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ABSTRACT. — We establish small-time asymptotic expansions for heat kernels of hypoel-
liptic Hérmander operators in a neighborhood of the diagonal, generalizing former results
obtained in particular by Métivier and by Ben Arous. The coefficients of our expansions are
identified in terms of the nilpotentization of the underlying sub-Riemannian structure. Our
approach is purely analytic and relies in particular on local and global subelliptic estimates
as well as on the local nature of small-time asymptotics of heat kernels. The fact that our
expansions are valid not only along the diagonal but in an asymptotic neighborhood of the
diagonal is the main novelty, useful in view of deriving Weyl laws for subelliptic Laplacians.
Incidentally, we establish a number of other results on hypoelliptic heat kernels that are inter-
esting in themselves, such as Kac’s principle of not feeling the boundary, asymptotic results
for singular perturbations of hypoelliptic operators, global smoothing properties for selfadjoint
heat semigroups.

RESUME. — Nous établissons le développement asymptotique en temps petit de noyaux de
la chaleur d’opérateurs de Hormander hypoelliptiques au voisinage de la diagonale, généralisant
des résultats précédents obtenus en particulier par Métivier et par Ben Arous. Les coefficients
dans nos développements sont identifiés en termes de la nilpotentisation de la structure sous-
Riemannienne sous-jacente. Notre approche est purement analytique et repose en particulier sur
des estimées sous-elliptiques locales et globales ainsi que sur la nature locale des asymptotiques
en temps petit des noyaux de la chaleur. Le fait que nos développements soient valides non
seulement le long de la diagonale mais aussi dans un voisinage asymptotique de la diagonale est
la nouveauté principale ; cela est utile pour établir des lois de Weyl pour des Laplaciens sous-
elliptiques. Incidemment, nous établissons un certain nombre de résultats sur les noyaux de la
chaleur hypoelliptiques qui sont intéressants en eux-mémes, comme le principe de Kac de ne
pas sentir I'effet du bord, des résultats asymptotiques de perturbation singuliére d’opérateurs
hypoelliptiques, des propriétés de régularisation globale pour des semi-groupes de la chaleur
dans le cas autoadjoint.
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1. Introduction and main result
1.1. Framework

Let n and m be nontrivial integers. Let M be a smooth connected manifold of
dimension n. Let Xy, X1, ..., X,, be smooth vector fields on M and let V be a smooth
function (potential) on M that is bounded below. Setting X = (X, Xy, ..., Xpn),
we define the Hormander operator

(1.1) A=Y X+Xy—-V

i=1
where X is seen as a derivation operator and V is the multiplication by the potential.
In view of involving the case of magnetic fields, the drift vector field X, can even be
assumed to take complex values.(!

Let p be an arbitrary smooth (Borel) measure on M. We assume that the operator
A on L*(M,p), of domain D(A) C L*(M, ) encoding some possible boundary
conditions whenever M has a boundary, generates a strongly continuous semigroup
(€®);=0 on L?(M, ) (see Lemma 3.1 in Section 3.1.2 for some sufficient conditions).
We denote by ea , the corresponding heat kernel defined on (0,400) x M x M,
associated with the operator A and with the measure p (see Appendix A).

We set D = Span(Xy, ..., X,,). Under the strong Héormander condition

(1.2) Lie,(D) = Lieg(Xy, ..., X)) =T,M Yqe M

the operator A is subelliptic® (see [H6r67]) and the heat kernel ex_, is smooth on
(0,+00) x M x M.

The objective of this paper is to establish a small-time asymptotic expansion of
the heat kernel ea , at any order near the diagonal. Our study is in the line of well
known results [BA89, Mét76] establishing such expansions along the diagonal. The
first main novelty here is that our expansion is valid, not only along the diagonal, but
in an asymptotic neighborhood of the diagonal. This fact is actually instrumental
in view of deriving local and microlocal Weyl laws for general subelliptic Laplacians,
which will be done in the forthcoming paper [CAVHT].

The second main novelty is that we identify the functions in the small-time as-
ymptotic expansion of the heat kernel in terms of the so-called nilpotentization of
the sub-Riemannian structure (M, D, g) where ¢ is a metric on D defined thanks to
the vector fields X, ..., X,,.

Compared with the approach of [BA89] which is probabilistic (Malliavin calculus),
our proof (done in Part 2) is purely analytic and relies in particular on local and
global subelliptic estimates, on local and global smoothing properties of heat kernels,
on the finite propagation speed property for sR waves and on the Kannai transform,
and on the local nature of hypoelliptic heat kernels (Kac’s principle). Our paper is
entirely selfcontained: even for the several tools (such as uniform local subelliptic

(1) This requires some obvious slight changes for instance when considering a scalar product.

(2) Actually, the weaker assumption Lie,(Xo, X1, ..., Xi) = T,M for every ¢ € M (called weak
Hormander condition) is sufficient to ensure subellipticity. The stronger assumption (1.2) is however
required to derive our main result.
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estimates) that are straightforward extensions of known results, we provide at least
a sketch of proof.

Sub-Riemannian structure. Complete reminders on sub-Riemannian (sR) ge-
ometry are given in Section 2. Attached with the m-tuple of vector fields (X3, ...,
X,n), there is a canonical sR structure (M, D, g), where D = Span(X7, ..., X,,) and
g is a positive definite quadratic form on D. Given any g € M, the sR flag at ¢ is the
sequence of nested vector subspaces {0} = DY C Dy =D c D2 c ... c Di@~! ¢
Dg(q) = T,M defined in terms of successive Lie brackets, and r(q) is the degree of
nonholonomy at g. Setting n;(q) = dim Dy, the integer Q(q) = >7_; i(ni(q) —ni-1(q))
coincides with the Hausdorff dimension when ¢ is regular, i.e., when the integers
n;(+) are constant in an open neighborhood of ¢. The point ¢ is said singular when
it is not regular.

The nilpotentization of (M, D,g) at ¢ is the sR structure (J\//f 1, EQ,§Q) defined
as the metric tangent space of M (endowed with the sR distance) in the sense of
Gromov—Hausdorff. In a local chart of privileged coordinates around g, M1 is a
homogeneous space identified to R™ (with a sR isometry), endowed with dilations
Sc(x) = (e @y, .. @y ) for ¢ € R and € R”, where w;(q) = i(n;(q) —
ni—1(q)) (sR weights). We have D? = Span(X{, ..., X2) where X{ is the limit of
£6X X; in C'™ topology as € — 0. We also define the (constant) nilpotentized measure
19 on R™ as the limit of IE\% *p as € — 0. Finally, we define the sR Laplacian

m

AT =3 (XY

i=1

and we denote by € = ez, -, the heat kernel generated by A . D(AY) —
L2(M1, ).

C> topology. We recall that the set C>°(R") of smooth functions on R" is a
Montel space, i.e., a Fréchet space enjoying the Heine—Borel property (meaning that
closed bounded subsets are compact), for the topology defined by the seminorms
pii(f) = max{|0°f(z)| | |z| < i,]a] < j}, (4,5) € N?. We speak of the C°(R")
topology.

Let W be an arbitrary open subset of the manifold M. Covering W with charts,
the set C°(W) of smooth functions on W is endowed with the C'* topology (in
charts), making it a Montel space.

We say that a sequence (fi)ren in C°°(W) converges to 0 in C* topology if fj
converges uniformly to 0 on any compact subset of W, as well as all its derivatives.
A sequence (Xj)ren of smooth vector fields on W converges to 0 in C™ topology if
all its coefficients (in charts) converge to 0 in C'™ topology.

Throughout, we denote by C'2°(WW) the set of smooth functions of compact support
on W.

Notations. Throughout the paper, we use in the various estimates the notation
Cst(+), standing for a generic positive constant depending on the parameters indicated
in the parenthesis.

TOME 4 (2021)
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The integral of an integrable function f on M with respect to the smooth measure

pt is denoted by [y, f(q) du(q).

1.2. Main result

THEOREM A. — Let ¢ € M be arbitrary (regular or not). Let ¢, : U — V be a
chart of privileged coordinates at q such that 1,(q) = 0, where U is an open connected
neighborhood of q in M and V' is an open neighborhood of 0 in R™. We assume that
Xy is a smooth section of D over M. We also assume that sup, <y 7(q') < +oc (this
is always satisfied if U is compact).

Then, given any N € N*, in the chart® we have the asymptotic expansion in
C™((0,400) x V x V)

N
(1.3)  |e|%Den, (527', e (), 5€(x’)> =eél(r,z,2')+ Y e fi(r,z,2") + o (|€\N)
i=1

as e — 0, € # 0, where the functions f; are smooth and satisfy the homogeneity
property
fi(r, @, a) = e |29 7 (7, 6.(x), 6.(«"))

for all (1,z,2") € (0,400) x R® x R™ and for every ¢ # 0.
Taking 7 = 1, ¢ = v/t and setting al(x,z') = f{(1,z,2"), it follows that, given any
N € N, in the chart we have the asymptotic expansion in C*(V x V)

N
(14) 1992, , (1,0,4(2),04(2))) = (1, z,2") + 3 t72%al(w, ') + o (/)
=1

ast — 0,t >0, where the functions a are smooth and satisfy a3; ,(0,0) = 0 for
every j € N*.

Moreover, if q is regular, then the above convergence and asymptotic expansion
are also locally uniform with respect to q, and the functions €%, f{ and a! depend
smoothly (in C* topology) on q in any open neighborhood of q consisting of regular
points. If the manifold M is Whitney stratifiable with strata defined according to the
sR flag (i.e., the growth vector (ni(q), ..., n.(q(q)) is constant along each stratum)
then the latter property is satisfied along strata.

The fact that the asymptotic expansion (1.3) is in C*°((0,+00) X V' x V') means
that the asymptotics are uniform with respect to (7, x,z’) on any compact subset
of (0,400) x V x V as well as for all derivatives. In particular, for all £ € N,
a=(ay, ..., a,) €N"and g = (f1, ..., 5,) € N*, we have

lim || Q@+2k 3o (et Bwi(a) (353;35 eA’“) (8277 5. (), 55(56/))

e#0

= (8f8§‘8§ €q> (1,2,2")

(3) This means that the left-hand side of (1.3) is |¢|2@ ea (g2, Yt (0e (), by M (0 (2))).
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uniformly with respect to (7, z,2") on any compact subset of (0,400) x V' x V. Here,
given a function e depending on three variables (7,y,v’), the notation 0 (resp., O,
03) denotes the partial derivative with respect to 7 (resp., to y, to y').

As a particular case, take x = 2’ = 0 in the expansion (1.4) given in Theorem A and
set ¢;(q) = a3;(0,0). Since aj; 1(0,0) = 0 and ¢, '(0) = ¢, we obtain the following
corollary.

COROLLARY 1.1. — Given any N € N, for every q € M,
tQ(q)/2 eA,u(ta q, Q) = é\q(]w 07 O) + Cl(Q)t +oeee CN(Q)tN +0 (tN)

ast — 0, t > 0. Moreover if q is regular then the functions c¢; are smooth locally
around q.

We thus recover the main result of [BA89] (see also [Mét76]), which is a small-
time expansion of the heat kernel along the diagonal. Here, additionally to those
well known results, we provide a geometric interpretation of the coefficients of this
expansion, in function of the nilpotentization at ¢: the main coefficient is €4(1, 0, 0)
> 0, but the other coefficients ¢;(¢) are also given by convolutions of the heat kernel

e’ = ex, ~,, as made precise in the proof of the theorem in Part 2 (see in particular

X
Proposmon 6.7 in Section 6.2, and see Section 6.3).

Moreover, the expansion stated in Theorem A is established in an asymptotic
neighborhood of the diagonal, which is instrumental to derive the microlocal Weyl
law for general equiregular sR structures, or to establish local Weyl laws for singular
sR structures (see Section 1.3).

Remark 1.2. — In Theorem A, we have assumed that X is a smooth section of
D over M. If Xy(q) € D, for every ¢ € M but cannot be written as a combination of
the vector fields X;, 7 =1, ..., m, with smooth functions a;, then the asymptotics of
the heat kernel in small time along the diagonal may degenerate and be exponentially
decreasing (see [BAL91a, BALI1b]).

We have the following generalization if X is not a smooth section of D. We assume
that X, is a smooth section of D? over M, meaning that

15 Xolg) =L al@Xda)+ ¥ b0 Xla) VaeM

where the a; and b;; are smooth functions on M. In local privileged coordinates
around ¢, it is then possible to write X, = XéfQ) + X(gfl) + Xéo) + -+, where Xék)
is homogeneous of degree k (see Section 2.5.3). Therefore, defining on R™ the vector
field X¢ = X2 (in the local coordinates), which is homogeneous of order —2 (and
not of order —1), we have 25" Xy = Xg +eX§ ) +e2XV + - 4N x VP 4 oflel™)
at any order N, in C™ topology. Then Theorem A is still valid provided that A4 be
replaced with A+ XO In other words, under the assumption (1.5), the asymptot1cs
of the heat kernel of A is given | by the heat kernel of the operator A+ XO, which

is a first-order perturbation of Aq, homogeneous of order —2. This is in accordance
with results of [BAL91b].

TOME 4 (2021)
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In contrast, if X, is not a smooth section of D? then the asymptotics in small
time may be completely different, and the heat kernel along the diagonal may even
decrease exponentially as € — 0 (see [BAL91D)]).

Remark 1.3. — We have stated Theorem A in terms of the heat kernels ea , and
el = €Ra 72" But, as explained in Appendix A, the smooth measure ex ,(t, ¢, ¢") du(q’)
on M does not depend on p, but only on the operator A. The same remark holds
for the smooth measure é?(t, z, 2") dp?(z") on M? ~ R™. It would therefore be more
natural to express Theorem A in terms of Schwartz kernels. We keep however the
statement in this form, because the concept of heat kernel is familiar and is probably
the most standard in the literature.

Anyway, it is useful to note that using Schwartz kernels would avoid nilpotentiza-
tions of measures. Moreover, this explains why small-time expansions of heat kernels
along the diagonal have no interesting meaning in singular sR cases: what has to
be considered, there, is the small-time asymptotics of e ,(t, ¢, ¢) du(g), which is
related to the trace of e'® f (see Appendix A) and does not depend on x nor on the
nilpotentization of p at the point q.

1.3. Using Theorem A to obtain Weyl laws

In the forthcoming paper [CAVHT], we will establish local and microlocal Weyl
laws for sR Laplacians in regular and in singular cases. Let us give a flavor of these
results, thus explaining how Theorem A can be used to reach this objective.

Considering the general framework of Section 1.1, we assume here moreover that M
is compact without boundary and that A = Agp is selfadjoint (it is a sR Laplacian:
see Sections 2.2 and 3.1.1).

Since Lie(D) = T'M, the operator A is subelliptic, has a compact resolvent and
thus has a discrete spectrum 0 = A\ < Ag < +++ < Ag-+- — +oo. Let (dr)ren be
an orthonormal eigenbasis of L*(M, i) corresponding to these ordered eigenvalues.
The spectral counting function is defined by N(\) = #{k € N* | \y < A} for every
AeR

Equiregular cases. We prove in [CdVHT] that, if (M, D, g) is equiregular, i.e.,
if every point of M is regular, then

| 1@ eault.a. ) dul) = fo(qmt(;/,QO,O)du(q) +O<t9/12—1>

ast — 0, t > 0, for every continuous function f on M, where Q is the Hausdorff
dimension of M (local Weyl law). Actually, we establish a small-time expansion at
any order, by using the complete statement of Theorem A (asymptotic expansion at
any order). In particular, the spectral counting function has the asymptotics

Ju €(1,0,0) dp(q) | o/
N MF(Q/2+1) AT
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The above limits are an easy consequence of Theorem A along the diagonal (and
thus, already follow from [BA89, Mét76]). Indeed, taking » = 2/ = 0 and & = v/t in
Theorem A, we obtain

¢1(1,0,0) 4
eau(t,q,9) dp(q) T e dp(q) = @'(t,0,0)dp(g) Vg€ M.
The result follows by dominated convergence.
In turn, this result puts in evidence an intrinsic sR measure that we call the
Weyl measure, of which there exists a local and a microlocal version. The local Weyl
measure wpa is the probability measure on M defined by

[ fdws= tm oo 5[ flede v f e o)

A—+ o0 N()\) Ap <A

whenever the limit exists for all continuous functions f, i.e., wa is the weak limit of
the sequence of probability measures ﬁ Soa, < |0k? i (Cesaro mean) as A — +00.
The above argument shows that, in the equiregular case, the local Weyl measure
exists, does not depend on p, is a smooth measure on M and its density with respect
to p is
€1(1,0,0)
dwa(q) = ——7~ du(q).

Jar €7(1,0,0) du(q’)
Accordingly, the microlocal Weyl law W is the probability measure defined on the
co-sphere bundle S*M by

) 1
/S*M adWa = AEIEOO W Z (Op(a)dx, ¢k>L2(M,u)

A <A

for every symbol a of order 0, whenever the limit exists for all symbols a of order
0 (here, Op denotes any quantization operator). We prove in [CAVHT] that, in the
equiregular case, the microlocal Weyl law exists and we provide its explicit expression,
showing in particular that W, is supported on S(D"~1)% where r is the degree of
nonholonomy. This generalizes to equiregular cases a result obtained in [CAVHT18§]
in the three-dimensional contact case.

Establishing this result instrumentally relies on the fact that, taking 2’ = 0 in
Theorem A, we obtain that, for every ¢ € M, in the chart where 1,(q) = 0,

Q(q) 2 54 ~ ot ~q
el Y en, (5 ,(55(:1:),0) du?(x) . él(1,x,0)du’(x)
e#0
uniformly with respect to = on any compact subset of 1,(U).

Singular cases. Famous singular sR structures are given by the Grushin case in
dimension two or by the Martinet case in dimension three. They are chiefly studied
in [CAVHT]. One of the main tools is the fact that, taking x = 2’ in Theorem A, we
obtain that, for every ¢ € M, in the chart where 1,(q) = 0,

lim (e[ ep , (2,0.(x), 6:(x)) = &"(1, 2, 2)
e#0

uniformly with respect to x on any compact subset of ¢,(U). For instance, in the
Grushin (resp., Martinet) case the asymptotics of the spectral counting function is

TOME 4 (2021)



906 Y. COLIN DE VERDIERE, L. HILLAIRET & E. TRELAT

Cst AMIn A (resp., Cst A?In \) as A — +o0; this fact is known for the Grushin case
(see [MST78]) but is new for the Martinet case. We even obtain two-terms asymptotic
expansions of the local Weyl law, with intrinsic coefficients, by using the complete
statement of Theorem A (asymptotic expansion). In [CAVHT] we prove that, in some
sense, the occurrence of a (power of a) logarithm in the spectral counting function
is the highest possible complexity. More precisely, we establish that, given any sR
structure whose singular set is Whitney stratifiable according to the sR flag with
polynomial singularities,

‘lnk t‘
/ f(a)en,u(t,q,q) du(q) ~ Cst ——
M +

ast — 0, t > 0, for every continuous function f on M, with & € {0, 1, ..., n} and

v € Q such that v > Q;q, where Q. is the Hausdorft dimension of the equiregular

region of M. Moreover if k = n then v = % As a consequence the asymptotics of

N()) is Cst A In* X as A — +o0: this gives the maximal complexity, for instance no
term Inln A appears in the asymptotics.

1.4. Structure of the paper

The paper is structured as follows.

We provide in Section 2 some reminders in sub-Riemannian (sR) geometry. In
particular, we recall the instrumental concept of nilpotentization, much relying on
sR dilations that are used in our main result. Also, for the sake of completeness, in
Section 3.1.2 we recall sufficient assumptions ensuring existence of the hypoelliptic
heat kernel.

The paper is then split into two parts. The reason is the following.

While our main result, Theorem A, states a small-time asymptotic expansion of
the heat kernel near the diagonal at any order, obtaining only the limit, i.e., only
the first term, is much less difficult than obtaining the complete expansion.

Actually, the mathematical techniques and results that are required to obtain the
limit are purely of a local nature, and thus, do not require lengthy developments.
Since the result is already interesting (in particular, for obtaining Weyl laws), in
Part 1 we establish Theorem B, which is Theorem A at the order zero. Part 2 is then
devoted to establishing the complete statement of Theorem A, which is surprisingly
much more difficult and requires results of a global nature, as explained in detail at
the beginning of Part 2.

The two parts, as well as the sections therein, are redacted independently enough
one from each other, in order to allow several possible levels of reading. For instance,
the reader only interested in the limit result may read only Part 1 (and Appendix B.1
on local subelliptic estimates). Besides, a reader, even though not interested in the
complete asymptotic expansion, may however find in Part 2 (and in Appendices B.2
and C on global subelliptic estimates) a number of tools of interest to deal with
global issues.
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Structure of Part 1. This part is concerned with local issues, sufficient to prove
Theorem B.

Section 3 in Part 1 is devoted to establishing some general facts on hypoelliptic
heat kernels:

e In Section 3.1, we gather some remarks on Hérmander operators (intrinsic
formula of integration by parts on a domain with boundary, symmetry prop-
erties, with Dirichlet or Neumann boundary conditions), useful in order to
state a general result for existence of semigroups (Lemma 3.1).

e In Section 3.2, we establish two general results for parameter-dependent
hypoelliptic heat kernels:

— In Section 3.2.1, we prove that the small time asymptotics of hypoellip-
tic heat kernels is purely local: this reflects the famous Kac’s principle
of not feeling the boundary. Our version (hypoelliptic Kac’s principle,
Theorem 3.2) is moreover uniform with respect to parameters.

— In Section 3.2.2, we give a general result for singular perturbations of
hypoelliptic operators (Theorem 3.5): assuming that the Hérmander
operator depends continuously on some parameter 7, we prove that the
corresponding heat kernel depends as well continuously on 7.

Section 4 is dedicated to proving Theorem B, which corresponds to proving the
limit in Theorem A. As said before, this proof only requires to use local tools. As
sketched at the beginning of Part 1, the argument starts by applying the Trotter—
Kato theorem to the operator A® = £2§7A(d.)., which converges to AY in C™
topology, before using uniform local subellipticity (Appendix B.1) to infer strong
convergence properties.

