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Résumé. — En utilisant des théorèmes limites probabilistes et des résultats de concentra-
tion de la mesure, nous démontrons que la limite en volume infini du modèle sphérique sur un
tore de dimension d est un champ libre gaussien massif dans le régime de haute température, un
champ libre gaussien standard à la température critique, et un champ libre gaussien standard
auquel s’ajoute une constante aléatoire de Rademacher dans le régime de basse température.
La preuve à la température critique semble être nouvelle et repose sur une analyse fine de
la fonction de Green de moyenne nulle sur le tore.

Nous étudions le modèle de spins O(N) dans la double limite de la dimension des spins et
de la taille du tore. En faisant d’abord tendre N vers l’infini, puis la taille du tore vers l’infini,
nous montrons que les différentes coordonnées des spins deviennent des champs i.i.d., distribués
comme un champ libre gaussien massif dans le régime de haute température, un champ libre
gaussien standard à la température critique, et un champ libre gaussien standard auquel
s’ajoute une constante aléatoire gaussienne dans le régime de basse température.

1. Introduction

1.1. Spherical model

Let Td
n denote the d-dimensional discrete torus of side length n. To each vertex

x ∈ Td
n, we associate a continuous “spin” θx ∈ R in such a way that the full

configuration θ = (θx)x∈Td
n

lies on the (nd − 1)-dimensional sphere of radius
√
nd,

that is, ∥θ∥2 := ∑
x θ

2
x = nd. We say that θ is a configuration of the spherical model

on Td
n at inverse temperature β ⩾ 0 if

θ ∼ νTd
n,β[dθ] = 1

ZTd
n,β

exp
(
β

2
∑
x∼y

θxθy

)
Unif√

ndSnd−1 [dθ],

where x ∼ y denotes the ordered pairs of neighboring vertices. The spherical model
was first introduced by Berlin and Kac [BK52] in 1952 as a simplification of the
Ising model that still exhibits a phase transition in dimensions d ⩾ 3, but allows for
an analytic treatment of the free energy in the infinite-volume limit. In their original
work, Berlin and Kac used variations of the steepest-descent method to compute the
limiting free energy, identify the phase transition in the three-dimensional lattice case,
and argue that the limiting distribution of the model below the critical temperature
is non-Gaussian. In a short note, Molchanov and Sudarev [MS75] stated that this
method yields further results on the limiting distribution of the spherical model,
but the proofs never appeared. In this article, we rigorously prove a subset of these
results using probabilistic tools (cf. Theorem 1.1), which we believe also helps clarify
the conceptual picture.

An alternative approach is the so-called mean-spherical one, in which one adds
a mass term (s∑x θ

2
x) to the Hamiltonian rather than conditioning the spin configu-

ration. The parameter s is then chosen such that the average value of ∥θ∥2 equals nd.
This method was proposed by Lewis and Wannier [LW52] shortly after the original
work [BK52]. They observed that various quantities, such as correlations and the free
energy, are significantly simpler to compute in this formulation. While the method
works well in the high-temperature regime, it was soon realized [Lax55, LW53] that
it cannot be directly applied in the zero-magnetic-field setting below the critical
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The Spherical model and the large-N limit of the Spin O(N) model via GFF 1001

temperature, as discrepancies with the original spherical model arise. However, in
the presence of a nonzero external magnetic field h ̸= 0, it was shown [YW65]
that the thermodynamic limits of the spherical and mean-spherical models agree,
and that the zero-magnetic-field case of the spherical model can be recovered by
first taking the thermodynamic limit and then sending h → 0. Since then, this
method has appeared in several works [BD87, KT77, Shc88], although none seem
to provide a fully rigorous proof of the critical and low-temperature regimes for the
zero-magnetic-field case. In particular, [BD87] proves the results of Theorem 1.1 at
the non-critical temperature under unverified technical assumptions.

Finally, the low-temperature regime of the spherical model can be also viewed
as a toy model for condensation phenomena, where the random constant term
that appears in the limit (see Theorem 1.1) plays the role of a condensate. In this
broader context and motivated by the phenomena of Bose–Einstein condensation,
[Luk20] investigates a complexified version of the spherical model below the critical
temperature and studies under which conditions the condensate could also consist of
more than one component. Relevantly to the current article, the author establishes
convergence of local correlation functions, which, combined with tightness, implies
local convergence in law in the aforementioned regime. While this proof also applies
to the usual spherical model, it does not suffice to prove convergence at the critical
temperature. The key method in [Luk20] differs from ours and is based on an
interesting quantitative coupling, but, like our approach, it uses Fourier expansion.

Let us now state our main result about the limiting distribution of the spherical
model and explain the reasoning leading to the proof.

Theorem 1.1 (Infinite-volume limit of the spherical model). — Let d ⩾ 2. There
exists βc = βc(d) ∈ (0,∞] such that the spherical model on Td

n at inverse temperature
β > 0, θ = (θx)x∈Td

n
, converges in law, uniformly over compact subsets of Zd (viewed

as subsets of Td
n for each n), as n→∞ to:

(1) β < βc: a massive Gaussian free field (GFF) on Zd scaled by 1/
√
β with the

mass m2 > 0 depending on β and d in a specific way;
(2) β = βc: a GFF on Zd scaled by 1/

√
β;

(3) β > βc: a GFF on Zd scaled by 1/
√
β plus an independent constant random

drift
√

β−βc

β
X with X being a Rademacher random variable.

Furthermore, all local correlations of spins converge and the critical temperature is
given by βc = GZd(0, 0).

Here, as mentioned, the constant random drift appearing in the statement can be
compared to the condensate in Bose–Einstein condensation phenomena [Luk20].

To explain where the result stems from, we start by observing that for any n and
m2 > 0, the constraint ∑x θ

2
x = nd implies that

νTd
n,β[dθ] ∝ exp

(
−β2

〈
θ,
(
−∆Td

n
+m2

)
θ
〉)

Unif√
ndSnd−1 [dθ].
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1002 J. ARU & A. KORZHENKOVA

Hence, the law of
√
βθ is related to a massive GFF ϕ on Td

n (for an arbitrary
mass m2 > 0) through conditioning on its norm to be equal to

√
βnd, i.e., ∥ϕ∥2 :=∑

x∈Td
n
ϕ2

x = βnd (see Proposition 2.7). Now the idea is somewhat similar to the one of
Lewis and Wannier [LW52], but from a probabilistic point of view: namely, we choose
the mass m2

n in such a way that E[∥ϕ∥2] = βnd (or equivalently, GTd
n,m2

n
(0, 0) = β),

which is natural due to the concentration properties of Gaussian measures.
For large n and fixed m > 0, GTd

n,m2 is roughly comparable to GZd,m2 ; thus, the
question of the existence of a critical point of the model (that is βc ∈ (0,∞)) boils
down to whether there exists m2 ⩾ 0 such that GZd,m2(0, 0) = β. Notice that in
d = 2, since GZd(0, 0) is infinite, by choosing the mass small enough, one could get
an arbitrarily large value of the variance GZd,m2(0, 0), suggesting βc =∞; whereas
in d ⩾ 3, there is a maximal possible value βc := GZd(0, 0) <∞. In particular, the
model exhibits a phase transition in dimensions three and higher, while it remains
subcritical at all temperatures in dimension two.

More precisely, we observe that in the high-temperature regime β < βc, the
aforementioned sequence of masses (m2

n)n converges to a positive number m2 > 0 in
such a way that

GTd
n,m2

n
(0, 0) −→ GZd,m2(0, 0) = β.

In this case, the concentration of measure for ∥ϕ∥2 is sufficient to make the condition-
ing disappear in the limit, and we obtain a purely Gaussian limit. Somewhat refined
versions of classical limiting theorems help us handle this phase rather directly.

The low-temperature phase β > βc is already trickier. One can check that
GTd

n,m2
n
(x, y) ∼ G0 -avg.

Td
n

(x, y) + β − βc
n→∞∼ GZd(x, y) + β − βc,

where G0 -avg.
Td

n
is the correlation function of the zero-average GFF on torus. This

heuristically allows us to restate the problem in terms of the zero-average GFF γ
plus an independent zero mode (a constant-in-space Gaussian drift of the form Z1Td

n
)

conditioned on the norm of the sum being
√
βnd. Since the drift is constant across

all sites, almost surely 1
nd∥γ + Z1Td

n
∥2 = 1

nd∥γ∥2 + |Z|2. Due to high concentration
of 1

nd∥γ∥2 around βc, conditioning on the norm of the sum forces |Z| to become
constant in the limit; and by symmetry, we obtain a Rademacher random variable
for the zero mode. Making this precise is slightly more subtle; nevertheless, the proof
follows from a combination of basic concentration of measure results with relatively
direct density bounds.

Finally, in the critical case, we observe that G0 -avg.
Td

n
(x, y) ∼ GZd(x, y). However,

further refinement of this relation is necessary and is granted by Theorem 2.13: it
shows that in d ⩾ 3,

G0 -avg.
Td

n
(x, y) = GZd(x, y) +O(n2−d);

and in d = 3, where we further need to determine the sign of the error on the
diagonal, that

G0 -avg.
Td

n
(x, x) < GZd(x, x)

uniformly for large n. Obtaining the sign was surprisingly tricky and is related to
the so-called Madelung constant, arising in the electrostatic potential of certain ionic
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crystals—a quantity of interest in chemical physics since its introduction in the early
20th century [Mad18]. See Section 1.3 for a discussion of this connection.

To deduce convergence of local spin correlations from convergence in law (Corol-
lary 3.2), we prove the existence of moments of single spherical spins (see Lemma 3.8),
inspired by an analogous result for complexified spherical spins in [Luk20].

1.2. Spin O(N) model

The spin O(N) model, introduced (for general N) by Stanley in 1968 [Sta68a],
is a fundamental model in statistical mechanics: for N = 1, one recovers the Ising
model; for N = 2, the XY model; and for N = 3, the classical Heisenberg model.
Here, we consider the infinite spin-dimensionality limit, N →∞, and its relation to
the spherical model.

A connection between the spin O(N) model in the N →∞ limit and the spherical
model was first suggested by Stanley [Sta68b] and later proved for any fixed non-
critical temperature by Kac and Thompson [KT71]; see also [Shc88] and [GP93],
which together cover the case of the critical temperature. More precisely, combining
the steepest-descent method with an approach similar to the aforementioned mean-
spherical one, they showed the equality of the free energies per site of the two models:
if S ∈ ∏x∈Td

n
(
√
NSN−1) is a configuration of the spin O(N) model on Td

n at inverse
temperature β ⩾ 0, i.e.,

S ∼ 1
ZTd

n,N,β

exp
(
β

2
∑
x∼y

Sx · Sy

) ∏
x∈Td

n

Unif√
NSN−1 [dSx],

then (for β ̸= βc in [KT71]),

lim
n,N→∞

1
ndN

logZTd
n,N,β = lim

n→∞

1
nd

logZTd
n,β.

for any ordering of the limits N, n → ∞. In this article, we take a closer look at
this connection and observe that it actually passes by the Gaussian free field. In the
following theorem, we describe the local limit of the spin O(N) model when we first
take the infinite spin-dimensionality limit N → ∞ and then the thermodynamic
limit Td

n ↗ Zd.

Theorem 1.2 (Infinite spin-dimensionality thermodynamic limit of the spin O(N)
model). — Let d ⩾ 2. Any projection on the finitely many (M ⩽ N) coordinates
of the spin O(N) model on Td

n at inverse temperature β > 0, SM := (Si
x)i=1,...,M

x∈Td
n

,
converges in law as N →∞ to that of an M -vectorial massive GFF scaled by 1/

√
β

with the mass m2
n depending on β, d and n in a specific way. Furthermore, there

exists βc = βc(d) ∈ (0,∞] such that the consequent local (uniform on compacts of
Zd) infinite-volume distributional limit (n→∞) has the law of:

(1) β < βc: an M -vectorial massive GFF on Zd scaled by 1/
√
β with the mass

m2 depending on β and d in a specific way;
(2) β = βc: an M -vectorial GFF on Zd scaled by 1/

√
β;
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1004 J. ARU & A. KORZHENKOVA

(3) β > βc: an M -vectorial GFF on Zd scaled by 1/
√
β plus an independent

constant random drift
√

β−βc

β
Z

M with ZM being an M -dimensional standard
normal vector.

More precisely, βc = GZd(0, 0).

As a corollary (maybe a little surprisingly) we see that at least in the order of
limits we take, although the free energies per site of the two models agree at all
temperatures, their limiting laws are, in fact, different in the low-temperature regime.
We expect this to hold regardless of the order in which the limits are taken. The
a posteriori explanation of this appearing discrepancy in the low-temperature regime
is not particularly hard: differences in the law of a single degree of freedom (such as
the drift part of the limiting field) vanish when computing the limiting free energy
per site.

Corollary 1.3. — In the high-temperature regime and at the critical tempera-
ture βc, the local distributional limit of the spherical model and the corresponding
limiting law (obtained by first taking N →∞ and then the volume of the torus to
infinity) of a single spin-coordinate process of the spin O(N) model agree; while in
the low-temperature regime, they differ in the law of the global zero mode.

The proof of Theorem 1.2 consists of two steps: first we show that as the spin-
dimensionality N tends to infinity, the law converges locally (in spin-dimensionality)
to a vector-valued massive GFF with mass m2

n chosen in such a way that GTd
n,m2

n
(0, 0)

= β; and then take the infinite-volume limit of the Gaussian measure of m2
n-massive

GFF on torus. The first step follows from a multidimensional version of the classical
local limit theorem, similarly to our proof of the high-temperature regime of the
spherical model, the proof of the latter step is quite simple and requires only a few
well-known results about the Green’s functions on Td

n and Zd.
We believe that the theorem should also hold in the opposite order of limits. In

fact in the high-temperature regime this would follow directly from the work of
A. Kupiainen [Kup80]; and we are hopeful that by combining some of his ideas
with our approach, we would be able to extend this interchange of limits to all
temperatures. The key issues in exchanging limits in our set-up are as follows. First,
we cannot use similar density arguments in the whole space as on finite boxes.
A natural alternative would be to rather work with convergence of mixed moments.
However, exchanging limits in that case requires uniformity in one of the directions.
Understanding uniformity in N for infinite-volume limits currently seems out of
reach (at least at all temperatures), so one may instead hope to obtain uniformity
in the box size for the N → ∞ limits. This amounts to being able to say that,
independently of the box size, local correlations converge uniformly. This is very
reasonable to believe and is indeed shown in the high-temperature regime in [Kup80]
using reflection positivity. Trying to make use of reflection positivity in our set-up
to obtain such uniformity seems to be an interesting direction.
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1.3. Further questions and wider context

To complete the probabilistic picture of the spherical model, which at the very
least provides a statistical physics model that can be fully analyzed in all dimensions
and phases, one would need to investigate its behavior across a variety of domains,
under different boundary conditions, and in the presence of a magnetic field, ide-
ally extending the analysis to more general graphs and interaction structures. The
qualitative effects of adding boundary conditions or a constant magnetic field are
not difficult to anticipate, and our proofs can be adapted to cover these cases with
some additional technical work. Similarly, one should be able to extend the proofs to
long-range interactions, where the limiting Gaussian fields would given by fractional
Gaussian fields; this problem has been considered in the physics literature [Joy66],
and the non-critical case has been treated in a recent master’s thesis [Rei25]. Ex-
tending our methods to more general (also weighted) graphs may, however, present
new challenges due to weaker control on the spectral/Fourier side.

As mentioned before, an interesting aspect of the critical case of the spherical
model was the study of the zero-average Green’s function on the torus and the
question of whether it is smaller than the lattice Green’s function. To this end,
we analyzed the zero-average Green’s function on the “boundary” (of the preim-
age of the torus in Zd under the canonical projection), which is closely related
to the so-called Madelung constant in chemical physics and mathematical chem-
istry [BGM+13, Mad18]. Let us explain this connection: one way to study the
sign of G0 -avg.

Td
n

(0, y) for y ∈ (∂[−⌊n/2⌋, ⌊n/2⌋]d) ∩ Zd is to take an appropriate
scaling limit and examine the zero-average continuum Green’s function GTd(0, x)
for x ∈ ∂[−1/2, 1/2]d, viewed as points on the torus Td of side-length one. These
quantities provide versions of the Madelung constant—for example, d(2), c(2), and
b(2) in [BGM+13, (1.3.29) & Table 1.4] correspond precisely to (2π)2GT3(0, x) with
x = (1/2, 1/2, 1/2), x = (0, 1/2, 1/2), and x = (0, 0, 1/2), respectively. Determining
or approximating the Madelung constants is a well-known problem. While explicit
expressions exist (for instance, via Fourier series) the corresponding expansions are
not absolutely convergent and may even diverge under natural truncations. In our
case, we found a way to prove an inequality sufficient for our purposes directly on
the lattice, although our bound is far from optimal. This naturally leads to several
interesting questions of potential analysis. For example, it would be interesting to
better understand the negativity region of the zero-average Green’s function in all
dimensions d ⩾ 3.

Another perspective on the spherical model comes from its role as a simple frame-
work for studying condensation phenomena [Luk20]. The connection between the
spherical model and the ideal Bose gas (via their shared critical behavior [GB68] and
the emergence of Bose–Einstein condensation [GP93]) was first noted in the late 1960s
and early 1990s, and has attracted renewed interest in recent years [CSZ19, Luk20].
It could be interesting to revisit this link, and to study other models that exhibit
condensation, using the kind of probabilistic limit theorems and concentration-of-
measure techniques we apply here, to see what extra insight such an approach might
offer.

TOME 9 (2026)



1006 J. ARU & A. KORZHENKOVA

We now turn to questions concerning the spin O(N) model. To complete the
picture of its limiting distribution, the first objective would be to find a way of inter-
changing the order of the infinite spin-dimensionality and infinite-volume limits at
all temperatures. As mentioned above, we hope this to be within reach by combining
our methods with those of [Kup80].

In a broader context, an intriguing question is whether our approach could provide
new insights into Polyakov’s conjecture [Pol75] on the exponential decay of correlation
functions in 2D spin O(N) models with N ⩾ 3. While it is difficult to see how our
techniques might help to resolve the conjecture, one could hope to extract useful
quantitative bounds on the critical temperatures in the 2D spin O(N) model as
N →∞ (cf. [Kup80]).

Finally, our results for the large-N limit of the spin O(N) model (particularly
in light of Proposition 4.3) can also be placed in the context of propagation of
chaos [Szn91]. The classical example is the Poincaré lemma, which states that the
marginals of the spherical measure in high dimensions converge to independent
Gaussians. In our setting, we observe that across all temperature regimes, the spin
O(N) measures are chaotic: as N → ∞, the projection of the measure to any
finite set of coordinates converges to a product measure. In principle, one could
extend this analysis to spin models with additional non-quadratic interaction terms
(such as quartic terms in the Hamiltonian) though it is not yet clear whether such
generalizations would reveal anything beyond the behavior already observed.

1.4. Outline

Section 2 defines the precise setting of the spherical and spin O(N) models, pro-
vides the necessary background on various versions of the GFF, and explains their
connection to the two models. It also contains new results on the zero-average Green’s
function (Theorem 2.13), which are proved in Section 5. Section 3 focuses on the
spherical model: in particular, we prove Theorem 1.1 and establish convergence of
correlations for any finite number of its spins. Section 4 turns to the spin O(N)
model and proves Theorem 1.2. To keep the article concise, some proofs less central
to the main narrative have been moved to Appendix A.

2. Setup and preliminaries

In this section, we introduce the notation used throughout the article, along with
several variants of the Gaussian free field that are closely related to our models of
interest, namely the spherical and spin O(N) models. We also recall some properties
of these GFFs and their corresponding Green’s functions (their correlation structures),
which will be relevant for our proofs.

The only new contribution stated in this section is Theorem 2.13, which pro-
vides refined bounds on the zero-average Green’s function on the discrete torus and
compares it with the Green’s function on Zd. Its proof is postponed to Section 5.
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2.1. Notation, definitions, and setup of our two models

Let d ⩾ 2, n ∈ N, and G be either the discrete d-dimensional torus of side length n,
i.e., G = Td

n := (Z/nZ)d, or Zd, both viewed as a graph with the canonical nearest-
neighbor structure. For x, y ∈ G, we write d(x, y) for the graph distance and |x− y|
for the Euclidean distance between the vertices. x ∼ y denotes two neighboring sites
of G, and sums over x ∼ y run over pairs (x, y) such that {x, y} is an edge in G.
Given A ⊂ G, we write Ac = G \A for the complement of A in G, 1A for the vector
(1)x∈A, and, analogously, for any given w ∈ RG we set wA := (wx)x∈A.

If G = Td
n, to highlight the dependence on n, we often write Λn instead. When

considering A ⊂ Zd, we also view it as a subset of Λn for each n (by canonically
projecting it onto Λn). Conversely, for U ⊂ Λn, we denote by Û the unique preimage
of U under the canonical projection contained in [−n/2, n/2)d—in particular, Λ̂n =
[−n/2, n/2)d ∩ Zd. Moreover, let ⟨ · , · ⟩ be the canonical inner product on RA and
∥ · ∥ be the associated norm, in order to distinguish them from the Euclidean inner
product and norm on Rk for k ∈ N, which we denote by · and | · |, respectively.

For the reader’s convenience, we recall the definitions of the spherical and spin
O(N) models in the setting of interest.

Definition 2.1 (Spherical model). — Let β > 0, n ∈ N. We call θ := (θx)x∈Λn ∈√
nd Snd−1 a configuration of the spherical model on Λn at inverse temperature β if

θ ∼ νΛn,β with

νΛn,β[dθ] = 1
ZΛn,β

exp
(
β

2
∑
x∼y

θxθy

)
Unif√

nd Snd−1 [dθ],

where ZΛn,β is the normalizing constant.

Definition 2.2 (Spin O(N) model). — Let β > 0, n,N ∈ N. We call S :=
(Sx)x∈Λn ∈ (

√
N SN−1)nd a configuration of the spin O(N) model on Λn at inverse

temperature β if S ∼ µΛn,N,β with

µΛn,N,β[dS] = 1
ZΛn,N,β

exp
(
β

2
∑
x∼y

Sx · Sy

) ∏
x∈Λ

Unif√
N SN−1 [dSx],

where ZΛn,N,β is the normalizing constant.

In the sequel we will always refer to a configuration of the spherical model as θ
and of the spin O(N) model as S.

