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RESUME. — Gouézel et Sarig ont introduit la théorie du renouvellement d’opérateurs pour
démontrer des résultats précis sur la décroissance des corrélations dans certaines classes d’ap-
plications non-uniformément dilatantes. Dans cet article, nous appliquons cette méthode a
des billards plans dispersifs et des applications intermittentes non-markoviennes en plusieurs
dimensions.

1. Introduction

In two seminal papers, Young [You98, You99| obtained results on exponential
and subexponential decay of correlations for nonuniformly hyperbolic dynamical
systems. In the case of subexponential decay, a natural question is to establish that
the decay rates obtained in this way are optimal. The first progress in this direction
was by Sarig [Sar02] who introduced the method of operator renewal theory. This
method was extended and refined by Gouézel [Gou04] and gives optimal results for
one-dimensional intermittent maps of Pomeau-Manneville type [PM80, Tha80].

A challenge has been to extend the applicability of operator renewal theory to
higher-dimensional examples. Two specific directions have required attention: (i)
planar dispersing billiards, (ii) multidimensional nonMarkovian intermittent maps.
For results in these directions, we mention [HV19, VZ16].

In this paper, we extend the operator renewal theory of Gouézel and Sarig [Gou04,
Sar02] to provide lower bounds in general situations where the Young tower method
[You99] provides upper bounds. This includes directions (i) and (ii) above. In the
case of lower bounds for dispersing billiards, these are the first results using oper-
ator renewal theory, and the first results by any methods for billiards with decay
rates other than n~!. For multidimensional intermittent maps, we obtain essentially
optimal upper and lower bounds on decay of correlations.

Roughly speaking the result of Gouézel and Sarig takes the following form. Let f :
M — M be an ergodic measure-preserving transformation defined on a probability
space (M, p). The correlation function p,, ,(n) is given by

(1.1) Po.w(n) = /Mvwof”du—/Mvdu/de,u

for L? observables v, w : M — R. For definiteness, as in [Gou04, Sar02] we consider
one-dimensional Markovian intermittent maps such as in [LSV99] with f(x) ~ 2'+1/#
for x near zero, where 5 > 1, and unique absolutely continuous invariant probability
measure p. Fix n € (0,1). By [You99], there is a constant C' > 0 such that

190,0(1)] < OlJv]l galwloe n= Y

for all v € C"(M), w € L>®(M), n > 1. Now fix a closed subset X C M with 0 ¢ X
and let h : X — Z7* denote the first return time to X. By [Gou04, Sar02], there
exists a constant C' > 0 such that

< Clv]lgnlwlocCs(n)

12) ()= X > 5) [ vdu [ wd

ji>n
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Sharp polynomial bounds on decay of correlations 409

for all v € C"(M) supported in X, w € L*®(X), n > 1, where
n=? 8 >2

(1.3) Cs(n) =¢n2logn (=2
n2B-D 1< p <2

Since pu(h > n) ~ en™ for some ¢ > 0, this shows that the results in [You99)
are sharp. If in addition [vdu = 0, then p, ,(n) = O(n=?) for all 3 > 1. (One
consequence of the main result in this paper is that the latter estimate holds for all
w € L>*(M); this is not shown in previous papers. See Remark 3.3.)

Abstract theorems for nonuniformly expanding and nonuniformly hyperbolic dy-
namical systems are stated in Sections 3 and 7 respectively. In common with the
method of [Gou04, Sar02], we induce on a convenient subset Y C M with induced
map F': Y — Y that is Gibbs—Markov for nonuniformly expanding maps and Gibbs—
Markov after quotienting along local stable leaves for nonuniformly hyperbolic maps.
A key difference from [Gou04, Sar02] is that F' need not be a first return map. As
in [BT18], we are able to control the adverse effects associated with not being a first
return and to obtain results that are essentially the same as those in [Gou04, Sar02].

Remark 1.1. — We note that the setting in [VZ16] is currently restricted to planar
time-reversible systems.

In the remainder of the introduction, we focus on the applications to billiards and
multidimensional intermittent systems.

1.1. Billiard examples

Markarian [Mar04] and Chernov & Zhang [CZ05a] considered a general framework
for analysing decay of correlations for diffeomorphisms with singularities, with special
emphasis on slowly mixing planar dispersing billiards. All known results on upper
bounds for decay of correlations for dispersing billiards fall within this framework.
Within this framework, we obtain lower bounds.

The specific examples are described in more detail in Section 8. Here we summarize
the results. All integrals are with respect to Liouville measure. Upper bounds are for
general dynamically Holder observables v and w. Lower bounds are for dynamically
defined Holder observables with nonzero mean supported in a suitable subset X of
phase space.

Bunimovich stadia, semidispersing billiards, billiards with cusps.

In these examples, the correlation decay rate O(n~1) was established by [CMO7,
CZ05a, CZ08, Mar04]. By the argument in [BG06, Corollary 1.3] (see also [BCD11,
Corollary 1.1]), the result is essentially optimal in the sense that if v = w and if v
is Holder and satisfies a nondegeneracy condition, then np, ,(n) /4 0 as n — oo.
However, for several years it remained an open question to obtain an asymptotic
rate of the type (1.2).
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410 H. BRUIN, I. MELBOURNE & D. TERHESIU

We prove that for all three types of billiard there is a constant ¢ > 0 such that
po.w(n) ~ en™ [v [w. The constant ¢ is given explicitly in terms of the billiard
configuration space. For example, in the case of a Bunimovich stadium with straight
sides of length ¢,

4+3log3 2
‘= 4—3log3 4(m+ 1)
(Throughout, log means logarithm to base e.)

A similar result for semidispersing billiards and billiards with cusps (but not
stadia) can be found in [VZ16], though it is not clear that the asymptotic p, ,(n) ~
const. n~! is established there.

Billiards with cusps at flat points

Correlation decay rates O(n~¥~1) with 3 any prescribed value in (1,2) were
obtained in [Zhal7b]. Here, 8 corresponds to the flatness at the cusp. We obtain the
asymptotic py ,(n) ~ en=¥=Y [v [w. Again, the constant c is given explicitly.

Bunimovich flowers

The correlation decay rate p, ,(n) = O((logn)®n2) was obtained in [CZ05a].
It is conjectured that the optimal rate is const. n=2. We obtain the lower bound

Po.w(n) > (logn)™'n2 [v [w.
Dispersing billiards with vanishing curvature

Correlation decay rates O((logn)?n~#=1) with 8 any prescribed value in (2, 00)
were obtained in [Zhal7b] for Holder observables. Here, 3 corresponds to the flat-
ness at the points of vanishing curvature. We obtain the lower bound p,, ,(n) >
(logn)~tn=6=Y [y [w.

1.2. Hu—Vaienti maps

We consider a class of piecewise smooth multidimensional nonuniformly expand-
ing intermittent maps f : M — M, M C RF compact, with a neutral fixed
point. The case k = 1 is very well-understood. Upper bounds on decay of corre-
lations were obtained by [Hu04, You99] and the results were shown to be sharp
by [Gou04, Hu04, Sar02]. Extending to multidimensional examples is relatively
straightforward in the Markov case, but the nonMarkov case is very challenging
because the standard symbolically Holder spaces are unavailable for nonMarkov
maps and there are difficulties using spaces of bounded variation in higher dimen-
sions. Also, as shown in [HV09], such maps often have poor bounded distortion
properties.

Hu & Vaienti [HV09] obtained results on existence of absolutely continuous ergodic
invariant measures (both finite and infinite) for various classes of multidimensional
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Sharp polynomial bounds on decay of correlations 411

nonMarkovian intermittent maps. In a subsequent paper [HV19], first results on
upper and lower bounds on decay of correlations were obtained. As an application
of the results in this paper, we obtain essentially optimal upper and lower bounds.

To fix ideas, we focus on [HV19, Example 5.1] as described in detail in Section 6.4.
The neutral fixed point is taken to be at 0 and f(z) = x(1 + |z|” + O(|z["")) for =
close to 0 where v € (0,k) and 4" > . Using results of [AFLV11, HV09], we show
that p, (n) = O(n~(F/M=1=9) for v Holder and w € L, where € is arbitrarily
small. This is in marked contrast to [HV19] who obtain results no better than
po.w(n) = O(n~(/)=D) in the multidimensional case k > 2 and only for observables
with support bounded away from 0.

Moreover, our decay rate is essentially optimal. For v Holder and w € L* with
supports bounded away from 0 and nonzero mean, we show that for any ¢ > 0

(1'4) n~((/7)=1+¢) < pv,w(n) < n~((k/v)—1=€)

The remainder of the paper is organized as follows. In Section 2, we recall back-
ground material on inducing, Gibbs—Markov maps, Young towers, and Chernov—
Markarian—Zhang structures. Our main result for nonuniformly expanding maps is
stated in Section 3 and proved in Section 4. In Section 5, we relate tail estimates
for different return times. In Section 6, we apply our results to multidimensional
nonuniformly expanding maps including those mentioned in Subsection 1.2.

In Section 7, we extend our main result to nonuniformly hyperbolic systems,
including solenoidal versions of the maps in Section 6. Finally, in Section 8, we
consider the examples from billiards mentioned in Subsection 1.1.

Notation

We use the “big O” and < notation interchangeably, writing a,, = O(b,,) or a,, < b,
if there is a constant C' > 0 such that a,, < Cb,, for all n > 1. Also, we write a,, = b,
if a,, < b, < a,. As usual, a, ~ b, as n — oo means that lim, . a,/b, = 1.

Convolution of sequences a,, b, (n > 0) is denoted (a*b), = >7_; a;b,—;. Often
we use the abuse of notation a, xb,. If ¢ is undefined (as for example a,, = n=2logn)
then we redefine ay = 1 without mentioning it. With these conventions we have the
standard facts n™?xn~9 = O(n" %) and n"? xn"%logn = O(n"%logn) for all p > 1,
q € (0,p].

2. Preliminaries

In this section, we recall background material on (one-sided) Chernov-Markarian—
Zhang structures.

2.1. Gibbs—Markov maps

Let (Y, uy) be a probability space with an at most countable measurable parti-
tion o, and let F':' Y — Y be an ergodic measure-preserving transformation. For
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412 H. BRUIN, I. MELBOURNE & D. TERHESIU

0 € (0,1), define the separation time s(y,y’) to be the least integer n > 0 such that

F"y and F™y' lie in distinct partition elements in «. It is assumed that the partition

« separates trajectories, so s(y,y’) = oo if and only if y = /; then 6 is a metric.
Let £ = -2 Y — R. We say that F is a (full-branch) Gibbs—Markov map if

duyOF

e I, :a—Y is a measurable bijection for each a € a, and
e There are constants C' > 0, § € (0, 1) such that |log £(y) —log ()| < COW¥)
for all y,y’ € a, a € a.

A consequence is that there is a constant C' > 0 such that

(2.1) £(y) < Cpy(a) and  [€(y) — £()| < Cpy(a)g*®),
for all y,y/ € a, a € a.

2.2. Return maps

Suppose that (M, u) is a probability space and that f : M — M is an ergodic
measure-preserving transformation. Fix a measurable subset X € M with u(X) > 0
and h : X — Z* integrable such that f"®z € X for all 2 € X. Then h is called a
return time and f*: X — X is called a return map.

If h is the first return time to X under f (i.e. h(z) = inf{n > 1 : f"z € X}),
then f": X — X is called the first return map and ux = (u|x)/pu(X) is an ergodic
fl-invariant probability measure on X.

2.3. Young towers

Let F': Y — Y be a full-branch Gibbs-Markov map on (Y, uy) with partition «
and let ¢ : Y — ZT be an integrable function constant on partition elements. We
define the (one-sided) Young tower A =YY% and tower map fa : A — A as follows:

(y, 0+1) £<p(y)—2
(Fy,0) (l=¢(y) -1

Let ¢ = [y ¢duy. Then pa = (py X counting)/@ is an ergodic fa-invariant prob-
ability measure on A, and it is mixing if and only if ged{p(a) : a € a} = 1.
The tower has ezponential tails if py (¢ > n) = O(e~") for some ¢ > 0, polyno-
mial tails if py (¢ > n) = O(n=?) for some B > 1, and superpolynomial tails if
py (@ >n) =O0(n=?) for all B > 1.

