for the differences
(P̃b,ℓ,m − Pb,ℓ,m) and (Õℓ − Oℓ,m) studied in Proposition 4.4.

Proposition 6.4. — There exists a constant C(4)
g,ψ ⩾ 1 such that for any A, b > 0,

κb ⩾ C
(4)
g,ψ(1 + A)(1 + b) and 22ℓ ⩾ C

(4)
g,ψ(1 + A)(1 + b)A2 imply

(6.13) C
(4)
g,ψ

∥∥∥∥∥
(
κb
b2 + Pb,ℓ,m − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)
⩾

1
b4

∥∥∥22ℓu
∥∥∥2

L2(R2d)
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and

(6.14) C
(4)
g,ψ(1 + A)2(1 + b)2

∥∥∥∥∥
(
κb
b2 + Pb,ℓ,m − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)

⩾
∥∥∥∥ 1
b2 (κb + Oℓ,m)u

∥∥∥∥2

L2(R2d)
+
∥∥∥∥1
b
(Yℓ,m − iλ)u

∥∥∥∥2

L2(R2d)

+
∥∥∥∥ 1
b2

(
κb + Õℓ

)
u
∥∥∥∥2

L2(R2d)
+

∥∥∥∥∥∥
∣∣∣∣∣2ℓb2Dq

∣∣∣∣∣
2
3

+ 1
b2

u
∥∥∥∥∥∥

2

L2(R2d)

+

∥∥∥∥∥∥
(

1
b2

|λ|
1 + 2ℓ|p|

) 2
3

u

∥∥∥∥∥∥
2

L2(R2d)

,

when either

u ∈ C∞
0

((
B
(
0, Ĉ ′

g,ψA
)

× Rd
)

∩ S ′
0,8,C

)
and (λ, ℓ) ∈ R × N,

or

u ∈ C∞
0

((
B
(
0, Ĉ ′

g,ψA
)

× Rd
)

∩ S ′
−1,8,C

)
and λ ∈ R for ℓ = −1.

Proof of Proposition 6.4.
Step A. — For the inequality (6.13) we must reconsider the proof of Proposition 6.2

after noticing

(bh)Pb,ℓ,m = P̂b,h,f +
−h2

(
gij
(
2−ℓq

)
− δij

)
∂pi∂pj +

(
gij
(
2−ℓq

)
− δij

)
pipj/b

2

2 .

With |g(2−ℓq) − Id | ⩽ Cg,ψA
22−2ℓ we get∣∣∣∣∣∣

〈
u,

−h2
(
gij
(
2−ℓq

)
− δij

)
∂pi∂pj +

(
gij
(
2−ℓq

)
− δij

)
pipj/b

2

2 u

〉∣∣∣∣∣∣
⩽ C ′

g,ψA
22−2ℓ

[
∥hDpu∥2

L2(R2d) + 1
b2 ∥u∥2

L2(R2d)

]
and∣∣∣∣∣
〈
u, (bh)

(
κb
b2 + Pb,ℓ,m − i

λ

b

)
u

〉
−
〈
u,

(
hκb
b

+ P̂b,h,f − ihλ

)
u

〉 ∣∣∣∣∣
⩽ C ′′

g,ψA
22−2ℓ Re

〈
u,

(
hκb
b

+ P̂b,h,f − ihλ

)
u

〉
.

The lower bound for Re⟨u, (bh)(κb
b2 + Pb,ℓ,m − iλ

b
)u⟩ and by Cauchy–Schwarz for

∥(bh)(κb
b2 + Pb,ℓ,m − iλ

b
)u∥2

L2(R2d) are thus deduced from Proposition 6.2 when
22ℓ ⩾ 2C ′′

g,ψA
2. The conditions and the inequality (6.13) are thus satisfied by taking

C
(4)
g,ψ ⩾ 2C ′′

g,ψ large enough.
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Step B. — Let us consider (6.14). We recall the inequality (4.49)∥∥∥∥ 1
b2

(
Oℓ,m − Õℓ

)
u
∥∥∥∥
L2(R2d)

⩽ Cg,ψA
22−2ℓ

∥∥∥∥(κbb2 + 1
b2 Õℓ

)
u
∥∥∥∥
L2(R2d)

,

which implies ∥∥∥∥(κbb2 + 1
b2 Õℓ

)
u

∥∥∥∥2

L2(R2d)
⩾

1
2

∥∥∥∥(κbb2 + 1
b2 Oℓ,m

)
u

∥∥∥∥2

L2(R2d)

and ∥∥∥∥(κbb2 + 1
b2 Õℓ

)
u

∥∥∥∥2

L2(R2d)
⩾

1
4

∥∥∥∥(κbb2 + 1
b2 Oℓ,m

)
u

∥∥∥∥2

L2(R2d)

+ 1
4

∥∥∥∥(κbb2 + 1
b2 Õℓ

)
u

∥∥∥∥2

L2(R2d)

as soon as 22ℓ ⩾ Cg,ψA
2

√
2−1 . Proposition 6.1 holds under the sufficient condition

κb ⩾ C
(3)
g,ψAb + 1 which can be simplified into κb ⩾ C

(3)
g,ψ(1 + A)(1 + b) while the

left-hand side of (6.2) can be replaced by

4CC(3)
g,ψ(1 + A)2(1 + b)2

∥∥∥∥∥
(
κb
b2 + P̃b,ℓ,m − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)
.

Therefore Proposition 6.1 and Proposition 4.4 say∥∥∥∥∥
(
κb
b2 + Pb,ℓ,m − i

λ

b

)
u

∥∥∥∥∥
L2(R2d)

⩾

(
1 − 2

√
CC

(3)
g,ψ(1 + A)(1 + b)Cg,ψA22−2ℓ

)
∥∥∥∥∥
(
κb
b2 + P̃b,ℓ,m − i

λ

b

)
u

∥∥∥∥∥
L2(R2d)

⩾
1
2

∥∥∥∥∥
(
κb
b2 + P̃b,ℓ,m − i

λ

b

)
u

∥∥∥∥∥
L2(R2d)

as soon as

22ℓ ⩾ 4
√
CC

(3)
g,ψCg,ψ(1 + A)(1 + b)A2.

When all these conditions are satisfied this proves the sought inequality with the
upper bound

64CC(3)
g,ψ(1 + A)2(1 + b)2

∥∥∥∥∥
(
κb
b2 + Pb,ℓ,m − i

λ

b

)
u

∥∥∥∥∥
2

L2(R2d)
.

The result is thus proved by choosing

C
(4)
g,ψ ⩾ max

(
4
√
CC

(3)
g,ψCg,ψ, 64CC(3)

g,ψ

)

where the right-hand side is larger than C
(3)
g,ψ and for which

C
(4)
g,ψ(1 + A)(1 + b)A2 ⩾

Cg,ψA
2

√
2 − 1

. □
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6.3. Estimate for |p| ∼ 2ℓ large

We now prove subelliptic estimates for Pb,ℓ by summing the local subelliptic esti-
mates for Pb,ℓ,m. All the error terms coming from the partition of unity ∑m∈Zd ψ

2(.−
m) ≡ 1 and studied in Subsections 4.2, 4.3 and 4.4, happen to be relatively small
enough when the parameter A = A∞(b) is much larger than 1 and ℓ is large enough
so that 22ℓ ≫ [A∞(b)]3 × (1 + b).

Proposition 6.5. — Let Pb,ℓ and Sℓ,2 = S0,2 ⊂ Ω × Rd be defined respectively
by (4.15) and (4.19) for ℓ ∈ N.

There exists a constant C(5)
g,ψ ⩾ 1 such that A∞(b) = C

(5)
g,ψ(1+ b), κb ⩾ C

(5)
g,ψA∞(b)×

(1 + b) ⩾ [C(5)
g,ψ]2(1 + b)2 and 22ℓ ⩾ C

(5)
g,ψ[A∞(b)]3(1 + b) = [C(5)

g,ψ]4(1 + b)4 imply

(6.15)
[
C

(5)
g,ψ

]3
(1 + b)4

∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)

⩾
∥∥∥∥ 1
b2 (κb + Oℓ)u

∥∥∥∥2

L2(R2d)
+
∥∥∥∥1
b
(Yℓ − iλ)u

∥∥∥∥2

L2(R2d)

+ 1
b8/3

[∥∥∥(Õℓ)2/3u
∥∥∥2

L2(R2d)
+
∥∥∥|Dq|

2
3u
∥∥∥2

L2(R2d)

]
+

∥∥∥∥∥∥
(

1
b2

|λ|
1 + 2ℓ|p|

) 2
3

u

∥∥∥∥∥∥
2

L2(R2d)

,

when u ∈ C∞
0 (S0,2;C), λ ∈ R and b > 0.

Proof. — Our conditions and
A = A∞(b) = C

(5)
g,ψ(1 + b) ⩾ 1 and 22ℓ ⩾ C

(5)
g,ψA

3(1 + b) ⩾ C
(5)
g,ψA

2

imply
2−ℓA ⩽

1√
C

(5)
g,ψ

⩽
1

Cg,ψ

when Cg,ψ ⩾ 1 is the constant of Proposition 4.5 and C(5)
g,ψ is chosen larger than C2

g,ψ.
With κb ⩾ C

(5)
g,ψA(1 + b) ⩾ Cg,ψAb, Proposition 4.5 says

∑
m∈Zd

1
8

∥∥∥∥∥
(
κb
b2 + Pb,ℓ,m − iλ

b

)
uℓ,m

∥∥∥∥∥
2

L2(R2d)
− Cg,ψ
A2b2

∥∥∥22ℓuℓ,m
∥∥∥2

L2(R2d)

⩽

∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)
,

with
∀ m ∈ Zd, uℓ,m = Uℓ,m(ψm,ℓ,Au) ∈ C∞

0

((
B
(
0, Ĉ ′

g,ψA
)

× Rd
)

∩ S ′
0,8,C

)
.

By choosing C(5)
g,ψ larger than the constant 2 ×C

(4)
g,ψ of Proposition 6.4, the condition

κb ⩾ C
(5)
g,ψA(1 + b) ⩾ C

(4)
g,ψ(1 + A)(1 + b) and the inequality (6.13) imply

∀ m ∈ Zd, C
(4)
g,ψ

∥∥∥∥∥
(
κb
b2 + Pb,ℓ,m − iλ

b

)
uℓ,m

∥∥∥∥∥
2

L2(R2d)
⩾

1
b4

∥∥∥22ℓuℓ,m
∥∥∥2

L2(R2d)
,
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With C
(4)
g,ψ

Cg,ψb
2

A2 ⩽ 1
16 when A ⩾ C

(5)
g,ψ(1+b) and C(5)

g,ψ is chosen larger than 4
√
C

(4)
g,ψCg,ψ,

we obtain

1
16

∑
m∈Zd

∥∥∥∥∥
(
κb
b2 + Pb,ℓ,m − iλ

b

)
uℓ,m

∥∥∥∥∥
2

L2(R2d)
⩽

∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)
,

and the two lower bounds of ∥(κb
b2 + Pb,ℓ,m − iλ

b
)uℓ,m∥2

L2(R2d) of Proposition 6.4 can be
used for every m ∈ Zd. The first one (6.13) already used gives now

1
32

∑
m∈Zd

∥∥∥∥∥
(
κb
b2 + Pb,ℓ,m − iλ

b

)
uℓ,m

∥∥∥∥∥
2

L2(R2d)
+ 1
C

(4)
g,ψb

4

∥∥∥22ℓuℓ,m
∥∥∥2

L2(R2d)

⩽

∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)
.

The second one (6.14) with here 2A ⩾ (1 + A) and combined with the second
inequality of Proposition 4.6 implies

210C
(4)
g,ψA

3(1 + b)
∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)
⩾
∥∥∥∥ 1
b2 (κb + Oℓ)u

∥∥∥∥2

L2(R2d)

+
∥∥∥∥1
b
(Yℓ − iλ)u

∥∥∥∥2

L2(R2d)
+

∥∥∥∥∥∥
(

1
b2

|λ|
1 + 2ℓ|p|

) 2
3

u

∥∥∥∥∥∥
2

L2(R2d)

+
∑
m∈Zd

 1
C

(4)
g,ψb

4
− Cg,ψ
A2b2 − Cg,ψ

b222ℓ

∥∥∥22ℓuℓ,m
∥∥∥2

L2(R2d)

+
∥∥∥∥ 1
b2 (κb + Õℓ)uℓ,m

∥∥∥∥2

L2(R2d)
+ 1
b8/3

∥∥∥∥∣∣∣2ℓDq

∣∣∣ 2
3uℓ,m

∥∥∥∥2

L2(R2d)
.

Moreover κb ⩾ C
(5)
g,ψA(1 + b) ⩾ (1 + b)2 implies 1

b2 (κb + Õℓ) ⩾ 1 and interpolation
gives∥∥∥∥ 1

b2 (κb + Õℓ)uℓ,m
∥∥∥∥2

L2(R2d)
⩾

1
b8/3

∥∥∥(κb + Õℓ)2/3uℓ,m
∥∥∥2

L2(R2d)
⩾

1
b8/3

∥∥∥Õ2/3
ℓ uℓ,m

∥∥∥
L2(R2d)

.

Proposition 4.7 implies

∑
m∈Zd

∥∥∥Õ2/3
ℓ uℓ,m

∥∥∥2

L2(R2d)
+
∥∥∥∥∣∣∣2ℓDq

∣∣∣2/3
uℓ,m

∥∥∥∥2

L2(R2d)

⩾
1

Cg,ψ

[∥∥∥Õ2/3
ℓ u

∥∥∥2

L2(R2d)
+
∥∥∥|Dq|2/3u

∥∥∥2

L2(R2d)

]
−

∑
m∈Zd

1
A4/3

∥∥∥22ℓ/3uℓ,m
∥∥∥2

L2(R2d)︸ ︷︷ ︸
⩽∥22ℓuℓ,m∥2

L2(R2d)
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The complete error term in the lower bound is now bounded from below by

1
b4

∑
m∈Zd

 1
C

(4)
g,ψ

− Cg,ψb
2

A2 − Cg,ψb
2

22ℓ − b4/3

A4/3

∥∥∥22ℓuℓ,m
∥∥∥2

L2(R2d)

which is non negative when
A = C

(5)
g,ψ(1 + b)

and
22ℓ ⩾ C

(5)
g,ψA

3(1 + b) ⩾
[
C

(5)
g,ψ

]4
(1 + b)4 ⩾ C

(5)
g,ψ(1 + b)2

with C
(5)
g,ψ large enough. The inequality (6.15) is then obtained by taking C

(5)
g,ψ ⩾

28C
(4)
g,ψCg,ψ. □

6.4. Estimate for |p| ∼ 2ℓ ⩽ Cb,g,ψ

We have fixed the value of A∞(b) = C
(5)
g,ψ(1 + b) ≫ 1 in Proposition 6.5 in order to

get a result for all ℓ ⩾ ℓb,g,ψ + 1 with

(6.16) 22ℓb,g,ψ+2 ⩾
[
C

(5)
g,ψ

]4
(1 + b)4 ⩾ 22ℓb,g,ψ .

We now consider all the bounded values of ℓ ∈ {−1, 0, 1, . . . , ℓb,g,ψ}. Here the error
terms related with the partition of unity ∑m∈Zd ψ

2(.−m) ≡ 1 will be relatively small
by taking a new, small enough, value for the intermediate parameter A > 0 denoted
by A0(b) and the parameter κb ≫ 1.

Proposition 6.6. — Let ℓb,g,ψ ∈ N be such that (6.16) is satisfied. For all
ℓ ∈ {−1, 0, 1, . . . , ℓb,g,ψ} let Pb,ℓ and Sℓ,2 ⊂ Ω × Rd be defined respectively by (4.15)
and (4.19).

Take

A0(b) = 1
2C ′

g,ψ(1 + b) where C ′
g,ψ = max

(
Cg,ψ, C

(4)
g,ψ

)
, Cg,ψ ⩾ 1

is given by Proposition 4.5 and Proposition 4.7 while C(4)
g,ψ ⩾ 1 is given by Proposi-

tion 6.4.
There exists a constant C(6)

g,ψ ⩾ 1 such that κb ⩾ C
(6)
g,ψ(1 + b)6 implies

(6.17) C
(6)
g,ψ(1 + b)2

∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)
⩾
∥∥∥∥ 1
b2 (κb + Oℓ)u

∥∥∥∥2

L2(R2d)

+
∥∥∥∥1
b
(Yℓ − iλ)u

∥∥∥∥2

L2(R2d)
+ 1
b8/3

[∥∥∥(Õℓ)2/3u
∥∥∥2

L2(R2d)
+
∥∥∥|Dq|

2
3u
∥∥∥2

L2(R2d)

]

+

∥∥∥∥∥∥
(

1
b2

|λ|
1 + 2ℓ|p|

) 2
3

u

∥∥∥∥∥∥
2

L2(R2d)

,

when u ∈ C∞
0 (Sℓ,2;C), ℓ ∈ {−1, 0, 1, . . . , ℓb,g,ψ}, λ ∈ R and b > 0.
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Proof. — As a preliminary step and by unitary equivalence, the L2-lower bound
(2.2) for P±,b applies to Pb,ℓ when κb ⩾ C0(1 + b2), which holds true when κb ⩾
C

(6)
g,ψ(1 + b)6 and C

(6)
g,ψ ⩾ C0. It ensures

(6.18) ∀ u ∈ C∞
0 (Sℓ,2;C),

∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)
⩾

κ2
b

16b4 ∥u∥2
L2(R2d).

The proof has the same structure as the one of Proposition 6.5. Choose now A =
A0(b) = 1

2C′
g,ψ

(1+b) , where the constant C ′
g,ψ = max(Cg,ψ, C(4)

g,ψ) ⩾ 1.

With 2−ℓA ⩽ 2A ⩽ 1
C′
g,ψ

(1+b) ⩽ 1
Cg,ψ

which combined with κb ⩾ C
(6)
g,ψ(1 + b)6 ⩾

b
2(1+b) ⩾ Cg,ψAb in Proposition 4.5, implies

(6.19)
∑
m∈Zd

1
8

∥∥∥∥∥
(
κb
b2 + Pb,ℓ,m − iλ

b

)
uℓ,m

∥∥∥∥∥
2

L2(R2d)

− Cg,ψ
A2b2︸ ︷︷ ︸

⩽
4[C′

g,ψ]3
(1+b)2

b2

∥∥∥22ℓuℓ,m
∥∥∥2

L2(R2d)
⩽

∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)
,

with

uℓ,m = Uℓ,m(ψm,ℓ,Au) ∈ C∞
0

((
B
(
0, Ĉ ′

g,ψA
)

× Rd
)

∩ S ′
0,8,C

)
.

for all m ∈ Zd and all ℓ ∈ {−1, 0, 1, . . . , ℓb,g,ψ}.
With (6.18) and for κb ⩾ C

(6)
g,ψ(1 + b)6, we have

∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)
⩾

κ2
b

16b4 ∥u∥2
L2(R2d) ⩾

[
C

(6)
g,ψ

]2
(1 + b)10

16b2 ∥u∥2
L2(R2d).

