Annales Henri Lebesgue PY
9 (2026) 1123-1225

ANNALES
HENRI LEBESGUE

AKSHAT KUMAR

ON A QUANTUM-CLASSICAL
CORRESPONDENCE:

FROM GRAPHS TO MANIFOLDS
SUR UNE CORRESPONDANCE

QUANTIQUE-CLASSIQUE : DES GRAPHES
AUX VARIETES

ABSTRACT. — We establish conditions for which graph Laplacians Ay . on compact, bound-
aryless, smooth submanifolds M of Euclidean space are semiclassical pseudodifferential opera-
tors (UDOs). Specifically, the graph Laplacian’s kernel bandwidth (bias term) /e must decay
faster than the semiclassical parameter h, i.e., h > /€, and we compute the symbol. Coupling
this with Egorov’s theorem and coherent states ¢, localized at (xg, &) € T*M, we show that
with U} _:= e~ VA< gpectrally defined, the (co-)geodesic flow 't on T* M is approximated
by (UL Opy(a)US b, on) = a o T (z0, &) + O(h).

In the discrete setting, for a normalized graph Laplacian Ay . x defined on a set of NV
points 1, ...,z N sampled i.i.d. from a probability distribution with smooth density, we es-
tablish Bernstein-type lower bounds on the probability that ||U} _ yu — Uy .ul[z=~ < § with

U§\7E,N = e"itVAxeN | We apply these bounds to coherent states to show that the geodesic
flow on M can be approximated by matrix dynamics on the discrete sample set. Specifi-
cally, with high probability, the evolved state concentrates at the projected geodesic x; of

Keywords: semiclassical analysis, e-graph Laplacians, microlocal analysis, Egorov’s theorem, Helffer—
Sjostrand formula, Markov chains, concentration inequalities, Tikhonov regularization, discrete-to-
continuous limits, geometry of data.

2020 Mathematics Subject Classification: 81Q20, 81Q35, 58J40, 35505, 60J10, 60E15, 65J20, 62G08.
DOI: https://doi.org/10.5802/ahl.283

(*) Supported by the Sandia LDRD program (SAND2022-12600 O). Sandia National Laboratories is
managed and operated by NTESS, LLC, for the U.S. DOE’s NNSA under contract DE-NA0003525.


https://annales.lebesgue.fr/
https://doi.org/10.5802/ahl.283
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I'(xg,&), satisfying Ct_ll\f Z;\f:l U« n¥n () [Pu(z;) = u(z;) + O(h) for the normalization

e = 050 |US o won (25) -

RESUME. — Nous établissons des conditions sous lesquelles les laplaciens de graphes A .
sur des sous-variétés compactes, sans bord et lisses M de 'espace euclidien sont des opérateurs
pseudo-différentiels semi-classiques (¥DO). Plus précisément, la largeur de bande du noyau
du Laplacien du graphe (terme de biais) /€ doit décroitre plus rapidement que le parameétre
semi-classique h, c’est-a-dire h >> /€, et nous calculons le symbole. En combinant ceci avec le
théoreme d’Egorov et les états cohérents 1, localisés en (xo,&p) € T*M, nous montrons que,
avec Uy  := e~V défini spectralement, le flot (co-)géodésique I'* sur T* M est approché
par (U5 { Opy,(a)U3 4n, ¥n) = a o T (zo, &) + O(h).

Dans le cadre discret, pour un laplacien de graphe normalisé Ay .y défini sur un ensemble
de N points x1,...,xn échantillonnés de maniere i.i.d.a partir d’une distribution de probabilité
a densité réguliere, nous établissons des bornes inférieures de type Bernstein sur la probabilité
que ||Uf  yu — U} ullp~ < 6 avec U y = e~VAx.cn Nous appliquons ces bornes aux
états cohérents pour montrer que le flot géodésique sur M peut étre approximé par une
dynamique matricielle sur I’ensemble d’échantillons discrets. Plus précisément, avec une forte
probabilité, I'état apres évolution se concentre sur la géodésique projetée z; de I'(xq, &),
satisfaisant c;]lv Zjvzl U« n¥n () [Pu(z;) = () + O(h) pour la normalisation ¢; n :=

30 UK e ton ()P
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1. Introduction

Given a pointset Ay = {X;,..., Xy} C RP that is assumed to lie on a sub-
manifold A D Ay, a natural inverse problem asks to approximate the intrinsic
geometry of A, using only this data. Implicitly, there is an isometric embedding
t: M — A CRP of an abstract manifold M, both of which are unknown. Granted
sufficient smoothness, such a reconstruction may consist of: an atlas that is pre-
scribed by intrinsic data, e.g., a system of normal coordinates, or operators that
are intimately tied to the intrinsic geometry, as in the Laplace Beltrami® operator
A, to name a couple of examples related to the study in this paper. Further, the
restriction of functions on A to the pointset may be modeled by identifying A with
the canonical basis in CV, which gives a complex vector space Hy = C. Then, for
example, a vector in Hy may be seen as the restriction to Ay of a linear combination
of N bump functions uy, ..., uy with u;(X;) =1 or 0 and pairwise disjoint supports,
supp u; Nsupp ue = () for all j # £. Hence, the question arises as to how the dynamics
of functions on M can be approximated by dynamics in Hy. In many ways the
geometry of manifolds is intimately tied with dynamics on them and so these two
kinds of problems are interconnected.

Over the last two decades, the theory of graph Laplacians has advanced, giving
convergence rates for the recovery of Ay, from samples Ay drawn from a probability
distribution P supported on A, as N — oo, under various assumptions on M, A, P
and the kernels used to construct the graph Laplacians [LBB08, CGT22, HAVLO05,
Sin06]. A common schema is described in [NLCKO06] as follows: using a positive,
essentially locally supported® smooth function k : R, — R, an averaging matrix
(Aen)je = k(| X; — Xellzn/€) is defined that after row normalisation represents
a Markov chain process in discrete time and space. This normalized matrix A, y
converges in such settings, with high probability as N — oo, to an operator A,
that represents a Markov process in continuous space M and discrete time with
steps of size ¢; its transition probability from x € M to y € M is proportional to
ke(x,y) == k(||e(x) — «(y) ||z /€). The infinitesimal generator of this Markov process
is Ay +O(9') with O(9') denoting terms with differential operators of order at most
one. Further, in the limit ¢ — 0, this Markov process converges to a diffusion process

W 1n the following, we define the Laplace-Beltrami operator to be signed so it is positive semi-
definite: that is, in local coordinates,

AM =

\/7 Z a V |g g a/a

wherein ¢ is the Riemannian metric on M and gM are the (4, ¢) components of the inverse, g~
(2) This means that if k € C™(R.), then there are Ry, ..., R, > 0 such that &’k decays exponen-
tially fast outside of [0, Ry].

1
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1126 A. KUMAR

with the same infinitesimal generator. The (random walk) discrete and continuum
graph Laplacians here are equal, up to a constant factor, to (I —A. n)/e and (I—A,) /e,
respectively, and they give the concrete approximations to the infinitesimal generator.

In this work, we study for smooth, compact, boundaryless manifolds M, with some
basic assumptions on A and P, the inclusion of graph Laplacians in the framework
of semiclassical analysis and switch perspective from diffusion processes to quantum
dynamics. The geometric data we are interested in recovering are the geodesics on M,
which can be cast as projections of the intrinsic (co)-geodesic flow T : T* M — T* M
governed by the Hamiltonian ||, := (g, ¢, ¢ >%, wherein g, is the Riemannian metric
at 2 € M. This Hamiltonian flow is quantized by e V2 _ in that for times |t|
smaller than Ehrenfest time, it moves the support of wavepackets localized at (¢, &)
in phase space T*M to those localized at I'(xg, &), which ultimately leads to a
linear PDEs approach to accessing geodesics. We use the framework of semiclassical
pseudodifferential operators (YDOs) to recover this behaviour with continuum graph
Laplacians in place of Ay and a manifold generalization of coherent states for the
localized wavepackets. Then, we find probabilistic convergence rates so geodesics can
be recovered with matrix dynamics on Hy using discrete graph Laplacians in place
of their continuum counterparts and the restrictions of coherent states to the sample
points Ay. Along the way, we establish consistency between solutions to discrete
wave equations on Ay and solutions to wave equations on M.

The dichotomy in the continuum and discrete settings requires completely different
considerations. In Section 4, we realise continuum graph Laplacians, denoted A .
with A > 0 a normalization parameter (such that A = 0 gives the random walk
continuum graph Laplacian) — following [HAVLO5], we define these in Section 2.2 —
as semiclassical pseudodifferential operators (WDOs). Then, the quantum dynamical
perspective is driven by Egorov’s theorem, which tells more generally that if for
h € [0, ho) with hg > 0, @ is an order one YDO on M with real-valued principal
symbol ¢ € C®(T*M x [0, h),) that generates a Hamiltonian flow ©} : T*M —
T*M on T*M and A is a WDO with symbol a € C®(T*M x [0, hg);,), then the
operator dynamics A; := en'@ Ae~#Q remains pseudodifferential and is, up to lower
order, the quantization of a o @2. In this sense, we say that e '@ quantizes the
flow @Z. To retrieve the flow of symbols from their quantized operators, we make use

of coherent states, which are wavepackets of the form @Zh = e~ 1?(2080) Jgcalized at
(0,&) € T*M with a complex phase ¢ satisfying certain admissibility conditions as

defined in Section 2.4 that say roughly that 1;,1 locally resembles e~ ”-_2;3?"2 e ((=20)0),
The coherent states are essentially Schwartz kernels of a Fourier-Bros-lagolnitzer
(FBI) transform defined on manifolds [WZ01] and since the latter are well-known to
essentially diagonalize WDOs over T* M, we can recover the flow of symbols through
the diagonal matrix elements of DOs in the basis of coherent states. That is, if
Up = Un/||thn]| 12 is a normalized coherent state, then the flow is approximated by
<ﬁt¢h, Yp) 2 in the sense that up to Ehrenfest time

Te(h,piq) =t < T+ Cilog(l/h),

q
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we have |(Aybn, Y2 — a o Ol (w0, &)| < A" for a constant Cy > 0 determined
by the dynamics generated by ¢ and h € (0, hg] (see Section 5). This relationship
between operator dynamics in the space of YDOs and Hamiltonian mechanics on
phase space T*M is an instance of quantum-classical correspondence.

The order one ¥DO hv/Ay, quantizes |¢ 5. and therefore, the geodesic flow is
quantized by U' := e~#VAMm_ which can be defined by spectral theory. While pre-
vious works (e.g., [HAVLO05]) have shown that Ay, = Ay + O(9) 4+ O(e) and it

is certainly true that Egorov’s theorem is agnostic to the O(9') terms since the

semiclassical principal symbol of hy/Axg + O(9) is just [£],,, the method of approx-
imation goes through a Taylor series expansion so that the O(€) term consists of

higher order operators. This indeed raises an issue in both, including h?A, . in the
class of DOs and quantizing the geodesic flow through it, which can briefly be put
as: the semiclassical parameter h > 0 sets the wavelength at which the pseudodif-
ferential calculus resolves functions, so if the diffusion scale (/€ is greater than the
semiclassical wavelength A, then the corresponding symbol is concentrated below this
wavelength and hence, its content goes undetected by the quantization procedure.
This perspective is expounded in more detail and drives the analysis in Section 4.
A perhaps more direct way to see the issue in approximating U’ with Uﬁ,e =

e~tVAxre is the following: it is well-known from microlocal analysis, or indeed dis-
cernible from Egorov’s theorem that U! propagates wavepackets localized in phase
space along geodesics. That is, if the FBI transform (or physically, the Husimi func-
tion, which is its squared modulus) at wavelength h of u, € C*°(M x (0, hg)s) is
localized to a v/h neighbourhood of (z0,&) € T*M, then for ¢t smaller than the
injectivity radius at xg, the Husimi function of U*[u;] is localized to roughly a Vh
neighbourhood of T'(xg, &). On the other hand, by functional calculus, we find that

(1.1) Uy elun] = f(0)up + Axc[Df(Axo)lunll,

wherein f(z) := e~ #V1=2)/¢ for a constant ¢ > 0 and Df := (f(z) — £(0))/z. Recall
that for A = 0, Ap. = A. represents a Markov process with transition probabilities
being close to one in roughly +/e-balls and decaying exponentially outside of them; in
fact, this is true for all A > 0. Therefore, the second term of the right-hand side of (1.1)
will be diffused to at least a /e-ball and we can calculate that the Husimi function
at wavelength h of the Schwartz kernel for Ay : u(-) = [y kre( - v)u(y) p(y)dy,(y)
(we assume P has smooth density p with respect to the volume form v, on M) at
a fixed y € M is localized in phase space to balls of radius roughly h/+/€ around
0 € T;; M for all a, in a neighbourhood of y. Hence, if € 2 h?, then for h sufficiently
small, the Husimi function for Uy [up] will retain the support of its initial condition
at all times, which is in stark contrast to the behaviour of U[uy]. On the other hand,
if € < h?, then the Husimi functions of the two terms on the right-hand side of (1.1)
can interact and there is chance for cancellations to occur.

In Section 4, we find that essentially € < h? is also sufficient for h?A, . to be
a WDO. Its symbol approximates |¢|2 within distance roughly h/y/€ of the zero
section in T*M and outside of this, it is of order zero for any fixed h. Still, as
a semiclassical YDO, this makes the graph Laplacian an order two WDO, but clearly
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1128 A. KUMAR

not elliptic. We find that on application to coherent states vy, due to their localizing
of ¥DOs to v/h-balls in phase space, we can approximately quantize I'* with Uf\7e.
Indeed, in Theorems 4.4 and 5.2 we show under the assumptions:
(1) M is a compact, boundaryless C* manifold and,
(2) P is a probability distribution on A so that with respect to the volume form
v, on M, there is a positive density p := dP o ./dy, € C*,
that the following quantum-classical correspondence holds.

THEOREM A (Quantum-classical correspondence for the graph Laplacian). —
Let A > 0 and h € (0,1]. Then, for all a > 1, h®A, p2+a is a semiclassical YDO
in h°W? as defined in Section 2.3, whose principal symbol q in any fixed neigh-
bourhood of 0 € T*M is |£|2 4 O(h). Furthermore, let 1, be an L* normalized
coherent state localized at (xg,&) € T*M \ 0 and denote by T'* : T* M — T* M the
(co-)geodesic flow. Then, there exist hg > 0 and a constant C, > 0 depending on the
Hamiltonian dynamics generated by q such that for all |t| smaller than Ehrenfest
time Tr(h, p;q) =T + (p/Cy)log(1/h) for T > 0 and p € [0,1/2), we have for all
h € (0, ho] that:

(1) U po+athn is localized in phase space near (x;, &) := I"(x0,&o) at scale pL/2=p
for all p € (p,1/2], in the sense that for any X5 € C>°(T* M) belonging to the
symbol class hOSg as per Section 2.3 and supported outside of a ball around
(x4, &) at this scale, the functions Oph(ﬁﬁxg)UthMwh have L* norm O(h™)
for all € Ny and M € N and,

(2) given a € C°°(T* M) belonging to the symbol class h®S° with its quantization
A = Op,,(a) € hOTY,

(Ushara AUS st 70, €0), (-0, &)}LW) — a0 (g, &) + O(h' ),
These properties are put to use in Section 6, wherein we study the conver-
gence of the discrete counterparts to the preceding constructions in the contin-
uum setting. Namely, the propagator we use is Uie’N = e*it\/ZMvN, which is

defined by functional calculus and acts on Hy equipped with the inner product

(u,v)y = %Zleu(:vj)v(xj) that gives the norm |- ||y := <-,->N. This vector

space structure approaches L*(M, pdy,) as N — 0o, so it becomes important to nor-
malize vectors to reduce the effect of the sampling density p. The matrix Uf\767 N is not
unitary, so the initial state is a time-dependent normalization of the coherent state
Yp, that is, we set Yp,n = U§  nUn/||UX  x¥nllv. Importantly, the probabilistic
consistency rates of the discrete constructions depend on the L*> norm of U§’h2+a Up,
owing to the pointwise consistency results they are based upon (see Section 2). For
this, the phase space localization to within a ball of radius h'/ 2-p gives a stark
improvement over a priori L* bounds from functional calculus: indeed, applying
a frequency cut-off WDO implies that ||Uy y2+athy|| e S h~1/2)7/2 (see Section 6.3).
Then, under the additional assumption that Ay is a set of i.i.d. random vectors
on R? with law P and ¢ has a bounded second fundamental form, in Theorem 6.25
we arrive at the following consistency result.
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THEOREM B (Quantum-classical correspondence for the discrete graph Laplacian).
Let A\ >0, a > 1, (x9,&) € T*M and |t| be smaller than Ehrenfest time Tg(h, p; q)
for p € [0,1/2). Then, for v, a coherent state localized at (xo, &) and given u € C'*>
and p € (p,1/2] a localizing parameter, there are constants hy, C > 0 such that we

have for all h € (0, hg] and € := h*™*,
Nhn(2+3/7) +4€gn+4
Pr <expl| — .
Clif®

As an application of this, we recover in Xy := 7! [Ay] the geodesic flow on M to
times that increase with 1/h. We note at this point that the timeframe is dictated by
the length of time to which the quantum-classical correspondence holds; one way to
characterize this is the duration of time to which coherent states stay localized near
a trajectory, rather than spreading apart. As stated, the Ehrenfest time Tx(h, p; q)
accounts only for the worst-case scenario, in that the constant €y is an upper bound
on the maximal Lyapunov exponent for dynamics near {||,, = [&olg,, } and when this
is positive, we have the log(1/h) scaling for the quantum-classical correspondence.
This is the case, for example, in chaotic dynamics or geodesic flows in the negative
curvature regime. On the other hand, in completely integrable systems such as the
flows on flat tori and surfaces of revolution, the scaling is of order h=1/2%9 for all
d > 0 [BRO2].

Altogether, applying the preceding theorem using coordinate functions with either
local coordinates or the extrinsic coordinates ¢1, ..., tp, we find in Proposition 6.29
that,

> pl=2e

<‘Uf\,e,N¢h,t,N(5Uj)

2,u>N — u(xy)

PROPOSITION C (Observing geodesics: the mean case). — Let 1, be a coherent
state localized at (zo,&) € T*M, |t| less than Ehrenfest time Tg(h, p;q) for p €
[0,1/2), p € (p,1/2] a localizing parameter, A > 0 and o > 1.

e Extrinsic case: Define the global extrinsic sample mean Ty, to be the closest
point in Ay to

iy (20, &) = <5§v,1(l’07 &), - - - I.p (o, 50))7

2
(w0, &0) = {|UL  w¥new aLj>N~

That is, Ty, = argminyena, | X — (20, &0)||rp. Then, there are constants
Bymax > 0 and C' = 1 such that for all h € (0, by ymax] and € := h**e,

Nh(2+3ﬁ>n+4€gn+4
Clef®

with

Pr [dg (rl(jN,L’t)’xt) > h172p:| < exp (_

e Local case: Let O C M be an open neighbourhood of a maximizer Ty of
|U§7€7N@Dh\2 over Xy and u : O; — V; C R" its C*° diffeomorphic coordinate
mapping. Given a smooth cut-off x € C2°(R", [0, 1]) with supp x C V;, define
the local sample mean Ty, to be the closest point in Vy = u[Xy N Oy to

Uy (w0, &o) = (aﬁ\u(%, £0), - -+ Uy, (To, 50)),

TOME 9 (2026)



1130 A. KUMAR

with

¢ L Ut 2 .

Up,; (z0,&0) = < /\,e,Nwh,t,N (xo U>UJ>N
That is, Tn s = argminxevy, || X — @l (zo, &o)||rn. Then, there are constants
hymax > 0 and C' > 1 such that for all h € (0, hymax], if Be := {||u(Tns) —
vllgn < WY?*7P} C V,, then for any smooth cut-off x € C°(R™,[0,1]) with
supp x C V; that is Y = 1 on B, we have with e := h*>T,

Nh(2+3,3)n+4€gn+4
Clt®

Pr [dg (uil(‘TN,U,t)a xt) > hlfQ'D} < exp <_

On the way to these consistency results, we have studied in Section 6 the consis-
tency between certain matrix dynamics on Hy and operator dynamics on C*°(M).
An intermediary result of independent interest is that for u € C*°, a natural exten-
sion of U} . y[u] to M is, with high probability, close to Uj [u] in L> norm. The
extension is realized by a discrete version of (1.1), namely, for any x € M we have,

(1.2) Usenlud(@) = f0)u(z) + Axen[Df(Axen)[unll(2).

Here, Df(Ayen) is an N x N matrix over Hy as defined by spectral calculus, while
Ay .y naturally extends to a finite-rank operator on L*(M), for example in the
A = 0 case by the fact that A, y[v](z) = (v, ke(x,-))n/(ke(x,-),1)n. Thus, (1.2) is
essentially a Nystrom extension to the manifold. With this formalism at hand, we
find in Theorem 6.14 that,

THEOREM D (Consistency of half-wave propagations). — Let A > 0 and € € (0, 1].
Then, we have for any t € R and u € L®(M) that if there is K, > 0 such that for
all [s| < |t], [|U3 Ju]lloe < Ky, then there are constants C,Cy > 1 such that for all

1 (5,
Kz?é (8l+l) < 5 < CO’
CogN1%
Ndesnta
¢ t
Pr [HU,\,E,N[U] - U,\,E[U]HOO > 5} S exp (—W)-

In connection to the semiclassical nature of A, for € < h?, it may be possible to
have a generic bound K, by appealing to semiclassical Strichartz-type estimates to
arrive at an L' — L* bound on Uj , as used for example in the proof of [Zwol2,
Theorem 10.8]. Alternatively, a bound is attainable directly from inspection of (1.1)
combined with spectral theory and we give that in the corollary to Theorem 6.14.
As mentioned above, the phase space localization of coherent state propagation
gives a super-quadratic improvement over this bound by a standard application of
semiclassical Sobolev estimates and a Littlewood—-Paley decomposition in frequency
space. We have applied this in Section 6.3 to achieve the consistency rates mentioned
above for the quantum-classical correspondence of the discrete graph Laplacian.

The discrete results we present justify the use of spectral manipulations of the dis-
crete graph Laplacian for approximating solutions to wave equations and ultimately,
geodesic flows, on M through linear computations on the dataset Ay. In Section 6.5
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we indicate an algorithm of this sort for approximating geodesics of M in Ay. More
careful constructions, including the construction of coherent states from the dataset,
are deployed in [KS22|, where several examples are given, both for model cases of
a sphere and torus as well as for real-world datasets and convergence rates are shown.
The consistency analysis we study is independent of arguments from the spectral con-
vergence of graph Laplacians to A, which is currently a very active topic, both in
the probabilistic [CM20, GTGHS20, GTS18, WR21| and deterministic [BIK14] set-
tings; in this regard, we mention in Section 4.2 connections between the semiclassical
framework and analysis of the spectrum. In particular, we discuss how semiclassical
calculus yields information about frequency localizations of eigenfunctions of A .
with eigenvalues > 1/¢3/4, a regime well beyond where existing spectral convergence
analyses, even in the continuum, break down (< 1/4/€). An interesting direction
would be to apply the consistency of half-wave propagations in Theorem 6.14 to the
study of these spectral problems.

Outline

We proceed as follows: in Section 2 we state the assumptions on M, ¢, P and the
kernel function k used to construct the graph Laplacians. Then, we state some basic
geometric lemmas that will be used later and come to the definitions of the graph
Laplacians. We give some of their basic spectral properties and in Section 2.2.1 we re-
prove a well-known result on the pointwise consistency of the application of discrete
averaging operators A, .y to L™ functions, following [Hei05], but give more explicit
details on the dependence on the L* norm of the function. This allows further
convergence results to be stated in terms of these norms, which may depend on e,
as is the case for example with the coherent states we use later. Then, we provide
some background on WDOs, mainly to state the forms of quantization we consider
and set some notation and in Section 2.4 we recall the notion of an FBI transform
on a smooth, compact manifold as explicated in [WZ01]. In Section 3 we give an
explicit form to the Husimi function of a coherent state; this simply follows from the
Schwartz kernel of the operator that projects functions in L*(T*M) onto the range
of the FBI transform and indeed, we follow the discussion in [WZ01]. The results
in this section are likely well-known, but to the best of the author’s knowledge, not
explicitly written down in literature and perhaps not directly accessible to a wider
audience interested in the topics of this study, so we provide them in some detail.
We briefly discuss in Section 3.1 some practical considerations in the construction
of coherent states from the data, Ay; this program is carried out in more detail
in [KS22].

We study the connection between semiclassical analysis and graph Laplacians in
Section 4. Then, we study the propagation of coherent states in Section 5. We include
a version of Egorov’s theorem suited to our purposes: namely, it features a quantum-
classical correspondence for observables localized to balls of radius h'/ 2-0 ip phase
space for p € (p,1/2] and up to Ehrenfest time Tg(h, p; q) and wherein the classical
flow is given by the principal symbol ¢ of the generator of the quantum dynamics.
The former feature plays an essential role in establishing the propagation of coherent
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1132 A. KUMAR

states, while the latter captures of the local approximation of the unit-speed geodesic
flow by the dynamics of graph Laplacians. This is likely part of folklore, but to the
author’s knowledge, not explicated in literature. The method of proof in Theorem 5.2
is essentially to reduce to this situation by using the coherent state to microlocalize
the generator vAy . to a ©(1/h) neighbourhood of &/h in frequency space; with this,
we quickly conclude the localization properties of the propagated coherent state.

In Section 6 we study the discrete problems over Ay and establish probabilistic
convergence rates to bridge the gap to the continuum, N — oo setting. After
extending pointwise consistency of the averaging matrix Ay . 5 to L* consistency, the
methods become deterministic applications of union bounds of events based on this.
It is only at the end of our sequence of constructions that we invoke a probabilistic
method, in order to associate a sample point in an O(h'~??) neighbourhood of the
sample mean Ty, of the propagated coherent state. Along the way, we study the
square roots of graph Laplacians and apply properties of the Schwartz kernels of
Markov operators and matrix elements of Markov matrices, in order to establish
the L consistency of VA, y[u] with v/A,[u]. The singular part of the spectrum
of the graph Laplacian introduces variances that we control by a kind of Tikhonov
reqularization through spectral shifts (Ay . y+e1)2 and (Ay c+eI)/? for small values
of the regularization parameter € > 0. This yields consistency of the unperturbed
model when tuned to the optimal ratio §% /e of noise variance to bias. When decoupled
from the noise variance, this introduces a bias-variance tradeoff in the resolution
of dynamics with respect to the continuum graph Laplacian. Upon tuning € ~ A~}
to the semiclassical frequency regime, these perturbations in themselves enjoy the
same quantum-classical correspondence on the continuum side and we find improved
convergence rates to semiclassical propagation and the geodesic flow from the discrete
side. From the stand-point of standard statistical inference, this seems paradoxical
as the bias floor in terms of the unperturbed square root graph Laplacians grows as
~ h~Y2. However, by evolving coherent states we impose a microlocal bias through
phase space localization, adjusted for quantum-classical correspondence, so that the
effective bias floor drops to order ~ h. We have presented both models concurrently
and in Section 6.7 we have summarized the dominating consistency rates for each
model through various parts of our constructions that may be of independent interest.
Combined with a data-driven construction of coherent states that we discuss in
Section 6.6 and that is detailed in the companion work [KS22] by M. Sarovar and
the present author, this yields statistical estimators for the unit speed geodesic flow
to long times, with convergence rates that follow a power law in the number of
samples, wherein the exponents are independent of the extrinsic dimension D and
depend only on the effective manifold dimension n.

Our methods also yield an alternative statistical estimator for the geodesic flow at
all speeds. Using essentially a subset of the constructions in Section 6, one finds the
L*> consistency of the discrete Schrodinger propagation e~ #Axen [y] with e~ @A [y].
Then, the propagation of coherent states and quantum-classical correspondence re-
sults all transfer to this setting rather directly, with similar probabilistic convergence
rates. However, the half-wave propagator yields significantly better approximations
and improved stability with respect to parameters € and h in practice, for the unit
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speed flow. We expect this to be attributed to the inherently hyperbolic nature
of its dynamics. In Appendix A, we give a numerical example of this for the sim-
ple case of uniformly random samples drawn from the unit circle in R2. While the
asymptotics are similar to order h'=2” error rates up to Ehrenfest time, it would
appear that there are discretization errors at higher orders with large coefficients that
make Schrodinger propagation less stable within computationally feasible sample
sizes. This is suggested by the fact that the Schrodinger propagator is dispersive,
consisting of superpositions of waves traveling at different speeds. These combine in
the propagation of an initial condition to fill the frequency space at all magnitudes
corresponding to the part of the spectrum where the initial condition has significant
overlap. Viewing e~#'Axeq)y, as the semiclassical FBI transform at (g, &) of one
component of the Schwartz kernel for e=#"®x¢ the task of the coherent state is to
effectively filter out all singularities aside from those localized near xy with frequen-
cies near & /h. On the discrete side, the effective sample size required to resolve the
FBI transform of a Fourier integral operator by essentially performing Monte Carlo
integration is likely to increase rapidly with the amount of frequency space that
the wavefront set occupies. It is based on this heuristic and the consistently higher
performance of the half-wave propagator in applications and numerical experiments
conducted in [KS22| that we have made it the principal character of our study.

2. Preliminaries

We will discuss the necessary results for manifold learning and semiclassical anal-
ysis. To set the stage, there is an unknown manifold M, on which we wish to
implement operators and dynamics and whose geometry we wish to learn; we always
operate under the following assumptions:

ASSUMPTIONS 2.1. — The manifold M is C*°, compact, boundaryless, of di-
mension n := dim M with Riemannian metric g giving the geodesic distance func-
tion d; : M x M — R, and embedded as A C R” through a smooth isometry
t: M =5 A CRP with D > n+ 1. The second fundamental form of A (see [Hei05,
Lemma 2.22]) has bounded norm and

ri= ol o |o(x) = u(y)| >0,
wherein p := inf{~ unit-speed geodesic in M | |0t o 7]|}, termed the minimum
radius of curvature, is positive due to A having bounded second fundamental form
(see [Hei05, Section 2.2.1]). Samples Xy, ..., X are drawn i.i.d. from a fixed proba-
bility distribution P concentrated on A such that Po.~! is absolutely continuous with
respect to the volume measure on M and has smooth, positive density p € C*(M).

Remark 2.2. — The conditions on A give control on its extrinsic geometry through
the intrinsic geometry of M: in particular, [Hei05, Lemma 2.22] tells that for all 2,y €
M such that |v(x) — u(y)] < k/2, we have dy(z,y)/2 < |u(z) — o(y)] < dy(z,y) < K.

A common way to think of the samples X1, ..., Xy is through a graph structure
with vertices Xy := {x1,...,2xn}, wherein z; := :7*(X]) for each j € [N]. In this
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setting, the graph connectivity is given by an adjacency matrix that uses the em-
bedding ¢ and is defined as one of the discrete averaging operators Ay . n defined in
Section 2.2. We can also view X'y as a set of basis elements giving rise to a vector
space structure and endow it with an inner product in which these are orthogonal.
Then, the restriction of C* functions to Xy can be seen as vectors in this space
and with appropriate weighting schema, the discrete structures that emerge, begin
to parallel certain weighted L? spaces. Such representations form the basis from
which discrete constructions — particularly functions of averaging operators that
encode certain dynamics — are extended to the full, continuum space M. The basic
principles of this point of view are treated in [Hei05] and briefly in [HAVLO5]; we
will utilise it primarily in Section 6.

The general notation used throughout the following sections is summarized in
Appendix B and more specific notation is listed there for quick reference; when some
notation is introduced for the time, it will be defined in context.

2.1. Geometric properties

We will often need to switch to normal coordinates and expand them in Taylor
series about a point of interest. Affecting this, we have a classical theorem of Riemann:

LEMMA 2.3 (Expansion of Normal Coordinates). — Let x € M and V,, C R"™ be
a neighbourhood of the origin in normal coordinates centered at x. Then, for exp,, :
V, — M defined via the identification T, M = R"™, we have D exp,(v) = I, + O(|v]?)
and (g o exp,)(v) = I, + O([v[*).

In practice, direct access to normal coordinates is seldom achievable. However,
projection onto the tangent space at a point on A also provides local coordinates
and for shrinking neighbourhoods, this approximates normal coordinates reasonably
well:

LEMMA 2.4 (Normal to Projection Coordinates). — Let U C M be a neighbour-
hood and V,, C R" = T,,)A for some v € U. If v : U — V,, are local coordinates
provided by the orthogonal projection () — V, and s,(y) := exp,'(y), then
s, 07 1 (v) =v+ O(|v]*) and D[s, oy~ (v) = I + O(|v]?).

