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370 C. IMBERT & C. MOUHOT

RESUME. — Cet article traite de estimation de Schauder pour I’équation de Fokker—Planck
cinétique linéaire avec coefficients Holder-continus. Cette équation a une structure hypoellip-
tique. Comme exemple d’application de cette estimation de Schauder, nous démontrons le
caractere bien posé globalement en temps d’un modéle jouet nonlinéaire en théorie cinétique.
Ce modele nonlinéaire est une équation de Fokker—Planck cinétique dont les équilibres sont
maxwelliens mais dont la diffusion en la variable de vitesse est proportionnelle a la masse
locale de la solution.

1. Introduction
1.1. The Schauder estimate for linear kinetic Fokker—Planck equations

The first part of this paper deals with Schauder estimate for linear kinetic Fokker—
Planck equations of the form
(1.1) (Or+v-Va)g= > ai’jaingjt > b0,g+cg+S ImRxRIxR?

1<i,j<d 1<i<d
for some given function S under the assumption that the diffusion matrix
A= (a"I(t,x,v));, j=1,..a satisfy a uniform ellipticity condition for some A > 0:
(1.2) V (t,z,0) ER xR xR V ¢ € RY, Sah (tm,)6E = NEP
1<i,j<d

The main result of this article is a Schauder estimate, that is to say an a priori
estimate for classical solutions to (1.1) controlling their second-order Holder regular-
ity (in the sense of a “kinetic order” made precise below) by their supremum norm,
under the assumptions that the coefficients a*’, b', ¢ are also Holder continuous.

THEOREM 1.1 (The Schauder estimate). — Given o € (0,1) and a®’,b,c €
CRxRIxRY), 4,5 =1,...,d, satisfying (1.2) and a function S € C*(R x R¢ x R?),
any classical solution g to (1.1) satisfies

(1.3) [0g+uv- ng]ca(R xRd x Re) T [Vzg} co(R xRe x RY)

<C ([S]CQ(RXRdXRd) + ”gHLOO(RdeXRd))

where the constant C' depends on dimension d, the constant A from (1.2), the
exponent o and the [|ce semi-norm and L> norm of a9 for i,5 =1, ..., d, b for
i=1,...,d, and c. The semi-norm |[-|¢ is the standard Hélder semi-norm for the
distance ||(t, z,v)| = |t|2 + |z|3 + |v].

Remark 1.2. — The left hand side can be understood as a Hoélder regularity of
(kinetic) order 2 + «, according the specific definition of Holder spaces Cf , 8 =0,
given in the next section (Definition 2.2). We compare this result to the classical
Schauder estimate for parabolic equations in the next subsection.

Such a Schauder estimate is typically used to reach well-posedness of nonlinear
equations after the derivation of Holder estimates on coefficients. In order to illustrate
this fact, we consider in the second half of this paper the equation

(1.4) (O +v-Va) f = plfIVy- (Vof +0f)
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The Schauder estimate in kinetic theory and application 371

for an unknown 0 < f = f(¢,z,v), supplemented with the initial condition f(0,z,v)
= fin(z,v) in T¢ x RY, where p[f](t,z) := [, f(t,z,v)dv and T? denotes the d- di-
mensional torus. We emphasize the fact that studying (1.4) with 2 € T? is equivalent
to study it with € R? with periodic initial data. The known a priori estimates that
are preserved in time for this equation are L!(T¢ x R?) and Cyu < f < Cou, where p
denotes the Gaussian (27)~% 2¢~1"P/2 They are not sufficient to derive uniqueness or
bootstrap higher regularity. The Schauder estimate from Theorem 1.1, together with
the Holder regularity from [GIMV19] (see Theorem 4.3), allows us to prove global
well-posedness of Eq. (1.4) in Sobolev spaces. In the following statement H*(T¢ x R?)
denotes the standard L?-based Sobolev space.

THEOREM 1.3 (Global well-posedness for a toy nonlinear model). — Given two
constants 0 < Cy < Cy, let f,, be such that fi,/\/i € H*(T* x R?) with k > 2+ d/2
and satisfying Cypu < fi, < Cou. There then exists a unique global-in-time solution
f of (1.4) in (0,+00) x T? x R satisfying f(0,2,v) = fin(z,v) everywhere in
T4 x R* and f(t)//r € H*(T? x R?) for all time t > 0 and Cyp < f < Cop in
[0, +00) x T x R4,

1.2. Schauder estimates for kinetic equations

The Schauder estimate for solutions g(¢,v) to parabolic equations of the form

(1.5) Og = Z ai’Sjﬁging+ Z bdyg+cg+S inR xR

1<i4,5<d 1<i<d

takes the form [8tg]ca(RXRd)—F{Dgg}CQ(Rde) <C ([S]Ca(Rde) + ||g||L00(R><Rd)>

where C%(R x R?) denotes the classical Holder space with respect to the parabolic
distance ||(¢,v)|| = |¢|2 4 |v|. This distance accounts for the parabolic scaling (,v)
= (1%t rv).

Because we work with kinetic Fokker—Planck equations, the usual parabolic scaling
is replaced with the kinetic scaling (¢,z,v) ~ (r*t,r3x,rv). Moreover, parabolic
equations of the form (1.5) are translation invariant while kinetic Fokker—Planck
equations of the form (1.1) are translation invariant in the space variable x but not in
the velocity one v; the latter is replaced by the Galilean invariance. As already noticed
for instance in [GIMV19, Pol94], these two facts —kinetic scaling and Galilean
invariance— naturally require new definitions for cylinders, order of polynomials and
Holder continuity. We therefore define (see Definition 2.2) the space Cf to be the set
of functions whose difference with any polynomial of (kinetic) degree smaller than
B decays at rate 7 in a cylinder of radius 7 > 0. Following [[S21], one can define
the kinetic degree that follows the kinetic scaling, as 2(degree in t) + 3(degree in x)
+ (degree in v). The subscript ¢ stands for “left” since the transformations leaving
the equation invariant are applied to the left, see the next section.

There exists a well-developed literature of Schauder estimates for ultraparabolic
equations, e.g. [Man97, Pol94], and so-called Kolmogorov or Hérmander type equa-
tions, see e.g. [BB07, DFP06, Lun97, Rad08| and references there in. Some of these
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372 C. IMBERT & C. MOUHOT

large classes of equations include the linear kinetic Fokker—Planck equations of the
form (1.1). Moreover, (1.1) is already considered in [HS20]. However in all these
works, either the choice of Holder spaces is not appropriate to the study of kinetic
equations or the assumptions on the coefficients are too strong or the estimate is
too weak.

In [HS20], the authors use the same natural Holder spaces C§* for o € (0,1) but
make other choices for higher exponents «. For instance, following the aforementioned
classical Schauder estimate for parabolic equations, the semi-norm [-]o14, ¢ in [HS20]
equals the sum of [D?*uln.q, [Oiu]a o plus an additional semi-norm controlling z-
variations. Such a choice can be compared the equivalence of norms discussed in
Remark 2.9. The authors of [HS20] explain their choice by the fact that the natural
Schauder estimate (in the spirit of Theorem 1.1) only provides a regularity in the
x variable of order (2 4+ «)/3 < 1 while they aim at reaching complete smoothing
by bootstrap. Note that such bootstrap can nevertheless be achieved in our spaces
C/, but this requires to work with difference derivatives in x of fractional order
(2 + a))/3 each time the Schauder estimate is applied. Due to the technical length
of this argument when providing full details and in order to keep this paper concise,
we defer this higher regularity bootstrap on the nonlinear model (1.4) to a future
study, and also note that such bootstrap techniques are being also implemented for
the Boltzmann equation in [IS19].

We also remark that our choice of norms —that measures regularity by estimating
the oscillations of a Taylor expansion remainder— is related to the proof of the
Schauder estimate. Indeed, we adapt the argument by Safonov [Saf84] in the parabolic
case, explained in Krylov’s book [Kry96]. In the latter argument, the oscillation of
the remainder of the second-order Taylor expansion of the solution is shown to decay
at rate r**® in a cylinder of radius 7, and a corrector is introduced to the second-
order Taylor polynomial to account for the contribution of the source term at large
distance. Compared with the parabolic argument in [Kry96], the main conceptual
difference is in the proof of the gradient bound, see Proposition 3.1. We combine
Bernstein’s method, as in [Kry96], with ideas and techniques borrowed from the
hypocoercivity theory [Vil09].

1.3. Motivation and background for the toy model

Equation (1.4) describes the evolution of the probability density function f of par-
ticles. The free transport translates the fact that the variable v is the velocity of the
particle at position = at time ¢. The operator p[f]V, - (V,f +vf) takes into account
the interaction between particles. The diffusion coefficient p[f] is proportional to
the total mass of particles lying at x at time ¢: diffusion is strong in regions where
local density is large and weak in regions where local density is small. The diffusion
operator V,, - (V,f + vf) is chosen so that the unique steady state of this equation
is the Gaussian p(v) = (2m)%2e~1P/2,

Even if it has a substantially simpler structure, the nonlinear kinetic equation (1.4)
shares some similarities with the equation derived by Landau in 1936 [Lan36| as
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a diffusive limit, in the regime when grazing collisions dominate, of the (Maxwell)—
Boltzmann equation discovered in 1867-1872 [Bol72, Max67] for describing rarefied
gases. These latter equations are respectively referred to as the Landau (or Landau—
Coulomb) equation and the Boltzmann equation. Landau derived this equation in
order to describe plasmas made up of electrons and ions interacting by Coulombian
forces. The Boltzmann collision operator can describe long-range interactions less
singular than the Coulomb interactions but does not make sense for the Coulomb
interaction. The Landau collision operator is of the form V, - (A;V,f + b ¢f) with

A =A% f and I;f =bx f (% stands for the convolution with respect to the velocity

variable) where A is the matrix ﬁ(Id — ) and b= —V, - A. The collision operator

in equation (1.4) corresponds to the (much simpler) case where coefficients are given
by Ay = p[f]1d and By = p[flv.