Structure of Part 2. This part is devoted to establishing the complete statement
of Theorem A. In contrast to the proof of Theorem B, the proof of Theorem A
requires global smoothing properties.

Since the proof is quite lengthy, in Section 5 we give the idea of our approach to
the proof and we list a number of properties that are required. We point out the
main difficulties, in order to motivate the developments done in Section 6 and in
Appendix.

Theorem A is proved in full detail in Section 6. The proof starts by applying
iteratively the Duhamel formula but, as explained in Section 5, getting the com-
plete asymptotic expansion out of it raises serious difficulties and requires global
considerations. To facilitate the reading we have organized this section as follows:

e The operator A®7 adequate modification of the operator A with a “dam-
ping” parameter v > 0 so as to be (uniformly) at most polynomial at infinity,
is defined and analyzed in Section 6.1. In particular, the key Lemmas 6.2
and 6.4 state strong global convergence properties of A®7 to A? that are
required in our proof (and which do not hold for A® that converges to X
only in C* topology).

e In Section 6.2, and more precisely, in Proposition 6.7, we prove that e
has a small-time asymptotic expansion with respect to ¢ at any order, in
the sense of (uniformly) smoothing operators. The proof of this proposition

tAE Y

TOME 4 (2021)



908 Y. COLIN DE VERDIERE, L. HILLAIRET & E. TRELAT

is delicate and uses in an instrumental way, as explained and motivated in

Section 5, the global smoothing properties established for e!2* in Appendix C,
and those established for e!2”" in Appendix B.2 thanks to (uniform) global
subelliptic estimates.

e Taking Schwartz kernels in Section 6.3, we obtain the asymptotic expansion
of the heat kernel.

e The end of the proof, in Section 6.4, consists of applying the localization
theorem (hypoelliptic Kac’s principle).

As noted in Section 5.3, in the particular case where M = R", all vector fields X,
are polynomial and A is selfadjoint, it is not necessary to resort to the modified
operator A®7 and the global results established in Appendix C are sufficient to
achieve the proof of Theorem A.

Structure of Part 3 (Appendix). We have gathered in the appendix the fol-
lowing material.

In Appendix A, we recall some known facts on Schwartz and heat kernels. In
particular, we point out the meaningful fact that Schwartz kernels do not depend
on the measure while heat kernels do.

In Appendix B, we establish subelliptic estimates and smoothing properties for
hypoelliptic heat semigroups:

e Local estimates in Appendix B.1, uniform with respect to some parameters:
although these are standard (adding dependence with respect to parameters
is straightforward), we give sketches of proofs, in order to prepare the reader
to global estimates.

e Global estimates in Appendix B.2, uniform with respect to some parameters,
established for parameter-dependent Héormander operators whose growth at
infinity is at most polynomial, satisfying a uniform polynomial Hérmander
condition.

In Appendix C, we derive a number of more precise and stronger global smoothing
properties in the case where the operator A is a (selfadjoint) sR Laplacian, in Sobolev
spaces or iterated domains with polynomial weight. Our arguments are based on the
Kannai transform combined with the finite speed propagation property for sR waves
and on upper exponential estimates for the sR heat kernel.

2. Reminders: sub-Riemannian (sR) structure

Attached with the m-tuple of vector fields (X3, ..., X,,), there is a canonical
sub-Riemannian (sR) structure. This section consists of reminders in sR geometry
(see the textbooks [ABB20, Bel96, Gro96, Jeal4, LD10, Mon02, Rif14]), which are
useful in our analysis.
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2.1. Sub-Riemannian metric

The sR metric g associated with (X, ..., X,,) is defined as follows: given any
q € M and any v € D, = Span(Xi(q), ..., X;n(q)), we define the positive definite
quadratic form g, on D, by

g,(v) = inf {f;qf v= iuiXi(q)} .

The triple (M, D, g) is called a sub-Riemannian structure (see [Bel96, Rif14]). When
D has constant rank m on M with m < n, D is a subbundle of T'"M endowed with the
Riemannian metric g, and the frame (X7, ..., X,,) is g-orthonormal. But the rank
of D may vary (i.e., D is a subsheaf of T M) and the above definition encompasses
the so-called almost-Riemannian case, for which m > n and rank(D) < n at some
singular points.

More formally, a sR structure on M can be defined by an Euclidean vector bundle
E over M and a smooth vector bundle morphism o : £ — TM, with D, = o(E,)
and g,(V) = inf{[|ul|}, | u € E,, o(u) =V} for every ¢ € M. When E = M x R™
and o(z,u) = ¥, w; X;(x), we recover the definition of a sR structure attached
with the m vector fields Xy, ..., X,,.

A horizontal path is, by definition, an absolutely continuous path ¢(-) : [0,1] — M
for which there exist m functions u; € L'(0,1) such that ¢(¢) = 37 u;(t) X;i(q(t))
for almost every t € [0,1]. The metric g induces a length on the set of horizontal
paths, and thus a distance dgg on M that is called the sR distance.

The cometric g* associated with (X7, ..., X,,) is the nonnegative quadratic form
on T M defined as follows: given any ¢ € M, g is the nonnegative quadratic form
defined on T;*M by g:(£) = 1%, (€, Xi(q))*. Note that

sou) = s ((60) - 260)

2 ceTiM

(Legendre transform).

Given any smooth function f on M, the horizontal gradient V f of f is the smooth
section of D defined by ¢(V,f, X) = df. X for every smooth section X of D. We
have Vf = Y7, (X, f)X;.

2.2. Sub-Riemannian Laplacian

We denote by div, the divergence operator associated with the smooth measure
pon M, defined by Ly p = div,(X) p for every smooth vector field X on M. Here,
Lx is the Lie derivative along X. The sR Laplacian Agg is defined as the differential
operator

m

(21)  Awf=div, (Vef) =D (X2f +div(X)Xif) YV feC®(M)

i=1
Its principal symbol is the cometric g*. The sR Laplacian is a particular instance of
a Hormander operator: we have Agg = A with Xy = 7%, div,(X;)X; and V = 0.
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Let 2 be an open subset of M. By integration by parts, we have

(Asrt, V) 20, = —/Qg (Vyu, Vo) du + /agvd (nguu) Vu,ve C®(M)

where ¢y, is the interior product of p and V, u. We infer the sR Green formula

(Bsrtt V) pagq, ) = (U Dsr) 20, ) T /aﬂ vd QVW“) a /aQ ud (LVg”“ )

for all u,v € C*°(M). Hence, Agg is symmetric and dissipative on C'*°(£2) in the two
following cases:

e Dirichlet case: f = 0 along 0¢2;
e Neumann case: vy, ru = 0 along OS2

In these two cases, Asr has selfadjoint extensions; moreover, if the manifold 2
endowed with the induced sR distance is complete then Ay is essentially selfadjoint
(see [Str86]) and thus has a unique selfadjoint extension. We speak then of the
Dirichlet (resp., Neumann) sR Laplacian, which is defined on the maximal domain
that is the completion in L?*(£2, 1) of the subset of f € C°°(f) satisfying f = 0 (resp.,
Ly, pit = 0) along OS2

Note that, if 2 = M is compact or if 2 = M = R” or if one considers Dirichlet
boundary conditions then the adjoint of X; in L*(Q, ) is X} = —X; — div,(X;) and
then Agg = — > X7 X,.

2.3. Sub-Riemannian flag

We define the sequence of subsheaves D* of TM by D° = {0}, D! = D =
Span(Xj, ..., X,,) and D*"' = D*+[D, D¥| for k > 1. Under the strong Hormander
condition (1.2), given any point ¢ € M, we have the flag

{0}=DYcD,=D,cD}cC..cCDWCDW=TM
where 7(q) is called the degree of nonholonomy at q. We set n;(q) = dim D;. The r(q)-

tuple of integers (n1(q), ..., ny(g(q)) is called the growth vector at ¢, and we have
nr(g)(q) = n = dim M. By convention, we set n9(q) = 0. We define the nondecreasing
sequence of weights w;(q) as follows: given any i € {1, ..., n}, there exists a unique
j € {1, ..., n} such that n;_1(¢) +1 < i < n;(¢), and we set w;(q) = j. By
definition, we have wi(q) = --- = wy,(¢) = 1, and wy,,_,+1(q) = -+ = wy,(q) = j
when n;(¢q) > nj_1(q). We also have w,, ,+1(q) = -+ = w,,(¢) = r(¢). Note that
N, (q) =n;(q) for j =1, ..., rand that w,,(q) = j if (and only if) n;(q) > n;-1(q).

Given any q € M, we set

r

Qq) =Y _i(ni(g) — ni-1(q)) = D wi(q).
i=1 i=1
If g is regular then Q(q) is the Hausdorff dimension of a small ball in M containing
q endowed with the induced corresponding sR distance (see [Gro96]).

A point ¢ € M is said to be regular if the growth vector is constant in a neigh-
borhood of ¢; otherwise it is said to be singular. The sR structure is said to be
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equiregular if all points of M are regular; in this case, the weights and the Hausdorff
dimension are constant as well on M.

We recall that, at a point ¢ that is regular, with degree of nonholonomy r(g), A
is locally hypoelliptic and even subelliptic with a gain of regularity 2/r(¢q), meaning
that if Af = g with g of Sobolev class H® locally at ¢ then f is (at least) of Sobolev
class H*+2/7@) Jocally at q (see [Hor67]).

2.4. Sub-Riemannian isometries

Given two sR structures (M, D1, g1) and (Ms, Dy, g2), of respective cometrics g7
and g5, a (local) sR isometry ¢ : M; — M, is a (local) smooth diffeomorphism
mapping g; to g;.

Note that, if M is a Lie group equipped with a left-invariant sR structure, then
the left action is a sR isometry on M.

2.5. Nilpotentization of the sub-Riemannian structure

2.5.1. First definition

Let ¢ € M be arbitrary. The nilpotentization of the sR structure (M, D, g) at q
is defined as the metric tangent space of M (endowed with its sR distance) in the
sense of Gromov-Hausdorff (see [Bel96, Gro96]). It is identified, with a sR isometry,
to the sR structure (J\//f 4, D1 , §?) defined hereafter, where M?7 is a smooth connected
manifold of dimension n (as a topological space, M7 is the usual tangent space to
M at q), Dt = Span()/(\f, e 5(\7‘{1) with smooth vector fields X7, ..., 5(\31 on M
(defined hereafter) called nilpotentizations at ¢ of the vector fields X, ..., X,, at ¢,
and the sR metric g? is defined, accordingly, by

a2(0) =t {31
=1

The metric §? induces a distance d%; on M.

To define (M\ q, lA)q, g7), it suffices to define one of the elements of the equivalence
class under the action of sR isometries. A standard description consists of using
charts in M of so-called privileged coordinates, and then to identify M7 ~ R™ with
a sR isometry, as follows.

v:Zui)?f(x)} Ve M Yve Dl
i=1

2.5.2. Privileged coordinates

We first recall the notion of nonholonomic order (see [Bel96, Jeal4d, Mon02] for de-
tails). Given a germ f of a smooth function at ¢, given k € N and integers ji, ..., ji
in {1, ..., m}, the Lie derivative Lx, --- Lx; f(q) is called a nonholonomic deriva-
tive of order k. By definition, the nonholonomic order of f at ¢, denoted by ord,(f),
is the smallest integer k for which at least one nonholonomic derivative of f of order
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k at q is not equal to zero. Given a germ Y of a smooth vector field at ¢, the non-
holonomic order of Y at ¢ is the largest integer k such that ord,(Ly f) > k+ord,(f),
for every germ f at q.

A family (Zy, ..., Z,) of n vector fields is said to be adapted to the flag at ¢ if it
is a frame of T, M at q and if Z;(q) € DX, for every i € {1, ..., n}.

A system of privileged coordinates at ¢ is a system of local coordinates (z1, ..., x,)
at ¢ such that ord,(z;) = w;(q), for every i € {1, ..., n}. Note that we must have
da;(DY (@) # 0 and da;(D¥@~1) = 0, meaning that 9,, € D@\ D@1 at ¢ (i.e.,
privileged coordinates are always adapted to the flag).

An example of privileged coordinates at ¢ is given by

(2.2) (21, ..., Tn) > exp (Z xiZf> (q)

i=1
where (Z1)1<;<n is a frame of vector fields that is adapted to the flag at q.
Privileged coordinates can be obtained from any system of adapted coordinates
by a triangular change of variables (see [Jeal4]).

2.5.3. Dilations and nilpotentization of smooth sections of D

We consider a chart of privileged coordinates at ¢, that is a smooth mapping
Y, : U — R", where U is a neighborhood of ¢ in M, with ¢,(¢) = 0, inducing
local coordinates = = 1,(¢) in which the vector fields (¢,).X; (i =1, ..., m) have
a nilpotent approximation )?3 with the following precise meaning. In these local
coordinates, for every € € R, the dilation ¢, is defined in R", according to the flag
at ¢, by

de(z) = (gwl(‘”:cl, . e“’"(‘J)xn) Vo= (x,..., 1z, €R"

Note that, denoting by m the Lebesgue measure on R" (given by dm = dx; -+ dxy,),
we have 0*m = |¢|2@m for every ¢ # 0.

Civen any vector field X on M that is a smooth section 4 of D (i.e., X(q) =
> a;(q)Xi(q) at any point ¢, with smooth functions a;), the nilpotentization X4
at ¢ of X is the (nilpotent and complete) vector field on R™ defined in the chart by

X7 = lim 67 X.
c#0
Actually this convergence is valid in C'*° topology (uniform convergence of all deriva-
tives on compact subsets of R™). Note that X is homogeneous of order —1 with
respect to dilations, i.e., /\5§§(\ 4 = X1 for every A\ # 0, and that the nonholonomic
order of X — X4 at q is nonnegative. Actually, setting X° = €0 X and writing in
C* topology the Taylor expansion X = X + X© 1 XM 4 ... around 0, where
X ®) is polynomial and homogeneous of degree k (with respect to dilations), we get
that X°© has a Taylor expansion at any order N with respect to ¢, in C* topology:

(23)  XT=e0X = X4+ eXO 4 2XW o4 NXOVD 4o(|e|Y)

(4) Note that we consider a smooth section of the subsheaf D, otherwise there are some difficulties:
take M = R?, D spanned by X; = 9, and X» = 2°9,, and the vector field X = 229,.
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with X7 = X1 (see also [Barl3, Lemma 1]), i.e., setting X° = X for ¢ = 0, X©
depends smoothly on ¢ in C'*° topology. We also have

(2.4) X =X94eZ°

for every ¢ € R with |¢| small enough so that we are in the chart, where Z¢ is a
smooth vector field depending smoothly on € in C'* topology.

2.5.4. Definition of the nilpotentization of the sR structure

In the above chart, we define M ~ R"™, endowed with the sR structure (denoted
by (]\//\[q,b\q,ﬁq)) induced by the vector fields X9, i = 1, ..., m. This definition
does not depend on the choice of privileged coordinates at g because two sets of
such coordinates produce two sR-isometric sR structures. This is due to the fact
that, since transition maps of charts of privileged coordinates are triangular with
respect to the flag, the nilpotentization of any transition map is a sR isometry
(see [Bel96, Proposition 5.20]). Note that the nilpotent sR structure (M7, D4, §9) is
homogeneous with respect to the above dilations and that the corresponding sR
distance is homogeneous of order 1. Moreover, the growth vector of D7 coincides
with that of D at ¢, and Lie(f(\f, . )A(ﬂn) is a nilpotent Lie algebra of step r(q).

It follows from the definition of the sR metric that

§'=lime 2579 and g (X%(2),Y()) = g, (X(q),Y(q))
c£0

for every = € R", for all vector fields X and Y on M that are smooth sections of D.

Another useful geometric identification of (Z\//T q,/ﬁq,@?) is the following. Fixing
a chart of privileged coordinates at ¢, let G, be the (nilpotent) Lie group of dif-
feomorphisms of R™ generated by exp(t)/(\f), fort € Rand =1, ..., m. Its Lie
algebra is

7(q)

o, =Lie (Y. ..., Xp) =@ (0)'/ (D)

1=

it is nilpotent, graded, and generated by its first component DA, In other words, G,
is a Carnot group (see [Mon02]). Under the strong Hérmander condition (1.2), G,
acts transitively on R". Defining the isotropy group H, = {¢ € G, | ¢(0) =0}, of
Lie algebra b, = {Y € g, | Y(0) = 0}, we identify M9 to the homogeneous (coset)
space G,/H,. If q is regular then H, = {0} and thus M9 ~ G, is a Carnot group
endowed with a left-invariant sR structure.

Remark 2.1. — Carnot groups are to sub-Riemannian geometry as Euclidean
spaces are to Riemannian geometry. However, there is a major difference, which
is of particular importance here. In Riemannian geometry, all tangent spaces are
isometric, but this is not the case in sub-Riemannian geometry: given two points
¢1 and ¢y of M, the nilpotentizations (M“, D\ql,ﬁfﬂ) and (MqQ,D\q?,ﬁqQ) of the sR
structure respectively at ¢; and go may not be sR-isometric, even though the growth
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vectors at ¢; and g, coincide.®® There are many algebraically non-isomorphic (and
thus non-isometric) n-dimensional Carnot groups, and even uncountably many for
n = 5 (due to moduli in their classification). We refer to [AMO05, Mar(07] for a
complete classification of rigid and semi-rigid Carnot algebras.

Note that, in dimension three, if the growth vector is (2, 3) then we have a unique
model that is the Heisenberg flat case in the equivalence class of sR-isometric Carnot
groups.

2.5.5. Nilpotentized sR Laplacian

Let ¢ € M be arbitrary. Associated with the sR structure (]\//T 4, D, g7), we define
on C*°(M?1) the differential operator

m

(2.5) A1=%" ()?g)z

i=1
2.5.6. Nilpotentization of measures

Let us define the nilpotentization of a smooth measure p on M. Let ¢ € M be
arbitrary. Using the bijective correspondence between smooth measures and densities,
the measure p induces a volume form that we consider at the point ¢q. Then, the
canonical isomorphism (¢

A" (TyM) ~ A (@ DF/DE- 1)

induces a measure ¢ on Mo Using a chart 1, of privileged coordinates at ¢, and
using the isometric representation M4 ~ R"™, the measure 1? on R" is given in the
chart by
= 11

where the convergence is understood in the vague topology (i.e., the weak star
topology of C.(M)’, where C.(M) is the set of continuous functions on M of compact
support). According to this definition, if ;1 and v are two smooth measures on M, with
i = hv, where h is a positive smooth function on M, then i? = h(q)v?. Equivalently,
this means that

74
(2. o) = Pig) = 2.

dv v

(5) Actually, the flags of two sR structures coincide at any point if and only if the sR structures
are locally Lipschitz equivalent, meaning that the corresponding sR distances satisty c¢1da(q,q)
< di(q,q") < cada(q,q’) for some uniform constants ¢; > 0 and ¢z > 0.

(6) Indeed, following [ABGRO09], considering a basis (61, ..., epn) of T, M that is adapted to the flag,

that is, such that e; € D;"i(q), the wedge product e; A -+ Ae, depends only on e; mod Dy" wilg)—1

This induces the canonical isomorphism.
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In particular, the nilpotentizations at ¢ of all smooth measures are proportional
to the Lebesgue measure m on M? ~ R". Note that, if ¢ is regular, then ;9 is a
left-invariant measure on the Carnot group M ?: in this case, M7is a nilpotent Lie
group and thus is unimodular, and hence zi? coincides with the Haar measure, up to
scaling.

In passing, note that, applying (2.6) to the measure v = Hg that is the spherical
Hausdorff measure and using the fact (proved in [ABB12]) that Hg' (B?) = 224 we
obtain that the density at ¢ of u with respect to the spherical Hausdorff measure is
o) = (g = 7 P)

dHs 29(a)

Remark 2.2. — Let ¢ € M be arbitrary, and let p be an arbitrary smooth measure
on M. Endowing M? with the measure i, we claim that

(2.7) divg, (X7) =0 Vie{l,...,m}.

As a consequence, we have ()/(\iq)* = —)/(Zq, where the transpose is considered in
L2(M¢9, i9). Tt follows that
IXESY ()?;1)2 -y - ()?q))?q
i=1 i=1

Due to the cancellation of the divergence term, there are no terms of order one
(compare with the general formula for a sR Laplacian, given, e.g., in [CAVHT16]).

Let us prove (2.7). Following [Jeal4, page 25], we write X{(z) = X", aj (2)0,, in a
chart of privileged coordinates. By definition, 0, is homogeneous of degree —w;(q),
and since )?f is homogeneous of degree —1, it follows that a,;; is a homogenous
polynomial of degree w;(¢q) — 1. Since zy, is of weight greater than or equal to w;(q)
for k > j, a;; does not depend on variables xy for k > j. It follows that 0, a;; = 0,
and hence div;q()?f) = 0 (recall that 9 is equal, up to constant scaling, to the
Lebesgue measure on R™).

Part 1. Proof of the limit in Theorem A

This part is devoted to proving the following result (first term in the complete
asymptotic expansion stated in Theorem A).

THEOREM B. — Let g € M be arbitrary (regular or not). Let 1, : U — V be a
chart of privileged coordinates at q such that 1,(q) = 0, where U is an open connected
neighborhood of ¢ in M and V' is an open neighborhood of 0 in R"™. We assume that
Xy is a smooth section of D over M. We also assume that sup,c;; 7(q') < +o0c. Then,
in the chart, we have

(2.8) lim |9 ey, (%, 0.(x),0.(2')) = &°(t, z, ")
e#0
in C*((0,+00) x V x V) topology.
Moreover, if q is regular, then the above convergence is locally uniform with
respect to q, and the function € depends smoothly (in C* topology) on q in any
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open neighborhood of q consisting of regular points. If the manifold M is Whitney
stratifiable with strata defined according to the sR flag (i.e., the growth vector
(n1(q), - -, nuq(q)) is constant along each stratum) then the latter property is
satisfied along strata.

When X, is a smooth section of D? over M, the above statement remains true,
replacing A9 with A% + X{ (see Remark 1.2).