Now suppose that f : M — M is an ergodic measure-preserving transformation on
a probability space (M, i), and that Y C M is measurable with p(Y) > 0. Suppose
that F': Y — Y is a full-branch Gibbs—Markov map with respect to a probability
measure gy on Y, and that ¢ : Y — Z7T is a return time, constant on partition
elements, such that F' = f¥. Form the tower A = Y¥ and tower map fa : A — A.
The map 7y : A — M, 7my(y, ) = fly defines a semiconjugacy between fa and f.
We require moreover that (mas).pa = p. Then we say that f is modelled by a Young
tower.

A={(y,0) €Y xZ:0< < p(y) — 1}, fA(y,f)Z{
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2.4. Chernov—Markarian—Zhang structure

Suppose that (M, ) is a probability space and let f: M — M be an ergodic and
mixing measure-preserving transformation. Roughly speaking, the map f admits
a Chernov-Markarian-Zhang structure if there is an integrable first return time
h : X — Z* such that the first return map fx = f* : X — X is modelled by a
Young tower Y?. The full map f : M — M is also modelled by a Young tower
Y¥. We denote these towers by A = Y% and A,,pq = Y7 since in the applications
that we have in mind either the tower A,.piq is exponential or for any ¢ > 1 the
subset Y C X can be chosen such that fx is modelled by a Young tower Y7 with
py (o >mn) = 0O(n~9). In the latter case, we say that fx is modelled by Young towers
with superpolynomial tails.

In more detail, suppose Y C X C M are Borel sets with p(Y") > 0. Define the first
return time h : X — Z* and first return map fx = f*: X — X.

We assume that fx : X — X is modelled by a Young tower A,,piq = Y7 with return
time 0 : Y — Z* and return map F = f% : Y — Y. In particular, F = f: Y = Y
is a full-branch Gibbs-Markov map with ergodic invariant probability measure py
and partition « such that o is constant on partition elements. We require in addition
that h is constant on f5a for all a € o, 0 < £ < o(a) — 1.

Define the induced return time

o(y)—1
(2.2) p=h,:Y =Z"  oy)= > hify).
=0

Then ¢ is integrable with respect to py and constant on partition elements. In
particular, f : M — M is modelled by a Young tower A = Y% with the same
Gibbs-Markov map F' = f§ = f¢.

We say that f : M — M satisfying these assumptions possesses a Chernov—
Markarian—Zhang structure.

Remark 2.1. — The method of choosing a first return map modelled by a Young
tower with exponential tails arises in various contexts in the literature, see for
example [BLvS03, BT'18] in the noninvertible context. However, the method plays a
special role in the context of billiards [CZ0ba, Mar04], see Remark 7.1 below.

Remark 2.2. — 1t is part of our set up that p is mixing, but in general the tower
map fa : A — A is mixing only up to a finite cycle d > 1 where d is often unknown.
As in [Che99, Theorem 2.1, Proposition 10.1], the a priori knowledge that y is mixing
ensures that for many purposes the value of d is irrelevant (in fact it suffices that p
is ergodic for all powers of f).

2.5. Dynamically Holder observables

Suppose that f : M — M possesses a Chernov—Markarian—Zhang structure as
above. Fix 6 € (0,1). For v : M — R, define

lo(f*y) —v(f*Y)
Gsy.y') ’

(23)  Alvlly = ol + 0l ol = sup sup
vy €Y, yFy 0<L<p(y)—1
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We say that v is dynamically Hélder if ||v||,, < oo and denote by H(M) the space
of such observables.

Of particular interest are observables supported in X. We identify L>°(X) with
{w e L*(M) : w|pnx = 0}. Also, we write H(X) = {v e H(M) : suppv C X}.

It is standard that Holder observables are dynamically Holder for the classes of
dynamical systems of interest in this paper, as we now recall. Given n € (0,1] and a
metric d on M, define

vl = sup  Jo(z) —v(@)|/d(z,2")".
z, ' € M,z #x'

Let C"(M) be the space of bounded observables v : M — R for which |v|, < ooc.

PROPOSITION 2.3. — Let n € (0, 1]. Suppose that there exist K > 0, 6, € (0, 1)

such that d(f*y, f%/') < KOS forally,y' € Y, 0< £ < o(y) — 1.
Then C"(M) C H(M) where we may choose any 6 € [0, 1).

Proof. — Let v e C"(M), y,y/ € Y, 0 < ¢ < ¢(y) — 1. Then
v (F9) = v (FY)] < Iolend (F1y, £Y)" < K0l 0@ Y.
Hence |v|,, < K"|v|, and it follows that v € H(M). O

3. Statement of the main result

In this section, we state our main abstract result for maps f : M — M with a
Chernov-Markarian—Zhang structure. Let Y C X C M denote the corresponding
return map sets and recall that ¢ = h, : Y — ZT is the induced return time.
Throughout, we suppose that iy (¢ > n) = O(n=%) for some 5’ > 1. (As discussed in
Section 5, in our main examples any 3’ < 3 is permitted where jx(h > n) = O(n="),
and often we can take §' = /3. However, h and ( play no role in this section.)

Define the correlation function p, ,(n) as in (1.1). It follows from Young [You99]
that py, (1) = O(||v||lx|w]e n~ ¥ ~V) for all v € H(M), w € L=®(M), n > 1. We can
now state our main theorem. Let

(3.1) op = /Y oliysnydiy, Vo =N
Define (g as in (1.3).

THEOREM 3.1. — Let f: M — M be a map with a Chernov—Markarian—Zhang
structure, and suppose that piy (o >n) = O(n™") for some ' > 1. Then there is a
constant C' > 0 such that for alln > 1,

@) |oal) =77 S pvle > 5) [ van [ wdp

ji>n

!
B %o,

< C|lv]ly|wlss (Y0 + Cpr(n) for all v € H(X),w € L>(X))
(b)  |pv,w(n)| < Cllv];|w]ecyn for all v € H(X) with / vdp =0,w € L>*(M).
M

Clearly n™ < 0,, < 7. The sequences are readily estimated from above:
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PROPOSITION 3.2. —

e If o is bounded, then v, = O(n=%).

e If o has exponential tails, then ~y, = O(n=" logn).

o Let e > 0. If py (0 > n) = O(n~9) with q sufficiently large (depending on ¢),
then 7, = O(n=9=9).

Proof. — Suppose that o has exponential tails, and fix K > 0. Then
Op = /Yal{so>n}MY < Kpy(p > n) +/Y Liosryo dpy < Kn™® +0 (e_CK),

for some ¢ > 0. Choosing K = ('/c)logn, we obtain o, = O(n? logn). Also
n=% xn"%logn = O(n" logn).
The other cases are similar and hence omitted. U

Remark 3.3. — 1In particular, if ¢ is bounded, then we are back in the situation
of [Gou04, Sar02] and our estimates reduce to theirs. Note that we have the slight
improvement in Theorem 3.1 (b) that w is an arbitrary L function, not necessarily
supported in X. Such a result does not seem to have been noted before.

When o is unbounded, [Gou04, Sar02] does not apply directly since the estimates
required for applying operator renewal theory are problematic on X, while the
dynamics on Y is not given by a first return map, so it is necessary to incorporate
arguments from [BT18].

Remark 3.4. — As in [BT18], we can incorporate observables supported on the
whole of M that decay sufficiently quickly off X. Let ¢ : Y — R. Suppose that
v,w: M — R are such that

p—1 p—1
Z‘UOfé‘éFf, Z‘wOfg‘é?f onY.
/=0 =0

Then Theorem 3.1 holds with o,, defined using ¢ instead of o.
In contrast to [BT18], we do not require that the Holder constants of v decay
off X.

4. Proof of the main theorem

In this section we prove Theorem 3.1. We continue to suppose that f: M — M
possesses a Chernov-Markarian-Zhang structure and that uy (¢ > n) = O(n™%)
for some ' > 1. In Subsection 4.1, we state an analogous result, Theorem 4.2, for
observables defined on A and deduce Theorem 3.1 as a consequence. In Subsection 4.2,
we recall some results from operator renewal theory for the Gibbs—Markov map on
Y. In Subsection 4.3, we prove Theorem 4.2.

4.1. Tower reformulation

Recall that M is modelled by a Young tower A = Y¥ and that F'= f?:Y —» Y
is a full-branch Gibbs-Markov map. Let d = ged{¢(a) : a € a}. The tower map
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fa : A — A is mixing if and only if d = 1. To deal with the cases d = 1 and
d > 2 uniformly, we set ® = d~'¢. Replace A by A =Y® and redefine fa : A — A
accordingly. Also, define ua = (uy X counting)/®. Then fa is mixing.

Define

v A — M, Ty, ) = f%y.
Then 7y is a semiconjugacy between fa and g = f%, and (ma;)spia is an ergodic g-
invariant probability measure on M. It is an easy consequence of the definitions that
(1) «pia is absolutely continuous with respect to the original measure p. Moreover,
1 is mixing for f by assumption and so is also ergodic for g. Hence 7, is a measure-
preserving semiconjugacy between (A, fa, ua) and (M, g, p).

Observables v : M — R supported in X lift to observables v = vomy : A - R
supported in 7, (X) C A. More generally, we consider observables v supported in
Xg=XU f_ig(' U---U f~@1D X Such observables lift to observables 7 : A — R
supported in X = m;/ (X4) C A.

PROPOSITION 4.1, — Y 7W-! 13, 0) <o(y) foryeY.

Proof. — Let y € Y. Set h;(y) = X012y h(f%x). Since h : X — Z* is the first
return time to X under the map f : M — M we have that fy € X for some ¢ > 0
precisely when ¢ = h;(y) for some j > 0. Since p(y) = hy()(y), there are precisely
o(y) returns of y to X under f by time ¢(y). Hence

ply) -1
ez_;] Lpryexy =o(y) foryeY.

Finally,
P(y)-1 (y)-1 B(y)—1 d—1 .
;0 13(y,6) = ;0 Lijrayex,) S EO ;0 L prariyexy = Zgﬂ L pyex)
and the result follows. -
Fix 6 € (0,1) and define
n ()
(4.1) 15llo = D] + |B]g,  [D]lo=  sup sup [0y, £) — (y ,£)|'

!
v,y €Y, y#y 0<L< D(y)—1 05 y')

Let F5(X) denote the space of observables & supported in X with ||7]|s < co.
Given v,w € L>*(A), we define

pran) = [ Do fRdus.

THEOREM 4.2. — There is a constant C' > 0 such that for alln > 1,

i>n

(a) |p5a(n) — (1+‘I’_1 >y (P> j)) /AﬁdﬂA/AwdﬂA

— —

< C1|516]@) o (Y + Cor (1)) for all T € Fo(X), @ € L=(X),
(b) |p5 2(n)] < Clolol@locna for all T € Fy(X) with /AadM —0,@ € L®(A).

, W
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We conclude this subsection by showing that Theorem 3.1 is a direct consequence
of Theorem 4.2.

Proof of Theorem 3.1. — Recall that g = f¢ Write n = md —r for m > 1, 0 <
r < d—1. Using the measure-preserving semiconjugacy ma; : A — M, my(y, £) = g%y,
we can write

pv,w(n)z/ UOf’”wogmdu—/ vdu/ wdp
M M M
=p20fng(m)—/A17duA/AwduA.

Suppose as in Theorem 3.1 (a) that v € H(X) and w € L*°(X). Then suppv/;? C
7 "X C 7y Xy =X and supp@ C 7, X C X4. Moreover,

(4.2)

vo fr| = sup sup  |o(fU ) — o(FU )| J0T )
0  yyeYy#£y 0<L<P(y)-1
< sup sup  [v (fy) — v ()] /0" = [uly,.

