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that the stationary fluctuations of a discrete model of ordered interfaces, that was considered
previously in the statistical physics literature, converge to a system of reflected stochastic
PDEs.

RESUME. — Nous présentons un théoréme général de type boite noire qui garantit la conver-
gence d’une suite de processus de Markov stationnaires, sous réserve que quelques hypotheses
soient satisfaites. Ce théoreéme repose sur un controle des résolvantes de la suite de processus
de Markov, ainsi que sur une caractérisation appropriée de la résolvante de la limite. Un avan-
tage majeur de cette approche est qu’elle permet de contourner I'utilisation du principe de
Boltzmann—Gibbs : par exemple, nous déduisons de maniéere assez simple que les fluctuations
stationnaires du processus de zero-range unidimensionnel convergent vers 1’équation de la
chaleur stochastique. En outre, cette approche permet d’établir des résultats qui étaient proba-
blement hors de portée des méthodes existantes : grace au théoréeme général, nous parvenons
a prouver que les fluctuations stationnaires d’un modele discret d’interfaces ordonnées, précé-
demment étudié dans la littérature de physique statistique, convergent vers un systéme d’EDP
stochastiques réfléchies.
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1. Introduction

This work deals with scaling limits of stationary fluctuations of Markov processes.
We typically think of statistical physics models such as particle systems (exclusion
process, zero-range process), evolving interfaces (V¢ interfaces, height functions) or
dimer models, and the limiting process is usually given by a stochastic PDE. There
exists by now a large literature on this topic. However, establishing rigorously such
a convergence result often requires a delicate estimate, the so-called Boltzmann—
Gibbs principle, that allows to replace space-time averages of discrete observables
by a function of the local density up to some negligible error. We refer to [KIL.99,
Section 11.1] for more details on the Boltzmann—Gibbs principle in a reversible
setting, [CLOO01] in a non-reversible setting and also [GJ14] for an extension called
a second order Boltzmann—Gibbs principle; let us mention also that the Boltzmann—
Gibbs principle, together with the relative entropy method, plays an important
role for the proof of convergence of non-equilibrium fluctuations in some interacting
particle systems [JM18]. Moreover, there are some interesting models from statistical
physics for which the scaling limit of the stationary fluctuations is still out of reach
of existing methods.

In this article, we present a general theorem, dubbed “black box theorem” in
the sequel, that ensures convergence of a sequence of stationary Markov processes
towards some limiting stationary Markov process, provided a set of five assumptions

ANNALES HENRI LEBESGUE
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are fulfilled. Having in mind the models of statistical physics alluded to above, this
theorem is designed to circumvent the use of the Boltzmann—Gibbs principle. As
we will see, this theorem not only provides simpler proof for existing convergence
results (see the example of the zero-range process below) but it also allows to prove
new convergence results (see the pair of ordered interfaces below).

Our black box theorem relies on a change of perspective on how one characterizes
the limiting process. In classical methods, the characterization of the limit goes
through a martingale problem and the Boltzmann—Gibbs principle is used for com-
puting the quadratic variation of the scaling limits of the discrete martingales. In
our approach, we instead require a characterization of the limit through an identity
satisfied by its resolvents, see Assumption 2.1 below.

The remaining four assumptions concern the sequence of stationary Markov pro-
cesses. We naturally require the sequence of invariant measures to converge to the
invariant measure of the limit, Assumption 2.2, and we ask the sequence of Markov
processes to be tight, Assumption 2.3. The last two assumptions deal specifically
with the resolvents of the sequence of Markov processes. In Assumption 2.4, we re-
quire the sequence of resolvents to be equicontinuous in order to extract converging
subsequences. Finally, Assumption 2.5 imposes that the sequence of resolvents are
characterized by an identity that is asymptotically the same as the identity satisfied
by the resolvents of the limit.

Our black box theorem finds its origin in an article of the fourth author [Zam04]
on the convergence of the stationary fluctuations of a V¢ interface model with
reflection towards the solution of a reflected SPDE introduced by Nualart and
Pardoux [NP92]. This convergence had been established by Funaki and Olla [FOO1]
using the Boltzmann—Gibbs principle: the proof in [Zam04] allowed to circumvent this
delicate step. Later this technique was turned into a “black box” result in [Zam06],
however this approach was restricted to continuous-in-time approximations, while
a paper of the first author [EL15] proved that the convergence result of [Zam04] was
true also for discrete approximations. The present work generalises both techniques
to a much more general setting that encompasses both discrete and continuous
state-spaces.

In the present paper, we apply our general result to three models of statistical
physics. We first consider in Section 3 the one-dimensional zero-range process on
a segment and show how our approach circumvents the use of the delicate Boltzmann—
Gibbs principle, and simply requires some standard estimates under the invariant
measure of the discrete dynamics. We emphasize that the result for the zero-range
process is not new (and that it holds under weaker conditions on the transition rates
than those we assume below) and that we present it here for pedagogical reasons,
that is, to first illustrate our method in a simple context.

The second and main application of our general result concerns an evolving pair
of ordered lattice paths v > w on [0,2N], that are bound to the height 0 at 0 and
2N and evolve according to a corner-flip dynamics: the corners of v and w flip at
some prescribed rates, except if the flip breaks the ordering of the two interfaces.
This last constraint gives rise to a pair of reflection measures in the evolution
equations: one that pushes up v and one that pushes down w. Note that this process
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is a particular instance of a model introduced previously in [LRS01, Wil04] in the
context of dynamics of planar structures and tilings. At a higher level, our motivation
to look at this process is the aim to understand the scaling limit of the evolution
of two-dimensional random surfaces. The Markov chain on a pair of ordered lattice
paths is then a toy model where the paths represent the level lines of the height
function, and only two level lines are present. See the end of this section, as well as
Remark 4.8, for a natural generalization with an arbitrary number k of interacting
level lines.

Figure 1.1. Example of a pair of reflected interfaces: k = 3 and k = 9 are contact
points. At contact points, a reflection term prevents the jumps that would break
the ordering to occur.

In Section 4, we will show that the stationary fluctuations of this model of reflected
interfaces, under a diffusive rescaling, converge to the stationary solution of the
following system of stochastic PDEs driven by independent space-time white noises

£, &
O = 3070+ &+ n, w€[0,1], =0,
(L) {ow =300+~ Fn. we0.1]. t>0,
v > w, n(dtv dl’) 2 07 fR.,_x(O,l)(U - w)(ta 93)77(dt> d.’L’) = 0.

In these equations, 1 is a random measure on R, x (0, 1), carried by the space-time
points where v and w meet, and whose role is to preserve the ordering v > w.
This system of stochastic PDEs is intimately related to the reflected stochastic heat
equation introduced by Nualart and Pardoux [NP92], see Section 4.1. The main
difficulty in the proof of the convergence of the discrete dynamics consists in showing
that the two discrete reflection measures converge to the same reflection measure
n in the limit: this question, for a very similar model, was left open in [EL15].
Implementing the Boltzmann—Gibbs principle to prove such a statement seems quite
delicate: instead, checking the assumptions necessary for our black box theorem to
apply mainly boils down to obtaining some estimates under the invariant measure
of the process.

Finally we state a convergence result for discrete-time approximations of V¢
interfaces (with or without a “hard wall constraint” that imposes positivity of ¢)
with convex potential in one dimension in Section 5, although we do not work
out all details. These models have relevance in statistical physics, as describing
interface pinning/wetting phenomena in two-dimensions, see for instance the classic
reference [Fis84] as well as the monograph [Gia07].
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Although the three examples presented above are reversible w.r.t. their invariant
measures, we emphasize that our black box result requires neither reversibility, nor
the validity of the so-called “gradient condition” [KL99].

There is a number of directions that could be investigated in the future. First,
our proof of the convergence of an evolving pair of ordered interfaces could be
extended to cover systems of k ordered interfaces for some arbitrary but fixed value
k > 2, see Remark 4.8 for more details. Second, a very challenging question would
be to apply the black box theorem (or some generalization thereof) to prove the
convergence of the fluctuations of the height function of the dimer model on the
honeycomb graph (or rhombus tilings of the plane), under the “tower dynamic”
introduced in [LRSO01, Wil04], to a two-dimensional stochastic heat equation with
additive noise. Informally speaking, this tiling dynamics corresponds to a system of
k ordered interfaces with k itself of order N. The exact form of the limit stochastic
heat equation can be guessed from the hydrodynamic limit equation obtained by the
second and third authors in [LT17, LT18|.

We emphasize that the rhombus-tiling tower-dynamic of [Wil04] satisfies a certain
“gradient condition”, that comes together with a L' contraction property [LT17,
Section 3|. This feature allows for instance to prove a hydrodynamic limit [LT17,
LT18], that is, the convergence of the height profile, under diffusive scaling, to the
solution of a non-linear parabolic PDE. This is in contrast with the usual rhombus
tilings “single-flip” Glauber dynamic, for which no “gradient condition” or exact
contraction property holds, so that even proving that the relaxation time scales
diffusively is highly non-trivial (see [CMT12, LT23] for progress in this direction).

Third, it would be interesting to apply our black-box result to non-reversible sys-
tems, in particular, weakly asymmetric particle systems whose fluctuations converge
to the KPZ equation.

Organization of the paper

Section 2 contains our “black box” theorem that, under certain general assumptions,
allows to obtain the scaling limit of the fluctuation process of a sequence of Markov
chains. The rest of the work applies the theorem to concrete cases: the zero-range
process on a segment (Section 3), the pair of reflected interfaces (Section 4) and
1-dimensional V¢ interfaces with convex potentials (Section 5). In the latter case,
we do not work out the details.

2. A black box theorem

This section presents a general result that ensures convergence in law of a sequence
of stationary Markov processes (typically on discrete state-spaces) towards some
stationary Markov process (typically on a continuous state-space). It relies on five
assumptions: the first assumption concerns the limit process and the four others
concern the sequence of discrete processes.
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Assumption on the limit

We consider a collection of probability measures (P,),cr on the Skorohod space
D([0, 00), E) of cadlag functions from R, to a separable!!) metric space F satisfying:
(1) (z,A) = P,(A) is a kernel, i.e., for every x € E, A~ P,(A) is a probability
measure on £ and for every A € B(E), z — P,(A) is measurable,
(2) the canonical process (u(t));>o under P, satisfies the Markov property: for all
r ekl P.as.

E.[F((u(t+s),s = 0)) | Fi] = Ey[F(u(s),s > 0)], Vt=0,

for any bounded measurable map F' : D([0,00), E) — R, and where (F;,t > 0)
is the canonical filtration.

We assume that the hence defined Markov process admits a stationary (not neces-
sarily reversible) probability measure m, which has full topological support on E.
For any bounded measurable function f : E — R and any ¢ > 0 we set

Fif(x) = Eu[f(u?))], ze€k.

By a density argument, P; can be extended into a bounded operator on L*(E,dm).
We then assume that (P,,t > 0) is a strongly continuous semigroup of bounded
operators on L*(E,dm). The resolvent operators Ry, A > 0 are defined as

Rof = /°° eMPfdt,  f e LA(E,dm).
0

It is well-known that the law of the process u is completely characterized by the
knowledge of the action of the operators Ry, A > 0 on a large enough set of functions,
see Section 2.1 for more details.

We can now spell out our assumption, we refer the reader to the discussion below
the statement for some explanations.

AsSUMPTION 2.1 (Characterization of the limit). — There exists a collection of
finite complex measures ¥ on E, indexed by v € C where C is some set of bounded
and continuous functions from E to C, such that the following holds.