Sketch of proof. In few words, the proof goes as follows (see Section 4 for all
details).
Assume first that M = R™. For every i € {0, ..., m}, the vector field X7 = §*X;

converges to )?f in C'™ topology as ¢ — 0. Hence the operator

A =20 A0). = Y (X5) +eX§ — 2 (52V)

=1

—~ _ 2
converges to AY = Y, (Xf) in C'* topology. By the Trotter-Kato theorem
(see [ENO0O, Paz83]), the corresponding heat kernel

(2.9 (1 2,2") = [e]29 s, (2,0.(2),8.(a"))

converges to €? in a weak topology, but actually convergence is true as well in
C*((0,400) x R™ x R™ topology because, by uniform local subellipticity of

(A€>E S [—80,80}7

the family (). [z, is uniformly bounded in the Montel space C'*°, for some
g9 > 0 small enough.

On a general manifold, we follow the above argument in a local chart around g,
extending the vector fields X; by 0 outside of a neighborhood of ¢g. The relation (2.9)
is then not exactly true, but, thanks to the fact that the small-time asymptotics of
hypoelliptic heat kernels is purely local (Kac’s principle), the relation (2.9) remains
true with a remainder term O(|¢|*) as ¢ — 0, and we conclude as well.

As one can see, in the above argument, we only use local results:

e local subellipticity estimates and local smoothing properties for hypoelliptic
heat kernels, uniform with respect to some parameters: these are well known
results, but for completeness (and in order to prepare global estimates), we
give statements and proofs in Appendix B.1;

e local nature of the small-time asymptotics of hypoelliptic heat kernels (Kac’s
principle), uniform with respect to parameters: this is established in Theo-
rem 3.2 in Section 3.2.1.

Incidentally, we state in Theorem 3.5 (in Section 3.2.2) a general convergence result
for hypoelliptic heat kernels depending on parameters: this is a singular perturbation
theorem for hypoelliptic operators, generalizing existing singular perturbation results
for elliptic operators.
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3. Some general facts for hypoelliptic heat kernels
3.1. Hormander operators, semigroups and heat kernels
3.1.1. Preliminary remarks on Hérmander operators

In this section, we make some remarks on Hérmander operators, which are useful in
view of defining the domains of such operators and then show existence of semigroups,
as done in Section 3.1.2. Let € be an open subset of M.

Integration by parts with a Héormander operator. We consider the differen-
tial operator A is defined by (1.1). By integration by parts, we compute

(1) (AfPrap = = LI Xif g+ [ Fdln)

+ ;/Qjﬁ @é (Xi (div,(X;)) + (divu(Xi))Q) — div,,(X,) — 2V> dy
with
(3.2) Y = i (Xif - ;f divu(Xi)> X, + ;fXO_

Of course, if Q2 = () then there is no boundary term. When 09 # (), the boundary
term [y f d (typ) is equal to zero in the two following cases:

e Dirichlet case: f = 0 along 0);
e Neumann case: ¢ty = 0 along 0f2.

In particular, we have defined here the Neumann boundary condition for the Hor-
mander operator A: the interior product of p and of the vector field Y (defined
by (3.2)) is zero along 0f2. Note that

Y =V,f+ ;f (Xo - idiVu(Xi)Xi>
=1

where V, f is the horizontal gradient of f.

Symmetry properties of Héormander operators. Recalling that the differen-
tial operator A is defined by (1.1) and that Ay is defined by (2.1), we have

i=1
Integrating by parts, we compute
(D, v) o = —/Qg(Vgu, V) du — /Qu(X(’)v) dp — /qu (div, (X5) +V) du

+/89Ud(l,vguﬂ> +/89UUd(LX6uM)
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and we infer the Green formula for Hormander operators:
(D0,0) 1,y = (0 50) 0, + | (0(XKGu) dpt = u(XG0)) d

o) i) varecein

For the operator A to be symmetric on C*(f2), there are two necessary conditions:

e The term [, (v(X{ju) dp — u(X{v)) dp must be zero, which is the case if and
only if X =0, i.e., Xo = Y72, div,(X;)X; on Q.

e The boundary term must be zero. This is the case for Dirichlet boundary
conditions. For Neumann boundary conditions, using the fact that X = 0 by
the first item and thus that the vector field Y defined by (3.2) coincides with
the horizontal gradient, we see then that the Neumann boundary condition for
the Hormander operator coincides with the sR Neumann boundary condition.

Therefore, in the Dirichlet as in the Neumann case, the Hormander operator A
is symmetric on C*(Q) if and only if X, = >, div,(X;)X; on €. In this case,
A = A4 — V has selfadjoint extensions; moreover, if the manifold €2 endowed with
the induced sR distance is complete then A is essentially selfadjoint on C'2°(€2) and
thus has a unique selfadjoint extension.

3.1.2. Hypoelliptic semigroups and heat kernels

We consider the operator A : D(A) — L*(2, ) defined on a domain D(A) that is
assumed to be dense in L?*(£2, ) and for which (A, D(A)) is closed. When 99 # (),
the domain D(A) encodes some possible boundary conditions on 0.

According to Section 3.1.1, given a sufficiently regular function f, we speak of the
Dirichlet boundary condition when f = 0 along 02, and of the Neumann boundary
condition when ¢y = 0 (interior product of 1 and Y') along 052, where Y is defined
by (3.2).

Let ¢ € M be arbitrary. Let p be an arbitrary smooth measure on M. We set
D(AY) = {f € LA(M9,9) | Af e L2(M?,i%)}. According to Section 3.1.1 and
Remark 2.2, since (M4, d%) is complete (indeed, sR balls of small radius are compact,
and M7 is invariant under dilations), the operator AY : D(A?) — L2(M4, %) is
selfadjoint.

LEMMA 3.1. — Under any of the following assumptions:
(A) A:D(A) — L2, ) is selfadjoint (see Section 3.1.1);
(B) the functions div,(Xy), div,(X;) and X;(div,(X;)), i =1, ..., m, are boun-
ded on €2, and we have Dirichlet or Neumann boundary conditions whenever
o0 # 0;
the operator (A, D(A\)) generates a strongly continuous semigroup (e!®);>o on
L*(Q, p).
The operator (A4, D(AY)) is selfadjoint and generates a strongly continuous con-

-~

traction semigroup (etgq)go on L2(M?, jif).
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Proof. — Under Assumption A, it follows from Sections 2.2 and 3.1.1 that A =
Agr — V with V bounded below and thus there exists C' > 0 such that A — C'id is
dissipative.

Under Assumption B, by integration by parts, we have the formula (3.1). The
integral on 02 is zero in the case of Dirichlet or Neumann boundary conditions. Hence
there exists C' > 0 (not depending on f) such that ((A — Cid)f, f)r2(q, . < 0 for
every f € D(A), and thus A — C' id is dissipative in L*(£2, ). The same result holds
for its adjoint.

Now, since the operator A — C'id in L*(, i) is closed and dissipative as well as
its adjoint, it follows from the Lumer—Phillips theorem (see, e.g., [EN0O, Paz83])
that it generates a strongly continuous contraction semigroup (e/“=¢ i), . Then,
the operator /A generates a strongly continuous semigroup (e'~);, and we have
oD — (CLo(A—C id)

The operator A on LQ(]\//Y 7 117) is closed, selfadjoint and dissipative, and thus it

generates a strongly continuous contraction semigroup(etﬁq)go. 0

Hypoelliptic heat kernels. Under the assumptions done in Lemma 3.1, since
Lie(D) = TM (which implies Lie(D9) = TM?)™ | both operators 8, — A and 0, — A
are hypoelliptic and therefore the corresponding heat kernels exist and are smooth:
given any smooth measure p on M, we consider the heat kernel en , defined on
(0, +00) x Q2 x ), associated with the operator A and with the measure p, and the heat
kernel €7 = €Ra, 51 defined on (0, +00) X M x M9, associated with the operator A
and with the measure [i? (see Appendix A for reminders on heat kernels). Smoothness
follows from the fact that ea , is solution of Pea , = 0, with P = 20, —(A),— (A%)
that is hypoelliptic.

When V is bounded on M, it follows from the maximum principle for hypoelliptic
operators (see [Bon69]) that ex , and e? are positive functions. Since — A\ s selfad-
joint, € is also symmetric. Note also that, using the formulas in Appendix A, we
have the homogeneity property

(3.3) &t w,a') = e|9@ e (%, 6. (), 0.(a))

for all (¢,z,2") € (0,400) X R™ x R™ and for every ¢ # 0 (where we have identified
M4 ~ R™).

In Theorem A further, we will establish an asymptotic relationship between the
heat kernel en , and the nilpotentized heat kernel e?.

Probabilistic interpretation. It can be noted that, when Q = M and V = 0, the
heat kernel ex ,, is the density of the probability law of the solution to the stochastic
differential equation on M in the Stratonovich sense

day,g = V2 Xi(xy,) o dw) + Xo(wy,q) dt

=1

(7) Actually, the following weaker Hérmander assumption is enough to ensure hypoellipticity of 9y —A:
TM is spanned by the vector ﬁelds (Xz)l <i<my ([)(77 Xj])g <i,5<m; ([X“ [Xj, Xk]])o <i 4, k<m) etc.
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with zo, = ¢, where (w});<i<m is a m-dimensional Brownian process realized as
the coordinate process on {u € C([0,1],R™ | u(0) = 0} under the Wiener measure
(see [BA89]): the solution to dyu—Au = 0 for t > 0, u(0,q) = f(q) with f € L*(Q, u),
is then given by

ult.q) = [ eanlt,0.0)F(@) duld) = Ef (@10).

3.2. Two general results for parameter-dependent hypoelliptic heat
kernels

This section can be read independently of the rest.

Let M be a smooth connected manifold and let €2 be an open subset of M. Let
m € N* and let K be a compact set. For every 7 € K, let ;7 be a smooth density
on M, let X7, X7, ..., X7 be smooth vector fields on M and let V™ be a smooth
function on M, all of them depending continuously on 7 in C*° topology. We consider
the second-order differential operator

AT = (X7 + X -V,
i=1
Throughout the section, we assume that the Lie algebra Lie( X7, ..., X7 ) generated
by the vector fields is equal to T, M at any point ¢ € M, with a degree of nonholonomy
that is uniform with respect to 7 € K (uniform strong Hérmander condition).

3.2.1. Local nature of the small-time asymptotics of hypoelliptic heat kernels

Let Q; and €25 be two arbitrary open subsets of M, assumed to be manifolds with
or without boundary. We still denote by ™ the volume induced on each (2;.

For i = 1,2, we define the operator AT on L*(€;, u7) as follows. Let D(AT) be a
subset of {u € L*(Qy,1") | (A™u)jq, € L*(Q4, ")}, standing for the domain of A7
and encoding possible boundary conditions on 0f2; if €; has a nontrivial boundary.
We now consider the operator AT : D(AT) — L*(Q, u7) defined by ATu = (ATu))q,
for every u € D(A]).

In other words, we consider here the operator A" on different subsets €2;, with
some boundary conditions. For instance, one can take 2; = M and (2 an open
subset of M with Dirichlet conditions on 0€2,.

Let us assume that A7 generates a strongly continuous semigroup (etAz'T)t>0 on
L3(Q;, u™), satisfying the uniform estimate

A7 < Cst e“* Vi=0 Vrek
L(L2(9, 7))

e
for some C' > 0. By an obvious (parameter-dependent) generalization of Lemma 3.1,

we note that this is the case if V7 is uniformly bounded below on €2y U 2, with
respect to 7 and if, for i =1, 2:
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(A,) either AT : D(AT) — L*(Q, u") is selfadjoint for every 7 € K,
(B7) or the functions div,-(X{), div,-(X]) and X](div,-(X7)), j = 1,..., m,
are bounded on €2, uniformly with respect to 7, and we have Dirichlet or
Neumann boundary conditions (see Lemma 3.1).
Let €](t,q,q') = ear u(t,q,q') be its heat kernel, defined on (0, +00) x €2; x €.
Note that e] is symmetric whenever A7 is selfadjoint.

The following fact was noticed in [JSC86]: extending the heat kernels by 0 for
t < 0, by hypoellipticity of the operator 9, — AT (under the Lie algebra generating
assumption), it follows that €] (¢, ¢, ¢) vanishes at infinite order as ¢t — 0 for fixed ¢
and ¢’ such that ¢ # ¢'. This observation inspired to us the result below.

Hereafter, given a function e depending on three variables (¢, ¢, ¢’), the notation

0y (resp., 02, 03) denotes the partial derivative with respect to ¢ (resp., to ¢, to ¢').

THEOREM 3.2. — For all (k,«, 3) € N x N? x N, we have
(ofasa5eT) (t.q.q') = (010505 e3) (t.q,q') + O(t™)

ast — 0, t > 0, uniformly with respect to 7 € K and to q and ¢ varying in any
compact subset of Q3 NQ)y. This means that, for all (k, o, 3) € Nx N¢ x N4, for every

t; > 0, for every compact subset K C €21 Ny, for every N € N*, we have
|(F0505 (5 — €3)) (t.0.4)| < Cst(k, a, B, 11, K, N

Vit e (0,t] V(q,qd)e Kx K Vrelk.

This result reflects Kac’s principle of “not feeling the boundary”, showing that
the small-time asymptotic behavior of the heat kernel is purely local. Moreover, we
establish here a uniform parameter-dependent version, which is possible thanks to
the uniform subelliptic estimates obtained in Appendix B.

Proof. — Let 7 € K be arbitrary. Let 2 be an open subset of €21 N €y. We set
w(t,q,q¢") =€7(t,q.q4") — €5(t,q,¢), for all t € R and (q,¢") € © x Q. The function
w” is smooth on (0, 4+00) x Q x €, and actually (extending by 0 for t < 0) we are
going to prove that it is smooth on R x €2 x €2, with uniform estimates with respect
to 7 € K.

On Q x Q, we consider the differential operator (A7), = A" ® id, meaning that
given any smooth function g on © x Q, the function (A7),g designates the partial
derivative, using the differential operator A7, of the function g, with respect to q.
Accordingly, we consider the operator (A7)% = id ®(A7)*.

Noticing that the heat kernels have been extended by 0 for ¢ < 0, both kernels
el and e} are solutions of the same differential equation (0; — (A7)q)e = (0,4 (%, )
in the sense of distributions, for any fixed ¢’ € €2, where the distribution pairing is
considered with respect to the measure dt xdu”(¢q) on Rx 2. Hence (0;—(A7),)w™ =0
on R x € x Q. Using that ear ,-(t,q,¢) = ear, ,~(t, ¢, q), both e] and e] are also
solutions of (0; — (A7) )e = 6(0,q)(t,¢') in the sense of distributions, for any fixed
q € Q. Hence (0; — (A7) )w”™ = 0 on R x  x Q. Setting Pr = (A7), + (A7) — 20,
we infer that P,w™ = 0 on R x © x Q. At this step, for any 7 fixed, we infer by
hypoellipticity of P, that w” is smooth, and since w” vanishes for ¢ < 0, it follows
that w7 is flat at t = 0. This gives the result, for 7 fixed.
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But in order to ensure uniform estimates with respect to 7, we have to elaborate
further arguments. In order to use the uniform local subelliptic estimates (B.2)
established in Section B.1.1, as an initialization, we need to prove that w7 is bounded,
uniformly with respect to 7, for some weak enough Sobolev norm. To this aim, let
us first establish a rough norm estimate, valid for both heat kernels, and uniform
with respect to 7.

LEMMA 3.3. — For every t; > 0, for every open subset V' C 2 of compact closure,
there exists p € N* such that

In the norm above, and in the proof hereafter, the Sobolev spaces are considered
with respect to the density p™.

Proof of Lemma 3.3. Let t; > 0 be arbitrary. As in the proofs of Lemma 3.1 (Sec-
tion 3.1.2) and of Corollary B.3 (Appendix B.1.2), we first note that ||~ || 1(z2(,))
< Cst(ty), for every t € [0,]. Besides, we set A, = a(id —Ar)/%, where Ap is any
second-order elliptic operator on §2; (for instance, a Riemannian Laplacian if M is
Riemannian) and a is a smooth positive function on €2; chosen such that there exists
p € N* large enough so that A,? is Hilbert-Schmidt (as an operator on L?(;)),
i.e., [[A;P||ms < +0o0o (see also the proof of Corollary B.3 in Appendix B.1.2 for the
existence of such an integer p). It follows that the operator A Pe!®7 on L%(€;) is
Hilbert—Schmidt, and its Hilbert—Schmidt norm is bounded uniformly with respect
toT € K and to t € [0,¢;]. Since

HA;petAz I H(Aa)q_pd(ta 5 )‘

the conclusion follows. O

L2(Q0)x L2, (%)

Now, let ¢ and (' be arbitrary smooth functions compactly supported in (—t, ;) X
Q x Q, with ' = 1 on the support of {. From Lemma 3.3, there exists s < 0 such
that [|[("w || gs (—t1,0)x o x9) < Cst(t1, (). Applying Theorem B.1 to the family of
operators P, (in particular, applying to w” the uniform estimates (B.2) that follow
from this theorem), we infer that, for every k& € N, the norm [[Cw” || grstro (¢, 11)x0x0)
is uniformly bounded with respect to 7 € K. Using Sobolev embeddings, the theorem
follows. 0]

Remark 3.4. — Note that a quite similar result has been established in [Hsu95],
without parameter dependence and under completeness assumptions.

3.2.2. A general convergence result for hypoelliptic heat kernels

We keep the notations and assumptions done in Section 3.1.2. We assume that A7
generates a strongly continuous semigroup (€/2”); > on L?(Q, u7), satisfying uniform
estimate

HetN L(E2 (@, 07) < Cst e Vt>0 VTeK
for some C' > 0. Like in Section 3.2.1, we note that this is the case if V7 is uniformly
bounded below on M and if either A, or B; is satisfied. We denote by e™ = ea- -

the associated heat kernel, defined on (0, +00) x € x Q.
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THEOREM 3.5. — The heat kernel e” is smooth on (0, +00) x €2 x Q, for every
7 € K, and depends continuously on 7 € K in C*((0,+00) x Q2 x Q) topology.

Proof. — Let 19 € K be arbitrary. The differential operator A™ is the limit of A”
in C'*° topology as 7 — 7y, meaning that A”f — A™ f as 7 — 7y uniformly on any
compact subset of M, for every smooth function f on M.

By the Trotter—Kato theorem (see, e.g., [EN0O, Chapter III] or [Paz83, Chapter 3]),
BT f — e fin L2(Q, 1) as T — T, for every t > 0 and every smooth function
f on Q with compact support, and the convergence is uniform with respect to t on
[0,t1], for every t; > 0. Taking the Schwartz kernels (see Appendix A), it follows
that, given any 0 < ty < t; and any compact subset K of €2, e™ converges to e™ in
C=°([to, t1] x K x K) as T — 1 for the weak-star topology. Here, C~>°([to, t1] x K X K)
is the topological dual of the Fréchet Montel space C*([to, 1] x K x K).

By Corollary B.3 in Appendix B.1.2, applied with L™ = A7, the family (e7),cx
is uniformly bounded in C*°([tg,t;] X K x K). Therefore, thanks to the Heine—
Borel property, we conclude that €™ converges to €™ in the Fréchet Montel space
C*>((0,+00) x Q x Q) as 7 — 9. O

Remark 3.6. — We note that A7 is a singular perturbation of A% One can find
in [Lio73] (see also [Hue60]) a number of results on singular perturbations of elliptic
operators, i.e., when AY is an elliptic operator. Here, our results can be seen as some
singular perturbations of hypoelliptic operators.

For example, Theorem 3.5 can be applied to the situation where AT = A? +
7R, with A® being hypoelliptic and Ag being a Riemannian Laplacian if M
is Riemannian: this is an elliptic perturbation of a hypoelliptic operator. We thus
recover results established in [Rum00, Theorem 7.2] (see also [Ge93]) in the particular
case where A is a contact sR Laplacian.

Note also that, when the considered operators are selfadjoint and of compact
resolvent, using the max-min principle, our results imply convergence of the spectrum
of AT (eigenvalues and eigenfunctions) to that of A° (as in [Fuk87, Ge93, Rum00)).
We do not give details. This convergence is of course not uniform in general because
the leading term in the short-time asymptotics of heat kernels may differ: for instance
when A is a 3D contact sub-Riemannian Laplacian then the short-time asymptotics
is like 1/t%, whereas for 7 # 0, assuming that A™ = A? + 7AR as above, the
short-time asymptotics is like 1/t32 (asymptotics in the Riemannian case).

4. Proof of the limit in Theorem A

In this section, we prove Theorem B, which is Theorem A at the order zero.

4.1. Preliminaries
Throughout, we assume that X is a smooth section of D over M. Each time this is

required, we will indicate the modifications that must be done when X is a smooth
section of D? over M.
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Let g9 > 0 be small enough such that 6.(V) C V for every € € [—&g,g0]. We first
extend the vector fields (¢,).X; (which are defined in the neighborhood V' given by
the chart) to R™. Let W; and W5 be open subsets of R™ of compact closure such
that W, C Wy C W, C V and such that 6.(W;) € Wy and 6. (W) C W, for every
e € [—ep,&0]. Let x be a smooth function of compact support on R", such that
0<x<1, x(x)=1ifx € W, and x(z) =0 if x € R" \ Wh.

Hereafter, we will use the measure i¢ on R", which coincides, up to a constant
scaling, with the Lebesgue measure on R".

Definition of A (local version of A in the chart). We define

Y = x(¢g) X, i=0,...,m,
so that Y; = (¢,).X; on Wp and Y; = 0 on R™\ W5. Similarly, we define the function
v on R"™ by v = x(1,).V, and the measure v on R" by (v, f) = (¢,)«p, x f) for every
f € C°(R"). Setting Y = (Y, Y1, ..., Yy,), we consider on C*(R") the differential
operator
Z = Z }/;2 + }/E) — V.
i=1

The operator A (resp., the measure v) is the extension to R™ (by 0) of the local version
of A (resp., of ) in the chart. As we are going to see, in the proof of Theorem B,
the way we extend does not have any impact on the local asymptotics of the heat
kernel, thanks to the localization result stated in Theorem 3.2 (Section 3.2.1).