In the case of the Landau equation, both coefficients are defined by integral quanti-
ties involving the solution. Our simplified toy model (1.4) replaces these convolutions
crudely by their averages and neglects the issues of the various positive or negative
moments at large velocities. This explains the factor p[f]. Our simplified toy model
also shares the same Gaussian steady state as the Landau collision operator.

This simplification respects the principle at the source of nonlinearity in bilinearity
collision operators: that the amount of collisions at a point is related to the local
density of particles. Note that replacing p[f] by another v-moment of the solution, or
even having different v-moments in front respectively of the diffusion and drift terms,
could most likely be treated by variants of the method developed in this paper. It is
also likely that replacing p[f] by F'(p[f]) where F': R% — R% is a smooth nonlinear
map could be treated by variants of the methods in this paper.

The model (1.4) was also studied in [KLO06] (see [KL06, equation (9)], when keeping
only mass conservation) and the authors show how its spatially homogeneous version
arise as a mean-field limit of an N-particle Markov process in the spirit of Kac’s
process [Kac56]. It is also related to the gallery of nonlinear Fokker—Planck models
discussed for instance in [Cha08].

A recent line of research consists in extending methods from the elliptic and
parabolic theories to kinetic equations. Silvestre in particular made key progresses on
the Boltzmann equation without cut-off in [Sil16], and together with the first author
later obtained local Holder estimate in [IS20] and a Schauder estimate for a class
of kinetic equations with integral fractional diffusion in [IS21]. In parallel, a similar
program was initiated for the Landau equation in [GIMV19], following up from an
earlier result in [WZ09]. The local Hélder estimate is obtained in [GIMV19, WZ09|
for essentially bounded solutions, the Harnack inequality is proved in [GIMV19] and
some Schauder estimates are derived in [HS20]. The results contained in the present
article are part of this emerging trend in kinetic theory.

1.4. Strategy of proof for global well-posedness

We explain here the various ingredients used in the proof of the global well-
posedness of equation (1.4). The proof proceeds in 5 steps.
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374 C. IMBERT & C. MOUHOT

(1) First, the maximum principle implies that if the initial datum f;, lies between
Cip and Cyp, then the corresponding solution f to (1.4) satisfies the same
property: as long as the solution f(¢,z,v) is well-defined, we have C)u(v)
< f(t,z,v) < Cop(v) for all (t,z,v) (see Lemma 4.1). In particular, this
ensures that the solution f has fast decay at large velocities and that the
diffusion coefficient p[f] satisfies C7 < p[f](t,z) < C; for all (¢, z). Therefore,
the equation satisfies the uniform ellipticity condition in v as stated in (1.2).

(2) We deduce from the bound on p[f] that the solution f satisfies an equation
of the form .

(O +v-Vo)f =V, - (AV,f +bf)
for a symmetric real matrix A whose eigenvalues all lie in [C}, Cy]. In par-
ticular, we can use the local Hélder estimate from [GIMV19, WZ09], see
Theorem 4.3 from Subsection 4.2. The decay estimate from Step 1 and the
Holder regularity C;° for some small o are then combined with the Schauder
estimate from Theorem 1.1 to derive a higher-order Holder estimate in C5
(see Proposition 4.4).

(3) With such a higher order Holder estimate at hand, we next study how Sobolev
norms in x and v grow as time increases and we derive a continuation criterion
(in the same spirit as the Beale-Kato—Majda blow-up criterion [BKM84]). We
prove then that the blow-up is prevented by the Cf*ao Holder estimate from
Step 2. This finally yields global well-posedness of equation (1.4) in Sobolev
spaces.

It is worth mentioning that a conditional global smoothing effect for the Landau
equation with moderately soft potentials has been recently obtained in [HS20] by
combining the ingredients listed in Steps 1 to Step 3 above. Moreover, establishing
such a global smoothing effect is in progress for the Boltzmann equation without
cut-off with moderately soft potentials [IS19]. These works however assume a priori
that some quantities such as mass, energy and entropy densities remain under control
along the flow. The a priori assumption is necessary to prove, among other things,
that the equations enjoy some uniform ellipticity and to establish good decay in
the velocity variable. The interest of the toy nonlinear model (1.4) lies in the fact
that it is a nontrivial and physically relevant model for which unconditional global
well-posedness can be proven following such a programme. The main simplification
of our model compared with the Landau equation is the lack of local conservation of
momentum and energy; therefore the fluid dynamics on the local density, momentum
and energy fields reduces to the heat flow in the fluid limit and avoids the difficulties
of the Euler and Navier—Stokes dynamics. The results of this paper hence provide
one more hint that the formation of singularities, if any, in the Cauchy problem for
non-linear kinetic equations is likely to come from (1) fluid mechanics, or (2) issues
with the decay at large velocities.

1.5. Perspectives

We conclude the introduction by mentioning that the well-posedness result for the
toy nonlinear model can be improved in two directions. First, more general initial
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data could be considered by constructing solutions directly in our Hoélder spaces
rather than mixing Hélder and Sobolev spaces. Second, we previously mentioned
that C* regularization is expected for positive times by applying iteratively the
Schauder estimates.

1.6. Organisation of the article

Section 2 is devoted to the definition of Holder spaces. The Schauder estimate from
Theorem 1.1 is proved in Section 3. We prove Theorem 1.3 in the final Section 4 by
constructing local solutions to the non-linear equation (1.4) in Sobolev spaces and
by using the Schauder estimate to extend these solutions globally in time.

1.7. Notation

We collect here the main notations for the convenience of the reader.

1.7.1. Euclidian space and torus

The d-dimensional Euclidian space is denoted by R? and the d-dimensional torus
by T¢. Throughout this article, the space variable = belongs to R?, except in Section 4
where z € T9.

1.7.2. Multi-indices

The order of m € N? is |m| :=m; + - -+ + mg. Given a vector x € R? and m € N%,
we denote z™ := [, 27

1.7.3. Balls and cylinders

B, denotes the open ball of R? of radius r centered at the origin. Q,(zp) denotes a
cylinder in RxRYxR? centered at z of radius 7 following the kinetic scaling, see (2.2).
Q, simply denotes @Q,((0,0,0)). The scaled variable is S,(z) := (r*t,r*z,rv) for
z = (t,z,v), see (2.1). Radii of cylinders are denoted by 7. Unless further constraints
are stated, this radius is an arbitrary positive real number. It is sometimes restricted
by the fact that a cylinder should not leak out of the domain of study of the
equation (in particular in time), sometimes chosen to be 1 or 2, or multiplied by a
given constant, e.g. 3/2 or K + 1.

1.7.4. Constants

We use the notation g; < g when there exists a constant C' > 0 independent
of the parameters of interest such that g; < Cgo. We analogously write g1 2 go.
We sometimes use the notation g; <s go if we want to emphasize that the implicit
constant depends on some parameter 9.
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1.7.5. Holder spaces and exponents

Given an open set Q, C*(Q) denotes the set of a-Holder continuous functions in
Q, see Definition 2.2. The subscript ¢ refers to “left”, it is not a parameter. The
letter o denotes an arbitrary positive exponent. This exponent will be fixed to some
value o in Section 4 after applying the local Holder estimate from [GIMV19, WZ09]
recalled in Subsubsection 4.2.

1.7.6. Kolmogorov operator

The Green function of the operator Ly :=0; +v - V, — A, is denoted by G.

2. Holder spaces
2.1. Galilean invariance, scaling and cylinders

Given z := (t,z,v) € R x R? x R? and r > 0 define
(2.1) Sr(z) == (TQt,T3I,TU> .

The Galilean invariance of equations (1.1) and (1.4) is expressed with the non-
commutative product
(t1,z1,v1) 0 (t2, T2, v2) 1= (t1 + Lo, X1 + Tg + tv1, V1 + vg)

with inverse element denoted 2! := (—t, —x + tv, —v) for 2 := (t,z,v).

Given zp € R x R? x R? and r > 0, we define the unit cylinder Q; := Q1(0)
= (—1,0]x By x By, then @, := Q,(0) = S,.(Q1) and finally Q,(z9) = {2002 : z € Q. }.
This results in

(2.2) @r(20)

= {(t,m,v) ttg —1r® <t <ty [T — 20— (t —to)vo| < 1P, |v— vy <r}.

2.2. The Green function

Consider the Kolmogorov equation
(2.3) (O +v-Vy)g=Ag+S

with a given source term S. The Green function G of the operator Ly := 0; + v -
V. — A, was computed by Kolmogorov [Kol34]:

d _3|”%”|2 w2 )
(2.4) Gy = (35) e @ el ift>0,
0 ift <O0.
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PROPOSITION 2.1 (Properties of the Green function). — Given S € L®(R x R? x
R?) with compact support in time, the function
g(t, z,v)
~1 ~ 1T 1~ 1~ . ~ o~ o~
= S(z)dtdzd th z := (t,z, dz:= (1,7,
Rdedeg(Z oz) (2)dtdz do (Wl z = (t,x,v) and Z ( xv))
= t—to—T— (t—1t)v,0—70)5(¢7,0) ddzdo = i S
e G (=T == (1= 8) 7.0 =) 8 (1.2.7) dTdTT = (G 1an S)(2)

satisfies (2.3) in R x R? x R? (the “kinetic” convolution %y, follows the Galilean
invariance).
Moreover, for all zy = (tg, 2o, v9) € R x R? x R? and r > 0

,Sd 7“2.
LOC(QT(ZO))

Proof. — The argument of [Kry96, Lemma 8.4.1, p. 115] applies similarly: given
z € Qr(20), calculate

Grinloo(x)= [ G(1—Te—T—(1-T)n0-7)dz

t _- T t _ )
— 2 - = =\ dz
- /Ql(zo)g<7‘2_t”l“3_x_ (ﬂ_t>v’r_v> 4z
= rzg*kiﬂ 10, (20 (S% (Z>>
which yields the result. ([

Hg *kin 1Q7‘(ZO)

2.3. Holder spaces

We now introduce Holder spaces similar to that in [[S21].

