Annales Henri Lebesgue PY
4 (2021) 973-1004

ANNALES
HENRI LEBESGUE

JULIEN BREMONT

SELF-SIMILAR MEASURES AND
THE RAJCHMAN PROPERTY

MESURES AUTOSIMILAIRES ET PROPRIETE
DE RAJCHMAN

ABSTRACT. — For general self-similar measures associated with contracting on average
affine IF'S on the real line, we study the convergence to zero of the Fourier transform at infinity
(or Rajchman property) and the extension of results of Salem [Sal44] and Erdés [Erd39] on
Bernoulli convolutions. Revisiting in a first step a recent work of Li—Sahlsten [LS19], we show
that the parameters where the Rajchman property may not hold are very special and in close
connection with Pisot numbers. In these particular cases, the Rajchman character appears to
be equivalent to absolute continuity and, when the IF'S consists of strict contractions, we show
that it is generically not true. We finally provide rather surprising numerical simulations and
an application to sets of multiplicity for trigonometric series.

RESUME. — Pour des mesures auto-similaires générales associées & des IFS affines et contrac-
tant en moyenne, nous étudions la convergence vers zéro a l'infini de la transformée de Fourier
(propriété de Rajchman) et l'extension de résultats de Salem [Sald4] et Erdoés [Erd39] sur
les convolutions de Bernoulli. Reprenant dans une premiere étape des travaux récents de
Li-Sahlsten [LS19], nous montrons que les paramétres ou la propriété de Rajchman pourrait
ne pas étre vraie sont tres spéciaux et en lien étroit avec les nombres de Pisot. Dans ces cas
particuliers, la propriété de Rajchman s’avere étre équivalente a 1’absolue continuité et, quand
I'TF'S est constitué de contractions strictes, nous montrons qu’elle est génériquement fausse.
Nous terminons ce travail par d’assez surprenantes simulations numériques et une application
aux ensembles de multiplicité pour les séries trigonométriques.
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974 J. BREMONT

1. Introduction
1.1. Rajchman measures

In the present article we consider the question of extending some classical results
on Bernoulli convolutions to a more general context of self-similar measures. For a
Borel probability measure p on R, define its Fourier transform as:

at) :/e%m du(z), t € R.
R

We say that p is Rajchman, whenever fi(t) — 0, as t — +00. When p is a Borel
probability measure on the torus T = R\Z, we introduce its Fourier coefficients,
defined as:

f(n) = /Te%”” du(x), n € Z.

In this study, starting from a Borel probability measure p on R, Borel probability
measures on T will naturally appear, quantifying the non-Rajchman character of p.

For a Borel probability measure 4 on R, the Rajchman property holds for example
if 1 is absolutely continuous with respect to Lebesgue measure Ly, by the Riemann—
Lebesgue lemma. The situation can be more subtle and for instance there exist
Cantor sets of zero Lebesgue measure and even of zero-Hausdorff dimension which
support a Rajchman measure; cf. Menshov [Men16], Bluhm [Blu00]. Questions on the
Rajchman property of a measure naturally arise in Harmonic Analysis, for example
when studying sets of multiplicity for trigonometric series; cf. Lyons [Lyo95] or
Zygmund [Zygh9]. We shall say a word on this topic at the end of the article. A
classical counter-example is the uniform measure p on the standard middle-third
Cantor set, which is a continuous singular measure, not Rajchman (due to fi(3n)
= [i(n), n € Z). As in this last example, the obstructions for a measure to be
Rajchman are often seen to be of arithmetical nature. The present work goes in this
direction.

As it concerns t — +o00, the Rajchman character of a measure p on R is an
information of local regularity. As is well-known, it says for example that p has no
atom; if i € L?(R), then y is absolutely continuous with respect to Lg with an L*(R)
density; if i has some polynomial decay at infinity, one gets a lower bound on the
Hausdorff dimension of p; etc. The Rajchman character can be reformulated as an
equidistribution property modulo 1. Since fi(t) — 0 is equivalent to f(mt) — 0 for
any integer m # 0, if X is a real random variable with law g, then p is Rajchman if
and only if the law of tX mod 1 converges, as t — +00, to Lebesgue measure Lt
on T.

Self-similar measures

We now recall standard notions about self-similar measures on the real line R, with
a probabilistic point of view. We write £(X) for the law of a real random variable
X. Let N > 0 and real affine maps ¢i(z) = rpx + by, with rp, > 0, for 0 < k < N,
and at least one r, < 1. We shall talk of “strict contractions” in the case when
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Self-similar measures and the Rajchman property 975

0 <rp <1, forall 0 <k < N. This assumption will be considered principally in the
second half of the article. For the sequel, we introduce the vectors r = (rg)o<r<n
and b = (bk)ogng-
Notice for what follows that for n > 0, a composition ¢y, , o --- o ¢y, has the
explicit expression:
n—1
Phkp_q © "0 kao(x) = Thy_y " ThT + Z bklrkn—l Ty
1=0
Consider the convex set Cx = {p = (po,--- ,p~n) | ¥ 4,p; > 0,2, p; = 1}, open

for the topology of the affine hyperplane {3=; p; = 1}. We denote its closure by Cy.
Define:

,DN(T) = {p c éN

> pjlogr; < 0} .
0<j<N

This is a non-empty open subset of Cy, for the relative topology. Notice that
Dy (r) = Cy, in the case when the (o)< k< v are strict contractions.

Fixing a probability vector p € Dy(r), we now compose the contractions at
random, independently, according to p. Precisely, let Xy be any real random variable
and (g,),>0 be independent and identically distributed (i.i.d.) random variables,
independent from X, and with law p, in other words P(eqg = k) = p, 0 < k < N.
We consider the Markov chain (X,),>¢ on R defined by:

Xn = 90571—1 ©---0 SDEO(XO)a n 2 O

The condition p € Dy(r), of contraction on average, can be rewritten as E(log r.,)
< 0. It implies that (X,)n,>0 has a unique stationary (time invariant) measure,
written as v. This follows for example from the fact that £(X,,) = £(Y},), where:

n—1
Y, = Peg © 7+ 0 §0€7L71(X0) =Te "r‘EnleO + Z bElréo Cr ey
1=0
As usual, (Y;,) is more stable than (X,,). Since n=*log(r., -7, ,) — E(logr.,)
< 0, a.-s., as n — +00, by the Law of Large Numbers, we get that Y,, converges
a.-s., as n — +o00, to:
X =) boyrey o orey .
120
Setting v = L(X), we obtain that £(X,) weakly converges to v. By construction,
we have L£(X,41) = Yo<j<npL(X,) 0 ;' Taking the limit as n — +oo, the
measure v verifies:
(1.1) v= > pjyogoj_l.
0<j<N
The previous convergence implies that the solution of this “stable fixed point
equation” is unique among Borel probability measures. Also, v has to be of pure
type, i.e. either purely atomic or absolutely continuous with respect to Lr or else

singular continuous, since each term in its Radon-Nikodym decomposition with
respect to Lg verifies (1.1). A few remarks are in order:
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(i)

(iii)

(iv)

J. BREMONT

If p € Cy, the measure v is purely atomic if and only if the ¢; have a common
fixed point ¢, in which case v is the Dirac mass at c¢. Indeed, consider the
necessity and suppose that v has an atom. Let a > 0 be the maximal mass
of an atom and FE the finite set of points having mass a. Fixing any ¢ € F,
the relation v({c}) = ¥, pjv({¢; ' (c)}) furnishes ¢;'(c) € E, 0 < j < N.
Hence ¢;"(c) € E, n > 0, for all j. If ¢; # id, then <pj’1(c) = ¢, the set
{¥;"(c), n = 0} being infinite otherwise. If ; = id, it fixes all points.
The equation for a hypothetical density f of v with respect to Lg, coming
from (1.1), is:
f= % pryfowt
0<J<N

This “unstable fixed point equation” is difficult to solve directly. It is equiva-
lently reformulated into the fact that ((r;' ---r;')fops! - 0@ ' (2))ns0
is a non-negative martingale (for its natural filtration), for Lebesgue a.-e.
r € R. Notice that when f exists and is bounded, then p; < r; for all j,
because pyr; | flloo = 19,71 © 95" o < 1 fllso and || fllso 7 0.
Let f(z) = ax 4+ b be an affine map, with a # 0. With the same p € Dy(r),
consider the conjugate system (¢;)o<j<n, with ¢;(z) = fopjo f1(z) =
r;x+b(1 —r;)+ab;. It has an invariant measure w = L(aX +b) verifying the
relation @(t) = D(at)e*™® t € R. In particular, v is Rajchman if and only if
w is Rajchman.
When supposing that the (p)o << n are strict contractions, some self-similar
set [’ can be introduced, where F' C R is the unique non-empty compact
set verifying the self-similarity relation F' = Uj<r<npr(F). See for ex-
ample Hutchinson [Hut81] for general properties of such sets. Introducing
N = {0,1,---} and the compact S = {0,---, N}V, the hypothesis that the
(¢r)o<k< N are strict contractions implies that F' is a continuous (and even
holderian) image of S, in other words we have the following description:

F: {Z bl"lrl"o ”'Txlfw (x(),xl,...) c S} .

>0

Whereas in the general case a self-similar invariant measure can have R as topo-
logical support, when the (¢r)o< k<N are strict contractions the compact self-similar
set F' exists and supports any self-similar measure.

