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Abstract. — We propose a method to establish the rapid stabilization of the bilinear
Schrödinger control system and its linearized system, and the finite-time stabilization of the
linearized system using the Grammian operators. The analysis of the rapid stabilization involves
a new quantity (variable) which is inspired by the adjoint state in the optimal control theory
and is proposed in our recent work on control systems associated with strongly continuous
group, and a new regularizing effect of the control system. The analysis of the finite-time
stabilization follows the strategy introduced by Coron and Nguyen in the study of the finite-
time stabilization of the heat equation and incorporates a new ingredient involving the estimate
of the cost of controls of the linearized system in small time derived in this paper.

Résumé. — Nous proposons une méthode pour établir la stabilisation rapide du système
de contrôle bilinéaire de Schrödinger ainsi que de son système linéarisé, et la stabilisation en
temps fini du système linéarisé à l’aide des opérateurs de Gramien. L’analyse de la stabilisation
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930 H.-M. NGUYEN

rapide fait intervenir une nouvelle quantité (ou variable), inspirée de l’état adjoint en théorie
du contrôle optimal. Cette quantité a été introduite dans nos travaux récents sur les systèmes
de contrôle associés à des groupes fortement continus. L’analyse repose également sur un
nouvel effet régularisant du système de contrôle. L’analyse de la stabilisation en temps fini suit
la stratégie introduite par Coron et Nguyen dans leur étude de la stabilisation en temps fini
de l’équation de la chaleur. Elle intègre en outre un nouvel élément : une estimation du coût
des contrôles du système linéarisé sur de petits intervalles de temps, obtenue dans le présent
article.
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1. Introduction

1.1. Statement of the main results

We consider the following bilinear control Schrödinger system, with I = (0, 1),

(1.1)


iΨt = −∆Ψ − u(t)µ(x)Ψ(t, x) in R+ × I,

Ψ(t, 0) = Ψ(t, 1) = 0 in R+,

Ψ(0) = Ψ0 in I,

where Ψ0 is the initial data,

the control u is real,

and µ is a given real function, around the ground state. Here Ψ is the complex-
valued wave function of a particle confined in a 1d infinite square potential well. The
particle is subjected to an electric field inside the domain with the amplitude u, and
µ is the dipolar moment of the particle. For detailed approximations leading to this
first-order interaction Hamiltonian we refer for example to [D’A08, Chapter 2].
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Stabilization of bilinear Schrödinger equation 931

Let λ1 < λ2 < . . . , λk < . . . be the set of eigenvalues of the Laplace equation in I
with the zero Dirichlet boundary condition, and let (φk) be the standard orthogonal
basis in L2(I) formed by the corresponding eigenfunctions. Thus−∆φk = λkφk in I,

φk = 0 on ∂I.

Explicitly, for k ⩾ 1,
(1.2) λk = π2k2 and φk(x) =

√
2 sin(πkx) in I.

It is clear that
(1.3) e−iλ1tφ1 is a solution of (1.1) with u = 0 and Ψ0 = φ1.

We are interested in the stabilization of the system (1.1) around the ground state
e−iλ1tφ1. To this end, it is convenient to introduce
(1.4) Ψ̃(t, x) = eiλ1tΨ(t, x) in R+ × I and Ψ̃0(x) = Ψ0(x) in I.

We then have, by (1.1),

(1.5)

iΨ̃t = −∆Ψ̃ − λ1Ψ̃ − u(t)µ(x)Ψ̃(t, x) in R+ × I,

Ψ̃(t, 0) = Ψ̃(t, 1) = 0 in R+.

The linearized system of (1.5) when Ψ̃ is closed to φ1, i.e., Ψ(t, x) is closed to
e−iλ1tφ1, is

(1.6)

iΨ̃t = −∆Ψ̃ − λ1Ψ̃ − u(t)µ(x)φ1(x) in R+ × I,

Ψ̃(t, 0) = Ψ̃(t, 1) = 0 in R+.

In what follows, we always assume that
(1.7) µ ∈ H3(I,R).
The following condition on µ is used later:

(1.8) |⟨µφ1, φk⟩L2(I)| ⩾
c

k3 for k ∈ N+,

for some positive constant c unless stated differently (1) . We are interested in the
solutions of the above Schrödinger systems with controls u in L2

loc([0,+∞);R) (we
insist again that we are interested in the controls which are real).

The condition (1.8) is a sufficient condition to have the exact controllability of the
linearized systems in small time and this implies the local exact controllability of
the nonlinear systems, as shown by Beauchard and Laurent [BL10]. This condition
is also a necessary condition to ensure that the nonlinear systems are locally exactly
controllable in small time, see the work of Beauchard and Morancey [BM14]. The
condition (1.8) is generic, see [BL10, Appendix A].

In this paper, we first present a method to obtain the rapid stabilization of the
linearized control system (1.6), and of the bilinear control system (1.5) locally around
the ground state. This involves the Gramian operators, see (1.38), and is done under

(1) Hereafter, given a Hilbert space H, we denote ⟨ · , · ⟩H its scalar product.
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932 H.-M. NGUYEN

the exact controllability assumption of the linearized system (1.6) given in (1.35);
this is weaker than (1.8). More precisely, concerning (1.6), under the exact controlla-
bility assumption, we will show that, for every λ > 0, there exists a linear operator
(feedback) K (involving the Gramian operators and depending on λ, see (1.43)),
appropriately defined and taking real values, such that, for some positive constant C,
it holds ∥∥∥Ψ̃(t, · )

∥∥∥ ⩽ Ce−λt
∥∥∥Ψ̃(0, · )

∥∥∥,
for all initial data Ψ̃(0, · ) in an appropriate space, where Ψ̃ is the solution of (1.6)
with u(t) = KΨ̃(t, · ). Similar facts hold for (1.5) for all initial data sufficiently
closed to φ1 in a suitable norm. We then extend this approach to obtain the finite-
time stabilization of the linearized control system (1.6) using a piecewise constant
feedback under the assumption (1.8).

As in previous works, see, e.g., [BL10, BM14, CGM18], we are interested in the
solutions in the space H (for each time t) defined by

H =

Ψ ∈ H1
0 (I;C);

∑
k⩾1

∣∣∣k3⟨Ψ, φk⟩L2(I)

∣∣∣2 < +∞

,(1.9)

and

H1,♯ =
{
Ψ ∈ H such that ℜ⟨Ψ, φ1⟩L2(I) = 0

}
(1.10)

(a property related to (1.10) is given in (1.13)). Here and in what follows, for a com-
plex number z, we denote its real part, its complex part, and its complex conjugate
by ℜz, ℑz, and z, respectively. We equip the following scalar product for the spaces
H and H1,♯:

(1.11) ⟨Ψ, Ψ̃⟩H = ⟨Ψ, Ψ̃⟩H3(I)

:=
∫

I

(
ΨΨ̃ + Ψ′Ψ̃′ + Ψ′′Ψ̃

′′
+ Ψ′′′Ψ̃

′′′)
ds for y, ỹ ∈ H,

and

(1.12) ⟨Ψ, Ψ̃⟩H1,♯
= ⟨y, ỹ⟩H for Ψ, Ψ̃ ∈ H1,♯.

One can show that, for the linearized system (1.6),

(1.13) Ψ(t) ∈ H1,♯ for t ⩾ 0 if Ψ0 ∈ H1,♯.

This property does not hold for the nonlinear system. Note that the exact controlla-
bility has been established for solutions in C([0, T ]; H), which requires roughly three
derivatives in the space variable of the solutions. It is known from a general result
of Ball, Marsden, and Slemrod [BMS82] that the Schrödinger system (1.5) is not
exactly controllable for solutions in C([0, T ];H1

0 (I)) or in C([0, T ];H1
0 (I) ∩ H2(I))

when µ is smooth since the control operator is bounded in this case.
Since we deal only with real controls, it is convenient to consider the real part and

the imaginary part of Ψ̃ separately. Assume that

Ψ̃ = Ψ̃1 + iΨ̃2 in R+ × I,
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Stabilization of bilinear Schrödinger equation 933

where Ψ̃1 and Ψ̃2 are the real and the imaginary parts of Ψ̃. System (1.5) can be
written under the form

(1.14)

Ψ̃1,t = −∆Ψ̃2 − λ1Ψ̃2 − u(t)µ(x)Ψ̃2 in R+ × I,

Ψ̃2,t = ∆Ψ̃1 + λ1Ψ̃1 + u(t)µ(x)Ψ̃1 in R+ × I,

and system (1.6) can be written under the form

(1.15)

Ψ̃1,t = −∆Ψ̃2 − λ1Ψ̃2 in R+ × I,

Ψ̃2,t = ∆Ψ̃1 + λ1Ψ̃1 + u(t)µ(x)φ1 in R+ × I.

Denote

H =

y = (y1, y2)T ∈ H1
0 (I;R2);

2∑
ℓ=1

∑
k⩾1

∣∣∣k3⟨yℓ, φk⟩L2(I)

∣∣∣2 < +∞

,(1.16)

and
H1,♯ =

{
y = (y1, y2)T ∈ H such that ⟨y1, φ1⟩L2(I) = 0

}
,(1.17)

and we equip with the following scalar products for the spaces H and H1,♯:
(1.18) ⟨y, ỹ⟩H := ⟨y, ỹ⟩H3(I)

=
∫

I

2∑
ℓ=1

(yℓỹℓ + y′
ℓỹ

′
ℓ + y′′

ℓ ỹ
′′
ℓ + y′′′

ℓ ỹ
′′′
ℓ ) ds

for y = (y1, y2)T, ỹ = (ỹ1, ỹ2)T ∈ H,
and
(1.19) ⟨y, ỹ⟩H1,♯

= ⟨y, ỹ⟩H for y, ỹ ∈ H1,♯.

It is clear that
Ψ ∈ H if and only if (Ψ1,Ψ2)T ∈ H

and
Ψ ∈ H1,♯ if and only if (Ψ1,Ψ2)T ∈ H1,♯,

where Ψ1 and Ψ2 are the real part and the imaginary part of Ψ, respectively.
One can check, see e.g., [CGM18], that

(1.20) H =
{
y = (y1, y2)T ∈ H3(I;R2); y1(x) = y2(x) = y′′

1(x) = y′′
2(x) = 0 on ∂I

}
and

(1.21) H1,♯ =

y = (y1, y2)T ∈ H3(I;R2); y1(x) = y2(x) =
y′′

1(x) = y′′
2(x) = 0 on ∂I, and ⟨y1, φ1⟩L2(I) = 0

.
Note that H1,♯ is not a subspace of H (with respect to the scalar field C) whilst H1,♯

is a subspace of H (with respect to the scalar field R).
Consider A : D(A) ⊂ H → H defined by

(1.22) Ay =
(

−∆y2 − λ1y2
∆y1 + λ1y1

)
and D(A) = {y ∈ H;Ay ∈ H}.
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934 H.-M. NGUYEN

Then D(A) is dense in H and A is skew-adjoint (see Lemmas 2.1 and 2.2). We equip
D(A) with the standard scalar product for the graph-norm and denote D(A)′ the
dual space of D(A). It is worth noting that the definition of A and the domain
D(A) given here are different from [BL10, CGM18]. Our definitions are motivated by
the theory of stabilization developed for control systems associated with a strongly
continuous group [Ngu26b] and will be clear later when the feedback operator is
introduced (see, e.g., (1.38), see also (1.33)).

Let (A∗,D(A∗)) denote the adjoint of (A,D(A)), and let
B : R −→ D(A∗)′

be defined by, with y = (y1, y2)T ∈ D(A∗),

(1.23) ⟨Bu, y⟩D(A∗)′,D(A∗)

= u
(

⟨µφ1, y2⟩H3(I) − (µφ1)xx(1)y2,xxx(1) + (µφ1)xx(0)y2,xxx(0)
)
.

The linear system (1.15) can be written under the form
(1.24) y′ = Ay +Bu in R+,

and the nonlinear system (1.14) can be written under the form
(1.25) y′ = Ay +Bu+ uF (y − Φ1) in R+,

where
(1.26) Φ1 = (φ1, 0)T and F (y) = (−µy2, µy1)T,

and, for all φ ∈ D(A∗),

(1.27) ⟨uF (y), φ⟩D(A∗)′,D(A∗)

= u
(
⟨F (y), φ⟩H3(I) − ⟨(F (y))xx(1), φxxx(1)⟩R2 + ⟨(F (y))xx(0), φxxx(0)⟩R2

)
,

(see Lemmas 4.4 and 4.10).
One cannot extend B as a bounded operator from R into H. This is the main source

of the difficulties in the study of the stabilization using feedback of the linearized
system (1.24) and more critical in the study of the nonlinear system (1.25) since
uF (y) ̸∈ L1((0, T );H). Nevertheless, B is an admissible control operator with respect
to the semi-group (etA)t⩾0 generated by A in the sense that, for all u ∈ L2([0, T ];R),
it holds that

(1.28) y ∈ C([0, T ];H) where y(t) :=
∫ t

0
e(t−s)ABu(s) ds

(see Lemmas 4.3 and 4.4). As a consequence of the closed graph theorem, see e.g.,
[Bre11], one has
(1.29) ∥y∥C([0,T ];H) ⩽ CT ∥u∥L2((0,T );R).

Thus, see e.g., [Cor06, TW09], that, for T > 0, there exists CT > 0 such that

(1.30)
∫ T

0

∣∣∣B∗esA∗
z
∣∣∣2 ds ⩽ CT ∥z∥2

H for all z ∈ H,
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Stabilization of bilinear Schrödinger equation 935

where B∗ is the adjoint of B, and (etA∗)t∈R is the group generated by A∗. This implies

(1.31)
∫ T

0

∣∣∣B∗e(T −s)A∗
z
∣∣∣2 ds ⩽ CT ∥z∥2

H for all z ∈ H,

Since A is skew-adjoint, e(T −s)A∗
z = e−sA∗

eT A∗
z, it follows that

(1.32)
∫ T

0

∣∣∣B∗e−sA∗
z
∣∣∣2 ds ⩽ CT ∥z∥2

H for all z ∈ H.