DEFINITION 2.2 (Holder spaces). — The kinetic degree of a monomial m(t, z,v) =
tkoﬂlexfivl" associated with the partial degrees ko, k1, ..., kg € Nandly, ..., l; € N

d d
degkinm = 2]{50 +3 (Z ]{52> + le
i=1

is defined as
i=1

In particular, constants have zero kinetic degree. The kinetic degree degy, p of a
polynomial p € R[t, z,v] is defined as the largest kinetic degree of the monomials
m; appearing in p.

Given an open set Q C R x RY x R? and 3 > 0, we say that a function g : Q — R
is B-Hélder continuous at a point zy € Q if there is a polynomial p € R[t, z,v] with
degyinp < B and a constant C' > 0 such that

(2.5) Y r> 0, ||g —pHLoo(QT (20) N Q) < C’I“’B.

If this property holds true for all zy € Q, the function g is f-Hdélder continuous in
Q and we write g € CJ(Q). The smallest constant C' such that the property (2.5)
holds true for all zy € Q is denoted by [g]cs(g)-

The C}-norm of g is then Hg“cé’(g) = ||gllz=(0) + [g]cf(g)'
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Remark 2.3. —

(1) For 5 € (0,1), the semi-norm Cf is equivalent to the standard Holder semi-
norm C? for the distance ||(¢, z,v)|| = |t|2 + |#|5 + |v].

(2) For a non-zero integer k € N, the spaces CJ differ from the usual C* spaces,
in that the highest-order derivatives are not continuous but merely L*°. For
instance C} functions are Lipschitz continuous in v but not continuously
differentiable in v.

(3) In [IS21], a Schauder estimate is obtained for kinetic equations with an
integral collision operator with fractional ellipticity in the velocity variable v.
A parameter s € (0, 1), related to the order of differentiation of the integral
operator, plays a role in the definition of cylinders (through scaling) and,
in turn, in the definition of kinetic degree and Hélder spaces. The present
definition corresponds to the case s = 1.

(4) The subscript ¢ emphasizes the fact that this definition is based on the
non-commutative product o defined above. The symbol ¢ stands for “left”:
because of Galilean invariance, the kinetic equations considered in [[S21] and
the present work are left invariant with respect to this product. See [IS21] for
further discussion.

(5) In [IS21], Holder spaces are defined by using a kinetic distance dy. It is
pointed out that this distance satisfies 1||2;" 0 21]| < dy(21,22) < [|23" 0 21|
where ||(t,z,v)|| = |t|2 + |z|3 + |v|. This inequality justifies the fact that the
Definition 2.2 above coincides with [IS21, Definition 2.3] and that semi-norms
only differ by a factor 4°.

(6) When Q = R x R4 x R4, we simply write [']657 || - ||Cf’ || - ||z, ete.

2.4. Second order Taylor expansion

When g = 2+« € (2,3), we now prove that the polynomial p realizing the infimum
in the Cf -semi-norm is the Taylor expansion of kinetic degree 2:

(26) Talgl(t,.0) = 9(z0) + (¢ ~ 1) [0hg + 10 Vag] (20)
+ (v =) Vugl) + 50 —0)" - Diglzn) - (v — o)

Remark that the linear part in x does not appear since it is of kinetic degree 3.
We recall and denote

inf,ep |lg — pll=0,
[g]c[?Jra(Q) = Sup{ AS H T2*‘F|O€ (Q ( O)OQ) : ZO 6 Qa r > O}

- 7; s 2
[Q]Cﬁ)&(g) = sup { Hg O[QELLLQ (Qr(20)0Q) 120 € Q, > O}

where P denotes the set of polynomials of kinetic degree smaller than or equal to 2.

LEMMA 2.4. — Given a € (0,1), there exists C' € (0,1) such that for all g €
C7t*(Q), the derivatives in T, |g] exist for all zy € Q and

Cldlezie o) < lglezra(o) < ldlezto o
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Proof. — First reduce to 2o = 0 by the change of variables g*(2) := g(2 0 2). We
continue however to simply call the function g. We start by proving the first inequality.
One needs to identify the minimizer p € R[t, z, v] realising inf, c g, 2,4 [|9 — P||2>(0,)
in the limit 7 — 0*. Let € > 0 and consider r, = 27% and p, € P s.t. ||g —pkHLoo(Qrk)
< r,zg+“([g]clg+a(g) + €). Write py(t,v) =: ay, + bt + gx - v + 30" Myv. By subtraction

one gets

1Pk+1 — Prell oo (Qrpsr) < 2r£+a ([g]clgm(g) + 8)

which writes in terms of the coefficients

1
(ar — aps1) + (b — bpg1) t+ (@ — Qrgr) v + §UT (M — My41)v

L2 (Qry11)
§ QTI%JFQ <[g]C?+Q(Q) -+ E) .

Testing for ¢ = 0 and v = 0 gives |ax — ag1]| S T2+a([g]63+a(g) + ¢). Using the
latter and testing for v = 0 and || = r7,, gives

b — b S 75 ([leavo gy +€)

Testing for t = 0 and summing v and —v with |v| = 744 in all directions gives
| My, — Myy1] S Tl?qg]cj*“(g) + ¢). Finally by difference and testing with ¢ = 0 and

all directions of |v| = 7, one gets

0 — Qe St ([9]03“’(9) + g) :

This shows that the coefficients are converging with

ak = aoe| S 757 ([9lezre () +5) and b = bool S 75 (dlezeoc) +¢)
and |gi = gocl S0 ([Glezoo) +) and My = M| S 77 ([glez oo )

These convergences and estimates imply that
24
lg — Poo”Loo(QTk) St ([9]@?“(9) + 5)

which in turn implies that a., = ¢(0,0,0) and b, = 9;¢(0,0,0) and g, = V,g(0,0,0)
and M., = D?g(0,0,0) (and proves the existence of such derivatives). We thus proved
that
24«
lg = Tolgll s g, ) S 7™ ([glezoo) +¢)

where the constant does not depend on k. This in turn implies that same inequality
for any r > 0, with a constant at most multiplied by 2, which concludes the proof
since ¢ is arbitrarily small.

The proof of the second inequality [9]c§+a(g) < [g]cg’ga(g) then follows from the

existence of the derivatives appearing in 7g[g] showed in the previous step, and the
fact that To[g] is of kinetic degree strictly smaller than 2 + . O
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2.5. Interpolation inequalities

Interpolation inequalities are needed in the proof of the Schauder estimate.

LEMMA 2.5 (Interpolation inequalities). — Let Qint, Qext be two cylinders of the
form Q,(z.) and Qg(z.) with either p < R or p = R = 4o00. There exist C,3 > 0
depending only on d, o € (0,1) (and R — p if R is finite) such that for any ¢ € (0,1)

and any g € C;*(Qext),

(2.7) [9)ez(@u) < elglezrag,y + CePl1gllm(u)
(2.8) (Vibles (@uo) < Eldlezo(ouy + CE7Nll > (0um)
(2.9) [D?,g]cg(wﬂ) < Clglezee maasn)
(2.10) (05 + v - Vo) glea (gran) < Clglezea (paan).

Note that the two last inequalities are only proved in the case of the whole space
p=R=oc.

Remark 2.6. — A similar result was also proved in [IS21, Lemma 2.7] by a different
argument and in the terminology of kinetic degree, see Definition 2.2. Denote D =
Id,V,, D? (0; +v - V,) and define k € {0, 1,2} the kinetic order of the differential
operator D, i.e. k=0 for D =1d, k=1 for D=V, and k = 2 for D = D? and
D = 0,4+ v-V, (this is the kinetic degree of the polynomial naturally associated with
the differential operator). Then given for § € {0, a}, and provided that k+ 3 < 2+a,
we have

where constant C' only depends on dimension d, o and || - ||, (g). Observe that the
restrictions imposed on k, 3 yield the same inequalities as in Lemma 2.5. The two
key steps in [[S21, Lemma 2.7] are the proof of the general interpolation inequality

[g]cf“f(g) < HgHLOO(Q) [g]cgw(g) + Cligllze(e
and inequalities relating the Holder semi-norms of derivatives of a given function to
its (higher order) semi-norm, as in (2.9)-(2.10) but more general.

Remark 2.7. — 1t is possible to get rid of the condition p < R when R < +o0
but this requires substantial modifications. In the following proof, a global estimate
(p = R = 400) is derived and a local “interior” one is easily obtained by a localization
procedure. Since reaching p = R < +oo is irrelevant for this work and the proof
below is different from the one contained in [IS21], we believe it can be useful to
restrict ourselves to this special case.

Proof of Lemma 2.5. — Tt is sufficient to prove the interpolation inequalities (2.7)-
(2.8) in the case where Qi = Qexe = R?L. Indeed, it is then sufficient to apply
global estimates to g = g¢ for some cut-off function ¢ such that 0 < ¢ <1, 9 =1
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in Qi and ¢ = 0 outside Qe to get the local ones. Indeed, in the case of (2.7),
[Q]C?(Qim) < [ggb]C?(R?dH)
< €[g¢]clg+a(de+1) + 05_5H9¢||Loo(R2d+1>

N

€ ([glcgwgext) + HgHLoo(gexo[¢]Cg+a<de+l)) + Ce™P||gll 2 (Qun)

N

5[g]c§+‘*(gext) + CE?ﬂHgHLw(Qext)

where in the case 0 < p < R < +00, the constant C' ~ (R — p)~2~ depends on the
difference of radii. This localization is however not used in the proof of (2.9)-(2.10)
because it would add a term ||g||z~(o..) on the right hand side, which we want to
avoid for the application of Remark 2.9.

Since we now work in the whole space R**! we do not specify the domain of
functions spaces in the remainder of the proof.

We next notice that a scaling argument allows us to only prove the inequalities
with e = 1: scaling then shows that § = —§ in (2.7) and f = —1 — a in (2.8).

Step 1. — L*° bounds on derivatives.