2.2. Massive GFF, its vectorial descendant and zero-average GFF

In the present subsection, we review several variants of the GFF, which, as we will
see later, are closely related to our models of interest both in the finite setting and in
the distributional limit. We begin by defining the vector-valued (massive) Gaussian
free field on a discrete torus with Dirichlet boundary conditions.
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1008 J. ARU & A. KORZHENKOVA

Definition 2.3 (m2-massive N -vectorial GFF). — Let m ⩾ 0, d ⩾ 2, N, n ∈ N,
and G = Td

n. Let U ⊂ G be an arbitrary subset (possibly empty if m > 0). We call
a random function ϕ : G→ RN an m2-massive N -vectorial Gaussian free field (GFF)
on G with Dirichlet boundary condition on U if ϕx = 0 for all x ∈ U and

P[dϕ] ∝ exp
(
−1

4
∑
x∼y

|ϕx − ϕy|2 −
m2

2
∑
x∈G

|ϕx|2
) ∏

x∈G\U

dϕx.(2.1)

If m2 = 0, we drop the term “massive” from the name; if N = 1, the “N -vectorial”
part. If U = ∅, we drop the “Dirichlet” part altogether.

Remark 2.4. — From the expression in (2.1), it is evident that the coordinate
processes of ϕ are i.i.d., each being an m2-massive GFF on G with Dirichlet boundary
condition on U . We therefore restrict to the scalar case when studying the covariance
structure of the field and when discussing component-wise properties of ϕ.

When N = 1, we can rewrite the expression in the exponent of (2.1) as follows
1
2
∑
x∼y

|ϕx − ϕy|2 +m2∑
x

|ϕx|2 =
〈
ϕ, (−∆G +m2)ϕ

〉
,(2.2)

where ⟨ · , · ⟩ stands for the inner product on RG and
−∆Gf(x) = 2df(x)−

∑
y∈G:y∼x

f(y) for any x ∈ G, f : G −→ R

is the discrete Laplacian on G. When restricted to the set FU of functions f : G→ R
with f(x) = 0 for all x ∈ U , we denote it by −∆G\U (or −∆Uc) and call it the
discrete Laplacian with Dirichlet boundary condition on U . As a straightforward
consequence of (2.2), we see that −∆Uc is invertible on FU (note that we assume
that U ̸= ∅ or m2 > 0) and its inverse (GG\U,m2(x, y))x,y∈G, which is then also
the covariance matrix of ϕ, is the massive (if m2 > 0) Green’s function on G with
Dirichlet boundary condition on U . If m2 = 0, we often drop the corresponding
subscript and write simply GG\U .

It is a well-known fact (see for instance [Rod17, Section 1]) that GUc,m2 (where
U c = G \ U) is related to random walks in the following way: for all x, y ∈ G,
α := m2

2d+m2

(2.3) GUc,m2(x, y) := 1− α
2d

∑
k⩾0

Px
α,U [Xk = y]

= 1− α
2d

∑
k⩾0

(1− α)kPx
0 [Xk = y, k < HU ],

where Px
α,U denotes the law of a random walk X on the graph G ∪ {†} (obtained

from G by adding an edge connecting each vertex of G to †) starting at x ∈ G with
transition probabilities

pu,v = 1− α
2d 1{u∼v}, pu,† = α, pw,w = 1, for all u ∈ U c, v ∈ G, w ∈ U ∪ {†},

HU := inf{k ⩾ 0 : Xk ∈ U} is the first hitting time of U , and Px
0 is the law of a

simple random walk (SRW) on G started at x ∈ G.
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Observe that the right-hand side of (2.3) remains well-defined (finite) if G = Zd

for d ⩾ 2 (we denote it by GZd\U,m2) under the assumption that U ̸= ∅ or m2 > 0 if
d = 2, since a SRW on Zd is transient for d ⩾ 3, while it is recurrent for d = 2. This
also explains our assumption on m2, U if G = Td

n, since a SRW on Td
n is recurrent.

Under this assumption on U and m2, we can now define an m2-massive N -vectorial
GFF on Zd with Dirichlet boundary condition on U ⊂ Zd as a vector of N i.i.d.
centered Gaussian processes with covariance matrix GZd\U,m2 each.

Note furthermore that from (2.3), if G = Λn, we get that for any fixed finite
U ⊂ Zd and m2 ⩾ 0 (m2 > 0 if U = ∅), as Λn ↗ Zd, an m2-massive N -vectorial
GFF ϕ on Λn with Dirichlet boundary condition on U converges in law, uniformly
on compact subsets of Zd, to an m2-massive N -vectorial GFF ψ on Zd with Dirichlet
boundary condition on U . Moreover, we can extend the argument to a sequence of
m2

n-massive GFFs, each defined on Λn, under the assumption that m2
n → m2 > 0 as

n → ∞. Indeed, (2.3) guarantees the existence of C > 0, uniform in n, such that
|GΛn\U,m2

n
− GΛn\U,m2| ⩽ C|α − αn|GΛn\U,m2 . The latter, in turn, converges to zero

uniformly over any compact subset of Zd as n tends to infinity.
Let us end the discussion of a massive GFF in this subsection by stating one more

of its canonical properties that will be frequently used in the sequel. Its proof may
be found in [Rod17, Lemma 1.1] (see also [Bis20, Lemma 3.1] for the massless case).

Proposition 2.5 (Domain Markov property of the (massive) GFF). — Let G
be either Td

n or Zd, U ⊂ G, and m2 ⩾ 0 (m2 > 0 if U = ∅ and G = Td
n or G = Z2).

Let ϕ be an m2-massive GFF on G with Dirichlet boundary condition on U . For
K ⊂ G, set

hϕK
x = E[ϕx|FK ] for all x ∈ G,

where FK := σ(ϕx : x ∈ K). Then hϕK = (hϕK
x )x∈G is discrete massive-harmonic in

G \ (K ∪ U) (i.e., (−∆G +m2)hϕK (y) = 0 for any y ∈ G \ (U ∪K)) with boundary
values determined by hϕK

x = ϕx for any x ∈ K ∪ U . In terms of the random walk
X ∼ Px

α,U as in (2.3), it is given by

hϕK
x =

∑
y∈K

Px
α,U [HK <∞, XHK

= y] ϕy.

Moreover, the field ϕG\K := (ϕx − hϕK
x )x∈G is independent of FK and has the law of

an m2-massive GFF on G with Dirichlet boundary condition on K ∪ U .

We conclude this subsection by introducing another version of a (massless) GFF
on the discrete torus Λn = Td

n in dimension d ⩾ 3: the so-called zero-average GFF γ.
The name reflects the constraint imposed to reduce the dimensionality of the space
on which the GFF measure is defined—namely, that ∑x γx = 0.

Definition 2.6 (Zero-average GFF on torus). — Let n ∈ N, d ⩾ 3. We call
a random function γ : Λn → R a zero-average Gaussian free field on Λn if it is
distributed according to

P[dγ] ∝
(
−1

4
∑
x∼y

(γx − γy)2
)
δ0

(∑
x

γx

) ∏
x∈Λn

dγx.(2.4)
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To find the covariance matrix of γ while avoiding direct computation with the
Dirac measure, let (ηw)w∈[0,n)d∩Zd be the eigenvalues of −∆Λn and (qw)w be the
corresponding orthogonal eigenvectors (cf. Lemma 2.10); in particular, q0 = 1√

nd
1Λn .

Set Q := (q0, (qw)w ̸=0) and observe that
1
2
∑
x∼y

(γx − γy)2 =
〈
QTγ, diag(0, (ηw)w ̸=0)QTγ

〉
; 1√

nd

∑
x∈Td

n

γx = ⟨q0, γ⟩ = (QTγ)0.

This allows us to conclude that the zero-average GFF has the same law as the
orthogonal transformation of a vector of nd−1 independent centered normal random
variables Zw with variance 1/ηw for w ∈ [0, n)d ∩ Zd \ {0}:

γ
law= Q

(
0, (Zw)w ̸=0

)T
,(2.5)

which in turn implies that the covariance matrix of γ, known as the zero-average
Green’s function, is given by(

G0 -avg.
Λn

(x, y)
)

x,y∈Λn

:= Q diag
0,

(
1
ηk

)
w∈[0,n)d∩Zd\{0}

QT .

We recall and prove several of its properties in Section 2.4.

2.3. Massive GFF, its vectorial descendant, and the zero-average GFF:
relation to the spherical and spin O(N) models

Let d ⩾ 2, n and N ∈ N. Recall that Λn = Td
n is the d-dimensional discrete torus.

Let ϕ be an m2-massive GFF on Λn for some m2 > 0. Then, using polar coordinates,
it is easy to obtain an expression for the conditional density of ϕ√

β
given ∥ϕ∥ =

√
βnd

at v ∈ RΛn with ∥v∥ =
√
nd:

f
ϕ√

β

∣∣∣∥ϕ∥=
√

βnd
(v)dv ∝ exp

(
−β2

〈
v,
(
−∆Λn +m2

)
v
〉)

Unif√
nd Snd−1(dv)

∝ exp
(
β

2
∑
x∼y

vxvy

)
Unif√

nd Snd−1(dv) ∝ νΛn,β.

In the last line, we used that ⟨v, v⟩ = nd.
If d ⩾ 3, consider a zero-average GFF γ on Λn, and let and c is an “independent”

Lebesgue constant, that is, (γ, c) is distributed asN (0, G0 -avg.
Λn

)×dc. We are interested
in the conditional law of the sum of two (γ + c1Λn) given that it equals

√
βnd.

Note that upon conditioning, we indeed have a probability measure. To better
understand this, let us instead consider the orthogonal transformation of the sum
(this does not affect the conditioning). More precisely, let Q be the orthogonal matrix
diagonalizing G0 -avg.

Λn
, that is, QTG0 -avg.

Λn
Q is diagonal. It is clear that the “law” of

γc,Q := QT (γ + c1Λn) is given by 1√
nd

dc ××nd

k=2N (0, η−1
k ), where (ηk)k⩾2 are the

non-zero eigenvalues of −∆Λn . Restricted to a finite ball and normalized accordingly,
it is a probability measure that we denote by ρ. For our purposes we can consider,
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e.g., Bnd(0, 2
√
βnd). Then, analogously to the computation in the massive case, for

any Borel-measurable B ⊂ RΛn ,

(2.6) ρ
[
B
∣∣∣∣ ∥γc,Q∥ =

√
βnd

]
∝
∫
1B(v)

nd∏
k=2

exp
(
−β2 ηkv

2
k

)
Unif√

nd Snd−1(dv)

=
∫
1QB(σ) exp

(
β

2
∑
x∼y

σxσy

)
Unif√

nd Snd−1(dσ) ∝ νΛn,β[QB]

In the second line we used the substitution v = QTσ so that ∑nd

k=2 ηkv
2
k = ⟨σ,−∆Λnσ⟩,

and the fact that the uniform measure on the sphere is invariant under orthogonal
transformations.

Let us summarize our findings in the following proposition.

Proposition 2.7 (Massive and zero-average GFFs: relation to the spherical
model). — Let νΛn,β be the spherical model on Λn at inverse temperature β > 0.
Then, for any m2 > 0, the conditional law of an m2-massive GFF ϕ on Λn given
∥ϕ∥ =

√
βnd is exactly νΛn,β. That is,

νΛn,β = Law
(
ϕ√
β

∣∣∣∣∣ ∥ϕ∥ =
√
βnd

)
,

Moreover, if d ⩾ 3, γ is a zero-average GFF on Λn, and c is an “independent”
Lebesgue constant, i.e., the distribution of (γ, c) is N (0, G0 -avg.

Λn
)× dc, then

νΛn,β = Law
(
γ + c1Λn√

β

∣∣∣∣∣∥γ + c1Λn∥ =
√
βnd

)

in the sense of (2.6).

We also have a similar statement for the spin O(N) model, which was implicitly
used already in [Kup80] and proven in a slightly different setting in [AGS22, Proposi-
tion 2.3]. We omit its proof as it is fully analogous to the proof of the first statement
of the previous proposition and can also be easily adjusted from the latter reference.

Proposition 2.8 (Relation between an N -vectorial massive GFF and the spin
O(N) model). — Let m2 > 0 and ϕ be an N -vectorial m2-massive GFF on Λn,
β > 0. The conditional law of ϕ/

√
β given |ϕx| =

√
βN for all x ∈ Λn is that of the

spin O(N) model on Λn at inverse temperature β.

2.4. Preliminary estimates on the Green’s functions

This subsection mainly recalls but also proves some further results about Green’s
functions and their eigenvalues. We start off with the massive Green’s function and
then turn to the zero-average Green’s function.
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2.4.1. Massive Green’s function

We begin with some canonical results, whose proofs can be found, for example,
in [Rod17, Section 1] and [FV17, Proposition 8.30].

Lemma 2.9 (Properties of massive Green’s function). — Let n ∈ N, G = Td
n or

Zd, and U be a subset of G, possibly U = ∅. Let m2 ⩾ 0 if U ̸= ∅ or G = Zd for
d ⩾ 3 and m2 > 0 otherwise.

(1) For any finite subset K ⊂ G \ U =: U c,

GUc,m2(x, y) = G(U∪K)c,m2 + Ex
α,U

[
1{HK<∞}GUc,m2(XHK

, y)
]

(2.7)

with the notation of (2.3).
(2) If m2 > 0, there exist two constants c, C > 0 depending only on m2 and d

such that

GUc,m2(x, y) ⩽ Ce−c|x−y|, for all U ⊂ G, x, y ∈ G.(2.8)

We will frequently find it helpful to calculate with the basis of the eigenfunctions
of the massive Green’s function on Td

n.

Lemma 2.10 (Eigenvalues of massive Green’s function). — Let n ∈ N,m2 > 0,
and U be a finite subset of Zd viewed as a subset of Λn for each n. Set U c := Λn \ U
and un := |U c|.

(1) −∆Λn has one zero eigenvalue η0 = 0 and (nd − 1) positive eigenvalues given
by

ηw = 2
d∑

i=1

(
1− cos

(
2πwi

n

))
for w = (wi)d

i=1 ∈ [0, n)d ∩ Zd \ {0}.

The corresponding eigenvectors (qw)w∈[0,n)d∩Zd generating an orthonormal sys-
tem are given by

qw
x = 1√

nd

d∏
i=1

(
cos
(

2πxiwi

n

)
+ sin

(
2πxiwi

n

))
for all x ∈ [0, n)d ∩ Zd.

(2) Let (ηk)k⩾2
(1) be the positive eigenvalues of −∆Λn ordered non-decreasingly.

Then,

(2.9) ηk = Θ
(
k2/d

n2

)
.

(3) The eigenvalues of GΛn,m2 are given by (1/(m2 + ηx))x∈[0,n)d∩Zd , while the
eigenvalues (τi)un

i=1 of GUc,m2|Uc×Uc ordered non-increasingly satisfy

τi ∈
[ 1
m2 + 4d,

1
m2

]
for all 1 ⩽ i ⩽ un.(2.10)

(1) Here and in the sequel, we slightly abuse notation and write both (ηk)nd

k=1 (when ordered non-
decreasingly) and (ηx)x∈[0,n)d∩Zd (when indexed by the domain) for the eigenvalues of −∆Λn

.

ANNALES HENRI LEBESGUE



The Spherical model and the large-N limit of the Spin O(N) model via GFF 1013

Proof. — The eigenvalues of −∆Λn can be found, for instance, in [AF02, Ex-
ample 5.17] or easily derived from [BK52, Appendix A]; the eigenvectors are also
classical.

Using explicit formulae for (ηx)x∈[0,n/2]d∩Zd (any remaining x gives an eigenvalue co-
inciding with one indexed by some point in [0, n/2]d∩Zd), we obtain ηx = Θ(|x|2/n2).
This together with symmetries of the torus and properties of cos-function implies
that ηk = Θ(k2/d/n2).

The third point follows immediately since GΛn,m2 is the inverse of −∆Λn + m2,
whileGUc,m2|Uc×Uc is the inverse of (−∆Uc+m2)|Uc×Uc—see discussion following (2.2).
From (2.2), one furthermore sees that the smallest eigenvalue of (−∆Uc +m2)|Uc×Uc

is at least m2, while the largest is upper bounded by 4d+m2. □

Remark 2.11. — Note that equivalently the eigenvalues and the corresponding
eigenfunctions as well as their domains can be indexed by [−n/2, n/2)d ∩Zd instead
of [0, n)d ∩ Zd due to the invariance of cosine functions under translation of the
argument by 2πZ. More precisely, for w, x ∈ [0, n)d ∩ Zd, ηw = ηw̃ and qw

x = qw̃
x̃ ,

where ỹi = yi if yi < n/2 and yi − n otherwise for y = x,w.

2.4.2. The zero-average Green’s function

We now proceed to the results on the zero-average Green’s functions corresponding
to the covariance structure of our zero-average GFF on Λn. We start by recalling
some known results stemming from [Abä19]:

Proposition 2.12 (Properties of the zero-average Green’s function). — Let
d ⩾ 3, n ∈ N. The zero-average Green’s function G0 -avg.

Λn
satisfies the following:

(1) For any y ∈ Λn, ∑x∈Λn
G0 -avg.

Λn
(x, y) = 0.

(2) Let X = (X t)t⩾0 be a continuous-time simple random walk on Λn. We denote
its law when started at x by Px

Λn
. Then, for all x, y ∈ Λn,

G0 -avg.
Λn

(x, y) = 1
2d

∫ ∞

0

(
Px

Λn
[X t = y]− 1

nd

)
dt.

(3) For any U ⊊ Λn, x, y ∈ Λn,

G0 -avg.
Λn

(x, y) = GUc,0(x, y) + Ex
0

[
G0 -avg.

Λn
(XHU

, y)
]
− 1

2dnd
Ex

0 [HU ],(2.11)

where HU = inf{n ⩾ 0 : Xn ∈ U} is the first hitting time of U by a simple
random walk (Xk)k∈N0 ∼ Px

0 on Λn started at X0 = x.
(4) G0 -avg.

Λn
converges to GZd uniformly over compact subsets of Zd (viewed also

as subsets of Λn).
(5) There exists C > 0 such that for all x, y ∈ Λn and n ∈ N sufficiently large,∣∣∣G0 -avg.

Λn
(x, y)

∣∣∣ ⩽ C(log n)3d/2d(x, y)2−d.(2.12)
Recall that d( · , · ) stands for the graph-distance on Λn.

For most of the results of this paper, the bound (2.12) would have been sufficient,
however, not for the critical regime of the spherical model in dimensions 3 and 4.
Therefore, we establish the improved estimates, whose proof is given in Section 5.
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Theorem 2.13 (Fine estimates for the zero-average Green’s function). — Let
d ⩾ 3, n ∈ N. The zero-average Green’s function G0 -avg.

Λn
satisfies the following:

(1) There exists C = C(d) > 0 such that for all n sufficiently large and y ∈
[−n/2, n/2)d ∩ Zd,∣∣∣G0 -avg.

Λn
(0, y)−GZd(0, y)

∣∣∣ ⩽ Cn2−d.(2.13)

In particular, for |y| = Θ(n) as above, G0 -avg.
Λn

(0, y) = O(n2−d).
(2) For d = 3 and any x ∈ Zd,

G0 -avg.
Λn

(x, x)−GZd(x, x) = Θ(n2−d) < 0 uniformly for large n.(2.14)

Finally, we discuss the eigenvalues of the submatrices of G0 -avg.
Λn

. But first recall
that its own eigenvalues are given by 0 and (1/ηk)k=2,...,nd , where 0 = η1 < η2 ⩽ η3 ⩽
· · · ⩽ ηnd are the eigenvalues of −∆Λn .

Lemma 2.14 (Eigenvalues of zero-average Green’s function). — Let d ⩾ 3, n ∈ N,
and U be a finite non-empty subset of Zd viewed as a subset of Λn for each n. Set
un := |U c| and let (µk)k⩽un ordered non-increasingly denote the eigenvalues of

G0 -avg.
Λn

|Uc×Uc −G0 -avg.
Λn

|Uc×UG
0 -avg.
Λn

|−1
U2G

0 -avg.
Λn

|U×Uc .

Then, for all k ⩽ un − |U |,

(2.15) µk ∈
[

1
ηnd−un+k+|U |+1

,
1

ηk+1

] (
=
[
0, 1
ηk+1

]
for k = un − |U |

)
.

Proof. — Let (ζk)k⩽un and (υk)k⩽un ordered non-increasingly denote the eigenval-
ues of the matrices G0 -avg.

Λn
|Uc×Uc and G0 -avg.

Λn
|Uc×UG

0 -avg.
Λn

|−1
U2G

0 -avg.
Λn

|U×Uc , respectively.
Since G0 -avg.

Λn
|Uc×Uc is a principal submatrix of G0 -avg.

Λn
, by [HJ13, Theorem 4.3.28],

for all 1 ⩽ k ⩽ un − 1
1

ηnd−un+k+1
⩽ ζk ⩽

1
ηk+1

, 0 ⩽ ζun ⩽
1

ηun+1
.

Furthermore, since G0 -avg.
Λn

|Uc×UG
0 -avg.
Λn

|−1
U2G

0 -avg.
Λn

|U×Uc is positive semi-definite and
has rank at most |U |, υk = 0 for all k > |U |. Thus, by Weyl’s inequality [HJ13,
Theorem 4.3.1], µk ∈ [ζk+|U |, ζk] for all k ⩽ un − |U |. (2.15) follows. □

3. The infinite-volume limit of the Spherical model

The main objective of this section is to characterize the infinite-volume limit of
the spherical model, in particular, prove Theorem 1.1. We first establish convergence
in law:

Theorem 3.1 (Infinite-volume limit of the spherical model). — Let d ⩾ 2, Λn =
Td

n, and θ = (θx)x∈Λn be a configuration of the spherical model on Λn at inverse
temperature β > 0. Set βc := GZd(0, 0) (in particular, βc = ∞ if d = 2 and
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βc ∈ (0,∞) otherwise). For any finite set U ⊂ Zd (considered as a subset of Λn for
each n), θU := (θx)x∈U converges in law as n→∞ to:

(1) β < βc: an m2-massive GFF on Zd restricted to U scaled by 1/
√
β with the

mass m2 depending on β and d in such a way that
GZd,m2(x, x) = β for all x ∈ Zd;

(2) β = βc: a GFF on Zd restricted to U scaled by 1/
√
β;

(3) β > βc: a GFF on Zd restricted to U scaled by 1/
√
β plus an independent

constant random drift of the form
√

β−βc

β
X1U with X being a Rademacher

random variable, i.e., P[X = 1] = P[X = −1] = 1
2 .