Note that
B∗ : D(A∗) −→ R.

and, with v = (v1, v2)T ∈ D(A∗), which is also D(A) since A is skew-adjoint,
(1.33) B∗v = ⟨µφ1, v2⟩H3(I) − (µφ1)xx(1)v2,xxx(1) + (µφ1)xx(0)v2,xxx(0)
since
(1.34) ⟨Bu, v⟩H = ⟨u,B∗v⟩R.

This paper is devoted to the stabilization of the nonlinear system (1.5) and its
linearized system (1.6). The rapid stabilization of the linearized control system (1.6)
under the assumption (1.8) was established by Coron, Gagnon, and Morancey
[CGM18] using techniques related to backstepping methods. The idea is to trans-
form the original system into a damping one for which the stabilization is an easier
task. Their transformations are of Fredholm type and different from the standard
Volterra ones in the backstepping method. The existence of these transformations
is ensured by (1.8). The main technical difficulty in the work of Coron, Gagnon,
and Morancey [CGM18] is to deal with a control operator that is only admissi-
ble but not bounded. It is worth noting that the backstepping technique and its
extended versions are useful tools to stabilize various equations in one-dimensional
space such as heat equations [LK00], Schrödinger equations [KGS11], KdV equa-
tions [CC13, CL14], hyperbolic systems [CN19, CN21, CVK13] and the references
therein. The backstepping can be also used to get finite-time stabilization for heat
equations, see [CN17]. A concise introduction to the backstepping technique can be
found in [KS08]. At this stage, to our knowledge, [CGM18] is the only work deal-
ing with the rapid stabilization of the linearized Schrödinger system using bilinear
controls, and the analysis in [CGM18] has not been successfully extended to the
nonlinear system.

The goal of this paper is to present another method to obtain the rapid stabilization
of the linearized control system (1.6) and of the bilinear control system (1.5) under
the exact controllability assumption of the linearized system (1.6), and the finite-time
stabilization of the linearized control system (1.6) under the assumption (1.8). Our
approach is inspired by our recent work [Ngu26b] in which we study the stabiliza-
tion of systems associated with a strongly continuous group for unbounded control
operators using Gramian operators. The new regularizing effect of the control system
(see Lemma 4.3) reveals in this paper will play an important role in our analysis. In
order to apply this, we also need to derive new information of the Gramian opera-
tor, and this is given in Section 3. For control systems associated with a strongly
continuous group, under the assumption that the systems are exactly controllable,
it is shown in [Ngu26b] that one can obtain rapid stabilization using static feedback
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936 H.-M. NGUYEN

in a trajectory sense or using dynamic feedback. The static trajectory feedback has
its roots in the linear quadratic optimal control theory, as developed in Flandoli,
Lasiecka, and Triggiani [FLT88] (see also [LT91, Sta05, TWX20, WR00, Zwa96]).
It is known from the optimal control theory that there exists static feedback in
a weak sense to rapidly stabilize the system. Such feedback is understood in a weak
sense since it is defined only on a dense set of the space state depending on the
feedback operator (see [Ngu26b, Proposition 4.1]). The use of Gramian operators to
rapidly stabilize exactly controllable systems associated with a strongly continuous
group has been previously considered in [Kom97, Urq05, Ves13] via the optimal
control theory, and the feedback is thus understood in the weak sense. One cannot
use Gramian operators to stabilize nonlinear settings using the theories developed
in [Kom97, Urq05, Ves13] as discussed in [Ngu26b] (see also [CGM18]). In this paper,
we show that, for the considered bilinear control Schrödinger systems, even if the
control operator is unbounded one can still obtain static feedback. Moreover, we
construct piecewise constant feedback to reach the stabilization in finite-time for the
linearized system.

Before introducing the feedback, we state the observability inequality for the exact
controllability of the linearized system (1.6) in time T0.

Lemma 1.1. — Let µ ∈ H3(I;R). Assume that
(1.35) the linearized system (1.6) is exactly controllable in H1,♯ in time T0,
for some T0 > 0. We have

(1.36)
∫ T0

0

∣∣∣B∗e−sA∗
z
∣∣∣2 ⩾ CT0∥z∥2

H for all z ∈ H1,♯,

for some positive constant CT0 independent of z.

Assertion (1.36) follows from the fact that

(1.37)
∫ T0

0

∣∣∣B∗esA∗
z
∣∣∣2 ⩾ CT0∥z∥2

H for all z ∈ H1,♯,

and A is skew-adjoint by the arguments used to obtain (1.32) from (1.30).

Remark 1.2. — As a consequence of the exact controllability result of Beauchard
and Laurent [BL10], and Lemmas 4.3, 4.4 and 4.10 (see also Proposition 6.6 for
a more quantitative version for small T0), the linearized system (1.6) is exactly
controllable in time T0 for all T0 > 0 if (1.8) holds.

We are ready to introduce the Gramian operator to stabilize the linearized sys-
tem (1.6) and the nonlinear system (1.5). Let µ ∈ H3(I;R) and λ > 0. Define
Q = Q(λ) : H → H, the Gramian operator, by

(1.38) ⟨Qz, z̃⟩H =
∫ ∞

0
e−2λs

〈
B∗e−sA∗

z,B∗e−sA∗
z̃
〉
R

ds for z, z̃ ∈ H.

Since A is skew-adjoint by Lemma 2.2 in Section 2, it follows from (1.32) that Q is
well-defined and is symmetric in H. We also have, by [Ngu26b, Proposition 5.1] (see
also [Kom97, Urq05]),
(1.39) AQ+QA∗ −BB∗ + 2λQ = 0
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Stabilization of bilinear Schrödinger equation 937

in the following sense

(1.40) ⟨Qz,A∗z̃⟩H + ⟨A∗z,Qz̃⟩H − ⟨B∗z, B∗z̃⟩H + 2λ⟨Qz, z̃⟩H = 0 for z, z̃ ∈ D(A∗).

Moreover, if the condition (1.35) holds then, by Lemma 1.1,

(1.41)
Q := projH1,♯

◦Q : H1,♯ −→ H1,♯ is positive, i.e.,
⟨Qz, z⟩H1,♯

⩾ C∥z∥H1,♯
for all z ∈ H1,♯.

As shown later in Lemma 3.2, the application Q maps H1,♯ into H1,♯ and thus the
projection projH1,♯

can be ignored in the definition of Q.
Concerning the rapid stabilization of (1.15), we prove the following result.

Theorem 1.3. — Let µ ∈ H3(I,R) and λ > 0. Assume that (1.35) holds. Given
y0 ∈ H1,♯, let y ∈ C([0,+∞);H) be the unique weak solution of the system

(1.42)

y′ = Ay +Bu in R+,

y(0) = y0,

with u ∈ L2
loc([0,+∞);R) verifying

(1.43) u = −B∗Q−1 projH1,♯
y.

Then

(1.44) y(t) ∈ H1,♯ for t ⩾ 0,

and

(1.45) ∥Q−1y(t)∥H = e−2λt∥Q−1y0∥H for t ⩾ 0.

Consequently, there exist two positive constants C1, C2 independent of y0 such that

(1.46) C1e
−2λt∥y0∥H ⩽ ∥y(t)∥H ⩽ C2e

−2λt∥y0∥H for t ⩾ 0.

Remark 1.4. — The meaning of the weak solutions are given in Definition A.1
in Appendix A for which one considers Bu as a source term. The well-posedness
of (1.42) is a part of the conclusion of Theorem 1.3.

As a consequence of Theorem 1.3, the linearized system (1.15) is rapidly stabilizable
by feedback controls. Equivalently, the linearized system (1.6) is rapidly stabilizable
by feedback controls.

Remark 1.5. — Note that y(t) ∈ H1,♯ for t ⩾ 0. One can hence replace the term
projH1,♯

y by y in Theorem 1.3.

Concerning the non-linear system (1.14), which is equivalent to system (1.5), we
have the following result.

Theorem 1.6. — Let µ ∈ H3(I,R). Assume that (1.35) holds and let λ > 0. For
0 < λ̂ < λ, there exist two positive constants ε0 > 0 and C > 0 such that

(1.47) ∥y(t, · ) − Φ1∥H ⩽ Ce−2λ̂t∥y(0, · ) − Φ1∥H for t ⩾ 0,
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938 H.-M. NGUYEN

for all y0 ∈ H1,♯ with ∥y0∥L2(I) = 1 and ∥y0 − Φ1∥H ⩽ ε0, where y(t, · ) ∈ C([0, T ];H)
is the unique weak solution of the system

(1.48)

y′ = Ay +Bu+ uF (y − Φ1) in R+,

y(0) = y0,

with u ∈ L2
loc([0,+∞);R) verifying

u = −B∗Q−1 projH1,♯
(y − Φ1) = −B∗Q−1 projH1,♯

y.

Remark 1.7. — The meaning of the weak solutions are given in Definition A.1 in
Appendix A for which one considers uF (y − Φ1) as the source term.

As a consequence of Theorem 1.6, the nonlinear bilinear control system (1.14) is
locally rapidly stabilizable by feedback controls. Equivalently, the nonlinear bilinear
control system (1.6) is locally rapidly stabilizable by feedback controls.

Concerning the finite-time stabilization, we have the following result on the lin-
earized bilinear control system (1.24).

Theorem 1.8. — Let µ ∈ H3(I,R) be such that (1.8) holds and let T > 0.
There exists an increasing sequence (tn)n⩾0 converging to T with t0 = 0, and an
increasing sequence of positive numbers (λn)n⩾0 converging to infinity such that, for
every y0 ∈ H1,♯, there exists a unique solution y ∈ C([0, T );H) of the system

(1.49)

y′ = Ay +Bu in [0, T ),
y(0) = y0,

with, u ∈ L2([0, T );R) verifying, with Qn = Q(λn),
(1.50) u(t) = −B∗Q−1

n projH1,♯
y(t) in [tn, tn+1).

Moreover,
y(t, · ) −→ 0 in H as t −→ T−(1.51)

and
u(t, · ) −→ 0 as t −→ T−.(1.52)

Remark 1.9. — It is worth noting that for the rapid stabilization, one requires
the exact controllability of the linearized system instead of (1.8). Concerning the
finite-time stabilization, (1.8) is used to estimate the control cost for small time.
This is employed to derive upper bounds for the norm Q−1 = Q−1(λ) where the
dependence on λ is explicit.

1.2. Ideas of the proof

The approach used in this paper is inspired by our recent work [Ngu26b]. We first
discuss the analysis of Theorem 1.3 and Theorem 1.6. Concerning the linearized
system (1.6) (whose results are given in Theorem 1.3), one of the main parts of
the analysis is to develop the theory in [Ngu26b] to take into account the intrinsic
constraint (1.13). The other important part is to derive new regularizing effect of the
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linearized control system (see Lemma 4.3) and the new information of the Gramian
operator (see Section 3). These facts and their analysis are interesting in themselves.
Concerning the rapid stabilization of the nonlinear system (1.5) (whose results are
given in Theorem 1.6), in addition to the ingredients used for the linearized system,
we essentially use the fact that the solutions of the Schrödinger system conserve
the L2-norm. This fact is used to control the component of the solution which is
orthogonal to H1,♯ with respect to the L2(I)-scalar product (or the H-scalar product).
Additional technical ingredients for all the stabilization results are the well-posedness
of the nonlinear feedback control systems, which are of nonlinear, nonlocal, and non-
bounded nature (see Section 4), and the way to translate the results between the
original systems (1.5) and (1.6) and the corresponding systems written under the
semi-group language (1.24) and (1.25) (see Lemma 4.10 and Appendix A).

To take one step further from the rapid stabilization to obtain the finite-time
stabilization (Theorem 1.8) for the linearized system, we follow the strategy of
Coron and Nguyen [CN17]. The idea is to stabilize the system more and more as
the time t goes to T−. To be able to apply the strategy in [CN17], one needs to
understand the size of ∥Q−1

n ∥L(H1,♯)
(2) as a function of λn (a good bound for the

size of ∥Qn∥L(H) follows from the admissibility of the control operator B, see (1.32)).
This is given in Lemma 6.7 after establishing the cost of the control for small time
(see Proposition 6.6). This result is interesting in itself and its proof uses similar
techniques as in [TT07]. The way to gain suitable information in each time interval
[tn, tn+1) here is different from the one in [CN17] for which precise estimates of
kernels of transformations from the backstepping technique are derived using the
information of the kernels. Our new way to get appropriate information to be able
to apply the strategy in [CN17] is quite robust and can be used in different contexts
where the size of the control cost is understood for small time. An application of this
approach will be given in [Ngu26a] to study the finite-time stabilization of a KdV
control system.

1.3. Previous related results

The controllability properties for the Schrödinger equation were mostly studied in
the usual linear setting (in contrast to the bilinear control problems considered here).
For the control of the linear Schrödinger equation with internal control (localized
on a subdomain), we refer to [Leb92, Mac94], the survey [Lau14], and the references
therein. In this setting, we mention [MZ94] for the stabilization. The first local
controllability results on the bilinear Schrödinger equation appear in [BC06, Bea05].
These local controllability results have been extended under weaker assumptions
in [BL10, BM14], in a more general setting in infinite time [NN12], and also in the
case of simultaneous controllability of a finite number of particles [Mor14], and the
references therein. Note that, despite the infinite speed of propagation, it was proved
that a minimal amount of time is required for the controllability of some bilinear
(2) Hereafter, given a Hilbert space H, we denote L(H) the space of all continuous linear applications
from H to H equipped with the standard norm.