For any A\ > 0 and any bounded Lipschitz function f : E — R, we assume that
Rf admits a unique bounded Lipschitz representative in L?(E, m); moreover, this
representative is the unique bounded Lipschitz function ' : E — R that satisfies the
identity

(2.1) —[EF(h)zw(dh)+A/EF(h)¢(h)m(dh) :/Ef(h)z/;(h)m(dh), Vo ec.

Let us give some explanations on this assumption. An alternative definition of
the resolvent operator can be given in terms of the generator £ of the process:
Ry = (A — £)71. Provided the class C is large enough, this leads to the weak
characterization of R, f as the unique element such that

(A=L)RAS,¥) = ([, )

(MWe do not require E to be a Polish space since completeness is not necessary for our black box
theorem to hold. In concrete examples, we will actually consider spaces E that are not complete.
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for all ¢ € C. Here (-, -) denotes the inner product of the Hilbert space L*(E, m). By
duality, we obtain
Ve C(Raf, (A= L)) = {f,¥).

Comparing with equation (2.1), this is consistent if L*1)(h)m(dh) = $¥(dh). However
we insist that in Assumption 2.1 the function ¢ does not need to be in the domain
of L* (or L in the reversible case) so that the identity might only be formal. For
example, for the pair of reflected interfaces, one can think of £ as having a Dirac
weight on configurations where the interfaces meet at a point (the only situation
where the dynamics sees the reflection). At a rigorous level, this translates as the fact
that X% gives positive mass to these configurations despite them having m-mass 0.

In the reversible case, an important tool to establish a characterization such as
Assumption 2.1 is the general theory of self-adjoint operator and Dirichlet forms.
In particular [MR92, Theorem 1.2.8] says that for any f € L*(E,dm) and for any
A > 0, Ryf is the unique element of the domain D(E) of the Dirichlet form such
that

ERAS. ) + A [ Raf()v(hym(an) = [ f(Ry(hym(dn),

for all ¢ that lie in (a dense subset of) D(E). When it is possible to determine D(E)
and to justify an integration by parts in the Dirichlet form, this provides a sufficient
condition on the set C, see the proof of Proposition 4.2 for an example of this method.

Let us illustrate the assumption on a concrete example. Take u to be the solution
of the stochastic heat equation in dimension 1

1
ou = §8§u+§, xe€|0,1], t=>0,

endowed with Dirichlet b.c. where ¢ is a space-time white noise. In this example, F
can be taken to be L'([0,1], dz) and m the law of the Brownian bridge on [0, 1]. The
above assumption is then satisfied with C, the set of all maps 1, : E — C defined by
V,(h) = exp(i(h, ¢)) where i = \/—1, (-, -) is the usual inner product in L*([0, 1], dz)
and ¢ : [0,1] — R is any C*-function that vanishes at 0 and 1. Then

() ” 1
4zt (h) = o) (50" = 51l oy ) ().

Let us mention that the choice E = L([0, 1], dx) is relatively arbitrary at this stage.
However, for establishing the convergence of approximating processes, this choice
will play a role.

Assumptions on the sequence of approximating processes

We are now given a sequence of Markov processes uy on some spaces Ey. Each pro-
cess uy admits an invariant probability measure my on Ey which has full topological
support. We let RY denote its resolvent operator.

ASSUMPTION 2.2 (State-space). — Fach Ey is a Borel subset of E, endowed with
the trace metric and Borel sigma-algebra. Furthermore the distance function to En
is achieved: namely, there exists a map wy : £ — Ex such that for all x € E

dE<:C77TN<x)) = yier}sz dE(xvy)
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846 C. LABBE, B. LASLIER, F. TONINELLI & L. ZAMBOTTI

After extending the measure my from Ey to E by setting my(E\Ey) = 0, my
converges weakly towards m as N — oo.

The map 7 will be called a projection. Let us emphasize that we do not assume
that this projection is unique nor that it is continuous. Important examples satisfying
this assumption are:

(1) Ey is a finite subset of E: in this case existence of my holds but uniqueness
typically fails,

(2) E is a Hilbert space and Ey is a closed convex subset (for instance, a finite-
dimensional subspace): existence and uniqueness hold by the Projection The-
orem,

(3) E is a subset of a Banach space B (endowed with the same distance/norm),
and Ey C FE is a closed subset of a finite dimensional subspace of B: existence
holds but uniqueness may fail. For instance, take E to be the subset of
all functions of the Banach space L'([0,1],dz) that are non-negative a.e.,
and let E'y be the subset of all non-negative functions that are constant on
[k/N,(k+1)/N) for every k € {0,..., N — 1}.

Below, we identify three conditions on the sequence uy that ensure that it converges
in law towards wu.

ASSUMPTION 2.3 (Tightness). — There exists a Polish space E~ in which E is
continuously embedded, and such that, if each uy starts from its invariant measure
my, then the sequence of processes (uy)y is tight in D(]0,00), E7).

This assumption spares us from proving tightness in ([0, 00), F). In the applica-
tions presented later on, £~ will be a Sobolev space with a negative index and the
proof of the tightness will follow from the Lyons-Zheng decomposition [LZ88] for
reversible Markov processes.

We turn to a regularity assumption on the sequence of resolvents that will allow us
to extract converging subsequences. We denote by Lip(Fy) the set of all Lipschitz
functions f : Ey — R, that is, the set of all maps f such that

o @10

i = < 0
[f]L p(EN) s dE(.CIZ, y)

AsSuMPTION 2.4 (Equicontinuity). — For any given A > 0 and any given Lips-
chitz function f : Exy — R, we assume that RY f admits a unique bounded Lipschitz
representative in L?(Ey, my), that we still denote RY f for convenience. Furthermore
there exists a constant C' > 0 such that for all A > 0, all N > 1 and all f € Lip(Ey)

[Rivf]Lip(EN) < C[f]Lip(EN)'

This is the main place where specific properties of the approximating process are
used. Indeed in the applications that we will present, this estimate will be derived by
probabilistic means, through finding a coupling under which the distance between
two copies of the process is a sub-martingale. The choice of the underlying space E
plays an important role here: for instance, for some particle systems, the difference
of the height functions of two evolving configurations decays stochastically in L! but
not in L?.
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Finally, we spell out an assumption that can be viewed as an approximation of
the characterization of w.

AssuMPTION 2.5 (Discrete characterization and convergence). — For any ¢ € C,

there exists a finite complex measure E% on Ey such that the following holds. For
any A\ > 0 and any f € L*(Ey,dmy), F := RY f satisfies the identity

22)  — [ F(R)S%(dh) + A / F(h)w(hymy(dh) = / F(R)(R)Yma (dh).
In addition, after extending X% from Ey to E by setting Y% (E\Ey) = 0, the finite
complex measure E}b\, converges weakly to ¥¥ as N — oo.

In the particular case where Ey is a finite set and provided C is dense in
L*(En,dmy), equation (2.2) is always verified with X% (dh) = L3 (h)my(dh),
where L7 is the adjoint w.r.t. my of the generator Ly of the process. Indeed in that
case the discussion after Assumption 2.1 is always rigorous since it only involves
finite dimensional vector spaces. The core of the above assumption is therefore the
convergence of the measure Z’f\’, to X%, or equivalently of the typically well defined

VU (h) to the maybe only formal £*(h).

As one can guess, we will pass to the limit on identity (2.2) along some converging
subsequence of resolvents (that can be extracted by Assumption 2.4) and we will
identify limit points using Assumption 2.1.

We now have all the ingredients at hand to state our main result.

THEOREM 2.6. — Let uy start from its invariant measure my for every N > 1.
Given Assumptions 2.1, 2.2, 2.3, 2.4 and 2.5, the sequence (uy )y converges in law
in D([0,00), E7) to the process u starting from its invariant measure m.

Let us mention that in practice the convergence can be strengthened: if the tight-
ness (Assumption 2.3) is established using moment bounds, and if one can establish
uniform in N moment bounds under the invariant measure my, then interpolation
inequalities allow to lift the tightness in ([0, 00), F') where F' is a space that inter-
polates between E~ and E. We refer to [DZ07, Lemma 5.2] for an application of
this idea.

The rest of this section is devoted to the proof of this result.

2.1. Reduction to an identity on the resolvents

Let IP’TN,LN be the law of uy starting from my and let P be the law of u starting
from m. From the tightness Assumption 2.3, all we need to prove is that any limit
of a converging subsequence of (PY )y matches with P.

First of all, observe that the restriction to E of any function f € Lip(E~) lies in
Lip(F). Indeed, we assumed that E is continuously embedded in E~, and therefore
the bounded linear embedding map from E to E~ is Lipschitz continuous.

Below, all functions f € Lip(£~) will be evaluated on E: to alleviate the notation
we will write f for fig, and similarly with Ey.

TOME 9 (2026)
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Having this in mind, assume that for any n > 1, any bounded functions fo, fi,...,
fn € Lip(E™) and any Aq,..., A, >0, the follovvlng convergence holds

(2.3) /E )RS, ( ARY ( o faRY fn> ...)(uo)mN(duo)
— /E Foluo) R, ( AR, ( N fn> y .)(uo)m(duo).

With this assumption at hand, let us prove that any limit of a converging sub-
sequence of (P )y matches with P. Let P be the limit of a converging sub-
sequence (Py;);. A monotone class argument yields P = P provided P(u(t;) €
Ayscou(ty + -+ t,) € Ay) =Pu(th) € Ay su(ty + -+ t,) € A,) for any
collection Ay, ... ,An of closed sets of £~ any collection ty,...,t, > 0 and any
integer n > 1. Since the indicator of any closed set of £~ is the bounded pointwise
limit of a sequence of bounded Lipschitz functions on E~, it suffices to show that

(2.4) ]EP[fO ug) ﬁ 107 +t

Ep{fo Uo H Ut1+ +t

holds for all n and bounded fo, fi,...,f. € Lip(E£~). By the uniqueness of the
Laplace transform of finite measures on R”, it boils down to proving®

(25) /(0 i 6_23 1 JJEP|:f0 Up H Ut1+ +t dtldtn

= e Zj:l )\jtjEIp |:f0(u0) H fj (ut1+~~-+tj) dtl c. dtn,

(0,00)™ j=1

for any n > 1, any Ay,..., A\, > 0 and any bounded fy, f1,..., fn € Lip(E7).
The Markov property applied to the process uy shows that

(2.6) /E ) fo(uo)RQﬁ(fleV;( o RY fn)...>(uo)mN(duo)

— 0oy e_zg' /\jtjE]pN [fo uo H ut1+ +, ]dtl dt,

The weak convergence of Py, towards P ensures that the r.h.s. converges, along the
subsequence N;, to

(2.7) /(0 ” e 2 “Ep{fo Ug H (s :|dt1--~dtn

(2) Of course Ep [fo(uo) H;‘L:1 fj(ut1+~~+tj)} dtq ...dt, is not a finite measure, but

6_2 =1 ti ]EP|:f[) (N H ut1+ A+t :|dt1dtn

is a finite measure on R™ for any given € > 0.
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On the other hand, the identity (2.3) ensures that the Lh.s. of (2.6) converges to
[E fo(uo) Ry, (f1RA2 ( . fn—1RAnfn> . -)m(duo)

— e Z] J JEP |:f0 uO H ut1+ +t dt]_ PN dtn7

(0,00)™

as N — oo. Therefore, we have established (2.5), and the equality P = P follows.
We have thus reduced the proof of Theorem 2.6 to the proof of (2.3).

2.2. Some technical tools

In this paragraph, we collect some technical tools that will eventually allow us
to extract converging subsequences from the sequence of discrete resolvents, and to
pass to the limit on integrals involving these discrete resolvents against the discrete
invariant measures. It turns out that our setting requires some care since continuous
maps on Ky cannot be canonically lifted into continuous maps on E. This is because
in Assumption 2.2 we assumed existence of a projection my from E to Ey without
requiring its continuity. (It is worth keeping in mind that my cannot be continuous
when Ey is a discrete subset of a continuous set E).