Proof. — This is [Laf04, Lemma 5]. O

Another option is to work directly with extrinsic coordinates provided by the
embedding map ¢ : M — A. To this end, we have the following expansion, useful for
integration formulae:

LEMMA 2.5 (Extrinsic to Normal Coordinates). — Let U C M be a neighbour-
hood of x € M contained inside the normal neighbourhood of x and s,(y) :=
exp, '(y). Then,

(1) D[vo s;'(0) = D[](z) and
(2) forally €U, [v(x) = (y)* = dy(x,y)* + O(dy(x,y)*).

Proof. — These are both shown in the [ABH21, Proof of Lemma 2.1]. O
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We will also need the following information on the growth of covering numbers on
compact manifolds using balls of decaying radii:

LEMMA 2.6 (Bishop—Giinther inequality). — Let p > 0 be fixed and define N (p)
to be the minimal number of (geodesic) balls of radius p that cover M. Then, there
exist positive constants Cyy and C', depending only on the dimension, volume,
sectional curvature and injectivity radius of M such that if 0 < p < C'\,, then

N(p) < Cump™.

Proof. — The volume of B(z, p) for v € M is V(z) > p"/C}, when p < C, for
some constants C',Cty > 0 independent of x that are provided by the Bishop—
Gunther inequality and depend only on the sectional curvature, injectivity radius
and dimension of M. Therefore, N (p) < vol(M)/(inf V') < Cypp™" with Cpy :=
vol(M)C4. O

2.2. Laplacians: from graphs to manifolds

As alluded to in the introduction, there are now well-established schema for approx-
imating Laplace—Beltrami operators, modulo lower-order terms, from the Euclidean
distances of samples X7, ..., Xy of a smooth isometric embedding of M satisfying
the Assumptions. Namely, the objects of study are adjacency matrices of weighted
graphs on these samples and taking on a certain form, which we call averaging
operators. We now fix the terminology:

DEFINITION 2.7 (Kernel functions). — A kernel function is a monotonically de-
creasing function k : R, — Ry that is smooth on (0, 00) with all derivatives having
exponential decay: that is, for each m > 0, there are constants Ry, ,,, Agm > 0 so
that for all t > Ry,

|07k (t)] < et
and that satisfies k(t) > ||k||~/2 on [0, 1) for some 1, > 0. We denote Ry, := Ry .

Kernel functions are the basic building blocks for the graph structures leading to
the operators of interest. Using them, we can make,

DEFINITION 2.8 (Averaging operators). — Let there be N > 0 random vectors
Xi,..., Xy C A with law P as per the Assumptions 2.1 and for each j € [N], denote
z; = 17(X;). Let k : Ry — R, be a kernel function. Then, fixing k : Ry — R,
a kernel function and letting k. : M x M — R be given by k. : (z,y) — ¢ 3 k(|t(z) —
t(y)]?/¢€) for € > 0, we define the discrete and continuum averaging operators as

1
(2.1)  (Acn)jy = Nk‘e(xj,l'j/), At ur— /M ke(z, y)u(y)p(y) dvy(y),
respectively. Further, with®® p. n(z) := A y[1](z) and pe(z) := AJ[1](z) we define

1
A N = diag(p;}v)Ae,N, Ao = —A,

€

(3)We abuse notation by writing A[1] to refer interchangeably to the action of an operator on the
constant function f = 1 or the action of a matrix on the all-ones vector (1,...,1)7.
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called the discrete and continuum renormalized averaging operators, respectively.
More generally, let A > 0 and define

Fren(@,9) = k(2,9) /pen@pen )] and k(2 y) = ke(z,y) / [p(2)p(y)]
With this,
(Arew)ia = bren(@szp), Aneiu— [ aey)uly) ply)dv,(y)
are the discrete and continuum A-averaging operators, respectively and
Ayen = diag(An N[ Acan,  Ane:ur— (AxJ1]) Ay [u]
are the discrete and continuum A-renormalized averaging operators, respectively.
Notation 2.9. — We will denote for every A > 0, py . := A, [1].

The main use of these operators is to approximate the Laplace-Beltrami operator
on the manifold. Therefore, we also make the

DEFINITION 2.10 (Graph Laplacians). — Let ¢y and ¢ be the second and zeroth
order moments of k(|| - |*) on R". We define
A)\,E,N = %I — AA’E,Nv A)\,e = @I - A)Hea
Co € Co €

which we call the discrete and continuum A-renormalized graph Laplacians, respec-
tively. Note that when A =0, Ay .y = Acny and Ay = A..

Remark 2.11. — In using the above terminologies, we will often omit the dis-
crete and continuum specifications as well as \-renormalized when the symbols and
context make the regime sufficiently clear. The symbolic expressions are adapted
from [HAVLO5], while the terminology is non-standard.

We will use the spectral properties of Ay .y and Ay, and the simplest way to
access those is to see that they are symmetrized by conjugation via /px.ny and
/Pxe respectively. That is, we have,

LEMMA 2.12. — Let for all A > 0 and € > 0,

s 1 s 1
A(A,Z,N = \/PrenAren T AE\Z = ,/pMA,\,e\/IT.

Then,

(1) AE\S’LN and A&SZ are symmetric and their spectra coincide with those of Ay
and A, ., respectively,

(2) the spectrum of A, . is contained in [—1, 1] with o = 1 a simple eigenvalue and
all other eigenvalues lying strictly in (—1, 1) and there are constants Cy, Cy > 0
such that for all e € (0, Cy], the same holds for Ay . n with probability at least

1-— 026_%67]\[6%/027
(3) Af\s’l’N and AE\SZ fix \/Dren and /Dy, respectively and,
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(4) for any connected open subset D C C with [-1,1] € D and f : D — C
analytic on D with an absolutely convergent Taylor series on [—1, 1],

FAse) = e F(A e, F(An) = = (AL) v

\/p)\,e

with e € (0,C,] and probability at least 1 — Cye2e~N¢*/C2 in the former case
of application to Ay, n.

Proof. — The properties (1) and (3) follow immediately from the definitions of

AE\SZ N and AE\SZ The spectral property (2) for A, . follows from the Krein—-Rutman
theorem along with the fact that it is a compact operator that maps 1 — 1 and
non-negative, non-zero C*° functions to positive C'*° functions: indeed, then for
example [Du06, Theorem 1.2, Chapter 1] applies.

In the case of Aj . n, the Perron-Frobenius theorem applies to give (2) as soon as the
matrix gives a connected graph. This follows from covering M by sufficiently small
balls such that for any ball in the cover, k. is bounded below on all nearest neighbour
balls. Then, any two points can be reached by a path of balls in this cover such that
ke > 0 on adjacent balls and with high probability, there is a sample point in every
ball, which gives a connected graph. The details are as follows. Let z73,..., 2}, € M
be points such that® Ujenn Bj = M with B; := By(x},/Tk€/8). Now for each
je M letY; : M — {0,1} map Y;[B;] = 1 and Y;[M \ B,] = 0. Each Y] gives
N i.i.d. random variables when applied to the sample points z1,...,xy and since
vy (Bam(z,\/Tre/8)) = (r4€)2 /8", this is a Bernoulli process with mean Ne2 /Cy for
some constant Cyq > 0. Therefore, by a Chernoff bound, Pr[#({z1,...,zx}NB;) >

1] > 1-— e~Ne2/(2C0) for each j € [M]. Hence, by a union bound, there is at

least one sample point in each B; with probability at least 1 — Me " % /(20M),

The Bishop-Giinther inequality then tells that there is a constant C'y; > 0 such
that for 0 < ¢ < Ch, M < e 2. Assuming this event it follows that for any
(,0" € [N], there are j,j" € [M] such that dy(z¢, 25), dy(ze, v5) < \/Tr€/8 and there
are 1 < j; < -+ < Jou < M with m < M — 2 such that dg(x;fvl,xjwz) < JTi€/4
for all 1 < v < v < m and dy(z},2})), dg(x}, 25 ) < \/Tk€/4. Furthermore, for
each 1 < v < m, there is £, such that dg(xgv,x;) < /Tk€/8. Therefore, for all
L<m <y <m, dy(we, ,20,) < /Te€/2 and dy(zg, 74,), dg(xe, 70,,) < /TrE/2. By
the assumption on the kernel function k and the Assumptions on M and A, whenever
e < r we have that k(|t(ze,) — t(zs,)]?/€) > ||k||oo/2. Hence altogether we have a
path vy = =, — ... = x4, — xp such that the entries of A, . n corresponding to
neighbouring points along this path are bounded below by ||k||/2 > 0, which gives
that the underlying graph is connected.

Now together with the holomorphic functional calculus, properties (1)—(3) imply
property (4). O

A summary of the notation introduced here is provided in Appendix B.4.

(O We use the notation, [M] := {1,..., M}.
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2.2.1. Consistency bounds redux

The relationship among the discrete and continuum operators is that the discrete
averaging operators are naturally accessed from samples of A and these are shown
to converge, in the N — oo limit to the continuum averaging operators; the residual
coming from the difference of the two operators is deemed the variance term. Then,
a sequence of Taylor expansions shows that the (A-renormalized) continuum graph
Laplacians, derived from the continuum averaging operators, converge to Anq +
(lower order differential terms) in the ¢ — 0 limit and the corresponding residuals
are deemed the bias terms. A general treatment of the convergence of both terms,
simultaneously, is given in [HAVLO05]. We will draw upon these results throughout
the forthcoming analyses, so we record the precise forms of the particular theorems
here.

In regards to the bias term, our requirements are modest: for the most part, we
will need a semiclassical expansion of the operator, which in this case is similar to
the Taylor series type expansions given, for example in [HAVLO05], but requires an
essentially different approach. These expansions will be carried out in Section 4.1.
Nevertheless, the degree functions py . have an important role in making the approx-
imation procedures agnostic to a priori knowledge of the intrinsic dimensionality n
of the manifold and controlling the effect of lower-order error terms in the approx-
imation to the Laplace—Beltrami operator, primarily in as far as the effect of the
non-uniform sampling density p is concerned. This is carried out essentially through
their Taylor expansions about a given point z € M; the following is recorded here
for use in later sections:

LEMMA 2.13. — Let A > 0 and € > 0. Then, there exists g € C*°(M) depending
only on k,p, A and M such that for all x € M,

Pre(@) = (cop(@))' " + e2p(a) P (@) + O(e).

Proof. — The proof of this expansion is contained in the proof of [Hei05, Proposi-
tion 2.33]. OJ

As for the variance term, we now recount some of the prior results, with small
modifications that we will use for the convergence of quantum dynamics from graphs
to manifolds. In particular, prior works have left out the explicit dependence on ||u||o
in the probabilistic convergence bounds for consistency. Since we ultimately wish
to drive localized, L? bounded states according to Schrodinger-type dynamics, their
L norms depend on €, hence it is useful for the convergence theory to make this
dependence explicit. Therefore, we proceed with the essential convergence results
from the thesis [Hei05], while making the small adjustments necessary to unpack the
uniform norm dependence from the constants. The primary cases that concern us
are for the averaging operators.

Since constants bounding the kernel, probability and geometric quantities appear
abundantly in these considerations, we record the useful

Notation 2.14 (Bounds on degree functions). — See [Hei05, Lemma 2.32] for more
detailed bounds:

o C, =infp, 2 |k||s(inf p) inf, vol(B(z, €/?Ry))

~Y
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o Cp = suppe Saa BE[IK] Pl -
L4 Qp,)\ = infp)\,e 2 Qp/cp ) C(p,/\ = Hp)\,eHoo g Cp/QIQJA
e Cpyp = [kllc/ (inf p)

Let the subscripted variables Xi,..., X;,..., Xy denote i.i.d. random vectors in
RP with law P that has positive C°°(A) density p with respect to the volume element
dV on A = (M) C R”; we denote by z; := ¢ '(X;) the pull-back of X; and by p
the pull-back of p to M, which gives a density with respect to dv,. For simplicity,
we assume k has compact support on [0, R7] (but this can be generalized to essential
support so that tVk(t) < Cy for all t > RZ, N > 0). Then, Hein has shown,

LEMMA 2.15 ([Hei05, Lemma 2.30]). — There exists a constant K ., depending
on the curvature and injectivity radius of M, ||pl|so, ||k||cc and Ry such that for all
u e L>*(M) and x € M, given any § > 0,

> 6}

Nesz §2 )
2/[ulloo (K pmppllullco + [[kllcd/3) )

Proof. — The proof is exactly as in [Hei05, Lemma 2.30], with the only change that
we allow u to be complex-valued, which gives another factor of 2 for the probability,
due to either applying the real-valued version in two parts, or the two-dimensional
Matrix Bernstein inequality via the matrix representation of complex numbers. [

1 N

5 2 ke, auley) = [ ke p)uly)p(y) dy ()

Jj=1

Pr

< 4exp<—

On extending this to the consistency of normalized averaging operators, one must
account for the factors of p n, p. appearing in A, y[u], Ac[u] respectively. As random
variables, the k.(x,z;)/pen(x) are now coupled, so the application of Bernstein’s
inequality requires a decoupling step. This comes in the form of the assumption
that pe n(z;) — pe(z;) is small for every j € [N], which upon taking a union bound
introduces a factor of NV in the probability. Since this gives the same bound for
all A > 0, Hein has shown altogether a Bernstein-type bound for the probabilistic
consistency between A, . y[u](x) and A, [u](x) for all A > 0, u € L*™ and x € M.
However, the bounds have implicitly rolled up the dependence on ||u||« into constants,
while in Section 6 we will use this dependence explicitly so that we have a clear view
of the convergence rates when applied to localized states. Therefore, we reproduce
the proof of consistency while pulling out the relevant pieces of the constants and
record it as,

LEMMA 2.16 ([Hei05, Proposition 2.38]). — Given A\ > 0, there is a constant
K > 1 depending only on ||k||«, C,, C, and X such that given u € L> and z € M,
we have for all € > 0, and 2|kl 2 /N < < C,/2,

Pr[[ Ay enfu)(@) = Ay [ul ()] > 4]

Nez 62
< (4+2N)exp| — — — :
2K5C [t oo (Kt e p B[] 10 C ™ + (1K1 506/3)
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Remark 2.17. — The choice of 6 < C,/2 was made for simplicity; a different
choice of 6 < C,, changes only K (in the proof, Ky,) as a rational function of 4.
For states that are localized in tandem with the operators — as will be our case —
only the first bound is useful, since ||u|/ will grow as e decreases and the condition
would then have § growing as well.

Proof of Lemma 2.16. — We follow the proof of [Hei05, Proposition 2.38|, paying
close attention to the dependency of the constants on ||u|/. As shown there, using
that for all A > 0 and a,b > 3 > 0, |[1/a* — 1/0*| < Aa — b|/B*! gives,

A /o] (2) = Acfu/pd] (@)
<[Mewlu(Vpin = 1/p2)]|+ [Ac[u/pl] = Afu/p]

‘pe — Pe N| ‘| A

< Uu OO)\‘-A‘E : + AE —.Ae U/ Pe

Jul ,N[ it int g (A = Ao /2]
=:Ealul.

and using that for all a,b, |a — b]* < Amax{|al, |b[}*"!|a — b, we have,

Acn[u/pdy]  Aclu/pl]

A A
pé,N De

< ‘\Ae,N {U/PQ\N] — A {u/p;\}

A
pe,N

pé\,N - pé\
p?p?,N

,\—1@ [pen — el

C (pepen)?

+ ’AE [u/p;\}

< Enilu]/pl y + ||ullscA max{sup pe,n, sup pe}

=: Exalul.
Taking the normalizations by the A-degree functions into account, we have

By B

|Axen[u] — Axclu]| =

Pre N DPre

B _B € - €
<| N ‘+|B||p)\7,N p)\,|

Pxe,N Pxe,N Pxe
Exalu Exall
Bl | o Sall]
Pxe,N PX.e,N Pxe

with
Aen [U/pE\N} Aclu/pd]
BN = O B = S
pe,N Pe
In the event that |p. n(y) — pe(y)| < 6, for the deterministic choice y = x along with
all random variables y = x; for all j € [N], we have that C), — 6 < pen(y) < C, + 6.

Call this event A4; and call A, the event that |A. y[u/p}] —Ac[u/pd]| < d]|ul|oo. Then,
Enilu] < Sllullo{NC, +0)/(C, — O + 1,
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<Preny = Aen [UP?,N] /p;\,N
< (ép + 6)/(Qp - 6)2)\’
<

A [u/p?] ||u||oo(7p/cg,
A2
Qp/cp X Pre p/c
wherein we've used the occurrence of the joint event A := A; A Ay for the first

inequality and that of A; for the second inequality. The event A; further supplies,
Exnlu] (Cp+0)M'C,

(Qp 6) CIQ)A(Qp - 5)/\ '

Now, working in event A together with the assumption that § < C,/2 we find,

[Axenlul(z) = Ax[u](2)]

Exalu] < + Al

=22+1

(Cp +0)* C, (O +0)*
UTe =5 el e

P P
< Oull [(Cp + 0)MCp = )+ Caep(8) + ACk (A, 6)]

2(9/2)>\5||u||00( C A— 1+2 >\C4)\+1Cp (/\+1)+)\C>\,k‘,p>7
= Kanpllullocd,

wherein C) . ,(6) := CQAH(C’ +0)**C AHC,—6)7Y, Crp(A, 0) > 0 is monotonically
increasing in 6, A > 0 that is rational and bounded in 5 < C, and has coefficients that
depend only on C,, C,. The final inequality follows upon assuming that § < C,/2
and setting Cy ., := Ci (X, C,/2).

Concerning the probabilities governing the event A, since p. = A[1] and p.y =
Ac n[1], an application of Lemma 2.15 along with a union bound gives that whenever
§ > 2||k||se€"2 /N, we have that

< &yl

(N —1)ez 62 )

Pr((V)j € [N, [pen(z;) = pe(;)] < 0] > 1 - 2N6Xp<_4(2KM ko + 1Klloc0/3)

Another application of Lemma 2.15 gives,

Pr[An [u/p}] (@) = Acfu/p}] (@)] < lullocd]

Nez§?
>1—dexp| ——— Y .
20, (Ko Cy + [1Klloc0/3)

Therefore, a union bound gives the bound in the statement of Lemma 2.16. 0
On the other hand, Hein has given a simpler argument for the A = 0 case that is
related to the random walk graph Laplacian:

LEMMA 2.18 ([Hei05, Theorem 2.37]). — For all u € C*° and x € M, given any
0 >0,

Pr{lAcnlul(@) — Adfu](2)] > 0] < 6€Xp<_8||u||oo(

Nez 62 )
Kupplltlloo + [|E][00d/6)
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Proof. — The proof in [Hei05, Theorem 2.37] and [HAVLO05, Theorem 2] is based
on a rewriting of A, y[u| following [GKP84] as,

Agslilla) = AU =By,
1
Bin = mﬂe,N[U](ﬂﬂ) — Aful(x),
By = pE,N(I) .

pe()
On applying Lemma 2.15 twice while noting p.(z) = Ac[l](z) and pn(x) =
Acn[1](x), we have that

Pr(Biy > /2] < 4 Nezo?
T AN - 9
oy PP\ T8N ull o (K nispltll oo + [[K]]00/6)

PrBax > 10| < 2 o N )
r|Bo, | <2exp|— .
“ 7 2l Sllulloo (K atppllulloo + [14]loc0/6)

We also see,

By Ba N
_ < el
i)~ A1 < ([ B

Thus taking a union bound gives,

Pr{|Ac v[ul(z) = Aclul(2)] > ]

<6 ( Nez 62 ) 0

< bGexp| — )
8|ulloo (K kpllulloe + [1%l[oc0/6)

Remark 2.19. — 1In our application, when v = 1, is a state localized to

an O(v/h)-ball with unit L? norm, we will have that |[¢n]lec = h™%, so this will

give a convergence rate of e~ QUNER"S?) g Acnn(x) = Acbp(z) as N — oo and
e, h—0.

2.3. Quantization and Symbol classes

The study of pseudodifferential calculus is rooted in the relationships between
certain classes of smooth functions on phase space and linear operators acting on
smooth functions on configuration space, called pseudodifferential operators (YDOs)
and in relation to the phase space functions, often called their quantizations. The
classes of functions under study are called symbols and they are typically bounded on
configuration space with well-behaved (e.g., polynomially bounded) momentum space
asymptotics. Then, of interest are the relationships between WDOs and the symbols
they quantize. An additional small parameter h € (0, 1] enters the picture when we
work in the semiclassical regime and serves essentially to rescale the unit length in
momentum space, so the asymptotics we are concerned with happen simultaneously
at scales of vanishing h and increasing momentum variable.
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The formal classes of functions that we quantize, as well as the exact quantization
procedures, are standard and described, for example, in [Zwo12, Section 14.2]. These
procedures amount to locally pushing the symbols onto Euclidean space by charts
and seeing these local pieces as quantizations on open balls in R"™, then gluing
them together through an atlas. Hence, the key definitions are specified on R". To
summarize the idea briefly, we make

DEFINITION 2.20 (Symbols & quantization on R™ [Zwol2, Section 4]). — Let
ho € (0,1]. A smooth function a € C*(R** x (0, hy]) belongs to the h-symbol class
of order (¢,m;p) € Ng x Z x [0,1/2) on R", h*1=2)S(R*") if for all o, f € N,
|8§8§a(m,§; h)| Sap WHA-20)=p(a4BD (eym=IBl Then, a quantization of a € hg(l’Q”)S;”
is an operator acting on u € 8§(R™) given by,

O (0) 1= oy ., FC 7 alta + (1= ). €ohyuty) dedy,

for any t € [0, 1]. We will denote h, := h'~2/. In the case that p = 0, we simplify the
notation of the symbol class to h*S™ and its order to (¢, m). We call the quantization
with t = 0 the adjoint quantization, which we will primarily use and hence we denote
it simply as Op,, = Opg, while the case t = 1 is called the Kohn—Nirenberg (or
standard) quantization and we will denote it Opy™ := Op;. A highly used case is
t = 1/2 and called the Weyl quantization; while it is very useful in proving various
properties of pseudodifferential operators, we will not make explicit use of this.

An operator of the form Opj,(a) is called a (semiclassical) pseudodifferential oper-
ator of order (¢, m; p) and sometimes (to evoke a physical interpretation) a quantum
observable, while its symbol a is sometimes called a classical observable. We also
say that a € hZS;” is a symbol of order (¢, m;p) and both, for symbols and their
quantizations, we simplify the order notation to (¢, m) := (¢, m;0).

We quantize symbols whose higher order derivatives are allowed to become in-
creasingly singular as h — 0, controlled by the index p € [0,1/2). These enter
naturally as for example, a smoothly parameterized family of symplectic transfor-
mations ®' : T*R" — T*R" may locally stretch space increasingly in ¢ — oo so
that given a € C*, taking t to be strictly increasing with 1/h, the derivatives of
a o ' become increasingly singular with A — 0. The endpoint p = 1/2 is critical
in the sense that the first and higher order terms of stationary phase asymptotics
decay with h — 0 only for p € [0,1/2) (see [Zwo12, Theorem 3.16]). Such expansions
are the life force of semiclassical calculus and while certain aspects remain intact
at p = 1/2 without the decay in small h, our study will focus on increasing the
resolution of dominating terms with decaying h.

A key property in the definition of the symbol class is that under a symplectic
change of variables 5 := (v, [Dy7!|,]7) on R*" for any diffeomorphism v : R" — R™,
the symbol class ‘0729 S™ is invariant to top order, meaning that if a € h,ST
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then a oy € h5Sr and u — Opj(a)[uoq] oy~ = Opj(ay)[u] with a,(y(z),&) =
a(z, [DY[o]7E) + bz, &) for b € REFLSTL (see® [Zwol2, Section 9]). While the
asymptotic behaviour required in £ is simple to understand, we offer the notion
about the joint asymptotics with A that a symbol should have, asymptotically, at
most polynomial variation in cubes of side-length h in phase space.

The basic calculus of pseudodifferential operators and symbols on R" is exposed in
detail in [Zwo12] and [DS99]. Now using this, we can give meaning to quantization
on a compact manifold M, following [Zwo12]:

DEFINITION 2.21 (Symbols & quantization on M [Zwol2, Section 14.2.2]). —
A linear operator A : C*°(M) — C*°(M) is a pseudodifferential operator on M if

(1) given an atlas {(y : M D U, = V, C R",U,) | v € F}, there is ({,m;p) €
No x Z x [0,1/2) and t € R such that for each v € F, there is a, € h},SI" so
that we may write, given any x1, x2 € C*(U,) and u € C*(M),

x1A[x2u] = x17" Opjlay] o (77" [xaul,

wherein (y~1)* : C>*(U,) — C*(V,) denotes the pullback, (y™1)* : u — uoy™!
and similarly v* the pullback from V, to U, and

(2) A is pseudolocal, meaning: given any x1, x2 € C°°(M) with supp x;1 Nx2 =0
and any N € N, we have || x1AXz| -~ (pm)— v (a) = O(h™), wherein H¥N (M)
Sobolev spaces as defined in [Zwol2, Section 14.2.1].

We say then that the pseudodifferential operator A is of order (¢, m; p) and belongs
to hf)\ll;” and for brevity, we call it a YDO. In the case that p = 0, we denote the
order and class of such an operator simply by (¢,m) and h*¥™, respectively.

A function a € C*(T*M) belongs to the h-symbol class of order (¢,m;p) €
No x Z x [0,1/2) on M, hiST™(T*M) if given an atlas F, for each v € F and
x € C*(U,) the pullback a, € C>*(V, x R") of ax under the induced change of
coordinates V., x R" — T*(U,) belongs to hf,S*(R*"). In short, we say that a is
a symbol of order (¢, m;p) and if p = 0, then we denote its order by (¢,m) and its
symbol class by h'S™.

The facts that hf)\llz1 forms a bi-filtered algebra in the order (¢, m), which respects
the properties of a quantization map, and that quantized operators extend to Sobolev
spaces, mapping A : Hi — Hj ™ continuously whenever A € h°07" and A : L? — L?
whenever A € h°U) are standard results from pseudodifferential calculus [DS99,
Zwo12]. We will make liberal use of these properties along with the following basic
symbol calculus:

Fact 2.22 ([Zwol2, Theorem 14.1]). — There are linear maps
Sym : by W™ — hOSTH(T* M) /G ST (T M)
and for all t € [0, 1],
t .14 om £\1m

(5) The version suitable for the symbol class heS;” follows from accounting for powers of A~ in the
stationary phase expansion as in [Zwol2, Theorem 3.16] applied to the symbol under change of
coordinates in the proof of [Zwo12, Theorem 9.9].
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such that
Sym(A;As) = Sym(A;) Sym(As)
and
Sym([Opj,(a)] = [a] € hyS;H(T* M) /R ST M),

: : : : ¢ 0+1 gm—1
wherein [a] denotes the equivalence class of a in the quotient space h,,S7"/hi S~

We often call Sym(A) the principal symbol of A and note that by the invariance
properties of hﬁS;” under changes of coordinates as discussed above, this equivalence
class is defined invariantly of the choice of coordinates. In fact, this is independent
of the particular quantization ¢t € [0, 1] as well (see [Zwo12, Theorem 9.10]).

A useful sub-class of hYS™ is the class of semiclassical polyhomogeneous symbols.
The quantizations of these symbols are more direct generalizations of partial dif-
ferential operators, whose symbols can be seen to behave like polynomials in the
momentum ¢ variable. The polyhomogeneous symbols enjoy many nice properties
through their asymptotic expansions, including that we can specify an exact prin-
cipal symbol. We restrict to this class primarily when dealing with the phases and
amplitudes appearing in the FBI transform, following [WZ01] (discussed below, in
Section 3). In particular, we will use such symbols in the phases defining coherent
states, for then we have a good interaction between them and the FBI transform.
Assuming the definitions of classical polyhomogeneous symbols, as given in [Hor07],
the definitions of their semiclassical counterparts are as follows:

DEFINITION 2.23 (following [WZ01]). — A smooth function a € C*(T*M X
M x [0, hg)) for some hy > 0 belongs to the h-polyhomogeneous symbol class of
order (¢, m), 'S5 (T*Mx M) C C*(T*M x M x (0, hy)), if for every j > 0, there
exists a polyhomogeneous symbol a;j(x,&,y) of degree j in & and a constant C; > 0

such that for all |£| > 1 and h € [0, ho), the following asymptotic expansion holds:
a(z,&,y;h) = B (am + ham 1+ -+ hlapn ;)| < CiRHIT M
We abbreviate this as,

a(x,&,y; h) ~ h*(am (2, & y) + ham- (2,6 y) + )
and call a,, the principal part of a. Similarly, we define the h-symbol class

hé m(T*M)Ché m(T*MXM)

phg phg

as the subset of the above class without dependence on the y variable. When ambi-
guity is not an issue, we drop the explicit dependence on the space and use simply
the notation hfsg;lg to denote either of the two classes of symbols.

The quantization of a € h'S} (T*M x M) is the operator Op,(a) : C*°(M) —
C>(M) given by
22 Om@(@) = g [ O maly, € oyt () v

(2wh)™ J1*Mm T ’ ’

wherein x is a smooth cut-off near x = y. We denote by h*¥™ (M) the algebra of all

phg
operators quantizing symbols modulo h*, viz., A € h*¥7} (M) iff. A= Op,(a)+ R
for some a € h*'Sf (T*Mx M) and R : C~*(M) — C=(M) of order O(h*). When
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the polyhomogeneous and space contexts are clear, we will shorten the notation to
just K0T .
The symbol map of order (¢, m) is the linear operator
¢ ¢ £—1 gm—1
Symem h phg — I phg/h nglg

such that the principal symbol of an operator A = Opy,(a) € h*UT
Symy,,(A) = [a]. This gives a short exact sequence,

g Is given by

Symy , hg

g

An elliptic symbol is a symbol a € h*S™ s whose pr1nc1pal part follows |ag| ~ (&)
uniformly in all other variables.

Symbols that are functions of both, the integrand as well as the output param-
eter with respect to quantization, such as a € ht 1Dhg(T*./\/l x M) are sometimes
called amplitudes (see e.g., [Tay81]). The phases appearing in coherent states (as in
Section 3) are naturally of this sort. However, the notation for the quantization of
amplitudes in (2.2) is a slight abuse of the short-hand for the adjoint quantization in
Definition 2.20. Nevertheless, this is consistent in the sense that quantizations of am-
plitudes that are constant in the output parameter reduce to standard quantizations
of the corresponding symbols on the cotangent bundle.

We aim to bring graph Laplacians into the context of pseudodifferential operators
and by their basic characteristics, we find that they must belong to a more general
class than the polyhomogeneous. Indeed, the polyhomogeneous class is too restrictive
to support symbols localized in phase-space T* M, which is a stepping-stone since we
go through the diffusive averaging operators A, (; nevertheless, we will have solace in
the class hYS™, which is able to support this while remaining invariant to coordinate
transformations.

2.4. FBI Transform

We follow [WZ01] to state the fundamental results about FBI transforms on
smooth, compact manifolds. They define the following:

DEFINITION 2.24 (Admissible Phase & FBI Transform). — A smooth function
¢ : T*"M x M — C is an admissible phase function if it satisfies all of the properties:

(1) ¢(z, &, y) is an elliptic polyhomogeneous symbol of order one in &,
(2 ) =

(3

(4

) (o
) Dyo|(aea) = —Edy,
) DS ()l @) ~ (€),
(5) and ¢l ¢a) = 0;
herein we have denoted by ¢| (¢, the restriction of a function ¢ with co-domain
T*M x M to the set {(z,§,y) | = y}.
An FBI transform is a map Tj[; ¢, a] : C*°(M) — C°°(T*M) given by,

Tyfuso.al(x) = [ eF*Pa(e. &y (€ y)uly) dy.
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with ¢ a fixed admissible phase function, a € h™ ks phg is elliptic and x is a cut-off
function near {(x,&,y) | © = y}.

We will need the following basic properties of the FBI transform, as it relates to
quantization:

THEOREM 2.25 ([WZ01]). — Let g € h)S7(T*M) and fix both, an admissible
3 (T*M x M). Denote Tj, :=

phg
Ty|; ¢, a]. Then, there exists by € hE S ohe (T*/\/l x M) positive, elliptic and depending
only on ¢, such that Ty qT} € hf)\IJ;” and

Ty qTy — Opy(lal®bo q) € ARSI

phase function ¢ and an elliptic symbo] a € h 1S4

Furthermore, by is determined expl1c1tly through ¢ so that on specializing to a = bo ,
there exists an elliptic b € K5 S phe dependmg only on ¢ with a positive principal
symbol such that setting Ty, := Tj[; ¢, b2 ] gives

TquTh — Op,(q) € h”l‘l”p”’l,

Whenever q is polyhomogeneous, then so is the symbol being quantized by the
FBI transform, above. The operator Tj, : L*(M) — L*(T*M) is bounded for all
h €0, ho).