The bound 22ℓ ⩽ [C(5)
g,ψ]4(1 + b)4 implies

Cg,ψ
A2b2

∑
m∈Zd

∥∥∥22ℓuℓ,m
∥∥∥2

L2(R2d)
⩽

4(C ′
g,ψ)3(1 + b)2

b2

[
C

(5)
g,ψ

]8
(1 + b)8∥u∥2

L2(R2d)

⩽
4 × 16 × (C ′

g,ψ)3
[
C

(5)
g,ψ

]8
[
C

(6)
g,ψ

]2
∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)
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The additional condition [C(6)
g,ψ]2 ⩾ 8[C ′

g,ψ]3 thus implies

16
[
C

(5)
g,ψ

]8∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)

⩾ 8
[
C

(5)
g,ψ

]8∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)
+ 8

[
C

(5)
g,ψ

]8
︸ ︷︷ ︸

⩾1+4

∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)

⩾
Cg,ψ
A2b2

 ∑
m∈Zd

∥∥∥22ℓuℓ,m
∥∥∥2

L2(R2d)

+
∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)

+ 4
∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)
,

where the last term is bounded from below by κ2
b

4b4 ∥u∥2
L2(R2d) according to (6.18).

Summing with (6.19) now gives

16
[
C

(5)
g,ψ

]8∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)

⩾
∑
m∈Zd

1
8

∥∥∥∥∥
(
κb
b2 + Pb,ℓ,m − iλ

b

)
uℓ,m

∥∥∥∥∥
2

L2(R2d)
+ κ2

b

4b4 ∥uℓ,m∥2
L2(R2d).

Because 2ℓ ⩾ 1/2 ⩾ C
(4)
g,ψ(1 + b)A ⩾ C

(4)
g,ψ(1 +A)(1 + b)A2, the conditions of Proposi-

tion 6.4 are satisfied. Multiplying the above inequality by 8 ×C
(4)
g,ψ4(1 + b)2 which is

larger than 8C(4)
g,ψ(1 + A)2(1 + b)2 ⩾ 1, leads to

29C
(4)
g,ψ(1 + b)2

[
C

(5)
g,ψ

]8∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)
⩾

∑
m∈Zd

C
(4)
g,ψ(1 + A)2(1 + b)2

×
∥∥∥∥∥
(
κb
b2 + Pb,ℓ,m − iλ

b

)
uℓ,m

∥∥∥∥∥
2

L2(R2d)
+ 2κ2

b(1 + b)2

b4 ∥uℓ,m∥2
L2(R2d)

Proposition 6.4 combined with Proposition 4.6 leads to

29C
(4)
g,ψ(1 + b)2

[
C

(5)
g,ψ

]8∥∥∥∥∥
(
κb
b2 + Pb,ℓ − iλ

b

)
u

∥∥∥∥∥
2

L2(R2d)

⩾
∥∥∥∥ 1
b2 (κb + Oℓ)u

∥∥∥∥2

L2(R2d)
+
∥∥∥∥1
b
(Yℓ − iλ)u

∥∥∥∥2

L2(R2d)
+

∥∥∥∥∥∥
(

1
b2

|λ|
1 + 2ℓ|p|

) 2
3

u

∥∥∥∥∥∥
2

L2(R2d)

+
∑
m∈Zd

(
2κ2

b(1 + b)2

b4 − Cg,ψ24ℓ

A2b2 − Cg,ψ24ℓ

b222ℓ

)
∥uℓ,m∥2

L2(R2d)

1
b8/3

[∥∥∥Õ2/3
ℓ uℓ,m

∥∥∥2

L2(R2d)
+
∥∥∥∥∣∣∣2ℓDq

∣∣∣ 2
3uℓ,m

∥∥∥∥2

L2(R2d)

]
,
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where we used that κb+Õℓ

b2 ⩾ 1 when κb ⩾ C
(6)
g,ψ(1 + b)6 ⩾ C

(6)
g,ψ(1 + b)2, as in the proof

of Proposition 6.5. Proposition 4.7 implies

∑
m∈Zd

∥∥∥Õ2/3
ℓ uℓ,m

∥∥∥2

L2(R2d)
+
∥∥∥∥∣∣∣2ℓDq

∣∣∣2/3
uℓ,m

∥∥∥∥2

L2(R2d)

⩾
1

Cg,ψ

[∥∥∥Õ2/3
ℓ u

∥∥∥2

L2(R2d)
+
∥∥∥|Dq|2/3u

∥∥∥2

L2(R2d)

]
−

∑
m∈Zd

1
A4/3

∥∥∥22ℓ/3uℓ,m
∥∥∥2

L2(R2d)

⩾
1

Cg,ψ

[∥∥∥Õ2/3
ℓ u

∥∥∥2

L2(R2d)
+
∥∥∥|Dq|2/3u

∥∥∥2

L2(R2d)

]
− 24/3

[
C ′
g,ψ

]4/3
(1 + b)4/3

[
C

(5)
b,ψ

]8/3
(1 + b)8/3︸ ︷︷ ︸

⩽4[C′
g,ψ]3

[
C

(5)
g,ψ

]8
(1+b)4

∥uℓ,m∥2
L2(R2d)

The complete error term in the lower bound is now bounded from below by
∑
m∈Zd

(
κ2
b(1 + b)2

b4 − 4
[
C ′
g,ψ

]3[
C

(5)
g,ψ

]8((1 + b)10 + (1 + b)8

b2 + (1 + b)4

b8/3

))
∥uℓ,m∥2

L2(R2d)

which is non negative as soon as

κ2
b(1 + b)2

b4 ⩾ 12
[
C ′
g,ψ

]3[
C

(5)
g,ψ

]8 (1 + b)10

b2 .

A sufficient condition is κb ⩾ C
(6)
b,ψ(1+b)5 with C(6)

g,ψ ⩾ 1 large enough. We have already
assumed and used for the comparisons with 22ℓg , κb ⩾ C

(6)
g,ψ(1 + b)6 ⩾ C

(6)
g,ψ(1 + b)5.

For the final writing of the inequality we also take C(6)
g,ψ ⩾ 29Cg,ψC

(4)
g,ψ[C(5)

g,ψ]8. □

6.5. Lower bound for ∥(Pb − iλ/b)u∥L2 + 1/b2∥u∥L2

After the dyadic partition of unity for∑∞
ℓ=−1 θ

2
ℓ (q, p) ≡ 1 on Ω×Rd of Subsection 4.1

and by setting

uℓ(q, p) = 2ℓd/2θℓ(q, 2ℓp)u(q, 2ℓp) ∈ C∞
0 (S2,ℓ;C) for u ∈ C∞

0 (Ω × Rd;C),

the results of Proposition 6.5 and Proposition 6.6 give after a rescaling

C
(7)
g,ψ(1 + b)4

∥∥∥∥∥
(
κb
b2 + Pb − i

λ

b

)
θℓu

∥∥∥∥∥
2

L2(R2d)
⩾

∥∥∥∥∥(κb + O)
b2 θℓu

∥∥∥∥∥
2

L2(R2d)

+
∥∥∥∥1
b
(Y − iλ)θℓu

∥∥∥∥2

L2(R2d)
+ 1
b8/3 ∥θℓu∥2

W̃2/3 + 1
b8/3

∥∥∥∥∥ |λ|
⟨p⟩

θℓu

∥∥∥∥∥
2

L2(R2d)

for all ℓ ∈ Z, ℓ ⩾ −1, as soon as κb ⩾ C
(7)
g,ψ(1 + b)6 and C

(7)
g,ψ ⩾ 1 is chosen large

enough. By summation with respect to ℓ ⩾ −1, Proposition 4.1 and the same result

ANNALES HENRI LEBESGUE



Global subellipticity for GKFP operators 749

with Pb − iλ/b replaced by 1
b2 O and Proposition E.7 for ∥ ∥W2/3 imply

C
(8)
g,ψ(1 + b)4

∥∥∥∥∥
(
κb
b2 + Pb − i

λ

b

)
u

∥∥∥∥∥
2

L2(R2d)
⩾

∥∥∥∥∥(κb + O)
b2 u

∥∥∥∥∥
2

L2(R2d)

+
∥∥∥∥1
b
(Y − iλ)u

∥∥∥∥2

L2(R2d)
+ 1
b8/3 ∥u∥2

W̃2/3 + 1
b8/3

∥∥∥∥∥ |λ|
⟨p⟩

u

∥∥∥∥∥
2

L2(R2d)

for all u ∈ C∞
0 (Ω×Rd;C) as soon as κb ⩾ C

(8)
g,ψ(1+b)6 with C(8)

g,ψ ⩾ 1 large enough. By
taking Cg,M ⩾ C

(8)
g,ψ large enough so that the comparison results of Proposition 2.4

and Proposition E.7(ii) can be applied, we have

Cg,M(1 + b)2
∥∥∥∥∥
(
κb
b2 + Pb − i

λ

b

)
u

∥∥∥∥∥
L2(R2d)

⩾

∥∥∥∥∥(κb + O)
b2 u

∥∥∥∥∥
L2(R2d)

+
∥∥∥∥1
b

(
∇E

Y − iλ
)
u
∥∥∥∥
L2(R2d)

+ 1
b4/3 ∥u∥W̃2/3 + 1

b4/3

∥∥∥∥∥ |λ|
⟨p⟩

u

∥∥∥∥∥
L2(R2d)

for all u ∈ C∞
0 (X; E), when κb ⩾ Cg,M(1 + b)6.

By writing

Cg,M(1 + b)2κb

∥∥∥∥∥
(
Pb − i

λ

b

)
u

∥∥∥∥∥
L2(R2d)

+ 1
b2 ∥u∥L2(R2d)


⩾ Cg,M(1 + b)2

∥∥∥∥∥
(
κb
b2 + Pb − i

λ

b

)
u

∥∥∥∥∥
L2(R2d)

and by noticing that the factor of the left-hand side can be written
Cg,M(1 + b)2 × Cg,M(1 + b)6 = Cg,M(1 + b)8

this ends the proof of the inequality (1.32) in Theorem 1.6.
The essential maximal accretivity result for κb ⩾ C0(1 + b2), C0 ⩾ 1 determined

by (g, E, gE,∇E), was proved in Proposition 2.1 and Corollary 2.2.

7. Consequences and optimality of Theorem 1.6

In this subsection we will discuss the optimality of the constants appearing in
Theorem 1.6 as well as several consequences and extensions of the subelliptic estimate.

7.1. About b-dependent constants

Obviously the constant 1
Cg(1+b)8 or the condition κb ⩾ Cg(1 + b)2 of Theorem 1.6

can be replaced by a uniform constant and a uniform lower bound for κb when
b ∈]0, b0] for some b0 > 0. The question arises about the regime b → +∞. We do not
claim that neither our lower bound nor the condition on κb are optimal with respect
to b as b → +∞, but they cannot be written with uniform constants.
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Actually, we show here that scalar GKFP operators admit quasimodes at λ = 0
of size O(b−2) as b → ∞.

Proposition 7.1. — Let P±,b = 1
b2 O ± 1

b
Y be the scalar GKFP operator on

X = T ∗Q where the Hermitian bundle is E = Q×C with ∇E the trivial connection,
gE is the usual pointwise Hermitian metric inherited from C, and M(b) = 0. Then
there exists u ∈ C∞

0 (X; E) = C∞
0 (X;C) with ∥u∥L2(X;E) = 1 satisfying

(7.1) ∥P±,bu∥L2(X;E) ⩽ Cb−2, b ∈ (0,∞),

for some constant C > 0 independent of b.

Proof. — Let u ∈ C∞(X;C) be any function of the form

(7.2) u(q, p) = φ(|p|2q), (q, p) ∈ X,

where φ ̸= 0 belongs to C∞
0 (R;C). By multiplying u by a non-zero constant if

necessary, we may ensure that ∥u∥L2(X;C) = 1. Since u is a function of the kinetic
energy, we have

(7.3) Yu ≡ 0.

Hence

□(7.4) ∥P±,bu∥L2(X;C) ⩽
1
b2 ∥Ou∥ + 1

b
∥Yu∥ ⩽ Cb−2, b ∈ (0,∞).

An immediate consequence of Proposition 7.1 is that the best possible constant
appearing on the right-hand side of (1.6) fails to be independent of b in general.
Indeed, let P±,b = 1

b2 O ± 1
b
Y be a scalar GKFP operator as in Proposition 7.1 and

let C(b) > 0 be the largest constant such that

(7.5)
∥∥∥∥∥
(
P±,b − iλ

b

)
u

∥∥∥∥∥
L2

+ 1
b2 ∥u∥L2

⩾ C(b)
∥∥∥∥O

b2u

∥∥∥∥
L2

+
∥∥∥∥1
b

(
∇E

Y − iλ
)
u

∥∥∥∥
L2

+ 1
b4/3

∥u∥
W̃

2
3

+

∥∥∥∥∥∥
(

|λ|
⟨p⟩q

)2/3

u

∥∥∥∥∥∥
L2


holds for every u ∈ C∞

0 (X;C). Taking λ = 0 in (7.5) gives

(7.6) ∥P±,bu∥L2(X;C) + 1
b2 ∥u∥L2(X;C) ⩾

C(b)
b4/3 ∥u∥

W̃
2
3 (X;C)

.

If u ∈ C∞
0 (X;C) is as in Proposition 7.1, then (7.1) and (7.6) together give

C(b) ⩽ Cb− 2
3 , b ∈ (0,∞),(7.7)

for some C > 0 independent of b. Because b−2/3 → 0 as b → ∞, there cannot exist
a constant C0 > 0 such that C(b) ⩾ C0 for b ≫ 1. In particular, C(b) cannot be
constant with respect to b.
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7.2. Perturbative estimate

In this subsection, we consider the stability of the subelliptic estimate (1.32) under
a general class of perturbations.

Proposition 7.2. — Let P±,b = 1
b2 O ± 1

b
∇E

Y and let the lower order term M(b) ∈
L(W̃1,0(X; E);L2(X, dqdp; E)) satisfy

M(b) = M1(b) +M0(b)

∥M1(b)∥L(W̃1,0;L2) ⩽
ν1(b)
b

and ∥M0(b)∥L(L2;L2) ⩽ ν0

(
1 + 1

b2

)
,

and set
P±,b,M = P±,b +M1(b) +M0(b).

We assume that ν1(b) and ν0 satisfy

∀ b ∈ (0,+∞), ν2
1(b)b2 ⩽

Cg + 8ν0

16 (1 + b2),

where Cg ⩾ 1 is the constant determined by (g, E, gE,∇E) in Theorem 1.6.
For κb ⩾ (Cg + 16ν0)(1 + b2), the operator κb

b2 + P±,b,M is closable and its closure
κb
b2 + P±,b,M is maximal accretive with D(P±,b,M) = D(P±,b) and

∀ u ∈ D(P±,b,M), Re
〈
u,
(
κb
b2 + P±,b,M

)
u
〉
⩾

1
8b2

[
∥u∥2

W̃1,0 + κb∥u∥2
L2

]
.

Moreover, the inequality∥∥∥∥∥
(
P±,b,M − iλ

b

)
u

∥∥∥∥∥
L2

+ 1 + b2

b2 ∥u∥L2 ⩾
(1 + b)−8

8(Cg + 16ν0)2

×

∥∥∥∥O
b2u

∥∥∥∥
L2

+
∥∥∥∥1
b

(
±∇E

Y − iλ
)
u
∥∥∥∥
L2

+ 1
b4/3

∥u∥
W̃

2
3

+

∥∥∥∥∥∥
(

|λ|
⟨p⟩q

)2/3

u

∥∥∥∥∥∥
L2


holds for every u ∈ D(P±,b,M) and every (λ, b) ∈ R × (0,+∞).

Proof. — Let us first check the accretivity of P±,b,M on C∞
0 (X; E). For u ∈

C∞
0 (X; E), write

Re
〈
u,
[
κb
b2 + P±,b +M1(b) +M0(b)

]
u
〉
L2

⩾
1

4b2

[
∥u∥2

W̃1,0 + κb∥u∥2
L2

]
− ν1(b)

b
∥u∥L2∥u∥W̃1,0 − ν0

1 + b2

b2 ∥u0∥2
L2

⩾
1

4b2

[
∥u∥2

W̃1,0 + κb∥u∥2
L2

]
− 1

8b2 ∥u∥2
W̃1,0 −

(
2ν2

1(b) + ν0
1 + b2

b2

)
∥u∥2

L2

⩾
1

8b2 ∥u∥2
W̃1,0 + κb + (Cg + 8ν0)(1 + b2) − 16ν2

1(b)b2

8b2 ∥u∥2
L2

⩾
1

8b2

[
∥u∥2

W̃1,0 + κb∥u∥2
L2

]
.

This proves the accretivity of P±,b,M which is therefore closable.
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From the inequality (1.31) for P±,b we deduce for any λ ∈ R∥∥∥∥(κbb2 + P±,b − iλ
)
u
∥∥∥∥
L2

∥u∥L2 ⩾ Re
〈
u,
(
κb
b2 + P±,b

)
u
〉
L2

⩾
1

4b2

[
∥u∥2

W̃1,0 + κb∥u∥2
L2

]
and for all t > 0

t

2

∥∥∥∥(κbb2 + P±,b − iλ
)
u

∥∥∥∥2

L2
⩾

1
4b2 ∥u∥2

W̃1,0 + κb − 2t−1b2

4b2 ∥u∥2
L2 .

This inequality with t = 1
8ν2

1 (b) and

κb − 2t−1b2 = κb − 16ν2
1(b)b2 ⩾ (Cg + 16ν0)(1 + b2) − 16ν2

1(b)b2 ⩾ 0
gives

1
4

∥∥∥∥(κbb2 + P±,b − iλ
)
u

∥∥∥∥2

L2
⩾
ν2

1(b)
b2 ∥u∥2

W̃1,0 ⩾ ∥M1(b)u∥2
L2 .

Actually the inequality (1.31) also gives
1
4

∥∥∥∥(κbb2 + P±,b − iλ
)
u
∥∥∥∥
L2

− ∥M0(b)u∥L2 ⩾
κb

16b2 ∥u∥L2 − ν0(1 + b2)
b2 ∥u∥L2

⩾
(Cg − 16ν0)(1 + b2)

16b2 ∥u∥L2 ⩾ 0.

Used with λ = 0, we have two closed accretive operators A = (κ±,b
b2 + P±,b) and

C = (κb
b2 + P±,b,M) such that D = C∞

0 (X; E) is dense in D(A) = D(P±,b) and
D(C) = D(P±,b,M) while

∀ u ∈ D, ∥(A− C)u∥L2 ⩽
3
4∥Au∥L2 ,

with 3
4 < 1 and A maximal accretive. Theorem X.50 of [RS75] tells us that C is

maximal accretive as well with D(C) = D(A).
We can take κb = (Cg +16ν0)(1+ b2), and ∥(A−C)u∥L2 ⩽ 3

4∥(A− iλ)u∥L2 leads to

2(Cg + 16ν0)
[∥∥∥(P±,b,M − iλ)u

∥∥∥
L2

+ 1 + b2

b2 ∥u∥L2

]

⩾
∥∥∥∥(κbb2 + P±,b,M − iλ

)
u

∥∥∥∥
L2

+ κb
b2 ∥u∥L2

⩾
1
4

∥∥∥∥(κbb2 + P±,b − iλ
)
u

∥∥∥∥
L2

+ κb
b2 ∥u∥L2

⩾
1
4

[∥∥∥(P±,b − iλ)u
∥∥∥
L2

+ 1
b2 ∥u∥L2

]
,

where the right-hand side is bounded from below by (1.32) of Theorem 1.6. □

7.3. W̃s-versions

The subelliptic estimate of Theorem 1.6, concerned with the case L2(X, dqdp; E) =
W̃0(X; E), can be extended to W̃s(X; E) subelliptic estimates for any s ∈ R as
follows.
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Proposition 7.3. — Let P±,b,M = 1
b2 O ± 1

b
∇E

Y +M1(b) +M0(b) satisfy

∀ s ∈ R, ∥M1(b)∥L(W̃1,s;W̃s) ⩽
ν1,s(b)
b

, ∥M0(b)∥L(W̃s;W̃s) ⩽ ν0,s
1 + b2

b2

whenever
∀ b ∈ (0,+∞), ν2

1,s(b)b2 ⩽
Cg + 8ν0,s

16 (1 + b2).