TOME 9 (2026)



940 H.-M. NGUYEN

Schrödinger equations, see [BCT14, BM14, Cor06] (see also [Bou23, Mor14]) and
the references therein. In addition to the exact controllability and the stabilization,
various aspects of the controllability of the bilinear Schrödinger systems have been
investigated. Concerning the approximative controllability, this has been studied by
the geometric control techniques via appropriate Galerkin approximations, see e.g.,
[BCCS12, BCS14, CMSB09] and the references therein. The Lyapunov technique
has been used to obtain the global controllability results, see, e.g., [BM09, Mir09,
Ner09, Ner10] though no indication of the convergence rate is given.

1.4. The organization of the paper

The paper is organized as follows. In Section 2, we establish several results on A
and D(A). In particular, we prove that A is skew-adjoint in Lemma 2.2. Section 3
is devoted to various properties of the Gramian operator Q. In Section 4, we estab-
lish the well-posedness and the stability of various linear and nonlinear Schrödinger
systems. These results will be used in the proof of the main theorems mentioned
above. Section 5 is devoted to the rapid stabilization, in particular, we prove The-
orems 1.3 and 1.6 there. In Section 6, we study the finite-time stabilization. We
prove Theorem 1.8 using estimates on the cost of controls for the linearized system
established there (see Propositions 6.1 and 6.3). The analysis of the upper bound
(Proposition 6.1) is based on the moment method. The analysis of the lower bound
(Proposition 6.3) is based on a lower bound of the cost of a singular perturbation
control problem (Proposition 6.2). In Appendix A, we discuss a well-posedness result
on control systems associated with operator semi-groups, which is used throughout
the paper.

2. Preliminaries

In this section, we will prove some properties related to A defined in (1.22) and Q
defined in (1.38). We begin with the following result.

Lemma 2.1. — Let γ1, γ2 ∈ R, and let A : D(A) ⊂ H → H be defined by

(2.1) Ay =
(

−∆y2 + γ1y2
∆y1 + γ2y1

)
with D(A) =

{
y ∈ H; Ay ∈ H

}
.

We have:
(i) The set D(A∞) is dense in H.
(ii) The set D(A∞) ∩ H1,♯ is dense in H1,♯.
(iii) The set D(A∞) ∩H1,♯ is dense in D(A) ∩H1,♯ equipped with the graph-norm

of D(A).

Recall that
D(A∞) =

⋂
k⩾1

D(Ak).
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Proof of Lemma 2.1.
Step 1: Proof of (i). — Let y = (y1, y2)T ∈ H. Then

(2.2) y1 =
∞∑

k=1
akφk and y2 =

∞∑
k=1

bkφk,

for some (ak), (bk) ⊂ R such that ∑k⩾1 λ
3
k(|ak|2 + |bk|2) < +∞. Denote

(2.3) y1,n =
n∑

k=1
akφk and y2,n =

n∑
k=1

bkφk,

and set
yn = (y1,n, y2,n)T.

Since
(2.4) φ′′

k = −λk φk in I and φk = 0 on ∂I,

it follows from (1.20) that
(2.5) yn ∈ D(A∞).
It is clear that
(2.6) yn = (y1,n, y2,n)T −→ y in H.
Assertion (i) now follows from (2.5) and (2.6).

Step 2: Proof of (ii). — We first note that

D(A∞) ∩ H1,♯ =
{
y = (y1, y2)T ∈ D(A∞);

∫
I
y1φ1 = 0

}
Let y = (y1, y2)T ∈ H1,♯ and define yn by (2.3) using (2.2). Then
(2.7) yn ∈ D(A∞) and yn −→ y in H.
Define ŷn = (ŷ1,n, ŷ2,n)T by
(2.8) ŷ1,n = y1,n − ⟨y1,n, φ1⟩L2(I)φ1 and ŷ2,n = y2,n.

It follows from (2.4) that
(2.9) ŷn ∈ D(A∞) ∩ H1,♯.

Using the fact

(2.10) ⟨y1,n, φ1⟩L2(I) −→ ⟨y1, φ1⟩L2(I)
y∈H1,♯= 0,

we derive from (2.7) and (2.8) that
ŷn −→ y in H.

Assertion (ii) is proved.
Step 3: Proof of (iii). — Let y = (y1, y2)T ∈ D(A) ∩ H1,♯ and define yn by (2.3)

using (2.2). Then
(2.11) yn ∈ D(A∞) and yn −→ y in D(A).
Define ŷn = (ŷ1,n, ŷ2,n)T by (2.8). Then, by (2.9),

ŷn ∈ D(A∞) ∩ H1,♯.
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Using (2.10), we derive from (2.11) that
ŷn −→ y in D(A).

Assertion (iii) is established.
The proof of Lemma 2.1 is complete.
We next establish a result which implies that A is skew-adjoint.

Lemma 2.2. — Let γ ∈ R and let A : D(A) ⊂ H → H be defined by

(2.12) Ay =
(

−∆y2 − γy2
∆y1 + γy1

)
and D(A) =

{
y ∈ H; Ay ∈ H

}
.

Then A is skew-adjoint, i.e., D(A∗) = D(A) and A∗ = −A in D(A).

We recall, by Lemma 2.1, that D(A) is dense in H.
Proof. — Since

φ′′
k = −λkφk in I,

we derive from the definition of H that y = (y1, y2)T ∈ D(A) if and only if
y ∈ [H5(I)]2,(2.13)

yℓ(x) = y′′
ℓ (x) = y′′′′

ℓ (x) = 0 for x ∈ ∂I, ℓ = 1, 2.(2.14)
Using this fact, we derive, by integration by parts, for y = (y1, y2)T ∈ D(A) and
z = (z1, z2)T ∈ D(A), that

−
∫

I
∆y2z1 = −

∫
I
y2∆z1, −

∫
I

∆y′
2z

′
1 = −

∫
I
y′

2∆z′
1,(2.15)

−
∫

I
∆y′′

2z
′′
1 = −

∫
I
y′′

2∆z′′
1 , −

∫
I

∆y′′′
2 z

′′′
1 = −

∫
I
y′′′

2 ∆z′′′
1 ,(2.16) ∫

I
∆y1z2 =

∫
I
y1∆z2,

∫
I

∆y′
1z

′
2 =

∫
I
y′

1∆z′
2,(2.17) ∫

I
∆y′′

1z
′′
2 =

∫
I
y′′

1∆z′′
2 ,

∫
I

∆y′′′
1 z

′′′
2 =

∫
I
y′′′

1 ∆z′′′
2 .(2.18)

It follows that, for y ∈ D(A) and z ∈ D(A),
⟨Ay, z⟩H = ⟨y,−Az⟩H.

It remains to show that D(A∗) ⊂ D(A). This is equivalent to establish that if
z ∈ H is such that
(2.19) |⟨Ay, z⟩H| ⩽ C∥y∥H for all y ∈ D(A)
for some positive constant C = C(z) independent of y, then z ∈ D(A).

Indeed, fix such a z. From (2.19), we deduce from (2.15) and (2.16) that, for
y ∈ D(A),

(2.20)
∣∣∣∣− ∫

I
∆y′′′

2 z
′′′
1 +

∫
I

∆y′′′
1 z

′′′
2

∣∣∣∣ ⩽ C∥y∥H.

By taking y1 = 0 in (2.20), we obtain that, for y2 ∈ H5(I) with y2 = y′′
2 = y′′′′

2 = 0
on ∂I, it holds

(2.21)
∣∣∣∣− ∫

I
∆y′′′

2 z
′′′
1

∣∣∣∣ ⩽ C∥y2∥H3(I).
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Given φ ∈ C∞(I;R), define, for x ∈ I,

(2.22) ξ3(x) = φ(x) − 1
2φ

′(1)x2 + 1
2φ

′(0)(1 − x)2,

ξ2(x) =
∫ x

0
ξ3(s) ds− x

∫ 1

0
ξ3(s) ds, ξ1(x) =

∫ x

0
ξ2(s) ds,

and

(2.23) y2(x) =
∫ x

0
ξ1(s) ds− x

∫ 1

0
ξ1(s) ds.

Simple computations give, for x ∈ I,

y′
2 = ξ1 −

∫ 1

0
ξ1(s) ds, y′′

2 = ξ2, y′′′
2 = ξ3 −

∫ 1

0
ξ3(s) ds,

y′′′′
2 = φ′ − φ′(1)x− φ′(0)(1 − x).

One can then check that y2 ∈ H5(I) with y2 = y′′
2 = y′′′′

2 = 0 on ∂I. It follows
from (2.21) applied to y2 given by (2.23) that∣∣∣∣− ∫

I

(
∆φ− φ′(1) + φ′(0)

)
z′′′

1

∣∣∣∣ ⩽ C∥ξ3∥L2(I) for φ ∈ C∞(I;R),

where ξ3 is defined by (2.22). Since z′′
1 = 0 on ∂I, we deduce that∣∣∣∣− ∫

I
∆φz′′′

1

∣∣∣∣ ⩽ C∥ξ3∥L2(I) for φ ∈ C∞(I;R),

where ξ3 is defined by (2.22). By first considering φ ∈ C∞
c (I) and then using φ ∈

C∞(I) with φ′ = 0 on ∂I, we obtain

(2.24) z′′′
1 ∈ H2(I) and z′′′′

1 = 0 on ∂I.

Similarly, by taking y2 = 0 in (2.20), we derive that

(2.25) z′′′
2 ∈ H2(I) and z′′′′

2 = 0 on ∂I.

Combining (2.24) and (2.25) yields
z ∈ D(A).

The proof of Lemma 2.2 is complete. □

3. Properties of the Gramian operator

In this section, we study properties of Q = Q(λ). Recall that A is defined in (1.22),
B∗ is given by (1.33), and φk is given in (1.2). Set, for k ⩾ 1,

Φ1
k =

(
φk

0

)
and Φ2

k =
(

0
φk

)
.

Thus Φ1
1 = Φ1. We begin with the following elementary fact which is a direct

consequence of the definition of A and φk.
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Lemma 3.1. — We have, for k ⩾ 1 and t ⩾ 0,

(3.1) etAΦ1
k = φk

(
cos[(λk − λ1)t]

− sin[(λk − λ1)t]

)
and etAΦ2

k = φk

(
sin[(λk − λ1)t]
cos[(λk − λ1)t]

)
.

Using Lemma 3.1, we can prove the following result.

Lemma 3.2. — Let λ > 0. For i, j = 1, 2, and for k, l ⩾ 1, set

di,j
k,l :=

〈
QΦi

k,Φ
j
l

〉
H

=
∫ ∞

0
e−2λs

〈
B∗esAΦi

k, B
∗esAΦj

l

〉
R

ds.

We have, for some positive constant Λ ⩾ 1,
(3.2) d1,j

1,l = 0 for j = 1, 2, l ⩾ 1,

(3.3)


∣∣∣di,j

k,k

∣∣∣ ⩽ Λk6

λk
for i, j = 1, 2, i ̸= j, k ⩾ 1,∣∣∣di,j

k,l

∣∣∣ ⩽ Λk3l3

|λk−λl|
for i, j = 1, 2, k, l ⩾ 1, k ̸= l,

(3.4)
∣∣∣di,i

k,k

∣∣∣ ⩽ Λk6 for i = 1, 2, k ⩾ 2, and
∣∣∣d2,2

1,1

∣∣∣ ⩽ Λ.
As a consequence,
(3.5) Q : H1,♯ −→ H1,♯.

Assume in addition that (1.35) holds. We have

(3.6) Λ−1k6 ⩽
∣∣∣di,i

k,k

∣∣∣ ⩽ Λk6 for i = 1, 2, k ⩾ 2, and Λ−1 ⩽
∣∣∣d2,2

1,1

∣∣∣ ⩽ Λ.

Proof. — Using (3.1), we derive from (1.33) that, for k ⩾ 1 and s ⩾ 0,

(3.7) B∗esAΦ1
k = − sin[(λk − λ1)s]

(⟨µφ1, φk⟩H3(I) − (µφ1)xx(1)φk,xxx(1)
+ (µφ1)xx(0)φk,xxx(0)

)
,

and

(3.8) B∗esAΦ2
k = cos[(λk − λ1)s]

(⟨µφ1, φk⟩H3(I) − (µφ1)xx(1)φk,xxx(1)
+ (µφ1)xx(0)φk,xxx(0)

)
.

Note that, for some positive constant C ⩾ 1,
(3.9)

∣∣∣(⟨µφ1, φk⟩H3(I) − (µφ1)xx(1)φk,xxx(1) + (µφ1)xx(0)φk,xxx(0)
)∣∣∣ ⩽ Ck3.

Assertions (3.2), (3.3), and (3.4) now follow from (3.7), (3.8), and (3.9).
To derive (3.6), one just needs to note that (1.36) holds by (1.35) (see Lemma 1.1).

The proof is complete. □

We are ready to introduce the linear application
T : H1,♯ −→ H1,♯

defined by

T (Φi
k) =

di,i
k,k

∥Φi
k∥2

H3(I)
Φi

k for (i = 1, 2 and k ⩾ 2) and for (i = 2 and k = 1).

Using Lemma 3.2, we obtain the following result on T , which is a direct consequence
of (3.6).
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Lemma 3.3. — Assume (1.35). We have, for s ⩾ 0,

T : H1,♯ ∩
[
H3+s(I)

]2
−→ H1,♯ ∩

[
H3+s(I)

]2
is linear and invertible.

We also have the following result.

Lemma 3.4. — Let 1/2 < s < s′ ⩽ 1. We have

Q− T : H1,♯ ∩
[
H3+s(I)

]2
−→ H1,♯ ∩

[
H3+s′(I)

]2
is linear and continuous.