Since the vector fields Y; are of compact support, setting

D(A) ={f € L*®R"v) |Af € L*R", )},
it follows from Lemma 3.1 that the operator (A, D(A)) generates a strongly contin-

uous semigroup (etg~)t>0 on L*(R",v). By hypoellipticity (see Corollary B.3), the

Schwartz kernel of e! 2, restricted to (0, +00) x Wi x Wi — (0, +00), has a continuous
density with respect to v, which is the smooth function

e=ex ,:(0,+00) x Wy x Wi — (0, +00).

4.2. Definition of the vector fields Y/

For every ¢ € [—¢¢, 0] \ {0}, we set

€ 1 * *y- .
(4.1) v ‘g‘Q 5 Y =0y, i=0,...,m.

Using that 6, = 5,5)\ = (5,\5§, we observe that

(42) YE=M3YA i=0,...,m,  YA>0  Vee€[-Aeo, M)\ {0},
When XO is a smooth section of D? over M, we modify the definition of Y by
setting V¢ = £26*Y,, and we have the homogeneity property Y = A26:Y:/.
Note that Yy is nontrivial on 6;*(W;) = d;,.(W;) which is a neighborhood of

0 increasing to R™ as ¢ — 0. For every ¢ € {0, ..., m}, Y converges to )/(\f in
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C>®(R™",R™) as ¢ — 0 (see Section 2.5 and Remark 1.2). Actually, using (2.3), we
have the expansion

(4.3) Ve =e0rVy = X!+ + 2V 4+ 4 NV 4o (JefY)

in C"™ topology, where Y;(k) is polynomial and homogeneous of degree k (with respect
to dilations), and X? = Y,V i.e., setting Y? = X7 for ¢ = 0, Y;* depends smoothly
on ¢ in C'*° topology.

Since Y converges to X, q, as well as all its derivatives, on any compact, since
the m-tuple (5(\1, o X ‘1) satisfies the Hormander condition, using that [Y7, V7]
= e%0:[Vi, Y], it is clear that the m-tuple (YF, ..., Y,%) satisfies the uniform strong
Hormander condition (as defined in Section B.1.2) on Wy, for € € [—&y, £¢], provided
that ¢y be small enough.

Moreover, we have v° — [i? for the vague topology as ¢ — 0. Actually, the density
of v* with respect to the Lebesgue measure of R™ converges in C* topology to the
density of i with respect to the Lebesgue measure of R™ (which is constant).

4.3. Definition of the operator A*®

Differential operator A®. For every € € [—¢gq, 0] \ {0} we define on C*°(R") the
differential operator

(4.4) AF = 25 A(6)..

Using (4.2), we have the homogeneity property

(4.5) AT = N2GAR(6),  YA>0  Vee[=Xep, Aeg \ {0}
Using Appendix A, we have

(4.6) A=) (55*Y) +&251Yy — &2 (8v) =) (Y, 24 eYy — % (67v).
=1 =1
When X is a smooth section of D? over M, the definition of A¢ is modified as

follows:

AT =S (YE)2 4 YE — 2 (5).

i=1

Convergence of A® to AY Since eYf — 0 in C®°(R",R"), the differential
operator A4 defined by (2.5) is the limit of A® in C'*° topology as € — 0, meaning
that A°f — Alf in C>(R") as € — 0, for every f € C°°(R"). Defining A° = X
for e = 0, A® depends smoothly on € in C* topology.

We could give an asymptotic expansion of A® in C*° topology, as we will do
further in Section 6.1.3 for an appropriate modification of A, but we do not give it
because it will not be useful. Indeed, we will see further that the C*° topology is not
strong enough to establish the complete asymptotic expansion stated in Theorem A.
Anyway, the limit in C* topology suffices to establish Theorem B.
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When X, is a smooth section of D? over M, we have Y¢ = £26:Y, = Xd+eY "+
o(|e|) where X{ is homogeneous of order —2 (see Remark 1.2 for the details). We
obtain in this case that A® — A?+ X{ in C* topology as € — 0.

Semigroup generated by A°. Setting
D(A%) = {f € L*(R", )

A°f € L2 (R, 1°)},

using (4.4), the operator (A®, D(A®)) generates a strongly continuous semigroup
(€270 on L2(R", %), satisfying

51 B(E). =™ VE20 Ve [-ene)\ {0},

Since HetZ’|L(L2(Rn7y)) < Cst e“? for every t > 0, for some C > 0, it follows that the

tA\E
Il z(

semigroup (e'~7); satisfies the uniform estimate ||e r2(rn,ve)) < Cst ece’t,

Heat kernel e of A®. By hypoellipticity (see Corollary B.3), the Schwartz kernel
of 2", restricted to (0, 4+00) x Wy x Wi, has a continuous density with respect to
v®, which is the smooth function

ef = ENE, e L (O, +OO) X Wl X W1 — (0,—|—OO)
Using (4.4) and the formulas (A.1) of Appendix A, we have

(4.7) € (t,3,2)) = [e] Ve (£, 0.(x), b:(2') )
Vee [0\ {0}  V(taa) e (0,+00) x Wy x Wy

Convergence of e to e?. Recall that the nilpotentized heat kernel is the smooth

function &7 = ez, =, : (0,400) x R" x R" — (0,+00), defined as the continuous

density with respect to fi? of the Schwartz kernel of e
Applying the general convergence result stated in Theorem 3.5 (in Section 3.2.2)
with IC = [—eg,e0], T=¢, Q =Wy, u” = v° and L™ = A®, we obtain that

(4.8) e = ! in C*((0,400) x Wy x Wy).

tAg

When X is a smooth section of D? over M, the result remains true provided that
A7 be replaced with A7+ X{.

Remark 4.1. — 'The above argument yields a convergence that is much stronger
than the convergence on semigroups provided by the Trotter—-Kato theorem (which
is only pointwise). We do not know if this could have been established by general
results on analytic semigroups. Indeed, although the strongly continuous contraction
semigroup (e!2");> ¢ is analytic of angle /2 (this follows, e.g., from [EN00, Chap-
ter 11, Corollary 4.7], because the operator Y on L?(R™) is nonpositive selfadjoint
and thus has a real nonpositive spectrum), given any € > 0, we do not know if the
strongly continuous semigroup (e©7);>¢ on L*(R") is analytic with an angle that
would be uniform with respect to ¢ in general (unless, of course, we are in the case

where A° is selfadjoint). Actually, there are hints (see [EH03]) showing that the
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operator A° may fail to be uniformly sectorial.®) Note also that A¢ — A9 s not
Ad-bounded in general and that A9 is not an elliptic operator. This is why, instead
of using classical integral representations of analytic semigroups, we used the fact
(proved in Section B.1.2) that €' is uniformly locally smoothing.

4.4. End of the proof of Theorem B

We already know that e° is related to € by the formula (4.7), which gives as well
(4.9) (90805 ene,oe) (t,7,2)

for every e € [—eg,e0] \ {0}, for all (t,z,2") € (0,+00) x Wy x W; and for all
(k,a, B) € N x N x N where we have set a = (ay, ..., a,) and 8= (B, ..., Ba)-
Let us now relate ¢ with ea ,. This is done thanks to the localization result stated
in Theorem 3.2 (Section 3.2.1). Recalling that A coincides with A in the chart,
Theorem 3.2 gives, in the chart,

(4.10) enu (2,0:(x),0:(2)) = ex , (£, 0:(),0.(a")) + O(le]*)

in C* topology. The limit (2.8) in C'*° topology then follows from (4.8), (4.9)
and (4.10).

Case ¢ regular. Let us assume that ¢ is regular, meaning that there exists an
open subset U of M on which the flag is regular. Let us make vary ¢ in U. We
first remark that it is possible to choose, at the beginning of the proof, a chart 1,
depending smoothly on ¢: for instance, one may use the map (2.2) that is obtained
with a frame of vector fields Z! adapted to the flag and depending smoothly on g.
With such a choice, Y;° depends smoothly on ¢, and the convergence of Y;® to )?f is
uniform as well with respect to ¢. Similar properties hold for all convergences under
consideration in the proof. Since all our results on subelliptic estimates (Appendix B)
and localization of the heat kernels (hypoelliptic Kac’s principle, Theorem 3.2) are
valid uniformly with respect to ¢ in this regular neighborhood, we can keep track
of the regularity with respect to ¢ in the entire proof above, and smoothness with
respect to ¢ of all the coefficients of the expansion follows.

A similar argument is developed on strata defined according to the sR flag.

(8) We thank Martin Hairer for a discussion on this subject.
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Part 2. Proof of the complete asymptotic
expansion in Theorem A

Theorem B is a weaker version of Theorem A, in which we have obtained the limit,
i.e., the first term of the expansion with respect to . The full version of Theorem A
states an asymptotic expansion at any order with respect to .

5. Idea of the proof

Surprisingly, the proof of Theorem A, done in Section 6, is much more difficult
than the (quite easy) one of Theorem B done in Section 4. Deriving the complete
expansion indeed requires significant additional work. In particular, as we explain
hereafter, it requires to use global smoothing estimates (established in Appendix C
and in Appendix B.2) and to consider an adequate modification A®7 of the operator
Af ) which complicates significantly the analysis.

Hereafter, we explain our proof approach and we point out the main difficulties,
in order to motivate some of the developments that will follow.

5.1. Duhamel formula

Consider the operator A® defined by (4.4) in Section 4. As in [Barl3], the starting
point is the Duhamel formula

~ ¢ . ~
etAE — etAq +/ e(t—s)AE (AE . Aq) esAq ds
0

for t > 0. Setting

i+1

¥i(t) = {Si_H = (51, .-, 8i11) € (0, +00)" ! ’ > sk = t} Vie N,
k=1

given any N € N* we obtain by iteration
ne _ aRe N A R s < A
5.1) o =" 4 / 18T (AT — A7) 287 L (AT — AT efirt? g5t
(1) D fo e (67 =) (47— &)

+ e (AE — /A\q) 2B (AE — /A\q> eon 2D N+2
Ena(t)
Besides, using an expansion in homogeneous terms, we have an asymptotic expansion
at any order

(5.2) A=At e Ay 4+ N Ay + VIR

where A;, i € N*, and R, are second-order differential operators. Moreover all
derivations A;, for i =1, ..., N, have polynomial coefficients with a degree that is
bounded by some power of N. Of course, we must be careful with the topology taken
for the convergences and for the asymptotic expansions, and by the way, this is one
of the main problems, because the C'* topology, which was considered previously,
will not be sufficient. Let us explain why.
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Using (5.1) and (5.2), for the moment in a formal way, we obtain

(5.3) A = e B L O (t) + -+ VO () + NP (1)
where each operator C;(t) is a finite sum of terms Z;(¢) for some i € {1, ..., N},
where Z;(t) is defined by
(54) Il(t) :/ ( eslﬁqul eszgq Aji €Si+1£q ds'
()
with ji,...,jn € {1, ..., N}, and where the remainder term Py, () is a finite sum

of terms e*Z;(t), e J£(t) and e*K:(t) with ki e N, k < (N +1)2, 1 <i < N, and
JE(t) and K5 (t) are defined by

(55) ls@) — /E'(t) 681&(18% eszA‘l L. Bf QSHIAQ d5i+1
(5.6) ki) = [, P R
where each B is a second-order derivation, either equal to some A;, i € {1, ..., N},
or to Ry -
All operators above are defined as convolutions, 1.e., iterated compositions involving

. q €
the operators e%©* and e*! ®

we have

t -~ ~ t ~ ~
Ci(t) = /0 et 5B g5 Cy(t) = /O elt=5)B° (AQesﬁq +A181(s)> ds.

, and derivations A; and R, in-between. For instance,

Only the terms K:(¢) (involved in the remainder P§.(f)) contain %" as a first

term in the convolution. Note that A¢ is selfadjoint but Af is not selfadjoint in
general.

The basic idea is then to take Schwartz kernels in (5.3), in order to obtain the
expansion of the heat kernel e® with respect to ¢.

Although apparently simple, at least in a formal way, establishing rigorously the
expansion at any order appears to be difficult and technical. The main difficulty is to
give a sense to the expansion (5.3) with respect to some appropriate topology. The
asymptotic expansion (5.3) will be written in the sense of smoothing operators (see
Proposition 6.7 in Section 6.2), i.e., operators that map continuously any Hl{w(R”)

to any Hf (R"), with a norm that is uniformly bounded with respect to . More
precisely, let 0 < ¢y < t; be fixed. We would like to prove that

(5'7) HXIIi(t)X2HL(Hj(]Rn)7Hk(]Rn)) < Cst (N7 X1, X27j7 k? to, tl)
vtE[to,tl] VXl,XQGCSO(R") VJ,I{,'GZ VZE{L,N}
and that there exists €5 > 0 such that

(58) T3 O] 1y sy + B O]

< Cst (N7 X17X27jak7t0atl)
Vte [to,tl] vxl,XQ € C:o(Rn) Vj,k: eZ Vee [—60780].

HI (R™), H*(R™))
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To prove these smoothing properties, we will prove that the chain of compositions
appearing in the integrals (5.4), (5.5) and (5.6), involving the operators €%’ and
e*1 2" and the derivations A; and RS, 41, is performed in the scale of Sobolev spaces
with polynomial weight Hg(R") (whose definition is recalled in Appendix B.2),

and that at least one of the operators e* " and e**" enjoys a strong smoothing

property, able to map continuously any Hg(R") to Hg (R") for any o/ € R and for
some appropriate 8 € R (and this, uniformly with respect to ¢).

Here, in contrast to Section 4, local subelliptic estimates are not enough and
global subelliptic estimates are required, in order to establish such global smoothing
properties. Since the derivations appearing in the chain of compositions can be
arbitrary (they have no specific relationship with the operators A7 and A%), the use
of Sobolev spaces with polynomial weight Hg(R") appears to be relevant.

Hereafter, we list the properties that we will have to establish in order to prove (5.7)

and (5.8). Note that (5.7) involves operators e*4’ and derivations .4;, not depending
on ¢, while (5.8) involves also the operator e " and the derivation RS, for which
we will have to establish properties that are uniform with respect to . As we will
see in Section 5.3, this will raise a significant additional difficulty.

5.2. Requirements to prove (5.7)

To prove (5.7), we observe that, inside the integral (5.4), at least one of the real

numbers s, is such that s, > tﬁo We want the corresponding operator e’ to be

globally smoothing. To this aim, we will need to establish the following property:
(P1) Global smoothing property in Sobolev spaces with polynomial weight: there
exists kg € N such that

LAY

(& < Cst (0570/7677—0)

L (H5 B 51100 )

Va,o,ER V1€ (0,1) V1€ mn,l].

In other words, in positive times (1o < 7 < 1) the operator e”**

regularity, with a controlled loss of polynomial weight regularity.

gains differential

~

Besides, all other operators in the composition in the integral (5.4) are either e* ©*,

with 0 < s; < 1 or derivations A;. The second-order derivations A; fori =1, ..., N,
because they have polynomial coefficients with maximal degree, say, N¢ for some

yax']

o2 (R™). Concerning e%*,

¢ € N*, and thus map continuously any Hg(R") to e

we require the following property:
(P2) Continuity with controlled loss in the Sobolev spaces with polynomial weight,
including time zero: there exist Sy > 0 and k; € N such that

TA1 < Cst(a, ) YaeR VB=p Vr7elol].

ki lal
L (HE(R")v Hafki—k1 11—k (Rn)>
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Note that, in contrast to (P;) which is a smoothing property in positive time, (P3) is
stated on the time interval [0, 1], including time zero. The property (P5) is inferred
from the following two properties that we will establish:

(P3) Let Dq’ "% be the completion of C2°(R™) for the norm ||(z)7% (id —A%)kul| j2(zn),

which is the domain of (id SN ) polynomially weighted with the power 3 of
the sR Japanese bracket (see a precise definition in Appendix C.2). We have

~

e’ N9

L SCst(k,B) VTeEl01]  VkeZ VB>
L<Dk,ﬁ )

(P4) Continuous embeddings: there exist o > 0 and Ny € N such that
HEone R™) = DES = HES iy R")  VEEN  VEER
and by duality,

H ke oy B = DO HZ% G (R VEkeN  VBeR

The smoothing property of L-( ) follows from (Py), (P3) and (P4) (the full detail
of the argument will be given in Proposition (6.7), but one can already note the
important fact that § must be taken large enough).

The property (Py4) follows from global subelliptic estimates, that we establish in
Appendix B.2 for general Hormander operators whose coefficients (as well as their
derivatives) have a growth at infinity that is at most polynomial (of course, there,
the polynomial property is Crucial) Actually, in Appendix B.2 we will establish (Py)
for the domains D g of (id — Aq) polynomially weighted with the power [ of the
usual (not sR) Japanese bracket (see their definition in Appendix B.2.1). But, since
we have the inequality

Cst || -

e <l e < Cst - [l
Jya/r(q) 7y e b

for all j € Z and o > 0 (see (C.5) in Section C.2), (P,) follows.
The property (P;) is inferred from (P4) and from the following property:

(P’y) Global smoothing property in the iterated domains with polynomial weight:
there exists ky € N such that

<Ct .7]{:7 Y
Bpm) st(J, k, 8, 70)

Vi kel V=1 Ve (0,1) V1€ [,

While (P’;) is a smoothing property (valid for positive times), the property (P3),
which must hold also at 7 = 0 but does not provide any gain of regularity, is
equivalent to the fact that (e/2"),~( is a semigroup on the weighted Hilbert space
L%(R™), for every § > 1. These facts are not obvious. We prove (P’;) and (P3) in
Appendix C (more precisely, see Proposition C.3 in Appendix C.2) by using upper
exponential estimates of the heat kernel of the nilpotent sR Laplacian s

At this step, we have realized that, to prove that the operators x1Z;(t)xo are
smoothing, we have to establish some properties for the operator A9 that are of a
global nature. To prove them, we will use the instrumental facts that the operator X
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is selfadjoint and polynomial. This is the objective of Appendix C. Selfadjointness
allows us to use the spectral theorem.

Remark 5.1. — It seems unavoidable in general to use Sobolev spaces with poly-
nomial weight Hg(R"), in the above chain of arguments. Indeed, the second-order

derivations A; can be arbitrary, in the sense that they “cannot be factorized” by X
and thus they do not map an iterated domain of A? to another in general.

5.3. Requirements to prove (5.8)

Let us now search what properties are required to prove (5.8). Compared with the
operator J;(t) defined by (5.4):

e in the definitions (5.5) and (5.6) of J7(¢) and K5 (), the derivations in-between
can be either A; or R ;

e in the definition (5.6) of KC5(¢), we have a final composition by the operator
e®4" in the integral.

Note that, in contrast to Zq, the operator A® is not selfadjoint in general.
In order to perform a reasoning as above, it would be desirable that there exist
¢ € N and gy > 0 such that:

(i) HR;:VJrlHL(H‘;(R”),HZ:JQVZ(R”)) < Cst(a, B) Va,peR Ve € [—&o,c0l;

(i) the operator yi;e™ satisfy the properties (P;) (global smoothing in the
Sobolev spaces with polynomial weight) and (P3) (continuity with controlled
loss, including time zero), uniformly with respect to € € [—&q, g

However, except in the following particular case, we are going to see that these
properties are not satisfied in general, which raises a serious difficulty that we will
show how to overcome.

A particular case. It is interesting to note that (i) and (ii) are satisfied under
the following additional assumptions:

o M =R"™;
e the vector fields Xg, Xy, ..., X,, are polynomial,
e the operator A defined by (1.1) is selfadjoint (see Section 3.1.1).

Indeed, under these assumptions the coefficients of A® are polynomial, and thus the
homogeneous expansion (5.2) is exact for IV large enough, i.e., Ry, = 0, hence (i) is
satisfied. As for (ii), since A® is also selfadjoint, all results established in Appendix C
can straightforwardly be extended to such a one-parameter family of operators. In
particular, Proposition C.3 and continuous embeddings give (ii).

Hence, under the above additional assumptions, the results established in Appen-
dix C are sufficient to conclude that x; 75, (t)x2 is smoothing and then complete
the proof of Theorem A.
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Difficulties in the general case. But in the general case where either the vector
fields are not polynomial at infinity, or A is not selfadjoint, the properties (i) and (ii)
may fail and we have to proceed differently.

First of all, when A is not selfadjoint, we cannot use the results of Appendix C,
but this difficulty is bypassed in Appendix B.2, where we establish some global
smoothing properties for general hypoelliptic Hormander operators (not necessarily
selfadjoint) depending on a parameter.

However, this can only be done under the crucial assumption that the growth
at infinity of the differential operator is at most polynomial, with a degree that is
uniform with respect to the parameter. This requirement of being at most polynomial
at infinity is the main constraint. The results of Section B.2 cannot be applied to
et2° because the growth at infinity of the vector fields X7 is not at most polynomial
uniformly with respect to ¢, in general (see Example 6.3 in Section 6.1.1).

This serious flaw is due to the fact that Y= (defined by (4.1)) converges to X7 only
in C* topology as € — 0, i.e., Y;° converges uniformly, as well as all its derivatives,
to )?,L-q only on every compact subset of R”. But this convergence is not global in
general.

Adding a “damping” parameter ~. To overcome this defect of convergence, we
introduce in Section 6.1 a slightly different operator A®?, depending on an additional
(fixed) parameter v € (0,1), which satisfies A7 — A% as ¢ — 0 in a much stronger
sense, and whose growth at infinity is uniformly at most polynomial.

To do so, we replace each vector field Y7 with an adequate modification Y;"7:

we define the vector field Y7 such that, roughly speaking, Y7 = X¢ outside of
the sR ball B%;(0,1/¢7) and V"7 = Yf inside the ball. In the key Lemma 6.2, we

establish that, while Y;* converges uniformly (as well as all its derivatives) to )/(\iq

only on every compact, for appropriate (small enough) values of v, Y7 converges
to )?iq globally, on the whole R, as ¢ — 0, and the convergence is even valid in any
space LP, p € [1,+0o0], as well as all its derivatives. This much stronger convergence
property, obtained thanks to the adequate modification using the parameter ~, is
instrumental in our proof. By the way, we think that it could be useful for other
purposes.

The parameter v can be viewed, in some sense, as a “damping” parameter: Y,
is an adequate modification of Y#, which is sufficiently damped (but not too much)
to be of polynomial growth at infinity, uniformly with respect to ¢.