The proof is divided into three parts, corresponding to the different temperature
regimes, which are discussed separately in the following three subsections.

Besides convergence in law, we further obtain convergence of local covariance
functions of the spherical model. More precisely, in Section 3.4 we prove the following,
which together with Theorem 3.1 yields Theorem 1.1.

Corollary 3.2. — Let Λn, θ = (θx)x∈Λn , and U ⊂ Zd be as above, (ix)x∈U ∈ NU
0

be an arbitrary but fixed vector of non-negative integers. Then, the following holds:

νΛn,β

[∏
x∈U

θix
x

]
n→∞−−−→ E

[∏
x∈U

αix
x

]
,

where
√
βα :=

√
β(αx)x∈Zd in correspondence with Theorem 3.1 is either an m2-

massive GFF on Zd if β < βc, a GFF on Zd if β = βc, or a GFF on Zd plus
an independent drift

√
β − βcX1Zd , where X is a Rademacher random variable, if

β > βc.

3.1. The high-temperature regime

This section presents a proof of β < βc case of Theorem 3.1. We start by recalling
that by Proposition 2.7,

Law(θ) = Law
(
ϕ√
β

∣∣∣∣∣ ∥ϕ∥ =
√
βnd

)
for any m2

n-massive GFF ϕ on Λn with m2
n > 0. Thus, for any finite set U ⊂ Zd, we

have the following equality of Lebesgue densities on RU :

fθU
(v) = f

ϕU√
β

∣∣∣∥ϕ∥=
√

βnd
(v) = f ϕU√

β

(v)
f∥ϕUc +h

√
βv∥2(βnd)

f∥ϕ∥2(βnd) =: f ϕU√
β

(v)Jn(v),(3.1)

where v := (vx)x∈U ∈ RU . In the second equality, we applied the domain Markov
property of ϕ (Proposition 2.5). Provided that m2

n → m2 > 0, the vector ϕU converges
in distribution to an m2-massive GFF on Zd restricted to U . This in particular implies
pointwise convergence of the corresponding Gaussian densities. To further ensure
that the ratio Jn(v) in (3.1) converges to 1, we need to get rid of conditioning on
the norm of ϕ in the limit. Since E[∥ϕ∥2] = GΛn,m2

n
(0, 0)nd, a natural choice would
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be to select m2
n,m

2 > 0 such that limn GΛn,m2
n
(0, 0) = GZd,m2(0, 0) = β, which is

possible since β < βc = GZd(0, 0). We may then pick a sequence (m2
n)n such that

GΛn,m2
n
(0, 0) = β for all n sufficiently large.

To conclude the proof in this regime, we show that with the above choice of (m2
n)n,

the ratio Jn(v) converges to one. To this end, let P ∈ RUc×Uc
, Q ∈ RΛn×Λn be

the orthonormal matrices diagonalizing GUc,m2
n
|Uc×Uc and GΛn,m2

n
, respectively. In

particular,

P T
(
GUc,m2

n
|Uc×Uc

)
P = diag

(
(τi)|Uc|

i=1

)
,

QTGΛn,m2
n
Q = diag

(
(λi := (ηi +m2

n)−1)nd

i=1

)
where τ1 ⩾ · · · ⩾ τ|Uc| > 0 are the eigenvalues of GUc,m2

n
|Uc×Uc ,

0 = η1 < η2 ⩽ · · · ⩽ ηnd

are those of −∆Λn (cf. Lemma 2.10). Set un := |U c|, h̃ := P Th

√
βv

Uc , and for
a given triangle array (Yi,un)i⩽un,un∈N of i.i.d. standard normal random variables,
define Zi,un

:= (h̃i +√τiYi,un)2 − τi − h̃2
i . In terms of these variables, we can then

rewrite Jn(v) as follows:

Jn(v) =
f∥h̃+N(0,diag(τj)un

j=1)∥2

(
βnd − β∥v∥2

)
f∥N(0,diag(λj)nd

j=1)∥
2(βnd)

=
f∑un

i=1 Zi,un

(
βnd −∑un

i=1 τi −
∥∥∥h̃∥∥∥2

− β∥v∥2
)

f∑nd

i=1 λi

(
Y 2

i,nd
−1
)(0) .

Here, we used that βnd = Trace(GΛn,m2
n
) = ∑nd

i=1 λi.
Note that by the canonical properties of the massive Green’s function (see Sec-

tion 2.4, particularly (2.7)), we have

(3.2)
un∑
i=1

τi +
∥∥∥h̃∥∥∥2

= Trace
(
GΛn,m2

n
|Uc×Uc

)
−
∑

x∈Uc

Ex
αn

[
1{HU <∞}GΛn,m2

n
(XHU

, x)
]

+
∥∥∥∥∥h
√

βv

Uc

∥∥∥∥∥
2

= unβ −
∑
y∈U

∑
x∈Uc

Px
αn

[HU <∞, XHU
= y]GΛn,m2

n
(y, x) +

∥∥∥∥∥h
√

βv

Uc

∥∥∥∥∥
2

=: ndβ −RU,n,

where Px
αn

denotes the law of a simple random walk X on Λn ∪ {†} started at x and
killed uniformly with probability αn = m2

n

2d+m2
n

at every step; HU and H̃U are the first
hitting time and the first return time to U by this walk, respectively. Furthermore,
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since by the weak Markov property of the (massive) random walk X (here ωk stands
for the shift of the time by k) and (2.8),

Px
αn

[HU <∞] =
∑
k⩾0

∑
z∈U

Px
αn

[
Xk = z, H̃U ◦ ωk =∞

]
=
∑
z∈U

Pz
αn

[
H̃U =∞

]∑
k⩾0

Px
αn

[Xk = z]

⩽
∑
z∈U

2d
1− αn

GΛn,m2(x, z) ⩽ (2d+m2
n)|U | sup

z∈U
GΛn,m2(x, z)

⩽ c(m2, d, U)e−c′(m2,d) minz∈U |x−z|

for appropriate constants c, c′ > 0, we obtain

(3.3)
∥∥∥h√βv

Uc

∥∥∥2
⩽ β∥v∥2 ∑

x∈Uc

Px
αn

[HU <∞]2 ⩽ c2β∥v∥2 ∑
x∈Uc

e−2c′ minz∈U |x−z|.

And therefore, 0 ⩽ |RU,n| ⩽ β|U | + ∑
y∈U

∑
x∈Uc ce−c′|x−y| + ∥h

√
βv

Uc ∥2 ⩽ M for an
absolute constant M > 0.

Next, we study the variances of the two sums ∑un
i=1 Zi,un and ∑nd

i=1 λi(Y 2
i,nd − 1),

denoted s2
n and σ2

n, respectively. Using Lemma 2.10, similarly to (3.2), we deduce
that

σ2
n = 2

nd∑
k=1

λ2
k = Θ(nd); s2

n = 2
un∑

k=1
τ 2

k + 4
un∑

j=1
τjh̃

2
j︸ ︷︷ ︸

⩽4τ1M=Θ(1)

= σ2
n(1− o(1)).

This allows us to rewrite the ratio in question as

Jn(u) = (1 + o(1))
snf∑un

i=1 Zi,un

(
sn

RU,n−β∥v∥2

sn

)
σnf∑nd

i=1 λi

(
Y 2

i,nd
−1
)(0) .

To conclude the proof, we use the following result (stated in a more general form
to also cover the critical case), proven in Appendix A.2.

Proposition 3.3. — Let (Xi,n)i⩽n,n∈N be a triangular array of independent cen-
tered random variables with the probability density functions fi,n (with respect to
Lebesgue measure on R). Assume that

(1) fi,n ∈ Lr(R) for some r ∈ (1, 2] (independent of i, n) such that supi,n∥fi,n∥Lr ⩽
M for some M > 0;

(2) For all i ⩽ n, n ∈ N, σ2
i,n := Var[Xi,n] < ∞ ordered such that σ2

1,n ⩾ · · · ⩾
σ2

n,n;
(3) Lindeberg’s condition is satisfied, that is, for any ε > 0,∑

i⩾1 E
[
X2

i,n1{|Xi,n|>εsn}
]

s2
n

n→∞−−−→ 0,

where s2
n := ∑n

i=1 σ
2
i,n.
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(4) There exist δ > 0 (uniform), K(n) ⩾ 1, l∗(n) ⩾ 1, n ⩾ l∗(n) ⩾ 2⌈ r
r−1⌉ such

that for all n sufficiently large

∑
i⩾l∗(n) σ

2
i,n∑n

i=1 σ
2
i,n

⩾ δ;(a)

∑
i⩾l∗(n) E

[
X2

i,n1{|Xi,n|>K(n)}
]

∑
i⩾l∗(n) σ

2
i,n

⩽
1
8;(b)

n− l∗(n)
σ2

l∗,n ∨K(n)2 ≫ log
(

n∑
i=1

σ2
i,n

)
.(c)

Then the relation

snf
(n)(snx) n→∞−−−→ 1√

2π
e− x2

2

holds uniformly over R. Here, f (n) is the convolution of f1,n, . . . , fn,n, as well as the
density function of ∑n

i=1 Xi,n. Note that snf
(n)(snx) is the density of

∑n

i=1 Xi,n

sn
.

Indeed, if the arrays (Zi,un)i,un and (λi(Y 2
i,nd − 1))i,nd satisfy the assumptions of

the proposition, then the densities

snf∑vn
i=1 Zi,vn

(snx) and σnf∑nd

i=1 λi

(
Y 2

i,nd
−1
)(σnx)

both converge to the standard normal density fN (0,1)(x), uniformly in x ∈ R. In
particular, this implies Jn(v)→ 1, as desired.

We now proceed to the remaining step, namely to verify that, up to reordering, the
array (Zi,un = (h̃i +√τiYi,un)2− τi− h̃2

i )i,un (and fully analogously (λi(Y 2
i,nd − 1))i,nd)

satisfies the assumptions of Proposition 3.3 with l∗ = 1, l∗ = 2⌈ r
r−1⌉, and K suffi-

ciently large but independent of n.

Proof that (Zi,un)i,un satisfies the assumptions of Proposition 3.3. — It is clear
that the variables Zi,un are centered and independent, with variances

σ2
i,un

:= Var[Zi,un ] = 2τ 2
i + 4h̃2

i τi ∈ (0,∞).

Let fi,un denote the density of Zi,un . It is given by

fi,un(t) =

(
fY

(√
t+τi+h̃2

i −h̃i√
τi

)
+ fY

(√
t+τi+h̃2

i +h̃i√
τi

))
2√τi

√
t+ τi + h̃2

i

1{t>−τi−h̃2
i},
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where Y is a standard normal random variable. For any r ∈ (1, 2), we estimate (and
thus verify condition (1)).

∥fi,un∥
r
Lr =

∫ ∞

0

(
fY

(√
s−h̃i√

τi

)
+ fY

(√
s+h̃i√

τi

))r

2rτ
r/2
i sr/2

ds ⩽
∫ ∞

0

f r
Y

(√
s−|h̃i|√

τi

)
τ

r/2
i sr/2

ds

=
∫ ∞

0

f r
Y

(√
s−

∣∣∣ h̃i√
τi

∣∣∣)
τ r−1

i sr/2 ds = 2
∫ ∞

0

f r
Y

(
t−

∣∣∣ h̃i√
τi

∣∣∣)
τ r−1

i tr−1 dt

⩽
2

τ r−1
i

(∫ 1

0
t1−rdt+

∫ ∞

1
fY

(
t−

∣∣∣∣∣ h̃i√
τi

∣∣∣∣∣
)

dt
)

⩽
2

τ r−1
i

( 1
2− r + 1

)
=: c(r) 1

τ r−1
i

.

Hence, supi,n∥fi,un∥r
Lr ⩽ c(r)(4d + 2m2)r−1, by uniform bounds on (τi)i—τi ∈

[L∗, L
∗] := [(2m2 + 4d)−1, 2/m2]—implied by (2.10) and the convergence m2

n
n→∞−−−→

m2 > 0.
Since by (3.3),

h̃2
i ⩽

∥∥∥h√βv

Uc

∥∥∥2
⩽ c(m2, d, U)β∥v∥2,

we further get that

0 < 2L2
∗ ⩽ σ2

i,un
⩽ 2(L∗)2 + 4cβ∥v∥2L∗ <∞

uniformly over (i, n) (condition (2) up to reordering). Consequently, s2
n = Θ(un).

We now check condition (4) (and (3)): (a) and (c) are immediate with our choice
of l∗, l∗, and large K independent of n. For all K sufficiently large (e.g., K >
4(L∗ + cβ∥v∥2)), we have{

|Zi,un| > K
}
⊂
{(
h̃i +√τiYi,un

)2
> K

}

⊂
{
|
√
τiYi,un| >

√
K − |h̃i|

}
⊂
{
|Yi,un| >

√
K

2
√
L∗

}
.

Furthermore, Z2
i,un

⩽ c̃(d,m2, U, L∗, v)(Y 4
i,un

+ |Yi,un|3 + Y 2
i,un

+|Yi,un| + 1) for an
appropriate c̃ > 0, so

E
[
Z2

i,un
1{|Zi,un |>K}

]
σ2

i,un

⩽
5c̃

2L2
∗
E

Y 4
i,un

1{
|Y |>

√
K

2
√

L∗

} = ĉE

Y 41{
|Y |>

√
K

2
√

L∗

}.
This in turn yields,∑un

i=1 E[Z2
i,un

1{|Zi,un |>K}]
s2

n

⩽ ĉE
[
Y 41{

|Y |>
√

K

2
√

L∗

}],
which can be made arbitrarily small by choosing K large. The Lindeberg condition
follows with εsn for ε > 0 in place of K. □
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Remark 3.4. — In the high-temperature regime, one could alternatively deduce the
uniform convergence of the numerator and denominator in Jn to the standard normal
density using results from Malliavin calculus [HLN14, Corollary 6.6, Theorem 7.3,
Lemma 7.1]. However, these results are not applicable in the supercritical regime
and are of limited use in the critical case (helpful only for d ⩾ 4, see Remark 3.7).
We therefore opt for a more direct approach.

3.2. The low-temperature regime

This section proves the β > βc case of Theorem 3.1 and lays the groundwork for
the critical regime. Throughout, we assume d ⩾ 3 and β ⩾ βc, explicitly indicating
when the analysis is restricted to β > βc. Recall that by Proposition 2.7,

Law(θ) = Law
(
γ + c1Λn√

β

∣∣∣∣∣ ∥γ + c1Λn∥ =
√
βnd

)
,

where γ is a zero-average GFF on Λn and c is an independent Lebesgue constant. Our
strategy is to analyze the conditional joint law of (γU , c) given ∥γ + c1Λn∥ =

√
βnd,

for a finite set U ⊂ Zd (viewed as a subset of Λn). More precisely, we show that
it converges to the product measure of the GFF ψ on Zd restricted to U and a
Rademacher random variable X scaled by

√
β − βc. This immediately yields the

desired local convergence in distribution of θ towards 1√
β
ψ +

√
β−βc

β
X1Zd .

Let B ⊂ RU be a Borel set and I ⊂ [0,
√
β] be a proper interval with the closure

I = [a, b] and such that a, b /∈ {±
√
β − βc}. Observe that since γ is a zero-average

GFF, ⟨γ,1Λn⟩ = 0 almost surely. Therefore,

P
[
γU ∈ B, c ∈ I

∣∣∣∣ ∥γ + c1Λn∥ =
√
βnd

]
= P

[
γU ∈ B, c ∈ I

∣∣∣∣ ∥γ∥2 + c2nd = βnd
]

=
∫

B

∫
I fγU ,∥γ∥2

(
y, nd(β − c2

0)
)
dc0∫√β

−
√

β
f∥γ∥2(nd(β − c̃2))dc̃

dy =
∫

B
fγU

(y)
∫

I f∥γ̂y∥2

(
nd(β − c2

0)
)
dc0

2
∫√β

0 f∥γ∥2(nd(β − c̃2))dc̃
dy

=
∫

B
fγU

(y)
∫ b2

a2
1

2
√

u
ndf∥γ̂y∥2

(
nd(β − u)

)
du

2
∫ β

0
1

2
√

ũ
ndf∥γ∥2(nd(β − ũ))dũ

dy =
∫

B
fγU

(y)

∫ b2

a2
1√
u
f ∥γ̂y∥2

nd

(β − u)du

2
∫ β

0
1√
ũ
f ∥γ∥2

nd

(β − ũ)dũ
dy

=
∫

B
fγU

(y)
E
[

1√
β−∥γ̂y∥2/nd

1(β−b2,β−a2)
(

∥γ̂y∥2

nd

)]
2E
[

1√
β−∥γ∥2/nd

1[0,β)
(

∥γ∥2

nd

)] dy =:
∫

B
fγU

(y)Rn(y, I)dy,

where γ̂y is defined by γ̂y
U ≡ y and

(3.4) γ̂y
Uc ∼ N

G0 -avg.
Λn

|Uc×U G0 -avg.
Λn

|−1
U2y, G

0 -avg.
Λn

|Uc×Uc

−G0 -avg.
Λn

|Uc×U G0 -avg.
Λn

|−1
U2 G

0 -avg.
Λn

|U×Uc


=: N (ν(y),Ξ) = Law(γUc | γU = y).
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Note that we may assume B is bounded. Indeed, by the symmetries of the torus,

E
[
∥γU∥2

∣∣∣ ∥γ∥2 + c2nd = βnd
]

= |U | E
[
γ2

0

∣∣∣ ∥γ∥2 + c2nd = βnd
]
⩽ |U |β.

Therefore, by choosing t > 0 large enough, the probability

P
[
γU /∈ B|U |(0, t)

∣∣∣∣ ∥γ + c1Λn∥ =
√
βnd

]
can be made arbitrarily small.

To conclude the proof of the low-temperature regime, it suffices to verify the
following claim.

Claim 3.5. — For any bounded Borel set B ⊂ RU ,

lim sup
n→∞

sup
y∈B

Rn(y, I) <∞,(3.5)

and, moreover, for any y ∈ B,

(3.6) Rn(y, I) =
E
[

1√
β−∥γ̂y∥2/nd

1(β−b2,β−a2)
(

∥γ̂y∥2

nd

)]
2E
[

1√
β−∥γ∥2/nd

1[0,β)
(

∥γ∥2

nd

)] n→∞−−−→ 1
21I

(√
β − βc

)
.

Indeed, let s ∈ R \ {±
√
β − βc}(2) and set I+ = (−∞, s]∩ (0,

√
β], I− = (−∞, s]∩

[−
√
β, 0]. Since γU converges in law towards ψU , which in particular implies uniform

convergence of their densities, Claim 3.5, together with dominated convergence
theorem, yields

(3.7) P
[
γU ∈ B, c ⩽ s

∣∣∣∣ ∥γ + c1Λn∥ =
√
βnd

]
= P

[
γU ∈ B, c ∈ I+

∣∣∣∣ ∥γ + c1Λn∥ =
√
βnd

]
1{I+ ̸=∅}

+ P
[
γU ∈ B, c ∈ −I−

∣∣∣∣ ∥γ + c1Λn∥ =
√
βnd

]
1{I− ̸=∅}

=
∫

B
fγU

(y)(Rn(y, I+) +Rn(y,−I−))dy

n→∞−−−→ 1
2

(
1I+

(√
β − βc

)
+ 1−I−

(√
β − βc

))
P[ψU ∈ B]

= P
[√

β − βcX ⩽ s
]
P[ψU ∈ B],

where 1∅ ≡ 0.
It now only remains to prove Claim 3.5 for β > βc. To this end, we establish the

following auxiliary results (two of which also hold for β = βc):

Claims. —
(1) For any y ∈ B, ∥γ∥2

nd and ∥γ̂y∥2

nd converge almost surely to βc.

(2)These are the continuity points of the cumulative distribution function of
√

β − βcX.
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(2) If β > βc, there exist c = c(β, d), ĉ = ĉ(β, d, B) > 0 such that for any
0 < ε < (β − βc)/4 and y ∈ B,

P
[
∥γ∥2

nd
⩾ β − ε

]
⩽ e−cnd−2

, P
[
∥γ̂y∥2

nd
⩾ β − ε

]
⩽ e−ĉnd−2

.

(3) There exists an absolute constant K > 0 such that the density functions of
∥γ∥2 and ∥γ̂y∥2 for any y ∈ RU are uniformly bounded by K, i.e., for all n
sufficiently large,

sup
y∈RU

∥∥∥f∥γ̂y∥2

∥∥∥
L∞
∨
∥∥∥f∥γ∥2

∥∥∥
L∞

⩽ K.

To motivate these claims, observe that in view of (3.6), the convergence of Rn(y, I)
crucially depends on the behavior of the squared norms ∥γ∥2/nd and ∥γ̂y∥2/nd.
Claim 1 captures the expected concentration of both quantities around βc, thereby
providing a heuristic justification for the limiting behavior of the ratio Rn(y, I). To
make this precise, however, we must control the contributions from the upper end
of the integration domain, specifically the interval (β − ε, β), where the integrand
may become singular due to the factor 1/

√
β − x. A direct route would have been

to prove uniform boundedness of the density of ∥γ̂y∥2/nd on this interval, but this
is a highly non-trivial and technically involved fact. Instead, we split (β − ε, β)
into two subintervals: one where the contribution is negligible due to exponential
concentration away from β (provided by Claim 2), and another, sufficiently small
neighborhood of β, where we can appeal to the integrability of x 7→ 1/

√
β − x and

use boundedness of the density function of ∥γ̂y∥2 (ensured by Claim 3).
Proof of Claim 3.5 assuming Claims 1,2 and 3. — Let ε > 0 be small enough

(as in Claim 2). Since R+ ∋ x 7→ 1/
√
x away from zero is bounded, by dominated

convergence theorem and Claim 1 we get

(3.8) E

 1√
β − ∥γ̂y∥2/nd

1(β−b2,(β−a2)∧(β−ε))

(
∥γ̂y∥2

nd

)
n→∞−−−→ 1√

β − βc

1(a,b)

(√
β − βc

)
;

E

 1√
β − ∥γ∥2/nd

1[0,β−ε)

(
∥γ∥2

nd

) n→∞−−−→ 1√
β − βc

.