One can perform the same argument as in the proof of the preceding Lemma 2.4
with € = ||g]| =, ap = 0, by = 0, My = 0 as admissible first terms in the sequence to
get

jax — ool S 72 ([gleze + llgllz)
b = bl S 75 (lleze + llgll o)
0k = 4o S 77 (g2 + gllie)
My — Meo| S 75t ([gle2ve + llgllioe) -
This yields
19(z0)1, 99 (20) +v - Vag(20)], [Vug(20)]

for any zy € Qeyt, which yields

V2g(20)| S lglezee + llglle

(2.12) IVoglipee S [glezre + llgllzoe

(2.13) |D2g], . < lglezve + llglloe

(2.14) 10+ v - Vo) gll e S [glezte + llgllze
Step 2. — Control of lower-order Hélder norms.

Using the previous L bounds and Lemma 2.4,
lg — 9(20>||L<><>(Q,(z0)) Sllg—Te [Q]HLOO(QT(zO))
+7 (19e9(20) + v - Vag(20)ll e + [ Vog(20) [ o + || V20(20)|..)
S glgzee + 7 ([9lezve + gl )
which yields (2.7) with ¢ = 1.
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Step 3. — Holder regularity of first-order derivatives in v.
We are left with proving (2.8), that is to say that for all 2z € R%*! and 2; € Q,(2),
we have

Vg (21) = Vog(20) S 7 ([g)ezre + lgllie) -

In view of (2.13), it is enough to consider r € (0, 1].
Define for z € R**! and u € S™! and r € (0, 1],

7L ll(z) = (20 (0,0,u) ~ (=)

We make two observations about this function. First there exists 6 = 0(z,r,u) € (0,1)
such that

07,ul9)(2) = Vug(2 0 (0,0,0ru)) - u
Second, for p = T,,g(2), we have
ayP)(21) = 0y, [p)(20) = rul Dlg(z0)(v1 — vp).

Let 29 € R 2 € Q,(2) and u € S*! be fixed, and § > 0 to be chosen later.
There then exists Zy € Qs(20) and Z; € Qs.-(21) such that

05ul0)(z) = Vog(Zi) -u,  fori=0,1.
Then we can write, using Lemma 2.4 to get the last inequality,
(Vog(21) — Vug(20)) - ul < [Vag(z1) - u =0}, [g)(21))
|08 ulp)(21) = 05, 1) (20)|
+ |05, ulP)(20) = 3, u9)(20)| + |Vog(20) - u — 05, ,[g)(20)|
<|Vug(z1) = Vag ()| + | V29|, lor = vol + [Vug(20) — Vag(Z)|

+r7Y(g = p) (200 (0,0,5ru))| + (g — p)(z0)]
+77 (g = p)(210(0,0,07u))[ + (g — p)(21))]
<207 [Voglep +7 [ Vig]| . +4r[glezee.

+ [05r.ulg) (21) — b PN (1)

Using the fact that » < 1 and taking the supremum over zy, 21, u, we get,
[Vodlen < 20° [Vuglen + C (| V29|, . + [glez+e)

We can now pick 6 > 0 such that 26* = 1 and conclude that (2.8) holds true.

Step 4. — Holder regularity of second-order derivative in v.
We now prove (2.9) following a similar strategy as in the previous step: we prove
for all zgp € R?*™ and z, € Q,(z) with r € (0,1]

’va 1) V%g(zo)‘ S Ta[g]c§+a-

Define for z € R**! and u € S*! and r € (0, 1],

or ulgl(2) = % [9(2 0 (0,0,7u)) + g(z 0 (0,0, =ru)) — 2g(2)]
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This function satisfies for some 6 = 0(z,r,u) € (—1,1) (and recalling p = T.,[g])
o7 ulgl(2) = u' V3ig(z 0 (0,0,0ru))u  and oy ,[p](z1) = o7 ,[p)(20)-

Let 29 € R 2 € Q,(2) and u € ST ! be fixed, and § > 0 to be chosen later.
There then exists Zyg € Qs,(20) and z; € Qs,-(21) such that

Ugr,u[g](zz) - UTVQQ(ZZ) for i = 0, 1.

Then we can write, using Lemma 2.4 to get the last inequality,

[u” (V29(21) = Vig(z0)) u| < [ Vig(z1)u — 03, ,[g (1)
+ |03, l9)(21) — 03, [p)(21)| + |03, Ip)
+hm]@>ammww+@vJow 03, [9)(20)|
‘va z1) = Viog(Z1)| ++ ‘va 20) — Vig(Zo )‘
+77%|(g — p)(20© (0,0,6ru))| +r 2|(g —p)(200 (0,0, —6ru))]
+2r72|(g = p)(20)| +772|(g = p)(21 0 (0,0, 67u))]
+77%(g = p)(21 © (0,0, —dru))| + 2r (g — p)(=1)]
2(0r)* [V2g] oo T 07 0lcz

|
1) = 3, [p)(20)|

(2
(

Using the fact that » < 1 and taking the supremum over zy, 21, u, we get,

V2] o S V2] o T Cloleze

which proves the inequality by choosing 20% = %

Step 5. — Holder regularity of first-order transport derivative.

The proof of (2.10) follows the same strategy: we prove, denoting Y := 0, + v - V,,
for all zp € R and 2 € Q,(2) with r € (0, 1]

Yg(z1) — Yo(z)| S r*lglezee.

Define for z € R**! and r € (0, 1],

olgl(2) = — [g(z 0 (12,0,0)) — g(2)]

r

This function satisfies for some 6 = 0(z,r) € (0, 1)

o*lg)(z) = Yg(z0 (6+%,0,0) and  o?[p](z1) = o?[p](z0)-

Let zp € R?*! 2 € Q,(2), and § > 0 to be chosen later. Then for some
Zo € Qsr(20), 21 € Qsr(21):

U?T,u[g](zi) =Yyg(z;), for i =0,1.
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Then we can write, using Lemma 2.4 to get the last inequality,
Vg(z1) = Yo(z0)| < |Va(z1) — o3 [g](20)]
+ |03 [9(21) — o3, [p)(21)] + |03 [P (21) — 03, [p)(20)|
+ |03, [p)(20) — 03, [9)(20)| + [V 9(20) — 03, [9)(20)|
<[Yg(z1) = Yg(z)| + [Yg(z0) — Yg(Z0)]

+172[(g = p)(20 0 (6%7%,0,0))[ + 77| (g — p)(20)|
+172(g = p)(z10 (6%,0,0))[ + 77| (g — p)(21))
2(6r)[Y gleg + 4r°[glcz+o-

Using the fact that » < 1 and taking the supremum over zy, 21, u, we get,
[Yglep < 20%[Yglep + Clglez+o

which proves the inequality by choosing 26* = %

This achieves the proof of the Lemma 2.5. U

We will see below that (2.9) and (2.10) can be combined with the hypoelliptic
estimate contained in Lemma 2.8 below to derive an equivalent semi-norm for the
kinetic Holder space C; ™, see Remark 2.9.

2.6. A hypoelliptic estimate

We investigate here how to recover the fact that a given function g lies in C; ™
only knowing that its free transport and its velocity second order derivatives lie in
Cs'. We remark that this fact is (almost) a consequence of the Schauder estimate
contained in Theorem 1.1 (as a matter of fact, it is closer to the local version of this
result, see Theorem 3.9). However we do not need here to control the L> norm of g.
The proof of the following lemma illustrates the hypoelliptic structure of the Holder
spaces Cf and is consequently of independent interest.

LEMMA 2.8 (Hypoelliptic Holder estimate). — Let () be an arbitrary cylinder
and g € C;T*(R?¥*1) then

(215) [g]cg+a(R2d+1) < C <[(at + v - vl‘) g]C?(RQd"'I) + [D2g]ca(R2d+1)>
for some constant C' only depending on «.

Remark 2.9. — By combining (2.15) with (2.9) and (2.10), we deduce that

[(at i vl‘) g]C?(RQd“) + {ng} C?(R2d+1)

is a semi-norm equivalent to [~]C?+a (rza+1)- In order words, although the semi-norm
[] 2o (g2dt1) is defined by measuring oscillations around higher-order polynomials,
in the whole space it can be recovered with the more classical notion of Holder
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regularity along the highest-order derivatives. We do not know if this equivalence is
true in a domain, as in

(@ + v Va) glepo) + [D20] g g ~ Wlezteco)-

Proof. — It is convenient to write Y for (0; + v - V). Moreover, since the domain
is the whole space R?*! we do not specify the domain in function spaces. Let
2o € R and r > 0. We consider in particular h = (1,u,v) € Q; and we have
zp 0 Sy(h) € Qr(20).

Proving (2.15) for variations along free streaming is easy: for all z, € R***! and
r > 0, we have

g (zo o <r2, 0, 0)) —g(20) — Yg(z0)r* =1 /01 [Yg (zo o (7"29, 0, O)) — Yg(zo)} do
which implies
(2.16) ’g (zo o (r2,0,0)> —g(2) — Yg(zo)r2’ < [Yg]C?TQJra.