Background and content of the article

Coming back to the general case, we assume in the sequel that the (p;)o<j<n
do not have a common fixed point (in particular N > 1), so that p is a continuous
measure. A difficult problem is to characterize the absolute continuity of v with
respect to Ly in terms of the parameters r, b and p. An example with a long and
well-known history is that of Bernoulli convolutions, corresponding to N = 1, the
affine contractions ¢g(x) = Ax — 1, p1(z) = Az + 1, 0 < A < 1, and the probability
vector p = (1/2,1/2). Notice that when the r; are all equal (to some real in (0, 1)),
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Self-similar measures and the Rajchman property 977

the situation is a little simplified, as v is an infinite convolution (this is not true in
general). Although we discuss below some works in this context, we will not present
here the vast subject of Bernoulli convolutions, addressing the reader to detailed
surveys, such as Peres—Schlag—Solomyak [PSS00] or Solomyak [Sol04].

For general self-similar measures, an important aspect of the problem, that we shall
not enter, and an active line of research, concerns the Hausdorff dimension of the
measure v; cf. the recent fundamental work of Hochman [Hoc14] for example. In a
large generality, see Falconer [Fal03] and more recently Jaroszewska and Rams [JR0S],
there is an “entropy/Lyapunov exponent” upper-bound:

N
—> " pilogp;
7=0

e
=Y " pilogr;
=0

The quantity s(p,r) is called the singularity dimension of the measure and can be
> 1. The equality Dimy(r) = 1 does not mean that v is absolutely continuous, but
the inequality s(p,r) < 1 surely implies that v is singular. The interesting domain
of parameters for the question of the absolute continuity of the invariant measure
therefore corresponds to s(p,r) > 1.

We focus in this work on another fundamental tool, the Fourier transform . If
v is not Rajchman, the Riemann-Lebesgue lemma implies that v is singular. This
property was used by Erdos [Erd39] in the context of Bernoulli convolutions. He
proved that if 1/2 < A < 1is such that 1/ is a Pisot number, then v is not Rajchman.
The reciprocal statement (for 1/2 < A < 1) was next shown by Salem [Sal44]. As a
result, for Bernoulli convolutions the Rajchman property always holds, except for
a very particular set of parameters. Some works have next focused on the decay
on average of the Fourier transform for general self-similar measures associated to
strict contractions; cf. Strichartz [Str90, Str93], Tsuji [Tsul5|. In the same context,
the non-Rajchman character was recently shown to hold for only a very small set
of parameters by Li and Sahlsten [LS19], who showed that v is Rajchman when
logr;/logr; is irrational for some (3,j), with moreover some logarithmic decay of
v at infinity, under a Diophantine condition. Next, Solomyak [Sol19] proved that
outside a set of r of zero Hausdorff dimension, 7 even has a power decay at infinity.

The aim of the present article is to study for general self-similar measures the
exceptional set of parameters where the Rajchman property is not true, trying to
follow the line of [Erd39] and [Sal44]. We essentially show that r and b have to be
closely related to some fixed Pisot number, as for Bernoulli convolutions. We first
prove a general extension of the result of Salem [Sal44|, reducing to a small island
the set of parameters where the Rajchman property may not hold. Focusing then
on this island of parameters, we provide a general characterization of the Rajchman
character, appearing in this particular case as equivalent to absolute continuity
with respect to Lg. Next, supposing that the (¢r)o<kr<n are strict contractions, we
prove a partial extension of the theorem of Erdés [Erd39], showing that for most
parameters in the small island the Rajchman property is not true, with in general a
few exceptions. We finally give some complements, first rather surprising numerical

Dimy(v) < min{1, s(p,r)}, where s(p,r) :=
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simulations involving the Plastic number, then an application to sets of uniqueness
for trigonometric series.

2. Statement of the results

Let us place in the general context considered in the Introduction. Pisot numbers
will play a central role in the analysis. Let us introduce a few definitions concerning
Algebraic Number Theory; cf. for example Samuel [Sam70] for more details.

DEFINITION 2.1. — A Pisot number is a real algebraic integer 8 > 1, with
conjugates (the other roots of its minimal unitary polynomial) of modulus strictly
less than 1. Fixing such a 6 > 1, denote its minimal polynomial as Q = Xt +
as X*+---+ay € Z[X], of degree s+ 1, with s > 0. If s = 0, then 0 is an integer > 2.
The images of u € Q[f] by the s+ 1 Q-homomorphisms Q[f] — C are the conjugates
of u corresponding to the field Q[f)], in general denoted by p = p©, pM ) .o p(®),

(i) For a € Q[#)], the trace Tryg(«) is the trace of the linear operator r — ax
of multiplication by «, considered from Q[f] to itself. As a general fact,
Tre(a) € Q.

(ii) Let Z[0] = Z6° + --- + Z06° be the subring generated by 6 of the ring of
algebraic integers of Q[f]. We write D(0) for its Z-dual (as a Z-lattice), i.e.:

D(0) ={a € Q[b], Tre(0"a) € Z, for 0 < n < s}.

It can be shown that D(0) = (1/Q'(0))Z[0]. As a classical fact, Try(6"«a) € Z, for
all n > 0, if this holds for 0 < n < s. Define:

T(0)={aeQlb], Try(0"a) € Z, for large n > 0} .

Then T (0) = U, > 00 "D(0) = Zg;(la/f], with Z[0, 1/6] the subring of Q[f] generated
by {0,1/6}.

Remark 2.2. — 1In the context of the previous definition, introduce the integer-
valued (s + 1) x (s + 1)-companion matrix M of Q:
0 1 e 0
M =
0 1
—ag v —Qs_1 —0g

One may show that for any p € Q[6], setting V' = (Trg(6°u), -+, Tre(6°u)), then
p € T(0) if and only if there exists n > 0 such that V' M™ has integral entries.

We introduce special families of affine maps, that will play the role of canonical
models for the analysis of the Rajchman property.

DEFINITION 2.3. — Let N > 1. A family of real affine maps (¢r)o <k < n is said in
Pisot form, if there exist a Pisot number 1/X > 1, relatively prime integers (ny)o <k <n
and p € T(1/X), 0 < k < N, such that ¢;(z) = Nz + p;, for all 0 < j < N.
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Remark 2.4. — If (pj)o<;<n is in Pisot form, then the (X, (n;), (1;)) are uniquely
determined. Indeed, if the (X', (n}), (})) also convene, we just need to show that
A = X'. Taking some collection of integers (a;) realizing a Bézout relation 1 = 3, a;n;,
we have:

\ = )\Z] a;n; _ /\IZJ- ajn;. _ )\/p7

for some p > 1. Idem, X' = A9, for some ¢ > 1. Hence pqg = 1, giving p = ¢ = 1 and
A=\,

As a first result, extending [Sal44], the analysis of the non-Rajchman character of
the invariant measure requires to consider families in Pisot form.

THEOREM 2.5. — Let N > 1, p € Cy and affine maps oy (x) = rrx + by, 1 > 0,
for 0 < k < N, with no common fixed point, and 3> < ; < y pj logr; < 0. The invariant
measure v is not Rajchman if and only if there exists f(x) = ax+b, a # 0, such that
the conjugate system (f o p; o f~1)o<,<n Is in Pisot form, for some Pisot number
1/X > 1, with invariant measure w verifying (A=) #4400 0.

In particular, one gets that r; = A", for all j, for some Pisot number 1/A > 1 et
relatively prime integers (n)o <k <n. Hence, up to an affine change of variables, the
non-Rajchman character of the invariant measure v can be read on the sequence
A"k >0, as in [Erd39]. In a second step, we provide a general analysis of families
in Pisot form.

We now fix a Pisot number 1/A > 1, an integer N > 1, relatively prime inte-
gers (ng)o<r<n and (up)o<k<n € (T(1/X)VTL such that pp(x) = A"z + py, for
0 <k < N. Let p € Cy be such that > ;< npjn; > 0 and i.i.d. random variables
(En)nez, With P(eg = k) = pg, 0 < k < N. We introduce cocycle notations (5));ez,
where Sy = 0 and for | > 1:

Sl:neo"i_"'"i_nel,l; S—l:_ns,l_"'_ns 1

An important preliminary remark is that when p € 7(1/A) and k > 0 is large
enough, we have:

PR afu(j) =Trip(A\"u) € Z,

1<j<s

where the (a;)o<;<s are the conjugates of 1/\ =: o and the (u))y< ;< that of
p = 9, corresponding to the field Q[)]. Since |a;| < 1, for 1 < j < s, and ()
is a.-s. transient with a non-zero linear speed to —oo, as [ — —oo, by the Law of
Large Numbers, this ensures that for any k € Z, the random variable 3, ¢ 5 pte, \F ™
mod 1 is well-defined as a T-valued random variable.

In the sequel we use standard inner products and Euclidean norms on all spaces
R™.

THEOREM 2.6. — Let 1/\ > 1 be a Pisot number of degree s + 1. Let N >
1, relatively prime integers (n)o<r<n and (ugp)o<r<n € (T(1/A))NTL, such that
or(z) = X"z + g, 0 < k < N. Let p € Cy be such that Yy« <npjn; > 0 and
ii.d. random variables (e,), ez, with law p. Let (S;);ez be the cocycle notations
associated to the (n.,)icz. The real random variable X =3, MQ)\SZ has law v.