We now consider the remaining bits and show that they are vanishing in the limit.
Let δ > 0 be small,

0 ⩽ E

 1√
β − ∥γ∥2/nd

1[β−ε,β)

(
∥γ∥2

nd

) =: rε(γ)

⩽
nd

√
δ
P
[
∥γ∥2

nd
∈
[
β − ε, β − δ/n2d

)]
+
√
ndE

 1√
βnd − ∥γ∥2

1βnd+[−δ/nd,0)(∥γ∥2)


⩽
nd

√
δ
e−cnd−2 +

√
nd
∥∥∥f∥γ∥2

∥∥∥
L∞

∫ δ/nd

0

dt√
t
⩽

nd

√
δ
e−cnd−2 + 2K

√
δ.
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The two inequalities in the last line follow by Claims 2 and 3, respectively. By taking
limit n→∞, we eliminate the first term in the upper bound; the second one can be
made arbitrarily small by adjusting δ. By replacing γ with γ̂y, we recover the same
bound for rε(γ̂y).

The above observations((3.8) and that rε(γ̂y) and rε(γ) can be made arbitrarily
small) readily yield (3.6). Moreover, note that

Rn(y, I) ⩽
1√
ε

+ rε(γ̂y)
2√

β
P
[

∥γ∥2

nd < β
] ⩽ √

β

(
1√
ε

+ nd

√
δ
e−ĉnd−2 + 2K

√
δ

)
,

where we used Claim 1 in the last inequality to estimate the denominator. The
bound (3.5) follows. □

We conclude this subsection and the proof of the low-temperature regime by
verifying the remaining claims.

Proof of Claims 1 and 2. — We will show that there exists c > 0 such that for
any t > 0 and for all n sufficiently large,

(3.9) P[Sn > t] ∨ P[Sn < −t] ⩽ e
−cnd−2

(√
βc+t/2−

√
βc

)2

,

where Sn ∈
{

∥γ∥2−E[∥γ∥2]
nd , ∥γ̂y∥2−E[∥γ̂y∥2]

nd

}
. Together with the observations that

(3.10) G0 -avg.
Λn

(0, 0) n→∞−−−→ βc

and 1
nd

E[∥γ̂y
Uc∥2] = 1

nd
Trace(Ξ) + 1

nd
∥ν(y)∥2 n→∞−−−→ βc + 0,

the inequality (3.9) implies Claim 1 by Borel–Cantelli lemma (as the estimates are
clearly summable in n) and Claim 2 by setting t = β − βc − ε± o(1).

As for (3.10), note that by Proposition 2.12, G0 -avg.
Λn

(x, y) converges uniformly over
U2 to GZd(x, y), and so do the corresponding eigenvalues. The latter matrix GZd |U×U

is positive-definite, thus, there exists c > 0 (depending only on U) such that

0 < c ⩽ λmin
(
G0 -avg.

Λn
|U×U

)
⩽ λmax

(
G0 -avg.

Λn
|U×U

)
⩽ Trace

(
G0 -avg.

Λn
|U×U

)
⩽ 2|U |βc.

Combined with (2.13), this yields

(3.11) 1
nd
∥ν(y)∥2 = 1

nd

∥∥∥∥G0 -avg.
Λn

∣∣∣Uc×UG
0 -avg.
Λn

∣∣∣−1

U2
y
∥∥∥∥2

⩽
∥y∥2

c2nd

∑
x∈Uc,z∈U

G0 -avg.
Λn

(x, z)2

⩽
C̃(U, d)
nd

(
n1{d=3} + log n1{d=4} + 1{d⩾5}

)∥y∥2

c2 ,

and fully analogously that 1
nd Trace(Ξ) = βc − o(1) with the error uniform in y ∈ B

(recall that B is bounded).
To prove (3.9), we define

f : Rnd −→ R, x 7−→
∥∥∥∥√G0 -avg.

Λn
x

∥∥∥∥ and f̂ y : RUc −→ R, x 7−→
∥∥∥√Ξx+ ν(y)

∥∥∥.
Both these functions are Lipschitz with Lipschitz constants bounded by the largest
eigenvalues of

√
G0 -avg.

Λn
and
√

Ξ, respectively. These are η−1/2
2 = Θ(n) and √µ1 =
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Θ(n), respectively (cf. (2.9) and (2.15)). Let Sn = (∥γ∥2 − E[∥γ∥2])/nd and
Z ∼ N (0, Idnd) denote a standard normal vector. Then, for an arbitrarily small
0 < δ < t/4, and all n sufficiently large:

P[Sn ⩾ t] ⩽ P
[
∥γ∥ ⩾

√
nd
√
βc + t− δ

]
⩽ P

[
f(Z) ⩾ E[f(Z)] +

√
nd
√
βc + t− δ − E[f 2(Z)]1/2

]
⩽ exp

(
−1

2Θ(nd−2)
(√

βc + t− δ −
√
βc − o(1)

)2
)

⩽ e
−cnd−2

(√
βc+t/2−

√
βc

)2

,

where in the last line, we used a concentration inequality for Lipschitz functions of
a standard Gaussian vector [Mas07, Theorem 3.8, (3.10)]: for x > 0,

P[f(Z) ⩾ E[f(Z)] + x] ⩽ 2 1√
2π

∫ ∞

x/ Lip(f)
e−u2/2du ⩽ e− 1

2 (x/Lip(f))2
.

With f̂ y in place of f , we obtain an analogous bound for the choice Sn = ∥γ̂y∥2−E[∥γ̂y∥2]
nd .

To estimate P[Sn ⩽ −t], consider −f and −f̂ y. □

Proof of Claim 3. — Since Ξ (cf. (3.4)) is a covariance matrix, it is positive
semi-definite, and we denote its eigenvalues by µ1 ⩾ µ ⩾ · · · ⩾ µ|Uc| ⩾ 0. We set
un := |U c| and observe that µun = 0 with the unit eigenvector pun = 1√

un
1Uc . Let

P = (p1, . . . , pun) and Q be the orthonormal matrices diagonalizing Ξ and G0 -avg.
Λn

,
respectively, i.e.,

P T ΞP = diag
(
(µk)un

k=1

)
and QTG0 -avg.

Λn
Q = diag

(
0, (1/ηk)nd

k=2

)
,

where 0 = η1 < η ⩽ · · · ⩽ ηnd are the eigenvalues of −∆Λn . Let (Yi)i be i.i.d.
standard normal random variables. Then, if we set h(y) := P Tν(y), we obtain the
following equalities in law:

(3.12) ∥γ∥2 law=
nd∑

k=2

1
ηk

Y 2
k ; ∥γ̂y

Uc∥2 law=
un−1∑
k=1

(hk(y) +√µkYk)2 + hun(y)2.

By Young’s convolution inequality and the fact that ∥f∥L1 = 1 for any probability
density function f , we get that∥∥∥f∥γ̂y∥2

∥∥∥
L∞

⩽
∥∥∥∥f(hl(y)+√

µlYl)2
+(hi(y)+√

µiYi)2

∥∥∥∥
L∞
,

∥∥∥f∥γ∥2

∥∥∥
L∞

⩽
∥∥∥fY 2

k
/ηk+Y 2

j /ηj

∥∥∥
L∞

for any k ̸= j, l ̸= i (the choice will be specified later).
To complete the proof, it now suffices to show that there exists an absolute (uniform

in n and y ∈ RU) constant K > 0 such that∥∥∥∥f(hl(y)+√
µlYl)2

+(hi(y)+√
µiYi)2

∥∥∥∥
L∞

⩽ K,

as the remaining case can be easily deduced from this one by setting U = ∅. To
this end, fix x ∈ R+ and, for simplicity, write (hl(y) +√µlYl)2 + (hi(y) +√µiYi)2 =
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(a + cY )2 + (b + dZ)2 (with Y, Z independent standard normal random variables).
The density of (a/c+ Y )2 at x is given by

1
2
√
x

(
fY

(√
x− |a/c|

)
+ fY

(√
x+ |a/c|

))
⩽

1√
x
.

Therefore,

f(a+cY )2+(b+dZ)2(x) =
∫ x

0
fc2(a/c+Y )2(z)fd2(b/d+Z)2(x− z)dz

⩽
1
cd

∫ 1

0

1√
u(1− u)

du = π

cd
.

If c, d > 0 are uniformly bounded away from zero, the claim follows. In our setting we
can, for example, pick (l, i) = (⌈un/2⌉, ⌈un/2⌉+ 1) = (k, j), then by (2.9) and (2.15):
µl, µi, 1/ηk, 1/ηj = Θ(1) uniformly in n. □

3.3. At the critical temperature

In this subsection, we analyze the model at the critical temperature β = βc. Unlike
in the other two regimes, the case d = 3 requires a slightly different treatment
compared to higher dimensions. Our proof for d ⩾ 4 combines arguments from
both non-critical regimes and makes use of Proposition 3.3 along with (2.13). For
d = 3, the argument relies heavily on the fact that βc −G0 -avg.

Λn
(0, 0) = Θ(1/n) > 0

(see (2.14)), and on the observation that the variance of ∥γ∥2 is of the same order
as the square of the largest eigenvalue of G0 -avg.

Λn
(0, 0).

We start by recalling from Section 3.2 that, to prove Theorem 3.1 at the critical
temperature, it suffices to show that the conditional law of (γU , c), given ∥γ+c1Λn∥2 =
βcn

d, converges to (ψU , 0), where ψ is the GFF on Zd. By the argument in (3.7), this
is in turn implied by the following refined version of Claim 3.5, which additionally
takes into account intervals I whose boundary contains the discontinuity point 0 of
the constant zero-variable.

Claim 3.6. — Let I ⊂ [0,
√
β] be a proper interval with I =: [a, b], B ⊂ RU be a

bounded Borel set, then for any y ∈ B,

Rn(y, I) =
E
[

1√
βc−∥γ̂y∥2/nd

1(βc−b2,βc−a2)

(
∥γ̂y∥2

nd

)]
2E
[

1√
βc−∥γ∥2/nd

1[0,βc)

(
∥γ∥2

nd

)] n→∞−−−→ 1
21{a=0},(3.13)

and (3.5) holds for Rn(y, I).

We first discuss the case a > 0, in which we can work with the original expression
for the ratio Rn(y, I), while relying on two auxiliary results proven first below.
Namely, that P[∥γ∥2 < βcn

d](3) is uniformly bounded away from zero (see the proof

(3) Note that P[∥γ∥2 < βcnd] = P[Xn < Tn] ⩾ P[X < T ]/2 for all n sufficiently large by Claim A
and since T = limn Tn.
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of the case a = 0), i.e., there exists δ > 0 such that for all n sufficiently large,
P[∥γ∥2 < βcn

d] ⩾ δ, and that

(3.14) Var[∥γ̂y∥2] = Var[∥γ∥2] +O
(
n2
(
n1{d=3} + log n1{d=4} + 1{d⩾5}

))
= (1 + o(1)) Var[∥γ∥2]

= Θ
(
n41{d=3} + nd log n1{d=4} + nd1{d⩾5}

)
,

Proof of Claim 3.6 for a > 0 assuming (3.14) and lim infn P[∥γ∥2 < βcn
d] ⩾ δ. —

Observe that

lim sup
n→∞

sup
y∈B

Rn(y, I) ⩽
√
βc lim supn supy∈B P

[
∥γ̂y∥2

nd < βc − a2
]

2a lim infn P
[

∥γ∥2

nd < βc − a2
](3.15)

⩽

√
βc

2aδ lim sup
n→∞

sup
y∈B

P
[∥γ̂y∥2

nd
< βc − a2

]
.(3.16)

Furthermore, similarly to (3.11), we obtain that
E[∥γ̂y∥2] = G0 -avg.

Λn
(0, 0)un + o(nd/2)(3.17)

uniformly in y ∈ B; recall that un = |U c|. Therefore, by Chebyshev’s inequality
and (3.14), we further have

lim sup
n

sup
y∈B

P
[
∥γ̂y∥2

nd
< βc − a2

]
⩽ lim sup

n
sup
y∈B

Var[∥γ̂y∥2]
n2d(a2/2)2 = 0.

This proves both (3.5) and (3.13), and thus, completes the proof in the case a > 0. □

Observe that the a > 0 case implies that value of b ∈ (a,
√
βc] is irrelevant,

thus, without loss of generality, we can assume that b2 = βc. So, hereinafter let
a = 0, b2 = βc, and write simply Rn(y) for this choice of the interval I.

Next, we define the following variables:

Xn := ∥γ∥
2 − E[∥γ∥2]√
Var[∥γ∥2]

, X̂n := ∥γ̂
y∥2 − E[∥γ̂y∥2]√

Var[∥γ̂y∥2]
;

Tn := βcn
d − E[∥γ∥2]√
Var[∥γ∥2]

, T̂ n := βcn
d − E[∥γ̂y∥2]√
Var[∥γy∥2]

.

Using them, we can rewrite Rn(y) in view of (3.14) as

Rn(y) = 1 + o(1)
2

E
[

1√
T̂ n−X̂n

1{X̂n<T̂ n}

]
E
[

1√
Tn−Xn

1{Xn<Tn}
] .

Moreover, note that (3.17) combined with (2.13) and (2.14) implies that both Tn

and T̂ n converge to the same finite limit T (depending on d): for d ⩾ 4, T = 0; for
d = 3, T > 0. As for X̂n and Xn, we have the following.

Claim A. — Xn and X̂n converge in law to the same non-trivial real random
variable X. For d ⩾ 4, X is a standard normal random variable.
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Claim B. — There exists a constant M = M(B, d) > 0 such that, for all suffi-
ciently large n and all y ∈ B, the densities of X̂n and Xn are bounded by M .

Proof of Claim 3.6 for a = 0 assuming (3.14) and Claims A and B. — Using
Claims A–B and applying Portmanteau theorem to the upper/lower semicontinuous
functions x 7→ 1√

x
1{x⩾ε} and x 7→ 1√

x
1{x>0}, respectively, for ε > 0 arbitrary small

such that ε < T (d = 3)/2, we obtain that

lim sup
n→∞

E

 1√
T̂ n − X̂n

1{X̂n<T̂ n}

 ⩽ 2M
√
ε+ E

[
1√

T −X
1{X<T −ε}

]
;

lim sup
n→∞

sup
y∈B

E

 1√
T̂ n − X̂n

1{X̂n<T̂ n}

 ⩽ 2M
√
ε+ 1√

ε
;

lim inf
n→∞

E
[

1√
Tn −Xn

1{Xn<Tn}

]
⩾ E

[
1√

T −X
1{X<T }

]

⩾ E
[

1√
T −X

1{X<T −ε}

]
.

Since X is non-trivial and of mean zero, the probability of it being non-positive is
strictly positive. Hence, if d = 3, since T −ε > 0 in this case, there exists an absolute
(independent of ε < T/2) constant p > 0 such that

E
[

1√
T −X

1{X<T −ε}

]
∧ P[X < T ] ⩾ p.

Existence of such a constant for d ⩾ 4 even though T (d ⩾ 4) = 0 is clear since X is
standard Gaussian. Thus, for all n sufficiently large,

Rn(y) ⩽ 1 + o(1)
2

(
1 + 2M

√
ε

p

)
;

sup
y∈B

Rn(y) ⩽
2M
√
ε+ 1√

ε

p
.

This proves (3.5); and by taking ε > 0 much smaller than p, we conclude that Rn(y)
is less or equal to 1/2 in the limit. By reversing the roles of the numerator and
denominator, we derive that Rn(y) is bounded from below by 1/2. □

The proof of the critical-temperature regime is thus complete, provided (3.14) and
Claims A–B are verified. We so proceed to discuss the remaining proofs of (3.14)
and Claims A–B. Our arguments for the latter will significantly differ for d ⩾ 4 and
d = 3.

Proof of (3.14). — Using the eigenvalue representation (3.12), we easily observe
that Var[∥γ̂y∥2] = 2∑un−1

k=1 (µ2
k + 2hk(y)2µk). By (2.9), (2.15), and (3.11),

µ1∥h(y)∥2 ≪ Θ
(
n41{d=3} + nd log n1{d=4} + nd1{d⩾5}

)
= 2

un−1∑
k=1

µ2
k
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uniformly over y in a fixed bounded set. Combined with (2.13), this further implies
that

1
2 Var[∥γ̂y∥2] =

un−1∑
k=1

µ2
k +O

(
n2
(
n1{d=3} + log n1{d=4} + 1{d⩾5}

))
;

un−1∑
k=1

µ2
k = Trace(Ξ2) = 1

2 Var[∥γ∥2] + A1 + A2 + A3,

where Λ̂n = [−n/2, n/2)d ∩ Zd and

A1 :=
∑

x,y∈Uc

G0 -avg.
Λn

(x, y)2 − 1
2 Var[∥γ∥2] = −2

∑
x∈Uc,
z∈U

G0 -avg.
Λn

(x, z)2

= O
((
n1{d=3} + log n1{d=4} + 1{d⩾5}

))
;

A2 :=
∑
z,z′,

w,w′∈U
x,y∈Uc

G0 -avg.
Λn

(x, z) G0 -avg.
Λn

|−1
U2(z, z′) G0 -avg.

Λn
(z′, y)

×G0 -avg.
Λn

(y, w) G0 -avg.
Λn

|−1
U2(w,w′) G0 -avg.

Λn
(w′, x)



= O
((∫ n

1
r4−2drd−1dr

)2
)

= O
(
n21{d=3} + log2 n1{d=4} + 1{d⩾5}

)
;

A3 := −2
∑

z,z′∈U
x,y∈Uc

G0 -avg.
Λn

|−1
U2(z, z′) G0 -avg.

Λn
(x, y) G0 -avg.

Λn
(y, z) G0 -avg.

Λn
(z′, x)

= O

 ∑
x ̸=y∈Λ̂n\{0}

|x|2−d|y|2−dd(x, y)2−d



= O

2
∑

x∈Λ̂n\{0}

|x|4−2d
∑

y∈Λ̂n\{0,x}
|y|⩾|x|

d(x, y)2−d


= O

n2 ∑
x∈Λ̂n\{0}

|x|4−2d

 = O
(
n2
(
n1{d=3} + log n1{d=4} + 1{d⩾5}

))
.

In conclusion, as desired

Var[∥γ̂y∥2] = Var[∥γ∥2] +O
(
n2
(
n1{d=3} + log n1{d=4} + 1{d⩾5}

))
= (1 + o(1)) Var[∥γ∥2]. □

Proof of Claims A and B for d ⩾ 4

The key observation in this case is the following.
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Claim C. — The densities of Xn and X̂n
(4) converge uniformly towards the

density function of a standard normal random variable.

The proof of this result is based on Proposition 3.3 (note that for d = 3 even
Lindeberg’s condition fails) and the eigenvalue representation (3.12). Before proving
Claim C, we explain how it yields Claims A–B. Note that by the eigenvalue decom-
position we can write X̂n as a sum of two independent random variables Pn + Ln,
where Pn is the “good” part treated in Claim C and Ln is the sum of the remaining
|U | terms. Then, by Claim C, Pn converges in law to a standard normal random
variable and its density is uniformly bounded. Note that

Ln =
∑un

un−|U | µk(Y 2
k − 1) + 2hk(y)√µkYk√
Var[∥γ̂y∥2]

.

Since these µk’s are uniformly bounded and ∥h(y)∥ by (3.11) is growing slower than
any polynomial, it is straightforward to verify that Ln admits a density function
and converges almost surely to zero. This implies that Ln + Pn converges in law to
a standard Gaussian variable (Claim A) and that the density of X̂n is uniformly
bounded as a convolution of a bounded function and an integrable non-negative
(with unit L1-norm) function (Claim B).

Proof of Claim C. — We check that the required assumptions of Proposition 3.3 are
satisfied by Yn := ((hk(y) +√µkYk)2−µk−hk(y)2)un−|U |−1

k=1 contributing to X̂n, and
thus, also by ( 1

ηk
(Y 2

k −1))nd

k=2 contributing toXn, since the latter can be recovered from
the former by setting h(y) ≡ 0 and U = ∅. More precisely, we consider independent
families (Yn)n that form a triangular array. For better readability, we do not use
double-indexing for the elements of each Yn.

The first assumption of the proposition can be directly deduced from the
corresponding verification in the high-temperature regime since the eigenvalues
(µk)un−|U |−1

k=1 of Ξ and (1/ηk)nd

k=2 of G0 -avg.
Λn

are uniformly bounded away from zero.
The second condition (up to reordering which will be done for the verification of the
fourth criterion) is clear since σ2

k = 2µ2
k + 4hk(y)2µk <∞.

From this point on, the index k refers to the original ordering, while k̃ denotes
the ordering by decreasing variance. Recall that Lindeberg’s condition (the third
condition of the proposition) follows from Lyapunov’s condition, which in our setting
for δ = 2 appears as

1
s4

n

un−|U |−1∑
k=1

E
[(

(hk(y) +√µkYk)2 − µk − hk(y)2
)4
]

n→∞−−−→ 0,

(4) up to removing the last |U | terms in the eigenvalue decomposition (3.12) of X̂n containing µun−q

for 1 ⩽ q ⩽ |U |
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where s2
n = ∑un−|U |−1

k=1 (2µ2
k + 4hk(y)2µk) = 2(1 + o(1))∑un−|U |−1

k=1 µ2
k by (3.11). We

observe that this convergence indeed takes place since

un−|U |−1∑
k=1

E
[(

(hk(y) +√µkYk)2 − µk − hk(y)2
)4
]

⩽ c
un−|U |−1∑

k=1

(
µ4

k + µ2
khk(y)4 + µ3

khk(y)2
)

⩽ c

un−|U |−1∑
k=1

µ4
k + µ2

1∥h(y)∥4 + µ3
1∥h∥

2

,
and by (2.9), (2.15), and (3.11), for d ⩾ 4, this is of orderO(n81{d⩽7}+nd log n1{d=8}+
nd1{d⩾9}), while s4

n = Θ(n8(log n)21{d=4} + n2d1{d⩾5}).
For the fourth criterion, consider the set J = {σ2

k : k ⩽ un − |U | − 1 such that
|hk(y)| > 1/ log n} (there are at most log n∥h(y)∥2 such indices k). Notice that since
(µk)k⩽un−|U |−1 are uniformly bounded away from zero and σ2

k = 2µ2
k + 4µkhk(y)2, the

order of the variances on the complement of J will be determined by the order of
µk’s. Furthermore, elements of J after reordering can only be sent forward or remain
at their place. Hence, for any L ⩾ 1,{

σ2
k : k ⩾ L

}
\ J ⊂

{
σ2

k̃ : k̃ ⩾ L
}
\ J ⊂

{
σ2

k : k ⩾ L− 2|J |
}
\ J.