For every s ∈ R, there exists Cg,s ⩾ 1 determined by the geometric data (g, E, gE,∇E)
and the pair (ν0,s, ν1,s( · )) such that, for κb ⩾ Cg,s(1 + b2), the operator κb

b2 + P±,b,M

is closable in W̃s(X; E) and its closure κb
b2 + P

W̃s

±,b,M is maximal accretive with

D
(
P

W̃s

±,b,M

)
= D

(
P

W̃s

±,b

)
= W−s

θ D
(
P±,b

L2
)

and

∀ u ∈ D
(
P

W̃s

±,b,M

)
, Re

〈
u,
(
κb
b2 + P

W̃s

±,b,M

)
u
〉

W̃s
⩾

1
8b2

[
∥u∥2

W̃1,s + κb∥u∥2
Ws

]
.

Moreover, the inequality∥∥∥∥∥
(
P

W̃s

±,b,M − iλ

b

)
u

∥∥∥∥∥
W̃s

+ 1 + b2

b2 ∥u∥W̃s ⩾
(1 + b)−8

8C2
g,s

×

∥∥∥∥O
b2u

∥∥∥∥
W̃s

+
∥∥∥∥1
b

(
±∇E

Y − iλ
)
u
∥∥∥∥

W̃s
+ 1
b4/3

∥u∥
W̃s+ 2

3
+

∥∥∥∥∥∥
(

|λ|
⟨p⟩q

)2/3

u

∥∥∥∥∥∥
W̃s


holds for every u ∈ D(P±,b,M) and every (λ, b) ∈ R × (0,+∞).

Proof. — We use the pseudodifferential operator W 2
θ introduced in Proposition 3.5

which is self-adjoint with D(W 2
θ ) = W̃2(X; E) with an elliptic scalar principal symbol

in S2
Ψ(Q; End E) and for which we can write

∥u∥W̃s1,s2 =
∥∥∥Os1/2(W 2

θ )s2/2u
∥∥∥
L2
,

for any (s1, s2) ∈ R2 according to Definition 3.7.
Because O and (W 2

θ )s/2 commute on S(X; E), according to Proposition 3.6, when
considering the operator P±,b,M : S(X; E) → W̃s(X; E) we may instead work with
the operator

(W 2
θ )−s/2P±,b,M(W 2

θ )s/2

= 1
b2 O ± 1

b
∇E

Y ± 1
b
(W 2

θ )−s/2
[
∇E

Y , (W 2
θ )s/2

]
+ (W 2

θ )−s/2(M1(b) +M0(b))(W 2
θ )s/2

initially defined from S(X; E) → L2(X; E).
The assumptions ensure∥∥∥(W 2

θ )−s/2(M1(b)(W 2
θ )s/2

∥∥∥
L(W̃1,0;L2) ⩽

ν1,s(b)
b

and ∥∥∥(W 2
θ )−s/2(M0(b)(W 2

θ )s/2
∥∥∥

L(L2;L2)
⩽ ν0,s

(
1 + 1

b2

)
.
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With (W 2
θ )−s/2[∇E

Y , (W 2
θ )s/2] = (W 2

θ )−s/2∇E
Y(W 2

θ )s/2 − ∇E
Y , Proposition 3.8 tells us

(7.8)
∥∥∥(W 2

θ )−s/2
[
∇E

Y , (W 2
θ )s/2

]∥∥∥
L(W̃1,0;L2) ⩽ C̃g,s

for some constant C̃g,s ⩾ 1 determined by (g, E, gE,∇E). It then suffices to apply
Proposition 7.2 with M1(b) replaced by M1(b)±(W 2

θ )−s/2[∇E
Y , (W 2

θ )s/2], ν1(b) replaced
by ν1,s(b) + C̃g,s and ν0 by ν0,s + 2C̃g,s. □

Appendix A. Comparison of harmonic oscillator
Hamiltonians

For a positive definite symmetric matrix g = (gij)1⩽i,j⩽d ∈ Mdd(R) with g−1 =
(gij)1⩽i,j⩽d let Og denote the harmonic oscillator hamiltonian

Og =
−gij∂pi∂pj + gijpipj

2
D(Og) =

{
u ∈ L2(Rd, dp), ∀ α, β ∈ Nd, |α| + |β| ⩽ 2, pα∂βp u ∈ L2(Rd, dp)

}
= D(OId).

The following result is a consequence of the ellipticity of Og in the Hörmander class
S(⟨p, η⟩2, dp

2+dη2

⟨p,η⟩2 )(see [Hör85, Chapter XVIII]) combined with ∥Ogu∥L2 ⩾ d
2∥u∥L2 .

Proposition A.1. — For two positive definite symmetric matrices g1 and g2
there exist two constants Cg1,g2 > 0 and Cg1 > 0 such that(

∥Og1u∥L2

∥Og2u∥L2

)±1

⩽ Cg1,g2 ,

and
∥(Og2 − Og1)u∥L2 ⩽ Cg1∥g2 − g1∥Mdd(R)∥Og1u∥L2

hold for all u ∈ D(OId).

Appendix B. Complex Airy Operator

We consider here the case of the one dimensional Euclidean case of which the
subelliptic estimates are due to the fact that the complex Airy operator has a
compact resolvent and an empty spectrum.

Set
P1(ξ, λ) = i(p1ξ − λ) − 1

2∆p1

with ξ, λ ∈ R.
It is maximal accretive with D(P1(ξ, λ)) = {u ∈ L2(R, dp), P1(ξ, λ)u ∈ L2(R, dp)}

in which C∞
0 (R) is dense (with respect to the graph norm).
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Proposition B.1. — There exists C0 ⩾ 1, such that for all (ξ, λ) ∈ R2 the
inequality

(B.1) C0∥(1 + P1(ξ, λ))u∥

⩾
∥∥∥∥1

2∆pu

∥∥∥∥+ ∥(p1ξ − λ)u∥ + (|ξ|2/3 + 1)∥u∥ +

∥∥∥∥∥∥
(

|λ|
1 + |p1|

) 2
3

u

∥∥∥∥∥∥,
holds for all u ∈ D(P1(ξ, λ)).

Proof. — The lower bound
∀ u ∈ D(P1(ξ, λ)), ∥(1 + P1(ξ, λ))u∥2 ⩾ ∥u∥2 + ∥P1(ξ, λ)u∥2

is due to the accretivity of P1(ξ, λ).
By the Young inequality ab < c4a

4/3 + 1
8b

4, we deduce

∥P1(ξ, λ)u∥2 ⩾
∥∥∥∥1

2∆p1u
∥∥∥∥2

+ ∥(λ− p1ξ)u∥2 − |⟨ξu, Dp1u⟩|

⩾
∥∥∥∥1

2∆p1u
∥∥∥∥2

+ ∥(λ− p1ξ)u∥2 −
[
c4

∥∥∥|ξ|2/3u
∥∥∥2

+ 1
8∥∆p1u∥2

]
⩾

1
2

∥∥∥∥1
2∆p1u

∥∥∥∥2
+ ∥(λ− p1ξ)u∥2 − c4

∥∥∥|ξ|2/3u
∥∥∥2
.

Consider now the lower bound of ∥P1(ξ, λ)u∥ by ∥|ξ|2/3u∥. It is obviously true for
ξ = 0. For ξ ̸= 0, the operator

P1(ξ, λ) = i(p− p0)ξ − 1
2∆p1 , p0 = λ

ξ
,

is unitarily equivalent to |ξ|2/3P1(1, 0) = |ξ|2/3(ip1 − 1
2∆p1) and there exists c1 > 0

such that
∀ u ∈ D(P1(ξ, λ)), ∥P1(ξ, λ)u∥ ⩾ c1|ξ|2/3∥u∥.

There exists a constant C1 ⩾ 1 such that

∀ (ξ, λ) ∈ R2, ∀ u ∈ D(P1(ξ, λ)),

C1∥P1(ξ, λ)u∥2 ⩾ ∥u∥2 +
∥∥∥∥1

2∆p1u

∥∥∥∥2
+ ∥(p1ξ − λ)u∥2 +

∥∥∥|ξ|2/3u
∥∥∥2
.

The lower bound (B.1) is then obviously true for |λ| ⩽ 1 and it suffices to consider
the case λ ⩾ 1.

Take a dyadic partition of unity χ2
0(εp1) + ∑∞

ℓ=1 χ
2(ε2−ℓp1) ≡ 1 with suppχ0 ∪

suppχ ⊂ [−4, 4] and for all ℓ ∈ N, we define χℓ by

∀ t ∈ R+, χℓ(t) =

χ(ε2−ℓt) if ℓ ̸= 0
χ0(εt) if ℓ = 0.

We get

∥P1(ξ, λ)u∥2 −
∞∑
ℓ=0

∥P1(ξ, λ)χℓu∥2 ⩽ Cχε
2
[
∥∂p1u∥2 + ∥u∥2

]
⩽ 16C1Cχε

2∥P1(ξ, λ)u∥2
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for some constant Cχ > 0 determined by the pair (χ0, χ). By taking ε ⩽ 1
8
√
C1Cχ

it
suffices to consider

∥P1(ξ, λ)(χℓu)∥ = 1
22ℓ

∥∥∥P1(ξ23ℓ, λ22ℓ)uℓ
∥∥∥

with uℓ(p1) = 2ℓ/2(χℓu)(2ℓp1) and suppuℓ ⊂ [−4ε−1, 4ε−1].
There are two cases:

• |λ22ℓ| ⩾ 2(4ε−123ℓ|ξ|) and then

∀ p1 ∈ suppuℓ,
∣∣∣λ22ℓ − p1ξ23ℓ

∣∣∣ ⩾ |λ|22ℓ − 4ε−123ℓ|ξ| ⩾ |λ|22ℓ

2
This implies

C1

∥∥∥∥ 1
22ℓP1(ξ23ℓ, λ22ℓ)uℓ

∥∥∥∥2
⩾

∥∥∥∥∥ |λ|22ℓ

2 × 22ℓuℓ

∥∥∥∥∥
2

⩾

∥∥∥∥∥ |λ|2

2 uℓ

∥∥∥∥∥
2

Finally with |λ| ⩾ 1 and |λ| ⩾ |λ|2/3 ⩾
(

|λ|
2ℓ
)2/3

we obtain

4C1

∥∥∥∥ 1
22ℓP1(ξ23ℓ, λ22ℓ)uℓ

∥∥∥∥2
⩾

∥∥∥∥∥∥
(

|λ|
2ℓ

)2/3

uℓ

∥∥∥∥∥∥
2

,

in this case.
• |λ22ℓ| ⩽ 2(4ε−123ℓ|ξ|) and then the lower bound

C1

∥∥∥∥ 1
22ℓP1(ξ23ℓ, λ22ℓ)uℓ

∥∥∥∥2
⩾
∥∥∥|ξ|2/3uℓ

∥∥∥2

implies with |ξ| ⩾ 4−1ε|λ|
2ℓ+1

C1

∥∥∥∥ 1
22ℓP1(ξ23ℓ, λ2ℓ)uℓ

∥∥∥∥2
⩾

4−4/3ε4/3

16

∥∥∥∥∥∥
(

|λ|
2ℓ

)2/3

uℓ

∥∥∥∥∥∥
2

.

We conclude with the uniform equivalence
C−1
ε ⟨p⟩ ⩽ 2ℓ ⩽ Cε⟨p⟩

on suppuℓ where ε ⩽ 1
8
√
C1Cχ

and all the other constants are actually universal
constants once the pair (χ0, χ) for the dyadic partition of unity is fixed. □

Appendix C. Result used to localize the operator

In this appendix M is a manifold endowed with a volume density d vol and πE :
E → M is a smooth complex vector bundle endowed with a Hermitian metric gE,
so that L2(M ;E) is well defined with the norm ∥ ∥L2(M ;E) simply denoted by ∥ ∥.

For a differential operator P acting on C∞
0 (M ;E) and a function χ ∈ C∞(M), the

equality χP = Pχ− [P, χ] and the triangular inequality give
∀ u ∈ C∞

0 (M ;E), ∥Pχu∥ − ∥[P, χ]u∥ ⩽ ∥χPu∥ ⩽ ∥Pχu∥ + ∥[P, χ]u∥.
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It then follows that

∀ u ∈ C∞
0 (M ;E), 1

2∥Pχu∥2 − ∥[P, χ]u∥2 ⩽ ∥χPu∥2 ⩽ 2∥Pχu∥2 + 2∥[P, χ]u∥2.

After three iterations with the additional assumptions that third order commutators
vanish, which is relevant for differential operators of order less or equal to 2, we get
the following statement.

Proposition C.1. — Let P be a differential operator acting on C∞
0 (M ;E) and

let χ1, χ2 and χ3 be three C∞ functions such that

(C.1) [[[P, χ1], χ2], χ3] = 0.

The following inequalities hold for u in C∞
0 (M ;E)

∥χ1χ2χ3Pu∥2 ⩽ 2∥χ2χ3Pχ1u∥2 + 4∥χ3[P, χ1]χ2u∥2 + 8∥[[P, χ1], χ2]χ3u∥2

and

∥χ1χ2χ3Pu∥2 ⩾
1
2∥χ2χ3Pχ1u∥2 − 2∥χ3[P, χ1]χ2u∥2 − 4∥[[P, χ1], χ2]χ3u∥2.

Applying the above proposition with a locally finite quadratic partition of unity
(χℓ)ℓ∈L, χℓ ∈ C∞

0 , ∑ℓ∈L χ
2
ℓ ≡ 1, and summing over the indices ℓ1, ℓ2 and ℓ3 leads to

(C.2) ∥Pu∥2 ⩽ 2
∑
ℓ1

∥Pχℓ1u∥2 + 4
∑
ℓ1,ℓ2

∥[P, χℓ2 ]χℓ1u∥2 + 8
∑

ℓ1,ℓ2,ℓ3

∥[[P, χℓ2 ], χℓ3 ]χℓ1u∥2

and

(C.3) ∥Pu∥2 ⩾
1
2
∑
ℓ1

∥Pχℓ1u∥2 − 2
∑
ℓ1,ℓ2

∥[P, χℓ2 ]χℓ1u∥2 − 4
∑

ℓ1,ℓ2,ℓ3

∥[[P, χℓ2 ], χℓ3 ]χℓ1u∥2

for all u ∈ C∞
0 (M ;E).

With (C.2)–(C.3) we have

Corollary C.2. — Let (χℓ)ℓ∈L be a family of functions such that∑
ℓ∈L

χ2
ℓ = 1

and let P be a second order differential operator such that

(C.4) ∀ u ∈ C∞
0 (M ;E),
r

2
∑
ℓ1

∥Pχℓ1u∥2 ⩾ 2
∑
ℓ1,ℓ2

∥[P, χℓ2 ]χℓ1u∥2 + 4
∑

ℓ1,ℓ2,ℓ3

∥[[P, χℓ2 ], χℓ3 ]χℓ1u∥2

for some r ∈ (0, 1). Then

(C.5) ∀ u ∈ C∞
0 (M ;E), (2 + r)

∑
ℓ∈L

∥Pχℓu∥2 ⩾ ∥Pu∥2 ⩾
1 − r

2
∑
ℓ

∥Pχℓu∥2.
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Appendix D. N − loc and N − comp functional spaces

Let f : M → N be a C∞ map from the manifold M to the manifold N , let E πE−→ M
be a vector bundle and F(M ;E) be a locally convex space of sections continuously
embedded in D′(M ;E) (abbreviated as a functional space of sections) such that for
any χ ∈ C∞

0 (N ;R) the multiplication by χ ◦ f is a continuous endomorphism of
F(M ;E). The notation Ff−loc(M ;E) will denote the set of sections s of E such that

∀ χ ∈ C∞
0 (N ;R), [χ ◦ f ]s ∈ F(M ;E).

Once Ff−loc(M ;E) is defined Ff−comp(M ;E) is the set of sections s ∈ Ff−loc(M ;E)
such that there exists χ ∈ C∞

0 (N ;R) with s = [χ ◦ f ]s. For s ∈ Ff−loc(M ;E) the
f -support of s is defined by

f − supp s =
⋂
F⊂N
F closed

s|f−1(N\F )≡0

F = f(supp s).

For a compact subset K of N and
Ff−K(M ;E) = {s ∈ Ff−loc(M ;E), f − supp s ⊂ K}

and
Ff−comp(M ;E) =

⋃
K compact in N

Ff−K(M ;E).

When the topology on F(M ;E) is known, the topology on Ff−loc(M ;E) is the initial
topology for the collection of maps (s 7→ [χ◦f ]s)χ∈C∞

0 (N ;R). This induces the topology
on Ff−K(M ; E) and the topology on Ff−comp(M ;E) is the inductive limit topology.

We will use this in a particular case.

Definition D.1. — Let M = T ∗N or M = T ∗(T ∗N) be endowed with the
natural projection π : M → N and let F(M ;E) ⊂ D′(M ;E) be a functional space
of sections of the vector bundle E πE−→ M which is a C∞

0 (N ;R)-module. We will use in
both cases the notation FN−loc(M ;E) = Fπ−loc(M ;E), N−supp s = π−supp s ⊂ N ,
FN−K(M ; E) = Fπ−K(M ;E), FN−comp(M ;E) = Fπ−loc(M ;E).

When N is a locally compact manifold, introducing a locally finite atlas and
a subordinate partition of unity ∑

i∈I χi(q) ≡ 1 reduces the characterization of
s ∈ FN−loc(M ;E), M = T ∗N or M = T ∗(T ∗N) to the meaning of s ∈ FΩ−loc(M ;E),
M = T ∗Ω = Ω ×Rd or M = T ∗(T ∗Ω) = Ω ×R3d and the invariance of FΩ−loc(M ;E)
via a diffeomorphism ϕ : Ω → Ω. With the extension by 0 and the restriction, the
embeddings FΩ−comp(Ω;E) ⊂ FN−comp(N ;E) ⊂ FΩ′−loc(Ω′;E) hold for two different
open sets Ω and Ω′ in N .

Example D.2. — The spaces SN−comp(T ∗N ;C), S ′
N−comp(T ∗N ;C) and their re-

spective duals S ′
N−loc(T ∗N ;C) and SN−loc(T ∗N ;C) are well defined for any locally

compact manifold N .
If additionally N is compact SN−loc(T ∗N ;C) = SN−comp(T ∗N ;C) (resp. S ′

N−loc =
S ′
N−comp) will be simply denoted S(T ∗N ;C) (resp. S ′(T ∗N ;C)).
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The Schwartz kernel theorem for continuous maps C∞
0 (T ∗N ;C) → D′(T ∗N ;C)

implies that any continuous map from A : SN−comp(T ∗N ;C) → S ′
N−loc(T ∗N ;C)

admits a kernel in KA ∈ S ′
N×N−loc(T ∗(N × N);C). Additionally A is continuous

from S ′
N−comp(T ∗N ;C) to SN−loc(T ∗N ;C) if and only if its kernel KA belongs to

SN×N−loc(T ∗(N ×N);C).