Interestingly, our assumptions imply that the amplitude of the possible jumps of
the projection 7y “vanish” as N — oo. More precisely, for every set G C E, we
denote by G¢ the open set of all the points in E lying at a distance smaller than ¢
from G. For all € > 0, the weak convergence of my to m implies that
(2.8) E = lim EY.

N—o00
Indeed, for all z € E and all ¢ > 0, if we denote by B(z,¢) the open ball in E
centered at x and of radius €, then we have

m(B(x,e)) < lim mN(B(x,E)).

N—o00
Since m has full topological support on E, we deduce that the l.h.s. is strictly
positive so that, for all N large enough B(z,e) N Ey # (), thus ensuring that = € E5,
for all N large enough. This implies that for all z,y € E, there exists Ny(z,y) > 1
such that for all N > Ny, d(nn(z), 7n(y)) < d(z,y) + 2¢ where we write d instead
of dg to lighten notations.

We can now state a modification of Arzela—Ascoli’s theorem. Recall from As-
sumption 2.2 that my(x) is an element of Ey that minimizes the distance from
T to EN.

THEOREM 2.7 (Modified Arzela—Ascoli’s theorem). — Let Fy : Ey - RN > 1
be a collection of uniformly bounded and equicontinuous maps, i.e. supys; [[Fn|loc <
oo and

(2.9) w(d) := sup {|FN(9C> — Fn(y)| s 2,y € En, d(z,y) < 5},

N2>1
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goes to 0 as 0 | 0. Then, there exists a bounded and uniformly continuous map
F:E — R, as well as a subsequence (N;);>1 such that:

(1) For any compact set J C E, sup,c jnp,. |F(x) — Fy,(z)] = 0 as j — oo,
(2) Fy,(mn,;z) converges to F'(z) for all z € E.

Remark 2.8. — The proof shows that the modulus of continuity of F'is bounded
by w(3-), and can be adjusted to show that it is actually bounded by w((1 + €)-)
for any € > 0. In particular, if the Fly are uniformly Lipschitz, so is F'.

Remark 2.9. — 1In the case where Fy is a finite dimensional subspace of a Hilbert
space E, the projection 7wy is 1-Lipschitz and then the classical Arzela—Ascoli the-
orem can be applied to the sequence Fy(my -). In our more general setting, this is
unfortunately not the case.

Proof. — Let (z;);>1 C E be a dense sequence. By a diagonal argument, there
exists a subsequence N; — oo such that, for every ¢ > 1, Fy,(mn,z;) converges
to a limit, that we call F'(z;). Necessarily, sup, |F(z;)| < supy ||Fn|leo < o0. Fix
i # (> 1. From (2.8), we deduce that both d(z;, 7y,7;) and d(z,, my,2,) are smaller
than d(x;,x,)/2 as soon as j is large enough. Then, we have

(210)  |F(a:) — F(ag)| = |, (v, :) = Fi, (v, 2)| < w(2d (3, 30)).

Let z € E. For each k > 1, let 44 > 1 be such that z € B(z;,,k!). Using (2.10),
it is then elementary to check that F(x; ),k > 1 is a Cauchy sequence. Let F(z)
be its limit: using (2.10), it is straightforward to check that this definition does not
depend on the choice of the sequence i, and that it matches with the map F' already
defined on {z;,7 > 1}. Using (2.10) once again, it is simple to obtain the bound
|F(z) — F(y)| < w(3d(x,y)) for all z,y € E. The function F is therefore uniformly
continuous on E.

Let J be a compact set of E. For any k > 1, there exists p, > 1 such that
Uicp, B(xi, k™) covers J. By (2.8), taking j = j(k) large enough, for all i €
{1,...,px} we have x; € E}V/]k together with

(2.11) |Fn, (T 2i) — F(2)] < !

7
Let x € J. There exists iy < pg such that d(z,z;) < k~'. Then, for all j large
enough we get

|F(x) = Fy, (mn,2)| < [F(2) = F(a,)| + |F(x3,) = Fy, (7,23,

+ ‘FNj (ﬂ-ijik) - FNj <7TNJ.I>‘
< w(?)k_l) + k4 w(Qk_l +d(z, Wij)).
If z € JNEW,, then x = 7,z and the first assertion of the theorem follows. Regarding
the second assertion, fix x € E and observe that we can apply the previous arguments
to J = {z}. By (2.8), we know that for all j large enough d(z,my,z) < k=" and

therefore the previous bound ensures that Fiy,(7y,z) converges to F'(x). This ends
the proof of Theorem 2.7. U
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We conclude this section by a criteria for “diagonal” convergence where both
the measure and the integrand depend on N. The proof is very close to [Zam01,
Lemma 1].

LEMMA 2.10. — Let v : E — C be a bounded and continuous function. Let
Fy : Ey — R, N > 1 be a sequence of uniformly bounded and equicontinuous
maps in the sense of Proposition 2.7, and assume that Fx(my-) converges m-almost
everywhere to some bounded continuous map F' : E — R. Suppose that py is a
sequence of complex finite measures on each FEy, that we extend to E by setting
pn(E\EyN) = 0, and that converges weakly to some complex finite measure p on E.

Then [, Fxomnydpy — [ Fidp.

Proof. — Without loss of generality, we can assume that 0 < Fy <1,0< ¢ <1
and that the measures py are real-valued and non-negative. Let N;,j > 1 be a
sequence going to oo. By Theorem 2.7, we can extract a subsubsequence F N, such

that the two assertions of the theorem are satisfied: since the limit is continuous on F,
it necessarily coincides with the function F'. The tightness of the sequence p N, implies

that for every n > 1, there exists a compact set J, such that lim; py, (J5;) < n™".

Using the fact that PN, is supported by EN¢j7 we write

E 9 J !

<on, () + [ (Bw, () = FC))wdp, + [ Fidpy, .
The first assertion of the theorem and the boundedness of ¥ imply that
m/ ’FNi-(WNi-') - F( ) )’d}dez = 0.
i Ju, J J J
The weak convergence of Fipy towards Fip ensures that
i [ Fydpy, < [ Fudp.
J Jn J JIn

Therefore, we get
_ 1
(2.13) lim / Fy, o, bdpn, < + / Fipdp.

Passing to the limit on n, we obtain lim, fFN o Ty, ¢de < [ Fidp. Upon
replacing Fiy by 1 — Fy, one obtains lim; fFN ° TN, wd,oN > fF¢dp. This ends
the proof of Lemma 2.10. 0

2.3. Convergence of the resolvents

We come back to our original goal: the proof of (2.3). It boils down to the following
lemma.

LEMMA 2.11. — Let gy : Ey — R, N > 1 be a sequence of uniformly bounded
and uniformly Lipschitz maps, such that gy o wy converges m-a.e. to some bounded
Lipschitz function g : E — R. Then, for all A > 0, the map R} gy (mn+) converges
pointwise to Ryg(-) as N — oo.
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Proof. — Using Assumption 2.4, we know that the sequence Fy(-) = RYgn(-),
N > 1, is uniformly bounded and equicontinuous in the sense of Theorem 2.7.
Furthermore Assumption 2.5 states that for all ¢ € C

[ Ev()SR(dh) + A [ Fx(homy(dh) = /E (k) my (dh).

En

Let Fy,, N; > 1 be an arbitrary subsequence. By Theorem 2.7, there exists a bounded
Lipschitz map F on E and a subsubsequence FNZ.], converging to F' in the sense of

the statement. The weak convergences of E% and my to X¥ and m (guaranteed by
Assumptions 2.5 and 2.2), together with the regularity properties of the integrands
are sufficient to apply Lemma 2.10 along the subsubsequence N;, and deduce that

- /E F(R)Y(dh) + /E F(h)yw(hym(dh) = /E g(h)w(h) m(dh).

Since this holds for all ¢ € C, Assumption 2.1 ensures that F' = R,g. Since the
subsequence N; was arbitrary, we can conclude. 0

A recursion based on Lemmas 2.10 and 2.11 then yields (2.3).

3. The zero-range process

For pedagogical reasons, we show first how our method works when applied to
the one-dimensional zero-range process. In this case, the convergence of the fluc-
tuation process is already known (see [KL99, Chapter 11] and references therein),
which allows the reader to compare our new approach to the classical one. Note
that we bypass entirely the need to prove the so-called “Boltzmann—Gibbs princi-
ple” ([KL99, Section 11.1]). The equicontinuity of the resolvents will follow from
a model dependent but very soft argument, while the “replacement” part of the
proof, Assumption 2.5, uses technical but routine local CLT results.

3.1. Model and notations

A configuration n is a map from the lattice {1,..., N} to N and we interpret
n(i) as a number of particles at site . The jump rate of the particles is given by a
function 7 : N — R, on which we assume: (1) 7(0) = 0, (2) 7 is a non-decreasing
function, (3) 7 grows at most polynomially at infinity. (The second hypothesis implies
attractiveness).

The dynamics is as follows: at rate N?7(n(7)) a Poisson clock rings at site i and
when this happens a particle jumps right or left by one step, each with probability
1/2, except for i = 1 (resp. ¢ = N) in which case the jump to the left (resp. to the
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right) is not allowed. In other words, at rate N?7(n(i))/2, (n(i),n(i+1)) — (n(i) —1,
n(i+ 1)+ 1) whenever ¢ € {1,..., N — 1} and at the same rate (n(i),n(i — 1)) —
(n(i) —1,n(i — 1) + 1) whenever i € {2,..., N}.

Define the probability measure

1 ak a’
Vok) = ————, keN, Z,:= _
AT 2 T 70
Let a* :=sup{a > 0 : Z, < oo}. Depending on the growth rate of the function 7,
this quantity is either finite or infinite. We introduce R(a) := Y kv,(k), the first
moment of v,, and R* := limg,« R(a). We then let ® : (0, R*) — (0,a*) be the
reciprocal of R: for any parameter 7 € (0, R*), the measure vg @) has mean n. Given
some 71 € (0, R*), the above dynamics, restricted to the set Q ~,m of configurations
with | N7 particles, admits a unique invariant (and reversible) probability measure
Tna(n) = NC(";(]Z,)W — Vn=(n(1),...,n(N)) € Qua.
[Lo 1= 7(J)

This measure is nothing but the product measure of the v, conditioned to 2y 7, for
any arbitrary parameter a € (0, a*). Let us point out however that a “natural” choice
of parameter a would be ® (7).

From now on, 7 € (0, R*) is fixed but arbitrary.

Given an evolving configuration (ny(t,7),t > 0,7 € {1,...,N}), we introduce the
evolving height function as follows

l=N]

(3.1) un(t, x) == Z (nN (t, k) ) x € [0,1].

It turns out that it is convenient to work on the Banach space E = L'(]0, 1], dx).
Since the mapping ny — uy is bijective, (uy(t),t > 0) is a Markov process taking
values in E. We let Ly be its generator:

(32) Luflun) = 3 SrOVED (p( ) i)

k=1 2
. Z N7 nN k)) (f(ul]c\}k—l) _ f(u)),

where uy " is obtained from uy by removing a particle at site £ and adding one at
site k 4 1.

We also let my be its invariant probability measure, and £y the associated Dirichlet
form under the invariant measure my. Note that uy actually takes values in a finite
set Ey C B.