Proof. — Let Φ ∈ H1,♯ ∩ [H3+s(I)]2. We represent Φ under the form

Φ =
∑

j=1,2,k⩾1
aj,kΦj

k,

for some aj,k ∈ R with a1,1 = 0 and

∑
j=1,2,k⩾1

k2(3+s)|aj,k|2 < +∞.

Set

βl = ⟨φl, φl⟩H for l ⩾ 1.

Then

(3.10) βl ⩾ Cl6 for l ⩾ 1.

Since ( 1
β

1/2
k

Φi
k)i=1,2,k⩾1 is an orthogonal basis of H, we have, by Lemma 3.2,

(Q− T )
 ∑

j=1,2,k⩾1
aj,kΦj

k


=

∑
j=1,2,k⩾1

aj,k
∑

l⩾1,l ̸=k,i=1,2

1
βl

dj,i
k,lΦi

l +
∑

j=1,2,k⩾1

∑
i=1,2,i ̸=j

aj,k 1
βk

dj,i
k,kΦi

k

=
∑

l⩾1,i=1,2

∑
j=1,2,k⩾1,k ̸=l

aj,k

βl

dj,i
k,lΦi

l +
∑

j=1,2,l⩾1

∑
i=1,2,i ̸=j

aj,l 1
βl

dj,i
l,l Φi

l.
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This implies∥∥∥∥∥∥(Q− T )
 ∑

j=1,2,k⩾1
aj,kΦj

k

∥∥∥∥∥∥
2

H3+s′ (I)

Lemma 3.1
⩽ C

∑
l⩾1,i=1,2

 ∑
j=1,2,k⩾1,k ̸=l

∣∣∣aj,k
∣∣∣

βl

∣∣∣dj,i
k,l

∣∣∣l3+s′

2

+ C
∑

j=1,2,l⩾1

∣∣∣aj,l
∣∣∣2l2(1+s′)

Lemma 3.1,(3.10)
⩽ C

∑
l⩾1,i=1,2

 ∑
j=1,2,k⩾1,k ̸=l

∣∣∣aj,k
∣∣∣k3ls

′

|λk − λl|

2

+ C
∑

j=1,2,l⩾1

∣∣∣aj,l
∣∣∣2l2(1+s′)

⩽ C
∑

l⩾1,i=1,2

 ∑
j=1,2,k⩾1,k ̸=l

∣∣∣aj,k
∣∣∣2k2(3+s)

∑
k ̸=l

l2s′

k2s(λk − λl)2


+ C

∑
j=1,2,l⩾1

∣∣∣aj,l
∣∣∣2l2(1+s′).

We thus obtain

(3.11) ∥(Q− T )(Φ)∥2
H3+s′ (I) ⩽ C∥Φ∥2

H3+s(I)

1 +
∑
l⩾1

∑
k ̸=l

l2s′

k2s(λk − λl)2

.
Since, for k ̸= l,

(λk − λl)2 ⩽ C(k − l)2(k + l2),
∑
k ̸=l

=
∑

k⩽l/2
+

∑
l/2<k⩽2l,k ̸=l

+
∑
k>2l

,

and 1/2 < s < s′ ⩽ 1, it follows that

(3.12)
∑
l⩾1

∑
k ̸=l

l2s′

k2s(λk − λl)2 ⩽ C
∑
l⩾1

∑
k ̸=l

l2s′

k2s(k − l)2(k + l)2

⩽ C
∑
l⩾1

(l2s′−4 + l2s′−2s−2 + l2s′−3−2s) ⩽ C.

Combining (3.11) and (3.12) yields

∥(Q− T )(Φ)∥H3+s′ (I) ⩽ C∥Φ∥H3+s(I).

The proof of Lemma 3.4 is complete. □

As a consequence of Lemmas 3.3 and 3.4, and the Fredholm theory, we have the
following result.

Lemma 3.5. — Let 1/2 < s < 1. We have

Q : H1,♯ ∩
[
H3+s(I)

]2
−→ H1,♯ ∩

[
H3+s(I)

]2
is invertible. We also have∥∥∥Q−1(Φi

k)
∥∥∥

C3(I)
⩽ Ck3 for (i ⩾ 2, k ⩾ 1) and for (i = 2 and k = 1).
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Proof. — The first part is a consequence of the Fredholm theory and the three
facts:

(a) T + (Q − T ) : H1,♯ ∩ [H3+s(I)]2 → H1,♯ ∩ [H3+s(I)]2 is injective since
Q : H1,♯ → H1,♯ is bijective;

(b) T : H1,♯ ∩ [H3+s(I)]2 → H1,♯ ∩ [H3+s(I)]2 is invertible by Lemma 3.3;
(c) Q− T : H1,♯ ∩ [H3+s(I)]2 → H1,♯ ∩ [H3+s(I)]2 is compact by Lemma 3.4.

We next prove the second part. Note that

Q

 di,i
k,k

∥Φi
k∥2

H3(I)
Q−1(Φi

k) − Φi
k

 = (T −Q)Φi
k.

We have, for 1/2 < s < 1,

(3.13) ∥(T −Q)(Φi
k)∥2

H3+s(I)
Lemma 3.1

⩽ C
∑

l⩾1,l ̸=k

k6l12+2s

l12(k − l)2(k + l)2 + Ck2(1+s).

Since ∑
l ̸=k

=
∑

l⩽k/2
+

∑
k/2<l⩽2k,l ̸=k

+
∑
l>2k

,

it follows that, for 1/2 < s < 1,∥∥∥(T −Q)Φi
k

∥∥∥2

H3+s(I)
⩽ C

(
k2+2s+1 + k4+2s + k6+2s−3

)
+ Ck2(1+s) ⩽ Ck4+2s.

Applying the first part, we derive that, for 1/2 < s < 1,∥∥∥∥∥∥ di,i
k,k

∥Φi
k∥2

H3(I)
Q−1(Φi

k) − Φi
k

∥∥∥∥∥∥
H3+s(I)

⩽ Ck2+s.

This implies, by the Sobolev embedding Hs(I) into C(I),∥∥∥∥∥∥ di,i
k,k

∥Φi
k∥2

H3(I)
Q−1(Φi

k) − Φi
k

∥∥∥∥∥∥
C3(I)

⩽ Ck2+s,

and the conclusion follows. □

4. Well-posedness and stability of Schrödinger systems

In this section, we establish the well-posedness and the stability of various systems
related to the linear system (1.6) and the nonlinear system (1.5). The main goal is
to formulate and establish results which are compatible with the theory of control
systems associated with semi-group. Without the language of semi-group, some
related results can be found in [BL10].

We first introduce A : D(A) ⊂ H → H defined by

(4.1) AΨ = i∆Ψ and D(A) =
{
Ψ ∈ H; AΨ ∈ H

}
.

The following properties holds for the operator A.
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Lemma 4.1. — We have
D(A) is dense in H and A is skew-adjoint.

Proof. — The conclusion is a consequence of Lemmas 2.1 and 2.2 with γ = 0 after
considering the real part and the imaginary part of Ψ and AΨ. □

We next introduce a useful operator related to the definitions of B in (1.23) and
uF (y) in (1.27).

Definition 4.2. — Given T > 0. Define
T : L2

(
(0, T );H3(I;C) ∩H1

0 (I;C)
)

−→ L1((0, T ); D(A∗)′)

by, for all φ ∈ D(A∗),

(4.2) ⟨T(f)(t, · ), φ⟩D(A∗)′,D(A∗)

= ⟨f(t, · ), φ⟩H3(I) − fxx(t, 1)φxxx(1) + fxx(t, 0)φxxx(0),
for f ∈ L2((0, T );H3(I;C) ∩H1

0 (I;C)).

It follows from the definition of H that φ ∈ H5(I) if φ ∈ D(A) and ∥φ∥H5(I) ⩽
C∥φ∥D(A). Thus T is well-defined. The motivation of the definition of T will be clear
from Lemma 4.4 below.

We next discuss the well-posedness and the stability of linear systems. It is conve-
nient to introduce the space Hrel which is defined by

Hrel =
{
y ∈ H; y is real

}
.

We also equip this space with the scalar product from H. Then Hrel is a real Hilbert
space. We have the following important result on the well-posedness of the linearized
system and the regularizing effect.

Lemma 4.3. — Let 0 < T < T0 and λ ∈ R. Let Φ0 ∈ H and fH ∈ L1((0, T );
D(A∗)′). There exists a unique weak solution Φ ∈ C([0, T ]; D(A∗)′) to the system

(4.3)


iΦt = −∆Φ − λΦ + fH in (0, T ) × I,

Φ(t, 0) = Φ(t, 1) = 0 in (0, T ),
Φ(0, · ) = Φ0 in I,

i.e.

(4.4) i
d
dt⟨Φ,Ψ⟩H = −⟨Φ,∆Ψ⟩H − λ⟨Φ,Ψ⟩H + ⟨fH,Ψ⟩D(A∗)′,D(A∗) in (0, T )

in the distributional sense for all Ψ ∈ D(A∗). Let f ∈ L2((0, T );H3(I;C)∩H1
0 (I;C)).

Define fH = T(f) ∈ L1((0, T ); D(A∗)′). Then the weak solution Ψ of (4.3) satisfies
Ψ ∈ C([0, T ]; H) and

(4.5) ∥Φ(t, · )∥H3(I) ⩽ C
(

∥Φ0∥H3(I) + ∥f∥L2((0,t);H3(I))

)
in [0, T ],

for some positive constant C depending only on T0 and α. Let Rij ∈ L(Hrel) for
i, j = 1, 2 be such that ∥Rijφk∥C3(I) ⩽ αk3 for some α > 0 and for all k ⩾ 1. Denote

Rφ = (R11φ1 + R12φ2) + i(R21φ1 + R22φ2) for φ ∈ H,
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where φ1 = ℜφ and φ2 = ℑφ. We have, (RΦ)xxx ∈ C([0, 1];H3(0, T )), and

(4.6) ∥(RΦ)xxx( · , x)∥L2(0,T ) ⩽ C1∥Φ0∥H3(I) + C2∥f∥L2((0,T ),H3(I)),

for some positive constants C1, C2 depending only on T0 and α. Moreover, C2 can
be chosen such that C2 → 0 as T0 → 0+.

Proof of Lemma 4.3. — The existence and uniqueness of solutions in C([0, T ];
D(A∗)′) follows from Proposition A.2 in the appendix. We next show the existence
of a solution Ψ ∈ C([0, T ]; H) satisfying (4.5) in the case fH = T(f).

We first deal with the system

(4.7)


iΦt = −∆Φ + fH in (0, T ) × I,

Φ(t, 0) = Φ(t, 1) = 0 in (0, T ),
Φ(0, · ) = Φ0 in I

instead of (4.3), i.e., we consider (4.3) with λ = 0. We search Φ ∈ C([0, T ]; H) under
the form

Φ(t, x) =
∑
k⩾1

ak(t)φk(x) in (0, T ) × I.

Using (4.4) with λ = 0 and φ = φk, we obtain

(4.8) i
(
1 + λk + λ2

k + λ3
k

)
a′

k = λk

(
1 + λk + λ2

k + λ3
k

)
ak + ck in (0, T ),

where

(4.9) ck(t) = ⟨f(t, · ), φk⟩H3(I) − fxx(t, 1)φk,xxx(1) + fxx(t, 0)φk,xxx(0) in (0, T ).

We derive from (4.8) that

a′
k = −iλkak − ibk in (0, T ) where bk = ck

1 + λk + λ2
k + λ3

k

.

We then get

(4.10) ak(t) = e−iλktak(0) − i
∫ t

0
e−iλk(t−s)bk(s) in (0, T ).

Combining (4.9) and (4.10) yields

(4.11)
∑
k⩾1

k6|ak(t)|2 ⩽ C∥Φ0∥2
H3(I) + C

∑
k⩾1

1
λ3

k

∫ t

0
|⟨f, φk⟩H3(I)|2 dt

+ C
∑
k⩾1

∣∣∣∣∫ t

0
eiλksfxx(s, 1) ds

∣∣∣∣2 + C
∑
k⩾1

∣∣∣∣∫ t

0
eiλksfxx(s, 0) ds

∣∣∣∣2.
Here and in what follows in this proof, C denotes a positive constant depending only
on T0. We have

(4.12)
∑
k⩾1

1
λ3

k

∫ t

0
|⟨f, φk⟩H3(I)|2 dt ⩽ C

∫ t

0
∥f(s, · )∥2

L2((0,T );H3(I)) ds.
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Applying Ingham’s inequality (see, e.g., [KL05, Theorem 4.3, p. 59]) and using the
properties of Riesz basis, see, e.g., [You80, Theorem 9, p. 32], we obtain∑

k⩾1

∣∣∣∣∫ t

0
eiλksfxx(s, 1) ds

∣∣∣∣2 ⩽ C
∫ t

0
|fxx(s, 1)|2 ds(4.13)

and ∑
k⩾1

∣∣∣∣∫ t

0
eiλksfxx(s, 0) ds

∣∣∣∣2 ⩽ C
∫ t

0
|fxx(s, 0)|2 ds.(4.14)

Combining (4.11), (4.12), (4.13), and (4.14) yields

∥Φ(t)∥2
H3(I) ⩽ C

(
∥Φ0∥2

H3(I) +
∫ t

0
∥f(s, · )∥2

H3(I) ds
)

in [0, T ].

One can also check that Φ ∈ C([0, T ]; H) is also a weak solution of (4.3). The
conclusion in the case λ = 0 follows.