Remark 2.26. — The proof given in [WZ01, Proposition 3.1] goes through for ¢
taken to be a symbol belonging to the more general class we consider here, hf)S’T, with
Op,,(Jal*boq) understood as the right-hand side of (2.2). In regards to the increasing
singularity of derivatives controlled by p, it is in the application of the method of
complex stationary phase, namely [Hor03, Theorem 7.7.12], during the course of
the proof, where we find that the symbol of T} ¢7}, has an asymptotic expansion in

powers of h,.

3. Semi-classical measures of coherent states

The basic properties of FBI transforms, as in Theorem 2.25 show that much like
the Fourier transform in flat space, they give a diagonal representation of pseudo-
differential operators through their principal symbols on phase space. On the other
hand, as a map, T}, also lifts an L*(M) element to L*(T*M). These lifts allow us
to access certain statistics on phase space through inner products of the original
(configuration-space) functions with quantized operators. To give some concrete-
ness, let u, € L*(M) for every h € (0,hg). Then, the Husimi function for uy, is
|Th[up]|?> € L*(T* M) and clearly, up[up] := |Th|up]|* dzdé defines a sequence of mea-
sures on the cotangent bundle in the parameter h € (0, ho). If supgcp,op, [|unl/72 < o0,
then also supgcy<p, | Th[unl|| L2(r+a1) < 00 so by a diagonal argument, given any
sequence h; — 0, there exists a subsequence h;, — 0 and a non-negative finite
Borel measure y on L*(T*M) such that ju, [us, | — p weakly; this is often called
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a semi-classical (defect) measure [Zwol2]. Therefore, Theorem 2.25 allows us to take
expectations of symbols with respect to Husimi functions in a simple way:

(3.1)  (ual Opy(@)|un) L2my = <uh!T;f [';<Z5,b ] th[ ]!uh> + O(R*2F)
= (Th[un]l ¢ |Th[un]) L2¢re ) + O(R' %)
_ / (2, &) | Thlup] [2(x, €) dzd€ + O(hX=2),

hence, (un, | Opy (@), ) . g . 20 ) di.©)
Tk

Now, of particular interest as a step towards quantum-classical correspondence is
if a state u;, could have a Dirac mass as semi-classical measure, for then we could
access the classical space of symbols by probing pseudodifferential operators via inner
products. There are in fact many such candidate states and we can construct and
understand them through stationary phase analysis of the FBI transform. Indeed,
a particularly simple case is essentially to use the kernel itself: that is, to consider
the interaction between the state

Un(7; 20, &) 1= e~ wOE0L02)
with a fixed admissible phase ¢ and localization (xg,&) € T*M and the FBI trans-
form T}, := Ty[-; ¢, a] with the same phase and some fixed elliptic a € h=T S, Then,
we would like to know the Husimi function for v, and the ansatz from looking at
the flat case is that this is indeed a Dirac mass at (xg, &), weighted by an order
zero symbol. In fact, the Husimi function is just the modulus square of the Schwartz
kernel for the projection operator 7,7}, up to an amplitude factor: indeed,

T Ty (x, &, o' n) da'dn

:/ et (=00 g ¢y Bya(a!, g, s W)X, € )X (', ) dy da'dy,
M
while

Tn(an )l ) = [, B2 Naa, € yih)x(a.€.9) do.

The computation of the Schwartz kernel for 7,7} is carried out in [WZ01, Theo-
rem 4.4] and the corresponding stationary phase analysis yields also Tj[¢,]. The
proof of [WZ01, Theorem 4.4] goes on to elucidate the real (oscillatory) part of the
resulting phase, which is more than what’s necessary to understand the Husimi func-
tion |T},[¢r]|%; therefore, although the changes are straight-forward, for completeness
we will recount their proof, with the necessary modifications, stopping just at the
relevant outcome for our context and record the resulting characterization as,

LEMMA 3.1 ([WZ01, Theorem 4.4.]). — Let ¢ be an admissible phase function

anda € h™ 1 p%hg be an elliptic amplitude such that h%a(xo, &0, 0; h)|n=0 # 0. Then,
there exist ® € C®°(T*M X T*Mzy.¢,)) and ¢ € C(T*M x T* Mz, ¢0) % [0, ho))
such that
(1) e(x,&; xo,&o; h) is order zero in h, supported in a neighbourhood of (z, &) in
the first variable and c(xg, &o; xg, 03 0) # 0,
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(2) there is a positive-definite matrix H depending only on x, &y such that

S0 = (2~ 0.6~ E)H|(x — 20, — &) + OJ2 — xol* + |¢ — &)
and
Tlun) (2, €) = h™Ec(w, & w0, o3 h)er P@E080) 1 O(h>).
Proof. — We follow closely the proof of [WZ01, Theorem 4.4] to compute

Thliin im0, &) (@,§) = [ eResn=domla(a, & yih) dy,

wherein we have absorbed the cut-off y into the symbol a. The conditions of an
admissible phase allow us to write locally, by Taylor expansion in y near {(x,&,y) €
"M x M|z =y},
1
o &y) =€ (y—2) + 5Q 2, O = y),x — ) + Ofle — yP),

wherein () is a complex-symmetric matrix symbol of degree one in ¢ such that
SQ|r=y ~ (€)I and (-,-) denotes the real inner product. Since T}, localizes to a
neighbourhood of z, we can therefore write (up to O(|z — y|?) terms),

wo(r, &, 20,805 y) = d(1,&y) — d(x0, 05 Y)
=(@o—y)-S—(r—y)-§

+ ;(Q(y;%,fo)(xo — ), (20 =)

1,

—5(Qu 2.9 — ). (z — ).

The integrand is localized near x = xy = y, and since the integral decays rapidly as
O(h*>) away from the neighbourhood of points where the phase is real and stationary,

we also reduce to localization about & = &). Hence, we switch to the coordinates,
V=z0—y, w=x9—2z, (=&,
giving
Go(V, w, (5 w0, &) = wolTo — w, &0 — C, o, {05 70 — V)

=9 & () ) - (60— )+ Qw0 — 9;70,60)0,9)
~ (@~ D570 — 0,6 — O~ w), 9 — ).

We wish to apply the method of complex stationary phase, as per [Hor03, Theo-
rem 7.7.12]. To see that this can be done, just note that the change of variables
y — ¢ along with the admissibility conditions on ¢ and @ imply that ¢, satisfies
the hypotheses of that theorem around {¢ = w = { = 0}. The result is determined
up to the ideal I, := (0y, @0, - - -, 09, P0) — the generators of which, if we expand
in Taylor series about ¥ = w = ( = 0, are given by the components of the vector,

Dy@o = + Q(z0; 70, &) - ¥ — Q03 20, &) - (¥ — w) + O(W|2 + |W|2)-
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Thus, we can proceed to apply the Malgrange preparation theorem, which allows us
to divide Oy, @y, - - ., 0y, Po by each of the coordinates ¥4, ..., 9, to yield (complex-
valued) smooth remainder functions Xy, , ..., Xy, (w, (, zo,&) in a neighbourhood of
w=( =0; viz.,

U=Xy (mod ).
We now work modulo the ideal I5,. We can resolve Xy via the Taylor expansion of
Dy@p in a neighbourhood of ¥ = w = { = 0: set Qo := Q(x0; To,&o), then

0= DyPo =+ 2iSQo - Xy + Qp - w+ O(| Xy|* + |w]?),
hence,

l

Xo(w, G v0,60) = 5(3Q0) (¢ + Qo - w + O + [w]))
(wherein, the O(|¢|> + |w|?) term comes from recursively substituting the expression
for Xy in the higher order term). Now, we may expand @, in Taylor series about
{¥ = w = ¢ = 0} and substitute X, for 9, to find the phase resulting from the
integration:
1 1, -
o(w, G20,0) 1= Xy - C +w - (&0 = §) + 5 {Qo Xy, Xy) — S {Qo(Xy — w), Xy — )
+O(lw* +[¢1*)* = g0 (mod Ig,)

(wherein, | Xy|? < |w|? + |¢]? gives size of the higher order terms).
We elucidate this phase a bit: note that

? 1 —
Xﬁ — W = 5(%@0)71(C + %Qo . w) — 50.] = Xﬁ.
Letting S := RQy and T := IQy, this gives

So(e, G, &) = 5(T7¢,¢) + {175 w,)

— (ST QT ¢+ Qo). €+ Q) + Ol + ¢
and after expanding fully, we find that the Hessian of S®q at (w, () = (0,0) is,
1( T TS ) N 1(1 o) <T1 o) (1 S)
g\ST=Y T +ST71S) —4\S I 0 T)\0 1)
By the admissible phase assumption, 7' ~ ()] at (w,() = (0,0), therefore this

decomposition shows that this Hessian Hy of 3®g is also positive definite, whence,
there exists a constant C' > 1 such that

CH(|wl + [¢*) < Py = ((w, )| Hol(w, ¢)) + O(|lw]* +[¢*)* < Clw]* + [¢]).
This proves part (2) with H := 2H,.

By [Hér03, Theorem 7.7.12], there are differential operators L; of order 2j acting
in the w, ¢ variables, with coefficients that are dependent only on ¢y such that

. N_1~ .
Ty[on] — en®o6080) S 10 Li[a))*(w, ¢; wo, Sos b)WY | Sy WV,
=0
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Here, b := (det[02@,/ (2mih)])~2 and (following Hormander) we denote for a function
G(z,&,y;x0,&), its reduction modulo Iz, by G° = G (mod Is,), which can be
determined by a change of variables to G(0,w, (; zo, &5 h) == G(xg — w, & — ¢, 20 —
¥; o, &o; h), followed by Taylor expansion about (9, w, () = 0 and substitution of Xy
for 9. We note that b° = (h/7)% [(det Ho)~2 + O(|w|? + [¢[?)]. Then, the series can
be summed, upon taking N — oo, to h~1 times a smooth function co(w, ¢; xo, &0y )
of order zero in h in a neighbourhood of (w, ) = (0,0), which is non-vanishing at
{(w,¢,z,&§,h) | w=C=0,h =0} due to the non-vanishing of a and the Hessian of
@o there. After re-labelling the variables to give ®(z,&; xq, &) = Po(w, (;x,€) and
c(x, &, o, &3 h) == co(w, (; o, &o; h), altogether this brings us to

Thln) = h_%c(x,f; 0, &o; h)ff%@(x’wo’&)) + O(h™). O

Remark 3.2. — The statement of the theorem expresses the phase and symbol of
the result of T},[¢y] in terms of (z,&; xq, &), but since we know that the functions
are localized to a neighbourhood of (z,&) in the variable (z,£), we can just as
well switch to local coordinates and write these as functions of (w, (; zo, o) localized
at (w,¢) = (0,0) as in the proof. This will be useful at times in the forthcoming
calculations.

We now have quite precise information about the localization of Tj[1], but we
are left with the symbol ¢ as a factor, which persists when trying to access the
value of the symbol of a YDO at (z,&) € T*M through (3.1); this would later be
obstructive to locating geodesic points through operator expectations. To alleviate
this, it is sufficient to use L2-normalized states vy, /||¢n||: by Theorem 2.25 and the

lemma just proved, using 7T}, := Tj[; ¢, b’%] gives,
ip 2
cen

(32)  Waln) = (GalTTalyn) + O() = b8 Jeet®[”

where || - ||(4,¢) denotes the norm in L?(7*M) in the variables (z,§) and the form on
the right-hand side leads to the following,

(20,03 h) + O(h™),

THEOREM 3.3 (Symbol from C-S expectation). — Let ¢ be an admissible phase,
and Yy (x; 20, &o) := Ch(z0, &o)e™ #90&%) be normalized to ||y z2(am) = 1. Then, for
allm € Z and a € h°S;(T* M),

(n] Opy(a)|¥n) = a(xo, &3 h) + O (R ™).

Proof. — The preceding theorem tells that on Taylor expanding in a neighbour-
hood of x = z¢, £ = &,

Th [@bh}z — e—%%@

= ¢~ nlllemros-eolly (1 +30(ja — wol* + 1€ ~ 50\4)j/hj) .

j=1
This, together with (3.2), Taylor expansion of |¢|> about (x,£) = (z,&) and
dl(sz.1) vl (v) =, /\gs;g(v)|dv (see [BGMT1, Proposition C.II1.2]) along with d¢ dx =

Zo
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dé/\/gj ) dvy(x) gives,
h2 Oy (z0, &) :HC€%¢ (w0, o)
= [ 1P (e, & w0, o; ) BP0

_ / o~ Ellz—z0.6£0) 1%

X [|C‘2($0a50;$0,§0; h) + O(Jx — xo| + |€ — 50\)} dxd§

:// e @Ol
n VIO

X [lef? (o, €03 w0, €03 B) + O([o] + [¢])] dvd( + O(h™)
=h" {mé‘C‘Q(on»fo;%o,fo; h) + O(hﬂ,
me = /R% ¢ @Oz dydc.

Therefore, another application of the preceding theorem and the same method of
Taylor expansions gives, for any a € h%S™,

(Un| Ty aTy|ibn) = h™2 a(x,€) Ch(wo, &)l (, & wo, o3 h)e™ #3706 g
T* M
a sa |1 (0, &0, T0, §03 1) + O(|z — w0 + 1€ — &ol)

‘ 2

1+ i O(|l' — xo|" + € — §0|4)j/hj]
j=1

L+ O(fol* + ¢ /77
j=1

— 15 [qe# dzdé

‘/‘ h2 [mae| (20, o, To, o3 h) + O(h)
_ / ae 31 /mg + O(|z — @o| + |€ — &) + O(h)] dade

,l (z—m0),(E—£0)I%

x la(z, &) /ma + O(lz — xo| + [§ — &) + O(h)]

dzd¢

1+ ZO(‘iB — |t + € — &Y /W
j=1

=h" [a(l’o, 50)/m‘1> +pa(1), (; h) + TG(U’ (; h) + O(|U| + ‘CD]

R2n

L+ h™70(fl" + \d“)f']
j=1
X [1+ O(Jv| + [¢]) + O(h)] dvd(
= a(wo,&) + O(R' ™).

The domains of integration have been localized and expanded (as in the fourth
equality) at will, due to the fact that a symbol a € h°S™ has at most polynomial
growth in the cotangent fibres, so |T},[14]|? localizes the integrand to an O(v/h) ball
around (xo,&) € T*M. The terms p, and r, on the right-hand side of the fifth
equality denote the first-order polynomial and second-order term with remainder,
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in the Taylor expansion of a about (zg, &), respectively. The linear function p, has

coefficients of order h™ and the integral of pae_%“(”’C)HfH vanishes since it is odd,
while r, decays as h™2?O(|v|? + |(|*) near the origin. By applying Theorem 2.25, we
have the last part of the statement of the theorem. [l

Having seen the utility of the function vy, we now dignify it with its own,

DEFINITION 3.4 (Coherent states). — With ¢ an admissible phase and h > 0, we
call Py (x; 19, &) 1= Ch(ao, & )e™ #9@00) with O, = ]\e%¢\|L2(M), a coherent state
localized at (xg, &) € T*M, or simply a coherent state for brevity. At times, we will
also use the un-normalized coherent state, @Zh .= e~ nP@0t0i),

3.1. State preparation

We discuss briefly some considerations in practically constructing coherent states.
At the outset, when the isometry ¢ : M — RP is available, a simple prescription for
a phase is ¢, := (II7 () - &, u(x) — (y))mo + 575 [1y) — ()[R, with TT,(z) = Du|T -
RP D Ty A — T M = R™ and a fixed (19,&) € T*M. Then,

Dolyms = s, DY)y = (5 DD ~ (6)
50 ¢, is an admissible phase and ¢, (zo, &0;y) = (I} (o) - €0, t(x0) — ¢(y))ro + 51e(y) —
t(z0) 3o Hence, if ¢, 5 is a coherent state localized at (z¢,&y) with phase ¢,, then
for any a € h’S™ we have by Theorem 3.3,

(Y01 Opp(a)|9hn) = alxo, &o; h) + O(h).

The vector &, o := T (x9) - & is just the coordinate representation of &, in the hyper-
plane tangent to A with center ¢(x). If normal coordinates are placed at zo and x, is
in a normal neighbourhood of xg, then we understand that &y := s., () /[Suo (T4)|Rr
is the direction in which a geodesic originating at zy must emanate, to reach z,.
Then, given ¢(x,) € A in a small neighbourhood of ¢(x), a reasonable approximation
to &, is given by

AEIESENED

|(22) = (o) [z

G R
o () T U@ = tl@o)ler)

=117 (20) - & + O(le(s) — ¢(o)[ro),
wherein the first equality follows from Lemma 2.5 and Taylor’s theorem upon expand-
ing tos;! in a neighbourhood of the origin. Now, supposing |¢(z.) — t(zo)|gp < h1T

= Dily, -

and setting ¢, := (£, 1(x) — 1(y))go + |e(y) — o(z) |3 b, another application of Taylor’s
theorem gives,

o 10 (@06e57) o= £ [R(B)(w0.60.0+0(h2)iz)=iS(9) (20.60i)]

= 6_%$L(x07ﬁb,o;x) + OLoo(h%"H)’
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wherein we’ve expanded in a neighbourhood of &, in increments of the error term

coming from the Taylor expansion of &,. Then, 1, := e*%a(m’f*?"’”)/\]e%‘%b(‘”‘)f*?')HLz
satisfies ||, — ¥, nllec = O(h), from which we recover,

<1vah‘ Oph(a)l{b\b,h> = a(:co, fo; h) + O(h1*2p)'

This means that we can use points in a sufficiently small neighbourhood of ¢(xg) to
determine unit momentum vectors at which to recover, to order O(h'~??), the value
of the symbol of a given WDO.

The specifications of an admissible phase make coherent states particularly well-
suited for a description in local coordinate patches. Let u: O — V C R" be a
diffeomorphism providing local coordinates in a neighbourhood O of xq € M. Then,
for a fixed &y € T, M, a simple construction of a phase is of the sort,

(&)

6. €59) 1= (D€ u(w) = u(w),, + 5 72 u(y) — (o)l

and we have,

Dybulys =€ DiS0u)ls = 1oy DulLDul.
so ¢, is admissible in O. Also suppose y € C* is a cut-off in suppx C O such
that x = 1 on Oy C O with Oy an open neighbourhood of z,. Letting 1, be
the coherent state localized at (zo,&;) with phase ¢,, we find that Lemma 3.1
holds also for Tj[xtun] since x cuts off the integration domain, with a slightly
different symbol ¢ that still satisfies all of the properties stated in the lemma. Further,
|Yunxllze = 1+ O(h™), so by Theorem 3.3, we have,

(3.3) (unx| Opy(a)[xtun) = alzo, &) + ORI ™).

Now suppose u(zg) = 0 and let gy € TGR™. Then, &, = Du|£0770 € T; M is the
corresponding cotangent vector in the dual to standard basis. A practical phase
to construct, a priori, is simply ¢u = (10, u(zo) — u(x))rr + Hu(z) — u(zo)l3n.
Since |€u0lg,, = [70|rn, We have that qu = ¢y (20, &u0; ) and the implementation of
Yun(o, Euo; ) is straight-forward. Therefore, with &, = &,.0, (3.3) observes the value
of the symbol of a DO at the momentum vector that is specified in coordinates
by no.

We have described how to construct approximations of coherent states in the
sense of Definition 3.4 using extrinsic coordinates or local coordinate patches. Their
position localizations are given by the coordinates of xy. However, the direction
vector is given by an approximation to the differential map sending coordinates
to tangent vectors. We’ve shown that to have a good approximation in order to
achieve quantum-classical correspondence to order O(h) error, with unit momentum
vectors, it suffices to choose the direction with a small vector given by ¢(x,) — ¢(x),
for z, € M sufficiently close to g, then normalize it to a unit vector. The same
schema applies to approximations using a local coordinate patch around xy. This
analysis leaves out the finite sampling effects of the probability of choosing such
sufficiently close vectors and normalising them, then applying these in concert with
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the finite sampling propagation results of Section 6. This is carried out in detail in
the companion [KS22] and completes the picture for a statistical estimator of the
geodesic flow from finite sampled data points.

4. Graph Laplacians as YDOs

As discussed in the Introduction, there is now a wide collection of results on the
convergence of graph Laplacians to Laplace-Beltrami operators (modulo lower order
terms) on manifolds. These take the following form: starting from a collection of N
samples, they approximate A . in the N — oo limit and in turn, A, . approximates
A+ O(0Y) in the sense that for each u € C°°, ||Acu — [Ap + O(0Y)]ul|oo = O(€)
(we denote by O(9"') a partial differential operator of order at most one). These are
results along the lines of those displayed in Section 2.2 and they are closely related to
diffusion processes [NLCKO06]. We now wish to bring a quantum perspective to graph
Laplacians. Methods of semi-classical analysis enable us to instantiate a quantum-
classical correspondence via semiclassical ¥DOs. Namely, as discussed in Section 2.3,
a quantization procedure assigns a linear operator Opy(a) : C*°(M) — C*°(M) to
a function a € C*°(T*M x (0, hy]) (for some hy < 1) belonging to a class of symbols
(classical observables); these are, roughly speaking, functions that have controlled
variation in regions of phase space T*M of unit volume, uniformly with scaling the
unit length in each fibre > M as 1/h for h € (0, hyl. If a symbol ¢ is real-valued, then
we may treat it as a Hamiltonian that generates a flow ©f with respect to time [t| < T
on T* M. By Egorov’s theorem, we can relate, or quantize, the Hamiltonian fow @fl
with respect to a real-valued symbols ¢ to Heisenberg dynamics A(t) := U, ' AU of

A := Opy(a) for U}; .= ¢~ #!OPu@ in the sense that the theorem gives conditions on
q and a such that A(t) has principal symbol ao©. In particular, using ¢ := |{|, gives
the quantization of the geodesic flow I'*. Our first aim is to give light to the conjugate

flow on WDOs by Uy, := e~"V/Bre a5 the quantization of a flow on symbols a o ©},
for an appropriate ¢. To this end, we will find that when € = h?T® with o > 0, we
have h?Ay . = Op,,(¢r.a) With ¢y o a symbol of order two and to order(® Os(h), this
agrees with |£|?> on compact neighbourhoods of the origin in 7* M whenever o > 1.
In terms of quantization, the scaling e = h?t® has a simple interpretation: since
the kernel k(z,y;¢€) is localized to y/e-balls on M, the corresponding symbol must
be localized to an h/y/e-ball in phase space, which is above unit volume (wiz., the
uncertainty principle) when € € o(h?).

The next task is to extract the geodesic flow: once we have quantized it near
a cosphere bundle S¥*M for r > 0, we can use coherent states localized at (x¢, &) €
S* M to retrieve a o T'(xg, &) up to O(h) error. This works because the localization
of a coherent state restricts the action of Op,(a) to that of another whose symbol
agrees with a on an O(v/h) neighbourhood of (z¢,&) and vanishes outside this.
Since, as we will see, ¢ro = [£]2 + Os(h) on a fixed size neighbourhood of S M,

(6)We write for a € C* that a = Os(h) whenever there is a constant hy > 0 such that for each 8,
there is a constant Cjg > 0 such that for h € [0, ho), [0%a| < Cgh.
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this allows us to reduce to Uy ! Op,(a)U5  |n) = U\Efx Opp, (@)U |tn) + Or2(h) with
x an appropriate cut-off equal to one in part of the neighbourhood. Tying this
together with Egorov’s theorem and the results of Section 3 leads to the desired
propagation result: (¢n|U5! Opy,(a)U J¢n) = a o T'(xo, &) + O(h).

4.1. Symbol of a graph Laplacian

We now compute the symbol of a graph Laplacian operator. An important aspect
of this is that in order to see the symbol of a graph Laplacian, the quantization
must be done at lengths h above the sampling density \/e. We proceed with an
intrinsic version of the averaging operator, which readily exposes this basic facet of
the application of semiclassical analysis: namely, define

(A1) A O3 u— b [ k(d(y)e)uly) py)dv,(y) € C.

This operator takes on the form (2.2) in the following way,
Age[u](x)

=/ / TESE( P ]oe©) (1 - o) 0 55 (0) | dee

) n % dZ
— {52 (1) € g ——/ He0n o |22
e h 2 eh ya €
oy ( » (121, /¢) p(y)>

|92

w(y)xe () &dvg@)

1 i n i
_ 3 {(sy(2),m) gy -3 +(¢ 9y >
= (QWh)n/*Meh< y(%):m)g (6 /T*M eh ) k(|<’|gy ) )
X

u(y)Xe(y) dy dn

1 a SylT
= n/ eh V@M H oy, (y,1)u(y) xa(y) dn dy,

(42) Hoypl(o,€) = et /T F OOk (IC[2 fe) ~2 p(a)

A

/e) ac\/lgal p(a),

and wherein = denotes equality up to a term of order O(e*) € C'°, x,(y) is a smooth
cut-off within the normal neighbourhood of x such that x,.(y) =1 on a fixed, open
neighbourhood of x, F;, *[-(2)](€) is the inverse h-Fourier transform in R™ with kernel
(2h)~"e#*¢ and we have used the parallel transport operator T, : oM — TiM
along the unit speed geodesic from y to = to make the changes of variables n := 7,
and ¢ := T,z The features of parallel transport used here are that it is an isometry
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with 7,5, = Toonys Tyorasy(2) = —sa(y) and dToy () = (I9:1/19,))2d(-). The fact
that d[(s;!) v, (v) = /| 941 (| dv is another consequence of parallel transport we've

used and its justification can be found in [BGMT71, Proposition C.III1.2].
The formal symbol H,, . has

(€)1 0707 oy
= ") d= Jgé[p(a)

_ (};)’3 /neif<z,s><e/h2+Az)lm2m(Zﬁal k( 2) )dz

which is uniformly bounded in (0,1], x T*M for ¢ = h*™ with @ > 0 and
each m, |v|,|5] > 0, while taking § = 0 with m < 0 and evaluating the right-
hand side at ¢ = 0 shows that this quantity grows as Q(h™*/2?) whenever a > 0
and is uniformly bounded when o = 0. Thus, Hype 1= Hyp p2te € h°S° for a > 0
and H, o € h°S™°°. On the other hand if o < 0, then for any m > 0,d < 0, taking
5| B
Sup h/ ‘ag Hg,h’hQ-ﬁ»a
M

|G| = m gives
B
2Pk
(z,£)eT™ /n (

hence H,j, p2+a & h*S™ for any k,m € Z. This shows,

LEMMA 4.1. — Lete, h € (0,1], A, be given by (4.1) and H, , . be given by (4.2).
Then, A, with € = h**™ for « € R is a ¥DO if and only if « > 0, in which case
.Ag’h%—a = Oph(Hg,h"‘> with Hg,h“ = Hg,h,h2+a c hOSO for a« > 0 and Hg,ho‘ c hOS—oo

whenever oo = 0.

1

2

gz

1
gi z

oM /Rn (z’e%/h) Iﬁlzﬁe"%@’f)k(

1
gi 2

1

g2

p()

Y

) dz| 2 hE,

m 1
Zp hoato gz z Zp,ﬁ

The extrinsically defined averaging operator A, given by (2.1) has small deforma-
tions from an isotropic kernel in normal coordinates that must be accounted for in
its description as a WDO. Even so, the regime for € and h giving pseudodifferentiality
is the same as in the intrinsic case and the extrinsic deviations only give lower-order
terms in the symbol: this we now see in,

LEMMA 4.2. — Let ¢,h € (0,1]. Then, A, with ¢ = h*™® for a € R is a ¥DO if
and only if a > 0, in which case Ajz+a = Opy(Hype) (mod R*U~™) with (¢,m) =
24+ a(l—m/2),m) for 1 <m < 2(1+1/a).

Remark 4.3. — We note the following cases of the order of the sub-principal
symbol of Ajz2+a: we have the extremes (¢,m) = (1,2(1 + 1/«)) and (¢,m) = (2 +
a/2,1) and the balanced case, (¢, m) = (2,2).

Proof. — We begin with a series expansion of the kernel of A.: by Lemma 2.5 and
Taylor’s formula,

2 ~
(@) — o s @) = P+ X o Eosla,v),
|B]=4

Busle,)i= g [0 =902 [ute) = o5 ()]

dt,

- =tv
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hence denoting kM (t) := 9;k(t) and E,(z,y) := > |8]=4 s5:(y)?E, 5(x, 5,(y)) we have,
k(@) — o) /e) = k(dg(w,9)* f€) = kil y),
B, 1
bt ) o= P20 R0 (a0, )2 1B, 9) ).
There is a constant C'yq, > 0 depending only on the geometry of M and embedding ¢
so that for all pairs (x,y) € M? in a geodesically convex neighbourhood, |E,(z,y)| <
Cum,dy(x,y)* and by the defining assumptions on k, there is Ry > 0 such that k
and kY decay exponentially outside of [0, Ry]. Therefore, if ¥ : R — R is an even,

non-negative smooth cut-off supported in [-2Ry, 2Ry and such that x(t) = 1 on
|t| < Rk, then

k(@) = ) P/e) — k(dg(w,9)?/€) = kue(a,y) + Os(e),
Fue(,y) = koe(2,y) x(dy(2,9)* /e = Canudy(x,9)*/e)

and there is a constant C' > 0 depending only on C),, such that supp[%bve(x, )] €

Now consider the operator

A=Ay =AW C® — O
U—s €3 //vt %L,E( Sy)u(y) ply)dry(y)  (mod AU ™).

We wish to see that this is a DO with symbol belonging to h*S~™ for some £, m > 1,
which would establish A, as a ¥DO with h-principal symbol H, .. By the definition
of ¥DOs on a manifold, we must thus establish that A™M is pseudolocal and locally
resembles a WDO on an open subset of Euclidean space. We begin with the former
property: suppose x1, X2 € C> with supp x1 N supp y2 = 0. Since k, ez, xa(-)=0
whenever supp x2 N B\/( z) = 0, in order for yi(z)k.(z, )x1(-) # 0 we must
have supp y2 N B\/g( z) # 0 and = € suppyxi N B\/g(x) # (), but when ¢ > 0
is sufﬁciently small, B ve(®) C supp i, so uniformly over (0,1]c x M?* we have
Ix1(2)k, (2, 9)x2(y)| € O(e®). The same holds for all derivatives of xi(z)k, (x, )
X2(y) since the support is stable under differentiation; furthermore, due to smooth-
ness of this kernel, we have that x1AM [y2] € AU~ viz, AW is pseudolocal.

We wish to see now that A®) gives, under a change of coordinates within a given
patch, a YDO on the corresponding open set in R™. So fix an atlas for M with ~ :
M DU — V C R” providing local coordinates on the patch U and let yq, xo € C*°
with supp x1,supp x2 C U. Then,

AV ) (z) = € %/ %Le('x 7 (v )) [(X2 p-u)ov_l} (v)’detD'y_l(v)‘,/‘gwfl(v)

en 10200, (y(2),€) (x2 - u) 0y} (v) dv de,

n

n
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with
0 (,€) = e [ eFCr i, (5, w) du,

n

by (W, w) := %ue ('y_l(ﬁ]), 7_1(w)) poy tw) ’det D'y_l(w)’\/m

and wherein = denotes equality up to a term Og(e*) that is given by the action of
a smoothing operator. The definition of a, is sensible because whenever x € U, with

e sufficiently small we have suppl[k, c(z, )] C B s(z) CU.

We now have x1AM[xou] = x17* Opp ™ (a,)(v"")*[x2u] in the formal sense of
quantizing a smooth scalar-valued function; we wish to see that for a certain regime
of € with respect to h, a, indeed belongs to an appropriate symbol class. We first
switch to normal coordinates, wherein homothetic rescalings apply cleanly so that
contracting by €2 in these coordinates exposes the decay of a, in €. On a change of
variables w = v 0 s, (v) with z = v~} (w), we have

0 (@,§) = 8 [ et O O, (@, v) dv,

n

b (,0) = ke (s71(0), 57 (v)) po sy (v)|det Dy (0) |y |9z

We may now apply the Kuranishi trick to the phase appearing in the representation
of a, by way of the Taylor expansion

yos,(v) —vos,;'(0)=D h o 5;1} ‘v:O v+ B, (0, v),
1
E,(w,v) =) Uﬁ/o D? ho 5;1} (tv) dt
18]=2

with F(w) := D[yos,']|,—0 a smooth matrix-valued function, invertible at all w € V.
Since

Ev(w,e%v) =eb, (w,v),
1
B, (w,v):= > vﬁ/ D? [70 sgl] (te%v) dt,
pl=2 0
another Taylor expansion then gives,

) 1 1
e%<§,F(7j})-e§v+EV(u~),e§v)> _iYe
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Therefore,
a,),({ﬁ, 5) = 6/ €i%<£’v> (1 + fé@h(@a v,§, 5))&,5 (7_1({[})7 zNJ)

Xpos,t (6%17) ‘det Ds;? (55) ’

n

vi=F(w) v

and an integration by parts gives,

0 (@,€) = ¢ [ e FEN(B,(@,7) + 2B, (@,0)) di,
R’I’L

)

1
2

BL7€(’LIN), 0) = BL,E (x,0)po 3;1 (e%ﬁ) ’det Ds;l (e%ﬁ) ‘ )9851(\&5)

wherein supp B, .(@,) C {|5] < C} and B, (w,7) € C®(V x {|5] < C}) has the
asymptotic expansion,

Y

co izl
~ - € 2
BL,E(w7/U) ~ Z 7
j:l j .
Now we proceed as we’ve done before:

(€)1 0308,
= (g

1+2

hm

(By.e(0,0), Vo) [ Bie(w@, )](0).