The proof of (2.15) for variations along the v variable is also straightforward: for
all zp € R***! and r > 0,

(2.17) |g(z0 0 (0,0,7v)) — g(20) — Vug(20) - (rv) — %UTDgg(zo)v

< [Dig} s r¥te,

We then prove (2.15) but only for variations along : we prove that for all z, € R2¢+!
and v € By and r > 0,

(2.18) ‘g (zo o (0,7“3u, 0)) — g(zo)‘ <C ([(& +v- Vw)g]cg + {Dgghg) r2te

for some constant C' only depending on «. This is where a hypoelliptic argument is
used: V, is realized as the Lie bracket of V,, and Y, along trajectories.

forward along v backward along transport
21 Z2 Z3

backward along v
forward along x

<0
forward along transport

Let 2 denote 2z o (0,73u,0) and 2z = 2, 0 (0,0,7u) and 23 = 2 o (—r%,0,0) and
z4 = 230 (0,0, —ru). Remark that zo = 24 0 (r%,0,0). Notice that all points remain
in Q,(z9). We now write

9(z0) = g(z1) = |g (240 (+*,0,0) ) — g(za)] + [g(25 © (0,0, —ru)) — g(23)]
+ [9 (22 o <—7“27 0, 0)) - 9(22)} —[9(220(0,0, —ru)) — g(22)] -
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We now use (2.16) with zy replaced successively by zo and z4 and (2.17) with zg
replaced successively by z3 and 25, and we get, after summing the four resulting
inequalities,

9(z0) — g(en)| <2 ([Yglep + [D3g],,, ) 1+ + ¥ g(20) = Y(ea)] 2
(2.19) +r(Tag(z2) ~ Vug(ea)) -ul + 5 [D2g(zs) — Dig(eo)]
9(z0) = g(:1)| <3 (Y glep + [D2g],, ) 1+ +1(Tuglz2) = Vag(z)) -

We now estimate |(V,g(22) — V,g(23)) - u| in terms of

|g(Z © (070>TU)) B g(Z)’

7“2+0‘

[g]cz+a = sup
e z€R24+1 4 € By

We are going to prove that for all R > 0,

(2.20)  [(Vug(22) — Vug(z3)) - ul
24a
[D{c,} (zRHer )+3[Yg]caR P 4 [glgara R (ﬁR) &

In order to derive this estimate, we approximate V,g(z) - u by the finite difference
0% 419](z) we already used above. Recall that

|9(2 0 (0,0, Ru)) — g(2)|
I :

O ulgl(2) =

Remark that (2.17) implies

(2.21)

R
7hlg)(2) = Vag() - u o Dig(eu-u| < [Dig] , BI*"
4
Moreover, recalling that z3 = 25 o (—72,0,0) and using (2.16) twice,

(222) R|ohlo)(z2) — 0% lo)(zs)]| = [g(zs) = 9(22) = Y(z2) ()]
+ |9 (220 (0,0, Ru) o (=12,0,0)) = g (220 (0,0, Ru))

~Yg (20 (0,0, Ru)) (—r?)| +1* [V g(z2) — Vg (220 (0,0, Ru))|
+ g(ZQO (0,0, Ru) o (—72,0 0)) —9(230(070,RU))’

< 3[ch r2t

+

]
g (ta — 1% 29 — % (v + Ru), w—l—Ru) —g(tg — 1%z —T2U27U2+RU>‘
< 3[Y glepr® ™ + [glezea (r°R) 5

Combining (2.21) and (2.22) yields (2.20).
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We now combine (2.19) and (2.20) and get

P2 lg(z0) = g(o0)| <3 ([¥alep + [Did],, )
+ [Dlg,, 2R/ 4 (R)7) 43V gle (r/ ) + [glezeo (r/B)' .

We now pick R = ¢ 'r with 6% = 1/2 and get (2.18) for some constant only
depending on «. This concludes the proof. O

3. The Schauder estimate

This section is devoted to the proof of the Schauder estimate (Theorem 1.1). The
proof proceeds in mainly two steps: in the first step, the matrix A is constant. The
estimate is first obtained when A is the identity matrix (Theorem 3.5), then for an
arbitrary constant diffusion matrix (Corollary 3.7). Then the estimate is established
for variable coefficient by the procedure of freezing coefficients thanks to interpolation
inequalities.

3.1. A gradient bound for the Kolmogorov equation

We first establish a gradient bound for solutions of (1.1) when A is the identity
matrix and when there is no lower order terms (b = 0, ¢ = 0). The equation is then
reduced to (2.3). Recall that Q; = (—1,0] x By x By is the cylinder of radius 1.

PROPOSITION 3.1 (Gradient bound). — Given S € W*°(Q)), consider g solution
to (2.3) in @y, i.e.
(O +v-Vy)g=Ag+S.
Then

Vi=1,...,d, 1049(0,0,0)] +0,9(0,0,0)|
Sa 9]l @u) + 151z @) + 102,51 (@) + 1005l L= (@u)-
Remark 3.2. — See also [Baul7, GW12]| for related gradient estimates.

Proof. — We use Bernstein’s method as Krylov does in [Kry96] in the elliptic-
parabolic case, combined with methods from hypocoercivity theory (see for in-
stance [Vil09]) in order to control the full (z,v)-gradient of the solution: see the
construction of the quadratic form w in 0,,¢ and 9,,g below.

Denote the Kolmogorov operator Lxg := 0,9 + v - V,g — A,g and compute the
following defaults of distributivity of the operator (reminiscent of the so-called I'-
calculus [BES5])

(3.1) Lx(g192) = 01Lrgo+@2Lrg1 —2Vugi - Voga, Li(g%) =29Lxg—2|V,g)*.

Consider a cut-off function 0 < ¢ € C* such that ¢'/? € O, with support in
(—1,0] x By x By and such that ¢(0,0,0) = 1. In order to estimate the gradient of g
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in x and v at the origin, it is enough to find 1y, >0and 0 <a < band 0 < ¢ < ab
such that, for any i € {1, ..., d},

w = V0g2 — 1l + [a2C4<a$z‘g)2 + CC3<ax1g)<8Uzg) + b2C2(avig)2:|

satisfies
—EKU) 2 0.

Indeed, the maximum principle for parabolic equations then implies that supg, w
= Supy, o, w where 9,1 = {—1} x By x BiU[=1,0] x 1 x S (parabolic boundary).
Since ¢ =0 in 0,Q; and ¢(0,0,0) = 1, we get
(3.2) a®[(0r.9)" + (91.9)?] (0,0,0)

< [0%(02,9) + 6%(9,,9)*] (0,0,0) + 21597(0,0,0)

< 2[0%(0,,9)” + ¢(02,900,9) + 6%(91,9)°] (0,0,0) + 20597(0,0,0)

< 2[0%¢H(02,9)* + ¢*(02,9)(Du9) + 673 (,,9)?] (0,0,0) + 206%(0,0,0)

< 2w(0,0,0) < 2 (1/0 sup g% + 1/1> )
Q1

(i) Observe first that —Lx(—11t) = 1.
(ii) Compute second —Lf (v9g?) using (3.1)

(3.3) — Lr(10g%) = 25| Vog|* — 2S10g.
(iii) Compute third —L(¢*(0s,9)?) using that Lx(0,,9) = 0,,S and (3.1)

—Li (¢100,9)") = 2¢* [V,0,,91° = (92,9)Lic (¢*)
+ 2VU(C4) ’ vv(ax¢9)2 - 2<4azigami5
> Vgl + (00,9)° [~ L) = 40T

- C?’(aarzg)Q - Cs(asz)Q
(iv) Compute fourth, for some €; > 0, the term —L((?*(d,,9)?) using

(3.4)

and (3.1):

(35) = Lk (¢*(00,9)%) = 2¢ [Vuugl® +2V.(C?) - Vu(0,9)”
— (00,9 Lx(C?) + 26%0,, 01,9 — 20%0,,90,,5
> C Vgl + (0ug)? | =1 = €1C = L) = 207 Vc P
— 1% (0r,9)° = C1(0,,9)*.

(v) Compute fifth, for some €5 > 0, the term —Lx[¢*(0,,9)(0y,9)], with the
intermediate step

_'CK Kaﬂczg)(avzg)] = (8361'9)2 + QVUaﬂﬁig ' Vva'uig - 8ﬂﬁz‘gavis - avigaxis’
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(3.6) = Lx [¢*(0r.9) (D9)]
=C* [(00,9)* + 2Vu0s,9 - VoDi,g] — (02,9) (90,9) Lx(C?)
+2V,(¢%) - Vo [(9:,9)(05,9)] — ¢*0r,90,,5 — ¢*00,90:, 9
>0 0n9)* — o0 Vgl — ' V.09 — (02,9)(00.9) L (CY)
+ 2V, (¢ - Vi [(95,9)] (9u9) + 2Vu(¢?) - Vo [(00,9)] (82,9)
0,8 — 5 (0,9) — 1 (0.5)

To clean a little the calculations, observe that

(1) error terms involving S are controlled by choosing v larger enough, i.e. larger
than a multiple of ||S|IL°°(Q1) + ||a$zs||L°°(Q1) + ||6U1'S”L°°(Q1)7

(2) terms involving |V,g|? or V,g-V,g are controlled by choosing vy large enough
thanks to (3.3), with g controlled by its sup norm,

(3) Equation (3.3) is “free” (i.e. not involved in any constant dependency) as well
as equation (3.5) by choosing ¢; small enough so that the term —e;¢3(9,,9)?
is compensated by the positive term in (3.6),

(4) Equation (3.4) has an error term of the form —O(1)(?(,,g)? that is compen-
sated by the positive term in (3.6) again: we use | — Lx(¢?) — 2¢74V,(¢Y)]?|
< (% (remember that (2 € C™).

(5) In the last equation (3.6) we also split

1
= (00,9)(009) Lk () S 5 (0r,9)° + O(1)(9u,9)",
2V,(C) - Vol (00,9))(90,9) S e3¢ Vo[ (00, 9)]* + 65 O(1) (01 9)
1
2Vo(C) - Vel(90:9))(92,9) S OMCIVel(8:9))(02.9) " + 7¢(00:9)%,
where we have used again (2 € C™, in the form V¢l < ¢2

These considerations result in the following calculations:
— Lxw =20 [Vogl* + 1+ 0*CH [V, 0,,9]" = a?O(1)¢ (8,,9)" — a*0(1)(0,,5)?