TOME 4 (2021)



980 J. BREMONT

(i) Let the T-valued random variables Zy = 3¢z pe, \**°, k € Z. Then \™"X
mod 1 converges in law, as n — +o00, to a probability measure m on T,
verifying, for all f € C(T,R) and all k € Z:

1
dm(z) = E[f(Zeis) s < rusil,
fr@ ant) = o 3 B[ (Zn) lsucorani]
where n* = maxg << n ng. More generally, \™(X,A\7'X, --- . A7*X) mod

7+ converges in law, as n — +oo, to a probability measure M on T**,
with one-dimensional marginals m, verifying:

/’]I‘5+1 f(%) d./\/l(:L') = Z E [f (Zk+ra Zk+r71a Tty Z]H,,,S) 1S—u<fr,u> 1} )

E(HEO) o<r<n*
for all f € C(T**' R) and all k € Z.

(i) If the (¢r)o<k<n do not have a common fixed point (i.e. if v is continuous),
denoting by Z a T**'-valued random variable with law M, then for any
0#n=(ng, -, ns)t €Z°*, (Z n) has a continuous law; in particular, m
and M are continuous measures. If the (pg)o <k < n have a common fixed point,
there exists a rational number p/q such that m = d,/, and M = (8,,)®¢+Y.

(iii) Either M L Lysi1 or M = Lysi1. Also, M = Lys+1 < v is Rajchman <
V<K ﬁR.

In the context of the previous theorem, v and M are always of the same nature,
with respect to the uniform measure of the space they live on. In particular, M is
also of pure type. We finally consider families in Pisot form, when supposing that
the (vr)o<k<n are strict contractions.

THEOREM 2.7. — Let N > 1 and @p(x) = N"*x + g, for 0 < k < N, with
1/X > 1 a Pisot number, relatively prime integers (ny)o<k<n, With ny > 1 and
pr € T(1/N), for 0 < k < N. When p € Cy is fixed, we denote by m the measure
on T of Theorem 2.6(i).

(i) For any p € Cy, if the invariant measure v is Rajchman, then it is absolutely
continuous with respect to Lr, with a density bounded and with compact
support.

(ii) There exists 0 # a € Z such that for any k # 0, for any p € Cy outside
finitely many real-analytic graphs of dimension < N — 1 (points if N = 1),
we have m(ak) # 0. In this case, m # Ly and v is not Rajchman.

Remark 2.8. — In Theorem 2.7 (ii), observe that when making & vary, we obtain
that for all p € Cy outside a countable number of real-analytic graphs of dimension
less than or equal to N — 1 (points if N = 1), then m(ak) # 0, for all k& € Z. Part (ii)
of Theorem 2.7 relies on an indirect argument, based on the analysis of the regularity
of m(n), for some fixed n € Z, as a function of p € Cy.

Remark 2.9. — On the existence of singular measures in the non-homogeneous
case, we are essentially aware of the non-explicit examples, using algebraic curves,
of Neunhduserer [Neull]. As suggested by the referee, Theorem 2.7 allows to give
in the non-homogeneous case an explicit example of a continuous singular and
not Rajchman invariant measure v with singularity dimension > 1. Indeed, take
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for 1/\ > 1 the Plastic number, i.e. the real root of X® — X — 1. This is the
smallest Pisot number; cf. Siegel [Sie44]. We have 1/A = 1.3247... Let N =1 and
vo(z) = Az, p1(x) = Nx+1. For p = (po, p1) € Cy, if v is absolutely continuous with
respect to Lg, then, by Theorem 2.7 (i), the density has to be bounded. By remark (ii)
in the Introduction, this implies that py < A = 0.7548... and p; < A2 Now, as
detailed in the last section, the similarity dimension in this case is > 1 if and only
if 0,203... < po < 0,907... For example we can conclude that for p, € [0.76,0.90],
the measure v is continuous, singular with respect to Lg, not Rajchman and with
similarity dimension > 1. Still for the system o(z) = Az, ¢1(z) = Nz + 1, we
will give in the last section a strong numerical support for the fact that v is in fact
continuous singular and not Rajchman for all p € C;.

Remark 2.10. — In the context of Theorem 2.7, it would be important to deter-
mine all the exceptional parameters where v is absolutely with respect to Lg. Let
us give some examples where the exceptional set in Theorem 2.7 (ii) is non-empty:

(1) Let 1/A = N > 1 and ¢i(z) = (z + k)/(N + 1), with p, = 1/(N + 1), for
0 < k < N; then v is Lebesgue measure on [0, 1].

(2) Take for 1/A > 1 the Plastic number, N = 1 and this time g(z)
= Nz, p1(x) = Az + 1. One may verify that the similarity dimension is
< 1 for all p € Cy, except for p = (A% A\3), where it equals one. Thus the
invariant measure v is singular for p € C; with p # (A2, A3). Another way,
if v is absolutely continuous with respect to Lg, then its density has to be
bounded by Theorem 2.7. Therefore, py < A% and p; < A3, using remark (ii)
in the Introduction. Since A2 + X3 = 1, we have py = A\? and p; = \3. As a
result, when p = (pg, p1) # (A2, A3) and py > 0, p; > 0, then v is continuous
singular and not Rajchman. When p = (A2, A3), set I = [0,1 + \] and notice
that ¢o(I) = [0,1], ¢1(I) = [1,1 + A]. Hence, Lebesgue a.-e.:

11 = Loo(n) + Loy = DA Loy + A 14y (1),

p%\ﬁ ;- Taking for 1/\ the supergolden ratio (the real root

of X3 — X?—1; the fourth Pisot number), one gets the same situation with the
system (Az + 1, A3z), the exceptional parameters being then (\, \?), giving
for v the uniform probability measure on [0, A™?].

(3) When 1/X > 1 is the Plastic number, N = 2, ¢o(z) = X2z, ¢1(z) = X3z + 1,
@o(x) = Mz +1and py = A2, p; = Ma, po = M3(1 —a), then v = 1%\5[0,1%\}7
forall 0 < o < 1. This is an example, a little degenerated, of a one-dimensional
real-analytic graph where the corresponding invariant measure v is absolutely
continuous with respect to L.

meaning that v =

It would be interesting to find more developed examples, where v is absolutely
continuous with respect to Lr. A difficulty is that a priori the probability vector p
has to be chosen in accordance with the polynomial equations verified by A.
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3. Proof of Theorem 2.5

Proof of Theorem 2.5. — Let N > 1 and (¢x)o<k<n, With ox(z) = rpz + by,
where r, > 0, and having no common fixed point. Fixing p € Cy, introduce
i.i.d. random variables (¢,),>0 with law p, to which P and E refer. By hypothe-
sis, E(logr.,) < 0. Recall that the invariant measure v is the law of the random
variable >, o b, 7, - -7, , and that v is supposed to be non Rajchman. Without
loss of generality, we assume that 0 < rog < r; < -+ < ry, with therefore ry < 1.

The proof has three parts. First we show that logr;/logr; € Q, for all 0 < ¢ #
J < N. From this, we will get that r; = A", for some 0 < A < 1 and integers (n;).
We then show that the non Rajchman character of v can be seen on a subsequence
of the form (aA™); 0. We finally prove that 1/) is a Pisot number and the family
(¢pr)o<k<n is affinely conjugated with one in Pisot form.

Step 1. — Let us show that if ever logr;/logr; ¢ Q, for some 0 < i # j < N,
then v is Rajchman. This is established in [LL.S19] for strict contractions. We simplify
their proof.

For n > 1, consider the random walk S,, = —logr., —--- —logr,, ,, with Sp = 0.
For a real s > 0, introduce the finite stopping time 74, = min{n > 0, S,, > s} and
write 7T, for the corresponding sub-o-algebra of the underlying o-algebra. Taking
a>0and s >0:

v(ae®) =E (62”“5 Zl?Obsle_Sl)

i veS -5, ive—STs+S —S|+Sr
T (627mae ZO<Z<TS be, € l€2mae s ZZ>T5 be, el s) .

In the expectation, the first exponential term is 7,-measurable. Also, the con-
ditional expectation of the second exponential term with respect to 7, is just
U(ce™9=+%) as a consequence of the strong Markov property. It follows that:

iy oS -5,
v(ae®) =E (17 (ae_STSJrS) 271 Yo i cry ber l) :

This gives |[D(ae®)| < E(|D(ae™>="9)|), so by the Cauchy-Schwarz inequality and
the Fubini theorem, which directly applies, consecutively:

2) —E </ eZWioae*STstS(r—y) dV(l’)dV(y))
R2

— R2E (eZWio‘e_STer's(’”_y)) dv(z)dv(y)

7 (ae®)]> < E (‘17 (ae_sfﬁs)

<

E (62”0‘ e_STS+'S($—y))‘ dv(z)dv(y).
R2

Let Y := —logr.,. The law of Y is non-lattice, since some logr;/logr; ¢ Q and
pr > 0forall 0 < k < N. AsY is integrable, with 0 < E(Y') < oo, it is a well-known
consequence of the Blackwell theorem on the law of the overshoot that (see for
instance Woodroofe [Woo82, Chapter 2, Theorem 2.3]), that:

1

E(g9(S7, —s)) — E(S,.)

+o0o
/ g(x)P(S,, > x) dx, as s — 400,
0
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for any Riemann-integrable g defined on RT. Here, all S, — s, for s > 0, (and in
particular S;,) have support in some [0, A]. Therefore, P(S,, > z) = 0 for large
x > 0. For any a > 0, by dominated convergence (letting s — 400):

1
limsup |P(¢)|* < /
im sup [7(2) E(S.) e

The inside term (in the modulus) is uniformly bounded with respect to (z,y) € R2.
We shall use dominated convergence once more, this time with a — 4o0. It is
sufficient to show that for v®2-almost every (x,y), the inside term goes to zero. Since
the measure v is non-atomic, v*2-almost-surely, z # y. If for example z > ¥:

dt
t?