0y [ (iet /1) (B, (,5) + € B, (i, 9))di
Rn

[B]=m

/Rn o () (€/h2 +Au) 3

€

x (07 04| (B..o(, ) + €2 B, (, 7)) /|det F(w)|] ) dv

so that using ¢ = h%t® gives ¢'*% /h™ = p2+o(14m/2) The Fourier transform is of
a smooth, compactly supported function, hence it is uniformly bounded in (0, 1], x
T*M. Thus, if @ > 0 then a, € h*S™ for ({,m) = (2 + a(l — m/2),m) with
m € N, m < 2(1 + 1/«) and we may change quantizations to the adjoint form by
a transformation of the symbol [Zwol12, Theorem 4.13], which retains its order. [

Example. — The simplest case is to take for A, . the operator with Schwartz
kernel kg (x,y) = e 2e%(@v)*/¢ and uniform density p = 1. Then, an h-Fourier

transformation shows that Hy; . 1= 5 e izl |gx]’%. Recall that due to the un-
certainty principle, a semiclassical WDO is defined for symbols with small variation
in regions of phase space with unit volume. This symbol H, . varies polynomially
within a ball of radius O(h/+/€) in each cotangent fibre T;* M and decays exponen-
tially outside of this ball. When € = h*™®, this symbol has exponential decay within
a ball of radius h=*/279 for § > 0, so for a < 0 this amounts to large variation in
sub-unit volume regions of phase space. Another (dual) perspective is that in order
for Ay to be regarded as a semiclassical DO in quantization scale h, by pseu-
dolocality it must have Schwartz kernel k, . that decays, along with all derivatives,
as O(h>®|z — y|~°°) outside of the diagonal. The critical rate here is /€, in the sense

ANNALES HENRI LEBESGUE



On a quantum-classical correspondence 1161

that for points with 0 < dy(x,y) < v/€, the Schwartz kernel k, . follows this decay
rate if and only if h > /e. Effectively, if h remains below this rate, then all of the
content of the symbol is lost and hence the quantum-classical correspondence breaks
down: quantization forces such a symbol to be essentially zero (an impulse at the
zero section of the cotangent bundle), while A, . behaves as € — 0 like an operator
with symbol having support in all of the cotangent bundle and moreover, going to
a constant as h — 0.

We may now employ symbol calculus to express graph Laplacians as WDOs:

THEOREM 4.4. — Let A >0, ¢,h € (0,1] with € = h*™ and a > 0. Then,

2c0 1 — Hg,h"‘/(pz)\p)\,e)
,Cg)\,ha = —

hYS?
(&) he <

and h?Ay . € h®0? with
h*Ayc = Opy,(Lyane) (mod KU

Moreover, if we fix 0 < 6 < 1 and C > 0 and let xc : R — R be a smooth
function with supp xc C [—C, C], then for all pairs (m,«) € Z X [1,00) that satisty
a>1+6(4+m), we have

Opy, (['g,)\,haXC (h25|5|21)> = Oph(|f|21Xc(h25|§]§I)) (mod hU™™)
and in particular, when § = 0, this holds with m = oo for all a > 1.

Remark 4.5. — The picture to keep in mind for the symbol is, for example, given
in Figure 4.1 for the kernel k(d,(z,y)?/€) := exp(—d,(z,y)?/e) with e = h*T®. The
function £, o approximates |5|3;p within a neighbourhood of 0 € T* M that grows
as h — 0. The rate of this approximation governs simultaneously, the symbol class
and the momentum magnitude within which we can recover |£ |§w, set by m and ¢,
respectively. As the figure shows, £, e is clearly not principal in h°S?; hence,
as we will see later, dynamics generated by the graph Laplacian connect well to
Hamiltonian dynamics on 7" M when we can take m = oo.

Proof. — Since Lemma 4.2 gives A, as a VDO and the operators of multiplication
by pye,pc* € C* are readily seen to be WDOs with symbols pyt,p* € h°S°
respectively, we may employ the symbol calculus upon writing A, . as a product of
these operators to get:

Aﬁll = Ay — Agae = piip?flg”pj e nw ™,

Ag,/\,e[ : ] = p;ipe_kﬂg,e[pe_k ’ ] S hO\IJO
with (/,m) € R x Z as in Lemma 4.2 and

X I—A I1—A
Aypa = h2c—2A = e gAe _ pa ()
Ay 200 A, ho he A€
Since K A{) € ' W= with (¢,m) = (2 — am/2,m) and
1 —00
Oph (Hgyh‘l/(p?\pk,e)) = -Ag,e o W (HlOd h>w )7
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€12

(1 _ e—h“\é\z)/ha

—

~h %

Figure 4.1. The symbol L,y pe for k(dy(z,y)?/h?*) = exp(—d,(x,y)*/h*™*)
(modulo normalization factors) in comparison with the symbol [¢[2 , depicted
in terms of momentum magnitudes |¢| along the horizontal axis. Note that
the modulus of the symbol of the graph Laplacian grows as ©(h~*) outside of
a sufficiently large neighbourhood of 0 € 7% M, which means it is not principal
in h°S?, but cutting off to a neighbourhood is sufficient for connecting with
Hamiltonian mechanics via Egorov’s theorem.

we have

Axha = (pi\pk,e)ilﬁg,/\,hap?p)\,e — hiO‘Af\l’z (mod AU,
Ag,)\,ho‘ = (I - Oph (Hg,ha/pzkp)\,e))/haa

hence to see the first part of the theorem, it suffices to show that

1-— Hg,h“ /pz)\p)\,e
ha

A change of variables in the representation (4.2) shows the form,

Hypo(@.6) = pla) | e

and combining this with the defining assumption that k decays at least as fast as an
exponential implies that H o is analytic in . Thus, by a Taylor series at § = 0 we
have the expansion

(Hg,ha/@?px,e))(x,f) = ﬂ > (—1)

Cop = /z%k(|z|2)dz.

By Lemma 2.13, there is a function ¢, € C'**° depending only on p, M, ¢y and A such
that

(4.3)

Lg’)\,hoc = € h's?.

iho‘/2<z7g;1/2§>k(|z|2> dz

Pae = (cop)' ™ + ecop' " qa + O(€%).
Applying this to p. = po and taking a Taylor series shows

2 = (cop)® + €(cop)™ gy + O(€?),
gx = 2\c2p qo.
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Therefore,

P2 = cop + €dro + O(€2),
Gro = Gx + 2 cap @y

and upon taking a geometric series expansion this leads to

p/ (px,ep?) =q' [1 - €q~,\,o/(Cop) + 0(62)}.

Employing this expansion we now have,

4.4
(1.0 2
_ Cop p (=11 (Ikl=1) ( ,—1/24) 2"
— (1 + podsl=D) (g~ Con
( pzAp)\,e> pzAp)\,e Z> (QR)' (g 5) ?
[r|>1
c ~ a
= 22 . T h2q,\70/(cop) + O, (h*%)
P (=1l (Ik|=1) [ —1/24) %
=g 78 ) can
PPpac %;2 (2K)! ( ) 2

C2 1412 2 p (=1t a(jw]-1) (—1/2 )"
= 2|2 4+ 0.(h?) + h 9y '°E) o,
260 ’ ‘gz ( ) pg)\p/\’e |,§>:2 (21‘@)' ( )

wherein the O,(h?) term denotes that it is a function only of # and h and is uni-
formly bounded (due to compactness of M) by a constant multiple of h?. Denoting

Lyxne = (1—Hypa /(9P parc))/h*, we see from this, that for small |¢| < h=%/2 m > 2,
0<|Bl <mandally >0,

P 0207 Ly s e

< (O™ RHE)T™ 4 (¢) Bl 3 pedlsl- 1)( "gzn ,8‘
|| >max{2,|8/2}
< 1 + p—)8l=2=(m=2))/2 h) 181/2-1 _ %2k
s (L+h7%) ( %2(2“—5)

o (B + )P (1 ey g
while for large || > h™%,

51,

5>|5\—m‘ 0107 Ly pe

S(L+h) 7" (he) 7 !

o p(z)
[ e (5o< k(Jos/z] >'%'”2p*<x>(m) "
S (B + A1 4 ey -m-2y2

so together this implies (£)1Al=™
Further, for || > m we have

X

|8;(9§Lg,,\7ha| is uniformly bounded in (0, 1], x T*M.
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€>|B\—m‘a;a§LgA7ha

_ |/ ihe/2(z (ha)m/Q l(ha +A ) (18]—m)/2

(z%”[ (\91/2 | >|9x|1/2133*@c]9)(13;3,5(:z:)]> *

so altogether we find that L,y pe € h°S?. This is the minimal order for this symbol
because if we follow the expansion (4.4) along (£) ~ h=" for B < /2, then we find
that Lyypa(+,€)/(€) ~ h™", hence through its scaling with h, the symbol L,y po
escapes the lower order classes.

Now an application of symbol calculus to (4.3) shows that for a > 0,

< 00,

2
WA, = oph(c0 L, W) (mod hW).

If we introduce a smooth cut-off x¢ -s(+) = xc(h? -) with supp x¢ C [-C, C] for
0<d<1and C >0, then from (4.4) we see that for each m € R,

hHEPH X

C
v (1€12) 0208 | Ly = 52 1€, |

< BTN+ 2R 20)(1BHm)/2 3 polsl—1)—6(2lx|—|Bl) __©2x '
|| >max{2,]/2} (2k = B)!
< 4 3 J—8(m+181) p,—1 po|sl—1) =6 (2lw|—|B) ___C2r
In[>max{2|51/2} (26 = 5)!
(I5]=1)(a—[8(2|s|+m)+1]/(|x|-1)) 2%
7B h o\
HZ;Q (2k)!
a—(144 m
NW h (1+6(4+ ))

Since the partial derivatives of xc-s(|€]2 ) are also cut-offs of [£]2 in the same
region and the above bound holds with the factor x¢j-s replaced by any such cut-
off, we find that upon summing up via the triangle inequality, we have the same
bound up to (new) constants depending on v and (. Therefore,

Oph((QCO/CZ)Lg)\haXC h—é(‘ﬂi)) = Oph(\fﬁXc h-d‘f’i)) (mod AW™™)
whenever o > 1+ 6(4 + m) so in particular, we may take m = oo when 6 =0. [

Remark 4.6. — The second part of this theorem can be generalized to give a lower
bound p + §(4 + m) on « if instead of using the unit step size for orders of h in
the pseudodifferential calculus, we take steps of size p > 0. In any case, while
a = 0 is applicable to the first part of the theorem (and then we actually have
h*A, . € h®U~>°) as the second part shows, this would not be able to extract the
kinetic term []2 (for any step size p > 0).
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! jol? o(h*Axe)
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Figure 4.2. The cut-off y on phase-space (left) and on the spectrum™ (right).
The accumulation point of the spectrum sits at 1/e and as the shape along with
the spectral gaps indicate, the spectrum approximates that of Ay in a scaling
< 1/4/€ below the reciprocal of the kernel bandwidth. Note the similarity of
structure, even to the high end of the spectrum, with the approximation of the
symbol [¢ |§m by the symbol of the graph Laplacian in Figure 4.1. The points
g,,0y mark the nearest eigenvalues outside of Z,.

4.2. Semiclassical spectral calculus for graph Laplacians

In light of the semiclassical analysis of graph Laplacians, we may apply microlocal
methods to discern frequency space behaviour of their higher spectral components,
following the methods of [DS99, Section 8|. Broadly, the notion is that once the
pseudodifferential calculus is turned to spectral functions f(h%*A, ) for f € C°(R),
the resulting symbol calculus reveals phase space properties such as localization
and growth of the spectrum of A, at eigenvalue scales ~ 1/h? = ¢~ zra. This
is supported by the machinery of the Helffer-Sjostrand functional calculus that
gives symbol estimates through an almost-analytic continuation of f combined with
a priori semiclassical estimates for resolvents. Our main application will be to see
that the spectral localizations of graph Laplacians at such semiclassical scales are
microlocalized to balls of constant radius in semiclassical® phase space.

The symbol calculus of Theorem 4.4 and remarks thereafter point out a caveat
in the application of the Helffer—Sjostrand functional calculus, however: the graph
Laplacian h?Ay . is not elliptic in its class, hW?. This reflects that at sufficiently
high frequencies, the symbol L, stops providing a good approximation of |¢ |3z, as
depicted in Figure 4.1. In that regime, then, the graph Laplacian behaves more
like a scalar operator rather than the Laplace—Beltrami operator. Furthermore, if
X € C°(R), then €Ay . € h*S? is elliptic of zeroth order only when o = 0. As we have
remarked already following Theorem 4.4, at this scaling we are not able to extract

(7)The plot is actually of the first 480 eigenvalues of A; ¢ for NV = 6000 uniformly random samples
from the unit sphere in R? with € = e=34.

() We refer to the scaling of momentum &, or effectively the cotangent space T*(M), at the rate
&/h, as the semiclassical phase space. Hence, a ball of constant radius in this scaling is a ball of
radius O(1/h) at momentum magnitudes ©(1/h).
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the kinetic term | |52h of the classical Hamiltonian from the principal symbol of
h*A, .. We mention a relationship with the spectral convergence of graph Laplacians
to the Laplace—Beltrami operator A ,: the convergence of eigenvectors is based on
the presence of spectral gaps in Ay, of roughly the same sizes as present in A,
established through the Davis—Kahan method, for example as in [CGT22, proof of
Theorem 2.7(2)] or [BNO6]. Interestingly, Weyl asymptotics yield that the threshold
for this at the semiclassical eigenvalue scales ~ 1/h? is the condition h > €!/(27=4),
with rates that depend directly on the bias error discrepancy, requiring €'/6/h < 1
for stability:.

Should a clean application of the Helffer—Sjostrand formalism be possible, we would
obtain global phase space information about the eigenfunctions of graph Laplacians
as follows: if x(h?Ay.) would be a YDO with a symbol expansion given by that
method (specifically, [DS99, Theorem 8.7 & following remarks|) with Z, := {x =1}
an interval, then we would have for any y € C2°(R) with supp ¥ C Z, that for all
sufficiently small h > 0, Op,(X(|¢[2.))[ — x(R*Ay )] € h>°U~>. This means that
given any eigenfunction ¢ with corresponding eigenvalue A ¢ supp x, we would find
Op,(X([€|2.))¢ = Os(h>°). In turn, given any coherent state Y8 with ¢ = (x,€)

such that the essential support of Th@/z,ﬁ resides in supp )Z(|§|!2]x), we would have that

|(¥5|©)] = O(h™). The schematics in Figure 4.2 show a cut-off applied to the true
spectrum of a numerical graph Laplacian and a depiction of the corresponding action
of the cut-off in phase space, relative to the localization of %E- Altogether, in as far
as the quantization of Y(|£ \fh) is seen as a frequency cut-off or the inner products
of a function with coherent states (effectively the function’s FBI transform) gives
its phase space content, we would find that only the eigenfunctions with eigenvalues
in Z, have frequency content at scales |¢|,, ~ VZ,/h. As mentioned, the ¥DO
calculus and hence, this analysis, go through for a = 0, modulo x being a spectral
projector. This tells that the eigenfunctions at the extreme end of the spectrum,
with eigenvalues ~ 1/e are localized in frequency space in balls of radius ~ 1//¢
at frequencies of magnitude ~ 1/y/e. Moreover, eigenfunctions corresponding to
eigenvalues o with 0 < o < 1/e must have frequency content < 1/4/e.

The spectral asymptotics may be pushed further by using A-dependent cut-offs
Xne () = x(h™9-) for 0 < § < 1/2, following the extension of the Helffer-Sjostrand
approach to this case given in [Kiis17]. Continuing with o = 0, this leads to the
frequency concentration of eigenfunctions in the spectral regime o ~ 1/¢79/2 to
within balls of radius ~ 1/e*/27%/% at frequency magnitudes ~ 1/€'/279/4_ All eigen-
functions outside of this spectral scaling must then also be localized away from the
corresponding strips of phase space. If we switch to h? = €'79/2 then o = 20/(2 — 6)
sets h 1= l/(2+a) = 1/2-0/4 g5 this approach in fact gives semiclassical estimates for
O(h%)-localized spectral functions of h?A, . in the regime 0 < o < 2/3. This means
we are able to extract the principal symbol f(L, s pe), hence also the approximation
f([€I2,) corresponding to the kinetic term, from f(h?A,.), to order emn{®/21-20},
Such direct applications of these techniques only reach as low as the spectral regime
o ~ ¢ 3% and we must apply some restrictions in the frequency domain to peer
lower.
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We study spectral regimes of graph Laplacians at o ~ ¢ 2/?*®) for o > 1 by
localizing the analysis in frequency space. Rather than providing direct information
about the frequency localization of eigenfunctions within some spectral window, this
approach reveals that those lying outside of the spectral regime fixed by o must have
frequency content disjoint from momentum shells of scale ~ 1/h. Specifically, we
develop semiclassical estimates for f(h?Ay )X where Y € U™ is a frequency cutoff
in some phase space strip K C T*M. By choosing f to act locally as an identity
in a spectral window larger than the width of X, we ensure that O(h%)-localized
frequency strips are occupied exclusively by eigenfunctions at spectral scales ©(h°).

THEOREM 4.7. — Let A > 0, ¢,h € (0,1] with ¢ = h*™™ and o > 1. Then,
given x, X € C°(R), there is hy € (0, 1] such that for all h € (0, hy], we have for
X = Op,(x(|¢I2.)) and P, == x(h*A,) that

PX, XPy € B0, Sym[P,x] = Sym[xP,] = x(I¢2, )% (I¢[2,)
and in particular if supp Y C {x = 1} then,
X(WPALIX =X (mod h@W), [x(h*Ay), %] € h=w—>.

Proof. — We will switch temporarily to the symmetric graph Laplacian A(;z by
conjugating Ay with /p, —as per Lemma 2.12 and utilize the Weyl quantization

Op, = Opflb/ . We will use the notation fn, to denote the corresponding composi-
tion formula for symbols in the context of Weyl quantization: Opj (a) Opy (b) =
Opy (atpb). This guarantees that the symbol L(;z € h°S? such that Af\sl = Op";L”(Lg\Si)
is real-valued. Moreover, since LE\Sz = L, ne (mod hS?), the local approximation of
Lgxne by [€]2 given in Theorem 4.4 shows that if xo € C2°(R) and supp X C {xo =1},
then there is hy € (0,1] such that for all h € (0,ho] we have suppx(|£[2) C
{x0© L(Asz = 1}. We now proceed in this regime and just note that by changing
quantiza:cions and conjugating with 1/ \/]_9/\’6, we will have the results for the graph
Laplacian and adjoint quantization, up to the sub-principal symbols.

Step 1. — The almost-analytic functional calculus developed by Helffer and Sjos-
trand in [HS89] shows that for x,., the almost-analytic extension of x,

1 . —1
P, = X(h2AE\2) = /(C OXan(2) (Z — h2A(;71) dz.

Now let Ey.p = [[ — (z — h2A) Opl(1/(z — L)) /h = Opf(Fa-;2)) with
Pae(+32) = $[1 = (2 — LE\fZ)ﬁhl/(z — LE\SZ)] By following the shape of L, e« and
arguing along the lines of the exactness of its order in the proof of Theorem 4.4, we
find that in the region of frequency space (modulated by the semiclassical parameter,
namely |¢|,. ~ h™%/2) where that symbol is of order (0,2), the symbol 1/(z — L(;l)
is of order (0, —2). Likewise, at higher frequencies where L, ) o« behaves of order

0,0), we find that so does 1/(z — L)), Thus working locally, we find that in fact
A

€
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Tae(-32) € WS~ Then,
1 1
Opy | ——~ WEL = (z—hAl I — N ENT
() S = () (-
and the left-hand side along with (I hN“EiVj,b are ¥DOs, so that (z— thg\i)’l

is as well. Hence, Ry(z) := (z thA - LEYE € h®U~N=1 and continuing this way
we have,

(45) Py=— [ 0xun(2)[Onk (rc(:2)) + B:)] d
with R(2) € h*°¥~>° and

> N B _
Txe ™ Z W (Z - LE\Z) Bnae (5 2)8n - BnTae( 5 2).
j=0

j times

This gives an integral representation for P, through a family of WDOs, which yields
a symbol expansion upon microlocalization to a compact part of phase space.

Step 2. — We introduce a frequency cut-off by forming the product P, ¥. Then for
the family of operators in the integrand on the right-hand side of (4.5) we have that

X (1612,) ~ Zhﬂ — L7 P 2 S )X (1€12, )

7 times

wherein LY := L(S)X o L(A and 75 (-;2) ~ +[1 — (2 = L°)#,1/(z — L°)]. Indeed, this
follows from the fact that for h € (0, he), L° = LE\SZ on supp x([¢|2 ) and for the same

reason, if any partial derivatives in the expansion of the f, operator land on o L(;’l,

then the corresponding term vanishes. Thus setting Y% = OpZ’()Z(|§|§L)) we have,
Sw 1 3 w Sw OOy — 00
PR" = (= [ Bxan(2) Opf (,(2)) d= ) (mod hw)

and on applying the foregoing discussion to L in place of L) Lo We recognize the left-
most factor on the right-hand side to be the application of the Helffer-Sjostrand for-
mula to P) = x(Opy (L°)). Since L° € h%S~, the semiclassical estimates of [DS99,
Section 8] apply directly to give P € h®W~>°. Hence also P, X" € h®¥~> and we
compute its symbol modulo AP~ to be x o Ly pa(z,&)X(|€[2 ), from which a lo-
cal Taylor expansion further refines this to the symbol as in the statement of the
present theorem. On running the previous steps starting with )?(|€|gx)jjhr,\7€, we find
X" P, € h®U~>° with the same symbol properties.

Step 3. — In the case that supp x C {x = 1}, it suffices to choose the auxiliary
cutoff above to be xo = x. We may now apply the symbol expansion given in
the remarks following [DS99, Theorem 8.7] to PO In this expansion, each term of
order 1/ for j > 1 contains a factor with at least one derivative of y evaluated at
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L°(z,£). Hence, the inclusion supp x(|¢|2.) C {XOL&S’Z = 1} for all h € (0, ho] implies
(I = P)X", X“(I — PY) € h™W~>°. Thus, we obtain

P X" = P)?)A(w =X" (mod h®W™),

along with the desired commutation relation [X(h%&fi), XY] € h*ew—°,

Step 4. — The preceding remarks regarding the similarity of graph Laplacians and
moving between quantizations, all up to a lower order symbol, now apply. On noting
that the supports and flat regions of the symbols are preserved (modulo h*W~=>°)
under changes of quantization, we conclude the statement of Theorem 4.7. ([l

5. Propagation of coherent states

The inclusion of graph Laplacians in the framework of semiclassical pseudodifferen-
tial operators greatly facilitates a central theme of our study: the behaviour of a co-
herent state as it propagates according to the dynamics U} , := PRALE LA (M) —
L*(M). Since we have seen that h*A, . microlocally resembles h* A and detailed
descriptions of coherent state evolution under the quantum dynamics generated by
hv/An, are well-known, for example by Fourier integral operator methods [PU9G],
we expect that U/{gﬂh is roughly another coherent state, with a different ampli-
tude, centered at (zy,&;). On Euclidean space, rather explicit forms for propagated
coherent states can be obtained for real-valued Hamiltonians in S™(R") through
the application of metaplectic operators to the second order Taylor approximation
of the Hamiltonian along the classical trajectory [RC21, Section 4.1]. In fact, this
relates to the WKB method for the propagation of Lagrangian states [SVT12]. While
these techniques may be adapted to YDOs on manifolds by working in local patches
along the classical trajectory, the application to Uf\6 additionally requires dealing
with principal symbols and the square root function being applied spectrally to the
non-elliptic operator h2A, .. Such descriptions can be likened to the Schridinger
picture of quantum dynamics, where one is concerned with the explicit description of
propagated states |1y, (t)) according to the dynamics thog|in(t)) = Quln(t)) given
by a quantum Hamiltonian @)},.

Our approach is through the quantum statistical or Heisenberg framework, using
the correspondence between the evolution of symbols under the Hamiltonian flow
and the evolutions of their corresponding quantized operators under conjugation
by the dynamics Uf\je. We will ultimately arrive at a middle-ground with regards
to the Schrodinger picture: the quantity |Uf 4 (x)[* is physically interpreted (as
per the Born rule) as the probability that at time ¢, the particle whose quantum
state is described by |¢y,(t)) can be found at the position x, while in the following
we use quantum-classical correspondence in the Heisenberg picture to turn this
quantity into a description about the location of x;. This is driven by Egorov’s
theorem, which states roughly that if ) is a ¥DO with principal symbol g, then the
operator dynamics A(t) = e~ #'? Op,,(a)er'? preserves pseudodifferentiality, meaning
that up to Ehrenfest time Tg(h, p;qo) that increases at a controlled rate in 1/h?
for p € [0,1/2), A(0) € U™ = A(t) € ¥} for all |[t| < Tp and furthermore,
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A(t) = Opp(ao @} ) mod h'~>Wn~!. The growth rate of T is determined by the

local expansion rates of the classical low'®) | which induce time-dependent roughness
in the derivatives of the symbol a o (I)flo and thus necessitate the p-dependent symbol
classes.

On adapting this and utilising the broader semiclassical framework, we will arrive
at a sufficiently descriptive picture of the propagated coherent state Uf\ﬁwh for our
needs: namely, that it is localized in an O(hY/?7°) neighbourhood of (z;,&) =
I'(xg,&), for all § > 0, and that the coordinate mean of the probability density
UL P/ |US cnll7 is within O(h'~2°) distance from x; for times up to || < Tk.
We will revisit the latter interpretation in Section 5.2. Presently, we will develop
a version of Egorov’s theorem that applies to quantum dynamics generated by a
cut-off of hv/A A in phase space at appropriate frequency scales. Then, we will show
essentially that the application of ¢, to the propagator Uf\e implicitly performs this
cut-off. The techniques involve mainly asymptotic expansions of the symbol calculus
and spectral properties of the graph Laplacian.

5.1. Geodesic flows of symbols

We have seen in Section 4 that the principal symbol of a graph Laplacian is locally
equal to |§|§m So, for a fixed (xg,&) € T*M and h sufficiently small, we expect
that the Hamiltonian flow given by the square root of (the principal part of) the
symbol of a graph Laplacian coincides with the co-geodesic flow in a neighbourhood
of this point. An issue, however, is that graph Laplacians are not elliptic, which
obstructs directly applying certain bounds on symbol propagations and utilising
their square roots. Our way out goes back to the application of coherent states: since
Yy, is localized at (zg, &) in phase space, by going through the FBI transform as
in Lemma 3.1, we can approximate it with the application of the quantization of
a phase space localized symbol. Upon enlarging this symbol to a frequency space
cut-off in a strip containing &, that includes the essential support in phase space
of ¥, (as depicted in the left of Figure 4.2), we get in concert with Theorem 4.7,
a spectral and frequency-space cut-off of the graph Laplacian. Finally, we will use
this to bring a cut-off into the generator (), for which we have the following version
of Egorov’s theorem:

THEOREM 5.1 (Egorov). — Let ¢ € C°(T*M x [0, hy)) Nh°S~° for some hy > 0
have a real principal symbol qy that generates the Hamiltonian flow @fzo on T"M
with maximal Lyapunov exponent Ay, > 0. Then, given a € S)', p € [0,1/2 — p),
A > Ay and T > 0, we have for all

o p 1)
1) < Tk o) =T+ % log

) Regions of negative curvature on M naturally lead to exponential stretching with respect to t,
so in this case we expect Tg < log(1/h”). When the geodesic flow is not so chaotic, the Ehrenfest
time may be a power law in 1/h”.
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that with Q := Op,,(q) and U' := e~ #'Q,
A(t) == U " Opy(a)U" € v, pi=ptp.
On the symbol side, there is a; € V3" with supp a; C q)(;)t(supp a) such that
A(t) = Opp(a;) (mod AW ™>)
and this has the principal symbol a o @/ € S7' that satisfies,
A(t) =Opy(ac®, ) (mod hzU~>).

Proof of Theorem 5.1. — The main differences from standard treatments are
that we use the full symbol to generate the operator dynamics, while we give the
correspondence with the flow generated by the principal part and we are using the
standard quantization as opposed to the Weyl quantization for ). Thus, while the
propagator e#n? solves an operator equation of the same form, it need not be unitary.
Other minor differences are that typically p = 0 and Egorov’s theorem is given for
polyhomogeneous symbols when the operator dynamics uses the full symbol and the
correspondence is to a classical flow with only the principal symbol. Nevertheless, the
statement holds following the arguments in the proof of [Tay81, Egorov’s Theorem
in Section 1, Chapter 8] and importing them into the semiclassical calculus; we carry
this out presently.

Let A := Op,,(a) so that A(t) is a solution to the system,

DA(H) = TIQ. AW, A0)= A

We wish to construct a solution A(t) to this system with principal symbol a o O3
such that A(t) — A(t) € kU=, That is, we look for A(t) = Op,(a(t,z,&; h)) that
satisfies ,
~ 7 ~ ~
0A(t) = 7@ AR + R(t),  A(0) = 4,
with R(t) € h*W¥~>°. On the symbol side, we look for a(t, z,&; h) with asymptotic
expansion
a(t7 x, ga h’) ~ Z &j(ta z, 67 h)
=0
such that a; € h%Sg‘_j . We will use the notation Sym|[-] to denote the full symbol

of a WDO. Then by [Zwol2, Theorem 9.5, the symbol of %[Q,A(t)] must have
an asymptotic expansion in S7" given in local coordinates by,

Sy 7@, 4|

hlAI=1 N N
18120 :
A N SN
= {qo,a}+{QO,a}+ Z W(ﬁgaaxq—ﬁgqaxa),

|B1>2
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with Go := g—qo € hS~>. Since 8, A, = Op,, (8;a), it follows that Sym[ih—[Q, A(t)] =
dya, hence the asymptotic expansions would coincide. So let ag(t, =, &; h) be defined
by the transport equation

dao = {qo, a0}, do(0,7,8) = a(z,§),
which is sensible as it is solved by ag = ao®, . This symbol is of order (¢, m; p): indeed,
the discussions in [ANO7, Section 5.2] and [DJN22, Section 5.2] (see also [Zwol2,
Theorem 11.11] and the remarks thereafter) apply due to the generator ¢ having
compact support and show that for all («, ) € N2™,

Haﬁ H o7 At lat5] ﬁg%\”maﬂm weany S elIBl prletBlgym=I8l,
v

Hence, the operator Ag(t) := Op, (@) has
Sym {Z {Q? Ao(t)} - atﬁo(t)]
~ {do, o} + Z R 15,( ao0lq — 8?q5550) =:1o(t,z,&;h) € hpS™

and supp 7’0 C supp ao (Suppq U supp qo), wherein we use the notation ot(:v, €)=
o(t,x,&). Now, a(t,z,&; h) defined by the transport equation
diar = {qo, a1} — 7o, a1(0,2,§) =0
is a symbol of order (1, —o0; p) due to Duhamel’s formula and the fact that ry and gq
are smooth and compactly supported. Moreover, we read directly from the transport
equation that supp a} C suppr} at all times.
We thus have a recursive procedure to determine a; for j > 1 via transport
equations: suppose that for all 0 < j < J — 1 we have a; € hS™ such that

Suppaﬁ-gsuppré, Ay-a(t) = 723 Opy(@y) has 377 @;(0, 2, €) = alw, €) and

Sy (@, Ara (0] = 05 (0)] ~ o,
. hlfI=1
ry-1=1{qo,ds-1} + Z BT
B>2 "
Then, let a,(t,x,&; h) be defined by the transport equation
Oway = {qo,as} —ry-1, ay(0,2,§) =0.

Since r;_1 and ¢ are smooth and compactly supported, by Duhamel’s formula this
is solved with @ also of order (J,—o0;p). Moreover, suppa’, C suppr’y_; C rf,

Ay(t) := Ayj_1(t) + Opy(ay) has Z}LO a;(0,2,&) = a(z,§) and

Sym[ Q. 4,1)] - atAJ(z)} ~r),

(00a,100q — 0 qdas 1) € hS™.

hlBlI-1
AL g mz T (0 0u00a — aday) € hytts
>2
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Continuing like this, we have for all j > 1, a; € h] S7™°° so by Borel’s theorem there
is @M € h;S™>° such that

a ~>"a;, a:=ao+a € hpS™

and therefore, A(t) := Op, (a(t,z,&; b)) satisfies
OA(t) = 7IQ. A+ R(H),  A(0) = A,

with R(t) € how—.