Let ε ∈ (0, 1) be fixed but arbitrarily small. We choose the constants as follows:
• for d ⩾ 5, let l∗ = l∗ := inf{l ⩾ εnd : l − 2|J | /∈ J, l ∈ Z}, K = K(ε) a large

constant depending only on ε;
• for d = 4, let l∗ := inf{l ⩾ εnd : l − 2|J | /∈ J, l ∈ Z}, l∗ := inf{l ⩾ nd−ε :
l − 2|J | /∈ J, l ∈ Z}, K(n) = nε.

Note that l∗, l∗ can at most be equal to the reference value (either εnd or nd−ε) plus
|J | = o(nδ) for any δ > 0. Moreover, for L ∈ {l∗, l∗},{

σ2
k : k ⩾ L

}
\ J ⊂

{
σ2

k̃ : k̃ ⩾ L
}
⊂
{
σ2

k : k ⩾ L− 2|J |
}
.

This implies that the l∗th element of the reordered sequence (σ2
k̃
)k̃ is smaller or equal

to σ2
l∗−2|J | (of the original order).

We first verify the assumptions of the fourth criterion for d ⩾ 5. By (2.9) and (2.15),
for un − |U | − 1 ⩾ k ⩾ l∗ − 2|J |, k /∈ J , 0 < c∗ ⩽ µk = Θ(n2/k2/d) = Θ(1) ⩽
µl∗−2|J | ⩽ c∗ < ∞, σ2

k = 2µ2
k + 4µkhk(y)2 = Θ(1) uniformly. Thus, for Zk =

(hk(y) +√µkYk)2 − µk − hk(y)2, Z ∼ N (0, 1),
∑un−|U |−1

k̃⩾l∗
E
[
Z2

k̃
1{|Zk̃|>K}

]
∑un−|U |−1

k̃⩾l∗
σ2

k̃

⩽

∑un−|U |−1
k⩾l∗−2|J |,k /∈J E

[
Z2

k1{|Zk|>K}
]

+ |J |σ2
l∗−2|J |∑un−|U |−1

k⩾l∗,k /∈J σ2
k

⩽

∑un−|U |−1
k⩾l∗,k /∈J E

[
Z2

k1{|Zk|>K}
]

+ 3|J |σ2
l∗−2|J |∑un−|U |−1

k⩾l∗,k /∈J σ2
k
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⩽

E

(Z2 − 1)21{
µl∗−2|J|Z2+

2√
µl∗−2|J|
log n

|Z|>K

}∑un−|U |−1
k⩾l∗,k /∈J µ2

k

2∑un−|U |−1
k⩾l∗,k /∈J µ2

k

+
4µ1∥h(y)∥2 + 1

log n
4
√

3∑un−|U |−1
k⩾l∗,k /∈J µ

3/2
k + o(n)

2∑un−|U |−1
k⩾l∗,k /∈J µ2

k

⩽
1
2E
[
(Z2 − 1)21{Z2+|Z|>K/(2c∗)}

]
+ o(n3−d) + Θ

(
1

log n

)
can be made arbitrarily small by choosing K > c∗ sufficiently large. Furthermore,∑un−|U |−1

k̃⩾l∗
σ2

k̃

s2
n

⩾

∑un−|U |−1
k⩾l∗,k /∈J σ2

k

s2
n

⩾

∑un−|U |−1
k=εnd+n 2µ2

k

Θ(nd)

⩾
Θ
(
n4∑un−|U |−1

k=εnd+nd/2 k
− 4

d

)
Θ(nd) =

(
1− ε d−4

d

)
Θ(1);

un − |U | − 1− l∗
σ2

l∗,reorder. ∨K2 ⩾
un − |U | − 1− l∗
σ2

l∗−2|J | ∨K2 = Θ(nd)≫ log(nd).

This completes the verification of all required conditions for d ⩾ 5.
For d = 4, the argument proceeds analogously. Using (2.9) and (2.15), we obtain:∑un−|U |−1

k̃⩾l∗
σ2

k̃

s2
n

⩾

∑un−|U |−1
k⩾l∗,k /∈J σ2

k

s2
n

⩾
Θ
(∑un−|U |−1

k=2nd−ε n4/k
)

Θ(n4 log n) =
Θ
(
log
(

un

nd−ε

))
Θ(log n) = εΘ(1);

un − |U | − 1− l∗
σ2

l∗,reorder. ∨K(n)2 ⩾
un − |U | − 1− l∗
σ2

l∗−2|J | ∨K(n)2 = Θ
(

nd

(n4/(εnd)4/d) ∨ n2ε

)
= Θ(nd−2ε)≫ log(n4 log n);∑un−|U |−1

k̃⩾l∗
E
[
Z2

k̃
1{|Zk̃|>K(n)}

]
∑un−|U |−1

k̃⩾l∗
σ2

k̃

⩽

∑un−|U |−1
k⩾l∗,k /∈J E

[
Z2

k1{|Zk|>K(n)}
]

+ 3|J |σ2
l∗−2|J |∑un−|U |−1

k⩾l∗,k /∈J σ2
k

⩽
1
2E
(Z2 − 1)21{

Z2+|Z|> K(n)
2µl∗−2|J|

}

+
Θ
(
n2∥h(y)∥2 +

∑un
k⩾l∗

µ
3/2
k

log n
+ |J |σ2

l∗−2|J |

)
εΘ(n4 log n)

= 1
2E
(Z2 − 1)21{

Z2+|Z|> nε

Θ(nε/2)

}+ Θ
(

1
log2 n

)
. □

The latter is arbitrarily small.

Proof of Claims A and B for d = 3

Proof of Claim B. — The statement can be verified fully analogously to Claim 3 in
the low-temperature regime (see Section 3.2) using eigenvalue representation (3.12)
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once we notice that for µ ∈ {µ1, µ2, η
−1
2 , η−1

3 } and v ∈ {Var[∥γ̂y∥2],Var[∥γ∥2]}:
µ/
√
v = Θ(1) uniformly in n. The latter is due to the above observations that

µ, η−1 = Θ(n2) and the variances are of order Θ(n4). □

Proof of Claim A. — Recall that if a sequence of random variables (Xn)n possesses
moment generating functions (MGF) (Mn) that are finite on a common open interval
around zero, (−a, a) for a > 0, i.e., Mn(u) <∞ for all n ∈ N, u ∈ (−a, a), and there
exists 0 < b < a and a finite-valued function M defined on [−b, b] such that for any
u ∈ [−b, b], M(b) = limn Mn(b), then there exists a random variable X, which is the
distributional limit of (Xn)n, its MGF is finite on [−b, b] and coincides with M on
this interval (cf. [Cur42, Theorem 3]). Using this fact it suffices to prove that the
MGFs (Mn)n and (M̂n)n of (Xn)n and (X̂n), respectively, converge pointwise for all
|x| ⩽ b < min( 1

2
√

2 ,
1
4η2

√
Var[∥γ∥2]) (for all n sufficiently large) to some finite (on

[−b, b]) function M , unequal to a constant function 1 (that is the limiting law is not
that of a constant 0).

First, note that by (2.9), we have η2
2 Var[∥γ∥2] = 2∑nd

k=2 η
2
2/η

2
k ∼ c

∑
k k

−4/3 −→
c′ > 0 as n→∞. Thus, a suitable b > 0 can be chosen as required.

Next, we find explicit expressions for the MGFs of X̂n and Xn. To this end, let
t ∈ [−b, b] and recall that the MGF of (Z + µ)2 for a standard normal variable Z is
given by exp( µ2x

1−2x
− 1

2 log(1 − 2x)) for all x < 1/2. Combined with the eigenvalue
representation (3.12) of X̂n and the fact that Var[∥γ̂y∥2] = 2(1 + o(nε−1))∑un−1

k=1 µ2
k,

this yields

M̂n(t) = exp
−t un−1∑

k=1

µk√
Var[∥γ̂y∥2]

− 1
2

un−1∑
k=1

log
1− 2tµk√

Var[∥γ̂y∥2]


× exp

t un−1∑
k=1

hk(y)2√
Var[∥γ̂y∥2]

((
1− 2tµk√

Var[∥γ̂y∥2]

)−1

− 1

︸ ︷︷ ︸
|·|∈[0,3)

)

︸ ︷︷ ︸
|·|∈
[

0,3b∥h(y)∥2/
√

Var[∥γ̂y∥2]
)

(3.11)
⊂ (0,o(nε−1))



= (1 + o(nε−1)) exp
 ∞∑

l=2

1
2l

( √
2t

1 + o(nε−1)

)l un−1∑
k=1

(
µ2

k∑un−1
p=1 µ2

p

)l/2

︸ ︷︷ ︸
=:fn(l)



for any ε ∈ (0, 1). Here, we additionally used that

0 < 2|t|µk√
Var[∥γ̂y∥2]

⩽
(1 + o(1))2bµ1√

Var[∥γ∥2]
<

1 + o(1)
2 η2µ1 ⩽

1 + o(1)
2 <

3
4

for all n sufficiently large, which follows by (2.15) and (2.9).
In order to show that the limits of the MGFs M̂n and Mn exist and coincide, we first

observe that the sum in fn(l) equals 1 when l = 2. Since moreover µ2
k/
∑un−1

p=1 µ2
p < 1
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for all k, it remains bounded by 1 for all l > 2. Therefore, uniformly in t ∈ [−b, b],

|fn(l)| ⩽ 1
2l

(3
4

)l

.

Since the latter bound is summable, by dominated convergence theorem, we obtain

lim
n→∞

M̂n(t) = exp
 ∞∑

l=2

1
2l (
√

2t)l lim
n→∞

un−1∑
k=1

(
µ2

k∑un−1
p=1 µ2

p

)l/2
.

And analogously,

lim
n→∞

Mn(t) = exp

 ∞∑
l=2

1
2l (
√

2t)l lim
n→∞

nd∑
k=2

 1/η2
k∑nd

p=2 1/η2
p

l/2
.

It thus remains to show that for each fixed l ⩾ 3,

lim
n

∑
k

(
µ2

k∑
p µ2

p

)l/2

= lim
n

∑
k

(
1/η2

k∑
p 1/η2

p

)l/2

,

and that these limits are indeed well-defined. But before turning to proving this,
observe that for l = 2, both sides of the latter expression are equal to 1, which then
suffices to conclude that the limiting distribution of (X̂n) and (Xn)n is non-trivial.

We start by verifying the well-definedness of

lim
n

∑
k

(
1/η2

k∑
p 1/η2

p

)l/2

.

First note that
nd∑

k=2

 1/η2
k∑nd

p=2 1/η2
p

l/2

=
∑

x∈[0,n)∩Zd\{0}

(
1/η2

x∑
y∈[0,n)∩Zd\{0} 1/η2

y

)l/2

=
∑

x∈Λ̂n\{0}

 1/η2
x∑

y∈Λ̂n\{0} 1/η2
y

l/2

,

where ηx = 2∑3
i=1(1 − cos(2πxi/n)) and Λ̂n = [−n/2, n/2)3 ∩ Z3. Let f(n) be an

arbitrary function slowly growing to infinity such that f(n) = o(n), e.g., f(n) =
log(n). Then, using explicit form of ηx and Taylor expanding it, we easily get that∑

y∈Λ̂n\{0}

1
n4η2

y

=
(
1 +O

(
f(n)−1

)) ∑
y∈Λ̂n\{0}
|y|⩽f(n)

1
(2π)4|y|4

+ o(1) n→∞∼
∑

y∈Z3\{0}

1
(2π)4|y|4

.

Fully analogously,

∑
x∈Λ̂n\{0}

(
1

n2ηx

)l
n→∞∼

∑
x∈Z3\{0}

1
(2π)2l|x|2l

,
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which then yields

lim
n→∞

∑
k

(
1/η2

k∑
p 1/η2

p

)l/2

=
∑

x∈Z3\{0}

1
|x|2l

/ ∑
y∈Z3\{0}

1
|y|4

l/2

<∞.

To conclude the proof of the claim, it only remains to show that the ratio

∑
k

(
µ2

k∑
p µ2

p

)l/2/ ∑
k

(
1/η2

k∑
p 1/η2

p

)l/2
n→∞−−−→ 1.

The latter can further be reduced to showing Tn := ∑
k µ

l
k/
∑

k 1/ηl
k ↗ 1 as n tends

to infinity, which is due to the fact that ∑p µ
2
p = 1

2 Var[∥γ∥2] + o(1) = ∑
p 1/η2

p + o(1)
and ∑

k µ
l
k/
∑

k 1/ηl
k ⩽ 1. The former observation follows from the proof of (3.14),

while the latter is a consequence of (2.9) and (2.15) (since the contribution of the
smallest |U | eigenvalues µk to the sum is irrelevant).

Our objective now is to find an alternative expression for Tn in terms of traces of the
zero-average Green’s function and its appropriate principal submatrix. To this end,
note that for k ≪ nd, by the proof of (2.15), we get that µk ⩾ max(ζk − υ1, ζk+|U |),
where ζk is the kth largest eigenvalue of G′ := G0 -avg.

Λn
|Uc×Uc and υ1 is the largest

eigenvalue of A := G0 -avg.
Λn

|Uc×U G
0 -avg.
Λn

|−1
U×U G

0 -avg.
Λn

|U×Uc . We now show that for k ⩽
log3 n: µk = ζk(1 − o(1)) with o(1) uniform in this range of k. First observe that
by (2.9), ζk ⩾ 1/ηk+|U |+1 = Θ(n2/k2/3). A sufficiently good upper bound for υ1 > 0
follows from (2.13):

υ1 ⩽ Trace(A) ⩽ c(U)
∑

x∈Uc,y∈U

G0 -avg.
Λn

(x, y)2 = O(n).

Analogously to the above, this implies that

∑un−1
k=1 (µk/n

2)l∑nd

k=2 1/(n2ηk)l
∼
∑log3 n

k=1 (µk/n
2)l∑log3 n

k=2 1/(n2ηk)l
∼

∑log3 n
k=1 (ζk/n

2)l∑log3 n
k=2 1/(n2ηk)l

∼
∑un

k=1(ζk/n
2)l∑nd

k=2 1/(n2ηk)l
= Trace((G′)l)

Trace((G0 -avg.
Λn

)l)

as n→∞, and that Trace((G′)l) = Θ(n2l).
To show that the latter ratio converges to 1, observe first that (2.13) yields that

there is an absolute constant K > 0 such that for all x, y ∈ Λ̂n, |G0 -avg.
Λn

(x, y)| ⩽
KGZd(x, y). With the convention that xl+1 = x1, we have
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∣∣∣∣Trace
((
G0 -avg.

Λn

)l
)
− Trace((G′)l)

∣∣∣∣
⩽

l∑
k=1

∑
I⊂{1,...,l}

|I|=k

∑
xi∈U :i∈I;
xj∈Uc:j /∈I

l∏
i=1

∣∣∣G0 -avg.
Λn

(xi, xi+1)
∣∣∣

⩽
l∑

k=1
K l

∑
I⊂{1,...,l}

|I|=k

∑
xi∈U :i∈I;
xj∈Uc:j /∈I

l∏
i=1

GZd(xi, xi+1)

⩽
l∑

k=1
K l

(
l

k

) ∑
u∈U

∑
xi∈Λ̂n:i ̸=1

GZd(u, x2)
(

l−1∏
i=2

GZd(xi, xi+1)
)
GZd(xl, u)

⩽ (2l − 1)K l
∑
u∈U

λmax
(
GZd |l−2

Λ̂n×Λ̂n

) ∑
x∈Λ̂n

GZd(u, x)2

⩽ cnλmax
(
GZd |Λ̂n×Λ̂n

)l−2

for an appropriate c = c(l, U) > 0. Furthermore, by Cauchy–Schwarz inequality,

λmax
(
GZd |Λ̂n×Λ̂n

)
⩽ sup

h∈RΛ̂n :∥h∥=1

∑
x,y∈Λ̂n

hxGZd(x, y)hy ⩽ sup
x∈Λ̂n

∑
y∈Λ̂n

GZd(x, y) ⩽ c′n2.

Thus, the ratio of interest Trace((G′)l)/Trace((G0 -avg.
Λn

)l) = 1 +O(n−3) converges to
1 as n tends to infinity. □

Remark 3.7. — As mentioned above, instead of relying on Proposition 3.3 and the
estimate (2.13), which together yield uniform convergence of the probability density
functions of the variables Xn and X̂n to the standard normal density for d ⩾ 4, one
could consider an alternative route via Malliavin calculus [HLN14]. More precisely,
by slightly modifying the proof of Lemma 7.1 in that reference, one can verify the
assumptions of their Corollary 6.6 (cf. Theorem 7.3) for X̂n and Xn in dimensions
d ⩾ 5. For d = 4, however, checking the fifth assumption would require an additional
argument to replace Lemma 7.1, which we expect would resemble the proof of our
Proposition 3.3.

Finally, this alternative approach does not extend to d = 3, as the variables X̂n

and Xn are not Gaussian in the limit.

3.4. Local correlation functions of the Spherical model

The key objective of this section is to prove Corollary 3.2, namely to show that

(3.18) νΛn,β

[∏
x∈U

θix
x

]
n→∞−−−→ E

[∏
x∈U

αix
x

]
,

where
√
βα, as described in Theorem 3.1, is either anm2-massive GFF on Zd if β < βc,

a GFF on Zd if β = βc or a GFF on Zd plus an independent drift
√
β − βcX1Zd with

a Rademacher random variable X if β > βc. Since θU already converges in law to
αU , it suffices to verify the uniform integrability of the variables ∏x∈U θ

ix
x in order to
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conclude (3.18) (see, e.g., [Bil95, Theorem 25.12]). The latter follows instantaneously
from the following:

Lemma 3.8 (Moments of spins of the spherical model). — Let θ be a configuration
of the spherical model on Λn at inverse temperature β > 0. For any p ∈ N0, there
exists a constant Cp > 0, independent of n, such that for all n,

νΛn,β

[
|θ0|2p

]
⩽ Cp.

Indeed, since for a sequence of random variables (Xn) to be uniformly integrable,
it suffices to satisfy the condition supn E[|Xn|2] < ∞; and by generalized Hölder’s
inequality, we have

νΛn,β

[∏
x∈U

|θx|2ix

]
⩽
∏
x∈U

νΛn,β

[
|θx|2ix|U |

]1/|U |
⩽ νΛn,β

[
|θ0|2|U | maxx(ix)

]
⩽ C|U | maxx(ix).

The second to last inequality follows from the fact that spins of the spherical model
on torus are identically distributed.

We now proceed to the proof of Lemma 3.8, which is motivated by [Luk20,
Lemma 3].

Proof. — Recall that by Proposition 2.7,
√
βθ has the same law as any massive

(m2 > 0) GFF ϕ on Λn conditioned on ∥ϕ∥2 = βnd. Therefore,

βpνΛn,β

[
θ2p

0

]
= E

[
ϕ2p

0

∣∣∣ ∥ϕ∥2 = βnd
]
.

Let Q = (qw
x )x,w∈[0,n)d∩Zd be the orthonormal matrix diagonalizing GΛn,m2 , whose

columns are the eigenvectors (qw)w; in particular, we have QTGΛn,m2Q = diag(((m2 +
ηw)−1)w), where (ηw)w∈[0,n)d∩Zd are the eigenvalues of −∆Λn . Let (Zw)w be i.i.d.
standard normal random variables. Then,

ϕ = (ϕx)x∈Λn

law=
 ∑

w∈[0,n)d∩Zd

qw
x

1√
m2 + ηw

Zw


x∈Λn

;

∥ϕ∥2 law=
∑

w∈[0,n)d∩Zd

1
ηw +m2Z

2
w.

Using this, we obtain on the one hand that

βpndp = E
[
∥ϕ∥2p

∣∣∣ ∥ϕ∥2 = βnd
]

=
∑

w1,...,wp

∈[0,n)d∩Zd

E

 p∏
j=1

Z2
wj

m2 + ηwj

∣∣∣∣∣∣
∑
w

Z2
w

ηw +m2 = βnd

.
And on the other hand, by Lemma 2.10,

E
[
ϕ2p

0

∣∣∣ ∥ϕ∥2 = βnd
]

=
∑

w1,...,w2p

∈[0,n)d∩Zd

 2p∏
j=1

q
wj

0

E
 2p∏

j=1

Zwj√
m2 + ηwj

∣∣∣∣∣∣
∑
w

Z2
w

ηw +m2 = βnd



= 1
ndp

∑
w1,...,w2p

∈[0,n)d∩Zd

E

 2p∏
j=1

Zwj√
m2 + ηwj

∣∣∣∣∣∣
∑
w

Z2
w

ηw +m2 = βnd

.
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Since the conditional law of (Zw/
√
m2 + ηw)w, given ∑w∈[0,n)d∩Zd

1
ηw+m2Z

2
w = βnd, is

symmetric in each coordinate, it is invariant under sign flips. Therefore, any product
involving an odd power of some Zw vanishes under the conditional expectation, and
hence,

E
[
ϕ2p

0

∣∣∣ ∥ϕ∥2 = βnd
]
⩽

(2p)!
ndp

∑
w1,...,wp

∈[0,n)d∩Zd

E

 p∏
j=1

Z2
wj

m2 + ηwj

∣∣∣∣∣∣
∑
w

Z2
w

ηw +m2 = βnd


= (2p)!βp.

This concludes the proof, establishing the uniform moment bound νΛn,β[θ2p
0 ] ⩽

(2p)! = Cp. □

4. The infinite spin-dimensionality distributional limit of the
spin O(N) model

This section studies the “local” infinite spin-dimensionality limit (N →∞) of the
spin O(N) model both on the finite domain (the discrete d-dimensional torus Λn

for d ⩾ 2) and in the subsequent infinite-volume limit (n → ∞). More precisely,
we prove the following two theorems corresponding to these respective cases that
combined with Scheffé’s lemma yield Theorem 1.2 in the introduction.