We next prove (4.6) still for λ = 0. For notational ease, we only consider the case
where R12,R21,R22 are 0. By (4.10), we have

(RΦ)xxx(t, x) =
∑
k⩾1

λ
3/2
k ξk(x)ℜak(t) in [0, T ] × [0, 1],

where

(4.15) ξk(x) = 1
λ

3/2
k

(R11φk)xxx(x), which yields |ξk(x)| ⩽ α in [0, 1].

Extend f by 0 for (t, x) ∈ (R \ [0, T ]) × (0, 1) and we still denote this extension by f .
We then have
(RΦ)xxx(t, x) =

∑
k⩾1

ξk(x)ℜ
(
αk,0(t) + αk,1(t) + αk,2(t) + αk,3(t)

)
in [0, T ] × [0, 1],

where
αk,0(t) = λ

3/2
k ak(0)e−iλkt in [0, T ],

αk,j(t) =
∫ t

0
e−iλk(t−s)βk,j(s) ds in [0, T ] for j = 1, 2, 3,

with

βk,1(t) = −i λ
3/2
k

1 + λk + λ2
k + λ3

k

⟨f(t, · ), φk⟩H3(I) in R,

βk,2(t) = −i λ3
k

1 + λk + λ2
k + λ3

k

fxx(t, 0),

βk,3(t) = −i λ3
k

1 + λk + λ2
k + λ3

k

fxx(t, 1) in R.

Set
ρk(t) = e−iλkt1[0,T ](t) in R,(4.16)

and denote
α̃k,j = ρk ∗ βk,j in R.(4.17)
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Then
α̃k,j = αk,j in [0, T ].

Given an appropriate function g defined in R, we denote its Fourier transform by ĝ.
We have, by (4.17), ̂̃αk,j(ξ) = ρ̂k(ξ)β̂k,j(ξ) in R.
Since, by (4.16),

ρ̂k(ξ) = 1
−i(ξ + λk)

(
e−i(λk+ξ)T − 1

)
in R,

it follows that

(4.18) |ρ̂k(ξ)| ⩽ C and |ρ̂k(ξ)| ⩽ C

|ξ + ρk|
for ξ ∈ R.

We claim that, for some positive constant C, depending only on T0,
(4.19)

∑
k⩾1

|ρ̂k(ξ)| ⩽ C for ξ ∈ R.

Indeed, from (4.18), we have, for −λk0+1 ⩽ ξ < −λk0 and k0 ⩾ 2,

(4.20)
∑
k⩾1

|ρ̂k(ξ)|

⩽ C + C
∑

1⩽k⩽k0−1

1
λk0 − λk

+ C
∑

2k0⩾k⩾k0+1

1
λk − λk0

+ C
∑

k⩾2k0

1
λk − λk0

⩽ C + C
∑

1⩽ℓ⩽k0

1
k0ℓ

+ C
∑

k⩾2k0

1
λk

⩽ C.

It is clear from (4.18) that
(4.21)

∑
k⩾1

|ρ̂k(ξ)| ⩽ C for ξ ⩾ −λ2.

Claim (4.19) now follows from (4.20) and (4.21).
Using (4.19), we obtain∑

k⩾1

∣∣∣ ̂̃αk,j(ξ)
∣∣∣ ⩽ C

(∣∣∣f̂xx(ξ, 0)
∣∣∣+ ∣∣∣f̂xx(ξ, 1)

∣∣∣) for j = 2, 3.

This implies, by (4.15),

(4.22)

∥∥∥∥∥∥
∑
k⩾1

ξk(x)ℜαk,j

∥∥∥∥∥∥
L2(0,T )

⩽ Cα,T0∥f∥L2((0,T );H3(I)) for j = 2, 3.

We also have∑
k⩾1

|ρ̂k(ξ)|
∣∣∣β̂1,k(ξ)

∣∣∣
2

⩽
∑
k⩾1

|ρ̂k(ξ)|2
∑
k⩾1

∣∣∣β̂1,k(ξ)
∣∣∣2 ⩽ C

∑
k⩾1

∣∣∣β̂1,k(ξ)
∣∣∣2.

This yields, by (4.15),

(4.23)

∥∥∥∥∥∥
∑
k⩾1

ξk(x)ℜαk,1

∥∥∥∥∥∥
L2(0,T )

⩽ Cα,T0∥f∥L2((0,T );H3(I)).
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We claim that, for (ck)k⩾1 ⊂ C with ∑k⩾1 |ck|2 < +∞,

(4.24)

∥∥∥∥∥∥
∑
k⩾1

cke
−iλkt

∥∥∥∥∥∥
L2(0,T )

⩽ C

∑
k⩾1

|ck|2
1/2

.

Indeed, for ϕ ∈ L2(0, T ),

(4.25)
∑
k⩾1

∫ T

0
cke

−iλktϕ(t) dt =
∑
k⩾1

ckγk, where γk =
∫ T

0
ϕ(t)eiλkt dt.

Since ∣∣∣∣∣∣
∑
k⩾1

ckγk

∣∣∣∣∣∣ ⩽
∑

k⩾1
|ck|2

1/2∑
k⩾1

|γk|2
1/2

,

and, by Ingham’s inequality (see, e.g., [KL05, Theorem 4.3, p. 59]),∑
k⩾1

|γk|2
1/2

⩽ C∥ϕ∥L2(0,T ),

we obtain Claim (4.24).
As a consequence of (4.24), we have, for (ck)k⩾1 ⊂ C with ∑k⩾1 |ck|2 < +∞,

(4.26)

∥∥∥∥∥∥
∑
k⩾1

cke
iλkt

∥∥∥∥∥∥
L2(0,T )

⩽ C

∑
k⩾1

|ck|2
1/2

.

Combining (4.24) and (4.26) yields

(4.27)

∥∥∥∥∥∥
∑
k⩾1

ξk(x)ℜαk,1

∥∥∥∥∥∥
L2(0,T )

⩽ Cα,T0∥f∥L2((0,T );H3(I)).

To obtain the behaviour of C2 as T0 goes to 0, one just notes that

|ρ̂k(ξ)| ⩽ 4T0 if |ξ + λk| ⩽ 1
T0

and

|ρ̂k(ξ)| ⩽ 2
|ξ + λk|

if |ξ + λk| for ξ ∈ R.

To obtain the conclusion for a general λ, one first notes that if Φ is a solution
of (4.7) then Φ(t, x)e−iλt is a solution of (4.3) with the same initial condition and
with the source e−iλtf(t, x) and then apply the result in the case λ = 0 to reach the
conclusion.

The proof of Lemma 4.3 is complete. □

The following simple result is useful to compare with previous results and motivates
the definition of the operator T in (4.2).
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Lemma 4.4. — Let 0 < T < T0 and λ ∈ R. Let Φ0 ∈ H and let
f ∈ L2((0, T );H3(I;C) ∩ H1

0 (I;C)). Define fH = T(f) ∈ L1((0, T ); D(A∗)′). Then
Φ ∈ C([0, T ]; H) is a unique weak solution to the system

(4.28)


iΦt = −∆Φ − λΦ + fH in (0, T ) × I,

Φ(t, 0) = Φ(t, 1) = 0 in (0, T ),
Φ(0, · ) = Φ0 in I,

(in the sense given in Lemma 4.3) if and only if Φ ∈ C([0, T ]; H) is a (weak) solution
of the system

(4.29)


iΦt = −∆Φ − λΦ + f in (0, T ) × I,

Φ(t, 0) = Φ(t, 1) = 0 in (0, T ),
Φ(0, · ) = Φ0 in I,

in the sense that

(4.30) i
d
dt⟨Φ, φk⟩L2(I) = −⟨∆Φ, φk⟩L2(I) − λ⟨Φ, φk⟩L2(I) + ⟨f, φk⟩L2(I) in (0, T )

in the distributional sense for all k ⩾ 1.

Proof. — Let φ ∈ H3(I;C) ∩H1
0 (I;C). We have(

1 + λk + λ2
k + λ3

k

)
⟨φ, φk⟩L2(I) = ⟨φ, φk⟩H3(I) − φxx(1)φk,xxx(1) + φxx(0)φk,xxx(0).

One can thus rewrite (4.8) under the form

(4.31) i
d
dt⟨Φ, φk⟩L2(I) = −⟨Φ,∆φk⟩L2(I) + ⟨f, φk⟩L2(I) in (0, T ).

The conclusion follows in the case λ = 0. The general case follows similarly. □

We next make a connection with the definition of weak solutions used in [BL10].
Let ei∆t : L2(I;C) → L2(I;C) be defined by, for φ ∈ L2(I;C),

(4.32) eit∆φ =
∞∑

k=1
⟨φ, φk⟩L2(I)e

−iλktφk,

and, for γ ∈ R, let ei(∆+γ)t : L2(I;C) → L2(I;C) be defined by, for φ ∈ L2(I;C),

(4.33) eit(∆+γ)φ =
∞∑

k=1
⟨φ, φk⟩L2(I)e

i(−λk+γ)tφk.

We have

Lemma 4.5. — Let 0 < T < T0 and λ ∈ R. Let Φ0 ∈ H and let f ∈ L2((0, T );
H3(I;C) ∩H1

0 (I;C)). Define fH = T(f) ∈ L1((0, T ); D(A∗)′). Then Φ ∈ C([0, T ]; H)
is a weak solution of (4.3) if and only if

(4.34) Φ(t, · ) = eit(∆+γ)Φ0 − i
∫ t

0
ei(t−s)(∆+γ)

(
f(s, · ) + (γ − λ)Φ(s, · )

)
ds

for t ∈ [0, T ].
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Proof. — Assume that (4.34) holds for Φ ∈ C([0, T ]; H). By taking the scalar
product in L2(I) of the corresponding identity with φk, one derives that Φ is a weak
solution of (4.3) by Lemma 4.4.

We next assume that Φ ∈ C([0, T ]; H) is a weak solution of (4.3). We will
prove (4.34). Since Φ ∈ C([0, T ]; H) is a weak solution of (4.3), we deduce from
Lemma 4.4 that

(4.35) ⟨Φ(t, · ), φk⟩L2(I) =
〈
eit(∆+γ)Φ0, φk

〉
L2(I)

−
〈
i
∫ t

0
ei(t−s)(∆+λ)

(
f(s, · ) + (γ − λ)Φ(s, · )

)
ds, φk

〉
L2(I)

for t ∈ [0, T ].

Set
Ψ(t, · ) =

∫ t

0
ei(t−s)(∆+λ)

(
f(s, · ) + (γ − λ)Φ(s, · )

)
ds.

Since the space spanned by set of (φk)k⩾1 is dense in L2(I) and Ψ ∈ C([0, T ]; H), we
obtain (4.34). □

Remark 4.6. — In [BL10, Proposition 2], the definition of the weak solutions in
the sense of (4.34) is considered with γ = 0.

We next establish the well-posedness and stability of linear feedback systems. It is
convenient to denote

(4.36) X = XT := C([0, T ]; H)

and to equip this space with the following standard norm

(4.37) ∥Φ∥X := sup
[0,T ]

∥Φ(t, · )∥H.

Then X is a Banach space.

Lemma 4.7. — Let 0 < T ⩽ T0, α > 0, Ψ ∈ C([0, T ];H3(I;C) ∩H1
0 (I;C)), and

let Rij ∈ L(Hrel) for i, j = 1, 2 be such that ∥Rijφk∥C3(I) ⩽ αk3 for some α > 0 and
for all k ⩾ 1, and ∥Ψ∥X ⩽ α. Denote

Rφ = (R11φ1 + R12φ2) + i(R21φ1 + R22φ2) for φ ∈ H,

where φ1 = ℜφ and φ2 = ℑφ. Let Φ0 ∈ H and f ∈ L2((0, T );H3(I;C) ∩H1
0 (I;C)).

There exists a unique weak solution Φ ∈ C([0, T ]; H) to the system (3)

(4.38)


iΦt = −∆Φ − λ1Φ + g in (0, T ) × I,

Φ(t, 0) = Φ(t, 1) = 0 in (0, T ),
Φ(0, · ) = Φ0 in I,

where g ∈ L1((0, T ); D(A∗)′) is defined by g = T(g) with

g(t, · ) = uΨ(t, · ) + f(t, · ),

(3)The weak solution is understood in the sense given in Lemma 4.3.
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where u ∈ L2((0, T );R) is such that u = −B∗(RΦ). Moreover, there exist a positive
constant C depending only on T0 and α such that

(4.39) ∥Φ∥X + ∥u∥L2(0,T ) ⩽ C
(
∥Φ0∥H3(I) + ∥f∥L2((0,T );H3(I)

)
in [0, T ].

Proof. — Consider the map K : L2((0, T );R) → L2((0, T );R) defined by
K(u) = −B∗(RΦ),

where Φ ∈ X is the unique solution of the system

(4.40)


iΦt = −∆Φ − λ1Φ + g in (0, T ) × I,

Φ(t, 0) = Φ(t, 1) = 0 in (0, T ),
Φ(0, · ) = Φ0 in I.

Here g ∈ L1((0, T ); D(A∗)′) is defined by g = T(g) with
g(t, · ) = uΨ(t, · ) + f(t, · ).

For uj ∈ L2((0, T );R) with j = 1, 2, denote Φj the corresponding solutions. We
have, by Lemma 4.3,

∥K(u2) − K(u1)∥L2(0,T ) ⩽ CT ∥u2 − u1∥L2(0,T ).

Since one can choose CT small for T small, the conclusion follows for small T . The
conclusion in the general case follows from this case by dividing the interval [0, T ]
into small sub-intervals. □

We next study the local well-posedness and the stability of nonlinear feedback
systems.