Other N − loc and N − comp spaces are introduced in the text.

Appendix E. Some pseudo-differential calculus on X = T ∗Q

The manifold Q is either a compact manifold which can be endowed with any
Riemannian metric or Rd. The total space of the cotangent bundle is denoted by
X = T ∗Q and symbols of pseudo-differential operators are defined as functions on
T ∗X = T ∗(T ∗Q). The pseudo-differential calculus presented here and, of which the
global geometrical meaning is checked, implements the idea that ∂qi is an operator of
order 1 while pi× and ∂pi are of order 1/2 as presented in [Leb05, Leb07]. However
our presentation, like our definition of the spaces W̃k(X; E) in Definition 1.2 slightly
differ from Lebeau’s approach (see Remark 1.3).

E.1. Definitions and properties

We give here the definitions and state the main properties but their global geo-
metrical meaning will be consequences of the subsequent paragraphs.

Definition E.1. — For any coordinate system (q1, . . . , qd) on a coordinate do-
main Ω ⊂ Q, the associated canonical coordinates on T ∗Ω ⊂ X are written
(q1, . . . , qd, p1, . . . , pd) with p = pidq

i ∈ T ∗
qQ. Accordingly doubly canonical coor-

dinates on T ∗(T ∗Ω) ⊂ T ∗X associated with the coordinates (q1, . . . , qd) on Ω will
be (q, p, ξ, η) with (ξ, η) = ξidq

i + ηidpi ∈ T ∗
q,pX for the canonical coordinates (q, p)

associated with the coordinates (q1, . . . , qd). Those coordinates will be abbreviated
as X = (x,Ξ) ∈ Ω × R3d with x = (q, p) ∈ Ω × Rd and Ξ = (ξ, η) ∈ R2d.

Definition E.2. — The set SmΨ (Q;C) is the class of functions a ∈ C∞(T ∗X;C)
such that for any doubly canonical coordinate system (q, p, ξ, η) on T ∗(T ∗Ω), where
Ω is a coordinate domain in Q, the following inequalities hold:

(E.1) ∀ K ⊂⊂ Ω, ∀ (α, β, γ, δ) ∈ Nd, ∃ CK,α,β,γ,δ > 0, ∀ (q, p, ξ, η) ∈ K × (Rd)3,

∣∣∣∂αq ∂βp ∂γξ ∂δηa(q, p, ξ, η)
∣∣∣ ⩽ CK,α,β,γ,δ

(
1 + |ξ|2 + |p|4 + |η|4

)m−|γ|− |β|+|δ|
2

2 .

The intersection ⋂m∈R S
m
Ψ (Q;C) is denoted by S−∞

Ψ (Q;C). The topology on SmΨ (Q;C)
is given by the seminorms pK,α,β,γ,δ(a) which are the best constant CK,α,β,γ,δ in
the above inequality. For any open set Ω ⊂ Q, the spaces SmΨ,Ω−loc(Ω;C) and
SmΨ,Ω−comp(Ω;C) are defined according to Appendix D. Finally the equivalence rela-
tion a1 ∼ a2 means a1 − a2 ∈ S−∞

Ψ (Q;C).
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Actually S−∞
Ψ (Q;C) = SQ−loc(T ∗(T ∗Q);C) = S(T ∗(T ∗Q);C) with the notations

of Appendix D.
Definition E.3. — The quantization of a symbol a ∈ SmΩ−comp(Ω;C) is given by

a(q, p,Dq, Dp)u

=
∫

Ω×R3d
ei[ξ·(q−q

′)+η·(p−p′)]a(q, p, ξ, η)u(q′, p′) dq′dp′dξdη ∈ S ′
Ω−comp(T ∗Ω;C)

for any u ∈ S ′
Ω−comp(T ∗Ω;C).

The global definition of a(q, p,Dq, Dp) for a ∈ SmΨ (Q;C) is given by

(E.2) a(q, p,Dq, Dp)u =
N∑
n=1

(χn(q)a)(q, p,Dq, Dp)(χ̃n(q)u)

for some partition of unity ∑N
n=1 χn ≡ 1 on Q subordinate to a finite atlas Q =⋃N

n=1 Ωn with χ̃n ∈ C∞
0 (Ωn; [0, 1]), χ̃n ≡ 1 in a neighborhood of suppχn.

The set R(Q;C) of regularizing operators is L(S ′(T ∗Q;C); S(T ∗Q;C)).
The set {a(q, p,Dq, Dp) +R, a ∈ SmΨ (Q;C), R ∈ R(Q;C)} is denoted OpSmΨ (Q;C)

and OpS−∞
Ψ (Q;C) = R(Q;C) with the equivalence relation A1 ∼ A2 in OpSmΨ (Q;C)

iff A1 = A2 +R with R ∈ R(Q;C).
This pseudo-differential calculus has the same properties listed below as the

classical pseudo-differential calculus and our approach relies on the global pseudo-
differential calculus when Q = Rd recalled in the next paragraph.

Properties. —
(a) For any vector bundle C∞ isomorphism Φ : T ∗Q → T ∗Q′ given by

(q′, p′) = Φ(q, p) = (ϕ(q), L(q) · p) with L(q) ∈ GL(TqQ;Tϕ(q)Q
′),

the pull-back Φ∗ defined by [Φ∗a](x,Ξ) = a(Φ(x), tdΦ−1(x) ·Ξ) with x = (q, p)
and Ξ = (ξ, η) defines a continuous isomorphism from SmΨ (Q′;C) to SmΨ (Q;C).

Any a ∈ SmΨ (Q;C) equals ∑N
n=1 χn(q)a for any finite partition of unity∑N

n=1 χn(q) ≡ 1. The particular case where L(q) = tdϕ(q)−1 says that χna ∈
SmΨ,Ωn−comp(Ωn,C) is independent of the choice of the coordinate system
(q1, . . . , qd).

(b) When a ∈ SmΨ,Ω−comp(Ω;C) and χ̃1 and χ̃2 are two elements of C∞
0 (Ω; [0, 1])

such that χ̃1−χ̃2 ≡ 0 in a neighborhood of Ω−supp a, the operator a◦[χ̃1−χ̃2]
belongs to OpS−∞

Ψ (Q;C). This property ensures that the quantization (E.2)
is actually independent of the choice of the χ̃n cut-off functions as a map
from SmΨ (Q;C)/S−∞

Ψ (Q;C) to OpSmΨ (Q;C)/OpS−∞
Ψ (Q;C).

(c) For any a ∈ SmΨ (Q;C) the operator a(q, p,Dq, Dp) defined by (E.2) is contin-
uous from S(X;C) to S(X;C) and from S ′(X;C) to S ′(X;C).

(d) The set ⋃m∈R OpSmΨ (Q;C) is an algebra for the composition product with
a1(q, p,Dq, Dp) ◦ a2(q, p,Dq, Dp)
= [a1a2](q, p,Dq, Dp) mod OpSm1+m2−1

Ψ (Q;C), [a1(q, p,Dq, Dp), a2(q, p,Dq, Dp)]

=
[1
i
{a1, a2}

]
(q, p,Dq, Dp) mod OpSm1+m2−2

Ψ (Q;C),
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for ak ∈ SmkΨ (Q;C) and {a1, a2} = ∂ξ·a1∂qa2+∂ηa1·∂pa2−∂qa1·∂ξa2−∂pa1·∂ηa2
in doubly canonical coordinates.

(e) For any family (aj)j∈N with aj ∈ Sm−j
Ψ (Q;C) there exists a ∈ SmΨ (Q;C) such

that a−∑J
j=0 aj ∈ Sm−J−1

Ψ (Q;C), which is simply written a ∼ ∑
j∈N aj.

In particular for any a ∈ OpSmΨ (Q;C) which is elliptic (|a(q, p, ξ, η)| ⩾
C−1(1 + |ξ|2 + |p|4 + |η|4)m/2) there exists b ∼ ∑∞

n=0 bj with b0 = 1
a0

such that
b(q, p,Dq, Dp) ◦ a(q, p,Dq, Dp) ∼ a(q, p,Dq, Dp) ◦ b(q, p,Dq, Dp) ∼ Id.

(f) For any a ∈ S0
Ψ(Q;C), a(q, p,Dq, Dp) ∈ L(L2(X, dqdp;C);L2(X, dqdp;C))

with
∥a(q, p,Dq, Dp)∥L(L2;L2) ⩽ C sup

|α|+|β|+|γ|+|δ|⩽Nd
pα,β,γ,δ(a)

for some Nd ∈ N determined by d = dimQ.
(g) When Φ : T ∗Q → T ∗Q′ is a C∞-isomorphism like in (a) and the unitary map

UΦ : L2(X ′, dq′dp′;C) → L2(X, dqdp;C) is defined by

[UΦu](q, p) =
√

|det(dϕ(q)) det(L(q))|u(ϕ(q), L(q).p),

then for any a ∈ SmΨ (Q′;C), UΦa(q′, p′, Dq′ , Dp′)U−1
Φ = b(q, p,Dq, Dp) ∈

OpSmΨ (Q;C) with b ∼ ∑∞
j=0 bj and b0 = (Φ∗a).

When L(q) = tdϕ(q)−1 and q ∈ Ω a coordinate domain in Q, this result con-
tains the fact that the space of pseudo-differential operator OpSmΨ,Ω−comp(Ω;C)
does not depend on the choice of coordinates on Q with a functorial trans-
formation of the principal symbol. With the local definition of the quantiza-
tion (E.2) and (b), the space OpSmΨ (Q;C) has a global geometric meaning.

(h) The vector bundle version of pseudo-differential operators a(q, p,Dq, Dp) ∈
OpSmΨ (Q;π∗

2(End(E))) acting on sections of π∗
X(E) where X = T ∗Q

πX−→ Q

and T ∗X
π2−→ Q are the natural projection and E

πE−→ Q is a vector bundle
over Q, is reduced to the case of matricial pseudo-differential operators acting
on CN -valued sections via the localized definition (E.2). It has the same
properties as the scalar pseudo-differential operators except for the principal
symbol of a commutator. We will use the abbreviation OpSmΨ (Q; End E) for
OpSmΨ (Q; π∗

2(End(E))).
(i) The seminorm topology on OpSmΨ (Q;C) and the continuity properties of

(A1, A2) → A1 ◦A2 and of A → UΦ ◦A ◦U−1
Φ are discussed in Subsection E.4.

E.2. Global calculus when Q = Rd

Let T ∗(T ∗Rd) = R4d
q,p,ξ,η and consider the function

Ψ(q, p, ξ, η) =
√

1 + |ξ|2 + |η|4 + |p|4.

The symbol class S(m, gΨ) is the set of a ∈ C∞(R4d;C) such that:

∀ α, β, γ, δ ∈ Nd, ∃ Cα,β,γ,δ > 0, ∀ X = (q, p, ξ, η) ∈ R4d,∣∣∣∂αq ∂βp ∂γξ ∂δηa(X)
∣∣∣ ⩽ Cα,β,γ,δm(X)Ψ(X)−|γ|− |β|+|δ|

2
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and the topology on S(m, gΨ;C) is given by the family of the seminorms

pm,k(a) =
∑

|α|+|β|+|γ|+|δ|⩽k
X∈R4d

∣∣∣∣∣∣ ∂αq ∂
β
p ∂

γ
ξ ∂

δ
ηa(X)

m(X)Ψ−|γ|− |β|+|δ|
2 (X)

∣∣∣∣∣∣.
We follow the terminology of [Bon97].

Proposition E.4. — The metric gΨ = dq2 + dξ2

Ψ2 + dp2

Ψ + dη2

Ψ on T ∗R2d
q,p = R4d

q,p,ξ,η

is a split Hörmander metric with the gain function Ψ(q, p, ξ, η).
Additionally it is geodesically temperate with gσΨ = Ψ2gΨ.
For any s ∈ R, the function Ψs is a gΨ-weight for any s ∈ R and an elliptic symbol

in S(Ψs, gΨ).

Remember that σ = ∑2d
j=1 dΞj ∧dxj denotes the canonical symplectic form on R4d

x,Ξ,
with here x = (q, p) and Ξ = (ξ, η).

For the sake of conciseness and without any possible confusion here, we follow the
usual abusive convention for the presentation of Weyl–Hörmander calculus and write
shortly

gΨ,X(T ) def.= gΨ,X(T, T )
for the quadratic form applied to the tangent vector T = (tx, tΞ) instead of gΨ,X(T, T ).

Proof. — The properties gσΨ = Ψ2gΨ and gΨ,X(tx,−tΞ) = gΨ,X(tx, tΞ) (gΨ is split),
Ψ ⩾ 1 (Hörmander uncertainty condition) and Ψs ∈ S(Ψs, gΨ;C) are obvious.

The inequality

(E.3)
(
gΨ,X

gΨ,X′

)±1

⩽ max

1,
(

Ψ(X)
Ψ(X ′)

)±2

,

(
Ψ(X)
Ψ(X ′)

)±1
,

says that the slowness and (geodesic) temperance are proved when Ψ is a slow and
(geodesically) tempered weight for gΨ.

Slowness. — Set X = (q, p, ξ, η) and X ′ = (q′, p′, ξ′, η′).For gΨ,X(X ′ − X) ⩽ 1
R2

let us prove
(

Ψ(X)
Ψ(X′)

)−1
⩽ R2 for R > 1 large enough.

The assumption implies

|ξ̃ − ξ̃′| ⩽

√
1 + |ξ̃|2

R
= ⟨ξ̃⟩

R
with

ξ̃ = 1
(1+|p|4+|η|4)1/2 ξ

ξ̃′ = 1
(1+|p|4+|η|4)1/2 ξ

′.

We deduce
|ξ̃′|2 ⩽ 2|ξ̃|2 + 2|ξ̃′ − ξ̃|2 ⩽

(
1 + 2

R2

)
⟨ξ̃⟩2,

and
|ξ̃|2 ⩽ 2⟨ξ̃′⟩2 + 2

R2 ⟨ξ̃⟩2.

This gives for R ⩾ 2,(
1 − 2

R2

)
⟨ξ̃⟩2 ⩽ 2⟨ξ̃′⟩2 ⩽ 2

(
1 + 2

R2

)
⟨ξ̃⟩2
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and (
Ψ(q, p, ξ, η)
Ψ(q′, p, ξ′, η)

)±1

⩽ 2
(

1 + 2
R2

)
.

Let us consider now the quantity(
Ψ(q′, p, ξ′, η)
Ψ(q′, p′, ξ′, η′)

)±1

while noticing that the first result and the assumption gΨ,X(X −X ′) ⩽ 1
R2 implies

|p− p′| ⩽ 1
R

Ψ(q, p, ξ, η)1/2 ⩽

√
2(1 + 2/R2)

R
Ψ(q′, p, ξ′, η)1/2

⩽
2
R

(1 + |ξ′|2 + |p|4 + |η|4)1/4

and

|η − η′| ⩽

√
2(1 + 2/R2)

R
Ψ(q′, p, ξ′, η)1/2

⩽
2
R

(1 + |ξ′|2 + |p|4 + |η|4)1/4

with
2
R

(1 + |ξ′|2 + |p|4 + |η|4)1/4 ⩽
2⟨ξ′⟩1/2(1 + |p̃|2 + |η̃|2)1/2

R

by setting p̃ = ⟨ξ′⟩−1/2p and η̃ = ⟨ξ′⟩−1/2η. By using the same normalization for
(p̃′, η̃′) we deduce that the vectors Y = (p̃, η̃) and Y ′ = (p̃′, η̃′) satisfy

|Y − Y ′| ⩽ 2
R

⟨Y ⟩

and again (
Ψ(q′, p, ξ′, η)
Ψ(q′, p′, ξ′, η′)

)±1/2

=
(

⟨Y ⟩
⟨Y ′⟩

)±1

⩽ 2(1 + 8
R2 )

when R/2 > 2. We deduce the uniform inequality(
Ψ(X)
Ψ(X ′)

)±1

=
(

Ψ(q, p, ξ, η)
Ψ(q′, p, ξ′, η)

)±1

×
(

Ψ(q′, p, ξ′, η)
Ψ(q′, p′, ξ′, η′)

)±1

⩽ 2
(

1 + 2
R2

)
4
(

1 + 8
R2

)2
⩽ 212 ⩽ R

as soon as gΨ,X(X ′ −X) ⩽ 1
R2 if R ⩾ 212.

Geodesic Temperance. — With gσΨ ⩾ dq2 + dξ2 + dp2 + dη2, we get gσΨ,X(X −
X ′) ⩾ |X − X ′|2 and the same inequality holds for the geodesic distance for gσΨ,
dσΨ(X,X ′) ⩾ |X −X ′|.

From

Ψ(q′, p′, ξ′, η′)2 ⩽ 1 + |ξ′|2 + (|p′|2 + |η′|2)2

⩽ 1 + 2|ξ|2 + 2|ξ′ − ξ|2 + (2|p|2 + 2|p′ − p|2 + 2|η|2 + 2|η′ − η|)2
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we deduce
Ψ(q′, p′, ξ′, η′)2 ⩽ 64Ψ(q, p, ξ, η)2(1 + |ξ′ − ξ|2)(1 + |p′ − p|2 + |η′ − η|2)2

and the symmetric version results from the exchange X ↔ X ′. We obtain(
Ψ(X)
Ψ(X ′)

)±2

⩽ 64(1 + |q− q′|2 + |ξ− ξ′|2 + |p′ −p|2 + |η′ − η|2)3 ⩽ 64(1 + |X−X ′|2)3.

With |X − X ′|2 ⩽ min(gσΨ,X(X − X ′); dσΨ(X,X ′)2), this proves that the weight Ψ,
and the metric gΨ owing to (E.3), are geodesically tempered. □

We recall that

Dx.DΞ =
2d∑
k=1

(1
i
∂xk

)(1
i
∂Ξk

)
= −

2d∑
k=1

∂xk∂Ξk

and

σ(DX1 , DX2) = −
2d∑
k=1

∂Ξ1,k∂x2,k − ∂x1,k∂Ξ2,k ,

have real quadratic symbols (replace D by the corresponding Fourier variable).
All the results of [Hör85, Chapter XVIII] can be applied for the Weyl quantization

aW (q, p,Dq, Dp) when a ∈ S(m, gΨ) and m is a gΨ-weight. Because gΨ is split, the
Weyl and standard quantizations are equivalent and we recall a(x,Dx) = bW (x,Dx)
with

a = eiDx.DΞ/2b =
N−1∑
n=0

(iDx.DΞ/2)n
n! b+RN,+(b)

b = e−iDx.DΞ/2a =
N−1∑
n=0

(−iDx.DΞ/2)n
n! a+RN,−(a)

where every nth term is continuous from S(m, gΨ) to S(mΨ−n, gΨ) while the
remainders are continuous from S(m, gΨ) to S(mΨ−N , gΨ). Accordingly if a1♯

Wa2
(resp. a1♯a2) denote the symbols of aW1 (x,Dx)◦aW2 (x,Dx) (resp. a1(x,Dx)◦a2(x,Dx))
we know

a1♯
Wa2(X) = eiσ(DX1 ,DX2 )/2a1(X1)a2(X2)

∣∣∣
X1=X2=X

=
N−1∑
n=0

(iσ(DX1 , DX2)/2)n
n! a1(X1)a2(X2)

∣∣∣
X1=X2=X

+RW
N (a1, a2),

and respectively

a1♯a2(X) = eiDΞ1 .Dx2a1(X1)a2(X2)
∣∣∣
X1=X2=X

=
N−1∑
n=0

(iDΞ1 .Dx2)n
n! a1(X1)a2(X2)

∣∣∣
X1=X2=X

+RN(a1, a2)

=
N−1∑
n=0

∑
|α|⩽n

1
i|α|α!∂

α
Ξa1∂

α
xa2 +RN(a1, a2),
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where every nth term is bilinear continuous from
S(m1, gΨ) × S(m2, gΨ) to S(m1m2Ψ−n, gΨ)

while the remainder is bilinear continuous from
S(m1, gΨ) × S(m2, gΨ) to S(m1m2Ψ−N , gΨ).