Theorem 4.1 (N →∞ limit of the spin O(N) model on a finite torus). — Let
Λn = Td

n and S = (Sx)x∈Λn be a configuration of the spin O(N) model at inverse
temperature β > 0. For any M ∈ N, the density function of SM := (Si

x)i=1,...,M
x∈Λn

converges as N →∞ to that of an M -vectorial massive GFF on Λn scaled by 1/
√
β

with the mass m2
n depending on β, d, and n in such a way that

GΛn,m2
n
(x, x) = β for all x ∈ Λn.(4.1)

or more explicitly(5) , m2 is the unique solution to
1

m2
nn

d
+ 1
nd

∑
x∈[0,n)d∩Zd\{0}

1
m2

n + 2∑d
k=1(1− cos(2πxk/n))

= β.(4.2)

Theorem 4.2 (Infinite-volume N → ∞ limit of the spin O(N) model). — For
each n,N ∈ N, let S = (Sx)x∈Λn be a configuration of the spin O(N) model on Λn

at inverse temperature β > 0. Set βc := GZd(0, 0). Then, for any M ∈ N and a finite
set U ⊂ Zd (considered as a subset of Λn for each n), SM

U := (Si
x)i=1,...,M

x∈U converges
in law as N →∞ followed by n→∞ towards:

(1) β < βc: an M -vectorial massive GFF on Zd restricted to U scaled by 1/
√
β

with the mass m2 depending on β and d in such a way that
GZd,m2(x, x) = β for all x ∈ Zd;

(5)This follows from the fact that the trace of a matrix equals the sum of its eigenvalues and
Lemma 2.10.
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(2) β = βc: an M -vectorial GFF on Zd restricted to U scaled by 1/
√
β;

(3) β > βc: an M -vectorial GFF on Zd restricted to U scaled by 1/
√
β plus an

independent constant random drift of the form
√

β−βc

β
Z

M1U with Z
M being

an M -dimensional standard normal vector.

4.1. The infinite spin-dimensionality limit on the torus

This subsection is concerned with the infinite spin-dimensionality limit of the spin
O(N) model on the discrete torus, and in particular proves Theorem 4.1. Since n ∈ N
is fixed throughout this section, we write Λ := Td

n for brevity.
Before proceeding to the proof, let us quickly discuss the strategy. First, by Propo-

sition 2.8, we know that for any m2-massive N -vectorial GFF ϕ with m2 > 0,

Law
(
S

M
)

= Law
ϕM

√
β

∣∣∣∣∣∣ |ϕx| =
√
βN, ∀ x ∈ Λ

,
where ϕM denotes the first M components and ϕrest the remaining N−M components
of ϕ. Thus, for any ξ := (ξx)x∈Λ ∈ (RM)|Λ|, we have the following equality of densities
with respect to Lebesgue measure on RM |Λ|:

(4.3) f
S

M (ξ) = f
ϕ̄M
√

β

∣∣∣(|ϕx|)x=
(√

βN

)
x

(ξ) = f ϕ̄M
√

β

(ξ)
f(|ϕx

rest|2)x
((βN − β|ξx|2)x)

f(|ϕx|2)x
((βN)x) .

Since by the central limit theorem,(
|ϕx|2 − E[|ϕx|2]√

N

)
x∈Λ

=
(
|ϕx|2 −NGΛ,m2(0, 0)√

N

)
x∈Λ

(and similarly for ϕrest) converges to a centered nd-dimensional Gaussian vector, we
expect that, by choosing m2 = m2

n as in (4.1), the above ratio converges to one,
which would complete the proof. Motivated by this discussion, we state and prove
(see Appendix A.1) the following result, which can be seen as a multidimensional
generalization of [GK68, Chapter 8, Section 46, Theorem 1].

Proposition 4.3. — Let (X i)i be a sequence of i.i.d. square-integrable, centered
random vectors with probability density function (with respect to Lebesgue measure
on Rk) f : Rk → R. Assume that

(1) f ∈ Lr(Rk) for some r ∈ (1, 2];
(2) The covariance matrix C of X1 = (X1

j )k
j=1 is positive definite.

Then the relation

nk/2f (n)
(√

nv
)

n→∞−−−→ 1
(2π)k/2

√
detC

e− 1
2(v,C−1v)

holds uniformly over v ∈ Rk. Here, f (n) is the n-fold convolution of f , as well as the
density function of ∑n

i=1 X
i.
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Proof of Theorem 4.1. — Choose m2 > 0 as in (4.2). Then,
E[(ϕi

x)2] = GΛ,m2
n
(x, x) = β.

We start by checking that the i.i.d. vectors ((ϕi)2 − β := ((ϕi
x)2 − β)x∈Λ)i satisfy

assumptions of Proposition 4.3. As for property (2), it is clear that the entries of C
are well-defined since we work with squares of Gaussians and that C is positive semi-
definite as a covariance matrix. Furthermore, vTCv = 0 if and only if ⟨v, (ϕi)2−β⟩ =∑

x∈Λ vx((ϕi
x)2 − β) = 0 almost surely, which in turn is true only for v = 0 ∈ RΛ. To

verify (1), we derive a formula for the density function f of ((ϕ1
x)2− β)x∈Λ and show

that it belongs to Lr(Rnd) for any r ∈ [1, 2). Let fϕ be the density function of an
m2

n-massive GFF on Λ, then for any t = (tx)x∈Λ ∈ RΛ

f(t) =
∏

x∈Λ

1
2
√
tx + β

 ∑
(kx)x∈{0,1}nd

fϕ

((
(−1)kx

√
tx + β

)
x

)
1{∀x : tx+β>0}.

Recall that the eigenvalues of (−∆Λ +m2
n) belong to [m2

n,m
2
n +4d] (see Lemma 2.10).

Therefore,

f(t) ⩽ 2nd

(2π)nd/2
√

detGΛ,m2
n

∏
x∈Λ

(
1

2
√
tx + β

e− 1
2 m2

n(tx+β)1{tx+β>0}

)
.

From this explicit formula we directly see that f ∈ Lr(Rnd) for any r ∈ [1, 2).
Having verified the assumptions of Proposition 4.3, we now apply it to the ratio

in (4.3).

f(|ϕx
rest|2)x

((βN − β|ξx|2)x)
f(|ϕx|2)x

((βN)x)

=
(

N

N −M

)nd/2
×

(N −M)nd/2f(|ϕx
rest|2−(N−M)β)x

(√
N −M

(
βM−β|ξx|2√

N−M

)
x

)
Nnd/2f(|ϕx|2−Nβ)x

(
√
N(0)x)

N→∞−−−→ 1.
□

4.2. The infinite-volume limit: N →∞ followed by n→∞

In this subsection we discuss the subsequent infinite-volume limit of the model
and prove Theorem 4.2.

Taking the limit N → ∞ first significantly simplifies the problem. Indeed, by
Theorem 4.1, we know that for any fixed sufficiently large n ∈ N and finite U ⊂ Zd

(viewed as a subset of Λn), the marginal SM
U := (Si

x)i=1,...,M
x∈U converges in law as

N →∞ to
1√
β
ϕ

M

U := 1√
β

(ϕi
x)i=1,...,M

x∈U ,

where ϕM

U is an m2
n-massive M -vectorial GFF on Λn restricted to U , with m2

n deter-
mined by (4.2). Since the fields (ϕi)i are i.i.d. centered Gaussian vectors, it suffices
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to verify that the covariance matrix of a single coordinate process converges to that
of the limiting field.

Proof of Theorem 4.2 (Convergence of the covariance structure). — Recall that
the critical inverse temperature βc ∈ (0,∞] corresponds to GZd(0, 0). In particular,
βc = ∞ if d = 2, βc ∈ (0,∞) for d ⩾ 3. Let us have a closer look at (4.2): using
Riemann sum approximation, for m2 > 0 if d = 2, or m2 ⩾ 0 if d ⩾ 3, we get

(4.4) 1
nd

∑
x∈[0,n)d∩Zd\{0}

1
m2 + 2∑d

k=1(1− cos(2πxk/n))

n→∞∼
∫

(0,1)d

1
m2 + 2∑d

k=1(1− cos(2πxk))
dx = GZd,m2(0, 0).

If β < βc, this implies that (m2
n)n—solutions to (4.2)—converge to m2 > 0, the

unique solution to GZd,m2(0, 0) = β. Combined with the fact that GΛn,m2(x, y) →
GZd,m2(x, y) for all x, y ∈ U , this completes the proof in this case.

Suppose that β > βc (d ⩾ 3). By (4.4), we see that in the limit the sum in (4.2)
can be at most βc. Hence, m2

n must be of order Θ(1/nd). Since all the non-zero
eigenvalues of −∆Λn are at least of order Ω(1/n2),

1
nd

∑
x∈[0,n)d∩Zd\{0}

1
m2

n + ηx

= 1−O(n2−d)
nd

∑
x∈[0,n)d∩Zd\{0}

1
ηx

n→∞∼ βc.

Therefore, m2
n = 1+o(1)

(β−βc)nd , where the o(1) term is uniform in large n. Let
(qw)w∈[0,n)d∩Zd be the orthonormal eigenvectors of −∆Λn corresponding to the eigen-
values (ηw)w∈[0,n)d∩Zd . In particular, q0

x = 1√
nd

for any x ∈ [0, n)d ∩ Zd. For any
x, y ∈ U , we have

(4.5) GΛn,m2
n
(x, y) =

∑
w∈[0,n)d∩Zd\{0}

1
m2

n + ηw

qw
x q

w
y + q0

xq
0
y

1
m2

n

= (1− o(1))
 ∑

w∈[0,n)d∩Zd\{0}

1
ηw

qw
x q

w
y + (β − βc)


= (1− o(1))

(
G0 -avg.

Λn
(x, y) + (β − βc)

)
n→∞−−−−−−−−−→

unif. in x, y ∈ U
GZd(x, y) + (β − βc),

where G0 -avg.
Λn

is the zero-average Green’s function on Λn. We conclude by observing
that (GZd(x, y)+(β−βc))x,y∈U is the covariance matrix of the sum of the GFF on Zd

restricted to U and a Gaussian field of the form (
√
β − βcZ)x∈U , where Z ∼ N (0, 1)

is independent of the GFF.
Let β = βc. By (4.4), we see that for any ε > 0, there exists n0 such that for all

n ⩾ n0, 0 < m2
n < ε. Combined with (2.3), this implies that for any δ ∈ (0, 1),

GZd,ε(x, y) n→∞←−−−−−−
unif. over U

GΛn,ε(x, y) ⩽ GΛn,m2
n
(x, y) ⩽ GΛn, min(m2

n,n−2−δ)(x, y).
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As ε → 0, GZd,ε(x, y) converges to GZd(x, y) uniformly in x, y ∈ U . Moreover,
analogously to (4.5), by (4.2)

GΛn,min(m2
n,n−2−δ)(x, y) = (1− o(1))G0 -avg.

Λn
(x, y) + 1

min(m2
n, n

−2−δ)nd

= (1− o(1))G0 -avg.
Λn

(x, y) +O(n2+δ−d)

+
(
βc −

1−O(m2
nn

2)
nd

G0 -avg.
Λn

(0, 0)
)
1{m2

n⩽n−2−δ}

n→∞−−−−−−−−−→
unif. in x, y ∈ U

GZd(x, y)

Hence, GΛn,m2
n

converges uniformly over U × U to GZd as desired. □

5. Fine estimates for the zero-average Green’s function

This section is dedicated to the proof of Theorem 2.13. For reader’s convenience,
we restate it here.

Theorem 5.1. — Let d ⩾ 3, n ∈ N, and recall that Λn = Td
n. The zero-average

Green’s function G0 -avg.
Λn

satisfies the following:
(1) There exists C = C(d) > 0 such that for all n sufficiently large and y ∈

[−n/2, n/2)d ∩ Zd,

(5.1)
∣∣∣G0 -avg.

Λn
(0, y)−GZd(0, y)

∣∣∣ ⩽ Cn2−d.

In particular, for |y| = Θ(n) as above, G0 -avg.
Λn

(0, y) = O(n2−d).
(2) For d = 3 and any x ∈ Zd,

(5.2) G0 -avg.
Λn

(x, x)−GZd(x, x) = Θ(n2−d) < 0 uniformly for large n.

The proof of Theorem 5.1 is divided into two parts, each verifying one of the above
statements. The proof of the estimate (5.1) is given in Subsection 5.1 and mainly
follows the argument verifying (2.12) in [Abä19, Proposition 1.5], but with much
higher precision. As for (5.2), we first obtain the following key ingredient (proven in
Section 5.2), which is then used to derive the desired result in the proof below.

Proposition 5.2. — Let d = 3. Consider Û := (∂[−⌊n/2⌋, ⌊n/2⌋]d) ∩ Zd, and
let U be its canonical projection onto Λn. There exists an absolute constant c∗ <

32/3

2(4π)2/3
(6) such that

sup
y∈U

G0 -avg.
Λn

(0, y) ⩽ c∗

n
(5.3)

for all n sufficiently large.

(6)We believe that the optimal constant is non-positive.
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Proof of (5.2) assuming Proposition 5.2. — Let x = 0, Û and U be as in Propo-
sition 5.2. Then, since the random walk on torus killed upon entering U and the
one on Zd (started in the interior of Û) killed on Û have the same law, by (2.11)
and (2.7):

G0 -avg.
Λn

(0, 0) = GUc,0(0, 0) + E0
0

[
G0 -avg.

Λn
(XHU

, 0)
]
− 1

2dnd
E0

0[HU ](5.4)

= GZd(0, 0)− E0,Zd

0

[
GZd(XHU

, 0)1{HU <∞}
]

+ E0
0

[
G0 -avg.

Λn
(XHU

, 0)
]
− 1

2dnd
E0

0[HU ]

= GZd(0, 0)− E0,Zd

0 [GZd(XHU
, 0)](5.5)

+ E0
0

[
G0 -avg.

Λn
(XHU

, 0)
]
− 1

2dnd
E0,Zd

0 [HU ]

(cf. [DH18, (15)]). By the optional sampling theorem, using that under P0,Zd

0 , |Xk|2−k
is a martingale and HU is integrable,

(5.6) E0,Zd

0 [HU ] = Θ(n2) = E0,Zd

0

[
|XHU

|2
]

(c.f. [Law13, (1.21)]). By [Law13, Theorem 1.5.4], we further know that for d ⩾ 3,

(5.7) GZd(0, x) ∼ C(d)|x|2−d with C(d) = 1
2d
d

2Γ
(
d

2 − 1
)
π−d/2.

By plugging in (5.6), (5.7), and Proposition 5.2, into (5.5), and noticing that |XHU
| ∈

[⌊n/2⌋,
√

3n/2], we obtain

G0 -avg.
Λn

(0, 0)−GZ3(0, 0) ⩽ − inf
r∈
[
⌊n

2 ⌋,
√

3n
2

]
(
C(3)
r

+ 1
6n3 r

2
)

+ c∗

n

=
(
c∗ −

(3C(3))2/3

2

)
1
n

= − 1
n

(
32/3

2(4π)2/3 − c∗

)
=: −c∗∗

n

with an absolute constant c∗∗ > 0, as desired. The infimum is attained at

r = (3C(3))1/3n =
( 3

4π

)1/3
n ∈

[
n

2 ,
√

3n
2

]
. □

5.1. Proof of (5.1): Polynomial decay of zero-average Green’s function

This subsection proves (5.1), namely that for d ⩾ 3, there exists C = C(d) > 0
such that for all n sufficiently large and y ∈ Λ̂ := [−n/2, n/2)d ∩ Zd,∣∣∣G0 -avg.

Λ (0, y)−GZd(0, y)
∣∣∣ ⩽ Cn2−d.

Here and in what follows, we write Λ := Td
n for brevity.
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Proof of (5.1). — Recall that (see Proposition 2.12),

2dG0 -avg.
Λ (0, y) =

∫ ∞

0

(
P0

Λ[X t = y]− 1
nd

)
dt,

where X = (X t)t⩾0 is the continuous-time simple random walk on Λ viewed as
a graph. To obtain the desired estimate we follow the strategy of the proof of [Abä19,
Proposition 1.5] corresponding to our (2.12) and split the above integral approxi-
mately at the time X reaches equilibrium (the uniform distribution). More precisely,
as in the reference (with N = n in our setting), for

λ∗ := 1
d

(1− cos(2π/n)) n→∞∼ 2π2

dn2

(the spectral gap of X) and t∗ := log(nd)
λ∗

by [LP17, Theorem 20.6],∫ ∞

t∗

∣∣∣∣P0
Λ[X t = y]− 1

nd

∣∣∣∣dt ⩽ ∫ ∞

t∗
e−λ∗tdt = 1

λ∗nd
= Θ(n2−d).

The remaining part of the integral will be treated similarly to the referenced proof
but with higher precision tailored to our setting. Note that∫ t∗

0

(
P0

Λ[X t = y]− 1
nd

)
dt

=
∫ t∗

0

∞∑
k=0

P0
Λ[Nt = k]P0

0[Xk = y]dt− t∗
nd
∈
t∗+
√

4t∗ log(nd)∑
k=0

P0
0[Xk = y]

∫ t∗

0

tke−t

k! dt− t∗
nd

+
[
0,
∫ t∗

0
P0

Λ[Nt > t∗ +
√

4t∗ log(nd)]dt
]
.

Here Nt is the number of jumps of (Xs)s up to time t. We now show that
∫ t∗

0 P0
Λ[Nt >

t∗ +
√

4t∗ log(nd)]dt = o(n2−d) as n → ∞. For t ∈ (0, t∗) by exponential Markov’s
inequality,

(5.8) P0
Λ

[
Nt > t∗ +

√
4t∗ log(nd)

]
⩽ inf

λ>0
exp

(
t(eλ − 1)− λ

(
t∗ +

√
4t∗ log(nd)

))
⩽ exp

(
t∗ inf

λ>0

[
(eλ − 1)− λ

(
1 +

√
4λ∗

)])
= exp

(
t∗

[√
4λ∗ − log

(
1 +

√
4λ∗

)
︸ ︷︷ ︸

⩾
√

4λ∗−4λ∗/2

(
1 +

√
4λ∗

)])

⩽ exp
(
−2t∗λ∗(1− o(1))

)
⩽ (nd)−3/2.

And thus,
∫ t∗

0 P0
Λ[Nt > t∗ +

√
4t∗ log(nd)]dt ⩽ t∗n

−3d/2 = Θ(n2−3d/2 log(n)) = o(n2−d)
as desired. Furthermore, for 0 ⩽ k ⩽ t∗ +

√
4t∗ log(nd) =: t′∗,

P0
0[Xk = y] =

∑
v∈Zd:

dZd (0,y+nv)⩽t′
∗

P0,Zd

0 [Xk = y + nv].
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We split the latter sum into two parts:√
t′∗Cd

√
log(nd) ⩽ dZd(0, y + nv) ⩽ t′∗ and dZd(0, y + nv) ⩽

√
t′∗Cd

√
log(nd)

for some Cd > 0 to be determined later. We show that the contribution of the former
fragment of the sum to ∑t′

∗
k=0 P0

0[Xk = y]
∫ t∗

0
tke−t

k! dt can be made as small as o(n2−d)
if Cd is chosen appropriately (the lower bound is clearly zero). For some appropriate
absolute (depending only on the dimension) constants c, c′, r0 > 0, R0 <∞,

t′
∗∑

k=0

∫ t∗

0

tke−t

k! dt︸ ︷︷ ︸
⩽t∗

∑
v∈Zd:
√

t′
∗Cd

√
log(nd)⩽

dZd (0,y+nv)⩽t′
∗︸ ︷︷ ︸

⩽c(t′
∗/n)d

P0,Zd

0 [Xk = y + nv]

⩽ P0,Zd

0

[
⌊t′

∗⌋max
k=0

dZd(0, Xk) ⩾
√
t′∗Cd

√
log(nd)

]
t∗c(t′∗/n)d︸ ︷︷ ︸

=Θ(n2+d logd+1(n))

⩽ c′n2+d logd+1(n)P0,Zd

0 ⩽ P0,Zd

0

[
⌊t′

∗⌋max
k=0
|Xk| ⩾ (Cd/d)

√
t′∗ log(nd)

]
⩽ c′n2+d logd+1(n)R0e

−r0(Cd/d)2 log(nd) = Θ
(
n2+d−r0C2

d/d logd+1(n)
)
.

The last inequality (and in particular, existence of r0, R0 as above) follows from [LL10,
Proposition 2.1.2(b)]. By choosing Cd such that Cd > d

√
2/r0, say, Cd = (2d/√r0)∨1,

we get that the latter expression is o(n2−d).
It remains to bound

In :=
t′
∗∑

k=0

∑
v∈Zd:dZd (0,y+nv)

⩽Cd

√
t′
∗ log(nd)

P0,Zd

0 [Xk = y + nv]
∫ t∗

0

tke−t

k! dt− t∗
nd
.

First observe that
∫ t∗

0
tke−t

k! dt = P[Pois(t∗) ⩾ k + 1] (by definition of the upper in-
complete gamma function and explicit expression of Poisson cumulative distribution
function in terms of it). Therefore,

In ⩽
t′
∗∑

k=0

∑
v∈Zd:dZd (0,y+nv)

⩽Cd

√
t′
∗ log(nd)

P0,Zd

0 [Xk = y + nv]− t∗
nd
,

but also

In ⩾ P
[
Pois(t∗) ⩾ t∗ −

√
4t∗ log(nd)

]

×
t∗−
√

4t∗ log(nd)∑
k=0

∑
v∈Zd:dZd (0,y+nv)

⩽Cd

√
t′
∗ log(nd)

P0,Zd

0 [Xk = y + nv]− t∗
nd
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⩾ (1− n−3d/2)
t∗−
√

4t∗ log(nd)∑
k=0

∑
v∈Zd:dZd (0,y+nv)

⩽Cd

√
t′
∗ log(nd)

P0,Zd

0 [Xk = y + nv]− t∗
nd
.

In the latter inequality we have used that fully analogously to (5.8), P[Pois(t∗) <
t∗ −

√
4t∗ log(nd)] ⩽ n−3d/2. Define pk : Rd → R by pk(x) := 2( d

2πk
)d/2e− d|x|2

2k and
write x ↔ k if k and x have the same parity, i.e., if k + x1 + · · · + xd is even.
Set further Ek(x) := (P0,Zd

0 [Xk = x] − pk(x))1{k↔x}. By [Law13, Lemma 1.5.2],
|x|α∑k⩾0|Ek(x)| |x|→∞−−−−→ 0 for every α < d. Note that for y ∈ Λ̂ and v ∈ Zd \ {0},
|y + nv| = Ω(n) ⩾ n/2. Altogether, this implies that for t ∈ {t′∗, t∗ −

√
4t∗ log(nd)}

and α ∈ (d− 2, d),

t∑
k=0

∑
v∈Zd:dZd (0,y+nv)

⩽Cd

√
t′
∗ log(nd)

P0,Zd

0 [Xk = y + nv]

=
t∑

k=1

∑
v∈Zd\{0}:dZd (0,y+nv)

⩽Cd

√
t′
∗ log(nd)

pk(y + nv)1{k↔y+nv}

︸ ︷︷ ︸
=:Jn(t)

+
t∑

k=0
P0,Zd

0 [Xk = y]±Θ((log n)d)o(n−α)︸ ︷︷ ︸
=o(n2−d)

.