Y,y €Y, y#y 0<L<p(y)—1

Hence it follows from (4.2) and Theorem 4.2 (a) that

pow(n) — @7 Dy (> j) /Mvdu/deu

ji>m

P, a(m) = (1+‘i’_1 > v (® > j)) /AﬁduA/A@dm

j>m

—_ N —
vo fr

<

N0l (yma + Cor(m) < vl lwloo (Yma + Cor(m)
Now Ymd = Yn4r < n and (g(m) < (g (n). Moreover,

O Ny (@> ) =0t Y (e > jd)

j>m j>(n+r)/d

=g d Z py (p > jd) + O(n‘ﬂl).
j>[n/d]

By monotonicity of uy (¢ > k),

jd4+d—1 jd—1
Yo oyl >Fk) <dpy(p>jd) < Y py(e> k).
k=jd k=jd—d

Summing over j yields

S o>k <d Y wle>id) <Y pv(e > k),
k> ([n/d)+1)d i > [n/d) k> [n/d)d

and hence d Y /a1 iy (¢ > jd) = Ypsn py (¢ > k) + O(n=). This completes the
proof of Theorem 3.1 (a).
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Similarly, in the context of Theorem 3.1 (b),

—_ —
vo fr

|pv,w(n)’ =P

s am)| <

P
vo fT w

by Theorem 4.2 (b). O

; ’w’oof)/md < HUH’H’U}’OO%Z

4.2. Operator renewal theory on Y

SetD={2€C:|z|<1}andD={2€C:|z|] <1}. Let R: LY (Y) — L'(Y) and
L: L'(A) — L'(A) denote the transfer operators for F': Y — Y and fa: A — A
respectively. Define the renewal operators R(n), T'(n) : L*(Y) — LY(Y),

R(n)v =R (1@:“}1}) ,n=1, T(n)v=1yL"(1yv), n >0,

and the corresponding Fourier series R(z), T(z) : LY(Y) — L'(Y), for z € D,
R(z) =3 R(n)2",  T(2)=> T(n)"
n=1 n=0

A calculation shows that

~

R(z)v = R(z®v)for e D and T =(I—R)" onD.
Also, for z € D, we define
B(z): LNY) = L'(Y),  B(2) = (= = D)T(2),

with Fourier coefficients B(n), n > 0.

Given v : Y — R, define [v]g = sup,., [v(y) — v(y')|/0°@¥) and ||v]lg = |[v]co + [v]o-
Let Fy(Y) be the Banach space of observables v with |[v]]y < co. Since F: Y — Y
is a Gibbs-Markov map and ® : Y — Z7 is constant on partition elements, the
operators R, R(n), T(n), R(z) and T(z) are bounded operators on F4(Y). Define
Py =" [, vduy.

Define (g as in the introduction. Since F' is mixing and ged{®(a) : a € a} =1, it
follows from [Gou04] that on Fy(Y):

LEMMA 4.3. —
(a) T(n) = b(n)P + H(n) where b(n) = 1+ @'Y, piy(® > 4) and |H(n)|
= 0(Cs(n)). B B N N
(b) There is a sequence b(n) > 0 such that T'(n) = b(n)P + H(n) where ||H(n)|s
=O0(n™).

(c) [I1B(m)]lo = O(n~7).

4.3. Proof of Theorem 4.2

Let v,w € L>*(A). Define V(n), W(n) : Y — R,
V(n)(y) = Law =m0y, 2(y) —n), n =1, W(n)(y) = Lew>nw(y,n), n >0,
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as well as
Jo(n) = /A Linse< o)y 0(y, O)w(y,n + €) dux.

The following formula is a discrete time analogue of a formula in [Pol85]. (The proof
is in the Appendix.)

PROPOSITION 4.4. — p* ~(n) = Jo(n) + @ [y (T'(n) x RV (n)) « W(n) duy for
allv,w € L®(A), n>1. 1

PROPOSITION 4.5. — |V (n)]1 < |0]oo iy (P = n) and W (n)]1 < |W|o pty (P > n)
for all v,w € L>®(A), n > 1. Moreover, there is a constant C' > 0 such that
”RV(’/L)H@ C||9)|g poy (P = n) for all v € Fy(A), n > 1.

Proof. — The estimates for |V (n)|; and |[W(n)|; are immediate. Let y,y" € a,
a € a. Then [V(n)(y)| < 1o ()5 n}|0]e and

V(n)(y) = V(n)(¥)| = Lo @=ny [0(y, 2(a) = n) = 0(y, &(a) — n)]
< Lo (a) 5 ny |0]0 0°@ Y.
Given y € Y, set yo = F'~'(y) N a. Then (RV/(n))(y) = Xu€(ya)V (1) (ya) so
[RV(1)|oo < Xatty (a)[0]oo Lo (@) 0} = [0]copiy (® = n),
by (2.1). Also, for y,y' € Y,
[(RV (n))(y) — (RV(n)) (/)]
< Xa {8Wa) [V(n)(ya) — V() (o)l + 1€(ya) — EWa)l V() (wa)l}
<L Y1563y (a) 10 (a) > )
= 0°C|[0lg iy (@ = ).
Hence |RV (n)]g < ||9]|g py (P = n) and the estimate for ||RV (n)||y follows. O

COROLLARY 4.6. — Let H(n), H(n) : Fy(Y) — F4(Y) be as in Lemma 4.3.
There is a constant C' > 0 such that

(@ 0% RY (1) 5 W () diay| < Celof ] G (),
(b) [ ()« RV ()« W) duy | < Clelofloon ™
for all v € Fp(A), w € L>®(A), n > 1.

Proof. — By Proposition 4.5 and the estimate for H(n) in Lemma 4.3 (a), the first
integral is estimated by

[H(n) « RV(n)| x [W(n)l < [[H(n)llo * [[RV (n)llo x [W(n)h
< Gor(n) * [[ollon™ 5 |@]oc 0™ < |8llo|@]oc Cor (n).

The second integral is estimated in the same way using Lemma 4.3 (b). O

(1) Extending the convention mentioned in the introduction, T'(n) * RV (n) = > =0 T(G)RV (n — 7).
Similarly, (T'(n) * RV (n)) x W(n) = >>7_, G(j)W (n — j) where G(n) = T'(n) x RV (n).
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For n > 0, define

@ (y)—n—1 D(y)—1
A(n)(y) = Lowysny > 0y, 0), A(n)(y) = Y. Lpn<nw(y,l).
=0 =0

LEMMA 4.7. —

(a) |Jo(n)] < @ 10]oo|@]oo Ona for all T € L®(X), @ € L®(A), n > 1.
(b) |A1(n)]1 < |0|oo Opg for allv € L>®°(X), n > 1.
(c) [A2(n)]1 < |W|oo Opa for all w € L®(X), n > 1.

Proof. — Since v is supported in X ,

()| < Pl @loe | 1wl (v: 0 dua

_ ®(y)—1
= 07 olucl @l [ Lotz Yo 1y Oy
=0
<O 0ol [ Lonnyo dity = 70l oc0ma

by Proposition 4.1.
Next,

Q(y)-1

[A(n) W) < Lo @y>ny D 10(y,0)]
=0
and it again follows that

[ 14y <10k [ Twn o diny = [l o

Similarly for As(n). O
The Fourier series for V(n), W(n) are given by

R P(y)—1 e P(y)-1
V) = Y 2U7%(, 0, W)y = Y foyl), 2€D
£=0 £=0

PROPOSITION 4.8. — Ay(z) = (z — 1) YV (2) — V(1)), and Ay(z) = (z — 1)
(W(z) — W(1)) for z € D.

Proof. — We have

R 00 d(y)-1  P(y)—n—1 (y) -1 [ P(y)—t—1
Ai(2)(y) =D " An)(y) = D 2" Yo Uy ) = ( Z”) 0(y, €)
n=0 n=0 /=0 /=0 n=0
P(y)-1 R R
==Y (PO -1y, 0 = (-1 (V()) - V(D©)
=0
The calculation for A, is similar. O
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Proof of Theorem 4.2. — By Lemma 4.3 (a) and Proposition 4.4,

pr.5(n) = Jo(n) + E(n) + &7 | (H(n) « RV(n) = W (n) dpry,
where
e / n)P x RV (n)) x W(n) duy,
bin) =1+ "3 py(® > j).
By Corollary 4.6 (a) and Lemjma 4.7 (a),
(4.3) py.5(n) = E(n) + O ([|0]lo|w]oo (0na + Car (1)) -

Now, E(n) = b(n) x PV (n) x PW(n) so

(2)
(2) {PV()PW(1)+ PV)P (W(z) = W)+ P (V(2) - V(1)) PW(2)}
(2)PV(1)PW (1) + (z — 1)b(2) { PV (1) PAg(2) + PAy(2)PW (2)} .

g

Moreover, (z — 1)b(z) = —=b(1)z + X%, (b(n — 1) — b(n))z" with Fourier coefficients
that are O(uy (® > n)). Hence it follows from Proposition 4.5 and Lemma 4.7 that
E(n) = b(n)PV (1) PW (1) + O ([5loc|@]oc n™" % o) ,

and we obtain
i, (n) = b PV ()P (1) + O(|[tls]]oc (na + G (1)) )
Also,

=& [ V(1) dpy = @ / v, 0 dpy (y) = [ Tdua,

and similarly PW(l) = [y wdupa. This completes the proof of Theorem 4.2 (a).

The proof of Theorem 4.2 (b) proceeds in much the same way but with b(n) and
H (n) replaced by b(n) and H(n) from Lemma 4.3 (b). Using Corollary 4.6 (b) instead
of Corollary 4.6 (a), we obtain

Ps 5(n) = E(n) + O([[0]lo|@|c 0a),
where E(n) = b(n)x PV (n)*PW (n). Calculating as in part (a) and using PV (1) = 0,

E(2) = (2 — Db(z)PA,(2) PV (2).

~

By Lemma 4.3(b), (z — 1)5(:5)]D — B(z) — (2 — 1)H(z) and hence has Fourier
coefficients h(n) that satisfy |h(n)| = O(n="") by Lemma 4.3 (b, c). It follows that
E(n) = h(n) * PAy(n) * PW (n) = O ([8]oc|@]ss7na) ,

yielding the desired estimate in part (b). Note also that the terms involving As(n)
are no longer present. The estimate for As(n) in Lemma 4.7 (c) was the only one that

required @ to be supported in X, so Theorem 4.2 (b) holds for all @ € L®(A). O
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5. Tail estimates

In applications, we are often given information about the first return time h : X
— Z*. To apply Theorem 3.1, it is necessary to translate this into information about
the tails py (¢ > n) of the induced return time ¢ : Y — Z7.

We begin with a rough estimate of this type.

PrROPOSITION 5.1. — Fix 8, € > 0.
Suppose that f : M — M possesses a Chernov-Markarian—Zhang structure and
that Ayapia = Y7 has exponential tails.

(a) If ux (h > n) = O(n=P), then uy(p > n) = O((logn)’n=").
(b) If ux(h > n) > cn=? for some ¢ > 0, then there exists ¢ > 0 such that
py (o >n) = d(logn)~tn=P.
Now suppose that A,nq has polynomial tails with py (o > n) = O(n™9?) for q
sufficiently large (depending on 3 and €).

(c) If ux(h>n)=0(n" ) then py (¢ >n) = O(n~#9).
(d) If ux(h > n) > cn=? for some ¢ > 0, then there exists ¢ > 0 such that
py (p >n) = dn~ (B9,
Proof.
(a) This is proved in [CZ05a, Mar04].
(b) Let h=hory: Avapia = ZT where Apapia = Y7 and 7x @ Appia — X is the
semiconjugacy mx(y,¢) = f%y. Then for any K > 0,

_/Y Z 1{hy£)>n}dMY() /01{¢>n}dﬂy

:A/Ul{ogKlogn}l{@>n}dﬂY+/§/0—1{U>Klogn}1{tp>n}dﬂY

< (Klogn)py(p > n) +|ols (uy (o > Klogn))l/z-

We have py (0 > n) = O(e=*") for some a > 0. Fixing K sufficiently large,
(logn)py (¢ > n) > pux(h >n)+ 0O (n’Kdm) > nh,
s0 py (¢ >mn) > (logn)~'n=".
(¢, d) These arguments are similar and hence omitted. U

Next, we consider a sharper estimate following [MV20]. First we collect some
special cases of existing results about limit laws. Assume that fx : X — X is
modelled by a Young tower A,,pq = Y7 with o € L*(Y). In particular, F : Y — Y
is Gibbs-Markov. Let 0 = [ o duy.