+0°C VoD gl” = 020(1) (8,9)" — 6°e1(* (9,,9)" — 070(1) (9, 5)°

¢
+ ch (aﬂfig)2 —c(e2+€3) M |[Volayg ?— cO(1)¢?[Voi,g ?
- CO(l) (aﬁfi,vis>2 - CO(l) (avig)Q :

We finally choose
(1) a=1,
(2) ¢ large enough so that the first term in the third line controls the fourth term
in the first line,
(3) € and €3 small enough so that the second term of the third line is controlled
by the second term in the right hand side of the first line,
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(4) b large enough so that the third term in the fourth line is controlled by the
first term in the third line and ab > ¢ so that the quadratic form is strictly
positive,

(5) € small enough so that the third term in the third line is controlled by the
first term in the third line,

(6) finally vy and 14 large enough to control all the v-derivatives of g and all the
derivatives of S. Notice that

v =0(1) (gl + IS F =gy + 10557 x0r) + 105 i) -
The conditions on the coefficients are:
¢
€r,65 << 1, ¢>>1, b2>>¢, ¢ << o o >> b2, ¢
which is compatible with all requirements and has solutions. This proves that

—Lxw > 0 and the desired inequality is thus obtained from (3.2) and the choice of
v we made above, which concludes the proof of Proposition 3.1. U

A direct consequence of the gradient estimate from Proposition 3.1 is a bound
of derivatives of arbitrary order in any cylinder of radius r. We recall that @,
= (—72,0] X Bys X B,.

COROLLARY 3.3 (Bounds on arbitrary derivatives around the origin). — Given
k € N and r > 0, there exists a constant C' depending on dimension d and k such
that any solution of (2.3) in @, with zero source term S =0, i.e. (0;+v-V,)g = Ayg
in Q,, satisfies for alln € N and «, 3 € N with |3| =k,

Cllgllz= .

n o s
07 D3 Dg(0,0,0)| < r2n+3al+18]

Remark 3.4. — Remark that 2n+3|a|+|f] is the kinetic degree of the polynomial
associated with 07 D¢ D5,

Proof. — We reduce to the case r = 1 by rescaling: the function g,(t,z,v)
= g(r?t,r3z,rv) is a solution of (2.3) in Q. If the result is true for r = 1, then we get
the desired estimate for arbitrary r’s. We then first treat the case n = 0 and argue by
induction on |3|. Proposition 3.1 yields the result for |5| < 1 since D%g solves (2.3)
with S = 0 for an arbitrary multi-index «. Assuming the result true for n = 0, any «
and |(] < k, remark that D3DJg solves (2.3) with S = 3,2, 451 Do+oi DB=oig,
Consider € N? with |3| = k + 1; the previous step yields controls of 0,5 and 0,5
for the source term S in the equation for D2DPg. Proposition 3.1 then gives the
control 8,, ., D D?g(0,0,0) which completes the induction. We finally get the result
for an arbitrary n > 1 by remarking that the equation allows us to control any time
derivatives by space and velocity derivatives. 0

3.2. Proof of Schauder estimates
With such bounds on derivatives at hand, we can turn to the proof of the Schauder

estimate for the Kolmogorov equation, that is to say for equation (1.1) with A
replaced with the identity matrix and with no lower order terms (b = 0, ¢ = 0),
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see (2.3). A change of variables will then yield the result for any constant matrix A
satisfying the ellipticity condition (1.2). Finally we shall classically approximate the
coefficients locally by constants to treat the general case.

3.2.1. The core estimate

The proof of the Schauder estimate for the Kolmogorov equation follows the
argument proposed by Safonov [Saf84], as explained in [Kry96].

THEOREM 3.5 (The Schauder estimate for the Kolmogorov equation). — Given
a € (0,1)and S € C¢, let g € C2** be a solution to (2.3), i.e. (0,+v-V.)g = Ayg+S
in R x R? x R?, Then

[9]c§+a Sda [S]c;~

Remark 3.6. — This theorem is the hypoelliptic counterpart of [Kry96, Theo-
rem 8.6.1 & Lemma 8.7.1].

Proof. — We first reduce to the case where g € C°(R x R? x R?) by mollification
and truncation (as for instance in the proof of [Kry96, Lemma 8.7.1, p. 122]). We then
reduce to the base point zy = 0 by considering the change of unknown ¢*(2) := g(z¢02)
(we however keep on calling the unknown g). Given r > 0 and K > 1 to be
chosen later, consider Q(x11), and a cut-off function ¢ € C2° such that ¢ = 1 in
Q(x+1)r- Recall again the Kolmogorov operator L := 0, +v -V, — A,, and define
S := L ((Tolg]) with the Taylor polynomial 7,,[g] of g at (0,0,0), defined in (2.6).

Decompose in Q k1), (where ¢ = 1):

9 —"Tolgl = 9 — (Tolg] = G %1 (S — §) = hi + hy
hy = Gxin [ (S = g,y

with a
ho = G *yin [(S - S)leK+l)r:|

)

where Q(x,py, = R X R? x R\ Q(x41), and G is the Green function studied in
Proposition 2.1.
Observe that hy is the solution to 0;hy + v - V,hy — Ayhy =S — 5(0,0,0) since

S(z) = Lk ((To[g])(2) = Lk (To[g])(2)
= (0 +v-V.g)(0,0,0) — A,g(0,0,0) = cst = S(0,0,0)

for 2 € Q(k+1)r, and hy is the solution to Oihy +v - Vihy — Ayhy = 0 in Qg 41y
We next estimate

(3.7) lg — Tolg] = Tolho]ll 1 (,) < llh2 = Tolho]ll g, + 1Pall = (qn)-
Using Proposition 2.1 and S € C}, we get

(33) all i@ S (K + 1) (Sl 3.

TOME 4 (2021)



392 C. IMBERT & C. MOUHOT

Now for z = (r’t,r3z,rv) € Q, with (t,x,v) € Q1. There exists 0,605,053 € (0,1)
such that

ho(2) =hy (r2t, 1%z, 1v)
=hs (7“215, 0, rv) + (r3x) - Vihso (7“215, 7’39156,7“1})
=hs(0,0,1v) + (r*z) - Vaha (r*t, 012, 7v) + r*tdsha (0277, 0,70)
=h»(0,0,0) + (7"3;1:> - Vaho <r2t, 301z, rv) + r2t0,hs (92r2t, 0, rv)
+ Vuho(0,0,0) - (rv) + ;(rv)T - D2hy(0,0,7050) - (rv).

As a consequence

172 = Tolha]ll oo (q,) < r’

r”vthHLw( ) + 72 Ha,?hQH

Qur+1yr L (Qic+1)r)

110 uhall e (i) 7 [ D3]

Q(K+1)r

Lo (Q(K+1)r)‘| )

We remark that hy satisfies (2.3) with S = 0 in Q(x41),. We thus can apply
Corollary 3.3 and get

[he — %[hQ]”LOO(QT) S T2||h2||Loo(
(K+ 0 T (K+ Dt T (K+ D T (K + 1>r>31
< (K4 1) ol o

Q(K+1)r)

Q(K+1)r)'

Since g — Tog = h1 + ho, we can estimate ||hal| oo y as follows

Q(k+1)r
Hh?HLoo(Q(KH)T) < thHL(’C(Q(KH)T) + g — 76[9]||L00(Q(K+1)r)
24,24
S K+ ([S]C?(Q(mnr) + [g]C§+a(Q<K+1>r)>

(we used (3.8)) and get

7.2+a

(K + 1)t ([S]C?(Q<K+1>r) + [g]‘??”(QWHM)) '
Combining (3.7), (3.8) and (3.9), we get

g — Tolg] — To[hl2l (o)
< |lhe = Tohal| oo,y + 71l o)
< C(K+ 1)2+ar2+a[s]

24«

(3.9)  [lh2 = Tolhalll (g, < C

C?(Q(KH)T)

r 7,2—&-04

O T e e @) O e e @)
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and by setting K large enough so that C(K + 1)~(7%) < %, it results into
Hg - 7—20 [g] - 7;0 [hQ]HLOO(QT)

T2+a

Gleze < sup < Ck[Slep

z0,7>0

where we have used that T, [g] + T, [h2] is a polynomial of kinetic order less or equal
to 2, which concludes the proof. Note the corrector T, [hs] to the Taylor polynomial
T[] used in this argument. O

The general constant coefficients case is reached through a change of variables.

COROLLARY 3.7 (Schauder estimates for constant diffusion coefficients). — Let
a € (0,1) and S € C? and let A := (a*7) be a constant real d x d matrix that
satisfies (1.2). Then for all solution g € C;™ to

@ +v-Va)g= 3 a0, g in RxR! xR

1<i,j<d
we have,
lgle+e < ClSley

where the constant C' depends on d, «, the norm of the (constant) matrix A and A
in (1.2).

Remark 3.8. — This is the counterpart to [Kry96, Theorem 8.9.1, p. 127].
Proof. — Consider the change of variables
g(t,z,v) := g(t, Bz, Bv)
with B2 = A~%. Then we have for (t,z,v) € R x R? x R,
(O +v-V)g(t,x,v) — Ayg(t,z,v)
= (0, +v-Va)g(t,Bx,Bv) — > ai’j(‘?gwjg(t, Bz, Bv)

1<i4,j<d

= S(t, Bz, Bv) =: S(t,z,v)

and the result follows from Theorem 3.5. O

3.2.2. Proof of Theorem 1.1

Proof of Theorem 1.1. — It is enough to treat the case where b = 0 and ¢ = 0,
the general case is then treated by interpolation (using Lemma 2.5). We consider a
constant v > 0 which will be fixed later, and pick 25,21 € R x R x R and r > 0
such that z; € @, (22) and

l9(21) = Taol9)(z0)[

T2+oz

[Q]Cﬁa <2
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Case 1. — r = ~v We compute then
[g]cf“‘

—2—Q —« —lTa 1
<2 (277 gl + 10+ v+ Fa) gll oy [Vugllzm 4+ 5 || D2
1

< glolez+e + G109l

)

(using again Lemma 2.5) with C(y) > 0 depending on ~ and d.