For later purposes, we derive some scaling limits under the invariant measure.
These limits depend on a couple of parameters defined as follows. Set a := ®(7) and

T=B,[r(n)] =>_1(k)va(k),  p=Covy,(n,7(n)) = Ek:(/f —n)(7(k) = T)va(k),

k

a=Var,,(n) => (k—n)’v,(k), v = Var, (1(n)) = (7(k) — 7)°va(k).

k
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Elementary computations show that
T=p=a.

Given a configuration n we introduce the height function associated to the field of

jump rates:
[zN]

1
gy () == T kz_jl (r(n(k)) = 7), =€o,1],

as well as the static counterpart of (3.1)

lzN]
(3.3) () = \/% > (n(k) —m), 7€ 0,1

LEMMA 3.1. — The pair (hy,qn), under the probability measure my, converges
in law to a centered Gaussian process (3(x),((z))o<z<1 Whose covariance is charac-
terized by

Cov(5(s), 6(t)) = avmin(s, )(1 — max(s, t)),

Cov(¢(s), ¢(t)) = ymin(s, t) - Est,

Cov(B(s),((t)) = pmin(s,t)(1 — max(s,t)).
In addition the following bounds hold: for all p > 1

supmy l sup [hn(z)[?
N z€[0,1]

< 00,

< 00,

sup mN[ sup |gqn(z)[P
z€[0,1]

sgfp my[r(n(1))?] < co.

This result implies that %B is a standard Brownian bridge on [0, 1], and that
¢ — 2 is a centered Gaussian process independent of 3.

Proof. — To prove the convergence of (hy,gy) under my, one first considers the
product law py = ®N v, with a = ®(7). It is standard to prove that under®

pn, the pair (hy,qy) converges towards a centered Gaussian process (B, Z) with
covariance

Cov(B(s), B(t)) = amin(s, 1),

Cov(Z(s), Z(t)) = 7 min(s, 1),

Cov(B(s), Z(t)) = pmin(s,1).
(B and Z are scaled and correlated Brownian motions). At this point, we observe that
Z = 2B+Z" where Z' is a centered Gaussian process independent of 5. Consequently
if we let (53, () be the centered Gaussian process obtained by conditioning (B, Z) to

B(1) = 0, then 3 is a scaled Brownian Bridge and ¢ = £ + Z’, with 3 independent
of Z'. The covariance structure of the statement follows.

(3) With minor abuse of notation, we let uy denote also the law of (hy,gn) when n has law py.
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We now concentrate on the proof of the convergence of hy under my towards :
the extension to the convergence of the pair (hy, qy) under my is relatively straight-
forward. By [Pet75, Theorem 1, Chapter VII] a local limit theorem holds: for all
z € (0,1], if we let ky := [N ] then

(3.4) sup |V Nun(hy(kn/N) = ¢) = goa(y)| — 0, N — o,

N—kpn#
Ye—UN

where g,» denotes the density of the centered Gaussian of variance o2. The inde-
pendence and stationarity of the increments allows to extend this LLT to finite
dimensional marginals.

Following an observation made earlier in this subsection and given the definition
of hy, we have

mn = (- | hy(1) = 6n),  On = ——(|N7| — Nn).

VN

This allows to deduce the following uniform in N absolute continuity result. There
exists a constant C' > 0 such that for all N large enough and all non-negative and
measurable map f : R* — R,

(35) | F(1/N), .. oyl /N))| < Cpa| £y (LN, el /V)

where ky := [N/2]. Indeed, C' can simply be taken to be the supremum over all N
large enough of

sup pn(hy(1) — hn(kn/N) = —y) sup pn(hy(1 —kyn/N) = —y)
ek pn(hn (1) =0) e knn pn(hn (1) =0) ’
oy ey

and this quantity is finite thanks to (3.4).

Let us now establish that the sequence (hy)y is tight. Actually, our proof will also
establish the moment bounds of the statement on the expectation of the suprema
of hy. To that end, we establish an estimate on the Holder semi-norm of uy: for any

pe(0,1/2) and p > 1

[ (L0 =01V

£ _Lp
N N

(3.6) limsup  sup
N1 kAte{l,..N}

By symmetry and using the triangle inequality, we can assume that k,¢ < N/2.
From the uniform absolute continuity (3.5), it suffices to establish (3.6) under py
rather than my. This estimate follows from standard techniques, using the fact that
under v,, n — n admits moments of all orders.

Let us now deduce the convergence of the finite dimensional marginals of hy
under my towards those of 5. For simplicity, let us concentrate on one-dimensional
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marginals. Fix a < b and x € (0, 1), and set kx := |xN |. We compute
my(a < hy(ky/N) <b)
= > my (hy(kn/N) = y)

yGMTJJVVﬁ:a<y<b
_ > pn (h (b /N) = y)pn (i (1 — kn/N) = —y + 0n)
ST pn(hn(1) = 0n)
iy

Now observe that

inf gax(y) > Oa inf ga(lf:r)<_y + 5N) > 07 ga(éN) — goc(o) > 0.
y€(a,b) y€(a,b)

Consequently the LLT (3.4) allows to write (with o(1) being uniform over all y in
the sum)

- 1 Jox (y)ga(lfx)(_y + 5N)
o <a ) hN(kN/N) ) b) B yeN—\;sz”::a<y<b \/N ga((SN) (1 " 0(1>>

gax(?J)ga(lfo_y)
a<y<b ga(O)
Combined with the bound (3.6) already established, this is sufficient to deduce that
the law of hy(z) under my converges to that of 5(z).
Let us finally establish the bound on the moments of 7(n(1)). From the absolute
continuity (3.5), it is sufficient to prove

e

dy =P(a < B(x) < b).

limj\fup Vo[T(n(1))?] < o0,

and this follows from the fact that 7 grows at most polynomially at infinity. OJ

Note that Lemma 3.1 implies that Assumption 2.2 holds (recall item (3) in the
discussion after the formulation of that assumption).

3.2. The SPDE

Consider the solution u of
O = cu+of, x€l0,1], t=0,
u(t=0,-)=up(-),

endowed with Dirichlet b.c., where ¢,0 > 0 are some constants, ¢ is a gaussian
space-time white noise and wq is some initial condition in £ = L([0, 1], dz). (We
refer to Section 4.1 for the precise meaning given to such an equation).

The process u admits a unique invariant and reversible measure m., which is the
law of a scaled Brownian bridge (pinned at 0 at = € {0,1}). More precisely, let

Y(z),z € [0,1] be a standard Brownian bridge then m., is the law of \/Z—ZY.
Since u is a Feller process, it is associated to a strongly continuous semigroup
P, in L*(E,m), the latter being the space of all maps F' : E — R that are square

(3.7)
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integrable against m. The general theory ensures that P, gives rise to a generator L,
a Dirichlet form £ and resolvents Ry, A > 0.

Our next result shows that Assumption 2.1 is satisfied for the process u(t,-).
The class C is taken to be the set of all functions ¢,(u) = exp(i(u, ¢)), where
¢ :[0,1] — R is a C? function compactly supported in (0,1), and where (-, ) is the
inner product in L*([0, 1], dx).

PROPOSITION 3.2. — Let f € L*(E,dm) be a Lipschitz function from E to R.
For any A\ > 0, Ry f is the unique element of L?*(E,dm) such that for any C? function
¢ :[0,1] = R with compact support in (0, 1), the following holds:

38) [ Rag () (3 + G el —ieth ) = [ £ 0

As a consequence Assumption 2.1 is satisfied with the class C and the measures

B9) ) = v, clh ) - Gl Jamn), v, €.

Such a result is certainly not new, but for the sake of completeness we provide
a proof. Let us emphasize that the uniqueness part relies on elementary facts on
finite-dimensional Ornstein—Uhlenbeck processes.

Proof.

Step 1: Extension to more general p. — Assume that some map F' € L*(E,dm)
satisfies for all C? function ¢ with compact support in (0, 1)

100 [ F 00,00 (A+ G el — ilhg”) ) = [ ()

Let us show that it remains true for all C? function ¢ that is not necessarily compactly
supported in (0, 1) but only vanishes at the boundaries. First of all, it is not hard
to prove the following moment bound on the Brownian bridge: for any given p > 1

(3.11) mLe[ sup \h(x)[P| < (1/n)P/2.

0,2/n]U[1—2/n,1]

uniformly over all n > 1. Now let y,, : [0,1] — [0, 1] be a smooth function that equals
1 on [2/n,1 —2/n] and 0 outside [1/n,1 — 1/n] and such that there exists C' > 0
such that for all n > 1

sup |x;, (¢)] < Cn,  sup[x;(z)] < On®.

Set pn(z) == @(x)xn(z). Then (3.10) evaluated at ¢,, converges to the same equation
with . The only delicate term is (u, "), let us provide the details. Since ¢ — ¢,
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vanishes outside I,, :=[0,2/n] U [1 — 2/n, 1] we find
JIEM)G (), (" = ) fm(d)

< ([ F@rman) [sup rh<a:>|2] "

:I?EIn

/ 10" (1 = xn) + 2¢"x;, + ©X0l-
0,2/n]U[1—2/n,1]

By (3.11), the product of the first two terms goes to 0 as n — oo. Since ¢ vanishes
at 0 and 1, it is of order 1/n on I,,, and the integral can be bounded by a term of
order 1 uniformly over all n > 1.

Step 2: Existence. — The general theory [MR92, Theorem 1.2.8] ensures that R, f
is the only F' € D(E) satisfying

(3.12) E(F.9)+ X [ Fhg(hym(dh) = [ f(h)g(hym(dh).

for all ¢ € D(E), the latter being the domain of the Dirichlet form. The general
theory again ensures that for any g € D(L), the domain of the generator, it holds

E(RAL,9) = = [ Raf(h)Lg(h)m(dh).
Assume for now that 1, belongs to D(L), and that

(1) = (1) (il ) = G el ).

Combining the last three identities, and using the general fact that D(L) C D(E),
we deduce that R, [ satisfies (3.8).

Step 3: Computation of Li),. — Let us show that 1, belongs to D(L). Instead
of identifying explicitly the domain of the generator, we prove that the following
convergence holds in L?(E, dm)

Pt _ - /! 2
M(h) — P, (h) (ZCUL,@ ) — UQHQOH%Q)’ t10.

Recall that the Markov process u(t,-) can be built as the solution of (3.7). From
this evolution equation, we deduce that

d(“(t7 ) )7 @) = C<u(tv ) )v (70”>dt + O-”90||L2dB<t)7
where B is a Brownian motion. Since P, (ug) = E[e! )9 | u(t,0) = ug), an
explicit computation yields the desired result.

Step 4: Uniqueness. — Let us show that this is the unique L*(E,dm) map that
satisfies this identity. Given the first step above, it suffices to prove that if F' €
L*(E,dm) satisfies

| F 00,000 (3 + Gl i) ) = .

for all C* function ¢ that vanishes at the boundaries, then F' = 0.
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Let F' be such a function. Let e, be a normalized eigenfunction of the Dirichlet
Laplacian on [0, 1] associated with some eigenvalue —p < 0. For t € R, set ¢ := te,,.
Then

o2 , itlh o o?
00 (3 ol = it} ) =0 (3 2 4 et )

Writing = := (h,e,) and g(z) := €', we observe that the last expression coincides
with (A — L%Y)g(x), where £V is the generator of the 1-d Ornstein—Uhlenbeck
process

dX(t) = —pcX (t)dt + odB(t).
Its invariant probability measure m©? is the pushforward of m through h — (h,e,).
Let F, be the sigma-field on £ generated by this last map and let F,, : R — R be
a measurable map s.t. m[F | F,|(h) = F,,({h,e,)). We have shown that

| Fu@) = £2)g(wydm® () = [ Fyah) (X + T llela = ieth, ) )mian)
=0.
As a consequence
[ Fu@) 3= £ g(aym (dz) = 0.

for all g in the vector space spanned by {z — € : ¢t € R}. By approximation
arguments, for any f € L*(R, dm®Y) there exists a sequence g, in the latter vector
space s.t. [[(A—=LY)gn — f | 2w amovy goes to 0 as n — oo and this suffices to deduce
that

/ Fu(x) f(z)mP (dz) = 0.