LEMMA 5.2. — Let ¢b : X — R be integrable with [y ¥ dux = 0, and define

Ve Y = R, ), (y) = Zzi‘yo)_l Y(f%y). Let G denote a nonconstant random variable.
Let b, =n'? 1 < 3 <2, orb, = (nlogn)'/2. (In the latter case, set 3 = 2.)

(a) b, 020w o fk —a G if and only if b, Y123 v, 0 FV —4 6/°G.
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(b) Suppose that v, is constant on elements of the partition « for the Gibbs—
Markov map F. If b;' 3205 ¢, 0 FI —4 6V/°G, then py (|ths| > n) ~ Gcon™
where ¢y > 0 is a constant given explicitly in terms of G.

Proof.

(a) Since F is Gibbs-Markov, the condition o € L? ensures that n=*/%(o, — n&)
converges in distribution (to a possibly degenerate normal distribution) and hence
that b, (0,,—nao) converges in probability to zero. The result now follows from [MV20),
Theorem A.1]. (See [Gou07, Sar06] for related results.)

(b) Again using that F' is Gibbs—Markov, this follows from [Goul0, Theorem 1.5].

U
COROLLARY 5.3. — Let G, b,, 8 and cy be as in Lemma 5.2. Suppose that
n—1
Sho fl—n [ hdux
=0 - —q G
by o
Then jiy (p > n) ~ acon™.
Proof. — Since ¢ = h,, it follows from Lemma 5.2 (a) that
n—1 )
ZQOOFJ —n/ wduy
7= b ! —d 5’1/ﬁG.
By Lemma 5.2(b), iy (¢ > n) ~ acon™". O

6. Piecewise smooth multidimensional nonMarkovian
nonuniformly expanding maps

In this section, we show how to combine the methods in this paper with a result
of Alves et al. [AFLV11] to treat a large class of multidimensional examples. In
particular, we obtain essentially optimal upper and lower bounds, as well as strong
statistical properties, for Hu—Vaienti maps [HV09].

6.1. Existence of Chernov—Markarian—Zhang structures in arbitrary
dimensions

Let M C RF be compact. We consider local diffeomorphisms f : M — M with
finitely many branches. That is, there are disjoint open subsets Uy, ..., Uy C M
with M = UK, U;, and there exists n € (0,1) and for i = 1, ..., K there exist
U! C R open with U; C U/ such that f|y, extends to a C'*-diffeomorphism from
U! onto its range.

Next we specify a compact first return set X € M with int X = X. (We could take
X to be the closure of one of the U; but this need not be the case.) For simplicity,
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we suppose that the boundaries of Uy, ..., Ux and X are piecewise smooth (with
finitely many pieces). Let Sy € M denote the singularity set Sy = dX U UX, oU;
for f.

Now define the first return time h : X — Z% and first return map fx
= f": X\ S — X\ S with singularity set

S:{xEX:fijSO forsomej:(),...,h(x)—l}u{h:oo}.

A result of Alves et al. [AFLV11] guarantees under very mild conditions that fx
is modelled by Young towers with superpolynomial tails if and only if fx has su-
perpolynomial decay of correlations. We verify these conditions for a large class of
nonuniformly expanding maps.

Define X,, = {x € X \ S : h(z) = m}. Let || || denote the Euclidean norm on R*
and on k x k matrices. We suppose that there are constants A € (0,1), § > 0 and
C,q > 1 such that

(i) Leb(z € X : dist(x,S) <€) < e for all e € (0,1).
(ii) [[(Dfx(z))7Y < min{\,Cm~} and ||Dfx(z)]| < Cmd for all x € X,,,
m > 1.
(iii) |[(D(f)(f7z))7Y| < Cmd for all z € X,,, m > 1, and 4,7 > 0 with i +j < m.
(iv) ||fix — fiy|| < Cllz — y||°m4 for all x,y € X, with dist(z,y) < dist(z,S)/2,
m=1,0<7 <m.

Remark 6.1. — If f is noncontracting (|Df(z)v|| = |jv|| for all x € M, v € RY),
then (iii) is automatic with C'm? replaced by 1 and (iv) is automatic by (ii) with
§=1.

LEMMA 6.2. — Suppose that f : M — M is a nonuniformly expanding map
satisfying conditions (i)—(iv). Let . be an absolutely continuous mixing f-invariant
probability measure on M and define px = (X ) *u|x. Suppose further that

(v) dux/dLeb € L™ (X) for some r > 1,

(vi) For all C" observables v : X — R, all w € L>*(X), and all p > 0, there is a
constant C' > 0 such that

’/ Uwof;}d,ux—/ vd,uX/ wd,ux‘éCn_p for allm > 1 and,
X X X

(vii) >, (logm) ux (X)) < oo.
Then f possesses a Chernov—Markarian—Zhang structure and the map fx : X — X
is modelled by Young towers with superpolynomial tails.

Proof. — To prove that fx is modelled by Young towers with superpolynomial
tails, we apply [AFLV11, Theorem C]. Since there are some small inaccuracies in
the statement there, we refer to [AM19b, Theorem A.1] for a corrected version. It
suffices to verify that uy is an expanding measure and to verify conditions (C0)—(C3)
in [AM19b, Appendix A].

By condition (ii), log ||(Dfx) ™! < log A < 0 and

(6.1) HDfX(x)_lvH >C'm? forall x€ X,,,veT,X with [jv]=1,
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50 |log [|Dfx(z)7} | <logC + qlogm on X,,. By (vii), log ||(Dfx)!| is integrable

with respect to px and [y log ||(Dfx) 7! dux < logA < 0. This is the definition for
ix to be an expanding measure.

Assumption (i) is precisely condition (CO0).
By (ii) and definition of S,

(6.2) dist(x,S) < Cm™°diam M for all z € X,,,,m > 1.

By (6.2) and (ii),

dist(z,S) < 7! < || Dfx(2)v]| < Cm? < dist(x,S)~Y°,

for x € X,,,, v € T, X with ||[v|| = 1, verifying (C1)

For conditions (C2) and (C3), we consider a pair of points z,y € M \ S with
dist(z,y) < dist(x,S)/2. In particular, z,y € X,, for some m

m > 1 and fiz, fiy lie
in common open sets U,(;) for each 0 < j <m — 1.
On X,,, we have

m—

Z log |det(Df)| o f7,

log |[det D fx| = log|det D(f™)|

so for x,y € X,, with d(z,y) < d(x,S)/2,

[log |det D fx(x)| — log |det D fx (y)| |

MS

[en]

.

log‘det Df)(f'x ‘—log‘det Df)(fy )H

A
MS

W%—ﬂﬂ<<m [P <l — | dist(a, §)~F N,

.
Il

by (6.2) and (iv). This verifies (C3). Also,

log |0 ()" = Lo [ D£x(s) 7|

< |Drx(@)™ = Drsw)™|| /|| Drx(@) 7
< quDfX@:)- - Dfx(y)™!|

by (6.1). On X,, we have (Dfy)™! =

= (D)) H (DU = Ao+ Ao where 4y(2)
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HDfX(33 = Dfx(y H = | Am-1(z) - Ao(z) — A1 (y) - - Ao ()|
<§ [Am-1(@) -+ A (@)[| | Ai(z) — Ai(m) | [ Ai—a(y) - - - Ao ()]

Z (D™= (£712) | 1A (@) — 4l |5 @)

2 Z 14ix) — Al

3

by (iii). By (iv),
14i() = Aiw)|| = |Df(fl2) " = DF(f'y)
Hence by (ii),

log | Dfx(2)7!| = log | Dfx(y) ™| | < mPrm 5 |z — y |,
H (3q+ng+1)/6

— [y

< =yl

< |Dixa) e — ol

This verifies condition (C2).

Hence we conclude from [AM19b, Theorem A.1] that for any ¢ > 1 the map
fx : X — X is modelled by a Young tower A,,piq = Y7 with puy (0 > n) = O(n™9).

Finally, we note that the construction in [AFLV11] uses [ALP05, Main Theorem 1]
where it is made explicit that Y together with its partition elements a € a are
diffeomorphic to open balls in R*¥ with the property that f¢ maps each a diffeo-
morphically onto Y. In particular, the connected set f%a lies in one of the subsets
X, for each 0 < ¢ < o(a) — 1, so h is constant on f%a. Hence f possesses a
Chernov-Markarian-Zhang structure. O

Remark 6.3. — In the situation of Lemma 6.2, suppose in addition that con-
dition (vi) is improved to stretched exponential decay of correlations and that
dpx/dLeb is bounded below. Then [AFLV11, Theorem C(2)] yields Young towers
Arapia With stretched exponential tails. In particular, if the rate of decay of corre-
lations is exponential and dux /dLeb is bounded below, then for every v € (0, é),
there exists Y C X and ¢ > 0 such that fx : X — X is modelled by a Young tower
Y? with py (o0 >n) = O(e™).

A standard argument (see for example [HV09, Theorem A and p. 1210]) shows
that dux /dLeb is bounded below whenever f is noncontracting and topologically

exact.

6.2. Upper bounds and limit laws
Although the emphasis in this paper is on lower bounds, we obtain essentially

optimal upper bounds and many strong statistical properties as a consequence of
Lemma 6.2.
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Suppose that in the situation of Lemma 6.2, ux(h > n) = O(n?) for some 3 > 1.
Then py (¢ > n) = O(n~"~9) by Proposition 5.1 (c) where € > 0 is arbitrarily small.
Hence by [You99], we have the upper bound

pow(n) = O (|[vl|agfw|o n™P79)  for all v € H(M),w € L®(M),n > 1.

By [DM15, GM14, MNOg|, large deviation estimates and moment bounds fol-
low from this upper bound for all 5 > 1. For § > 2, we obtain the following
properties. The central limit theorem (CLT) and weak invariance principle (WIP)
follow from [MNO5]. For error rates (Berry—Esseen estimates) in the CLT, and the
local CLT, see [Gou05]. The almost sure invariance principle with rates follows
by [CDKM19, CM15, Korl8].

Homogenization (convergence of fast-slow systems to a stochastic differential
equation) when the fast dynamics is one of these maps f : M — M follows
from [CFK*™19, GM13, KM16]. Convergence rates in the WIP and homogenization
are obtained in [AM19a).

6.3. Lower bounds

We continue to suppose that we are in the situation of Lemma 6.2 and that
px(h >n) =O0(n"?) for some 8 > 1. Let € > 0. Again uy (¢ > n) = O(n~¥=9) and
also ,, = O(n™#=9) by Proposition 3.2. Hence it follows from Theorem 3.1 (a) that

po,w(n) =@M Y pyv(p > jd)/ vdu/ wdp+ O (n=79)
j>n/d M M
for all v € H(X), w € L>®(X), where s = min{2(§ — 1), }. By Theorem 3.1 (b),
Po.w(n) = O(n=B=9) for all v € H(X) with [, vdu =0 and all w € L=(M).
If moreover, px(h > n) ~ n=?, then by Proposition 5.1 (c, d),

n~(B=1+e) Po.w(n) < n-(F-1-9)
for all v € H(X), w € L>(X) with nonzero mean.

6.4. Application to Hu—Vaienti maps

We continue to consider local diffeomorphisms f : M — M, where M C RF
is compact, with finitely many branches as in Subsection 6.1. We now specialize
to intermittent maps with a neutral fixed point at 0 as described in Section 1.2.
These maps are piecewise C''*" for some n € (0,1) with finitely many branches,
noncontracting everywhere (so [|[Df(z)v]| = |jv|| for all x € R, v € RF), and
expanding everywhere except at 0 (so ||Df(z)v|| > ||v|| for all v € R* if and only if
x #0).