“+o00 . —u
/ p2miae (w—y)[[n(STO > u)du| dv(z)dv(y).
0

oo 27r7jae’"(a:—y)}P> S du = Y 27riozt]P> S 1
| e (S > u)du= [ B (S,, > log(w — y) /1)

0

making the change of variable t = e "(z — y). The last integral now converges to
0, as & — 400, by the Riemann-Lebesgue lemma. Hence, lim; , o, 7(¢t) = 0. This
ends the proof of this step.

Step 2. — As v is not Rajchman, from Step 1, logr;/logr; € Q, for all (4, j).

Hence r; = rgj/qj, with integers p; € Z, ¢; > 1, for 1 < j < N. Let:
no= [ «>1 and nj=p;, [ @€Z 1<j<N.
1<I<N 1<ISN,I#j

Recall that 0 < o < 1. Setting A = ré/no € (0,1),onehasr; =A%, 0<j< N.Up
to taking some positive integral power of A, one can assume that ged(ng,- -+ ,ny) = 1.
Recall in passing that the set of Pisot numbers is stable under positive integral powers.
The condition E(logr.,) < 0 rewrites into E(n.,) > 0 and we have ny < --- < ny,
with ng > 1.

Using some sub-harmonicity, we shall now show that one can reinforce the assump-
tion that 7(t) is not converging to 0, as t — +o0.

LEMMA 3.1. — There exists 1 < a < 1/ and ¢ > 0 such that D(a\™F) = ¢ e ™%,
written in polar form, verifies ¢, — ¢, as k — +oc.

Proof of the Lemma 3.1. — Let us write this time S,, = n., +--- +n., ,, for
n > 1, with Sy = 0. Since E(n.,) > 0, (S,,) is transient to 4+00. Introduce the random
ladder epochs 0 = 09 < 01 < ---, where inductively o, is the first time n > 0
with S,, > S,,. Let S}, = S,,. The (S}, — Si._;)k>1 are i.i.d. random variables with
law £(S,,) and support in {1,--- ,ng}. Since ged(ng, -+, ny) = 1, the support of

the law of S, generates Z as an additive group (cf. for example Woodroofe [Wo082,
Theorem 2.3, second part]). For an integer u > 1 large enough, we can fix integers
r > 1 and s > 1 such that the support of the law of S contains u and that of S’
contains u + 1, both supports being included in some {1, --- | M}, with therefore
1 <u<u+1< M. Proceeding as in Step 1, for any ¢t € R:

B(t) = E (27" Zuzo ) = B (p(tAS) T Zocraan PN
Doing the same thing with S’ and taking modulus gives:
(3.1) o) <E([p (tA%)]) and [p(t)] <E (|7 (t4%)

).
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In particular, |D(t)] < max; <;< s [V(A')]. We now set:

Va(k) :=  max |7 (aX)|, k€Z,a>0.

C k<I<k+M

The previous remarks imply that V,, (k) < Vo (k+ 1), k € Z, a > 0.

Since v is not Rajchman, ()| > ¢ > 0, along some sequence t; — +o00. Write
tp = aqA7M, with 1 < oy < 1/) and k — +oo. Up to taking a subsequence,
ap — a € [1,1/)\]. Fixing k € Z:

d < val(_kl) < Vaz(_k)7

as soon as [ is large enough. By continuity, letting | — 400, we get ¢ < V,(—k),
k € Z. As k — V,(—k) is non-increasing, V,(—k) — ¢ > ¢, as k — +00. We now
show that necessarily |[D(aX™%)| — ¢, as k — +o0.

If this were not true, there would exist £ > 0 and (my) — 400, with |Z(aA™"*)| <
¢ —e¢. Using Vo, (—k) — c and |P(aA™*)| < ¢ —¢, as k — 400, consider (3.1) with r
and t = aA™™ % and next with s and ¢t = aA™"~%~!, Since u is in the support of
the law of S!. and u + 1 is in the support of the law of S, we obtain the existence of
some ¢; < ¢ such that for k large enough:

9

max {‘17 (Oz)\_m’“_“>

v (a)\_mk_“_l) ’} < <ec

mg—2u mg—2u—1

Again via (3.1), with successively r and t = aA~ ,next r and t = A\~
and finally s and t = a\™™ 242 still using that u is in the support of the law of
S/ and u + 1 in the support of the law of S, we get some ¢; < ¢ such that for k
large enough:

max {‘17 (a)\*m’fzu)

5 (axme2e1)]

v (04)\””’“’2“’2”} <o <ec.

?

Etc, for some cj;_1 < ¢ and k large enough:

max {‘ﬁ (a)\_mk_(M_l)“)

v (oz)\_m’“_(M_l)“_(M_l)) ’} Loy <ec.

This contradicts the fact that V,(—k) — ¢, as & — oo. We conclude that
|D(aX™*)| — ¢, as k — oo, and this ends the proof of Lemma 3.1. O

Step 3. — We complete the proof of Theorem 2.5. In this part, introduce the
notation ||z|| = dist(z,Z), for x € R. Let us consider any 1 < o < 1/\, with
D(aA™F) = ¢ ™0 verifying ¢, — ¢ > 0, as k — +00. The existence of such a «
was shown in Step 2. We start from the relation:

v (a)\_k) = Y pjezmo"\fkbjﬁ (a)\_k+"j) ,

0<j<N

obtained when conditioning with respect to the value of 4. This furnishes for k£ > 0:

2im(aA"kb; +0,_,, . —0
Cr = Z pje ( J " )ck_nj.
0<j<N

ANNALES HENRI LEBESGUE



Self-similar measures and the Rajchman property 985

We rewrite this as:

217r a kb 40y —0k o
> nile ) g, —a- X i,

0<j<N 0<j<N
= D pilor = cen,)-
0<j<N
Let K > 0 be such that c;_,; > ¢/2 >0, for k> K and all 0 < j < N. For L > n*,
where n* = maxg< <y |n;|, we sum the previous equality on K < k < K+ L:
e 2 A"Fb;+6 0 & g
Z pjzckn][wra T 0k—n; k)—1:|: Z D ch_ Z e |

0<j<N k= 0<j<N k=K k=K—n;

Observe that the right-hand side involves a telescopic sum and is bounded by 2n*
(using that |cx| < 1), uniformly in K and L. In the left hand-hand side, we take the
real part and use that 1 — cos(2wz) = 2(sin 7wz)?, which, as is well-known, has the
same order as ||x||?. We obtain, for some constant C', that for K and L large enough:

c
5 Z D; Z Ha)\ bj + Or—n, —HkH
0<j<N
Introducing the constants p, = ming< ;< yp; > 0 and C' = 2C/(cp.), we get that
forall 0 < 7 < N and K, L large enough:
K+L

(3.2) ST X TFb; + O, — 0> < C
k=K

In the sequel, we distinguish two cases : there exists a non-zero translation among
the (vr)o<k<n (case 1) or not (case 2).

Case 1. — For any non-zero-translation ¢;(x) = x+b;, we have n; = 0 and b; # 0.
Then (3.2) gives that for K, L large enough:
K+L

3 Jorn| <

This implies that ([|abjA7"|)k>0 € *(N). By a classical theorem of Pisot, cf.
Cassels [Cas57, Chapter 8, Theorems I and II], we obtain that 1/ is a Pisot number
and b; = (1/a)p;, with pu; € T(l/)\) Consider now the non-translations ¢;(x)
= A”J$ + b], n; # 0. By (3.2), for any r > 0 and K, L large enough (depending on r):

K+L

Z Ha)\ k+rn]b +0k (r+1)n; ekfrnj
k=K

2 /
<

Fixing [; > 1 and summing over 0 < r < [; — 1, making use of the triangular
inequality and of (z;+---+z,)? < n(z?+---+12), we obtain, for K, L large enough
(depending on I;):

K+L 1 — \omi 2
(33) Z Oé/\_kbj <1_/\nj> + Ok—ljn]- — 0, < le,.
k=K
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Changing k into k + [;n;, we obtain, for K, L large enough (depending on /;):

K+L 1 — \lLin 2
(34) Z Oé)\_kbj (1_/\nj> + 9k+ljnj — 0| < le,.
k=K
Let 1 = o<, <nln; be a Bézout relation and J C {0, ---, N} be the subset

of j where [;n; # 0, equipped with its natural order. Using successively for j € J
either (3.3) or (3.4), according to the sign of /;, we obtain with:

Lin;
(3.5) b:= Z bj/\ZkeJ’k@lknk (11_)\)\n> )
jeJ — AV

the following relation, for a new constant C’ and all K, L large enough:

K+L 9
S exto+ o0 —0 <
k=K

Now, for any n; # 0, whatever the sign of n; is, we arrive at, for some constant
C" and all K, L large enough:

K+L 1 — \ 2
chmkb< >+ﬂkm—ﬁk <.
= 1—\

Set v =b/(1 — ). Hence, for any 0 < j < N with n; # 0, for some new constant
C” and all K, L large enough, using (3.2):

K+L )
S oty - <
k=K

Let 0 < j < N, with n; # 0. If b; # /(1 — A™), then we deduce again (still by
Cassels [Casbh7, Chapter 8, Theorems I and II]) that 1/X is a Pisot number and
by =b(1— X))+ (1/a)u;, with u; € T(1/X). The other case is b; = V'(1 — A™). In
any case, we obtain that for all 0 < j < N:

(3.6) pi(x) =0+ XN (z—=b)+ (1/a)u;,

for some p; € T(1/X). Finally, remark that (3.6) says that the (¢;)o<;<n are
conjugated with the (¢;)o< ;< n, where ¢;(z) = A"z + p;. Precisely p; = fot;of1,
with f(z) =z/a+ V.