Consequently F,, =0 m®-a.e., and in turn m[F | F,] = 0 m-a.e.

The very same arguments applies if we consider finitely many e,, simultaneously.
More precisely, if we enumerate the eigenvalues of the Dirichlet Laplacian 0 >
—uy > —pg > ... and if we let F,, be the sigma-field on E generated by the maps
h+— (h,eu), ..., h = (h,e,,), then m[F | F,] = 0 m-a.e. for any n > 1. As a
consequence m[F | F] = 0 m-a.e., where F, is the smallest o-field generated by
all the F,,, n > 1 augmented with all m-null sets. Now we observe that L2 C L' = F
and that m(L?) = 1. Since the (e,, ),>1 is a Hilbert basis of L?, we deduce that for
m-a.e. h

U

F(h) = F(Z(h, eun>eun).

n>1
We thus deduce that F' coincides m-a.e. with a F,,-measurable map. Consequently
F=m[F | Fx] =0 m-a.e. O

3.3. Equicontinuity

Assume that for any v,w € Qx5 there exists a coupling of the processes u}; and
u'y starting respectively from v and w such that:

(3.13) El[ju (¢, ) — w(t, )l ] < o —wllzs.

TOME 9 (2026)



860 C. LABBE, B. LASLIER, F. TONINELLI & L. ZAMBOTTI

Then we deduce that for any f € Lip(Ey)
RY ()~ RY f(w)] < [ e Bl f(uelt, ) — Flui(t, )t
< Uit [ ¢ B (6 0) =)

<A [ flLipem lv — w21,

and Assumption 2.4 is proved.

Remark 3.3. — Note that, if the r.h.s. of (3.13) were replaced by ||v — w||p: times
a function that grows less than exponentially in ¢, Assumption 2.4 would still follow.

We are thus left with constructing the above coupling. Actually we will construct
a coupling of all processes u};, v € 0y 5 such that
(1) it preserves the ordering of the height functions: if v > w then u}(¢,-) >
u(t,-) at all times ¢t > 0,
(2) for any v, w, at all times t > 0 E[||u% (¢, ) — u% (¢, - )| 1] < ||[v — w]| 2.
To do so, consider a collection of independent Poisson clocks PMH, ie{l,...,n—1},
k>1land Pf_ i€ {2,...,n}, k> 1ofrates 3(7(k) —7(k—1)). With these Poisson
clocks at hand, we can construct the processes n%; in the following way. If PZ ;41 Tings
at time t then for all v such that n% (t_,7) > k we apply the following transition:
ny(t,i) =n%(t_,i) — 1L and n{(t,i £ 1) =n}(t_,i £ 1) + 1.
It is then elementary to check that this coupling preserves the ordering of the
height functions. Regarding the second property, we first consider the particular case
where v > w. Then at all times ¢t > 0

Zi](UN t,1) }(’,(t,z))

) e,

Consequently

=z

-1 1
Ll} - N

=1

o]

uR(t, ) = ug(t, )|

E[£N<U1J)V(t’ 2) - u}l\]f(t’ Z))]

Since
N3/2

E|Lyu}(ti)| =

and similarly with w, we obtain

(3.14) OE[[lun(t,-) — uy(t, )]

= VBl (0, ) = (1) = L B (2 1) = e, )

Since u} (¢, ) = u¥(t,-) and since the total number of particles is the same in both

configurations, we deduce that

Since k +— 7(k) is non-decreasing, we deduce that 8t [||uN( ,-) —uN(t, )] <0
so that E[|luf(,-) — ui(t, - )l|l] < [l — w1

E|r(n%(ti +1)) = 7(n} (t,1)],
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Let us now consider the general case where v,w are not necessarily ordered. We
introduce the configurations

max(i) ;= v(i) Vw(i), min(i) = v(i) A w(i).
Our coupling ensures that
u%m(tv ’ ) < quj\f(u ’ )7 uju\)f(ta ) ) < u]mvax(ta ’ )
In addition
|lv — w||z: = || max — min ||z:.
From the first part of the argument, we thus deduce
Ellluf(t, ) — uly(t )l ] < B[[[uy™ () —ui™(¢,)|| ]

< ||max —min |1 = |Jv — w|| 1.

3.4. Discrete characterization and convergence

The goal of this subsection is to check that Assumption 2.5 is fulfilled. Recall the

parameters introduced above Lemma 3.1. We set
c:= ﬁ, o =T,
2c0

and we let m = m., be the law on E of a scaled Brownian bridge, as introduced in
Section 3.2.

Recall that C is the set of all maps 1,(h) = exp(i(h, ¢)), v € E, where ¢ is a C?
function from [0, 1] into R compactly supported in (0, 1). Recall the definition of the
measure L%¢ from Section 3.2

e ) = 0,00 (i) - G gl )

We set
S8 (dh) == Ly, (h) - my(dh).

PROPOSITION 3.4. — The measure E%“" converges weakly towards X¥¢ in the set
of finite complex measures on E.

Proof. — We need to show that for any bounded and continuous function
F:EFE—R

/E F(R)S%e (dh) —s /E F(R)S¥#(dh), N —s .

From now on, F' will implicitly be such a function. Recall that ¢ is a C? function
compactly supported in (0, 1), consequently there exist € > 0 such that p(z) = 0
for all x € [0,¢] U [1 — ¢, 1]. From now on, we always assume that N > 1/e so that

p(L/N) = (N = 1)/N) = 0.

Using the expression of the generator in (3.2), we have
k kt1
N i N o(x)da
= 2 ey f% +e ‘/ﬁf% Pl
Lny(h) = N7 (ng),(h) 5 —1

k=1
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A Taylor expansion yields

k
L[N e(x)de ) # 1
emfkT =1+ \/ZN /Li o(z)dr — ng?(k;/N) + O(N_4)
i

=1+ N;/zgo((k —1)/N) — 2]1\[3%02(]6/]\[)
i \/ZN /k]NV ((x) = @((k = 1)/N))dz + O(N?),
and similarly
I - S
’ N3/290 o3 (k/N)
\/—/ — o(k/N))dz +O(N™%),

This leads to

2

Ly, (h Z (), (R) (L (k) + Ix(k) + I3(K)),

=i () =)

and I3 is a remainder that satisfies |I3(k)| < C,N~7/2 for all k, where C, > 0 is
a constant that only depends on ¢. Let us control the term provided by I, that is

where

1 N-1

~ | an kZ::l 7 (1) Py (h)® (k/N)F (h)my (dh)

1N1

-2 3 W) (k/N)F (e (dh)

o /E 3 () — 7)o () 5/ ) (o ().

The first term on the r.h.s. converges towards
T

=5 | FMWlelPm(dh).

The second term equals
N-1 e L[k L[k
_%}N/Iflbw(h)F(h)(l; QN<N> [90 (N) — (ﬁ)me(dh).
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The last bound stated in Lemma 3.1 ensures that this quantity converges to 0 as
N — oo. Regarding I, we first compute

> N7 (n) o, (1) 5575 (9K /N) = o((k = 1)/N)

ZNW 7(nx) — P ()N (0(k/N) = @((k — 1)/N))

N-1

2N Z CIN k/N)NQAng(k/NW@( )

where Ayp(k/N) = p((k+1)/N) —2¢(k/N) + ¢((k —1)/N). By Lemma 3.1, this
expression, multiplied by F' and integrated against my, converges to
i
SE[FB)C, v (8)].

Since ¢ — is a centered Gaussian process independent of 3, we deduce that this
last expressmn coincides with

U Vo

*]E /l /F ~ /l .
Finally, the term I3 has a neghglble contribution. U

3.5. Tightness

Let H=? be the Sobolev space of all distributions f on (0, 1) such that
115 == > ([, en)® < 0o,

n=1
where (e,)n>1 is the usual eigenbasis of the Dirichlet Laplacian on [0, 1].
Note that L! is continuously embedded in H~# as soon as 3 > 1/2. The next
proposition shows that Assumption 2.3 is satisfied with £~ = H— for any 8 > 1.

PROPOSITION 3.5. — Take 3 > 1. The sequence uy, N > 1 is tight in D(]0, c0),
H=P) and all limiting points are in C([0,00), H=#).

Proof. — To obtain tightness in D([0, 00), H~?) with limiting points in C([0, ),
H~=P) it suffices to show that the sequence of initial laws ux (0, ) is tight and that
for all T, 0 > 0 we have

1
(3.15) limy lim - Ogggﬁ(g;ggﬁ Jun (t) = un(8)|[g-s > 5) =0,
see for instance [Bil99, Theorem 13.2]. The former is immediate since we start
from the stationary measure my that weakly converges to m. To check the latter
condition, we apply the so-called Lyons-Zheng decomposition [LZ88] that exploits
the reversibility of the process w.r.t. its invariant measure. Fix some arbitrary 7" > 0.
Let F;,t > 0 be the filtration associated with uy(t),¢ > 0, and let Fite [0, 7]
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be the filtration associated with the reversed process uy(T —t),t € [0, T]. For any
n > 1, the process ty(t,n) := (uy(t), e,) satisfies

(316)  a(tn) —ax(sm) = [ "L, n)dr + My(t,n) — My(s,n),

where My(t,n) is an Fi-martingale. Using the reversibility of the process, it is simple
to get the identity

(3.17) an(T — (T — s),n) —un(T — (T —t),n)
T—s —~ —~
= Lyun(T —r,n)dr + My(T — s,n) — Myx(T —t,n),
Tt

where M y(t,n) is an F, martingale. Therefore,
1 — _
(3.18) @i (¢, n)—Tin (5, n) — 2(MN(t,n)—MN(s,n)—i—MN(T—t,n)—MN(T—s,n)).

Using the Burkholder-Davis-Gundy inequality (see for instance [LLP80]) to the
martingales we deduce that for all p > 2

1
P

RNT S

EN[ sup |Mis(t,m) — Mu(s,m)| ]
] te(s,s+h]

te[s,st+h

S;EN[ Sup <MN('7n)_MN<S7n)>

+EN[ up \MN<r,n>—MN<r—,n>\”] ,
rée(s,s+h]

uniformly over all N > 1, all s,h > 0 and all n > 1. The jumps of My are of size at
most N3/2|e/ | = O(nN—3/%) so that the second term is easily bounded. Regarding
the first term, observe that the predictable bracket is non-decreasing in time so that
it suffices to take t = s + h. Now observe that there exists C' > 0 such that for all N
and n

<MN(-, n) — Mn(s, n)>s+h

sth 1 N1, k k—1))"
g (SORED)

+ <en (T) —ep (;)) )dr < Cn? /:Jrh ]1[ > 7(n(r, k))dr,

k=1

where we use the notation ((M(-))s)sso for the predictable bracket of any martin-
gale M. By Jensen’s inequality

sth 1 N z
/ N 2 T k)dr

Noting that the law of {n(i),i < N} is exchangeable under my we get

1/p

EY (M (om) = My(s,m) |7 S binma[(rn(0)?]