Two differences: aW (x,Dx)∗ = (a)W (x,Dx) remains true only modulo S(mΨ−1, gΨ)
for the classical quantization while f(x)a(x,Dx) = (fa)(x,Dx) remains true only
modulo S(mΨ−1, gΨ) for the Weyl quantization.

In [BC94] were introduced the general Sobolev spaces H(m, g) for any Hörmander
metric g and g-weight m as Hilbert spaces with the norms

∥u∥H(m,g) =
∥∥∥MW (x,Dx)u

∥∥∥
L2
,

where M ∈ S(m, g) is any fixed elliptic invertible operator.
We are concerned here with a simple case.

Definition E.5. — For s ∈ R the space W̃s(R2d;C) is nothing but H(Ψs, gΨ)
with the norm

∥u∥W̃s =
∥∥∥(Ms)W (x,Dx)u

∥∥∥
L2
.

with Ms = (Cs + Ψ|s|)sign s for some Cs ⩾ 1.

The invertibility of Ms(x,Dx) : W̃s(R2d;C) → L2(R2d, dqdp;C) comes from (Cs +
Ψ|s|)−1♯W (Cs + Ψ|s|) = 1 + O(1/Cs) in S(1, gΨ).

Because gΨ is geodesically tempered with gσΨ = Ψ2gΨ, J.M. Bony provides us
a simple version of Beals criterion in [Bon97]. In our particular case the symbol
class S+(1, gΨ) is nothing but the set of a ∈ C∞(R2d;C) such that for any i ∈
{1, . . . , d} ∂qia ∈ S(Ψ, gΨ), ∂ξia ∈ S(1, gΨ), while ∂pia and ∂ηia belong to S(Ψ1/2; gΨ).
An operator A equals aW (x,Dx) with a ∈ S(1, gΨ) if and only if all the commutators
adbW1 (x,Dx), . . . , adbWN (x,Dx) A for bn ∈ S+(1, gΨ) are bounded in L(L2;L2). Here

adbW (x,D) A = bW (x,Dx) ◦ A− A ◦ bW (x,Dx)

is defined as a continuous operator S(R2d) → S ′(R2d) for any A ∈ L(S(R2d); S ′(R2d)).
Alternatively, the simpler and original version of Beals criterion in [Bea77] works

here according [BC94] (see [NN98] for a detailed version of [BC94, Remark 5.6])
owing to the three properties

• The metric is diagonal in the canonical basis B of R4d = T ∗(R2d), written as

B =
{
∂qi , ∂pi , ∂ξi , ∂ηi , 1 ⩽ i ⩽ d

}
,

while the convex hull CX,B = {∑e∈B tegΨ,X(e)−1/2e, (te)e∈B ∈ [−1, 1]♯B} satis-
fies
∃ r ∈ ]0, 1], ∀ X ∈ R4d = T ∗(R2d), BgΨ,X (0, r) ⊂ CX,B ⊂ BgΨ,X(0, 2).

• If L(e) = (σ(e,X))W for e ∈ B with σ = dη ∧ dp + dξ ∧ dq and X the
radial vector field, we get L(∂qi) = −Dqi , L(∂pi) = −Dpi , L(∂ξi) = qi and
L(∂ηi) = pi.
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• For a finite family E = (en)1⩽n⩽N of elements of B the weight mE(X) equals

mE(X) =
NE∏
n=1

gΨ,X(ek)1/2 = Ψ(X)−N1−N2/2 with

N1 = ♯{k, ek ∈ {∂ξi}}
N2 = ♯{k, ek ∈ {∂pi , ∂ηi}}.

The Beals criterion thus says that A = aW (q, p,Dq, Dp) with a ∈ S(Ψs, gΨ) for some
gΨ-weight m, if and only if all the commutators

adαq adβp adγDq adδDp A

initially defined as continuous operators on S(R2d;C) (or on S ′(R2d;C)) actually
belongs to

L
(

W̃s0(R2d;C); W̃s0−s+|α|+ |β|+|δ|
2 (R2d;C)

)
for some s0 ∈ R (and equivalently for all s0 ∈ R). Additionally the topology on
S(Ψs; gΨ) is equivalently defined by the family of seminorms

(qΨs,k)k∈N or (q̃Ψs,k)k∈N,

qΨs,k(A) = max
|α|+|β|+|γ|+|δ|⩽k

∥∥∥adαq adβp adγDq adδDp A
∥∥∥

L
(
L2;W̃−s+|α|+ |β|+|δ|

2
).

Beals criterion is especially convenient for the link between a global pseudo-differen-
tial calculus and functional analysis.

Proposition E.6. — Assume that A = aW (x,Dx) is a self-adjoint operator in
L2(R2d, dqdp;C) with an elliptic (and real) symbol a ∈ S(Ψµ, gΨ) (ellipticity means
here a ⩾ 1

C
Ψµ uniformly on R2d) such that D(A) = W̃µ(R2d;C). Then for any

f ∈ S(⟨t⟩s, dt2⟨t⟩2 ;C), the operators f(A) and f(A) − f(a)W (q, p,Dq, Dp) are pseudo-
differential operators with symbols respectively in S(Ψµs, gΨ) and S(Ψµs−1, gΨ).

If additionally A ⩾ C IdL2 with C > 0, then the same result holds for As and
As − (as)W (q, p,Dq, Dp).

Proof. — The proof of Bony in [Bon97, Theorem 3.8] relies on the Helffer–Sjöstrand
functional calculus formula very convenient with Beals criterion (seminorms on
S(Ψs, gΨ) are expressed in terms of norms of commutators). We refer the reader
to [Bon97, DS99, HS89] or to the end of Subsection E.4 for a more detailed use of
Helffer–Sjöstrand formula. The only thing which was not verified in [Bon97], because
it is about a more general framework, is the principal symbol statement. Actually we
can focus on µ ⩾ 0 and when one knows that (z−A)−1 = bWz (x,Dx) with seminorms
of bz estimated by pΨ−µ,k(b) ⩽ Ck

⟨z⟩Nk
| Im z|Nk it suffices to write ( 1

z−a)W ◦ (z − A) =
1 + rWz (x,DX) with seminorms of rz ∈ S(Ψ−1, gΨ) estimated by

pΨ−1,k(rz) ⩽ C ′
k

⟨z⟩N ′
k

| Im z|N ′
k

+1 .

We deduce ( 1
z−a)W − (z−A)−1 = cWz (x,Dx) with pΨ−µ−1,k(cz) estimated by ⟨z⟩N

′′
k

| Im z|N
′′
k

+1 .
Inserting this into Helffer–Sjöstrand formula proves the result for s < 0, by simple
integration. For s ⩾ 0, write f(A) = (i + A)NfN(A) with fN(t) = (i + t)−Nf(t) ∈
S(⟨t⟩s−N , dt2⟨t⟩2 ) and N large enough. □
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The former result provides us an easy way for comparing various simple definitions
of the spaces W̃s(R2d;C) and the equivalence of the norms.

Proposition E.7. — Consider the self-adjoint operator A = 1−∆2
q+
(

−∆p+|p|2
2

)2

in L2(R2d, dqdp;C) with domain D(A) = W̃2(R2d;C). Let ∑∞
ℓ=−1 θ

2
ℓ (t) ≡ 1 on [0,+∞)

be a quadratic dyadic partition of unity like in (4.2). Then the following squared
norms on W̃s(R2d;C) are equivalent with ∥ ∥2

W̃s :
(i) ∥As/2u∥2

L2(R2d,dqdp;C) for any s ∈ R;

(ii)
∥∥∥(−∆p+|p|2

2

)s
u
∥∥∥2

L2(R2d,dqdp;C)
+ |Dq|su∥2

L2(R2d,dqdp;C) for s ⩾ 0;
(iii) ∑∞

ℓ=−1 ∥θℓ(|p|2)u∥2
W̃s ;

(iv) for s = k ∈ N, ∑|α|+ |β|+|γ|
2 ⩽k

∥∂αq pβ∂γpu∥2
L2(R2d,dqdp;C);

(v) for s = k ∈ N, ∑|α|+N3+|γ|
2 ⩽k

∥⟨p⟩N3∂αq ∂
γ
pu∥2

L2(R2d,dqdp:C);

Proof. — The equivalence with (i) is a direct application of Proposition E.6 because
C + A = aW (q, p,Dq, Dp) with a = C + 1 + |ξ|2 + 1

4(|p|2 + |η|2)2 mod S(Ψ1, gΨ)
which and a is elliptic for C > 0 large enough. For s ∈ R the functional calculus says
that ∥As/2u∥L2 is equivalent to ∥(C + A)s/2u∥L2 . But for C ⩾ Cs > 0 large enough
(C + A)s/2 = aWs (q, p,Dq, Dp) with as elliptic in S(Ψs, gψ) and ∥(C + A)s/2u∥L2 is
equivalent to ∥u∥W̃s .

The statement (ii) is actually a consequence of the functional calculus with (1 +
t2 + t′2)s ≍ t2s + t′2s for all t ⩾ 0, t′ ⩾ d/2 when s ⩾ 0 is fixed.

For s = k the squared norms of (iv)–(v) are equivalent to ⟨u,Bivu⟩L2 and ⟨u,Bvu⟩
with

Biv = C +
∑

|α|+ |β|+|γ|
2 ⩽k

Dγ
pD

2α
q p

2βDγ
p , Bv = C +

∑
|α|+N3+|γ|

2 ⩽k

Dγ
pD

2α
q ⟨p⟩2N3Dγ

p

which both have a symbol elliptic in S(Ψ2k, gΨ) for C > 0 large enough. By Propo-
sition E.6, the operators (C + Biv)1/2 and (C + Bv)1/2 have an elliptic symbol in
S(Ψk, gΨ) for C > 0 large enough and the two norms of (iv)–(v) are equivalent to
∥u∥W̃k for k ∈ N.

Finally for (iii), we use the partial Fourier Fq→ξ transform with respect to q which
sends L2(R2d, dqdp;C) onto the direct integral

∫
Rd L

2(Rd, dp;C) dξ
(2π)d . For s = k ∈ N

the squared norm in W̃k(R2d;C) is equivalent to

NC,k(u)2 = C∥u∥2
L2 +

∑
|α|+ |β|+|γ|

2 ⩽k

∥∥∥ξαpβ∂γpu∥∥∥2

L2

and to ∑2|α|+|β|+|γ|⩽2 NC,k−1(ξαpβ∂γpu)2. We are considering operators of order 2 in
∂p and Corollary C.2 can be applied with a recurrence with respect to k ∈ N and
gives

1
Ck

∞∑
ℓ=−1

NC,k(θℓ(|p|2)u) ⩽ NC,k(u)2 ⩽ Ck
∞∑

ℓ=−1
NC,k(θℓ(|p|2)u)2,

for all u ∈ C∞
0 (R2d;C) and by density for all u ∈ W̃k(R2d;C). The result for s ∈ R

follows by interpolation and duality. □
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Remark E.8. — The equivalence with (ii) could be done with a semi-classical
calculus aW (

√
hp,

√
hDp) with the semiclassical parameter h = 1√

C+|ξ|2
with the

symbol classes

S

(
⟨p, η⟩µ1⟨p⟩µ2⟨η⟩µ3 ,

dp2

⟨p⟩2 + dη2

⟨η⟩2

)
with

1 + h2

4 (−∆p + |p|2)2 = a1
(√

hp,
√
hDp

)
,

a1 elliptic in S

(
⟨p, η⟩4,

dp2

⟨p⟩2 + dη2

⟨η⟩2

)
and χℓ(|p|2) ∈ S

(
1, dp

2

⟨p⟩2 + dη2

⟨η⟩2

)
,

(see e.g. [Rob87] or [NN98]). The necessity of two Hörmander metrics suggests the
link with the second microlocalization of [BL89]. The chosen elementary method
suffices here.

E.3. Localization and geometric invariance

For the localization in Ω × R3d, q ∈ Ω, Ω open set of Rd, it is more convenient to
work with the classical quantization:

[a(q, p,Dq, Dp)](q, p, q′, p′) =
∫
R2d

ei[ξ·(q−q
′)+η·(p−p′)]a(q, p, ξ, η) dξdη

(2π)2d ,

for which ϱ(q)a(x,Dx) = [ϱ(q)a](x,Dx).
Every a ∈ S ′

Ω−loc(Ω×R3d;C) gives rise to a kernel in S ′
Ω×Ω−loc(Ω×Ω×R2d;C) and

therefore a continuous operator Aa from SΩ−comp(Ω × Rd;C) to S ′
Ω−loc(Ω × Rd;C)

and a 7→ Aa is a bijection. Consider the symbol class SmΨ,Ω−loc(Ω;C) characterized
by (E.1) with the associated space SmΨ,Ω−comp(Ω;C) and the spaces W̃sΩ−loc(Ω;C),
W̃s

Ω−comp(Ω;C). For two open sets Ω and Ω′ of Rd and ϱ ∈ C∞
0 (Ω;C) we have the

following continuous embeddings when the letter E in E(Ω) stands for SmΨ , W̃s,
S or S ′:

EΩ−comp(Ω) ⊂ ERd−comp(Rd) ⊂ EΩ′−loc(Ω′)
ϱ(q)EΩ′−comp(Ω′) ⊂ ϱ(q)ERd−comp(Rd) ⊂ EΩ−comp(Ω).

Notice also for • = loc or comp:⋂
s∈R

W̃sΩ−•(Ω × Rd;C) = SΩ−•(Ω × Rd;C)

and ⋃
s∈R

W̃sΩ−•(Ω × Rd;C) = S ′
Ω−•(Ω × Rd;C)

In particular symbols a ∈ SmΨ,Ω−comp(Ω;C) can be viewed as symbols a ∈ S(Ψm, gΨ).
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Therefore a(x,Dx) is a continuous operator from W̃s
Ω−comp(Ω×Rd;C) to W̃s

Ω−comp(Ω×
Rd;C). For χ ∈ C∞

0 (Ω; [0, 1]) such that χ ≡ 1 on a neighborhood Ωχ of Ω − supp a
we have

a(x,Dx)χ(q) : W̃s
Ω−loc(Ω × Rd;C) −→ W̃s

Ω−comp(Ω × Rd;C)
and

a(x,Dx)χ(q)|W̃s
Ωχ−comp

= a(x,Dx)|W̃s
Ωχ−comp

.

For two different choices of χ and χ′ which are equal to 1 in a neighborhood of
Ω − supp a, a ∈ SmΨ,Ω−comp(Ω;C), the differences a(x,Dx)χ(q) − a(x,Dx)χ′(q) =
a(x,Dx)(χ(q) − χ′(q)) = b(x,Dx) with b ∈ S(Ψ−∞, gΨ) and therefore is continuous
from S ′

Ω′−loc(Ω′ × Rd;C) to SΩ−comp(Ω × Rd;C), where Ω′ = Ω or any other open
subset of Rd.

Definition E.9. — For an open set Ω the set of regularizing operators is

R(Ω;C) = L
(
S ′

Ω−loc(Ω × Rd;C); SΩ−comp(Ω × Rd;C)
)
.

For two operators A,B continuous from SΩ−comp(Ω × Rd;C) to S ′
Ω−comp(Ω × Rd;C)

the equivalence A ∼ B is defined by A−B ∈ R(Ω;C).
The set OpSmΨ (Ω;C) is the set of sums a(x,Dx)χ(q)+R with a ∈ SmΨ,Ω−comp(Ω;C) ⊂

S(Ψm, gΨ), χ ∈ C∞
0 (Ω; [0, 1]) with χ ≡ 1 on a neighborhood of Ω − supp a, and

R ∈ R(Ω;C). The set OpS−∞
Ψ (Ω;C) is R(Ω;C).

With the previous remarks ⋃m∈R OpSmΨ (Ω;C) is an algebra and while the inter-
section ⋂

m∈R OpSmΨ (Ω;C) is clearly R(Ω;C) = OpS−∞
Ψ (Ω;C). Moreover if Aj =

aj(x,Dx)χj(q)+Rj ∈ OpSmΨ (Ωj; C) for j = 1, 2 then A1◦A2 ∈ OpSmΨ (Ω1∪Ω2;C) with
A1 ◦A2 ∼ a1(x,Dx) ◦a2(x,Dx)χ(q) = (a1♯a2)(x,Dx)χ(q) for any χ ∈ C∞

0 (Ω1 ∩ Ω2;C)
such that χ ≡ 1 on a neighborhood of Ω − supp a1 ∩ Ω − supp a2.

Definition E.10. — For A ∈ L(SΩ−comp(Ω × Rd;C); S ′
Ω−loc(Ω × Rd;C)), the

notation A ∼ ∑∞
j=0 aj(x,Dx) is thought of as a localized asymptotic sum, for a

sequence aj ∈ S
mj
Ψ,Ω−loc(Ω;C) with limj→∞ mj = −∞ and (mj)j∈N decreasing. It

means that for any pair ϱ, χ ∈ C∞
0 (Ω; [0, 1]), with χ ≡ 1 on a neighborhood of

Ω − supp ϱ, there exists aϱ ∈ Sm0
Ψ (Ω;C) such that ϱ(q)A ∼ aϱ(x,Dx)χ(q) and for

any J ∈ N, aϱ −∑J
j=0 ϱ(q)aj ∈ S

mJ+1
Ψ (Ω;C).

Notice that if A = ϱ̃(q)Aχ̃(q) for some ϱ̃, χ̃ ∈ C∞
0 (Ω;C) and aj = ϱ̃(q)aj for

all j ∈ N, the above condition is reduced to a − ∑J
j=0 aj ∈ SmJ+1(Ω;C) with a

independent of ϱ. Moreover the localized definition means that we can always consider
this simpler case.

The previous definition is justified by the following standard result.

Proposition E.11. — For any sequence aj ∈ S(Ψmj , gΨ) with mj decreasing and
limj→∞ mj = −∞, there exists a ∈ S(Ψm0 , gΨ) such that a−∑J

j=0 a ∈ S(ΨmJ+1 , gΨ).
For A ∈ L(SΩ−comp(Ω × Rd;C); S ′

Ω−loc(Ω × Rd;C)), A ∼ ∑∞
j=0 aj(x,Dx) is equiv-

alent to the apparently weaker condition A − ∑J
j=0 aj(x,Dx) ∈ L(W̃−µJ

Ω−comp(Ω ×
Rd;C); W̃µJ

Ω−loc(Ω × Rd;C)) with limJ→∞ µJ = −∞.
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Proof. — The first statement can be reduced to the case where mj = m0 − j by
putting together bn = ∑

m0−n−1<mj⩽m0−n aj. Then use the standard Borel summation
in S(Ψm0 , gΨ) by taking

a =
∞∑
n=0

(1 − χ)
(

Ψ
Nn(1 + pΨm0−n,n(bn))

)
bn

for χ ∈ C∞
0 (R; [0, 1]) equal to 1 in a neighborhood of 0 and the sequence (Nn)n∈N

being increasing fast enough such that for every k ∈ N,
∞∑
n=k

pΨm0−k,k

[
(1 − χ)

(
Ψ

Nn(1 + pΨm0−n,n(bn)

)
bn

]
< +∞.