The existence of absolutely continuous invariant probability measures for one-
dimensional intermittent maps was studied by [Tha80] when the maps are Markov
and by [Zwe98] in the nonMarkov case. In [HV09], a Banach space of quasi-Holder
observables studied by [Kel85, Sau00] was used to establish existence of o-finite
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absolutely continuous ergodic f-invariant measures g on M for multidimensional
nonMarkov nonuniformly expanding maps. The cases (M) < oo and (M) = oo are
considered equally in [HV09]; here we focus on the case of finite measures. The results
in [HV09] require a delicate analysis taking into account poor distortion properties of
multidimensional nonuniformly expanding maps. In [HV19], the quasi-Holder space
was used further to analyze upper and lower bounds on decay of correlations. Here
we show how to combine [HV09] and Lemma 6.2 to obtain the essentially optimal
results mentioned in Section 1.2.
To fix ideas, we focus on [HV19, Example 5.1], setting

f@) =z (1+ 2"+ 0 ("))

for x close to 0 where v € (0,k) and 7/ > . Recall that the domains of the
branches are denoted Uy, ..., Ux and have piecewise smooth boundaries; we as-
sume that 0 € intU; and f~'0 N JOU; = (. This means that [HV09, Theo-
rem A (Assumptions 1 and 2)| are satisfied. Also, we assume that f : M — M
is topologically exact. Our final assumption is a growth of complexity condition,
[HV09, Theorem A (Assumption 3)], which is too technical to reproduce here. As
pointed out in [HV19, Remark 5.2] it follows from [Sau00, Lemma 2.1] that we can
arrange for Assumption 3 to be satisfied by choosing f to be sufficiently expanding
outside of a suitable neighborhood of 0.

Choose an open ball R with 0 € R C U, such that R € fR and fR C Uj. Set
X =M\R.

PROPOSITION 6.4. — There is a unique absolutely continuous invariant proba-
bility measure puyxy on X. The assumptions of Lemma 6.2 are satisfied and px(h >
n) ~n~? where § = k/~.

Proof. — The singular set 0.5 is a countable union of piecewise smooth subman-
ifolds limiting on finitely many piecewise smooth submanifolds, so condition (i) is
satisfied.

Since the first return set X is bounded away from 0, it is immediate from non-
contractivity on M and uniform expansion on X that ||(Dfx)™|| < A < 1. The
remaining estimates in (ii) are established in [HV09, HV19]. (A big advantage here
is that 0 can be taken arbitrarily small and ¢ arbitrarily large, so the fine details
in [HV09, HV19] such as unbounded distortion are not an issue.) Since f is noncon-
tracting, conditions (iii) and (iv) hold by Remark 6.1.

A key step in [HV09] is to establish quasicompactness of the transfer operator
for the first return map fx : X — X. [HV09, Theorem A (Assumptions 1-3)] are
mentioned explicitly above. As noted in [HV19, Example 5.1], Assumption 4 is
automatic. Hence [HV09, Theorem A] guarantees the existence of an absolutely
continuous invariant probability measure px on X. The density is quasi-Holder and
hence lies in L*°(X) verifying condition (v) of Lemma 6.2. By Remark 6.3, the
density is also bounded below and hence px is unique.

Moreover, [HV09, Theorem A] establishes quasicompactness in the quasi-Holder
space and hence px is mixing up to a finite cycle. Since the support of a nonvan-
ishing quasi-Hoélder function has nonempty interior [Sau00, Lemma 3.1], it follows
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from topological exactness that px is mixing. Condition (vi) is now an immediate
consequence of quasicompactness.

By [HV09], each X, is a finite union of approximately spherical shells bounded by
hypersurfaces S,, and S,,,1 where S,, is approximately a sphere of radius ~ m~='/7,
It follows that pix(X,,) < Leb(X,,) < m™*/7 so condition (vii) is satisfied.

By Remark 6.3, topological exactness ensures that ux(h > n) ~ Leb(h > n).
Moreover, {h > n} = Unsn X is a finite union of balls of radius ~ n~'/7 so
px(h>n)~n>. O

Hence for v € (0,k), we can apply the results in Subsections 6.2 and 6.3 to
obtain the upper and lower bounds in (1.4), as well as the limit laws mentioned in
Section 6.2.

7. Two-sided version of the main result

In this section, we extend Theorem 3.1 to invertible maps. A two-sided analogue of
the Chernov—Markarian—Zhang structure is described in Subsection 7.1. The main
result of this section, Theorem 7.4, is stated in Subsection 7.2 and reformulated for
towers in Subsection 7.3. In Subsection 7.4, we show how to approximate two-sided
observables by one-sided observables. In Subsection 7.5, we complete the proofs.

7.1. Preliminaries

We describe a two-sided (invertible) analogue of the structures discussed in Sec-
tion 2. Throughout, f: M — M, fx : X - X, fa: A - Aand F:Y =Y
are all two-sided versions of the maps from Section 2, and the one-sided versions
are denoted I : Y — Y and so on. We continue to write ¢ = [, ¢ duy but as will
become clear this does not cause any confusion.

Two-sided Gibbs—Markov maps

Let (Y, d) be a bounded metric space with Borel probability measure py and let
F:Y — Y be an ergodic measure-preserving transformation. Let F: Y — Y be a
full-branch Gibbs—Markov map with partition « and ergodic invariant probability
measure [y .

We suppose that there is a measure-preserving semiconjugacy 7 : Y — Y, so
ToF =F o and 7,y = fiy. The separation time on Y lifts to a separation time
on Y given by s(y,y) = s(my, 7y’) for y,y’ € Y. Suppose that there exist constants
C >0, 60 € (0,1) such that

(7.1) d(F"y, F™y) < C (6’" + Qs(y’y/)_") for all y, v/ € Y,n > 1.
Then we call F':' Y — Y a two-sided Gibbs—Markov map.
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Two-sided Young towers

Let F': Y — Y be a two-sided Gibbs—Markov map on (Y, uy) and let ¢ : Y — Z7
be an integrable function that is constant on 7= 'a for each a € . In particular, such
a return time ¢ is well-defined on Y. Define the one-sided Young tower A = Y¥ and
tower map fa : A — A as in Section 2. Using F : Y — Y instead of F : Y — Y,
we also define the two-sided Young tower A = Y¥ and tower map fa : A — A.
We obtain ergodic invariant probability measures ua = (py X counting)/@ and
fia = (fiy x counting)/@ on A and A.

The projection 7 : Y — Y extends to @ : A — A with 7(y,¢) = (7y, /). This
defines a measure-preserving semiconjugacy between fa and fa.

Now suppose that f : M — M is an ergodic measure-preserving transformation on
a probability space (M, i), and that Y C M is measurable with p(Y) > 0. Suppose
that F' : Y — Y is a two-sided Gibbs—Markov map with respect to a probability
iy on Y, and that ¢ : Y — Z% is a return time as above. Form the tower A = Y%
and tower map fa : A — A. The map my : A — M, 7y (y,£) = fly defines a
semiconjugacy between fa and f. We require moreover that (mys).pua = p. Then we
say that f is modelled by a two-sided Young tower.

Two-sided Chernov—Markarian—Zhang structure

Let (M,d) be a bounded metric space with Borel probability measure p and let
f M — M be an ergodic and mixing measure-preserving transformation. Suppose
that Y € X C M are Borel sets with u(Y) > 0. Define the first return time
h: X — Z* and first return map fx = f*: X — X.

We require that fx : X — X is modelled by a two-sided Young tower A,,piq = Y7
with return time 0 : Y — Z* and return map F' = ¢ : Y — Y. Here, F = f{ : Y —
Y is a two-sided Gibbs—Markov map with ergodic invariant probability measure iy
and partition « such that o is constant on partition elements. We require in addition
that h is constant on f47ta foralla € a, 0 < £ < o(a) — 1.

Define the induced return time ¢ = h, : Y — ZT as in (2.2). Then ¢ is an
integrable return time (constant on 7 'a for a € a). In particular, f : M — M is
modelled by a Young tower A = Y% with the same two-sided Gibbs—Markov map
F=f=J*

We say that f : M — M satisfying these assumptions possesses a two-sided
Chernov—Markarian—Zhang structure.

Remark 7.1. — Young [You98] introduced Young towers with exponential tails
as a general method for dealing with diffeomorphisms with singularities; the initial
landmark application was to prove exponential decay of correlations for planar finite
horizon dispersing billiards. Chernov [Che99] simplified the construction of exponen-
tial Young towers and used this to prove exponential decay of correlations for planar
dispersing billiards with infinite horizon. Then Young [You99] studied examples with
subexponential decay of correlations using Young towers with subexponential tails.
Markarian [Mar04], noting that Chernov’s simplification no longer applies in the
subexponential case, devised the method outlined in this section: namely to construct
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a first return map for which Chernov [Che99] applies. This was used to prove the de-
cay of correlations bound O(1/n) for Bunimovich stadia. The method was extended
and simplified by Chernov & Zhang [CZ05a] who applied it to a large class of billiard
examples. Subsequent applications of the method include [CM07, CZ05b, Zhal7b].

Remark 7.2. — We have omitted much of the structure often associated with
Young towers, mentioning only those properties required in the sequel. For instance,
we have not made any explicit mention of a product structure, though we make use
of condition (7.1) which is a consequence. Similarly, we have not made explicit the
quotienting procedure (along local stable leaves) that passes from F' to F.

Two-sided dynamically Holder observables

Suppose that f : M — M admits a two-sided Chernov—Markarian—Zhang structure
as above. Fix 6 € (0,1). For v : M — R, define

‘U(fzw - U(fzy,”
v = |V|co + v s v = sup sup -
|| ||H | | | |H | |H vy €Y, yty O§£<go(y) d(y)y’) —|—95(y:y)

We say that v is dynamically Hélder if ||v||;, < oo and denote by H (M) the space
of such observables. Write H(X) = {v € H(M) : suppv C X }.

Again, it is standard that Holder observables are dynamically Holder for the classes
of dynamical systems of interest in this paper:

PROPOSITION 7.3. — Let n € (0, 1] and let dy be a bounded metric on M. Let
C"(M) be the space of observables that are n-Hélder with respect to dy. Suppose
that there exist K > 0, v, € (0,1) such that

do (f'y, f'y') < K (doly, v') + 7)) forally,y € V,0 < < ply) — 1.
Then C"(M) C H(M) where we may choose any 6 € [7,1) and d = d}| for any
i € (0,7].
Proof. — Let v e C"(M), y,y' €Y, 0< ¢ < p(y) — 1. Then
00\ N | < d G ) < K d nn ns(y.y")
v () = v (FY)] < lewdo (fy, [Y) < KMl (do(y 9)" + 0
< olen (d(y, y/) + 070 .
Hence |v|,, < |v|., and it follows that v € H(M). O

7.2. Statement of the main result

As in Section 3, we provide an abstract result for maps f : M — M with a
Chernov-Markarian—Zhang structure under the assumption that puy(p > n) =
O(n™%) for some B’ > 1. In this situation it follows from Young [You99] that
Po.w(n) = O(n~~1) for dynamically Hélder observables. (The result in [You99)
is formulated for one-sided systems; see [KKM19, Theorem 2.10] or [MT14, Appen-
dix B] for the two-sided case.) We obtain a lower bound for dynamically Holder
observables supported in X.

Define o, 7, as in (3.1) and (g as in (1.3).
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THEOREM 7.4. — Let f: M — M be a map with a two-sided Chernov—-Marka-
rian-Zhang structure, and suppose that py (o > n) = O(n="") for some 3 > 1. Then
there is a constant C' > 0 such that for alln > 1,

@ (o) =g S urle>) [ v [ wdp

ji>n

< Cllollyllwlly (Vg + Cor(n) for all v, w € H(X),
(b) P, w(n)] < Cllv|ly |wllyvmss for all v, w € H(X) with /Mvdu =0.

Remark 7.5. — The classical Smale-Williams solenoid construction can be adap-
ted (see for example [AP08, Section 5] and [MV16, Example 4.2]) to construct inter-
mittent maps that are the invertible analogue of the Hu—Vaienti maps in Section 6.4.
(The constructions in [AP08, MV16] are written down for one-dimensional maps but
apply equally to multidimensional maps.) The resulting solenoidal intermittent maps
fall within the two-sided Chernov—Markarian—Zhang framework and have stable and
unstable directions of any specified dimension. Our results yield essentially optimal
upper and lower bounds on decay of correlations for these examples. Again, the lower
bounds are realized by Holder observables that are supported away from the neutral
fixed point.