Now we wish to see that R(t) = A(t) — A(t) € h°U~>°. Since U™*: H; — Hj
continuously for all s € R, it suffices to show that U*A — A(t)U™" = R U™ €
h*U= Let u € H; ™ for N € N and denote v(t,z) == A(t)U "u. Then v satisfies
v(0,z2) = Au and

v = NUt + A(t)(@tU’t))u

(@A
(Z R(t ))U u+ S A(QU
h

QAU 'u+ R()U"u

- %Qv + RU
Thus, 0(t,x) = v(t,z) — U ' Au(z) satisfies
00 = %QTJ + R()U " u, 9(0,x

) =
Since w(t) = R(t)U~"u € C* with [lw(t)||zy = (h°°) and U® : C*° — C* for all
s € R, by Duhamel’s formula it follows that o = R(t)U *u € C* with [0l gy =
O(h*). Thus, |R(t)U t||H;N_)H}]LV = O(h*™), whence R(t)U~" € h®¥—, O

The equivalence between the operator dynamics given by conjugation with e~ #'?
and the dynamics on symbols given by composition with @ZO as guaranteed by
Egorov’s theorem is a precise form of the physical notion of quantum-classical cor-
respondence. This establishes an assurance of the correspondence for a Liouvillian
flow on symbols when we use a smoothing generator () the operator side, whose real
principal symbol serves as a local Hamiltonian for the symbol dynamics. On one
hand, the second part of Theorem 4.4 shows that smoothly cutting-off the principal
symbol of h?A, . in a sufficiently small region of phase space gives a symbol whose
Hamiltonian flow is geodesic for initial points in that region. On the other hand, the
first part of that theorem gives that this operator has order (0,2). Thus, to apply
Egorov’s theorem we must maintain the former property and simultaneously localize
the symbol of our generator to an appropriately small part of the phase space.

We proceed as follows: we first see that when applied to a coherent state at (zg, &),
the operator dynamics given by Uj{€ is essentially generated by the quantization of
go € C°(T*M). More specifically, an application of Theorem 4.7 tells us that this is
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the square root of a frequency-localized form of the graph Laplacian, in a momentum
strip containing &, (as depicted in the left graphic of Figure 4.2). This also tells us that
the Hamiltonian flow of its principal symbol is geodesic near the initial point (xg, &)
where the coherent state is localized. This puts us in a setting to apply Egorov’s
theorem, which gives the equivalence to the quantization of a symbol propagated
along this flow. Immediately, taking an inner product with the same coherent state
recovers, up to O(h1*25) error, the symbol propagated along the geodesic to within
Ehrenfest time T (h; p, qo)-

Further, we apply the propagation of supports part of Theorem 5.1 to microlocalize
the propagation of coherent states in phase space. That is, we apply this aspect of
Egorov’s theorem to the quantum dynamics of a quantum observable microlocalized
in a neighbourhood of a coherent state at (xg,&y) such that up to Os(h*) error,
it acts as the identity on the coherent state. Such an observable follows from the
FBI transform’s localization of coherent states in phase space along with asymptotic
expansions that show the preservation of support of the symbol on switching between
the FBI and adjoint quantizations. We find that the support of the full symbol of
the propagated observable is transported by the geodesic flow to time t. This leads
to the characterisation of the propagated coherent state U ﬁ,e?/’h that it is essentially
microlocalized in an O(h”) neighbourhood of (x,&;) for all p € [0,1/2 — p) and all
times |t| < Tg(h; p, qo)-

The recovery of the geodesic flows of symbols and the propagation of support of
coherent states just discussed are the results of the following,

THEOREM 5.2. — Let A > 0, a > 1, p € [0,1/2) and (x0,&) € T*M \ 0. Given
a cut-off Y € CX(R,[0,1]) such that suppX C Ryy and Y = 1 on an interval

[1€o ?7990 - |§0|£2hc0 + r] for some r > 0, there exists hy > 0 such that, defining

qo = |Elg. X([€[2,), for all h € (0, hol, a € S™, and |t| < Tg(h; p, qo), with € = h***
and (; = I"(xg, &), we have the symbol estimate
(5:1)  (nl20,%)|Unt Op(@)US Jun(5 20, &) ) = alG) + O(h' ).
In fact, for all t € R, the following holds on coherent states:
Uxe Opy(a)Us W = Ug" Opy(a)Ugtn + Os(h*°),

where Ug = en'Q js the unitary propagator with effective Hamiltonian () = Op,(q)
for some q € C°(T*M x [0, hy)) N h°S™ satisfying Sym[Q](z, &) = qo(z,&).

Furthermore, if x¢, € CZ(T* M x (0, ho]) N .S, with p € [0,1/2 — p), supp x¢, C
B (o), and x¢, =1 on B%hp(go), then for all h € (0, ho| and |t| < Tr(h; p, qo), there
exists X¢y, € S5 with supp x¢,,r C T'*(Bue(Co)) such that

(5.2) (7 = Opy(xcot) ) UL cton = Os(h™).
This implies the following concentration: for any x** € C°(M) satistying ||x**||cr Sk
h=k¢ for all k € N and x™ =1 on 7 (Ft(Bhp(Co))), we have

(1= x")US n = Os(h™),
with constants depending on the choices of X and x¢, -
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The above statements hold with U;E(E)t = eFillBact@eo/e2)(e/ DY iy place of Us?,
whenever € € O(h'™).

Proof of Theorem 5.2. — The quantum-classical correspondence underlying the
dynamics of coherent states under Uj{j6 relies on the model propagator Ufg = e 71O,
where the effective Hamiltonian is defined by @, = h\/z,\,ex(hQA,\vg)i. Here, x €
C(R) and x = Op,(X(|¢]2,)) are chosen as in Theorem 4.7, satisfying the support
nesting suppx C {x = 1}. We further choose y such that suppy C R, which
guarantees the smoothness of the spectral function v/-x(-) € C°(R), as it vanishes
with all derivatives in a neighbourhood of the origin. This ensures that Theorem 4.7
applies directly; in particular, we have Sym[Q,] = go. We first observe that Uy, is
microlocalized in phase space; this follows directly from the initial phase space local-
ization of 1, and the transport of microsupport as per Theorem 5.1. Subsequently,
we apply this result to show that the dynamics are well approximated by Uﬁ,egbh.
This specialization to coherent states allows for an appropriate frequency-space cut-
off of the generator hv/A e, localizing it to a region where it provides a sufficient
semiclassical approximation to hv/A .

Step 1. — We first consider the microlocalization of Uéwh. Let x¢, € CX(T*M x
(0, ho]) NS satisfy supp x¢, C Bh(Go) and x¢, =1 on B%h,]((’o). By Theorem 2.25,
there is a symbol x¢ € S, such that Tjx¢,Th = Opy(x4) (mod h*W=). Com-
bining this with Theorem 3.1, there is h; > 0 such that for all h € (0, hy],

U = Ty X Tnon + Os(h™) = Opy,(XZ)¥n + Os(h™).

The proof of Theorem 2.25 ensures supp XCC)(I)J = supp X¢,- The evolution of the full
symbol is tracked via Egorov’s theorem: for |t| < Tg(h; p, o), Theorem 5.1 ensures
the existence of x¢,, € S5 with supp x¢, € @}, (supp x¢,) such that

UG Opp(X2)UG" = Opp(xepe)  (mod AW™),

0

Since qp is conserved under its own flow, and given that go(x,&) = |£|,, on the
momentum strip

Na(r) = {(,€) | €2, € [I6l,, — 1€l + 11},

9z 9z
the Hamiltonian flow coincides with the geodesic flow: ®! (xo,&o) = I'(xo,&o). This
implies supp x¢,: € I*(supp x¢,). Applying the preceding equivalence to Upin,
we obtain

(T = Opy(xco) ) Ubthn = Os(h>),
establishing the microlocalization of Uéqﬁh at scale O(h”) near (.

Step 2. — We establish the microlocalization of U ;\’E@/Jh by showing that

(53) X(t)’gbh = Uf\75wh — Ué)wh S Og(hoo)
By the Duhamel formula, the difference of operators satisfies

Z’ t
X(t) =+ /0 UL (Qy — hV/Bs U ds.

TOME 9 (2026)



1176 A. KUMAR

The frequency cut-off imposed by coherent states ensures the smallness of ), —
h\/z,\,E via Theorem 4.7. Such estimates depend on the stability of U}, on the
Schwartz space 8, derived from the decomposition (1.1).

Specifically, taking higher-order derivatives of the kernel k) ., the modifications to
the bound (6.11) with € = h*** imply the existence of K(a) € N such that for all
B e Nj and u € 3,

o705 ], <o B o]
In particular, the definition of the semiclassical Schwartz space implies that for
u = Og(h*) and any N € N, the bounds [|0%ul|s Spn AVTE@IA hold. Thus, for
any 3 € Ni, we obtain [|0°U} ullcc Sasn Y, which shows that U .u € Os(h™).
(We note for later use in the propagation of symbols that this stability also implies
RU} by € Og(h>°) for any R € h®W~>,)

The microlocalization of Uéwh observed in the previous step implies that wu(t) =
(I = x(P*Ax)X)UHtn € Os(h*), since supp x¢« C Ne, (7). Applying the identity

(Qy = BVAL)X (WD) )X = QR

where
R:=x(R*A\ )X — I € h®U ™,
we obtain
UL (Qy = VAL U = UL QR + UL un(s).

Integrating in s and using the stability of Uy . yields (5.3). The microlocalization of
U ;,J/’h then follows from the triangle inequality:

(7= Opi(xeot) )Ubton = (I = Oy (xeo)) X ()80 + (1 = Oy (o) ) Ut
= Og(h™).

Step 3. — The propagation of symbols follows from the control of the commu-
tator in the Duhamel formula for observables. For A € U™ and A(s) == Uy° AUy,
we define the operator

N N
Y(t) = Ust AU — U5 AU, = % / Us Qv = WAL, A(s)|US S ds.
I’ 7 0 k) k)
Using the remainder R from the previous step, Theorem 4.7 yields the commutator
identity
|Qy = WAy, A(s) X (W*Dr 0%
= (Qx — DRA(S)X(PAr )R — A(s)QyR € h™U™™.

Since RU *1hy, = Os(h™) by the stability of U}, on 8, these observations combined
with the integral representation above show that Y (¢)iy, € Os(h*).

The recovery of symbols is then a direct consequence of Egorov’s theorem. Applying
Theorem 5.1 for [t| < Tg(h; p, q) and Theorem 3.3, we obtain for all A € U

(| UnLAUS Jon) = a(G) + O(h'=%).
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Step 4. — We may extract position space localization from the phase space
localization of U . Let x* be as in the statement of the theorem and define
Xt = Opy(Xg.t). Since the symbol x* ® 1(x,§) € SH(T*M) quantizes to the multi-
plication operator x*, and since it is identically 1 on the support of x¢,, it follows
from the semiclassical calculus that x*y; = \; (mod h*W~>°). Hence, we have

(T =X)L b = (T = X" ) RuUS on + Os(h™°) = Os(h™).

The preceding arguments apply to U /@t as well, since with e € O(h'*®), h?(Ay. +
Xa(e/e)I) = h*Ax e+ *°hI has the same principal symbol as h?A .. This gives the
final part of Theorem 5.2. ([l

Remarks 5.3. —

(1) The method of proof for applying Egorov’s theorem to the microlocalization of
the propagation of coherent states was generously suggested to the author by
a referee. This of course extends to any U in place of Ug to which Theorem 5.1
applies.

(2) The proof of the preceding theorem shows that we may approximate the flow
of classical observables along geodesics upon smoothly projecting onto any
O(h") part of the spectrum of A?A, . in an interval [|&7, —7[&l7, +7] with
r < |§0|§$0. As € — 0, the spectral convergence of Ay, to Ay + O(9') and
Weyl’s law imply that the k™ eigenvalue o) € Spec(A, ) satisfies the gap
estimate o 41 — O ~ E@/m=1 For h ~ k=1 and |§0|§x0 = 1, the spectral
window Spec(Ay ) NE*[1 —r, 1+ r] contains O(h™") eigenvalues as h — 0.

5.2. Observing geodesics

The localization of a propagated coherent state informs the location of its maximum
amplitude, which observes the geodesic flow in the sense that it gives an O(h'/?7?)
ball in configuration space where it can be found. Now, we borrow from quantum
mechanics the position operator, which in the basis of Dirac mass distributions
represents position statistics of a particle. In particular, taking the expectation
of the position operator with |¢y(t)) gives the mean position of a particle with
quantum state |1 (¢)). When U is unitary quantizing the geodesic flow in the sense
of Theorem 5.1 and a position operator is given by a vector of multiplication operators
by coordinate functions, then recalling the interpretation of |U*[¢]|? via the Born
rule, we understand the mean position to be the mean of this probability density. On
a submanifold of Euclidean space, the extrinsic coordinates can be used, but from
a local perspective, in light of the first remark to Theorem 5.2, the concentration of
|U[p]|? at scale O(h'/?27%) near o, can be used to identify a position operator given
by local coordinates of intrinsic dimension. In either case, through Egorov’s theorem
and quantization of YDOs by FBI transforms, the mean turns out to be located
in an O(h'~%) ball around z; for all times |t| < Tg. Thus, we have a quadratic
improvement in the error term when going from the maximum to the mean. We now
elaborate on this point of view.
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In principle, working in coordinates given by fixing a smooth, injective map u =
(u1,...,uy) : M — RN with u; € C*°(M), for any N € N, we'd like to compute

i (@0,&0) = [ w; (@)U (@) dvy (@)

for each j = 1,..., N. Quantizing u; gives a multiplication operator in h°¥° and
therefore by the remark to Theorem 5.2 we have for Ug in the proof of that theorem
replaced with U that

(n|U™" Opy (u))U* [ton) = u 0 T (29, &) + O(h) = uj(x1) + O(h' =)
and when U is unitary so that U~ = (U")* this gives,
(54) ﬂ;(fﬂo, 50) = Uj<l’t> + O(h1_2p).
Hence, for the mean coordinates, u' := (u},...,uly) we have in the unitary case,
1Tt (20, &) — w(zy)|[gy < N2h'=20. One goal is then to turn this into a bound on
dg(u @' (z0,&)], x¢) so that we can be certain that taking the mean of |U'[¢3]]?
brings us close to the geodesic neighbour of x( at distance ¢ in the direction &, viz.,
that we are observing the geodesic flow.

Another aspect is to see that this can work locally: we’ve seen already that for
sufficiently small h, the geodesic neighbour , is within distance O(h'/27%) of the
maximizer of |U*[¢y]|?, for & € (p,1/2]. Therefore, by (5.4), we can localize the mean
of each coordinate to this neighbourhood. This is of practical importance because the
computation, along with coefficients of error, can be reduced after setting up a local,
dimensionally reduced coordinate system, as opposed to working in the extrinsic
coordinates (which in some applications can be exceedingly large and might even
grow as a function of ~~! ). Further, when needed to be done in extrinsic coordinates,
it would be useful to compute the means within extrinsic neighbourhoods of the
maximum and then take a nearest embedded point.

This is all feasible and the proof is now rather simple. It is facilitated by the
following,

DEFINITION 5.4. — Let 1, be a coherent state localized at (xg,&) € T*M and
|t| < inj(zo). The intrinsic maximizer of the propagated coherent state is,

Ty = Ut 2,
Ty = arg mj\%x| [¥n]]
(1) Extrinsic case: The extrinsic maximizer of the propagated coherent state is,
£, 1= argmax [U'[uy]? o o~

and we call the extrinsic mean of the propagated coherent state to be T, + € A,
defined with respect to a cut-off y, € C>°(RP), as the closest point on A to

Z16('7;.07 50) = (Zt1<:[;07 50)3 R 7[tD(x07 50))7
with

7;(wo, &) = /M U () (X0 © ) (@) 15(x) dig ().
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(2) Local coordinates: Let Oy C M be an open neighbourhood of Z;. Then, given
a diffeomorphic coordinate mapping u : Oy — V; C R", and x € C*(R")
a cut-off with supp x C V;, the u-maximizer, or coordinate maximizer of the
propagated coherent state is,

Ty = argmax | U [yy][* 0w
t

and we call

fu,x,t = (ﬂtl(x(b 50)7 o ,'Zj;(l‘o, gO))7
with
) (w0,0) = [ 10 P(@) (o 0) (@) s () doy (@)
the u-mean with respect to y.

It’s clear that «(Z¢) = Z,; and u(Z;) = Z,, so the notation is there just for brevity.
With this at hand, assuming U is unitary, we may state,

PROPOSITION 5.5. — Let v, be a coherent state localized at (x,&) € T*M
and U = en'@ with Q € C®(T*M x [0,1),) with principal symbol qo as in the
statement of Theorem 5.2. Then, for all |t| < Tg(h;p,qo), given any open neigh-
bourhood O, C M of z; with its diffeomorphic coordinate mapping v : O, —
Vi C R", there are constants hymax, Cumax > 0 such that if h € [0, hymax) and
By := Be, aent/2-5 (T, || - |lrn) C Vi for 6 € (p,1/2], then for any smooth cut-off x
with supp y C V; that is y = 1 on B,, we have

dg (u_l(fu,x,t)7xt) < Cuh1_2p7

for C',, > 0 a constant.

Likewise, there are constants h, max, Cimax > 0 such that for all h € [0, h, max),
given any cut-off x, € C°(R”) such that x, =1 on B,; := B¢, . pi2-s(Zus, || - | p),
we have ’

dy (1 (Fy ), 70) < CA,

for C, > 0 a constant.

Remark 5.6. — In both cases, if the cut-off is supported on a sufficiently large
region that is of size ©(1) with respect to h, then the O(h'~?’) proximity of the
coordinate means to the geodesics holds for h € [0, hy) with kg given by Theorem 5.2.

Proof. — The localization of U'[1)y,] as observed in (the proof of) Theorem 5.2
gives a constant Aya, > 0 such that d,(u="(Z,,), ;) < h'/?7° for h € (0, hypax) and
5 € (p,1/2]. Indeed, we have a basic lower bound that ||[U[14]]|ee = Cach™@=9% with
Cym > 0 a constant that depends only on the local geometry of By := B(xy, g; h1/2_5).
By the decay of the amplitude of U[¢,,] outside of B, for h € (0, hy], we have for
all N € N some constant Cy > 0 such that Cyh?¥ > sup,c v 5 [U [¥n]|(24). So
we choose hpax € (0, ho] such that for some N > (1/2 — 0)n/2 we have for all
h € (0, huae] that Cah®/2-7/4 > Oy RN,
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We now give the steps to deduce a basic geometric fact for smooth, compact
manifolds:

(55) (El)hu,O . (\V/)h € [0, hu,0]7
[(3)C1 > 02 24 € Boypra—s (u™ (Fuy), 9)
— (El)CQ >0 u(xt) € Bc2h1/2—6 (fu’b H . HRn):I.

Since u is a diffeomorphism, there is a constant h, > 0 such that for all for all
h € [0, hy),

|det Du(zy)| vol(By) /2 < vol(B,,),
By = Byio-s(W HTus),9), By i=u[By].
Moreover, there are constants hy; > 0 and Sy > 0 such that for all h € [0, hp),
vol(B, ;) < Syh™z=9 Since inf|det Du| > 0, there is thus a constant C, > 0
such that for all & € [0, min{Amax, hu, haq}], we have vol(B,) < 2C, vol(B,,) <
20, S,h™(5 =), Then, denoting Cy max = (2C’u52)50n for some constant C,, > 0 and
By = Be, on/z—s(Zug, || re), We have @, u(z,) € B, C By Now if y € C=(V})
such that x = 1 on By, then by (5.4) we have,

@ (20, &0) = w;(w0)x () + O(W' ™) = uy(w;) + O(h' ).

This means that ||@’(zo, &) — u(x)||rn < C'h'72F for some C’ > 0. Going through
essentially the same arguments as we just saw for (5.5), we have that there are
C,hy > 0 such that for all b € [0, hy], dy(u™ (Zuys), 7)) < CR72, 80 with hy max :=
min{ Amax, Au, Aag, b}, we have the first part of the statement of the proposition.
As for the second part, since :™*(Z,;) = @, as in the previous discussion we
have that d,(:=4(Z,;), z:) < hY/?7% for h € [0, huax). Then, the Assumptions imply
(see the Remarks just following) that for 0 < h < min{hyay, (k/2)7-2 26} |Z,: —
U(zy)|lgr < Y% 70 so that u(z;) € B, If x, = 1 on B,;, then we again have
from (5.4) that 7(zo,&) = ¢;(z:) + O(h1 2p) ThlS gives ||i*(zo, &) — t(xy)||rp <
C'D2h'=2 for some C’ > 0. Now for any z* € B(it(xo, &), || - ||rp; C'D2h'2°) N A,
we have ||z7 — u(z))||gp < 2C’Dzh*~2°. Thus, by the Assumptions, if 0 < h <
min{hmax,(/{/Q)ﬁ, [/{/(4C’ZD%)]1*12P}, then d, (¢~ (zF),z;) < AC"Dzh}=%_ which
gives the second part of the statement of the proposition. O

6. From graphs to manifolds

We wish to develop consistency between the discrete semigroup U)t\’e’ ~ that solves
a finite-dimensional linear differential equation and the propagator Uf\ye. We proceed
by first establishing this for short times, ¢ ~ /e and then extending by splitting
the time into an integer sum of smaller times. For the former part, we need two
constructions: first, the consistency of the analytic functional calculus follows almost
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immediately from the consistency between the averaging operators Ay . n and A, ..
This supplies us with consistency for

CN = fe(l — A/\@N; CQQ?&\/E) m C .= fe(]- - A)\,s; CQ,Ot\/E)v
Sy = fo(l — Ay en; CQ,Ot\/E> Voo S = fe(l —Axe CQvot\/E)

(in the probabilistic sense that we will discuss shortly), wherein we define ¢y :=

\/2¢o/co and
1—=2
fe(1 — z; capty/€) := cos (czot ) ,
V€

fo(1 — 25 caty/€) := sin (czotﬂ ! ; z) /\/1 — z.

Ve _ : t _
Thereafter, we construct Y Ayen = /I — Axen in order to recover Usen =

Cn — z‘ﬁ\/&@ ~Sn. The square root needs more care due to the branch point of

(6.1)

v 1 — z at z = 1 that poses an obstruction to the direct application of the consistency
for the functional calculus.

Since we are concerned with the functional calculus of averaging operators, we
note that in the same way that A, .n extends to a finite-rank operator globally
defined on L?*(M), we can also define functions of A, . x as operators on L*(M) via
essentially a form of Nystrom extension. The general situation is as follows: given
f : D — C analytic on a disk D C C with [-1,1] C D and having an absolutely
convergent Taylor series on z € [—1, 1], the derived function relative to f given by

z)— f(0
YR CES
is also analytic on D with absolutely convergent Taylor series on [—1, 1], hence we
have Df(Axen)[u] € L and
(6.2) (V)x e M, f(Axen)lul(x) = fO)u(z) + Axen[Df (Axen)lul](2);

the case for A . n replaced with A, . above is clear. Since Ay ¢ n, Aye : L™ — C*
are smoothing, this further implies that (f(Ax.) — f(Axen)) @ L® — C* and
f(Axen), f(Are) : C° — C=. A particularly useful consequence is that

(63) 1f(An)lil@)
< O] + PRI 5 1Dy ) )

pA,e,N(fE)
< |f(0)[|u(z)]

||k/\,e,N(x7'>||N,oo

1 1
—'I— p € 2 Hp—l 2 sup Df ~ U 7
p)\,e,N(QC) H )\ENHN,OO Ae,N N2 celo1] ‘ ( )| H | N,25
wherein |- |[ng == (%Q . |%, | - |%>HN)% is the generalized mean ¢g-norm on the space

Hy = {ulxy : ue L®(M)} = C¥ of the restriction of bounded functions on M
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to the set of samples Xy := {x1,...,2x}. The second inequality follows from the
symmetric and spectral relations given in Lemma 2.12.

In the following, we will be building on the basic probabilistic bounds from Lem-
mas 2.16 and 2.18 to develop bounds that give consistency of solutions to wave
equations and ultimately, a quantum-classical correspondence. Thus, along the way,
we will have several other probabilistic bounds that will depend on previous ones
and the notations will pack several functions of N, ¢, A\, bounds of p, ., norms of u,
etc., so we record here for quick reference the primary bounds and where they are
defined or make their first appearance:

Notation 6.1 (Probability bounds). —

o N, 7/\13:}’\,,7,\7]\,,7;7]\, are introduced in the beginning of Section 6.1 and the
Notation following Lemma 6.3,

e 7y is defined in the statement of Theorem 6.6,

® YANus VAN, ATe defined in the Notation following Lemma 6.8,

® w) n,wj y are defined in the Notation following Lemma 6.12,

o Oy, 2%, v are defined in the statement of Theorem 6.14,

® pn, pn2 are defined in the statement of Lemma 6.21,

e =) v is defined in the statement of Lemma 6.23 and

o Oy, 2%,y are defined in the statement of Lemma 6.24.

We briefly remark on the sequence of convergence results to follow and the
nature!”) of the arguments. In Section 6.1 we establish uniform consistency of
a functional calculus for A, . y with respect to holomorphic functions admitting a uni-

form bound over derivatives of all orders, along with the consistency of /I — Ay n

and combine these to give consistency of U y[u] for ¢t < (/e and u € L*, in
Lemma 6.12. Then, in Section 6.2 we extend this via a time splitting argument using
the semigroup property for the propagator, to t < €1 in Theorem 6.14. We remark
that while the proofs rely on Lemma 2.12 establishing the spectral properties of
Ay en due to the connectedness of its graph and on Lemma 2.15 for its pointwise
consistency (used in Lemmas 2.16 and 2.18), which involve probabilistic arguments
(namely, Chernoff and Bernstein bounds, respectively), the forthcoming arguments
using these, until Theorem 6.14 are themselves deterministic. Then, using the control
on ||Uf [¢n]llcc We arrive at a Bernstein-type probabilistic bound for the consistency
of the discrete propagation of coherent states in the first part of Proposition 6.18,
which is again a deterministic argument. In the rest of that proposition we find
by an application of the localization of Uy [t3] etablished in Theorem 5.2 that for
dynamics to time Tg(h; p, qo) and ¢, localized at (o, &), arg maxgexy |Us  n[¥n]|
is located within an O(hY27?) ball of z, = mp @05 for 5 € (p,1/2]. Then
Section 6.4 gives a Bernstein-type bound for the approximation of wu(x;) with
SN u(wy) UL e n[0n] (25) P/ |US e v [0n] |3 o for w € C°°, which is a discrete realisation
of the quantum-classical correspondence (5.1). This follows again by deterministic

(10) The author thanks Nalini Anantharaman for bringing attention to the predominantly determin-
istic nature of the forthcoming arguments.
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reasoning, modulo the consistency between discrete and L? inner products estab-
lished in Lemma 6.21, which follows from a Bernstein inequality (similar to the proof
of Lemma 2.15). Combining these, we arrive at a discrete analogue of Proposition 5.5:
namely, in Proposition 6.29 we have the recovery of geodesics from samples through
the coordinate means of propagated coherent states. In Section 6.7 we unroll several
of these bounds to give the dominant convergence rates for the various discrete
objects under study.

6.1. Uniform, short-time consistency

We have seen from Lemmas 2.16 and 2.18 that for each A > 0 there are Cy, C1, 5,7
so that

Pr[ |(Aren = Ax ()] > 6} <R(8,15 5,1 Co, Criw),

wherein we define

(N —n)e"/26% )
28 ulloo (Katkpsllulloo + [[Ellod/3) )

We will often use a short-hand to denote this function with only the relevant argu-
ments. The unspecified arguments will be understood to be set by the context, in
view of the preceding lemmas and unless specified, we set by default o, s = 1. That
is to say, in the following arguments we will use the probabilistic consistency rates
of the averaging operators on graphs as a black-box, so for brevity we will use the,

Y (6,05 5,m; Co, C1; u) = (Co + C1N) exp(—

Notation 6.2. — The symbol 75&(5; u) denotes the minimal probability bound
provided in Lemmas 2.16 and 2.18 for the data (M, k,p, A\, e, N, u,d). Specifically,
this function gives the optimal bound when the parameters satisfy the statements of
either lemma; otherwise, it yields 1. We further denote by ny, sy, Cp . and C;  the
structural constants such that

(0, 1;ma, 835 Con, Cras u) = Y5 v (05 1),
When the dependence on u is clear from the context, we will write simply 73 »(6).
LEMMA 6.3. — Given A > 0, € > 0, u € L*™ and § > 0, there is a constant C' > (
depending only on k,p, A\ and the geometry of M such that

(6.4) Pr < Cepf (W (5;u) + 98N (C5 1)) = 7an (65 u)

\(AA,E,N - AA,g)[u]H S5

[e.9]

with ey = min{inj ., ez, €2, 06¢""2 /||ulo}. Thus, whenever 0 < ¢ < 1 and

0 < 6 < injpy||vl|c, we have

Pr < O35/ lulloe) (R (8;u) +987(C5 1))

(e = ol >0
Proof. — Let 0 < ¢ < inj(M) and take z},...,2%, € M such that M =

N(g) is the minimal covering number given by Bishop-Giinther inequality and
UL, B(x},e) = M. For each j € [M] :={1,..., M}, let U; C Buy(x},inj(z})) C M
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be a geodesically convex neighbourhood of z7 and let st U; — V; C R™ provide
normal coordinates for this neighbourhood. Then, for any v € C* and x € M, there
is j € [M] such that x € B(x},¢) so by Taylor expansion centered at 0 € V; and
evaluated at s™'(z) =: w € V}, Taylor’s theorem gives that
(6.5) ()| < [o(5)] + 2 ma sup |0° v s)(w),

- wEB]-

with B; := s(B(z},¢)). We will use the following bound:
(6.6) [Dyke(s(w), y)]

n+2

= 2677

(vos(w) = u(y), duwleos(+) —y)l(w))_ x K (s(w),y)
< e Fleos(w) = ) 7[00 sl (w)] [k (s(w), )]
e s(w) = e [ s(w)l| K. (s(w), )]

wherein &’ : r — 0,k is localized to [0, Ri] and k! (x,y) := K (||¢(z) — «(y)]]*/e),
which gives that ||c(z) — ¢(y)]] < Rieve and Crp1 = Crr 1 Ri||K || o with Chyy :=

maX;en] |0y (W) ||oo. Hence also, |0, [pe o s](w)|, |0y [pe,n © s](w)| < C’M,k,le’"TH.

Now let d; > 0 and assume we are in the event
“4(5’ 51) : |p)\’,e,N(x;> - p>\/,€(x;)| < 51/2 for all ] S {]-7 sy M}a N e {Oa )‘}

Then for any z € M, there is j € [M] such that dy(z},z) < ¢, so that by (6.5)
and (6.6),

0 o
Pen (@) — pe(x)| < 51 +2max  sup  |0%ke(s)](w, y)]
|o}=1 (w,y)eBjxM

+1

< 521 + QC’M,kyle_nTa.
In the following, we will use the notation:
H/l\i[n : R® 3 @ — min{inj(M), ai,...,as} €R
for any S > 1. Hence, with
e < min{inj(M), €6 /(AChk1) } = %n(e%“al /(4C 1)),
we have that |p. n(z) — pe(z)] < 01

. Thus, assuming € < 1 we have the bound,

1
00 [P © 8](w)] < €2 Cnpa Coain
with

A
Cp,k,l,él = (

C,—0)™ \\ ' C,+4

€2 /Coa16,)/ (AC k1)) gives on

(€ + ) (1 L )
P

and further assuming that ¢ < minp, 51(67%1

another application of (6.5) and (6.6),
’p)\,e,N<x) — p)\,e(x)‘ < 61-
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Now let 2,y € M and s~! be centered at x} such that = € B(x;f, ¢). Then, combining
the above bounds gives,

o o lkA,e,N(S('),‘z;)]
(-=w)

wl

PXe,N © S(

| (Previln ) @00 lre(s,9))(w) — hiels,9)0u0 [paey Py © 5] (w)

2
e () (Pren(@) Py (@)
< e (m1h) it

h (Cyr — 01)3(C, — 01)P

X

€2 (Cpr +01)(Cp + 6)

oo (Cpan €+ 811+ ACya +80)(C, + 610

(n4d
<e ( 2)CM,k,10k,p,>\,l,61

with
-3 . .
Crpars = ((Cpr = 61)(C, — 61)*) {(Cp,x +01)(Cp + 1)

# 1l (Cortn(Cp + 60 + ATy + )y + 30 .

In the continuum case, these bounds hold with §; = 0; so letting 6, = min{C, ,,
C,}/2 we have Cp, \ 15, < 36 Cpa10 = Cp1 and

WL
(-=w)

wl

PXe,N © 8(

9

_ 1
Y paeos() sé ("+2>CM7,€710,€7P,A71’
€ .