Case 2. —r <~

Then z; € @Q,(2) and we consider a C* cut-off function 0 < ¢ < 1 that
is equal to 1 on Q,(2) and equal to zero outside QQ2-(20). In particular, £(z)
= &(z9) = 1. We now use Corollary 3.7 to get

[g]C?+a < 2[95]Cf+a N C (at +tuv- v Zal 7 Zl vv] (gg)]
cy
O (8t+’U V Zalj vvj 95)]
cy
+C Z (a@j(.) _ ai,j(zl)) v (gf)]
b Co(Q2y(22))

where we have added the restriction to the support of £ in the last term. We estimate
successively the two terms of the right hand side. On the one hand, recalling that

(81& +v- Vz)g = i, ai’jaging + S,

(@t v-Va)(96) = a0, gf]

¢

< |0 +v-Vy) Z aia;,. ]
Ca

4
+g{<at+v.v Zwa2}

v [Sleg + Mlglleg + IVoglle

< le[g]clya + 02('7) ([S]C? + HgHLOO)

(using again Lemma 2.5) for a constant Cy(y) > 0 depending on d, [|Al[¢a, a. On
the other hand,
9.~

[Z (a90) — a9 (z1)) 8. (66)
< 037a[9]c§+a + Ca(M)lgll L

+ [vvg : va]cg‘
CQ

[

SR

b ] C(Q2(22))
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using again Lemma 2.5, for some constants C3 > 0 and Cy(y) depending . Combin-
ing the last three estimates yields finally in the case r < 7:

glegre < (O™ + 7)) lalezse + (o) + Ca) (ISl + D) -

We now pick v such that Cy® + i < % and we thus get in both cases (r > v and
r < ) that

glezen < lalezen + C5(0) ([STep + gl

for some constant Cs(y) > 0, which concludes the proof of (1.3) thanks to (2.9)
and (2.10). O

3.3. Localization of the Schauder estimate

THEOREM 3.9 (Local Schauder estimate). — Given a € (0,1) and a™, V', ¢, S €
C¢ satisfying (1.2) for some constant A > 0, any solution g € C;™ to (1.1) satisfies
for all zp € R x R% x R¢

9llc2+e (@) < © ([S]C?(Qz(zo)) + ”g”L"O(Q2(20))>

where the constant C' depends on d, A\ and « and |[a"||ce, |[V'|lco, [|cllce for i,
—1,...d

Proof. — We use the strategy of [Kry96, Theorem 8.11.1]. Consider zy = 0 without
loss of generality and define R, := Z?:o 277 for n > 0. Define a cutoff function ¢,
that is smooth, one on Q) g, and zero outside Qr,,,. It satisfies the controls

[Calleg - Vaalles - 190Galles - [ V2

Then apply the non-localized estimate of Theorem 1.1 to (,g. In order to do so,
it is convenient to consider the differential operator £ = (9; + v - V) — >, ; a*/ 9>

. 2,7 ViV
— >, 0'0,,, recall Lg = S and write

<p ™ with p:= 2%
e

An = [g]Cera(QRn) < [Cng](j?*"‘ SJ [E(Cng)]ceo‘ + ||Cng||L°°
S [Cnﬁg + g‘CCn + (Avvg) ' Van]cZa + ||<-ngHL°C

S[S]C?(QQ) + p_ (HgHC?(QRnH) + Hv”gHC?(QRnH)> + ||g||Loo(QRn+1)
and use the interpolation inequalities from Lemma 2.5 to get for all ¢, > 0,
< [Slega + 07" (endusr + 207" lgllz=@n) + 19l (o, )

for some 5 > 0 (note the additional factor p=" due to the dependency of the constant
C' in the difference of radii in Lemma 2.5). Choosing next ¢, := gop™ for ¢y € (0, 1)
small enough yields

An 5 [Slep@a) + 0Anin + 20”0~ P g 1)
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Consider then the geometric sum -, - Ay, and calculate

> An S (Z 50) [Sleat@ny + 2 €0 An1 + 657 > (W) 191l 222(@2)-

n>=0 n>=0 n>=0 n>=0
Assuming g5 < p”*? < 1 and cancelling terms gives finally:

Ao S [Slea(@a) + 19l z=@s)
which concludes the proof. 0

4. Global existence for the toy model

This section is devoted to the proof of Theorem 1.3. Equation (1.4) is rewritten

with the unknown function g := fu~2, where p denotes the Gaussian (27)~%4/2e~1v*/2,
This new function satisfies

(4.1) 0rg +v - V.9 = R[g]Ulg]

with R[] ::/vg\/ﬁdv

and  Ulg] == A9 + (;l - |Z|2> g= ;EVU (/Nv (\;ﬁg» :

After this rescaling the operator U is symmetric in L?( dz dv), without weight. In
contrast with (1.4), this operator has no first order term in the velocity variable. But
a (simpler) difficulty is created with the appearance of the unbounded zero order
term (g — %) g. We overcome it using that g stays in between two Maxwellians
(see Lemma 4.1 below) and that, after rescaling, the Holder estimate from [GIMV19,

WZ09] in Theorem 4.3 encodes decay in the v variable (Proposition 4.4).

4.1. Gaussian bounds

We first explain how to propagate in time the Gaussian bounds satisfied by the
initial data g;,(x,v) = ¢(0, z,v).

LEMMA 4.1 (Gaussian bounds). — Consider a strong solution g to (4.1) in
L2([0,T], H*(T* x RY)) such that C1\/p < g(0,z,v) < Co/p in T¢ x R?, then
for almost all t € [0,T], we have

V (z,v) € T x RY, Ciy/pu(v) < g(t, 2,v) < Coy/pu(v).

Remark 4.2. — The notion of strong solutions used in the latter lemma and the
rest of this section is standard: all the terms in the equation are defined almost
everywhere and the equation is satisfied almost everywhere and the solution is
continuous in time with value in L?. We could have considered weaker notions of
solutions but it was unnecessary since we are interested in constructing global strong
solutions.
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Proof. — For a € R, we write ay = max(0,a) and a_ = max(0, —a). It is enough
to prove that, for any C' > 0,

2
/Td « R4 (g(t’ Z, U) o O\/E(U))i dx dv
decreases along time. It follows from the fact that g = g — C'\ /i satisfies
g +v- V.3 =RlgU[d]

and, multiplying the previous equation by (§)+ = max(0, g) or (§)- = max(0, —g),
and integrating with respect to x and v yields for almost all ¢ € [0, T7,

/deRd (g(t,z,v) — C\/ﬁ(v))i dzdv < / ) (gin(z,v) — C\/ﬁ(v))i dz dv.

Td x R

In particular, for almost all ¢ € [0, 77,

/deRd (g(t,z,v) — 02\/ﬁ(v))2+ dzdv < /deRd (gin(z,v) — 02\/5@))1 dzdv = 0
/Td i (g9(t, z,v) — C1/m(v))? dedv < /T ) (gin(,v) — C1/f(v))? dzdv = 0.

We conclude that for almost all ¢t € [0,T], C1\/p(v) < g(t,z,v) < Coy/p(v) in
T x R U

d xR

4.2. The local Holder estimate for kinetic Fokker—Planck equations

We recall in this subsection the main result from [GIMV19, WZ09] as stated
in [GIMV19] and used in the proof of Theorem 1.3. Consider the equation

(42) atg +v- vﬂcg = vv<Avvg> + SO in Q2T(ZO)

with A = A(t, z,v) real symmetric matrix whose eigenvalues lie in [\, A] for 0 < A
<A

THEOREM 4.3 (Local Holder estimate). — Given a cylinder Qs () C Rx R4 xR?

and a function Sy essentially bounded in (Qa.(29), any weak solution g of (4.2) in
Q2r(20) such that g € L*([0,T], L2 (R* x RY)) N L7 ([0, T] x RY, H)(R?)) satisfies

< Or—™ ; C —2—ap S - .
19ty o) < 72ty + O S0l

for some constants g € (0,1) and C' > 0 only depending on d and A, A.

4.3. The Schauder estimate for the toy model

The Schauder estimate follows from (1) the Hoélder regularity established in
[GIMV19, WZ09], (2) the Schauder estimate from Section 3 and (3) the Gauss-
ian bounds from the previous subsection. Since the Holder regularity only holds for
positive times, we consider some time interval [r, T] for some arbitrary but fixed
7> 0.
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PROPOSITION 4.4 (Higher order Holder Estimates). — There exists ag € (0, 1),
only depending on the dimension d and C,C5y, and C' > 0 only depending on
C1,Cy,d, 7,8 such that for all solution g € C;t*° to (4.1) that satisfies Ciyp < g <
Co\/1t, for all T € (0,T) and 6 € (0,1), we have

(4.3) Hchj*“O(QT(ZO)) < Cué(vo).
for any Qa,(29) C [1,T] x T? x R%. In particular,
(4.4) 11" Vol o (17,77 x et ) < C-
Proof. — We apply Theorem 4.3 with A = C;, A = Cy, A = R[g]Id and Sy =

Rg)(¢ — 2)g and get
5-"7)
——y
204 ) e (@urten))

2
3r
2
for some ay € (0,1). Apply now Lemma 4.1 to get for an arbitrary § € (0,1)

191 e (0

for some constant Cs depending only on C, Cs, d, 7, 6. Note that the role of the time
7 > 0 is to ensure that the constant Cs only depends on 7 and not on r: it gives
some “room” around a point zy € [7, 7] x T¢ x R%.

This implies in turn that for all (¢,2) € [r,T] x T¢,

IRlg](t, 2) = Rlgl(s, y)| < /Rd lg(t 2, v) = g(s,9,v)| 42 (v) do
<G [ (t=sl¥ +lo—y— (=0l ¥) ui* @) v

SC (=5l +le—y[F +|t—s7).

—Q —2—q
900 (g ) < €7 Nollzz@aran + O

< Oyt
. (zo)) s’ (Vo)

ST
2

This also implies for any &’ € (0, )
< Csp® (vp).