For the second statement, fix ϱ, χ ∈ C∞(Ω; [0, 1]) with χ ≡ 1 in a neighborhood
of ϱ. Then take aϱ ∈ S(Ψm0 , gΨ) such that aϱ −∑j

j=0 ϱ(q)aj ∈ S(ΨmJ+1 , gΨ). For any
J ∈ N, the difference D = ϱ(q)Aχ(q) − aϱ(x,Dx)χ(q) equals

D = ϱ(q)Aχ(q) − aϱ(x,Dx)χ(q)

= ϱ(q)
A−

J∑
j=0

aj(x,Dx)
χ(q) +

aϱ(x,Dx) −
mj∑
j=0

(ϱ(q)aj)(x,Dx)
χ(q)

and belongs to L(W̃−µJ (R2d;C); W̃µj(R2d;C)) for all J ∈ N with D = ϱ̃(q)Dχ̃(q) for
some pair ϱ̃, χ̃ ∈ C∞

0 (Ω; [0, 1]) ⊂ C∞(Rd; [0, 1]). This implies that D = ϱ(q)Aχ(q) −
aϱ(x,Dx)χ(q) is continuous from S ′(R2d;C) to S(R2d;C) and with D = ϱ̃(q)Dχ̃(q)
it means D ∈ R(Ω;C). □

In particular when Ak ∈ OpSmkΨ (Ω;C) with Ak = ak(x,Dx)χk(q) + Rk, ak ∈
SmkΨ,Ω−comp(Ω;C) we can write as usual

A1 ◦ A2 ∼
∑
α∈N2d

1
i|α|α!∂

α
ξ a1∂

α
xa2.

With the previous localization method, the global differential calculus of Subsec-
tion E.2 is well defined with all its properties, if the following two conditions are
satisfied:

• the class of symbols SmΨ,Ω−comp(Ω;C) ⊂ SmΨ,Rd−comp(Rd;C) is sent onto

SmΨ,ϕ(Ω)−comp(ϕ(Ω);C) ⊂ SmΨ,Rd−comp(Rd;C)

by the canonical transformation Φ∗ : R4d
q,p,ξ,η → R4d

q,p,ξ,η induced by a diffeo-
morphism ϕ : Rd → Rd with Φ(q, p) = (ϕ(q), tdϕ(q)−1 · p) and Φ∗ : T ∗R2d →
T ∗R2d;

• when UΦ is the unitary transform in L2(R2d, dqdp;C) given by

(UΦu)(q, p) = u ◦ Φ(q, p) = u
(
ϕ(q), tdϕ(q)−1 · p

)
satisfies UΦa(x,Dx)U−1

Φ ∼ ∑∞
n=0 bn(x,Dx) in OpSmΨ (Ω,C) with a general term

bn ∈ Sm−n
Ψ,Ω−comp(Ω;C), b0 = a ◦ Φ∗ = Φ∗a in SmΨ,Ω−comp(Ω;C), for any a ∈

SmΨ,ϕ(Ω)−comp(ϕ(Ω);C).
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In particular all the sets Ω ×Rd
p and Ω ×R3d

p,ξ,η can be replaced by T ∗Ω and T ∗(T ∗Ω),
with a natural geometrical meaning.

Actually we will consider more general changes of variables on R2d which can be
viewed as vector bundle isomorphisms of R2d = T ∗Rd. We consider the following
change of variables
(E.4) (q̃, p̃) = Φ(q, p) = (ϕ(q), L(q) · p)
which is a C∞-diffeomorphism, a bijection such that dϕ(q) and L(q) belong to GLd(R)
for all q with the following estimates

(E.5)
∀ α ∈ Nd, ∃ Cα > 0,∥∥∥∂αq dϕ∥∥∥L∞

+
∥∥∥∂αq (dϕ)−1

∥∥∥
L∞

+ ∥∂αq L∥L∞ +
∥∥∥∂αq L−1

∥∥∥
L∞

⩽ Cα.

Note that Φ−1 takes the same form with
Φ−1(q̃, p̃) = (q, p) =

(
ϕ−1(q̃), [L(ϕ−1(q̃))]−1p̃

)
.

It is given by a change of variables ϕ : Rd
q → Rd

q when L(q) = tdϕ(q)−1.
Its differential is given by

dΦ(q, p) ·
(
tq
tp

)
=
(

dϕ(q) · tq
(dL(q).p) · tq + L(q) · tp

)
=
(

dϕ(q) 0
dL(q) · p L(q)

)(
tq
tp

)
.

and
tdΦ(q, p)−1 =

(
tdϕ(q)−1 −tdϕ(q)−1t[L(q) · p]tL(q)−1

0 tL(q)−1

)
=
(
L1(q) (L2(q) · p)

0 L3(q)

)
,

where all linear maps L1, L2 and the bilinear map L2 have uniformly bounded
derivatives of any order with respect to q ∈ Rd.

The canonical transformation Φ∗ : T ∗R2d → T ∗R2d is thus given by
q̃
p̃

ξ̃
η̃

 = Φ∗


q
p
ξ
η

 =


ϕ(q)

L(q) · p
L1(q) · ξ + L2(q) · p · η

L3(q) · η


With the transformation Φ given by (E.4) we associate the unitary transform UΦ in
L2(R2d, dqdp;C):
(E.6) (UΦu)(q, p) = |det(dϕ(q)) det(L(q))|1/2u(ϕ(q), L(q)p)

= J1/2(q)u(ϕ(q), L(q)p).
Let us consider the simplest versions of spaces of functions.

Proposition E.12. — For the transformation Φ given by (E.4) the following
properties hold for any s ∈ R:

(i) The operator UΦ (resp. U−1
Φ ) is continuous from S(R2d;C) and from

S ′(R2d;C) onto itself. For any open subset Ω ∈ Rd it is continuous from
S†
ϕ(Ω)−•(ϕ(Ω) × Rd;C) (resp. S†

Ω−•(Ω × Rd;C)) onto S†
Ω−•(Ω × Rd;C) (resp.

S†
ϕ(Ω)−•(ϕ(Ω) × Rd;C)) where, with respective correspondence, S† stands for

S or S ′ and • means loc or comp.
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(ii) The map a 7→ aΦ = a ◦ Φ∗ is continuous from S(Ψs, gΨ) onto itself. For any
open subset Ω in Rd and any m ∈ R, it is continuous from SmΨ,ϕ(Ω)−comp(Φ(Ω);
C) onto SmΨ,Ω−comp(Ω;R).

Proof of Proposition E.12.
(i). — It suffices to consider J−1/2(q)UΦ because |∂αq J±1/2| ⩽ Cα for all α ∈ Nd.

We write

∂qi(J−1/2UΦu)(q, p) = ∂qiϕ
j(q)(∂qiu)(ϕ(q), L(q) · p)

+ (∂qiL(q) · p)j∂pju(ϕ(q), L(q) · p)
∂pj(J−1/2UΦu)(q, p) = L(q)jk(∂pku)(ϕ(q), L(q) · p)
1
CΦ

(1 + |q|2 + |p|2) ⩽ 1 + |ϕ(q)|2 + |L(q) · p|2 ⩽ CΦ(1 + |q|2 + |p|2),

where the last inequality is a consequence of 1 + |ϕ(q)| ⩽ Cϕ(1 + |q|2) owing to
|dϕ| ⩽ C0 and its reverse inequality for ϕ−1.

(ii). — The formula for a ◦ Φ∗ is

a ◦ Φ∗ = a
(
ϕ(q), L(q) · p, L1(q) · ξ + L2(q) · p · η, L3(q) · η

)
.

Let us first compare Ψ and Ψ ◦ Φ∗:

Ψ2 ◦ Φ∗(q, p, ξ, η) = 1 + |L(q) · p|4 + |L1(q) · ξ + L2(q) · p · η|2 + |L3(q) · η|4

⩽ CΦ(1 + |p|4 + |ξ|2 + |p|2|η|2 + |η|4)
⩽ 2CΦΨ2(q, p, ξ, η).

Applied to Ψ2 ◦ (Φ−1)∗, this provides the equivalence

1
C ′

Φ
Ψ ⩽ Ψ ◦ (Φ±1)∗ ⩽ C ′

ΦΨ.

The operators ∂qi , ∂pi , ∂ξi , ∂ηi applied to a ◦ Φ∗ are equivalent to the following
C∞
b (Rd

q ;R) Linear Combinations (abbreviated as L.C.) of elementary operators acting
on a:

∂qi: L.C. of ∂qj , pk∂pj , ξi∂ξj , piηj∂ξℓ , ∂ηj , which all are continuous from S(Ψs, gΨ)
to S(Ψs, gΨ).

∂pi: L.C. of ∂pj , ηj∂ξk , which are continuous from S(Ψs, gΨ) to S(Ψs−1/2, gΨ).
∂ξi: L.C. of ∂ξj which are all continuous from S(Ψs, gΨ) to S(Ψs−1, gΨ).
∂ηi: L.C. of pj∂ξk and of ∂ηi , all continuous from S(Ψs, gΨ) to S(Ψs−1/2, gΨ).

This proves the continuity of a 7→ a ◦ Φ∗ from S(Ψs, gΨ) to S(Ψs, gΨ). □

Let us consider the functoriality of the transformation of the quantization rule
a 7→ a(x,Dx)χ(q) + R with a ∈ SmΨ,ϕ(Ω)−comp(Ω;C), χ ≡ 1 in a neighborhood of
ϕ(Ω) − supp a and R ∈ R(ϕ(Ω);C).
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Proposition E.13. — For any A = a(x,Dx)χ(q) + R ∈ OpSmΨ (ϕ(Ω);C), the
operator UΦAU

∗
Φ is equal to bΦ(x,Dx)χ(Φ(q)) + RΦ with RΦ ∈ R(ϕ(Ω);C) and

bΦ ∈ SmΨ,Ω−comp(Ω;C) and satisfies

UΦAUΦ ∼
∞∑
n=0

bn(x,Dx)

according to Definition E.10 with b0 = a ◦ Φ∗. More precisely when Ω is a bounded
open subset, where we recall the inclusions

SmΨ,Ω−comp(Ω;C) ⊂ S(Ψm, gψ) and SmΨ,ϕ(Ω)−comp(ϕ(Ω);C) ⊂ S(Ψm, gψ),

bΦ =
N−1∑
n=0

bn + rΦ,N(a)

with a continuous map rΦ,N : S(Ψm, gψ) → S(Ψm−N , gψ) for every N ∈ N.

Remark E.14. — Except for the principal symbol this result does not say that
the transformation a 7→ bΦ corresponds to bΦ = a ◦ Φ∗. It works exactly only for
functions a(q, p) and in particular for the cut-off functions with respect to q. But
when Ω is a bounded open subset of Rd, UΦa(x,Dx)χ(q)U−1

Φ = bϕ(x,Dx)χ(ϕ(q))
defines a continuous operator from SmΨ,ϕ(Ω)−comp(ϕ(Ω);C) to SmΨ,Ω−comp(Ω;C).

Proof. — With the localization we can assume Ω = Rd, a ∈ S(Ψm; gΨ), Rd−supp a
compact, and R = 0. We introduce another cut-off function χ̃ ∈ C∞

0 (Rd; [0, 1]) equal
to 1 on Φ(Ω) when Ω is bounded and, for a more general choice of Ω, equal to 1 in
a neighborhood of suppχ.

Because the function J±1/2(q) ∈ S(1, gΨ), the problem is reduced to the study of
the operator

(J−1/2(q)UΦ)χ̃(q)a(x,Dx)χ̃(q)(J−1/2(q)UΦ)−1

of which the Schwartz kernel is given by the oscillating integral

K(x, y) =
∫
R2d

ei[ξ·(ϕ(q)−ϕ(q′))+η·(L(q)·p−L(q′)·p′)]

× χ̃(ϕ(q))[a(ϕ(q), L(q) · p, ξ, η)]χ̃(ϕ(q′)) dξdη

(2π)2d .

Metrics and cut-off. — On R6d
x,x′,Ξ with x = (q, p), x′ = (q′, p′) and Ξ = (ξ, η) we

consider the metrics

Gf = dq2 + dq′2 + dp2

f
+ dp′2

f
+ dξ2

f 2 + dη2

f

for

f = Ψ(q, p, ξ, η) = (1 + |ξ|2 + |p|4 + |η|4)1/2

and

f = Ψ̃ = (1 + |ξ|2 + |p|4 + |p′|4 + |η|4)1/2.
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The metrics GΨ and GΨ̃ are slow (same proof as for gΨ). But the slowness of gψ
implies (

Ψ(q, p, ξ, η)
Ψ(q′, p′, ξ, η)

)±1

⩽ CΨ when |p− p′| ⩽ C−1
Ψ Ψ(q, p, ξ, η)1/2

and therefore with the above notations

|p− p′| ⩽ 1
C ′

Ψ
Ψ1/2 =⇒

(
Ψ
Ψ̃

)±1

⩽ C ′
Ψ

for some large enough constant C ′
Ψ ⩾ 1, and

c ∈ S(Ψm, GΨ) ⇐⇒ c ∈ S(Ψ̃m, GΨ̃)

when supp c ⊂
{

(x, y,Ξ) ∈ R6d, |p− p′| < 1
C ′

Ψ
Ψ1/2

}
.

For θ ∈ C∞
0 (R; [0, 1]) and ε > 0, ε ⩽ 1

C′
Ψ

fixed later consider the two cut-off functions

Θ1(x, x′,Ξ) = Θ1(q, q′) = θ

(
|q − q′|2

ε2

)
and Θ2(x, x′,Ξ) = θ

(
|p− p′|2

ε2Ψ

)
.

By looking at the region 2n+10 ⩽ Ψ̃ ⩽ 2n+12 contained in a fixed shell for the rescaled
variable (p̃, p̃′, ξ̃, η̃) = (2−n/2p, 2−n/2p′, 2−nξ, 2−n/2η), a homogeneity argument gives
Θ2 ∈ S(1, GΨ̃) ∩ S(1, GΨ). The following properties become obvious when a ∈
S(Ψm, gΨ)

bχ̃,ϕ = χ̃(ϕ(q))[a(ϕ(q), L(q) · p, ξ, η)]χ̃(ϕ(q′)) ∈ S(Ψm, GΨ),
Θ1, Θ2, 1 − Θ2 ∈ S(1, GΨ̃) ∩ S(1, GΨ).

We now write the kernel K(x, x′) of the continuous operator K : SRd−loc(R2d;C) →
S ′
Rd−comp(R2d;C) as

K = Kdiag +K1 +K2

with

K1(x, x′) =
∫
R2d

ei[ξ·(ϕ(q)−ϕ(q′))+η·(L(q)·p−L(q′)·p′)](1 − Θ1(q, q′))bχ̃,ϕ(x, x′,Ξ) dξdη

(2π)2d

K2(x, x′) =
∫
R2d

ei[ξ·(ϕ(q)−ϕ(q′))+η·(L(q)·p−L(q′)·p′)]

× Θ1(q, q′)(1 − Θ2(x, x′,Ξ))bχ̃,ϕ(x, x′,Ξ) dξdη

(2π)2d

Kdiag(x, x′) =
∫
R2d

ei[ξ·(ϕ(q)−ϕ(q′))+η·(L(q)·p−L(q′)·p′)]

× Θ1(q, q′)Θ2(x, x′,Ξ)bχ̃,ϕ(x, x′,Ξ) dξdη

(2π)2d ,

and use the same symbol Kdiag, K1,2 for the associated operators SRd−loc(R2d;C) →
S ′
Rd−comp(R2d;C) with uniformly controlled supports.
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Non stationary phase in q. — For a given k ∈ N, N ⩾ Nk,d integrations by parts
with [

1
|ϕ(q) − ϕ(q′)|2 (ϕ(q) − ϕ(q′)) ·Dξ

]N
eiξ·(ϕ(q)−ϕ(q′)) = eiξ·(ϕ(q)−ϕ(q′)),

and the lower bound

(E.7) ∀ (q, q′) ∈ supp(1 − Θ1) ∩ V 2
χ̃ , |ϕ(q) − ϕ(q′)| ⩾ 1

Cχ̃,ϕ
,

for ε ⩽ 1
Cχ̃,ϕ

, small enough, and Vχ̃ a compact neighborhood of supp χ̃, implies that
for all (αj, βj, γj) ∈ N3d, 2|αj| + |βj| + |γj| ⩽ k, for j = 1, 2, the kernel

(−1)α2+γ2∂α1
q p

β1∂γ1
p ∂

α2
q′ (p′)β2∂γ2

p′ K1(x, x′)

of (∂α1
q p

β1∂γ1
p ) ◦ K1 ◦ (∂α2

q p
β2∂γ2

p ) belongs to L2(R4d, dqdpdq′dp′;C). Actually the
estimates with powers of p′ is deduced from our estimates with powers of p via
integration by parts with

Dηe
iη·(L(q)·p−L(q′)·p′) = (L(q) · p− L(q′) · p′)eiη·(L(q)·p−L(q′)·p′).

We deduce that, for any k ∈ C, K1 is Hilbert–Schmidt and therefore bounded
operator from W̃−k(R2d;C) to W̃k(R2d;C). With the fixed compact Ω-support, K1
belongs to L(S ′(R2d;C); S(R2d;C)). It has a symbol in S(R4d;C) ⊂ S(Ψ−∞, gψ) with
a compact support in Ω.

Kuranishi’s trick. — Write

ξ · (ϕ(q) − ϕ(q′)) + η · (L(q)p− L(q′)p′)
= (ξ, η) · (Φ(x) − Φ(x′))

= (ξ, η) ·
[∫ 1

0
dΦ((1 − t)x+ tx′) dt

](
q − q′

p− p′

)

and remember with xt = (1 − t)x+ tx′, qt = (1 − t)q + tq′, pt = (1 − t)p+ tp′

∫ 1

0
dΦ(xt) dt =

∫ 1

0

(
dϕ(qt) 0

dL(qt) · pt L(qt)

)
dt

=
( ∫ 1

0 dϕ(qt) dt 0[∫ 1
0 (1 − t)dL(qt) dt

]
· p+

[∫ 1
0 tdL(qt) dt

]
p′ ∫ 1

0 L(qt) dt

)

Because (R2d
q,q′ − suppK) ⊂ supp χ̃ × supp χ̃, we can fix ε ⩽ 1

Cχ̃,ϕ
small enough so

that the inequalities

(E.8) ∀ (q, q′) ∈ supp Θ1 ∩ V 2
χ̃ ,

∀ A ∈ Conv(dϕ([q, q′])) ∪ Conv(L([q, q′])), |det(A)| ⩾ 1
Cχ̃,Φ

,
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where Conv(M([q, q′])) stands for the convex hull in Md(C) of the set M([q, q′]) =
{M(qt, t ∈ [0, 1])} ⊂ Md(C), while (E.7) remains valid. We obtain for (q, q′)

[ξ · (ϕ(q) − ϕ(q′)) + η · (L(q) · p− L(q′) · p′)]

=
[(
A(q, q′) B(q, q′) · p+ C(q, q′) · p′

0 D(q, q′)

)(
ξ
η

)]
·
(
q − q′

p− p′

)
with

E(x, x′) =
(
A(q, q′) B(q, q′) · p+ C(q, q′) · p′

0 D(q, q′)

)−1

=
(
A(q, q′)−1 B′(q, q′) · p+ C ′(q, q′) · p′

0 D(q, q′)−1

)
and

A,B,C,D,A−1, B−1, C ′, D′ ∈ S
(
1, dq2 + dq′2; Md(R)

)
.