Claims. —

(1) 0 ⩽ 2dGZd(0, y)−∑t
k=0 P

0,Zd

0 [Xk = y] ⩽ o(n2−d).
(2) |Jn(t)− t∗

nd | = O(n2−d).

Note that combined with the above arguments these claims would imply the desired
result. Indeed, by the above and since GZd(0, y) is finite for all y ∈ Zd,

−O(n2−d) + (1− n−3d/2)
(
Jn +

t∑
k=0

P0,Zd

0 [Xk = y]
)
− t∗
nd︸ ︷︷ ︸

⩾2dGZd (0,y)−O(n2−d)

⩽ 2dG0 -avg.(0, y)

⩽ O(n2−d) + Jn −
t∗
nd

+
t∑

k=0
P0,Zd

0 [Xk = y]︸ ︷︷ ︸
⩽2dGZd (0,y)+O(n2−d)

.

Hence, |G0 -avg.(0, y)−GZd(0, y)| = O(n2−d).
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Proof of Claim 1. — Recall that 2dGZd(0, y) = ∑
k⩾0 P

0,Zd

0 [Xk = y]. There-
fore, it only remains to check that the tail (k ⩾ t) of this sum decays at rate
o(n2−d). This follows almost immediately from the following three observations:
pk(y) ⩽ C(d)r− d

2 , |Ek(y)| ⩽ O(k− d
2 −1) by [Law13, Theorem 1.2.1(1.10)] and t =

Ω(n2 log n), which together imply that the tail is bounded by
∫∞

Cn2 log n(r− d
2 −1+r− d

2 ) ⩽
O(n2−d/(log n) d

2 −1) = o(n2−d) as d ⩾ 3. □

Proof of Claim 2. — We first show that the contribution of k < εn2 terms (for
any 0 < ε < 1

4) is O(n2−d). Indeed, since R+ ∋ r 7→ pr(z) is increasing on (0, |z|2)
for any z ∈ Rd and |y + nv|2 ⩾ n2

4 for v ∈ Zd \ {0},
εn2∑
k=1

∑
v∈Zd\{0} : dZd (0,y+nv)

⩽Cd

√
t′
∗ log(nd)

pk(y + nv) ⩽
∑

v∈Zd\{0} : dZd (0,y+nv)
⩽Cd

√
t′
∗ log(nd)

∫ 2εn2

1
2
(

d

2πr

)d/2

e− d|y+nv|2
2r dr

⩽
∑

v∈Zd\{0} : dZd (0,y+nv)
⩽Cd

√
t′
∗ log(nd)

cd|y + nv|2−d
∫ ∞

d|y+nv|2
4εn2

s
d
2 −2e−sds

⩽ c̃dn
2−dε2− d

2
∑

v∈Zd\{0} : dZd (0,y+nv)
⩽Cd

√
t′
∗ log(nd)

∣∣∣∣yn + v
∣∣∣∣−2
e− d

4ε
| y

n
+v|2

⩽ c′
dn

2−dε2− d
2

d∏
i=1

 2C̃d log n∑
vi=−2C̃d log n

e− d
4ε( yi

n
+vi)2


⩽ c′′

dn
2−dε2− d

2

(∫
R
e− d

4ε
x2dx+ 1

)d

= ĉdn
2−dε2− d

2 .

In the third line we used that for all x > 1,∫ ∞

x
sd/2e−sds ⩽ xd/2−2e−x

1 +
⌊d/2⌋∑
k=2

k∏
j=2

(
d

2 − j
).

Note also that there exists an absolute constant c > 0 such that for all |z| ⩽
2Cd

√
t′∗ log(nd), t′∗ ⩾ s ⩾ εn2:

p⌊s⌋(z)/ps(z) ∈
(

1− c log2 n

ε2n2 , 1 + c
log2 n

ε2n2

)
.

Since |y + nv| ⩽ dZd(0, y + nv) ⩽ d|y + nv|, and 1
2pk is the density function of

N (0, k
d

Idd), this yields that

Jn(t) ≶a

(
1± c log2 n

ε2n2

)∫ t

εn2
ds
∫

Bd

(
−y
n

,aCd

√
t′
∗ log(nd)

n2

)
\[− 1

2 , 1
2)d

ps

(
n
(

y
n

+ ⌊v⌋
))

2 dv +O(n2−d),
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= n2

nd

(
1± c log2 n

ε2n2

)∫ t
n2

ε
dr
∫

Bd

(
−y
n

,aCd

√
t′
∗ log(nd)

n2

)
\[− 1

2 , 1
2)d

pr

(
y
n

+ ⌊v⌋
)

2 dv +O(n2−d)

where ⌊v⌋ ∈ Zd stands for the point on the grid Zd such that v ∈ ⌊v⌋+ [−1/2, 1/2)d

and ≶a here means that Jn(t) ⩽ r.h.s. with a = 2, non-negative O(n2−d) and + in
1 ± c log2 n

ε2n2 and Jn(t) ⩾ r.h.s. for a = 1/(2d) with O(n2−d) = 0 and − in 1 ± c log2 n
ε2n2 .

Observe that

0 ⩽
n2

nd

∫ t
n2

ε
dr
pr

(
y
n

)
2 ⩽ Cd

n2

nd

∫ t
n2

ε
r− d

2 dr ⩽ O(n2−d).

Therefore, we can add
[
−1

2 ,
1
2

)d
back to the integral by adding −O(n2−d) to the

lower bound of Jn(t), for the upper bound other than that nothing changes. Using
first less precise bounds, we further show that

(5.9) Jn(t) = n2

nd

∫ t∗
n2

ε
dr
∫
Rd

pr

(
y
n

+ ⌊v⌋
)

2 dv +O(n2−d).

By the mean-value theorem, for any v ∈ Bd(−y
n
, 2Cd

√
t′
∗ log(nd)

n2 ), there exists cv ∈ [0, 1]
such that

∣∣∣∣pr

(
y

n
+ ⌊v⌋

)
− pr

(
y

n
+ v

)∣∣∣∣
⩽ pr

(
y

n
+ (1− cv)v + cv⌊v⌋

)d∣∣∣ y
n

+ (1− cv)v + cv⌊v⌋
∣∣∣

r
|v − ⌊v⌋|

⩽ e
d

2r
c2

v |v−⌊v⌋|2pr

(
1√
2

(
y

n
+ v

))
d3/2

∣∣∣ y
n

+ v
∣∣∣+√d
r

⩽ cd(ε)pr

(
1√
2

(
y

n
+ v

))∣∣∣ y
n

+ v
∣∣∣+ 1
r

.

Furthermore, for any C > 0, 0 < s ⩽ t′∗,

P
[
∥N (0, (s/d) Idd)∥ ⩾ C

√
t′∗ log(nd)

]
⩽ P

[
∥N (0, Idd)∥ ⩾ C

√
d log(nd)

]
⩽ 1− P

[
|N (0, 1)| ⩽ C

√
log(nd)

]d

⩽ 1−
(
1− n−dC2)d

= O(n−dC2).
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Hence, for R := aCd

√
t′
∗ log(nd)

n2 ,

∫
Bd(−y

n
,R)

pr

(
y
n

+ ⌊v⌋
)

2 dv

=
∫

Bd(0,R)

pr(u)
2 du± cd(ε)

r
O
(∫

Bd(0,R)

pr(u/
√

2)(|u|+ 1)
2 du

)

= P[∥N (0, (r/d) Idd)∥ ⩽ R]± cd(ε)
r
O(1 + E[∥N (0, (r/d) Idd)∥])

= 1−O
(
n−dC2

d

)
± 1√

r
O(1)

and analogously,
∫

Bd(−y
n

,R)c

pr

(
y
n

+ ⌊v⌋
)

2 dv

= P[∥N (0, (r/d) Idd)∥ ⩾ R](1 +O(1/r))

± 1
r
O
(
E
[
∥N (0, (r/d) Idd)∥2

]1/2
P[∥N (0, (r/d) Idd)∥ ⩾ R]1/2

)
= O

(
n−dC2

d/2
)(

1± 1√
r

)
where we additionally used Cauchy inequality. This in turn implies that

log2 n

nd

∫ t
n2

ε
dr
∫

Bd(−y
n

,R)
pr

(
y
n

+ ⌊v⌋
)

2 dv = O
(
t

n2
log2 n

nd

)
= o(n2−d);

n2

nd

∫ t
n2

ε
dr
∫

Bd(−y
n

,R)c

pr

(
y
n

+ ⌊v⌋
)

2 dv = O
(
n−dC2

d/2 t

nd

)
= o(n2−d);

n2

nd

∫ t
n2

t∗
n2

dr
∫

Bd(−y
n

,R)
pr

(
y
n

+ ⌊v⌋
)

2 dv = O
(
t− t∗
nd

)
= o(n2−d).

Hence, (5.9). Note that the above arguments as well imply that |Jn(t) − t∗
nd | =

O(n2−d
√

t∗
n2 ) = O(n2−d

√
log n).

We now prove that |Jn(t)− t∗
nd | = O(n2−d). By Taylor’s theorem for multivariate

functions, for k ∈ Zd, x := y
n

+ k and u,w ∈ B := [−1/2, 1/2)d:

pr(x) = pr(x+ u)− uT∇pr(x)− uT
∫ 1

0
(1− t)D2pr(x+ tu)dt u.

Note that the second term on the right-hand side is symmetric w.r.t. the origin as a
function in u. Hence, if we integrate both sides w.r.t. u and w over B,

pr(x)−
∫

B
pr(x+ u)du+

∫
B

∫
B

∫ 1

0
(1− t)uTD2pr(x+ tu+ w) u dtdudw

=
∫

B

∫
B

∫ 1

0
(1− t)uT

(
D2pr(x+ tu+ w)−D2pr(x+ tu)

)
u dtdudw.
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since |B| = 1. Observe that (D2pr(z))i,j = (d
r
)2pr(z)(zizj − r

d
δi,j) with the maximal

eigenvalue (d
r
)2pr(z)(|z|2 − r

d
) and the remaining ones equal to −d

r
pr(z). Thus, since

r > ε > 0,∣∣∣∣∫
B

∫ 1

0
(1− t)uTD2pr(z + tu) u dtdu

∣∣∣∣
⩽
∫

B

∫ 1

0
|u|2

(
d

r

)2

pr(z + tu)
(

2|z|2 + 2|u|2 + r

d

)
dtdu

⩽

(
d

r

)2
d

4

(
2|z|2 + d

2 + r

d

)∫
B

∫ 1

0
e

d
2r

t2|u|2pr

(
z√
2

)
dtdu

⩽

(
d

r

)2(
2|z|2 + d

2 + r

d

)
cd(ε)pr

(
z√
2

)
.

The latter as a function in z is clearly integrable, hence, by Fubini’s theorem
∑

x∈ y
n

+Zd

(∫
B
pr(x+ u)du−

∫
B

∫
B

∫ 1

0
(1− t)uTD2pr(x+ tu+ w) u dtdudw

)

=
∫
Rd
pr(z)dz −

∫
B

∫ 1

0
(1− t)uT

∫
Rd
D2pr(z + tu)dz u dtdu = 2.

Here we also used that 1
2pr(z) is a density function of N (0, r

d
Idd) and so,∫

Rd
pr(z)

(
zizj −

r

d
δi,j

)
= 2

(
r

d
δi,j −

r

d
δi,j

)
= 0.

Moreover, by the mean-value theorem, for any i, j ⩽ d, z ∈ Rd,∣∣∣∣(D2pr(z + w)−D2pr(z)
)

i,j

∣∣∣∣ ⩽ sup
c∈[0,1]

∣∣∣∇(D2pr)i,j(z + cw)
∣∣∣|w|

=
(
d

r

)3

sup
c∈[0,1]

pr(z + cw)

∣∣∣∣∣∣
− ∏

l∈{i,j,k}
(z + cw)l + r

d

∑
l∈{i,j,k}

(z + cw)lδ{i,j,k}\{l}


k

∣∣∣∣∣∣|w|
⩽

(
d

r

)3

pr

(
z + w√

2

)√
d

2 sup
c∈[0,1]

e
d

2r
(1−c)2|w|2

(
|z + cw|3 + 3

√
d
r

d
|z + cw|

)

⩽ C(d, ε)
(
d

r

)3

pr

(
z + w√

2

)(
|z + w|3 + |z + w|2 + r

d
|z + w|+ |z + w|+ r

d
+ 1

)

⩽ C̃(d, ε)
(
d

r

)3

pr

(
z + w√

2

)(
|z + w|3 + r

d
|z + w|+ r

d

)
.

For us, of interest is z = x+ tu. Note that by analogous estimation procedures we
can further conclude that

pr

(
z + w√

2

)(
|z + w|3 + r

d
|z + w|+ r

d

)
⩽ C(d, ε)pr

(
x+ w

2

)(
|x+ w|3 + r

d
|x+ w|+ r

d

)

TOME 9 (2026)



1050 J. ARU & A. KORZHENKOVA

This then yields that

∑
x∈ y

n
+Zd

∫
B

∣∣∣∣∫
B

∫ 1

0
(1− t)uT

(
D2pr(x+ tu+ w)−D2pr(x+ tu)

)
u dtdu

∣∣∣∣dw
⩽ C ′(d, ε)

(
d

r

)3 ∑
x∈ y

n
+Zd

∫
B
pr

(
x+ w

2

)(
|x+ w|3 + r

d
|x+ w|+ r

d

)
dw

⩽ Ĉ(d, ε)
(
d

r

)3(
E
[∥∥∥∥N(0, r

d
Idd

)∥∥∥∥3
]

+ r

d
E
[∥∥∥∥N(0, r

d
Idd

)∥∥∥∥]+ r

d

)
⩽ C(d, ε)r−3/2.

Altogether, this part combined with (5.9) show that

Jn(t) = n2

nd

∫ t∗
n2

ε

(
1±O(1)r−3/2

)
dr +O(n2−d) = t∗

nd
±O(n2−d)

with O(1) uniform in r > ε. This concludes the proof of Claim 2 as desired. □

5.2. Proof of Proposition 5.2: “Boundary” estimate for the zero-average
Green’s function in 3D

In this subsection, we prove Proposition 5.2, namely that for d = 3,

∃ c∗ <
32/3

2(4π)2/3 such that G0 -avg.
Λ (0, y) ⩽ c∗

n
uniformly over y ∈ U,

where U is the canonical projection of Û = (∂[−⌊n/2⌋, ⌊n/2⌋]d) ∩ Zd onto Λ := Td
n.

Proof of Proposition 5.2. — Without loss of generality, due to the symmetries
of the torus, we may assume that y1 ⩾ · · · ⩾ yd ⩾ 0. In particular, since y ∈ Û ,
y1 =

⌊
n
2

⌋
. In Section 5.1 we showed that

2d nd−2G0 -avg.
Λ (0, y) ⩽ d

2π2 + o(1) + cdε
2− d

2 +
∫ t∗

n2

ε
dr

 ∑
k∈Z3

∀i:|ki|⩽Cd log n

qr

(
y

n
+ k

)
− 1

,

where t∗ = d log(nd)
2π2 n2 and qr(x) = ( d

2πr
)d/2e− d|x|2

2r .
We begin by verifying that even if n is odd, we can set y1 = n/2, which would lead

to an error of order at most o(1). Note that since |k1| ⩽ Cd log n, r > ε > 0,

qr

(
y

n
+
( 1

2n, 0, . . . , 0
)

+ k
)

= qr

(
y

n
+ k

)
e

− d
2r

(
1

(2n)2 +(k1+ y1
n ) 1

n

)

= qr

(
y

n
+ k

)(
1 +O

(
log n
εn

))
.
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Since we have already proven in Section 5.1 that ∑k∈Z3 qr( y
n

+ k) ⩽ 1 +O(1)r−3/2 ⩽
c(ε), the above implies that

O
(

log n
εn

)∫ t∗
n2

ε
dr

∑
k∈Z3

∀i : |ki|⩽Cd log n

qr

(
y

n
+ k

)
= O

(
log2 n

n

)
= o(1).

Therefore,

(5.10) 2d nd−2G0 -avg.
Λ (0, y) ⩽ d

2π2 + o(1) + cdε
2− d

2 +
∫ t∗

n2

ε
dr
∑

k∈Z3

qr

(
y∗

n
+ k

)
− 1

,
where y∗

1 = n/2 and the remaining coordinates are the same as of y.
We next show that ∑k∈Z3 qr(y∗

n
+ k) under our previous assumptions on y∗ is

maximized at (n
2 , 0, . . . , 0). For this notice that qr(x) = ∏d

i=1 fr(xi) with fr being
a density function of a centered normally distributed random variable of variance r/d.
Hence,

∑
k∈Z3

qr

(
y∗

n
+ k

)
=

d∏
i=1

∑
l∈Z

fr

(
y∗

i

n
+ l
) =:

d∏
i=1

Fr

(
y∗

i

n

)
.

Note that Fr is a function on a one-dimensional continuous torus T = [−1/2, 1/2]/ ∼
(or alternatively, a periodic function on R). Since furthermore it is in L2(T), by
Carleson’s theorem it coincides with its Fourier series almost everywhere, and thus
by continuity, everywhere. We have

Fr

(
y∗

i

n

)
=
∑
p∈Z

e− r
2d

(2π)2p2 cos
(

2πpy
∗
i

n

)
⩽
∑
p∈Z

e− r
2d

(2π)2p2

with equality reached at y∗
i = 0. So, from now on let y∗ = (n

2 , 0, . . . , 0) (independently
of the value of y ∈ Û).

Let us further investigate the last summand of (5.10). Using the aforementioned
Fourier series and noticing that all of them are absolutely convergent and integrable
as functions of r on the interval (ε,∞), we get

I :=
∫ t∗

n2

ε
dr
(∑

k∈Z3

qr

(
y∗

n
+ k

)
− 1

)

=
∫ t∗

n2

ε
dr
 ∑

w∈Z2\{0}
e− r

2d
(2π)2|w|2

(
1− 2

∞∑
l=1

(−1)l−1e− r
2d

(2π)2l2

︸ ︷︷ ︸
∈[0,1] unif. in r>ε

)

− 2
∞∑

l=1
(−1)l−1e− r

2d
(2π)2l2


=:
∫ t∗

n2

ε
h(r)dr.
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Observe that
∫∞

t∗/n2
∑∞

l=1 e
− r

2d
(2π)2l2dr = O(n−1). This implies that

I ⩽
∫ ∞

ε
h(r)dr +O(n−1),

where the integral on the right-hand side by Fubini’s theorem, in turn, equals to

∑
w∈Z2\{0}

∫ ∞

ε
dre− r

2d
(2π)2|w|2

(
1− 2

∞∑
l=1

(−1)l−1e− r
2d

(2π)2l2
)

− 2
∞∑

l=1
(−1)l−1 2d

(2π)2l2
e− ε

2d
(2π)2l2 .

Note furthermore that for a fixed constant M > 0 (to be determined, but independent
of ε),

∑
w∈Z2\{0}
|w|>M/

√
ε

∫ ∞

ε
dre− r

2d
(2π)2|w|2

(
1− 2

∞∑
l=1

(−1)l−1e− r
2d

(2π)2l2

︸ ︷︷ ︸
⩽1

)

⩽
2d

(2π)2

∑
w∈Z2\{0}
|w|>M/

√
ε

e− ε
2d

(2π)2|w|2

|w|2

⩽
2d

(2π)2

(
2π
∫ ∞

M√
ε

dse
− ε

2d
(2π)2s2

s
+ 4

∫ ∞

M√
ε

dse
− ε

2d
(2π)2s2

s2

)

⩽
(2d)2e− M2

2d
(2π)2

(2π)4M2

(
π + 2

√
ε

M

)
.

Altogether,

I ⩽ O
( 1
n

)
+ (2d)2e− M2

2d
(2π)2

(2π)4M2

(
π + 2

√
ε

M

)

+ 2d
(2π)2

∑
w∈Z2\{0}

∀i:|wi|⩽M/
√

ε

e− ε
2d

(2π)2|w|2

 1
|w|2

− 2
M/

√
ε∑

l=1
odd

(
e− ε

2d
(2π)2l2

|w|2 + l2
− e− ε

2d
(2π)2(l+1)2

|w|2 + (l + 1)2

)

− 2 2d
(2π)2

∞∑
l=1
odd

(
e− ε

2d
(2π)2l2

l2
− e− ε

2d
(2π)2(l+1)2

(l + 1)2

)
.
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We can write

1
|w|2

= 2
2 + π|w| tanh

(
π|w|

2

)
− π|w| coth

(
π|w|

2

)
4|w|2 + π

coth
(

π|w|
2

)
− tanh

(
π|w|

2

)
2|w|

= 2
∞∑

k=1

4k − 1
(|w|2 + (2k − 1)2)(|w|2 + 4k2) + π

1
|w| sinh(π|w|)

= 2
∞∑

l=1
odd

(
1

|w|2 + l2
− 1
|w|2 + (l + 1)2

)
+ π

1
|w| sinh(π|w|)

using the following series’ representations (cf. [GR07, 1.217 1, 1.421 2, 1.421 4] for the
formulas and [Dun09] for their derivation) for the hyperbolic trigonometric functions

tanh(x) = 8x
∞∑

k=1

1
π2(2k − 1)2 + 4x2 ∀ x ∈ R;

coth(x) = 2x
∞∑

k=1

1
π2k2 + x2 + 1

x
∀ x ∈ R \ {0}.