H ( - ) coo (Q%T(zo))

This ensures the Holder regularity of the coefficients and source term, and we are
thus in a position to apply Theorem 3.9 in the cylinders @, (zo) and deduce (4.3). To
get (4.4) from (4.3) and the decay of Lemma 4.1, apply Lemma 2.5 on a cylinder @
to obtain || V,g|| L=y < Cllg|l~(q) + C[g]cl?*aO(Q) and argue as before. This achieves

the proof of the Lemma 4.1. O

4.4. Standard interpolation product inequality

We recall and prove an interpolation inequality tailored to our needs; it is folklore
knowledge.
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LEMMA 4.5. — Consider k > d/2, two functions g,, g, € H*(T?) and m, m € N?
such that |m| + |m| = k then

’aflgla;ngz Lare) Sk 191l e cray g2 ll v cray + 1191l e cray | g2l oo (ray-
Moreover whenever m # 0, for any € > 0 there is C. > 0 s.t.
@5 [oranore] ., < lolimmllolmmy + Collmelolomm,

Proof. — The first inequality is clear when m = 0. Use otherwise the Nash in-
equality: given h € H*(T?) with k > d/2 and any m € N? with 0 < |m| < k then

for p := ‘%‘C‘ € [1,400] one has
m -5 b
107 Rl gy 100l ey Il -
Apply successively the Holder inequality with p := % and g := %, and Nash
inequality above:
’aﬂf 910592 L2(Td) S ‘890 91| Lo (pay 0x'g2 La(T4)
1 lml Iml 1_lml m|

S HglHLOO(k’]I‘d)HglHlf’c('ﬂ‘d)”gQHLOO(I%I‘d)”g?”}}Ck(Td)

S (lgillzenligallmes)  F (llorll s llgallzecs))
Use finally a'=*0* < (1 — A\)a + Ab to deduce the two claimed inequalities. O

4.5. Local well-posedness in Sobolev spaces

We prove that equation (1.4) is locally well-posed in H*(T? x R¢). It is convenient
to work with the following norm,
2

LQ('JI‘d x ]Rd) )

Ok h 9k h

|’gH12LI§’E(’JI‘d><Rd) = ”gHiz(deRd) + Z
’ i=1, ...d

Note that this norm agrees with the usual H* norm in z and v when k = k: this is
clear from the Fourier-transformed definition of these norms. However for & # k the
space H¥ includes but differs from H;‘}i)n(k’ k). We use this intermediate definition
of norm solely to shorten some calculations.

THEOREM 4.6 (Local well-posedness in H*). — Consider g;, € HEF(T? x RY)
with k, k non-negative integers s.t. 2 < k < k and k > d/2, and Civ/it < gin < Co\/1t
for 0 < Cy < C5. Then there is T > 0 depending only on Cy,Cs and

HginHHf”E(TdXRd)
such that there exists a unique strong solution
geC ([0,7), HEf (T x RY))

to (4.1) with initial data g;,, which furthermore satisfies Cy\/ii < g(t,-,-) < Co/It
for almost all t € [0, T].
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Proof. — 1t is standard calculations that the two a priori estimates (4.11) and (4.12)
below imply the existence of solutions constructed through the iterative scheme

(at +v- Vx)gn—I—l = R[gn]U[gn—I—l]a
(4.6) gnta(t=0,-,) = Yin
Initialization: go(¢,z,v) = gmm(z,v) ¥V t > 0.

We now focus on establishing the key a priori estimate. Consider a solution g,1 €
CH([0,T], HE5(T? x RY)) to (4.6) and compute successively:

d1
(4.7) L? estimate: |gnir|* dodo < —C’l/ ) |Ppg1|? dz do
x R

&5 Td x Rd Td

where we denote hy41 = p'/?V,(1/2g,11). Regarding the v-derivatives, for any
integer k > 1,

03 e | Ogna] drdv=—k | (0070rg001) O g dr o
ok g ?

— R n VU V; n+1 d d

Td x R4 [g ] ( \//7 ) pdrav

z 2
O Gt ‘ dz dv

#3(0) o
“3(0) Lo i

In the right hand side, the first term corresponds to the transport v - V,, the second
one to the operator U since R[g,] does not depend on v, the third term appears
when one v-derivative applies to |v|? and the others apply to g,.; in the product
|v|2gns1 appearing in Ulg,1], the fourth term appears after deriving |v|? twice.
Notice that integrations by parts are used either to further differentiate |v|? or
to make appear \85:1 gny+1|*. Discarding the negative term and using the fact that
Rlgn] < Cy thanks to Lemma 4.1, we get after summing over ¢ = 1, ..., d and
combining with equation (4.7)

- 2
85;19%1 ‘ dx dv.

(4.8) Estimate of v-derivatives :

&5 ||gn+1(t) ||H2:§(Td > ]Rd) SE,CQ ||gn+1 ||H§ff (Td ™ Rd) .

Regarding the x-derivatives, we write the equation on g,.1 as

(at +v- vm)gn—H - R[gn],u_%vv ' (Mévvhn+1> with hn—i—l = ,u% vv (;u_%gn—i-l) .
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Since z-derivatives commute with the operators v - V, and U, we have for all
i=1,...,d,

d1 i 2 . 9
&5 T 8xign+1’ dxdv = _/deRd 'R[gn] s n+1‘ dz dv
k— k
_0 <Zq:<k ( ) /Td « Rd <a’”i qR[gnD agz‘h”*l ) axihnﬂ dz dv.

Use now R[g,] = C; from Lemma 4.1:

d1

- k 2 <, _

e N A T C’I/de 08 b dedo
+ Z / 8:’; ngn]‘- 4 nﬂ’- ’; n+1‘ dz do.
0<qg<k

Observe that, given 0 < ¢ < k, the index p := k — ¢ # 0 and the inequality (4.5) in
Lemma 4.5 can be applied (We use again below the upper bound R[g,] < Cy):

/Jl‘dx]Rd

Ok Rgn| -
. k

R ( Td i n+1’ dJ:) dv
< [, (Rl )0 b 2.,
< g/Rd (||R[gn](t, M s ray 1t (8, ',U)H?{gard)) dv

+ o [ (IRIgal s Marsy s (s )l ey o (8 )y ) o
<& (Cot 1) sty Mgt (s

2 2
+ CLIRIgal )z [, Wnsa (b7 0) ey o

0 g1 -

k
. n+1‘ dx dv

% Rlgn]| -

q

Q];hnﬂ (t, . U)

12(T9) Lzard)) dv

for any € > 0 and some corresponding constant C., C. > 0. Use then
IRl M ez oay < Ngn(ts s M o (raga)
and equation (4.7) to get
d1

a2 ”gnJrlHHk O(TexRY)

Sk, 0o —C1 [P (L, - ')||iﬂ;;8(1rded) + e l|hnta (2, -, .)||§{£:3(wa)

2 2
+ C. (/]Rd [hn1(ts - V)| 7o (may dv) gn(t, -, ')HH,’;;B(WXW) :
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Finally choose £ small enough (in terms of absolute constants, independently of the
solution) to get

d1 ,
&§y‘gn+1”}1§:v0(qyd X RY)
2 2
S,k:,cl,CQ (/]Rd ||hn+1(t7 K U)HLgO(Td) dU) ||gn(t7 ) )HH;C:g(’]Td de) :
The combination of equations (4.8) and (4.9) yields
d1 2 < 2
(4~10> &5 HgnJrl(tv ) ')||H§:§(Td x Rd) ~k,C1,C2 Hgn+1 <t7 K ) HHE,’Z“(W XRd)
2 2
(L, Wt ) ey @0) gt s ) )

Now observe that hy, 1 = Vygni1 + 59n41 and use gny1 < Coy/p and k > d/2 and

k > 1 and Sobolev embedding in T¢ to get

2
LMt )y 40 S C3 4 [ Vgl o
< G2 + llgnsal

(4.9)

2
HE (T4 x RY)
and conclude finally that

d1

2
(411) &5 HgnJrl(ta'7')”[{5:5(1‘de¢1)

2 2
Seicicn (In(ts s Wy sy + 1) Igmea s Wit s

which is the first main a priori estimate, that shows that the Hf;f(Td x RY) norm
remains finite on a short time interval (whose length depends on the size of the
initial data) thanks to Gronwall’s lemma.

Regarding uniqueness, consider the difference of two solutions ¢, g € H ;‘C:f(Td x RY)
that satisfies

O(g—9) +v-Vilg—39) =Rlg — glUlg] + R[g]Ulg — ],

and perform similar energy estimates to get
d1 _ 2 < — 2
(412) 2519 = D)ty st i) St 19 = Do)yt ki
2 _ 2 _ 2
+ (||g(t7 ) )HH;::E(T’i XRd) + ||g(t7 5 )||H§:5('H‘d XRd)) H(g - g)(tJ K )HH;C:E(Td XRd)

which implies uniqueness in the space H;f;f(’]l"d x R?) and concludes the proof of
Theorem 4.6. O

4.6. From local-in-time to global-in-time

To continue the solutions for all times it is enough to prove that the H f 7i_“('JI‘d x RY)
norm remains finite over arbitrarily long times. Thanks to the local-in-time existence
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result in Theorem 4.6, we know that solutions exist at least on a time interval [0, 27]
for some 7 > 0. We now show that the Sobolev norm cannot explode after time 7
by using Proposition 4.4.

Consider again the a priori estimate (4.10),

d1

x x

2 2
(o a6 0y d0) s, Mt o

2 2
dt2 ||gn+1(ta E .)HHI“:UE(Td X]Rd) 5&01702 ||gn+1(t7 E ')HHE,’E(W XRd)

Recall that h,11 = Vigni1 + 5941 and use Lemma 4.1:

(L Wnsatt )y 4v) S ([ IVognon b 0) ey d0) + G

Apply finally Proposition 4.4:

2 - 2
(/]Rd vagn+1(t7 '7U)”L§o(’]rd) dU) 5 H/JJ V”g”J“lHLoo([T,T]dede) Sg 1

It shows for t > 7, i.e. after some arbitrarily small time 7 > 0:

d1

2
ai Hgn+1(t7 " )HH;C:IIE(Td XRd)

2 2
Sk, C1,Co,7 ||gn+1(t> K ')||H§:v’5('ﬂ~d XRd) + “gn(t’ " .)||H§:§<Td XRd) :

This proves that the norm remains finite by the Gronwall lemma and concludes the

proof.
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