We obtain

K2(x, x′) =
∫
R2d

ei[ξ·(q−q
′)+η·(p−p′)]

[Θ1(1 − Θ2)bχ̃,ϕ](x, x′, E(x, x′) · Ξ)|det(E−1)(q, q′)| dξdη(2π)2d ,

Kdiag(x, x′) =
∫
R2d

ei[ξ·(q−q
′)+η·(p−p′)]

[Θ1Θ2bχ̃,ϕ](x, x′, E(x, x′) · Ξ)|det(E−1)(q, q′)| dξdη(2π)2d ,

where choosing ε ⩽ 1
Cψ,ϕ,χ̃

, small enough, ensures

Θ̃1(x, x′,Ξ) = Θ1(x, x′, E(x, x′) · Ξ) = θ

(
|q − q′|2

ε2

)
= Θ1(q, q′) ∈ S(1, GΨ̃),

Θ̃1(x, x′,Ξ) = Θ2(x, x′, E(x, x′) · Ξ)

= θ

(
|p− p′|2

ε2Ψ(0, p, A(q, q′) · ξ +B′(q, q′) · p · η + C ′(q, q′) · p′ · η,D(q, q′)−1 · η)

)
∈ S(1, GΨ̃),

b̃χ̃,ϕ(x, x′,Ξ) = bχ̃,ϕ(x, x′, E(x, x′) · Ξ)

= χ̃(q)χ̃(q′)a
(
ϕ(q), L(q) · p,A(q, q′) · ξ

+B′(q, q′) · p · η + C ′(q, q′) · p′ · η,D(q, q′)−1 · η
)

[(1 − Θ2)bχ̃,ϕ](x, x′, E(x, x′) · Ξ) ∈ S
(
Ψ̃|m|, dx2 + dx′2 + dΞ2

)
,

[Θ2bχ̃,ϕ](x, x′, E(x, x′) · Ξ) ∈ S(Ψ̃m, GΨ̃).
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Actually it suffices to check

Ψ2(0, p, E(x, x′).Ξ) ⩽ C
(
1 + (|ξ| + |p| |η| + |p′| |η|)2 + |p|4 + |p′|4 + |η|4

)
⩽ C ′Ψ̃2

with the symmetric version by applying the same result to Ψ2(0, p, E(x, x′)−1.Ξ) and
then to use the equivalence ( Ψ̃

Ψ)±1 ⩽ Cε when |p− p′| ⩽ εΨ̃1/2 owing to the slowness
of GΨ̃.

Non stationary phase in p. — Despite the bad a priori estimate of the symbol
[(1 − Θ2)bχ̃,ϕ](x, x′, E(x, x′).Ξ), N ⩾ Nk,d integrations by parts for a given k ∈ N
with (

1
|p− p′|2

(p− p′) ·Dη

)N
ei[ξ·(q−q

′)+η·(p−p′)] = ei[ξ·(q−q
′)+η·(p−p′)]

and

∀ (x, x′) ∈ supp(1 − Θ2)(., ., E(., .).), |p− p′| ⩾ 1
CΨ,ϕ,χ̃

Ψ̃1/2,

lead to the property that the kernel of (∂α1
q p

β1∂γ1
p )◦K2◦(∂α2

q p
β2∂γ2

p ) is Hilbert–Schmidt
and therefore bounded in L2(R2d, dqdp;C) for |αj| + |βj |+|γj |

2 ⩽ k. We conclude
as we did for K1 that K2 belongs to L(S ′(R2d;C); S(R2d;C)). It has a symbol in
S(R4d;C) ⊂ S(Ψ−∞, gΨ) with a compact support in Ω.

Gauss transform. — The kernel of Kdiag can be written
Kdiag(x, x′) = b(x,Dx) with b(x,Ξ) = eiDΞ·Dx′ [[Θ1Θ2bχ̃,ϕ](x, x′, E(x, x′)Ξ)]|x=x′ ,

where the metric GΨ̃ is slow on R6d, the B-dual metric of GΨ̃ for

B =

0 0 0
0 0 1

2 IdR2d

0 1
2 IdR2d 0


is the degenerate metric GB = Ψ̃2dq′2 + Ψ̃dp′2 + dξ2 + Ψ̃dη2. Fortunately GΨ̃ is
GB-temperate along the vector space V0 = {(x, x′,Ξ) ∈ R6d, x = x′} and Ψ̃|V0 can
be replaced with Ψ. Theorem 18.4.11 of [Hör85] tells us that b ∈ S(Ψm, gΨ) with the
asymptotic expansion

b(x,Dx) ∼
∞∑
n=0

bn(x,Dx)︸ ︷︷ ︸
bn∈S(Ψm−n,gψ)

and the first term b0(x,Ξ) = bϕ,χ̃(x, x,Ξ) = a ◦ Φ∗(x,Ξ). □

Remark E.15. — We could have used the general theory of global Fourier integral
operators of J.-M. Bony in [Bon97]. At least when ϕ − IdRd and L − IdRd have a
compact support, this describes UΦ as a Fourier integral operator of which the global
symbol is a section of the fiber bundle of affine metaplectic operators M → Gϕ
above the graph of ϕ∗, GΦ = {(X,Φ∗(X)), X ∈ R4d} with a value above (X0,Φ(X0)),
x0 = (q0, p0, ξ0, η0) which is the composition τϕ(X0)UX0τ−x0 where τ(x1,Ξ1) is the
phase translation ei(Ξ1·Dx−x1·DΞ) and UX0 is a metaplectic representation of the linear
symplectic map dΦ∗(X0).
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The proposed methods mimics the classical techniques of pseudo-differential cal-
culus for the metric dq2 + dξ2

⟨ξ⟩2 modulo the localization process only in the q-variable
and for specific linear transformations in the p-variable. It is informative from this
point of view and provides a more explicit formulation for the functoriality of the
principal symbol.

From Proposition E.12 and the definition of W̃s
Ω−•(Ω;C), • = loc or comp, deduced

from Definition E.5, we obtain the following result.

Proposition E.16. — Consider the unitary map UΦ from L2(R2d, dqdp;C) onto
L2(R2d, dqdp;C) given by (E.4)–(E.5)–(E.6) with the additional assumption that
ϕ− IdRd and L− IdRd have a compact support. Then for any s ∈ Rd, UΦ and U−1

Φ are
isomorphisms from W̃s(R2d;C) into itself, with Rd

q − suppU±1
Φ u = ϕ∓1(Rd

q − suppu)
for every u ∈ W̃s(R2d;C).

Proof. — The support property is obvious from the definition (E.6) of UΦ. With
the additional support assumption on Φ−IdR2d , we can write for any u ∈ W̃s(R2d;C),
UΦu = UΦχ1(ϕ(q))u + χ2(q)u for χ1, χ2 ∈ C∞(Rd; [0, 1]), χ1 + χ2 ≡ 1 and suppχ1
compact. From the Definition E.5 and the global pseudo-differential calculus in
S(Ψ2s, gψ) remember

C−1
s Re⟨u, M2s(x,Dx)u⟩L2 ⩽ ∥u∥2

W̃s

=
∥∥∥MW

s (x,Dx)u
∥∥∥2

L2
⩽ Cs Re⟨u, M2s(x,Dx)u⟩L2 ,

for Ms = (Cs + Ψ|s|)sign s with Cs ⩾ 1 large enough.
We deduce

∥UΦχ1(ϕ(q))u∥2
W̃s ⩽ Cs Re

〈
u, U∗

ϕ(χ1(q)M2s)(x,Dx)UΦχ1(ϕ(q))u
〉
.

By Proposition E.13 we know

U∗
ϕ(χ1(q)M2s)(x,Dx)UΦχ1(ϕ(q)) = b2s(x,Dx) ◦ χ1(ϕ(q)) = cW2s (x,Dx),

with b2s, c2s ∈ S(Ψ2s, gΨ), and the pseudo-differential calculus in S(Ψ2s, gΨ) gives

∥UΦχ1(ϕ(q))u∥2
W̃s ⩽ C ′

s∥u∥2
W̃s .

By the triangular inequality UΦ : W̃s(R2d;C) → W̃s(R2d;C) is continuous and we
conclude with U−1

Φ = UΦ−1 . □

All this section gives a meaning to

S†
Ω−•(T ∗Ω;C), SmΨ,Ω−comp(Ω;C),R(Ω;C), OpSmΨ (Ω;C) and W̃s

Ω−•(T ∗Ω;C)

(with S† = S or S ′ and • meaning loc or comp) when Ω is a coordinate domain in
the compact manifold Q.

The topology, the continuity properties and the global ellipticity that we need will
be better discussed in the global setting which avoids considerations of inductive
limit topologies.
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E.4. Globalization on Q and applications

Let us fix, an atlas Q = ⋃J
j=1 Ωj such that Ω̃j = ⋃

Ωj′ ∩Ωj ̸=∅ Ωj′ is still a coordinate
domain. We take a finite partition of unity ∑J

j=1 ϱj(q) ≡ 1 subordinate with the
atlas Q = ⋃J

j=1 Ωj and cut-off functions χj ∈ C∞
0 (Ωj; [0, 1]) such that χ1 ≡ 1 in a

neighborhood of supp ϱj. Notice that χjχj′ ̸= 0 implies Ωi ∩ Ωj ̸= 0 and in this case
ϱj, ϱj′ , χj, χj′ are cut-off functions in the coordinate charts Ω̃j and Ω̃j′ .

The spaces SmΨ (Q;C) (resp. W̃s(T ∗Q;C)) are the sets a = ∑J
j=1 ϱj(q)a with

ϱj(q)a ∈ SmΨ,Ωj−comp(Ωj;C) ⊂ S(Ψm, gΨ) (resp. ϱja ∈ W̃s
Ωj−comp(T ∗Ωj;C)) with

the topologies given by

pm,k(a) =
J∑
j=1

pΩ̃j ,Ψm,k(ϱj(q)a), k ∈ N

resp.

∥a∥2
W̃s(Q;C) =

J∑
j=1

∥ϱj(q)a∥2
W̃s(T ∗Ω;C).

The subscript Ω̃j
in pΩ̃j ,Ψm,k refers to the choice of some local coordinates in Ω̃j. But

Proposition E.12 and Proposition E.13 for the conjugation a 7→ UΦa(x,Dx)χ(q)U−1
Φ

with Φ(q, p) = (ϕ(q), tdϕ(q)−1 · p), says that the seminorms pΩ̃j ,Ψm,k(ϱj(q)a) can be
replaced by pΩ̃j′ ,Ψm,k(ϱj(q)a) for any j′ ∈ {1, . . . , J} such that Ωj ⊂ Ω̃j′ .

A vector bundle isomorphism on T ∗Q, written locally as Φ : (q, p) 7→ (ϕ(q),
L(q) · p) with the associated unitary operator UΦ, gives rise to an isomorphism of
the space W̃s(Q;C) according to the local result of Proposition E.16. This gives a
first application, which is not exactly due to the pseudo-differential calculus.

Proposition E.17. — For any Riemannian metric g = gij(q)dqidqj on TQ
with the dual metric gij(q)dpidpj on T ∗Q, if ∑∞

ℓ=−1 θ
2
ℓ (t) ≡ 1 is a quadratic dyadic

partition of unity like (4.2) and |p|2q = gij(q)pipj, then for every s ∈ R the squared
norm ∥u∥2

W̃s(Q;C)
is equivalent to ∑∞

ℓ=−1 ∥θℓ(|p|2q)u∥2
W̃s(Q;C)

.

Proof. — It suffices to use the local gauge transform given by Φ : (q, p) 7→
(q, g−1/2(q) · p) with |p|2q = tpg−1(q)p = |g−1/2(q) · p|2 and to write

∞∑
ℓ=−1

∥∥∥θℓ(|p|2q)u∥∥∥2

W̃s
≍

∞∑
ℓ=−1

∥∥∥U−1
Φ θℓ(|p|2q)u

∥∥∥2

W̃s
≍

∞∑
ℓ=−1

∥∥∥θℓ(|p|2)U−1
Φ u

∥∥∥2

W̃s

and Proposition E.7 gives
∞∑

ℓ=−1

∥∥∥θℓ(|p|2q)u∥∥∥2

W̃s
≍
∥∥∥U−1

Φ u
∥∥∥2

W̃s
≍ ∥u∥2

W̃s . □

The intersection ⋂s∈R W̃s(T ∗Q;C) is nothing but S(T ∗Q;C).
On R(Q;C) = L(S ′(T ∗Q;C); S(T ∗Q;C)) ∼ S(T ∗Q× T ∗Q;C), the Fréchet space

topology is equivalently defined by the family of (semi)norms
qk(R) = ∥R∥L(W̃−k(T ∗Q;C);W̃k(T ∗Q;C)), k ∈ N.
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Before giving an explicit family of seminorms on

OpSmΨ (Q;C) =


J∑
j=1

(ϱj(q)a)(x,Dx) ◦ χj(q) +R, a ∈ SmΨ (Ω;C), R ∈ R(Ω;C)

,
let us check that any A ∈ OpSmΨ (Q;C) admits a canonical decomposition after fixing
some cut-off function on Q×Q.

Attention must be paid to the following point: although ϱj(q)aj′ = ϱj′(q)aj for all
pairs (j, j′) allows to define the symbol a(x,Ξ) = ∑J

j′=1 ϱj′(q)aj′(x,Ξ), the equality∑J
j=1(ϱj(q))aj(x,Dx) ◦ χj(q) − ∑J

j=1(ϱj(q)a)(x,Dx) ◦ χj(q) = R ∈ R(Q;C) is true
with R = 0 only under the equality of the operators

(ϱj′(q)aj)(x,Dx) ◦ χj′(q) = (ϱj(q)aj′)(x,Dx) ◦ χj(q)

for all pairs (j, j′).
With the subset Ω̃j = ⋃

Ωj′ ∩Ωj ̸=∅ Ωj′ take a cut-off function χ̃j ∈ C∞
0 (Ω̃j; [0, 1]) such

that χ̃j ≡ 1 on a neighborhood of⋃
Ωj′ ∩Ωj ̸=∅

suppχj ⊃
⋃

Ωj′ ∩Ωj ̸=∅
supp ϱj

Because for all j ∈ {1, . . . , J}, ϱj(q)χj(q′) and χ̃j(q)1Q\Ω̃j(q
′) vanish in a neighbor-

hood of the diagonal ∆Q = {(q, q), q ∈ Q}, there exists Θ1 ∈ C∞(Q×Q; [0, 1]) such
that Θ1 ≡ 1 in a neighborhood of ∆Q and

(E.9) ϱj(q)Θ1(q, q′) = ϱj(q)Θ1(q, q′)χj(q′) = ϱj(q)χ̃j(q)Θ1(q, q′)χj(q)

= ϱj(q)
 J∑
j′=1

ϱj′(q)χ̃j(q)
Θ1(q, q′)χj(q′)

= ϱj(q)
 J∑
j′=1

ϱj′(q)χ̃j′(q)Θ1(q, q′)
χj(q′),

where the equalities hold as multiplication operators on S ′(T ∗Ωj × T ∗Ωj;C). Addi-
tionally the function Θ1 can be chosen symmetric: Θ1(q, q′) = Θ1(q′, q), and we set

Θ2(q, q′) = 1 − Θ1(q, q′).

For any K ∈ L(S(T ∗Q;C); S ′(T ∗Q;C)), identified with its Schwartz kernel
K(x, x′) ∈ S ′(T ∗Q× T ∗Q;C), we set

(E.10) Kdiag(x, x′) = Θ1(q, q′)K(x, x′), Koff(x, x′) = Θ2(q, q′)K(x, x′)
with K = Kdiag +Koff .

Notice that K 7→ (Kdiag, Koff) is an isomorphism between S ′(T ∗Q × T ∗Q;C) and
the closed set of S ′(T ∗Q× T ∗Q;C) × S ′(T ∗Q× T ∗Q;C){(K1, K2) ∈ S ′(T ∗Q× T ∗Q;C) × S ′(T ∗Q× T ∗Q;C),

Θ1(q, q′)K2(x, x′) − Θ2(q, q′)K1(x, x′) = 0

}
.
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With (E.9), we have the additional properties

Kdiag =
J∑
j=1

ϱj(q) ◦Kdiag =
J∑
j=1

ϱj(q) ◦

 J∑
j′=1

(ϱj′χ̃j′)(q) ◦K


diag

◦ χj(q)

and
J∑
j=1

[(ϱj(q)a)(x,Dx) ◦ χj(q)]diag =
J∑
j=1

ϱj(q) ◦

 J∑
j′=1

[(ϱj′χ̃j′)(q)a](x,Dx)


diag

◦ χj(q)

for some χ̃j ∈ C∞
0 (Ωj; [0, 1]) such that χ̃j ≡ 1 in a neighborhood of suppχj.

Proposition E.18. — Every A = ∑J
j=1(ϱj(q)a)(x,Dx)χq + R ∈ OpSmΨ (Q;C)

admits a unique decomposition

A =
J∑
j=1

(ϱj(q)aA(x,Dx))χj(q)︸ ︷︷ ︸
=Adiag

+ RA︸︷︷︸
=Aoff

,

with aA ∈ SmΨ (Q;C) and RA ∈ R(Q;C).
Additionally this provides a topological direct sum on OpSm(Q;C), because the

map

SmΨ (Q;C) × R(Q;C) −→ SmΨ (Q;C) × R(Q;C)

(a,R) 7−→ (aA, RA), A =
J∑
j=1

(ϱj(q)a)(x,Dx)χj(q) +R

is continuous when SmΨ (Q;C) × R(Q;C) is endowed with the seminorms (pm,k(a) +
qk(R))k∈N.

Remark E.19. — When A is a differential operator or more generally a local
operator with respect to q-variable, then we can write A = Adiag with a vanishing
remainder RA = 0.

Proof. — The decomposition of A = ∑J
j=1(ϱj(q)a)(x,Dx) ◦ χj(q) + R = Aa + R

can be written

A = (Aa +R)diag + (Aa +R)off = Aa,diag +Rdiag + Aa,off +Roff ,

with

Roff(x, x′) = Θ2(q, q′)R(x, x′) ∈ S(T ∗Q× T ∗Q;C),

Aa,off(x, x′) =
J∑
j=1

Aj,off(x, x′),

Aj,off(x, x′) = Θ2(q, q′)[(ϱj(q)a)(x,Dx) ◦ χj(q)](x, x′),

Rdiag =
J∑
j=1

ϱj(q) ◦

 J∑
j′=1

(ϱj′χ̃j′)(q) ◦R


diag

◦ χj(q),
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and

Aa,diag =
J∑
j=1

ϱj(q) ◦

 J∑
j′=1

[(ϱj′χ̃j′)(q)a](x,Dx)


diag

◦ χj(q).