Thus far, we have shown that

I ⩽ CM

√
ε+ (2d)2e− M2

2d
(2π)2

(2π)4M2 π

+ 2d
(2π)2

∑
w∈Z2\{0}
|w|⩽M/

√
ε

e− ε
2d

(2π)2|w|22

M/
√

ε∑
l=1
odd

(
1− e− ε

2d
(2π)2l2

|w|2 + l2
− 1− e− ε

2d
(2π)2(l+1)2

|w|2 + (l + 1)2

)

+
∞∑

l=1+M/
√

ε
odd

(
1

|w|2 + l2
− 1
|w|2 + (l + 1)2

) =: A1

+ 2d
(2π)2

∑
w∈Z2\{0}
|w|⩽M/

√
ε

e− ε
2d

(2π)2|w|2π
1

|w| sinh(π|w|) =: A2

− 2 2d
(2π)2

∞∑
l=1
odd

(
e− ε

2d
(2π)2l2

l2
− e− ε

2d
(2π)2(l+1)2

(l + 1)2

)
=: A3.

for an appropriate CM > 0. For the term A3, notice that by Fatou’s lemma

lim inf
ε→0

∞∑
l=1
odd

(
e− ε

2d
(2π)2l2

l2
− e− ε

2d
(2π)2(l+1)2

(l + 1)2

)
⩾

∞∑
l=1
odd

(
1
l2
− 1

(l + 1)2

)
= π2

12 .
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Therefore, for all ε > 0 very small, there exists c(ε) > 0 which converges to 0 as ε
does, such that A3 ⩽ − 2d

(2π)2
π2

6 + c(ε). As for A2,

(2π)2

2d A2 ⩽
∑

w∈Z2\{0}

π

|w| sinh(π|w|) ⩽ 2π
∫ ∞

2
ds πs

s sinh(πs) +
∞∑

k=1

4π
k sinh(πk)

+ 4π
|(1, 1)| sinh(π|(1, 1)|) + 4π

|(2, 2)| sinh(π|(2, 2)|) + 8π
|(1, 2)| sinh(π|(1, 2)|)

⩽ −2π log(tanh(π)) + 4π
sinh(π) +

∫ ∞

1
ds 2π

sinh(πs)

+ 4π
(

1√
2 sinh(π

√
2)

+ 1
2
√

2 sinh(π2
√

2)
+ 2√

5 sinh(π
√

5)

)
= −2π log(tanh(π))− 2 log(tanh(π/2))

+ 4π
(

1
sinh(π) + 1√

2 sinh(π
√

2)
+ 1

2
√

2 sinh(π2
√

2)
+ 2√

5 sinh(π
√

5)

)
.

We have (2π)2

2d
(A2 + A3) ⩽ c′(ε) + 2π(0.2411− π/12) ⩽ c′(ε)− 0.04π.

It remains to estimate A1. We begin by analyzing l 7→ 1−e
− ε

2d
(2π)2l2

|w|2+l2
=: g(l) (of

interest to us are its regions of monotonicity). For l ⩾ 1,

(|w|2 + l2)
2l g′(l) = e− ε

2d
(2π)2l2

(
1 + ε

2d(2π)2(l2 + |w|2)
)
− 1

⩾
(

1− ε

2d(2π)2l2
)(

1 + ε

2d(2π)2(l2 + |w|2)
)
− 1

= −
(
ε(2π)2

2d

)2(
l4 + l2|w|2 − 2d

(2π)2ε
|w|2

)
.

In particular, the subinterval of [1,∞) on which g(l) is decreasing ({l ⩾ 1 : g′(l) < 0})
is therefore included in the range of solutions of the following inequality

l4 + l2|w|2 ⩾
2d

(2π)2ε
|w|2

⇕

l2 + |w|
2

2 ⩾ |w|2
√

2d
(2π)2ε

1
|w|2

+ 1
4

⇕ l ⩾ 1

l ⩾ |w|

√√√√√ 2d
(2π)2ε

1
|w|2

+ 1
4 −

1
2 =: w∗.
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Furthermore, observe that

g(l)− g(l + 1) =
(2l + 1)

(
1− e− ε

2d
(2π)2l2

)
− (|w|2 + l2)

(
e− ε

2d
(2π)2l2 − e− ε

2d
(2π)2(l+1)2

)
(|w|2 + l2)(|w|2 + (l + 1)2)

⩽
2l + 1

(|w|2 + l2)(|w|2 + (l + 1)2) .

Hence, since on {l ⩾ 1 : g′(l) ⩾ 0}, g(l) − g(l + 1) ⩽ 0 (up to a borderline value
of l),

2
M/

√
ε∑

l=1
odd

(
1− e− ε

2d
(2π)2l2

|w|2 + l2
− 1− e− ε

2d
(2π)2(l+1)2

|w|2 + (l + 1)2

)
+2

∞∑
l=1+M/

√
ε

odd

(
1

|w|2 + l2
− 1
|w|2 + (l + 1)2

)

⩽ 2
∞∑

l=w∗−1
odd

2l + 1
(|w|2 + l2)(|w|2 + (l + 1)2)

⩽
∫ ∞

w∗−1

(2x+ 1)dx
(|w|2 + x2)(|w|2 + (x+ 1)2) + C

|w|3
1{

|w|⩾ c√
ε

}
= 1
|w|

[
arctan

(
w∗

|w|

)
− arctan

(
w∗ − 1
|w|

)]
+ C

|w|3
1{

|w|⩾ c√
ε

}
⩽

1
|w|2 + (w∗ − 1)2 + C

|w|3
1{

|w|⩾ c√
ε

}
for appropriate constants c, C > 0. The second summand in the third line comes
from the evaluation of the integrand at its local maximum point (which clearly has
the leading term proportional to |w|(7)) if it is greater or equal to w∗ − 1. Note
further that w∗ − 1 ⩾ w∗(1−

√
cε1/4) for some c > 0 and

|w|2 + w2
∗

(
1−
√
cε1/4

)2
⩾ |w|2

(
1 + (1− c

√
ε)
(√

1
4 + 2d

(2π)2ε

1
|w|2

− 1
2

))

⩾
1
2

(
|w|2 + 21− c

√
ε

1 + c
√
ε

√
2d

(2π)2ε
|w|
)
.

For simplicity set a := 21−c
√

ε
1+c

√
ε

√
2d

(2π)2ε
≈ 2

√
2d

(2π)2ε
. It is now possible to estimate A1,

(2π)2

2d A1 ⩽
∑

w∈Z2\{0}
|w|⩽M/

√
ε

 2
|w|2 + a|w|

+ C

|w|3
1{

|w|⩾ c√
ε

}

⩽ 2π
∫ M√

ε

1

2rdr
r2 + ar

+ 4
∫ ∞

1

2dr
r2 + ar

+ C ′
∫ ∞

c√
ε

rdr
r3 + 8

1 + a

(7)An explicit computation shows that the pre-coefficient of the leading term of the local maximum
point is 1/

√
3.

TOME 9 (2026)



1056 J. ARU & A. KORZHENKOVA

⩽ C
√
ε+ 4π log

(
a+M/

√
ε

1 + a

)
+ 8log(a+ 1)

a

⩽ 4π log
(

1 + 2πM
2
√

2d

)
+ c(ε)

with c(ε)→ 0 as ε→ 0.
To sum up, for all sufficiently large n,

nd−2G0 -avg.
Λ (0, y)

⩽
1− 0.04π + 4π log

(
1 + 2πM

2
√

2d

)
+ π 2d

(2π)2M2 e
− M2

2d
(2π)2

(2π)2 + c(ε) + cdε
2− d

2

with c(ε) > 0 that can be made arbitrarily small by choosing ε > 0 sufficiently small
(but non-zero). Note that since d = 3, the last summand is as well arbitrary small.
Choose M > 0 such that 2πM√

2d
= 1. Then,

□(5.11) nG0 -avg.
Λ (0, y) ⩽ 1− 0.04π + 4π log(3/2) + πe−1

(2π)2 + c(ε) =: c∗ <
32/3

2(4π)2/3 .

Appendix A.

A.1. Multivariate local central limit theorem: Proof of Proposition 4.3

In this subsection, we prove a local central limit theorem for the densities of i.i.d.
random vectors used in the study of the infinite spin-dimensionality limit of the spin
O(N) model.

Proposition A.1. — Let (X i)i be a sequence of i.i.d. square-integrable, centered
random vectors with probability density function (with respect to Lebesgue measure
on Rk) f : Rk → R. Assume that

(1) f ∈ Lr(Rk) for some r ∈ (1, 2];
(2) The covariance matrix C of X1 = (X1

j )k
j=1 is positive definite.

Then the relation

nk/2f (n)(
√
nv) n→∞−−−→ 1

(2π)k/2
√

detC
e− 1

2 (v,C−1v)

holds uniformly over v ∈ Rk. Here, f (n) is the n-fold convolution of f , as well as the
density function of ∑n

i=1 X
i.

The following proof follows the lines of the one for the case k = 1 in [GK68,
Chapter 8, Section 46, Theorem 1]. Note that, deviating from the notation used in
the main body of the paper, we write (x, t) to denote the canonical inner product
on Rk.

Proof. — Let ψ denote the characteristic function of X1, and ψn the characteristic
function of ∑n

i=1 X
i. In particular,

ψ(t) =
∫
Rk
ei(x,t)f(x)dx and ψn(t) =

∫
Rk
ei(x,t)f (n)(x)dx = (ψ(t))n.
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By assumption, f belongs to Lr(Rk) and to L1(Rk), as it is a density function.
Therefore, also f ∈ Lu(Rk) for any u ∈ (1, r). This follows from Hölder’s inequality,
as we now explain. Let θ = r

r−1
u−1

u
∈ (0, 1), p = r−1

u−1 ∈ (1,∞) and p′ = p/(p − 1)
such that 1

p
+ 1

p′ = 1. Then, by Hölder’s inequality,∫
Rk
|f |udx ⩽

∥∥∥|f |uθ
∥∥∥

Lp

∥∥∥|f |u(1−θ)
∥∥∥

Lp′ = ∥f∥r/p
Lr ∥f∥1/p′

L1 <∞.

Let f̂(t) :=
∫
Rk e−2πi(x,t)f(x)dx be the Fourier transform of f . Then, by Hausdorff–

Young inequality (see, e.g., [Gra14, Proposition 2.2.16]) we know that if f ∈ Lp(Rk)
for some p ∈ [1, 2], then f̂ ∈ Lp′(Rk) for p′ = p

p−1 . Thus, the above observations about
f and the fact that f̂(t) = ψ(−2πt) yield that ψ is in Lq(Rk) for any q ⩾ r

r−1 . In
particular, we get that for any n ⩾ r

r−1 , ψn is integrable. Hence, by Fourier inversion,

f (n)(x) = 1
(2π)k

∫
Rk
e−i(x,t)ψn(t)dt,

and thus,

nk/2f (n)(
√
nx) = 1

(2π)k

∫
Rk
e−i(x,t)ψn(t/

√
n)dt.

On the other hand, we know that
1

(2π)k/2
√

det(C)
e− 1

2 (x,C−1x) = 1
(2π)k

∫
Rk
e−i(x,t)− 1

2 (t,Ct)dt.

Therefore, to conclude the proof it suffices to show that

Rn(x) :=
∫
Rk
e−i(x,t)

(
ψn(t/

√
n)− e− 1

2 (t,Ct)
)
dt

converges to zero as n tends to infinity uniformly over x ∈ Rk. By central limit
theorem (multivariate version) and dominated convergence theorem (∥ψn∥L∞ ⩽ 1),
for any r > 0 fixed,∣∣∣∣∣

∫
Bk(0,r)

e−i(x,t)
(
ψn(t/

√
n)− e− 1

2 (t,Ct)
)
dt
∣∣∣∣∣ n→∞−−−→ 0 uniformly over x.

Moreover, by taking r sufficiently large we can make
∣∣∣∫|t|>r e

−i(x,t)− 1
2 (t,Ct)dt

∣∣∣ arbitrarily
small. It remains to treat the term

I :=
∫

|t|>r
e−i(x,t)ψn(t/

√
n)dt,

which we further split into two integrals I1 and I2 over r < |t| ⩽ ε
√
n and |t| > ε

√
n,

respectively, for some ε > 0 small.
We start with I1. By our assumptions, ψ is twice differentiable with

∇ψ(0) = 0, D2ψ(0) = −C.
Hence, by Taylor’s theorem, in the neighbourhood of 0,

ψ(t)− 1 = (∇ψ(0))T t+ 1
2t

T (D2ψ(0))t+ o(|t|2) = −1
2t

TCt+ o(|t|2).
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By assumption, C is positive definite, so it is possible to choose ε > 0 sufficiently
small such that for all |t| ⩽ ε, the remainder of the expansion o(|t|2) is smaller than
1
4t

TCt. Then, |ψ(t)| ⩽ 1− 1
4t

TCt ⩽ e− 1
4 tT Ct and

|I1| ⩽
∫

r<|t|⩽ε
√

n
|ψn(t/

√
n)|dt ⩽

∫
r<|t|⩽ε

√
n
e−n 1

4n
tT Ctdt ⩽

∫
r<|t|

e− 1
4 tT Ctdt.

Thus, by taking r sufficiently large we can make |I1| arbitrarily small.
Finally, we treat I2. Recall that f̂(t) = ψ(−2πt), and thus by Riemann-Lebesgue

lemma (see [Gra14, Proposition 2.2.17]), |ψ(t)| → 0 as |t| → ∞. Moreover, |ψ(t)| < 1
for t ≠ 0. Indeed, suppose first that there exists a non-zero t such that ψ(t) = 1.
Then the following must hold:∫

[1− cos((x, t))]︸ ︷︷ ︸
⩾0

f(x)dx =
∫

[1− sin((x, t))]︸ ︷︷ ︸
⩾0

f(x)dx = 0.

And hence, 1− cos((x, t)) = 0 for f(x)dx-a.e. x, which is clearly impossible unless t
is zero. Suppose now that |ψ(t)| = 1, and consider Z := X1 −X2. Then ψZ(t) = 1,
and we get that for fZ(x)dx-a.e. x, 1− cos((x, t)) = 0. This again implies that t = 0.

Altogether, we proved that there exists c > 0 such that |ψ(t)| < e−c for all |t| > ε.
Thus, for a fixed q > r

r−1 ,

|I2| ⩽ e−c(n−q)
∫

|t|>ε
√

n
|ψ(t/

√
n)|qdt = e−c(n−q)nk/2︸ ︷︷ ︸

n→∞−−−→0

∫
|t|>ε
|ψ(t)|qdt︸ ︷︷ ︸
<∞

. □

A.2. Local CLT for triangular arrays of independent random variables:
Proof of Proposition 3.3

This subsection establishes a local CLT for the normalized sum of independent,
non-identically distributed random variables.

Proposition A.2. — Let (Xi,n)i⩽n,n∈N be a triangular array of independent
centered random variables with the probability density functions fi,n (w.r.t. Lebesgue
measure on R). Assume that

(1) fi,n ∈ Lr(R) for some r ∈ (1, 2] (independent of i, n) such that supi,n∥fi,n∥Lr ⩽
M for some M > 0;

(2) For all i ⩽ n, n ∈ N, σ2
i,n := Var[Xi,n] < ∞ ordered such that σ2

1,n ⩾ · · · ⩾
σ2

n,n;
(3) Lindeberg’s condition is satisfied, that is, for any ε > 0,∑

i⩾1 E
[
X2

i,n1{|Xi,n|>εsn}
]

s2
n

n→∞−−−→ 0,

where s2
n := ∑n

i=1 σ
2
i,n.
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(4) There exist δ > 0 (uniform), K(n) ⩾ 1, l∗(n) ⩾ 1, n ⩾ l∗(n) ⩾ 2⌈ r
r−1⌉ such

that for all n sufficiently large∑
i⩾l∗(n) σ

2
i,n∑n

i=1 σ
2
i,n

⩾ δ;(a)

∑
i⩾l∗(n) E

[
X2

i,n1{|Xi,n|>K(n)}
]

∑
i⩾l∗(n) σ

2
i,n

⩽
1
8;(b)

n− l∗(n)
σ2

l∗,n ∨K(n)2 ≫ log(s2
n).(c)

Then the relation

snf
(n)(snx) n→∞−−−→ 1√

2π
e− x2

2

holds uniformly over R. Here, f (n) is the convolution of f1,n, . . . , fn,n, as well as the
density function of ∑n

i=1 Xi,n. Note that snf
(n)(snx) is the density of the normalized

sum 1
sn

∑n
i=1 Xi,n.

Proof. — Let ψi,n denote the characteristic function of Xi,n, and ψ(n) the char-
acteristic function of ∑n

i=1 Xi,n, ĝ(t) :=
∫
R e

−2πixtg(x)dx be the Fourier transform
of g : R → R (for an appropriate g). By the same argument as in Section A.1,
f̂ i,n, ψi,n ∈ Lq(R) for any q ⩾ r

r−1 . In particular, by Hölder’s inequality, for any fixed
q ⩾ r

r−1 and n ⩾ q,
∥∥∥ψ(n)

∥∥∥
L1

=
∥∥∥∥∥

n∏
i=1

ψi,n

∥∥∥∥∥
L1

⩽
n∏

i=1
∥ψi,n∥Ln <∞.

Hence, by inversion formula theorem, f (n)(x) = 1
2π

∫
R e

−ixtψ(n)(t)dt.
To conclude the proof, it suffices to show that

Dn(x) :=
∫
R
e−ixt

(
ψ(n)(t/sn)− e− t2

2

)
dt

converges to zero as n tends to infinity uniformly over x ∈ R. We first split
Dn into two integrals over |t| ⩽ r and |t| > r for some r > 0 (to be specified
later). By Lindeberg–Feller central limit theorem and dominated convergence theo-
rem (∥ψn∥L∞ ⩽ 1), the former converges to zero as n tends to infinity uniformly in
x ∈ R. By taking r sufficiently large we can also make |

∫
|t|>r e

−ixt− t2
2 dt| arbitrarily

small.
The remaining part

∫
|t|>r e

−ixtψ(n)(t/sn)dt we split into two integrals I1 and I2 over
r < |t| ⩽ δnsn and |t| > δnsn, respectively, for some δn > 0 small (to be chosen later
in dependence of K(n)). By our assumptions, ψ′

i,n(0) = 0 and ψ′′
i,n(0) = −σ2

i,n for all
i, n. Hence, by Taylor’s theorem, in the neighborhood of 0 (|t| ⩽ δn),

ψi,n(t) = 1−
σ2

i,nt
2

2 +Ri,n(t).
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Since eix = 1 + ix − x2

2 + R(x) with |R(x)| ⩽ min(|x|3/6, x2), the remainder term
Ri,n(t) in the above expansion of ψi,n satisfies

|Ri,n(t)| ⩽ 1
6E
[
|tXi,n|31{|Xi,n|⩽K}

]
+ E

[
|tXi,n|21{|Xi,n|⩾K}

]
⩽
Kδn

6 t2σ2
i,n + t2E

[
|Xi,n|21{|Xi,n|⩾K}

]
for any K > 0. In particular, also for K(n) as in the fourth assumption. By choosing
δn = 3

4K(n) > 0, we obtain that |ψi,n(t)| ⩽ 1 − 3
8σ

2
i,nt

2 + t2E[|Xi,n|21{|Xi,n|⩾K(n)}] ⩽
exp(−3

8σ
2
i,nt

2 + t2E[|Xi,n|21{|Xi,n|⩾K(n)}]) for all |t| ⩽ δn. Hence,

|I1| ⩽
∫

r<|t|⩽δnsn

|ψ(n)(t/sn)|dt ⩽
∫

r<|t|⩽δnsn

n∏
i=l∗(n)

e
− 3

8
σ2

i,n

s2
n

t2+t2
E
[

|Xi,n|21{|Xi,n|⩾K(n)}

]
s2

n dt

⩽
∫

r<|t|⩽δnsn

exp
−t2 ∑i⩾l∗(n) σ

2
i,n

s2
n︸ ︷︷ ︸

⩾δ

3
8 −

∑
i⩾l∗(n) E

[
|Xi,n|21{|Xi,n|⩾K(n)}

]
∑

i⩾l∗(n) σ
2
i,n


︸ ︷︷ ︸

⩾1/4

dt

⩽
∫

r<|t|
exp(−t2δ/4)dt

By further increasing r, we can make |I1| arbitrarily small.
We now turn to the remaining I2. Let Mi,n be the median of fi,n(Xi,n), i.e.,

P[fi,n(Xi,n) ⩾Mi,n] ⩾ 1/2 and P[fi,n(Xi,n) ⩽Mi,n] ⩾ 1/2. By [BCG12, Theorem 2],
there exist two absolute constants c1, c2 > 0 such that

|ψi,n(t)| <

1− c1/(M2
i,nσ

2
i,n), |t| ⩾ π/(4σi,n);

1− c2t
2/M2

i,n, 0 < |t| < π/(4σi,n).

Since fi,n(Xi,n) is non-negative, Markov’s inequality implies that for any λ > 0,

P[fi,n(Xi,n) ⩾ λ] ⩽ E[fi,n(Xi,n)r−1]
λr−1 =

∫
f r

i,n(x)dx
λr−1 ⩽

M r

λr−1 ,

which directly implies that 0 <Mi,n ⩽ (2M r)1/(r−1) =: C1/2. Thus, for all i ⩽ n,
n ∈ N:

|ψi,n(t)| <

1− c1/(Cσ2
i,n), |t| ⩾ π/(4σi,n);

1− c2δ
2
n/C, δn < |t| < π/(4σi,n);

and supi⩾l∗(n)|ψi,n(t)| < 1−min(c1/(Cσ2
l∗,n), c2δ

2
n/C) ⩽ e−c′ min(σ−2

l∗,n
,δ2

n) for some c′ > 0
and all |t| ⩾ δn. Thus, for any fixed integer 2⌈ r

r−1⌉ > q > r
r−1 ,

|I2| ⩽ sn

∫
|t|>δn

n∏
i=1
|ψi,n(t)|dt ⩽ e−(n−l∗)c′ min(σ−2

l∗,n
,δ2

n)sn

∫
|t|>δn

q∏
i=1
|ψi,n(t)|dt

⩽ e−(n−l∗)c′ min(σ−2
l∗,n

,δ2
n)sn

q∏
i=1
∥ψi,n∥Lq
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⩽ e−(n−l∗)c′ min(σ−2
l∗,n

,δ2
n)sn

q∏
i=1

(2π)1/q∥fi,n∥Lq/(q−1)

⩽ e−(n−l∗)c′ min(σ−2
l∗,n

,δ2
n)sn2π

q∏
i=1

[
∥fi,n∥r/(q(r−1))

Lr ∥fi,n∥1−r/(q(r−1))
L1

]
⩽ 2πe−(n−l∗)c′ min(σ−2

l∗,n
,δ2

n)snM
r/(r−1) n→∞−−−−−→

unif. in x
0,

where we used Hölder’s and Hausdorff–Young inequalities and the third assumption
(δn = c/K(n)). □
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