Case 2. — Any ¢; with n; = 0 is the identity. The conclusion is the same, because
there now necessarily exists some 0 < j < N with n; # 0 and b; # b'(1 — \"%),
otherwise ' is a common fixed point for all (¢;)o<;j<n-

This ends the proof of Theorem 2.5. 0

4. Proof of Theorem 2.6
Proof of Theorem 2.6. — Let N > 1 and affine maps gp(x) = A"z + 4, for
0 < k < N, with 1/A > 1 a Pisot number, relatively prime integers (ng)o<k<n

and pur € T(1/A), for 0 < k < N. Let p € Cy and denote by (g,),cz a two-sided
family of i.i.d. random variables with law p, to which again the probability P and
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the expectation E refer. We suppose that E(n.,) > 0. Without loss of generality,
ny < --- < ng and in particular ng > 1. For general background on Markov chains,
cf. Spitzer [Spi76].

Recall the cocycle notations for the (n.,);cz introduced before the statement of
the theorem and denote by 6 the formal shift such that e; = ¢, | € Z. We have
for all £ and [ in Z:

Sk = S+ 0%S,.

Then v is the law of X = 3750 u,A. We write @ € Z[X] for the minimal
polynomial of 1/A, of degree s + 1, with roots ag = 1/A, ay,- -+ , as, where |ag| < 1,
for 1 < k < s. The case s = 0 corresponds to 1/X an integer > 2 (using then usual
conventions regarding sums or products). Recall that for any k € Z, 3, c 7 pre, \F™5
mod 1 is a well-defined T-valued random variable.

Step 1. — 1In order to prove the convergence in law of (A™"X, A" 1X ... \7"¢
X) mod Z, as n — +00, it is enough to prove, for any (my, -+ ,m,) € Z°T!, the
convergence of:

E (ezmzogugsmu,\*nﬂx) —F (ezm Zl>0(au5l))\_"+sl)

Y

with & = Y o<y <o mu A" Notice that ap; € T(1/X), for 0 < j < N. We make the
proof when o = 1, the one for a being obtained by changing (,u]) into (o).

Since 3, o fte, A" mod 1 converges a.-s. to 0 in T, as n — +o0, it is enough
to consider expectations with 3¢z -, A" mod 1 in the exponential. Let k € Z
be a fixed integer. For n > 0, that will tend to +o0, consider (5;);cz and the first
q € Z such that S; > n. We have:

: k—n+S
£ (3 Doty

2% T )\(k n+Sq)+(Sl Sq)
= Z Z E (e Elezﬂsz 1Sq u<n7u>17sq:n+r)

0<r<noq€eZ

= 2 2 E

0<r<noq€Z (

k+r+9q5 _
257 0 l=q
€ EZEZ «0) OQS_u<r,u>l,9<IS_q:nr>

k+r+S
= > ) E 2T Dyenha N

0<r<noq€Z

_ 2im e, NEFTH50
— Z Z ]E (e Zlez €l 157u< —r,u}l,qu:—n—T .

0<r<noq€Z

S_u<-ru>1l, S_q:nr)

For each 0 < r < ng, we now observe that we can move the sum }° .5 inside the
expectation, using the theorem of Fubini, if we first show the finiteness of:

> E(ls =nr)=E (Z 15q_n_r) +E (Z 1Sq_n_r) .

q€EZ q=0 q=>1

This is true, since, as soon as n is larger than some constant (because of the missing
term for ¢ = 0 in the second sum), this equals G~ (0, —n—7)+ G+ (0, —n —r) < 400,
where G~ (z,y) and G (z,y) are the Green functions, finite for every integers x
and y, respectively associated to the i.i.d. transient random walks (5_,),>0 and
(Sy)g>0- Let o, for k € Z, be the first time > 0 when (S,),>0 touches k. We
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have G*(z,y) = Py(0,_, < 00)G*(0,0). With some symmetric quantities, one has
G~ (z,y) = Po(o,_, < 00)G7(0,0).
We therefore obtain:

E (7 2reatad )

2im ARArES)
= Z E (6 Zlez“ﬁl 1siu<_7,’u>1 (Z 1Sq:—n—7‘)> .

0<r<ng qEZ

Let us now fix 0 < 7 < ng and consider the corresponding term of the right-hand
side. First of all, for n > 0 larger than some constant (so that Sy # —n — r):

(4.1) E{Y Is —nr| =Py (0%, . <00)GT(0,0) =0,
qg<0
as n — +o00, since (S;),>0 is transient to the right. We thus only need to consider:
T(—n) :=E (& Siesra g o N(=n 1)),

where N(—k —r) := 3,59 ls_,——n—r. Consider an integer My, that will tend to +o0
at the end. The difference of T'(—n) with the following expression:

i e Ae+r+S5
= (6 2tz - e ls y<—ri<usmeN(—n —7)

is bounded by A + B, where, first:

; o ; k7S
QBT D ep e N i 25 agg P AT

A:E{

N(—n — r)}

)\k+7'+Sl

=B Hl - e2mzl<—M0”€l

N(—n—r)]
, wirts; 2]\ 2 1/2
< (]E Ul _ ez”r Zl<71\{0 ey AT ‘|> (]E (N(—n _ T)2>> /

1) e o),

because N(—n — r) is stochastically dominated by N(0). Notice that N(0) is square
integrable, as it has exponential tail. The first term on the right-hand side also goes
to 0, as My — +o00, by dominated convergence. The other term B is:

. k+r+S
< (E [‘1—621ﬂ2l<340u61A :

B=E (137u <—r,1<u<Mo,Jv> Moy, S_» 2—7"N(_n - T))

<P@v> M5, > )" (E(N(-n—r))"

<SPG Mos > (£ (0)

as before. The first term on the right-hand side goes to 0, as My — 400, since (S_,)
is transient to —oo, as v — +00. As a result:

k+’r+Sl

T(—n) ) (621'71' Zl)—Mo bey A 1S_u<fr,1§u<MoN(_n — 7")) + 0M0(1)7

ANNALES HENRI LEBESGUE



Self-similar measures and the Rajchman property 989

where 0y, (1) goes to 0, as My — +o0o, uniformly in n. Now, when n > 0 is large
enough, N(=k —17) =3 ,>01ls ,——n—r = 24> ny 15_y=—n—r, for all w. Taking inside
the expectation the conditional expectation with respect to the o-algebra generated
by the (;);> —n,, We obtain:

. k+r+S
T(—n) ) <62z7r Zl>_MO,Lle)\ +r+ lls_u<,r,lSuSM0G_ (Sme -_n — 7”)) —|—0M0(1)-

Now, things are simpler because G~ (S_ps,, —n — r) is bounded by the constant
G~(0,0). Hence, for some new o,,(1), with the same properties:

T(—n) - K (e2i7r Zlezﬂez Ak+r+S; 15‘_“ <7r,u>1G7<S*M07 -n — r)) -+ 0M0<1)-

Since G~ (S_p, —n —71) = 1/E(n.,), as n — oo, by renewal theory (since the (n;)
are relatively prime and p; > 0, for all 0 < j < N; cf. Woodroofe [Woo82, Chapter
2, Theorem 2.1]), staying bounded by G~(0,0), we get by dominated convergence
and next My — +oo:

lim T'(-n)= E (27 2ienta X

n — 400 E(nao) “<_T’u>1)'

From the initial expression, the limit, if existing, had to be independent on the
parameter k. So this gives the announced convergence and invariance, hence proving
item (i) in Theorem 2.6.

Step 2. — We now consider the proof of Theorem 2.6(ii) and suppose that v
is continuous. We first show that m is a continuous measure. For a continuous
f: T — R" and any k£ € R, we have:

1
< — .
fr@dnia) < g 30 Elf(Zen)

Letting k € Z, we have Z;, = Y, - pe, ™' + M*X mod 1. Since L(A\*X) on R
is continuous, £L(A*X mod 1) on T is continuous. Since 3, . o 1o, A¥t5 mod 1 and
A*X mod 1 are independent random variables, the law of Z; on T is continuous.
Thus m is a continuous measure (hence M).

More generally, if 0 # n = (ng,--- ,n,)" € Z*t! and if Z is random variable
with law M, then the law of (Z,n) on T is m,, measure corresponding to m when
replacing the (i;) by (o), thus the (¢;) by the (¢;), with ¢;(x) = Az + apy;,
where oo = Y g < s A" Since a # 0, because (A\™")p<u<s 1S a basis of Q[A] over
Q, the (¢;) do not have a common fixed point and thus m, is continuous, by the
previous reasoning.

Suppose now that the (¢;) have a common fixed point ¢. Hence p; = ¢(1 — X)),
0<j <N, and v = 4. Necessarily ¢ € Q[)], since the n; are not all zero. We shall
show that A™"¢ mod 1 converges to a rational number in T, as n — +o00. First of
all, for n large enough, for all 0 < j < N:

Tryx (c)f”) —T'ryy» (c)\_”+”j) =Try/x ()\_”uj) €.
Hence, for any fixed sequence (k;)o<;<n, for n large enough, for all 0 < j < N:

Ty (c/\_") —T'ryyn (c)\_"+kj"]') € 7.
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Supposing that > o< ;< n k;n; = 1, using the previous expression successively with
n replaced by n,n — kong, -+ ,n — > g<j<n-1kjn;, respectively with 7 = 0,j =
1,---,7 = N, and finally adding the results, we obtain that for some large K > 0,
for all n > K:

Try/x (c)\’") —Try (c)ﬁ”“) € Z.
Let Try/x(cA™%) = p/q. For n > K, there exists an integer [, such that Ty /) (cA™")

= p/q+1,. As a result, denoting by ¢ = ¢g, ¢y, - - -, ¢s the conjugates of ¢ correspond-
ing to Q[A] (reminding that (a;)o<;<s are that of 1/\ = ay), we get:
AT =p/g+1l,— D ¢aj.