7.3. Tower reformulation

Let d = ged{¢(a) : a € a}. As in Section 4.1, we replace the tower A = V¥
by a mixing tower A = Y® where ® = d~'¢. Again we have a measure-preserving
semiconjugacy s (y,¢) = gy between (A, fa, ua) and (M, g, i) where g = f¢. We
consider observables v : M — R supported on Xy = X U---U f~@"DX and the

corresponding lifted observables v = v oy : A — R supported in X = i X.
Fix 6 € (0,1) and define

~ ~ ~ ~ [0(y, £) — oy, 0)]
7.2 Ullg = |U]oc + |V]p, |Ulg=  sup sup .
(7-2) Il o o i vy €Y, yty 0<e<a()-1 d(y,y) + 0w

Let F5(X) denote the space of observables & supported in X with ||7]|s < co.
Given v, w € L>®(A), define

pr.zn) = [ 50 fR da.
The counterpart of Theorem 4.2 is:

THEOREM 7.6. — There is a constant C' > 0 such that for alln > 1,

(@) |5 aln)— (1 + Oy (P> j)) /Aﬁd/m /A@d/m

i>n

< Clollallllo (Vo /210 + Gor(n)) for all B, € Fy(X),

(b) PZ,J(”)’ < Clllgll@lo Vinyz1a for all v, @ € Fo(X) with /Aﬁd,lm = 0.
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Theorem 7.4 is a direct consequence of Theorem 7.6 in exactly the same way that
Theorem 3.1 was a direct consequence of Theorem 4.2. Hence we omit the details
except to mention that we make use of the estimate v,/ 244 < Vin/3)-

The key steps in the proof of Theorem 7.6 are contained in the following result.

LEMMA 7.7. — There is a constant C > 0 such that for alln > 1:

() 19} 5(m)| < Cll@o(01/2a + G (n)) for all @ € Fo(X) with [ @ djua = 0.
-

—

(b) 105, 5 < Clollollwllo Vins2ia for all v, w € Fo(X) with [y Udpa = 0.

The proof of Lemma 7.7 takes up most of the remainder of this section. Assuming
this result, we can complete the proof of Theorem 7.6.

Proof of Theorem 7.6. — Let a = pa(X) ™ Javdpa, b= pa(X)7! Ja wdpa and
define vg = v — al; and wy = w — bl . Then [, vodua = [5 wodpa =0 and

P; o = pZL\,blA + PZlA,wO + P:O o
’ X X X ’
Note that
purg W) = [ algblgo fRdus = [ al;b150 f2diia

so by Theorem 4.2 (a),

pZI)?,bls(\(n) - (1 +o! Z py (@ > J)) /Aﬁd,uA/AlDd,uA

ji>n
< |1~)|00|7I)|oo (Vnd + gﬂ’(n)) .

By Lemma 7.7,

Pt ()| < [Pl @l (10 + G ()

and

P ()] < 10 ll6l1 o230

Part (a) follows from these combined estimates.
If in addition, [y Ddua =0, then p} ~(n) = p; ~(n) yielding part (b). O

PROPOSITION 7.8. — Let p,p € A with wp = 7p’. Then p € X if and only if
P e X.
Proof. — Write p = (y,¢), p' = (v, ¢) where 7y = 7y’ and ¢ € {0, ..., ®(y) — 1}.
Since h is the first return time under f to X, we have ¢g‘y € X, if and only if
k-1
(d <> h(fiy) < (€+1)d for some k=0, ..., o(a) — 1.
=0

Now use that h is constant on f47(7y). O
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By Proposition 7.8, we can write X = 7#'Z where Z = #X C A. By Proposi-
tion 4.1,

(7.3) i y, /) <o(y) forallyey.

=0

7.4. Approximation by one-sided observables

In this subsection, we show how to approximate two-sided observables by one-
sided observables, broadly following the method used in [MT14, Appendix B| which
was in turn based on a private communication by Gouézel. Using this we prove
Lemma 7.7 (b).

Extend the separation time s on Y to A by setting s((y, (), (v, ¢')) = s(y,y') when
¢ = (" and 0 otherwise. Let 1, = Z?;()l ly o fA be the number of entries to Y. For
v € L>*(A), we approximate v o fR by

Un A= R, Un(p) =inf{vo fX(q) : s(p,q) = 2¢n(p)}, n2>1.
Let L: L'(A) — L'(A) denote the transfer operator for fa.
PROPOSITION 7.9. — The function v, lies in L>®(A) and projects down to an

observable 1, € L®(A). Moreover, there exists C' > 0 such that for all o € H(A),
n>=1,

() |tn|oo = ’Un’oo < [0 co-

(b) If suppv C X then supp v,, C fA"X and supp L"v, C Z.
(c) |00 fR — Un| < Cl0]p 0%

(@) [(L"0)(P1) = (L"05) (P2)| < C|[0]|g 0°P1P2) for all pr,ps € A.

Proof. — 1f s(p,p’) = 21, (p), then v, (p) = v,(p'). It follows that v, is piecewise
constant on a measurable partition of A, and hence is measurable, and that v, is
well-defined. Parts (a) and (b) are immediate.

Let p = (y,¢) € A. Then

00 fA(p) = On(p)| = [00 fX(p) = U o fX(q)]
where ¢ = (z,£) is such that s(p,q) > 2¢,(p). Now, fip = (F¥»®)y (1) where
by =L{+n— Py, (p) and similarly fRg = (F*®)z, (1). (Here, ¥ = Zf;é Vo Fi.)
By definition of |v]s and (7.1),
[0 fA(p) — Tap)] = |7 (F* @y, 01) = 5 (FPz,0,)|
< |70 <d (Fwn(p)y,FW(p)z) n es(pwmmy,wmmz))

< |l (9%(?) + gs(%ﬂ—%(p)) < [3]40%®

This proves part (c).
To prove (d), recall that (L"v,)(p) = > fug=p £0(q)0n(q) where £ is the weight
function. Write

(L"0,)(p1) — (L"0n)(P2) = I + I
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where

L = Z (&n(@1) — &n(32)) Un(q2), I, = Z (@) (Un(q1) — Un(@2)) -
fR @=n fR@a=p
As usual, we pair up preimages so that
(7.4) $(q1,G2) = Vu(q1) + s(P1, P2)-
A standard argument shows that |£,(q1) — &,(q2)| < &.(q1)0°P1P2). Hence,
|I| < |00 03P1-P2),
Next, choose ¢; € A that project to ¢; and write
Un(q1) — Un(q2) = 0o fX(G1) — Vo fR(q2),
where q1, > € A satisfy

(7.5) $(8j, ¢5) = 2n(q;) = 29 ()
As in part (c),
(7.6) [T 0 fR(G) — 0o f2(G)] < |Ul (9%(41) + gs(ql,@)—wn(ql)) '

Since v, (q1) = U (q2) if s(q1,q2) = 2¢,,(q1), we may suppose without loss that
(a1, q2) < 2¢n(q1) = 2¢0(q1).
Then it follows from (7.4) that
(7.7) Un(@1) = s(q1,42) — ¥u(@1) = s(p1, P2)-
By (7.4), (7.5) and (7.7),
s(q1,q2) = min{s(q1,q2), $(q1, 1), 5(q2, g2) } = min{Yn(q1) + s(p1, P2), 200 (q1) }
Un(q1) + s(D1, 2)-
Substituting this and (7.7) into (7.6), [0,(q1) — Un(G)| < |0]g0P172). Hence
|Iy| < |0]p 5P P2)
completing the proof of Proposition 7.9. U

2
>

We continue to suppose that yiy (¢ > n) = O(n™?) for some 3’ > 1 with o,, defined
as in (3.1). Define the operators R(n) : L>(Y) — L*(Y),

R(n)u=L" (1{q>:n}u) =R (1{¢:n}u) , n>1.
Using (2.1), a standard calculation [Gou04, Sar02] yields:

PROPOSITION 7.10. — There exists C' > 0 such that
|R(n)| vy < Cuy (@ =n)

and
(R(n)1g) (y) — (R(n)1)(¥)] < Cpy (® = n)o=®:v)
forally,y €Y, n > 1.

LEMMA 7.11. — There exists C > 0 such that | [3 0¥ 15 o fg djia| < Copg and
| Ja 1309~ djia] < Cn~ A for alln > 1.
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Proof. — Define Ly : L'(A) — L*(A) by Leu = L(0"u). Then Lju = L™(0¥"u)
and

0¥ 150 3], :/AL”HW 1Zd/1A:/A12L31dﬁA.

Similarly, [1y0%"]; = [x L?1y djia. Hence it suffices to show that [1;L51]|; < 0,4
and |Lply |, < n™?, _
In analogy with Section 4.2, we define the renewal operators Rg(n), Tp(n) : L>(Y)
— L>(Y),
Ry(n)u = Ly (l{q>:n}u> =0R(n)u, n > 1, To(n)u = 1y Ly(lyu), n > 0,

and the corresponding Fourier series Ry(z), Ty(z) : L®(Y) — L®(Y), for z € D,
Ro(2) =03 R(n)z",  Ty(z) = Ty(n)z".
n=1 n=0

Again, Ty = (I — Ry)~"! on D. Moreover, the spectral radius of ﬁg(z)_on L>(Y) is at
most 0 for z € D, so I — Ry(z) is invertible as an operator on L>*(Y) for all z € D.
By Proposition 7.10, [R(n)] ey < n~"" . Tt follows from [Gou05, Theorem A.3] that

| Ty(n)] oo 7y < 077"
Next, as in [Gou05, Equation (11)], we have the decomposition®
Ly = C(n) + Dy(n), Dy(n) = A(n) * Ty(n) * By(n),

where
A(n) : L®(Y) — LY(A), By(n): L*(A) = L>®(Y), C(n): L®(A) = L'(A),

are given by

l=n

0 else

(Bg(n)u)(y) =0 Z g(ya) 1{<I>(a)>n} U(ya, (I)((Z) — n)

acx

Here ¢ satisfies (2.1). Hence

[ 1AMl dfis < lulsofis{(ym) y € Y} = 07 uloopiy (@ > ),
and

|Bo(n)uloo < [tlos Y iy (a)1a(@)>n) = |t]oo py (® > n).

aco

In other words,

|A()| oo 7y a) < Hy (2> 1), | Bo(n)| poo(ay poo () << iy (@ > 1),

(2) The notation here, which is chosen to mimic that in [Gou05], is local to the proof of this Lemma
and should not be confused with similar notation elsewhere in the paper.

ANNALES HENRI LEBESGUE



Sharp polynomial bounds on decay of correlations 437

Combining this with the estimate for Tp(n) we obtain | Dg(n)1|; < n~?". In particular,
11;D9(n)1], < ™% and  |Dy(n)ly|, < n 7.
Finally,
(C()u)(y: O = Liesmyluly, £ = n) < La) > ny|ulo
SO
_ P(y)-1 _ _
’120(701‘1 < (I)il /Y 1{<I>(y)>n} Z 1Z(y>€) dﬂY < (I)il /37 1{‘1>>n}U dﬂY = (I)ila—nd
=0
by (7.3). Also C'(n)1ly = 0. This completes the proof of Lemma 7.11. O
COROLLARY 7.12. — There exists C' > 0 such that

|00 fa —Up|; < C|0]gong  for all v € Fo(X),n > 1.

Proof. — Note that #%» is well-defined on A. By Proposition 7.9 (b, c),

J 5o =l dua <[5l [ 0 1g 0 fdus = [lo [ 0% 150 fidfis.

Hence the result follows from Lemma 7.11. O
Proof of Lemma 7.7(b). — For k > 1, let ap = pa(X)"! [ 0k dua. Write
pi=(n) = [y00 fRwo fXT dua = Ii(k,n) + L(k,n) + I3(k,n) + Li(k,n), where

L(k,n) = /A (Fo sk — o) @o f5 dua,

Lk, n) :/Am (@ o f& — @) o 2 dua.
]3(k,n):uA(5(\)_1/AT)kdpA /A1)?ofkwkofgd%
Li(k,n) = /A (3 — axlg o f5) @ o f2 dus.

By assumption, [, Udua = 0. Hence [ O dua = [o(Tx — 0 0 fX) dua. By Corol-
lary 7.12,
(K, n)| < [0]p|W]ocoka, [12(k,n)] K [U|oc|W|ooka, [I3(k,n)] <K |0]o|W]ocOka-
Now,
(7.8) Li(k,n) = /A (6 — arlz o f§) @ o fA djia = /Auk w0 Fik djin
where )
Up = Lk (ﬂk — aklz o) fﬁ) = LkQ_}k — aklz.