+h
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The moment on the r.h.s. is controlled by the last estimate of Lemma 3.1. Conse-
quently,

3=

IEN[ sup ‘MN(t,n) — MN(s,n)‘p] <n(h? + N72).

te[s,s+h]

We deduce that

1
B swp [ax(t,m) —ax(s,m)]” St + N,
s<t<s+h
uniformly over all N > 1, s € [0,7 — h| and n > 1. Applying the triangle inequality
w.r.t. the LP/2()-norm at the second line we get

B =

o[ v o,

) p/2] »
<EN (Zn_2ﬂ sup ‘aN<t7n)_aN(S7n)’>

n>1 s<t<s+h

N

< (Z n‘%EN[ sup ‘aN(t,n)_ﬁN@’n)‘p]a

n>1 s<t<s+h
Shi+ N5
if 28 — 1 > 1 so that (3.15) follows provided p > 3. O

We have all the ingredients at hand to prove the following convergence result.

THEOREM 3.6. — The process (un(t),t > 0), starting from its stationary measure
my, converges in law to the process (u(t),t > 0), starting from m.,, in the space

D([0,00), H"([0,1]))
for any given 3 > 1.

Proof. — We aim at applying Theorem 2.6. Assumption 2.1 is the content of
Proposition 3.2, the convergence in law required in Assumption 2.2 is checked in
Lemma 3.1, Assumption 2.3 is the content of Proposition 3.5, Assumption 2.4 is
discussed in Section 3.3 and Assumption 2.5 is proven in Proposition 3.4. U

4. Pair of reflected interfaces

The dynamics studied in this section is a special case of a dynamics of
k > 2 reflected interfaces, introduced previously in [LRS01, Wil04] in the context of
dynamics of planar structures and tilings. See also Remark 4.8 below.

We consider the set Qy of all pairs u = (v,w) of lattice paths from {0,...,2N}
to Z that make +1 steps, are pinned at height 0 at both ends and are ordered,
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namely

vik+1)—v(k) e {-1,1}, wk+1)—w(k)e{-1,1},
v(0) =w(0) = v(2N) =w(2N) =0,

V2> W.

We let m be the uniform measure on Q5. Let A be the discrete one-dimensional
Laplacian, that is

Af(k) = f(k+1) = 2f(k) + f(k = 1).
Given a configuration u = (v,w) € Qu, we say that k € {1,...,2N — 1} is a contact
point if

v(l) =w(l), Vle{k—1kk+1}.

We also say that v forms an upward corner at k if Av = —2 and a downward corner
at k if Av = 2. The same definition holds for w. On Q, we introduce a partial order
by saying that u = (v,w) > u' = (v/,w') iff v(k) > v/(k) and w(k) > w'(k) for every k.
Given a lattice path v, if v forms an (upward or downward) corner at k, we let v*
denote the configuration where v(k) is flipped to v(k) + Av(k).

Note that, if k& is a contact point and v,w form an upward (resp. downward)
corner there, then the configuration (v*,w) does not belong to Qy, but (v,w"*) does
(resp. (v,w") does not belong to Qy, but (v, w) does).

We consider the following corner flip dynamics on Qy:

(1) for every k € {1,...,2N — 1} which is not a contact point, if v (resp. w) forms
a corner at k, then v(k) (resp. w(k)) is flipped at rate (2N)?/2, so that the
resulting configuration is (v*,w) (resp. (v,w"));

(2) for every contact point k, if v and w form an upward corner (resp. downward
corner) then w(k) (resp. v(k)) flips at rate (2N)?/2, so that the resulting
configuration is (v, w*) (resp. (vF, w);

(3) for every contact point k, if v and w form a corner then they flip simultaneously
at rate (2N)2/4, so that the resulting configuration is (v*, w*).

We refer to Figure 4.1 for an illustration. Let us emphasize that all these jumps
are driven by independent Poisson clocks. It is straightforward to check that this
dynamics is reversible w.r.t. the uniform measure m on Q.

Remark 4.1. — Let us point out that the jump rates at contact points are chosen
in such a way that the generator satisfies
(2N)?

Ly[v(k)+w(k)] = A(v(k) +w(k)).

2
This identity would still hold if we imposed:

(1) for every contact point k, if v and w form an upward corner (resp. downward
corner) then w(k) (resp. v(k)) flips at rate «,

(2) for every contact point k, if v and w form a corner then they flip simultaneously
at rate (3,

with «, § > 0 satisfying § + 8 = (2N)?/2. In this more general setting, the invariant
measure is no longer uniform nor reversible (except if a = (2N)?/2 and 8 = (2N)?/4).
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A\ evy

)*/2

/\ ev?
(2N)?/2
A4

—_—

> <

(2N)?/4
NV

Figure 4.1. Dynamics at contact points.

OO

In order to take the continuum limit N — oo, we need to suitably rescale the
paths. Given u € Qy, we define h = (hy, hy,) where h,, : [0,1] — R is the continuous
function defined via

(4.1) ho(k/(2N)) =

1

mv(k), ke {0,1,...,2N}

and by linear interpolation in between. For lightness of notation, we do not give an
index N to the rescaled functions, in contrast with what we did for the zero-range
process. The function h,, is defined analogously. Then, h is an element of the space E
of all pairs h = (h,, hy,) of continuous functions from [0, 1] into R such that h, > h,,.
On FE, we consider the distance |h — V|| := ||hy, — B.||lzr + [|hw — R, ||z:. Note
that F is a separable metric space, but it is not complete, see the next subsection
for a discussion on that point. For fixed N, h, belongs to the finite set Exy C E
(obviously defined as the image of Qx via the rescaling). Also, u"0(t) denotes the
rescaled evolving configuration at time ¢, with rescaled initial configuration wuy.

4.1. The SPDE

The limiting dynamics is better described in terms of the sum and difference of
the interfaces. Let us introduce the associated stochastic PDEs. Given a space-time
white noise €% on Ry x [0, 1] we consider the solution S of the following stochastic

PDE
9S(t,x) = 3025(t,x) + &%, xel0,1], t=0,
S(t,0) =S(t,1) =0,
where the initial condition S(0, -) is any continuous function on [0, 1]. This equation

should be understood in the weak sense: for any C? function h : [0,1] — R that
vanishes at 0 and 1, we have

(42)  (S(t,-),h) = (5(0,-), h) +;/Ot<5(t,-),h”) +/Oth(m)§s(ds,dx).

It is well-known that there exists a unique solution S which is continuous in time with
values in C([0, 1]) (endowed with the sup-norm, i.e. the solution is continuous in both
variables on [0, +00) X [0,1]). Moreover the solution (S(¢,-));>0 is a Markov process
which admits a unique invariant (reversible) measure, given by the law my,igge Of the
standard Brownian bridge on [0, 1].
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Given a space-time white noise £, independent of ¢°, we consider the solution
(D, n) of the following stochastic PDE

O D(t,x) = 12D(t,x) + &P +n, z€[0,1], t=>0,

(43) D(tv l’) 2 07 j;fe]R+ fze(O,l) D(ta x)n(dta d[E) = 07
D(t,0) = D(t, 1) = 0,

where the initial condition D(0,-) is any given non-negative continuous function.
Here 7 is a random non-negative Radon measure on R, x (0,1) and the equation
is understood similarly as in (4.2) except that one considers the additional term
J3 h(z)n(ds, dx). The random variable 7 is a reflection measure: it is supported by
the space time points (¢,x) where the interface D hits 0, and at these points, it
pushes the interface upwards to keep it non-negative.

Nualart and Pardoux [NP92] showed that almost surely, there exists a unique
pair (D, n) satisfying the system above (note that the construction therein is purely
deterministic). The process (D(t, - ))sso is Markov with values in C, ([0,1]) := {f €
C([0,1]) : f > 0} and admits a unique invariant (reversible) measure, given by the
law My of the normalised Brownian excursion, see [Zaml17, ZamO1].

Since (S, D) is an independent pair of Markov processes, then the pair (S, D) is
itself a Markov process on E := C([0, 1]) x C4(]0, 1]) that admits an invariant and
reversible invariant measure Mmpridge ® Mexc-

In this situation, F has a natural metric given by the sup-norm, which makes
it a Polish space and (S, D) an a.s. continuous process. However we have allowed
ourselves in the black box result of Section 2 to endow our state space E with
a distance d which makes it separable but not necessarily complete. Here we exploit
this freedom and we choose d as the L'([0,1],dz) distance: for v = (u',u?),v =
(v,0%) € E = C([0, 1)) x C+([0,1])

2
|u—vl|lg = Z |u' — UZHLl([O,l],dac)-
i=1
The reason for this choice is that the contraction property (4.7) for the discrete
processes can be proved in this weaker distance.
We then define u = (v, w) through

_S+D _S-D
S TR

(VN

It solves
&v:%%v+€“k%m re(0,1], t=0,
(4.4) Ow = 300w + € — n, x€[0,1], >0,
07 f(O,l)xR.,_ (U - ’LU) (ta fﬁ)n(dt> dl‘) = 07
€D

v=>w, n(dtdr)>
where £V := gsj/“gD and &V = 55\;5 are still independent space-time white noises.
We let m be the pushforward of miigge ® Mexe through the map (S, D) —

(%, %) The process u = (v,w) is a Markov process taking values in E with

invariant (reversible) measure m. Our next proposition provides a characteriza-
tion of its resolvents and thus establishes Assumption 2.1 in the present model.
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This proposition takes advantage of the independence of S and D, and therefore
mixes the two sets of coordinates ((S, D) and (v, w)).

For any pair of continuous functions (¢,, ¢.) from [0, 1] into R, we define for any
hek

w@<h> = €i<hv»S0v>+’L’(hw7<pw>
We call (R))aso0 the resolvent family of the Markov process (.S, D).

PROPOSITION 4.2. — Let f be a bounded Lipschitz function from E to R. For
any A > 0, R,f is the unique bounded Lipschitz-continuous function F' : E — R
such that for any pair of C? functions (., p,) from [0,1] into R with compact
supports in (0, 1), the following holds:

(4.5) [ E0) O (ym(dn) 5= (dn)) = [ £y (hym(an),
where, writing hg = % and hp = %

(4.6) 2¥2(dh) = S0hol) (€0, ) + s ) — il — il )

((Pv B ng) (T‘)

i 1 1
+§¢w(h)/0 dr\/m =

mexc<th | hD<T) = O)mbridge<dh5‘).

In this case, we let C denote the set of all functions v, ( - ) with ¢ as in the state-
ment of the proposition. Let us point out that the probability measure mex.(dhp |
hp(r) = 0) can be defined by passing to the limit on a regular conditioning of the
form {hp(r) < e}. This probability measure then coincides with the law of the
concatenation of two Brownian excursions rescaled on (0,7) and (r, 1) respectively:
we refer to Step 3 in the proof of Proposition 4.4 for more details in this direction.

Proof. — By [BH91, chapter V], the Markov process (S, D) is associated with the
tensor product & of the Dirichlet forms £%, P of S and D respectively. Moreover
Ry f is the unique function in D(E) such that (3.12) holds for all ¢ € D(E). Then
if we choose g = 1),,, we obtain by integration by parts that R, f does satisty (4.5),
using the explicit form of the integration by parts for £P given in [Zam02]. On the
other hand, if ' : E — R is bounded Lipschitz-continuous then F' € D(E) and
if ' also satisfies (4.5) then by integration by parts F' satisfies (3.12) for g = .
Since exponential functions are a core in the domains D(E°) and D(EP), then F
satisfies (3.12) for all g € D(E). O

Let my be the pushforward of m through the map (v,w) — (hy, hy,), see (4.1).
LEMMA 4.3. — As N — 0o, my converges weakly to the measure m.
Proof. — Tt is known, see for instance [Gil03, Theorem 2.7|, that my converges

weakly to a probability measure on C/([0, 1], R?) (and a fortiori on E) under which
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(hy, hy) solves

dhy (1) = —?”_(ti et i o A, ) =0
dh(t) =~ WA pe), hu0) =0,

1t o (t) — hy(t)

where B and B" are independent standard Brownian motions. It is then straight-

forward to check that hg := (h, 4 hy)/v/2 and hp := (hy — hy)/V/2 solve

dhs(t) = — }ILS_(tZ dt + dB°(t), hs(0) =0,
dhp(t) = —?D_(tt) dt + hjft) +dBP(t), hp(0) =0,

where B® and B? are independent standard Brownian motions. As a consequence
hg is a Brownian bridge and hp an independent normalised Brownian excursion. [

This lemma ensures that Assumption 2.2 is satisfied.