Lemma 4.8. — Let 0 < T ⩽ T0, α > 0, Ψ ∈ C([0, T ];H3(I;C) ∩H1
0 (I;C)), and

let Rij ∈ L(Hrel) for i, j = 1, 2 be such that ∥Rijφk∥C3(I) ⩽ αk3 for some α > 0 and
for all k ⩾ 1, and ∥Ψ∥X ⩽ α. Denote

Rφ = (R11φ1 + R12φ2) + i(R21φ1 + R22φ2) for φ ∈ H,

where φ1 = ℜφ and φ2 = ℑφ. There exists a positive constant C depending only on
T0 and α, such that for Φ0 ∈ H with
(4.41) ∥Φ0∥H3(I) ⩽ ε,

there exists a unique solution Φ ∈ X to the system

(4.42)


iΦt = −∆Φ − λ1Φ + g in (0, T ) × I,

Φ(t, 0) = Φ(t, 1) = 0 in (0, T ),
Φ(0, · ) = Φ0 in I,

where g ∈ L1((0, T ); D(A∗)′) is defined by g = T(g) with
g(t, x) = u(t)Ψ(t, x) + u(t)µ(x)Φ(t, x) for (t, x) ∈ (0, T ) × (0, 1),

where u ∈ L2((0, T );R) is such that u = −B∗(RΦ). Moreover, there exist a positive
constant C depending only on T0 and α such that
(4.43) ∥Φ(t, · )∥H3(I) + ∥u∥L2((0,T );R) ⩽ C∥Φ0∥H3(I) in [0, T ].
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Proof. — Let Φ ∈ X be the solution of the system

(4.44)


iΦt = −∆Φ − λ1Φ + h in (0, T ) × I,

Φ(t, 0) = Φ(t, 1) = 0 in (0, T ),
Φ(0, · ) = Φ0 in I,

where h ∈ L1((0, T ); D(A∗)′) is defined by h = T(h) with
h(t, · ) = uΨ(t, · ),

where u ∈ L2((0, T );R) is such that u = −B∗(RΦ). By Lemma 4.7, one has
∥Φ∥X ⩽ Cε provided that (4.41) holds.

One now considers the map K : BX (Φ, ε) → X defined by K(Φ̃), for Φ̃ ∈ BX (Φ, ε)
(the closed ball centered at Φ and of radius ε in X ), is the solution Φ ∈ X of the
system

(4.45)


iΦt = −∆Φ − λ1Φ + g in (0, T ) × I,

Φ(t, 0) = Φ(t, 1) = 0 in (0, T ),
Φ(0, · ) = Φ0 in I,

where g ∈ L1((0, T ); D(A∗)′) is defined by g = T(g) with

g(t, · ) = uΨ(t, · ) + uµΦ̃(t, · ),
where u ∈ L2((0, T );R) is such that u = −B∗(RΦ). Then, by Lemma 4.7,

∥Φ∥X + ∥B∗(RΦ)∥L2(0,T ) ⩽ Cε.

Using this fact, we derive from Lemma 4.7 that

∥Φ − Φ∥X ⩽ C
∥∥∥B∗(RΦ)µΦ̃

∥∥∥
L2((0,T );H3(I))

⩽ Cε2.

Thus, for ε sufficiently small, one has
K : BX (Φ, ε) −→ BX (Φ, ε).

We next show that K is contracting. Let Φ̃j ∈ ∩B(Φ, ε) for j = 1, 2. Denote Φj

the corresponding solution and uj the corresponding control for j = 1, 2. We have,
by Lemma 4.7,

(4.46) ∥Φ2 − Φ1∥X ⩽ C
∥∥∥u2Φ̃2 − u1Φ̃1

∥∥∥
L2((0,T );H3(I))

.

We have∥∥∥u2Φ̃2 − u1Φ̃1

∥∥∥
L2((0,T );H3(I))

⩽ C
(∥∥∥(u2 − u1)Φ̃2

∥∥∥
L2((0,T );H3(I))

+
∥∥∥u1(Φ̃2 − Φ̃1)

∥∥∥
L2((0,T );H3(I))

)
⩽ Cε

(
∥u2 − u1∥L2(0,T ) +

∥∥∥Φ̃2 − Φ̃1

∥∥∥
X

)
Lemma 4.7

⩽ Cε
(∥∥∥u2Φ̃2 − u1Φ̃1

∥∥∥
L2((0,T );H3)

+
∥∥∥Φ̃2 − Φ̃1

∥∥∥
X

)
.
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It follows that, for ε sufficiently small,

(4.47)
∥∥∥u2Φ̃2 − u1Φ̃1

∥∥∥
L2((0,T );H3(I))

⩽ Cε
∥∥∥Φ̃2 − Φ̃1

∥∥∥
X
.

Combining (4.46) and (4.47) yields

∥Φ2 − Φ1∥X ⩽ Cε
∥∥∥Φ̃2 − Φ̃1

∥∥∥
X
.

Therefore, for ε sufficiently small, K is contracting and the conclusion follows. □

We next translate the previous well-posedness result to the semi-group related to
A defined in (1.22), which involves the definition of Q and the feedback. We only
do it for Lemma 4.3. The statement and the proof of the corresponding variants of
Lemmas 4.7 and 4.8 are omitted to avoid repetition. To this end, we first introduce
the following definition.

Definition 4.9. — Let T > 0 and λ ∈ R, and let (A,D(A)) be defined by (2.12).
Define

T : L2
(
(0, T );H3(I;R2) ∩H1

0 (I;R2)
)

−→ L1((0, T ); D(A∗)′)
by

(4.48) ⟨T (g)(t, · ), φ⟩D(A∗)′,D(A∗)

= ⟨g(t, · ), φ⟩H3(I) − ⟨g(t, 1), φxxx(1)⟩R2 + ⟨g(t, 0), φxxx(0)⟩R2 .

Concerning Lemma 4.3, we have the following result.

Lemma 4.10. — Let 0 < T < T0, λ ∈ R, and let A : D(A) ⊂ H → H be defined
by

(4.49) Ay =
(

−∆y2 − λy2
∆y1 + λy1

)
and D(A) =

{
y ∈ H; Ay ∈ H

}
.

Let y0 ∈ H and g ∈ L1((0, T ); D(A∗)′). There exists a unique weak solution y ∈
C([0, T ]; D(A∗)′) to the system

(4.50)

y′ = Ay + g in (0, T ) × I,

y(0, · ) = y0 in I.

Let g = (g1, g2)T ∈ L2((0, T );H3(I;R2) ∩H1
0 (I;R2)). Define

g = T (g) ∈ L1((0, T ); D(A∗)′).
Then y ∈ C([0, T ];H). Moreover, y = (y1, y2)T is a weak solution of (4.50) if and
only if Φ := y1 + iy2 is a weak solution of (4.3) with

Φ0 = y1(0, · ) + iy2(0, · ) and f = −g2 + ig1,

and fH = T(f). We also have

∥y(t)∥H ⩽ C
(
∥y0∥H + ∥g∥L2((0,T );H3(I))

)
in [0, T ],

where C is a positive constant depending only on T0. We also have

∥y(t)∥H ⩽ C
(
∥y0∥H + ∥g∥L2((0,T );H3(I))

)
in [0, T ],
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Let R = (R1,R2)T ∈ L(H) with ∥R(Φ1
k)∥C3(I), ∥R(Φ2

k)∥C3(I) ⩽ αk3 for some α > 0
and for all k ⩾ 1. Then

(4.51) B∗(Ry) ∈ L2((0, T );R2)
and ∥B∗y∥L2(0,T ) ⩽ C1∥y0∥H + C2∥g∥L2((0,T );H3(I)),

for some positive constants C1, C2 depending only on T0 and α. Moreover, C2 can
be chosen such that C2 → 0 as T0 → 0.

Proof of Lemma 4.10. — By Proposition A.2 in the appendix, there exists a unique
weak solution y ∈ C([0, T ]; D(A∗)′) of (4.50). Let Φ ∈ C([0, T ]; H) be the unique
weak solution of (4.3) with

Φ0 = y1(0, · ) + iy2(0, · ) and f = −g2 + ig1.

Let y1 and y2 be the real part and the imaginary part of Φ, respectively, and denote
y = (y1, y2)T. Then

y ∈ C([0, T ];H).
By Lemma 4.3, it suffices to prove that y is a weak solution of (4.50). This follows
from the definition of weak solutions associated with A. □

5. Rapid stabilization – Proof of Theorems 1.3 and 1.6

This section containing two subsections is devoted to the proof of Theorems 1.3
and 1.6. The proof of Theorem 1.3 is given in the first subsection and the proof of
Theorem 1.6 is given in the second one.

5.1. Proof of Theorem 1.3

Denote
Aλ = A+ λI.

Let (yλ, ỹλ)T ∈ C([0,+∞);H) be the unique weak solution of the system

(5.1)


y′

λ = Aλyλ −BB∗ỹλ in (0, T ),
ỹ′

λ = −A∗
λỹλ in (0, T ),

ŷλ(0) = y0, ỹλ(0) = Q−1y0.

Let τ ∈ (0, T ] and φτ ∈ H, and let φ ∈ C([0, τ ];H) be the unique weak solution of

(5.2)

φ′ = −A∗
λφ in (0, τ),

φ(τ) = φτ .

Applying [Ngu26b, Lemma 3.1] for Aλ with t = τ , we derive from (5.1) and (5.2)
that

(5.3) ⟨yλ(τ), φ(τ)⟩H − ⟨yλ(0), φ(0)⟩H = −
∫ τ

0
⟨B∗ỹλ(s), B∗φ(s)⟩R ds.
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Applying [Ngu26b, Lemma 4.1] to ỹλ(τ − · ) and φ(τ − · ), we obtain from (5.1)
and (5.2) that

(5.4) ⟨Qỹλ(0), φ(0)⟩H − ⟨Qỹλ(τ), φ(τ)⟩H =
∫ τ

0
⟨B∗ỹλ(s), B∗φ(s)⟩R ds.

Summing (5.3) and (5.4), after using the fact that Qỹλ(0) = yλ(0), we deduce that
⟨yλ(τ) −Qỹλ(τ), φ(τ)⟩H = 0.

Since φ(τ) ∈ H is arbitrary, we derive that
(5.5) yλ(τ) −Qỹλ(τ) = 0.

Set
ŷ(t) = e−λtyλ(t), and ỹ(t) = e−λtỹλ(t).

Then, from (5.1) and (5.5), we have

(5.6)


ŷ′ = Aŷ −BB∗ỹ in (0, T ),
ỹ′ = −A∗ỹ − 2λỹ in (0, T ),
ŷ(0) = y0, ỹ(0) = Q−1y0,

and
(5.7) ŷ −Qỹ = 0 in [0, T ].

From (5.6), using the fact that A is skew-symmetric and the definition of B and B∗,
we have

(5.8) d
dt⟨ŷ,Φ1⟩H = 0 in (0, T ).

Recall that Φ1 is defined in (1.26). Since y0 ∈ H1,♯, we derive that ŷ(t) ∈ H1,♯ in
[0, T ]. It follows that

y = ŷ in [0, T ].
Since

ỹ′ = Aỹ − 2λỹ,
and A is skew-adjoint by Lemma 2.2, it follows that
(5.9) ∥ỹ(t)∥H = e−2λt∥ỹ0∥H.

The conclusion now follows from (5.9) and the fact that y(t) = Qỹ(t) for t ⩾ 0. □

5.2. Proof of Theorem 1.6

Let yP (t) be the projection of y(t) into H1,♯ using the H-scalar product and set
z(t) = y(t) − yP (t). Let b : [0,+∞) → R be the real function such that
(5.10) z = bΦ1

(recall that Φ1 = (φ1, 0)T). Note that
(5.11) u(t) = −B∗Q−1yP (t).
Since Az = 0, we derive from (1.48) that
(5.12) y′ = y′

P + z′ = AyP +Bu+ uF (y − Φ1) for t > 0.
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Taking the scalar product in [L2(I)]2 of this equation with Φ1 and integrating by
parts, we obtain, by Lemma 4.4,
(5.13) b′ = u⟨F (y − Φ1),Φ1⟩L2(I).

We derive from (5.12) and (5.13) that
(5.14) y′

P = AyP +Bu+ uF (y − Φ1) − z′ = AyP +Bu+ uF (y − Φ1) − b′Φ1.

Fix T0 > 0 and let 0 < T < T0.. We claim that

(5.15) ∥yP (t)∥H ⩽ ∥Q−1∥L(H1,♯)e
−2λt∥yP (0)∥H

+ Cλ,T0∥uF (y − Φ1) − b′Φ1∥L2((0,T );H3(I)) in [0, T ].

Indeed, we have
(5.16) yP = yP,1 + yP,2 in [0, T ],
where, with u1 = −B∗Q−1yP,1,y′

P,1 = AyP,1 +Bu1 in (0, T ),
yP,1(0) = yP (0),

and y′
P,2 = AyP,2 +B(u− u1) + uF (y − Φ1) − b′Φ1 in (0, T ),
yP,2(0) = 0.

Applying Theorem 1.3 to yP,1 and Lemma 4.7 (its variant in the spirit of Lemma 4.10)
to yP,2 after noting yP,2 = yP − yP1 and u− u1 = −B∗Q−1(yP − yP1) = −B∗Q−1yP,2,
we obtain

∥yP,1(t)∥H ⩽ ∥Q−1∥L(H1,♯)e
−2λt∥yP (0)∥H in [0, T ],(5.17)

and
∥yP,2(t)∥H ⩽ Cλ,T0∥uF (y − Φ1) − b′Φ1∥L2((0,T );H3(I)).(5.18)

Claim (5.15) now follows from (5.16), (5.17), and (5.18).
Since, for t ∈ [0, T ],

∥u∥L2(I) + ∥y − Φ1∥L∞((0,T );H)
Lemma 4.8

⩽ CT0∥y(0) − Φ1∥H,

∥F (y − Φ1)∥L∞((0,T );H3(I))
(1.26)
⩽ CT0∥y − Φ1∥L∞((0,T );H),

and
∥b′∥L2(0,T )

(5.13)
⩽ CT0∥u∥L2(0,T )∥y − Φ1∥L∞(0,T ) ⩽ CT0∥y(0) − Φ1∥2

H,

it follows from (5.15) that

(5.19) ∥yP (t)∥H ⩽ ∥Q−1∥L(H1,♯)e
−2λt∥y0 − Φ1∥H + Cλ,T0∥y(0) − Φ1∥2

H in [0, T ].