) [m,€<s<->,y>](:w)

where  Cipa1 = 12(432°Chpri0)-
With this and the event

B, 0) : | Ay en[ul(@)) — Ay c[ul(z))

gives upon Taylor expanding as in (6.5),

<0/2 forallje{l,...,M},

(Aren — Anoul(z)| < 6/2+¢ max 10" (Aren — Ax[u] o 5|

o0

<6/2+ Clee ) ||u)| o

with C" 1= 2Cn1Ckp 1. Since the second inequality on the right-hand side is

independent of x and the Bishop—Giinther inequality tells that M = Ce™" for some
constant C' > 0, we have upon taking

1 1
. 1 5 L de"t2 o€z
e=min| ———|d€ 2, ,
M\ AC k1 Cort " |[uflooCrpat
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and a union bound over the probability events A(e, d;) and B(e,d) that
Pr{H(AA,e,N - Ax\,e)[U]HOO > 5] é Ce™ (’)/R[W((S, u) + ’leifw((sl; 1))

Notation 6.4. — We will denote
Y (+) = Ceng (Wi (G u) + 475 (C51))

with the notational simplifications for fyf\”vjvv being applied in the same way to v n.
Additionally, to allow variability, we will denote

Yan (6, o5 u) = Cgﬁ(%%w(& ;1 53 Cons Croas u) + 757},(0; 1))
and shorten this to 74 (d, o) when the dependence on u is clear from context.

LEMMA 6.5. — Given A > 0, ¢ > 0, u € L*™ and m € N, we have for all § > 0,

Pr [ A% wlul = ATl > md] < monv(0iw).

Proof. — Since || Ay ¢[u]|lco < ||¢]|oo, We have the same probabilistic bound for the
event that ||(Axen — Axe)[Acu]|lo < 6 as for the event ||[(Axen — Are)[u]llo < 6.
Moreover since Ay n[1] = 1 and the matrix has non-negative entries,

[ 48 vl = Al <[ Aner = ArlAnd |+ [ Ao (Ane = Arolul]
< H(A)\,e,N - A/\,E)[AA,EU]HOO + H(Ak7e,N - Ax,e)[U]HOO
Therefore, applying a union bound over both events, we have,
Pr{H(AivejN - &)l > 25] < 2w (6 0).
Now assume that for all 2 < m < M — 1,
Pr[ [(Arn — A5l < m(ﬂ > 1 — my (85 ).

Write similar to before,

[ ARl = ARl

< (A — A A+ AV [ Al — s

Since for any integer m > 1, Ay, v has non-negative entries and Ay y[1] = 1, we
see that for any v € L™, |A/\ . N[ ](:1:)| < [|v]|so- Therefore, after a union bound we
have that

[e.9]

e[ (A, — Al | < M) > 1= Msn(Gie),

whence having completed the induction step, we have the bound as given in the first
part of the statement of Lemma 6.5. ([l
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THEOREM 6.6. — Let f: C — C be an entire function such that for w € C there
exists a constant K,, > 0 satisfying

<v>m 2 07 |amf|z:w| < Kw'
Then, given A >0, ¢ >0, u € L™ and § > 0,

Pr[£ (Ao + wDlu) = F(Av, + wDlal| _ > o] < Fax(6/2eK)).

AN
(1 - IYA,N)Z'
Proof. — Let f: C — C be an entire function with [0 f|,—.| < K, for some
constant K,, > 0 and all m > 0. By Lemma 6.5 and a union bound, we have

with N =

(A = AR )lul] < ms] > 1= 3wy (b

m=1

I%BVM@G{L”.JWL

and since for all m > 1, vy y(md) < 73 y(0,m), we can take all powers at once to
have,

E*WmeN,@ﬁw—AﬁWMw>mﬁ
- X Y (6 ~
<Y mym) < —2N0 5
mzzjl i (1= nwn(0))
In this event, upon taking a Taylor series expansion of f(z) at z = w,
o'} m2
[F(Arew + wDu] = f(Aye+wh)[u]| < Kyud i
m=1 :
< eK,0
hence,
)
P |7 asnlil = san0ta] > ) <3( 55 ) 0
Remark 6.7. — The condition that all derivatives of f are bounded enforces that

we take t ~ y/e. While the class of f can be generalized by way of Hadamard’s
multiplication theorem, the condition on the short time-scales is not artificial: if
we directly apply this to the approximation of C(t/1/€) from Cx(t/+/€), then the

t
resulting error is O(ev<t?/€), which is only practical for asymptotically short times,
t ~ /€ in any case.

LEMMA 6.8. — Let A > 0, ¢ > 0, u € L™ and § > 0. Suppose N € N is large
enough so that
Cox+ (4 ,\N]
=log| ——2—| > 1.
Pr g[ Yan (05 )
Then for v := 8log(p,/2)/5, and any 0 < & < 1, we have

)
©7) P Bl = B > 8] < [ 5
) »€ 00 ) Qﬁ ) )
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wherein B)\;N = \/(1 +¢e)] — A\ n and B,
Thus,

pe | B

= \/(1 + 8)] — AA,e-

2(1+v)

(82) o7

u] — By, [u]H >(5] fy,\N< N 7u>.

Proof. — Let v > 0 be variable for the moment and proceed as in the proof of
Theorem 6.6, with the change that now we take for each m € N an m"é§ error in
| Axenlu] — Ay u]lloo, S0 mutatis mutandis we have

mw)

(A;\rfe,N - AT,E) [u]Hoo > m1+v5 < Z mv;,N(éu mv; u)
m=1
Suppressing all coefficients independent of m, the right-hand side has the form
> myi N (0 msu

ju) = O(Z m(ae‘ﬂmv)>
m=1 m=1
for some > 0 and 3 = 3, > 0. We have

= v 1 © 2
« E me M < —/ yv~
= vJ1

Letting r :=

Le=hy dy.
[+] then bounding the right-hand side with the substitution of 1/v
with r» and applying successive integration by parts gives,
e
Z me ™"

7T Z (27"

r(2r)! / y e M dy
= 27"—]
27‘(27“)!

By Stirling’s approximation, [Rob55] gives the bound (2r)! < e!=27(2r)**2 and
therefore,

i me—ﬁm“ < 6(27“) 6—6+2r(10g(2r)—1)'
e g
Setting v(/) := 8log(3/2)// and using that [
gives,

(NI

1 for sufficiently large N then
iy~ (o]

8 8/2
S 210g(5/2) <log<log(6/2)) 1)’
hence,

1
Z meBm’? < e<5> 6_§<1+W)
= 2log(8/2)

_B
<e 2.
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On recovering the original form of the probability upper bound, we have,

Pr[(V)m € N, (Aon — ATl > mm(ﬁ)a] < (6/V250).

Next, given the event that for all m € N, [(AY, v — AY)[u]| < m' )6, we compare
the applications of the Taylor series expansion of f :=\/z at 1+¢c to (14+¢)] — Ay n
and (1+¢)I — Ay, for a perturbation parameter ¢ > 0, with this term-wise absolute
error rate: assuming N is sufficiently large that v(5) < 1, we have,

00 1 m1+v(5)
1Bl - BE|_ <5 (2) m
o S \m) (1 ey

mv(ﬂ)fé

N Li(i _ o(B), — >

iz (L4 e)ms 1+¢

< 5F[; +v(B) e (3t®) T1e

The second inequality comes from ‘(ln/l 2)’ < m~? and the following one is due to the

observation that

oo g85+1/24—(s4+1/2)
o5 +1/2 Li(l s 1 > _ 1 / &8 (s
2 1+e¢ F(%—s) o e(l4+e)—1

dt

1 /00 €
= t=(H2) gt
F(%—s) o e(l+e)—1

. 1 /Oo t_(5+1/2)
e—0 F(%—s) 0 1+1¢

_Blosats) =1(3+9):
r (% — 3) 2

(wherein B(z,y) = I'(x)['(y)/T'(x + y) is the Beta function) together with the mono-

tonicity of Li(z — v(), 72) in €. The fourth (final) inequality uses that I'(:+s)

is maximized at s = 0 when 0 < s < 1, viz., we employ the assumption that N is

sufficiently large that v(/) < 1. Altogether,

Pr[HBgN[u] — BQ [u]”oo > 5] < <68%+v(ﬁ)/<2ﬁ); u),

which upon setting ¢ = §2 gives both of the probability bounds in the statement of
the lemma. 0

dt

Notation 6.9. — We will use the symbol v to denote the function given by
Lemma 6.8 and we define the functions

Vanwo(0: €5 u) =N (5g%+“(5>/(2\/7?); u)
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and
YN (05 1) == AN (52(1+U)/(2ﬁ)3 U)

to denote the corresponding probability bounds for the consistency of the square
root of the perturbed operators.

An application of the relations in Lemma 2.12 is to transfer consistency between
the pair sz N Bfg to that between the pair of square roots of the unperturbed
operators: namely we have,

THEOREM 6.10. — Let A > 0 and u € L*°. Then, there are constants C7,Cy > 0
depending only on k and the geometry of M such that for all e € (0,C4] and § > 0,

n
7N€252

(6.8) Pr | Breaslul = Baclul| > o] < mwald/3iu) + %",

with B)\,e,N = \/I — A)\,e,N and B/\,e = \/[ — A)\,e-

Proof. — Let € > 0 and set B/(\f;N and B;\az as in the proof of Lemma 6.8. As-

sume throughout the event that A, .y gives a connected graph, as per part (2)

of Lemma 2.12. Then, the matrix (1 4+ )/ — Ay n is an M-matrix and (in mod-

ulus) the largest eigenvalue of A, .y is one, which is also simple. Therefore, it
1

follows from [AS82, Theorem 4] that Bg,N = (1+e¢e)2( - Bf\azN) is also an
M-matrix for Bf\az N some matrix with non-negative entries and spectral radius
ren < ((24¢)/(1+¢))2 —1<1.

Let LZ(M) := L*(M — R) be the real Hilbert space of real-valued functions
on M. Then, (B®)3  : L3(M) — LE(M) is an M-operator (an infinite-dimensional
generalization of M-matrices) with respect to the cone X of non-negative functions
and satisfies the conditions of [Mar95, Theorem 3|. Therefore, by that theorem,
Bgaz = (1+e)2( — BE\EZ) is also an M-operator for some BE\EZ . L — L3 with
spectral radius r. < 1 (in the same way as for the discrete counterpart) and such
that B{)[K] € X.

As per Lemma 2.12, Bgaz ~ and Bg\az are symmetrized via conjugation by \/pxen
and /P, respectively, hence B&i N and BE\EZ are as well, so it follows from spectral
theory that the symmetrizations of each of the latter operators have spectral radius
less than one. Therefore, the spectral radius of Bg\az N+ Bf\oz ~ and Bgaz + Bg\og) is less
than two. We may write, h ; 7 ’

,0 € 0 1 1 5 0
Bty = Bily + Bty = 2(1+¢)? (I — 5 (BN + B&,E,N)>,

1
BEO =B+ BY =20+2H(1- L(80+ 8Y))

,€

that is, each of these operators are in the form ¢(/ — B) with ¢ > 0 and B having
a spectral radius less than one and either having non-negative entries in the matrix
case or preserving the non-negative cone X in the infinite dimensional case. This
means that the first sum is an M-matrix and the second is an M-operator. Moreover,
whenever € > 0, both operators are non-singular. In the non-singular M-operator case,
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[Mar95, Theorem 1] tells that (B/(\io))_1 preserves XK. We may express (B/(\f;o))_1 as
the spectral application of the function f(z) := (vV1+e—z2+v1—2)" toz = A,..
Then, the decomposition (6.2) applies since f is analytic on the unit disc and has

absolutely convergent Taylor series on [—1, 1]. Using this, we see that (B(E 0)) Y, y)
is smooth for z # y and due to the preservatlon of K we also have that given any
(x,y) € M2, for all ¢ > 0,

A {(B(ao)) (.7y)](x)>0,

Combining these properties, we have by continuity off the diagonal that on let-
ting ¢¢ — 0, we find that for all x # y, (B/(\io))’l(:v,y) > 0. Thus by (6.2),

(B (0) )~' — f(0)I has a smooth kernel that is non-negative off the diagonal, hence by
contlmuty the kernel is also non-negative on the diagonal. Moreover, by Lemma 2.12,

((Bgf;o))*l — F(O)D)[1] = e7Y2 — f(0) > 0, so for any u € C® and z € M,
(BE) @) < s @)+ |((BEY) = £0)1 ) @)

< e lullo

1/2

Further applications of Lemma 2.12 give that (B,\ eJ)\,)_1 also maps 1 — ¢~ /% and

due to commutativity under spectral mapping, we have,

0 0) )L 0 0\ 1
B = By —(BE%) ™ B - B — (5

Therefore, in the event that \Bf\gzN[u](x) - B/(\Ez [u](z)] < ||ullod, we get
|Brenlul(@) = By[ul()
< [Bren(ul(x) = BE) y[ul(@)] + | BE) y[ul(z) — B [ul(@)|

+ |Baclu)(x) — B [ul(=)|
) + s

-1 -1
< (|0, o]+ (5, o
< 26 ul|oo + [Julld,
whence upon setting ¢ = §2 and applying Lemma 6.8 along with a union bound over
the probability in part (2) of Lemma 2.12 that A, . n gives a connected graph, we
arrive at the probability bound in the statement of Theorem 6.10. U

The consistency of the square root of the graph Laplacian and the quantum dy-
namics according to it are of interest in their own right, so we will carry out that
theory below. Along with it, we will also state the consistency theorems for the
dynamics given by the perturbed operator sz ~- This can be seen as a kind of
Tikhonov regularization with the parameter : by tuning this to the noise variance
5%, we recover consistency of the unperturbed model, while as we will see in The-
orem 6.14 and onwards, the decoupled form enjoys tighter consistency rates. This

yields a concurrent path to recovering the geodesic flow when we scale £ with respect
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to a power law in h, independently of the dimensions n or D. Therefore, alongside
our propagators we will also consider the perturbed ones, which we will write as,

Notation 6.11. — Let A > 0 and € > 0. Then, with ¢ € [0, 1], we denote

Ag\ae N - (A)\ e,N + co 0(5/6) ) /2’ Ag\i = (AA,e + C2,0<€/€)I> 1/27
U,\Ee)tN = exp( itAf\EE N) Ugt = exp(—itA&i),

which for ¢ > 0 we call A(E e~ and A . the (e-)perturbed graph Laplacians and
UMN and U;) the (e —)perturbed pmpagators, while for ¢ = 0 we have the usual,
unperturbed graph Laplacians and propagators, respectively.

Now we are ready to state the consistency of both, the unperturbed and perturbed
propagators for short-times:

LEMMA 6.12. — Let 7 € [=1/ca0,1/cap]. Then, given A > 0, € € (0,C4], u € L™
and 0 > 0, we have,

) _ ) _ Ne/252
Pl |t - O] > 8] < gy + 23 () + 5,

wherein

Uf\,e,N = eXp<it\/Z)\,e,N> and U'/t\76 = exp (Z.t\/Z)\ye)
fort € R and C,Cy > 0 are constants as in Lemmas 2.12 and 6.10.
Moreover, for € > 0 we have for all € > 0,

Pl o328l — U2, > 0] < s v i) + 2 s

Proof. — We start with the application of Theorem 6.6 to the pairs (Cy,C) and
(Sy,S) of (6.1) at time t = 7y/e. More generally, Let f,., := fe(z —w) and f,,, =
fo(z — w), so we may write

s (1) ~1/2 j
Jew(2) = JZ:%) 2))! 0 [COS(tCQ,OE -)](.:Hw)z
and similarly for f,,. Hence, using the notation of that theorem, we have that
Ky =1for f., and f,,, so we can apply it to get that
(6.9) PrU]cw,N[u] ~Culul|_ > 6. [Sunlul = Sulul|_ > 5} < 29, (5/(20);0),

for Cw = fe,w(A)\,e)) Cw,N = fe,w(A)\,e,N)a ‘Sw = fo,w(A)\,e> and Sw,N = fo,w(A)\,e,N)-
Now suppose the event that
[Snlul = Slulll <0 and || By n|[S[u]] — Bae[Sul]l| < 8
and note that through the spectral mapping properties we have

sin(t\/Z,\,e,N) = B)\,G,NSN and Sin(t\/z)\7ﬁ) = B)\’ES.

Further, recall from the proof of Theorem 6.10 that B, . x is an M-matrix so that
bren := I — By n has all entries non-negative and by  ny[1] = 1. Then,
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sin (VA v ) [u] = sin (VA ) [u] H

< orenl(Sy = S)ull|  + (S = S)[ul| |+ [(Brew = BroS[ull] < 36.
On including the event that |Cy[u](x) — Clu](x)| < J, we have
|08 cnlu] = UF [u]]|_ < 46.

By a Taylor series expansion we have that for any u € L™,

o | Am
[S[ul| < Z-o‘ ?n'[UH <elufw.

Therefore, taking a union bound over all events and applying Theorem 6.10 we arrive
at,

_Nen/252

J _ )
Pr[HUf\@N[u] — Uig[u]Hoo > 5} < VaNw (126;U> + 29N <8€;u> +e @

For the second part of the statement of the theorem, (6.9) already gives the probabilis-
tic consistency bound for C. x and S n. Then, the above statements go through essen-
tially in the same way, modulo that in place of by . y we use bf\iN = (1+5)%[—B§27N,

which also has all non-negative entries, since Bgez n 1s an M-matrix with spectral

radius (1+4¢)2. Then due to bE\iN[l] = /1 + ¢, we have under the analogous events,

O w[(Sne = S)[ull| + (1+)'?|(Swe = So)lul| + | (B v — BSY) S[ul]|

On invoking the probabilistic consistency bound from Lemma 6.8 for the square root
of the e-perturbed graph Laplacian, we arrive at the bound in the second part of

Lemma 6.12. U
Notation 6.13. — We denote the pointwise convergence rate for the short-time
solution to the half-wave equation by
5 B 5  Nen/252
N0, v5u) = e | o] 2| goiu) Fe @

while absorbing the condition € € (0, C4] in the notation; in the perturbed case we
denote,

. . ) N )
wi (6,8, v5u) =73 o <46, g, U> + 29\ N (8€§ U)

The explicit dependence on v will often be suppressed in the usage of this nota-
tion and we will write simply, wy n(d;u) and wj (9, &;u) with the exact meaning
understood to be as given above.
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6.2. Uniform consistency at longer times

We wish to extend the consistency between the discretized solution uly := U5  y[u]
and the continuum solution u' := U f\e[u] to longer times. For this purpose, we
see that uly is defined on M through the form of Nystrom extension via A,y as
discussed in the beginning of Section 6. The inequality (6.3) gives for all u € L™
and t € R,

IR (@) v sellpre Il

(6.10) ’Uﬁ\EN[u](J;)‘ < (1 + coote 12 2o . 73/2 - : )HUHNoo
min;e[N] px,gN(%‘)

since in this case D f(2) = (exp(—iT/1 — z) — exp(—i7))/z for f = exp(—iTy/1 — 2)
and 7 := cg,gte_% and setting w := 1 — /1 — z then taking a Taylor series expansion
at w = 0 of |Df|(w)?* = 2(1 — cos(tw))/(w(2 — w))? shows that its maximum is
achieved near the inverse of the second order coefficient, w = 1/48/(72 —9) /7, which
then applied to its first order Taylor approximation gives that |D f| gives a maximum
less than 7/2+1 < 7. Since (6.2) applies to the case with A, . in place of A, . n, we
also have the bound for |f(A¢)[u](x)| given by the ultimate inequality in (6.3) with
| - |l in place of || - || v4- Hence,

. [ES
(6.11) | U5 ]| < ulloo + ea0te™ 2l onclloo-— 505 1l
lnf (p)\,e )

will be useful for bounding probabilities for pointwise consistency.

The bounds (6.10) and (6.11) hold also for U ii)tN [u] and U ii)t[u], respectively. This,
along with Lemma 6.12 is sufficient to establish consistency for the perturbed case
through the same arguments as the unperturbed ¢ = 0 case. Indeed, in the following,
we will use the short-time probabilistic consistency bounds given by Lemma 6.12 as
a black-box while extending to long-time (that is, O(1) in €) probabilistic consistency.
We will work through the unperturbed case, mainly to keep the notation simple,
but since the arguments essentially rely on Lemma 6.12 in a simple way, they apply
directly to the perturbed case with wj} y in place of wy y as well, with the only thing
to keep track of being that ¢ (i.e., error) multipliers are decoupled from &, but the
notation makes this clear.

We proceed by splitting time ¢ € R into chunks of length ~ /e and combining the
short-time consistency Lemma 6.12 with the semigroup structure of Uf .. This leads
to Bernstein-type exponential probabilistic bounds for long-time, uniform consistency,
as in the following,

THEOREM 6.14. — Let A > 0, ¢ > 0,t € R and u € L* such that there exists
Ky >0 so that ||U3 [u]l|cc < K, for all [s| < |t|. Then with x := [|t|coo/+/€], for all
0 >0,

(6.12) Pr{H(U;E’N - Ui, [u]HOO )

5611/2
< HW,\,N( e ;Ku> + v (i 1) + o (KM; 1)
K C'p7,\

= Qn(d, 6, Ky),
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wherein K, = min{Qp,va)\}/Q and 5’1%,\ > 0 is a constant depending only on A,
Cox, Cpx and C,.

In the perturbed case, let € > 0. Then, we have with a K, > 0 satisfying
H%?MMéKﬂwMBKHL

(6.13) PrM( — Ul > 5} < N0, 6 Ky)

with €03 ;  defined in the same way as 0\ v, except with the instance of wx n(+; )
replaced with w} y(-,&; ).

Remark 6.15. — We call attention to the discrepancy between the scalings of
consistency rates for the propagators of the square root graph Laplacian and its

regularization A(fz ~- By decoupling & from the noise variance §2, the spectral shift
introduces a bias floor, but regularizes large variances arising from the singular part of
the spectrum of the graph Laplacian. We have simplified the concentration bounds in
Section 6.7 to the dominating order, wherein it’s visible that the factor €2 /k? ~ e2*!
in (6.12) is amplified to a bias term dependence of €2"** in the consistency rate due
to the tuning & = 6% in Theorem 6.10. The perturbed propagator, on the other hand,
enjoys a quadratically tighter concentration bound in this regard.

Proof. — We set, k := [|t|ca0/+/€] and 7 := t/k so that |7] < \/€/c2. Let £,80 > 0
and let us begin in the following events:

AX(E): ||p)\’,e,N _p)\’,e“oo < € (V))\, S {Oa )‘}
A(0) MU e = UZ) U [ullow < 00 (V)0 <m < — 1.
Then we have due to (6.10),
|oxZatul]| < (1+mCle,o)ullvo

" bl (Cpn+)
_n oo AT €)2

Cle,e) =€ 2 C, - (CZ’/\ e
Define for each m € N, v,, := U7 [u] so that in the current event we have for all
k>2and 0 <m< Kk — 2,
(X = R el < [ORe (VR = VRl + (UK = Ul

< (2 +C(e.€) ).
Supposing that for all 2 < #' <k — 1, each s € [k] and 0 < m < K — s,
H( NeN )[ ]HOO<S<S;10(6,€)—|—1)50

leads to,
[ (Uxen - Ul < JORGN" (VR = Ul + [ (3R = 03 il

< m(ﬁglC(e,s)—i—l)éo.
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Therefore, having satisfied the induction hypothesis, we have that for each k € N, if
forall 0 <m <k — 1, [[(U v — U )UNT [u]]| oo < 0o then

(U3 = o)l < e,

Now set ¢ = min{C,,C,,}/2 and C,,, := \/ﬁ(zk)éjk/(i@g}?) so that C(e,e) <
e_%é’% »- Moreover, by Lemma 6.3, the event Ay/(¢) happens with probability at
least 1 — vy n(g; 1) for each N € {0, \}. Then, upon setting dy = 0 (¢2 /x2)/C,.» and
taking a union bound with respect to Lemma 6.12, we find that the event A(dy)
happens with probability at least 1 — kwy x(6 (€2 /5%)/Cp; K,). A union bound for
the occurrence of all assumed events then gives the statement of the lemma. 0

A generic bound to be used in place of K, in the conditions satisfying Theorem 6.14
is given by (6.11). We record this as,

COROLLARY 6.16. — Let A >0, € > 0,t € R and u € L*. Then, there exists a
constant C' > 0 depending only on k,p, A and geometry of M such that for all § > 0,

Pr [H (Ui‘vaN - U/t\,e) [U]HOO > 6} g QAJ,N(&’ €, Of,t,u)a
wherein —1/2

Ceta = l[tulloo + caoltle™ " V2|l o255 [lull

2>\ 3
CPQ,A

and 2y, n is as defined in Theorem 6.14.

6.3. Propagation of coherent states on graphs

We now have the bridge to bring semiclassical analysis to discrete graph Laplacians.
As a small preparatory step, we apply the continuum results to achieve a super-
quadratic improvement on the generic norm bound K, < ||Julle + [t|e=™+1/2 for
the propagation of coherent states, through an apphcatlon of Theorem 5.2 along
with Sobolev embedding. Indeed, the localization in phase space (5.2) tells that in
fact Ut X, €¢h is localized in (classical) frequency space to a cubical annulus of length

1/h*27 in terms of its Littlewood—Paley decomposition, for all || < TE(h £, q0)
with Ehrenfest time Tg, p and o as in the statement of Theorem 5.2 and p € (p, 1/2].
Hence, applying a semiclassical ¥DO to Uj [ts] that cuts off in frequency to within

distance O(h/277) of &, gives on following the computation in [Zwo12, Theorem 7.15],
[0, < s oD+ 00,

with the constant C' > 0 depending only on M and the choice of frequency cut-off
implicitly being applied. We may bound the L? norm using the similarity relation
given by Lemma 2.12 in L?(M, pdv,) transported to L?(M) on conjugating by p, to
find that there is a constant K, > 0 such that

IyBy pl
PR
mf(\/ﬁk’ep)

U5 cton
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implies that for all |¢t| < Tr(h;p, q0),
(6.14) || <

Since the Ehrenfest time for the localized geodesic flow given by ¢y will be pertinent
to us, we standardize the following,

Notation 6.17. — We will denote by Tf := Tg(h; p, qo) the Ehrenfest time for g,
both as given in the statement of Theorem 5.2. The parameter p € [0,1/2) sets
the duration into the Ehrenfest time regime and when dealing with the localization
properties, we will denote p € (p,1/2].

Kyh~ (5002,

Now, to connect Theorem 6.14 with the propagation of coherent states, Theorem 5.2
also gives the position space localization that allows us to find the geodesic to
within distance O(h*/27?) of the maximizer of the modulus of the propagated state,
for p € (p,1/2]. Therefore, we may approximate the geodesic flow using the max
observable; in doing so, we account for the fact that while the un-normalized coherent
state 1y, := 1y /Ch (o, &) is readily interpolatable through the graph structure, its
normalization is a matter of probabilistic L? convergence and not necessary to handle
the max observable. For this reason, we use the un-normalized coherent state at
present, to establish the consistency for this observation of the geodesic flow, in

PROPOSITION 6.18. — Let A >0, o > 1, h € (0, ho] for hy given by Theorem 5.2
and (zo,&) € T*M. Then, for iy, := e~ hd’(l’o’go ) an un-normalized coherent state
localized at (9, &) and [t| < Tf, we have with Kj > (RO (w0, &0)) Ky = O(RP),
Ky as in (6.14), € :== h*™ and for all § > 0,

Pr{ ‘Ut N@Zh‘Q - ’Ut @EhFH >0 < Qoen - J € K~h_5n/2 ‘
)\,67 >\75 00 77 QKJh_pn/Q—'I_ 1 +5’ Y ,[l}
Furthermore, defining the estimator Ty; ‘= argmaxy, ‘Uf\,e,NTZhP with Xy =

{z1,...,zN}, there exists a constant hl, > 0 such that for all p € (p,1/2] and
h e (0, 0 ] we have,

max

(6.15) Pr|dy (@ we) > h'727P) < Qupn (K Gh™ /4, €, Koh™?),

provided K5 > 0 satisfies K~h” 2 Supy<re UL thHoo In the perturbed case, we

set € € O(h”‘“) and define x§v)t = arg maxy, \UM’NWF. Then, there exist new

constants hl .. > 0,
KS = sy o (US|
|t|<Th he(0,hlhay]
and
Kff)h’;” > sup U§52t1/~1hH
jt1<T% o
such that
(616) Pr [d (xg\i)t’x) > hl/?—f)} < Q;,t,N <Kf§)h'3n/4,5,e, Kl(;)h_;nﬂ)
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Remark 6.19. — We remarked earlier (following Theorem 6.14) that the regu-
larization parameter € introduced a bias-variance tradeoff in the estimator for the
propagation with respect to Uf\76. Now when we combine with the semiclassical anal-
ysis of the preceding sections, we find that the principal symbol (and therefore the
quantum-classical correspondence for the graph Laplacian) is invariant to spectral
shifts of the order e € O(Rh'*®). At these rates, the regularization is tuned to the
semiclassical scaling and the bias floor is replaced by the semiclassical resolution.
This results in tighter concentration bounds for the regularized estimator than the
unperturbed one (especially with respect to dimension) while maintaining the same
bias rates.

Proof of Proposition 6.18. — We apply the preceding discussion (we give the ar-
guments for the unperturbed case, but they follow in the same way for the perturbed
case) to find that we have a constant K 5 > 0 that satisfies

K¢hfn/475n/2

|5 _ < AEW < Kzh 2
for all |t| < T% and h € [0, ho). Therefore, for all 5y > 0,
(6.17) Pr|[[ U5 xton = US cthn||_ > 6] < Qv (90,6, A2 K 7).

To ease the notation, we will denote Ky}, := h=2 K e Now suppose the event that
UL v0n — UL n]loo < 8/(2Kyp + 1 + 8) holds. Then,

08l = 03, B[ | = [0 = U8, (03] + [0,

<L 21K +#
SOKy 140\ PP T 2K, 140
2K¢,h+1

S O2Kyp 146

This establishes the first part of the statement of Proposition 6.18.

The second part is a direct consequence of this, since on continuing under the
foregoing presumed event, by L> comparison over Xy we have that for all N € N
there is a constant C'y > 0 such that if 6 < %(Klzhgn —Cnh™Y) for a constant K; >0,

then Zy, € B; := B(xy, g; h/277). Indeed, the presumed event gives on the one hand,
~ 12 ~ 12
‘U)t\,gNwh‘ ('%N,t> > HU;S"EwhHoo — 0.
The L* norm of the propagated state is lower-bounded through its localization:
OMh—n/Z—i-;n
Ch(z0,&0)?

with C'ys > 0 a constant depending only on the local geometry of B;. Similar to (6.14),
we have a lower-bound on the L*(M) norm of the propagated coherent state through

2

H U/t\,e [wh]

~ 2
t
|[Ohen]. >
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unitarity up to conjugation by \/]_9)\ . - D: this gives,

111f<\/_>\6 )
2~ Tumal.

with K 7> 0 a constant. On the other hand, the event of L> consistency over Xy

s o, > K

U5 cton

along with the localization of Un together imply that
K(h,p) = supJU)\eNl/zh‘ <5+ CyhY.