The kernel of Aj,off with coordinates in Ωj is∫
R2d

ei[ξ·(q−q
′)+η·(p−p′)]Θ2(q, q′)ϱj(q)a(q, p, ξ, η)χj(q′) dξdη(2π)d .

A non stationary phase argument with (q−q′)
|q−q′|2Dξe

i[ξ·(q−q′)+η·(p−p′)] = ei[ξ·(q−q
′)+η·(p−p′)]

with the factors φj(q)θj(q′) implies that the map a 7→ Aj,off(x, x′) is continuous from
S(Ψm, gΨ) to S(R4d;C). Again with the controlled support, the map a 7→ Aj,off is
continuous from SmΨ (Q;C) to R(Q;C).

This proves that the map

(a,A) 7−→ Aoff = Roff +
J∑
j=1

Aj,off

is continuous from SmΨ (Q;C) × R(Q;C) to R(Q;C).
For the diagonal part, let us first notice at the operator level that the sum with

respect to j′ is introduced for
ϱj′(q)[(ϱjχ̃j)(q)M ]diag = ϱj′(q)ϱj(q)χ̃j(q)χ̃j′(q)[M ]diagχj(q)χj′(q)

with M = R or M = (χ̃jχ̃j′(q)a)(x,Dx).
It remains to identify these operators as the quantization of symbols. Every term

indexed by (j, j′) for a fixed j′ ∈ {1, . . . , J}, has a kernel with a Q×Q support that
is compact in Ω̃j′ × Ω̃j′ . We choose coordinates in Ω̃j′ in order to compare the terms
of the double sum for different values of j ∈ {1, . . . , J}. For [(ϱj′χ̃j′)(q)R]diag the
kernel

(ϱj′χ̃j′)(q)R(x, x′)Θ1(q, q′) = ϱj′(q)R(x, x′)Θ1(q, q′)χj′(q′)
belongs to S(Ωj′ × Ωj × R2d;C). With the factors ϱj′(q)χj′(q′), it can be written
aj′,reg(x,Dx) with aj′,reg ∈ S(R4d;C) ⊂ S(Ψ−∞, gΨ). For Aa,diag, the kernel is localized
in the same way and equals∫

R2d
ei[ξ·(q−q

′)+η·(p−p′)]ϱj′(q)a(q, p, ξ, η)Θ1(q, q′)χj′(q′) dξdη(2π)2d ,

We obtain
[[ϱj′χ̃j′(q)a](x,Dx)]diag = bj′(x,Dx)

where bj′ is given by the Gauss transform

bj′(x, ξ) = eiDΞ·Dx′ϱj′(q)a(q, p, ξ, η)Θ1(q, q′)χj′(q′)
∣∣∣
X=X′

= eiDξ·Dq′ϱj′(q)a(q, p, ξ, η)Θ1(q, q′)χj′(q′)
∣∣∣
q′=q

,

where the variables (p, η) are now simple parameters. We deduce that the map a 7→ bj′

is continuous from S(Ψm, gΨ) to S(Ψm, gΨ). With bj′(x,Dx) = χ̃j′(q)bj′(x,Dx) we
deduce that bj′ ∈ SmΨ,Ω̃j−comp(Ω̃j;C) ⊂ SmΨ (Q;C).
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So we have written

Rdiag =
J∑
j=1

(ϱj(q)bj,reg)(x,Dx) ◦ χj(q), Adiag =
J∑
j=1

(ϱj(q)bj)(x,Dx) ◦ χj(q)

with
bj,reg ∈ S−∞

Ψ (Q;C), bj ∈ SmΨ (Q;C)
and

∀ j, j′ ∈ {1, . . . , J}, ϱj′(q)(bj + bj,reg) = ϱj(q)(bj′ + bj′,reg),
The last identity follows the same strategy as at the operator level except that we
consider only left multiplications by functions of q, which commute with the Gauss
transform. □

Definition E.20. — According to Proposition E.18 the topology on OpSmΨ (Q;C)
is equivalently defined by the family of (semi)norms (qm,k)k∈N and (q̃m,k)k∈N with

qm,k(A) = pm,k(aA) + qk(RA) with A =
J∑
j=1

ϱj(q)aA(x,Dx) ◦ χj(q)︸ ︷︷ ︸
=Adiag

+ RA︸︷︷︸
=Aoff

and

q̃m,k(A) = inf


pm,k(a) + qk(R), A =

J∑
j=1

(ϱj(q)a)(x,Dx) ◦ χj(q) +R,

a ∈ SmΨ (Q;C), R ∈ R(Q;C)

.
Definition E.21. — We now write aϱ,χ(x,Dx) = ∑J

j=1(ϱj(q)a)(x,Dx)◦χj(q) for
a ∈ SmΨ (Q;C). A symbol a ∈ SmΨ (Q;C) is said to be elliptic if there exists κ ⩾ 1 such
that |a| ⩾ 1

κ
Ψm for Ψ ⩾ κ. An operator A = aϱ,χ(x,Dx) + R ∈ OpSmΨ (Q;C) is said

to be elliptic if it admits a symbol a which is elliptic.

The product of two operators A = aϱ,χ(x,Dx) + R,A′ = a′
ϱ,χ(x,Dx) + R′ ∈

OpSmΨ (Q;C) equals
A ◦ A′ = aϱ,χ(x,Dx) ◦ a′

ϱ,χ(x,Dx) + aϱ,χ(x,Dx) ◦R′ +R ◦ aϱ,χ(x,Dx) +R ◦R′︸ ︷︷ ︸
∈R(Q;C)

and the treatment of every non vanishing term ϱj(q)a(x,Dx)χj(q)ϱj′(q)a(x,Dx)χj′(q)
of the product aϱ,χ(x,Dx) ◦ a′

ϱ,χ(x,Dx) can be studied in the coordinate domain
Ω̃j with the expansion of the Gauss transform eiDΞ1 ·Dx2a1(X1)a2(X2)|X1=X2=X in
S(Ψmm′

, gψ). We deduce that

A ◦ A′ =
N∑
n=1

bn(a, a′)ϱ,χ(x,Dx) +RN+1(A,A′)

with pm+m′−n,k(bn(a, a′)) ⩽ Cm,m′,n,kpm,ℓn,k(a)pm′,ℓn,k(A′) and the remainder esti-
mated by

qm+m′−N−1,k(RN+1(A,A′)) ⩽ C ′
m,m′,N+1,kqm,ℓN+1,k(A)qm,ℓN+1,k(A′),
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when pm,ℓ(a) ⩽ Cm,ℓqm,ℓ(A) and pm,ℓ(a′) ⩽ Cm,ℓqm,ℓ(A′). According to Remark E.19,
differential operators provide a wide family of examples where the latter condition
holds true. And this can be extended for operators of which the Schwartz kernel is
explicitly localized in a small neighborhood of the Q-diagonal.

The rough version of this continuity property says

A ◦ A′ =
N∑
n=1

Bn(A,A′) +RN+1(A,A′)

with qm+m′−n,k(Bn(A,A′)) ⩽ Cm,m′,n,kqm,ℓn,k(a)qm′,ℓn,k(A′), and
qm+m′−N−1,k(RN+1(A,A′)) ⩽ C ′

m,m′,N+1,kqm,ℓN+1,k(A)qm,ℓN+1,k(A′).
Similarly for a vector bundle isomorphism Φ : T ∗Q → T ∗Q, the conjugation by the
associated unitary transform A = aϱ,χ(x,Dx) +R 7→ UΦAU

−1
Φ can be written

UΦAU
−1
Φ =

N∑
n=1

[bn,Φ(a)]ϱ,χ(x,Dx) +RΦ,N+1(A)

with continuity estimates gathered from the local model treated in Proposition E.13.
It can be written more roughly as

UΦAU
−1
Φ =

N∑
n=1

Bn,Φ(A) +RΦ,N+1(A)

with
qm−n,k(Bn,Φ(A)) ⩽ CΦ,m,kqm,ℓn,k(A)

and
qm−N−1,k(RΦ,N+1(A)) ⩽ C ′

Φ,m,N+1qm,ℓN+1,k(A).
Because the function

(q, q′) 7−→ χ̃j(q)χ̃j(q′)

 ∑
Ωj′ ∩Ωj ̸=∅

ϱj′(q)Θ1(q, q′)χj′(q′) − χj′(q)Θ1(q, q′)ϱj′(q′)

,
which is symmetric if Θ1(q, q′) = Θ1(q′, q), has a compact support away from the
diagonal ∆, the decomposition of the formal adjoint can be reduced to the local
model with the formula b(x,Dx)∗ = [eiDΞ·Dxb](x,Dx). The formal adjoint A∗ of the
operator A = aϱ,χ(x,Dx) +R ∈ OpSmΨ (Q;C) can be written

A∗ =
N∑
n=0

[bn]ϱ,χ(x,Dx) +RN+1(A) =
N∑
n=0

BN(A) +RN+1(A)

with b0 = a and the estimates pm−n,k(bn) ⩽ Cm,n,kpm,ℓn,k(a) and qm−n,k(Bn) ⩽
Cm,n,kqm,ℓn,k(A) and qm−N−1,k(RN+1) ⩽ Cm,N,kqm,ℓN+1,k(A).

All the classical estimates can be decomposed in this way by going back to the
Q = Rd-model. The condition pm,ℓ(a) ⩽ Cm,ℓqm,ℓ(A) holds true if one starts with an
operator A = aϱ,χ(x,Dx) + 0, exactly given by the local quantization rule with no
regularizing global remainder, and a ̸∈ S−∞

Ψ (Q;C). For example this is the case if A
is a differential operator. The estimates are then propagated via the operations.
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The local Calderon–Vaillancourt theorem and our choice of the norm qk on R(Q;C)
gives at once the existence of a kd ∈ N determined by the dimension of Q, such that
∥A∥L(L2;L2) ⩽ Cq0,kd(A).

Similarly the Gårding inequality says that if A ∈ SmΨ (Q;C) has an elliptic non
negative symbol a ⩾ 1

κ
Ψm for Ψ ⩾ κ, there exists Cκ ⩾ 1 and k1 ∈ N such that

∀ u ∈ S(T ∗Q;C), Re⟨u,Au⟩L2 ⩾
1
Cκ

∥u∥2
W̃m/2 − Cκqm,k1(A)∥u∥2

W̃(m−1)/2 .

All these properties extend to OpSmΨ (Q; End E) with the following constraint for the
symbol of the adjoint. The reduction to a ∈ SmΨ,Ω−comp(Ω; Md(C)) is done by choosing
Ω̃j such that the vector bundle E|Ω̃j admits an orthonormal frame (f 1

j , . . . , f
N
j ) for

the metric gE. Then the adjoint of A = am,ϱ,χ(x,Dx)+Am−1 ∈ OpSmΨ (Q; End E) can
be written

A∗ = (a∗
m)ϱ,χ(x,Dx) + A′

m−1 with A′
m−1 ∈ OpSm−1

Ψ (Q; End E)

and this property is invariant by a change of orthonormal frame.
Actually if U(q) ∈ UN(C) is the unitary matrix which represent another or-

thonormal frame (f̃Nj , . . . , f̃Nj ) in the frame (fNj , . . . , fNj ) for E|Ω̃j , the symbol of
am,ϱ,χ(x,Dx) + Am−1 equals

bm(x,Ξ) = U(q)am(x,Ξ)U−1(q) = U(q)am(x,Ξ)U∗(q)

with

b∗
m(x,Ξ) = U(q)a∗

m(x,Ξ)U∗(q).

The norms (qm,k)k∈N are very convenient for handling the ellipticity as it is done in
the case of the global pseudo-differential calculus on Rd. We focus here on the case
of non negative elliptic operators.

Proposition E.22. — Let A ∈ OpSmΨ (Q; End E), m > 0, be an elliptic op-
erator with A = (am ⊗ IdE)ϱ,χ(x,Dx) + Am−1, am ⩾ 1

κ
Ψm for Ψ ⩾ κ, Am−1 ∈

OpSm−1
Ψ (Q; End E). If additionally A is symmetric on S(T ∗Q; E) then it is self-adjoint

with D(A) = W̃m(T ∗Q; E), bounded from below, and its resolvent is compact.
In the case when m = 2, if A = aϱ,χ(x,Dx)+R ∈ OpS2

Ψ(Q; End E) fulfills the above
conditions, then for every f ∈ S(⟨t⟩s, dt2⟨t⟩2 ), s ∈ R, the operator f(A)−f(a2)ϱ,χ(x,Dx)
belongs to OpS2s−1

Ψ (Q; End E) while f(a2) ∈ S2s
Ψ (Q; End E).

Proof. — The first results are the standard ones.
We just show how Helffer–Sjöstrand formula can be used in this framework and

we focus on the case m = 2. We write a in the form a = a2 ⊗ IdE +a1 with a1 ∈
S1

Ψ(Q; End E) and a2 ⊗ IdE is simply written a2.
By the Leibniz formula applied to 1 = (z − a2)−1 × (z − a2) for z ∈ C \ R, the

seminorms p−2,k( 1
z−a2

) are estimated by

p−2,k

( 1
z − a2

)
⩽ Ckp2,k(a) ⟨z⟩k

|Im z|k+1 .
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By taking Bz = [ 1
z−a2

+ a1
(z−a2)2 ]ϱ,χ(x,Dx) + 0, the second term of the expansion of

Bz ◦ (z − A), to be studied in S1
Ψ(Q; End E), can be reduced to

− 1
(z − a2)2a1 ◦ a1 +

∑
|α1|+|α2|=1

1
α1!α2!

∂α1
ξ ∂

α2
η

1
(z − a2)

.∂α1
q ∂

α2
p [a2 + a1]

and it is of order −2 with seminorms estimated like the seminorms p−2,k( 1
z−a2

). We
deduce

Bz ◦ (z − A) = zBz −Bz ◦ A = (1 − rL(z))
with q−2,k(rL(z)) ⩽ Ck

⟨z⟩Nk
|Im z|Nk+1 . By left multiplying with ∑M

n=0 rL(z)n we obtain
M∑
n=0

rL(z)n ◦Bz ◦ (z − A) = 1 − rL(z)M+1,

with

q(−M−1)2,k
[
rL(z)M+1

]
⩽ CM,k

⟨z⟩NM,k
|Im z|NM,k+1

and ∥∥∥rL(z)M+1
∥∥∥

L
(
L2;W̃(Mm−cd)

) ⩽ C ′
M

⟨z⟩NM
|Im z|NM+1 .

In the right-hand side of

(z − A)−1 =
M∑
n=0

rL(z)n ◦B(z) + (z − A)−1 ◦ rL(z)M+1,

all terms except the remainder term (z − A)−1 ◦ rL(s)M+1 are known to be pseudo-
differential operators rL(z)n ◦ B(z) ∈ OpS−2(n+1)

Ψ (Q; End E) and q−2(n+1),k(rL(z)n ◦
B(z)) ⩽ Ck

⟨z⟩Nn,k
|Im z|Nn,k+1 . But we can do the same for the right-multiplication and

obtain similarly:

(z − A)−1 =
M∑
n=0

Bz ◦ rD(z)n + rD(z)M+1(z − A)−1,

with the same upper bounds.
We deduce

(E.11) (z − A)−1 =
J∑
j=1

[
ϱj(q)

(
1

z − a2
+ a1

(z − a2)2

)]
(x,Dx)χj(q)

+
2M∑
n=1

bn(z) + rD(z)M+1(z − A)−1rL(z)M+1︸ ︷︷ ︸
=rM (z)

with

q−2(n+1),k(bn) ⩽ Cn,k
⟨z⟩Nn,k

|Im z|Nn,k+1
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and

∥rM∥L(W̃−M+cd ,W̃M−cd) ⩽ CM
⟨z⟩NM

|Im z|NM+2 .

Inserting (E.11) into the Helffer–Sjöstrand formula (see [HS89] or [DS99]) gives

f(A) = 1
2iπ

∫
C
∂zf̃(z)(z − A)−1 dz ∧ dz

while

f(a2) = 1
2iπ

∫
C
∂zf̃(z)(z − a2)−1 dz ∧ dz

and

f ′(a2) = 1
2iπ

∫
C
∂zf̃(z)(z − a2)−2 dz ∧ dz,

with
f̃ ∈ C∞(C;C), supp f̃ ⊂ {z ∈ C, |Im z| ⩽ Cf⟨z⟩}, f̃ |R = f,

and

∀ N ∈ N, ∃ CN > 0, |∂zf̃(z)| ⩽ CN
|Im z|N

⟨z⟩N
⟨z⟩s−1

when f ∈ S(⟨t⟩s, dt2⟨t⟩ ), s < 0, we obtain by integration of the respective terms by
choosing N ⩾ max{Nn,k, NM}

f(A) = [f(a2)]ϱ,χ(x,Dx) + [f ′(a2)a1]ϱ,χ(x,Dx) +
2M∑
n=1

[βn]ϱ,χ(x,Dx) +RM

with βn ∈ S
−2(n+1)
Ψ (Q; End E) for n ⩾ 1 while f(a) ∈ S−2s

Ψ (Q; End E).
Let us first conclude for s ∈ [−3/2, 0[. Take β ∈ S−4(Q; End E) such that β ∼∑∞
n=1 βn. For every M ∈ N,
f(A) = [f(a2)]ϱ,χ(x,Dx) + [f ′(a2)a1]ϱ,χ(x,Dx) + βϱ,χ(x,Dx) +Rβ,2M+1 +RM

with Rβ,2M+1 ∈ OpS−2(2M+1)
Ψ (Q; End E) and RM ∈ L(W̃−M+cd ; W̃M−cd). By taking

M arbitrarily large, this says that f(A) − [f(a2)]ϱ,χ(x,Dx) − [f ′(a2)a1]ϱ,χ(x,Dx) −
βϱ,χ(x,Dx) belongs to R(Q; End E).

Because s ∈ [−3/2,−0[, we know f(a2) ∈ S2s
Ψ (Q; End E) with 2s ⩾ −3 and

f ′(a2) ∈ S2(s−1)(Q; End E), f ′(a2)a1 ∈ S2s−1
Ψ (Q; End E), while βϱ,χ ∈ S−4

Ψ (Q; End E),
−4 ⩽ −3 − 1 ⩽ 2s− 1.

Now for a general s < 0, simply write ⟨t⟩s = ⟨t⟩s1n1 with s1 ∈ [−3/2, 0[ and n1 ∈ N.
The composition of pseudo-differential operators says that the principal symbol of
⟨A⟩s = ⟨A⟩s1 ◦ · · · ◦ ⟨A⟩s1 is ⟨a2⟩s. Any power ⟨t⟩s, s ∈ R, can be written ⟨t⟩2N⟨t⟩s′

with s′ < 0 and N ∈ N. With ⟨t⟩2N = (1 + t2)N ∈ R[t], ⟨A⟩s is a pseudo-differential
operator with principal symbol ⟨a2⟩s for any s ∈ R. Finally a general function
f ∈ S(⟨t⟩s; dt2⟨t⟩2 ) is written ⟨t⟩s+3/2fs(t) with fs ∈ S(⟨t⟩−3/2, dt

2

⟨t⟩2 ).
For the End E version it suffices to notice that all the explicit computations above,

are done essentially with scalar symbols. □
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