1<j<s
Consequently A™"c¢ mod 1 converges to p/q in T, as n — 400, as announced.
Step 3. — Consider the proof of Theorem 2.6(iii). We show that when v is

Rajchman, then M = Lrst1. Fix any 0 # (ng, --+, ng)! € Z*™! and set § =
Yo<u<sMuA™ " Again 3 # 0. We have:

> n,(ATEX) = BATX.
O<u<s
Since v is Rajchman, E(e*™#*"X) — 0, as n — +o00. As a result, the Fourier
coefficient of M corresponding to (ng, - -, ng) is zero. Hence M = Lqs+1. This
implies that m = Lr.
To complete the proof of (iii), we show that v L Lg implies M L Lpst+1. Recall
that Zy, = 3¢z pe, A0 mod 1. For any f € C(T**!,R) and k € Z:

1
E(n.,)

Z E {f (Z—k+7“7 Z—k+7"—17 Tty Z—k—i—r—s) 1S,U<—r,v>1}

0o<r<n*

= f(z) dM(z),
Ts+1

with n* = maxg<j<nn;. We now fix k > n* so that Trl/,\()\_luj) € Z,for0<j <N,
Il >k —n*

For 0 < j < N, denote by (Iugt))ogtgs the conjugates of 11, = ,ug-o) corresponding
to the field Q[A]. Let 0 < r < n*. Taking any 0 < u < s and | < 0, we have:

pe N TEETESE = Ty (e, AR S DR
1<t<s

The role of the indicator function is now fundamental. On the event {S_, <
—r,v > 1}, we have Try/\(pue, A" F+751) € Z, by our choice of k, since [ < —1. As
a result, introducing the real random variables:

(4'2) Yu(r) — \u Z Msl)\_k+r+sl _ Z a?—i-k—r Z Mg)@t_Sl>
1>0 1<t<s 1<0
together with V(") = (YO(T), -+, YM), we obtain that for any f € C(T**!, R):
1
(r) _
43 g, B0 ] = [ S dMG)
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Hence, for any f € C(T**} R*):

1
(4.4) / Fla) dM(z) < E[f(v™)].
Ts+1 E(n80> O<TZ<H* [ ( )}

Fix any 0 < 7 < n* and let Xo = Yy5qpe A 75 and for 1 < j < s,
X; = = YcouPa % By definition, (Y®))* = V(Xy, -+, X,), where V is
the Vandermonde matrix:

1 1 1

AN ag o ag
V =

A_S Oé‘i oo O{i

The matrix V is invertible (since the roots of the minimal polynomial @ of 1/A
are simple). By Cramer’s formula:

Xo = Z %Y;(T),
0<i<s
with v; = det(V®)/det(V), where V@ is obtained from V by replacing the first
column by e;, denoting by (e;)o<;<s the canonical basis of R*T.

Notice now that each ~; is real (first of all, 1/ is a real root of @); next, regrouping
the other roots in conjugate pairs, when conjugating ~; one gets permutations in the
numerator det(V®) and the denominator det(V'), the same ones, so 7; = ;). As V.
is invertible, v := (Vi)o<i<s # 0.

We have X, = (Y ~). Since v is singular with respect to Lgr, we also have
L(Xy) L Lg, as Xg = A7*7X. As v # 0, we get that L(Y ™)) L Ly, As a
result, £(Y) mod Z*™') L Ly, for all 0 < 7 < n*. Finally, (4.4) implies that
M L Lys+1, as announced.

This ends the proof of Theorem 2.6. 0

5. Proof of Theorem 2.7

Proof of Theorem 2.7. — The context is the same as that of Theorem 2.6, but now
the (pr)o <k < v are strict contractions. Precisely, let N > 1 and g (x) = N2+ g, for
0 < k< N, with 1/)\ > 1 a fixed Pisot number, relatively prime integers (nx)o<r<n,
with now ng > .-+ > ny > 1, without loss of generality, and p, € T(1/X), for
0<k<N.

Step 1. — We first show Theorem 2.7 (i), using again the arguments appearing in
the previous section. If v is absolutely continuous with respect to Lg, then M = Lps+1.
The event {S_, < 0,v > 1} has this time probability one. Looking at (4.3) with
r =0, we get that the law of Y(© mod Z**! is absolutely continuous with respect to
Lrs+1, with a density bounded by E(n.,). Hence the law of Y on R¥*! is absolutely
continuous with respect to Lgs+1, with a density also bounded by E(n.,). Since the
(¢r)o<k<n are strict contractions, the n; are > 1, so the random variable Y(© is
evidently bounded, cf. (4.2). As a result the density of the law of Y(®) with respect
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to Lrs+1 is bounded and with compact support in R**!. Hence this is also the case
of Xo = (Y, 4), where v = (7)o<i<s # 0 is the first line of the inverse of the
Vandermonde matrix V. Therefore this is also verified for X = A\*"X,,. This ends
the proof of Theorem 2.7 (i).

We turn to the proof of Theorem 2.7 (ii). We shall focus on some Fourier coefficient
m(n), thus for some fixed n € Z, of the measure m appearing in Theorem 2.6 (i). We
study its regularity as a function of p € Cy, showing its real-analytic character. We
then conclude the proof of Theorem 2.7 (ii) using a theorem on the structure of the
set of zeros of a non constant real-analytic function.

Step 2. — Considering p € Cy, denote by (€,),ez a sequence of i.i.d. random
variables with law p. Let us fix an integer n # 0, whose exact value will be specified
at the end of the proof. We focus on the Fourier coefficient m(n) of the measure m
introduced in Theorem 2.6 (i). Let us write m,, in place of m to mark the dependence
inp € Cy. Asn; 21, for 0 < j < N, we have the simplified expression for this
Fourier coefficient:

1

A ith A, = A (k) = E 2imrny “El’\k+r+slln )
E(nao) p M P p( ) Z (6 et e_1 > )a

0<r<nop

my(n) =

where this last quantity is independent on k& € Z, by Theorem 2.6 (i). The expectation
E(ne,) also depends on p, but to study the zeros of p — m,(n) we just need to
focus on A,. We now consider the regularity of p — A, on the domain Cy.

For any k € Z, observe first that A, (k) is well-defined, with the same formula as
above, on the closure Cy. Fixing k € Z, the map p — A, (k) is continuous on Cn,
as this function is the uniform limit on Cy, as L — 400, of the continuous maps:

2imn e, AFET 51
pr X (R, L),

0<r<ng

It follows that p — A, (k) = A, is well-defined on Cyy, continuous and independent
on k. We shall now prove using standard methods that it is in fact real-analytic
in a classical sense, precised below. Let us take £k = 0 and fix 0 < r < ng. Using
independence, write:

4 r+S
E (€2mn DiepheaXt "1

Ne_q > 7")

. n S . S
—F (6217771 Zl)o“fl ATt l) E (e2z7rn Zlg—l“fl ATt 11

Ne_4 >T) .

Call F(p) and G(p) respectively the terms appearing in the right-hand side. We
shall show that both functions are real-analytic functions of p. This property will
be inherited by p — A,. We treat the case of p — F(p), the case of G(p) needing
only to rewrite first the u.,A\""9 appearing in the definition of G(p), as soon as
[ < 0 is large enough (depending only the (p;)o<;<n, since n, > 1, for all k), as
—Yici<s Oéj_r_sl ¥, quantity equal to p., A" in T, where the (u,(f))l <j<s are the
conjugates of jy corresponding to the field Q[A].
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Fix now p € Cy. Let N = {0,1,---} and the symbolic space S = {0, ---, N},
equipped with the left shift o. For x = (29, x1,--+) € S, we define:

g(x) = e%m(zz >0 “11AT+WO+ +n$l71)

Introducing the product measure p, = (Zogjngjdj)@’N on S, we can write:

F(p) = /Sgd/ubp‘

Denote by C(S) the space of continuous functions f : S — and introduce the
operator P, : C(S) — C(S) defined by:

(5.1) B(f)@)= > pif((4, @),z €S,

0<j<N

where (j,z) € S is the word obtained by the left concatenation of the symbol j to .
The operator P, is Markovian, i.e. f > 0= P,(f) > 0 and verifies P,1 = 1, where
1(z) =1, z € S. The measure p, has the invariance property [q P,(f) dpp, = [g f dptp,
feC(S). For f € C(S) and k > 0, introduce the variation:

Vary(f) = sup {|(z) = FW)I. (2.9) € $%.25 =, 0 < i <k}

For any 0 < a < 1, let |flo = sup{a=*Var,(f), k > 0}, as well as ||f]|o =
|fla + || fllco- We denote by F, the complex Banach space of functions f on S such
that || f|lo < co. Any F, is preserved by P,. Observe now that g € F, for A < a < 1.
We fix a = A.

As a classical fact from Spectral Theory, cf. for example Baladi [Bal00], the operator
P, : F\ — F), satisfies a Perron-Frobenius theorem. Let us show this elementarily.
For f € F), we have:

P@ = % pnee pf (G s dn).