$€XN\Bt

Thus, we have for § as above,

~ 2
UL On (@)

> K;h™ — 6> 6+ Cyh" > K(h, p),
which tells that there is hl . > 0 such that for all h € (0,h! ], if we take § =

max max

iK{;hP", then we have dy(Zn,, x;) < BL/2-p 0

6.4. Interlude: L? consistency

We discuss now an intermediary step to recovering the geodesic flow through the
graph structure using the mean position observables. These observables, as discussed
in Section 5.2, can be expressed as L? inner products, so to implement them we
need a way to go from inner products on graphs to inner products on the manifold.
The treatment in [Hei05, Sections 2.3.5-6] shows that if a complex vector space
over the graph structure is endowed with an inner product given by (-, -)}/N or
(-,DPren-)/N, then on the continuum side, these converge as N — oo and € — 0
to the inner products (-, -), and (-, cy **p?>~2.), respectively. Hence, among these
only the case A = 1 converges to (-, - )2(\m,av,), While by Theorem 5.2, for all other
weights, the (classically) propagated continuum weight, namely cs2*p?=2* o T'* will
show up as a multiplier to top order in the expectation of a propagated quantum
observable against a coherent state. Since this also means that the propagated weight
must show up by itself when taking the norm of the propagated coherent state, it
suggests that in order to recover the flow of symbols along geodesics through the
coherent states, we must normalize their propagations. It so happens that we may
do this with any choice of the weights, so we proceed with the simplest choice that is

sufficient for our needs: the corresponding picture on the continuum side is given by,

LEMMA 6.20. — Let A > 0, h € (0, ho|, « > 1 and ¥, be a coherent state localized
at (xg,&) € T*M. Then, for all [t| < T& and € € O(h'™®), with € := h*™*, we have,

HU,\S)% H = 'oac(wo)p () + O(h' =),
wherein x; := mp (29, &) and if v € C*, then
<1/1hte (U,\s)t) U,\s)t Un t5>p = v(z,) + O(h' %)

with Yhte = wh/HU)fet[wh]Hp'
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Proof. — This is a straightforward application of Theorem 5.2, which goes through
for U)(\i)t because thg\i = h®Ay. + h*caoe/el and h*c/e = O(h) so Sym[hQAE\i] =
Sym[h?A,]. By Lemma 2.12,

L o/ @n* ) (o)t
U opre |Uye =1,
(L on

with the adjoint being taken on L?(M, pdy,). Since the quantization of vp gives the
multiplication operator by vp, we then have,
o)

(on (U up U = <wh
Pae Opy, (v P, Ft) ’@/Jh> + O(hl_Q’))
DPxe

(o
P (2) + O(n1=2)

= pae(zo) v(21) .

= 'pac(@o)p ()P v(w) + O(h %),
wherein the ultimate equality follows from (2.13). Thus,

(e | (U v U ) = v(an) + O(h2).

,€

-1
DPxe (U,@t) U}ijﬁ)t

U

We turn now to the consistency between the Hilbert space on the graph, given
by the inner product (-, - )y := (-, -)/N and the space L*(M,pdy,). The primary
step is to establish the error in

<,¢)h,t,e,N’ (U)(\i)fN) *UU)(i)fN’d)h,t,e,N>N - <¢h,t,e

(UA(a)t)*UUA(ee)t

,€

¢h,t,e>p’a
with
Uhte,N = ¢h/HU§2fN[¢h]HN7

whereafter we can employ Lemma 6.20 to give the consistency of flows of position-
space observables. In anticipation of specifying to coherent states, we state the L?
inner product consistency bounds in terms that respect a class of local functions.
The point of this is that when we apply a Bernstein bound for the consistency of the
inner product between two functions, at least one of which is localized to roughly an
O(h+) radius ball with respect to h € (0, hg| for some hy > 0, then we can use the
dependence of the bound on the variance to get a better convergence rate by a factor
of roughly A in the exponential. This trick was used in [Hei05] to give a quadratic
improvement of the rate of convergence in the bias term (wviz., the density parameter
€) for the graph Laplacian and we simply state it here in a somewhat more general
and convenient form. More precisely, we have,

LEMMA 6.21. — Let ¢ € R and 0 < hy < 1 be fixed and let u,. € L™ be
a family of functions over h € (0, hy| satisfying: there are constants K,,, K,2>0so
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that uniformly in h, h*||up || < K. and ||up |32 < Ky2. Then, given any v € L™,
for all 6 > 0, we have

S S2
. Nhso )

200 o (A5 Kozl ]o Iplloc + Ku/3)
= o (0,15, Ky Ko, [0]c)-

In case that v = ¢ is another such family, then

‘<Uh,<,U>N - <Uh,<,’0>p‘ > (5} < 4exp (—

Nh*§?
2K (K2 K allplloo + Ku5/3))
= pva (6,1, Koy Kup, K.

Pr“<uh,<aah,c>N — (tn,, ah,<>p‘ > 5} < dexp (—

Proof. — We first compute the maximum and variance in order to apply Bern-
stein’s inequality:

max [ (25)0(;)| < R Ku[0]e,

Var(une®) = [ Jun o’y < JollZliplee | funcl? dv,

< Kualvll3 1Pl

The probabilistic bounds in the statement of Lemma 6.21 now follows from Bern-
stein’s inequality. ([l

Remark 6.22. — The coefficient K, 5 can be elaborated into more precise constants
regarding the geometry of small balls in M, if the localization of uj ¢ were explicitly
utilised. The simpler form is sufficient for the essential purposes of the following
applications.

From here onwards, we will specify to the application to coherent states, simply
to have explicit bounds and keep the discussion concrete. An immediate application
is that we can recover the L*(M,pdy,) norm of Uy [¢y]:

LEMMA 6.23. — Let A > 0, h € (0, ho] as in Proposition 6.18, « > 1, € = h*T?,
£ € O(h'), |t| < T% and (zo,&) € T*M. Then, for ¢y, an un-normalized coherent
state localized at (zo,&p), there is a constant K, » > 0 depending on v, and O(1) in
h such that with KJ and K«Z given by Proposition 6.18, we have for all 6 > 0,

erl vl o,

S PN2 (5/2, WK, Ky, KJ)

> 5}

5 _—pn/2 o
Q,\,t,N<4K~h_;n/2+2+26a €, Kwh P ) ife =0,
+ ¥
9 £, €, th‘g’lﬂ) ife >0

* .
At N 4K h=Pn/2 42425

= Z\n (0, Un).
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Proof. — Assume the events A; and A, that

’U,&,Ee)tihf - ‘U)(fe),tNQZh‘z . < g and HUAE)t@Z’ H HU)\GNwhH g
respectively. Then,
o2l - okl
<[l ~ ol + Il - oo

<.

Now, we use Lemma 6.21 to establish a lower bound on the probability that A,
(e)t

occurs. Since Uy is similar to a unitary operator by the diagonal \/p, , we have
that ’

(6.18) [osan <

HpA 6”00 2 ~ é A
hn/QC - D,
oy 100l < 1Tl 22
for a constant Cy o > 0. Therefore, by adapting (6.14) to the perturbed case and
applying Lemma 6.21 we have,

PrlAo] > 1 — pa(0/2, W7, K7, Kya, K7)

with Kyo = Cy2C,2/C, . As for the event A;, Proposition 6.18 gives a lower
bound for the probability that this occurs; then, a union bound gives the probability
as in the statement of the present Lemma 6.23. 0]

The consistency of propagations given in Theorem 6.14 applies readily to v, as
can be seen from a slight modification to account for the norm in the proof of
Proposition 6.18. However, in practice, it is only reasonable to expect that we can
construct Yp ;. N := @Dh/HU;)t [¢n]||v- By combining Theorem 6.14 and Lemma 6.23,
we have the consistency between Yhien and Yp: .. Now we use this to see the
probabilistic consistency between the graph and manifold versions of the inner
product of (the modulus squared of) a propagated, normalized coherent state with
an arbitrary smooth function, in:

LEMMA 6.24. — Let A > 0, hy € (0,1] be given by Theorem 5.2, a > 1,
and (xg,&) € T*M. Then, for 1, a coherent state localized at (zo,&), |t| <
Tg, p € (p,1/2] and given u € C*, there are constants Cyxpu, Cyypu > 0

and I?w,KwQ,Kw,Q,fwg,%w > 0 depending on vy and independent of h with
Cyrpus Cprpu > 0 additionally depending on u such that for all h € (0, ho] and

0 € (0, 4[ull],
L) = ((Udond [ ) [ > 5]

< Q)\,t,N (C{b,)\,p,uhn/zév €, h—/?n%w> + PN ((5, h(1+25)n/2, K¢, K1/1,27 Kw”’u”oo)

<‘U§,E,N¢h,t,N
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o~ —1/2 _  =1/2
+ N2 (h(1+2p)”/4K¢,2, LK,  Ky2, Ky ) + Ean (Conpuh™8, )

= Q)\,t,N (57 €, wha ’LL),
wherein

Unew = Un/ |V cwton|y and vne = n /|08 o]

This holds as well in the perturbed case, wherein we have for e € O(h'™®),

)y = ()| 2

< Q;,LN <01//1,>\,p,uhn/257 €, €, h_znf(zﬁ) + PN (57 h(1+25)n/27 Ewa KIZJ,Za KwHuHoo>

Pr <‘U)(\i),tN¢h,t,a,N U)(\i)t'ébh,t,a

~ N —1/2 —  =l1/2 _ N
+ pno (h““p)"/‘*Kw,g, LK, WKy K, ) + Ean (Cunpuh™?6,10)

= QX’LN (6, £, €Uy, u)

with new constants and
tneen = U/ [UZn]and =]
hteN = Un ae Unll hte = Vh
Proof of Lemma 6.24. — We write,

2 2
(Ut ewiman] ) = (Uhcn] )
t 2 t 2
< <’U)\,€,N¢hat7N’ ,U>N— <‘U)\,e¢h,t‘ ,U>N

(0 = (U )|
=I1+1I

U

and recalling that {/;h = e#? is the un-normalized coherent state,

U= ([0S covtonen| =[O ] )
= Cic <C‘U§,6,leh’2 —(ct+en — C)‘Ui,dzhr,@]v‘
< (el = 5" ) |+ = o |
<wm(%wwhw—wg&mja&w+uhﬁwN+MQJWWAM@)

where
) ¢ 7|12 ) ¢ |12
c= HU/\6 wth and cy = HU/\@N whHN.

Suppose the occurrence of the following events:

Az (U = Ul < o
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Ay ey — ¢ <6y,
~ 112
As: ||U3 ], =] < ¢

([t cona] ), = ([ ome
for some 0 < 6; < ¢/2 and 0 < ¢ < ¢. Then,

1< 0y fluflocc™ (4 4+ 6v).
and IT < /2. So letting 6, = d¢[2||ul|oo(4 + 64/¢)] 7" then gives for & < ||ullo(4 +
6v/c) € 4flull + O(R7),
(6.19) [+ <.

We wish to apply the foregoing probabilistic bounds from the lemmas of this section
and from the first part of Proposition 6.18 to bound the probabilities of the events
A1, ..., Ay In light of Lemma 6.21, we will have probabilistic bounds on the events
As and A, if we have L? and L*> bounds on U;e@lh and U{ 4y . These are as follows:
by (6.18), ¢ < h2Clys||pllocCp.r/C, . Likewise, by the proof of Theorem 3.3 we have
a constant C\, , > 0 also O(1) in h such that Cj, (9, &) ™2 = h2C, 4, S0
mfpye 1~ 12 /2 Con
cz Prcloc iﬁth > h Qw,zgpépA.

Since |US [¥n][> = |UL 4n|?/c and as in the proof of Proposition 6.18, there is a
constant Kz > 0 such that [|US % < h*E"KfZ, we have,

.A4Z

2
u>p‘ <6/2

~ 12 _
HUie@Dh,tHio < HU}t\,ethoo < h—(1+2,7)n/201“:(;’zfp;/\0 . h_(HZ;)n/QT(i
Y, 4=—p,A=—p

and there is a constant Ky, > 0 such that
¢ 2 —trrt 7 |2
|05, = <[V
= c_l@h\ppx,eUgﬁ(ppx,e)_lUﬁ,e
< éd,’g(l + O(hl_Qp))épA

~X
Qwﬂgp,kgp
< Ky,

)

wherein the second equality follows from the fact that the adjoint of UJ. over
L*(M, dvy) is given by po (Uj,)* o 1/p with (U ,)* the adjoint on L*(M,pdv,).
With this, we find on writing

7/U>p7

<‘U§‘7€¢hvt’27 U>N - <‘Uf\,e¢h,t

"), = (Pt o), ~ (ULt

with
v(+) = [U% abne()]ul )

and applying Lemma 6.21 that the event A4 happens with probability at least
1—pn(6/2, R0O+292 K Ky o) Kyl|ulls) and the event As with probability at least
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1-— pN72(hn/4+5n/QK¢72’ 1, K{;, E%% K’Z/JV) with K¢72 = Q¢,2Qpr,A/ép,A and K¢72 =

Cy2lIpllooCpp/Cpx-
As for event A,, we may apply Lemma 6.23 while noting that in that notation,

Cw = éwg and
Ky,
2||ulloo (4 + 6v/0)

Ky,
T-1/2
2l|ufloo (4 4+ 6K,5)
= C¢7A7p7uhn/2(5,

5, > Oh"?

> Sh"/?

so that
Pr [AZ} > 1- E)\,N (hn/20¢,A,p,u67 ¢h)
Further, (6.17) gives a lower bound for the probability of event .4; happening.

Thus, after taking into account the condition that ¢ < 4||u||o, which suffices to
achieve (6.19), we have a constant Cy, , ,,, > 0 such that

Pr[Ai] 2 1= Qo (Chpuh™?5 6, T K2).

Hence, the probabilistic bounds in the statement of the present Lemma 6.24 follow
from taking a union bound and noting that the analogous statements follow for the
perturbed case. [l

Combined with Lemma 6.20, this tells that we may observe the propagation of
classical configuration-space observables along the geodesic flow of M through their
means with propagated coherent states on the graph approximating its structure:

THEOREM 6.25. — Let A > 0, a > 1, (x0,&) € T*M and |t| < T§. Then, for 1),
a coherent state localized at (xo,&y) and given u € C*, there is a constant C' > 0
such that we have for all h € (0, min{ho, 4||u||}] with ho € (0, 1] from Theorem 5.2
and € 1= h?*®,

2 -
(6.20) Pr ‘<‘U§7E7N¢h,t7]v ,u>N —u(xy)| > Ch' 72| < Qn (h, €, wh,u>.
Letting e € O(h'*), we also have
g 2 - %
(6.21)  Pr|(|U) tnon|u) = ulw)| > ORI | < O3y (hoe, e n,u).

Proof. — Suppose we are in the event that

‘<‘U§,e,N[¢h,t,N]’2’u>N - <‘U§,€[¢h,t}

< hi?r

2
, U
p
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Then by Lemma 6.20 there is a constant C’ > 0 such that,
2
‘<‘U§\,E,N¢h,t,N ,U>N — u(xy)

2
< ’<’U/t\,E,Nwh,t,N 7U>N - <‘U§\,e[wh,t]
< (1+CHR' 2.
Now, Lemma 6.24 gives a lower bound on the occurrence of this event, under the
condition that h € (0, min{hg, 4||u|«}], as 1 — Qe n(h, €, Up, u).

The perturbed case follows along the same lines upon applying Lemmas 6.20
and 6.24 with e € O(h'T®). O

2,U>p‘ + ‘<‘U§,€[¢h,t]

2,u>p — u(wy)

6.5. Observing geodesics on graphs

We are now in the position to implement Proposition 5.5 on the graph holding an
approximative structure of M and to give its probabilistic rate of consistency: to
summarize the procedure, we give the example of an,

ALGORITHM 6.26 (Geodesic flow reconstruction). — Having constructed Ay . n
and vy, localized at (zg,&) on Ay with € = h?T® and « € [1,2], the estimation of
the geodesic flow proceeds as follows:

(1) Construct Uy y = e~ VAren by spectral methods.
(2) Identify the local peak Ty, = arg maxy, |U  xnl-
(3) Form the normalized state ¢y, n = ¢h/||U§\767N¢h||N- Set the localization

scale &, ~ h'/277 for j € (p,1/2) and compute the coordinate-wise mean:

2 ~
iy = (UL evtnen| xe(lle(-) = u@na)llen )es)
for each j € [D], where x; € C°(R) satisfies supp x; C [— Ry, R;| such that
Rt > &y and Xt = 1 on [_gtygt]-
(4) Identify the reconstructed point Ty, ; = arg min, ¢y [|¢(x) — T ;||lro-

The algorithm outputs Ty, € An.

Remarks 6.27. —

(1) We can simply take x; = 1 when working with extrinsic coordinates, since
they are globally defined. This can be preferable in situations where using
the cut-off x; increases uncertainty without significant cost benefit.

(2) We have assumed that an un-normalized coherent state has been given; how-
ever, the definition of such states a priori relies on intrinsic information
about M. In Section 3.1 we have pointed out how to approximate coherent
states with just extrinsic data and that discussion, combined with the results
of Section 5, shows that the approximate coherent states are appropriate
surrogates to affect quantum-classical correspondence. The construction of
these approximate states from data Ay follows from further applications of
concentration inequalities and our a priori L> — L* bound on U} . We
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will remark on this further and note that this has been carried out in detail
in [KS22].

Anticipating applications such as this Algorithm, implemented in detail for exam-
ple in [KS22] (with data-driven approximations to coherent states), we make the
following,

DEFINITION 6.28. — Let 1, be a coherent state localized at (x¢,&y) € T*M and
consider its propagation with respect to Uf\ﬁ’ ~- The intrinsic sample maximizer of
the propagated coherent state is,

~ 12
Iy = arg maX’UieN@Dh’
XN bl
(1) Extrinsic case. The extrinsic sample mean of the propagated coherent state
is Tn .0 € A, defined with respect to a cut-off x, € C°(RP”), as the closest
point on Ay to

iy (zo,&o) = <5§v,1($0, &), - -+ I.p (o, fo));

with
2
[i\f,j(m()a 50) = <’U§\,E,N¢h,t,N ) (XL © L)Lj>

That is, Ty, + = argminyep || X — I (0, &0)|Igo -

(2) Local coordinates. Let O, C M be an open neighbourhood of Z;. Then, given
a diffeomorphic coordinate mapping u : O; — V; C R™ and x € C(R"™) a cut-
off with supp x C V;, the u-sample mean with respect to x of the propagated
coherent state is Tyt € Vi that is the closest point on Vy := u[Xy N Oy to

ﬂ?\[(lh) 50) = (E§V71(x07 £O)a cee 7H§V7n(‘7}07 50))a

N

with

2
ﬂ?\f,j(x(b §o) = <‘U/t\,e,N1/1h,t,N ,(xo U)UJ>N
That iS, Tnuyt = arg minyevy || X — @y (2o, &o)||rn -

That the preceding Algorithm outputs, with high probability, a point within an
intrinsic distance of O(h'=%°) from z; for [t| < T% ~ log(1/h) is an application of
the following,

PROPOSITION 6.29. — Let A > 0, a > 1, (x9,&) € T*M and |t| < Th.
Then, for ¢, a coherent state localized at (xg, &), given any open neighbourhood
Oy C M of 2y, with its diffeomorphic coordinate mapping v : O, — V, C R",
there are constants hymax, Cumax > 0 such that if h € (0, hymax) and By :=
Bw(Zny), || llgn; Cumaxh??) C Vi with p € (p,1/2), then for any smooth cut-
off x € C*(R™,[0,1]) with supp x C V; that is x = 1 on B;, we have

Pr|d, <U_1(37N7u,x,t)axt> > C,h'=?

<oy (st Kw) + Daeoy (K™ 4,6, Kgh /%) 4 exp (2N €020 ),
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for constants C,,, C" > 0, uniform constants K e K 7> 0 provided in Proposition 6.18

and the coordinate-dependent bound K, , = maxje[n]Hl + (xou) ujHoo.

Likewise, there are constants h, max, Cymax > 0 such that for all h € [0, h, max),
given any cut-off x, € C°(RP[0,1]) such that x, =1 on

B,o = B(1(@ng), || - 105 Comaxh* "),

we have

Pr

dg <L1($N,xb,t)a iUt) > CLh12p]

g DQ)\%N (h, €, wh, Kx,L) + Q/\,t,N (Ch%, €, Kw)
+ exp(—2NC'h™) + exp(—2NC'h"),
for C, > 0 a constant and K, , = mane[n]Hl + (x,00) LjHoo'

all hoe (0,h,,.), dg(Zn.4, ) < hY/>77 with probability at least
1—Qn (thﬁn /4, K{bvh‘;”/Q).

Assume this event throughout and call it A,.

Proof. — We have by Proposition 6.18 constants h! ., K e K 7> 0 such that for

Step 1. — Following the arguments in the proof of the first part of Proposition 5.5,
we have constants h,o € (0,h] ] and Cymax > 0 such that for all h € (0, hyyo),
lu(@x ) = u(ze) |l < Comaxh/> 7.

Step 2. — By Theorem 6.25 we have for each j € [n], a constant C; > 0 such that
for all A € (0, min{ho, 4[|ty ;llsc}), With uy; := (x 0 w)u, |@ly; — uy;(xe)| < C;h 20
with probability at least 1 — Q,\%N(h, €,%n, Uy j). Assuming also these events, say

As,..., Ay and that for each h € (0, min{hu0, 4([ty,1lloc: - - [ty nlloc)}),
B, CV, and x=1on By,

we have that [ay ; — u;(x)| < C;h'~? and hence,

_ /2., -
Hufv,x(ﬁoafo) — u(xy)|,, < (012 +-- C’ﬁ) RYT2 = O/ WP

Step 3. — Then, there are C,, h,1 € (0, 1] such that for all A € [0, h,1] and any
IZ,X,N < Bcﬁh(aﬁ\ﬁx(wo?&))? “ ’ ||R">7 dg(u_l(xZ,X,N)7xt) < (Cu/2)h1_2p' Although the
interval for A depends on y, we may translate the coordinate mapping u to work
with @ := I, +u : O; = V; and Y := x(I,, — -) so that V; € R*\ By(0,]| - ||g») and
hence, ||ty 1|lco = 1 in the events A;. With this, we achieve the same result without
affecting hy, 0, hy,1, Cumax and Cy: viz.,

u(fN,t) - u(:ct)HRn = ’ﬂ(ifzv,t) — ﬁ(g;t)HRn < Cu,maxhl/%g,

d, (u‘l[ugv’x(xo,fo)th) —d, (a— {ﬂi\,’g(l’o,fg)},xa < (/;uhl—zp

and these are now valid over h € (0, min{h, g, hy1}).
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Step 4. — The probability that

Cu
{Ih e 7xN} N BO 7£ @7 BO = B<U_1 {HN,X<J;0’§0):|79; 7 hl 2/))7

may be lower bounded by a Chernoff bound applied to a Bernoulli process and this
gives at least 1 — exp(—2N c” h2(1_2”)n) success probability with C” > 0 a constant.

Indeed, let Py be the probability that a random vector x lies in By, which with the
aid of Lemma 2.6 is bounded below by,

‘ ) Ou a n/2
Py = /B p(y) dvy(y) = (inf p) vol(By) = Cuy(inf p) <2h1 2p> = Dy

Then a sampler Yy : M — {0, 1} that maps Yy[By] = 1 and Yy[B§] = 0 defines N
i.i.d. random variables governed by a Bernoulli process with probability F,, when
applied to the random vectors x1,...,zy. This process has mean NFy > NP, so
a Chernoff bound yields,

Pr|#(Xy N B;) > 1] > 1 — exp(—2NP3),
giving the desired probabilistic bound with in fact C"" = C3%(inf p)?(C,/2)™. Thus,
possibly after translations and adjusting the probability for each A; to at least
1 — QA,mN(h, E,Q/Jh,ﬂg,j)a then taking a union bound and hymax = min{hy,g, by},
we have the probabilistic bound in the first part of the statement of Proposition 6.29.

The second part of Proposition 6.29 follows the same line of arguments. —

Step 1. — By Theorem 6.25 we have for each j € [D], a constant C; > 0 such that
for all h € (0, min{ho, 4[|ty,;lloc}), With vy == (x. 0 )¢, [T ; = tyi(ze)| < CjA20
with probability at least 1 — §~2,\,t7N(h, €, WUn, Ly.j)-

Step 2. — Assuming these events, say Ay, ..., Ap along with the event Ay, then

due to the Assumptions we have that if for each h € (0, min{x,4(|[¢y 100, - -
lex.nlloo)}), with & := (k/Cl )%, it holds that:

B = B(u@xa), |- |er; ChuxVh) C Vi and y, =1 on B,

then |2y ; — ¢j(z¢)| < C;h' 7?7 and hence,

1
HZ?V(%’&) N L<xt>HRD < (012 Tt C%) PRI = W

Step 3. — The Assumptions further imply that if
h<k/C, and z}y € B(Zﬁv(xofo), I- ||RD;CL/h1—2p) A,

then dy(¢ (2] y), 21) < 2C7h'~%. As before, we have that with probability at least
1 — exp(—2NC"h*1=20)") there is j € [N] such that dy(z;, ¢ (2} ) < h'~?, hence
dy(zj, 2) < (14 2C" A2,

Step 4. — Now again we have the joint interval of A depending on y, but as
in the previous part, we can translate the isometry and y,, so that upon taking
Bymax := min{hl.  (k/C’..)? x/C'} and a union bound (with respect to the shifted
embedding), the probabilistic bound in the second part of the statement of the
proposition follows. 0
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Remark 6.30. — The preceding bounds hold also for the perturbed case with
e € O(h!T).

6.6. Statistical estimators

A statistical estimator is a procedure for estimating some quantity, or vector of
quantities, from observed data. We have shown that the Algorithm outlined above
is nearly a statistical estimator, modulo the construction of a coherent state, for the
geodesic flow on M to long times. Importantly, this estimator has a high success
probability to produce an estimate within an error that scales as a power law in 1/N
with respect to the number of samples N. Crucial for applications, the exponent in
this scaling depends only on the effective manifold dimension n and is independent of
the extrinsic dimension D. We'll call estimators with these properties asymptotically
good estimators.

In order to arrive at an asymptotically good estimator for the geodesic flow, we
must construct an estimator for coherent states, whose definitions thus far have
involved a priori knowledge of M. To this effect, we have indicated in Section 3.1
the construction of approximate coherent states at a given (x¢, &) € S*M (the unit
cosphere bundle: |£|g» = 1) using only points on A C R, which are suitable for
recovering geodesics to time T4 and within error O(h'~?7). Following that discussion,
each sufficiently nearby point z* to x( provides a direction pg := t(x*) —t(xg), modulo
a small angle, on the tangent space so that py := po/|po|lrr ~ Dt|, - §. We find
that for an estimator, the main requirement is to have such a sample point x* in
an O(h™*4+1%8) neighbourhood of g, for some 3 > 0, so that the vector

[&h]j = [exp<2<b(a:j) - L(xg),pg>RD> exp<—21h|b(xj) — L(xo)h%@)

defined on the sampled data, has Opee(xy)(hi+?) error from the evaluation of an un-

)

normalized coherent state 1, at (z9,&p) on data. An application of concentration
inequalities using Chernoff bounds achieves this with high probability and the number
of samples scaling polynomially in 1/h with the exponent depending only on n and
independent of D [KS22, Lemma 2]. The choice of § = (2 + a)(n + 1) + 1 comes
from an application of the generic L> bound (6.10) on Uy . v : Hy — Hy and yields

that the propagation Uf\’eyN[dujh]/\|U§,Esz/jh]|2 approximates Uy . ytne,n to within error
Op(h) with similar probabilistic convergence rates [KS22, Proposition 2]. Hence,
we arrive at a context wherein the preceding results apply directly. The results
in [KS22, Lemma 2 & Proposition 2| further show that in place of this (asymptotically
good) estimator of a coherent state, we may also use local principal component
analysis [TVF13] (also [SW12, Theorem B.1]) to approximate cotangent vectors and
form coherent state estimators, with similar convergence rates.

This completes the picture for an asymptotically good estimator for the geodesic
flow to long times. Beyond such constructions, these coherent state estimators also
yield asymptotically good estimators of FBI transforms on M (see [KS22, Proposi-
tion 3 & Figure 3]) and when used as asymptotically good estimators of the semiclas-
sical relation |(¢n|Ax|tn) — 1] = O(h) for 1), a coherent state at (xo, &) € S*M,
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they provide efficient data-driven heuristics for good parameter choices € and h. The
latter has been an indispensable tool for applications [KS22, Sections I1.D.6 & VI,
since the choice of these parameter values is so crucial to producing good results
and performing many runs of the full algorithm over the two-dimensional landscape
of parameter choices is often computationally infeasible; in practice, we find optimal
propagation results for parameters close to this heuristic. The algorithms resulting
from these methods [KS22, Section VII] have been put to practice on samples from
model manifolds with positive and negative curvatures to verify their accuracy in
propagating coherent states and recovering the flow [KS22, Section III.A], as well
as real-world datasets [KS22, Section III] for performing dimensionality reduction,
clustering and statistical anomaly detection.

6.7. Summary of Convergence Rates

The foregoing discussions involve various inter-dependent probabilistic bounds.
We now summarize them by giving their unwrapped dominant terms as closed-form
Bernstein-type exponential bounds:

Approx. Unperturbed Perturbed Bound functions
An ~s A: 6.4) < exp{—Q(o)} .
Lemma 6.3 o — Ne3s2 T (05 u)
B B: %\,N,U((S(; u)(:;
N o 2 _ _ 2(1+0(8)).
Theoream 6.10, (@8 Sexp[-0(0)]  (67) Sen[-00)]  pa@ D)
o = Ne3§Hv) o .= Nez§2e(1+2v) Yanw (0,65 u) =

Lemma 6.8
7A,N(55%+U(ﬁ)§ u)

(6.12) < (6.13) < |tl
] exp[—Q(s)] exp|—2(s)e”]
. N646%"+4 o — 7]\[626%”:25
U]tV ~s U ° :: (K2|t|8) » ~ Ka‘i' ; QA,LN(& €, KU)
Theorem 6.14 with *= O(|t| /N )’ AN
5 o k() with
NE § > Kue A0 (6.2, )

1,
1] S Kie 16 0<O']<V12
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Approx. Unperturbed Perturbed Bound functions

(6.20) < exp[ Q(o)} EGEl) exp[ Q(O)} Oy w(h e, 1)

243p)+4 5,
_ Nk (+:|)8+ €2 +4’ N (1+2p|):2€gn+2€3 Q;t’N
. ; ,
Eyu ~pi-20 u(z;): With .
Tileorem Zi 2(5 ! it < Tg with p (f'l,s,e,wh,u)
| b 2 H<Ts with
(or SATE"ETH),  (or S NEESTHE), 2 e @(hitoth),
/- (fféic{Q]’ pe 2@;1/2]» B=0
€= ¢ — )24

Q/\7t7N(h%,€,Kw)
(6.15) < exp[ Qe)]  (6.16) < exp[ Q(e)] Lun

TN~ 35 Tt ° = ‘Nh5p|:|6872n+4, o= LVhswlaiL+2 -, (h%,e, €, Kf))
Proposition 6.18 with with with
|t|, p, € as in (6.20) |t|, p, € as in (6.21) e € O(hltath),
B=0

(See the previ-

TNy ~pi-20 Ty Same as (6.20) Same as (6.21) ous two Tows)

The first column of the table indicates the approximation being considered, with
a symbolic short-hand and the location of the precise statement. Here, Ay, A refer
to the averaging operators, By, B the square roots, or e-perturbed square roots of
I—Apn, I—Aresp., as in Notation 6.11, Uk, U refer to the corresponding propagators
and Eyu := (UL n|% u)n is short-hand for the discrete expectation of u with the
density of the sample propagation of the coherent state. The notation 77 ~, T3
for T, Ty : L — L* and r > 0 means [[(T1 — T2)[u]|lc < 7 for any u € L. The
meaning when 77, T5 are scalars is clear by analogy and x ~, z; for x € M and r > 0
refers to the condition x € B,(zy; g). The second and third columns give bounds for
the corresponding probabilities in the ¢ = 0 (unperturbed) and ¢ > 0 (perturbed)
cases, respectively. The fourth column gives, for reference, the dominant functions
in the probability bounds for the unperturbed and perturbed cases that are being
further bounded in the second and third columns, respectively.

We have borrowed from complexity theory the following,

Notation 6.31. — The following are asymptotic bounds of non-negative functions:

(1) fo=0(f(Y)) means there is T* > 0 such that for all T > T*, fo(T) < f(T1);

(2) fo=Q(f(Y)) means there is T* > 0 such that for all T > T*, f(0) < fo(Y);

(3) fo=0(f(Y)) means fo = Q(f(T)) and fo = O(f(T)) and

(4) fo = O(f(Y)) means there is T* > 0 and a polynomial with non-negative
coefﬁments q € R[Y] such that for all T > T*, fo(Y) < q(log Y)f(T).

— o —

Sketch of how these bounds come about. —
Step 1. — By its definition in Lemma 6.8, v < (log N + No%e2) " log(N§%ez +
log N), hence v = O(N~1672¢32).
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Step 2. — The dominant exponential term in Q) n (0, €, K,,) given by (6.12) is

N§hednta\ [ ghe2n+a O(é'f);) Notesnta\ [ [2.-% (Z )
— < _ u
o <0K3|t|8>< Ik ) SO <0K3|tr8><zv|t|8>

o <N O n+4) (Z/N)° (m)]

CK2|t)®
with Z := K2e/2/|t|8. So assuming [t| = O(KY/*e~/16) gives
Z>1 and (Z/N)OO/VND >

hence that factor can be replaced by a constant in the exponential.

Step 3. — We will use the preceding estimate in place of {2,y under the cor-
responding condition [t| = O((h=2"e)1/16) (recall that T4 < T + plog(1/h) is
a worst-case upper bound and the quantum-classical correspondence may be valid
beyond this, so we use the generic condition from the preceding step). Then, exam-
ining Q,\i,N(th;"/él, €, Kah_’?”ﬂ) gives the asymptotic bound,

(6.15) < exp( Q(Nh55ne5"/2+4/|t|8)).