The construction of A®7 is done in Section 6.1. We will prove that the family
of vector fields Y;>” satisfies a uniform polynomial strong Hormander condition if
~ > 0 is chosen small enough (see Lemma 6.4), thus allowing us to use the uniform
global subelliptic estimates established in Section B.2.

Note that, to ensure the validity of the global subelliptic estimates, it could seem
sufficient to consider the above truncation on a ball BZ; (0, 1) of fixed radius, rather
than on a ball B%(0,1/¢7). But then, the end of the proof of Theorem A would
fail; more precisely, the application of the final localization argument (hypoelliptic
Kac’s principle) would fail (see Section 6.4). So, we underline that it is important
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to take v > 0 small and thus keep the equality Y7 = Y valid on a neighborhood
of 0 increasing to R™ as ¢ — 0.

With this modification in mind, we go back to Section 5.1 and we apply the
Duhamel formula, replacing A® with A7, This is what we will do in Section 6.2,
and we will obtain the expansion (5.3) with A% instead of A°.

We will then want to prove (5.8) with A®7 replacing A®. Recalling (i) and (ii) as
desirable properties, what we will be able to establish is:

(P5) We have A®7 = A4 e AT 42457 4+ eNAGY 4 VO Hr @RS
and there exist Sy > 0 and g9 > 0 such that

HR?VLHL( )) < Cst(a, B) Va,BeR Ve € [—eo,e0)

Hg (Rn),nggo (R"
(Pg) Global-to-local smoothing property: there exist kg € N and ag > 0 such that

TNAEY

Hxle ) < Cst(a, 8, 70)

L(HI;O"‘&(R”),Hﬁ(R")
Voa,B > a V1€ (0,1) V1 € [m,1].

We note that, in contrast to the asymptotic expansion (5.2) of A, the introduction
of the damping parameter + implies a loss in the power of € for the remainder term,
in the asymptotic expansion of A®7 given in (Pj5). The property (Pg) is proved in
Appendix B.2.2, thanks to the fact that a uniform polynomial strong Hérmander
condition is satisfied as soon as 0 < v < W (see Lemma 6.4).
We show in Proposition 6.7 that the properties (P5) and (Pg) are sufficient to

conclude.

5.4. End of the proof

Finally, we will take Schwartz kernels in Section 6.3, in order to obtain an expansion
at any order of the heat kernel e=7 associated with A®7, in function of the heat
kernel &7 of e'~?.

To conclude, it will remain to relate the heat kernels e7 and ea . As in Section 4,
the local nature of the small-time asymptotics of heat kernels (hypoelliptic Kac’s
principle), established in Theorem 3.2 in Section 3, will be instrumental there and
will be applied several times (as in the proof of Theorem B). First, by localization,
small-time asymptotics of ex , and of the heat kernel of a representation of A in
a chart are the same. Second, the heat kernel e® is directly related to the kernel of
the local representation by homogeneity. Unfortunately, the heat kernel €7 does
not satisfy this homogeneity property, and an additional difficulty arises here, which
we will solve thanks to the adequate construction of the operator A%7. There, the
fact that the localization argument can be applied is strongly due to the fact that
0 < v < 1, more precisely, that /&7 — 0 as € — 0.
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6. Proof of Theorem A

Throughout, we assume that X, is a smooth section of D over M. In view of
Remark 1.2, each time this is required, we will indicate the modifications that must
be done when X is a smooth section of D? over M.

We consider the framework and notations introduced in Section 4.

6.1. Construction of A%7, with a damping parameter

Let v € (0, 1) be fixed, to be chosen later. We assume that £y > 0 is small enough
so that d.+(V) C V for every € € [—eq, &)

6.1.1. Definition and properties of the vector fields Y;>”

Considering the subsets Wi, W5 and the function y € C*°(R™) introduced in
Section 4, for every € € [—eq, g9 \ {0}, we define

VT = (B2 V7 + (L= (B200) A7 = '+ (85:) (0 = i)
and

Yo7 = (650 Y+ (1= 020) X = X+ (55x) (Y7 = XY), i=0,...,m

By construction, we have ;"7 = Y on d1/.+(W;) and Y, = X7 on R™\ 01/ev(Wa).
Note that d;/.+(W1) C d1/.(W1) is a neighborhood of 0 increasing to R™ as e — 0. The
vector field Y77 is thus an adequate restriction of Y on a neighborhood increasing to
R™ as |e| decreases, and Y Y coincides with X? “at infinity”, more precisely, outside
of the increasing neighborhood 61 /.~(W5). The asymptotics in €7, with a v € (0,1)
to be chosen small enough later, will be instrumental several times in the proof. In
particular, if we would replace (0%, x) by (d5x) in the definition of Y;>", for some
A > 0 fixed, then, at the very end of the proof, the localization theorem (Theorem 3.2)
could not be applied.

Setting V"7 = X? for e = 0, Y depends smoothly on ¢ at ¢ = 0 in C* topology
(this is because Y;® depends smoothly on € and, on any fixed compact subset K C R™,
one has 67, x = 1 on K as soon as ¢ is small enough).

We note that, for ¢ = 0, ..., m, we have the homogeneity property

(6.1) 55Y7 7 =Y, 7 VB e (—y1-9) Vee [-o/ TP /] (o},

Remark 6.1. — Given any i € {0, ..., m}, since Y7 coincides with Y7 on the
growing (as e decreases) neighborhood on ¢;/.+(Wi), we obviously have Y;"7 =
Y + O(|e]*°) as e — 0 in C*° topology.

The parameter v > 0 introduced above is used to sufficiently damp the growth of
the vector field Y;>7 at infinity, with respect to that of the undamped vector field
v

In the next lemma, we prove that, while Y converges uniformly (as well as all

its derivatives) to )/(\f only on every compact, Y;" converges to )/(\f globally, on the
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whole R" as ¢ — 0, and the convergence is even valid in any space L?, p € [1, +00].
This much stronger convergence property is due to the adequate modification using
the parameter 7. It implies in particular that the growth at infinity of the coefficients
of Y7 as well as all their derivatives, is at most polynomial, uniformly with respect
to €. This will be crucial in what follows, as motivated and explained in Section 5.3.

LEMMA 6.2. — Recall that r(q) is the degree of nonholonomy at q (we have
r(q) = wn( ), the largest weight at q, see Section 2.3) and that Q(q) = Y7, w;(q).
Ify < 75 then

i For every ¢ € {0, ..., m}, considering the vector field Y;>7 — X? as a deriva-
) ) 7 g 1 (2
tion, we have

1077 = %) sy < OO s
VkeN Vpell,+x] Ve € [—eo, 0] vV fe CX(RY).

In particular:

o Taking p = +oo: Y7 converges uniformly on R" to X! as ¢ — 0
(meaning that all coefficients of the vector field converge uniformly on
R™), as well as all its derivatives.

o Tuking p =2: Y7 f converges to X f in L2(R™) as ¢ — 0, as well as all
its derivatives.

(ii) The density of v=7 with respect to i (which is a constant times the Lebesgue
measure of R") converges uniformly on the whole R™ to 1, and all its deriva-
tives converge uniformly on R™ to 0. Therefore, for every s € R we have
H*(R™ v=7) = H5(R™, 19) = H*(R"™) with respective norms that are equiva-
lent, uniformly with respect to €.

(iii) Asin Appendix B.2, we denote by (Yf’”)i 1 the family of vector fields consist-

ing of the vector fields Yy 7, Yy 7, ..., Yo7 completed with all their successive
Lie brackets. Then (i) is samsﬁed as WeH for every i> 1
In particular, if g is small enough then Lie(Y"", ..., Y57) = R" for every

e € [—&q,e0|, with a uniform degree of nonholonomy r.
(iv) Generalizing (i) (which we recover for N = 0), we have the following as-

ymptotic expansion: given any N € N, for every i € {0, ..., m}, for every
e € [—&0,€0),

(62) Y;E,'y Xq +e (diX) Y(O) (diX) Y(N 1) Te N(1 ’Y)Jrlf’YT(‘I)R;::X[
where R;’}; is a smooth vector field on R", depending smoothly on e, which
satisfies

| RER |y S CtCE, N F sy

VkeN Vpe |l +o] Ve € [—eo,e0) vV fe CX(R).

Note that the asymptotic expansion (6.2) is not at order N but is at the order
of the floor (integer part) of N(1 — )+ 1 — vr(q). Note also that the asymptotic
expansion (6.2) of Y;7 is global, in contrast to the asymptotic expansion (4.3) of Y
which is in C* topology.
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We will mainly use this lemma with p = 2 (note that W*2(R") = H*(R")) or
with p = 4o0.

Proof. — Using (4.2), we have Y7 = 675;«,}/5 , and besides, since X? is homoge-
neous of degree —1, we have X = 105, X X1 therefore,

(6.3) Yo7 = X7 4 £76%, (X (Yfﬁ —)?f)), i=0,...,m, Ve € [—¢o, €0

Now, using (2.4), we have Y" = X? + nZ! for every n € R with Z depending

)

smoothly on 7 in C™ topology, and we have 632 = Z}" for every A > 0. Hence
Yf’”:Xfijeé; (XZf 77), 1=0,...,m, Ve € [—eo, €0

Recalling that Y;” has an asymptotic expansion in 7 around 0, at any order, in C'*°
topology, Y;" = X/ +77Y;(0) +o0(n) (see (4.3)), we have that Z;' converges uniformly to
Y;(O) as well as all its derivatives, on any compact, as 7 — 0. Therefore, multiplying

by x that is of compact support, XZflﬂ converges to XYI-(O) uniformly on R”, as well
as all its derivatives, as € — 0. In particular, for every a € N", we have

(6.4) z (XZ’?I_W) ‘LP(R”)

We note that x(8,(z)) déy,(6,(z)) is uniformly bounded on R"™ by Cst /n"(@, as well
as all its derivatives. Now, since

05, (X2 ) (@) = db1 e (60 (). (x5 () Z7 (3 ()

using (6.4), it follows that the pullback 8%, (xZ¢' ") is uniformly bounded on R™ by
Cst /|e|m(@ as well as all its derivatives (indeed, differentiation with respect to z
can only multiply terms by £7), and then, given any f € C®(R"), (V=7 — X7) f
is uniformly bounded on R™ by Cst |¢|'™7"(@) as well as all its derivatives, in any
L? space and independently of €. The proof is similar for the measure 7. The
statements (i) and (ii) follow immediately.

In order to prove (iii), let us for instance prove that [Y;7,Y;"7] converges to
[)?iq,)?]‘?]. Noting that, by (i), we have ||Y;7||Lwre@n), Lrmny) < Cst for every p €
[1,+o00], given any f € C*(R"), we have

< Cst(a) Vpell, +x] Ve € [—eo,e0)

7’YY€ ’Yf Xq Qf . Rn)
= ’ Yim (Yj&ﬁ o 522) f LP(R")
Cst(uof“ ) e

X CSJ5|5|1 i ||f||W2’P(Rn)

and the result follows.
Let us finally prove (iv). We generalize the above argument, starting from the
expansion at the order N (see (2.3) and (4.3))

| =X X

LP(R™)

+ Il O R o)

V7= R0y ® oMY ez im0,
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for every n € R, where Z]! y is a smooth vector field on R" depending smoothing on

n in C* topology. Hence, using (6.3) and the fact that Y;(k) is homogeneous of order
k (with respect to dilations), we obtain

VT = X+ e (@) Y o N () VT N (xZ7)

and then, reasoning as above, all coefficients of the vector field 5;(XZ§1A_,W) are
smooth functions of compact support that are uniformly bounded on R™ by Cst /
|e[""(@), as well as all their derivatives. Setting R}, = e™"(9éz, (XZZI;), the statement
follows. ([l

Thanks to the damping parameter -y, chosen such that 1 —~r(q) > 0, the modified
vector fields Y7 converge uniformly on R” to X7, as well as all their derivatives (with
rate of convergence |¢|'~77(@)), while the vector fields Y;° do not converge uniformly on
R™ to )?iq in general, although their convergence is true on any compact. Convergence
is also established in Sobolev spaces.

To shed light on the above proof, let us take an example, which moreover shows
that the estimates derived in Lemma 6.2 (convergence rate |¢|'~7(@) are sharp.

Example 6.3. — In R2, consider the two vector fields
0 0

X1($1>ZE2) = 6751’ X2(371>5132) = f(ﬂfl,xz)axz
where f € C*(R?) is such that
B 8f B ak lf B kf
f(0,0)—a—wl(0,0)—--- 8x1 —— (0, 0)=0 and 8k(O 0)=1

for some k € N* ie., f(z1,22) = z§(1 + O(zy1,22)) + O(zs) around ¢ = (0,0)
The coordinates (1, x3) are privileged around (0,0) and we have w;(0,0) =1 and
r(0,0) = w(0,0) = & + 1.

For instance, for k = 1 one can take f(z1,22) = z1 or f(x1,22) = 1 + 23
(this case is known in the literature as the Grushin case and the corresponding
Grushin sR structure is singular at (0,0)); for kK = 2 one can take f(z,x,) = 27
or f(z1,m9) = 2% + 23 or f(x1,79) = 22 — 15 (the latter is called singular Grushin
case).

For every € € R\ {0}, we have

Xl(xhx?) = 871‘17 XZ(xlv'TQ) = ck 81’2
and thus
—~ 0 = 0
0,0 0,0
X{ )(fL‘l,IQ) = e XQ( )(xl,xQ) = x’fa—xz
The family of functi e _ flemi, e lag)
e family of functions (f* )56R\{0}7 defined by f¢(x1,29) = = , converges
to the function f defined by f(z1,25) = 2%, uniformly on any compact subset

of R?, but does not converge uniformly on R? to f in general (take for instance
f(z1,m9) = 21 + 23, or f(xy) = €™ —1).
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Now, let us fix an arbitrary v € (0, 5) (recall that r(0,0) = k -+ 1) and an
arbitrary function y € C(R) such that x(z1,z2) = 1 on the sR ball Bgr(0,1)
and x(z1,22) = 0 on R?\ B(0,2). Writing, in short, x =~ 1lpg,1), we have
025X ~ 14 (0,1/e7), and we compute

0
X770 = —
17 (21, 29) Oy’
0 f(€I1 8k+1$2) 0
2 - (k+1) ’ _
X5 (w1, 20) = xl&cg + X (571’1,5 71’2) < ok 1 D2y
Thanks to the introduction of the parameter v (small enough), now, the family of

functions (f*7).cr\(0}, defined by f&7(x1,29) = JC(EL:H”), converges uniformly

5 e 3
on R? to the function f defined by f(x1,73) = x;. Indeed, thanks to the truncation
function, we have to prove this convergence for |z1| < 1/|e|” and |z| < 1/]g|*+D7,
ie., x| < |e[*™ and |e¥1ay| < |e|**FVE=Y). But then, for such values of (21, x5),

we have
f (g1, e has) = e (140 (Je'7)) + O (Je|*+HD0)
and thus
fo (w1, 1) =} (1 +0 (|e|1‘7)) +0 (|€|1—(k+1)v) — 4+ 0 (|5|1—(k+1)w)

where the remainder term O(|e|'~**+1D7) is uniform with respect to (z1,25) € R
Hence || &7 — f|| =@z < Cst |e|'~*T1D7 as stated in the general lemma above.

Thanks to the introduction of the damping parameter 7, we have seen that Y7
converges to X/ in a much stronger way than Y;°. We next prove that these modified
vector fields ;77 satisfy a global strong Hormander condition on R".

6.1.2. Uniform polynomial strong Hérmander condition

As in Appendix B.2, we denote by (Y;"7);~1 the family of vector fields consisting of
the vector fields Y777, Y57, ..., Y27 completed with all their successive Lie brackets.
In the following lemma, we prove that the family (Y;"7);~; satisfies the uniform
polynomial strong Hérmander condition (B.9) (see Appendix B.2.2), whenever v > 0
is small enough.

: . 1
LEMMA 6.4. — There exist N; € N such that, if v < EOIGOED] then

N1
(6.5)  |yl3 < Cst ()™ @S (V7 (2),y)*° Va,yeR' Ve [—e,e).
=1

This lemma will allow us to use the global subelliptic estimates established in
Appendix B.2, required in order to obtain the asymptotic expansion of the semi-

group with respect to e (see further).
Proof. — Recall that Y;"? = X¢ for ¢ = 0. Let us first prove that the family of
vector fields (X/);>1 (consisting of the vector fields X7, ..., X% completed with

their iterated Lie brackets), satisfies the polynomial strong Hérmander condition,
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i.e., that (6.5) is satisfied for € = 0. Actually, one could apply Remark B.8 (i.e., one
could use [H6r58, Lemma 2]), which would give the inequality (6.5) with the term
(x)*No at the right-hand side, for some Ny € N. This would be enough for our needs.
But actually, hereafter, instead of using the non-obvious result [Hor58, Lemma 2],
we make a direct proof by using the homogeneity property of the vector fields )A(f'.
In turn, we obtain the optimal integer Ny = r(g) (it is easy to see on examples that
it is optimal).

Let N; € N be an integer, large enough so that the finite family (Kg)ogigj\fl is a
frame of R™ at every point: such an integer exists because the m-tuple of polynomial
vector fields (X7, ..., X2) satisfies the Hormander condition at every point of R",
with a uniform degree of nonholonomy. We have to prove that

N )

(6.6) lyll3 < Cst(a) @ 3 (X(x), y) v,y €R"
i=1

Let us introduce the sR pseudo-norm, defined by

n

|z llor = D Jaaf /@
i=1
for every © = (x1, ..., z,) € R" in privileged coordinates. Note that ||6.(z)|lsz =
el|lx||sr IOor every x € and every € € IX. the Hormander condition an
lel]|z]|sr f y R™ and y R. By the Ho d diti d by
compactness, we first note that

N )
6.7) |yl <Cst> (X{(z),y)  VyeR" VazeR"| |zfa<1

i=1
and thus (6.6) is satisfied as well for « such that ||z||sg < 1. Let us now establish (6.6)
for every € R™. Let © € R"\ {0} be arbitrary. Setting ¢ = Hxﬁ —, we have

|0-(z)||sk = 1 and hence, using (6.7), we get

9 N >4 2 Cst N >4 2
Iyl < Cst Y- (X7(6-(2)). v) < oy 2 (K@), )
i=1 =1

N1
= Cst |25 Y_ (X (2).w)
i=1
for all 2,y € R", where we have used that eX?(.(z)) = X{(z) for i € {1, ..., m}
and thus e X?(6.(x)) = X(x) for i € {1, ..., Ny} with k; < w,(q) = r(q). To
obtain (6.6), we use the fact that ||z||sg < Cst{x) for every z € R™.

Now, let us establish (6.5) for every ¢ € [—¢g,e0|, whenever v is small enough.
Since y has a compact support, there exists R > 0 such that supp(x) C EgR(O, R).
Here, given any r > 0, the set Bl (0,7) = { € R" | d%(0,2) < r} is the sR ball of
center 0 and of radius r, for the sR distance d% on M9 ~ R™. By definition, given
any f € C*°(R™) we have

supp (V7 = X{) f) C supp (55,x) C Bl (0, R/[€]),
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i.e., Y7 coincides with X? outside of the sR ball B% (0, R/|¢"|). Since (6.5) is

—

satisfied for the family (X/)1<i<n,, we only have to prove that (6.5) is satisfied for
the family (Y;"7);1<;<n, for z € BL: (0, R/|€7]), i.e., defining the n-by-N; matrix

) = (VPO () Vi) o YRI) Yo e R,
we have to prove that, if v is small enough then
(6.8) y P2 (@) PP (2) Ty > Cst(a) " Dyll;  Va,yeR™
It follows from Lemma 6.2 that
P (z)Po7(2)" = PU(x)Pi(x) Ty + O (Je[' (@)

when 0 < v < qu). Therefore, using (6.6), to prove (6.8) it suffices to observe that
(2)7@ |t @ et @@+ V x e BY(0,R/|e)),

which is so because, for z € B%(0, R/|€7]), we have |z| < Cst ||~ (actually,
in privileged coordinates, we have |z;| < Cst|e|7*?). The conclusion follows, by

: 1
taklng Y < W [l

6.1.3. Definition of the operator A=7

Differential operator A®7. For every v € (0,1), for every ¢ € [—&g,&¢], we
define on C'*°(RR™) the differential operator

(6.9) AT =YY e (050 Y5 — €% (85x) (92v)

i=1
(note that A%7 = A%). By construction, we have A=7 = A® on 01/ev(Wh) and
A®Y = A% on R™\ 61/.+(W3). We have the homogeneity property (obvious to check,
using (6.1)):

(6.10) 285 A7 (8.5), = A8
VBE(r—19)  Vee|—e&/" /" {0}

When X is a smooth section of D? over M, we modify the definition of A%7 as

follows:

DT =3 (VT 4 YT - E(85) (00)

i=1

Remark 6.5. — As in Remark 6.1, since A®7 coincides with A® on the growing
neighborhood 61 /.+(W1), we have in particular A*7 = A® +O(|g|*) as ¢ = 0 in C*
topology.

The operator A®7, defined by (6.9), depends smoothly on € € [—¢&g, ] in C
topology. In particular, A®7 converges to A? in C'*° topology as ¢ — 0. But, as a
consequence of Lemma 6.2, we have the following stronger result.
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LEMMA 6.6. — If0 <~ < 1/r(q) then

€, ~N 1—~r
(257 = 8) £l gy < Cst Il e
Vpell, +ox] Ve € [—eo, 0] vV fe CX(RY).

Asymptotic expansion of A%7. Let us first give an asymptotic expansion in
C topology. Using (4.3), (4.6) and Remark 6.5, we get that A®7 has an asymptotic
expansion in C* topology at any order N with respect to ¢,
(6.11) A=A eA + 2 Ay + -+ N Ay + o ([e)
where A; is a second-order differential operator for every i € N*, with

A=Y (X0 + v, OKX7) + X¢

=1

mos —~ 2
Ay =3 (RO ¥OR2 1 (K0)7) 4380 vl

=1

(6.12)

etc. Moreover, A; has polynomial coefficients of degree less than (r(q) + 4)? (this
bound is not optimal). Indeed, given any integer k > —1, the vector field Yi(k) is a
polynomial that is homogeneous of degree k with respect to dilations. In privileged
coordinates, its coefficient along % (where x,, has the largest weight, w,(q) = r(q))

must therefore be a polynomial of degree < w,(q) +k =r(q ) + k.