0<]177‘7n<N

This furnishes Vary (P2 f — 1 fg f dp,) = Varg(P?f) < Vary,(f). Therefore:
Pﬁ(f)—lfgfdup
In a similar way, we can write:
(Prr=1 [ sduy) (@)

= PY(D() = 1) [ B diy

= Y paewn (G ) = F(G e dnew) dinv).

O<j17'“7jn<N

<A f s
A

Consequently, ||P)'f — 1 [¢ f diplloe < Var,(f) < A"|f[x. Putting things together,

finally:
(71 fdm)

\ < 20"(|f.
A
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This shows that 1 is a simple eigenvalue and that the rest of the spectrum of P,
is contained in the closed disk of radius A < 1. Remark that this holds uniformly on
pE CN'

Fix some circle I' centered at 1 and with radius 0 < r < 1 — A. By standard
functional holomorphic calculus, cf. Kato [Kat76], for any p € Cy, the following
operator, involving the resolvent, is a continuous (Riesz) projector on Vect(1):

(5.2) 1, = /F (21 — P) " dz.

Moreover I1,(Fy) and (I —II,)(F)) are closed P,-invariant subspaces, with:
Fa =1 (Fr) & (I = 1) (FA)-

Also, in restriction to (I —II,)(Fy), the spectral radius of P, is less than .

Recall that N > 1. We view a function of p € Cy in terms of the first N variables
(po, -+ ,pv-1) € RN, Let 0 = (no,--- ,mn—1) and 1 = (1o, -+, n—1, —(10 + - -
+ nn-1)). For any p € Cy and any ' (even when p +n & Cx), we can define the
continuous operator P, : Fy — Fy by (5.1). It always verifies the relation:

Pp+n:Pp+ Z 77ij7

0<j<N-1
where Q;(f)(z) = f(j,2) — f(INV, x). Denote by By(0, ) the open Euclidean ball in
RY of radius 6. Let A < N < 1—r. For any p in Cy, there exists § > 0 such that when
n' € By(0,6), then 1 is still a simple eigenfunction of P,,,, with P,;,1 = 1, the
rest of the spectrum of P,,, being contained in the disk of radius A" and II,,, also
defined by (5.2), is a continuous projector on Vect(1); this follows from the implicit
function theorem, cf. Rosenbloom [Ros55], Kato [Kat76]. By compactness of Cy, we
can choose § > 0 uniformly on p € Cy. This defines some open d-neighborhood C3,
of CN.

When p € Cy, we have [g f du, = 0, for f € (I —1I1,)(Fy). Thus for any f € Fy:

(1) = ([ £ dny) 1.

Applying this to the function g of interest to us, we obtain that when p € Cy:
Fp)1= [ (:I= B (9)d

The function F is next extended to C%, by the previous formula. Recall the following
definition:

DEFINITION 5.1. — A function h : C% —, seen as a function of (pg,- -+ ,pn_1),
admits a development in series around p € CY,, if there exists ¢ > 0 such that for

n' = (no, - ,nn-1) € By(0,¢) and writingn = (/, —(no+---+nn_1)), then h(p+n)
is given by an absolutely converging series:

InN_
h(p+1) = > Alg, e iy 2+ N1 -

lp=20,,IN-120

A function is real-analytic in C%, if it admits a development in series around all
p €CY.
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Let us now check that p — F(p) is real-analytic on C% in the previous sense. Let
p € C%. For z € " and 7’ small enough (and the corresponding 1), we can write:

(21 — P,y

— (1— (zI-PB)"' X anj) (1= B,)"

0<j<N-1

= > M -+ Mo (L= B)) Q-+ (21 = P) 7 Qy, (2] = P,) "
n=>0 0

<1, i SN-1

For small enough 7/, uniformly in z € T, this is absolutely convergent in the Banach
operator algebra. We rewrite it as:

_ In_—
(ZI - Pp+77) = Z Blo,"-,lN—l(Z>77(l)0 e 77]\1;]—117

converging for the operator norm, uniformly in z € I'. Hence, for small enough 7’
(and thus 7):

Flp+ml= [ (I=Py)™ (9)dz

IN—1
= Z 7760 77]<7V—1 /FBlo,“',lN—l(Z)(g) dz.

lo=20,,In-120

Applying this equality at some particular x € S, we obtain the desired development
in series around p. This completes this step.

Step 3. — Maybe restricting ¢ > 0, taking into account the finite number of
functions appearing in the expression of A,, we obtain that p — A, is real-analytic
on C%. We shall show that if n # 0 has been appropriately chosen at the beginning,
then A, is not zero at some extremal points of Cy. The point will be that if ever A,
has a zero on Cy, then this will imply that either p — R(A,) or p — F(4,) is
non-constant on C%.

Now if h : C — R is real-analytic and non-constant, Lojasiewicz’s stratification
theorem (cf. Krantz—Parks [KP92, Theorem 5.2.3]) says that the real-analytic set
{p € C% | h(p) = 0} is locally a finite union of real-analytic graphs of dimension
< N — 1 (points if N = 1). By compactness of Cy, the set {p € Cx|h(p) = 0} is
included in a finite union of real-analytic graphs of dimension < N — 1.

For the sequel, let us write x = y for equality of z and y in T.

LEMMA 5.2. — Let d > 1 and pu € T(1/)). The series 3¢z puA4 mod 1, well-
defined as an element of T, equals a rational number modulo 1.
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Proof of Lemma 5.2. — Let [y > 1 be such that Trl/,\(/\*l,u) € Z, for I > .
Denote by (19)g< <, the conjugates of p, with u© = p, and ay,--- , a, that of
ap = 1/X. We have the following equalities on the torus:

)\~ lod ’u)\—l()d '
A= £ Al = BA (i) Id
z%zzu 1_)‘d+l;M 1= 1<Z<M IZQZ
0 <i<s > 1o
,u)\_lod Z o a(lo-l-l)d
= _ ILL K3 7
1— )\ =y 1—af
- (lo+1)d —(lo+1)d
pA ot (i) % pA— o
= — ‘ =-T cQ. O
( 1= A +1§<SM 1—aof AT ¢
We complete the argument. Fixing 0 < 7 < N and p? = (0, ---, 0,1,0, ---, 0),
where the 1 is at place j, we have for k € Z, recalling that 1 < n; < ng:
Ay =Ay(k)= 3 ATy i T
0<r<ng 0<r<n;

Notice in passing that the invariance with respect to k is now obvious, as we sum
over r on a full period of length n;. Now, taking £ = 0, we have:

A ;= Z 621‘71‘7’7,(14]"T‘/B]',T‘)7

P
0<T<nj

for rational numbers A;,/B; ., making use of the previous lemma, since \"p; €
T(1/X), for any r. If for example n is a multiple of B; , for any 0 < r < n;, we get
A, = n; > 1, which gives what was desired. This ends the proof of Theorem 2.7. [J

Remark 5.3. — Lojasiewicz’s stratification theorem, giving the local structure of
{p € C% | h(p) = 0}, is a difficult theorem. In an elementary way, using the implicit
function theorem, one can show that the set of zeros of a real-valued real analytic non
constant function is locally included in a countable union of connected real-analytic
graphs of codimension one.

Remark 5.4. — In the general case, when the (pg)o<r<n are not all strict con-
tractions, the method seems to reach some limit. Using the notation Dy (r) of the
Introduction, with 7 = (A™)<k<n, and considering as in Step 2 the regularity of
p — F(p) on Dy(r), it is not difficult to show continuity, using some standard
coupling argument. The real-analytic character, if ever true, a priori requires more
work. Still setting S = {0, ---, N}¥ and p, = (Co<j<np;d;)® on S, we again
have:

F(p) = /Sgdup,

. r4+ngytotng
with g(x) = 25 o AT ") but this function is only defined jz,-almost-
everywhere.

ANNALES HENRI LEBESGUE



Self-similar measures and the Rajchman property 997

6. Complements
6.1. A numerical example

Considering an example as simple as possible which is not homogeneous, take
N =1 and the two contractions pg(z) = Az, ¢1(x) = Az + 1, where 1/\ > 1 is
a Pisot number, with probability vector p = (po,p1). Then ng = 1, n; = 2 and v
is the law of Yy g A" 0™ -1 with (g,), 50 i.i.d., with common law Ber(p;), i.e.
P(ep = 1) = p; and P(gg = 0) = 1 — p;. We shall take 0 < p; < 1 as parameter for
simulations. Notice that E(n.,) = po + 2p1 = 1 + p1,

Taking n =1, k € Z and r € {0, 1}, let us define:

E

. k 7"«60+'“+n5171
p(k):E<€2mA 212051/\ ))

2% El)\k*(neoJr“'Jr’ﬂel)
Gp(k:,r)—E(e Zizo Lnyor )

leading to A, = F,(k)G,(k,0) + F,(k + 1)G,(k + 1,1), for all k € Z. Writing m,
in place of m for the measure on T in Theorem 2.6 (i) (defined when 0 < p; < 1),
we get my(1) = A,/(1+ p1). Let us first discuss the choice of probability vector
p = (1 —p1,p1) and Pisot number 1/A.

A degenerated example (the invariant measure being automatically singular with
respect to Lg) is for instance given by A = (3 — /5)/2 < 1/2. Nevertheless, it is
interesting to notice that A™ = —\", n > 0. Taking p; = 1/2, one can check that
A, = |F,(1)]*+|F,(2)|?/2. Necessarily A, > 0. Indeed, k — F},(k) verifying a linear
recurrence of order two, the equality A, = 0 would give F,(k) = 0 for all k, but
E,(k) — 1, as k — +o0. Notice that (3 — v/5)/2 is the largest A with this property
(it has to be a root of some X? — aX + 1, for some integer a > 0). Mention that in
general A, is not real; cf. the pictures below.