By the conservation of L2-norm of y, we derive from the fact that z and yP are
orthogonal in L2(I;R2),

b(t)2 + ∥yP (t)∥2
L2(I) = 1.
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It follows that if ∥y(t) − Φ1∥L2(I) ⩽ 1/4 in [0, T ], then
(5.20) ∥b(t) − 1∥L2(I) ⩽ C∥yP (t)∥2

L2(I).

By taking ε0 sufficiently small and ∥y0−Φ1∥H ⩽ ε0, we derive from (5.19), and (5.20)
that
(5.21) ∥y(t) − Φ1∥H ⩽ 2∥Q−1∥L(H1,♯)e

−2λt∥y(0) − Φ1∥H in [0, T0].

Taking T0 large enough such that 2∥Q−1∥L(H1,♯)e
−2λT0 ⩽ e−2λ̂T0 , we then can repeat

the argument for the interval [T0, 2T0], . . . , and obtain the conclusion.

6. Finite-time stabilization – Proof of Theorem 1.8

This section containing two subsections is devoted to the proof of Theorem 1.8.
In the first subsection, we establish the cost of controls for the linearized system in
small time. The proof of Theorem 1.8 using the results in the first section is given
in the second one.

6.1. Cost of control of the linearized system for small time

We begin this section by establishing an upper bound of the cost of control of the
linearized system for small time.

Proposition 6.1. — Let µ ∈ H3(I,R) be such that (1.8) holds. For all Ψ0 ∈ H1,♯,
there exists u ∈ L2(0, T );R) such that

Ψ(T, · ) = Ψ0

and
∥u∥L2(0,T ) ⩽ e

C
T ∥Ψ0∥H,

where Ψ ∈ C([0, T ]; H) is the unique weak solution of the system

(6.1)


iΨt = −∆Ψ − λ1Ψ − T(u(t)µφ1) in (0, T ) × I,

Ψ(t, 0) = Ψ(t, 1) = 0 in (0, T ),
Ψ(0, · ) = 0 in I.

Recall that T is defined in Definition 4.2.
Proof. — By a translation of time, it suffices to prove the following result. For all

Ψ0 ∈ H1,♯, there exists u ∈ L2((−T/2, T/2);R) such that
Ψ(T/2, · ) = Ψ0

and
∥u∥L2(−T/2,T/2) ⩽ e

C
T ∥Ψ0∥H,

where Ψ ∈ C([−T/2, T/2]; H) is the unique weak solution of the system

(6.2)


iΨt = −∆Ψ − λ1Ψ − T(u(t)µφ1) in (−T/2, T/2) × I,

Ψ(t, 0) = Ψ(t, 1) = 0 in (−T/2, T/2),
Ψ(−T/2, · ) = 0 in I.
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The proof of this fact is based on the moment method, see, e.g., [TT07]. We
represent Ψ under the form

Ψ(t, x) =
∑
k⩾1

ak(t)φk(x) in (−T/2, T/2) × I.

We then have, see the proof of Lemma 4.4,

ia′
k = (λk − λ1)ak − cku(t) in (−T/2, T/2),

where

(6.3) ck = ⟨µφ1, φk⟩L2(I) in (−T/2, T/2).

Thus
a′

k = −i(λk − λ1)ak + icku(t) in (−T/2, T/2).
Since ak(−T/2) = 0 for k ⩾ 1, we then have

ak(T/2) = ick

∫ T/2

−T/2
e−i(λk−λ1)(T/2−s)u(s) ds.

Set

(6.4) v(t) = u(T/2 − t), ωk = λk − λ1 for k ⩾ 1,

and

(6.5) dk = ak(T/2)/(ick) for k ⩾ 1.

Since a1(T/2) = ℑa1(T/2) for Φ0 ∈ H1,♯, it follows from (6.3) that

d1 ∈ R.

We then have ∫ T/2

−T/2
e−iωksv(s) ds = dk in (−T/2, T/2) for k ⩾ 1,

By (1.8) and (6.5), we have

(6.6)
∑
k⩾1

|dk|2 ⩽ C∥Ψ0∥2
H.

By [TT07, Lemma 4.1] there exists β > 0 such that, for all k ⩾ 1, (4)

(6.7)
∏

n⩾1,n ̸=k

∣∣∣∣1 − z

ωn − ωk

∣∣∣∣+ ∏
n⩾1,n̸=k

∣∣∣∣1 + z

ωn + ωk

∣∣∣∣ ⩽ βeβ|z|1/2 for z ∈ C.

By [TT07, Lemma 4.2], for all γ > 1, there exist C = C(γ) (independent of T ∈
(0, T0)) and an analytic function H such that

(6.8) H(0) = 1 and |H(z)| ⩽ e
C
T e−γ|z|1/2 for z ∈ R, |H(z)| ⩽ CT e

T |ℑz|/4.

(4) [TT07, Lemma 4.1] only gives the estimate for the first term; nevertheless, the estimate for the
second term can be done in the same manner.
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Fix γ > 2β and a corresponding analytic function H. For N ⩾ 2, we define the
function ξN : C → C as follows, for z ∈ C,

(6.9) ξN(z) =
N∑

k=2
dkH(z − ωk)

∏
n⩾1,n ̸=k

(
1 − z − ωk

ωn − ωk

)∏
l⩾1

(
1 − z − ωk

−ωl − ωk

)

+
N∑

k=2
dkH(−z − ωk)

∏
n⩾1,n ̸=k

(
1 − z + ωk

−ωn + ωk

)∏
l⩾1

(
1 − z + ωk

ωl + ωk

)

+ d1H(z)
∏
n⩾2

(
1 − z

ωn

)∏
l⩾2

(
1 − z

−ωl

)
.

It follows from (6.6), (6.7), and (6.8) that the function ξN is well-defined and is
analytic on C. From the definition of ξ, we have
(6.10) ξN(ωk) = dk, ξN(−ωk) = dk for 2 ⩽ k ⩽ N,

and
(6.11) ξN(0) = ξN(ω1) = d1.

For all c > 0, there exists c1 > 0 such that it holds∫
R
e−c|z−ωm|1/2

e−c|z−ωn|1/2 dz +
∫
R
e−c|z+ωm|1/2

e−c|z+ωn|1/2 dz

+
∫
R
e−c|z−ωm|1/2

e−c|z+ωn|1/2 dz ⩽ c1e
− c

2 |ωm−ωn|1/2
.

We derive from (6.6), (6.7), and (6.8) that

(6.12) ∥ξN∥L2(R) ⩽ e
C
T ∥Ψ0∥H.

and
the restriction of ξN on R is a Cauchy sequence in L2(R).

By Paley–Wiener’s theorem, see, e.g., [Rud87, Theorem 19.3], there thus exists vN ∈
L2(−T/2, T/2;C) such that v̂N = ξN and vN is a Cauchy sequence in L2(−T/2, T/2).
Let v be the limit of the sequence (vN) in L2(−T/2, T/2). Set

u = 1
2

(
v + v

)
.

Then, for k ⩾ 1,

û(ωk) = 1
2 lim

N→+∞

(
ξN(ωk) + ξN(−ωk)

)
(6.10), (6.11)= dk.

Here we used the fact that d1 is real. The conclusion follows since

∥u∥L2(R) ⩽ C∥v∥L2(R) ⩽ C lim sup
N→+∞

∥ξN∥L2(R)
(6.12)
⩽ e

C
T ∥Ψ0∥H

The proof of Proposition 6.1 is complete. □

For the completeness, we next establish a lower bound of the cost of control of the
linearized system for small time. To this end, we first prove the following result.
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Proposition 6.2. — Let 0 < ε < 1/2, ε3 < T < 3/2. Let µ ∈ L1((0, T );R) be
such that

∫
I µφ

2
1 dx ̸= 0. If u ∈ L1((0, T );C) is a control which steers the control

system

(6.13)

ivt = −εvxx − ελ1v + i
4ε
v − εu(t)µ(x)φ1 in (0, T ) × (0, 1),

v(t, 0) = v(t, 1) in (0, T )

from φ1 at time 0 to 0 at the time T in the sense that there exists

v ∈ L2((0, T );H1
0 (I)) ∩ C([0, T ];L2(I))

such that

(6.14) i
d
dt⟨v, φk⟩L2(I) = −ε⟨v,∆φk⟩L2(I) − ελ1⟨v, φk⟩L2(I)

+ i

4ε⟨v, φk⟩L2(I) − εu(t)⟨µφ1, φk⟩L2(I) in (0, T )

in the distributional sense for all k ⩾ 1, and v(0, · ) = φ1 in I and v(T, ·) = 0 in I,
then

ln ∥u∥L1(0,T ) ⩾
1
ε

(1
2 − T

4

)
− C ln ε−1,

for some positive constant C independent of ε and T .

Proof. — The proof uses tools from complex analysis, see, e.g., [Koo98]. Define

Λk := ελk − ελ1 + i

4ε and Φk(t, x) = φk(x)e−iΛkt in R+ × (0, 1).

One can check that

(6.15)

iΦk,t = −εΦk,xx − ελ1Φk + i

4εΦk = 0 in R+ × [0, 1],
Φk(t, 0) = Φk(t, 1) = 0 for t ∈ R+.

Multiplying the equation of v by Φk, integrating by parts, and using the fact
v(T, · ) = 0, we have

(6.16) i
∫ 1

0
v(0, x)Φk(0, x) dx = ε

∫ T

0
u(t)e−iΛkt dt

∫
I
µφ1φk dx.

Define, for z ∈ C,

(6.17) F(z) :=
∫ T/2

−T/2
u(t+ T/2)e−izt dt = eiT z/2

∫ T

0
u(t)e−izt dt.

It follows from (6.16) that, with c1 =
∫

I µφ
2
1 dx,

(6.18) F(Λ1) = i

c1ε
eiΛ1T/2 and F(Λk) = 0 for k ⩾ 2.

Applying the representation of entire functions of exponential type for F , see e.g.,
[Koo98, p. 56], we derive from (6.18) that, for z ∈ C with ℑz > 0,

(6.19) ln |F(z)| ⩽ I0(z) + I1(z) + σℑ(z),
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where

(6.20) I0(z) =
∑
k⩾2

ln |Λk − z|
|Λk − z|

, I1(z) = ℑ(z)
π

∫ ∞

−∞

ln |F(τ)|
|τ − z|2

dτ,

and

(6.21) σ = lim sup
y→+∞

ln |F(iy)|
y

.

From the definition of F in (6.17), we have, for y ∈ R+,
|F(iy)| ⩽ ∥u∥L1(0,T )e

T y/2.

This implies

(6.22) σ = lim sup
y→+∞

ln |F(iy)|
y

⩽ T/2.

From (6.18), we derive that

(6.23) ln |F (Λ1)| ⩾ − T

8ε + C ln ε−1.

Here and in what follows in this proof, C denotes a positive constant independent
of k and it can change from one place to another. Similar to [Cor07, (2.597)] (see
also [CG05]), we obtain

(6.24) I0(Λ1) =
∑
k⩾2

ln ε(k2 − 1)π2(
[ε(k2 − 1)π2]2 + [1/(2ε)]2

)1/2

⩽
∑
k⩾2

ln ε2k2π2(
[ε2k2π2]2 + [1/2]2

)1/2

⩽
∫ ∞

1
ln

 ε2π2x2(
ε4π4x4 + 1/4

)1/2

 dx

= 1
επ

√
2

∫ ∞

επ
√

2
ln
(

x2
√
x4 + 1

)
dx.

Since ∫ ∞

0
ln
(

x2
√
x4 + 1

)
dx = − π√

2
,

it follows from (6.24) that

(6.25) I0(Λ1) ⩽ − 1
2ε + C ln ε−1.

We next estimate I1(Λ1). From (6.17), we have, for s ∈ R,
ln |F(s)| ⩽ ∥u∥L1(0,T ),

which yields

(6.26) I1(Λ1) ⩽
1

4επ

∫ ∞

−∞

ln ∥u∥L1(0,T )

s2 + (1/4ε)2 ds.
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Since, for a > 0,
a

π

∫ ∞

−∞

1
s2 + a2 ds = 1,

it follows from (6.26) that

(6.27) I1
(
Λ1
)
⩽ ln ∥u∥L1(0,T ).

Combining (6.19), (6.23), (6.25) and (6.27) yields

− T

8ε ⩽ − 1
2ε + ln ∥u∥L1(0,T ) + T

8ε + C ln ε−1.

This implies

ln ∥u∥L1(0,T ) ⩾
1
ε

(1
2 − T

4

)
− C ln ε−1.

The proof of Proposition 6.2 is complete. □

We are ready to obtain a lower bound for the cost of control viewing Lemma 4.4.