Step 4. — We now bound the rate given by (6.20). The bound Q,\,tw(é, €, UV, u)
is defined in Lemma 6.24 and its dominating term is Zy n(Cyap.uh™?6, 1) with
=y () defined in Lemma 6.23. In turn, we may bound Q. n(h, €, 1y, u) in (6.20)
using the bound in Step 2 applied to Qy , y (h"1F2)/2+1 ¢ p=P7/2) This gives the rate,

(6.20) < exp( Q(Nhn(2+3;)+46(5/2)n+4/|t|8)>‘

Step 5. — In order to bound the rate (6.16) corresponding to the perturbed
quantized propagator, we note that €13 , N(K%)h’m/él, £, €, Kq(;)h_p%) is asymptotically
dominated by
6.22 S (02 t?), e u) = S(eM2H)|t]?) e/ 20y
< ) f)/)\,N,’U( ( ) AN ’ )

with 6 = 2" and w = h=""/2. Then, the dominating term gives
(6.16) < exp< Q(Nh35ne3n/2+2g/|t|4)52v)
and by Step 1,
0 = O(N16-2 22 8 = O (N
Since we have assumed e € O(h'T*P) with 8 > 0 and we a priori require that

h > (|t|*/(Ne¥ 2+2))3Pn in order to have exponential decay of the rate, if we further
assume that N > |t|*¢~3"/2=2 then this implies v = O(1) and in fact, on expanding
the log factors we have v < 1 Hence, the asymptotic bound becomes

(6.16) < exp( Q(Nh3p”e3”/2+2e3/\t]4)>.
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Step 6. — The asymptotics of the rate in (6.21) are governed, as noted in Step 4,
by ZAn(Cyapuh™?,1s), so the definition in Lemma 6.23 gives,

(6.21) = O<Q;w (B84 2 h—ﬁ’s))_

Now proceeding as in Step 5 with § = h"(1+9)/2+1 and o = h="/2 applied to the
right-hand side of the equality in (6.22), we have

(6.21) < eXp( Q(Nhn(1+2;)+2€3n/2+28/|t|4)821))'

As in the previous step, if we take N > [¢t[*¢™3"/272 then v < 1so that -e? > 3. [

Appendix A. Why not the Schrodinger propagator?
The Schrodinger propagator e*A¢/2 on M quantizes the (co-)geodesic flow at
all speeds. This makes the propagation of coherent states under this flow an attrac-
tive option for recovering the geometry of M from samples and our results transfer
directly to this application. However, we have opted to study the quantization of the
unit speed flow with respect to an approximation of the half-wave propagator gener-
ated by hv/Ax due to numerical stability issues. These issues appear in practical
applications, showing the half-wave propagator to give higher quality approxima-
tions from fewer samples for the unit speed flow. A thorough investigation of this
phenomenon is out of the scope of this work, but we will show a simple example in
the context of the inverse problem we have studied here and make some remarks
(mainly speculations) as to the possible origins of this discrepancy.

We will consider Schrodinger propagation of coherent states on the flat torus T"
because many objects under consideration have explicit forms. Following [AM12],
we consider the coherent state at (xo, &) € T*T™ to be given by,

1/}h(ZE JIO,&) hn/4 Z e~ \m—k—mopeﬁfo(m—k)?

kezZm

ithAn /2

so that under the action of the Schrédinger propagator e we have,

1 E: . Eﬁ%ﬁ%ﬁ%iﬁbh¢a$ k;z0,€0)
hn/A(1 4 it)n/2 =,

with &(t, z; 20, &) = tlo — xg — t&*/(1 + %) — t|&]* + 2&o - . This is just the
periodization of the solution to Schrodinger’s equation in R™ at time t with the
initial state given by the usual coherent state at (xq,&p). Meanwhile, the Schwartz
kernel K4, for €2t /2 has the expansion,

(A2) KtA . ([L’, y) _ 1 Z 627rik'(1+tk/2)€—27rik-y‘

’ (2m)" ez

The dispersiveness of the Schrodinger propagator is visible in this expression, for it
shows that any solution to Schrodinger’s equation is a superposition of plane waves
traveling at all velocities k/2 for each k € Z™ that gives a non-zero Fourier coefficient

(Al) em'thATn¢ o

Y
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of the initial condition. The form (A.1) for the propagation of the coherent state may
be seen as the result of having ezact Fourier coefficients, so that modulo Og(h™),
only waves with velocities in a ~ v/h neighbourhood of & /h are picked up by the
propagator. On the other hand, if we replace exact Fourier coefficients by noisy
data coming from an approximate integration of the initial condition against the
plane wave e 2% then there may easily be many more plane waves traveling at
different speeds with amplitudes decaying relatively slowly in h that appear in the
propagation. In lieu of the Poisson summation formula, the approximation to the
Fourier coefficients by sums over even small perturbations of the lattice may cause
significant error terms to appear [Eps05]. Closer to our setting, the case of Monte
Carlo integration is governed by concentration inequalities rather than smoothness
properties. Moreover, even when the eigenvalues of the graph Laplacian are close
to those of Ar» in the semiclassical range, the corresponding eigenfunctions may
have support across various frequencies, again leading to the interaction of waves of
many different speeds. Compare this with the situation for the half-wave propagator,
whose Schwartz kernel takes the form,

1 omik-(z+tk/|k|) ,—2mik-y
e e

(2m)" keZZn

and therefore implicitly homogenizes all plane waves to unit speed. Although in higher
dimensions the approximate Fourier coefficients may still cause some directional
pollution, any interference from different wave speeds will be homogenized away,
making the unit speed flow a natural candidate for reconstruction from random
samples.

Related to the wave speed homogenization is the appearance of the semiclassical
parameter h in the Schrodinger propagator. In dimension n = 1, the expression (A.2)
is given by the boundary distribution on R of a Jacobi theta function in ¢ on
the upper half of the complex plane. When ¢t = p/q € Q in reduced form, the
Schwartz kernel is a linear combination of point masses at translations of ¢ roots
of unity and when ¢t € R\ Q, this distribution resides in a Besov space of higher
regularity determined by the properties of the continued fraction expansion of ¢
[KR99]. This microlocal smoothing is another effect of dispersion in the Schrodinger
propagator [Macll]. We may see KtATl (z,-) = e*A1|§,) as the solution to the
Schrodinger equation with initial condition d,, which has a wavefront set with singu-
larities in all directions and magnitudes. In that sense, the propagated coherent state
ehtAr 24, (1) = (qﬂh\KZtTl (x,-)) gives effectively the FBI transform at (xg,&) of
the Schwartz kernel for the Schrédinger propagator in the second component. Since
the regularity of the distribution changes suddenly with time, the modulation by h
causes sudden changes in the detection of frequency content in the range ~ 1/h. On
the discrete side, € must scale according to the connectivity of the graph given by
Ve-balls across samples and only oscillations slow enough to be felt by neighbour-
hoods on this graph will be detected. As regularity affects what is detected by 1, at
the frequency scale 1/h, this suggests an instability in the discrete approximation
using the Schrédinger propagator, with regards to the choices of the interdependent
parameters h and e.

Ky, (v,y) =
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A.1. Random samples

We now show a simple numerical example where the discrepancy between these
propagators is readily felt: let T! be embedded in R? as

1 TH— S' = {(cosf,sinf) | 0 € [0,27)}

and let Xy be N uniform random samples from S!. By the discussion in Section 3.1,
the state ‘
D (3 0, £0) = o 2 |H@)—1(@0)I25 1 (Ux) =120, Delegbo) o

is an un-normalized coherent state, wherein D,|,, : T, T' — T (2)S ! the differen-
tial map of the embedding at xy. In this case, given xg, we can explicitly calculate
the unit norm tangent vectors to S! at t(xg), hence we have ezact coherent states
Uno (30, £1) = ., (25 0, £1) /|| Un, || 2 at (w0, £1) € T*T". Using the state local-
ized at (xg,+1), the top row of Figure A.1 shows the errors in approximations of the
unit-speed geodesic flow T (zg, &) using the Schrodinger and half-wave propagators,
across a landscape of (¢, h) parameters. In the region where € and h are sufficiently
small to affect reasonable approximations, we see that the half-wave propagator
has a baseline error that is more than quadratically lower than that given by the
Schrodinger propagator. Likewise, the bottom row of Figure A.1 shows the errors in
geodesic distance approximations using the time ¢ of the quantum dynamics along
the flow. Corresponding to this, we see in Figure A.2 the profile of the initial co-
herent state in the top figure and in the bottom row we observe the spread of its
propagation at the final time, under the action of each of the two propagators.

A.2. Lattice points

The convergence analysis for dynamics on the pointset
Xy = {(cos(ij/N), sin(2mj /) ’ jefo,... N— 1}} c §' C R

is greatly facilitated by the Poisson summation formula. For simplicity, we set A = 0
and denote A, n := Ay n. Then, this graph Laplacian matrix is given by,

260 ‘Ae,N
Aoy = =1 - =),
Ca € J¢,N,0

wherein by the identity (cos? z + cos? y) — (sin® x +sin® y) = 2 — 2 cos(z — y) we have,

[Aenliy = k(i[l - cos(27r(j —j’)/N)])

and o, no = [Aen|[l]]1. We recognize that A,y is a circulant matrix, hence it is

diagonalized by the (unitary) discrete Fourier transform DFTy. The sequence of

eigenvalues [0 n] € CV is defined by the action of the transform on the first row:
(o) = VN DFTy [Acn],

)
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RMS error (log scale)

RMS error (log scale)
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(a) e A,e,N¢h7L (b) e /\,e,N¢h7L

Figure A.1. Quality of propagation of the intrinsic coherent state Q,Zh,b under
the (a) Schrodinger and (b) half-wave propagators constructed from N = 4000
random samples on the unit circle in R?. The initial momenta of these states are
fixed to {&g = +1 by a simple tangent line computation. The basic strategy for
quality testing is to compute the extrinsic mean coordinates of the propagated
state at each of 20 time-steps in increments of 1/10 units of time and compare
the true distance of each mean to the initial point zy, with the corresponding
time of the flow. The top row shows the log of the root mean square error from
the true geodesic flow, across various combinations of ¢ and h values. For each
pair of parameters, a new initial condition zy was chosen randomly from the
sample set for the coherent state. The dotted lines in the bottom row are plots of
time vs. recovered distances from the flows of coherent states, while the dashed
lines show the ideal time vs distance lines.

Since the corresponding Schwartz kernel k(- ) := A.(0,-) for the averaging operator
A, is smooth and periodic, these eigenvalues rapidly approximate its scaled Fourier
coefficients for o € {0,...,N — 1}:

= 1 ,
Nk(o) = N / oo (y)e 27V dy.
0

Altogether, we have,

2 1] — € €
A,y = DFT% diag<ﬂ[ | = loenl/o ’N’(’) DF Ty,

Co €

so in this case the eigenfunctions of A, y are just the restrictions of the eigenfunctions
of A1 on {j/N :j € [0, N —1]}. The Poisson summation formula shows that for

each j € {0,..., N — 1}, the cigenvalues satisfy oy, = [oen]; = Nke(j) + O(N~).
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Figure A.2. Profile |¢y,,|? of the initial coherent state (top) used in the numer-
ical experiment for the bottom row of Figure A.1. The bottom row shows the
corresponding profiles of the propagated state under the (a) Schrodinger and (b)
half-wave propagators; again, constructed from N = 4000 random samples on
the unit circle in R2. The initial momenta of these states are fixed to & = +1
by a simple tangent line computation. The final time is t = 2.0 and the initial
state is fixed to be the angle x¢y = 0.0235.

Consequently, the discrete operators satisfy,

[ = A

pemseey) — Oeme V),

wherein

A, y = DFT} diag

2, (1) = (R O)l/RO)

Co

Then, taking a Taylor series expansion of cos( - ) along with that of the Fourier kernel,
gives together with the evenness of k. that the eigenvalues 0 = o, < 0.1 < -+ <

Fen—1 Of AE,N follow 7. ; = j% 4+ O(j%¢). Note that if we take y/e < h and suppose
|€o| = O(1), then there is an hg > 0 such that for all h € (0, hy] we have that if jg
satisfies |G j, — &2/h*| < V/h, then

htG. ;, = htjg + O(t&se/h*) = htjg + o(t/h).
Since the nearest eigenvalues to [¢3/h* — V/h, &2/h? + V/h] from the outside are at
adistance ©(1/h), we find that the application of a coherent state such as v, or i,

above, with this scaling of € and h, localizes the action of ethBen in frequency space
to near &y/h.
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An application of the method of stationary phase along with the Poisson sum-
mation formula gives the localizations of the propagated states. When the coherent
states oscillate at the frequency h = 1/(27N), there is a rapid localization in fre-
quency space due to synchronisation with DFT . However, the requirement that
V€ < h implies that this scaling of h is too strict: since /€ is the connectivity of
the neighbourhood graph given by A, n, a spacing below 1/N would mean that this
matrix, along with €<~ are both identities. This broader oscillation frequency for
coherent states also means that the dispersive nature of Schrédinger dynamics allows
waves at different speeds to rapidly develop in the propagation of the wavepacket,
leading to a similar scenario as in Figures A.1 and A.2. Incidentally, we note in
relation to the scaling of h that in order to apply the semiclassical quantizations of
tori as in [CZ10, Vog20] to study the quantum-classical correspondence [BW23] in
this setting, one must use a rectangular phase space that keeps the unit torus fixed
in position and affords a larger width for the frequency space [BDB96].

Appendix B. Notation

We fix some general notation. Given a (complex) Hilbert space #H, (-| --) denotes
its compler inner product that is anti-linear in the first component and we write the
squared norm, || - |3, := (-|-), which we often shorten to simply ||-||*>. Borrowing

from physics, we use the following Dirac notation: if A :H — H is a linear operator
and 1, ¢ € H are vectors, then we identify |¢)) := ¢ and Al)) € H denotes the
application of A on 1, while (¢| denotes the dual of |¢) and we write, (p|Al)) =
(p|A). The mathematically commonplace counterpart to this notation is denoted
by (¥, @) := (¢]1). In Section 3 we will also need a bilinear inner product that is
a complexification of a real inner product: we denote this also by (-, -) and mark
specifically that this is the form being used. Correspondingly, if M is a real symmetric
matrix with M > 0, then we denote |- |3, := (M-, -). In the Euclidean case, we
sometimes denote simply |- | := || - ||, when the meaning is clear by context.

The operator A* then denotes the adjoint to A with respect to the inner product
on H. Further, given 2z € C, we denote by Rz, &z its real and imaginary parts,
respectively and when applied to 2 = Z a bounded operator, these are the usual,
RZ = (Z+ Z*)/2 and SZ := (Z — Z*)/(2i).

We have used various order notations: given some functions f1, fo, we write f; ~ fo
if there is some ¢ > 0 such that ¢f; < fo < fi/c and we write f; < fo if ¢ft < fo.
Further, we have the asymptotic notations: for N > 0, we write f = Op2(hY) if
there are constants hg > 0 and Cy > 0 such that for all h € (0, ho, || f]lz: < Cnh™.
Likewise, f = O(h") means that |f(h)] < CyhY and f = Os(hY) means that for
each «, there is a C, x such that [0% f| < Ca,NhN. When N = oo in these notations,
we mean that these inequalities hold for all N > 0 with Aq fixed.

At various times, we write a = b in different ways and hence, it is a blatant abuse
of notation. Briefly, it means either that a,b belong to the same congruence class
modulo some equivalence relation, or if a,b are functions then a = b at all points
on (a prescribed subset of) their domain of definition; the appropriate definition is
clarified by the context.
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B.1. Notation of fixed objects

Throughout this work, we have fixed a tuple (M, ¢, A, P) as per the Assumptions.
These fixed objects and their relatives are denoted as follows:

Notation Object

M manifold

g Riemannian metric on M

dv,(y) volume density on M with respect to
the metric ¢

n := dim M dimension of M

A Euclidean submanifold isometric to M

D dimension of ambient space of A

LM —ACRP

isometry

P

sampling distribution with supp P = A

p € C*(M)

smooth density of P o (™! with respect
to dv,

AN:{Xl,...,XN}CA

set of N random vectors with law P

XN:{$1,...,$N}CM

pull-back of Ay onto M by ¢

B.2. Geometric notation

Generally, given a manifold N along with its metric g, we have used the following

notation:

Notation Meaning

T*N cotangent bundle of N

dxd€ short-hand for the measure induced by

the canonical symplectic form on T*N

norm of £ € TN according to the inner
product given by ¢! on TN

(C,6)2,(C, &)g, (with
(z,€), (x,() € T"N)

inner product between ¢, ¢ € T*N with
respect to g, !

dy(z,y)

geodesic distance between the points
v,y e N wrt. g
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Notation

Meaning

inj(z), inj(N) = inj(\, g)

injectivity radius at x € N and its lower
bound inj(N) := inf,cp inj(z), resp.

_ -1
Szo = €XPy,

normal coordinates at o € N

v*[dz]

pullback of the density

v/det |g|dxy A -+ A dx, by the

diffeomorphism ~ : N7 — N, between
manifolds NV;, N of equal dimension

v == \/det |g o u=(v)| duv

the volume form in local coordinates

uMDU—-V CR?

Br(x(b g) - B(ZEo, g; T)

ball of radius r centered at xo € N with
respect to the metric ¢

B.3. Notation related to YDOs

In Sections 2.3 and 2.4 we have introduced the following notation regarding pseu-
dodifferential operators (VDOs) and the FBI transform:

Notation Meaning

htS™, htsh, symbol classes of order (¢,m) and their
polyhomogeneous subclasses, resp.

hew™, hfu classes of WDOs of order (¢,m) and their
subclasses of polyhomogeneous WDOs,
resp.

Op,,(a) UDO that is the (semiclassical) right (or

adjoint) quantization of a symbol a

Thlu; ¢,a] = Tu; ¢/h, a

FBI transform of a smooth function u
with admissible phase ¢ and symbol
ach 18t

be hsS %

positive, elliptic symbol associated to T,
depending on ¢, such that the properties
of Ty[; ¢, b~2] in Theorem 2.25 hold.

B.4. Notation related to graph Laplacians

In Section 2.2 we have introduced the following objects and notations related to
the discrete and continuum graph Laplacian constructions:
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Continuum / Discrete object

Name

k:R+—>R+

kernel function

pe(z) := fk; (z, y) ( )dv,(g), degree functions
pe N( ) Z (I, y)
kxe(z,y) == k(z, ) [ (pe(z)pe(y))?, sampling-dependent averaging kernels,

k)\,e,N(xay> = ke (iU y)/(p

N (Z)pen(y))

or A-averaging kernels

Aneru(-) = [kye(- y)uly) dvy(g),

(‘AA,G,N)j,m = %kj)\,e,N(Ija CCm)

(sampling-dependent) \-averaging
operators

Pre() == Axe[1](z), A-degree functions

Pren(z) == Axen(l]()

Ayeru(-) = Axelul/pae(-), normalized A-averaging operators
(Axen)jm = (AxeN)jm/Pren ()

A)\E = 2601(] A)\E)
Ayen = 2601(1 Ayen)

(A)-graph Laplacians

co €

Acknowledgments

The author thanks Mohan Sarovar for many insightful discussions regarding phys-
ical interpretations throughout the course of this project, and Kurt Maier for gra-
ciously providing access to high-performance computing resources required for ex-
perimentation. Many aspects of the manuscript were substantially improved by the
comments of two reviewers (the idea for localization via Egorov’s theorem in The-
orem 5.2 owes to one of the reviewers), to whom the author is sincerely grateful.
E agradeco as gentes de Ereira e Maiorca, que me incluiram em suas muitas tradi¢oes
maravilhosas, cujos didlogos me acompanharam nos ultimos anos através de altos
e baixos.

BIBLIOGRAPHY

[ABH21] Harbir Antil, Tyrus Berry, and John Harlim, Fractional diffusion maps, Appl. Comput.

Harmon. Anal. 54 (2021), 145-175. 11134

Nalini Anantharaman and Fabricio Macia, The dynamics of the Schréidinger flow
from the point of view of semiclassical measures, Spectral geometry, Proceedings of
Symposia in Pure Mathematics, vol. 84, American Mathematical Society, 2012, pp. 93—
116. 11214

Nalini Anantharaman and Stéphane Nonnenmacher, Half-delocalization of eigenfunc-
tions for the Laplacian on an Anosov manifold, Ann. Inst. Fourier 57 (2007), no. 7,
2465-2523, Festival Yves Colin de Verdiere. 11172

Gotz Alefeld and Norbert Schneider, On square roots of M -matrices, Linear Algebra
Appl. 42 (1982), 119-132. 11190

[AM12]

[ANO7]

[AS82]

ANNALES HENRI LEBESGUE



[BDBY6)|

[BGMT1]
[BIK14]

[BNOG]

[BROZ]

[BW23]

[CGT22]

[CM20]

[CZ10]
[DIN22]

[DS99)

[Du06]

[Eps05]

[GKPS84]

[GTGHS20]

[GTS18]

[HAVLO5]

TOME 9 (2026)

On a quantum-classical correspondence 1223

Abdelkader Bouzouina and Stephan De Bievre, Equipartition of the eigenfunctions of
quantized ergodic maps on the torus, Commun. Math. Phys. 178 (1996), no. 1, 83-105.
171219

Marcel Berger, Paul Gauduchon, and Edmond Magzet, Le spectre d’une variété rie-
mannienne, Lecture Notes in Mathematics, vol. 194, Springer, 1971. 11151, 1157

Dmitri Burago, Sergei Ivanov, and Yaroslav Kurylev, A graph discretization of the
Laplace—Beltrami operator, J. Spectr. Theory 4 (2014), no. 4, 675-714. 11131

Mikhail Belkin and Partha Niyogi, Convergence of Laplacian eigenmaps, Ad-
vances in Neural Information Processing Systems, vol. 19, MIT Press, 2006,
pp. 129-136, https://proceedings.neurips.cc/paper_files/paper/2006/file/
5848ad959570£87753a60ce8be1567f3-Paper.pdf. 11166

Abdelkader Bouzouina and Didier Robert, Uniform semiclassical estimates for the
propagation of quantum observables, Duke Math. J. 111 (2002), no. 2, 223-252. 11129

Yonah Borns-Weil, Applications of Semiclassical Analysis on the Quantized Torus,
Ph.D. thesis, University of California, Berkeley, USA, 2023, ProQuest ID: 30492605.
11219

Jeff Calder and Nicolds Garcia Trillos, Improved spectral convergence rates for graph
Laplacians on e-graphs and k-NN graphs, Appl. Comput. Harmon. Anal. 60 (2022),
123-175. 11125, 1166

Xiuyuan Cheng and Gal Mishne, Spectral embedding norm: looking deep into the
spectrum of the graph Laplacian, STAM J. Imaging Sci. 13 (2020), no. 2, 1015-1048.
1131

Tanya J. Christiansen and Maciej Zworski, Probabilistic Weyl laws for quantized tort,
Commun. Math. Phys. 299 (2010), no. 2, 305-334. 11219

Semyon Dyatlov, Long Jin, and Stéphane Nonnenmacher, Control of eigenfunctions
on surfaces of variable curvature, J. Am. Math. Soc. 35 (2022), no. 2, 361-465. 111172

Mouez Dimassi and Johannes Sjostrand, Spectral asymptotics in the semi-classical
limit, London Mathematical Society Lecture Note Series, vol. 268, Cambridge Univer-
sity Press, 1999. 11144, 1165, 1166, 1168

Yihong Du, Order structure and topological methods in nonlinear partial differential
equations. Vol. 1: Maximum principles and applications, Series on Partial Differential
Equations and Applications, vol. 2, World Scientific, 2006. 11137

Charles L. Epstein, How well does the finite Fourier transform approximate the Fourier
transform?, Commun. Pure Appl. Math. 58 (2005), no. 10, 1421-1435. 11215

Wtiodzimierz Greblicki, Adam Krzyzak, and Mirostaw Pawlak, Distribution-free point-
wise consistency of kernel regression estimate, Ann. Stat. 12 (1984), no. 4, 1570-1575.
11142

Nicolas Garcia Trillos, Moritz Gerlach, Matthias Hein, and Dejan Slepcev, Error
estimates for spectral convergence of the graph Laplacian on random geometric graphs
toward the Laplace—Beltrami operator, Found. Comput. Math. 20 (2020), no. 4, 827—
887. 11131

Nicolds Garcia Trillos and Dejan Slepcev, A wvariational approach to the consistency
of spectral clustering, Appl. Comput. Harmon. Anal. 45 (2018), no. 2, 239-281. 11131

Matthias Hein, Jean-Yves Audibert, and Ulrike Von Luxburg, From graphs to
manifolds—weak and strong pointwise consistency of graph Laplacians, Learning The-
ory, Lecture Notes in Computer Science, vol. 3559, Springer, 2005, pp. 470-485. 11125,
1126, 1127, 1134, 1136, 1138, 1142


https://proceedings.neurips.cc/paper_files/paper/2006/file/5848ad959570f87753a60ce8be1567f3-Paper.pdf
https://proceedings.neurips.cc/paper_files/paper/2006/file/5848ad959570f87753a60ce8be1567f3-Paper.pdf
https://www.proquest.com/dissertations-theses/applications-semiclassical-analysis-on-quantized/docview/2868491186/se-2

1224

[Hei05]

[Hér03]

[Hor07]

[HS89]

[KR99]

[KS22]

[Kiis17]
[Laf04]
[LBBOS]

[Mac11]

[Mar95]

[NLCKO6]

[PU9G]
[RC21]
[Rob55]
[Sin06]

[SVT12]

[SW12]
[Tay81]

[TVF13]

A. KUMAR

Matthias Hein, Geometrical aspects of statistical learning theory, Ph.D. thesis, Tech-
nische Universitdt Darmstadt, 2005. 11131, 1133, 1134, 1138, 1139, 1140, 1141, 1142,
1199, 1200

Lars Hormander, The analysis of linear partial differential operators. I: Distribution
theory and Fourier analysis, reprint of the 1990 ed., Classics in Mathematics, Springer,
2003. 11147, 1149, 1150

, The analysis of linear partial differential operators. I1I: Pseudo-differential
operators, reprint of the 1994 ed., Classics in Mathematics, Springer, 2007. 11145

Bernard Helffer and Johannes Sjostrand, Opérateurs de Schrodinger avec champs
magnétiques faibles et constants, Sémin. Equ. Dériv. Partielles 1988-1989 (1989),
article no. 12 (11 pages). 11167

Lev Kapitanski and Igor Rodnianski, Does a quantum particle know the time?, Emerg-
ing applications of number theory, The IMA Volumes in Mathematics and its Appli-
cations, vol. 109, Springer, 1999, pp. 355-371. 11215

Akshat Kumar and Mohan Sarovar, Shining light on data: Geometric data analysis
through quantum dynamics, 2022, https://arxiv.org/abs/2212.00682. 11131, 1132,
1133, 1155, 1207, 1210, 1211

Benjamin Kiister, On the semiclassical functional calculus for h-dependent functions,
Ann. Global Anal. Geom. 52 (2017), no. 1, 57-97. 11166

Stephane S. Lafon, Diffusion maps and geometric harmonics, Ph.D. thesis, Yale Uni-
versity, USA, 2004, ProQuest ID: 3125237. 11134

Ulrike von Luxburg, Mikhail Belkin, and Olivier Bousquet, Consistency of spectral
clustering, Ann. Stat. 36 (2008), no. 2, 555-586. 11125

Fabricio Macia, The Schriodinger flow in a compact manifold: high-frequency dynamics
and dispersion, Modern aspects of the theory of partial differential equations, Operator
Theory: Advances and Applications, vol. 216, Birkh&user, 2011, pp. 275-289. 11215
Ivo Marek, On square roots of M-operators, Linear Algebra Appl. 223-224 (1995),
501-520, Special issue honoring Miroslav Fiedler and Vlastimil Ptak. 11190, 1191
Boaz Nadler, Stéphane Lafon, Ronald R. Coifman, and loannis G. Kevrekidis, Dif-
fusion maps, spectral clustering and reaction coordinates of dynamical systems, Appl.
Comput. Harmon. Anal. 21 (2006), no. 1, 113-127. 11125, 1155

Thierry Paul and Alejandro Uribe, On the pointwise behavior of semi-classical mea-
sures, Commun. Math. Phys. 175 (1996), no. 2, 229-258. 11169

Didier Robert and Monique Combescure, Coherent states and applications in mathe-
matical physics, 2nd ed., Theoretical and Mathematical Physics, Springer, 2021. 111169
Herbert Robbins, A remark on Stirling’s formula, Am. Math. Mon. 62 (1955), 26-29.
11188

Amit Singer, From graph to manifold Laplacian: the convergence rate, Appl. Comput.
Harmon. Anal. 21 (2006), no. 1, 128-134. 11125

Roman Schubert, Ratl O. Vallejos, and Fabricio Toscano, How do wave packets spread?
Time evolution on Ehrenfest time scales, J. Phys. A. Math. Gen. 45 (2012), no. 21,
article no. 215307 (28 pages). 11169

Amit Singer and Hau-Tieng Wu, Vector diffusion maps and the connection Laplacian,
Commun. Pure Appl. Math. 65 (2012), no. 8, 1067-1144. 11210

Michael E. Taylor, Pseudodifferential operators, Princeton Mathematical Series, vol. 34,
Princeton University Press, 1981. 11146, 1171

Hemant Tyagi, Elif Vural, and Pascal Frossard, Tangent space estimation for smooth
embeddings of Riemannian manifolds, Inf. Inference 2 (2013), no. 1, 69-114. 11210

ANNALES HENRI LEBESGUE


https://arxiv.org/abs/2212.00682
https://www.proquest.com/openview/49a76589d925fafde59e528ce76da869/1?pq-origsite=gscholar&cbl=18750&diss=y

[Vog20]

[WR21]

[WZ01]

[Zwo12]

On a quantum-classical correspondence 1225

Martin Vogel, Almost sure Weyl law for quantized tori, Commun. Math. Phys. 378
(2020), no. 2, 1539-1585. 11219

Caroline L. Wormell and Sebastian Reich, Spectral convergence of diffusion maps:
improved error bounds and an alternative normalization, STAM J. Numer. Anal. 59
(2021), no. 3, 1687-1734. 11131

Jared Wunsch and Maciej Zworski, The FBI transform on compact C°° manifolds,
Trans. Am. Math. Soc. 353 (2001), no. 3, 1151-1167. 11126, 1131, 1145, 1146, 1147,
1148, 1149

Maciej Zworski, Semiclassical Analysis, Graduate Studies in Mathematics, vol. 138,
American Mathematical Society, 2012. 11130, 1143, 1144, 1145, 1148, 1160, 1171, 1172,
1196

Manuscript received on 6th October 2023,
revised on 19th February 2026,
accepted on 25th February 2026.

Recommended by Editors S. Vit Ngoc and N. Ananthara-
man

Published under license CC BY 4.0.

elSSN: 2644-9463
This journal is a member of Centre Mersenne.

<
>

CENTRE

MERSENNE

Akshat KUMAR

Instituto de Telecomunicagoes,
Instituto Superior Técnico,
Torre Norte, Piso 10,

Av. Rovisco Pais 1,

1049-001 Lisboa (Portugal)

akumar@mail.nanosouflle.net

TOME 9 (2026)


https://creativecommons.org/licenses/by/4.0/
http://www.centre-mersenne.org/
http://ahl.centre-mersenne.org/
mailto:akumar@mail.nanosouffle.net

	1. Introduction
	Outline

	2. Preliminaries
	2.1. Geometric properties
	2.2. Laplacians: from graphs to manifolds
	2.3. Quantization and Symbol classes
	2.4. FBI Transform

	3. Semi-classical measures of coherent states
	3.1. State preparation

	4. Graph Laplacians as PsiDOs
	4.1. Symbol of a graph Laplacian
	4.2. Semiclassical spectral calculus for graph Laplacians

	5. Propagation of coherent states
	5.1. Geodesic flows of symbols
	5.2. Observing geodesics

	6. From graphs to manifolds
	6.1. Uniform, short-time consistency
	6.2. Uniform consistency at longer times
	6.3. Propagation of coherent states on graphs
	6.4. Interlude: L^2 consistency
	6.5. Observing geodesics on graphs
	6.6. Statistical estimators
	6.7. Summary of Convergence Rates

	Appendix A. Why not the Schrödinger propagator?
	A.1. Random samples
	A.2. Lattice points

	Appendix B. Notation
	B.1. Notation of fixed objects
	B.2. Geometric notation
	B.3. Notation related to \PDOs
	B.4. Notation related to graph Laplacians
	Acknowledgments

	References