When Xy is a smooth section of D? over M, since Y;'7 = (5* X)(YE—X{) =
(5gvX>(5Yo(_1) + EQYE)(O) +---+ 6NYO(N_2) + 0(|5|N)) w1th X{¢ homogeneous of
order —2 (see Remark 1.2), the expansion (6.11) of A®7 remains true as well by

replacing A? with A%+ X¢ and A, with 4, = X7, ()?in(O) - Y;(O))?f) +Y{Y, ete
The asymptotic expansion (6.11) is in C'*° topology. Thanks to (6.2) in Lemma 6.2,

we now derive an asymptotic expansion of A®7, at any order, valid on the whole R"
(k)

(not only on every compact): in the above definition of 4;, it suffices to replace Y;
by (5&)()}/( ) X{ by (0%, x)X{, etc, and we obtain

(6.13) AT =N 4 e 07+ 2AF 4+ VA + NN+ RS
with

A7 =3 (X2 @) Y+ (0200 VORE) + (020 K
i=1

610 gt =3 (R + 0 YR+ (60 Y0))

+ (320 Y3 = (05x) v(0)
etc. Because of the damping parameter ~, the growth of the coefficients of the second-

order differential operator A" is at most polynomial of degree r(q) — 1 (which is

the maximal degree of the coefficients of X7), for all i € N* and € € [—e, £o]. Note
that A77 = A; + O(Je]™) as 5 — 0 in C*™ topology. We infer from (iv) in Lemma 6.2
that, in (6.13), the term R}y, is a finite sum of products of R} (whose coefficients

ANNALES HENRI LEBESGUE



Small-time asymptotics of hypoelliptic heat kernels 943

are uniformly bounded) with either some )/(\;1 (whose coefficients are polynomial of

degree < r(q) — 1) or some (0%, X)Y;(O) (whose coefficients are uniformly bounded).
Therefore Ry, a second-order differential operator, depending smoothly on e, with
coefficients whose growth is at most polynomial of degree r(¢q) — 1, and

RN, o < Cst(a, ) Va,feR Ve € [—¢o,€0)

N L(HE(R”)»Hxsf(qm)

which is exactly the property (Pj5) that we have identified in Section 5.3. This means
that the asymptotic expansion (6.13) is in the sense of operators mapping Hg(R")
to g‘jvé (R™), uniformly with respect to e.

Note that we also have ||Ry] fllwrrwrny < Cst(k, N)|| flwr+zpny for all k € N,
p € [l,400], € € [—e0,80] and f € CX(R™). This means that the asymptotic
expansion (6.13) is also in the sense of operators mapping W*2P(R") to W*P(R"),
uniformly with respect to €.

Semigroup generated by A®7. In the sequel, we assume that 0 < v < 1/r(q).
By Lemma 6.2, we have H*(R", v*7) = H*(R"), so that, hereafter, we use the
Lebesgue measure in all Sobolev spaces that we consider.

Reasoning as in the proof of Lemma 3.1 and using Lemma 6.6 with p = 2, we
first observe that there exists C' > 0, not depending on ¢ € [—&,&o], such that
the operator A7 — (' id is closed and dissipative in L*(R™), as well as its adjoint.
Setting D(A®7) = {f € L*R") | A=7f € L*(R")}, it follows that the opera-
tor (A®7, D(A®7)) generates a strongly continuous (quasicontraction) semigroup
(6" 7)o on L2(R"), satisfying ||e"®" " || (z2@rn)) < € for every ¢ > 0 and every
£ € [—eo,e0] \ {0}.

Following Section B.2, for every k € Z, we define the Hilbert space D" as the
completion of C°(R") for the norm

Ifllp = ||(2C 1d =AY = (A=7))* f

L2(Rn)
For k =1, we have Dy"7 = D(A®7).

By applying the semigroup estimate to (2C" id —A%7—(A%7)*)% f and by a classical
argument of restriction or extension of semigroups on the Sobolev towers (see [EN00]),
we obtain the uniform estimates

(6.15) HetAm < Cst et Vt=0 VkeZ Ve € [—eo,e0)

L(D7)

Recall that, for € = 0, we have A%7 = 9. For every k € Z, the Hilbert space ﬁg

is the completion of C°(R™) for the (equivalent) norm || f||z, = [|(id =AY f|| L2 (@ny.
k

t A9

Actually, for ¢ = 0 we have the better estimate ||e < 1 for every k € Z

e
(contraction semigroup).

Heat kernel =7 of A%7. By hypoellipticity (see Corollary B.3), the Schwartz
kernel of """ has a continuous density with respect to =7, which is the smooth
function

e = ENE Y o (O, +OO) x R" x R" — (Oa +OO)
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Using (6.10), we have the homogeneity property (which will be useful at the end of
the proof):

(6.16) e>7(t,x,2") = \Slﬁg(q)egfﬁ’y_ﬁ (€t,6:5(2), 6s(a)) VB E (1,1 -7)
VeE [ e, } \ {0} V (t,z,2") € (0,400) x R" x R".

Convergence of ¢=7 to é¢?. Applying Theorem 3.5 (in Section 3.2.2), we obtain
that e=7 converges to € in C*°((0, +00) x R™ x R™) topology as ¢ — 0 (when X
is a smooth section of D? over M, one has to replace A9 with A7+ 5(\3), but, as
announced earlier, we are now going to derive an asymptotic expansion in € at any
order. This is possible thanks to the introduction of the parameter ~.

6.2. Asymptotic expansion in ¢ of the semigroup

Recall that the operators C;(t) have been defined in Section 5.1, as finite sums of
operators Z;(t), defined by the integral (5.4), which is a convolution in which the
compositions involve the operators e*** and the derivations A;. The operators C;(t)
appear in the asymptotic expansion (5.3) of €!*” in C* topology. In the proposition
hereafter, we prove that they appear as well in the asymptotic expansion of e*>™"
in the sense of uniformly smoothing operators. This key result is the byproduct of
the introduction of the damping parameter ~.

PROPOSITION 6.7. — We assume that
1

¥ < .
r(@)(r(q) +1)

Given any 0 < tg < t; < 400, given any N € N*, we have

(6.17) e = e 4 eCi(t) -+ eNCh () + ENTTORTL (1)

ase — 0, for every t € [to, t1], where all operators in (6.17) are locally smoothing for
t € [to, ta], 1e
N

Z x1Ci( )X2HL(HJ R"), HF(R™)) + HXlQNH X2H (HI(R™), HF(R"))

1
< Cst (x1, X2, 7, Kk, to, t1, N) V t € [to, t] VX1,X2€C§O(Rn) Vi, kel

Proof. — Following the approach described in Section 5, we start by applying the
Duhamel formula, with the operator A7,

N t — ~
€,y q — el q
et = eth +/ elt=9) 4 (AE’“’—A‘]) e* 2" ds,
0

which we iterate N times, thus obtaining the formula (5.1) with A® replaced by
A=7. Now, using the asymptotic expansion (6.13) of A®7 applied at order Ny such
that Ni(1 —~)+1—~r(q) > N + 1, we obtain

(6.18) AT _ ptAT eCOV(t) + -+ ENCHI() + NTIPRIL ()

ANNALES HENRI LEBESGUE



Small-time asymptotics of hypoelliptic heat kernels 945

where each operator C;'”(t) is a finite sum of terms Z;7(t) for some i € {1,..., N},

where Z77(t) is defined by
(6.19) I(t) = / ()eslqujﬁ B L A5 e BT it
it

with ji, ..., jx € {1, ..., N}, and where the remainder term Py}, (¢) is a finite sum
of terms e"Z:"7(t), 5"‘Jf 7( ) and e*/C77 (¢) with k,s € N, E < (N +1)%,1<i <N,
a €10, (N +1)?], and J7(¢) and K77 (¢) are defined by

(620) -.7;’7@) _ / ()esl ﬁqBi,yeszﬁq . BiE,’Y 68i+1 gq dsi+1
3i(t

(6.21) IC7(t) = / ST ATTBYT A L BD T et AT it
Si(t)

where each BJS is a second-order derivation, either equal to some A7, i € {1, ...,
N}, or to Ry, 1, whose coefficients growth at infinity is at most polynomial of degree
r(q).

Note that, compared with the operator Z;(t) defined by (5.4) in Section 5.1, in the
definition (6.19) of Z;""(t) the derivations A; are replaced with A} ".

The above expansion is formal. We give it a rigorous meaning in the following
proposition, by using, as explained in Section 5, the various global smoothing prop-
erties established in Appendix B.2 and in Appendix C.

The arguments that we develop hereafter will show that all operators C; " (¢),
Ci(t), for ¢ € N* and the operators Py],(t) and Qy1,(t) are locally smoothing
for t € [to,t1], and that, actually, C;"7(t) = C;(t) + O(|g|*®) in C*° topology, and
then (6.17) will follow from (6.18).

We start by noting that:

e by construction, the coefficients of the operator A7, as well as all their
derivatives, have a growth at infinity that is at most polynomial, uniformly
with respect to € € [—eq, &q];

e the vector fields defining the one-parameter family of Héormander operators
(A=) ., <c<e, satisfy the uniform polynomial strong Hérmander condition
established in Lemma 6.4.

Therefore, the global subelliptic estimates established in Appendix B.2 can be ap-
plied to A7 (in other words, we have the properties (P5) and (Pg) motivated in
Section 5.3).

We are also going to apply to A9 the global smoothing properties established in
Appendix C (in other words, we have the properties (P;) and (P3) motivated in
Section 5.2).

Let x1,x2 € CX(R™), let 0 < ty < t; be arbitrarily fixed and let j,k € Z be
arbitrary.

LEMMA 6.8. — All operators C;(t) and C;’"(t), i € N*, are locally smoothing for
t € [to, ta].
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Proof. — 1t suffices to prove that, for every i € N*, the operator x1Z;(t)x2, defined
by (5.4), maps continuously H’(R") to H*(R"), with a norm that is uniformly
bounded with respect to t € [to, 1] (in other words, we want to prove (5.7)). The
proof for the operator Z;*” (), defined by (6.19), will be exactly similar, by replacing
the derivations A; with A" which are, as well, derivations whose coefficients growth
is at most polynomial, uniformly with respect to e.

Although the argument has been sketched in Section 5.2, we provide hereafter
the detailed proof. Inside the integral (5.4) defining Z;(t), at least one of the real
numbers s, is such that s, > tﬁo We write:

x1Zi(t)x2 = /z " x1€ 2 Ay €20 Ay e A et AT A et Ay dsTTL
Using (C.5) and the global continuous embeddings (B.6) and (B.7), the localization
operator yo maps continuously H?(R") to ﬁ‘l_m g for some m € N, for every § € R,
We note here that 5 can be chosen arbitrarilyAlarge. Then, by Proposition C.3 (and
more precisely, by (C.7)), the operator e*+1“" maps continuously ﬁim, 5 to itself
for every s; € [0, ], provided that § > 1, with a norm constant not depending on
s; € [0,t1]. By (B.7), ﬁim’ g is continuously embedded into H;% \(R™). Applying
the derivation 4;, then maps to Hﬁ_fg;;]\%f“( o2 (R™), because Aj, is a second-order
derivation with polynomial coefficients of degree less than (r(q) + j;)?. This step is
repeated 7 — p times, so that

s Ad sip1 N9
Ajpe p+1 N A]z e i+1 X2

maps continuously H7(R") to Hg(R"), for some o < 0, for every 8 > 1. We stress
that, in the latter repeated argument, as well as in the following, it is important to
ensure that the weight be greater than 1, in order to be able to apply (C.7). One now

applies the operator e*» 2’ which maps continuously Hg(R") to Hgl—ko(|a|+|a'\)(Rn)v
for every o/ € R, by applying the global smoothing property (P;) stated in Section 5.2
(itself following from Proposition C.3 in Appendix C.2 and from the embeddings (B.6)

and (B.7)). Then we continue by applying again compositions .A4;e*2" as above, and
the final composition by the localization operator xi;, which maps continuously to
H*(R") if o’ and 3 have been chosen large enough. O

LEMMA 6.9. — The operator Py ,(t) is locally smoothing for t € [to, t1].

Proof. — It suffices to prove that x1Z;""(t)x2 and x1/K; " (t)x2 (see (6.20) and
(6.21)) map continuously H’(R™) to H*(R™), with a norm that is uniformly bounded
with respect to ¢ € [tg,?1] and to € € [—ep, o). As pointed out at the beginning of
Section 5.3, the argument is similar to the one used in the proof of Lemma 6.8 with
the following differences:

e The second-order derivations B;'7 can be either equal to some A77, i €
{1, ..., N}, or to Ry}, ;. In the latter case, this does not affect our previous
reasoning because its coefficients have a growth at infinity that is at most
polynomial of degree r(q).

e In the definition (6.21) of K5 7(t), the last term in the composition is e*147".
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Hence, the only main difference is in the last item: we have to explain how to deal
with the composition by e*'*”". There are two cases.

If s1 > tﬁo, then the term y1e*'2”" is expected to act as a smoothing operator.
By the above reasoning, the operator By"” e524" ... B5*7 e%i+14%y, maps continuously
HI(R™) to H, % (R") for some a > 0 and some ko € N. Now, we apply to x4
the property (Pg) stated in Section 5.3 (itself following from Corollary B.9 in Ap-
pendix B.2.2), which gives the result.

i

Otherwise, another term e®*~" acts as a smoothing operator, and thus, by the

above reasoning, the operator By ” 22" ... B 7 esi+15" v, maps continuously H7(R™)
to HF'(R") for any m € N and # > 1, and thus, using the global continuous
embeddings (B.6), it maps H’(R") to D%;7, for any m € N arbitrarily large, uniformly
with respect to ¢ € [—gg,&0]. One then applies e51©”", which, by (6.15), maps
continuously D%,7 to D%,7 (uniformly with respect to €), and the final application
of the localization operator y; maps to H*(R™), by applying the uniform local

subellipticity estimates (Theorem B.1), provided that m be large enough. O
To conclude, it remains to establish the following lemma.

LEMMA 6.10. — We have
C7(t) = Ci(t) + O(lel™)
as € — 0 in C™ topology, for every i € {1, ..., N}, for every t € [to,11].

Proof. — Tt suffices to prove that x1(Z;"7(t) — Z;(t))x2 = O(|g|*), i.e., that
(6.22)

/Z(t) X1651Aq (A;V _ -Aj ) 632A’J e (A;;’Y _ Aﬁ) es¢+1AqX2 dsz‘+1 _ O<|€|OO)

as € — 0, for every ¢ € N*. Recall that the second-order differential operators A; and
A" are respectively defined by (6.12) and (6.14). It follows from their definition
that there exists R > 0 such that

supp ((AS7 — A;) f) c R™\ B0, R/<7) Ve € [—eo, 0] Y f e C®(RM).

Besides, for i = 1,2, let R; > 0 be such that supp(x;) C B?(0, R;). Here, BY(0, R)
denotes the sR ball in R™ of center 0 and radius R, for the (nilpotent) sR structure
associated with AY. We are going to use the exponential estimates (C.4) given in
Appendix C.1.

The Sobolev regularity arguments are to those in the proof of Lemma 6.8, but we
slightly modify those arguments with the following additional considerations.

Inside the integral (6.22), at least one of the real numbers s, is such that s, > 0.
We write e#2" = e 387 FA! et X5 be a function of compact support such that
x3(z) = 1 on B0, R/7/?) and y3(x) = 0 on R™\ B9(0,2R/£/?). In other words,
one has 3 ~ 1§q(07 R/er/2): We write the operator inside the integral (6.22) as

XlDi’we%pgqe%p&qD;V)@

_ R X 2 NG e,y R X 22 N4 ye,y
=xiDr7e? " x3e2 T Dy s +xaDy e T (1 — x3)e2 T Dy X
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where D77 and D57 are compositions of 587 and of A7 — A;. Using the expo-
nential estimates (C.4) for heat kernels and their derivatives (see Appendix C.1),
and combining with the previous reasonings, we infer that, not only the operator
eSTPAqDZ’"’XQ maps H7(R") to Hg(R") for any a and 3 arbitrarily large, but also, its
range is “essentially concentrated” in B?(0, R/¢7/2), in the sense that

‘(1 — Xg)e%pNDg’vxg < Ce Ol Ve € [—eo, 0]

L(HI(R™), H (R™))

with C' = Cst(j, k, to,t1, N). The exponential term comes from the fact that the
support of 1 — y3 is far from the support of s, at a distance of the order of 1/|¢|?/2.
By a similar argument, we have

H AE T jp X36 2 g A DQ X2 < CG_C/‘el’Y Vee [—50, 50].

L(HI(R™), HS (R™))

The exponential term comes from the fact that the support of A7 — A; is far from
the support of xs, at a distance of the order of 1/|¢|7.

All in all, combining with the arguments already used in the proof of Lemma 6.8,
we obtain the Lemma 6.10. U

Proposition 6.7 is proved. U

6.3. Asymptotic expansion in ¢ of the heat kernel

Taking the Schwartz kernels in the expansion (6.17), more precisely, considering

their densities with respect to the measure 19, and recalling that e? = ex Rapar W get
that
(6.23) epen pa(t, x,2') = el(t,x,2") + Z (z,2") 4+ o (\5|N)

at any order N, as ¢ — 0, in C*°((0, +o00) x R™ x R") topology. For instance, we
have

[C1(t)] / /n (t —s,x,2) ((A1).€7) (s, 2,2")dz ds

and all other (smooth) functions [C;(t)]54(z,2") can be expressed as well with convo-
lutions. Now, using the formula (A.2) in Appendix A, we have

1
eVt x,2") = epen, pen (B, 2') = e @) epeins (b2, 7)

where h®7 = dc”r is the (smooth) density of v*7 with respect to ji9. By Lemma 6.2,
h=7 converges to 1 uniformly on R”, and it depends smoothly on € in C* topology,
hence h®7 = 1+ eh! + - + é?NhN + o(|e|™) at any order N, in C* topology.
Using (6.23), we conclude that

N
(6.24) etz a') = et x,a') + > e fi(t,x,2') +o (|5|N)

=1
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at any order N, as ¢ — 0, in C°((0, +00) x R™ x R™) topology, where the functions
fi are smooth on (0,4+00) x R™ x R".
Recall that e® = eac ,- where A® is defined by (4.4).

LEMMA 6.11. — We have
et x, ") = e (t,x,2") + O(|g|™)
ase — 0 in C*((0,4+00) x R™ x R™) topology.
Proof. — Let § > 0 small. By (6.16), we have
e (t,z,2) = [e 2D (21,6, (), 6.0 (7)) )

Since A= 77F coincides with A7 on every compact, we infer from the localization
result, Theorem 3.2 (Section 3.2.1), that

g7 e= "8 (271, 6.0 (2), 0.0 (2') ) = [e| 79D e= " (2P, 6.0(2), 6.0 (2') ) + O(le|™)
as € — 0, on every compact subset of (0,4+00) x R" x R™. Besides, it follows from the
homogeneity property (4.5) that e*(t, z, ') = A2@e/ NN, 65 (x), 6x(2")) for A > 0,
and taking \ = €2, we obtain

g7 e=" (62, 6.0(x), 6.0 (")) = €(t, @, 2).
The Lemma 6.11 follows. U

We note again, in the above proof, the crucial role of the parameter ~ in our
construction. Here, it has been instrumental to be able to apply the localization
result, and thus show that the small-time asymptotics of e and of e coincide at
the infinite order.

Using (6.24) and Lemma 6.11, we finally obtain that

N
e(t ) = &t w,a") + Y& fit, 2, 2') + o (| V)
=1

at any order N, as € — 0, in C*((0,4+00) x R" x R"™) topology.

6.4. End of the proof

The end of the proof is now similar to the proof of Theorem B. Thanks to repeated
applications of the localization result, Theorem 3.2 (hypoelliptic Kac’s principle),
we finally obtain

N
£19Den (%, 0.(2), 0:(')) = &(t,x,2) + D' fi(t, w,2') + o (Je] V)
=1

at any order N, as ¢ — 0, in C'™ topology, which is exactly (1.3).
Let us next establish the homogeneity property for the (smooth) functions f.

LEMMA 6.12. — For every ¢ € N* and every ¢ # 0, we have
R ER O I R X NCD)
for all (t,z,z') € (0,400) x R™ x R™
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Proof. — Given any fixed € # 0, by (1.3), we have on the one part

N
|se|%Den , (82€2t, dse (), 535(1”)) =el(t,x, ')+ > (se) ft,x,2") + 0 (SN)
i=1

and on the other part

56120 en, (5263, 6.0 ), B0e(a))
N

= [e| €& (2, 6.(x),0.(2')) + |20 Y 5" £ (2, 02(x), 6-(2")) + o (s")

i=1
for every s € R with |s| sufficiently small and all £ > 0 and x,2’" € R™. The result
follows, since %(t, z,z') = |e|9@et(2t, 6. (x), 0. (2")) (see (3.3)). O

Remark 6.13. — Applying Lemma 6.12 with ¢ = —1, we obtain the “oddness”
property

fgjfl(ta xafl)
— e (1,64(2),04(2) Vi ENT Y (tz,2) € (0,4+00) x R* x R™.

In particular, we have f3; ,(¢,0,0) = —f3;, (£,0,0) and thus f3; ,(¢,0,0) = 0 for
every 7 € N* and for every t > 0. Note that, to obtain this property, it has been
necessary to consider dilations 0. with ¢ < 0, whereas dilations are most often
considered only with ¢ > 0 in the existing literature. We realized this fact in a
discussion with Davide Barilari, whom we thank once again.

Case ¢ regular. The case is treated exactly as in Section 4.4. We do not repeat
the argument.

Part 3. Appendix
Appendix A. Schwartz kernels, heat kernels

Let M be a smooth manifold. We set D(M) = C°(M) and we denote by D’
(M) the space of distributions on M, i.e., the topological dual of D(M) endowed
with the weak topology. Let p be a smooth measure (density) on M.