Note that I, is defined on A and w, is supported in Z (by Proposition 7.9 (b)) with
Jaupdiin = 0. Hence in the notation of Section 4.1, Iy(k,n) = p; 4 (n — k), and
by Theorem 4.2 (b),

[La(k, n)| < [ukllo| @k vin—)a-
By Proposition 7.9(a), |ug|eo < 2|0]00 and |Wk|eo < || The same argument as in
the proof of Proposition 7.8 shows that 1;(y,¢) = 1;(v/,¢) whenever s(y,y’) > 1
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(so y,y’ lie in the same partition element). Hence |1;]s < 2. By Proposition 7.9(d),
|urlo < [L*0klo + ar[|1z]o < [|0]lo- Hence |Ly(k, n)| < [[0]lo|@]ocV(n—k)a-

The combined estimates for Iy, Iy, I3, I give |p% ~(n)| < [[U|lo||@]lo(Tra + Vin-r)a)-
Taking k = [n/2] yields the desired result. O

7.5. Completion of the proof of Theorem 7.4

[t remains to prove Lemma 7.7 (a). There is the complication that approximation
of observables w supported on X leads to one-sided observables w, that are not

supported on X. Hence Theorem 4.2(a) is not directly applicable. The main new
idea for dealing with this is the following:

LEMMA 7.13. — There is a constant C' > 0 such that

P(y)—1

/, Z 1{E>n}u_]k(y>€)dlaY

Y 2o

< Cllllo (ora + 1~k ¢ (k)

—

for all w € Fp(X) with [\ wdua =0, n >k > 1.

Proof. — Write [y ZZI):(%)_l Lio>myWi(y, 0) dity = By + Ba where
-1
B, = /Y > 1ysn (@k —wo fﬁ) (-,0) dpy,
=0

d-1
B2 = / Z 1{€>n}@ o fﬁ(af) d:uY
Y 2o
By Corollary 7.12,
|B1| < E)/A ‘wk —w Ofﬁ‘ dpa < |W)g Ok

Write By = Bj 4+ BY where

d—-k—-1
Bé:/yl{@>n} Z 1{€>n}wof§('>€)qu7
=0
-1
By = [ ooy 3 Lesm@o fA 0 dpy.
Y =k

Since w = wlg and using (7.3),

d—-1 d—-1
|B;| < I@IOO/Y > lswrnlz (0 diy < |@|oo/Yl{<1>>k} > 1z, 0) dpy
£=0 /=0

<[l | o0 dity = [@lwon.
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Next,

-1

BQ/:/ Lgsny O Ligsmy@o fA7(0) duy
Y =k
d+k—1

- /y Losny 9 Ljskany@ o fA(-0) dpy
=

k—1
- /Y Laom 3 1ijkin_ay 0 fA(F-0) diy = By + By
j=0

where

k—1
E, = /Y Z 1{<I>>k+n—j} (@ °© fJA - 7Ej) (FHO) dpy
=0

k—1

=0
By Proposition 7.9(c),
k—1 k—1
Bl < (@l Y [ Lgosm0™ duy = |@l0 Y [ 0. 0% iy,
Jj=0 j=0

where V,, = Rl¢sp). By Proposition 7.10 and Lemma 7.11,

/

f W, 07 djiy < W / Ly 0" djin < py(® >n)j~".
v A

Hence |Ey| < |W]gpy (P > n).
It remains to deal with Es. Now

/Y Lo > ktn—jyw;(F",0) duy = /Y L{a > kpn—jy 0 (F-, 0) dity = /Y\Ijk-&-n—jwj('yo) dity .

Define @, : A - R, u, : A — R,

Un(y,0) = {gln(y) iig, Uy = Up O T
Then
/? Wpepnj05(-, 0) dity = @ /A Uy 0; dfin = © /A Uktn—j W5 diia
= O (G1(j, k +n) + G2(j k +n))
where

Gi(j,n) :/Aun_j (@ —@o fd) dua,  Galj,n) Z/Aun—j@OfiduA-
Applying Proposition 7.10 once more,
|\Ijn|Loo(§_/) < MY((I) > TL) and |\I/n<y) — \I/n(y,” < MY(q) > n)es(y,y’)
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for all y,9/ € Y, n > 1. Hence |unleo < py(® > n) and |u,(y,£) — un(v/,0))
< piy(® > n)0*wY) for all i/ € Y, 0 < £ < ®(y). That is, in the notation of
Appendix B, [[un|o < py (® > n).
It follows that

G107 1) < g1y (@ — @ 0 f4) |1 < 1@l 5 (n = )7
Since w has mean zero, we can apply Theorem B.1 to obtain

|G ()| < [un—glloll @]l 5=~ < [|@]lg 5~V (n = 5)~7".
We conclude that

(Gr+ Ga) (G ke +n)| < [[@llo sV (k+n—5)" < |@llgj @ 0"

for all j < k, and hence

k-1
| Ex(k,n)| < J[@llgn™ 3 =D < Jl@llon™ K o (k)
j=0

completing the proof of Lemma 7.13. 0
Proof of Lemma 7.7(a). — Let k > 1 and write p} ~(n) = Ia(k,n) + L4(k,n),
X7

where
Iy(k,n) = /A1)? (@o f5 — @) o f2" dua,

]4(k,n):/Al)?@kofz_kdpm:/Alzwkofz_kdﬂA.

By Corollary 7.12, |I(k,n)| < |w|s oga-

Note that I,(k,n) is defined on A and in the notation of Section 4.1, I4(k,n)
= pi,,s,(n—k). Hence we can proceed almost as in the proof of Theorem 4.2 (a), with
v and w replaced by 17 and wy, respectively. Let m = n—k. Following Proposition 4.4,
we write

(7.9) Lilk,n) = Ton(m) + & /Y (T(m) * RV (m)) W (m) djiy.

where

V(m>(y) = 1{<I>(y)>m}12(ya (I)(y) - m)? Wk<m)(y) = 1{<I>(y)>m}u_}k(y7m)7
and
Tou(m) = [ Lnre<oaplz(y, Oy, m + 0) dfis.

Also, define
B P(y)—m—1 o (y)—1
Al(m)<y> - 1{<I>(y)>m} Z 1Z(y7€)7 AQ,k<m>(y) = Z 1{m<f}wk(y7£)
£=0 £=0

By Proposition 7.9(a), |Wg|e < |W]eo. Proceeding exactly as in Section 4.3, we
obtain the estimates

Vim)|, py(@=m),  [Wi(m)], < |@looy (2 > m),

[T0,.5(m)| < © M ibloo Oma,  [Ar(m)], < O
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Moreover, V(m)(y) = V(m)(y') for y,4 € a, a € a. Hence following the proof of
Proposition 4.5, RV (m) € Fy(Y) with [|[RV (m)|ls < py (® > m).

By assumption, [, wdua = 0. Hence by Lemma 7.13, |PAy 1.(m)| < ||w0]g(oka +
)

We have now estimated all the expressions arising in the proof of Theorem 4.2 (a).
Continuing as in that proof, we obtain (cf. (4.3))

|[La(k, )| < Eg(m) + [|wllo (0ma + Cor(m))

where Ey(m) = b(m)x PV (m) * PWj(m) and

Ey(2) = b(z)PV (1) PWi(1) + (2 = 1)b(2) { PV (2) P Az, 1(2) + PAy(2) PWi(1)} .
Recall that the Fourier coefficients of (z — 1)b(z) are O(m~#"). Also,

PWy(1) = /Awk djin = /A (@ — @o f8) dua < @l ora

by Corollary 7.12. Hence

| Ex(m)| < [ @llo (b(m)ora + m=" 5 {m ™ 5 (ora +m~ 7k Cor (k) + omacra )

< |l@lg (oka +m =k ¢ (K)) .
Hence
140k, )| < [0 (01a + O-soa & (1= 1)K Cor(R) + Gl — 1))

Combining this with the estimate for I5(k,n) and taking k = [n/2] yields the desired
result. O

8. Billiard examples

In this section, we provide details and proofs for the examples considered in
Section 1.1. For background material on billiards, we refer to [CMO06]. The billiard
domain, denoted by Q, is a compact connected subset of R? or T? with piecewise
smooth boundary and the billiard flow is defined on @ x S'. Fix a point ¢ € @ and
a unit vector v € S*. Then ¢ moves in straight lines with unit speed in direction v
until reflecting (angle of reflection equalling the angle of incidence) off the boundary
0Q). This defines a volume-preserving flow. A natural Poincaré section is given by
M = 0Q x [—7/2,7/2] corresponding to collisions with 9Q (with outgoing velocities
in [—7/2,7/2]). The Poincaré map f : M — M is called the collision map or the
billiard map. It preserves a probability measure u, equivalent to Lebesgue, called
Liouville measure.

Part of the framework in [CZ05a, Mar04] is that the billiard map f : M —
M has a (two-sided) Chernov—Markarian—Zhang structure as defined in Section 7.
In particular, f has a suitably chosen first return map fx = f" : X — X modelled
by a Young tower A,,piq = Y% with exponential tails. Roughly speaking, X is chosen
to be a subset of phase space bounded away from the regions where hyperbolicity is
expected to break down, e.g. for billiards with cusps, X excludes a neighborhood of
each cusp. Since the specific choice of X involves notation which is not required for
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understanding the results, we mainly point the reader to the original references for
the precise definitions. (An exception is Example 8.3 below, where no extra notation
is needed.)

Example 8.1 (Bunimovich stadia [Bun79]). — These are convex billiard domains
Q C R? where 0Q is a simple closed curve consisting of two parallel line segments
and two semicircles. By [Mar04], the billiard map f : M — M falls within the
Chernov-Markarian-Zhang framework with px(h > n) = O(n?). By [CZ08, Theo-
rem 1.1], uy (¢ > n) = O(n™?) and hence p, ,,(n) = O(n™!) for dynamically Holder
observables.

Here, we improve the estimate on uy (¢ > n) and use this to obtain lower bounds
on decay of correlations.

PROPOSITION 8.2. — For Bunimovich stadia, there exists ¢ > 0 such that
Pty (p > n) ~ en? and py, (n) ~ en”t [, vdp [y, wdp for all v, w € H(X)
with nonzero mean.

In addition p, ,(n) = O(n~%logn) for all v € H(X) with [vdu = 0 and all
w e H(X).

Proof. — In the proof of [BG06, Theorem 1.1] (see in particular [BG06, p. 504,
line 11]) it is shown for A : X — Z* (denoted there by ¢, ) that

n—1 ‘
(nlogn)~1/? Zhofgf—n/ hdpx
=0 X

converges to a nondegenerate normal distribution. Hence the first statement follows
from Corollary 5.3 and the second statement from Theorem 7.4 (a).

Finally, ,, = O(n~2?logn) by Proposition 3.2, so the final statement follows from
Theorem 7.4 (b). O

Example 8.3 (Semidispersing billiards). — The billiard domain is given by
Q) = R\ USk where R is a rectangle and there are finitely many disjoint convex
scatterers Sy, C R with C® boundaries of nonvanishing curvature.

By [CZ05a, Theorem 1], the billiard map f : M — M falls within the Chernov—
Markarian-Zhang framework with X = J0Sy x [-7/2,7/2] and pux(h > n) =
O(n~?). By [CZ08, Theorem 1.1], uy (¢ > n) = O(n~?) and hence p, ,(n) = O(n~1t)
for dynamically Holder observables.

PROPOSITION 8.4. — The conclusions of Proposition 8.2 hold for semidispersing
billiards.

Proof. — Note that h is precisely the free flight time considered in [Ble92, SVO07].
By [SV07, Theorem 1],

n—1 )
(nlogn)~*/? (Zhofgf —n/th,uX)
=0

converges to a nondegenerate normal distribution. Now proceed as in the proof of
Proposition 8.2. U
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Example 8.5 (Billiards with cusps). — These are billiard domains Q C R? where
0Q is a simple closed curve consisting of finitely many convex inwards C? curves
with nonvanishing curvature such that the interior angles at corner points are zero.