To study an interesting example, we take into account the similarity dimension
s(p,r), rewritten here as s(p, \):

(1 —=p1)In(l —py) +pilInpy
(1 —=p1)In A+ p;In(A2)

The condition s(p, A\) > 1 is equivalent to (1 —p;)In(1—p;)+piInp; — (1+p;) In A
< 0. As a function of py, the left-hand side has a minimum value —In(\ + \?),
attained at py = A/(1 + A). As a first attempt, taking for 1/ the golden mean
(vV5+1)/2=1,618... is in fact not interesting, as in this case A + A\? = 1, giving
s(p,A) < 1.

We instead take (as considered in Section 2) for 1/A the Plastic number, i.e. the
unique real root of X — X — 1. Approximately, 1/\ = 1.324718. ... For this \:

s(p,A) > 1= 0,203+ < py < 0,907....

The other roots of X? — X —1 = 0 are conjugate numbers pe*®. From the relations
1/A+2pcosf = 0 and (1/A)p* = 1, we deduce p = VA and cosf = —1/(2)*?), thus
0 = +2.43 ... rad. For computations, the relations A= + p"e™™ + pre=™% € Z, n > 0,
furnish A= = —2(v/\)" cos(n#).

s(p,A) =
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Let us finally compute the extreme values of p; — m, (1), abusively written as
m(1,0)(1) and M, 1y(1), since m, has only been defined for 0 < p; < 1. We first
observe that ?71\(170)(1) = A(l,O) = F(I,O) (O)G(l,O) (0, 0) = 1. At the other extremity:

Ao,1) = Fio,1)(0)G0,1)(0,0) + Fo,1)(1)G(0,1)(1, 1)

; 21 ; —2(l+1 ; 21 ; 1-2(1+1
_62m2120>\ 62““Zz>o>‘ ( )+€227r)\2l20>\ @2”2120’\ +

. 21 . 20+1

_ 627,71' (ﬁ—Z Zl >0<\F)‘) Cos(2l€)> n 62171' (ﬁ—2 Zl 20(\&) cos((2l+l)9)>
i 2160 . Vet

_ 6217r (1_1A2 725)%(713621.9)) 4 62”(1_12 728%(71712%9))

A not difficult computation, shortened by the observation that (1 — X\e*?)(1 —
e 2%) = 1/, shows that the arguments in the exponential terms (after the 2im)
are respectively equal to 3 and 0, leading to A, 1) = 2 and therefore m,1)(1) = 1.

Recalling that p = (1 — p1,p1), below (Figures 6.1(a), 6.1(b) and 6.1(c)) are
respectively drawn the real-analytic maps p; — R(m,(1)), p1 — S(m,(1)) and
the parametric curve p; — m,(1), 0 < p; < 1.

The first two pictures indicate that p; — m,(1) spends a rather long time near
0, with %(m,(1)) and S(m,(1)) both around 10~*. Let us precise here that one can
exploit the product form (given by the exponential) inside the expectation appearing
in F,(k) and G,(k,r). Using a binomial tree, we make a deterministic numerical
computation of m,(1), with nearly an arbitrary precision. For example, one can
obtain the rather remarkable value:

M(1/2,1/2)(1) = 0,0001186 - - - 4 0,0000327 ...,

where all digits are exact. In this case, s((1/2,1/2),A) = 1,64 ... > 1. The above
pictures were drawn with 1000 points, each one determined with a sufficient precision.
This allows to safely zoom on the neighbourhood of 0 of p; —— m,,(1), the interesting
region. We obtain rather surprising pictures (Figures 6.2(a) and 6.2(b)), the second
one on the right-hand side containing around 500 points.

There are probably profound reasons behind these pictures, that would in particular
clarify the condition of non-nullity of the Fourier coefficient m, (1) and more generally
of my,(n), n € Z. Further investigations are necessary, but we can conclude that the
curve p; — my,(1) is rather convincingly not touching 0. It may certainly be possible
to build a rigorous numerical proof of this fact, but this is not the purpose of the
present paper. We informally state:

NUMERICAL EVIDENCE 6.1. — Let N =1,0 < A < 1, with 1/ > 1 the Plastic
number, and @o(z) = Az, p1(x) = ANz +1. Then for all p € Cy, the invariant measure
v is continuous singular and not Rajchman.

Remark 6.2. — For the same system, but taking for 1/\ the supergolden ratio,
i.e. the fourth Pisot number (the real root of X® — X? — 1), one essentially gets the
same pictures.
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Figure 6.2

Still taking for 1/\ the Plastic number, but for the system ¢o(z) = Mz and
¢1(z) = M3z + 1, already mentioned in Section 2, recall that the invariant measure
v is continuous singular and not Rajchman for all p € C;, except when p = (A2, \3),
in which case v = 115 L0, 142 We have drawn below (Figures 6.3(a) and 6.3(b)) the
real analytic curve p; — m,(1), with next a zoom at 10~ near the origin. This is
also interesting, since this time the curve is not self-intersecting, being almost linear

near zero and passing at zero exactly for the sole parameter p; = \3.
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6.2. Applications to sets of uniqueness for trigonometric series

Let N > 1 and for 0 < k& < N affine contractions ¢y (x) = rrx + by, with reals
(rr) and (bg) such that 0 < r, < 1 for all k. As a general fact, Theorem 2.5 has
some consequences in terms of sets of multiplicity for trigonometric series, cf. for
example Salem [Sal63] or Zygmund [Zygh9] for details. As in the Introduction, let
F C R be the unique non-empty compact set, verifying the self-similarity relation

F=Uycpenpr(F). With N={0,1, ---} and S = {0, --- , N}, one has:
F = belrm---Txl_l,(xo,xl,---)GS )
1>0

Let us place on the torus T and consider trigonometric series. Recall that a
subset E of T is a set of uniqueness (U-set), if whenever a trigonometric series
>onsola, cos(2mx) + by, sin(2 wx)), with complex numbers (a,,) and (b,), converges to
0 for all x ¢ F, then a,, = b, = 0 for all n > 0. Otherwise F is said of multiplicity
(M-set).

THEOREM 6.3. — Let N > 1 and for 0 < k < N affine contractions py(x) =
rex + by, where 0 < rp < 1, with no common fixed point. Suppose that the system
(pr)o<k<n Is not affinely conjugated to a family in Pisot form. Then F' mod 1 C T
is a M-set.

Proof of the Theorem 6.3. — Any p € Cy gives a Rajchman invariant probability
measure v supported by F' C R. Hence ' mod (1) C T supports the probability v,
image of v under the projection z — x mod 1, from R to T. Then 7 is a Rajchman
measure on T, so, cf. Salem [Sal63, Chapter V]|, F' mod 1 is a M-set. O

In the other direction, in general more delicate, we shall simply apply existing

results. For the following statement, fixing 0 < A < 1 and integers ng, > 1, for 0 < k <
N, notice that for any (zg, 21, --+) € S, we have ;5 g A" a1 (1 — \nar) = 1.

THEOREM 6.4. — Let N > 1 and suppose that the (¢) are affine contractions
of the form py(x) = N x + by, with by = bay, + c(1 — \"), for some 0 < X\ < 1 with
1/X a Pisot number > N + 2, relatively prime positive integers ny > 1, 0 < ay €
Q[\] and real numbers b > 0 and c. Then the non-empty compact self-similar set
F =Uo<k<npr(F) C R can be written as F' = bG + ¢, where G is the compact set:

G = {Z A NP2 (g g, ) € S} )
1>0

Assume that bG C [0, 1), so that bG and F can be seen as subsets of T. Then F’
is U-set.

Proof of the Theorem 6.4. — Up to replacing b and the (ax) respectively by br
and (ay/r), for some r > 1 in Q, we may assume that 0 < ax < 1/(1 — X), for all
0 <k < N. Then:

GCH::{Z nA, m € {0, ag, -+, an}, | = O}C[O,l).

>0
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Since 1/A > N + 2 is a Pisot number and all ag, --- , ay are in Q[A], it follows
from the Salem—Zygmund theorem, cf. Salem [Sal63, Chapter VII, Paragraph 3|, on
perfect homogeneous sets, that H is a perfect U-set. Mention that in this theorem,
one also assumes that maxg<r<ny ar = 1/(1— ) and that successive a, < a, in [0, 1)
verify a, — a, > A. These conditions serve to give a geometrical description of the
perfect homogeneous set H in terms of dissection, without overlaps. They are in fact
not used in the proof, where only the above description of H is important (one can
indeed start reading Salem [Sal63, Chapter VII, Paragraph 3], directly from line 9
of the proof).

As a subset of a U-set, GG is also a U-set. This is also the case of bG, by hypothesis
a subset of [0, 1), using Zygmund [Zygh9, Vol. I, Chapter IX, Theorem 6.18], (the
proof, not obvious, is in [Zygh9, Vol. II, Chapter XVI, 10.25] and relies on Fourier
integrals). Hence, F' = bG + c is also a U-set, as any translate on T of a U-set is a
U-set. This ends the proof of the Theorem 6.4. O

Remark 6.5. — As a general fact, the hypothesis 1/ > N + 2 ensures that H
and F' have zero Lebesgue measure, which is a necessary condition for a set to be a
U-set.
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