Schwartz kernels. According to the Schwartz kernel theorem, there is a linear
bijection between D'(M x M) and the set of bilinear continuous functionals on
D(M)xD(M). Given a linear continuous mapping A : D(M) — D'(M), the Schwartz
kernel of A is the unique distribution [A] € D'(M x M) defined by (Af, g)pr(m), D0y =
([A],g® f) for all f,g € C°(M), where (-,-) is the duality bracket.

When [4] € CY(M x M), identifying the distribution bracket by an integral with
respect to the measure ¢ ® p and denoting by [A], the density function, we have the
familiar formula

Af@) = [ F) e d)duld)  YaeM ¥ feD).
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We stress that, although the density function [A], depends on p, given any g € M,
the absolutely continuous measure [A],(q,-) du(-) depends only on A: it does not
depend on the smooth measure p, in the sense that [A],(q,-) du(-) = [A].(q,-) dv(-)
for any other smooth measure v on M.

Actually, in geometric terms, [A] is a continuous section of the bundle 75(£2,/) on
M x M, where Q) is the line bundle of smooth measures (densities) on M and
7o : M X M — M is the projection defined by m3(q,q¢') = ¢'.

Similarly, the diagonal part [A],(q,q) du(q) is an absolutely continuous measure,
which does not depend on p. Denoting by M the operator of multiplication by f,
we have

T(AM)) = [ f(@)[Alu(g.q)dule) ¥ f € DOI).

Hilbert—Schmidt norm. When [A] € L*(M X M,u ® u), the operator A €
L(L*(M, 1)) is Hilbert-Schmidt and the Hilbert-Schmidt norm of A is

1Allms = (Te(A"A)Y2 = [[[Aull 200, o

and we recall that

I Al Lcz2ar, wy) < | Allms
|AB| s < [|Allne2a, ) | Bl s
IAB|| s < [[Allasl| Bz, wy)

where A and B are bounded operators on L?(M, p1), with A or B Hilbert—Schmidt
according to the inequality under consideration.

Action of pseudo-differential operators on Schwartz kernels. Given any
pseudo-differential operators 71 and 75 on M, we have [T1ATY], = (11)4(T2) ¢ [A] 4
(where Ty is the transpose in L*(M, 1)), i.e.,

AT f(0) = [ ) (10T [Alula. o) dild)).

Heat kernels. Let A : D(A) — L?*(M,u) be a densely defined operator on
L*(M, 1), generating a strongly continuous semigroup (e*);~ . For every ¢ > 0, the
heat kernel e,(t) associated with A is the measure on M defined as the Schwartz
kernel of e i.e., es(t) = [e!4]. Of course, it does not depend on pu.

When this measure has a density [¢'4], with respect to 1 which is locally integrable,
we define the heat kernel ey ,(¢,-,) associated with A and with the measure p by
ea u(t,q,q) = [e,.(q,¢). This means that

u(t.q) = () (9) = [ F(@)eanlt.a.q) du(q)

is the unique solution to dyu — Au = 0 for t > 0, u(0,-) = f(-), for every f € C>®(M).
In other words, we have

eat)(q,d) =[] (¢.0) = eault.q.d)dulg)  Vt>0  Vgq €M

As said above, this expression depends only on A, not on the smooth measure pu.
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Extending ey , by 0 for ¢ < 0, for any fixed ¢ € M the mapping (¢,q) —
ea,u(t,q,q") is also solution of (0, —A)ea, u(-, -, q") = d(0,¢) in the sense of distributions,
where the distribution pairing is considered with respect to the measure dt x du(q)

on R x M.
We gather hereafter some useful facts.

o Let o : M — M be a diffeomorphism, representing a change of variable in
the manifold M. We have ¢*p = |J,(¢)|u, where J, () is the Jacobian of ¢
with respect to p, and where ¢*u is the pullback of u under ¢. Then

o Ape.n(t: 0, 4) = |u(0)(d)] ea,u(t, (q), w(d))
A 1 e /
(A1) eA,W(t,q,q)—7’%(@)@,)’ Auta.q)

etp*Acp*,g@*u(t7 q, q,) = €A, (t’ QP(Q% gp(q'))

for all t > 0 and (g, q') € M?. Note that the last one follows from the two first

ones, in which we have replaced A with ¢*Ap, in the second one. The two

first formulas in (A.1) are not symmetric, but there is no contradiction there:

indeed if A is selfadjoint in L?(M, p) then e, , is symmetric, but A need not

be selfadjoint in L?(M, ¢*u) and thus e, -+, need not be symmetric.
Actually, we have

eprap n(t,q,4") A" 1) (¢") = eprap..v(t,q,q) dv({)

for any other smooth measure v on M.
e As a particular case, given any A > 0, we have Aea r, = ea, .
e Given any € > 0, the kernel associated with 24 and with the measure v is

652147,/(15, q, q/> - eA,l/(E2t) q, q,)

for all t > 0 and (¢, ¢') € M?.

e We assume that g = hv with h a positive smooth function on M (density of
p with respect to v). Then h(q¢')ea, u(t,q,¢') = ean(t,q,¢") for all (t,q,¢') €
(0,+00) x M x M, or equivalently,

(A.2) ean(tyq,qd)du(d) = ea(t,q,q) dv(q).

Appendix B. Subelliptic estimates and smoothing
properties for hypoelliptic heat semigroups

This section can be read independently of the rest.

Let d € N*. We set A = (id — 3¢, 0?)"/2. Denoting by [|ul|2(zey the L? norm of a
function u € L?(RY) and by (-, -) 2(rdy the corresponding inner product, we recall
that the Hilbert space H*(R?) is equipped with the norm ||u|
and with the inner product (u,v) gsgay = (1, A*0) 12(ga).

Let p € N* and let K be a compact set (in our applications, we will take either
K = [—¢e0,e0] or K = [—&g,&0] X K for some gy > 0 and for some compact subset

K of M). For every 7 € IC, let YJ,Y/,... , Y, be smooth vector fields on R¢ and

Hs(Rd) = ||ASUHL2(Rd)
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let V™ be a smooth function on R?, all of them depending continuously on 7 in O
topology. We set
P

(B.1) LT=3 (Y +Y -V

=1

B.1. Local estimates

Let U be an arbitrary open subset of R?. Of course, all local estimates hereafter
could be settled as well on a d-dimensional manifold.

B.1.1. Uniform local subelliptic estimates

THEOREM B.1. — We assume that the Lie algebra Lie(Yy, Y[, ..., Y) gener-
ated by the vector fields is equal to R? at any point of U, with a degree of nonholon-
omy r that is uniform with respect to 7 € K (uniform weak Hormander condition
on U). Then there exists o > 0 such that, for every s € R, for all smooth functions
¢ and (' compactly supported in U with (' = 1 on the support of (,

[Gullmeso sy < C5t (5,¢,¢) (€Ll gy + 1

Hs(Rd)>
vue(JOO(Rd) Vrek.

This is a parameter-dependent version of the famous local subelliptic Hérmander
estimate (see [Hor67]). It is straightforward to obtain by following the classical
proofs, but for completeness, we provide the main steps (this is also useful in view
of deriving global subelliptic estimates, further). The proof given in [Hér67] gives
an optimal gain of regularity, which is ¢ = 2/r. Here, we rather follow the simpler
proof given by Kohn in [Koh73] (see also [HN05]), which does not give the optimal
gain of regularity and yields o = 1/2%"~1,

Note that, in the case where U is compact, Theorem B.1 implies that there exists
C > 0 such that Cst A < C'id—L™ — (L7)* < Cst A?, for every 7 € K, where the
inequalities are written for positive selfadjoint operators on L?(U).

Taking s € {s,s+ o, ..., s+ ko}, we also infer from the theorem that, for every
k € N, for all smooth functions ¢ and ¢’ compactly supported in U with ' =1 on
the support of (, we have

(B-Q) ||Cu||Hka(Rd)

¢'(L7)

< Cst (K, ¢, ¢ (‘ 12 (R4) +- ||§,LTU||L2(RUZ) + ||C/u||L2(Rd)>

VuGC"’o(Rd) Vrek.

Another useful consequence is the following. For every k € Z, we define the Hilbert
space Df as the completion for the norm |[u|p; = [[(C'id —L" — (L7)*)*u|| 2(gay of
the set of smooth functions on R? of compact support. For k = 1, the set D] = {u €
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L*(RY) | L™u € L*(RY)} is the maximal domain of the operator L™ on L?(R%). Tt
follows from (B.2) that, for every k& € N, for all smooth functions ¢ and ¢’ compactly
supported in U with ¢’ = 1 on the support of {, we have

Cst(k, €¢I Culmusy < ICulog < Cst(k €. C)ICul s e
VuGC”(Rd) Vrelk.

By duality, we have the converse inequalities for k£ negative.

Remark B.2. — Note that, in the statement of Theorem B.1, we use cut-off
functions ¢ and ¢’ (as in [Koh73]), in order to obtain the subelliptic estimates for any
smooth function u on R?, and not only for any smooth function of compact support
on U. This is because, in Appendix B.1.2, we are going to apply these estimates to
solutions u(t) = e f of the heat equation (9; — L™)u = 0, which are not of compact
support.

Proof of Theorem B.1. — We only recall the main steps of the proof, without
providing all details. We modify the function V™ and the vector fields Y] (and thus
L™) outside of U so that their coefficients and all their derivatives are uniformly
bounded on R?, uniformly with respect to 7. Localization is performed by bracketting
(see the localization lemma in [Koh73]).

First of all, we note that (Y)* = —Y7 — (div Y]), where the dual is taken in
L*(RY). Tt follows that, given any smooth function g on R? we have

1
(07000 | = (0 0 Y7 970 )
< cst<g)||u||§2<Rd) VueCr(RY)  Vrek

We easily infer that
p
> 7w + )
i=1

< Ost (HLTuH;(Rd) + Huy@g(Rd)) vueC® (RY) Vrek.

< Cst (’(LTU, U>L2(Rd)

L2 (R4)

For every o € (0, 1], let P, be the set of pseudo-differential operators P of order 0
satisfying

| Pl g ) < Cst(o) (||qu||L2<Rd) + ||u||L2<Rd)> Vue X (RY)  Vrek.

for every smooth function v on R? of compact support. Note that 0 < o7 < 09
implies P,, C P,,. The proof consists of proving that:
(1) P, is stable by taking the adjoint, for every o € (0,1/2];
(2) P, is a left and right ideal in the ring of pseudo-differential operators of order
0;
(3) YA € P, for every j € {0,1, ..., p}, for every o € (0,1/2];
(4) if P € P, then [Y], P] € Py, for every j € {0,1, ..., p} and for every
o€ (0,1/2].
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Each of the steps is quite straightforward to establish, following [HN05, Koh73] and
using elementary properties of brackets and of pseudo-differential operators. Then,
noting that [Y77, V7JA™! = [V, Y AT =Y ATTA[Y], A7, using that Y7A™! € Py
by the third property and thus that [Y;7,Y;7A™'] € Pys, using that A[Y], A7 is a
pseudo-differential operator of order 0 and using the first and the third properties, we
have Y;TAT'A[Y], A7 € Pyjs, and we infer that [Y], Y7JA™" € Py /5. By recurrence,
we get that Y/A™L € Py /226-1, where Y} is any Lie bracket of the vector fields Y} of
length k.

Using the uniform Hormander condition, it follows that Pj/92r-1 coincides with
the ring of pseudo-differential operators of order 0. Indeed, we have proved that
A7'9,, € Pyjgana for every i € {1, ..., d}; using the properties of ideal and of
stability by taking the adjoint, we have then A™'92 A= € Py p2e-1 and thus A™202 =
AT AT+ ATHATI02 A A] € Py jgen-a, and finally, id € Py jgen-1. The theorem is
thus proved for s = 0.

We then prove the result for any s € R by applying the inequality established for
s =0 to A®u and by managing the bracket [L7, A®], using in particular the fact that
(V72 A%] = 207, AJY7 + (V7 Y7, A°]) O

B.1.2. Application: uniform local smoothing property for heat semigroups

Throughout the section, we assume that the operator L™ defined by (B.1) on the
domain D] generates a strongly continuous semigroup (e'£");~ o on L*(RY), for every
T € K, satisfying the following uniform estimate: for all positive real numbers ¢, < t;
we have

(B.3) et < Cst(to,t1)  VEEto,ts] VreKk.

L(L2(R))

This is the case if V7 is uniformly bounded below on R? and if either L is selfadjoint
for any 7 or the vector fields Y, Yy, ..., Y7 are bounded on R? as well as their first
derivatives uniformly with respect to 7. Indeed, under these assumptions, reasoning
as in the proof of Lemma 3.1, there exists C' > 0 such that the operator L™ — C' id
on L?(R%) is closed and dissipative, as well as its adjoint, and thus the strongly
continuous semigroup (et(LT_C id))t20 that it generates is a contraction semigroup,
and then (e'£");~ ¢ is a strongly continuous semigroup, with uniform norm estimates.

We denote by e the heat kernel associated with L™ for the Lebesgue measure on
R?. The function e is defined on (0, +00) x R? x R? and depends on three variables
(t,z,y). In what follows, the notation 0 (resp., 02, 03) denotes the partial derivative
with respect to ¢ (resp., to x, to y). The indices x in x; and y in ys below mean
that, when €7 is taken at (¢, z,y), x; is taken at x and y is taken at y.

COROLLARY B.3. — We assume that the Lie algebra Lie(Y[", ..., Y]]) generated
by the vector fields Y7, i = 1, ..., p, is equal to R? at any point of U, with a

(2
degree of nonholonomy r that is uniform with respect to T € K (uniform strong
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Hoérmander condition on U). Note that this assumption is more restrictive® than
in Appendix B.1.1, because we have excluded Y} .

For all x1,x2 € C(U), for all positive real numbers 0 < ty < ty, for all s,s" € R,
for all (k,a,3) € N x N4 x N4, we have
B4) [ Candrosale ],

to,tl)XRdXRd)
gCSt <X17X27t07t17k7a76) VTGIC

and

HXletLTX2f‘ s (Rd)

< Cst (X17X27t0,t1, S, S/> ||f||HSI(Rd) Vite [to,tl] v f € Cgo (Rd) V1elk.

The corollary says that the family (e7), ¢ x is bounded in C'*°((0, +00) x R™ x R"),
uniformly with respect to 7 (for the Fréchet topology defined by seminorms on an
exhaustive sequence of compact subsets of (0, +00) x R™ x R™). It also states that,
with the above notations, yie'* "y, € L(H* (R?), H*(R)) for every ¢ > 0, where the
norm of this operator can be bounded by a positive constant depending on y; and
X2 but not depending on 7.

Proof. — Defining on R x R% x R? the vector fields

B -2 B 0
Y70—: YOT ’ YZ—: }/;T Y izl?"'?])?
(Yg)" ;)
we consider the operator
p ~ ~
PT=(L7),+ (L) —20,=> (Y1) +Y;—V"
i=1

on L*(R x R x RY), where (L), = L™ ® id and (L"), = id ®(L")* are differential
operators acting on functions g = g(x, z’). The uniform weak Hérmander condition
is satisfied on U for the p + 1 vector fields (Y7,Y7, ..., 17;) on R'*2¢ Applying
Theorem B.1 to the heat kernel 7, which satisfies P7¢” = 0 on (0,+00) x U x U,
we obtain that ||(e7|| gs+omi+2a) < Cst(s, ¢, (")|[¢"€7|| gsr1+24), and by recurrence,

|Ce™| Ho+ho (R1+24) < Cst(s, k?C?C/)HC,eTHHS<R1+2d) Vrek VkeN' VseR

for all smooth functions ¢ and ¢’ on (0, +00) x U x U with compact support, satisfying
¢’ = 1 on the support of (. In what follows, we take ( = xo ® x1 ® x2 and (' =
Xo ® X ® x5. In order to obtain (B.4), we need an initialization, which is given in
the following lemma.

LEMMA B.4. — There exists s € R such that
”(Xé))t(xll>$(xl2)x’e7-HH5<R1+2d> < +00.

(9) This more restrictive assumption ensures that L™ — 0; is hypoelliptic. Otherwise hypoellipticity
may fail: take Yy = 0,, and all Y}, i > 1, not depending on x;: then (Yp, Yy, ..., Y,,) satisfies the
Hormander condition, but not (9; + Yo, Y1, ..., Y,).
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Proof of Lemma B.4. Recall that A = (id — ¢, 9?)'/2. Given any j € Z, we define
on R? the elliptic pseudo-differential operator A, ; of order j by A ju(x) = (z)! Mu(x)
for every u € C=(R%), where () = (1 + ||z||2)*/? (Japanese bracket), with || - ||» the

Euclidean norm in R?. There exists m € N* such that A’ _ is Hilbert-Schmidt
(as an operator on L*(R?)), i.e., [|[A”,, _,.|lms < +00. Indeed, the Schwartz kernel
of A, _, . 1is

| B ] 1 eilz—y).¢
[Mon] €)= G ey | Ty

which is the product of (1 + ||z]|2)~™/% and of the Fourier transform taken at y —
of the function ¢ ~ (1 4 ||£]|2)™"/2, and it is therefore square-integrable when m is
chosen large enough. Using the general facts (concerning Schwartz kernels) recalled
in Appendix A with A =", Ty = A"} and Ty = x5, we obtain that

[ ()AL o O (o)™

= | x0)eA i X

L2 (R1+2d)

tL™

hs S ’A'_m _mHHS H(Xo)te L(L2(r4)) < Gst(to, )

when supp(xo) C [to, 1], where we have used the uniform estimate (B.3) to derive
the latter inequality. ([l

We have therefore proved (B.4). To get the estimate on the semigroup, it suffices
to write that, for all j, k € Z,

(A XAy < [0 D

L2(Rd
= 4200 G () s
and then to apply (B.4). O
B.2. Global estimates
In the sequel, we use the notation () = (1 + ||z||?)'/? for + € R? (Japanese

bracket), where ||z]|2 is the Euclidean norm of z. Throughout the section, we assume
that there exists n € N* such that the function V™ and all coefficients of the vector
fields Yy, Yy, ..., Y7, as well as all their derivatives, are bounded by multiples of
(x)™. In other words, we assume that the growth at infinity of the vector fields Y,
and of V7, as well as their derivatives, is at most polynomial.

The objective of this section is to establish global subelliptic estimates and global
smoothing properties of the corresponding heat semigroup and heat kernel. We
follow [EHO03], where alternative global subelliptic Hormander estimates can be
found (see [EHO03, Theorems 3.1 and 4.1]) but are not sufficient for our needs.

Given any a € R and 3 € R, we define on L?(R?) the elliptic selfadjoint pseudo-
differential operator Ay 3 = 3(Al, 5+ (AL 5)*) of order «, with

d a/2
A, gu(z) = (z)” (id — 28;) u(z) = (z)’Au(x).
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and we define the weighted Hilbert space Hg(R?) as the completion of C2°(R?) for
the norm
HUHHE(Rd) = HAa,Bqu(Rn)-
The inner product is (u, ’U>ng(Rd) = (Aq,pu, Ao, gV) L2(rny. We have the following
properties (see also [EHO03)):
o Ao s € L(HY (RY), Hy =5 (RY).
e We have the continuous embedding H g,' (RY) — Hg(R?) whenever o/ > «
and ' > (8, with a compact embedding if both inequalities are strict.
e The dual of Hg(R?) with respect to the pivot space L?*(R?) = H{(R?) is
H_§(R?).
We denote by (Y;7);>o the family of vector fields consisting of the vector fields

(2
Yo, Y7, ..., Y, completed with all their successive Lie brackets.

B.2.1. Uniform global subelliptic estimates

DEFINITION B.5. — Following [EH03|, we say that the uniform polynomial weak
Hoérmander condition is satisfied if there exist nonnegative integers Ny and Ny such
that

N1
(B5)  lyll3 < Cstfx)*™ > (V7 (z),9)*  V(r,y) eR'xR*  V7eKk.
=0

THEOREM B.6. — Under the uniform polynomial weak Hérmander condition,
there exist o > 0 and N € N such that

i (o) < Cst(s, 8) (1L

[[ul

H§+N(Rd)>
Vs8R  VueCr(RY).

NCORN L

For every k € Z, for every 8 € R, we define the Hilbert space Dy, 5 as the completion
of C>*(R?) for the norm

lullog, = [[(C 1 —L7 = (L7)")" 4

H3 (RY)
where C' > 0 is a fixed constant such that (C' id — L™ — (L7)*)¥ is a positive selfadjoint
operator on L?(R?) (of maximal domain Df ;). When 8 = 0, we denote simply
Dj = Df 3. For k =1, the set D] = {u € L*(R?) | L™u € L*(R%)} is the maximal
domain of the operator L™ on L?(R?).

Note that the weight § in the iterated domains will be used only in the proof of

Corollary B.9 further.
By iteration, Theorem B.6 implies that

HUHHEJ:%(W) < Gst(s, k, B) (H(LT)ku’ Hg(R) + [[ul H;(Rﬂ)
Vs,3ER VkeN VuGC“(Rd) Vrek

H5(R9) + 4 [ LT
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and therefore we have the continuous embeddings

(B6)  Hiow (RY) = Dfs— HY v (RY) VEeN VBeR Vrek
with constants depending on k£ but not on 7. By duality, we have

(B7)  Hyfty (RY) D7,y Hy%hy (RY) YEEN VBeR Vrek

Remark B.7. — Actually, by bracketting (see the sketch of proof of the theorem
hereafter), we obtain the following slight variant of Theorem B.6: for all smooth
functions ¢ and ¢’ on R™, which are globally bounded as well as all their derivatives,
satisfying (' = 1 on the support of (, we have

1Cul

i 0) < €5t 8,6,¢) (1Ll gy + 160l g )
Vs, BeR VUGCOO(]Rd) VreK.

Note that the functions ¢ and ¢’ are not assumed here to be of compact support.
This fact will be useful in Appendix B.2.2 to localize in time only (but not in space).