4.2. Equicontinuity

We follow the same strategy as in Section 3.3 in order to establish Assumption 2.4.
It suffices to show that for any wug,w) € Ey, there exists a coupling under which

(4.7) E[|Ju(t) = u (@) ] < lluo — woll

From now on, we write v and v for u* and u“.

There exists a global monotone coupling of the processes starting from all initial
configurations uy € Qy such that if uy > u) then almost surely u“(t) > u%(t) for
all t > 0. Indeed, the dynamics we are considering is a special case of a dynamics
of k reflected interfaces (see Remark 4.8 below), for which the existence of a global
monotone coupling is known [Wil04].

With this coupling at hand, let us consider first the case uy > uf,. Then at all times
t>0

2N—-1
(2N)*2|Ju(t) — o/ (t)|| g = > vt k) =V (t k) +w(t, k) —w'(t, k).
k=1
Consequently,
2N—1

(2N)*2OE[|Ju(t) — /' (1) 5] = g_j E|Ly(v(t, k) = v/(t, k) +w(t, k) —w'(t, k)]

Thanks to Remark 4.1,
(2N)?

E[Ly(v(t k) +u(t, k)| = E[Av(t, k) + Aw(t, k)],
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and similarly for v/ + w’. Since the interfaces are pinned at height 0 at £ = 0 and
k = 2N, an integration by parts gives

(2N )20 |[un (t) — un (£)]] ]
(2N)?

= > E{v(t, k) —v'(t, k) +w(t, k) — (¢, k)]?
ke{12N—1}

which is non-positive, and therefore (4.7) is proved.
To treat the general case where ug and uj, are not ordered, we introduce

v (k) = max(vo(k), vo(k)), ™" (k) = min(vo(k), v (k).
together with
(k) = max(wo(k), wy(k)), ™ (k) = min(wo(k), wh(k)).
Our coupling implies that almost surely at all times ¢t > 0
v (k1) > vk, t), v(kt) = vk, t),
and
W (k1) = w(k,t), Wk, t) >w""(k,t),

with the notation that (v™®*(t),w™*(¢)) is the configuration at time ¢ started from
(vmax w™@) “and analogously for the evolution starting from the minimal configura-
tion. Consequently,

Elflu(t) — ' ()ll5] < E[Jluy™(#) — uf™(®)l|e] < 0™ = u™||p.
To conclude, one observes that

max min
Jum —

E

max min
[omex =

L + meax — qm™in

Ll
= |lvo — vl 21 + [Jwo — wpl| 11

= |lug — U6||E-

4.3. Discrete characterization and convergence

In this subsection, we check that Assumption 2.5 is satisfied. Given two functions
©y, Py from [0, 1] into R, recall that

V,(h) = eihvspu)tihuw pw)
We define the finite complex measure E%“’ on F by setting
(4.8) S8 (dh) = Ly, (h)ymy(dh).

PROPOSITION 4.4. — Let ¢,,p, be two C? functions from [0,1] into R with

compact supports in (0,1). As N — oo, Z%“" converges weakly to the finite complex
measure ¥¥¢ which was defined in (4.6).
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Proof of Proposition 4.4. — We write v*, w*, k =1,...,2N — 1, for the configura-
tions v*, w”* after rescaling. Since v, w are obtained by affine interpolation in between
their values at lattice sites, one can check that

2N—1
(her20) = Gy 22 VI (K/2N)),
with
®,(k/(2N))
k/(2N) (k+1)/(2N)
=2N oo wp(2)(2Nz — (k —1))dx + 2N . ou(x)(k+1—2Nz)dr,

and similarly for (h,, @) with a function ®,, defined analogously.
A direct computation shows that the generator £y can be written as a sum of £4§
and L where the former deals with non-reflected terms in the generator, that is

2N—1
Lyo(h) = 3 (2N)*(h)Ax(h),
k=1
with
by (i, ) L (p(ho, hyy)
Ak(h) <¢¢(hv, A ) — 1)1 Av(k)20 —|— ¢4p(hfu7 A ) 1 1Aw(k)7é07
while £% is the part of the generator coming from the reflection, that is
2N-1
Lip(h) = > (2N)*¢y(h)Ri(h),
k=1
with
1 (1, (h% hy) 17y (hy hk)
h)=——| 222 1)1 Wl 11,
(i, hy)

1 (v,
- =22 _1](1 1, .
+ 4<%(hv,hw) )( Alk) T v(k))

Here A(k) (resp. V(k)) is the event that k is a contact point and the interfaces v, w
have an upward (resp. downward) corner there. We control these terms separately.
From now on O(N~%) will denote a quantity that is bounded by CN~* where C' > 0
is independent of N and k.

Step 1: Non-reflected terms. — One can check that

?

Ap(h) = 5 [, (k) (2N)) Av(k) + By (k/(2N)) Au (k)]

2(2N)3/2
E\\° E\)°
(‘I)v <2N>> TAv(k)20 + (q)w (2]\7>> 1 Awr)20

1
(2N)?
Via a summation by parts and recalling that ¢,, ¢, are C? functions that have
compact support in (0,1), we thus deduce that, up to negligible terms, L4, (u)

+ O(N~Y%).
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coincides with

(@9) ) (i )+ ilh ) — ol = lpul?) +Sx(h)
where
(4.10) Sn(h)
- 2 2
= 1%(@;, 2?::11 ((I)v (2];\[> @ 1Av(k);é0> + o, (2];\[) (; - 1Aw(k)7é0>)-
Let us show that Sy (h)mx(dh) converges weakly to 0 as N — oco. Set
1= BE(b/(2N).

By symmetry, and since 1, is a bounded function, it is enough to prove that

|

tends to zero as N — 0o. Let P®? denote the law of two iid simple random walks
v, w started at zero, and set

2N—-1

1
> ak<2 - 1Av(k);£0>

(4.11) 1le

N

Dy :={(v,w) : ¥ k,v(k) > u(k) and v(2N)=w(2N)}.

We then have my(-) = P®(-|Dy).
Using Jensen’s inequality for p > 1 and the definition of my, (4.11) is smaller than

1 p1\ 1/p
on o]

2N—-1

Z ay ( 1Av(k;)¢o)

2N—-1

Z ak( — 1Ay k);éO)

p1\ 1/p
1
gmwwmwfﬂ( [ D |

Since P®?(Dy) is of order 1/N?, the constants a; are bounded uniformly in N and
the random variables % — Lav(k)#0 are ii.d., centered and of finite variance under

P®2 this expression is upper bounded by a p-dependent constant times N ~1/2+2/7,
that tends to zero as soon as p > 4.

Step 2: Simplifying the reflection terms. — It is straightforward to check that

(413)  Ri(h) = W(lv(m + 1A\(k)) (q)v <2IJ€V> -, (2?\[) +O(N 3/2)>.

Since @,, ¢, have compact supports in (0,1), we can restrict ourselves to those
k € [02N, (1—9)2N] for some 6 > 0 small enough but fixed w.r.t. N. By Lemma 4.6 (1)
below, the quantity O(N~—%/2) has a negligible contribution in L&, (u)my(du).
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Furthermore, by Lemma 4.6 (2) it suffices to show that, as N — oo and then a 1 oo
the measure

7
(4.14) @N)p(h) > > vy (e + Lue)
k€[62N,(1-6)2N] je[-av/ZN,av2N]

converges weakly to

z 1 r 1 (9011 - @w) r
(115) 0(h) [ dr—— oo
dmexc(hD ‘ hD<T) = O)dmbridge(h5>a

where hg = (hy, + hy)/V2 and hp = (h, — hy)/v/2. Here, V(k,j) (resp. A(k, 7))
denotes the event that & is a contact point, the interfaces v, w have a downward (resp.
upward) corner there and v(k £ 1) =w(k £1) = j.

Step 3: Concatenation maps and decomposition of the invariant measure - the
continuous case. — For any functions hq, hy from [0, 1] into R? and for any given
r € (0,1), we define the concatenation map

T, (s o) () = Vb () Loy + VT o

Note that this is a function from [0, 1] into R2.

We observe that under m, hg is a Brownian bridge on [0, 1] so that for any r € (0, 1),
hg(r) ~ N(0,r(1 —r)), and hp is an independent normalised Brownian excursion.
Let m0,0)-(1,y) denote the probability measure on E under which hg is a Brownian
bridge between (0,0) and (1,y) and hp is an independent Brownian excursion. In
particular mg 01,00 = m. Let also m,)—(1,0) denote the probability measure
on E under which hg is a Brownian bridge between (0,y) and (1,0) and hp is
an independent Brownian excursion.

The law of T,.(hy, hy) under the probability measure (on E x E)

>1{x>r}, S [0, 1].

1 __
/ ——c U mM0,00—(1,y) (dhfl)m((],y)%(l,()) (dh2> dy7
yeR  2r(1 — 1)

coincides with the law of h under mpidge(dhs)Mexc(dhp | hp(r) = 0).
Step 4: Concatenation maps and decomposition of the invariant measure — the

discrete case. — For any functions hy, hy from [0, 1] into R? and for any given integer
ke{2,...,N =2} welet T} . (hi, he) be the pair (h,, h,) defined by
h1($2N> if v < 1‘327\[1,
k 1 1— \xQN k| 1— |x2N k| e k—1 k+1
(ho, h)(2) 1= v Ml ( VaN ) if 98 << 55
V1- ’“+1h2(f ) if B <2 <1

TN 1 (h1, ha) is defined similarly except that % is replaced by ====—.
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Let v(0,a)—(n,p) denote the uniform measure on the set of pairs (v, w) of lattice paths
of length n such that v > w, v(0) = w(0) = a and v(n) = w(n) = b. We consider the
rescalings h, = v(-n)/y/n and h, = w(-n)/y/n. The law of T}, (h1, ha) under the
probability measure v(o,0)—k—1,5)(du1)V(0,5)—@N—k—1,0)(duz) coincides with the law of
h under my(dh | A(k, j)). The same assertion holds Wlth A replaced by V.