By [CM07, Theorem 1.1}, the billiard map f: M — M falls within the Chernov—
Markarian-Zhang framework with px(h > n) = O(n™?). By [CZ08, Theorem 1.1],
py (¢ > n) = O(n?) and hence p, ,(n) = O(n™') for dynamically Hélder observ-
ables.

PROPOSITION 8.6. — The conclusions of Proposition 8.2 hold for billiards with
cusps.

Proof. — By [BCD11, Theorem 4 and Equation (2.5)], (nlogn)~"/2(X125 ho f%
—n [y hduyx) converges to a nondegenerate normal distribution. Now proceed as in
the proof of Proposition 8.2. O

Example 8.7 (Billiards with cusps at flat points [ZhalT7a]). — These are billiard
domains Q C R? where 9Q is a simple closed curve consisting of finitely many convex
inwards C? curves such that the interior angles at one of the corner points is zero.
Moreover the curves have nonvanishing curvature except at this corner point where
0Q has the form +z° for some b > 2.

By [ZhalT7a], the billiard map f : M — M falls within the Chernov—Markarian—
Zhang framework with px(h > n) = O(n=") where 3 =b/(b— 1) € (1,2). Moreover,
by [Zhal7a], jy (¢ > n) = O(n~?) and hence p, ,,(n) = O(n=¥=Y) for dynamically
Holder observables.

PROPOSITION 8.8. — For billiards with cusps at flat points, there exists ¢ > 0
such that iy (p > n) ~ en™® and p, »(n) ~ (B — 1)"ten= =Y [, vdu [, wdp
for all v, w € H(X) with nonzero mean.

In addition p, ,(n) = O(n=Plogn) for all v € H(X) with fvdu = 0 and all
w e H(X).

Proof. — By [JZ18, Theorem 3.1}, n™"/#(30=J h o fi —n [y hdux) converges to
a nondegenerate [-stable law. Hence the first statement follows from Corollary 5.3
and the second statement from Theorem 7.4 (a).

Finally, ,, = O(n~"logn) by Proposition 3.2, so the final statement follows from
Theorem 7.4 (b). O

Explicit formulas for asymptotic constants

In all the billiard examples considered above, the constant ¢ can be made completely
explicit. For brevity, we restrict to the case of the stadium in Example 8.1. Let ¢ be
the length of the parallel line segments in 9Q). The argument in [BGO6, p. 504, line
11] shows that

4+ 3log3 (?

n—1 )
(conlogn)~1/? (Z ho ff — n/X hduX) —q4 N(0,1) where ¢y = 1 3lg3 8

§=0
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Since ¢ = hy, it follows from Lemma 5.2 (a) that

n—1
B! (Zg@on —n/ Lpduy) —a4 N(0,1)
i=0 Y
where B, = (c;nlogn)/? and ¢, = Gcy. Define L(z) = 2¢; log z. Then nL(B,,) ~ B?
and L(x) = 2 [’ cou~'du. Applying [Goul0, Theorem 1.5, we obtain uy (¢ > n) ~
-2

cin .

Next, p =0 [y hdux = o/pu(X) and u(X) = 2/(m + £) by [BG06, Equation (6)].
Hence

200 _9 4 -+ 310g3 62 —9

n g n

T+ L 4 —3log3 4(m+ ()

¢ v (p > ) ~
By Theorem 7.4 (a),

4+3log3 2 _1/
(1) ~ dp [ wd
pu,uw(n) 4 —3log3 4(7r—|—€)n O

for v, w € H(X) with nonzero mean.

Example 8.9 (Bunimovich flowers [Bun73]). — These are billiard domains @ C R?
where 0Q) is a simple closed piecewise C® curve consisting of at least one arc with
nonvanishing curvature that is convex inwards and at least one convex outwards
circular arc that is strictly smaller than a semicircle. All corner points have nonzero
angle, and each convex outwards arc continues to a circle contained in . (The
conditions can be further relaxed to allow line segments in 0Q), see [CZ05a).)

By [CZ05a, Theorem 2|, the billiard map f : M — M falls within the Chernov—
Markarian-Zhang framework with px(h > n) = O(n™3). Hence py(¢ > n)
= O((logn)*>n=3) leading as in [You99] to the upper bound on decay of correla-
tions p,, (n) = O((logn)3n=2) for dynamically Holder observables.

It is also easily verified that px(h > n) ~ n~3. Only the more delicate upper bound
is explicit in [CZ05al, but the lower bound is much simpler. It suffices to estimate the
contribution from sliding along a single convex outwards circular arc S C 0Q). Let
(r,¢) denote coordinates on S X [—m/2,7/2] where r € [0,7¢] is arclength along S.
Then pyx is given by dux = cos ¢ dgp dr. The set X is chosen to exclude points that
make at least two successive collisions with S. Hence {h > n} includes all points
(r, @) with r close to the beginning of S and ¢ close to 7/2. Since S is circular, the
angles at successive collisions remain close to this initial value of ¢ so it is clear that
{h > n} contains a set of the form

a m™ b s
B-{ro0er<t T-teoch
where a and b are constants independent of n. Hence

ro /2 1
px(h >n) > / / lg, cospddr ~ §ab2n_3.
0 —

/2

By Proposition 5.1, it follows that py(p > n) > (logn) 'n=3. By Theorem 7.4,
po.w(n) > (logn)™n=2 [, vdu [, wdp for all v, w € H(X), n > 1.
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Example 8.10 (Dispersing billiards with vanishing curvature [CZ05b]). — These
are planar periodic dispersing billiards @ = T? \ U Sy where there are finitely many
disjoint strictly convex scatterers S, with C® boundaries of nonvanishing curvature,
except that the curvature vanishes at two points. Moreover, there is a periodic
orbit that runs between these two points and the boundary nearby has the form
+(1 + |z|°) for some b > 2. By [CZ05b, Theorem 1], the billiard map f : M — M
falls within the Chernov—Markarian-Zhang framework with pux(h > n) = O(n=")
where 8—1 = (b+2)/(b—2) € (1,00). Hence uy (¢ > n) = O((logn)?n=*) leading as
in [You99] to the upper bound on decay of correlations p, ,(n) = O((logn)?n=#=1)
for dynamically Holder observables.

Moreover jix(h > n) > cn™? by [CZ05b, Proposition 2]. By Proposition 5.1, it
follows that uy (¢ > n) > (logn)~'n=8. By Theorem 7.4, p, ,,(n) > (logn)~n®=1)
fyvdp [y wdp for all v, w e H(X), n > 1.

Appendix A. Formula for the correlation function

In this appendix, we prove Proposition 4.4. One method would be to check equality
of coefficients directly, but we choose to convert all sequences into Fourier series.
Recall that V(n)(y) = Lis>n)0(y, ®(y) —n), W(n)(y) = 1{o>nyw(y, n), with Fourier
series

R P(y)-1 e P(y)-1
Viz)y) = Y 2*9%(y,0, W)y = > 2oyl).

=0 /=0

Define @, = Y¥2) ® o FV. Arguing as in [Mell8, Section 6.2] (with discrete time
instead of continuous time), write

pf) u) / 1{n+£<<1>(y)}v(ya )w © fA(yu )d:uA

+ Z/ V) <ntt< @030y, O 0 o fA(Y, £) dpa = Z Ji(n
k=0

where Jy(n) was defined in Section 4.3 and
Jk(n) = A 1{‘Pk(y)<€+n<¢k+1(y)}1~)(yvg)w (Fky7€ +n— @k(iU)) d,uA7 k> 1
For k> 1

= i 2" Jk(n)

D(y)—1 Ppp1(y)—L—-1

. / Z S 2y, 0w (Fry, 4+ n - Du(y)) duy.

n==>y (y)—£
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Making the substitution ¢ = ¢ +n — &y (y),

<I>(y) 1 ®(Fry)-1
= O~ /( 2~ vy,ﬁ)) > zelw(Fky,ﬁ') 226 dpy

=0

CID_I/ 2P0, W(2) o F* dpuy,
Y

where v,(y) = Zzb =1 25 (y, £). Note that 2%v, = V(z). Hence
RF (qu’“vz) = Rk*1R< P 1°qu>vz) = Rk (z(b"*IR (ZCI)UZ)) = R(Z)k_lRV(Z)7

and so

= /Rk z vz : ()duy—CID_I/YE(z)k_IR‘A/(z)~W(z)d,uy.

Hence,
ij = Jo(z) + &~ 12/ VIRV (2) - W (2) dy

= Jo(2) + &~ / W () dpy.

This completes the proof of Proposition 4.4.

Appendix B. Upper bounds on Young towers

In this appendix, we recall a standard result giving an upper bound on decay of
correlations for two-sided Young towers. We could not find the result stated in the
form we require in the literature; hence we provide the details.

Let fa : A = A be a mixing two-sided Young tower with pa(® > n) = O(n=?)
where 3’ > 1. As in Section 7.1, A = Y® is a tower over a two-sided Gibbs-Markov
map defined on a bounded metric space (Y,d). Fix 6 € (0, 1) and define F»(A) to be
the space of observables v : A — R with ||7|g < oo where ||T]]g is defined as in (7.2).
Note that if v : M — R lies in H(M), then v = v omy € Fy(A) and [Ty = ||v]|4,.
However, here we consider observables on A that need not be lifts of observables
on M and the underlying metric space (M, d) plays no role.

THEOREM B.1. — There exists a constant C > 0 such that
‘/ vwo fXdua —/ 17dMA/ @dm‘ < Olo]lol|@llg n~ "
A A A
for all v,w € Fy(A), n > 1.

First, we mention some prerequisites. Define F»(A) to consist of observables v :
A — R with ||0]|g < oo where ||7]|¢ is defined as in (4.1). Note that if v € F4(A),
then v =vo7m € Fy(A) and ||Tlg = ||v]|e-

For v € Fy(A), define v,, : A — R and v, : A — R as in Section 7.4.
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PROPOSITION B.2. — There exists C' > 0 such that for all v € Fp(f), n > 1,

(a) [0 f& — Ul < Clolgn= @Y,
(b) [L"0nlle < Cl[0]lo-

Proof. —
(a) Arguing as in the proof of Proposition 7.9, |00 f& —¥,| < |0]p 0¥". Proceeding
as in the proof of Lemma 7.11, we can write

/ 6 djin — / L70% djin = / L1 djin
A A A

and Ly = C(n)+D(n) where |D(n)1]; < n=#". Also, |C(n)1]; < 7! f3 o> @ djiy
< n~¥=Y Hence
D0 fr —Tn|1 < [0]6]0%" |1 < |B]gn~ P Y,

(b) The same calculations as in Proposition 7.9 (d), show that |L"0, | < |0]e and

[(L"0n) (1) — (L"03)(D2)| <[00 05772 for pr,pp € A, > 1. O
Proof of Theorem B.1. — First, recall that there is a constant C' > 0 such that
(B.1) ‘/Az_)u_) o fRdjin — /AﬁdﬁA/Au_)dﬂA‘ < C||9))6]0] oo n~ ¥

for all v € Fyp(A), w € L>®(A), n > 1. (This follows from [You99, Theorem 3|, the
specific dependence on |[|v||g, ||, being a standard consequence of the uniform
boundedness principle. Alternatively, see [KKM19, Section 2.2].)

Suppose without loss of generality that [, w dua = 0. Write

| 5o fR dus = [ To @0 f3 djua = (n) + La(n) + L(n)
where
Il(n)I/A(ﬂon—ﬁn) wo fR"dua, 12(n)=/A17n (W o fR — W) o fX" dpna
Ig(n):/Aﬂnzﬂnofi”d/m:/Aﬂnwnofi”dﬂA:/AL”ﬁnwnond/jA.
By Proposition B.2(a),
|11 (n)] < [Blo|@loe ™Y, [ Ia(n)] < [B]oc|@pn @Y.
By (B.1),
Ly(n)] < ‘/AL”vnduA‘ ’/Awnd,uA‘—l-||ann||6|wn|oon_(6/_1).

Since @ has mean zero, it follows from Proposition B.2(a) that | [z w, dpual
= | Ja(Wp — W o fR)dua| < |@]gn~ ¥ Y Hence using Proposition B.2(b),

| I5(n)| < [[B]loll@]lgn~®Y,
and the result follows. O
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