Proof of Theorem B.6. For every m € R and every § € R, we define the following
class of global symbols S™°, by considering their growth in x: a symbol a : R? x
R\ {0} — C (of order m) is a smooth function having an asymptotic expansion
a ~ Zj 0 Qm— ], where a,,_; is smooth and such that, for any k € N, the function

ap = a — Zf o Gm—j satisfies

207 ai(x,6)| < Cst(a, B) (@) (1 + ¢)m 1 Va,8eN

We denote by ¥™?° the set of pseudo-differential operators on R? whose sym-
bol belongs to S™?. We have the following useful property: if a € S™?° then
Op(a) € L(HgR?), H;Z"(R?)). Here, Op is the usual left (for instance) quanti-
zation operator.

Now, if we consider in S™° a family of symbols (a”), ¢k, with the above constants
Cst(a, 8) being uniform with respect to 7, then we have the uniform estimate

”Op(aT)”L(Hg(Rd),Hg:g”(Rd)) < Cst(o, B) V71 ek

Thanks to this general remark, we obtain that Y7 € L(Hg(R?), Hi—\(R?)), that
ATYT e L(H§(RY), Hy_y(RY)) and that [Y7,A7] € L(Hg(R?), H3_}(R)), with
uniform constants in the estimates (see also [EH03, Lemma 3.2] for other useful
properties of the spaces Hg(R?)).

These preliminaries being done, we follow the steps of the proof of Theorem B.1,
keeping track of constants. It is then straightforward to establish that

fﬂ%% @ 0l )

ol ray < O56)™ (L0l gy + o)
Vu e CX(B(x,1)) Ve R? Vrek

ey < €t (L0
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where N € N is a sufficiently large integer. Then, noting that, roughly, ||u|| Hg (RY) ™

()P ||ul| froray for every u € C°(B(x,1)) and for all «, § € R, using a partition of
unity (see [EH03, Proof of Theorem 4.1] for details), we obtain

HUHHU(Rd) < Cst (HLTUHH]OV(ROZ) + ”uHHR,(Rd)) YVue Cgo (Rd) Vrelk.

Using the brackets [Ag g, Y]], [As, 5, L], increasing the integer N if necessary (but
N remains uniform with respect to s and [3), we then obtain

p
> [y
j=1

+ lul

nte)
Hy o (R)

VueCr(RY) Vrek
and we then establish the global estimate of Theorem B.6. We do not provide any

‘2; (o) < Cst(s.9) (27,0 1y

details. ]
Remark B.8. — 1t is interesting to note that the uniform polynomial weak Hor-
mander condition (B.5) is satisfied for any m-tuple (Yy,Y3, ..., Y,) of polynomial

vector fields that satisfy the weak Hérmander condition at every point with a uniform
degree of nonholonomy.

Indeed, defining as above the family (Y;);>o by completing the (p + 1)-tuple
(Yo, ..., Y,) with their iterated Lie brackets, by the assumption, there exists a large
enough integer N; such that the span of the finite family (Y;)o<i<n, is equal to R”
at every point. Defining the matrix

P@@) = (Yo(2) Yi(z) --- Yw(2)) VazeR"
we have to prove that there exists Ny € N such that
(B.3) yTP(@)P(x)Ty > Cstia) ™ [yl3  Va,yeR™

By [Ho6r58, Lemma 2|, it is known that, for every polynomial function @ on R™
such that Q(z) > 0 for every x € R", there exists an integer N € N such that
Qz) > <xc>i,t1\, In other words, the decay at infinity of any polynomial is polynomial,
it cannot be arbitrarily small. This non-obvious fact follows from a f.ojasiewicz
inequality combined with an inversion argument. The existence of Ny such that (B.8)
is satisfied follows.

B.2.2. Application: uniform global smoothing property of heat semigroups

We say that the uniform polynomial strong Hérmander assumption is satisfied if

there exist nonnegative integers Ny and N7 such that

Ny
(B9)  Iyl2< Cot @™ 3 (7 (@)y)? ¥ (ny) RIxR! Vrek.

i=1
Compared with (B.5), in (B.9) we have excluded the vector field Yy : the sum starts
at i = 1. By a similar argument as the one elaborated in Remark B.8, note that (B.9)
is satisfied for polynomial vector fields satisfying the strong H"ormander condition
at every point, with a uniform degree of nonholonomy.
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Throughout this section, we assume that the operator L™ : D(L™) = D] — L*(RY)
generates a strongly continuous semigroup (etLT)t>0, for every 7 € K, satisfying the
uniform estimate: for all positive real numbers ¢, < t1, we have

(B.10) ||etLT||L(L2(Rd)) < Cst(to, t1) YVt € [to, ).

We denote by e the heat kernel associated with L™ for the Lebesgue measure on
R?. The function €7 is defined on (0, +00) x R% x R? and depends on three variables
(t,z,y). In what follows, the notation 0; (resp., 0y, 03) denotes the partial derivative
with respect to ¢ (resp., to x, to y).

COROLLARY B.9. — Under the uniform polynomial strong Hérmander assump-
tion, there exist sy > 0 and kg € N* such that, for all s > sq and s’ > s, for all
positive real numbers 0 < ty < tq,

(A —ks), (A o), €7 (0)]

/
L2((to, t1) x R% x RY) < Cst(s,s',to,t1) VTeEK

and

.
HetL

o < CSt(S,S/,to,tl) Vte [to,tl] VTeK
(1 (5. e ()
This result is a global smoothing property for hypoelliptic heat kernels in Sobolev
spaces with polynomial weight.

Proof. — We follows the same lines as in the proof of Corollary B.3, by considering
the operator P7. It follows from Remark B.7 that, for all s, 8 € R, for every k € N,
we have ||Ce"| Hytke (R120) < Cst(s, k, 5,¢, (") ||CI€T||HE(R1+2¢1), for all smooth functions

¢ and ¢’ on (0, +00) x R? x R? satisfying ¢’ = 1 on the support of ¢, and such that ¢
and ¢’ and all their derivatives are bounded by constants. We choose ¢ = (xo); and
¢’ = (xp)¢ only depending on ¢, in order to localize in time over t € [to, t1].

To initialize the bootstrap argument, we first observe that, like in the proof of
Corollary B.3, using (B.10), there exists m € N* such that

([ e ———

12 (R1+2d) < CSt(to, tl)

(assuming that supp(x() C [to,t1]), hence
100 €™ | = 2y < Cst(to, 1)

Therefore, taking s = 3 = —m, we get that H(Xo)teTHHW%UV(RHM) < Cst(k, to, t1)
for every k € N*. The result follows. O
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Appendix C. Global smoothing properties of sR heat
semigroups

This section can be read independently of the rest.

C.1. Global smoothing properties in iterated domains

Throughout this section, we consider a selfadjoint sR Laplacian
AsR = - Z Xz*Xz
i=1

(see Section 2.2) on L*(R"™), where Xi, ..., X,, are smooth vector fields on R",
satisfying the Hormander condition at every point of R™. We denote by (e!#®), ¢
the associated sR heat semigroup, and by e the sR heat kernel.

We show how to use the Kannai transform to establish global smoothing properties
of the sR heat semigroup in the scale of Sobolev spaces associated with Agg (iterated
domains D((id —Agr)?), for j € Z). This technique is well known (see [CGT82]) and,
conveniently combined with complex analysis (e.g., Phragmen-Lindelof principle,
see [CS08]), leads to exponential estimates of heat kernels. However, we recall some
of the precise arguments and we give statements that we have not been able to find
in this form in the existing literature.

Since the Kannai transform is based on the spectral theorem, it requires to consider
a selfadjoint operator. This is why, in this section, we only consider selfadjoint sR
Laplacians.

C.1.1. Rough global smoothing properties in iterated domains

Starting from the inequality
2\F iz _ Cstlk, 1)
(1 + A ) e < T
we infer from the spectral theorem applied to the selfadjoint operator Ay that
|(id —Agr)*e @R || L2 @ny) < % Hence, given any t > 0 and any j,k € Z,
the operator e/ is bounded as an operator from D; = D((id —A)’) to Dy =
D((id —Agr)*), and we obtain the following result.

YA>0 V4 >0 VYte(0t] VkezZ,

LEMMA C.1. — Given any t > 0 and any j, k € Z, the operator e!“® is bounded
as an operator from D; = D((id —A)?) to Dy, = D((id —Ar)¥), and
Cst(k — J, t1) =iy ifk > j,
HetAsR ‘ < 12 Vi, >0 Vite (0t
L Pr) | Cst (k) ifk <j,

This property is completely general and is even true without any Héormander con-
dition on the vector fields Xj;: it is satisfied for any selfadjoint nonpositive operator.

We establish in Section C.1 much finer global smoothing properties, thanks to the
Kannai transform that we recall in the next section.
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C.1.2. Kannai transform

Hereafter, we recall a classical argument developed in [CGT82|, consisting of
obtaining estimates of the heat semigroup (in the Riemannian case), via the Kannai
transform, Here, we are in the subelliptic case and we consider a sR Laplacian Agg on
R™: this is a nonpositive selfadjoint operator on L?(R"), of domain D(A.r). We define
the sR wave operator cos(ty/—Agr) on L*(R") as follows: u(t, ) = cos (t\/—ASR) dy
is the solution to

(8” - A )u == O
u(0,-) =4y,
8tu( ) =0.
For every t € R we have
(C.1) cos <t —AsR) <1
L(L*(R™))

Given any smooth even real-valued function F' € L*(R), its Fourier transform is
defined by F(s) = [z F'(\) cos(As) ds and we have

F(\) = 2171 /R F(s)cos(\s)ds = 1 /0+Oo F(s) cos(\s) ds.

s
As a consequence of the spectral theorem, we have

F (\/TSR) = ;T/]Rﬁ(s) cos (s@) ds = 71T/0+OO F(s) cos (s\/TSR) ds.

In particular, fixing some arbitrary ¢ > 0 and taking F(\) = e ™ we have F' (s)
= %e‘sz/‘“ and thus

e,t)g —s2 /4t

cos(sA) ds e~ cos(s\) ds

2\/_/ \/_/

for every A € R, and therefore

1 2 1 +oo 2
eltBsR — 7/ e~ /* cos (s AN ) ds = —/ e~ /* cos (s AN ) ds
i o () e [

for every t > 0. This formula is usually called transmutation, or Kannai transform
(see [Kan77]).

We also have

—t(1+)\2) — 1 / —t—s2 /4t /\ ds
e e e cos(sA) \/_/

Differentiating k times with respect to ¢, for some k € N, one gets

k 2 +oo dk 1 2
1422\ omtax) / —t—s2/4t
( + A ) e T \/Ee cos(sA) ds

e~ cos(sA) ds.

i.e.,

o0 Pyy(s, 1)
( —|—/\2 S —/ t22]7g+31/2 e~ cos(sA) ds
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where Py is a polynomial of the two variables s and t, of degree 2k (actually,
depending on s? and of t), and thus

+oo P
(C.2) (id —ASR)k elOsR = /0 ;’lﬁj’/?e_sz/“ cos <5\/T5.R> ds
Vt>0 VkeN VjelZ

C.1.3. Exponential estimates, using the finite speed propagation property

Let us establish an additional estimate, by using the finite speed propagation
property for the sR wave equation. The finite speed propagation property for sR
wave equations has been established in [Mel85]; actually, it follows from the finite
speed propagation property for usual Riemannian wave equations, by considering a
Riemannian e-regularization of the sR Laplacian (see [Ge93]) and then passing to
the limit, using the fact that the e-regularized Riemannian distance converges to the
sR distance as € tends to 0 (see also [Gro96, Section 1.4.D] and [Var90, Appendix
Ad]).

Let x € R™ and let 0 < r; < ry be arbitrary. In what follows, we denote by
Bsr(z,7;) the sR ball in R" of center x and of radius r;, for the sR distance dsg
associated with Agg (we assume that the Hormander condition is satisfied).

Given any smooth function f on R™ such that supp(f) C Bgr(z,71), let us estimate
|(id = Agr )P R | 2(Rm\Bog (2, r2)) - Since supp(f) C Bgr(z, 1), we have, by the finite
speed propagation property,

supp (cos (s —ASR) f) C Ber(z, 71 + 5) Vs> 0.

In other words, a minimal time s > ry — ry is required in order to transport infor-
mation from Bgg(z, 1) to R™ \ Ber(x,r2). Therefore, using (C.1) and (C.2) we get
that

(C.3) H(jd _AsR)k’ etAst

L2(R™\Bgr (7, 72))

+oo Por(s,t g2
/T 2522k:5r1/2)€ /4 cos (s\/—AsR) fds

2—T1

L2(Rm)

oo | Por(s, 1)

2
S ke © S ds || f |l gy
2—T1

1412 2\ —(ro—r1)? /4t
g CSt(k)ﬁik (1 —+ (7'2 — 7'1) ) e HfHLQ(R")

Vi>0 VkeN VfeCr(R") st. supp(f) C Ber(z,71).
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Note that 79 — 1 = dsr(Bsr(z,71), R™ \ Bsr(, 72)). To obtain the latter inequality,
we have used the inequalities (proved by recurrence)

+00
/ e™5 /4 ds < Cst \/%6‘“2/“,
a

+oo | .
/ sl e=s7/4t ds < Cst(j)t ( + U= 1)/2> (1 + a]_l) e~ /4t
VieN Va>0 Vt>D0.

A consequence of this analysis is the following.

ProprosiTION C.2. — Let x and x' be smooth functions on compact support
on R™, such that ¥’ = 1 on supp(x). Then, for every k € N and every t > 0, the
operator (1 — x/)(id —Agg )*e!®skx is bounded on L*(R"), and

1 +t /
_ k tAs e~ CstOo X/t
H (1 —x")(id—Asr)"e RXHL(L2(R")) Cst(k, x, X' ) —5— Vit>0.

The same property holds for the operator (id —AsR) ( — x)et®srx and (taking
the adjoint and by selfadjointness) for the operators x(id — /g )¥e!®® (1 — x') and
(id —Agr)Fxe!®= (1 — x).

Proof. — Using a partition of unity, we reduce the proof to the case where
supp(x) C Bsr(Z,r) and x' = 1 on Ber(z,2r) for some z € R™ and some r > 0, so
that supp(x’) € R™ \ Bsr(Z,2r). Then (C.3) gives the conclusion. O

Note that all estimates that we have obtained are uniform with respect to ¢ > 0.

C.2. Global smoothing properties for nilpotent sR Laplacians

In this section, we consider the nilpotent sR Laplacian /A\q, associated with the
nilpotentization (M9, D7, g7) of the sR structure (M, D, g) at q. Recall that M? is a
homogeneous space of a Carnot group (see Section 2.5.4), but is not a Carnot group
whenever ¢ is singular.

We will establish global smoothing properties for the semi-group (e!*");>¢ in
iterated domains and Sobolev spaces with polynomial weight.

Note that, since we deal in this section with polynomial vector fields, we could
apply the smoothing properties established in Appendix B.2 (more precisely, see
Corollary B.9) by deriving global subelliptic estimates in Sobolev spaces with poly-
nomial weight. But here, in this specific context, the global smoothing properties
that we are going to establish are much stronger.

C.2.1. Reminders on exponential estimates

There are various ways to establish exponential estimates for heat kernels. Such
estimates have been proved in [Var90] by means of large deviation theory, using
the probabilistic interpretation of the sR heat kernel (see also [KS88] for long time
estimates). We also refer the reader to [SC84] and [JSC86] for estimates of the sR
heat kernel and of its derivatives, established, however, on a compact manifold.
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In [CGT82] (see also [Mel85]) the authors show how to combine the Kannai trans-
form (i.e., the finite propagation speed of waves) with the Harnack principle and with
a classical Moser iteration argument. In [SC92], the author combines the Kannai
transform with the Harnack parabolic principle in the hypoelliptic case. In [CS08],
the authors use an elegant Phragmen-Lindel6f argument to obtain off-diagonal ex-
ponential estimates.

Finally, we quote the paper [Mah98], in which it is shown that all known exponential
estimates remain valid as well when considering a sR Laplacian on a homogeneous
space (thus, extending results of [Var90] that were established on Lie groups).

According to these references, denoting by €7 the heat kernel of the sR Laplacian

/A\q = ;’11()/52'(1)2; for every € > 07 for all i17 ceey is € {17 ceey m} with s € N*7 we
have
Cst(e, I) 1 —d"(z, y)*
C.4) |omxTei(t < ’ = VT ERATY
(C4) ‘ t g€ ( ,:p,y)‘ tm+1/2 y701 (Bq <y7 \/Z)) exp( 41+ e)t

Vit>0 V:U,yEJVqu]R"

where X! = X, --- X, , I = (i1, ..., is) and |I| = s. In other words, the heat
kernel €7 and its derivatives are exponentially decreasing off the diagonal. Note
that Vol(Bq(y, V1)) = t9W/2 By symmetry of the heat kernel, one can obtain the
inequality (C.4) with t2®)/2 replaced by t2®)/2, or even by t2@)/4t9W)/4 Note anyway
that all these inequalities are different, because Q(z) # Q(y) in general, unless M4
is a Carnot group (which is the case when g is regular).

C.2.2. Global smoothing properties

As in Appendix B.2.1, given any j € Z and any a € R, we define 25?70[ as the
completion of C2°(R™) for the norm

(x)« (id —/A\q>j U

(id —/A\q>j u’

lullge =
J, @

HO(R™) L2Rn)

Here, we recall that the Japanese bracket is defined by (z) = (1 + ||z]|2)/? where
|z||3 = 2% + - - + 22 is the Euclidean norm.

It is useful to define the sR Japanese bracket by (z)r = (1 + ||z[|%;)"/?, where the
sR pseudo-norm is defined by ||z||sg = S0, |2:|*/™ for every x = (x4, ..., x,) € R?
in privileged coordinates around 0 (here, w; = w;(q)). Accordingly, we define ﬁ?”ip”
as the completion of C2°(R™) for the norm

()R (id —/A\q)j u

Hu||5?,’iR - L2(RM)

Setting r = w,, (degree of nonholonomy at 0), we have the inequality

Cst (z)Y" < (z)sr < Cst (x) VreR"
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from which it follows that
(©5) Cstllullpy < ullpon < Cstllull
VieZ Va>0 VueCrR").

ProrosiTION C.3. — Given any t > 0, any j, k € Z and any real number > 1
the operator ™' is bounded as an operator from Dq R to D %R, and

(C.6)

Cst(4, k, B, t1) :
|| tAqHL(fDlI sR Dq sR) < e V t € (O,tl] \V/ tl > 0
gk Cst(k, B,t1) if k < j,

This result states a global smoothing property in the iterated domains with poly-
nomial weight, by keeping the same weight 5 > 1. In particular, for j = k, we
have

(C.7) |etBf

SOt 8) o,
DS

k, B

Vtel0,1] VYkeZ VB>1 VfeC®R").

This implies that (etgq)go is a Cy semigroup in the Hilbert space Dz%, for every
k € Z and every 8 > 1, which may not be a semigroup of contractions. Note that,
for k = 0, D3f; is the space L*(R") with polynomial weight (x V5. and indeed, for
g =1, X may not be dissipative in this Hilbert space.

Proof. — Since (id —A?)7etA" = et (id —A9)7, it suffices to prove (C.6) for j = 0.
We proceed in two steps: we ﬁrst establish (C.6) for t = 1, and then we show how
to obtain the estimate for every ¢ € (0,¢;] by homogeneity.

Let 8 > 1 and k € N be arbitrary. We follow and adapt a classical argument (Schur
test): by the Cauchy-Schwarz inequality, we have

(©8) () (1d=27)" ¥ (@) )
= </ §x>§R (id —Zq)i (L, )W) ) dy)

</ <<x SR>2B'(id—/A\q>k el(1,x y)‘dy/
S N <y>sR . s Ly .
for every f € C°(R")..

We claim that Cst d?(0,z) < ||z]lsz < Cst d?(0, ) for every = € R™ (see [Jeald,
Lemma 2.1 p. 28]). Indeed, the distance d?(0,-) is continuous (by the Hérmander

condition) and thus reaches its bounds on the compact set {z € R” | ||z|sr = 1};
the inequality follows by homogeneity. We infer that

(2)sr 1+d1(0,2) -
C.9 < Ost ———2 < Cst (1 + d¥(x, Vo, y € R
(G-9) (Y)sr 1+de(0,y) ( ( y)) Y

2

([ =27)" &1, ) [ 30 ()" dy
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It follows from (C.4) and (C.9) that

. (422) -2t vt
< Cstlh) [ (14 di(ey)” e P gy

< Cst(k) /

RTL
< Cst(k, B) [ e Moo ay
= Cst(k, B)

and hence, plugging into (C.8), integrating with respect to x and using (C.4) again,

we obtain
. 2
_ Re
Dqu / ( 1d Aq) e f(x)) dx

<Cstk,B) [ e Ry [ ()3 F)Fdy = Cstlk, B) 1 0

We have obtained (C.6) for ¢ = 1.
To obtain (C.6) for every t € (0,t], we make the Changes of variable z = ¢(z) and

y = p(z) in (C.10), Wlth ¢ = 0y,,5- Noting that e Nip, = tA1, p*elp, = D
p*dr = | det(p)| dr = o7 do, and [j()|sw = \/E||x||sR, we get from (C.lO) that

~ 28 _ %
(1+d(a,y))” e e@vrrs gy

(C.10) ” Ba g

Y

2

1 1 ) 28 NI
o [ (1 1eI) (=B e e ) a

1 1 2
< Cstlk, B g [ (17 10) (¢ (=) dz
from which (C.6) is easily inferred. O
Using (C.5) and the embeddings (B.6) and (B.7), we infer the following result.

COROLLARY C.4. — Given any t > 0, any 7,k € Z and any real number 3 >

the operator 2" is bounded as an operator from HéUJN(R”) when j < 0 (resp,

HéinN(R ) when j > 0) to H3%,, n(R™) when k < 0 (resp., H5? ,n(R™) when k > 0).
Moreover, for all ty,t; € (0,4+00), their norms are uniformly bounded with respect
tot € [to,tl].

Remark C.5. — Given any t > 0, it is not true that e!” maps continuously any
Hg(R™) to any Hg (R"). Indeed, otherwise, using Hilbert—Schmidt norms we would
infer that its heat kernel e(t, -, -) is bounded in the Schwartz space S(R™ x R"),
which is not true around the diagonal.
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