Proposition 6.3. — Let µ ∈ L1((0, T );C) be such that
∫

I µφ
2
1 dx ̸= 0, and let

0 < T < 1. Then if u ∈ L1((0, T );C) is a control which steers the control system

(6.28)

ivt = −vxx − λ1v − u(t)µ(x)φ1 in (0, T ) × (0, 1),
v(t, 0) = v(t, 1) in (0, T ),

from φ1 at time 0 to 0 at the time T in the sense that there exists
v ∈ L2((0, T );H1

0 (I)) ∩ C([0, T ];L2(I)),
such that

(6.29) i
d
dt⟨v, φk⟩L2(I)

= −⟨v,∆φk⟩L2(I) − λ1⟨v, φk⟩L2(I) − u(t)⟨µφ1, φk⟩L2(I) in (0, T )

in the distributional sense for all k ⩾ 1, and v(0, · ) = φ1 in I and v(T, ·) = 0 in I,
then

ln ∥u∥L1(0,T ) ⩾
1

4T − C lnT−1,

for some positive constant C independent of T .

Proof. — Define
ṽ(t, x) := v(εt, x)e− t

4ε for (t, x) ∈ (0, T/ε) × (0, 1)

and set ũ(t) = u(εt)e− t
4ε for t ∈ (0, T/ε). Then

iṽt = −εṽxx − ελ1ṽ + i

4εṽ − εũ(t)µ(x)φ1 in (0, T/ε) × (0, 1).

Applying Proposition 6.2 to ṽ with (ε, T ) = (T, T ), we have

ln ∥u∥L1(0,T ) ⩾ ln ∥ũ∥L1(0,1) ⩾
1
T

(1
2 − 1

4

)
− C lnT−1 ⩾

1
4T − C lnT−1,

which is the conclusion. □
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Remark 6.4. — Similar arguments as in the proof of Proposition 6.3 can be found
in [Lis12]. For the boundary controls, the cost of controls for small time is also of
the order eC/T , see, e.g., [TT07].

Remark 6.5. — It is shown in [Ngu22b] that the cost of controls of the heat
equation depends on the support of the data and the controlled region. This is based
on the strategy of Lebeau and Robbiano [LR95] and the three-sphere inequalities
with partial data established by Nguyen [Ngu22a]. It would be interesting to study
whether or not the cost of controls depends on the support of the initial data for the
KdV system.

6.2. Proof of Theorem 1.8

We first give an estimate for Q = Q(λ). The following result is a direct consequence
of Proposition 6.1 and Hilbert uniqueness method.

Proposition 6.6. — Let µ ∈ H3(I;R) be such that (1.8) holds and let 0<T <T0.
We have, for some positive constant C independent of T ,∫ T

0

∣∣∣B∗e−sA∗
z
∣∣∣2 ⩾ e− C

T ∥z∥2
H for all z ∈ H1,♯.

Consequently, for λ ⩾ λ0 and for Q = Q(λ) defined by (1.38), it holds
∥Q∥ ⩽ C,

for some positive constant C independent of λ.

Using Proposition 6.6, we can prove the following result.

Lemma 6.7. — Let λ ⩾ λ0 and let Q = Q(λ) be defined by (1.38). There exists
a positive constant C independent of λ such that

(6.30) ⟨Qz, z⟩H ⩾ e−C
√

λ∥z∥2
H for all z ∈ H1,♯.

Consequently,

(6.31) ∥Q−1∥ ⩽ eC
√

λ,

where Q is defined in (1.41).

Proof. — We have

(6.32) ⟨Qz, z⟩H

=
∫ ∞

0
e−2λs

∣∣∣B∗e−sA∗
z
∣∣∣2 ds ⩾

∫ 2/
√

λ

1/
√

λ
e−2λs

∣∣∣B∗e−sA∗
z
∣∣∣2 ds

⩾
1√
λ
e−4

√
λ
∫ 2/

√
λ

1/
√

λ

∣∣∣B∗e−sA∗
z
∣∣∣2 ds

Proposition 6.6
⩾

C1√
λ
e−4

√
λe−C2

√
λ

∥∥∥∥e− 1√
λ

A∗
z

∥∥∥∥
H
,

which yields

(6.33) ⟨Qz, z⟩H ⩾
C1√
λ
e−4

√
λe−C2

√
λ∥z∥H.
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Assertion (6.30) follows. Assertion (6.31) is just a consequence of (6.30) and the
definition of Q. □

Theorem 1.8 is now a consequence of the following result.
Proposition 6.8. — Let µ ∈ H3(I,R) be such that (1.8) holds and let T > 0.

Let (tn) be an increasing sequence that converges to T with t0 = 0 and let (λn) ⊂ R+
be an increasing sequence. Define, for tn ⩽ t < tn+1 and n ⩾ 0,

K(t, z) = −B∗Q−1
n projH1,♯

z for z ∈ H,

where Qn = Q(λn) defined by (1.38) with λ = λn. Set s0 = 0 and sn =∑n−1
k=0 λk(tk+1 − tk) for n ⩾ 1. Let y ∈ C([0, T );H) be the unique solution of sys-

tem (1.24) with
u(t) = K(t, y(t, · )) for t ∈ [0, T ).

There exists a positive constant γ such that, if for large n,

(6.34) (tn+1 − tn)λn ⩾ γ
√
λn,

then it holds, for tn−1 ⩽ t ⩽ tn and for n ⩾ 1,
∥y(t, · )∥H ⩽ e−sn−1+Cn∥y0∥H(6.35)

and
|u(t)| ⩽ Ce−sn−1/4+Cn∥y0∥H,(6.36)

for some positive constant C independent of n. In particular, if, in addition, we have
that
(6.37) lim

n→+∞

sn

n+
√
λn+1

= +∞,

then
y(t, · ) −→ 0 in H as t −→ T−(6.38)

and
u(t, · ) −→ 0 as t −→ T−.(6.39)

Remark 6.9. — There are sequences (tn) and (λn) which satisfy the conditions
given in the above proposition, for example, tn = T − T/n2 and λn = n8 for large n.

Proof. — Applying Theorem 1.3, we have, for n ⩾ 1,
(6.40)

∥∥∥Q−1y(t)
∥∥∥
H

= e−2λn(t−tn−1)
∥∥∥Q−1y(tn−1)

∥∥∥
H

for t ∈ [tn−1, tn].
We derive from Lemma 6.7 that, for n ⩾ 1,

(6.41) ∥y(t)∥H ⩽ e−2λn−1(tn−tn−1)+C
√

λn−1∥y(tn−1)∥H for t ∈ [tn−1, tn].
In particular, one has

(6.42) ∥y(tn)∥H ⩽ e−2λn−1(tn−tn−1)+C
√

λn−1∥y(tn−1)∥H for n ⩾ 1.
It follows that
(6.43) ∥y(tn)∥H ⩽ e−2sn−1+C

∑n−1
k=0

√
λk∥y0∥H for n ⩾ 1.

Using (6.34), we derive (6.34) from (6.40) and (6.43).
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We have, by (1.33), for tn−1 ⩽ t ⩽ tn and for n ⩾ 1,

|u(t)| =
∣∣∣B∗Q−1

n−1y(t, · )
∣∣∣ ⩽ CeC

√
λn−1∥y(t, · )∥H.

Assertion (6.36) now follows from (6.40) and (6.43) after using (6.34). □

Remark 6.10. — We are not able to extend the finite-time stabilization to the
nonlinear setting. This is due to the fact that we cannot ensure the well-posedness
for the time interval [tn, tn+1) for large n.

Appendix A. Control systems associated with operator
semi-groups

In this section, we recall and establish some facts on the control systems associated
with a strongly continuous semigroup. The standard references are [BDPDM07,
Cor06, EN00, TW09, Zwa96].

Let H and U be two Hilbert spaces which denote the state space and the control
space, respectively. The corresponding scalar products are ⟨ · , · ⟩H and ⟨ · , · ⟩U , and
the corresponding norms are ∥ · ∥H and ∥ · ∥U . Let (S(t))t⩾0 ⊂ L(H) be a strongly
continuous semi-group on H. Let (A,D(A)) be the infinitesimal generator of (S(t))t⩾0
and denote S(t)∗ the adjoint of S(t) for t ⩾ 0. Then (S(t)∗)t⩾0 is also a strongly
continuous semigroup of continuous linear operators and its infinitesimal generator
is (A∗,D(A∗)), which is the adjoint of (A,D(A)). As usual, we equip the domain
D(A∗) with the scalar product

⟨z1, z2⟩D(A∗) = ⟨z1, z2⟩H + ⟨A∗z1,A∗z2⟩H for z1, z2 ∈ D(A∗).
Then D(A∗) is a Hilbert space. Denote D(A∗)′ the dual space of D(A∗) with respect
to H. Then

D(A∗) ⊂ H ⊂ D(A∗)′.

Let
B ∈ L(U ,D(A∗)′).

As usual, we equip the domain D(A∗) with the scalar product
⟨z1, z2⟩D(A∗) = ⟨z1, z2⟩H + ⟨A∗z1,A∗z2⟩H for z1, z2 ∈ D(A∗).

Then D(A∗) is a Hilbert space. Denote D(A∗)′ the dual space of D(A∗) with respect
to H. Then

D(A∗) ⊂ H ⊂ D(A∗)′.

Let
B ∈ L(U ,D(A∗)′).

Consider the control system

(A.1)

y′ = Ay + f + Bu in t ∈ (0, T ),
y(0) = y0,

with y0 ∈ D(A∗)′, and f ∈ L1((0, T ); (D(A∗))′) and u ∈ L1((0, T ); U). We are
interested in weak solutions of (A.1).
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Definition A.1. — A weak solution y of (A.1) is understood as an element
y ∈ C([0, T ];

(
D(A∗)

)′
) such that

(A.2)


d

dt
⟨y, φ⟩H = ⟨Ay + f + Bu, φ⟩H in (0, T ),

y(0) = y0 for all φ ∈ D(A∗∞).

for which
(i) the differential equation in (A.2) is understood in the distributional sense,
(ii) the term ⟨Ay + f + Bu, φ⟩H is understood as ⟨y,A∗φ⟩H + ⟨f, φ⟩D(A∗)′,D(A∗) +

⟨u,B∗φ⟩U .

The convention in (ii) will be used from later on. Recall that D(A∗∞) is dense in
D(A∗), see e.g., [EN00, Proposition 1.7]. The following result is on the well-posedness
of weak solutions of (A.1).

Proposition A.2. — Let T > 0, y0 ∈ D(A∗)′, u ∈ L1((0, T ); U), and f ∈
L1((0, T ); D(A∗)′). Then y ∈ C([0, T ],D(A∗)′) is a weak solution of (A.1) if and
only if, with f̃ := f + Bu, it holds(5)

(A.3) y(t) = S(t)y0 +
∫ t

0
S(t− s)f̃(s) ds for t ∈ [0, T ].

Proof. — We first prove that y ∈ C([0, T ]; D(A∗)′) is a weak solution of (A.1) if
and only if y ∈ C([0, T ]; D(A∗)′) and (A.3) holds.

Assume first that y ∈ C([0, T ]; D(A∗)′) and (A.3) holds. We will prove that y is
a weak solution of (A.1). Here and in what follows, for notational ease, we denote
⟨ · , · ⟩H by ⟨ · , · ⟩. From (A.3), we obtain, with φ ∈ D(A∗∞),

⟨y(t), φ⟩ =
〈
S(t)y0 +

∫ t

0
S(t− s)f̃(s) ds− y0, φ

〉
for t ∈ [0, T ].

Set

(A.4) ψ(t) =
〈
S(t)y0 +

∫ t

0
S(t− s)f̃(s) ds− y0, φ

〉
for t ∈ [0, T ].

Then, for t ∈ [0, T ],

(A.5) ψ(t) = ⟨y0, S(t)∗φ⟩ +
∫ t

0

〈
f̃(s), S(t− s)∗φ

〉
ds− ⟨y0, φ⟩.

Since φ ∈ D(A∗∞), we derive from (A.5) that, for t ∈ [0, T ],

ψ′(t) = ⟨y0,A∗S(t)∗φ⟩ +
∫ t

0

〈
f̃(s),A∗S(t− s)∗φ

〉
ds⟩ + ⟨f̃(t), φ⟩

= ⟨y0, S(t)∗A∗φ⟩ +
∫ t

0

〈
f̃(s), S(t− s)∗A∗φ

〉
ds+ ⟨f̃(t), φ⟩,

which yields, by (A.3),

(A.6) ψ′(t) = ⟨y,A∗φ⟩ + ⟨f̃(t), φ⟩.

(5)This identity is understood in D(A∗)′, i.e., ⟨y(t), φ⟩H = ⟨S(t)y0, φ⟩H +
∫ t

0 ⟨S(t − s)f̃(s), φ⟩H ds in
[0, T ] for all φ ∈ D(A∗∞). The solutions defined by (A.3) are called mild solutions.
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Integrating (A.6) and using (A.5) and (A.3), we obtain, in [0, T ],

⟨y(t) − y0, φ⟩ =
∫ t

0
⟨y,A∗φ⟩ + ⟨f̃(t), φ⟩,

which in turn implies (A.2).
We now prove that if y is a weak solution of (A.1), then y satisfies (A.3). We first

assume that f ∈ C([0, T ]; H) and y0 ∈ D(A). For t > 0, set, with φ ∈ D(A∗∞) and
s ∈ [0, t],

χ(s) = ⟨S(t− s)y(s), φ⟩ = ⟨y(s), S(t− s)∗φ⟩.
Then
χ′(s) = −⟨y(s), S(t− s)∗A∗φ⟩ + ⟨Ay(s) + f̃(s), S(t− s)∗φ⟩ =

〈
S(t− s)f̃(s), φ

〉
.

It follows that
χ(t) − χ(0) =

∫ t

0

〈
S(t− s)f̃(s), φ

〉
ds,

which yields the identity. The proof in the general case follows by density.
The proof of Proposition A.2 is complete. □

Remark A.3. — The equivalence between weak solutions and mild solutions was
first proved in the case B is bounded and f ∈ C([0, T ]; H) by Ball [Bal77], see
also [BDPDM07, Chapter 1, Part II] for related results when B is bounded.
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