Step 5: End of proof. — Let F : E — R be some bounded and continuous
function and set G := F1,,. Note that my(V(k,7))) = mn(A(k, j)) (by symmetry, or
see (4.23) below). Using the identity in law from Step 4, we deduce that the integral
of F'(h) against (4.14) can be written

(@16 VAN 3 DR UNUICR)) (‘1’@\[) — (2]va>>

€[02N,(1-6)2N] je[—av/2N,av/2N]
(4.17) / Z T]f;{k hl,hz))V(oo) (k—1,5) (dh1) V(0,5)— (2N —k— 10)(dh2)

Xe{a,v}

Note that only those j whose parity matches with that of £ — 1 contribute in the
sum. Using in turn Lemma 4.6 (3) together with the change of variables r = k/(2V)

and y = v/2j/V/2N this equals
2

A est (2 - eu(20)

2/7“0\/27rr3—/y— V2a 27rr(1—7")y V2

(4.19) x JN<Lr2NJ, V\Q/_];yJ,G><1+o(1))

where
(4.20) Jy(k,j,G)

2/E><E Z G(TNk(hhh?)) V(0,0)—(k—1,5) (dhl) V(0,5)—=(2N—k—1,0) (dhg)

Xe{a,v}

(4.18)

Since |Jy(r,y, G)| is bounded uniformly over all N, r and y, Lemma 4.5 below and
the dominated convergence theorem ensure that the whole expression we started
from converges to

2

\/Ea 6_ 27“(y177')
d

—ay
2/EXE/T‘ 0 \/27rr3 1—r) /y— V2a  [2mr(1 — )

x G(T, (huhz))( ()\;;w(r))m(o,ow(l,w(dhl)m(o,yw(lm(dhz)-

Using the identity in law of Step 3, we deduce that this measure converges as a 1 co
towards

! dr ___ (pulr) = pulr) B
2 /E/r€[51 5] \/m NG G (u)Miridge(hs)Mexe(hp | hp(r) = 0),
as required. -
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LEMMA 4.5. — For any bounded continuous function G : E — R, any r € (0,1)
andy € R, Jy(|r2N |, |vV2Ny/v/2|,G) converges as N — oo towards

/EG(Tr(hhhQ))m(O,O)H(l,y)(dhl)m(o,y)%(l,O)(th)-

Proof. — Let Ey be the set of all pairs (hy, hy) obtained by rescaling ordered
lattice paths v > w. Let us point out that, contrary to Ey, we do not pin these
lattice paths at sites 0 and 2N so that Ey is a strict subset of EN. Let 7y :
E — Ey be a projection map as defined in Section 2. For X € {A, v} and r €
(0,1), it is straightforward to check that the maps T]f,{ ron)s N = 1 are uniformly

(over N) Lipschitz from En x Ey into Ey. Of course, the Lipschitz constant depends
on r and blows up as r approaches 0 or 1. Furthermore, for any given y € R,
T]i/{[rZNJ (mnha, mxhe) converges to T,.(hi, ha) M(0,0)—(1,9) (A1) M 0,4)—1,0)(dh2)-almost
everywhere.
A slight generalisation of Lemma 4.3 shows the following weak convergences hold
as N — oo
Y(0,0)= ([r2N | -1,v2Ny/V2) (dh1) — m0,0)- (1) (dh1),
V(O,\/Wy/\/i)ﬁ(QNfLﬂNjfl,O)(dhz) — m(O,yH(l,O)(th)'
We have all the ingredients to apply Lemma 2.10 and deduce that Jx([72N],
|vV2Ny/v/2],G) converges to

/EG(Tr(hbh2))m(0,0)—>(1,y)(dhl)m(o,y)ﬁ(l,O)(dhz)-

LEMMA 4.6. — Fix 0 > 0.
(1) lim sup > (mN(\V/(k)) + mN(/A\(k:)))\/W < 00.

N=00  Le[52N,(1—5)2N]

(2) limsup limsup > >

470 N=09 ke[52N,(1-6)2N] j¢[—av/2N,av/ZN]

x (ma(v(k,3) +mx(a(k,))) V2N = 0.

(3) Uniformly over all k € [62N, (1 — 0)2N] and all j € [—(2N)?/3,(2N)?/3] with
the same parity as k — 1, as N — oo

7mﬂv@J»:wmﬁAwg)=2WéNP(ké§ﬁlm>e—%&%ﬁw1+0@»

Proof. — By the Karlin-McGregor formula, see for instance [Gor21, Theorem 2.5],
the number of configurations in €2y that have a contact point at £ with an upward
(resp. downward) corner at k and are such that v(k — 1) = j equals

(4.21) C(k—=1,7)C(2N — k - 1,j),
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where

(4.22) C(k,j) = <(k fj)/g)Q B ((k: +jl;/2 — 1) ((k +jl;/2 + 1)

is the number of pairs or ordered simple random walk trajectories of length k, starting
at 0 and ending at j. As a consequence
Ok — 1,/)C@N — k= 1,5)

C(2N,0) '

We fix § > 0 and we always work with & € [02N, (1 — §)2N] so that & — oo as
N — o0. Define the function

f@)=14+2)n(l+2z)+ (1 —2)In(l —z), ze[-1,1],

and note that f(x) = 22 + O(z?) as z — 0. Note also that it is a convex function so
that f(z) > 2% over [—1, 1]. A tedious computation shows that, provided (k—1)—j —
oo as N — oo, we have

(4.23) my(V(k,j)) = mn(A(k, 7)) =

N ok 4k(k —1) 1) (e
Ol =10~ g e e
A straightforward computation then leads to (3), noticing that in this statement j
is taken to be negligible compared to N and therefore to k.

To establish (1) and (2) we need to deal with values j that can be arbitrarily
close to +(k — 1) and £(2N — k — 1). Actually the contributions coming from
je{-k+1,k—1,-2N+k+1,2N —k— 1} = J are easy to deal with since, in
any of these four cases, either C'(k—1,j) =1 or C(2N —k —1,j) = 1. We therefore
exclude these four values from now on. The same arguments as above show that
there exists some constant ¢ > 0 such that for all NV large enough

g 4k(k —1) e~ (=17 ()
Clh = L) S 2 T = e+ 12 = ) |

and
C(2N —k—-1,j)

42N —k)2N —k —1) o~ @N=k=1f (5525)
m(@N — k=172 = 2)(@N — k+ 12— ?) |

and we deduce that (recall that f(z) > 2?)

> > (mw(v(k) + ma(a(k, ) V2N

kE[82N,(1-6)2N] j¢[—av/2N,av2N]UT

AN —2k—1
<2

< Y =X .

k€[52N,(1-5)2N] Njg[_am,m/ﬁ} V2N

J 1
e 2N §(1-9)

which is bounded uniformly over all NV large and its limsup in /V goes to 0 as a — oc.
This establishes (2). The bound (1) can be deduced from (2) and (3). O
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4.4. Tightness

We aim at checking Assumption 2.3. Recall the Sobolev space H ([0, 1], R) intro-
duced in Section 3.5. We define H=?([0, 1], R?) as the set of all pairs (h,, h,) such
that both h, and h,, belong to H=#([0, 1], R). To show that the sequence (u)y is tight
in D([0, 00), H=#([0,1],R?)), it suffices to prove that the sequences (v)y and (w)y
separately are tight in D([0, 00), H ([0, 1], R)) for any > 1. The proof follows from
the Lyons—Zheng decomposition [LZ88], exactly like in Section 3.5 for the zero-range
process so we do not present the details.

We can now prove the following result.

THEOREM 4.7. — The discrete process (u(t),t > 0), starting from its stationary
measure my, converges in law to the process (u(t),t > 0), starting from m, in the
space

([0, 00), H2([0,1],R?))
for any given 5 > 1.

Proof. — We aim at applying Theorem 2.6. Assumption 2.1 is the content of
Proposition 4.2, the convergence in law required in Assumption 2.2 is checked in
Lemma 4.3, Assumption 2.3 is discussed right above the statement of the theo-
rem, Assumption 2.4 is discussed in Section 4.2 and Assumption 2.5 is proven in
Proposition 4.4. 0

Remark 4.8. — The dynamics of the two reflected interfaces can be easily gener-
alised [LRS01, Wil04] to k > 2 reflected interfaces, v(1y = -+ > v pinned at zero
at their endpoints: v(;(0) = v(;)(2N) = 0 for all 1 <4 < k. Assign the flip rates as
follows. If interface v(;) has an upward (resp. downward) corner at 1 <z < 2N — 1,
call N;(z) > 0 the number of interfaces with index j strictly larger (resp. smaller)
than 4, such that v(;)(y) = vy (y), ¥y = x, 2+ 1,2 — 1. In other words, the j interfaces
below (resp. above) v(;) have a contact point with it at position 2. Then, the corner
of v(;) is flipped, together with that of the other j mentioned interfaces, with rate
(2N)?/(2(N;(z) + 1)). See Figure 4.2 for an illustration. The uniform measure over
the collections of ordered interfaces v(;,1 < @ < k, is stationary and reversible
for the process. Also, as already mentioned above, the existence of a monotone
global coupling under which the L' distance contracts is known [Wil04]. Tt is very
likely that, modulo a certain amount of technical work (especially for the “discrete
characterization and convergence”, which requires applying the Karlin-McGregor
formula for k paths) one can use our method to show that, for k fixed and N — oo,
the stationary dynamics converges to a collection of k reflected SPDEs, that gener-
alises (4.4). A much more challenging situation is that where k is of order N. In this
case, the process can be seen as a dynamics for rhombus tilings of an N x N planar
domain [Wil04] (the interfaces v(; representing the level lines of the height function),
and we expect that the scaling limit of the stationary process is a two-dimensional
stochastic heat equation with additive noise.
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V(3) 1 Ty X3

Figure 4.2. An example of allowed configuration for k = 3 reflected interfaces.
At positions x1, x3 there is a triple contact with a downward corner, and at xo
a double contact with an upward corner. The rate at which vy flips upward at
position z; (together with the other two interfaces) is (2N)? /6, since N3(z;) = 2.
On the other hand, v(y) can also flip upward at x; (together with v()) and it
does so with rate (2N)?/4.

5. V¢ interfaces with convex potential in one dimension

To conclude, let us present yet another example of interesting Markov process
for which our general method should apply. Given a convex function V : R +— R
bounded from below, consider the one-dimensional V¢ interface model described by
the height function h = (h;);— 1.~ with boundary conditions hy = hy = 0 and
with Boltzmann—Gibbs measure given as

N N-1
(5.1) my(dh) o e” iy Vlhi=hiza) I dh

i=1
(the potential V' should increase at least linearly at +oo, so that the measure is
normalisable). One can consider two other variants of this model:

e the one with “hard wall”, where m y is restricted to the subspace where h; > 0
for every 1;

e the discrete version (with or without the “hard wall” constraint h; > 0) where
the heights h; are restricted to integer values and the Lebesgue measure
Hﬁi‘ll dh; is replaced by the counting measure.

The following dynamics (Gibbs sampler) is reversible with respect to my: with
rate N2, the height h;, 1 < i < N — 1 is updated to a new value sampled from
my(-|hix1), 1., the equilibrium measure conditioned to the value of the heights in
neighboring positions.

Let us point out that the dynamics with continuous heights and hard wall constraint
can be seen as a Poissonian version of the dynamics considered by Funaki and
Olla [FOO1].

For the dynamics with continuous heights and no hard-wall constraint, [CLL22]
identified precisely the spectral gap and proved the occurrence of total variation
cut-off, under the assumption that V' is of at most polynomial growth at infinity.
For the case with discrete heights and hard-wall constraint, the mixing time was
identified in [MS09, Section 3], up to a global prefactor.

We believe that the method of the present paper allows to prove that, under the
same assumptions on V', the stationary process of suitably rescaled height fluctuations
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hn(t,x) = N72h,n (t),2 € [0,1],¢ > 0 converges in distribution to either the
stochastic heat equation with additive noise (if the hard wall constraint is absent)
or the Nualart—Pardoux equation (4.3) (if the hard wall constraint is present). We
do not expect the actual proof to be harder than or significantly different from that
of either the zero-range process or of the pair of reflected interfaces, given above,
but we preferred not to work it out, in order to keep this work within a reasonable
length.

Let us just mention that it is easy to check that, because of the assumed convexity
of V', these interface dynamics admit a global monotone coupling, and that under this
coupling, the L! distance between configurations contracts (this holds both with and
without hard-wall constraint). This allows to obtain equicontinuity of the sequence
of resolvents. The technical work that is left concerns the discrete integration by
parts, that involves arguments based on the local limit theorem for random walk
(and for random walks conditioned to be positive) [BJD06, CCO08|.
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